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Abstract

In modern statistical and machine learning models, structural constraints are usu-
ally imposed for model interpretability as well as model complexity reduction. In
this thesis, we present scalable optimization methods for several large-scale machine
learning problems under structural constraints, with a focus on shape constraints in
nonparametric statistics and sparsity in high-dimensional statistics.

In the first chapter, we consider the subgradient regularized convex regression
problem, which aims to fit a convex function between the target variable and covari-
ates. We propose novel large-scale algorithms, based on proximal gradient descent
and active set methods, and derive novel linear convergence guarantees for our pro-
posed algorithms. Empirically, our framework can approximately solve instances with
n = 10° and d = 10 within minutes.

In the second chapter, we develop a new computational framework for computing
log-concave density MLE, based on smoothing techniques in combination with an
appropriate integral discretization of increasing accuracy. We establish convergence
guarantees of our approaches and demonstrate significant runtime improvements over
earlier convex approaches.

In the third chapter, we focus on Gaussian Graphical Models, which aims to esti-
mate a sparse precision matrix from iid multivariate Gaussian samples. We propose
a novel estimator via fyfs-penalized pseudolikelihood. We then design a specialized
nonlinear Branch-and-Bound (BnB) framework that solves a mixed integer program-
ming (MIP) formulation of the proposed estimator. Our estimator is computationally
scalable to p ~ 10,000, and provides faster runtime compared to competing ¢; ap-
proaches, while leading to superior statistical performance.

In the fourth chapter, we further look into improving the BnB framework for
sparse learning problems with the ¢y¢s penalty and general convex smooth losses. We



present a novel screening procedure within the BnB framework to fix relaxed variables
to 0 or 1 with guarantees. Our experiments indicate that this screening procedure
can significantly reduce the runtimes of BnB solvers.

Thesis Supervisor: Rahul Mazumder
Title: Associate Professor of Operations Research and Statistics
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Chapter 1

Introduction

Last few decades have seen substantial advancements in machine learning models,
motivated by many applications from various domains. In modern statistical and
machine learning models, structural constraints are usually imposed to (i) meet com-
plicated application-specific assumptions and provide model interpretability, and (ii)
reduce the sample complexity and improve model performance. While there have
been extensive studies in statistical properties of these models, the computational in-
scalability of underlying optimization problems becomes the main bottlenock for their
applications in practice. In this thesis, we present efficient optimization methods for
large-scale machine learning problems under structural constraints, with a focus on
two types of structure that can lead to interpretable statistical learning models —
shape constraints in nonparametric statistics and sparsity in high-dimensional statis-

tics:

Shape constraints Shape constraints are usually imposed in nonparametric statis-
tical inference and estimation to restrict the feasible region of functions. Some exam-
ples of shape constraints can be monotonicity, convexity, log-concavity, unimodality,
etc [103]. Shape constraints are usually motivated by either application-specific as-
sumptions or existing theory, thus providing certain interpretability; they can also
help reduce the sample complexity and improve statistical performance [127].

Despite great progress in recent years on the statistical theory of the nonpara-

19



metric shape-constrained estimators [195, 139], adoption of these methods have been
limited by the complexities and the intractability of their underlying convex opti-
mization problems [53|. Although there are some nonconvex approaches available,
they cannot certify optimality and thus it is unclear how the optimization error is

compared with the statistical error for the estimates.

In the first half of the thesis, we focus on two important problems with shape
constraints — subgradient regularized multivariate convex regression (in Chapter 2)
and multivariate log-concave density estimation (in Chapter 3). Our goal for these two
problems is to develop scalable computational methods with convergence guarantees

via convex approaches.

Sparsity Sparsity is a central concept in high-dimensional statistics and data sci-
ence, where the model selects a small subset of features from a large pool [115]. It
is an important and effective regularization technique that can help provide inter-
pretability, reduce the model complexity and mitigate the overfitting issues especially

when the model is overparametrized.

Recently, since the work of [28], there has been a renewed interest in exploring
statistical problems with structured sparsity using tools from combinatorial optimiza-
tion. Sparse linear regression [32, 119] and sparse principal component analysis [20]
are among examples where combinatorial optimization methods have been success-
ful. However, the exploration of the combinatorial methods for the Gaussian graphical

models and general convex loss functions is still limited.

In the second half of the thesis, we focus on two classes of problems with sparsity —
Gaussian graphical models (in Chapter 4) and sparse learning problems with general
loss functions (in Chapter 5). Our goal is to develop scalable computational methods

based on combinatorial optimization.

The results of Chapters 2 and 3 are based on papers [52, 53|, respectively. Below

we provide a brief summary of each chapter.

20



Chapter 2: Subgradient Regularized Multivariate Convex Regression at

Scale

In this chapter, we present new large-scale algorithms for fitting a subgradient
regularized multivariate convex regression function to n samples in d dimensions—a
key problem in shape constrained nonparametric regression with widespread appli-
cations in statistics, engineering and the applied sciences. The infinite-dimensional
learning task can be expressed via a convex quadratic program (QP) with O(nd)
decision variables and O(n?) constraints. While instances with n in the lower thou-
sands can be addressed with current algorithms within reasonable runtimes, solving
larger problems (e.g., n &~ 10* or 10°) is computationally challenging. To this end,
we present an active set type algorithm on the dual QP. For computational scalabil-
ity, we allow for approximate optimization of the reduced sub-problems; and propose
randomized augmentation rules for expanding the active set. We derive novel com-
putational guarantees for our algorithms. We demonstrate that our framework can
approximately solve instances of the subgradient regularized convex regression prob-
lem with n = 10° and d = 10 within minutes; and shows strong computational
performance compared to earlier approaches. Our implementation is available in a

github repository ConvexRegression.

Chapter 3: A New Computational Framework for Log-concave Density

Estimation

This chapter considers log-concave density estimation. In Statistics, log-concave
density estimation is a central problem within the field of nonparametric inference
under shape constraints. Despite great progress in recent years on the statistical
theory of the canonical estimator, namely the log-concave maximum likelihood esti-
mator, adoption of this method has been hampered by the complexities of the non-
smooth convex optimization problem that underpins its computation. We provide

enhanced understanding of the structural properties of this optimization problem,

21
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which motivates the proposal of new algorithms, based on both randomized and Nes-
terov smoothing, combined with an appropriate integral discretization of increasing
accuracy. We prove that these methods enjoy, both with high probability and in ex-
pectation, a convergence rate of order 1/T up to logarithmic factors on the objective
function scale, where T denotes the number of iterations. The benefits of our new
computational framework are demonstrated on both synthetic and real data, and
our implementation is available in a github repository LogConcComp (Log-Concave

Computation).

Chapter 4: Guassian Graphical Models: A Scalable Framework Based on

Combinatorial Optimization

In this chapter, we consider the well-known Gaussian Graphical Models (GGM)
problem, where the goal is to estimate the precision matrix of a p-dimensional Normal
distribution, given n samples. We propose a new estimator based on the notion of
pseudo-likelihood under certain sparsity assumptions on the precision matrix. How-
ever, our estimator uses ¢, regularization to encourage sparsity, unlike most current
algorithms which are based on convex optimization. We show our estimator can be
written as a Mixed Integer Program (MIP). We provide statistical guarantees for our
estimator in terms of estimation and variable selection, and discuss how the use of
ly penalty improves the behavior. Next, we provide a comprehensive optimization
framework including heuristic methods to obtain good feasible solution to the MIP, as
well as a specialized nonlinear branch-and-bound method to obtain optimal solutions
to our proposed MIP. Our numerical experiments on real and synthetic data show
that our estimator is computationally scalable to p = 10,000, and provides faster run-
time compared to competing (polynomial-time) methods, while leading to superior

statistical performance.

Chapter 5: Safe Screening Procedure within a Specialized Branch-and-

Bound Solver for Sparse Learning
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In this chapter, we focus on sparse learning problems with a general smooth convex
loss function and ¢yl regularization. In particular, we present a novel screening
procedure to safely fix relaxed variables to 0 or 1 at each node within a specialized
Branch-and-Bound (BnB) solver to solve this class of problems. We first establish
optimality conditions and dual bounds for the node relaxation subproblems within
the BnB framework. We then develop a screening procedure at each node within
BnB tree, in combination with the branching procedure. This significantly reduces
the optimization cost of subproblems and thus reduces the runtime of the BnB solver
(up to 2 times faster). For strong branching rules, we propose an enhanced screening
procedure which can substantially reduce the size of search trees and further improve

the efficiency.
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Chapter 2

Subgradient Regularized Multivariate

Convex Regression at Scale

This chapter is based on [52].

2.1 Introduction

Given n samples (y;, @;), ¢ € [n] := {1,...,n} with response y; € R and covariates
x; € RY, we consider the task of predicting y using a convex function of x. This
convex function is unknown and needs to be estimated from the data. This leads rise
to the so-called multivariate convex regression problem [200, 149] where we minimize

the sum of squared residuals

n

1

p=argmin —3 (v — p(@i))’ (2.1)

=1

over all real-valued convex functions in R?, denoted by F. Above, p(x;) is the value
of the convex function ¢ at point x;.

In the special case where p(x) = '3 is a linear function, with unknown re-
gression coefficients 3, criterion (2.1) leads to the well-known least squares problem.
Problem (2.1) is an instance of shape constrained nonparametric regression [192] —

here we learn the underlying function ¢ under a qualitative shape constraint such
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as convexity. The topic of function estimation under shape constraints has received
significant attention in recent years — see for example, the special issue in Statistical
Science [196] for a nice overview.

Convex regression is widely used in economics, operations research, statistical
learning and engineering applications. In economics applications, for example, con-
vexity /concavity arise in modeling utility and production functions, consumer pref-
erences [210, 127|, among others. In some stochastic optimization problems, value
functions are taken to be convex [202]. See also the works of [112, 219, 14] for other
important applications of convex regression.

There is a rich body of work in statistics studying different (statistical) method-
ological aspects of convex regression (200, 149, 14, 110, 111, 139, 140, 141|. However,
the challenges associated with computing the convex regression estimator limit our
empirical understanding of this estimator and its usage in practice. More recently,
there is a growing interest in developing efficient algorithms for this optimization
problem — see for e.g. [158, 11, 31, 150|. The focus of this chapter is to further
advance the computational frontiers of convex regression.

We note that the infinite-dimensional Problem (2.1) can be reduced [200, 158]| to

a finite dimensional convex quadratic program (QP):

R, 1 2
minimize — i — @s
O1resbnibrrbn T A v =) (2.2)
s.t. ¢;— ¢ > (x; —x;, &), V(i,j) €

where ¢1,...,¢0, €R, &1,..., &, € RY and Q := {(4,5) : 1 <i,j5 <n,i#j}. In (2.2),
¢; = o(x;) and &; is a subgradient of ¢(x) at * = x;. Problem (2.2) has O(nd)
variables and O(n?) constraints and becomes computationally challenging when n is
large. For the convex regression problem to be statistically meaningful [139, 158],
we consider cases with n > d (and number of features d ~ logn to be small).
Off-the-shelf interior point methods [200] for (2.2) are limited to instances where n
is at most a few hundred. [11] consider a regularized version of (2.2) (i.e., (Pp),

below) and propose parallel algorithms to solve instances with n &~ 1,600 leveraging
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commercial QP solvers (like Mosek). [158] use an alternating direction method of
multipliers (ADMM) [39]-based algorithm that can address problems up to n & 3,000.
Recently, [150] propose a different ADMM method and also a proximal augmented
Lagrangian method where the subproblems are solved by the semismooth Newton
method—they address instances with n &~ 3,000. Algorithms based on nonconvex
optimization have been proposed to learn convex functions that are representable
as a piecewise maximum of k-many hyperplanes [112, 14, 96]—these are interesting
approaches, but they may not lead to an optimal solution for the convex regression
convex optimization problem. Recently, [31] present a cutting plane or constraint
generation-type algorithm for (2.2): At every iteration, they solve a reduced QP by
considering a subset of constraints. Leveraging capabilities of commercial solvers
(e.g., Gurobi), this can approximately solve instances of (2.2) with n ~ 10% — 105.
In this chapter, we also present an active-set type method, but our approach differs
from [31], as we discuss below. We also establish novel computational guarantees for

our proposed approach.

The convex least squares estimator (2.2) may lead to undesirable statistical prop-
erties when @ is close to the boundary of the convex hull of {a;}} [158, 13]. This
problem can be improved by considering a subgradient regularized version of (2.2)

given by:

n

.. 1 s P n )
[§] —_ L . + L .
i D (=0 + 03 N

(Fo)
s.t. ¢j - gbz Z <33j - mi)Ei)’ V(Z,j) € Qa

where we impose an additional /o-based regularization on the subgradients {&;}} of ¢;
with p > 0 being the regularization parameter. Formulation (F,) also appears in [11].
Statistical estimation error properties of a form of subgradient regularized convex least
squares estimator appear in [158|. In the special case, where p(x) = '3 is a linear
function, (P) leads to the popular ridge regression estimator (i.e., least squares with
an additional squared £ penalty on 3). In ridge regression a nonzero penalty on || 3|3

often leads to improved statistical performance over vanilla least squares. Similarly,
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in convex regression, a value of p > 0 can result in better statistical estimation error
compared to the unregularized estimator with p = 0—See Section 2.5 for numerical

support on a collection of datasets.

Our approach: In this chapter, we focus on solving (F) for p > 0. Problem (F)
has a strongly convex objective function in the decision variables ({¢;}7,{&}7) —
its Lagrangian dual (see (D) below) is a convex QP with O(n?) variables over the
nonpositive orthant. We present large scale algorithms for this dual and study their
computational guarantees. The large number of variables poses computational chal-
lenges for full-gradient-based optimization methods as soon as n becomes larger than
a few thousand. However, we anticipate that O(n)-many of the constraints in (Fp) will
suffice. We draw inspiration from the one dimensional case (d = 1), an observation
that was also used by [31]. Hence, we use methods inspired by constraint genera-
tion [34], which we also refer to (with an abuse of terminology) as active set type
methods [25]. Every step of our algorithm considers a reduced dual problem where
the decision variables, informally speaking, correspond to a subset of the primal con-
straints. The vanilla version of this active set method, which solves the reduced
dual problem to optimality', becomes expensive when n and/or the size of the active
set becomes large especially if one were to perform several active-set iterations. We
propose improved algorithms that perform inexact (or approximate) optimization for
this reduced problem initially and then increase the optimization accuracy at a later
stage. Upon solving the reduced problem (exactly or inexactly), we examine opti-
mality conditions for the full problem; and include additional variables into the dual
problem, if necessary.

To augment the current active-set, greedy deterministic augmentation rules that
scan all O(n?)-constraints, become computationally expensive — therefore, we use
randomized rules, which leads to important cost savings. These randomized augmen-
tation rules extend the random-then-greedy selection strategies proposed by [154] in

the context of Gradient Boosting Machines [92]. Our approach operates on the dual

!This is similar to the method of [31] who consider a constraint generation method for (2.2) where
the reduced sub-problems are solved to optimality.
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and results in a dual feasible — we show how this leads to a primal feasible solution,

delivering a duality gap certificate.

We establish a novel linear convergence rate of our algorithm (in terms of outer
iterations) on the dual, which is not strongly convex. Our guarantees apply to both
exact/inexact optimization of the reduced problem; and both deterministic and ran-
domized augmentation rules. As we focus on large scale problems (e.g. n > 10,000),
inexact optimization of the reduced sub-problem and randomized augmentation rules
play a key role in computational efficiency. As we carefully exploit problem-structure,
our standalone algorithms enjoy a low memory footprint and can approximately solve
instances of subgradient regularized convex regression with n ~ 10° and d = 10 in
minutes. Numerical comparisons suggest that on several datasets, our approach ap-
pears to notably outperform earlier algorithms in solving (Fp) for values of p > 0 that
result in good statistical performance. Since our approach is based on the smooth
dual of (Fp), the performance of our algorithm would deteriorate when p is numeri-
cally very close to zero. In particular, our approach may not be suitable for obtaining

a high-accuracy solution to the unregularized problem (2.2).

Organization of chapter: Section 2.2 presents both primal and dual formulations
of the full problem (F); and a first order method on the dual. Section 2.3 presents
active-set type algorithms, augmentation rules and associated computational guaran-
tees. Section 2.4 discusses computing duality gap certificates. Section 2.5 presents
numerical experiments. Some technical details are relegated to Section 2.A to improve

readability.

Notations: For convenience, we list some notations used throughout the chapter.
We denote the set {1,2,...,n} by [n]. The cardinality of a set W is denoted by |W|.
We denote by Ry, R, the set of nonnegative and positive real numbers (respec-
tively). A similar notation applies for R_ and R__. Symbols 1,,, e; and I denote: a
vector of length n of all ones, the i-th standard basis element and the identity matrix
(respectively). span(A) denotes the linear space generated by the vectors in the set

A. For a matrix B, let vec(B) denote a vectorized version of B. The largest singular
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value of a matrix B is denoted by Apax(B). We use || - || to denote the Euclidean
norm of a vector and the spectral norm of a matrix. Finally, 0f(x) denotes the

subdifferential (set of subgradients) of f at x.

2.2 Primal and Dual Formulations

We introduce some notation to rewrite Problem (FPy) compactly. Let y = [y1,...,¥n] "
ER", X =[z],...,z]] e R d=[p1,...,0,]" €R" and & = vec([€y,...,&,]) €
R, We define A € R**1*" and B € R~ Dxnd gych that the rows of A¢p + B¢
correspond to the constraints ¢; — ¢; — (x; — x;,&;) for (i,j) € Q. Hence (Fp) is

equivalent to:

winimize [(6,6) = Sly— ¢+ LIEF st Ap+BEz0,  (P)

)

where A¢ + B£ > 0 denotes componentwise inequality. Due to strong convexity of
the objective, (P) has a unique minimizer denoted by (¢*, £*). While (P) has a large
number (i.e., O(n?)) of constraints, given that the affine hull of the data points has

full dimension?

, i.e. span({z; — x;};2) = R, it can be shown that the constraint
matrix C = [ A B] e Rr(n=Dx(ntnd) j¢ of rank O(nd). This serves as a motivation
for our active-set approach.

The Lagrangian dual of (P) is equivalent to the following convex problem

1
L* = minimize L(A) := —AT(pAAT + BB")A—y"ATX st. A<0. (D)
AcRn(n—1) 2p

Definition 2.1. A convex function f is o-smooth if it is continuously differentiable

T

with o-Lipschitz gradient; f is pu-strongly convex if f(x) — S '« is convex.

Note that A — L(A) is not strongly convex, but it is o-smooth, where ¢ is the

maximum eigenvalue of the matrix Q := AA" + %B BT,

2This occurs with probability one if the covariates are drawn from a continuous distribution.
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Unlike the primal (P), the dual problem (D) is amenable to proximal gradient
methods [175, 19] (PGD). Other gradient based methods like accelerated proximal
gradient methods (APG) [19, 175], the limited-memory Broyden-Fletcher-Goldfarb-
Shanno (L-BFGS) method [152] (for example), may also be used; and they work well
in our numerical experience. However, every iteration of PGD requires computing
the gradient VL(A) € R*™~). While an unstructured gradient computation will
cost O(n?), exploiting the structure of A, B, this cost can be reduced to O(n?d),
allowing us to scale these algorithms for instances with n ~ 3,000. Such matrix-
vector multiplications can be used to estimate o via the power method or backtracking
line-search [19]. When L is o-smooth, PGD enjoys a standard sublinear convergence
rate O(1/t) [19]. With an additional strong convexity assumption PGD is known to
converge at a linear rate [173]. Note L(A) is not strongly convex. However, L(\)
satisfies the Polyak-Fojasiewicz condition [129, 170] under which PGD converges at a
linear rate. We note more general convergence results under error bound conditions

can be found in [155, 156, 147, 37].

2.3 Active Set Type Algorithms

As (D) has O(n?) variables, the proximal gradient method (owing to full gradient com-
putations) becomes prohibitively expensive when n becomes larger than a few thou-
sand. However, as discussed earlier, we expect only O(n)-many of these variables to be
nonzero at an optimal solution—motivating the use of a constraint-generation/active
set-type method on the primal (P), which relates to a column-generation type method
on the dual (D).

Constraint generation is traditionally used in the context of solving large-scale
linear programs [64, 34]. When used in the context of the QP (P), as done in [31], we
start with a reduced problem with a small subset of constraints in (P). With a slight
abuse of nomenclature, we refer to these constraints as the active set3. After obtaining

an optimal dual solution to this reduced problem, the traditional form of constraint

30ur usage of “active set” differs from the active set method for solving a QP, as discussed in [176].
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generation will augment the active set with some dual variables that correspond to the
violated primal constraints (if any) and re-solve the problem on the expanded set of
constraints. We mention two shortcomings of this approach: (a) Solving the reduced
problem to optimality becomes expensive (especially when the active set becomes
large and/or if several iterations of constraint-generation is needed); and (b) finding
variables to be appended to the active set has a large cost of O(n?d) operations.

To circumvent these shortcomings, we propose modifications to the above con-
straint generation or active set method. To address (a), we solve the reduced sub-
problem inexactly (e.g., by taking a few iterations of the proximal gradient method).
To address (b), we consider randomized rules to reduce the cost of augmenting the
active set from O(n?d) to O(nd) (for example). We show that our proposed algorithm

converges; and does so with a linear convergence rate in the outer iterations.

2.3.1 Properties of the reduced problem

Let W C Q index a subset of the constraints in (P); and consider the reduced primal:
o 1
minimize f(¢.6) = 5ly —o|” + JIEI* st Awg+BwE=0  (Ay)

where, Ay (and Byy) denotes matrix A (and B) restricted to rows indexed by W.

In the rest of the chapter, we will use W as a subscript for vectors or matrices
whose size changes with W, and use W (or [IW]) as superscript for vectors or matrices
whose size does not change with W. When W = €2, the relaxed problem is the original
problem, and we drop the use of {2 as subscript and/or superscript for notational
convenience.

We consider solving the dual of (Py). Proposition 2.1 presents some of its properties.

Proposition 2.1. The Lagrangian dual of (Py) is given by:

Aw
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Let Ly, be the optimal objective value for (Dw). The objective function Ly (-) :
RWI — R is ay-smooth for some oy < o. The set of all optimal solutions to (Dyy)

s a polyhedron of the form
1
Ay = {AW cRWI Al Ay = s, %BVTV)\W = sy Ay < o} (2.3)

where, s =y — @Y, sp=—/ptl; and ()Y, &}) is the unique optimal solution to

* 7

the reduced primal problem (Py).

Proof Sketch. The Lagrangian dual is obtained by computing ming » £(¢p, &; Aw ),
where L(d, & Aw) = f(9,€) + A (Awo + By &) for any Ay < 0. The optimality
(KKT) conditions for ¢, € are ¢ =y + A, Ay and €}V = pBj;A\y. Plugging these
equations into £ and flipping the sign of the function lead to the objective Ly,. As
Aw — Ly (Aw) is a quadratic function, it is oy -smooth with oy being the maximum
eigenvalue of the Hessian matrix. Since the Hessian of the reduced dual problem is
a submatrix of that of the original dual problem (corresponding to W out of €2), it
follows that oy < . The formulation of the polyhedral set follows from the KKT
conditions [40]. O

PGD is readily applicable to (D). The per iteration cost is O(|W|d), which
is much smaller than O(n?d) (as |[IW| ~ n). Solving the reduced problem (Dy) is
usually much faster than solving the full problem (D) when |W| < [©].

2.3.2 Augmentation Rules

For any W C Q, given a feasible solution* Ay € R™! to the reduced dual (Dw), we
can construct its corresponding primal variables (¢", &") for (Py), by making use

of the KKT conditions:

1
(", W) = (y — A Aw, —;BVTV)\W) e R x R™, (2.4)

4This can be obtained by solving (Dy) exactly (i.e., to optimality) or inexactly (i.e., approxi-
mately).
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Notice that for a general dual variable Ay, € R'_W|, the primal variables obtained
via (2.4) may not be feasible for the reduced primal problem (Py). Below we discuss
some rules for augmenting the current set of constraints (i.e., the active set).

After obtaining (", &), we check if it is feasible for (P)—that is, we verify if

each component of A¢" + B&W (denoted by V(;,;)) is nonnegative:
Vig) = O —of — (@ —xi, &) 20 V(i j) € Q. (2.5)

To this end, it is helpful to decompose the O(n?) constraints into n blocks

i J

where ;. = {(4,5) : j # 1,1 < j < n}and Q; = {(i,7) : i # j,1 < i < n}.
Similarly, we define the slices W;. and W, for all i. The two decompositions {€2;.}
and {€2;}7 have different geometric interpretations. Now define points P; = {z;, ¢} }
and hyperplanes H; : y = (x — x;,&V) + ¢}V in R4TL. Note that each point P lies
on the hyperplane H;, and v(; ;) denotes the vertical distance between P; and H;.
For each i, the nonnegativity of v(; ;) for all (¢, j) € €., checks if the hyperplane H;
lies below each point P;, i.e. if H; is a supporting hyperplane of the points {P;}7.
On the other hand, for each j, the nonnegativity of v(; j) for all (i,7) € Q.;, checks
if P; lies above each hyperplane H;—i.e., if P; lies above the piecewise maximum of
these hyperplanes. The quantity | min; v(; ;)| is the amount by which P; lies below the
piecewise maximum.

In Section 2.4 we see that the block decomposition interpretation is useful in ob-
taining a primal feasible solution. Next we discuss a deterministic augmentation rule
— due to its high computational cost, we subsequently present randomized augmen-

tation rules — both of which make use of the above decomposition of €.

2.3.2.1 Deterministic Augmentation Rule

We first present a simple greedy-like deterministic augmentation rule:
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Rule 1. Greedy within each Block: For each block ;. (or €.;), choose P pairs
with the smallest v(; ;-values among €2;.\W;. (or €2.;\W.;). From these P indices,

we add to the current active set W, only those with negative v(; j)-values.

Rule 1 evaluates O(n?) constraints with computational cost O(n?*d + d|W|) and
augments W by at most nP such constraints. For every block, obtaining the largest P
violations can be done via a partial sort—leading to a total cost of O(n%*d+nP log P)
for n blocks®. As a result, with this greedy rule, the augmentation becomes a ma-
jor computational bottleneck for the active-set type method. This motivates the

randomized augmentation rules discussed below.

2.3.2.2 Randomized Augmentation Rules

We present four randomized rules that sample a small subset of the indices in Q\ W
instead of performing a computationally intensive full scan across O(n?) indices as in

Rule 1.

Rule 2. Random: Uniformly sample K indices in Q\W—the cost of computing the
corresponding v(; jy-values is O(Kd + d|W).

Rule 3. Random within each Block: For each block ;. (or €2;), uniformly
sample P elements in ;\W,. (or Q.;\W,;); the total computational cost is
O(nPd+ dWY).

Rule 4. Random then Greedy: Uniformly sample M-many (7, j)-pairs from Q\W,
and from these pairs choose the K pairs with the smallest v; jy-values. Com-
puting the M values of v; ;y cost O(Md + d|W|), and the greedy selection step
costs M + K log K. The total computational cost is O(Md + d|W|).

Rule 5. Random Blocks then Greedy within each Block: Uniformly sample
G groups from {€;.}7, (or {€;}7_,) and for each group, choose the P pairs
that have the smallest v(; ;) values with (4, j) € Q;\W,. (or Q,;\W.;). Similar to
Rule 4, the total computational cost is O(Gnd + d|W|).

Note that the above rules lead to a set of indices denoted by A’. From these

A similar augmentation rule with P =1 is used in [31]
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candidates, we only select those with negative v, j)-values, which are then appended
to the current active set W. That is, if A = {(i,j) € A" : v ) < 0} then we set
W« WUA.

Of the above, Rules 4 and 5 are inspired by, but different from the random-
then-greedy coordinate descent procedure [154|, proposed in the context of Gradient

Boosting.

2.3.2.3 Norms Associated with the Augmentation Rules

The computational guarantees of our active set-type algorithms depend upon certain
norms induced by the aforementioned augmentation rules. We first present some

notation that we will use in our analysis.

Definition 2.2. Given a vector 0, an indez set S, and k < |S|, let G[S, k, 0] be the
set of k elements with the largest values of |0,| for w € S. Given a pair (S, k) as
above, we let U[S, k] denote the set of k uniformly subsampled indices from the set S.

Definition 2.3. Given a vector @ € R"" V) indexed by 2, let {S;}7 be disjoint subsets
of Q, with S = Usef, Si. Given positive integers P, K, M, G, we define 6,(6,{5:}),
95(0,{S:}) C Q as follows:

1(0,{5:}) = LnJ G[Si, P, 6],  02(0,{5:}) :L{[S’,K], d3(0,{5i}) = UU Si, P

[
( { }) [ [S’MLK’O]’ 55(07{51}): U Q[SZ,P,G]
i€U([n],G]

With the above notation, we can express the indices to be augmented as a function
of the violations v, a vectorized representation of the entries {v(; }(i jea (2.5). Let
A7y, denote the pairs selected by Rule ¢, and Agy = {w € Al 1 v < 0 C A,
be the final set to be added to W. Let v be a vector having the same length as v
with its entries given by (; j) = min{v(; j),0}. Then it is easy to verify that A can

be written as (v, {S;}) with S; = Q; \ W, or S; = Q,; \ W,,.
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Definition 2.4. Given 8 € R"™1 et {Q,}7 be either {Q:.}7 or {Q.;}7. Define

1/2
1Bl =|E| D 16 for Ce{1,... 5} (2.6)
wE(Se(B,{Qi})
For ¢ =1, there is no randommness in d;, so the expectation can be removed. For { > 2,
the expectation is taken over the randomness arising from the selection operatorU (cf

Definition 2.2).

Lemma 2.1 shows that the expression in display (2.6) leads to a norm on R™"~1,
Furthermore, the norm equivalence constants appearing in (2.7) determine the con-

vergence rates of Algorithm 2.1 (see Theorem 2.1).

Lemma 2.1. ||0||(s defined in (2.6) is a norm on R™"=V . Furthermore, the constants

ey, Brey listed in Table 2.1 satisfy that for all © € R*™~Y
allzllfy > )2 > B llzlly- (2.7)

The proof of Lemma 2.1 appears in Section 2.A.1.

Table 2.1 presents a summary of some key characteristics of the five rules.

Table 2.1: Summary of some properties of the augmentation rules. Recall that A/{e}
denotes the pairs selected as per Rule . The number of candidates to be augmented
to the current active set depends upon the signs of v(; j)s; and is of size at most |Aj{€}|'
Here, Augmentation Cost is the cost of obtaining Aj(z}. We present estimates of the
norm-equivalence constants oy, Bin (2.7). For notational convenience, we assume
that W = @—for a nonempty W, we can replace ; with Q;\W;.

Rule Ay |Af{g}| Augmentation Cost oy By
1 UGl Po] P O(Pd+dW]) =1
2 U, Kj K O(Kd+dw|) — =ocl necd)
3 U U, P nP  O(nPd+dW)) ol onl
4 | QUMLK B K OMd+dw]) ozl sl
5 | Uil P,o]  GP O(Gnd+dw|) "2t »
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2.3.3 Active set method with inexact optimization of sub-

problems

Once we augment the active set (based on Rules 1-5), we solve the updated reduced
QP either exactly or inexactly. We then identify additional constraints to be added
to the current active set; and continue till some convergence criteria is satisfied. Our

algorithm is summarised below:

Algorithm 2.1 An Active Set Type Method on the Dual (D)
Input: Initialize with W% and A°.

1: form=20,1,... do

2: Step 1: Obtain a feasible solution Aym for (Dym) by either (a) solving (Dyym )
to optimality (i.e., exactly) or (b) solving (Dym) inexactly via a few steps of
proximal gradient descent®.

3: Step 2: Compute ¢V =y — A Ay, EV" = —%B‘—/Ir/mAWm as per (2.4).

4: Step 3: Use one of the Rules 1-5 to augment W™ to obtain W™+,

5. end for

In what follows, we call Algorithm 2.1 with option (a) [Step 1| the Ezact Active
Set method (EAS); and option (b) [Step 1] the Active Set Gradient Descent (ASGD)
method.

If the size of the active set remains sufficiently small, interior point solvers (in-
cluding heavy-duty commercial solvers like Gurobi, Mosek) may be used for full mini-
mization of the reduced problem, as long as the number of active set iterations remain
small. However, for larger problems (e.g., when n ~ 10 — 10%), first order methods
may be preferable due to warm-start capabilities (across active sets) and low mem-
ory requirements (by exploiting problem-structure). Furthermore, they also allow for
inexact computation for the sub-problems—see numerical experiments in Section 2.5
showing the important benefits in approximate optimization.

Theorem 2.1 establishes that Algorithm 2.1 requires at most m = O(log(1/¢))-

many outer iterations to deliver an e-optimal dual solution for Problem (D):

5QOther choices are also possible, as discussed in Remark 2.2.
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Theorem 2.1. For a given A° and WO, let A™ = AWnl (for m > 1) be the sequence
generated by Algorithm 2.1. Then, for either EAS or ASGD with augmentation Rule ¢,

we have:

E[L(A™) - '] < (1— L )m[L<A0>—L*J,

UOz{g}
where o is the smoothness constant of L, i is a constant depending’ only on A, B

and p, and oy appears in Lemma 2.1.

The proof of Theorem 2.1 is provided in Sections 2.A.2 and 2.A.3. We make a few

remarks regarding Theorem 2.1.

Remark 2.1. If we used PGD on the dual (D), the linear convergence rate parame-
ter [175, 129] would be (1 — p/o). The parameter in Theorem 2.1 has an additional
factor 1/auey, which arises due to the use of an active set method in conjunction with
the augmentation rules. We present an example in Section 2.B.1 showing that this

factor is perhaps unavoidable.

Remark 2.2. Algorithm 2.1 allows for both exact and inexact optimization of the
reduced problem—the guarantees for Theorem 2.1 apply to both wvariants. In par-
ticular, if we use a fired number of PGD iterations for every sub-problem, we would
obtain a linear convergence rate on the total number of inner iterations. Furthermore,
Theorem 2.1 applies to both deterministic and randomized augmentation rules.
Although our theory is based on a proximal gradient update on the reduced problem,
the theory also applies to other descent algorithms that have a sufficient decrease con-
dition, e.g. accelerated prozimal gradient (APG) methods [19, 175] and L-BFGS [152]

with some modifications—see discussions in Remark 2.4.

Remark 2.3. Theorem 2.1 implies that we need at most O ((coyey /1) log(1/€)) -many
outer iterations, to achieve an accuracy level of ¢ > 0. This quantifies the worst-case
convergence rate via agy. We note that the constant oagpn /@ can be large when
n s large, making the speed of linear convergence slow. However, by following the
arguments in the proof, one can consider a more optimistic upper bound on the number

of iterations, by replacing ogey with Brey (cf Lemma 2.1), as we discuss below.

"See Section 2.A.2 for a characterization of .
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Understanding the costs of different rules: To better understand the compu-
tational costs of the different rules, we consider a setting where the maximum number
of selected pairs (i.e., |Af,]) is set to be O(n) across all rules®.

According to Remark 2.3, to achieve € accuracy, we need O((ooyey/p)log(1/€))
outer iterations in the worst case and O((c s/ t) log(1/€)) outer iterations in the
best case. Hence, for a fixed € > 0, the total augmentation cost is proportional to
agpy x Augmentation Cost for the worst case and By x Augmentation Cost for the best
case. See Table 2.2 for an illustration.

Table 2.2: Comparing Augmentation Rules: We present an instance of Table 2.1
where |A7,[ is the same across (. Specifically, we set P =1 for Rule 1, K = n for
Rule 2, P = 1 for Rule 3, M = ny/n, K = n for Rule 4, and G = \/n, P = /n for
Rule 5. Here, we ignore log-terms in the big O notation.

Rule | [Al,| Augmentation Cost ayy Biey
1 | O(n) O(n*d + d|W)) O(n) 0O(1)
2 | O(n) O(nd + d|W1) O(n) O(n)
3 | O(n) O(nd + d|W1) O(n) O(n)
4 1 0(n)  Onynd+dW][) O(n) O(yn)
5 | 0(n) Onynd+dW]) On) O(/n)

We make a note of the following observations from Table 2.2.

e As the maximum size of the augmentation set (i.e, [A},|) at each iteration is
the same across all rules, oy is the same across all the five rules /.

e In the worst case, different rules take the same number of iterations to achieve e
accuracy. The largest total augmentation costs (i.e., g X Augmentation Cost)
are incurred by the purely greedy rule (Rule 1), and then the random-then-
greedy rules (Rule 4 and Rule 5).

e In the best case, the greedy rules take fewer iterations—the purely greedy rule
(Rule 1) is better than random-then-greedy rules (Rules 4 and 5). The purely
random rules (Rules 2 and 3) have similar iteration counts for the best and

worst cases (as oy = Biay)-

The above discussion pertains to our theoretical guarantees. We note that the

parameter y/(caygy) appearing in Theorem 2.1 can be difficult to compute (see Sec-

8The choice of P, K, M, G are specified in the caption of Table 2.2
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tion 2.A.2 for a description of ), and may be small for large datasets making the
linear rate slow in the worst-case scenario. Our numerical experiments offer a refined
understanding of the operating characteristics of the different algorithms, and what
occurs in practice.

We note that though our work focuses on a problem arising from convex regression,
our algorithmic framework with randomized and random-then-greedy augmentation
rules can also be applied to other convex quadratic programming problems involving

a large number of decision variables with nonnegativity constraints.

Related work:  As discussed earlier, Algorithm 2.1 (with exact optimization for
the subproblems) is inspired by constraint generation, a classic tool for solving large
scale linear programs [64, 34]. Recently [31] explore constraint generation for con-
vex regression, but our framework differs. [31] use a primal approach for (2.2) and
solve the restricted primal problem to optimality using commercial QP solvers (e.g.,
Gurobi). They do not present computational guarantees for their procedure. In this
chapter we consider the subgradient regularized problem (P), and our algorithms are
on the dual problem (D). We extend the framework of [31] to allow for both exact and
inexact optimization of the reduced problems. As a main computational bottleneck
in the constraint generation procedure is in the augmentation step which requires
scanning all the O(n?) constraints, we present randomized augmentation rules, which
examine only a small subset of the constraints, before augmenting the active-set.
Our computational guarantees, which to our knowledge are novel, apply to both the
exact and inexact sub-problem optimization processes and deterministic/randomized
augmentation rules.

As far as we can tell, with the exception of [31], convex optimization-based ap-
proaches for convex regression that precede our work (e.g, [158, 150, 11]), do not use
active set-type methods and hence apply to smaller problem instances n ~ 3000. We
note that active-set type methods are commonly used for convex QPs see for e.g.,
[142, 89] and references therein. We also explore active-set type methods, (random-

ized) augmentation rules, inexact optimization of sub-problems, and their computa-
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tional guarantees for subgradient regularized convex regression.

The primal problem (P) can also be viewed as a projection problem onto a poly-
hedron with O(n?) constraints. [106] consider the problem of projecting a point into
a polyhedron. To solve this problem, they explore some active set ideas and develop
convergence guarantees for their procedure. The active-set subproblem considered
in [106] is different from what we consider. Furthermore, our work differs in us-
ing randomized augmentation rules, inexact optimization of the subproblems, and
their associated computational guarantees. Using problem structure, we can address

instances larger than those studied in [106].

2.4 Primal Feasibility and Duality Gap

Given a feasible solution for the full dual (D), we show how it can be used to obtain
a feasible solution for the primal problem (P) while also achieving a good primal
objective value (note that (2.4) need not deliver a primal feasible solution). A primal
feasible solution is useful as it leads to a convex function estimate and also a duality
gap certificate.

Given a primal candidate (¢, &), we will construct (¢, €) that is feasible for (P).
To this end, let v(; ;) = ¢; — ¢ — (x; — @, &), for all i # j and we use the convention

v(;) = 0. Furthermore, let
v = miin vi;) and  k; € argmin{||€x] : k € arg miin V(i) } (2.8)
and define (¢, &) := (¢, &) as follows
£ =€, and ¢p=¢—v+cl (2.9)

where, ¢ is such that 17¢ = 1Ty. The following proposition shows that (¢, €) is

feasible for the full primal problem.

Proposition 2.2. For any pair (¢, &), the pair (¢p,€) defined in (2.9), is feasible
for (P). Furthermore, if (¢*,&*) is an optimal solution for (P) then it is a fized
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point for the map (-, -), i.e., Y(¢*, &) = (¢p*, &).

Proof of Proposition 2.2. Given {¢;}, {§;} and a scalar ¢, we define the following

piecewise linear convex function (in x):

p(x) = max {(x,&) + (¢: — (z:,&))} +c

i€[n]

For any j, we have

?61%({@3'7 &)+ (9 — (i, &)} = Efelﬁf]({% —(¢j— i —(xj —x:,&))} = ¢ — 52[173 Vi)

By definition of ¢, & given by (2.9), it follows that

o(x;)=¢; and §&; =&, € dp(x;).

Therefore, (¢, é) is feasible for the full primal problem.

Due to the feasibility of (¢*,&*), we have v* = A¢* + BE* > 0, and thus
min; v(; ;) = 0 = v(;,;5). This means v = 0, so it suffices to show that ¢ = 0. Note that
the first term in the primal objective %qu —y/||? is minimized when ¢ and y have the
same mean (otherwise we can add a constant to ¢ to decrease the objective). There-
fore, the ¢ that satisfies 17 (¢* + c1) = 17y must be 0. Thus, we have shown that
& = ¢*. If & + &, then there exists j such that t; # j, which means [|€ || < [|€5],
and we have f (é*, é*) < f(¢*,&*). This contradicts the strict minimality of (¢*, £*)

as the primal objective function f is strictly convex. m

As discussed in Section 2.3.2, each (¢;,&;) defines a hyperplane H; : y = (x —
x;, &) + ¢; containing P, = (x;, ¢;). However, (¢, €) may not satisfy the convexity
constraint (i.e., P; may not lie above H;); and |v;| quantifies how far P; lies below the
piecewise maximum of H;s. Intuitively, (q~§, E) attains feasibility by taking a piecewise
maximum of these hyperplanes and then adjusts itself by a constant in an attempt

to decrease the primal objective.

Duality Gap: In light of strong duality between (P) and (D), we have L(A*) =
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—f(¢*,&"). From a dual feasible solution A, we can obtain a primal variable (¢, &)
via (2.4). If ¢(¢p, £) is a primal feasible solution obtained from (¢, &) by the operation

defined in (2.9), then we can compute a duality gap via:

LX) = —f(h(¢,€)) < L" < L(N).

The gap L(A) — L(A) equals zero if and only if A is an optimal solution for (D).

2.5 Numerical Experiments

We present numerical experiments to study the different variants of our algorithm,;
and compare it with current approaches. As our focus is on large-scale instances
of (P), we study both real and synthetic datasets in the range n ~ 10* — 10° and
4 <d<20.

Datasets: We consider the following synthetic and real datasets for the experiments.

Synthetic Data: Following [158], we generate data via the model y; = ¢°(x;) + €;,7 €
[n] where, ¢"(x) is a convex function, ¢; S (0,7?) and ~ is chosen to match a
specified value of signal-to-noise ratio, SNR = ||¢°||?/||e||*> = 3. The covariates
are drawn independently from a uniform distribution on [—1,1]%. Every feature is
normalized to have zero mean and unit f;-norm; and y has zero mean and unit
lo-norm. We consider the following choices of the underlying true convex function
#(2).

o SDI: ¢%(x) = ||zf3

e SD2: ¢°(x) = max;<;<2q{& x}, where & € R? are independently drawn from

the uniform distribution [—1, 1]%.

Real Data: We also consider the following real datasets in our experiments:
e RD1, RD2: These two datasets, studied in [130] have n = 10,000 and d = 4.
e RD3, RD4: These two datasets, studied in [229] have n = 10,000 and d = 4.
e RD5: This dataset, studied in [148], has n = 10,000 and d = 4.

RD6: This dataset, studied in [131, 208, has n = 5,000 and d = 4.
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e RDT7: This dataset, from earlier work [164, 158, 31| has n = 30,000 and d = 4.
e RD8: This dataset, from [186, 112, 14], has n = 10,000 and d = 4.
For additional details on the real datasets see Section 2.C.1. In all above datasets,

covariates and response are centered and scaled so that each variable has unit /5-norm.

Algorithms: We compare our approach versus the cutting plane (CP) method [31]
and the ADMM method [158| using the authors’ implementations. All algorithms
are run with the time limit of 12 hours”. For our algorithms, we consider two-stage
methods: In the first stage, we use random rules 2/4 for augmentation and perform
inexact optimization over the active set — empirically, this results in good initial
progress in the objective value but then the progress slows down as the augmentation
rules include very few violated constraints. When the number of added constraints

Y we switch to the second stage where

is less than 0.005n for consecutive 5 iterations?
we use occasional greedy rules 1/5 for augmentation and exact optimization of sub-
problems. Note that our theory (Section 2.3) guarantees convergence of this two-
stage procedure. Additional details on algorithm parameter choices can be found in
Section 2.C.2. In this section, we will use Rule a-b (a € {2,4},b € {1,5}) to denote

different variants of our algorithm with random rule a (Stage 1) and greedy rule b

(Stage 2).

Software Specifications: All computations were carried out on MIT’s Engaging
Cluster on an Intel Xeon 2.30GHz machine, with one CPU and 8GB of RAM. For
ADMM and CP, we used a larger amount of memory 64GB RAM. Our algorithms
are written in Julia (v1.5), and our code is available on github at:

https://github.com/wenyuC94/ConvexRegression

Performance of proposed algorithms: Figure 2-1 presents the relative objective

of the dual, defined as

Rel. Obj. = (L(AY) — L*)/(|L*| + 1)

9For the cutting plane method which uses Gurobi, it can take a long time to solve the reduced
sub-problem thereby exceeding the allocated 12 hr time-limit before obtaining an accurate solution.
10T his is a choice we used in our experiments, and can be tuned in general for performance benefits.
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as well as the primal infeasibility (pinfeas)—also used in [158, 31]—defined as'!
. 1 ¢
pinfeas = 1(VL(X)). |

for different algorithms versus time (in seconds). Above, L* is taken as the minimum
objective among solutions obtained by all the algorithms running for 12 hours. Fig-
ure 2-1 considers synthetic datasets SD1 and SD2 with different n’s and d’s, and the
real dataset RD1. We note that the choices of p displayed in Figure 2-1 correspond
to good statistical performance—this is discussed in further detail below and in Fig-
ure 2-2. Figure 2-1 suggests that our algorithms perform better than CP and ADMM
—both in terms of Rel. Obj. and primal infeasibility. Note that ADMM [158] does not

use active-set methods and consumes prohibitively large memory when n > 30,000.

Table 2.3 presents a snapshot of the runtimes of our proposed algorithms, CP
and ADMM. Here, the runtime corresponds to the time (s) taken by an algorithm
to achieve a 0.05 relative objective. Our proposed two-stage algorithms can achieve
this accuracy quite quickly, while CP and ADMM are often unable to converge to
that accuracy. We observe that for our algorithms, runtime generally increases with
smaller p-values. Table 2.4 presents results for larger datasets with n = 100,000—we
show two of our methods and do not include greedy augmentation Rule 1 due to large
computational costs. As expected, for such large problems randomized augmentation

rules play a key role.

Subgradient regularization can improve statistical performance: As men-
tioned earlier, the presence of ¢y-regularization on the subgradients (i.e., a value of
p > 0) in (F), can lead to improved statistical performance of the convex function
estimate when compared to the unregularized case (i.e., when p = 0). Intuitively, this
is due in part to the behavior of the convex regression fit near the boundary of the
convex hull of the covariates [13, 158|. The /¢;-regularization on subgradients can help

regulate boundary behavior and improve performance of the estimator: see [158] for

UFor CP [31] and ADMM [158], Rel. Obj. is defined as | f(¢, &) — f*|/(1+|f*|), where f* = —L*;
pinfeas is defined as ||[(A¢' + B&")_||/n. Here a4 and a_ denotes the vector of [max{a;,0}]; and
[min{a,,0}];, respectively.

46



Objective Profiles for SD1, n = 10,000, d = 4 and p = 1074
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Figure 2-1: Plots (in log-scale) of Relative Objective [left panel| and primal infeasi-
bility [right panel| versus time (secs). We consider three synthetic data sets (top 3
rows) and a real dataset (bottom row). We compare our algorithms against the cut-
ting plane method [31] and the ADMM method [158]. For each algorithm, we run 5
repetitions, each bold line corresponds to the median of the profiles of one algorithm.
The ADMM profiles (2nd, 3rd rows) are missing as they run out of memory (64GB).
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Table 2.3: Comparison of runtime (s) of our algorithms versus CP [31] and
ADMM [158]. Here runtime refers to the time taken to achieve a Rel. Obj. of
5 x 1072. We report the median runtime and standard error (in bracket) across 5

L

replications (random instances). Note: ‘- means that no replication of the algorithm
achieves this level of relative accuracy within 4hrs, -*’ means that some replications
encountered convergence issues and others did not reach the tolerance within 4hrs,
“*" means all replications crash due to either numerical /memory problems. The entry
4320.90* (column=CP and row=RD4) means that some of replications crashed due
to numerical /memory issues, and we report the median runtime for the replications
that did not crash.

data &% d logyp | Rule2-1 Rule2-5 Ruled-1 Ruled-5 CP [31]  ADMM [158]
SD1 3 4 -3 3.81 (0.95) 3.67 (0.66) 2.33 (0.25) 2.41 (0.24) - *k
SD1 3 4 -4 52.66 (1.93) 52.35 (35.44) 44.14 (9.56) 43.71 (45.87) - ok
SD1 3 10 -3 31.56 (10.62) 21.06 (12.57) 10.64 (8.69) 11.50 (2.25) - ok
SD1 3 10 -4 11290.51 (114.15) 1289.37 (355.51)  364.57 (202.95)  362.25 (192.42) ¥ ok
SD1 3 20 -3 101.14 (72.88) 180.22 (64.26) 95.69 (25.63) 93.91 (28.92) - ok
SD1 3 20 -4 | 2767.88 (373.64) 2774.59 (416.69)  939.66 (222.82)  898.22 (297.24) - ok
SD2 3 4 -3 4.29 (3.22) 3.51 (0.32) 2.33 (0.14) 2.52 (1.32) - ok
SD2 3 4 -4 39.22 (1.83) 44.87 (21.84) 37.05 (21.41) 37.14 (21.96) - ok
SD2 3 10 -3 18.76 (12.56) 19.00 (3.86) 10.60 (0.77) 14.00 (8.59) - ok
SD2 3 10 -4 | 975.48 (344.82)  978.28 (330.26)  404.70 (223.14)  403.52 (217.71) -* ok
SD2 3 20 -3 124.51 (9.55) 124.22 (9.39) 66.80 (49.30) 66.01 (49.05) - ok
SD2 3 20 -4 | 4292.47 (365.84) 4693.06 (434.83) 1400.07 (249.20) 1187.88 (119.68) - ok
RDI 1 4 -4 28.74 (2.72) 28.68 (2.81) 22.16 (3.96) 21.72 (412)  6827.02 (963.13) -
RD1 1 4 -5 168.99 (13.11) 161.28 (17.96) 276.40 (20.29) 273.31 (20.43)  3704.07 (876.34) 9729.61 (609.72)
RD2 1 4 -4 47.16 (4.77) 61.88 (3.99) 24.19 (1. 81) 23.02 (2.65) -

RD2 1 4 -5 264.68 (21.88)  255.80 (21.92)  115.46 (43.57)  117.49 (41.41) ok 248.71 (9.77)
RD3 1 4 -4 18.16 (2.07) 18.01 (2.06) 11.09 (z 04) 11.31 (2.09) - -
RD3 1 4 -5 83.41 (4.48) 70.47 (6.94) 75.07 (6.94) 74.31 (6.97) 7805.34 (1325.51) 244.73 (4.75)
RD4 1 4 -4 17.59 (0.76) 18.04 (0.85) 17.72 (1.08) 15.92 (1.19) - -
RD4 1 4 -5 128.86 (4.95) 128.51 (5.00) 107.64 (6.75) 122.39 (5.62) 4320.90* 261.39 (8.66)
RD5 1 4 -4 11.98 (0.82) 11.76 (0.84) 7.72 (0.53) 7.70 (0.55) - -
RD5 1 4 -5 104.33 (7.92) 114.19 (9.29) 83.22 (5.31) 81.75 (2.51) - 248.79 (7.82)
RD6 % 4 -4 3.59 (0.22) 3.15 (0.27) 2.61 (0.25) 2.34 (0.26) 233.47 (6.98) 1707.11 (115.08)
RD6 % 4 -5 9.35 (0.68) 10.81 (0.53) 7.41 (1.05) 6.92 (1.10) 64.06 (13.64) 71.84 (5. 15)
RD7 3 4 -4 20.84 (3.08) 20.84 (3.13) 17.15 (3.35) 25.51 (3.65) -

RD7 3 4 -5 40.81 (7.80) 41.31 (7.73) 39.99 (16.76) 85.39 (17.16) - ok
RDS 1 4 -4 4.87 (0.12) 5.25 (0.46) 4.98 (0.85) 5.00 (0.86) -
RDS 1 4 -5 37.56 (4.07) 33.31 (4.28) 54.85 (8.00) 55.22 (9.21) - 235.58 (5.29)

theoretical support. Here, we present some numerical evidence to support this obser-
vation. Figure 2-2 presents the training and test root mean squared error (RMSE)!?
on some real datasets. To quantify the performance of the convex function esti-
mate near the boundary of the convex hull, we compute the RMSE on the boundary

points'3. Figure 2-2 shows what values of p > 0 result in good statistical performance

12The RMSE is computed by the following procedure: (i) obtain the primal feasible solution (¢, &)
according to Section 2.4, (ii) obtain the prediction § for each data point @ via a piecewise-maximum
interpolation scheme § = max;{¢; + (§;,x — x;)}; (iii) evaluate RMSE based on the predictions §
and the observed values y.

13We compute the convex hull of the training set and identify points in the test set near the
boundary of this convex hull, according to the distance of each point to the convex hull.
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Table 2.4: Runtime (s) of our algorithms, and the cutting plane (CP) method [31] for
n = 100,000. ADMM runs out of memory (64GB) on these instances. See Table 2.3
for more details on the notations.

data nd logyp | Rule2-5 Rule4-5 CP [31]
SD1 100000 4 -3 19.15 (5.05) 16.50 (1.12) -
SD1 100000 4 -4 94.52 (21.63) 102.66 (23.53) -
SD1 100000 10 -3 27.30 (7.66) 22.48 (6.07) -
SD1 100000 10 -4 598.83 (54.45) 627.96 (59.55) -
SD1 100000 20 -3 71.08 (12.05) 38.84 (6.29) -
SD1 100000 20 -4 | 2428.77 (232.50) 1041.10 (113.51) -k
SD2 100000 4 -3 29.89 (2.62) 28.46 (5.69) -
SD2 100000 4 -4 121.77 (23.12) 111.20 (19.85) -
SD2 100000 10 -3 27.08 (2.60) 28.15 (3.17) -
SD2 100000 10 -4 509.58 (27.91) 422.83 (73.77) -
SD2 100000 20 -3 75.59 (13.97) 49.22 (6.37) -
SD2 100000 20 -4 | 2810.69 (262.19) 1397.47 (134.45) -

(in terms of RMSE). In particular, values of p = 10™* — 107° generally result in good
RMSE performance for the real data sets. We also observe that p = 1072 — 10~*
result in good statistical performance for the synthetic data sets. In practice, we
recommend selecting a value of p that minimizes RMSE on a validation dataset (or

based on cross-validation).

2.6 Conclusion

We present large-scale algorithms for subgradient regularized multivariate convex
regression, a problem of key importance in nonparametric regression with shape con-
straints. We present an active set type method on the smooth dual problem (D):
we allow for inexact optimization of the reduced sub-problems and use randomized
rules for augmenting the current active set. We establish novel computational guar-
antees for our proposed algorithms. For large-scale instances, our approach appears
to be more suited to obtain low-moderate accuracy solutions. Exploiting problem-
structure, our open source toolkit can deliver approximate solutions for instances with
n ~ 10° and d = 10 (a QP with 10 billion decision variables) within a few minutes
on a modest computer. Our approach appears to work well as long as the tuning

parameter p is not too small, while still corresponding to good statistical models. For
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Figure 2-2: Plots (in log-scale) of RMSEs evaluated on training set, test set and boundary
test set versus p’s for 4 real datasets. We consider ten replications (subsamples) and plot
the mean (markers) and standard error (error bars). The training RMSE decreases with
p and appears to stabilize when p becomes smaller than 10~° (approx). We observe that
the minimum RMSE on the test/boundary set occurs when p ~ 1075, and this value is
quite close to the test RMSE at p ~ 10~*. We study both these p-values in our runtime
comparisons.

solving (P) with p = 0 (or numerically very close to zero), our approach would not
apply and we recommend using the cutting plane procedure of [31] though this does

not have computational guarantees.

2.A Appendix: Proofs

In this section, we present the proofs of Lemma 2.1 and Theorem 2.1. The proof
of Theorem 2.1 is based on Lemmas 2.1 and 2.4. We first present the proof of
Lemma 2.1 (Section 2.A.1); then present Lemma 2.4 (Section 2.A.2), followed by the

proof of Theorem 2.1.
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2.A.1 Proof of Lemma 2.1

For any u € RY and P < N, we define two norms:

1/2 1/2

[ullgp) = ol and |ullyp =E | Y (2.10)

i€G[[N],Pu) i€U[[N],P]

where, G[[N], P, u], U[P] are defined in Definition 2.2 and E(-) is the expectation wrt

scheme U. Proposition 2.3 links these norms to the Euclidean norm:

Proposition 2.3. For u € RY and the norms defined in (2.10), the following state-
ment holds:

P
el = llellgr > 5 llul® = lullie,

Proof of Proposition 2.3. For u € RY, we see that |[ul|7p = (P/N)]lu? Notice
that

HuHém = max Z Tolus|®  s.t. Z T <P 0<m, <1, Vw.
w€[N] we([N]

Since 7, = P/N Vw, is feasible for the above problem, it follows that

P
lellgr > 5 llwll® = lullie

Equality above is attained if and only if u, = C Vw for some C. Furthermore, we

note that

lelge = D lwl < ) ul® = lul?,

w€eG[[N],P] w€[N]
and this equality is attained if and only if u,, = 0 for all w € G[[N], P, i.e. the N — P

smallest values of |u,| are 0. O

Proof of Lemma 2.1. We divide the proof into 5 parts depending upon the 5 rules.

Rule 1: Greedy within each Block. (6,(6,{}) = U~ ,G[Q;, P, 6], a1y = 52,
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and B¢y = 1.) For this selection rule, we have

16151y =
i=1
It is easy to see that ||0]|(13 is a norm. It follows from Proposition 2.3 that

= —|| I%.

181" = ZI

>Z

Therefore, we have aygy = "Tﬁl, and By = 1.

Rule 2: Random. (5,(8,{Q;}) = U[Q, K], apy = "2 and By = "1,

For this selection rule, we have

K
2 2 _ 2
1612y = 101 = iy 100

n(nfl).

Thus, in this case the norm-equivalence constants are aygy = B2y =

Rule 3: Random within each Block. (03(0,{Q;}) = UL U, P, agsy = %5,

and Sz = "Tﬁl) For this selection rule, we have

" P P
10]1%5y = Z 160, ||z = Z —II ol = jH@IIQ-

=1

Hence, it follows that ays) = fz = "5+

n(n—1
Rule 4: Random then Greedy. (6,(0,{}) = GU[Q, M], K, 0], ayqy = (K )
and By = 22D ) We adapt the proof of [154] to show that under this selection rule

n(n—1)

1013 = > =Dlbol’,

=1

where |0)| is the [-th largest value in {|6,|},cq and 7(1) is given by




Here, by convention, we define (]C\f) =0ifa<Oora>N.

Let m(l) be the probability that || is selected. Since the subsample is selected
uniformly at random, it suffices to count the number of combinations that include
0()] and those in which || ranks among the top K values. This is equivalent to
choosing k — 1(< K — 1) elements from {[0)|}s<i—1, selecting the element |0)| and
then choosing the remaining (M — k) elements from the rest. Therefore, the number

of such combinations is

k=1
Thus,
c= YO M S ()
(") =D ()

v -3 () (0 D - (1 0,

k=1

_ M
and thus 7(l) = D)

When ! >nn—1)—(M —K)+land M —k> M —1—K >n(n—1) —1, then
N(l) =0 and thus 7 (l) = 0.

As each element appears in the same number of combinations of size M (in the
random selection step), and the greedy selection step favors the larger one, we have

the following ordering: 7(1) > ... > m(n(n — 1)). Therefore, ||0||;4 is a norm.
Since 7T(l) = E[H{(l)eg[u[Q,MLK]}L it follows that
n(n—1) n(n—1)

K Z Liwecuom kyy | = K.
=1 1=1

(]
El
I
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Then, we have

n(n—1) n(n—1) K

K
2 _ 2 2 2
16175 = Y =06l = m|9(l)| —m”aﬂ- (2.11)

=1 =1

On the other hand, since 7(l) < 7(1) = %, it follows that

n(n—1) n(n—1)

M M
101174 = ()|0)* < —— 0P = ——16]]*. (2.12)
{4} 1_21 ® 1_21 n(n —1) ® n(n —1)

Hence from (2.11) and (2.12), we obtain a4y = "(7;1) and [y = ”(?\4_1).

Rule 5: Random Blocks then Greedy within each Block.
(35(0,{%}) = Uicwion,c1G [, P. O], agsy = "5, and Bpsy = 5.)

By the selection rule, we have

G
20 = )3

G n
16113 = = > 1160,
=1

with ags) = Eaqy = "g2 and By = &80y = &

2.A.2 Auxiliary lemmas for the proof of Theorem 2.1

Here we present Lemmas 2.3 and 2.4 that will be used for the proof of Theorem 2.1.

Lemma 2.2 (Hoffman’s Lemma [122]). Let A = {X: DX = s, XA < 0}. There is a
constant up > 0 that depends only on D such that for any A < 0, there exists an
Ao € A with

IDX = s[* = ppl|A = XolI*.

The constant pp is called the Hoffman’s constant associated with D.

-
Let D* = be the coefficient matrix corresponding to set of optimal

BT/ \/p

solutions A* with W = Q in (2.3). We get the following sufficient descent lemma
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according to [129]:

Lemma 2.3 (|129] Case 3, Page 18). For any X < 0 and optimal dual solution X* of

(D), we have
1

2/,LD*

LX) > L(A) — ——D(A, VL(A), up-), (2.13)

where pup« > 0 1s the Hoffman’s constant associated with D*.

Definition 2.5. Define a function D(-,-,-) : RY x RN x R, , — R, as

DA, 0, 1) = —2pin { (0. X = A) + ZIN = AP}

N <0
Lemma 2.4 makes use of the following useful proposition.

Proposition 2.4. Define d(-,-,-) : R_ xRy xR, — R as

/ . 2
d(X, 0, 1) = —2%111{09 — )+ 5N =N }

o
We have the following:
(a) if X =0, then for any p > 0, d(\,0, ) = max{6,0}%
(b) if N0 =0 with A\ <0 and 0 <0, then for any p >0, d(\, 0, 1) =0;
(c) if X <0, then for any p >0, d(\, 0, 1) > 0.

Proof. Part (a): If A =0, then

0 f6<0

. RN
d(\, 0, 1) = —2pmin g ON + = (N)* ¢ = :
0 { 2 } 0> if6>0

ie. d(\0,u) =max{6, 0}

Part (b): If A = 0 with A =0 and 0 < 0, then d(\, 6, ) = 0 follows from Part (a).
If A0 = 0 with A <0, then § = 0, so d(, 0, 1) = —2pminy<o{ 5 (X — X)?} = 0.

Part (c): If A <0, then ' = A < 0 is always feasible, so d(A, 0, u) > 0. O
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Lemma 2.4. Suppose there exists o > 1 such that for any m and W° the following
aF,. ., > max{Vy L(A™),01*| > Y max{V, L(A"),0}* (2.14)
UJGWm+1\W7n LUEQ\Wm

holds almost surely, where I, .  denotes expectation over all the random sources in

(m + 1)-th iteration (conditional on events up to iteration m). Then, the following

holds:
By [LOV) = L] < (1= B2 ) () - 1)

ao
Proof of Lemma 2.4. We make use of the following notation in the proof:
A™ is the w-th component of A™, V™ =V, L(A™) and V. = max{V" 0}.

The proof has three steps, and we consider both exact and inexact cases in each step.

Step 1: In the first part, we will show that

LO™) — LA

1 ~m
ip Z (V,)? (exact case)
weQ\Wm

< ] (2.15)

im Z A\, V" up+) + Z (VI)?]  (inexact case).

wewm weQ\W™
It follows from Lemma 2.3 that
LX) = L(A™) = ——D(A™, VL(X"™), up-). (2.16)

2/,,LD*

By the definitions of D(-) (Definition 2.5) and d(-) (Proposition 2.4), we have

DA™, VLA™), pup+) = Y d(\J, VI, jip+)

wEeN
= > A VIpp)+ Y dOD, VI pp)  (2.17)
wewm weQ\Wm
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Inexact Case: By the definition of "™ we know that A = 0 for w ¢ W™.
Then it follows from Proposition 2.4 that

DA™, VLA™),pp+) = Y d(\J, VI up)+ Y (V) (2.18)

weWm weQ\Wm

Exact Case: By the primal feasibility, dual feasibility and complementary slack-
ness of Ajym, we have \'V' = 0 with \[}, V]’ <0 for w € W™. Combining this with
A" =0 for w & W™, by Proposition 2.4, we have

DA™ VLA™, up:) = > (V)% (2.19)

weQ\Wm

The conclusions from (2.18) and (2.19) lead to (2.15).

Step 2: In the second step, we will show that

LA™ — L(A™)

1 ~m
~5 Z (V,)? (exact case)
wEWmFI\Wm
< (2.20)
Z AN,V o Z (VI)?]  (inexact case)
wew™ wGWm+1\Wm

Exact Case: Let A™*! = {X € R"™ D : )\, =0,Vw € Q\W™'}. Recall that
A" minimizes L(A) over A™*1. Therefore, we have the following:

LA™ = min L(A)

}\EAm+1

< min {L(X”) + (VLA™ A =A™ + %H/\ - /\mHz}

AeAm+l
m m m 1 m m
= L(A ——ZCM VEo) = o > ALV o)
wewm wEWm+I\m
o1 - m
= L") = o~ > (VL) (2.21)

weWwmtI\Wm
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where the first inequality uses o-smoothness of L; the last line follows from an argu-

ment similar to (2.19) where we use Proposition 2.4 and complementary slackness.

Inexact Case: Here we take one (or more) projected gradient step(s) to par-
tially minimize the reduced dual. Let A™+3 be obtained after one projected gradient

descent step from A™. Then we have

L()\m+1) < L(}\m—&-%)

< L") + (VL") N7FF = ) 4+ 2 — a2

1
:L<Am>—% > A,V o)

weWwm+l
1 - m
— A\, V" — ? :
ANV - Y (VI @)
wGW"L weWm-‘rl\Wm

where the first inequality follows from the descent property of projected gradient
descent; the second inequality uses o-smoothness of L; and the last line follows from

Proposition 2.4.
Finally, the result in (2.20) follows from (2.21) and (2.22)

Step 3: For the third step, we will show that the following holds

calE

i [LA™) = L™ < —pp[L(A™) = L(AY)]. (2.23)
Exact Case: For this case, we have the following chain of inequalities:

~200E,,,,[LX™) = LA™)] > oE,,,, Y. (V.)

weWm+l\Wm
= m
> >, (Vo)
weQ\Wm

> 2 [L(A™) — LA, (2.24)

NMm+1

where the first inequality uses (2.20); the second inequality is the assumption (2.14);
and the last line uses (2.15).
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Inexact Case: Since A" < 0, we know d(\”, V™ o) > 0 by Proposition 2.4.

Using the fact that a > 1, we have the following:

200, [L™) = LA™ > a > d\, Vo) + ok, > (V)

wewm weWm+I\Wm
> ) dAIL Vo) + >
weWwm weQ\Wm
> 2pp+ [L(A™) — L(A")], (2.25)

where the first inequality uses (2.20); the second inequality uses assumption (2.14),
a>1and d(N", V" o) > 0; and the last line uses (2.15).
The statement in (2.23) follows from (2.24) and (2.25).

Finally, we complete the proof by using (2.23) and observing that:

Eppi[LN™Y) = L] =By, [LN™T) — LN™)] + L(A™) = L*
< (1 - ‘;1(’7) [L(A™) — L),

2.A.3 Proof of Theorem 2.1

The proof of Theorem 2.1 uses Lemmas 2.1 and 2.4.

Proof of Theorem 2.1. Recall that \} is the w-th component of A™, and we denote
by V™ = V,,L(A™), and V., = max{V"",0}. Now let {Q;} be one of the partitions
{Q;.} or {Q;}, and W™ be the corresponding partition for W™. Let A = W™ W™,

Using this notation, the condition of Lemma 2.4 reduces to

By, Y (VO)2 Y (V)R (2.26)

weA weQ\Wm

We organize the proof into four steps: (1) we construct a random vector g €

R from V™ = VL(A™); (2) we then show Zweﬂ\wm(@:j)z equals ||gl|*; (3) we
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relate Enmﬂ[zweA(@f)Q] to ||g||%é}; and (4) finally, we apply Lemmas 2.1 and 2.4 to

complete the proof.

Step 1: Define each entry g, of g as follows:

V' ifwe Q\Wm
Go = “ \ . (2.27)

0 ifweWwm

Notice g is a random vector depending upon random sources from iterations 1,...,m.

= m

Step 2: By the definition of g, we have }_ q\yyn(V,, )2 =gll3

Step 3: Recall that A’ denotes the set of selected pairs as per a rule, and we consider

asubset A = {we AV, =V">0}—that is, V., = 0 for any w € A’\A. Thus,

E =K.

> (VL)

wEA

TNm+1

zwzf] |

weA/

Note that A" = 5(5(6?;\”,7”, {Q\ W/}), and let A” = 0,(g,{2}). Notice that g

has more zero coordinates compared to V' (see (2.27)). Thus, we have

E E

= NMm+1

>E

TIm+1 — Nm+1

> (VL)

wEA

> (Vo)

weA!

> (gw)zl = llglis

wEA”
where the last equality follows from Definition 2.4.

Step 4: From Step 2, Step 3 and Lemma 2.1, we arrive at (2.26). Therefore, it

follows from Lemma 2.4 that

Bl = 2] < (1= 225 ) (1) - 11

and (using tower property of expectation) we arrive at the conclusion of the theorem:

E[L(A™) — [*] < (1 - OZ’;O) (LAY — 7.
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Remark 2.4. Both accelerated gradient methods (APG) and L-BFGS can be used
to solve the reduced problems to optimality—so, the proof for the exact subproblem
optimization (in Theorem 2.1) for these cases will be the same as that for PGD, The
proof for the inexact subproblem optimization for PGD uses only the sufficient decrease
condition of the first PGD update and the fact that PGD is a descent algorithm. Since
APG with adaptive restart (function scheme) [179] and L-BFGS [152] are descent
algorithms, the theory presented above, goes through as long as the progress made by
APG or L-BFGS is at least as large as the progress made by the first step of APG.
To this end, for L-BFGS, when setting the initial inverse Hessian approximation as
the identity matriz, i.e. Hy = I, the first step of L-BFGS is exactly PGD update, so
the theory works for L-BFGS. For APG with restarts, if we perform a PGD update
preceding the APG updates, then the theory will go through as well.

2.B Additional Technical Details

2.B.1 Examples of unavoidable factor oy,

For simplicity, we consider an unconstrained problem with objective f(z) = 2" Hx,
where H = diag(o,1,1,...,1) € RP*? with ¢ > 1. Then, f is 1-strongly convex and
o-smooth, and thus the step size will be 1/0.

k

Gradient Descent: Starting from any 2* = (!

:1 € [p]), the gradient step yields

oF T = (0, yah, .. yah),

where v = 1 — 1. Therefore, for k > 1, z{*! = 2f =0, and f(z"*!) = 42 f(2*). Since

the minimum objective value f* = 0, we have
flah) = f =1 = Q=) (f(=") = f) (2.28)

Our algorithm (inexact optimization): We now consider the inexact active set algo-

rithm (denoted by ASGD). Suppose, we start with initial active set WY = {1} and
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2= (1,1,...,1). We take a gradient step over W° to obtain x! = (0,1,...,1). Start-
ing with W*=! and 2%, we randomly select 4, from [p]\W*~1, and augment W*~! with
ix, i.e. WF=WHF1U {ir}. Then, we take a gradient step from z* over W* to obtain

¥+l it is easy to see that

P =2k Vi e WP and 2T = oF Vi ¢ WE

Moreover, by induction, we have that 2¥t* = 0, zF+! contains (p — k — 1) coordinates

of 1, and k coordinates that are v,72,...,~*. Therefore,

k N2 72k+2
f@) =@ —k=1+3 7" =(p-k-D+ 55
j=1
Since f* =0, we have for k > 1
T (i) SR Tt S T
J (@) p—k—1+32m T po

The above inequality is tight, and it indicates

1—~2
p—1

e - < (1= 220 () - (2.20)

Compared to the rate of gradient descent in (2.28), the above rate (2.29) has an

additional O(}D) factor. This is similar to having the factor ay for the augmentation

rules in Theorem 2.1.

2.C Additional Experiment Details

2.C.1 Real dataset details

RD1, RD2: These are taken from https://archive.ics.uci.edu/ml/datasets/
Gas+Turbine+CO+and+NOx+Emission+Data+Set, and were studied in [130].

The dataset has 36,733 samples. RD1 has CO as response with features: AP, AFDP,
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GTEP, CDP. RD2 has NOx as response with features: AT, AP, AH, AFDP. We apply
the log-transform on the responses. Each training set has n = 10,000 and d = 4, with
the remaining set aside for testing.

RD3, RD4: These two datasets are taken from https://archive.ics.uci.edu/
ml/datasets/Beijing+Multi-Site+Air-Quality+Data.

They have been studied in [229]. This dataset has approximately 420,768 samples;
we select SO2, NO2, CO, O3 as features. We apply the log-transform on all features
and both responses PM2.5 and PM10. Each training dataset has n = 10,000 and
d = 4 (remaining samples used for testing).

RD5: This dataset is taken from https://archive.ics.uci.edu/ml/datasets/
Beijing+PM2.5+Data; and has been studied in [148]. We use PM2.5 as response with
features: DEWP, TEMP, PRES, Iws. We use a log-transform of all features and
response; and consider a training set with n = 10,000 and d = 4.

RDG6: This dataset is taken from https://archive.ics.uci.edu/ml/datasets/
combined+cycle+power+plant; and has been studied in [131, 208]. We consider a
training set with n = 5,000 and d = 4.

RD7: This dataset taken from [164], is available at http://ampd.epa.gov/ampd/,
and has been recently used in [158, 31]. We apply the log-transformation on all
features and the response, and consider a training set with n = 30,000 and d = 4.
RD8: This is taken from [186] and is the ex1029 dataset available from R package
Sleuth2—see also [112, 14]|. We first winsorize the data by excluding the samples that
have response with score > 2; and consider a training set with n = 15,000 and d = 4.

Following [14], we apply the transformation = — 1.2 to the education variable.

2.C.2 Algorithm Parameters

The tolerance for violations of constraints is set as 107* (107® for the second stage).
For inexact optimization, the tolerance for the relative objective change is 107 and
the maximum number of PGD iterations is taken to be 5. For exact optimization,
the violation tolerance is 1077, the maximum number of PGD iterations for the sub-

problems is 3,000 and the minimum number of PGD iterations for the sub-problems
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1s 5.

In Rule 2, we take K = n; in Rule 4, we take M = 4n and K = n. In Rule 1, we
take P = 1; in Rule 5, we take G = n/4, and P = 4.

In the second stage, we apply the occasional rule 1/5 when: (i) the number of
constraints added by random rules 2/4 is less than 0.005n for consecutive 5 iterations;
or (ii) the number of PGD iterations in the subproblems is the minimum number 5
for consecutive 5 iterations.

Scripts used to run the experiments containing all algorithm parameters can be

found in our github repository.
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Chapter 3

A New Computational Framework for

Log-concave Density Estimation

This chapter is based on [53]. It is a joint work with Rahul Mazumder and Richard
J. Samworth.

3.1 Introduction

In Statistics, the field of nonparametric inference under shape constraints dates back
at least to [99], who studied the nonparametric maximum likelihood estimator of a
decreasing density on the non-negative half line. But it is really over the last decade or
so that researchers have begun to realize its full potential for addressing key contem-
porary data challenges such as (multivariate) density estimation and regression. The
initial allure is the flexibility of a nonparametric model, combined with estimation
methods that can often avoid the need for tuning parameter selection, which can often
be troublesome for other nonparametric techniques such as those based on smoothing.
Intensive research efforts over recent years have revealed further great attractions: for
instance, these procedures frequently attain optimal rates of convergence over rele-
vant function classes. Moreover, it is now known that shape-constrained procedures
can possess intriguing adaptation properties, in the sense that they can estimate par-

ticular subclasses of functions at faster rates, even (nearly) as well as the best one
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could do if one were told in advance that the function belonged to this subclass.

Typically, however, the implementation of shape-constrained estimation tech-
niques requires the solution of an optimization problem, and, despite some progress,
there are several cases where computation remains a bottleneck and hampers the
adoption of these methods by practitioners. In this chapter, we focus on the problem
of log-concave density estimation, which has become arguably the central challenge
in the field because the class of log-concave densities enjoys stability properties under
marginalization, conditioning, convolution and linear transformations that make it
a very natural infinite-dimensional generalization of the class of Gaussian densities
[195].

The univariate log-concave density estimation problem was first studied in [214],
and fast algorithms for the computation of the log-concave maximum likelihood esti-
mator (MLE) in one dimension are now available through the R packages logcondens
[77] and cnmlcd [153]. [61] introduced and studied the multivariate log-concave max-
imum likelihood estimator, but their algorithm, which is described below and imple-
mented in the R package LogConcDEAD [59], is slow; for instance, [61] report a running
time of 50 seconds for computing the bivariate log-concave MLE with 500 observa-
tions, and 224 minutes for computing the log-concave MLE in four dimensions with
2,000 observations. An alternative, interior point method for a suitable approxima-
tion was proposed by [137]. Recent progress on theoretical aspects of the compu-
tational problem in the computer science community includes [10], who proved that
there exists a polynomial time algorithm for computing the log-concave maximum
likelihood estimator. We are unaware of any attempt to implement this algorithm.
[188] compute an approximation to the log-concave MLE by considering —logp as a
piecewise affine maximum function, using the log-sum-exp operator to approximate
the non-smooth operator, a Riemann sum to compute the integral and its gradient,
and obtain a solution via L-BFGS. This reformulation means that the problem is no

longer convex.

To describe the problem more formally, let C; denote the class of proper, convex

lower-semicontinuous functions ¢ : R — (—o0, o] that are coercive in the sense that
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p(x) — oo as ||x|| — oo. The class of upper semi-continuous log-concave densities

on R? is denoted as

P, = {p:Rd—HO,oo):p:e_“” forsome@GCda/ pzl}'
Rd

Given @y, ..., x, € R? [61, Theorem 1| proved that whenever the convex hull C,, of
xq,...,x, is d-dimensional, there exists a unique
A BN
D, € argmax — Z log p(x;). (3.1)
pEPa T
If &q,...,x, are regarded as realizations of independent and identically distributed

random vectors on R? then the objective function in (3.1) is a scaled version of
the log-likelihood function, so p,, is called the log-concave MLE. The existence and
uniqueness of this estimator is not obvious, because the infinite-dimensional class P,
is non-convex, and even the class of negative log-densities {go €Cq: fRd e¥ = 1}
is non-convex. In fact, the estimator belongs to a finite-dimensional subclass; more
precisely, for a vector ¢ = (¢1,...,¢,) € R", define cef[¢p] € C,; to be the (pointwise)

largest function with

cef[@](x;) < ¢,

for i = 1,...,n. [61] proved that p, = e~1*"] for some ¢* € R™, and refer to the
function —cef[¢*] as a ‘tent function’; see the illustration in Figure 3-1. [61] further

defined the non-smooth, convex objective function f : R" — R by

f(p) = f(o1,...,0n) = %Z o; + /c exp{—cef[qb](:v)} dx, (3.2)

n

and proved that ¢* = argmingcg. f(¢).

The two main challenges in optimizing the objective function f in (3.2) are that
the value and subgradient of the integral term are hard to evaluate, and that it is
non-smooth, so vanilla subgradient methods lead to a slow rate of convergence. To

address the first issue, [61] computed the exact integral and its subgradient using
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Figure 3-1: An illustration of a tent function, taken from [61].

the ghull algorithm [15] to obtain a triangulation of the convex hull of the data,
evaluating the function value and subgradient over each simplex in the triangulation.
However, in the worst case, the triangulation can have O(n%?) simplices [162]. The
non-smoothness is handled via Shor’s r-algorithm [203, Chapter 3|, as implemented
by [128].

In Section 3.2, we characterize the subdifferential of the objective function in terms
of the solution of a linear program (LP), and show that the solution lies in a known,
compact subset of R”. This understanding allows us to introduce our new compu-
tational framework for log-concave density estimation in Section 3.3, based on an
accelerated version of a dual averaging approach [174]. This relies on smoothing the
objective function, and encompasses two popular strategies, namely Nesterov smooth-
ing [172] and randomized smoothing [143, 225, 75|, as special cases. A further feature
of our algorithm is the construction of approximations to gradients of our smoothed
objective, and this in turn requires an approximation to the integral in (3.2). While
a direct application of the theory of [75] would yield a rate of convergence for the
objective function of order n'/4/T + 1/+/T after T iterations, we show in Section 3.4
that by introducing finer approximations of both the integral and its gradient as
the iteration number increases, we can obtain an improved rate of order 1/7, up to
logarithmic factors. Moreover, we translate the optimization error in the objective
into a bound on the error in the log-density, which is uncommon in the literature in
the absence of strong convexity. A further advantage of our approach is that we are

able to extend it in Section 3.5 to the more general problem of quasi-concave density
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estimation [137, 201|, thereby providing a computationally tractable alternative to
the discrete Hessian approach of [137]. Section 3.6 illustrates the practical benefits
of our methodology in terms of improved computational timings on simulated data.
Additional experimental details and applications on real data sets are provided in
Appendix 3.A. Proofs of all main results can be found in Appendix 3.B, and back-
ground on the field of nonparametric inference under shape constraints can be found

in Appendix 3.C.

Notation: We write [n] := {1,2,...,n}, let 1 € R" denote the all-ones vector, and
denote the cardinality of a set S by |S|. For a Borel measurable set C' C R?, we use
vol(C) to denote its volume (i.e. d-dimensional Lebesgue measure). We write || - || for
the Euclidean norm of a vector. For p > 0, a convex function f : R” — R is said to
be pi-strongly convex if ¢ — f(¢) — £||¢p||* is convex. The notation df(¢) denotes
the subdifferential (set of subgradients) of f at ¢. Given a real-valued sequence (a,)
and a positive sequence (b, ), we write a,, = O(b,) if there exist C,v > 0 such that

a, < Cbylog?(1+n) for all n € N.

3.2 Understanding the structure of the optimization

problem
Throughout this chapter, we assume that x;,...,x, € R? are distinct and that their
convex hull C,, := conv(xy,...,x,) has nonempty interior, so that n > d + 1 and

A :=vol(C,,) > 0. This latter assumption ensures the existence and uniqueness of a
minimizer of the objective function in (3.2) |78, Theorem 2.2|. Recall that we define

the lower convex envelope function [193] cef : R" — Cy4 by

cef[@](@) = cef[(n, ., 6)] (@) = sup{g(@) : g € Cuy glas) < & Vi € [n]}.  (3.3)
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As mentioned in the introduction, in computing the MLE, we seek

¢* = argmin f(¢), (3.4)
PER™
where
1 + 1.+
f(o) = El ¢—{—/ exp{—cef[d](x)} dx =: 51 o+ 1(p). (3.5)

Note that (3.4) can be viewed as a stochastic optimization problem by writing

f(¢) =EF(¢,£), (3.6)

where £ is uniformly distributed on C),, and where, for x € C,,

1
F(¢p,x) = ElT‘b + Ae~cefl4l@) (3.7)

Let X := [z -+ @,]" € R and for ¢ € R%, let E(z) = {a eR": X 'a =
z,1la=1a> 0} denote the set of all weight vectors for which & can be written
as a weighted convex combination of xi,...,x,. Thus E(x) is a compact, convex

subset of R™. The cef function is given by a linear program (LP) [137, 10]:

cef[p](x) = inf o' o. (Qo)

acE(x)

If x ¢ C,, then E(x) = (), and, with the standard convention that inf {) := oo, we see
that (Qo) agrees with (3.3). From the LP formulation, it follows that ¢ — cef[¢](x)

is concave, for every = € R%.

Given a pair ¢ € R™ and « € C,,, an optimal solution to (@) may not be unique,
in which case the map ¢ — cef[@](x) is not differentiable [27, Proposition B.25(b)].

Noting that the infimum in (Qy) is attained whenever x € C,,, let

Alp](x) := conv({a € E(x) : o' ¢ = cef[](z)})
={a€E(x):a’¢=—cef[p)(z)}.
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Danskin’s theorem [27, Proposition B.25(b)| applied to —cef[@](x) then yields that
for each & € C,,, the subdifferential of F(¢, x) with respect to ¢ is given by

OF (¢, x) = {%1 — Ae @ g o € A[¢](m)} (3.8)

Since both f and F(-, ) are finite convex functions on R™ (for each fixed & € C), in
the latter case), by [56, Proposition 2.3.6(b) and Theorem 2.7.2|, the subdifferential
of f at ¢ € R" is given by

of(¢) == {EG(¢,€) : G(¢p,x) € OF (¢, x) for each = € C, }. (3.9)

Observe that given any ¢ € R", the function & — —cef[¢ + log I(¢)1](x) (where
I(¢) is the integral defined in (3.5)) is a log-density. It is also convenient to let ¢ € R®

be such that exp{—cef[¢]} is the uniform density on C,, so that f(¢) = log A + 1.
Proposition 3.1 below (an extension of [10, Lemma 2|) provides uniform upper and
lower bounds on this log-density, whenever the objective function f evaluated at ¢
is at least as good as that at ¢. In more statistical language, these bounds hold
whenever the log-likelihood of the density exp{—cef[¢ + log I(¢)1](-)} is at least as
large as that of the uniform density on the convex hull of the data, so in particular,
they must hold for the log-concave MLE (i.e. when ¢p = ¢*). Let ¢* := (n—1)+d(n—
1) log(2n + 2ndlog(2nd)) + log A and ¢o := —1 — dlog(2n + 2ndlog(2nd)) + log A.

Proposition 3.1. For any ¢ € R"™ such that f(¢p) < logA + 1, we have ¢y <
o +log I(p) < ¢° for alli € [n)].

The following corollary is an immediate consequence of Proposition 3.1.

Corollary 3.1. Suppose that ¢ € R" satisfies I[(p) = 1 and f(¢) < f(¢p) = log A+1.
Then ¢* € R™ defined in (3.4) satisfies

lp — &*|| < Vn(¢” — o).

Corollary 3.1 gives a sense in which any ¢ € R" for which the objective function is
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‘good’ cannot be too far from the optimizer ¢*; here, ‘good’ means that the objective
should be no larger than that of the uniform density on the convex hull of the data.
Moreover, an upper bound on the integral I(¢) provides an upper bound on the norm

of any subgradient g(¢) of f at ¢.

Proposition 3.2. Any subgradient g(¢) € R" of f at ¢ € R" satisfies ||g(@)||* <
max{1/n+1/4,1(¢)*}.

3.3 Computing the log-concave MLE

As mentioned in the introduction, subgradient methods [203, 185] tend to be slow for
minimizing the objective function f defined in (3.5) [61]. Our alternative approach
involves the minimizing the representation of f given in (3.6) via smoothing tech-
niques, which offer superior computational guarantees and practical performance in

our numerical experiments.

3.3.1 Smoothing techniques

We present two smoothing techniques to find the minimizer ¢* € R™ of the nonsmooth

convex optimization problem (3.4). By Proposition 3.1, we have that ¢* € ®, where

® = {¢p=(d1,....,00) €ER": ¢y < & < ¢ for i € [n]}, (3.10)

with ¢g, »° € R. In what follows we present two smoothing techniques: one based on

Nesterov smoothing [172] and the second on randomized smoothing [75].

3.3.1.1 Nesterov smoothing

Recall that the non-differentiability in f in (3.5) is due to the LP (Qg) potentially
having multiple optimal solutions. Therefore, following [172], we consider replacing

this LP with the following quadratic program (QP):

wloliw) = i (aTo+ Sla—aul- 1), @)

acE(x) 2
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where a := (1/n)1 € R" is the center of E(x), and where u > 0 is a regularization
parameter that controls the extent of the quadratic regularization of the objective.
With this definition, we have gy[¢|(x) = cef[¢p](x). For u > 0, due to the strong
convexity of the function a — o' + (u/2)||a — a||? on the convex polytope E(x),
(Q.) admits a unique solution that we denote by a[¢](x). It follows again from
Danskin’s theorem that ¢ — ¢,[¢](x) is differentiable for such u, with gradient
Voau@l(®) = o [@]().

Using q,[¢](x) instead of go[@](x) in (3.5), we obtain a smooth objective ¢ —
7.(¢), given by

Fuld) =176+ /C exp{—q.[](z)} dz = EF,(,£), (3.11)

n

where F,(¢, ) := (1/n)17¢ + Aexp{—q.[®](x)}, and where £ is again uniformly
distributed on C,,. We may differentiate under the integral (e.g. [136, Theorem 6.28))
to see that the partial derivatives of fu with respect to each component of ¢ exist,

and moreover they are continuous (because ¢ — a[¢](x) is continuous by Proposi-

tion 3.5), 50 Vyf,(¢) = E[G.(¢, )], where

G, @) = VyF ol @) %1 _ Ae @) 0 (] (). (3.12)

Proposition 3.3 below presents some properties of the smooth objective }u

Proposition 3.3. For any ¢ € ®, we have

(a) 0 < [ (@) = fuld) < *5%e"21(p) for ' € [0,ul;

(b) For every u > 0, the function ¢ — f,(¢) is convex and Ae=%0T%/2_Lipschitz;

(¢) For every u > 0, the function ¢ — f, () has Ae%+%/2(1 4 u=1)-Lipschitz

gradient;
(@) E((|Gu(,€) = Vo . (®)]*) < (Aem®/2)2 for every u > 0.
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3.3.1.2 Randomized smoothing

Our second smoothing technique is randomized smoothing [143, 225, 75|: we take the
expectation of a random perturbation of the argument of f. Specifically, for u > 0,

let
fu(@) :=Ef(¢+uz), (3.13)

where z is uniformly distributed on the unit /5-ball in R™. Thus, similar to Nesterov
smoothing, f, = f, and the amount of smoothing increases with u. From a stochastic

optimization viewpoint, we can write

fu(@) =EF(¢+uz,§) and Vuf,(¢)=EG(¢+uz,§)

where G(¢p + wv,x) € OF (¢ + uv,x), and where the expectations are taken over
independent random vectors z, distributed uniformly on the unit Euclidean ball in
R", and &, distributed uniformly on C),. Here the gradient expression follows from,
e.g., [143, Lemma 3.3(a)|, [225, Lemma 7|; since F'(¢p+uw, x) is differentiable almost
everywhere with respect to ¢, the expression for f,(¢) does not depend on the choice

of subgradient.

Proposition 3.4 below lists some properties of f,, and its gradient. It extends [225,
Lemmas 7 and 8| by exploiting special properties of the objective function to sharpen

the dependence of the bounds on n.

Proposition 3.4. For any u >0 and ¢ € ®, we have

(a) 0 < T(®) — [(¢) < I(ue /2252

(0) fu(@) < fu(@) for any ' € [0,4];

(c) ¢+ f,(P) is conver and Ae=%+-Lipschitz;

(d) ¢+ f.,(¢) has Ae=®Tunl/2 Ju-Lipschitz gradient;

(e) E(||G(¢p + uz, &) — ®)||%) < (Ae=%)2 whenever G(¢ + uv, x) € IF(¢ +

uv, x) for every v € R™ with ||'v|| <1landz € C,.
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3.3.2 Stochastic first-order methods for smoothing sequences

Our proposed algorithm for computing the log-concave MLE is given in Algorithm 3.1.
It relies on the choice of a smoothing sequence of f, which may be constructed us-
ing Nesterov or randomized smoothing, for instance. For a non-negative sequence
(ut)ten,, this smoothing sequence is denoted by (£, )ien,, Where £, := }’Ut is given
by (3.11) or 4, := f,, is given by (3.13). In Algorithm 3.1, Ps : R® — ® denotes the
projection operator onto the closed convex set ®, which is essentially a threshold clip-
ping operator. In fact, Algorithm 3.1 is a modification of an algorithm due to [75],
and can be regarded as an accelerated version of the dual averaging scheme [174]

applied to (£,,).

Algorithm 3.1 Accelerated stochastic dual averaging on a smoothing sequence with
increasing grids

Input: Smoothing sequence (¢,,) whose gradients have Lipschitz constants (L;)en,;
initialization ¢ € R™; learning rate sequence (7;);en of positive real numbers;
number of iterations 7" € N

1ol =l = () = o, 5, =0 R", 6 =1
2: fort=0,...,7—1do
3: Compute an approximation g; of Vy/,, (¢§y)); see Section 3.3.2.1

4: St+1 = St =+ gt/et
, _ 2
5 Ors1 = 14+4/1+4/62
, ) _ s
6: ¢§+>1 — Py (o — (W)
T ¢ =100 + 09,7

8: ¢§?i)1 =(1- 9t+1>¢§i)1 + 9t+1¢§i)1
9: end for
10: return cf)g)l

3.3.2.1 Approximating the gradient of the smoothing sequence

In Line 3 of Algorithm 3.1, we need to compute an approximation of the gradient
Vly, for a general u > 0. A key step in this process is to approximate the integral
I(+), as well as a subgradient of I, at an arbitrary ¢ € R™. [61] provide explicit formu-
lae for these quantities, based on a triangulation of C),, using tools from computational

geometry. For practical purposes, [62] apply a Taylor expansion to approximate the
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analytic expression. The R package LogConcDEAD [59| uses this method to evaluate
the exact integral at each iteration, but since this is time-consuming, we will only use
this method at the final stage of our proposed algorithm as a polishing step®.

An alternative approach is to use numerical integration?. Among determinis-
tic schemes, [188] observed empirically that the simple Riemann sum with uniform
weights appears to perform the best among several multi-dimensional integration
techniques. Random (Monte Carlo) approaches to approximate the integral are also
possible: given a collection of grid points S = {&1,..., &}, we approximate the in-
tegral as Is(@) := (A/m) >, exp{—cef[¢](&)}. This leads to an approximation of
the objective f given by

F(@) ~ 117+ Is(@) = fs(@). (314)

Since fs is a finite, convex function on R", it has a subgradient at each ¢ € R", given
by
1 m
¢) = — Y G(e,&)
m
/=1
As the effective domain of cef[@](-) is C,,, we consider grid points S C C,,.
We now illustrate how these ideas allow us to approximate the gradient of the
smoothing sequence, and initially consider Nesterov smoothing, with ¢, = fu If

S ={&,...,&.} C C, denotes a collection of grid points (either deterministic or

Monte Carlo based), then V4/, can be approximated by g, s, where

l>

3I’—‘

§u7s(¢) =

3

—Ze Aoz [p)(€;). (3.15)

In fact, we distinguish the cases of deterministic and random & by writing this ap-

proximation as g- ¢ and g ¢ respectively.

1Once our algorithm terminates at <~bT, say, we evaluate the integral I ((EST) in the same way as
[61]. Our final output, then is ¢p := (Z&T +log I((}ST)I; this final step not only improves the objective
function, but also guarantees that exp[—cef[¢7](-)] is a log-concave density.

ZYet another option involves sampling from a log-concave density [61, 63]. [10] discuss interesting
polynomial-time sampling methods to approximate I(-), but as noted by [188], these methods may

not be practically efficient, and we do not pursue them here.
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For the randomized smoothing method with ¢, = f,,, the approximation is slightly
more involved. Given m grid points S = {&i,...,&,} C C, (again either deter-
ministic or random), and independent random vectors zi,..., 2z, each uniformly
distributed on the unit Euclidean ball in R”, we can approximate V4/,(¢) by

1. A

Ghs(@) = —1— =3 e r=lS)a[g +uz)|(g), (3.16)
7=1

with o € {D, R} again distinguishing the cases of deterministic and random S.

3.3.2.2 Related literature

As mentioned above, Algorithm 3.1 is an accelerated version of the dual averaging
method of [174], which to the best of our knowledge has not been studied in the
context of log-concave density estimation previously. Nevertheless, related ideas have
been considered for other optimization problems (e.g. [221, 75]). Relative to previous
work, our approach is quite general, in that it applies to both of the smoothing
techniques discussed in Section 3.3.1, and allows the use of both deterministic and
random grids to approximate the gradients of the smoothing sequence. Another key
difference with earlier work is that we allow the grid S to depend on %, so we write
it as S;, with m; := |S;|; in particular, inspired by both our theoretical results and

numerical experience, we take (m;) to be a suitable increasing sequence.

3.4 Theoretical analysis of optimization error of Al-

gorithm 3.1

We have seen in Propositions 3.3 and 3.4 that the two smooth functions fu and f, en-
joy similar properties — according to Proposition 3.3(a) to (c¢) and Proposition 3.4(a)

to (d), both f, and f, satisfy the following assumption:

Assumption 3.1 (Assumptions on smoothing sequence). There exists r > 0 such

that for any ¢ € @,
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(a) we can find By > 0 with f(¢) < lu(@) < f(@) + Bol(p)u for all u € [0,r];
(b) lw(p) < L,(@) for all v € [0,u];
(c) for each u € [0,7], the function ¢ — L,(¢p) is convex and has By u-Lipschitz

gradient, for some By > 0.

Recall from Section 3.3 that we have four possible choices corresponding to a
combination of the smoothing and integral approximation methods, as summarized

in Table 3.1.

Table 3.1: Summary of options for smoothing and gradient approximation methods.

Options Smoothing Approximation ‘ Options Smoothing Approximation

1 szu QB,S 3 zu QBS

Once we select an option, in line 3 of Algorithm 3.1, we can take

gt = g’lol,t,st< Igy))7
where” € {7, "} and o € {D,R}. To encompass all four approximation choices in Line 3
of Algorithm 3.1, we make the following assumption on the gradient approximation

error e; := g; — V¢€ut(¢)§y)):

Assumption 3.2 (Gradient approximation error). There exists o > 0 such that
E(|le||*|Fiz1) < 0®/my  for all t € Ny, (3.17)

where F;_1 denotes the o-algebra generated by all random sources up to iteration t —1

(with F_y denoting the trivial o-algebra).

When S is a Monte Carlo random grid (options 2 and 4), the approximate gra-
dient g; is an average of m; independent and identically distributed random vectors,
each being an unbiased estimator of V/,,(¢\")). Hence, (3.17) holds true with o2
determined by the bounds in Proposition 3.3(d) (option 2) and Proposition 3.4(e)

(option 4). For a deterministic Riemann grid S and Nesterov’s smoothing technique
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(option 1), e, is deterministic, and arises from using g, s(¢) in (3.15) to approxi-
mate V¢fu(q§) = ]E[éu(cb, £)]. For the deterministic Riemann grid and randomized
smoothing (option 3), the error e; can be decomposed into a random estimation error

term (induced by z1, ..., z,,) and a deterministic approximation error term (induced

by &1,...,&n,) as follows:

1 &
© = ;(G( Yt wz &) — EIG(o + wz, &)| Fia))
* (mit Y EIG(” + wz, &) F ] — E[G(¢) + uwiz, g)m_l]) .

It can be shown using this decomposition that E(||e||?|F;_1) = O(1/m;) under reg-
ularity conditions.
Theorem 3.1 below establishes our desired computational guarantees for Algo-

rithm 3.1. We write D :=supy 5cq (¢ — @|| for the diameter of ®.

Theorem 3.1. Suppose that Assumptions 3.1 and 3.2 hold, and define the sequence

(01)ten, by 0o :=1 and 0,41 = 2(1+\/1 + 4/9?)71 fort € Ng. Letu > 0, let uy := Gyu
and take Lt = By/u; and n, =n for all t € Ny as input parameters to Algorithm 3.1.

Writing M \/Zt o m; ' and M;UQ : Zt o My Y2 we have for any ¢ € ®

that

B\D* | 4Byl(¢)u , D N o2(MV)? . 2D0M}1/2)'

E[f (@)~ f(¢) < = - - T -

(3.18)

In particular, taking ¢ = ¢*, and choosing uw = (D/2)\/B1/By and n = (JM:(FD)/D,

we obtain

4y/BeB,D 20DM}’  2DoM{?
< T + T + T :

(3.19)

Moreover, if we further assume that E(e;|Fi—1) = 0 (e.g. by using options 2 and 4),

then we can remove the last term of both inequalities above.

For related general results that control the expected optimization error for
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smoothed objective functions, see, e.g., [172], [207], [221], [75]. With determinis-
tic grids (corresponding to options 1 and 3), if we take |S;| = m for all ¢, then
M}lm = T/y/m, and the upper bound in (3.19) does not converge to zero as T' — oo.
On the other hand, if we take |S;| = ¢?, for example, then sup;cy Mél) < oo and
Mi(pl/z) = O(1), and we find that e = O(1/T). For random grids (options 2 and 4),
if we take |S;| = m for all ¢, then M}l) = /T/m and we recover the er = O(1/v/T)
rate for stochastic subgradient methods [185]. This can be improved to ey = O(1/T)

with m; = ¢, or even er = O(1/T) if we choose (m;); such that > ;% m; ' < oco.

A direct application of the theory of [75] would yield an error rate of e =
O(n'*/T + 1//T). On the other hand, Theorem 3.1 shows that, owing to the
increasing sequence of grid sizes used to approximate the gradients in Step 3 of Algo-
rithm 3.1, we can improve this rate to O(1/T"). Note however, that this improvement
is in terms of the number of iterations 7', and not the total number of stochas-
tic oracle queries (equivalently, the total number of LPs (Qo)), which is given by

Tynery = Y1y my. [3] and [171] have shown that the optimal expected number of
stochastic oracle queries is of order 1/ \/m, which is attained by the algorithm
of [75]. For our framework, by taking m; = t, we have Tyuery = >y ms = O(T?), s
after Tyuery stochastic oracle queries, our algorithm also attains the optimal error on
the objective function scale, up to a logarithmic factor. Other advantages of our algo-
rithm and the theoretical guarantees provided by Theorem 3.1 relative to the earlier
contributions of [75] are that we do not require an upper bound on I(¢) and are able
to provide a unified framework that includes Nesterov smoothing and an alternative
gradient approximation approach by numerical integration in addition to randomized
smoothing scheme with stochastic gradients. Moreover, we can exploit the specific
structure of the log-concave density estimation problem to provide much better Lips-
chitz constants for the randomized smoothing sequence than would be obtained using
the generic constants of [75]. For example, our upper bound in Proposition 3.4(a) is
of order O(n~21log!/?n), whereas a naive application of the general theory of [75]
would only yield a bound of O(1). A further improvement in our bound comes from

the fact that it now involves I(¢) directly, as opposed to an upper bound on this
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quantity.

In Theorem 3.1, the computational guarantee depends upon By, By, o in Assump-
tions 3.1 and 3.2. In light of Propositions 3.3 and 3.4, Table 3.2 illustrates how these
quantities, and hence the corresponding guarantees, differ according to whether we
use Nesterov smoothing or randomized smoothing.

The randomized smoothing procedure requires solving LPs, whereas Nesterov’s
smoothing technique requires solving QPs. While both of these problems are highly
structured and can be solved efficiently by off-the-shelf solvers (e.g., [104]), we found
the LP solution times to be faster than those for the QP. Additional computational

details are discussed in Section 3.6.

Table 3.2: Comparion of constants in Assumption 3.1 for different smoothing schemes
with u € [0,r]. Here, o corresponds to random grid points (options 2 and 4), the
optimal 7 is taken to be proportional to o, the optimal u is proportional to v/ B;/ By,
we take C1 = vV Ae~%; \/ByB; determines the first term in the error rate.

‘ BO Bl g (T]O(O') u (O( \/Bl/Bo) \/BoBl
Nesterov 1/2 Ae=0+2(p 4 1) Ae¢0t7/2 Cie*\/(r +1)0(1)

Randomized | v/2n~1logne” Ae=%0tr /n Ae=otr C10(y/n) CierO(1)

Note that Theorem 3.1 presents error bounds in expectation, though for option
1, since we use Nesterov’s smoothing technique and the Riemann sum approximation
of the integral, the guarantee in Theorem 3.1 holds without the need to take an
expectation. Theorem 3.2 below presents corresponding high-probability guarantees.
For simplicity, we present results for options 2 and 4, which rely on the following

assumption:

Assumption 3.3. Assume that E(e;|F;—1) = 0 and that E(e”ef||2/"t2 | ]-"t_l) < e,
where oy = o /\/my.

Theorem 3.2. Suppose that Assumptions 3.1 and 3.3 hold, and define the sequence
(O1)ten, by Op == 1 and O = 2(1 + \/1+4/93)71 fort € Ng. Let u > 0, let
up = 6w and take Ly = By/uy and n, = n for all t € Ny as input parameters

to Algorithm 3.1. Writing Mq@ = ZtT:_Ol m;? and M:(Fl) = tT:_OI m; ', and
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choosing uw = (D/2)\/B1/By and n = (aM )/D as in Theorem 3.1, for any § €
(0,1), we have with probability at least 1 — & that

{9 gy < YBBD | oDMY  ArDMyfloe}

T T T
40D maX{Mg), [2elog 2, mgy" log 2}
+ VOT .
T

For option 3, we would need to consider the approximation error from the Riemann
sum, and the final error rate would include additional O(1/7") terms. We omit the
details for brevity.

Finally in this section, we relate the error of the objective to the error in terms
of ¢, as measured through the squared L, distance between the corresponding lower

convex envelope functions.
Theorem 3.3. For any ¢ € ®, we have

/C {cof[¢](@) — cef[¢](@)} dm < 267 {f(¢p) — f(")}. (3.20)

3.5 Beyond log-concave density estimation

In this section, we extend our computational framework beyond the log-concave den-
sity family, through the notion of s-concave densities. For s € R, define domains D,

and 1, : Dy — R by

[0, 00) if s <0 yl/s if s <0
Dyi=19 (—o00,00) ifs=0  and 9 (y):=q e¥ if s =0
(—00,0]  if s> 0. (=)t if s> 0.

Definition 3.1 (s-concave density, [201]). For s € R, the class Ps(R?) of s-concave
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density functions on R? is given by

Po(RY)

= {p() :p =150 for some ¢ € Cq with Im(p) C Dy U {oo},/ p= 1},
R4

For s = 0, the family of s-concave densities reduces to the family of log-concave
densities. Moreover, for s; < sq, we have P, (R?) C Py, (R?) |71, p. 86]. The s-concave
density family introduces additional modelling flexibility, in particular allowing much
heavier tails when s < 0 than the log-concave family, but we note that there is no
guidance available in the literature on how to choose s.

For the problem of s-concave density estimation, we discuss two estimation meth-
ods, both of which have been previously considered in the literature, but for which
there has been limited algorithmic development. The first is based on the maximum
likelihood principle (Section 3.5.1), while the other is based on minimizing a Rényi

divergence (Section 3.5.2).

3.5.1 Computation of the s-concave maximum likelihood esti-

mator

[201] proved that a maximum likelihood estimator over P,(R?) exists with probability

one for s € (—1/d,00) and n > max (-2, d), where r := —1/s, and does not exist if
s < —1/d. |73| provide some statistical properties of this estimator when d = 1. The

maximum likelihood estimation problem is to compute

n

Dy = argmaleogp(wi), (3.21)
pePs(RY) T

or equivalently,

1 n
argmax — Zlog s o p(x;) subject to / Ysop(x) de=1. (3.22)

0eCq:Im(p)CDU{oo} T i1 R4
We establish the following theorem:
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Theorem 3.4. Let s € [0,1] and suppose that the convex hull C,, of the data is d-
dimensional (so that the s-concave MLE p,, exists and is unique). Then computing

D, in (3.21) is equivalent to the convexr minimization problem of computing

1 n
*.— : _ 1 s\Pi s f d , )
¢ ¢<3i%f)lepg{ n ; 0g ¥s(9:) + /C Y (cef[]()) w} (3.23)

in the sense that p,, = 15 o cef[¢p].

Remark 3.1. The equivalence result in Theorem 3.4 holds for any s (outside [0,1])
as long as the s-concave MLE exists. However, when s € [0, 1], (3.23) is a convex op-
timization problem. The family of s-concave densities with s < 0 appears to be more
useful from a statistical viewpoint as it allows for heavier tails than log-concave den-
sities, but the MLE cannot be then computed via convexr optimization. Nevertheless,
the entropy minimization methods discussed in Section 3.5.2 can be used to obtain

s-concave density estimates for s > —1.

3.5.2 Quasi-concave density estimation

Another route to estimate an s-concave density (or even a more general class) is via

the following problem:

p€eCq:dom(p)=

p= argmin Cﬂ{%gm) + [ ¥ole) ol (3:21)

where U : R — (—o00,00] is a decreasing, proper convex function. When W¥(y) =
e Y, (3.24) is equivalent to the MLE for log-concave density estimation (3.1), by
[61, Theorem 1|. This problem, proposed by [137], is called quasi-concave density
estimation. [137, Theorem 4.1] show that under some assumptions on W, there exists a
solution to (3.24), and if ¥ is strictly convex, then the solution is unique. Furthermore,
if U is differentiable on the interior of its domain, then the optimal solution to the
dual of (3.24) is a probability density p such that p = —U’(y), and the dual problem
can be regarded as minimizing different distances or entropies (depending on W)

between the empirical distribution of the data and p. In particular, when g > 1
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and U(y) = L<oy(—y)?/B, and when 3 < 0 and U(y) = —y?/B for y > 0 (with
U(y) = oo otherwise), the dual problem of (3.24) is essentially minimizing the Rényi
divergence and we have the primal-dual relationship p = |¢|°~!. In fact, this amounts
to estimating an s-concave density via Rényi divergence minimization with 5§ = 1+1/s

and s € (—1,00) \ {0}. We therefore consider the problem

1 141/ }
mm x Sdx ;. 3.25
p€eCq:dom(p { Z(p |1+1/S| Cn| ( )| ( )
Im(ap)CDS

The proof of Theorem 3.5 is similar to that of Theorem 3.4, and is omitted for brevity.

Theorem 3.5. Given a decreasing proper convex function V¥, the quasi-concave den-

sity estimation problem (3.24) is equivalent to the following convexr problem:

1
o = argmin{—qub —{—/ U (cef[@](x)) dm}, (3.26)
¢eDy T n
in the sense that ¢ = cef[¢*|, with corresponding density estimator p, = —W' ocef[¢*].

The objective in (3.26) is convex, so our computational framework can be applied

to solve this problem.

3.6 Computational experiments on simulated data

In this section, we present numerical experiments to study the different variants of
our algorithm and compare them with existing methods based on convex optimization
for the log-concave MLE. Our results are based on large-scale synthetic datasets with
n € {5,000, 10,000} observations generated from standard d-dimensional normal and
Laplace distributions with d = 4. Code for our experiments is available from the

github repository LogConcComp available at:

https://github. com/wenyuC94/LogConcComp.
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All computations were carried out on the MIT Supercloud Cluster [190] on an Intel
Xeon Platinum 8260 machine, with 24 CPUs and 24GB of RAM. Our algorithms were
written in Python; we used Gurobi [104] to solve the LPs and QPs.

Our first comparison method is that of [61], implemented in the R package
LogConcDEAD [59], and denoted by CSS. The CSS algorithm terminates when
|p® — V||, < 7, and we consider 7 € {1072,1073,107*}. Our other competing
approach is the randomized smoothing method of |75], with random grids of a fixed
grid size, which we denote here by RS-RF-m, with m being the grid size. To the best
of our knowledge, this method has not been used to compute the log-concave MLE

previously.

We denote the different variants of our algorithm as Alg-V', where Alg € {RS,NS}
represents Algorithm 3.1 with Randomized smoothing and Nesterov smoothing, and
V € {DI, RI} represents whether we use deterministic or random grids of increasing
grid sizes to approximate the gradient. Further details of our input parameters are

given in Appendix 3.A.3.

Figure 3-2 presents the relative objective error, defined for an algorithm with

iterates ¢1,..., ¢, as

minger f(@s) — f(@*)

relobj(t) := (6% ;

(3.27)

against time (in minutes) and number of iterations. In the definition of the relative
objective error in (3.27) above, ¢* is taken as the CSS solution with tolerance 7 =
10~*. The figure shows that randomized smoothing appears to outperform Nesterov
smoothing in terms of the time taken to reach a desired relative objective error, since
the former solves an LP ((Q)g), whereas the latter has to solve a QP (Q,); the number
of iterations taken by the different methods is, however, similar. There is no clear

winner between randomized and deterministic grids, and both appear to perform well.

Table 3.3 compares our proposed methods against the CSS solutions with different
tolerances, in terms of running time, final objective function, and distances of the

algorithm outputs to the optimal solution ¢* and the truth ¢""*". We find that all
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of our proposals yield marked improvements in running time compared with the CSS
solution: with n = 10,000, d = 4 and 7 = 10~*, CSS takes more than 20 hours for all of
the data sets we considered, whereas the RS-DI variant is around 50 times faster. The
CSS solution may have a slightly improved objective function value on termination,
but as shown in Table 3.3, all of our algorithms achieve an optimization error that is
small by comparison with the statistical error, and from a statistical perspective, there
is no point in seeking to reduce the optimization error further than this. Table 3.5
shows that the distances ||¢* — ¢"™|| /n'/? are well concentrated around their means
(i.e. do not vary greatly over different random samples drawn from the underlying
distribution), which provides further reassurance that our solutions are sufficiently
accurate for practical purposes. On the other hand, the CSS solution with tolerance
1073 is not always sufficiently reliable in terms of its statistical accuracy, e.g. for
a Laplace distribution with n = 5,000. Our further experiments on real data sets

reported in Appendix 3.A.4 provide qualitatively similar conclusions.

Finally, Figure 3-3 compares our proposed multistage increasing grid sizes (RS-
DI/RS-RI) (see Tables 5 and 6) with the fixed grid size (RS-RF) proposed by [75],
under the randomized smoothing setting. We see that the benefits of using the increas-
ing grid sizes as described by our theory carry over to improved practical performance,

both in terms of running time and number of iterations.

3.A Additional implementational and experimental

details

3.A.1 Initialization: non-convex method

[61] show that the negative log-density —logp,(-) of the log-concave MLE is

a piecewise-affine convex function over its domain ().  This allows us to
parametrize these functions as ¢(x) = maxjepm{a; x + b;} for x € C,, where
a,...,a, € R and b,...,b, € R. We can then reformulate the problem as
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Table 3.3: Comparison of our proposed methods with the CSS solution [61] and RS-
RF [75]. On a single dataset, we ran 5 repetitions of each algorithm with different
random seeds and report the median statistics. Here, obj and relobj denote the
objective and relative objective error, respectively, runtime denotes the running time
(in minutes), dopt and dtruth denote the (Euclidean) distances between the algo-
rithm outputs and the optimal solution and the truth, respectively, iter denotes the
number of iterations, t0 denotes the total number of oracles (grid points), a0 denotes
the average number of oracles (grid points) per iteration, and h0O denotes the harmonic

average of grid sizes (which equals T/ (M}l))Z). For CSS, param is the tolerance T;
for RS-RF, param is the (fixed) grid size m. Here ‘-’ means the running time of the
corresponding algorithm exceeded 20 hours.

Normal, n = 5,000,d = 4
algo param obj relobj runtime dopt dtruth iter t0 a0 h0

le-2 6.5209 1.1e-03 10.15 0.1955  0.2788
CSS le-3 6.5146 9.8e-05 110.04 0.0612  0.2465
le-4 6.5140 0.0e-00 829.55 0.0000  0.2454

RS-DI  None 6.5144 7.0e-05 16.04 0.0227 0.2499 128 6.18M 48.31K 20.23K
RS-RI  None 6.5150 1.6e-04 31.05 0.0289 0.2502 128 6.88M 53.75K 32.00K
NS-DI  None 6.5144 7.1e-05 89.94 0.0259 0.2497 128 6.18M 48.31K 20.23K
NS-RI  None 6.5149 1.5e-04 102.23 0.0312 0.2502 128 6.88M 53.70K 32.00K

5000 6.5174 5.2e-04 30.22 0.0675  0.2552 1024 5.12M  5.00K  5.00K

10000 6.5168 4.4e-04 25648 0.0429 0.2508 512 5.12M 10.00K 10.00K

RS-RF 20000 6.5164 3.7e-04 23.05 0.0552 0.2567 256  5.12M 20.00K 20.00K
40000 6.5158  2.9e-04 21.31 0.0344 0.2496 128 5.12M 40.00K 40.00K

80000 6.5150 1.6e-04 42.25 0.0288 0.2499 128 10.24M 80.00K 80.00K

Laplace, n = 5,000,d = 4
algo param obj relobj runtime dopt dtruth iter t0 a0 h0

le-2 79183  3.0e-02 30.77  2.5100  2.5449
CSS le-3 7.6994  1.1e-03 387.34 0.5985  0.6514
le-4 7.6908  0.0e-00  1007.80 0.0000 0.2552

RS-DI  None 7.6988  1.0e-03 17.64 0.0592 0.2304 128 7.24M 56.54K 34.84K
RS-RI  None 7.6939  4.0e-04 31.32 0.0424 0.2632 128 6.88M 53.75K  32.00K
NS-DI  None 7.6989  1.0e-03 109.68 0.0640 0.2259 128 7.24M 56.54K 34.84K
NS-RI None 7.6943  4.5e-04 107.57 0.0362 0.2601 128 6.88M 53.75K 32.00K

5000 7.7048  1.8e-03 3143 0.0628 0.2732 1024 5.12M  5.00K  5.00K

10000 7.7059  2.0e-03 27.33 0.0621 0.2745 512 5.12M 10.00K 10.00K

RS-RF 20000 7.6986  1.0e-03 24.53 0.0527 0.2696 256  5.12M 20.00K 20.00K
40000 7.6979  9.2e-04 22.68 0.0852 0.2776 128 5.12M 40.00K 40.00K

80000 7.6949  5.4e-04 43.27 0.0349 0.2614 128 10.24M 80.00K 80.00K

MiNg, a4, eRd b .. bmer Jo(@,b), with non-convex objective
1< T
a,b) == alx;+b,; —maxjemiia; b} g 3.28
lasb) = S mas(ajm+0) + [ o a (329

To approximate the integral, we use the same simple Riemann grid points mentioned

in Section 3.3.2.1. Subgradients of the objective (3.28) are straightforward to compute
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Table 3.4: Comparison of our proposed methods with the CSS solution [61] and RS-
RF [75], but with n = 10,000. Details are given in the caption of Table 3.4.

Normal, n = 10,000,d = 4
algo param obj relobj runtime dopt dtruth iter t0 a0 hO

le-2 6.5634  4.1e-04 2472 0.1018  0.1911
CSS le-3 6.5612  7.3e-05 181.01 0.0462 0.1854
le-4 6.5607  0.0e-00 - 0.0000 0.1859

RS-DI  None 6.5621  2.1e-04 3540 0.0411 0.1939 128 6.67TM 52.14K 21.85K
RS-RI  None 6.5626  3.0e-04 65.18 0.0443 0.1939 128 6.88M 53.70K 32.00K
NS-DI  None 6.5620  2.0e-04 207.32 0.0429 0.1953 128 6.67TM 52.14K 21.85K
NS-RI None 6.5625  2.8e-04 21551 0.0452 0.1959 128 6.88M 53.70K 32.00K

5000 6.5690  1.3e-03 64.80 0.1097 0.2205 1024 5.12M  5.00K  5.00K

10000 6.5704  1.5e-03 56.26 0.0470 0.1854 512 5.12M 10.00K 10.00K

RS-RF 20000 6.5656  7.5e-04 50.17 0.0412 0.1890 256  5.12M 20.00K 20.00K
40000 6.5638  4.7e-04 46.24 0.0478 0.1948 128 5.12M 40.00K 40.00K

80000 6.5627  3.0e-04 89.52 0.0446 0.1948 128 10.24M 80.00K 80.00K

Laplace, n = 10,000,d = 4

algo param obj relobj runtime dopt dtruth iter t0 a0 h0
le-2 81796  5.8e-02 57.46 3.9044 3.9328

CSS le-3 7.7327  4.6e-04 - 0.3470  0.4081
le-4 7.7292  0.0e-00 - 0.0000 0.2025

RS-DI  None 7.7401  1.4e-03 42.70 0.0886 0.1825 128 8.14M 63.60K 39.20K
RS-RI  None 7.7370  1.0e-03 65.67 0.0753 0.2295 128 6.88M 53.75K 32.00K
NS-DI  None 7.7399  1.4e-03 263.40 0.0801 0.1724 128 8.14M 63.60K 39.20K
NS-RI  None 7.7365  9.4e-04 225.80 0.0480 0.2159 128 6.88M 53.75K 32.00K

5000 7.7541  3.2e-03 64.93 0.1061 0.2499 1024 5.12M  5.00K  5.00K

10000 7.7543  3.2e-03 57.87 0.0918 0.2435 512 5.12M 10.00K 10.00K

RS-RF 20000 7.7468  2.3e-03 51.25 0.1157 0.2529 256 5.12M 20.00K 20.00K
40000 7.7511  2.8e-03 46.31 0.0907 0.2423 128 5.12M 40.00K 40.00K

80000 7.7378  1.1e-03 89.13 0.0529 0.2230 128 10.24M 80.00K 80.00K

via the chain rule and the subgradient of the maximum function (see, e.g., [26]). After
standardizing each coordinate of our data to have mean zero and unit variance, which
does not affect the final outcome due to the affine equivariance of the log-concave
MLE [78, Remark 2.4], we generate m = 10 initializing hyperplanes from a standard
(d+1)-dimensional Gaussian distribution. We then obtain the initializer for our main
algorithm by applying a vanilla subgradient method to the objective (3.28) [203, 185]

with stepsize t~1/2

at the tth iteration, terminating when the difference in the objective
function at successive iterations drops below 107, or after 100 iterations, whichever
is the sooner. This technique is related to the non-convex method for log-concave
density estimation proposed by [188], who considered a smoothed version of (3.28).

Our goal here is only to seek a good initializer rather than the global optimum, and

we found that the approach described above was effective in this respect, as well as
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Table 3.5: Statistics of the distance between the optimal solution and truth. For each
type of data set, we drew 40 random samples of the sizes given, and computed the
log-concave MLE by CSS with tolerance 1074

mean std.error min 25% 50% 75% max

normal (n = 5,000) 0.2565 0.0093 0.2415 0.2480 0.2574 0.2629 0.2745
Laplace (n = 5,000) 0.2590 0.0114 0.2366 0.2508 0.2578 0.2676 0.2825

being faster to compute than the method of [188].

3.A.2 Final polishing step

As mentioned in Section 3.3.2.1, once our algorithm terminates at &)T, say, we
evaluate the integral I(¢;) in the same way as [61]. Our final output, then is
¢ = q~bT + log I (éST)l; this final step not only improves the objective function,
but also guarantees that exp|—cef[¢r](-)] is a log-concave density. This can be shown

by following the same arguments as in Steps 2-3 in the proof of Theorem 3.4.

3.A.3 Input parameter settings

According to Theorem 3.1, we should take u = % g—é. By Table 3.2, for randomized
smoothing, this is approximately %C’l v/n, where Cy = vV Ae=%. In our experiments
for randomized smoothing, we chose u = Dn'/*/2, while for Nesterov smoothing, we
chose u = D /2. According to Theorem 3.1, n = UM}U/D, where we took o = 1074 for
RS-RI and RS-DI, and ¢ = 1072 for NS-RI and NS-DI. For the competing RS-RF-m
method, we present the better of the results from o € {1073, 1074}.

To illustrate the increasing grid size strategy we take in the experiments, we first
present in Table 3.6 some potential schemes to achieve the O(1/T) error rate on the
objective function scale. In our experiments, we used the multi-stage increasing grid
size scheme with C; = 8 and p; = 2. For the random grid (RI), we take C' = 5,000 and
p = 2. For the deterministic grid (DI), we first choose an axis-aligned grid with mg

points in each dimension that encloses the convex hull (), of the data. Then m; is the

number of these grid points that fall within C),. Table 3.7 provides an illustration of
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Table 3.6: Examples of increasing grid size (|S;| = my) schemes to achieve O(1/T)
rate (i.e. M;l/z) — O(1) for deterministic S; and M}l) = O(1) for random S,). Here,
C and C are positive constants. For the multi-stage scheme, a > 1 denotes the
current stage number.

Schemes ‘ Grid Sizes M;l/m = 0(1) M}l) = 0(1)
Exponential | my = Cpt p>1 p>1
Polynomial ‘ my = Ct? £ >2 g>1

my = Cp® for 9

Multi-stage pi<p P <p

t € [Las1y + Crpf yazay, Cipf)

this multi-stage strategy used in the numerical experiments for a Laplace distribution
with n = 5,000 and d = 4. Code for the other settings is available in the github

repository LogConcComp.

Table 3.7: Summary of increasing grid size strategy (illustrated with n = 5,000
observations from a Laplace distribution in four dimensions). We take a four stage
grid strategy and 128 iterations in total, with stage lengths shown in second line.
For deterministic grids (denoted by DI), we use my; to determine the grid size (third
line in the table), and the fourth line of the table is the corresponding grid size. For
random grids (denoted by RI), the fifth line is the grid size of random sample.

Stage number a 1 2 3 4
Stage length 16 16 32 64
DI Mot 18 22 26 30
DI my 10,656 23,582 45,969 81,558
RI my 10,000 20,000 40,000 80,000

3.A.4 Experimental results on real data sets
We provide additional simulation results on three real data sets:

e Stock returns: The Stock returns real data consist of daily returns of four
stocks® over n = 10,000 randomly sampled days between 1970 and 2010, nor-
malized so that each dimension has unit variance. The real data are available

at https://stooq.com/db/h/.

3International Business Machines Corporation (IBM.US), JPMorgan Chase & Co. (JPM.US),
Caterpillar Inc. (CAT.US), 3M Company (MMM.US)
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e Census: The Census real data consist of percentages of the population of
different age groups (18-24, 25-44, 45-64 and 65+) for n = 10,000 randomly
sampled Census tracts based on the 2015-2019 5-year ACS (American Commu-
nity Survery)?, and the data are normalized so that each dimension has unit
variance. The data and description are available at https://www.census.gov/

topics/research/guidance/planning-databases/2021.html.

e Gas turbine: The Gas turbine real data consist of 4 sensor measures® aggre-
gated over one hour from a gas turbine for n = 10,000 hours between 2011
and 2015, normalized so that each dimension has unit variance. The data are
available at https://archive.ics.uci.edu/ml/datasets/Gas+Turbine+CO+

and+NOx+Emission+Data+Set.

Table 3.8, Figure 3-4 and Figure 3-5 provide simulation results that correspond to
those in Table 3.3, Figure 3-2 and Figure 3-3 respectively, but for three three real data
sets. The table and figures reveal a qualitatively very similar story to that presented
for the simulated data in Section 3.6: the main conclusion is that our randomized
smoothing approaches are significantly more computationally efficient than both the

Nesterov smoothing and CSS methods.

3.B  Appendix: Proofs

3.B.1 Proofs of Propositions 3.1 and 3.2

The proof of Proposition 3.1 is adapted from the proof of [10, Lemma 2|, which in

turn is based on [47, Lemma 8|.

Proof of Proposition 3.1. The proof has three parts.

4pct Pop 18 24 ACS 15 19, pct_Pop 25 44 ACS 15 19,
pct_Pop 45 64 ACS 15 19, pct Pop_ 65plus ACS 15 19

> Ambient temperature (AT), Ambient pressure (AP), Carbon monoxide (CO), Nitrogen oxides
(NOx).
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Table 3.8: Comparison of our proposed methods with the CSS solution [61] and RS-

RF [75], but on 3 real datasets. Details are given in the caption of Table 3.3.

Stock returns, n = 10,000,d = 4

algo param obj relobj runtime dopt iter t0 a0 h0
le-2 6.3395  6.7e-02 315.19  5.4659
CSS le-3 5.9458  8.7e-04 - 0.5130
le-4 5.9406  0.0e-00 - 0.0000
RS-DI  None 5.9589  3.1e-03 38.47 0.1428 128 7.79M  60.86K 30.22K
RS-RI  None 5.9778  6.3e-03 59.65 0.2032 128 6.88M 53.75K 32.00K
NS-DI  None 5.9506  1.7e-03 25491 0.0792 128 7.79M 60.86K 30.22K
NS-RI  None 5.9672  4.5e-03 228.82 0.1362 128 6.88M 53.75K 32.00K
5000 6.0003  1.0e-02 61.98 0.2015 1024 5.12M  5.00K  5.00K
10000 5.9886  8.1e-03 54.20 0.2354 512  5.12M 10.00K 10.00K
RS-RF 20000 5.9852  7.5e-03 49.16 0.2141 256  5.12M  20.00K 20.00K
40000 5.9940  9.0e-03 46.25 0.3194 128 5.12M 40.00K 40.00K
80000 5.9665  4.4e-03 84.59 0.1055 128 10.24M 80.00K 80.00K
Census, n = 10,000,d = 4
algo param obj relobj runtime dopt iter t0 a0 hO
le-2 54458  9.4e-03 71.36  0.9222
CSS le-3 5.3953  1.2e-05 812.49 0.0098
le-4 5.3952  0.0e-00 - 0.0000
RS-DI  None 5.3995  8.0e-04 31.97 0.0478 128 6.19M 48.33K 25.79K
RS-RI  None 5.4003  9.4e-04 63.32 0.0506 128 6.88M 53.75K 32.00K
NS-DI  None 5.3992  7.3e-04 199.74 0.0453 128 6.19M 48.33K 25.79K
NS-RI  None 5.3992  7.4e-04 223.34 0.0475 128 6.88M 53.75K 32.00K
5000 ©5.4100  2.7¢-03 69.86 0.1047 1024 5.12M  5.00K  5.00K
10000 5.4093  2.6e-03 60.79 0.0796 512 5.12M 10.00K 10.00K
RS-RF 20000 5.4074  2.3e-03 55.89 0.1236 256 5.12M 20.00K 20.00K
40000 5.4059  2.0e-03 49.04 0.0587 128 5.12M 40.00K 40.00K
80000 5.3998  8.6e-04 94.51 0.0477 128 10.24M 80.00K 80.00K
Gas turbine, n = 10,000,d = 4
algo param obj relobj runtime dopt iter t0 a0 hO
le-2 5.5920  5.7e-03 95.59 0.5908
CSS le-3 5.5617  2.7e-04 - 0.0994
le-4 5.5602  0.0e-00 - 0.0000
RS-DI  None 5.5693  1.6e-03 34.14 0.0897 128 7.08M 55.28K 25.53K
RS-RI  None 5.5633  5.7e-04 61.90 0.0493 128 6.88M 53.75K 32.00K
NS-DI  None 5.5689  1.6e-03 230.47 0.0914 128 7.08M 55.28K 25.53K
NS-RI  None 5.5622  3.7e-04 224.88 0.0499 128 6.88M 53.75K 32.00K
5000 5.5694  1.7¢-03 67.28 0.1111 1024 5.12M  5.00K  5.00K
10000 5.5670  1.2e-03 61.22 0.0794 512 5.12M 10.00K 10.00K
RS-RF 20000 5.5673  1.3e-03 53.08 0.0455 256 5.12M 20.00K 20.00K
40000 5.5657  9.9e-04 4780 0.0547 128 5.12M 40.00K 40.00K
80000 5.5632  5.5e-04 92.44 0.0501 128 10.24M 80.00K 80.00K

Part 1. We first prove that ¢F € [¢g, ¢°] for all i € [n]; or equivalently

log p,,(z;) > —(n — 1) — d(n — 1) log(2n + 2ndlog(2nd)) — log A

log p,, (x;) < 1+ dlog(2n + 2ndlog(2nd)) — log A
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for all i € [n]. Define

maX;cin An €Z;
M i= sup p(@) = maxp(w) and R im Nk Pl
zERd i€[n] MiN;en] Py, (ZBZ)

We proceed to obtain an upper bound on R. To this end, let p, denote the uniform
density over C,. If p,(x;) = p,(x;) = 1/A for all i, then (3.29) holds. So we may
assume that p, # p,,, so that R > 1 and M > 1/A. For a density p on R¢ and for
t € R, let Ly(t) := {z € R?: p(x) > t} denote the super-level set of p at height .
Since p,, is supported on C,, and since p,, () > min;epy p,(z;) = M/R for « € C,,, it
follows by |47, Lemma 8|° that when R > e,

elog? R

A = vol(C,,) < vol(L; (M/R)) < VA (3.30)

On the other hand, since inf,cc, p,, () = M/R, we have (M/R)-A < 1,so for R < e,
we have M < R/A < e/A. We deduce that

d
M < elogi R

<—x (3.31)

for all R > 1, where log, () := 1V logz. Now, by the optimality of p,, we have

nlog(1/A)=> logp,(®:) <) logh,(a:) < minlog, (;) + (n - 1) maxlog p, ()

i=1 i=1 €l

=log(M/R) + (n —1)log M, (3.32)

so that R < (MA)™. It follows that when R > e, we have from (3.31) and the fact

that logy <y for y > 0 that

e?log?™ R

7 < e?(2nd)*™. (3.33)

R2
R="—"<
R =

6In fact, the factor of e is omitted in the statement of [47, Lemma 8], but one can see from the
authors’ inequalities (27) and (28) that it should be present.
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Since (3.33) holds trivially when R < e, we may combine (3.33) with (3.31) to obtain

log M < 1+ dlog(2n + 2ndlog(2nd)) — log A (3.34)

Moreover, from (3.32) and (3.34), we also have

log(M/R) > —nlog A — (n — 1)log M

> —(n—1) —d(n — 1)log(2n + 2ndlog(2nd)) — log A,
as required.

Part 2. Now we extend the above result to all ¢ € R™ such that I(¢) = 1 and
f(@) < f(¢), where ¢ is defined just after Proposition 3.1. The key observation here
is that the proof of Part 1 applies to any density with log-likelihood at least that of
the uniform distribution over C,,. In particular, for any ¢ satisfying these conditions,
the density p € F4 given by p(x) = exp{—cef[@]|(x)} has log-likelihood at least that

of the uniform distribution over C,,, so

—¢" < minlog p(x;) < sup log p(x) < —¢y,
i€[n] xR

as required.

Part 3. We now consider the case for a general ¢ € R" with f(¢) < f(¢). Let ¢ =

¢ +log I(¢)1, so that I(¢) = 1 and cef[@](-) = cef[@](-) + log(I(¢)). Furthermore,

f@) =17 +logI(¢) +1< 176+ 1(9) = f(8) < /(@)

The result therefore follows by Part 2. m

Proof of Proposition 3.2. Recall our notation from Section 3.2 that a*[¢](x) €
Al@](x) denotes a solution to (@) at @ € C,. Recall further from (3.9) that any
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subgradient g(¢) of f at ¢ is of the form

1

g(¢p) = 1=,

where v = AE[a*[¢](€) exp{—cef[¢](£)}] and & is uniformly distributed on C,,.

Since a* lies in the simplex {&@ € R" : a > 0,1Tax = 1}, we have v > 0 and

17y = AE[1"a"[¢](€) exp{—cef[¢](€)}] = AE[exp{—cef[¢](€)}] = I().

In particular, ||v||; = I(¢), so

1 2 1 2

2 _ - “4T 2 -~ 2
lg(@)IF =~ = ~1Ty + |l < - = 21() + 1(9)*

If I(¢p) < 1/2, then [|g(¢)[* < 1/4+ 1/n; if I(¢) > 1/2, then ||g(o)[]* < I(¢)*.
Therefore, ||g(¢)||> < max{1/4 + 1/n,1(¢$)*}. O

3.B.2 Proofs of Proposition 3.3 and Proposition 3.4

The proof of Proposition 3.3 is based on the following properties of the quadratic
program ¢, [¢|(x) defined in (Q,), as well as its unique optimizer o [¢](x):

Proposition 3.5. For ¢ € ® and x € C,,, we have
(a) ||lat]o](x)|| < 1 for any x € C,, and ¢ € P;

(b) qul@l(x) + (v — u)/2 < qu[@(x) < qu @] () for v € [0, ul;

(c) po — % < qu[@)(x) < ¢° for allu >0, p € ® and x € Cy,;

(@) |l [@)(2) — aile)(@)]| < (1/u)|p — @I for any u > 0, ¢, ¢ € ®, and any
x e C,.

Proof. The proof exploits ideas from [172]. For (a), observe that o [¢](x) € E(x) C
{aceR": 1Ja=1a> O}, and this simplex is the convex hull of n + 1 points that
all lie in the closed unit Euclidean ball in R™.

The lower bound in (b) follows immediately from the definition of the quadratic
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program in (Q,). For the upper bound, for v’ € [0, u], we have

u —u
2

u—u . u—u 2 1
<t (H%,_aOH?_l)g 2 (1—E+E—1)§0,

in which o and o, denote a[@](x) and o, [¢](x), respectively.

/
= (@) T+ 5[l — |’ = (i) ¢ — Sl — |+

(c) For all u > 0, ¢ € ® and « € C,,, we have

G|dl(z) = inf (aTgb n gHa N g) > inf al¢— g

acE(x) acE(x)
u u
> g0 inf a’l, — = =g — =
B ¢0 aelg(m) * 2 Qbo 2

Similarly,

Glel(@) < ¢ swp @'l + o swp [la—af® — 5 < ¢
acE(x) 2 acE(x) 2

(d) Observe that

(o

so a[@](x) is the Euclidean projection of ag—(¢p/u) onto E(x). Since this projection

o [P](x) = argmin <aTq’> + E||oz — a0||2> = argmin
acE(x) 2 acE(x)

is an fy-contraction, we deduce that

et l() — old)(@)] < '

as required. N

Proof of Proposition 3.3. (a) For u >0 and ¢ € ®, let

ju(qﬁ) = /C e~ ull(@) 1p — A]E(e—qu[cfn](g))7
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where £ is uniformly distributed on C,,, so that Io(¢) = I(¢). By definition of f,,

we have for v’ € [0, u] that

Ful@) = Fu(@) = 1.(p) — Tu(¢) = AE (e ®#I&) — gmaw[?1®)) > (3.35)

where the inequality follows from Proposition 3.5(b). Hence, for every u > 0 and

¢ <,

L) < e"*Io(9) = e"*1(). (3.36)

Now, from (3.35), Proposition 3.5(b) and (3.36), we deduce that

— Ul o
)

as required.

(b) For each & € C,, the function ¢ — ¢,[@|(x) is the infimum of a set of affine
functions of ¢, so it is concave. Moreover, y — e7¥ is a decreasing convex function, so
¢ — e~ wl?@) is convex, and it follows that ¢ — (1/n)17 ¢ + AE(e~[91€) = F ()
is convex. Similarly to the proof of Proposition 3.2, any subgradient g, (¢) of f, at
¢ satisfies

) 11 NS RV
lou@)1” < maxl 1+ 2101} <mal L+ Larermed )

But ¢* € ®, so A%e 2%t > (Ae=®)2 > [(¢p*)? = 1 > 1/4 4+ 1/n. Hence, f, is

e~%0t%/2_Lipschitz.

(c) To establish the Lipschitz property of V¢]~”u, for any & € C,, any ¢, ¢ € ®, and

t € [0,1], we define
n(t) = o uld+t(d—@))(z)

Then
7 (t) = —e @@HE-DI@ (G _ )Tk [+ t(p — B)]().
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By the mean value theorem there exists ¢, € [0, 1] such that

e oe#1) — B = [y (1) ~(0)| = P (t0)

< e nl#t0@-01@)| g — ||l o (p + to(d — B))(z)]|
< e~ P2 — ¢, (3.38)

where the final bound follows from Proposition 3.5(a) and (¢). Now, for any x € C,,,

we have by (3.38) as well as Proposition 3.5(a), (c) and (d) that

e @ az[@)(z) — e @ o [p](x)]|

u u

= [[ (el — em @) oz ] (@) + e~ (@ [p) () — o [¢](@)) |

< G B 4 eTuf2-60- | Bl = (L u ) - ]

It follows that for any ¢, ¢ € ®, we have

IV37u(@) = Vofu(@)] < AE|le P Oa;[)(€) — e PO a[g](€))
< Ae (14 u)|¢ - ¢l

as required.

(d) For u > 0 and ¢ € ®, it follows from Proposition 3.5(a) and (c) that

2

E(|Gu(¢.€) — VI, (@)]*) = E[|Ae~ ¥ @ a;[¢](€) — AE (e~ as[¢](£))]
< AQE}}G_Q“[¢](£)GZ[¢](E)H2 < (A€—¢o+u/2)27

as required. O

Proposition 3.6. If z is uniformly distributed on the unit {5-ball in R™, then
2logn
E(lzllee) </ TF

Proof. By [223, Proposition 3|, we have that z L U2 where U ~ U0, 1], where 2’

is uniformly distributed on the unit sphere in R”, and where U and 2’ are independent.
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Thus,

E(|l2]l) = EU/ME(12 ) = —7E(12']l) (3.39)

Moreover, if ¢ ~ N(0, I,,), then ||¢]| and ¢/||¢|| are independent, and 2’ L ¢/IC- Tt
follows that

g (J€l EQCD B¢l _ VITER T/ 1
=0110-2( e ) 5 = etiehy = 3o r /) < oV “>(1g4 |
3.40

where the final bound follows from bounds on the gamma function, e.g. |79,

Lemma 12|. The result follows from (3.39) and (3.40). O

Proof of Proposition 3.4. (a) By Jensen’s inequality,

ful@) =Ef(¢ +uz) > f(9). (3.41)

For the upper bound, let v € R™ have ||v|| < 1 and, for some ¢ € ®, let ¢ := ¢+ uw.

For any e € E(x), we have

"¢ —a'¢|=ula"v| < ulalfv]le <

Therefore, for any € C,,, we have cef[@](x) > cef[@](x) — u. Hence
I(¢) = AE[exp{—cef[@](€)}] < e"AE[exp{—cef[p](£)}] = " 1(¢). (3.42)
Recall that all subgradients of I at ¢ € R" are of the form —v(¢), where
v(9) = AE (ax exp{—cef[§](£)})

for some o € A[@](x). Moreover, as we saw in the proof of Proposition 3.2, ||y(¢)||; =
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I(¢). We deduce from [193, Theorem 24.7| that

fu(@) = (@) =E(I(¢+uz) —1(¢)) <u sup (¢ +uv)E(]z]l)

PP |vlI<1

21
< I((ﬁ)ue“]E(HZHoo) < I(q&)ue“v n(j_g?’

where the final inequality uses Proposition 3.6.

(b) By the convexity of f, we have

fu(@) =E(f(¢+u'z)) <

SHES

Fio)+ (1= ) 16) < Tuto),

where the last inequality uses property (a).

(c) For each v € R™ with ||v|| = 1, the map ¢ — f(¢ + uv) is convex, so ¢ —
E( flo+ uz)) = f,(®) is convex. The proof of the Lipschitz property is very similar
to that of Proposition 3.3(b) and is omitted for brevity.

(d) Asin the proof of (a), for any v € R with ||Jv|| < 1, € C,, and a € A[¢p+uv](x),
we have

Haefcef[d)+uv](a:)H < efqboJru'

Since Vo f,(¢) = n7'1 — AE(a*[¢p + uz](&)e T2 | where a*[¢ + wv](z) €
Al¢ + uv](z), we have by [225, Lemma 8] that Vf, is Ae~#+unl/2 /y-Lipschitz.

(e) The proof is very similar to the proof of Proposition 3.3(d) and is omitted for
brevity. O

3.B.3 Proofs of Theorem 3.1 and Theorem 3.2

We will make use of the following lemma:

Lemma 3.1 (Lemma 4.2 of [75]). Let (ﬁut(¢))t be a smoothing sequence such that
¢ — ly, (@) has L;-Lipschitz gradient. Assume that y,(¢) < Ly, (@) for ¢ € ®.
Let ( ftx))tT:O, (¢§y))fzo,( §Z))tT:0 be the sequences generated by Algorithm 3.1. Let g,
(y)
i)

denote an approrimation of VEUt(¢>§y)) with error e, = gy — Vi, ( . Then for any
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¢ € ® andt € N, we have

1
(@) <Ze @)+ 5 (L + 20— o

Recall the definition of the diameter D of ® given just before Theorem 3.1.

Corollary 3.2. Fix u,n > 0, and assume that Assumption 3.1 holds with r >

u. Suppose in Algorithm 3.1 that vy, = G, Ly = Bi/uy and n, = n. Let

(qbt )t 0 ( (y))t 0,(¢t ) _o be the sequences generated by Algorithm 3.1 and let
- Vﬁut(cbt ) Then for any ¢ € ®, we have

B,D* nD?
<

D1 — — AByI(¢)u
Tu T Ty ’

ledP+60 > o g lev =97+ 0

t=0 t=0

Proof. By induction, we have that 6, < 2/(t+2) and Y.._1/6, = 1/6? for all
t=0,1,...,7 [207, 75|. Using Assumption 3.1, we have

1 1 =1y
7 (@) = 1(8) < r—bur (85 = D 5 (6u(9) = Bow)
T—1 T—1 t=0 ¢
1 1y
=l (D) =S (@) + TBoI ()
02, 2.9,
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Hence, by Lemma 3.1,

F(@5)) — f(o)
2 2
< s 1||¢ ¢0|’2(LTJr nT) +Z QT . HetH2

Zet e, ¢~ &) + 05 TBol ($)u

B, D262 62, D> < 02
S 1 T—1 +77T T—1 Z Het||2
QUGT 29T 29
T— 11
#0503 len @ = #07) + 0 TB (@)
BiD* prD? 11, ., (o AByI (¢>)
< -\ = 02,
S 7t 7 +T;ﬁt”et“ + Zg (et — ") + ;

where we have used the facts that 0% /0y = 07/(1 — 07) < 2/T and 62 _,/0; <
Or <2/T fort € {0,1,...,T — 1} and 62, < 4/T". O

Proof of Theorem 3.1. According to Corollary 3.2, it suffices to bound
02_ S0 LE((er, ¢ — ¢17)) and S/ E(|le;]?). To this end, we have by As-
sumption 3.2 that

E({e., ¢ — ¢7) =E(E((er. ¢ — ¢t”) | Fim1)) < E(E (el — o7 | Fimr))

Do
<D E(E(le | Fon)) < D E(YE(led? | £i)) < 7
(3.43)
We deduce that - W2
2Do M.
07 120 (end— @) < =—"—. (3.44)
t
Moreover, by Assumption 3.2 again,
T-1 -1
SE(le?) <0*Y - = (M), (3.45)
my
t=0 t=0
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The bound (3.18) follows from Corollary 3.2, together with (3.44) and (3.45), and the
bound (3.19) then follows directly from the parameter choice of u and 7 and the fact
that I(¢*) = 1.

Finally, if E(e; | Fi—1) = 0, then

E({e:,d — &) =E(E((er, ¢ — o) | Fior)) = E((E(er] Fir) ¢ — ¢7)) = 0

where the second equality uses the fact that ¢ — ¢§Z) is F;_1-measurable. This allows

us to remove the last term of the two inequalities in the theorem. O

Proof of Theorem 3.2. According to Corollary 3.2, it suffices to obtain a high-
probability bound for 62, 37 alend — &) and ST lef2. Writing ¢ =
¢ — ¢\*), we have from the proof of Theorem 3.1 that (1/6;)(et, ;) is a martingale
difference sequence under Assumption 3.3. Note that (; is F;_i-measurable, and we

will now show that (e;, ;) is v/20,D sub-Gaussian, conditional on JF;_;.
For any z € R, we have ¢* < z+¢*". Hence, for A € R such that \202D? < 1, we

have by the conditional version of Jensen’s inequality that

E(e)\<6t7¢t> ‘ -thl) < E()\<et7Ct> ‘ ]:.tfl) +]E<6A2(et,Ct>2 |ft71)
E

(6)\2”€t“2D2’Ft71) < NoiD?,

IN

On the other hand, if A262D? > 1, then since 2ab < a® + b? for all a,b € R, we have

E(6A<et’gt> |JT_}/71) < e/\QUtQDQ/ZE(€<€t,Ct>2/(2‘7t2D2) | ft—l)

2 212 2 2 2 2102 2 212
< e/\ o;D /Q]E(euet” /(207) |~F;f—1) S 6)\ o;D /261/2 S 6/\ o;D )

We deduce that (e, ;) /0, is (v/20,D) /6, sub-Gaussian, conditional on F;_;. Applying

104



the Azuma—Hoeffding inequality (e.g. [12]) therefore yields that for every ¢ > 0,

62

T-1
1
P( 6% —(ey, ze)gex <— )
( ! 1; 6t< = b 4D207_, ZtT:_ol 0707 _,/0;
T262
o)
16D202(MV)?

where the last inequality uses the facts that 071 < 6, and 6y < 2/T. Therefore,

for every § € (0,1), we have with probability at least 1 — §/2 that

- 40DM}1)\/10g(2/5)'

T-1
1
07, Z 9_t<€t7 C) < T (3.46)
t=0

Next we will turn to finding a tail bound for ;" [|e||>. By Assumption 3.3 and

Jensen’s inequality, we have

~

T—
E(lled® | Fier) < Dot log(B(elI/F| 7)) < (M) (3.47)

t=

—_

t

Il
=)

Now define the random variables Z, := ||le;||* — E(|le||* | Fi-1). Then by Markov’s

inequality, for every e > 0,
P(Et > € ‘ ]-"t_l) SIP’(||et||2/0t2 > e/o? | .E_l) Se_e/"%)IE?(eHet”2/"t2 ’ ]:t_l) < el=e/ot

Moreover, by Markov’s inequality again, and then Jensen’s inequality, we have for

every € > 0 that

P(Z, < —¢| Fiy) < e—E/U?E(eE(Het\\Q/ff?lft—l)—lletll2/0t2 | Fir)

< e—€/ot Ellled*/of| Fir) < pl—e€/of

It follows by, e.g., [75, Lemma F.7| that Z; is sub-exponential with parameters )\, :=

1/(20%) = my/(20%) and 72 := 16e0} = 16e0* /m?, in the sense that

]E<€)\Et | JT;t—l) < 68(3)\20'?, (348)
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for |\| < 1/(202).

-----

and Cr = (3 7'3)1/ ? = 4eV/ 202M}2). We claim that "/ ' Z; is sub-exponential
with parameters Ar and Cr, and prove this by induction on 7. The base case T' =1
holds by (3.48), so suppose it holds for a given T € N. Then for A € R with

|A| < min(Ar, A\r) = Aryq, we have

E{exp (A g Et) } —E [exp <)\ % Et> E{exp(AZr|Fr_1)}

t=0
< e(/\QC%+16e)\2cr%)/2

__N2C2, )2
=€ T+1/’

which proves the claim by induction. We deduce by, e.g. [42, Lemma 1.4.1], that for

every e >0 and T € N,
T-1 9
— , e Arpe
]P’(Z:t > e> < exp(— mm{ﬁ, TT}>
t=0
In other words, with probability at least 1 — §/2,
T—1
2 1 2
Z = < 4o? maX{MJ(«Z)\ | 2elog —, — log —}. (3.49)
—o ) mo )

Applying (3.46), (3.47) and (3.49) in Corollary 3.2, together with a union bound,
yields that with probability at least 1 — 9,

1 1
o BD? | ABl(¢)u 0D | o2(MD)? . 40 DMWY\ /1og(2/5)

Tu T T Tn T
N 402 maX{M}Q)\/% log(2/6), mg ' log(2/6)}
Tn '

Taking the same choices of ¢, u and 1 as in Theorem 3.1, we obtain the final result. [
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3.B.4 Proof of Theorem 3.3

To prove Theorem 3.3, we first introduce the following lemma. Recall that C; denotes
the class of proper, convex lower-semicontinuous functions ¢ : R? — (—o00, c0] that
are coercive in the sense that p(x) — oo as ||| — oco. Recall further from |78,
Theorem 2.2| that if P is a distribution on R with [p, ||| dP(x) < oo and P(H) < 1

for all hyperplanes H, then the strictly convex function I' : Cy — (—00, 00| given by
I(p) := / o(x) dP(x) + / e~ @ d (3.50)
Rd Rd

has a unique minimizer ¢* € C, satisfying I'(¢*) € R.

Lemma 3.2. Let P be a distribution on R* with [, ||z||dP(z) < co and P(H) < 1
for all hyperplanes H, and let ©* := argmin .., I'(¢). Then

(1) For any A € [0,1], and ¢, ¢ € Cy4, we have

(Mg + (1= N)@) < AL(p) + (1 = NI(9)

A1 = \)

_T/ e~ e @@} o(p) — p(a)} de. (3.51)
Rd

Here, when max{¢(x), p(x)} = oo, we define the integrand to be zero.
(2) Furthermore, if ¢ € Cq is such that max{p(x), p*(x)} < ¢° for all x € dom p N
dom ¢*, then

M) -T2 56" [ fple) = (@) e (3.52)

Proof. (1) Fix ¢, € Cq with max{T'(¢),I'(¢)} < oo (because otherwise the result

is clear). For any M € R, the function y — e7¥ is e M-strongly convex on y < M.
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Therefore, for any A € [0,1], we have I'(Ap + (1 — A)@) > ['(¢*) > —o0, so

(A + (1 =XN)p) = Al(p) — (1 = N1(P)
_ / [P H0-NP@} _ 3\ o=e®) _ (1 _ X)e=5)] dg
R

Rd

(3.53)

as required.

(2) By (3.53), we have for any A € (0,1) that

)\(12— )\) 6_(250 A0m¢md0m¢*{¢(m) — QD*(m)}Q dx

< AT(p) + (1= NT(¢") ~ T(Ap + (1 - A)")

< MT(p) = T(¢")},
where the last inequality follows by definition of ¢*. We deduce that

%€_¢O Lomwmdom@*{w(m) — (p*<gg)}2 dx < F(Sp)l__r)‘f@*)

The result follows on taking A “\ 0. O

Proof of Theorem 3.3. In Lemma 3.2, let P be the empirical distribution of
{x;}?_,. From the proof of Theorem 2 of [61] (see also the proof of Theorem 3.4),
Problem (3.50) is equivalent to (3.5) in the sense that I'(cef[¢]) = f(¢) for all ¢ € R",
and ¢* = cef[@*]. Now fix ¢ € ® and let ¢ = cef[@], so that p(x) < ¢° for all x € C,.
From (3.52), we obtain

1

3¢ | {cctl@](w) — cofl¢](@)})” de < D(eet[8]) — leet[8]) = F(6) = F(6°).

as required. O
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3.B.5 Proofs of Theorem 3.4 and Theorem 3.5

The proof of Theorem 3.4 is based on following proposition:

Proposition 3.7. Given s € R, ¢ € Cq and ¢ > 0, there exists ¢ € C4, such that
s 0 90() =c-9so0 Qb()

Proof. Given s, ¢ and c, define

. oge if s=
5 = () +log 0

c*o(r) if s # 0.
Then ¢ € Cy4, and for x € D,
(c*sgp(m))l/s if s <0
Vs op(x) = exp(—gp(m) — log c) ifs=0 =c ' 1,00,
(—c‘snp(:c))l/s if s >0
as required. O

Proof of Theorem 3.4. The proof is split into four steps. The first three steps hold

for any s € R, while in Step 4, we show the convexity of the objective when s € [0, 1].

Step 1: We claim that any solution p,, to (3.21) is supported on C,,, so that ¢*(x) =
oo when x ¢ C,, where ¢* is the solution to (3.22). Indeed, suppose for a con-
tradiction that p = 15 0 ¢ € Ps(R?) is such that > logp(x;) > —oo, and that
an p(x) de =c < 1= [;,p(x) de. We may assume that ¢ > 0, because otherwise
p(x) = 0 for almost all € C,,, which would mean that )"  logp(x;) = —oco since
p € Ps(R?). Define p € Cq by

x) ifxed,
EET S,

o0 otherwise,

so that [, 15 0 @(x) dx = [p.1s 0 p(x) de = ¢ < 1. Applying Proposition 3.7 to
@ € Cqgand ¢ > 0, we can find ¢ € C; with fRd Ysop(x) de = fRd clapgop(x) de =1,
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and

Zlogws o p(;) Zlogws o p(a;) —nloge > Zlogws o p(;).

This establishes our desired contradiction.

Step 2: We claim that any solution ¢* to (3.22) satisfies

1 n
©* = argmin {—— Z log 1 0 p(x;) + / s 0 (x) daz}. (3.54)
%ECdIIdm(v)QgsU{oo}a n =1 Cn
om ¢=Ch,

Indeed, for any ¢ € C; such that dom ¢ = C,, and an s o p(x) de = c # 1, we can
again apply Proposition 3.7 to ¢ and ¢ to obtain @. Then

1 — 1 —
——Zlogibsw(:vi)Jr/ Ysop(m) do = —= logi, o @(a;) +
ne Cn N

1 — 1 <&
>—— glogws op(x;) +loge+1= - ;logws o p(x;) + /Cn by 0 p(x) d
SO fcn s 0 p*(x) de = 1, which establishes our claim.

Step 3: Letting ¢* = (¢7, ..., ¢%) denote an optimal solution to (3.23), we claim that

cef[@*|(x;) = ¢} holds for all ¢ € [n]. Indeed, for any ¢ = (¢4, ..., d,) € DY, if there

exists i* € [n] such that cef[¢](x-) # ¢-, then we can define ¢ = (¢y,...,p,) € D*

such that ¢, = cef[¢ ]( ;) for all 7 € [n]. We now claim that cef[¢] = cef[¢]. On the

one hand, by (3.3), ¢, = cef[@|(x;) < ¢; for any i € [n]. From the LP expression
ef[¢

(QO): Cef[ ] S
cef[p](z;) = ¢; < ¢, for any i, we have cef[@](-) > cef[@](-). It follows that cef[¢p] =

]. On the other hand, since cef[@](-) is a convex function with
cef[¢], and ¢ with a smaller objective than ¢. This establishes our claim, and shows

that (3.23) is equivalent to (3.54) in the sense that p,, and ¢* satisty p,, = ¥s(cef[¢p*]).

Step 4: When s = 0, the function ¢ — %qub is convex on R™; when s > 0, the
function ¢ — —= 3" | log(—¢;) is convex on (—o0,0]". Moreover, when s < 1, the

function v, is decreasing and convex, and since ¢ — cef[@](x) is concave for every

x € R", the result follows. O
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3.C Background on shape-constrained inference

Entry points to the field of nonparametric inference under shape constraints include
the book by [100], as well as the 2018 special issue of the journal Statistical Science
[196]. Other canonical problems in shape constraints that involve non-trivial com-
putational issues include isotonic regression ([41, 227, 49, 81, 21, 224, 108, 181]) and
convex regression ([121, 200, 44, 102, 110, 84, 52|), or combinations and variants of
these ([55]).

Beyond papers already discussed, early theoretical work on log-concave density
estimation includes [180], [76], [215], [60], [78], [199], [197] and [54]. Sometimes,
the class Py is considered as a special case of the class of s-concave densities (|137,
201, 109, 73, 107]); see also Section 3.5. Much recent work has focused on rates of

convergence, which are best understood in the Hellinger distance dy, given by

d%(p, q) == /Rd(zf)”2 —q'/*)2.

For the case of correct model specification, i.e. where p,, is computed from an inde-

pendent and identically distributed sample of size n from py € Py, it is now known

[134, 138] that

- n=4/5 when d =1
sup Edy(p,,,po) < Kq-
Po€Pa n~2/(@+Y]ogn when d > 2,

where K,; > 0 depends only on d, and that this risk bound is minimax optimal (up
to the logarithmic factor when d > 2). See also [47] for an earlier result in the case
d > 4, and [223] for an alternative approach to high-dimensional log-concave density
estimation that seeks to evade the curse of dimensionality in the additional presence of
symmetry constraints. It is further known that when d < 3, the log-concave maximum
likelihood estimator can adapt to certain subclasses of log-concave densities, including
log-concave densities whose logarithms are piecewise affine [133, 85]. See also [16] for

recent work on extensions to the misspecified setting (where the true distribution
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from which the data are drawn does not have a log-concave density).
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Objective Profiles for Normal, n = 5,000, d = 4
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Figure 3-2: Plots on a log-scale of Relative Objective versus time (mins) [left panel]
and number of iterations [right panel]. For each of our four synthetic data sets, we
ran five repetitions of each algorithm, so each bold line corresponds to the median
of the profiles of the corresponding algorithm, and each thin line corresponds to the
profile of one repetition. For the right panel, we show the profiles up to 128 iterations.
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Objective Profiles for Normal, n = 5,000, d = 4
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Figure 3-3: Plots on a log-scale of Relative Objective versus time (mins) [left panel]
and number of iterations [right panel].
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Objective Profiles for Stock returns, n = 10,000, d = 4

— RS-DI
—— RSRI
— NS-DI
—— NS-RI
:E 10-2 102
o
—
(O]
N
0 50 100 150 200 250
time (min) iter
Objective Profiles for Census, n = 10,000, d = 4
— RS-DI
~—— RS-RI
—— NS-DI
— NS-RI
‘— 1072 1072
QO
]
—
(O]
5]
1073 1073
0 50 160 150 200 0 20 40 60 80 100 120
time (min) iter
Objective Profiles for Gas turbine, n = 10,000, d = 4
- RS-DI
—— RSRI
— NS-DI
— NS-RI
‘™ 102 102
Q
o
—
[O]
~
1073 1073
0 50 100 150 200 0 20 40 60 80 100 120
time (min) iter

Figure 3-4: Additional plots on a log-scale of Relative Objective versus time (mins)
[left panel] and number of iterations [right panel]. Details are given in the caption of
Figure 3-2.

115



Objective Profiles for Stock returns, n = 10,000, d = 4
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Figure 3-5: Plots on a log-scale of Relative Objective versus time (mins) [left panel]
and number of iterations [right panel].
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Chapter 4

(Guassian Graphical Models: A
Scalable Framework Based on

Combinatorial Optimization

This is a joint work with Kayhan Behdin and Rahul Mazumder.

4.1 Introduction

Gaussian Graphical Models (GGM), due to Dempster [68], are amongst the most
widely used tools to analyze continuous multivariate random systems (|93, Chap-
ter 17] and [213, Chapter 11]). Formally, in a GGM, we are given n data points
() .z € RP from a multivariate normal distribution as

D .z EN(0,(0)), e est (4.1)

where S% is the set of p x p positive definite matrices. The goal in the GGM problem

is to estimate the matrix ®*, known as the precision matrix, as this matrix contains

the information required to recover the normal distribution generating the data.
From both interpretability and statistical perspectives, a sparse estimation of ©*

(i.e., one with only a few nonzero coordinates) is more desirable [68] — through-
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out this chapter, we assume O is sparse. A zero entry in ©* indicates conditional
independence: For a pair (i,7), 0;; = 0 if and only if features i,j are independent
conditioned on the other variables. Our goal is to provide a precision matrix ®* such
that it is sparse (i.e., has few nonzeros). The problem of sparse precision matrix
estimation has garnered significant attention in the statistics and machine learning
literature [90, 183, 83|. Performance of an estimation © of ©* can be measured by
different criteria. A common metric is the Frobenius norm estimation error defined
as ||©* — ©||%2. We also seek to estimate the location of nonzeros of @* (i.e., the
support).

In what follows, we first present an overview of current algorithms for sparse

GGMs and then summarize our key contributions in this chapter.

4.1.1 Background and Literature Review

Numerous algorithms have been proposed for GGMs. Generally, these methods aim
to minimize a penalized data fidelity loss, where the penalty encourages sparsity in the
solution. One of the most popular approaches to GGMs is ¢;-regularized likelihood
maximization, known as Graphical Lasso [90]. Graphical Lasso is known to enjoy good
statistical and computational properties [189, 159|. Another approach is constrained
¢1-norm minimization [45|, known as CLIME. CLIME estimator can be calculated by
solving a series of linear programs, and overall the CLIME estimator leads to good
statistical guarantees. Another approach to GGM is the node-wise linear regression
framework of [163] which requires solving p-many sparse linear regression problems
(i.e. Lasso).

In this chapter, we focus on an interesting but less-understood approach to GGMs,
the pseudo-likelihood approach. The notion of pseudo-likelihood was introduced by
Besag [35] in the context of spatial analysis. In the pseudo-likelihood analysis, instead
of directly working with the likelihood of the data, the likelihood function is approxi-
mated by the multiplication of conditional likelihood functions of each variable, given
the rest. Pseudo-likelihood analysis with ¢; regularization was first applied to GGMs
by [183]. [183] presents an asymptotic analysis of their algorithm when n — oco. Oth-
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ers have proposed algorithms based on pseudo-likelihood, for example, see [91, 132].
However, the statistical properties of these methods are less understood compared to
more common methods.

A recent approach to GGMs is based on discrete optimization. Since the work
of [28], there has been a renewed interest in exploring statistical problems that admit
combinatorial structure using tools from Mixed Integer Programming (MIP)[220]. In
particular, MIP techniques have proved useful in sparse learning problems, where the
sparsity structure can be encoded by binary variables. Sparse linear regression [32,
119] and sparse principal component analysis [20]| are among examples where MIP
methods have been successful. However, there has been little exploration regarding
MIP formulations for GGMs. [29] consider an ¢;-constrained maximum likelihood
approach. They propose an MIP algorithm for their formulation, however, their
algorithm only scales to problems with p ~ 100.

In terms of statistical performance, to have a consistent estimation in terms of
Frobenius norm, we need n 2 kplog p samples [194], where k is the number of nonze-
ros in each row of ®*. This implies that a consistent estimation is only possible
when kp/n — 0 which corresponds to the classical low-dimensional setting. In the
high-dimensional setting, estimating the correct support is more interesting. In gen-
eral, under certain non-degeneracy conditions, n 2 klogp samples are required for a
consistent estimation of the support of ®* [218]. This shows that support recovery is

possible even when p/n — oco.

4.1.2 Outline of the Approach and Contributions

Despite the promising results of pseudo-likelihood estimators, the theoretical and
algorithmic understanding of such estimators has remained limited. In this chapter,
we propose a new pseudo-likelihood-based estimator that enjoys both good statistical
guarantees and computational performance. To this end, in a departure from current
literature, we consider an ¢, regularized version of the pseudo-likelihood function.
We show that this estimator can be reduced to an MIP, where a convex objective

function is minimized over a Mixed Integer Second-Order Conic (MISOC) constraint
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set. We then study the statistical properties of the estimator and develop a scalable

algorithm for the MIP.

We analyze our estimator from estimation and variable selection points of view.
In terms of estimation, our estimator achieves Frobenius error bound scaling as
kplogp/n. As for the variable selection performance, we show that under certain
regularity conditions, if n 2> klog p, our estimator is able to recover the support of
®* correctly with high probability. An interesting property of our estimator is that
the non-degeneracy condition needed for consistent variable selection for our method
is milder compared to the ones appearing in the literature. This is due to certain

symmetry structures that we enforce on the solution.

To solve the MIP for the estimator, we develop a specialized Branch-and-Bound
(BnB) solver that does not rely on commercial MIP solvers. Following [119], our BnB
framework solves a version of our MIP based on a perspective reformulation [101]
of the fy-regularized pseudo-likelihood function. We propose a coordinate-descent
(CD) algorithm to solve the node relaxations as well as obtaining a fast approximate
integral solution. With both logarithmic term and quadratic-over-linear structure in
the objective (see Section 4.2), the existing convergence theory of CD algorithm is
not directly applicable. We provide the computational guarantee of CD algorithm
for node relaxations, which also applies to a convex reformulation of the estimator
proposed in [91]. We also make use of active set updates to reduce the complexity of
CD algorithm by exploiting the structured sparsity in the statistical problem, as well
as shared information across the BnB tree. Furthermore, we propose a novel method
to efficiently generate dual bounds in the BnB tree from primal solutions. Our dual
method handles extra symmetry constraint and special terms in the objective function
arsing from the statistical structure, compared to the dual bounds derived for the
sparse regression in [119].

Finally, we perform numerical experiments on both synthetic and real datasets,
and compare results with other existing methods in terms of both statistical per-
formance and computational efficiency. The results indicate that our optimization

framework is scalable to problems with p ~ 10,000 while it is faster or compara-
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ble to polynomial-time methods. Moreover, our proposed estimator provides better
statistical performance on synthetic and real datasets.

Our contributions in this chapter can be summarized as follows:

1. We propose a new estimator for GGMs as an fj-regularized pseudo-likelihood
problem. We show our estimator can be written as an MIP.

2. We discuss statistical properties of our estimator and discuss how our new
estimator can improve upon existing algorithms in terms of estimation and
variable selection.

3. We develop and implement an optimization framework for our estimator, in-
cluding heuristic solvers and a specialized nonlinear branch-and-bound method.
Our framework is open-source and does not use any commercial solver.

4. Our numerical experiments show that the proposed estimator outperforms ex-
isting (polynomial-time) methods for GGMs in terms of runtime and statistical

performance.

Organization of chapter In Section 4.2, we introduce our proposed estimator,
and reformulate it into a MIP problem based on perspective reformulation. In Sec-
tion 4.3, we provide an efficient computational framework for our proposed estima-
tor. In Section 4.4, we analyze the statistical properties of our proposed estimator.
In Section 4.5, we present various numerical experiments on both synthetic and real
datasets, showing the benefits of our estimator from both statistical and computa-
tional perspectives. The derivations and proofs in the computational and statistical

parts are deferred to Appendix 4.A and 4.B.

Notations For A € RP**P2 and S; C [py], S2 C [po], denote by Ag, s, the submatrix
of A with rows sampled in S; and columns sampled in S;. B(p) denotes the unit
Euclidean ball of dimension p. Let S” denote the set of symmetric matrices in RP*P.
We let 1{z # 0} denote the indicator function, i.e. 1{z # 0} = 1 if = # 0; otherwise,
1{x #= 0} = 0. We let x{a € A} denote the characteristic function, i.e. xy{a € A} =
0 if a € A; otherwise, x{a € A} = .

121



4.2 Proposed Estimator

Our formulation of the GGM problem is based on the idea of pseudo-likelihood. If
X € R™? has independent rows of A (0, (©*)~!) for some ©* € S%, the conditional

distribution of each variable, given the rest, follow the normal distribution

i {@i}; .5 ~ (Z Bisxi, (0 ) (4.2)

i#]

where
9* 1

By =—gc i#icll (07) =7 jell (4.3)

0*
We note that §;; # 0 if and only if 67; # 0 and as ©* is sparse, most values of 3}; are

zero. As a result, we propose an fy-constrained estimator:

Bmin Z log(o;) + Z B”a:Z (4.4a)
R it
s.t. Bijo-? = ﬁjio-ja 6“ = 0, 1 7é j (44b)

In Problem (4.4), the objective function is the summation of negative log-likelihood
functions for Normal distributions given in (4.2). Constraint (4.4b) enforces the
symmetric structure based on the fact §;;(07)* = £5;(07)?. Finally, constraint (4.4c)
enforces that § and consequently 6 are sparse, as f3;; # 0 < 07, # 0. We investigate

statistical properties of this estimator in Section 4.4. In what follows, we present a

convex mixed integer formulation of the estimator introduced in (4.4).

4.2.1 A convex mixed integer reformulation

Problem (4.4) in its current form has a non-convex objective function and involves
nonlinear symmetry constraints. However, this issue can be remedied by simple
change of variables [145, 132] — 6;; = 1/07 and f;; = —0;;/0;;. Under this map-

ping, the symmetry constraint (4.4b) simplifies to the matrix ® being symmetric.
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Moreover, instead of the sparsity constraint (4.4c), we impose an £y — {5 penalty [160]
on the off-diagonals of ® to enforce the sparsity. Such penalty is used to help prevent
over-fitting in the regime of low-signal-to-noise ratios in the context of sparse regres-
sion. As we discuss throughout the chapter, this regularization leads to improved

computational properties. Overall, our reformulation of Problem (4.4) is given as:

p

nin Fh(O) = Zz;(— log(0:) + eiiiHXOiHQ) + ;(Aol{% #0}+X6)  (4.5)
where X = \%X and Mg, As > 0 are regularization coefficients that should be se-
lected. Next, we introduce a perspective reformulation of Problem (4.5). Perspective
formulations (88, 4, 101] are helpful in terms of stronger MIP relaxations, and they
have been used recently in a specialized BnB framework for sparse regression [119].
To this end, we introduce the auxiliary binary variables z;; that encode the sparsity

and consider the following perspective reformulation of Problem (4.5):

p

. 1, -
min Fm;o((-), z, S) = Z(— log(ﬁu) + e—uHXOZHQ) —+ Z()\Ozij + )\QSZ‘]‘), (46)

©,z,s X i i
i=1 1<

9 . .

s.t. Sij%ij > 01’]'7 |Qz]| < Mzija \V/] 7& t

01']' = sz-, \4) #j
Zij S {O, 1}, Sij Z O, VJ 7é 1.

Further details and benefits of using such a perspective reformulation along with

big-M constraint can be found in [119]. In Section 4.3, we present an optimization

framework for Problem (4.6).

4.3 Computational Framework

In this section, we will focus on a specialized scalable branch-and-bound (BnB) frame-
work for efficiently solving Problem (4.6). In Section 4.3.1, we discuss related work

on nonlinear BnB and provide an overview of our specialized BnB framework. In Sec-
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tion 4.3.2, we study the formulations of node relaxations of Problem (4.6) in the BnB.
We then present an efficient coordinate descent algorithm along with the active-set
update for both node relaxations and heuristic solver in Section 4.3.3, and provide
more details in Sections 4.3.4 and 4.3.6. In Section 4.3.5, we show how to obtain dual

bounds from primal solutions to node relaxations.

4.3.1 Related work and overview of BnB framework

Our BnB framework follows the high-level ideas proposed by the prior work of [119].
In their paper, they propose a specialized BnB framework for the sparse regression,
which consists of a highly-scalable primal-based CD algorithm along with the active-
set update and gradient screening. There are several challenges arising from the dif-
ferences of the sparse regression and pseudolikelihood function for GGM. Specifically,
the extra logarithm term, quadratic-over-linear structure and symmetry constraint
lead to complicated CD updates, unknown convergence property of CD algorithm

and complicated dual bounds.

Overview of Nonlinear BnB: For self-containedness of this chapter, we provide a
brief overview of nonlinear BnB framework. Nonlinear BnB is a general framework
for solving mixed integer nonlinear programs [22]. The algorithm starts by solving
the root relaxation (4.9) of (4.6). Then, the algorithm chooses a branching variable,
say zpe and create two new nodes (optimization subproblems): one with 2z, = 0
and the other with 2z, = 1, where all the other z;;’s are relaxed to the interval
[0,1]. The algorithm then proceeds recursively: for every unvisited node, it solves the
corresponding optimization problem and then branch on a new fractional variable (if
any) to create new nodes. This leads to a search tree with nodes corresponding to
optimization subproblems and edges representing branching decisions.

While growing the search tree, BnB prunes a node either (a) the relaxation at the
current node has an integral z or (b) the objective of the current relaxation exceeds
the best available upper bound on (4.6), which can be obtained from any feasible

integral solution to the problem.
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Our strategies:

e Node relaxations: Similar to [119], one can show that the node relaxations of
Problem (4.6) can be written in the @-space instead of the extended (O, z, s)-
space. The formulations are studied in Section 4.3.2.

e Convex relaxation solver: To solve the node relaxations, we develop a scal-
able coordinate descent (CD) algorithm with active set update. The algorithm
exploits and shares warm starts and active set information across the BnB tree
to further improve the efficiency. Such active set strategies and warm starts
turn out to be keys to the speedup of our approach compared to a generic BnB
framework. Our algorithm will be described in Section 4.3.3 and additional com-
putational details and convergence guarantee will be provided in Section 4.3.4.

e Dual bounds: Dual bounds of the node relaxation problem provides important
lower bound information for search space pruning. We develop a novel method
to compute dual bounds from the primal solutions, using the convex conjugate
of the regularizer derived in [119]. See Section 4.3.5.

e Heuristic solver and upper bounds: Better upper bounds can lead to more
aggressive pruning in the search tree, thus reducing the BnB running time. At
each node of BnB, we attempt to improve the upper bound based on the solution
© to the current node’s relaxation problem. To be more specific, let S be some
sparsity pattern induced by the current solution . Then, we use a heuristic

solver to obtain an approximate solution to

p
min (—1og9“~+ —IX60:%) + > (16 # 0} + Xe).
i=1 (4,5)ES
s.t. 0] < M, V(i,j) €S; 0, =0, V(i,j) €S, (4.7)

starting from the current solution ©. We use the same method introduced in
Section 4.3.3 to solve Problem (4.7). Moreover, a better initialization might
lead to a better upper bound as this problem is not convex. We will discuss

more details about initialization in Section 4.3.6.
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4.3.2 Formulations in BnB

In this section, we study the convex relaxation of (4.6) at each node of the BnB search
tree. We start with the root relaxation, where all the binary variables z are relaxed
to the interval [0, 1]. It can be shown [119] that the root relaxation in terms of the

variables (0O, z, s) can be expressed in the © space instead, using the regularizer :

@D(@, )\0, )\2, M) ‘= min )\()Z + )\28

st. sz >0%10) < Mz,z€10,1]

(
2v/ Ao A2|0| if 0] < Ao/ <M
Ao + Ag6? if \/ Ao/ A < |0 <M (48)
ONo/M + MO if |0 < M < /ho/ e '
| > if || > M.
This leads to the root relaxation problem as follows:
p 1 B
Inin Froot(©) = Zl(— log(6;:) + G—MHX@'HQ) + ;W@j; Ao, Az, M), (4.9)
i= 1<J

We note that this regularizer is closely related to the reverse Huber penalty [178] (see
also [72]).

Node relaxation within the BnB tree: For each node within the BnB tree, the
node relaxation is similar to the root relaxation, except that some of z;;’s are fixed to
0 and 1. Let [z;;, Zi;] be the range of z;; at each node relaxation!, the corresponding

node relaxation problem is

p

, 1. - _
min Fnode(G) = Z(— IOg(Qn) + ‘9_“|’X01H2) + Zg(ew, )\07 )\2, M,gij,zij), (410)

OcSr - —t
=1 1<J

'For example, if z;; is relaxed to [0, 1], then z;; = 0 and z;; = 15 if 2 is fixed to 0 or 1, then

Zij = Zij =0or 1.
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where

9(0; Aoy Ao, M, 2,2) = (4.11)
if
in which

x{6 = 0} ifz=0
¢(9;Z7A07)\27M) = (412)
x{10] < M} + Xg + X0%  if 2 = 1.

To this end, we consider the following unified formulation

p

gin F(8) =3 ~los(t) + 11X + ; his(0:), (4.13)
where h;; is some regularizer. Problem (4.13) encompasses the original problem (4.5),
the root relaxation problem (4.9), the node relaxation problem (4.10) and the problem
for incumbent solving (4.7) as special cases. Furthermore, when h;;(6) = A\]60], (4.13)
is equivalent to the symmetric lasso procedure proposed by [91]; the difference is that
in [91], they consider a nonconvex formulation wrt 0/ = 7- and off-diagonals © of
0.

In next section, we will develop a scalable active-set coordinate descent algorithm

for solving or approximately solving (4.13), depending on the convexity of F'.

4.3.3 Active-set Coordinate Descent

Due to the separability of the (nonsmooth) regularizers h;;, Problem (4.13) is
amenable to the cyclic CD [206] with full minimization in every coordinate in the
lower triangular part of ®. CD-type methods are widely used for solving huge-scale
optimization problems in statistical learning, especially those problems with spar-
sity structure, due to their inexpensive iteration updates and capability of exploiting
problem structure. For example, they have been used to solve the Lasso problem
[94, 198], the support vector machines [126, 48], and the graphical Lasso [159].

As presented in Algorithm 4.1, at each step, the cyclic CD performs an exact

minimization update at one coordinate (given others fixed), and the algorithm goes
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through all coordinates cyclically according to a fixed ordering. In Algorithm 4.1,
E;; € RP*P denotes standard basis matrix with exactly one nonzero entry 1 at (i, j)-

th element.

Algorithm 4.1 Cyclic CD for solving (4.13)

Input: An initialization ©

1: while not converged do

2: for each pair of 1 < j do

3: 0;; = 0;; < argming, F(© — 0,E;; — 0, Ej; + 0,;E;j + 0, Ej;)
4: end for

5: fori=1,2,...pdo

6: [ arg ming,; ' (é) — 0By + 0 Ey;)

7: end for

8: end while

Notice that the symmetric lasso formulation in [91] is not a convex formulation
as noted by [132, Lemma 2|, but it is convex with respect to off-diagonals €] given
the inverse of diagonals {¢?/}. [91] propose to solve the problem by alternating
minimizing {¢//} and © with the subproblem of © solved by cyclic CD. This can be
regarded as a cyclic BCD over two blocks diag(®) and ©, with another cyclic CD as
the subproblem solver for © update, which is different from Algorithm 4.1.

Cyclic CD methods are also applied in the context of best subset selection for both
regression and classification settings [116, 119, 66]. There are two major differences in
terms of the cyclic CD methods. First, different from the regression or classification
problem, we are dealing with the sparse symmetric matrix in the covariance matrix
estimation framework (4.13). The cyclic CD needs to handle the on-diagonal and
(symmetric) off-diagonal entries differently, as shown in lines 3 and 6 in Algorithm 4.1.
Second, the convergence guarantee of Algorithm 4.1 is unknown, even when h;;’s are
convex. The sparse regression problem considered in [119] is convex, smooth and
component-wise strongly convex, and thus the coordinate descent enjoys a O(1/T)

sublinear rate of convergence [123|. However, the pseudo-likelihood framework in
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(4.13) has additional log terms and quadratic-over-linear structure, which make the
objective neither smooth nor componentwise strongly convex. As pointed out by
[132], there is no known convergence guarantee for the cyclic CD applied to this
convex formulation of symmetric lasso procedure. Later in Section 4.3.4, we will
provide the convergence guarantee for Algorithm 4.1 for the root/node relaxation

subproblems (4.10).

Coordinate updates: The coordinate updates in lines 3 and 6 of Algorithm 4.1 can
be reduced to simple formulations. In fact, for any ¢ < j and h;;, the update in line

3 of Algorithm 4.1 is equivalent to?

~

0;; = arg main aij«92 + b;;0 + hy;(0) (4.14)
where - . R
- 22 (ri — 0y&;)  2& (1) — 0
CLz] — in + ~ 9 b'L] == J ( = J ]) + ml ('r]/\ ]:l: )

with v; = &; &; and r; = X6,. The solution to (4.14) is closely related the proximal
operator of h;;. For all special cases we are interested in, the proximal operators
can be computed in the closed form; see [116, 119] and Appendix 4.A.1 for detailed
expressions, properties and their derivations.
For the diagonal entries 6;;, the update in line 6 of Algorithm 4.1 is given by
it el 14 /14 4vif|es|?

bt = argmin —log 6 + v,6 - , 115
i = argmin —logf + v + — o (4.15)

~

where e; = r; — 0;;x;. Note that the update does not depend on the choice of h;;.
In the implementation of CD, instead of computing r;’s from scratch, we store

and update the values of r;’s after each coordinate update to improve the efficiency.

This is known as the residual update, which is common in the coordinate descent

algorithm implementation for sparse learning [89, 116].

2In both updates (4.14) and (4.15), we use the superscript + to disambiguate the entries after
and before the coordinate update. To be more specific, the 6;; and 0;; in a;j, b;j, 7; and e; are the

At ot
ones before the update, while 6,; and 0,; are the ones after the update.
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Active sets: The computational costs of a;;,b;; and e; in the updates (4.14) and
(4.15) are O(n), and there are O(p?) variables in each full pass, so each iteration of
Algorithm 4.1 has cost of O(np?), which becomes prohibitively expensive when n or p
becomes large. To reduce the computational cost, we propose an active-set method:
we run Algorithm 4.1 restricted to the diagonal variables D and a small subset of the

off-diagonal variables A C {(4,7) : i < j,4,j € [p|}, i.e. ©

Ae\p = 0. After solving
the restricted problem, we augment the active set with the off-diagonal variables
(1,7) € A° that violate the coordinate-wise optimality conditions, and resolve the
problem on the new active set. We repeat this process and terminate the algorithm
until there are no more violations. Such an approach is effectively used for speeding
up structured-sparity learning algorithms [116, 119, 117, 52]. Our proposed method
is detailed in Algorithm 4.2.

Algorithm 4.2 Active set method for solving (4.13)

Input: An intial active set A and initial solution ©
1: while not converged do
2: Get a solution for mingesr F(©), s.t. ©
3 Ve {(6,4) i <ji,je€p.,by =0,0¢ argming, F(© — 0;E;; — 0,;E;; +
0 Eij + 0 Eji) }
4: If V is empty then Terminate; otherwise, A < AUV

Aenpe = 0 using Algorithm 4.1

5. end while

In what follows, we will discuss some details of Algorithm 4.2 when we use it
to solve the root/node relaxation (4.10) and the problem for incumbents (4.7), in

Sections 4.3.4 and 4.3.6, respectively.

4.3.4 Node relaxation solving

In this section, we discuss computational details as well as convergence guarantees of
using Algorithms 4.1 and 4.2 introduced in Section 4.3.3 to obtain solutions to the

root/node relaxation subproblems (4.10).
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Coordinate updates: Recall that as a special case of the unified formula-
tion (4.13), the node relaxation subproblem (4.10) has regularizers h;;(6;;)
9(0ij; Ao, Az, M, 2

i Zij)- Its corresponding off-diagonal updates (4.14) in the line 3
of Algorithm 4.1 has a closed-form solution, related to the proximal operators of v
and ¢, derived in [119]. For the self-containedness of the chapter, we present these

formulations and closed-form updates in Appendix 4.A.1.2.

Computational guarantee: As we mentioned earlier, due to the log-terms and
quadratic-over-linear structure of the pseudolikelihood, there is no known conver-
gence guarantee for the coordinate descent algorithm, as pointed out by [132]. The
following theorem provides such convergence guarantee and presents the sublinear

rate of convergence for Algorithm 4.1 applied to the relaxation subproblem (4.10).

Theorem 4.1. Given any initialization ) let ®) be the t-th iterate generated
by Algorithm 4.1 (at the end of t-th while-loop), then there exists a constant C' that
depends on ®©) | for any t > 1,

Froqe(©®©Y) — F g% (4.16)

node

*
where F 4.

= min@egp Fnode(g) .

In Appendix 4.A.2, we prove the convergence guarantee for the unified formula-
tion (4.13) with a more class of regularizers. This also includes the equivalent convex

formulation of symmetric lasso procedure with h;;(6) = A\]6)].

Initializations: The quality of the initial active set A affect the number of iterations
in Algorithm 4.2. Due to the similarity between the parent node and its two child
nodes, we take the initial active set to be the same as the support of the relaxation
solution at the parent node. For the root relaxation problem, we consider initializing
the active set as the support of the warm start, obtained by the heuristic solver that

will be discussed in Section 4.3.6.

Inexact solving: For the practical purpose, we do not solve the restricted problem

in line 2 of Algorithm 4.2 exactly — instead we terminate Algorithm 4.1 when the
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relative change in the objectives is small. In next section, we will discuss how to

obtain a dual bound based on the primal inexact solution for pruning purpose.

4.3.5 Dual bounds

As mentioned before, for the practical purpose, we do not need to use Algorithm 4.2 to
solve the problem exactly. Instead, inexact solutions to the node relaxations (4.10) are
obtained by using Algorithm 4.2 with low accuracy. However, we still the dual bounds
to perform search space pruning in BnB. We provide an efficient method to compute
the dual bounds from the primal solutions. Compared to dual bounds presented in
[119] for regression problem, the dual bounds derived here have several differences: (i)
compared to the regression problem, our relaxation (4.10) has a quadratic-over-linear
structure, an extra log terms and the symmetric constraint, so the dual becomes more
complicated; (ii) we provide a unified dual expression in terms of convex conjugate
functions of g, while [119] introduce two additional dual variables v, u for computing
the dual for different regimes of y/Ag/Xa.
We presents the Lagrangian dual of (4.10) in the following theorem:

Theorem 4.2. A dual of Problem (4.10) is given by

P
max D(v) :=p+ Y log(—|will*/4—&vi) =D g"(@]vi+ & v;; Mo, do, M, 25, 2i5),
i=1 i<j
(4.17)
where g*(+; Ao, Ao, M, 2, Z) is the convex conjugate of g(-; Ao, Ao, M, 2,2). The strong
duality holds, 1.e.

min Frode(®) = max D(v).

®cSp v

Furthermore, if ©* is an optimal primal solution to (4.10), let v = X0} for all
i € [p], then v} = =27} /0% is the optimal dual solution to (4.17).

Given any «, the convex conjugate g*(«) can be computed explicitly, and we

provide the computational details in Appendix 4.A.3.

Dual bounds: Let © be an inexact solution generated by Algorithm 4.1 or 4.2
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applied to the node relaxation (4.10). Then, we can construct a dual solution based
on O:

Notice that when —||&;||?/4 — &/ v; < 0, the dual solution is infeasible, and thus
D(¥) = —oo. This indicates the optimization error of the current inexact solution @
is still not small enough.

However, it is possible to show the tightness of the dual bounds in a similar
fashion to [119, Theorem 3|, in the sense that as long as © is close to the optimal ©*
to (4.10) in certain metric, then D(©*) — D(@O) cannot be too large, and its upper
bound depends on the number of nonzero off-diagonal entries instead of O(p?). The

proof is omitted here because this is not the focus of the chapter.

Efficient computation of the dual bounds: A direct computation of the dual
bounds D(&) costs O(np?). This can be reduced to O(nk) if © is a solution from
Algorithm 4.2, where k is the number of nonzero off-diagonal entries in ©. [119]
explores the good property of ¢ in the root relaxation in the sparse regression setting
— translated into our setting, this is equivalent to if 9¢j = 0, then
V(& D)+ & D5 Aoy Ao, M) = 0.

This means we compute 1)* (as a special case of ¢g* in root relaxation) over the off-
diagonal support of ©, which reduces the operations to O(nk).

This can be generalized to the node relaxation setting — the only difference is
that if éij =0and z;; = zy5 = 1, g*(z?:ij/j + zfcjﬁi;)\o,)\g,]\/[,gij,zij) = —)\g. Since
we can easily store the number of z;;’s that are fixed to 1 in O(1) at each node,
the complexity of computing dual bounds remains O(nk). The formal statement is

presented in Proposition 4.1.

Proposition 4.1. Let © be a solution obtained by Algorithm 4.2 applied to the node
relazation (4.10), and ¥ is a dual feasible solution obtained by (4.18). Denote by

A

S={(,j)i<4 by #0}, and Fr={(i,§):i<j,z;=2;=1}
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If for any i € [p], —||0s]|?/4 — &/ i > 0, then

p
Dw)=p+ Zlog(—||19i|]2/4— ~z'T’9i) + Ao F1\S|
i=1

2 : * (2T~ ~T~ . >
— q (ZBj Vi—l-wi Vja)\07)\27M7§ijazij)-
(i.)e8

Otherwise, D(v) = —o0.

In practice, we always make sure F; is a subset of the active set A, and thus both
S and F; are subsets of A. We can compute the convex conjugate terms restricted

to A, and the corresponding computational cost is O(n|.A|).

4.3.6 Heuristic solver and incumbents

In this section, we discuss computational details of our heuristic solver to solve (4.7),
using Algorithms 4.1 and 4.2 introduced in Section 4.3.3. We will first present the
coordinate updates corresponding to Problem (4.7), and then we discuss choices of
S and the initializations for both initial incubment solving and incumbent solving at

each node.

Coordinate updates: We notice that the objective in (4.7) is a special case of the

unified formulation (4.13) with

hij(0i5) = o :
X{QU = 0}7 1f (Z7J> € SC

Its corresponding off-diagonal update in (4.14) in the line 3 of Algorithm 4.1 has a
closed-form expression. When (i, j) € § and M = oo, the corresponding expression
is derived in [116], and we extend it to the big-M constraint setting and present the

results in Appendix 4.A.1.3.

Heuristics of choosing S: For the initial incumbent solving, since we do not have
prior knowledge of the support of the problem, we take S to be the set of all pairs,
ie. § ={(i,7) : 1 <i < j < p}, and we solve the problem by Algorithm 4.2.
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For the incumbent solving at each node, we attempt to improve the upper bound
based on the solution © at the current node’s relaxation, and thus we set S based
on z induced by ©. We propose two options—(i) directly taking the support of
z, le. S = {(i,j) : i < j,zi; > 0}; (i) taking the support of rounded z, i.e.
S ={(i,j) : i < j,z; > 0.5}. In this case, due to the sparsity of O, we expect S to
be small, so Algorithm 4.1 should be efficient enough to solve the problem.

Initializations: Since (4.7) is a discrete nonconvex problem, so the number of iter-
ations in Algorithm 4.1 or 4.2 and the quality of the approximate solution given by
the algorithms are affected by the quality of the initial solution © and Jor the quality

of the initial active set A.

For initial incumbent solving, as we do not have any prior knowledge, we initialize
Algorithm 4.2 with the trivial solution

0" = diag(v;t, ... v ),

’Tp

which is optimal when all the off-diagonal entries are forced to be 0. We obtain the
initial active set A by correlation screening [116] — computing the correlation matrix
of X and taking a small portion of coordinates (7, j) that have highest correlations

in each row.

For the incumbent solving at every node, we initialize Algorithm 4.1 with the

current relaxation solution © restricted on S.

4.4 Statistical Properties

In this section, we investigate the statistical properties of the estimator (4.4). We
consider two different criteria for our estimator. for our analysis. First, we present
estimation error bounds of the form ||@* — ©||p where ®* is the underlying precision
matrix and © is the estimated one. In the high-dimensional regime where p/n can

be large, we consider the variable selection properties of our estimator.
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4.4.1 Estimation Error Bound

Before proceeding with our results in this section, we state our assumptions on the

model for this case.

Assumption 4.1. Suppose the GGM model (4.1) holds. Let 3j;,0% be as defined
in (4.3). We assume:
(A1) There exist l,,u, > 0 such that for any j € [p], I, < o7 <u, with u, > 1.

(A2) Foranyi#j, |85 S 1.

(A4) Forjepl, [{ielp]:i#56;#0} <k
(A5) For the matriz ©*, we assume

min Ay (B%5) > k2 2>1
it Auin(B5) > o 2
|5 <2k

where X* = (©*)7! and « is an absolute constant.

Assumptions (A1) to (A3) stated above ensure that the matrix @* is normalized
and does not have large or small entries. Assumption (A4) states that each column
of ®* is sparse and off-diagonals of each column have at most k nonzeros. This is
a standard assumption in the GGM literature [213, Chapter 11]. Assumption (A5)
states that the sub-matrices of 3* are not badly conditioned. This assumption is
required in our analysis to be able to derive estimation error bounds. In our analysis,
we consider k to be a fixed absolute constant while other parameters can vary.

In light of Assumption (A1), we consider a slightly modified version of Prob-

lem (4.4). Namely, we consider

p 2

) 1 1
I/I81710n Z lOg(Jj)ﬁ-ﬁr'?

Lj— Z Bijx;

it

(4.19)

2
st. lo <0j<u,, jEp; Byo;= ﬁjﬂ]zw i#j, Biu=0,1¢][p

{ielpl:i# 5, 0; # 0} <k, jelp]
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where we add additional boundedness constraints on o;. Theorem 4.3 establishes an

estimation error bound for Problem (4.19).

Theorem 4.3. Let {Bij},{&j} be the optimal solution to Problem (4.19). Under
Assumptions (A1) to (A5) with p/k > 5, if n 2 klogp,

6, — o)+ 30 S0 — Byt s MBI g

: L bt e I2n
Jjelpl JElp] w37
with high probability.?

Theorem 4.3 established an ¢y error bound on the estimation of coefficients *
and variances ¢*. As our goal is to estimate the precision matrix @*, we perform a
transformation on the results of Problem (4.19), based on (4.3). Theorem 4.4 below

establishes the estimation error bound on the precision matrix.

Theorem 4.4. Let {Bij},{&j} be the optimal solution to Problem (4.19), and let

9]~j = 0—12 and 9j,~ = —% fori # 5 € [p]. Then, under the assumptions of Theorem
4.9,
R 2 6 8
F [on

with high probability.?

Remark 4.1 (Comparison with statistically optimal results). Theorem 4.4 shows that
our proposed estimator achieves a Frobenius estimation rate of \/W. This rate
typically matches the estimation rate of current methods for GGM and is known to
be minimax optimal up to logarithmic factors (see [194] for a detailed discussion on

estimation rate for GGM).

Remark 4.2 (Comparison with prior pseudo-likelihood-based methods). To our
knowledge, Theorem 4.4 is the first result that presents a non-asymptotic estimation
guarantee for pseudo-likelithood-based GGM that results in a symmetric estimator.
GGM estimators based on pseudo-likelihood have been considered by [183, 132, 91]

however, none of these papers provide a non-asymptotic analysis similar to the one in

3 An explicit expression for probability can be found in (4.78).
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Theorem 4.4. (The analysis of [183] is asymptotic as n — oc). The method of [166]
1s based on solving a sparse linear regression-type problem. However, their analysis
is focused on variable selection (which we discuss later). In addition, their estimator

does not enforce symmetry, unlike us.

An important property of our estimator is symmetry. Although the bound of The-
orem 4.4 is minimax optimal, it does not justify how a symmetric solution improves
the estimation accuracy. As a result, below we consider an illustrative example in

which we quantify the benefit of symmetry constraints.

Example 4.1. Let p=2, ¢ € (0,1), and

1 ¢ L 1 1 —c
e = , Xr=(0)" = 5 (4.22)
c 1 L—c*|_¢ 1

and data is generated per model (4.1). As we are interested to investigate the effect

of symmetry on values of B, we assume the variance values (o

*)? are known. As a

result, in the symmetric case, we consider the problem:

min @, = fiasll; + @2 = omall; st fr= P (4.23)

1,02
The optimal solution to (4.23) is given as

. . . 2! xs
51 = 52 = 5 = L

x| T + T T

resulting in the total estimation error

2
2 <ﬁ* _ B)Z —9 (c+ 23}1—%2) . (4.24)

x| T + T Ty

Without the symmetry constraints, we consider

min ||z — fixs)3 + || — S]] (4.25)
B1,B2
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which leads to solutions

B a:lT:cQ Z‘} CCI.’BQ
1= — 7. FP2— 7 -

As a result, the total estimation error in this case is

T T

2 2
(ﬁ* ~ /}1>2 + (5* _32)2 _ (c+ 22?) + (c+ zﬁj . (4.26)

As it can be seen, the estimation error in the asymmetric case depends on quantities

x|z, and T, xy separately while the error in the symmetric case only depends on

x| T + T xy. Intuitively, the latter has an averaging effect on the error caused
by randomness of the data. In other words, x| x + T, xs has a lower variance
compared to x| ®, and T4 T separately. This leads to lower estimation error and
better estimation performance in the symmetric case.

Mathematically, one can show (see Appendiz 4.C for details) for the symmetric case,
the estimation error is upper bounded as

. \2 4P+ 1) 2+ 2¢2
P(Q(ﬂ —5> ?>21— 5

€)? ne

IA

for e € (0,1). On the other hand, for the asymmetric case we have

T R T e

This shows for a given €, the symmetric case can provide the same error bound with
a higher probability or for a fized confidence level, the symmetric case can provide a

lower error.

4.4.2 Support Recovery Guarantees

In this section, we analyze our estimator from variable selection point of view and
present support recovery guarantees. Before proceeding with our results, we introduce
an adjusted version of our estimator that is more suited to high-dimensional settings

where variable selection is canon. As we seek to estimate the support, we relax
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the symmetry constraint (4.4b) so that the support of f;; is symmetric, that is, the
location of nonzeros of {;;} is symmetric. Moreover, as we show in this case it is not
required to know the value of sparsity k so we relax constraint (4.4c) as a penalty.

As a result, the estimator we consider is given as

p 2

1
; 1 . -
/1811;1; ; og(a]) + 2naj2-

Tj— Z Bijx

irit]

+AD 2 (4.27)

2 ]

st. oz €{0,1}, zj =2, 2;=0=0;;=0, B =0 i#j€[p
sz\/zuje[p]

where z;; controls the sparsity structure of {3;;}, similar to Problem (4.6). In this

section, we use the following assumptions.

Assumption 4.2. Suppose the GGM model (4.1) holds. Let 3}; be as defined in (4.3).

We assume:
(B1) There exist uy > I, > 0 such that for any j € [p, l, < 0 < u, and uy < 5.
(B2) Fori,j € [p], i # j, we have |B;| < 1/VE.

(B3) Fori.j € [p], we have

and

where ¥* = (©*)~L.

(B4) There exists a value P such that B > 7710% for some sufficiently large

numerical constant n 2 u?, and
1851 = Bumin for all (i,7) € [p] X [p] such that B; #0 and i > j. (4.28)

(B5) Forj € [p],

{ie[p]:i%j,ﬁfj#O}‘Sk:forsomek>0.
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(B6) For the matriz ©*, we assume

3> max Apu( X5 o) > min Ay (T5 o) > k2 > 0.3
> i An(E55) 2 i Auin(Z55) 2
|S|<2k |S]<2k

where k 1s an absolute constant.

In Assumptions (B1) to (B3), we generally assume that ©* ¥* are bounded.
Assumption (B4) is a non-degeneracy condition that is generally needed to achieve
support recovery. Such assumptions are common in the literature [218]. Assump-
tion (B5) is the sparsity assumption on the underlying model. Note that the value
of k does not appear in Problem (4.27). Finally, Assumption (B6) is a condition
number assumption that is generally common in the literature. Theorem 4.5 presents

support recovery guarantees for our estimator.

Theorem 4.5. Suppose Assumptions (B1) to (B6) hold. Let {Z;;} be the optimal
solution to Problem (4.27) with { = 1,//3 and {25;} be the binary matriz correspond-
ing to the correct support, such that zj; = 1 < 07, # 0 for i # j. Then, z;; = 2

for i # j € [p] with high probability* if n = c,klogp and X\ = cylogp/n for some

sufficiently large absolute constants c,,cy > 0.

Remark 4.3 (Comparison with statistically optimal results). We note that the num-
ber of samples n 2 klogp required in Theorem 4.5 for correct support recovery is
Minimaz optimal up to logarithmic constants [218] and matches the support recovery

results of current methods (for example, see [45, 90].)

Remark 4.4 (The effect of symmetry). As seen in Theorem 4.5, to achieve perfect
support recovery, we require a non-degeneracy condition as given by the By, assump-
tion (B4). However, we note that as Problem (4.27) results in a symmetric support,
we need non-degeneracy conditions only on half of the value of B}; as stated in As-
sumption (B4). Intuitively, an error in estimating the support propagates to at least
one other location (due to the symmetric support), meaning only half of the B;; coeffi-

cients need to be non-degenerate. To our knowledge, other estimators based on linear

4An explicit expression for the probability can be found in (4.121)
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regression (such as [163, 166]) do not enjoy this property, as they do not enforce

symmetry in their linear regression-based estimators.

4.5 Numerical Experiments

In this section, we present various numerical experiments to compare our proposed
method against several competing methods in terms of computational efficiency, sta-
tistical performance and a downstream task of portfolio optimization.

Competing Methods: We compare our method to following algorithms for
graphical models: GLASSO [90], CONCORD [132] and CLIME [45]. We use a validation

set to select parameters for different methods.

4.5.1 Synthetic Data

In this section, we investigate the computational and statistical performance of our
proposed estimator using synthetic datasets. The data points ¥ for i = 1,--- ,n
are drawn independently from the normal distribution N (0, (©*)~1). We also draw
n validation points from the same distribution. We consider two scenarios for the

precision matrix ©* € RP*P as outlined below:

1. Uniform Sparsity: We let © = B+ 41, where B is generated as follows. Each
entry of B is set to 0.5 with probability py and zero with probability 1 — py.
We also symmetrize B as (B + B')/2. Then, the value of § is chosen so that
the condition number of B + ¢1, is as desired. Finally, @' is normalized so
that each variable has unit variance. We set py = k/2p. Note that © has kp

nonzero entries on average.

2. Banded Precision: We let ® = B + I, where B is as

~Jo if |i—j|>k/2o0ri=j
Y105 i | — ) < k2.
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Figure 4-1: Runtimes (in seconds) for different estimators in Section 4.5.1.1.

where k is the bandwidth. Then, the value of § is chosen so that the condition
number of B+41, is as desired. Finally, ® ! is normalized so that each variable

has unit variance. Note that ® has k + 1 nonzeros per column.

The results reported here are the averages of 10 independent runs.

4.5.1.1 Timing benchmarks

In this section, we compare the runtime of our method to other (convex) estimators.
We use the uniform sparsity scenario from above. We set the condition number of ©*
to p/20 and k = 10. Based on our experiment, GLASSO and CONCORD provide the best
runtime overall and we compare the runtime of our estimator to them. The results for
different values of parameters are shown in Figure 4-1. The experiments are done on
a personal computer equipped with AMD Ryzen 9 5900X CPU and 32GB of RAM.
In these examples, our BnB framework achieves average optimality gaps less than
2%. We also use warm-starts for GLASSO as this leads to faster convergence of this
method.

As it can be seen, our framework is the fastest estimator compared to GLASSO
and CONCORD. In addition, in our experiments CLIME did not scale to experiments
considered in Figure 4-1. Our method scales to p = 10*, while in our experiments,
GLASSO only scales to p =~ 3000 and CONCORD only scales to p ~ 2000 variables. This

is while GGMvPLLO is almost an order of magnitude faster than the aforementioned
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estimators for p < 3000.

4.5.1.2 Statistical benchmarks

In this section, we use synthetic datasets to compare the statistical performance
of our estimator to other algorithms. We set p = 200 and consider the following
scenarios. In terms of performance metrics, we report the normalized estimation error
1@ — ©*||/||©* || where © is the true precision matrix and © is the estimated one.

Next, we report Matthews Correlation Coefficient (MCC) which is defined as

TP x TN — FP x FN

MCC =
/(TP + FP)(TP + FN)(TN + FP)(IN + FN)

where

TP = |{(i, ) : 63, 0 # O}, FP = |{(i. ) : 0}; = 0,055 # 0}

TN = [{(i,7) : 05,0, = O}, FN = [{(i, 5) : 05 # 0,05 = 0}.
Note that a higher value of MCC implies a better support recovery performance.
Finally, we report the support size of each estimator as NNZ = |[{(, j) : éij # 0}].
Scenario 1, Banded Precision: In this setup, we let n = 50,---,300 and set
the condition number to 100, and the sparsity to & = 6. Here we compare the
outcomes of different methods. The results for this case are shown in Figure 4-
2. As it can be seen, our proposed estimator provides the lowest estimation error,
and the highest MCC (which implies the best support recovery), while leading to a
sparse solution. Although CONCORD provides good support recovery, it leads to bad
estimation performance. GLASSO provides good estimation performance, however,
similar to CLIME, leads to many false positives and larger support sizes, resulting in
poor support recovery performance.
Scenario 2, Uniform Sparsity: In this setup, we let n = 50,---,300 and set
the condition number to 200, and the sparsity to k = 5,10. The results for k =
5 are shown in Figure 4-3 and the results for £ = 10 can be found in Figure 4-
4. Overall, as it can be seen our proposed estimator provides good estimation and

support recovery performance. Moreover, our estimator is sparse, specially compared
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Figure 4-2: Comparison for the banded precision model in Section 4.5.1.2 with k = 6.

to CLIME and GLASSO. Another observation is that increasing the sparsity level leads

to worse statistical performance, which is expected.
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Figure 4-3: Comparison for the uniforms sparsity model in Section 4.5.1.2 with k =5
and p = 200.

Finally, we consider a case to investigate the statistical properties of GGMs in
high-dimensional settings. To this end, we set p = 3000, £ = 10 and we let the
condition number to be 150. As discussed in Section 4.5.1.1, only our method and
GLASSO scale to these data instances. The results for this case are shown in Figure 4-
5. As it can be seen, GGMvVPLLO leads to almost-perfect support recovery for n =~
1000 while providing better estimation performance compared to GLASSO. Moreover,

GLASSO leads to numerous false positives and a dense support, as observed before.

4.5.2 Financial application

In this section, we consider portfolio optimization as a financial application of GGM.

We use the stocks returns data extracted from Yahoo Finance from 2005 to 2019
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Figure 4-4: Comparison for the uniforms sparsity model in Section 4.5.1.2 with & = 10
and p = 200.
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Figure 4-5: Comparison for the uniforms sparsity model in Section 4.5.1.2 with k = 10
and p = 3000.

for 1452 companies. Given the data, the goal of portfolio optimization is to select
a portfolio such that leads to maximum returns and minimum risk over the portfo-
lio [157]. Given the returns data matrix X € R™*” and a portfolio w € R%; such

that Y ? , w; = 1, the values of returns and risk are defined as

n

r= Z(Xw)z

i=1 (4.29)

o = +/VAR(Xw),

respectively, where VAR denotes the variance of the vector. To select the optimal

portfolio, we solve the quadratic portfolio selection problem:

w

P
min w'Syw st we R, Zwi =1 (4.30)
i=1
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‘GGMVPLLO GLASSO CONCORD CLIME

Returns 25.02 24 .98 24 .87 24.50
Risk 0.38 0.34 0.41 0.47
||C:)H0 2398 3060 107 3369

Runtime 19.02 0.42 0.39 44.11

Table 4.1: Simulation results for the real dataset in Section 4.5.2

where Yy is an estimation of the covariance matrix of the data. To obtain a consistent
estimation of ¥ x, we run different GGM methods on X to achieve © as an estimation
of £%', and use O ! as the covariance matrix. Then, after selecting the portfolio by
solving (4.30), we calculate the returns and risk on a held-out test set of data points.
For more details on the setup, see [132].

We consider two cases. In the first case, we select the top 100 stocks with highest
variance over time. Then, use GGM methods to estimate Xy and select the optimal
portfolio using 1000 training data points and 500 validation points. Then, we use
1000 test data points to calculate the returns and risk. The average results for 20
selections of train/validation/test data are reported in Table 4.1. Overall, we see that
our method provides the highest return. In terms of risk, GLASSO has a lower risk
compared to our method, however, our method leads to lower risk compared to other
methods. This is while our estimator is more sparse than GLASSO. In comparison to
CONCORD, our method is more dense but has higher returns and lower risk. Overall,

our method is performing well both statistically and computationally.

Next, we use every stock in the dataset and repeat the same experiment. In this
case, only our method and GLASSO provide meaningful results, reported in Table 4.2.
Overall, our method provides a considerably higher value of return, while providing
better returns to risk ratio. This is while our solution is more sparse and our al-
gorithm is faster, showing that our estimator is superior in terms of statistical and

computational performance.
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| GGMVPLLO GLASSO

Returns 8.96 2.50
Risk 0.36 0.20
16|l 27055 114450

Runtime 459 1470

Table 4.2: Simulation results for the real dataset in Section 4.5.2

4.A Results related to computations

4.A.1 Properties and optimization oracles related to regular-

izers

In this subsection, we present properties and optimization oracles related to regular-

izers, for the computations in the coordinate descent updates (4.14) and (4.15).

In Sections 4.A.1.1 and 4.A.1.4, we first present the derivations related to up-
dates (4.14) and (4.15), and we reduce the off-diagonal update (4.15) to a proximal
operator computation problem. In Sections 4.A.1.2 and 4.A.1.3, we derive the closed-
form expressions of the proximal operators for the convex regularizer g (4.11) in the
node/root relaxation subproblem (4.10), and the LyLs regularizers in the incumbent

solving problem (4.7).
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4.A.1.1 Off-diagonal update

We show that the update of @ij in line 3 of Algorithm 4.1 is given by (4.14). For any

t < j and h;;, we have

F(© —0,E;; — 0,E;; + 0, E;; + 0, E;;)
1, - A N 1 - AL -
= COHSt + é_HXO'L — Qijmj + 9ijmj||2 -+ é ||X9J — 9”232 + 9”2132||2 + h”(el])

i 77
a 1 ~ - o 1 o ~ ~
(:) CODSt -+ é—||'r2 — Qijwj + Qija:jHQ —+ é_“Tj — QUQ}'Z + QIJQ’,‘ZHQ + hw(QU)
2 Ji

T |12 Qi—r ’I‘i—éi‘i' NZ' 2 2~T '—éi'NZ‘
(2 Const + HQEJH 92-2]- + J ( = & ])eij -+ Haf ” «91-2]- —+ Ti (r{ i% )Qij + hij(eij)
Oii Oii i 0

© Const + aiﬂ?j + b0 + hij(055),

where Const denotes the constant terms with respect to the variable of interest 0;;
and may vary line by line; (a) uses the definition of r; = X 6;, (b) expands the squared
norm and moves the constant terms into Const, and (c) is due to v; = ||&;||* and the
definitions of a;; and b;;. Thus, we have shown that the line 3 of Algorithm 4.1 is
given by (4.14).

In fact, this update can be expressed as the so-called proximal operator [17| for
the regularizer h;;, under some scaling. For a lower-semicontinuous function h, we

denote by the following operator
Qn(a,b) = arg mein abd® + b0 + h(0), (4.31)

and the proximal operator

. 1 .
prox,(0) = arg mein 5(9 —0)* + h(0). (4.32)
It is easy to verify that
b
Qn(a,b) = Prox i, (—%> : (4.33)

Therefore, according to (4.33), it suffices to investigate into the proximal operator
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computations for the regularizers, and we will present the closed-form expressions for
the proximal operators of different classes of regularizers we consider in Section 4.3.3,
including LoLs, L; regularizers and relaxation regularizer g (4.11), in the following

sections.

4.A.1.2 Regularizers for relaxations

The expression and the proximal operator of g in (4.11) are derived and presented in
[119]. For completeness, we will summarize the results.

Interval relaxation: Recall that when z = 0,z = 1, the regularizer g becomes
V(0; Mg, \, M) = min Aoz + Aos, s.t. sz > 0% |0 < Mz, z€]0,1].

We summarize different regimes and cases of ¢ in Table 4.3 (also in (4.8)), according

to [119].
Table 4.3: Summary of different regimes and cases of ¥
Regime Range of |0 »(0; Ny A2, M) z* s*
[0,/ Xo/A2) 2v/AoA2|0)| VA2 Nol0] v/ Ao/ a0
VAo A <M (\/ Ao/ A2, M] Ao + A26? 1 62
(M, 00) 00 @ %)
0, M Xo/M + N M)|0 0|/ M O|M

ST > M [0, M] (Ao/ MO 161/ 10l

(M, 00) 00 %) %)

Given non-negative parameters A and M, we define the boxed soft-thresholding

operator 7 : R — R

0 if |[x] < A
T\, M) = ¢ (|Jz] — N)sign(z) if A< |z] <A+ M . (4.34)
M sign(z) 0.W.

This is the proximal operator for the boxed L; regularizer h(x) = A|z| 4+ x{|z| < M}.
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Then, according to [119], the proximal operator of 1 is given by

proxw(é; Ao, A, M)
1 -
= argmin 5(6 — )% +4(0; Mo, Ao, M)
T (0; 2v/ A2, M) if 0] < 2v/A0ha + v/ Ao/A2 and 1/ Ag/ Ay < M

=9 T(0/(142X);0,M)  if [8] > 2/ AoAa + v/ Ao/ Xz and /Ag/Ay < M
T(0; Mo/ M + Mo M, M) if \/ Ao/ Ny > M

(4.35)
Based on this, we define the following quadratic minimization oracle
Qu(a,b; N, Ao, M) := argmin az?+bz+v(x; Ao, Ay, M) = prox _b 2o A M
P \W, Uy AQy A2, = g po 3 N0y N2, =P P 2a72a72a7 .
(4.36)

Fixed z: Recall that when z = z = z € {0, 1}, the regularizer g becomes ¢ in (4.12),

1.e.

©(0; 2, Ao, Ao, M) :=min Aoz + Ags

st. sz >0%10) < Mz, 2z €10,1]

(

0 if z=0and |0] =0
00 if z=0and |0] >0
= , (4.37)
Ao+ Xf? ifz=1and || <M
| o if z=1and |0] > M
and its corresponding proximal operator is
. 1 .
prox,, (0; z, Ao, Ag, M) = argm@in 5(0 — )%+ p(0; 2, Ao, Ao, M)
0 if 2=0
= . (4.38)

T(O/(142));0,M) ifz=1
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Based on this, we define the following regularized quadratic minimization oracle

Q,(a,b; 2z, A, Ao, M) := arg min az® + bx + o(x; 2, Ao, Ao, M)

b X Ao
= — Lt 22y 4.

4.A.1.3 /{yl; regularizers

We derive the closed-form expression for the proximal operator for the LgLy regular-
izer

h(6) = Xo1{0 # 0} + Xa0” + x{|0] < M},
where M > 0 could be co.

The proximal operator of A is

prox;, (6; Ao, Ag, M) = arg |g|a<1£14 q(0) = %(9 —0)% 4+ Xo1{0 # 0} + \s0°.

When 0 = 0, we have ¢(0) = %éQ; when 0 # 0, we have ¢(6) = )\0+)\292+%(9—é)2,
which is minimized at 6 = min{|A|/(1 + 2);), M} sign(8).

Without loss of generality, we assume 0>0. If 2 > M, then ¢ = M, and

1+2)\
1 ~
q(@l) = )\0 + /\2]\42 + E(M — 0)2

The root of ¢(6) = q(0) is § = (2 + )M+ 2

M.
If, on the other hand, 1+2>\ < M, then 0" = 1+2/\ , and
)
A2
0') =\ :
W) =2+ 1755

The root of (') = q(0) is 8 = \/2Xo(1 + 2Xy).
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Therefore, we obtain the following closed-form expression for the LgLy regularizer

prox; (6; Ao, Ao, M) = arg |£I|1S1& q(0)

( ~ ~
{Msign(0)},  if 8] > max {(3 + o) M + 32, (1 +2X) M }

{0, Msign(6)}, if 0] = (3 +Xo)M + 28 > (1+2))M

B {()}, if |é| S ((1+/\2)M’(%+)‘2)M+)\_]\/0[> (4 40)
{20, if 9] € <\/2)\0(1 T 20, (1 +2A2)M} '
{0, 21 if 0] = /20(1 + 2X9) < (1 +2X9) M

| {0}, if 0] < min{\/2Xo(1 + 2X2), (1 + 2X9) M}

Note that when M = oo, (4.40) (the last three conditions) recovers the closed-form

expression for (yly regularizer provided in [116].

4.A.1.4 Diagonal update

We show that the update of 6;; in the line 6 of Algorithm 4.1 is given by (4.15). For

any 4, we have

~ ~ 1 ~ A ~

a 1 P -
(:) CODSt — IOg 8” -+ —||’I°Z — Q“wz + chcz||2

Osi
() 1 2 TA 204 112
= Const — log 6;; + 9_(||ez|| +20,e; T; + 0| Zi°)
112
© Const — log 0;; + H(eg—lH + 05,

where Const denotes the constant terms with respect to the variable of interest #;; and

may vary line by line; (a) and (b) uses the definitions of r; = X0, and e; = 7; — 9”5:“

and (c) is due to v; = ||Z;]|* and 2e; &; absorbed into Const.

Since the function is convex in #;;, by computing the first-order condition and

taking the positive root, we get

9 — 0 2 1+ /11 duel?
arg rginF(@ — 0y E;i + 0, E;;) = arg main— log 6 + Ov; + ||€9H _ .t ;‘ ville| .
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4.A.2 Convergence guarantee of Algorithm 4.1

In this section, we consider a more general convergence statement about the unified

formulation (4.13), with the following assumption on h;;:

Assumption 4.3. Assume that for each 1 < i < j < p, h;;(8) is conver in 0. In
addition, there exist two constants ci,co > 0 but ¢; + co > 0, such that for any
1 <i<j<p, we have

hij(0) > min{c,|0|, c26°}.

It is easy to see that the usual /1, /5 penalties and their combinations satisfy
Assumption 4.3. The following proposition states that the relaxation regularizer g

also satisfies this assumption.

Proposition 4.2. For any z;; < zi; € {0,1}, 9(0; Mo, Ao, M, 2,5, Zi5) satisfies Assump-
tion 4.3 with ¢; = 2+/AgXa, o = 0.

Proof. Based on the definition of ¢ and ¢ in different cases, using the inequality
a’+b* > 2ab, it is easy to see that 1(0; Ao, Ao, M) > 24/ A A2|0] and p(0; 2, g, A\, M) >
2v/ AoAz|0). O

Lemma 4.1. Under Assumption 4.3, given any U > F* = mingesr F(O), there exist
constants ug > lp > 0 and u, > 0, for any © such that F(®) < U and any i € [p],
we have

lo <0; <ug and HXHZH < u,.

Proof. For any © such that F(®) < U, let k = argmax;cp, 6;;. Then, we have

U>F(O)
P 1o
i=1 v i<j
1 -
> —plog O, + — || X 0, |)* + Z min{c; |0z, 205 }, (4.41)
Ok

itk
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where the last line is because (i) —log; > —log6y. by definition of k; (ii) by
Assumption 4.3, h;;(0;;) > min{ci|0;], 267} > 0; (iii) ‘9—tl||)~(l9z||2 is nonnegative for
any ¢ # k.

Now define By € RP, with S, = 0 and Sg; = —b;/0kk, then we can rewrite (4.41)

into

1 - < .
U Z —p log Gkk + Q—kkHQkkmk - X@kkﬁkHQ + Z mln{clleikL nggk}

ik
= —plog O, + Ourl| Tk — X Bel” + Z min{ 1Ok | Bri, 2070 }
ik
(a) B e 2 . ' 2 2
> —plog O + O max § 2| &el|” — [ XB[*, 07 + > " min{ei Ol Buil, 202,87}
ik
© 1 2 2 : 2 52
> —plog Ok + O max § 5 Smin — L% NBel?.0 ¢ + > min{ci 0| Buil, 207,85
ik

(4.42)

where (a) uses the fact that ||a + b||> < 2(||la|® + ||b||?) with @ = &, — X3, and

b= X0,; in (b), we define sy, = min; v; = min; ||&;]|> > 0 and Lg = || X||.

Now if ||Bk|| < € := Lx+/Smin/2, then it follows from (4.42) that —plog i, +
%Smin‘gkk < U, from which we can deduce there exists u; > 0, such that 0y, < wu;.
On the other hand, if ||Bx|| > €, then there exists a j such that |3;| > €/,/p, again
by (4.42), we have —plog 0, + min{c,0r€/\/D, co0i€?/p} < U, and thus there exists
ug > 0, such that 0y, < uy. Therefore, Oy, = max; 0; < max{u;,us}, and by taking

ug = max{uy, us}, we get the upper bound.

As for the lower bound on 6;;, let £ = arg min; 6;;, by nonnegativity of (%HX 0;))*

and h;;’s, we have
P
U > —Zlog@ii = —logfy — Zlog@ii > —log by — (p — 1) log ug.
i=1 il

Therefore, 0y = min; 0;; > exp(—M — (p — 1) log ug), and we obtain the lower bound

lg = exp(—M — (p — 1) log uy).
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Again by nonnegativity of QLHX 0;]|* and hy;’s, we have for any j,

p
1 < L5
Uz =3 logbit 5|1 X6,|" = —plogus + -1 X8|
=1

Therefore, || X8;]> < ug(U + plogug), and we obtain the upper bound wu, =
\/ue(U+plogu9). n

Corollary 4.1. Let f(©) = > 7, <—log 0i; + éHXOlHQ) Under Assumption 4.3,
given any F© > F* = mingeg» F(O®), there exist constants L, ij, Lij such that over

{®: F(©) < FO} the objective function F(O) in (4.13) satisfies
(a) V[ is L-Lipschitz
(b) V[ is {Li;}-coordinatewise Lipschitz
(¢) F is {pij}-coordinatewise strongly convex

Proof. We will show (b) and (c), and (a) follows from (b).

From the derivation of the off-diagonal update in Section 4.A.1.1, we can easily
see that the second derivative of f with respect to the off-diagonal entry 6;; (for any
i < 7) is given by

v,

V2 f(0y) =~ 4+ L. (4.43)
KA O0i; b

From the derivation of the on-diagonal update in Section 4.A.1.4, we see that the
second derivative of f with respect to the on-diagonal entry 6;; (for any 7) is given by

1 || X0,
AT

(23

Vi f(0a) = (4.44)

where X _; € R™ 1 is the data matrix without i-th column, and ; _; € RP~! is

the vector of ; without i-th component.

IN

(b) By Lemma 4.1, we have 6;; > Iy, and it follows from (4.43) that V7 _f(6;)
(vi +v;)/lp. Therefore, we have V f is L;;-Lipschitz with respect to 6;;, where L;; =
(’Ui + Uj)/lg.

156



Again by Lemma 4.1, we have 6;; > ly and || X 6;]|? < u2, and thus

X0 — 0..7.2 X 0.2 215112 2
i | X 0; — 0| < 1+ ]| X04° + szHmZH < 1+ uy + ;.
AR i <z

(23

Vi (0a) =

Therefore, we have V f is Ly-Lipschitz with respect to 6;;, where Ly; = (14u?) /13 +v;.
(c) By Lemma 4.1, we have 6;; < ug, so Vgijf(ﬁij) > (v; +vj)/ug. Therefore, we
have V f is p;;-strongly convex with respect to 6;;, where p;; = (v; +v;)/uyg.

Similarly, we have V f is pu;;-strongly convex with respect to 0;; with pu;; = 1/u2. [

Theorem 4.6. Under Assumption 4.3, given any initialization ©©), let @) be the
t-th iterate generated by Algorithm 4.1, then there exists a constant C' that depends
on ®O) | such that for any t > 1,

F(OW) - F* < g

?

where F* = mingesr F(O).

Proof. 1t is not hard to see that Algorithm 4.1 is a descent algorithm, meaning that
the objective function decreases after each coordinate update. Therefore, we must

have

F(OY) < F(O),

ie. @ c {®: F(®) < F(O)}.

Since Assumption 4.3 holds, invoking Corollary 4.1 with F(©) = F(@©), we get f
is coordinatewise-Lipschitz and F' is coordinatewise-strong convex with some param-
eters depending on F'® and thus on (). According to [123], we get the sublinear
rate of convergence of Algorithm 4.1, i.e.

F(OW) - F* <

?

¢
t

where the constant C' depends on ©©), n

Remark 4.5. According to Proposition 4.2, the reqularizers g(6;5; Ao, A2, M, 2

Zij> 2ij> n

Frode satisfy Assumption 4.3, and thus Theorem 4.6 applies to Fyoge, which is exactly
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Theorem 4.1 in the main text. Furthermore, as we mentioned earlier, h;;(6;;) =
A0:;| also satisfies Assumption 4.3, and thus Theorem 4.6 also provides convergence

guarantee for the convex reformulation of symmetric lasso formulation.

4.A.3 Dual bound

In this section, we first provide the proof for Theorem 4.2 in Section 4.A.3.1, deriving
the Lagrangian dual of the node relaxation objective Fpoqe. We then summarize how
to compute the convex conjugate of ) and ¢ as two cases of g in Section 4.A.3.2.

Finally, we provide the proof for Proposition 4.1 in Section 4.A.3.3.

4.A.3.1 Proof of Theorem 4.2

Proof of Theorem 4.2. We introduce auxiliary primal variables r; = X6; to

rewrite the problem into the following formulation

P
: 1 2 _ - :
I@l’lelé}0 . <— logen + H_MHTZH ) + ;g(ﬁw )\0, )\2, M,gl-j, Zij)a s.t. r = ng, Vi e [p]
i= 1<Jj

(4.45)

By dualizing the constraints in (4.45), we can write the Lagrangian as
p 1 3
E(@, A I/) = Z(— lOg 9“ + H—H'I‘lHZ —+ <VZ-, r, — X91>> + Zg(@zj, )\0, )\2, M, gij, Ez])

i=1 i<j

(4.46)
The Lagrangian dual is given by D(v) = mingesr £(©, ;). Since the Slater’s con-

dition holds [27]|, we have the strong duality holds, i.e.

Inin Froae(©®) = max D(v).

Minimizing (4.46) with respect to r;, we get
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Plugging this back to the Lagrangian (4.46), we get
0;; = argm@in —logf 4 0(—|v]|?/4 — &, vy),

which yields

1

il - @,

it — ||lvl?/4— &) v; > 0. (4.48)

0

If —||v||?/4 — &, v; <0, then 6;; — 0o, and the minimum value is —oo, which cannot

be achieved.

As for Qij = Gji,

0y = 0;i = argmin (=&, v; — & ;)0 + g(0; Mo, Ao, M, 2,5, Z45)

= arg mgxx (i;?;rllz + i:l/])ﬂg — g(@, )\0, )\2, M,z Zij)

) 2499

€ 09 (&, v; + & vj; Mo, Ao, M, 2,5, Z45). (4.49)

Therefore, plugging (4.47), (4.48) and (4.49) into the Lagrangian function (4.46),

we get the Lagrangian dual problem:

p
max D(v) =p+ Y log(—lwill’/4—&vi) = Y g7 (@] vi +&] vy ho, Ao, M, 25, 23).

i=1 1<j
(4.50)
O
4.A.3.2 Computing the convex conjugates
Convex Conjugate of 1: We consider the Fenchel conjugate ¢* of :
™ (a; Ao, Aoy M) :=sup o — (0; Ao, Ao, M). (4.51)
0
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According to [119], when \/ Ao/ A2 < M,

*(a; Ao, Ao, M) = min {(7_—0[)2 - /\0} + M|yl; (4.52)
+

v

when \/)\0/)\2 > M,
(a5 Aoy Aoy M) = min M|p| st |a| —p < Ng/M + X2 M. (4.53)
n

We summarize different regimes and cases of ¢* as follows

Table 4.4: Summary of different regimes and cases of ¢*

Regime Range of |a| * (v Ao, Mgy M) 0* € OY* () v/
[0, 2v/ 30 ha) 0 0 0
Vaede <M (2 A0hs, 220 M] 2~ oo 0

(2Xo M, o) Mol — (Mo + A2 M?) M sign(a) a — 2M )y sign(a)

[0, Ao/M + A\ M] 0 0 0
£/ Ao/)\z > M
(No/M + XaM,00) Mlal — (Ao + AeM?)  Msign(a) |a| — (Xo/M + XoaM)

Convex conjugate of ¢: We consider the Fenchel conjugate ¢* of ¢:
©*(; 2, Ao, Ao, M) :=sup abfl — @(0; z, \g, Ao, M). (4.54)
0

We summarize different regimes and cases of ¢* as follows

Table 4.5: Summary of different regimes and cases of ¢*

Regime Range of |a]  ¢*(a; 2, A0, A2, M) 0% € Op*(av; 2)

2=0 [0, 00) 0 0
[0, 2\, M] 2 )\ o
2=1,0>0 A A

(2AaM,00)  M|a| — (Ao + AaM?) M sign(«)

z2=1,X=0 [0, 00) Mla| — X M sign(«)
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4.A.3.3 Proof of Proposition 4.1

To prove Proposition 4.1, we start with the following proposition:

Proposition 4.3. Denote by

2V o /Do he < M
c(Noy Ag, M) = o P/ holde < M- (4.55)
)\o/M + )\QM 0.W.

The following statements hold
(a) Prox, (B; o, do, M) =0 = |B] < (Ao, do, M)
(b) Qu(a,b; o, A2, M) =0 <= |b] < (Ao, A2, M)
(c) ¥ (a; X0, A0, M) =0 <= |a| < c(ho, Ao, M)
The proposition can be easily verified by using (4.35), (4.36) and Table 4.4.

Proof of Proposition 4.1. Recall the definitions of S and Fi:

A

S={(i,j):i<j.0y; #0}, and Fy={(i,j): 2y =7z = 1}.
Additionally, we define
.FO = {(273) :gij == zij = O}, and R = {(Zaj) :gz’j = Oazij == 1}

Throughout the proof, we will denote by g;; := g (&} D, +:%]-T19i; Xos Ao, M, 2,0, %45 ).

) Z4370

~C

Claim: We claim that for any f;; = 0, i.e. (i,5) € S,

(a) if (4,5) € RU Fo, then

*

9;; = 0;
(b) if (4, 7) € F1, then
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We can decompose the sum over all pairs of (i, j) into four parts:
PR DR DI LD DR R DR
i,J (i,5)€8 (1,))e8°NF1 (1,§)e8°NFo (i,j)e8° MR

With the claim, we have the last two term are 0 and the second term becomes

—Xo|F1\S|. Thus, we prove the desired result.

Proof of the claim: We first note that when Algorithm 4.2 terminates, then V must

be empty, i.e. for any (%- = 0, we must have

0 € argmin F(© — 0;,E;; — 0, E;; + 0, E;; + 0,,E;;),

ij

or equivalently (according to Section 4.A.1.1),

Qy (aij, bij; Mo, Ao, M gw,zij) =0, (4.56)
where
a;j = ZJ—] + — ,
i Jj
and oaT (e — B . .
b = x; (m@— 0i;;) n 2T, (7‘%— 0ije;) _ (@0 + D)), (4.57)
ii Ji

Here, (4.57) follows from 6;; = 0 and the dual solution definition (4.18).

Proof of (a): If (i, j) € Fo, then reading Table 4.5, we get g;; = 0.

If (7,j) € R, we have g = 1. According to Proposition 4.3 (b), (4.56) with (4.57)
implies |b;;| = |2, ¥; + :i'jTIQj| < ¢(Ao, Ag, M), which, by Proposition 4.3 (c), implies
g5 =& 0+ & D;) =0,

Proof of (b): If (i,j) € Fi, then g(6;;) = ¢¥(6,5; 2, Mo, Ao, M) with z = 1. According
to (4.39) and (4.38) in the case of z = 1, we have (4.56) with (4.57) implies |b;;| =
X2 +:i:;~r19j| = 0, which implies g;; = o (2] D, —i—:EJTIDj; z =1) = =\, according to

Table 4.5. OJ
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4.B Proofs from Section 4.4

Before proceeding with the proof of main results, we present a formal version of our

discussion at the beginning of Section 4.2 that we use throughout the proofs.

Lemma 4.2. For j € [p], let €; € R™ be such that

i]

Then, €; and {x;};2; are independent for every j. Moreover, for every j,

e; ~N(0,(07)°L,).

4.B.1 Useful Lemmas

Lemma 4.3 (Theorem 1.19, [191]). Let w € RP be a random vector with w; Y
N(0,0?), then

t2
P(sup 6w >t) <exp <——2 + plog 5) : (4.58)
6<5(p) 8o

where B(p) denotes the unit Euclidean ball of dimension p.

Lemma 4.4 (Lemma 6, [20]). Suppose the rows of the matrix X € R™P are iid

draws from a multivariate Gaussian distribution N'(0, G). Moreover, suppose for any
S C [p] such that |S| < k,

)\min(GS,S) > "12 > 0.

Then, if n 2 logp, with probability at least 1 — kexp(—10klogp), we have:
Omin(Xs) 2 kv for all S with |S| < k.
(We recall that Xs is a sub-matriz of X restricted to the columns indexed by S).

Lemma 4.5. Suppose X € R™ P has iid rows of N(0,G). For fized ji,js € [p], we
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have

k’g(w) <25 (4.59)

Z Tij Tijy — Yjrga| > Cu|91jel + v/ Gj1j2 9jajz)

ifn > C% log(1/6), for some absolute constants Cy, ¢y, > 0.

Proof. Note that E[z;;,2j,] = gjj,» the ¢1-Orlicz norm of x;;,z;;, — gj,5, can be

bounded as

Hxijlxijz - gju‘szl < H%‘l szHfEmez + nglngwl < Cw(fgmz\ + \/gjljlgjm)

for some ¢, > 0. Consequently, by Bernstein’s inequality [211, Theorem 2.8.1]

» (|2 )

Z LijiTijo — Gjrjo
i=1
t? t
<2exp | —Cyn | — 5 A\ . (4.60)
C¢(‘gj1j2’ + vV gj1jlgj2j2) C¢(|gj1j2’ + vV gj1jlgj2j2)

for some constant Cy > 0. Take

log(1/0
t = cyp(19j155| + Vi1 9jaja) ( ’l”/L )
and
n> 2 log(1/5)
c, S
As a result,
t2 10g(1/5) log(1/6) t

(|g]1J2 | + v 911 g]2]2) Cbn N Cbn N C¢(|gj1j2 | + \ gj1jlgj2j2)

SO

t? t t?
A =
012/; ( |gj1j2 | t V9151 9jai2 )2 Cy ( |gj1j2 | t V9151 9j252 )] 012/1 ( |gj1j2 | t V9151 9j252 )2
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which completes the proof with (4.60). [

4.B.2 Proof of Theorem 4.3

Lemma 4.6. Let

Y, = &5 — E ﬁijwia

7 (4.61)
Yy = — Z@*ﬂ?z
i#j
for j € [p]. Let the event E; be defined as
1 19,112 = ly; 13 _ 1 plog(p/k)
E = J J S ——== 3. 4.62
' Zzo( N ~E (4.62)
Jjelpl Jj€lpl J

Under the assumptions of the theorem,
P(Ey) > 1—p(k/p)'°

Proof. Let the event &; be defined as

o I
sz{\wm—# < (o) 2

log(p/k) } _

Note that [ly?]|3 = |l;]|3, therefore by taking § = (p/k)'® in Lemma 4.5, as n 2 log p,

one has
RO A e 1o
o5 = P = |y - Y e
i=1
SO
P(E) 21— (k/p)" (4.63)
As a result, by union bound
Pl (& | =1-pk/p)" (4.64)
J€lp]
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In particular, note that if we take n 2 36log(p/k), we achieve

I35 5(07)?

4.65
n ~— 6 ( )
The rest of the proof is on the event [ it €
Let
ly; 13 1
() =1 LA Nl 4.66
fy () = log(a) + 22 (4.66)
By optimality of {5, BU} and feasibility of {7, 8;;} for Problem (4.19),
||y ||2 ly; 113
log J < log 4 2L
)3 S <D * on(or
J€lp] J J€lpl
||y]||2 1 19,13 — ly; 113
= T -~ |t - <0
Jez[p [ 2n \ 67 (07)? 2n67
. ly; 13 — Hy H2
:>Z fi(65) fj(aj>] < Z : 5 J (4.67)
: né?
Jj€lp] J€lp] J
By (4.66)..
1 ly;lI3
f],(x) = — = - 327
g ﬂg (2 (4.68)
17 _ y] 2
13 (z) = x2 * nat

Therefore, by Taylor’s expansion of f;,

. \ 1 B, Lo 11 3wl . L
fj(gj)_f“"j):b‘n(a*)?’ Oi=o) 5 | =@ e |05
1
.23

J J

« 2
@ {1 ||yj||%} 1{
Z T T e TalT
o;  n(o}) 2

Bly;I3 11, .
v 5} (65 —05)" (4.69)

J

for some x between 0¥ and 6; where (a) is by the inequality 2ab > —2a® — b%/2.

166



Consequently, for any = € [l,, u,],

L. Bly;Iz 1 6lly;l3/n — 22* — a*

a2 nat 2 24
U;) 5(0;-*)2 —2u? —ul
- 224
512 — 2uZ — ul
224
512 —2uZ —wut 1
> e > (4.70)

where the last inequality is due to Assumption 4.1 and (a) is due to (4.65). By
substituting (4.69) and (4.70) into (4.67), we obtain

2

1 I~ ||y]||2 Lyl
< — = . 4.71
PO <2 |5 wem (471)

j€lp] €] j€lp] J

From (4.63), for any j € [p]

s - -]

J J J n
11 k 11 k
< og(p/k) <1 og(p/k) (4.72)
(05)2 n 2 n
As a result, by substituting (4.72) into (4.71) the proof is complete. O

Lemma 4.7. Let y;, 4, be defined as in (4.61). Let the event Ey be defined as

19,113 — lly; ||2 uzkplog(2p/k)
< Z J A2 J T

1
Ez = 2nu? Z

7 jelpl

> (B = By

Biij

2 JED

Under the assumptions of Theorem 4.3,

P(Ey) > 1 — pexp(—10klog(p/k)).
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Proof. One has

19115 = 15 13

2
= 12285 = Bypmi+ e — lesll
it )
= Z(Bz*] - Bzg)w + 2€T Z ij ij L
i) i#j
2 R
> > iz (B — Bij)
= (B — 6ij>wi + 2] - I i zj )|
ZZZ#] ’ 9 ’ ||Z”¢](Bl*] 5 )%HQ ; a ’
2 ~ 2
@1 e zzz;té (ﬁz* 6 )
> 5 (B = Bij)zi|| —2 A ) (4.73)
2 HE;;J 9 ( || Z”#(ﬁ*j B; )1131”2

where (a) is by the inequality 2ab > —2a? — b*/2. For j € [p] let

Sj:{ie [p] 3i7£ja/6)ij7é0}7

(4.74)
S;={ielpl i+ 5.8 #0)

Moreover, let S; = S; U S*. Note that [S;| < 2k. Suppose @5 € RIS is an
orthonormal basis for the column span of Xg for S C [p]. By Lemma 4.2, if j ¢ S,

then €; and X\ (;) are independent. As a result, we have the conditional distribution
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D e X iy ~ N0, (03)°I)s)). Given this fact, one has for t > 0 and a fixed j € [p],

. ( S s (B — By >2>t
”||Z”¢J<6:; Bi;) 2

X 2
<Pl sup (€T|—v) >t

vVERP T X vl
(v)=S;

X
<P max sup (e]T—Sv) > 1
SFL‘D}\{J}%R% | Xsv]|2

Xs’v 2
S\ e\ [ Xl I\

<P| max sup (€J~T<I>sa)2 >t Xph 5}

S|C[|P}\{J} acB(2k)
2
< > (Sup (&) Psex) >tX[p]\{j}>
Sclp\{jy  \*<BER)
|S|=2k
< > L oklog5
= | exp m 0g
SClp)\ {7} J
|S|=2k
@) repy\2k t
< (£ ——— +2klogh
= <2k:) eXp( (@) Og)
t
< exp (_8u§ + 4k log(2p/k:)> (4.75)

where (a) is due to independence of €; and Xy, (;} as discussed above, (b) is true
as Xgv is in the column span of ®g, (c) is due to Lemma 4.3 and the conditional

distribution discussed above and (d) is due to the inequality (}) < (ep/k)*. Take

t = 8cu?slog(2p/k)
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so from (4.75),

— By)mi > > 8culklog(2p/k) | < exp(—(c—4)klog(2p/k))
(4.76)

( r Duigi(B
||Zzz;éj( ij _/B’Lj)mle

Take ¢ sufficiently large and by union bound over j € [p], we have

) Suzkplog(2p/k) | > 1—pexp(—10klog(p/k))
(4.77)

2

& <€T Eu;ﬁ](ﬁ* BU)wZ

By (4.73) and (4.77),

2

1 .
> a2 > (B = By
J€lp] 7 Mlisiy 2
2
<> 57 || 2 5 = By
Je[p] i) 9
- 2
< Z ||y]||2 ||y]||2 + (€T Zzz;ﬁ](ﬁw Aﬁ ) )
]E[p] nO'] H Zz @;ﬁ](ﬁz] /B )w’LHQ
< Z Hy]H2 Hy] H2 gk’pbg@p/k’)
né? 2n
J€lp] J 7
]

with high probability.
Proof of Theorem 4.3. Let us define the events A; for j € [p]

Aj = {omn(Xs) 2 vV S C[p)\ {5},|S| < 2k} .

By Lemma 4.4 and part 5 of Assumption 4.1, we have P(A;) > 1—k exp(—10k log(
1)) so by union bound over j € [p],

(NjepAj) > 1 — 2kpexp(—20klog(p — 1)).

The rest of the proof is on the intersection of events E, Fs from Lemmas 4.6 and 4.7
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and N;A;. By Lemmas 4.6 and 4.7, this happens with probability at least

1 — 2kpexp(—20k log(p —

One has

53

€lp]

irit]

where (g, ; € RISl is the vector containing the values {B:; for i € S;.

inequality above is a result of event A;. As a result,

+_ZZ ij

> (65—

JEP]

DI

J€[p]

5 2(61 -

JEP]

> (8B

’LJ

2\/

1)) — p(k/p)'® — pexp(—10klog(p/k)).

=5 s (B - 5,

JG [p]

> ﬁ Z Umin(XSj>

JE[p]

PIDB(C

j€lp) i

~ 2
\asj,j - B4,

Byy) (4.79)

JEP]

) upkplog(2p/k)

~ 2
I2n

7 jelp] i
. 2
02 Z(ﬂ;} - sz)wz
7 €lp] i 2
s 19513 = [lw7 113 | Uokplog(2p/k)
na2 I2n

where (a) is due to (4.79), (b) is due to Lemma 4.7 and (¢) is due to Lemma 4.6.
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4.B.3 Proof of Theorem 4.4

Proof. Based on the definition of @*, @ for i # j € [p] one has

-0y = |2 -
6? (a}‘)Q
< 18409 — 863
I
- (B, = B;)(03)? |+|Bm( — (07)?)]
- (By; — B)(07)? | IBUHUJ o;ll6; + o7
- /5 2
|ﬂz - 6@ ‘U | - U |u
< J T J T (4.80)
where the last inequality is due to Assumption 4.1. Similarly,
B~ 631 = :
&? (07)?
[(07)* — 5]
< i
6 — oklu?
N' ! l43| 7. (4.81)
As a result,
N 2 N
@_@*F: Z’eﬁ ’2"‘2’93]
i#j€[p] J€lp]
@ uy 2 2
51_8 Z |61]_B7,]| +Z|0—]_0-|
7 i#iell J€lp]
®) kplog(2p/k
< (ug + ug)kplog(2p/k) (4.82)

10
[1n

with high probability, where (a) is due to (4.80) and (4.81) and (b) is because of
Theorem 4.3. O
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4.B.4 Proof of Theorem 4.5

We first introduce some notation that we will be using in this proof.

Notation. For S C [p|, we denote the projection matrix onto the column span
of Xs by Px,. Note that if Xg has linearly independent columns, Px,
Xs(XdXs)' XS, In our case, as the data is drawn from a normal distribution
with a full-rank covariance matrix, for any S C [p] with |S| < n, Xg has linearly
independent columns with probability one. We define the operator of A € RP1*P2 ag

A
| Allop = max —H a:H2
wegnt |z
xr

The solution to the least squares problem with the support restricted to S,

1
min —|ly — X33 4.83
gsffon”y 2 (4.83)

for y € R" and X € R"*? is given by
Bs = (X5 Xs) "' X5 y.

Note that as in our case the data is drawn from normal distribution with a full-rank
covariance matrix, (Bg); # 0 fori € S. Consequently, we denote the optimal objective

in (4.83) by
Ls(y) = %yT(In — Px,)y. (4.84)

For S1,5; C [p], £ € RP*P positive definite and Sy = Sy \ S1, we let
E/[Sh SQ] = E5'0,SO - Z50751 2511,51 25175'0' (485)
Note that 3/[S;, Ss] is the Schur complement of the matrix

¥ )
(), Sy) = | TS (4.86)

2JS(),Sl 25'(),~9()
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Let S;,Sj,tj,fj for j € [p] be defined as

S;={i€lp]:i#4 By #0},

S;={ielpl:i#y, 6 #0},

t =187\ Sj|, (4.87)
t =18\ Sjl,

=S\ S)N{i+1,-,p}.

Let us define for j € [p],

hi(o,8) = log(o) + £s(@;) (4.88)

202

Roadmap: At optimality of Problem (4.27), the optimal objective is given as

i{hj(&j,f?j) Jr>\|Sj|}-

j=1

*

Similarly, if we fix the value of z;; to z7;, the objective value is

p
S {hi(55,8) + AIS;1)
j=1

where &, are optimal variance values from Problem (4.27) on the underlying support.

Next, we divide variables into two parts based on the value of £ E
J = {j € [pl: Ly, (x;) = é} (4.89)

We note that the function

f() = log(x) + 35
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for @,z > 0 is minimized for 22 = a. Therefore, for j € J we have 62 = ,ng (z;) > L.

95
This leads to h;(6;,S;) = log(Lg,(x;))/2 + 1/2. Moreover,

1 a 1
f’(ﬂf)zg—ﬁzﬁ(ﬁ—a)zo

for x > +/a, showing f(z) is minimized for z = /a for x > \/a. As a result, for

jeJe, &? = (. As a result, the optimal objective of Problem (4.27) is given as

M-

{hj@-, 8i) + A|Sy-|}
S VeS8 + N+ i\ (), 85) + X851 |

jege JjeJ
1 1 A
S {mVES) + N8} + 3 {Fontes @)+ 5+ M5 (@oo)
jege JjeTJ

We also will show the optimal cost on the correct support is

p

Z (05,55 —I—)\|S*|} Z{ log( L’s :13]))+%—|—)\|S;\} (4.91)

Our roadmap for this proof is to show that first, J¢ = () and second, for j € 7,
the support is estimated correctly by comparing the objective value of optimal and
correct support.

We note that by Assumption 4.2 part (B5), ¢; < k. Let us define the following basic
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events for j € [p] and S C [p]:

. S
£, 5) = {<ﬁi§g,j>T<2/ 15, 57DBs.; = 021 ]|nogp}

2 |SQ‘
<41
‘2 -k }

, 1 .
53(], S) = {EEJ—(IH - PXs)XS?IBS?J >

&7, 5) = {% HngBEg,j

—cno ¢ (By,) (%15, s;wzw

n

(157 \ S|+ !S\S}‘I)logp}

&5 5) = {&] (Pxs = Px,.)e; < e (0)(15} \ 8] + 1S\ ;) logp}

E(4,S5) = {—ct3(0;f)2k:logp < ejTszsj < ct3(a;-‘)2klogp}

, 3 - logp oo (i + 1) logp 4t ;
gﬁ(]) = {ESV](QI?]) Z Esj*(ilfj) + 2—077?53' 0 — (Jj)Q%(ZLC?l + Ct2) — ?]

&) = {E < ;(o';f)2 < Ls:(z;) < %(g;)z}

(4.92)
for some numerical constants ¢, c,, ¢, > 0, where SJQ = S7\ S, S;) = SJQ N{j+
L,--+,p}, B, is the vector {B;kj}ieS’? and 3 = XTX /n. The following lemmas
establish thatj the events defined above hold with high probability. The proof of some

of these results are similar to results shown in [20], building and improving upon the

results of [82].

Lemma 4.8. Under the assumptions of Theorem 4.5, we have

PI() (] &GS)|=1-p" (4.93)

Jj€lp] S;Clp\{s}
1S;1<k

and

Pl [ &GS)|=1-p" (4.94)
J€lp] S;ClpI\ {5}

176



Proof. Let the events & (S) for S C [p] with |S| < 2k and & be defined as

. klo
&(S) = {HES,S 355 S gp} :
op n
E= () &)
SClp]
1S]<2k

One has (for example, by Theorem 5.7 of [191] with ¢ = exp(—11klogp))

P(&(S)) > 1 — exp(—11klogp)
as n = c,klogp is sufficiently large and by Assumption 4.2 part (B6), || X% llop S 1.

As a result, by union bound

2k

PE) 21— 3 (1-PEE) 21-3) (fj) exp(— 11k log )

SClp] t=1
|S|<2k

2k
>1-) pp >l -pxpf=1-p"
t=1

The rest of the proof is on event &. We first consider the proof of (4.93). Conse-
quently, as [S;|,[S7| <k,

. klo
135S, 5%) = 5%(S, 57 lop < a1/ ngp = (4.95)

for some constant ¢, > 0 where 3(S51, S3) is defined in (4.86). Let ¢, be sufficiently

large such that m < 0.1. Therefore, one has

. (a) ~
Anin(3/[5,57]) = Aunin (2(S, 57))
b

—
=

v

Amin(Z5(S, S7)) = 1128, 57) = £*(S, 57 lop

>k2-0.1>02

where (a) is by Corollary 2.3 of [228], (b) is due to Weyl’s inequality and the last
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inequality is by part (B6) of Assumption 4.2. Finally,

-0
* c * * < * * * |S|10gp
(B3 ) (S/15.5D85y, > huin(5/15.5;D11 85,3 > 028515 > 0.29 2

where the last inequality is achieved by substituting [Su;, condition from Assump-
tion 4.2 part (B4). This completes the proof of (4.93).

We now proceed to prove (4.94). Note that by Weyl’s inequality,
Amas(3459,59) < Amax(Zg0 g0) + 350 g0 = 50 50[lop < Amax(Zig0 g0) +0.1 < 4

where the second inequality is due to event & (note that |S§)| < k) and the last

inequality is due to part (B6) of Assumption 4.2. Finally, note that

2 XTOX 0 SQ
1 * * TS5 5 * S * 2 * 2 | ]|
| X8, ], = B )T B < Anan(Bs ) 18,113 < 41850 15 < 42
where the last inequality is due to part (B2) of Assumption 4.2. ]
Lemma 4.9. One has

Pl () &GS |=1-2kp" (4.96)

Jj€lpl SCIp\{s}

Proof. The proof follows a similar path to the proof of Lemma 13 of [20]. Fix
j€pl,S Cp\{j}, and let t = ST\ S|,t =[S\ S;|, S = S;\ S. Note that if t = 0,

the lemma is trivial. Therefore, without loss of generality we assume ¢ > 1. Let

Following the same calculations in Lemma 13 of [20], one has

Pl L -—— < —2| <ex <—— +tlo 5) . 4.97
(H’Y(]’S)Hz <P\ 5o 1 49
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Take
v? = 8¢%(05)*(t + 1) logp

for some absolute constant ¢ > 0 that is sufficiently large, and noting

Iy S|, = \/(ﬁ;?’j)T(ﬁ]/[S,Sﬁ)ﬂ;?’j,

we achieve

Ty .5) - -
P (% < —Véga;\/(ﬁzy’jf(z/[s, Sj])ﬁggﬁj w>

< exp(—10(t + t) log p). (4.98)

Finally, we complete the proof by using union bound over all possible choices of
j,t,S. As a result, the probability of the desired event in the lemma being violated

is bounded as

_ zp: i (’;) <p - k) exp(—10(t + 1) log p)

k p
<pY > PP exp(=10(t + 1) logp)
t=1 t=0
kEp
<pY Y exp(=9(t+1)logp)
t=1 =0
kE p
<pY > exp(—9logp)
t=1 t=0
2P+ 1 4
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Lemma 4.10. One has

Pl () &GS |=1-8kp (4.99)
J€lr] SC\G)

Proof. The proof of this lemma follows a similar path to the proof of Lemma 15
of [20]. Fix j € [p], S C [p] \ {j}, and let t = [S3\ S|, =[S\ S;[, 57 = S;\ S. Let
W be the column span of X Sns? - Moreover, let U,V be orthogonal complement of
W as subspaces of column spans of Xg and X Sz respectively. Let Py, Py, Py be

projection matrices onto U, V, W, respectively. With this notation in place, one has
e (Px, — Px_)e; =€) (Py— Py)e;
i IXg Xs;f J j\tu V)es-

Note that dim(U) = ¢,dim(V) = ¢t. As a result, by calculations similar to one in

Lemma 15 of [20], we achieve

P (e; Pye; < #(07)* + (07)’x, €j Pye; > —(0)*x) >

1 — 2exp(—cmin(z,2%/t)) — 2exp(—cmin(z, 2 /1)).
without loss of generality, we assume ¢ > 1 as otherwise the lemma is trivial. Take
r=¢&(t+1t)logp
for some sufficiently large absolute constant ¢ and we achieve
P (szPusj - szPysj < (a;)Q(t +1)logp) > 1 — 4exp(—10(t + t) log p).

The proof is completed by union bound similar to Lemma 4.9. m
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Lemma 4.11. /20, Lemma 14] One has

Pl() () &GS |[=1-2kp" (4.100)

Jj€lp] SC‘[I"]\{J}

Lemma 4.12. Under the assumptions of Theorem 4.5,

() &) | >1-12kp". (4.101)

JEP]

Proof. In this proof, we assume without loss of generality that \S‘ ;| < n as otherwise,
it is possible to remove some redundant indices in S ; without increasing Egj(a:j), as
this quantity is zero in both cases. The proof of this lemma is on events &, &, 3 and
&4 over all values of 7,5, as in Lemmas 4.8, 4.9 and 4.10. The intersection of these

events happen with probability at least
1—12kp~".

Recalling the definition of Lg(-) in (4.84), one has (see calculations leading to (89)
of [20] and (6.1) of [82]),

nLs, (@) = (B, (5/15;, 5B ; + 2] (T~ Pxy ) XsoBlo ; + €] (I~ Px, e,
(4.102)
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where SJQ = S5\ Sj. As a result, one has

n [ﬁsj(mj) — Ls:(x;)
(a)

= n(IB;‘?J)T(ﬁ]/[Sja S]*D,BE;)J + 25;—(In - PXS]')XS;)IBZ?J + €I(PX5; - Pij)ej

S

n(By ;)T (/155,578 ; — 2., <a;>\/n<ﬂ;?,jf<ﬁ:/[s, SiDB 1/ (ti + 1) logp

=, (07)*(t; +1;) logp

VS

3 * C * * * I * I
SnBi,) T (518, 55Dk, — A (02 + 1)) omp — (o)1, + ) oz
(4.103)

where (a) is due to (4.102), (b) is due to events &, &, and (c¢) is by inequality 2ab >
—a?/4 — 4b*. Next, let S; = S; N S¥. Note that S = S;\ S;. Write

(B50,)" (3155, S]1)Bi

=(B50,) " (2155, S}1B50 5 — (B0,) (2155, S{B5 ; + (B3,) (2/15,. 7B,

@(ng,j)T <2sg,sj2§;,§j2§j,sg - 255,53-2;5323%5? ) (Bss,)
+ (85, (315, 51)B%,

:%(Xs?ﬁéy,jf (XSJ-(X;X%)_IXSZ - XSf(X;XSJ’)_lx“’T") (XsyPs1.)
+(Bo,) (3/155, 5585,

(:C)%(XSQ/BZ‘?’J')T (Pij - PXSj) (XS?BE?»J') + (Bg?’j)T(g/[Sj’ S;Dﬁ;?’j

> = %(XS?BZ;?J)TPXSJ- (XspBio ;) + (Byp) (315, 5183

S x|+ 85,)T (2715, 5585,

~0

(f) S:l1o SY

20-277' l gp_4! H
n k

(4.104)

where (a) is achieved by substituting the Schur complement definition, (b) is achieved
by substituting 3, (c) is by definition of projection matrices, (d) is true as projection

matrices positive semidefinite, (e) is true as the largest eigenvalue of a projection ma-
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trix is 1, and (f) is due to events &£, &, as |S;| < k. Substituting (4.104) into (4.103)

completes the proof.

Lemma 4.13. One has

P () &G) | =1—2kp" = p(k/p)*.

JE[P]

(4.105)

Proof. The proof of this lemma is on the event considered in (4.64) and the inter-

section of events &5(7,.5) for all j,S as in Lemma 4.11. Note that by union bound,

this happens with probability greater than

1—2kp™" —p(k/p)".
Based on the event considered in (4.64) (and arguments leading to (4.65)),
5(07)°n/6 < |l&;ll; < 7(07)*n/6.
In addition, from (4.102),
nES]*(wj) = €I(In - PXS;_«)gj = |le;ll5 - €;FPXS;€J'-
As a result, from (4.106) we have

507" 1 (o) 1

_1eT

J

PXsfej'
J

(o))
S

Moreover, by taking n = ¢,k logp to be sufficiently large and by event &,

1
—(07)*/6 < —&] Px,.¢; < (07)*/6

which together with (4.108) completes the proof.
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Lemma 4.14. Under the assumptions of Theorem 4.5, one has

99 _ Lg (x;) — Ls: (x;)
P < 2 J <1 >1—2(k/0)° — 13kp~7 (4.1
<JQ{ 100 — ES;(:B]-) = 100 = p(k/p) 3kp (4.109)

Proof. Note that x; ~ N (0, (X*);;1,). Let events A; for j € [p| be defined as
1 T s
A= { Dyl < (=)} (4.110)

By Lemma 4.5 and an argument similar to the one leading to (4.64), by taking
n 2 log p, we have

P(A;) > 1— (k/p)"°

which leads to

P| ()4 |=1-plk/p)*
J€lp]
by union bound. The proof of this lemma is on events () el A;, and &7 over all

choices of j, as considered in Lemma 4.13. By union bound, the intersection of these

events occur with probability at least

1—2p(k/p)'® — 2kp~".

First, for j € J we have

© P2 99
> 7 1> 4111
S 42 T 100 (4.111)

where (a) is true as for j € J, Ly (z;) > {, (b) is due to event &, (c) and the

last inequality are due to Assumption 4.2 part (B1). The proof of lower bound is
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completed. Next, note that

Ly, (®)) — Ls; (=) _ Lg, (@)
Ly (x)) = Ls: (x;)

@ a3

= Ls:(x))
0 §%H5L‘*1H§
2 (%‘)2

97 (2"
< = <1 4.112

J

—

where (a) is due to definition of Lg , (b) is by event &, (c) is a result of event A; and
the last inequality is a result of Assumption 4.2 part (B3). O

Lemma 4.15. Let h; be defined as in (4.88). Let the event Ezc be defined as

Ege = { > [1i(65,85) + X851 = 1y(35,87) = A8}l | =
jege
c 1ogp log p cnCa ') logp
z Y i+ (e —c) Zt+(—ek—cg lg) - th} (4.113)
jege jege jege
for some absolute constants cq,--- ,c4 > 0. Then,

P(E7:) > 1 — 14kp™" — p(k/p)*°

Proof. The proof of this lemma in on the intersection of events & and &; as in

Lemmas 4.12 and 4.13. Note that this happens with probability at least

1 — 14kp™" — p(k/p)*°
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One has

hi(65,58;) — hy(o},S;)

7P

o L (=) o Lsi(wy)

- og(0;) + 55— () ~
1 1 Ly (z;) — ES*(“’J)
log(g,;) — 1 E - — -

@ Lg (x;) — Ls: (x;)
- 26]
(b) ﬁf%("”]) Ls: (z;)
N 20

7 lo * j 7j lo 4j
© oL 52 — (07> B (A + ) —
- 20
@ 9 _logp 6t; 3uZ, 6 , log p 3u logp
> e T 4¢ —t; 4c —t;
= " ke, g (e ) S
© 9 _logp 6c,logp 75 logp 75 logp-
Z m’r] J 0 — E n t] 2 (4 tl +Ct2) n t] 2 (4 tl +Ct2) n t] (4114)

where (a) is true as on event &, Ls:(m;) > 2(0%)?/3 > L s0 6; = \/Ls:(x;) and
hj(G,S7) < hj(65,55), (b) is true as 6; > ¢, (c) is by event &, (d) is by substituting
¢ =17/3 and ¢} < u,, and (e) is by Assumption 4.2 part (B1), u,/l, < 5 and also

n = ¢ klogp. By summing (4.114) over j € J¢, we achieve

> [h 6:5;) + AlS;| — hy(5,,57) — A|s;|} >

jege
1 n 1
D SR CEOE L) SR R L
n JETC JjeTC JjeJe
c1 =9/40, ¢y = ¢3 = 75(4¢}, + ¢1,)/2 and ¢4 = 6. O

Lemma 4.16. Let a > 0. Then,

log(1+x) >

1+a
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for x € [0,al]. Similarly, if a € (—1,0),

log(1 >
og( +1‘)_1+a

for x € [a,0].

Proof. Suppose a > 0 and z € [0, a]. Note that

g1+ ) — [ >/w dt x
(0] xr) = mm— = .
& o 1+t= )y 1+a 1+a

The proof of other part is similar. O

Lemma 4.17. Let the event €7 be defined as

o = { 3 [1s06103) + 5,1 - (a5 - M) 2

JjeJ
lo n lo 10
6577 ngt+ s — C7C — o) gPZt+ (cx — cs) gpzt} (4.115)
jeJ jeJ JjeJ
for some absolute constants cs,--- ,cg > 0. Then,

P(E7) > 1—2Tkp~" — 3p(k/p)*°

Proof. The proof of this lemma in on the intersection of events &, &; as in Lem-
mas 4.12 and 4.13 and the event in Lemma 4.14. Note that this happens with prob-

ability at least
1—27kp~" — 3p(k/p)*°

Let J.,J- C [p| be defined as

Tr={j €T : Ly, (x;) — Ls:(;) = 0}
J-={jeT:Ls(x;) — Ls:(x;) <0}

(4.116)
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Based on Lemma 4.14, for j € J., we have

o< L (x;) — L (x;)

< 100.
- Ls:(z) -

Consequently, by Lemma 4.16, for j € 7, we have

L (x)) — Ls: () L (x)) — Ls: ()
log [ 1+ —2 . > D2 d 4.117
g ( Ls:(x;) Ls:(x;) (4.117)
where ) = 1/101. Similarly, for j € J_ we have
Ly (x)) = Ls: (x)) Ly () — Ls: (x;)
log [ 1+ —2 ! > B2 4 4.118
g ( Ls:(x;) Ls:(x;) 4118)

where ¢® = 100. By discussion leading to (4.90), we have that for j € 7,

oo log(Lg(xs) 1 log(Ls:(zy) 1
hj(o'j?Sj):—]JJrgahj(Uj’Sj):++§'
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Therefore, one has
> {15658 = 1i(35,87) + X85 = Als; 1|
1 c *
= {5 log(Lg, (x;)) — 3 10g(£s (7)) + AlS;] — A’Sj|}
JjeJ
1 Ly (z)) — 'CS* (x;)
= -1 1 s
Z2Og< + ES’,F(-'D] +)\Z
J €T
Ly (x) — ﬁs;(wj))

(@) 1 :
= —1 1 -
Z 2 Og( * Ls:(x;)
LSJ- () — ES* ()
+ E —10g<1+ Lo (@) —|—/\§

jeT

() Ly (x;) — Ls:(x;) Ly (x;) —

L
Zc(l)z S ‘Cs#f( j) +C(2)Z S; [,S#( ‘S w] +/\Z

jeJ- JjeJ

(© 3¢ Lg () — Lg:(x;) 362 Ly (x)) — Es* (x;)
J J J )\ t —t
y Ll Lale) a5 Bl Eale) 5y

JjeJ- J JjeJ

(4.119)

where (a) is by the fact that J,,J- is a partition of J, (b) is due to (4.117)
and (4.118), and (c) is due to event &;. From (4.119) and event &,

> {hj(5j75j) = hy(35,57) + A5 = A|Sf|}

JjeT
ijlo * i+t;)lo At ;
>3c(1) Z 23_077%% _ (O.j)Q(tgﬂf;) B2 (4¢2 ;) — %
4 jE (03)?
30(2) 3, tijlogp o* 9 (tj+t;) logp A2 L) — at; o )
+ Z 2077 n ( ]) Z - ( t1 tz) k +C)\ gp Z(t] _t])
2 jeg- (Uj) n =

(;) Z 9c(1)7710gp~' B 3c2) (4051 +¢,) logptl B 60(2)0 1ngt'
- jET 80 n 7 2 n 2z "o

3¢ )(élct1 + ¢,) logp

L+ el
2 Ta;

csm lo ~ C7Cp lo lo n
>EIEE S 4 (e — T — ) ipztﬁ(cvcs) SISl (120)

o jeJg JjET JjeET
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where (a) is due to the fact ¢® > ¢, and ¢; = 9¢1) /80, ¢5 = ¢5 = 3P (4} + ¢1,) /2
and ¢; = 6¢3. O

Proof of Theorem 4.5. The proof of this theorem is on the intersection of events

€7 and £7c as in Lemmas 4.17 and 4.15. Note that this happens with probability at

least

1 —4p(k/p)'° — 41kp™". (4.121)
By optimality of z and feasibility of z*, we have
0 >Z{ (5555) = (35, 57) + NS5 = A1}
—Z{ (65555) = (35, 57) + NS5 = A1}

—|-Z{h](&],gj)_h(a]’ ])+)\‘S‘ >\|S]*|}

jeJge
1 n 1 lo
05770»‘5-’2192275+ 66_070 — ) ng2t+c)\—08 gPZ
JjeJ JjeJ JjET
1 ~ n 1
+%nﬂ2tj+(c,\—62 p2t+<—c,\—63—cc4) ngZt
i n jejc jege jege
S lo CnC lo lo Lo
> f177 gp Zt 4 (_CA_% f3> gp Zt +(ex —¢p) ip th
j=1
® |cpn 2¢ncy log p log p <
o { ug — 2¢) — 2¢4, — s} Zt + (ex —¢4,) - th (4.122)

where ¢, = ¢1/Acs, ¢f, = 3V, ¢py = c4Vey and ¢p, = c2Ves, (a) is due to Lemmas 4.17
and 4.15 and (b) is true as if Z;; # 2z, then Z;; # 25, 80 Y0 t; =230 t;. Take

cx > cp, and n 2 (25 + 2¢4, + 2Cncf?’) uz. Therefore, from (4.122) we have

cHn 2cncf3 log p — logp
0> 2 — 2¢\ — 2¢y, — :| Zt + Cf4 Z
Lo o Jj=1 —/—/ J=1
e >0
which implies Z§:1 Ej = ] . t; =0 or equivalently z;; = Z5j.
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4.C Details of Example 4.1

Note that based on the definition of ®* in (4.22), for i € [n],

El(z1)]] = 1/(1—¢*).
As a result, the distribution of the random variable ; /(1 (@i Ty 18 x3(1) so

o2 3
var((a1)?) = El@)]) = g = (4.123)

It is also easy to see

E [((21)](1—¢) ((x2)7(1 = *))]
—1+9E [((mm) ((a@Mﬁ)}2 =142

(4.124)
Let y; = w;ﬁ + (w;)’? for i € [n]. Note that E[y;] = 1/(1 — ¢?). As a result,
var(y) = ZEl(@2)? + (22)7)"] ~ Efu]
(@) 3 3 E[(x1)?(x2)?] 1
Tai-ep ai-ep 2 (-op
_ L E[(()f(1 = ) ()7 (1 — )]
2(1 — 2)?
® 2+ 2c? 1+ c?
Y S —ap = e (4.125)
where (a) is due to (4.123) and (b) is due to (4.124). In addition,
E((z)vI- ) (z)iV1-&)7] &
var((:)i(®2)i) = EpEIY — )2
- =)
@ l+c
? ey (4.126)
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where (a) is due to (4.124). Define the events

1 c
& =19 |-z,
! {nmle—i_l—c2 1—C2}
1 1
E=19|— -
? {nwlwl 1—¢2 1—02}
. . (4.127)
Ey =< |—mg a9 —
n 1—¢? 1—02
1 n
& — i —
! {nzly 1—02 1—02}

By Chebyshev’s inequality, (4.123), (4.125) and (4.126),

1+ 2 2 1+
C < C < . C < _ C < —— .
P(&Y) < R P(&) < — , L P(E5) < — P&y < — (4.128)
As a result, for the symmetric error (4.24), on events &, £, we have we have
(,8 B 2w1T:c2 )2
azl T+ :132 D)
Ca(er 2l
> i1 Yi/n
2
2
:—(ZZ 1yz/n ( Zyz/n+m1w2/n)
4(1 — 2 T 2112
<(— Zyl/n—c/l—c)) (x, x2/n+ /(1 — %))
4(1 — 2 2 2 4e3(c® + 1
S kot P i G ) (4.129)
(I1—¢€?2 [(1—=¢?)? (1—¢2)? (1—¢)?
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Similarly, for the asymmetric case (4.26), on events &1, E, E3 we have

R 2 ., T, T 2
(5 - fBiTivl) " <6 - mirw2)
B (ca{@1/n + :131T:132/71)2 (cay @o/n + a:lTazg/n)z
(] @1 /n)? (x5 2/1)?
2(1 —c®)? (2 +1) 2(1—c*)?e(2+1)
(1—e? (1-¢)?  ([1-¢? (1-¢)
4e*(* +1
B (1(— €)? !
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Chapter 5

Safe Screening Procedure within a
Specialized Branch-and-Bound Solver

for Sparse Learning

It is a joint work with Xiang Meng and Rahul Mazumder.

5.1 Introduction

Sparse learning is a central problem in high-dimensional statistics, machine learning
and other related fields [115]. We consider the sparse learning problem with £yls
regularization [161, 116, 120]:

min Fo(B) = f(B) + MollBllo + 1831, (5.1)

where f is continuously differentiable convex function based on the data (X,y) €
R™P x RP and B € RP? is the vector of decision variables. Two important applications

of Problem (5.1) are sparse linear regression with f(3) = %[y — X3||* and sparse

logistic regression with f(83) = 2?21 log(1 + exp(—yja:jTB)).
In Problem (5.1), ||3||o denotes the number of nonzeros coordinates in 3, and || 3|2

is the squared ¢ norm of 3. Note that the inclusion of ¢5 term can help preventing
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overfitting issues in the low-signal-to-noise-ratio (SNR) regimes [114, 161]. There have
been extensive studies in statistical properties of /y-based estimators in the statistical
literature [98, 43, 187, 46, 230, 65, 212, 161, 87, 67]. These estimators have been
shown to exhibit some intriguing properties in support recovery, estimation error and

prediction error under certain circumstances.

Nevertheless, Problem (5.1) is NP-Hard [169] and thus is computationally chal-
lenging. Thanks to the significant advancements in the field of mixed-integer op-
timization (MIO), there has been an emerging interest in developing MIO-based
approaches to solve Problem (5.1) and its siblings, e.g. |58, 28, 167, 182, 72, 30,
116, 33, 222, 9, 120, 67, 165|. Specifically, several works [28, 97, 167, 182] have
demonstrated that off-the-shelf MIP solvers can handle problem instances of moder-
ate size (p < 10%). While they can achieve promising results, they are still relatively
slow for practical usage [114, 116|, compared to specialized solvers tailored for its ¢,
counterparts and local heuristics for (5.1), e.g. [89, 114, 118, 222|. Recently, there
have been several attempts to develop specialized MIO solvers for ¢y-based estima-
tors [135, 30, 33, 67, 120, 165]. In particular, [120] develop a specialized nonlinear
Branch-and-Bound (BnB) solver for Problem (5.1) in the context of linear regression
— they leverage several strategies and heuristics to improve the efficiency of convex
relaxation subproblem solving at each node within the BnB tree. They demonstrate
a significant speedup, compared to commercial solvers (Gurobi [104], Mosek [6]) as
well as state-of-the-art solver [30]. In an orthogonal direction, recently, [9] propose
a safe screening approach to provably identify some of the zero and non-zero entries
in the minimizers and thus reduce the number of binary variables, prior to solving
Problem (5.1) for linear regression. However, in our experiments, we observe that
this preprocessing screening might not lead to significant reduction in the problem
size. In this chapter, we bring this notation of safe screening into the BnB frame-

work to progressively screen variables for each node during the course of solving

Problem (5.1).

To this end, we propose a nonlinear Branch-and-Bound framework with safe

screenings at each node for solving Problem (5.1). Our framework can handle
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any smooth convex function f, including the linear regression and logistic re-
gression problems. We consider the hybrid perspective reformulation proposed
by [120], which incorporates perspective formulation [88, 4, 101] and big-M refor-
mulation [28, 222, 161, 116] as special cases.

In brief, the safe screening of our framework works as follows: at each node, after
solving the node relaxation problem, the dual bounds for child nodes are computed
to compare with the best feasible integral solution so as to determine the set of
binary variables that can be safely fixed to 0 or 1 for all descendants of the current
node. Such screening strategy can help improve the efficiency of the Branch-and-
Bound solver in several ways: (a) it reduces the optimization complexity for relaxation
subproblems in that more and more variables are fixed to 0 or 1 as the tree goes deeper;
(b) it improves the branching efficiency by eliminating the unnecessary candidates
for branching, especially for strong branching rules [5, 69] that involve additional
relaxation problem solving. Additionally, combined with strong branching, we can
further enhance the quality of screening based on the additional information brought
by the strong branching, which further reduces the search space and thus reduces the
size of tree (in term of tree depth and the number of nodes).

To better exploit the sparsity structure, the first-order primal methods are usually
used for solving the relaxation subproblems, which might lead to an approximate
solution, namely a primal feasible solution with low-to-medium accuracy. In contrast
to [9, 70] which requires an optimal solution to the relaxation problem, our framework

supports an approximate solution to perform the safe screening.

Contributions and Structure The key contributions are summarized as below.

e We consider the sparse learning problem (5.1) with a general convex smooth
function f, and develop a nonlinear Branch-and-Bound solver for the hybrid

perspective reformulation (See Section 5.2)

e We investigate into the optimality conditions and dual characterizations of con-
vex relaxation subproblems, and present a dual bound formulation for any given

primal feasible solution (see Section 5.3).
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e We propose a safe screening framework at each node within the Branch-and-
Bound tree, and show how this interacts with different branching strategies
to improve the efficiency of BnB. For strong branching rules, we propose an

enhanced version which leads to further improvement (see Section 5.4).

e Our BnB framework can handle various losses in sparse learning, including
squared error loss and Huber loss for regression, logistic loss and squared hinge

loss for classification and Cox proportional hazard model (see Section 5.5).

e We show improvements of our proposed screening framework across various
datasets, a wide range of (Ao, A\2) and different branching strategies (see Sec-
tion 5.6). In particular, our screening procedure can lead to up to 3 times
runtime improvements for easy problems; it can help explore much more nodes
(up to 2 times) and reduce the optimality gap within the time limit for hard

problems.

Additional proofs can be found in Section 5.A. Additional technical and experimental

details can be found in Appendix 5.B and Appendix 5.C.

Related work The notion of safe screening was originally proposed by earlier lit-
erature |95, 216, 86| for the ¢;-penalized regression Lasso problem [205]. It provably
removes some zero parameters in the optimal solutions before the problem solving
or during the optimization, and this can help significantly speed up the convex op-
timization solver. While in a similar spirit, our work is focused more on reducing
the size of the tree and improving the branching, instead of simply accelerating the
convex subproblem solvers.

In addition to the recent paper [9] mentioned above, [70] and [105] extend [9] in
different directions. [70] consider a logistic regression case, and [105] consider the
big-M formulation for linear regression and make an attempt to bring the screening
idea at each node. However, here we consider a broader class of loss functions as well
as the hybrid perspective formulation (which include the big-M as a special case).

In addition, we also investigate into the interactions between branching rules and
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the screening rule, and propose an enhanced screening in the cases where the strong
branching rules are deployed.

Beyond papers mentioned above, there is also a lot of work on global optimization
approaches [28, 30, 31, 222, 67| as well as fast approximate solvers [184, 72, 8, 18, 36|
for sparse regression. Moreover, there is a rich body of work on solving mixed integer
nonlinear programs (MINLPs) using BnB [146, 22] or outer approximations [80]. For
more details, one can refer to [120] and the references therein. In this chapter, we
focus on developing a safe screening rule within the BnB solver to improve the global

optimization solver for Problem (5.1).

Notations For a vector 8 € RP, we use ||3||p to denote the number of nonzeros
in 3; || 3] to denote the Euclidean norm of 3. We will use t and * as superscripts
to denote optimal solutions/values to mixed integer problems and convex problems,

respectively.

5.2 Problem formulations and branch-and-bound

solver

Perspective formulation In this chapter, we adopt the hybrid perspective refor-

mulation proposed by [120], given by

p

F = in F(8,2) = F(8) + D2 oz + Xof?/2) (P)

st. (8,2) € Cy :={(B,2) :|6i| < Mz, Vi€ [p]}
z €{0,1}".

for some M > 0. Here, we adopt the convention that 0/0 = 0, 0-00 = 0, and /0 = co
for > 0. We denote by (87, 2") an optimal solution to (P;).

[120] show that compared to perspective reformulation [88, 4, 101, 72| and big-
M reformulation |28, 222, 161, 116] used before, the hybrid version leads to tighter
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reformulation in some circumstances. Note that when M = oo and Ay > 0, (P))
reduces to perspective formulation; when Ay = 0 and M < oo, this becomes the big-
M formulation. In the setting of screening, [9, 70] use the perspective formulation,
and [105] use the big-M formulation. Our proposed framework works on the hybrid

version, which can also handle these cases.

Relaxation formulation The branch-and-bound solver relies heavily on solving

the convex (interval) relaxation problem as follows

F*(2):= ngin F(B,z), st. (B,2) €Cuy, z € Z, (Pz)

where Z = []7_,[z;, z;] for some z;, z; € {0,1}?. Denote by (8*(Z), z*(Z)) an optimal

solution to (Pz).

Branch-and-Bound solver In Algorithm 5.1, we provide an overview of the BnB
solver with the approximate subproblem solver and screening tests. The high-level
ideas of the algorithm is as follows: The algorithm starts with solving the the interval
relaxation at the root node r, where all binary variables z;’s are relaxed to the interval
0,1], i.e. (Pz) with Z = Z, := [0,1]?. Then, the algorithm selects a branching
variable z;, and creates two child nodes (new convex optimization problems), one
with Z = Z, N {z; = 0} and the other with Z = Z,. N {z; = 1}. The algorithm grows
the binary trees recursively until either of two conditon are met: (i) the optimal
solution to the current node relaxation problem is integral (Line 6 in Algorithm 5.1);
or (ii) the objective of the current optimization problem exceeds the best available
upper bound F; on (P;) (Line 8). The algorithm terminates if the relative optimality

gap, defined as (F'; — F;)/F; is smaller than a pre-specified tolerance.

Our proposals Following [120], for scalability considerations, we apply the primal
first-order methods, such as proximal gradient descent (PGD) and coordinate descent
(CD) to solve the relaxation subproblems. Dual bounds for the node relaxation

problems are required to prune nodes as well as perform screening and branching
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Algorithm 5.1 An overview of proposed BnB solver

Input: Set F; = oo, F'; = —oo and initialize the set of nodes to be solved H = ()
Output: An integral solution
1: Add the root node (FP,) to the set H =HU{PF,}
2: while H # () do
3: Remove a problem (Pz) from the set: H = H — {Pz}
Solve (Pz) inexactly and let (8(Z), 2(Z)) be an approximate solution
Update the incumbent solution if a better integral solution is found, continue
Compute a lower bound F(Z) on F*(Z), based on (8(Z),2(2))
Update lower bound F'; on MIP, based on F'(Z) under some condition
If F(Z) > Fy, the current node can be pruned; otherwise, perform
screening and branching procedure, and add new nodes to H if any

9: end while

procedure. We develop an efficient method for obtaining dual bounds from the primal
solutions, which will be detailed in Section 5.3. Based on these lower bounds, we
develop a novel screening procedure in combination with the branching procedure in

BnB, and this will be discussed in Section 5.4.

5.3 Characterizations of relaxation subproblems

In this section, we provide characterizations of relaxation subproblems (Pz) for both
root relaxation and the relaxations at general nodes. To simplify the presentation, we
will focus mainly on the root relaxation problem, and present its properties including
the optimality conditions (in Section 5.3.1), primal-dual relationship (in Section 5.3.2)
and dual bounds (in Section 5.3.3). We then present the properties of the relaxation

problems at general nodes in Section 5.3.4.

To this end, we first introduce some notations in this section. Denote by (FP,) the
root relaxation problem, i.e. the problem (Pz) with Z = Z,. = [0, 1]?, which can be
written as

F*(2):= Igin F(B,z), st. (B,z) €Cuy, z€[0,1]7. (P)

In Section 5.3.1 to 5.3.3, we will focus on the root relaxation problem, and for brevity,

we denote by F = F*(Z,), (8%, 2') = (B*(2,), =*(Z,).
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5.3.1 Optimality conditions

We first derive the optimality conditions for the root relaxation problem (P.). We

consider the Lagrangian dual by making use of the following identity: for any z; > 0,

32 u2
A 2

and dualizing the constraint |5;| < Mz; defined in Cj; at the same time. More

specifically, the Lagrangian can be written as

p 2
L(B,zu,v) = f(B) + ) (/\OZi + Aoui i — )\Q%Zi + vifi — M|Uz|zz) , (53)
i=1

and the domain of z is Z, = [0, 1]7.

Proposition 5.1. The strong duality holds for the root relaxation problem (P.):

i F — i L(B. z: — i L - .
poymin (B, 2) getiin  max (B, z;u,v) max _min (B, z;u,w)
(5.4)

Furthermore, (8%, 2*) and (u*,v*) are an optimal primal-dual pair, if and only if the

following KK'T condition holds:

0=V,f(B")+ \ou; + v} (5.5a)

{1} i do— 24 — My <0
F e {0} if Ao — 22U Mjur| > 0 (5.5b)
[0,1] otherwise

0=28 —u;z (5.5¢)
(—o0,00) ifzf=0

0 if 27 >0 and |B]| < M=z
el O f 167 : (5.50)
(—00,0]  ifzf >0 and Bf = —Mz]

)

0, 00) if 2 >0 and Bf = Mz}

\

(B, 2") €Cy, 2" € Z,. (5.5¢)
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Note that (5.5a) and (5.5¢) are the first-order conditions wrt B and wu, respec-
tively; (5.5b) includes both first-order condition wrt z and complementary slackness
wrt the constraint z € [0, 1]?; (5.5d) includes both first-order condition wrt v; and
complementary slackness wrt the constraint |5;| < Mz; and the dual v;; (5.5¢) is the

primal feasibility condition.
The proof of strong duality is based on Fenchel Duality Theorem (e.g. [193, Corol-
lary 31.2.1]). The details can be found in Section 5.A.1.

5.3.2 Optimal dual variables

From the KKT conditions (5.5), the following proposition provides an approach of

computing a optimal dual solution (u*,v*) based on an optimal primal solution

(8%, z"):

Proposition 5.2. Given an optimal primal solution (8*,z*) to (P,), then (u*,v*)

given in (5.6) is an optimal dual solution corresponding to it.

u; = —min{[V; f(87)], 22: M} sign(Vi f(87))/ A2 (5.6a)
v = —=(IVif (B%)] = 2A2 M) sign(V, f(87)). (5.6b)

* >\2(u;)2 *
Let A7 = Ny — =5 — M|v}|, then we have

A7 =h(Vif(B)), (5.7)
where
h(a> _ )\0 — fx Zf |O./| S 2)\2M . (58)

Ao + Ao M? — M|a|  otherwise

Proof. For each i, we consider two cases based on the sign of z: 2/ =0 and z # 0.

Case 1: zf = 0. In this case, we know 3 = 0 from (5.5¢), and v} is free
from (5.5d). In addition, by (5.5a) and (5.5b), there exists u] and v} such that
Xou! + v = =V, f(B*) and A\ — /\2(41#;)2 — M|v}| > 0. Therefore, we can find one
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feasible u and v} by solving the following optimization problem

Ao (u)?

— M|, st. Xoul +vf =-=V,;f(B"), (5.9)

17 7

(ur,v]) = argmax Ay —
u,v

which leads to (5.6). By the maximality of (5.9), we know that AO—%W—MWH >0,
i.e. (5.5b) holds; other conditions hold by definition, so (5], zf) and (u},v}) satisfy
(5.5).

Case 2: zf > 0. In this case, from the KKT condition (5.5), we know (u},v}) is

17 71

uniquely determined by (5.5a) and (5.5¢), i.e.

u; = 2—65 and v = —Au; — Vz’f(ﬂ*) = _2)\2§ - Vif(ﬁ*)~ (5~10)

x
[ 7

Now it remains to show that (5.6) leads to (5.10) in this case.
If |5f| = M z;, by (5.10), we have u] = 2M sign(3;}) and
v+ 2X M sign(5]) = =V, f(8Y). (5.11)

It follows from (5.5d) that v}3F > 0. Therefore, by taking the signs of both sides of
(5.11), we have sign(f5;) = —sign(V,f(3*)); by taking the absolute values of both
sides, we have |vf| + 2\ M = |V, f(8*)|. This implies |V;f(8*)| > 2XsM. By some
calculations, it is not hard to see that (5.6) leads to (5.10).

If |5f| < Mz;, then by (5.5d), |u;| < 2M. It follows from (5.5d) that v = 0.
Combining this with (5.10), we get V,f(8*) = —Xou; and thus |V, f(8*)| < 2AM.
By some calculations, it is not hard to see that (5.6) leads to (5.10).

Hence, we have shown that in both cases, (5.6) gives a dual variable (u*, v*) that

along with (8%, 2*) satisfies the KKT conditions (5.5).

Finally, (5.7) follows from direct calculations. O
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5.3.3 Dual bounds

In this section, we derive a dual bound on the relaxation problem (P.), i.e. a lower
bound on F*. This is used in the BnB solver for pruning the search space; see Line 8

in Algorithm 5.1.

Proposition 5.3. Given any (B, z) € RP x Z, (not necessarily feasible to (P,)), let

_ Vi@ 1N £ (5
A= hT @) = 0T UV
o+ A M?— M|V, f(B)| otherwise
and define
F,=f(B)— (VI(B).B) =D (—A;);. (5.13)
j=1

~

Then, we have F* > F,. Furthermore, when (3, 2) is an optimal solution to (P,),

then ' =F,.

Proof. Let (@, ®) be any dual variable, and denote by A; = \g — ’\24{“2 — M|,

We first show that for any 3 and (@, ®) such that Vf(8) + ot + = 0, we have

p
onin L(B, z9,9) = [(B) = (V/(8),8) - ;<—Aj>+. (5.14)
By the definition of the Lagrangian L, we can write it as
p ~
L(B.z:1,0) = f(B) + (ot +0,8) + ) Az (5.15)
j=1

The minimization problem of L wrt 8 € RP and z € Z, is separable and can be
decomposed into subproblems wrt 3 and z;’s.

For z; € [0,1], it is clear to see the subproblem has the minimizer 2} = 0 if Aj > 0;
z; =1if A; <0; z; € (0,1) if A; = 0. Thus, min., e(o,1 Ajz = —(=Aj),.

As for B, when Vf(8) + it + o = 0, i.e. VgL(3,z;@,d) = 0, we have 3 is

an optimal solution to the subproblem wrt 3. Thus, ming f(3) + (Mt + 0,8) =

f(B) = (V[(B),8).
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Therefore, combining these subproblems yields (5.14).

Hence, combining Proposition 5.1 with (5.14), we have

Ff=max min L3 z;u,v
T w,v BERP zeZ, (ﬂ’ T )

BERP,zeZ, ( T )
p

= f(B) = (VF(B).B) = D (-4« (5.16)
j=1
for any B and (@, ®) that satisty V f(8) + \@t + © = 0.
Now it remains to choose suitable @ and (@, ®) in (5.16), based on (3, 2).
Here, we simply take 3 = 3. As for (@, 9), we want to choose (@, ®) to make the
lower bound given by (5.16) as large as possible, given B = and Vf(B)—l—)\gﬁ—i-fJ =0.

Denote by

A . Aol .
AJ’ = max Aj = )\0 — 27 — M|7~)3|, s.t. ij(,B) + /\Q’ﬁj + ’f]j = O, (517)

Uj,v4

and denote by (u;,0;) the corresponding maximizer

A A

t; = —min{ |V, f(8)|, 2A2 M } sign(V, f(B)) /A2 (5.18a)
0 = —(|Vif (B)] — 20 M) sign(V; f(B)). (5.18b)

The expression of Aj is given by (5.12), and it follows from (5.16) that such choice of
(u,?) leads to the lower bound given in (5.13).

Finally, we show that F¥ = f(8*) — (Vf(8"),8") — >_j_, (=A%) for any optimal
solution to (8%, z*). Notice that by the definition of (u*,v*) in (5.6), we know that
Vf(B*) + Aau* + v* = 0. Therefore, it follows from Proposition 5.1 and (5.14) that

p

Y =min L(8, z;u",v") = [(8") = (Vf(8),8) = >_(=4))+. (5.19)

j=1
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Remark 5.1. Notice that the dual bound expression in (5.13) depends only on B, not

on z. In fact, recall that

p

F(B,z):= f(B) + Z(Aozi + )\2@2/%)- (5.20)

i=1

For any fized B;, the minimization problem (P,) wrt z; has a solution

zi:min{l,max{|ﬁi|/M, w\/m}}. (5.21)

This holds in edge cases where Ay = 0 or M = oo as well. Based on this relation-
ship (5.21), the relaxation problem can be reduced to an optimization problem wrt 3
on its own. Therefore, the dual bound (5.13) can also regarded as a lower bound on
the reduced optimization problem, and this provides an explanation why the expression
depends only on B instead of (B, z).

Additional details around this reduction can be found in [120], where they ap-
ply the first-order methods on the reduced problem to solve the relazation problems.
Here, we adopt similar approaches to get an approrimate solution B, and obtain the

corresponding z via (5.21).

Remark 5.2. Denote by f*(a) = supg{{c,B) — f(B)} the Fenchel conjugate of
f, then it can be shown that the dual of (P,) is given by max, D(a) := —f*(a) —

P [=h(a;)]+, and the dual bound F, given in (5.13) is the value of the dual function

A

D evaluated at oo = V f(B). Since this is not the focus of the work, we will not provide

the proof for this claim.

5.3.4 Node relaxations

In this section, we present the properties of the convex relaxation problem (P,) at a

general node v:

F*(2):=min F(B8,z), st. (8,z) €Cy, z € 2,. (P,)

ﬂ7z
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Based on the definition of the branching process, the domain Z, can be characterized
as a triple of index sets (Fy, Fi,R), where F;, denotes the indices of z,’s that are
fixed to b for b € {0,1}, and R denotes the indices of z;’s that are still relaxed to the

interval [0, 1]. With this notation, the Lagrangian of (P,) can be written as

2
L,(B, z;u,v) = f(,@)+i€z; (/\0 + Aow; B — /\2% — ;3 — M|Uz|)
2

+ Z ()\022‘ + )\gulﬁz — )\Q—izi — Uiﬁi — M|Uz‘zz) . (522)

Uu
, 4
IER

The strong duality holds for the root relaxation problem (P,), i.e.

pomin  FBz)=  min max L(B,zu,v) =max  min - L(B,zuw).
(5.23)

Furthermore, (8%, z*) and (u*, v*) are an optimal primal-dual pair, if and only if the

following KKT condition holds:

0=V,f(B")+ \ou; +vf (5.24a)
( *

{1} it (i € Fy) or (i € R and Ao — 2855 _ arjer| < 0)
Z el {0} if (i€ F)or (i €Rand Ao — 22U _ M| >0)  (5.24b)

[0,1] otherwise

0=28 —u’z (5.24c¢)

(
(—o0,00) if2f=0

{0} if zf > 0and |Bf| < Mz}
v; € (5.24d)
(—00,0] if zf>0and B = —Mz}

1

0, 00) if 2 > 0 and B = Mz}

\

(B, 2") € Cy, 2" € Z,. (5.24e)

~

Proposition 5.4. Given any (8,2) € RP x [0,1]P (not necessarily feasible to (P,)),
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for any i & Fy, define

_ Vi@ ; ([
A= nvg(@) =1 0 P VP2
Ao + A M? — M|V, f(B)] otherwise
and define
F,=f(B)—(Vf(B).B) = > (-A)++ > A, (5.26)

JER JjEF1
Then, we have F* > F,. Furthermore, when (3,%) is an optimal solution to (P,),

then Fy = F.

The proof of strong duality, KKT conditions and dual bounds for node relaxation

is similar to that for root relaxation, and a proof sketch is provided in Section 5.A.1.

5.4 Screening framework for the BnB solver
The screening procedure is based on the key idea presented in the following lemma:

Lemma 5.1. For any convez set Z C [0,1]7, let F(Z) be a lower bound on F*(Z),
and F; an upper bound on FIT Then, F(Z) > F implies 21 ¢ Z for any optimal
solution (BT, z") to (Py).

Proof. By definitions of F(Z) and F;, we have F*(2) > F(Z) > F; > F|. By
definition of (81, z"), we know that F| = F(8,21). If z2f € Z, since F*(Z) is the
optimal value of F over z € Z, then we would have F] = F(81, z') > F*(Z), which

yield contradiction. Therefore, we must have z' ¢ Z. ]

5.4.1 Screening at the root

We discuss how to perform safe screening rule at the root node, i.e. identifying the
indices j’s of which Z;[ =0or zj = 1 for sure.
To this end, we first introduce some notations for this section. Recall that Z,. =

[0,1]7 is the domain of z at the root relaxation, and F' = F'(Z) is the optimal value
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of the root relaxation. For any j € [p] and b € {0,1}, we denote by F'(z; = b) =
F*(Z,.N{z; = b}), and we use F,(z; = b) to denote a lower bound on F}(z; = b).

Corollary 5.1. For any j € [p] and any b € {0,1}, let F . (z; = 1 —b) be a lower
bound on F*(z; =1—10b). If F,(2; = 1—0b) > Fy, then we have zj = b for any optimal
solution (87, 2") to (Py).

Proof. This follows directly from Lemma 5.1 by invoking Z = Z,N{z; =1—-0b0}. O
Proposition 5.5. Given any (,3, z) € RP x [0, 1], define A, and F, asin (5.12) and

(5.13). For any j € [p] and b € {0,1}, we have

Fi(zj=1-b) > F, + max{(1 — 2b)A;,0} > F; = 2zl =b. (5.27)

T

Proof. It follows from Proposition 5.3 that

bS]

F,=f(B)—(Vf(B).8) =Y (A (5.28)

=1

Now consider the problem (Pz) with Z = Z, N {z; = 1 —b} and it corresponds to
Fip=1{j}, Fo=0and R = [p] — {j}. According to Proposition 5.4, we have

Fi(z=1)= f(8) = (Vf(B).8) = D (A +8; = F, + (4;)+ (5.29a)

i#j
Fi(z=0) 2 f(B) = (V(B).8) = Y _(-A)+ = F, + (=4,)+, (5.20b)
i#]
i.e. for any j € [p] and b € {0, 1},
F(z;=1-10) > F, + max{(1 — 2b)A;,0}. (5.30)
Combining this with Corollary 5.1, we complete the proof. n

The following proposition shows that the screening rules presented in [9, 70| are
special cases of our rule presented in Proposition 5.5. Its proof can be found in

Section 5.B.1.1.
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Proposition 5.6. Proposition 5.5 recovers the screening rule given in [9, 70/, when

we take M = oo and (B, 2) = (8%, 2*) as an optimal solution to (P,), in the cases of

linear regression and logistic regression, respectively.

Our screening rule extends [9, 70| in several aspects: (a) apart from squared-
error loss and logistic loss, our screening rule works for a general differentiable loss
function; (b) as for the MIP reformulation, we consider a hybrid version of big-
M and perspective reformulations [120] that encompasses both reformulations as
special cases; (c) our screening rule works with an approximate solution to the root
relaxation problem as opposed to an optimal solution. This allows us to speed up the
BnB algorithm by solving the relaxation problem inexactly while still being able to
perform the screening tests. In addition, with approximate solutions (B, z) satisfying
the relationship (5.21), the screening may also happen when 2; € (0, 1), while the
screening never happens when z; € (0, 1) if we take the optimal solution (3%, z*).

To illustrate this, let’s take a closer look into the case where we take (B,i) =
(8%, 2*) as an optimal solution to (F). Let A% be defined as in (5.7), and F' be the
optimal value to (P,). Since any feasible solution to (Py) is also feasible to (P,), we
have F* < F';. Then, for any j € [p] and b € {0,1} we have

Fr 4 max{(1 - 20)A%0} > F, <% F7 4 (1-20)AT > F (5.31a)

G q—amarso & ooy

(iv

(5.31b)

T

where (i) and (ii) is due to the fact that F* < F; (iii) is by the complementary
slackness condition (5.5b) in Proposition 5.1; (iv) is by the screening rule in Propo-
sition 5.5.

On the other hand, if z; € (0,1), then we know A} = 0 by (5.5b), and since
F* < F}, no screening happens in this case.

Hence, combining above arguments, we know that when given an optimal solution
to the root relaxation, the screening happens only when z! is binary, and when it

j
T
happens, we must have z; = z7.
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On the other hand, given an approximate solution (B, z) satisfying (5.21), screen-
ing might happen when 2; € (0, 1), because Aj may not necessarily be 0 in this case.

In Section 5.B.1.2, we provide examples of screening when Z; is non-binary.

5.4.2 Screening at a general node

In this section, we discuss how to perform screening rule at each node in the BnB
tree. We first introduce some notations in this section.

Recall that for each node v in the tree, Z, denotes the domain of z at this node,
and Ff = F(Z,) is the optimal value of the node relaxation problem. Recall that the
domain Z, can be also represented by the index set triple (Fy, F1,R). Now for any
J € [p] and b € {0,1}, we denote by F(z; = b) = F*(Z, N {z; = b}), and we use
F,(z; = b) to denote a lower bound on F(z; = b).

The following corollary, which is a corollary of Lemma 5.1, presents the key idea

of screening at node in a BnB tree.

Corollary 5.2. For any j € [p] and b € {0,1}, let F, (z; = b) be a lower bound on
Fx(z; =b). If F,(z; = b) > Fp, then we can safely fix z; = 1 — b under the node v
in the BnB tree. If min{F, (z; = 0),F,(z; = 1)} > F;, then we can prune the node
v in the BnB tree.

Proof. When F, (z; = b) > Fr, by Lemma 5.1, we know that 2" ¢ Z, N {z; = b}.
Therefore, under the node v, we need only consider Z, N {z; = 1 — b} for the search
space, i.e. we can safely fix z; = 1 — b under the node in the BnB tree.

When min{F,(z; = 0), F,(z; = 1)} > Fy, then it follows from Lemma 5.1 that
2t ¢ Z,Nn{z; =0} and 2" ¢ Z,N{z; = 1}, i.e. 27 ¢ Z,. Hence, we can prune the
node v in the BnB tree. O

Proposition 5.7. Given any (B8, %) € R? x [0,1]7, define F,, and A; as in (5.25) and
(5.26). For any j € R and b € {0,1}, we have

Fi(zj=1-b) > Ev—{—max{(l—%)Aj,O} > F; = firz; = b under nodev. (5.32)

v
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Proof. Using similar arguments in the proof for Proposition 5.5, we have for any

jE€Rand b e {0,1}
F(zj=1—10) > F, + max{(1 — 2b)A;, 0}. (5.33)

Combining this with Corollary 5.2, we complete the proof. O]

Remark 5.3 (A note on pruning). Compared to Corollary 5.2, Corollary 5.1 does
not have the statement on the pruning, because min{F, (z; = 0),F, (z; = 1)} > F;
never happens. In fact, for the feasible solution (3, 2) that achieves the upper bound
Fy, either z € Z,N{z; =0} or 2 € Z,N{z; = 1} holds; therefore, F; = F(3,z) >
min{F7(z; = 0), F7(z; = 1)} 2 min{F,(z; = 0), F,(z; = 1)}.

For a non-root node v, min{F,(z; = 0), F,(z; = 1)} > Fr can happen because the
incumbent solution z does not necessarily belong to Z,. That being said, if the node v
is not pruned in Line 8 in Algorithm 5.1 before entering the screening procedure (i.e.
F, < Fy), then the screening rules in Proposition 5.7 cannot prune the node either,

because at least one of (A;), and (—A;), is 0.

5.4.3 Screening and branching procedures

In this section, we describe how the theory presented in Section 5.4.1 and Section 5.4.2
can be applied in the BnB framework in combination with the branching procedures

and the advantages of such screening.
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Algorithm 5.2 Screening and branching procedure
Input: Node v with domain Z,, and the index triple {F{, F{, R"}, an approximate

solution (3, 2) to the node relaxation (P,)

1: Obtain A; based on (5.17) for any i € R

2: For b e {0,1}, set F, = FY U{j € R: (5.32) holds}, R = [p] — F, — F,

3: Set J = {j € R:%; ¢ {0,1}} as branching candidates

4: Select j € J as the branching variable based on the branching rule; (for certain
rules) perform enhanced screening and update (.j: 8, F q;, 7%”) during branching

5: Branch the node v into left(v) and right(v) with Foot?) = Fo U {j}, Fosn®) —
j:g’]:{eft(v) _ flej,}‘{ight(”) _ j:;} U {j}leeft(v) — Rright(v) — fz” N {j}.

To this end, we outline the screening and branching procedure in Algorithm 5.2.
The procedure is as follows: at each node v, we first compute an approximate solution
(3, 2) to the node relaxation (P,) using the first-order methods (similar to [120]).
We then compute A; using (5.17) (Line 1) and based on these, we can safely fix
some variables under the current node (Line 2), according to Corollary 5.2. Here,
(j—“ 8, F 11}, 7%1]) refers to the updated index triple after screening, which will be inherited
by the children of the current node. After screening, we perform the branching
procedure (Lines 3-5). Following the usual branching procedure in BnB (see, e.g. [22]),
we first consider all fractional Z; from the remaining relaxed variables R (instead
of R") as branching candidates, and then select the branching variable based on a

certain branching rule.

5.4.3.1 Branching strategies

Many branching strategies for BnB have been studied in literature, e.g. maxi-
mum fractional branching, random branching, pseudo-cost branching and strong
branching [24, 5, 151, 177, 1]. More details on branching for BnB can be found
in |2, 38, 22, 168, 120|. In this chapter, we consider and study 4 different branching

rules in combination with our screening procedure:

1. Mazimum fractional branching. Maximum fraction rule selects the branching
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variable as j = argmax;c 7 min{Z; — |2;], [2;] — Z;}. This is also called most
infeasible or most fractional rule |22, 168]. It is one of the most commonly-
used and simplest rules. In practice, however, this might not be as effective as

random branching [2].

2. Maximum z branching. Maximum z rule determines the branching variable with
the largest z;: j = argmax;c s 2;. This is the branching rule used by [165, 105],
which may work well when the solution is sparse. This is also similar to the

least fractional rule, which is often outperformed by other methods [177].

3. Strong branching (linear score). Strong branching rule branches on the variable
that leads to most impact on the objective function. Specifically, let §F;' and
§F? be estimates for the increase in the optimal values F*(z; = 1) — F* and
F¥(z; = 0) — F after branching 2; to 1 and 0, respectively. For each candidate
variable, a score s; is computed based on §F’s, and the branching variable is

selected as j = argmax;c 7 s;. A common formula to compute s; is
s; = pmin(6FY, 0FY) + (1 — p) max(6F), 0 F}') (5.34)

for some constant pu € [0, 1] typically taken close to 1. This strategy was first
proposed by [5], and it is one of the most successful branching methods. It often
leads to a small search tree, However, such strategy usually requires solving
2|J| that many subproblems at each node to provide good estimates §F}, so
it induces a lot more computation costs compared to other approaches [2]. To
address high computational cost, we use a fast approximate version of strong
branching, in which we take a full pass of coordinate descent from (B, z) to
obtain (Bi’b, 2""), and take §F) = F(Bi’b, 3t) — F(3, 2) as the estimates. Due
to the warm start, in practice, this approximation often leads to similar BnB

trees compared to exact strong branching [120].

4. Strong branching (product score). Instead of using a linear score function (5.34),
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[1] recommend using the following product score function for strong branching:
s; = max(6F), €) - max(6F}, €), (5.35)

for a small positive value €. In a recent work, [69] has shown empirically strong
branching with such product score dominates the one with linear score by a

small margin for certain problems.

5.4.3.2 Enhanced screening for strong branching

For strong branching strategies, during the course of branching, we perform another
round of screening which we call enhanced screening, update the index triple again
and possibly pruning the node. Such extra round of screening is possible mainly
due to the updated dual information provided by the subproblem solving during
the strong branching process. Recall that to provide estimates for §F? in strong
branching, we need to (approximately) solve the convex relaxation problem (Pz) with
Z=ZN0{z =b}foranyi € J and b € {0,1}. We can then utilize the tailored primal
solution (,[A")’i’b, 2%) to compute an updated (and highly likely improved) dual bound
F (z; = b) according to Proposition 5.4. Thus, by Corollary 5.2, we can perform
another round of screening and possibly pruning based on the new lower bounds.
Note that different from the circumstance described in Remark 5.3, the pruning is
possible at the enhanced screening time because the dual bounds are computed based

on different solutions instead of the same solution (3, 2).

5.4.3.3 Effects of screening

As we conclude this section, we summarize the advantages of using screening as a
procedure within BnB framework. As we can see in Algorithm 5.2, without screening
procedure in Line 2, only one variable is removed from R to either F, or F; at each
time of branching; while on the contrary, there can be a bunch of variables being
fixed to 0 or 1 at each node. As a result, it will reduce effective dimensions of convex

subproblems to be solved, and thus subproblem solving will be more efficient. It
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might also reduce sizes of search trees, because R may converge faster to empty set
and a smaller R may lead to improved lower bounds and thus earlier termination.
Furthermore, the screening procedure can reduce the size of branching candidates
(in Line 3) and improve the efficiency of branching, especially for strong branching
rules, which requires solving as many subproblems as twice the number of candidates.
Finally, enhanced screening can make use of the updated information given by strong

branching rules, which can further improve the efficiency of BnB framework.

5.5 Applications

In this section, we provide some examples of potential applications of our branch-and-
bound framework for the sparse learning problem. In what follows, we will introduce

various applications in different statistical learning settings.

5.5.1 Regression

In this section, we introduce different objective functions for sparse regression prob-
lems. Let X € R™? and y € RP denote the data matrix of independent variables
and the observations of dependent variables, respectively. We consider the following

three objectives with different losses:

e Squared error loss: The squared error loss is most commonly used in the
statistical learning; it leads to the least squares problem. The squared error

objective can be written as
1 2
18) = 5y - XBI. (5.36)

e Huber loss: The Huber loss is an important and useful loss function in robust
statistics literature [124]. It is defined as

t2

hs(t) = %

1] < 5} + (1t~ )1}l > o) (5.37)
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for some positive §. The corresponding optimization objective given data X
and y is
F(B) =D haly; — ] B). (5.38)
j=1

We note that when ¢ | 0, the optimization objective is equivalent to the mean
absolution error loss. Therefore, it can be seen as a smooth version of median

regression.

Smooth quantile loss: Smooth quantile loss is a smooth version of quantile

regression |7]. Given 0 > 0 and ¢ € (0,1), we define

alt] - °% it < g5
heg(t) = & if —gs<t<(l—gq) - (5.39)

(1—q)lt] - M52 ift > (1—q)s

The corresponding smooth quantile regression is given by
F(B) = hsqly; — 2] B). (5.40)
j=1

When ¢ | 0, this converges to the quantile regression problem.

5.5.2 Binary classification

In this section, we consider different objective functions for sparse binary classification

problems. Let X € R™*? and y € {—1,1}? denote the data matrix of independent

variables and the observations of dependent variables, respectively. We consider the

following three objective with different losses:

e Logistic loss: The logistic regression [113] is one of the most commonly used

classifiers in machine learning. The objective is given by

£(B) = log(1+ exp(—y;z; B)). (5.41)

Jj=1
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e Squared hinge loss: Support Vector Machien (SVM [209]) is another impor-
tant methodology for classification. The objective is based on hinge loss, which
can be written as D 5, (1 — y;jx; B)4. However, the hinge loss is not a contin-
uously differentiable function. We consider a smooth alternative with squared

hinge loss [226]:

n

FB) = (1 —yz/B). (5.42)

Jj=1

e Huberized hinge loss: We could also consider another smooth sibling for

SVM with Huberized hinge loss [217]:

f(B) = Zm(ﬂ —y;z) B)). (5.43)

5.5.3 Multi-class logistic model

For the multi-class classification problem, we assume there is m categories and thus
the target variable Y € ) = [m]. The logistic model assumes that given features

X € RP, the probability of falling into category [ is

P(Y = [|X) = exp(B; X) , Vi€ [m], (5.44)

B 2?’1:1 exp( lTX)

where B8 = [B1,...,Bm] € RP*™ is the coefficient matrix to be learned. Given the

data (X, y), the logistic loss is given by

FB) =3 > ~Biw;+) log (Z exp(B/ w») (5.45)

=1 j:y]':l

5.5.4 Cox’s proportional hazards

The Cox proportional hazards model [57] is a survival model in statistics; see [204] for

more details. Given observations {(x;, 0;,T;)} e € R? x{0,1} xR, , the log-partial
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likelihood of the model can be written as

f(B) = Z —BTx; +log Z exp(BTz | | . (5.46)

§:0,=1 LT, >T;

This is a smooth objective, which can be handled in our framework.

5.6 Numerical Experiments

We present numerical experiments to investigate the impact of different levels of de-
ployment of our proposed screening rules on the efficiency of the BnB solver. We
conduct experiments on synthetic and real-world datasets for both least square re-
gression problems and logistic regression problems, whose formulations are presented

in (5.36) and (5.41), respectively.

5.6.1 Experimental setup

All computations were carried out on the MIT Supercloud Cluster [190] on an Intel
Xeon Platinum 8260 machine, with 2 CPUs and 8 GB of RAM. Our algorithms were
written in Python with critical code sections optimized using Numba [144]. Code for
our experiments is available from the github repository 10bnb-screen available at:

https://github.com/wenyuC94/10bnb-screen.

Algorithms We conduct all experiments using the Branch-and-Bound solver de-
signed in Algorithm 5.1, but with various branching strategies and different levels
of screening. Specifically, as mentioned in Section 5.4.3, we consider four branching
strategies: maximum fractional branching (MaxFrac), maximum z branching (MaxZ),
and strong branching rules with linear score (Strong-L) and product score (Strong-P).
Different levels of screening include (i) plain BnB solver with no screening (Plain);
(ii) BnB solver with screening at root only (Root); (iii) BnB solver with screening

at each node (Node); (iv) BnB solver with enhanced screening at each node (Node-
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E). Here, “Plain” can be seen as a counterpart of LOBnB framework [120]', where
first-order methods and warm starts are tailored to the nonlinear BnB for sparse
learning; “Root” is a counterpart of |9, 70]; “Node” and “Node-E” are our proposals,
and “Node-E” only applies to strong branching rules (Strong-L and Strong-P).

All algorithms are run with time limit of 4 hours for synthetic datasets and 8
hours for real datasets. Following [120], we terminate algorithms once the optimality
gap for MIO (defined as (F'; — F';)/F;) is smaller than 1%, where F; is the lower
bound on the MIP. Additional BnB solver settings can be found in Appendix 5.C.1.

Datasets For synthetic datasets, we generate datasets with n = 1000 samples and
p = 1000 features. Following prior works [116, 120], we draw the data matrix X €
R™ P from a multivariate Gaussian distribution with zero mean and a covariance
matrix ¥ with unit diagonal and constant correlation X;; = p > 0. The underlying
truth B¢ € R? is a sparse vector with £ = 10 equispaced nonzero entries all set to 1.
For classification model, following [67, 70|, we generate each coordinate y; € {—1,1}
independently by sampling from a Bernoulli distribution with success probability
P(y; = 1|z;) = (1 + exp(—sxz; 3°))"", where s is a scale parameter. Specifically,
smaller values of s increase the variance in the response, while s — 0o generates
linearly separable data. In our experiments, we consider Scale s € {1,3,5}, and for
each s, we simulate 10 synthetic datasets. Additional details along with the details
on the regression dataset generation can be found in Appendix 5.C.1.1.

Beyond synthetic datasets, we also consider four real-world datasets from the UCI
Machine Learning Repository [74]. We preprocess the data by mean-centering and
normalizing the response and columns of the data matrix. To facilitate exploration
of a wider range of regularization parameters (Ag, \2), we apply our implementation
of LOLearn [116] with suitable regularization parameters and exclude all features not

in the support of the obtained solution. The reduced datasets are summarized below

e Dexter: classification problem with n = 300 and p = 457

e Arcene: classification problem with n = 100 and p = 482

IHere, we have switched off the active set heuristics.
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e REJA: classification problem with n = 1996 and p = 477

e Crime: regression problem with n = 1999 and p = 94

Additional details on real datasets can be found in Appendix 5.C.1.2.

Choices of \g, \s and M To examine the effects of our proposed screening rules,
we run experiments for a wide range of (g, \2), with a fixed M = 1 throughout.
The way to select the grid is similar to the methodologies adopted by the earlier
works [116, 120]. In brief, we apply fast approximate solvers to solve the problems
with a wide range of grid points, find the statistically “optimal” grid point(s), and
then take 100 grid points around the optimal one(s). The details can be found in
Appendix 5.C.1.3.

5.6.2 Numerical results

For each case with a certain choice of (Ao, Ag) and the dataset, we first categorize it
as “easy”’ or “hard”, based on whether the plain BnB can achieve 1% optimality gap
within the time limit using any of four branching rules. We report the performance of
different levels of screening and branching strategies for easy and hard cases separately

due to different patterns presented in the results.

Easy cases Table 5.1 reports the average runtimes and the average size of the
BnB search trees over all easy cases for synthetic classification datasets. Figure 5-
1 provides a straightforward comparison on the distributions of different screening
levels. We can see that on easy problems, Root provides negligible improvement in
efficiency when compared to Plain, while on average Node can be up to 3 times faster
than Plain, indicating its capacity to improve the overall efficiency of the solver. We
attribute this to the fact that node screening greatly reduces the number of relaxed
indices at each node, thereby decreasing the time required to solve the lower bound
at each node.

Furthermore, we find that Node-E is even more effective than Node, as it is able to

fix even more variables, leading to a reduction in the size of the BnB tree and further
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reducing the overall running time. In terms of the size of the BnB tree, neither Root
nor Node is effective in reducing the number of nodes explored. In contrast, enhanced
node screening (Node-E) can reduce the size of the tree by up to 50%.

We note that the box plots show some outliers, which indicates that the per-
formance of BnB solver can vary significantly depending on the dataset and the
regularization parameters.

Results for real datasets presented in Table 5.2 are consistent with the observa-
tions above. Our further experiments on synthetic regression datasets reported in

Appendix 5.C.2 provide qualitatively similar conclusions.

Table 5.1: Average runtime and tree sizes for easy case of logistic regression problems.
Results are averaged over different choices of Ay, A2, and random seeds of synthetic
datasets. The numbers in the bracket below “scale" indicate the number of easy cases
and total cases, respectively. Here, Time refers to runtime in seconds; Size refers to
the number of nodes in the BnB tree.

MaxFrac MaxZ Strong-L Strong-P
Plain Root Node | Plain Root Node | Plain Root Node Node-E | Plain Root Node Node-E
scale—1 | Time | 2021 2024 718 | 1982 1979 728 | 2408 2393 1181 864 | 2400 2386 1144 862
(742/1000) | gise | 2968 2072 2076 | 2040 2041 2950 | 2950 2964 2991 1668 | 2889 2803 2942 1627
scale=3 | Time| 386 390 131 | 371 375 124 | 410 414 170 146 | 413 399 166 142
(883/1000) | ize | 424 423 428 | 416 415 417 | 413 418 426 280 414 412 417 271
scale=5 | Time | 336 348 112 | 319 314 104 | 351 348 137 133 | 340 339 138 129
(908/1000) | Size | 344 347 348 | 340 340 340 | 346 348 349 253 | 339 337 339 245

Rules

Table 5.2: Average runtime and tree sizes for easy case of real-world problems.
Results are averaged over different choices of \g, As. Details are given in the caption
of Table 5.1.

MaxFrac MaxZ Strong-L Strong-P
Plain  Root Node | Plain Root Node | Plain Root Node Node-E | Plain Root Node Node-E
REJA | Time| 2025 2709 1021 | 3312 2936 1262 | 2502 2602 1096 344 | 2781 2551 1031 364
(51/100) | gize | 1225 1225 1127 | 1270 1273 1176 | 1052 1050 973 421 | 1040 1048 969 413
Dexter | Time | 4313 4333 1305 | 5055 4974 1846 | 4137 4267 1671 662 | 4123 4251 1506 624
(55/100) | gize | 3728 3782 3358 | 3811 3313 3467 | 2786 3022 2635 1034 | 2061 2061 2562 976
Arcene | Time | 3139 3216 1021 | 3686 3914 1368 | 3085 3043 1088 467 | 3101 3220 1274 433
(54/100) | size | 2060 2066 1857 | 2119 2132 1931 | 1673 1674 1509 620 | 1675 1676 1497 614
Crime | Time| 3252 3137 2460 | 3195 3149 2582 | 2201 2209 1711 1574 | 2238 2211 1700 1656
(97/100) | Gize | 12306 12236 11356 | 12568 12455 11360 | 8085 8149 6802 6628 | 8226 8223 6883 6667

Rules

Hard cases Table 5.3 and Table 5.4 are counterparts of Table 5.1 and Table 5.2,

with additional information on the failure ratio and average optimality gaps achieved

223



(o)

o
o

14000 1 8

@

12000

10000 4
8000
6000
4000 -
2000

8
o il .

QaoDO O OA0

|

MaxFrac MaxZ Strohg-L Strohg-P

==

Figure 5-1: Box plot of runtimes for logistic regression problems with scale=1, easy
case. Results are collected from different choices of Ay, Ao, and random seeds of
synthetic datasets.

by BnB solvers at time limit. Additional results for synthetic regression datasets can
be found in Appendix 5.C.2. We note that Node and Node-E are able to solve more
than 10% of the cases that Plain fails to solve within the time limit. Moreoever, the
relative optimality gaps obtained using these screening rules are also smaller than
those obtained by plain BnB in most cases. On the other hand, Root only achieves
very marginal improvements over Plain, which suggest that screening at root only
is not as effective as screening within BnB solvers in improving the efficiency of the
solver. We further notice that compared to Plain and Root, Node and Node-E are able
to explore more nodes and have larger tree sizes than Plain (up to 2 times) within
less time. This suggests that the average effective dimensions or the optimization
complexities of the subproblems explored by Node and Node-E is relatively low, due
to the benefits of screening at each node within BnB trees. Interestingly, Node-E
exhibits a smaller average tree size compared to Node, which seems to contradict our
theory on exploring more node due to efficiency. Figure 5-2 provides a more detailed
and illustrative comparison of distributions of tree sizes on two datasets. We observe
that for the cases where Node-E succeeds, search trees of Node-E are substantially

smaller than those of Node; for the cases where Node-E also fails, search tree sizes
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are similar, and Node and Node-E have slightly larger sizes. This explains why on
average Node-E has a smaller tree size.

Table 5.3: Average runtime and tree sizes for hard case of logistic regression prob-
lems. Results are averaged over different choices of \g, Ay, and random seeds of
synthetic datasets. The numbers in the bracket below “scale" indicate the number of
hard cases and total cases, respectively. Succ refers to the proportion of successfully
solved problems; Gap refers to the relative optimality gap. Time and Size definitions
are given in the caption of Table 5.1. The time limit here is 4 hours.

MaxFrac MaxZ Strong-L Strong-P
Plain  Root Node | Plain Root Node | Plain Root Node Node-E | Plain Root Node Node-E
Time | 14400 14383 13694 | 14400 14387 13666 | 14400 14400 14096 13972 | 14400 14400 14102 13937
scale=1 | Size | 8560 8590 13214 | 8598 8492 13460 | 6024 6194 8909 7860 | 6214 6059 9065 7561
(258/1000) | gyee | 0.0 0008 0124 | 00 0012 0124| 0.0 00 0088 008 | 0.0 00 0084 0.8
Gap | 0.118 0.118 0.112 | 0.125 0.125 0.119 | 0.129 0.129 0.123 0.123 | 0.128 0.120 0.123  0.124
Time | 14400 14400 13790 | 14400 14374 13728 | 14400 14400 14041 14107 | 14400 14398 13992 14074
scale=3 | Size | 5627 5618 9608 | 5385 5439 9789 | 4525 4592 7315 7080 | 4597 4609 7380 6914
(117/1000) | syee | 00 00 011 | 00 0017 0102| 0.0 00 0076 0076 | 0.0 0017 0.076 0.067
Gap | 0108 0.108 0.103 | 0.119 0.119 0.114 | 0.113 0.113 0.108 0.108 | 0.113 0.112 0.108 0.108
Time | 14400 14400 13886 | 14400 14396 13830 | 14400 14400 14159 14089 | 14400 14400 14123 14060
scale=5 | Size | 4638 4836 7650 | 4575 4601 8314 | 3865 3962 6791 6320 | 4124 3924 6471 6198
(92/1000) | syee | 0.0 0.0 0097 | 0.0 0011 0.097 | 0.0 0.0 0064 0075 | 0.0 0.0 0.054 0.064
Gap | 0.119 0.119 0.114 | 0.134 0.134 0.129 | 0.124 0.124 0.12  0.12 | 0.124 0.124 0.12  0.12

Rules

In summary, our numerical results for both easy and hard cases demonstrate that
node and enhanced node screening strategies can effectively improve the efficiency
of the BnB solver for sparse learning problems, while screening at root level (Root)
only provides limited improvement. Enhanced node screening (Node-E) is the most
efficient screening rule, as it can fix more variables, leading to a reduction in the size
of the BnB tree and further reducing the overall running time. Our findings suggest
that our proposed screening rules can be used to solve large-scale sparse learning

problems in practice effectively.

5.7 Conclusion

We have proposed a novel screening procedure to safely fix relaxed variables to 0 or
1 at each node within a specialized Branch-and-Bound (BnB) solver for sparse learn-
ing problems with a generic continuously differentiable convex function and ¢y — ¢
regularization. By establishing optimality conditions and dual bounds for the node

relaxation subproblems, we have developed an effective screening procedure at each
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Table 5.4: Average runtime and tree sizes for hard case of real-world problems.
Results are averaged over different choices of \g, A\o. The time limit here is 8 hours.
Other details are given in the caption of Table 5.3.

MaxFrac MaxZ Strong-L Strong-P
Plain Root Node | Plain Root Node | Plain Root Node Node-E | Plain Root Node Node-E

Rules

Time | 28800 28800 26118 | 28300 28300 26960 | 28800 28800 26890 22644 | 28800 28800 26759 22952
REJA | Size | 8503 7757 14979 | 8697 7549 13835 | 7155 6750 10970 8852 | 7060 6442 11569 7772
(49/100) | Suee | 0.0 00 0.184| 00 00 0.163| 00 00 0163 0326 | 00 00 0163 0.306
Gap | 0.084 0.084 0.074 | 0.092 0.093 0.083 | 0.089 0.089 0.079 0.072 | 0.088 0.089 0.079 0.074
Time | 28800 28732 27249 | 28800 28800 27590 | 28800 28800 27308 24799 | 28800 28800 27412 24303
Dexter | Size | 6931 7229 12355 | 6249 6491 11148 | 6110 6261 9143 7463 | 5009 5794 9091 7605
(45/100) | Suce | 0.0 0.022 011 | 00 0022 0088 | 00 00 0133 0220 | 00 0022 0133 0221
Gap | 0.088 0.088 0.082 | 0.097 0.096 0.092 | 0.094 0.093 0.087 0.083 | 0.094 0.094 0.088 0.083
Time | 28800 28800 27785 | 28300 28800 28025 | 28800 28800 27902 25483 | 28800 28800 27884 25153
Arcene | Size | 7708 7259 13418 | 7061 6860 11625 | 6836 6298 9308 7662 | 6155 6350 10301 8223
(46/100) | Quee | 00 0.0 0.086| 00 00 0086 | 0.0 00 0108 0195 | 0.0 00 008 0.239
Gap | 0.086 0.087 0.08 | 0.097 0.096 0.089 | 0.091 0.092 0.084 0.079 | 0.093 0.093 0.086 0.079
Time | 28800 28800 28799 | 28799 28300 28800 | 28800 28800 28300 28800 | 28800 28800 28800 28800
Crime | Size | 63888 63045 67750 | 65079 63805 63497 | 57851 58030 66013 57281 | 58366 58843 68572 61302
(3/100) | Suec | 00 00 00 | 00 00 00 | 0.0 00 00 0.0 00 00 00 0.0
Gap | 0.014 0014 0014 | 0.014 0.014 0014 | 0.012 0012 0012 0012 | 0012 0012 0012 0012

10° § g 8 o o o o o
°© 8 0 8 g ° 8 8 & | ° o
]2 ° o g o 8
8 T 9 8 g
o
103.
102.
—— Plain
101 4 ~—— Root
Node
—— Node-E
REJAlsucc REJA-faiI Dexter-succ Dexter-fail

Figure 5-2: Box plot of tree sizes (in log-scale) for hard cases of REJA and Dexter.
Here, the suffix “succ” and “fail” correspond to the cases where Node-E succeeds or
fails to terminate within the 8-hour time limit, respectively.
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node within the BnB tree to reduce the optimization cost of subproblems significantly,
thus reducing the overall runtime of the solver. Our numerical results demonstrate the
effectiveness of our proposed screening rules on both synthetic and real-world datasets.
Furthermore, we have introduced an enhanced screening procedure for strong branch-
ing rules, which can substantially reduce the size of search trees and further improve
the efficiency of the solver. Overall, our proposed screening procedure provides a

powerful tool for solving sparse learning problems with ¢y — ¢5 regularization.

5.A Additional proofs and examples

5.A.1 Proof of Strong Duality

In this section, we present the proof of strong duality result in Proposition 5.1, and

provide the proof sketch of results for node relaxations.

5.A.1.1 Notations

we denote by x{z € A} the characteristic function of A, i.e. if z € A, x{z € A} =0;
otherwise, y{x € A} = oo. Similarly x{a(z) < b} denotes the characteristic function
of the constraint a(x) < b. For a function ¢, We use dom ¢ to denote the domain
of p, i.e. domy = {x : p(r) < co}. For a set A, we use 11 A to denote the relative

interior of A.

5.A.1.2 Proof of Proposition 5.1

By Fenchel Duality Theorem, we have the following lemma:

Lemma 5.2. Let pg, p1,p2 be proper lower-semicontinuous convex functions. If

ri(dom o) Nri(dom ¢q) Nri(dom ps) # &, then

inf ¢o(2) + @1 () + a(x) = inf sup @o(x) + 2 y1 — ¥} (y2) + 2 Y2 — ©5(y2)
xT T y17y2

= supinf @o(z) + 2 y1 — @i(ye) + 2"y — 05 (),

y1y2 &
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where o} (i € {1,2}) is the Fenchel conjugate of p;. The ri can be omitted for dom p;
if i is a polyhedron (for any ).

Proof. Since ¢; and ¢, are convex and lower semi-continuous, we have ¢;(z) =

@i (r) = sup,, zly; — ©i(y;), and therefore

inf po(z) + p1(2) + a(x) = infsup f(z) + 2 y1 — 5 (y2) + 2 v2 — ©3(y2).
€T xT y17y2

Hence,

iI;f wo(x) + 01(z) + p2(2)

= sup — (po + 1) (—y2) — ¥5(y2)

Y2

= supinf @o(z) + o1 (x) + 2 yo — ©5(y2)
y2 &

= supsup —(@,,)" (=y1) — ¥ (1) — ©5(y2)
Y2 Y1

= supinf wo(z) + 2 y1 — @i (1) + 7"y — P3(1a),

y1,y2 ©

where (a) follows from Fenchel Duality Theorem applied to g + 1 and p9; (b) is
due to the definition of Fenchel conjugate; (c) follows from Fenchel Duality Theorem
applied to @,,(-) = @o(-) + - "y2 and ¢y; and (d) is due to the definition of Fenchel
conjugate. Here, the regularity conditions for two applications of Fenchel Duality

Theorem are justified by ri(dom ¢g) Nri(dom ¢1) Nri(dom pq) # @. O

Based on Lemma 5.2, the road map of the proof of Proposition 5.1 is as follows:

let
2

pr(B,2) = % +x{z =0}, and (6, 2) = x{|8| < Mz}, (5.47)
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and consider the following ¢g, ¢1 and @a:

p

po(x) = f(B) + Ao Z s+ x{z €z} (5.48a)
p1(z) = A Z pr(Bis zi) (5.48Db)
pa(r) = 1B 7). (5.48¢)

=1

Then, we will show that

F(B,z)+x{(B,z) e Cu} = max L(B,z;u,v) for any z >0 (5.49a)

F(B,z) +x{(B,2) € Car, 2z € 2.} = po(x) + ¢1(z) + pa(T) (5.49b)

max min  L(B, z;u,v) > supinf @o(z) + 2 ys — (1) + 2 y2 — ©3(y2) (5.49¢)
u,v z€Z.,0 Yy T

Here, (5.49a) implies the first equality in (5.4); (5.49b) and (5.49¢), combined with
Lemma 5.2, indicate the second equality in (5.4).

The formal proof is as follows:

Proof of Proposition 5.1. We first prove (5.49):
Proof of (5.49a). Recall that for any z; > 0, the identity (5.2) holds. It suffices
to show for any z > 0, 8 € R, the following holds

{8l < Mz} = max vB — M|v|z. (5.50)

This can be checked case by case (LHS/RHS denote left /right hand side of the above
equation, resp.):
o || < Mz LHS = 0= RHS with v* =0

o |f| > Mz: LHS = 0o = RHS with v* = cosign(f)

Note that the above hold true even if M = oo with the convention 0 - co = 0.

Proof of (5.49b). This part is obvious by definition of ¢;’s.
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Proof of (5.49c). To show this, let us first compute p} and ¢}:

2
Pl ) = max B+ ulz — - — (=2 0)

1 2
= max {O,Zn;z&)é—@(uz +28)? + <u' + uz)z}

2

where the second equation separates the case of z =0 and z > 0.

(0, 0') = max 0B +0/z = x{B] < M)
—max (08 — Mlol2) + (o + Mlol)z + x{18] < M=)

= x{v'+ M|v| <0}.

Note that if M = oo, this reduces to ¢}(v,v") = x{v = 0,v" < 0}.

Therefore, using the above conjugate functions and the decomposability of ¢ into

pr’s and that of @9 into ¢,.’s, we have

o)+ 'y — i(yn) + 2"y — ¢5(y) (5.51)

p
= f(B) + Z <)\02i + Aaui B + Motz + viff; + vizz> +x{z €z}

=1

p
_Z(X{u;—i—% §0}+X{v§—|—M|vil SO}).

When M < oo, it is clear to see that when ] = —12—’2 and v = —M|v;|, the RHS of
(5.51) recovers (5.3). Also, by the indicator functions in (5.51), these choices are the
upper bounds for u; and v;. Therefore, the objective in (5.51) is upper bounded by
L in (5.3), which implies (5.49¢). The case for M = oo can be proved in a similar

argument.
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Combining (5.49b), (5.49¢) and Lemma 5.2, we have
min F(3,z
(ﬂ,z)GCN[,ZEZr (/B )
= inf @o(2) + @1 (2) + pa(2)

= supinf ¢o(z) + 2 y1 — @) + 2 ya — ©5(12)

y1,y2 &

<max min L Z:U,v).
T uw BERPzEZ, (57 T )

By weak duality, we have the other direction of inequality holds, and thus the strong
duality holds.

The KKT conditions in (5.5) follow directly from the first-order conditions for the

minimization and maximization problems in (5.4). O

5.A.1.3 Proof sketch of strong duality for node relaxation

The node relaxation strong duality proof is similar by replacing Z, with Z, and

enforcing z; = 1 for ¢ € Fy, z; = 0 for ¢ € Fy.

To be more specific, let p1(8,2) = B2, 11(8,2) = x{|8| < M}. Then, p}(u,u') =
“742, i (v,v") = M|v|. Note that if M = oo, this is equivalent to ¢f(v,v") = x{v = 0}.

We can then consider

po(r) = F(B) + Ao Y 2+ Mol Fi| + x{z € Z,} (5.52a)
i€eR
p1(z) = Ao Zpr(ﬁi, zi) + A2 Z p1(Bi, 2i) (5.52b)
1€ER 1€F1
pa(x) = Z L (B, 2i) + Z u(Bi, 2i) (5.52¢)
i€ER 1€F1

Following a similar road map, one can get the strong duality as well as optimality

conditions for node relaxation problems.
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5.A.1.4 Proof sketch of Proposition 5.4

Similar to the proof for Proposition 5.3, one can get similar equation to (5.15), i.e.
p ~
Ly(B,2:%,0) = f(B) + (ott +0,0) + ) Az (5.53)
j=1

At node relaxation, we have for j € F, z; = 1; for j € Fy, 2; = 0. Therefore, this

leads to

min _ L,(8,z%,9) = f(B) = (Vf(B),8) = D _(-Aj)+ + Y A;. (5.54)

BERP 2z Z,
v JER JEF

Following similar arguments in the proof of Proposition 5.3 to optimizing the choices

of Aj, we obtain the results in Proposition 5.4.

5.B Additional Technical Details

5.B.1 Relationship to [9, 70]
5.B.1.1 Proof sketch of Proposition 5.6

Recall that in Section 5.5, we use X and y to denote the data matrix and the response
vector. The sparse regression setting in [9] is equivalent to taking f(3) = ||y — AB|%,
Ao = [, Ao = %, and M = oo. The sparse logistic regression setting in [70] is equivalent
to taking f(8) = Y., log(1 + exp(—y;z; B)), Ao = i, Aa = % and M = oo. It is not
hard to verify that the screening criterion given in Corollary 5.1 exactly recovers that

in [9, 70].

5.B.1.2 Examples of screening when z € (0,1)

Consider the following problem

min 2y~ ) + A L{5 £ 0} + o (5.55)
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Given any 3, we have

A B0 PR B
E, = 5ly=BP - 63 —y) = 35 — 50° (556)
2
A=)y — % (5.57)
z = min{1, max{0, |B]\/ A2/ }} (5.58)
Therefore, in this case
F(2=0)= %yQ - %BQ (5.59)
)2
F.(z=1)= %yZ 2B2 + Ao — (”B%y) (5.60)

Screening to 2z = 0. Taking y = 3,\g = 100, A\ = 1072, M = oo, we have the

optimal solutions to the MIP and the relaxation problems are
(BT, 21, FT) = (0,0,4.5), and (B 2%, F*) = (1,0.01,4) (5.61)

Let F; = FT. Since z* = 0.01 € (0, 1), no screening happens at the optimal relaxation

solution (B*, z*).

For a general 3, F,(z =0) =4.5—- 0532 < F; =45, but F,(z =1) = —25.53> +
1508 — 120.5 > F; = 4.5 when

17 o1 ’17+ 51

50 5v/390 50  54/390
Be ( = ) ~ (1.00506, 4.87730). (5.62)

This corresponds to

z = |]/100 € (0.01005,0.04877) C (0,1). (5.63)

Screening to 2" = 1. Taking y = 1, Ay = Ay = 0.05, M = oo, we have the optimal
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solutions to the MIP and the relaxation problems are

10121 9 9 19

(81,20, F1) = (7, Loggg)s and (8%, 2% F7) = ({55 150 500 (5.64)

Let F'; = F'. Since z* = 0.9 € (0, 1), no screening happens at the optimal relaxation
solution (8%, z*).
For a general 8, F.(z = 1) = =48 - )2 + 25 < Fy, but F (z = 0) =

2 11
0.5—0.58%> F; = % when

/89 /&9
—1/—,1/ — | = (—0.89949,0.89949). .
B e ( 110’ 110) (—0.89949, 0.89949) (5.65)

This corresponds to

z = |B] €[0,0.89949) C [0,1). (5.66)

5.B.2 Relationship to [105]

The following proposition suggests that the node screening test presented in [105] is

a special case of our rule presented in Proposition 5.7.

Proposition 5.8. Proposition 5.7 recovers the screening tests presented in [105] when

Ao = 0 in the case of linear regression.

The sparse regression setting in [105] is equivalent to taking f(3) = i|ly — X 3],

Ao = A and Ay = 0, and it is not hard to verify that our screening rules presented in

Corollary 5.2 exactly recovers [105].

5.C Additional Experiment Details

5.C.1 Additional experiment setup

Following [120], we adopt the similar parameters for the BnB solver. Specifically,

relative optimality gap for BnB solver termination is set to 1%, integer feasibility
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tolerance is set to 10™*, and primal-dual optimality gap for subproblem solver is set

to 1078 (as opposed to 107° in [120]).

5.C.1.1 Synthetic data generation

For classification datasets, we take p = 0.05. For the regression model, the data
matrix X € R™*P is generated in the same way as classification model with constant
correlation p = 0.15. The response vector y is obtained from the linear model y =
X 3°+ €, where the noise vector € with independent and identically distributed (i.i.d.)
coordinates €; ~ N(0,0?) for j € [n]. Here, the standard error o is determined by
so-called signal-to-noise ratio (SNR), defined as SNR = Var(X3°)/c* We consider
SNR € {1,1.5,2} in the experiments, and like classification datasets, for each SNR

value, we generate 10 random data sets.

5.C.1.2 Real-world data details

e REJA: this dataset is taken from https://archive.ics.uci.edu/ml/
datasets/REJAFADA+. We consider a training dataset with n = 1996 and
p=A477.

e Dexter: this dataset is taken from https://archive.ics.uci.edu/ml/

datasets/dexter. We consider a training dataset with n = 300 and p = 457.

e Arcene: this dataset is taken from https://archive.ics.uci.edu/ml/

datasets/Arcene. We consider a training dataset with n = 100 and p = 482.

e Crime: this dataset is taken from https://archive.ics.uci.edu/ml/
datasets/communities+and+crime. We remove all features with missing val-

ues and consider a training dataset with n = 1999 and p = 94.

5.C.1.3 Choices of )y, \»

Synthetic datasets To determine the grid of regularization parameters (Ag, \2),

we follow these steps.
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1. We first create a grid of A, in a wide range. For the regression model, we take
10 values equispaced on a logarithmic scale in the range [10!,10'%5], while for
the classification model, we take 10 points equispaced on a logarithmic scale in

the range [107°%5,10%5].

2. For each Ay, we compute a regularization path of \g: 5\(1)(5\2) > :\(2](:\2) > >
Ay (A2). We use adaptive selection rules as described in [116] to generate a
sequence 5\8 that avoids duplicate solutions. For each (5\0, 5\2), we use our plain
BnB solver to approximately solve the problem, with maximal tree depth set
to 5 and a time limit of 30 seconds. We denote by 3(5\8(5\2), A2) the solution

obtained from Plain.

3. Determine \;();) that minimizes the £, estimation error of 3. For the regression

model, we choose
)‘8(5‘2> € arg min;é(jq) ”Bc - B(S‘S(S‘Q)v 5‘2)||27 (567>
and for the classification model, we choose

/\8(5\2) € arg min;g(gz)IISBc - B(:\g(:\2), :\2)||2 (5.68)

4. Choose the \g grid for each Xo. For the regression model, we take 10 values
equispaced on a linear scale in the range [1.25)\5(\2), 1.5A5()\2)]. For the clas-
sification model, we take 10 values equispaced on a linear scale in the range

[0.50%(Xa), 205 ()]

Real datasets Since there is no ground truth of B¢ known to us. Instead, we
perform a 5-fold cross-validation using our implementation of LOlearn [116] to find
the optimal regularization parameters \j and A5. Then, our experiments are run on
the grids where we take 10 values of Ay equispaced on a logarithmic scale in the range

{10*1/ 2)\5,10Y 2)\§} and vary \g to generate solutions of different support sizes.
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5.C.2 Additional numerical results

Finally, we present additional numerical results for synthetic regression datasets. Ta-
ble 5.5, Table 5.6 and Figure 5-3 provide simulation results that correspond to those in
Table 5.1, Table 5.3 and Figure 5-1 respectively, but for regression model. The tables
and figure reveal a qualitatively very similar story to that presented in Section 5.6.

Table 5.5: Average runtime and tree sizes for easy case of synthetic regression prob-

lems. Results are averaged over different choices of A\g, A2, and random seeds of
synthetic datasets. Details are given in the caption of Table 5.1.

MaxFrac MaxZ Strong-L Strong-P
Plain Root Node | Plain Root Node | Plain Root Node Node-E | Plain Root Node Node-E
SNR=1 | Time| 2032 2899 1692 | 2730 2661 1594 | 3114 3066 1966 1371 | 3057 3071 1896 1314
(803/1000) | giye | 9048 9035 9098 | 8719 8720 8750 | 9020 9021 9085 5372 | 9161 9139 9191 5234
SNR=1.5 | Time | 1613 1598 968 | 1479 1474 900 | 1704 1705 1100 602 | 1716 1712 1068 568
(847/1000) | Gise | 4885 4853 4916 | 4751 4751 4788 | 4867 4819 4977 2258 | 4809 4889 5037 2182
SNR=2 | Time| 184 181 107 | 162 160 96 | 196 193 121 82 189 190 118 78
(1000/1000) | gise | 624 624 624 | 602 602 602 | 625 625 624 367 | 619 619 618 352

Rules

Table 5.6: Average runtime and tree sizes for hard case of synthetic regression
problems. Results are averaged over different choices of A\g, A2, and random seeds of
synthetic datasets. Details are given in the caption of Table 5.3.

MaxFrac MaxZ Strong-L Strong-P
Plain  Root Node | Plain Root Node | Plain Root Node Node-E | Plain Root Node Node-E
Time | 14400 14400 14166 | 14400 14300 14083 | 14400 14387 14184 14216 | 14400 14378 14165 14122
SNR—=1 | Size | 21803 21466 22986 | 20420 20111 22494 | 18297 18437 19541 17990 | 17716 17835 19263 17570
(197/1000) | gyec | 00 00 007 | 00 001 008 | 0.0 00l 006l 006l | 0.0 0015 0061 0.075
Gap | 0.063 0.063 0.061 | 0.065 0.065 0.063 | 0.064 0.064 0.062 0.062 | 0.064 0.064 0.063 0.063
Time | 14400 14361 14235 | 14400 14375 14142 | 14400 14397 14284 14213 | 14400 14382 14249 14159
SNR=1 | Size | 12022 12308 13449 | 11611 11823 13501 | 10305 10421 11579 10732 | 10503 10055 11857 10782
(153/1000) | syce | 0.0 0013 0033 | 00 0013 0052 | 0.0 0007 0039 0033 | 0.0 0013 0033 0.052
Gap | 0.063 0.062 0.061 | 0.065 0.065 0.063 | 0.066 0.066 0.064 0.065 | 0.066 0.066 0.065 0.065

Rules
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Figure 5-3: Box plot of runtimes for synthetic regression problems with SNR=1,
easy case. Results are collected from different choices of Ay, Ao, and random seeds
of synthetic datasets.
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Chapter 6

Conclusion

This thesis presented large-scale optimization algorithms for several machine learning
problems under structural constraints. In Chapters 2 and 3, we focused on problems
in nonparametric statistics with shape constraints and developed efficient convex op-
timization approaches with novel convergence guarantees. In particular, in Chapter
2, we present an active set algorithmic framework for solving large-scale subgradient
regularized convex regression problem, which leverages proximal gradient methods
as well as different random and greedy techniques for active set augmentation. We
show novel linear convergence guarantees for our algorithms in the absence of strong
convexity. In practice, our algorithms can approximately solve the instances with
n = 10° and d = 10 within minutes. In Chapter 3, we develop a scalable compu-
tational framework for computing log-concave MLE, based on randomized smooth-
ing and Nesterov smoothing, combined with an integral discretization of increasing
grid sizes. We provide the convergence guarantees and our new framework is up to
30 times faster than the existing convex methods. Our framework can also apply
to other shape constrained density estimation problems. In Chapters 4 and 5, we
switched the gear to investigate into sparse learning problems and proposed scalable
discrete optimization methods. Specifically, in Chapter 4, we propose a novel esti-
mator for sparse precision matrix for iid multivariate Gaussian samples, based on
lyla-regularized pseudolikelihood. We provide statistical guarantees for our proposal

in terms of estimation and variable selection. We further reformulate the problem into
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MIP, and develop a fast approximate algorithm as well as a scalable exact algorithm
(specialized BnB solver) for the problem. Our exact algorithm is computationally
scalable to p ~ 10,000 (corresponding to 50 million parameters). In Chapter 5, we
design a safe screening procedure at each node within BnB solver for a general £¢5-
regularized sparse learning problem. We demonstrate that the deployment of such
screening procedure can improve the runtime of BnB algorithm up to 2 times. When
using strong branching strategies, it can further reduce the tree sizes and lead to a
substantial runtime improvement.

There are multiple exciting directions for future work in sparse learning and convex
optimization. The fyf5 penalty has a drawback that it can control the exact sparsity
of the final solution — for example, if one wishes to select k variables out of p,
sometimes it is hard to find a hyperparameter grid (A, A2) so that the final solution
has exactly k nonzeros. Hence one interesting direction could be replacing ¢y penalty
with cardinality constraint, i.e. ||3]|o < k, for sparse learning problem, and developing
scalable approximate and exact algorithms.

The methodological work presented in Chapters 2 to 5 has many applications
and generalizations in areas of finance and neural networks. In [125]!, we develop a
GreglNets framework for joint learning time series forecasting models and partial cor-
relation structures that leverages graph connectivity from financial knowledge graphs
(based on pseudo-likelihood). In [51]?, we propose a flexible optimization frame-
work to simultaneously learn covariance matrices across different time periods under
suitable structural assumptions on the period-specific covariance matrices and time-
varying regularizers. In [23], we propose an optimization framework CHITA for neural
network pruning/sparsification based on an ¢, cardinality-constrained sparse regres-

sion problem.

IThis is a joint work with Shibal Ibrahim, Yada Zhu, Pin-Yu Chen, Yang Zhang and Rahul
Mazumder.

2This is a joint work with Riade Benbaki, Yada Zhu and Rahul Mazumder.

3A workshop version of this appears in [50]. This is a joint work with Riade Benbaki, Xiang
Meng, Hussein Hazimeh, Natalia Ponomareva, Zhe Zhao, and Rahul Mazumder.
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