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':| Abstract
o

This is the first quantitative analysis of mechanical reliability of all-solid state batteries. Mechanical degradation of the

N solid electrolyte (SE) is caused by intercalation-induced expansion of the electrode particles, within the constrains of a
a dense microstructure. A coupled electro-chemo-mechanical model was implemented to quantify the material properties

that cause a SE to fracture.

The treatment of microstructural details is essential to the understanding of stress-

E localization phenomena and fracture. A cohesive zone model is employed to simulate the evolution of damage. In
the numerical tests, fracture is prevented when electrode-particle’s expansion is lower than 7.5% (typical for most

< Li-intercalating compounds) and the solid-electrolyte’s fracture energy higher than G. = 4 J m™=.

2. Perhaps counter-

intuitively, the analyses show that compliant solid electrolytes (with Young’s modulus in the order of Egg = 15 GPa)

. — are more prone to micro-cracking. This result, captured by our non-linear kinematics model, contradicts the speculation
that sulfide SEs are more suitable for the design of bulk-type batteries than oxide SEs. Mechanical degradation is linked

I to the battery power-density. Fracture in solid Li-ion conductors represents a barrier for Li transport, and accelerates

| |

" the decay of rate performance.
+—

S

'% 1. Introduction

E Li-ion batteries that use solid electrolyte materials (SEs)
L. in place of traditional liquid electrolytes could achieve high
C energy density while avoiding safety issues surrounding lig-
O uid electrolyte flammability. Solid electrolytes with con-
&ductivity approaching that of liquid electrolyte have re-
cently been discovered [IH7]. Despite fast growing inter-
O\l est in all-solid-state batteries (ASSBs), many challenges
—> remain in both manufacturing and reliability of the tech-
™ nology.
:|| In ASSBs, the solid-electrolyte is responsible for bind-
O ing the active material and establishing conductive paths
O for Li ions. However, the formation of micro-cracks within
(Y). the solid electrolyte is expected to reduce its effective ionic
conductivity. Additionally, low porosity solid-state sys-
tems are expected to be more prone to mechanical degra-
dation if not designed to accommodate intercalation-induced
deformations. As fracture degrades the microstructure,
paths for lithium diffusion become more tortuous and the
battery power-density decreases. Microscale defects and
inhomogeneities in battery microstructures would interfere
with Li transport and accelerate the decay of battery per-
formance. Furthermore, at sufficiently high current densi-
ties, micro-cracks may provide a pathway for Li dendrite
growth, eventually causing the cell to short [§].
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We employ a fully coupled electro-chemo-mechanical
model to investigate fracture mechanisms in composite
solid-state electrodes. Treatment of microstructural de-
tails and local variability [9] enables the study of stress lo-
calization caused by particle misalignment and non-smooth
features. A cohesive zone model (CZM) is employed to
simulate the evolution of damage [I0]. The detrimental
effect of fracture on Li-ion flux is also taken into account
by the CZM. We quantify the conditions under which frac-
ture occurs, caused by the chemical expansion of electrode
particles. Fracture is the result of regions of shear and
tensile stresses formed during electrochemical cycling.

The role of intercalation-induced stress (also called Ve-
gard’s stress) on the mechanical failure of electrode parti-
cles has been previously studied [I7H50]. Among these
studies, only Bower and Guduru [I9] employed a fully
coupled chemo-mechanical model to simulate fracture of
a simplified electrode microstructure. To our knowledge,
ours is the first model to quantitatively assess mechani-
cal reliability of all-solid state batteries, and predict the
extension of fracture caused by electrochemical cycling.

The mechanical properties of solid electrolyte mate-
rials have not received much attention and very limited
experimental chemo-mechanical properties are available.
Measurements collected in Table [I] reveal a wide range of
values for Young’s modulus. In particular, sulfide SEs tend
to be much more compliant than oxide electrolytes. The
Young’s modulus of LisS-P5S5 sulfide solid electrolytes has
been estimated to be in the range of 14-25 GPa [14] [15]
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Table 1: Mechanical properties of solid electrolyte materials.

Compound Processing Method — Young’s Modulus Fracture Testing Method Reference  Conductivity
Toughness (room
temperature)
LIPON Li,PO,N, Amorphous LiPON 77 GPa nanoindentation [11] 21079 S cem™!
films magnetron
sputtered
Perovskite Lig.33Lag 57 TiO3 - Hot-pressing at 186 + 4 0.890 — 1.34  nanoindentation [12] bulk: ~ 1073 S
solid state 1000° C, MPa m®® cm™!
relative density
>95%
Lip.33Lag.57TiO3 - sol 200 + 3 GPa 0.890 — 1.31  nanoindentation total: ~ 107> S
gel MPa m%®° cm~!
Garnet Lig.oaLagZraAly.24011.93 Hot pressed 150 GPa resonant [13] ~0.2107% S cem™!
(LLZO) (porosity=0.03); ultrasound
132.5 GPa spectroscopy
(porosity = 0.06)
cubic LizLagZroOq2 Relative density of 150 GPa resonant 307*Scm™!
~9 % ultrasound
spectroscopy
Sulfide LisS-P5S; - hot Sintering at 360 18 — 25 GPa ultrasound velocity — [14] 3107* S em™! (for
pressed MPa and measurement and fully dense
temperatures compression test material)
20 —190° C
LisS-P5S5 - cold Sintering at 180-360 14-17 GPa
pressed MPa and room
temperature
LizS-P2Ss 18.5 £ 0.9 GPa 0.23 +0.04 nanoindentation [15]
MPa m?®°
Li;0GeP3S12 37.19 GPa Atomistic [16] 121072 S cm™!
simulation

Such a low stiffness has been regarded as favorable
for the design of bulk-type batteries [51]. However, we
show that compliant solid electrolytes (with Young’s mod-
uli in the order of Egg = 15 GPa) are more prone to
micro-cracking. Solid electrolytes deform by stretching
and shearing in response to the particles’ volume change.
The nonlinear formulation of the mechanical equilibrium
quantifies the difference in deformation and stress patterns
associated with varying the SE’s stiffness. A linear model,
which would predict that stress scales with Young’s modu-
lus, would not capture the the microstructural effects that
we describe below.

We compare the evolution of damage for several values
of electrolyte’s fracture energy (G, = 0.25 — 4.0 J m~2)
and volume expansion of the active material (7.5%, 15%
and 30%). A cohesive model postulates that fracture en-
ergy is released gradually as the crack opens. The CZM
differs from the Griffith model wherein energy is released
instantaneously. The gradual release presumes some co-
hesion between the separating flanks of a crack. Gener-
ally, the traction decays with increasing separation until it
vanishes at a critical opening displacement. The fracture
energy represents the integral of the traction-separation
curve and it is treated as a model-parameter. In our anal-
yses, cracking is prevented only in those cases for which
the electrolyte’s fracture energy G. > 4.0 J m~—2 and the
particles’ total volumetric expansion is AV < 7.5%. In
all the other cases, the model predicts some extension of

mechanical degradation.

Recent studies have analyzed the properties of the in-
terface between solid electrolytes and electrode materi-
als [52H54]. In particular, Zhu et al. [52] have identified
voltage-stability ranges for many SE materials and pre-
dicted decomposition products of the interface reaction.
The formation of an interface layer is expected to affect
lithium transfer kinetics. Thick interface layers may also
modify the local mechanical response. However, further
studies are needed to characterize the interfacial proper-
ties. We believe the assumption of a perfectly coherent
and stable interface to be appropriate for the scope of this
study.

In the following section we illustrate the model and
discuss the results in detail.

2. Modeling of fracture in all-solid-state battery
electrodes

Methods

In one common design of ASSBs, the positive and nega-
tive electrodes are composites of active electrode-particles
embedded in a solid-matrix admixture of ionic and elec-
tronic conducting materials. Negative electrodes are, in
most cases, produced and assembled in the delithiated
state. During the first charge, the anode particles tend
to expand as they intercalate Li (experimentally measured
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Figure 1: Geometry, discretization and boundary conditions of a finite element model of a composite electrode. Electrode
particles are embedded in a mixed conductor, consisting of a solid electrolyte and an electronically conductive additive.

Vegard’s strains for many Li-storage compounds are sum-
marized in Tables 1.1 and 1.2 of Woodford’s thesis. [55],
and in Table 1 of Mukhopadhyay & Sheldon [56]). Con-
strained by the surrounding SE matrix, the particles will
be in compression. The mechanical stress and degrada-
tion caused by swelling of electrode particles is modeled as
follows.

A finite element (FE) code was implemented according
to the theoretical continuum model described by Bucci et
al. [9]. A representative microstructural arrangement of a
distribution of particle sizes and its FE discretization with
linear quadrilateral elements are represented in Fig. |1} The
FE mesh is representative of a portion of the composite
negative electrode (square highlighted in Fig. . The sec-
tion extends from the current collector to the separator.
The direction parallel to the Li flux is marked with y in
Fig.|l} Because of the large computational cost of a full 3D
analysis, the system is modeled in 2D under the assump-
tion of plane strain. According to the 2D plane strain
model, the electrode particles are allowed to expand in
the zy plane , but not in the z direction. Plane strain is
typically employed for a thin plate embedded in a thicker
sample. This is a realistic assumption for a typical bulk-
type electrode. The 2D model is expected to correctly
capture trends in stress and fracture.

The grid is managed with the deal.Il finite-element li-
brary [57), [58]. The microstructure includes 36 randomly
oriented square particles in a region of dimensions 11um x
11pm. The particle’s position and size distribution follow

from a centroidal Voronoi tessellation. The average parti-
cle size is 1um. The area ratio of active material is about
50%—a typical volume ratio for commercial Li-ion batteries
is about 50-60%. We consider shapes with sharp corners
(the squares chosen here) to be a more realistic represen-
tation of particles than circles—see for instance Fig. 6 of
Sakuda et al. [5I] and 3D image reconstruction of LiCoOq
particles of Harris et al. [59]. Flaws and stresses are more
likely to accumulate near sharp corners.

At a given time step, the electrochemical-mechanical
problem is solved employing a Newton-Raphson iterative
algorithm. At each iteration, displacements, Li concentra-
tion and diffusion potential are calculated, as the solution
to three equations that couple the electro-, chemo-, and
mechanical fields. We model the matrix as a homogenized
admixture of ionic and electronic conductors. The consti-
tutive behavior for the electrode and the electrolyte mate-
rial is assumed to be elastically and diffusively isotropic.
Materials are assumed to have a linear elastic constitu-
tive behavior. The solid electrolyte material is considered
to have zero Vegard’s strain. Input parameters for this
problem are summarized in Table. [2] (the variables listed
appear in the equations discussed in Bucci et al. [9]).

The CZM of fracture is based on an intrinsic history-
dependent constitutive behavior [I0]. The flux across the
interface is irreversibly set to zero at the onset of frac-
ture. The ”intrinsic” CZM approach is based on the pre-
insertion of cohesive elements along potential crack paths.
Therefore, fracture is allowed to propagate along a subset



of finite element interfaces. Those interfaces lie along crack
patterns that run between particles. The pre-insertion of
cohesive elements along potential crack paths restrict the
propagation of fracture. An alternative approach, called
”extrinsic”, is based on the insertion of cohesive elements
on the fly, only at the interfaces where the fracture crite-
rion is met. However, this method requires changes in the
mesh topology, and it is not suitable for parallel comput-
ing. We assume that the placement of the CZ elements in
regions of high shear would not differ from the extrinsic
approach.

Galvanostatic tests are performed by applying a con-
stant and uniform lithium flux (corresponding to a con-
stant current density) at the separator interface (top edge
in Fig. . The spatial variability of the current density at
the separator depends on specific features of the electro-
chemical cell, such as electrode thickness and tortuosity.
Polarization effects in proximity of the separator could be
modeled by treating both sides of the electrochemical cell.
A zero flux is assumed on the remaining edges.

For the mechanical problem, zero horizontal displace-
ment Dirichlet boundary conditions are applied on the left
and right boundaries. The displacement is considered fully
constrained (in the vertical direction) on the top edge by
the presence of the SE, and at the bottom edge by packag-
ing or neighbor cells. We expect the volume change of the
active material to be accommodated by the deformation of
the SE matrix in ASSBs. This is similar to what Harris et
al. [59] observed (by digital image correlation techniques)
in graphite electrodes, where most of graphite’s swelling
was compensated by reducing the electrode porosity. Har-
ris et al. showed that the average strain of a graphite elec-
trode was only about 0.2% during lithiation, an order of
magnitude smaller than graphite’s chemical expansion.

Results

For the baseline example, we choose a solid electrolyte
material, having Young’s modulus Egg = 15 GPa and bulk
fracture energy G. = 1.0 J m™2. These are representative
values a sulfide SE material. In order to reveal behavior
over a wide range of Vegard’s expansion, the intercalation
compound was allowed to have up to 30% volumetric ex-
pansion at full lithiation. However, our simulation shows
that fracture initiates when particles have changed their
volume by only 3%, a value that encompasses the behav-
ior of many intercalation compounds.

A sequence of snapshots in Fig. [2]illustrate the state of
charge (left column), the hydrostatic Cauchy stress (right
column). Cracks propagating within the solid electrolyte
material are represented as black lines. Thickening of the
black lines represents progressive interface separation and
accumulation of damage.

On average, compressive stress arises as a consequence
of the particles’ chemical expansion because the entire sys-
tem is constrained by the surrounding material. The sim-
ulation shows small regions of tensile stress developing in
the area near the particles’ corners (rust-colored areas in

Table 2: Material parameters for problems in Section

Input value Description

F = 96485.3365 C mol~!  Faraday’s constant
R=8314JK ! mol™! gas constant
T =298 K temperature

Mp =107 m? 7!
Msp =107 m? 571

mobility of Li in the electrode material
mobility of Li in the solid electrolyte material

c =1 maximum relative number of mole of Li per mole of electrode compound
=0.25 maximum relative number of mole of Li per mole of solid electrolyte
A m? maximum relative number of mole of Li per mole of solid electrolyte

yLi=1 activity coefficient

v=203 Poisson’s ratio for both materials

Ban = 0.1 relative lattice constant for Li in electrode material

Bsp =0 relative lattice constant for Li in the solid electrolyte material

En =100 GPa Young’s modulus of the electrode material

Esg =15 GPa Young’s modulus of the solid electrolyte material

G.=10Jm™2 fracture energy of the bulk solid electrolyte material

8o = Snm opening displacement at the onset of damage

Oer =206 critical opening displacement (complete interface separation)

the contour plots of Fig. . The misalignment of these
corners creates matrix shear- and tensile-stresses.

Each snapshot in Fig. 2] represents the lithiation and
stress state at subsequent states of charge. For all the
numerical tests, the current density is held constant at
1 mA ecm~2 (a typical current density for commercial Li-
ion batteries). Time is indicative of state of charge, un-
less the evolution of stress varies significantly among tests.
This a consequence of the electro-chemo-mechanical cou-
pling [60].

As the state of charge progresses, the pressure in the
particles increases. In Fig.[2d] the compressive stress in the
active material is higher than 1 GPa (for particles that
have stored approximately 50% of their total Li capac-
ity). The stress-strain curve measured by Sakuda et al. [14]
shows a linear-elastic behavior for LisS-P5S5 in compres-
sion. Our simulations predict the compressive stress in the
electrolyte to lie within the linear elastic range of 0 — 200
MPa, as measured by Sakuda et al.

We performed a series of numerical tests by varying
the fracture energy of the SE material in the range G. =
0.25—4.0 J m—2. To our knowledge, the only experimental
data on the fracture toughness of a sulfide SE material is
reported by McGrogan et al. [I5]. McGrogan and coau-
thors measured the toughness K. = 0.23+0.04 MPa m°%®
via nano-indentation of a glassy LisS-P5S5 sample. Such
a fracture toughness corresponds to the fracture energy
G, =2.8+1.8J m 2, given the Young’s modulus Egg =
18.5 + 0.9 GPa measured by McGrogan et al.

The relative crack length (extension of fracture nor-
malized with respect to electrode thickness) is illustrated
in Fig. |3 as it evolves with respect to time. For each curve
in Fig. [3] it is possible to identify three stages: a) onset
of fracture, b) approximately constant propagation rate,
and ¢) decreasing propagation rate up to saturation. As
expected, crack nucleation is delayed in tougher materi-
als. The propagation rate (slope of the curve in stage b)
increases with decreasing fracture energy. In all the exam-
ples fracture propagates in a stable fashion (rather than
sudden failure). A plateau in the curves of Fig. [3indicates
crack-growth saturation. In the cases with lower fracture
energy, stage ¢ may be biased by the availability of crack
patterns—even if about 10% of the pre-inserted cohesive in-
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Figure 2: Evolution of damage in the solid electrolyte
material at subsequent states of charge. With increasing
Li content, the active material undergoes chemical expan-
sion. As the particles stress-free strain increases, compres-
sive stress develops in most of the microstructure. How-
ever, a few regions in proximity of the particles corner are
under tensile stress (brown regions in the right contour
plots above). This tension grows large enough to initiate
fracture in the solid electrolyte matrix, This phenomenon
is captured in the simulation by the cohesive elements.
Cracks (marked with black lines) propagate from corner
to corner, cutting off diffusion paths for Li within the elec-
trolyte.
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Figure 3: The extension of micro-cracks within the solid
electrolyte material has been computed by a mesoscale fi-
nite element model. The curves represent five cases of SE
fracture energies in the range G, = 0.25 — 4.0 J m~2. The
propagation rate (slope of the curve in stage b) increases
with decreasing fracture energy.

terfaces remain unfractured. The pre-insertion of cohesive
elements in specified locations is a possible shortcoming of
this model. As shown in Fig.|3] solid electrolytes with frac-
ture energy up to 4 J m~2 are predicted to fracture when
electrode particles undergo 30% of intercalation-induced
swelling .

We explore the dependence of the predicted damage on
the electrolyte elastic properties. We consider electrolytes
with Young’s moduli Esg = 25 GPa and Esp = 50 GPa
and Fsg = 150 GPa in addition to the baseline case
(Esg = 15 GPa). The Young’s modulus Fsg = 150 GPa
is representative of a garnet solid electrolyte material (see
Table . The results in Fig. 4] illustrate the inverse rela-
tionship between the velocity of crack propagation and the
electrolyte’s stiffness. A more compliant solid electrolyte
tends to deform more by stretching and shearing in re-
sponse to the particles’ volume change. Regions of tensile-
stress form in the SE matrix where fracture is promoted.
An electrolyte with stiffness closer to that of the active
material (here the Young’s modulus of the electrode ma-
terial is set to Eaps = 100 GPa) tends to develop higher
compressive stress, but undergoes lower tension. If the
problem is considered from a linear elasticity perspective,
these results may seem counter-intuitive. However in the
non-linear formulation, the large displacements give rise
to tensile and shear stresses, particularly large in the case
of compliant SEs.

In order to identify conditions that prevent mechanical
degradation, we consider active materials with lower vol-
ume change associated with changes in Li stoichiometry.
Furthermore, we raised the solid electrolytes fracture en-
ergy up to G, = 4.0 J m~2. The model predicts that frac-
ture is suppressed, for active materials with 7.5% Vegard’s
expansion and solid electrolytes with the fracture energy
G. = 4.0 J m~? and Young’s modulus Esz = 15 GPa.
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Figure 4: The extension of crack (normalized with respect
to the electrode thickness) is plotted for three cases charac-
terized by different Young’s moduli of the solid electrolyte
material, i.e., Fsgp = 15,25,50 GPa. Other input param-
eters are the same of the baseline case (see Table , and
the Young’s modulus of the active material remain fixed
at Fgg = 100 GPa. As the stiffness of the SE increases,
a lower velocity of fracture propagation is predicted. A
stiffer SE tends to contain the chemical expansion of the
active material. Shearing and tension —responsible for
crack growth— are less likely to arise in a less deformable
material.

Thus, mechanical damage is predominantly dependent on
SE fracture properties, as most Li-storage compounds have
Vegard’s expansion below 7.5% [55, [56].

Results from several tests are collected in Fig. |5, where
we observe the overlapping of two groups of curves. These
curves are marked with a and b in Fig. |5, and represent
the tests with SE fracture energy G. = 1.0 J m~2 and
G, = 0.25 J m~2. The results can be explained by re-
ferring to the system’s energy balance. As the particle’s
volume increases upon lithiation, the solid electrolyte vol-
ume is forced to shrink because the electrode’s volume-
averaged deformation is zero. Hydrostatic pressure de-
veloping in the electrode and electrolyte materials scales
linearly with volume change. The pressure is also propor-
tional to the materials’ bulk moduli. It follows that the
elastic energy stored in the electrolyte becomes four times
larger when the active material’s expansion is doubled. If
the fracture energy required to open new cracks is also four
times larger, fracture propagation rate remains the same.
In order to characterize the dependence on the total en-
ergy, both stored elastic and fracture energy, we define a
new dimensionless parameter for all-solid-state electrodes:
G = 0.5ksp(3BamAan)?/(HG.). In the definition of G,
ksg is the SE bulk modulus, Saps the Vegard’s parame-
ter (384n is the volumetric expansion rate) of the active
material, H is the electrode’s thickness, and A4 is the
area of active material. The two overlapping curves for the
case ¢ and the the case b in Fig. [5| are characterized by the
same value of G. Therefore, the dimensionless parameter

G can be used to generalize the results presented here.

3. Conclusions

Electro-chemo-mechanical FEM simulations capture the
onset and propagation of damage in a solid-state composite
electrode. Fracture is prevented if electrode-particle’s ex-
pansion is lower than 7.5% and the solid-electrolyte’s frac-
ture energy higher than G, = 4 J m~2 (under the assump-
tion of SE Young’s modulus Egp = 15 GPa). This condi-
tion restricts the choice of electrolyte based on its fracture
properties, while most intercalation oxides have volume
expansion below 7.5% [55]. We refer here to the average
volume change of a poly-crystalline material-Vegard’s pa-
rameters can be largely anisotropic, this is for instance the
case of graphite.

Here we refer to the aver Intercalation-induced expan-
sion of the active material is constrained in dense solid-
state electrodes and electrolytes are prone to mechani-
cal degradation. The particles and SE together create
a microstructure—the shape of particles and their prox-
imity within the microstructure determine fracture. Mi-
crostructural inhomogeneities, such as particle-to-particle
misalignment and particle asperities are sufficient to cause
tensile and shear stress in the solid electrolyte matrix.

The simulations predict fracture to propagate in a sta-
ble fashion (rather than abruptly). As expected, crack
nucleation is delayed in tougher materials. The propaga-
tion rate and the final extension of cracks also decrease
with increasing electrolyte fracture energy.

Perhaps counter-intuitively, the analyses show that com-
pliant solid electrolytes (with Young’s modulus in the or-
der of Egg = 15 GPa) are more prone to micro-cracking.
Shearing and stress arise if the particles have surface as-
perities or the stress-fields of nearby particles interact. Be-
cause compliant SEs allow for large deformations they are
more likely to develop localized tension and fracture. A
non-linear kinematics model is required to predict this ef-
fect which contradicts the speculation that sulfide SEs are
more suitable for the design of bulk-type batteries than
oxide SEs [51].

To our knowledge, this work is the first to investigate
mechanical reliability of all-solid state batteries. The re-
sults presented have implications for the battery power-
density. Fracture in solid Li-ion conductors represents a
barrier for Li transport and accelerate the decay of rate
performance.

Reliability of ASSBs will depend on the elastic energy

associated with intercalation-induced strain, the solid-electrolyte

fracture energy and the geometry of the microstructure.
Therefore, a simple design rule can be based on the di-
mensionless parameter G = 0.5ksp(3BanAan)?/(HG,)
representing the ratio between elastic and fracture ener-
gies. We predict the integrity of elastic-brittle solid-state
electrolytes to be preserved when the condition G < 1000
is met.
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Figure 5: Various combination Vegard’s parameters of the
active material and SE fracture energy are analyzed. The
overlap of two sets of results is observed. They correspond
to the two cases marked as a

a) 30 % volume change of the active material and SE frac-
ture energy G. = 1.0 J m—2

a) 15 % volume change of the active material and SE frac-
ture energy G, = 0.25 J m—2

and other two cases, marked as b

b) 15 % volume change of the active material and SE frac-
ture energy G. = 1.0 J m~2

b) 7.5 % volume change of the active material and SE
fracture energy G, = 0.25 J m—2

The interpretation of this outcome is based on the sys-
tem’s energy balance. As the particles volume increases
upon lithiation, the solid electrolyte volume is forced to
shrink. Here we assume the volume-averaged deformation
of the entire region to be zero. A less restrictive assump-
tion would allow for the electrode’s thickness to evolve with
state of charge. In linear eleasticity, the hydrostatic pres-
sure developing in both materials scales linearly with their
volume change —proportionally to their bulk modulus. It
follows that the elastic energy stored in the SE material
become four times larger, when the particles’ expansion
is doubled. If the fracture energy required to open new
cracks is also four times larger, fracture propagates at the
same rate.
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