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ABSTRACT

Probabilistic analyses provide an alternate approach to assessing the
stability of rock slopes. 1In a probabilistic or reliability analysis the
integrity of the slope is expressed as its probability of failure rather than
its factor of safety. The primary advantage of reliability techniques is that
they explicitly consider the uncertainty associated with engineering para-
meters.

There are a number of probabilistic techniques currently available;
however, none of them provide a comprehensive treatment of the problem. This
thesis presents a new method that eliminates some of the earlier limitations.
In particular, the thesis concentrates on a few specific points and develops
some tools to use in examining rock slope stability from a probabilistic
standpoint.

The thesis presents a procedure that enables one to use the data from
joint surveys i.e., the probability density functions (pdf's) of joint or-
ientation to derive the pdf's of parameter that characterize the shape and
orientation of possible rock wedges bounded by the joints.

The thesis developed an improved analytical model which describes the
failure mode that consists of sliding along both joint planes. The model ex-
amines the influence of both in situ stresses and joint stiffnesses. It
extablishes the relationship between the two effects and extends the concepts
to cover asymmetric wedges.

The thesis also presents a possible solution to one of the major unsolved
problems in rock stability--joint persistence. The stochastic model developed
in Chapter 5 provides a rational method for treating joint persistence. It
uses Monte Carlo simulation to generate jointing patterns and then analyzes
each pattern to identify the weakest failure path. The strength of the rock
mass is characterized by a random "apparent persistence" parameter that can
be used in probabilistic stability calculations.

Name and Title of Thesis Supervisor: Herbert H. Einstein
Associate Professor of Civil Engineering
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CHAPTER 1

INTRODUCTION

1.0 Scope of Thesis

The idea of analyzing the stability of rock slopes in a
probabilistic framework is not new. McMahon developed a prac-
ticable approach in the early 1970's. His original model had
a relatively limited range of applicability but it did intro-
duce the notion of using the probability of failure rather
than the factor of safety in rock slope stability analyses.
Reliability techniques are now gaining popularity as their
sophistication and range of applicability increases. As will
be discussed in Chapter 2, the current models use a number of
different approaches. Some combine deterministic models with
Monte Carlo simulation so that some of the input parameters
can be treated as random variables. Other models treat
stability as a stochastic process that can be described mathe-
matically. At the present time there is a wide gap between
the two contrasting approaches. This thesis endeavors to
establish an intermediate approach that is basically stochastic
but does use Monte Carlo simulation to treat aspects of the
problem that cannot presently be modeled stochastically.

A rigorous analysis should consider every aspect of the
problem including the correlation among random variables and
the interaction of failure bodies in the slope. It should

also consider all possible modes of failure; toppling and
16



rotation as well as sliding should be examined. Some of the
problems like correlation are probabilistic. Others like
toppling are largely mechanical. None of these problems are
well understood at the present time; furthermore, they may
remain so for many years to come. This thesis does not address
all the above problems but concentrates on a number of spe-
cific points. 1In particular, it presents a computer program
that enables one to determine the shape and orientation of
tetrahedral wedges through a numerical integration technique
that uses the probability density functions of joint plane
orientations. It also presents a detailed description of

the mechanics of the failure mode that involves sliding along
two planes. The mechanical model is incorporated into two
computer programs that analyze the stability of wedges de-
terministically and probabilistically. The thesis introduces
the concept of "apparent persistence" to characterize the
shearing resistance of en echelon joint sets. Finally, the
thesis shows how the individual techniques can be combined

into a complete reliability analysis.

1.1 oOutline of Thesis

The structure of the thesis reflects the same fundamen-
tal principle that underlies virtually all rock slope stabili-
ty analyses. Slope stability is essentially a problem in
discontinuum mechanics wherein both the wedge and its parent

rock mass are treated as rigid bodies. Two conditions must
17



be met before failure can occur:

1. The wedge must be oriented in such a
manner that movement towards a free
face is physically possible - a kine-
matic condition.

2. The destabiling forces must exceed the
stabilizing forces - a kinetic condition.

The idea that failure depends on both the kinematic and kine-
tic conditions is reiterated throughout the thesis.

Chapter 2 presents a brief introduction to the concept
of reliability analysis. It also reviews the state of the
art of reliability analysis as applied to rock slope stability.

Chapter 3 discusses the kinematic aspects of the stability
problem. It describes the computer program DAYLITE that enables
the user to determine the probability density function of
the orientation and shape of possible failure wedges.

Chapter 4 discusses the kinetic aspects of the stability
problem. In particular, it discusses how the deterministic
model for computing the factor of safety can be improved by
incorporating joint stiffnesses and in situ lateral stresses
into the analysis. The chapter presents two computer programs:
SWARS-2PM, a modified version of SWARS-2P that includes the
effects of joint stiffness and in situ stresses; and SWARS-2MC,
a probabilistic version of SWARS-2PM that treats the input
parameters as random variables through Monte Carlo simulation.

Chapter 5 presents a stochastic model that simulates the
resistance of "en echelon" joints. It characterizes the re-

sistance of jointed rock through an "apparent persistence"
18



parameter. This apparent persistence can be input directly
into stability calculations.

Chapter 6 shows how the techniques described in Chapters
3 to 5 can be integrated into a complete reliability analysis.
As indicated in Section 1.1, there are still many aspects of
the analysis that are difficult to evaluate. The chapter
outlines the limitations of the proposed analysis and notes
the steps in the analysis that require additional refinement.

Chapter 7 presents a summary and conclusions.

19



CHAPTER 2

ROCK SLOPE RELIABILITY ANALYSIS: STATE OF THE ART

2.0 Introduction

The term "reliability analysis" is a relatively recent
addition to the rock mechanics vocabulary. Engineers working
in rock mechanics, like their counterparts in soil mechanics,
are becoming aware of the advantages of using reliability
theory. Unlike conventional approaches, reliability analyses
explicitly consider the uncertainty associated with engineering
judgments. The integrity of a structure is expressed in terms
of its probability of failure rather than its factor of safety.
Engineering parameters such as shear strength or pore pressure
are treated as random variables i.e., gquantities characterized
by probability distributions.

The use of probability is not a totally radical departure
from traditional approaches. Joint orientation data have always
been analyzed statistically. Contour diagrams of joint poles
correspond to probability density functions portrayed on a pro-
jected surface of a hemisphere. A deterministic anélysis would
be concerned primarily with the modal or central values of the
distributions. The contour plots would serve to identify the
modal values and perhaps influence the selection of a design
factor of safety. (Diffuse diagrams may dictate a more conserva-
tive design criterion.) On the other hand, a probabilistic

analysis would incorporate the dispersion or uncertainty of the

20



orientation data directly into the calculations.

Reliability theory is a useful tool in treating the innate
variability of natural materials. It may prove to be even more
valuable in examining another important source of uncertainty--—
incomplete information on design parameters. An engineer seldom
has enough data to thoroughly describe all the inputs to his
analysis. The shear strength parameters are frequently esti-
mated from a limited number of tests. The location of the
phreatic surface may be based on a very brief observation
period. This same type of uncertainty pervades almost all
the parameters on which an engineer predicates his design. 1In
a reliability analysis he can guantify this uncertainty and
treat the parameters as random variables with estimated prob-
ability density functions. The probability of failure will
reflect the natural variability of material as well as the
engineer's subjective assessment of parameters with scant data
bases*.

The problem of rock slope stability provides an ideal
subject for reliability studies. Most of the critical para-
meters such as joint persistence and cleft water pressures
are difficult to evaluate deterministically. These parameters

must be considered random variables to arrive at any realistic

* The distinction between natural variability and estimation er-
ror is a matter of intepretation. Natural variability can be
considered a measure of the error associated with estimating the
value of a parameter at a specific point. Theoretically, one
could evaluate the parameter at every point and eliminate natural
variability. Engineering analyses are based on a limited amount
of data and should consider estimation error.

21



conclusions concerning the stability of a rock slope. A
number of individuals have recognized the promise of such an
approach and formulated probabilistic models. Most of the
current models are relatively crude with limited applicability.
These models may, however, form the foundations for more
sophisticated versions.

The current models can be grouped into four broad cata-
gories:

Graphical Techniques

Monte Carlo Simulations

Composite Models

Stochastic Models
The groupings are rather arbitrary. Most of the models are
based on the same fundamental principles and they share many
features. The groupings serve primarily as a convenience to
emphasize the similarity of certain models.

Many of the mcdels are guite innovative. They can treat
parameters like joint spacing or analyze stepped failure sur-
faces--effects which are difficult to assess deterministically.
However, none of the current models provide a complete solution
to slope stability problems. The guestion of which one to use
in a particular situation is largely a matter of personal
preference.

In examining the models one should evaluate them with
respect to some objective criteria. An ideal model should

fulfill three requirements:
22



Practicality The model should rely on input

data which can be obtained from reasonably
simple and inexpensive field surveys or

laboratory technigues.

Rigorousness The model should be mathemat-

ically and probabilistically consistent. Aall
bias in the input should be systematically
eliminated. Correlation among the random

variables should be explicitly considered.

Completeness The model should recognize the

three-dimensional nature of rock wedges and
investigate all possible modes of failure.
It should be capable of handling diverse

ground water conditions and wedge geometries.

None of the present models satisfy all the criteria. 1In fact
no one is preeminent in all three categories. Most of them
strike a compromise between practicality and rigorousness.
This section will examine a number of models or techniques;

The discussions will highlight the advantages and limitations
of each method. They will emphasize the probabilistic aspects
of the models because engineers familiar with deterministic
analyses may not be aware of the subtle probabilistic assump-

tions inherent to each model.

23



2.1 Graphical Technigues

McMahon (1971, 1974, 1975) has done an extensive amount
of work in this field. His method is best suited for dry
slopes where sliding occurs along a single discontinuity.

The model does not require plane strain conditions. It can

be used in cases where the strike of the joint plane is not

parallel to the strike of the open face as long as there are
tension joints present to isolate blocks and permit sliding

along the major joints (Figure 2.1).

The technique developed by McMahon uses a lower hemisphere
equal-area projection. The two critical steps in the analysis
are to establish regions of kinematic and kinetic stability in
the projection. The kinematic tests indicate whether a block
is physically capable of movement. They consider the orienta-
tions of the joints relative to the slope. The kinetic tests
indicate whether the driving forces exceed the resisting
forces. They consider the shear strength of individual joints.

A block will not slide along a plane unless the line re-
presenting its direction of movement daylights on the slope.
Figure 2.2 illustrates this concept for joint planes parallel
(same strike) to the slope. Only those joints whose poles
lie between A and B are joints on which movement can occur.
The same type of analysis can be performed on any family of
joints that share the same strike. 1In each case the locus of
kinematically unstable joints includes all joints whose dip
is undercut by the slope. (The analysis implicitly assumes

24
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DIRECTION OF_~\ \
MOVEMENT

Figure 2.1 Sliding on a Single Plane
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PROFILE OF SLOPE

POLE OF JOINT X

B: POLE OF SLOPE

Figure 2.2 Kinematic Test for Sliding
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that the dip of the joint corresponds to the direction of
movement i.e., only hydrostatic and gravitational forces are
present.) Figure 2.3 shows the locus of all unstable joints
for slopes of various inclinations. The great circle on the
right side of the figure are traces of the slopes and the
closed curves on the left define the corresponding regions of
kinematic instability; any joint whose pole lies within the
curves will daylight. ©Points A and B correspond to those in
Figure 2.2.

The fact that a joint may daylight does not imply that
movement must occur. The shear strength of the joint may be
sufficient to restrain movement. Kinetic tests must be im-
posed to resolve the guestion of stability. The case analyzed
in Figure 2.4 involves a wedge whose resultant load consists
solely of its weight. The wedge will not slide as long as the
joint has a dip less than ecr = ¢. All joints with poles be-
tween A and C are kinetically stable. The only joints along
which sliding will occur in this simple case are those whose
poles plot between C and B. The three dimensional representa-
tion of the region of kinetic stability is the area inside a
circle of angular radius ¢ centered at the center of the pro-
jection (Figure 2.5). This circle is generated by revolving
the circular sector defined by arc A-C (Figure 2.4) around the

pole of the projections.

27



Figure 2.3 Areas of Kinematic Instability on Stereonet
28



[]w
%“zo

_ WcosO tan §
F.S. W sin ©
tan &
tan ©
Ocritical = @

B : POLE OF SLOPE

C: POLE OF CRITICAL
JOINT

Figure 2.4 Kinetic Test for Sliding
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The two stability regions just described provide a basis
for applying probability theory. The reliability analysis of
the slope reduces to a single decisive gquestion: What is the
probability that the slope will contain a joint (or joints)
whose pole lies within the area of kinematic instability and
outside the area of kinetic stability? This crucial crescent
shapéd zone is accentuated in Figure 2.5. McMahon (1971) dis-

cusses two limiting cases.

1. TUniform Distribution If the joints are

uniformly distributed over the surface
of the sphere P', the probability of the

occurrence of an unstable joint, is

Au
PI = =
J At
Where Au is the area of the critical
zone shown in Figure 2.5 and At is the

total area of the projection.

2. Indeterminate Distribution If the joint

survey represents the best estimate of
the sample population, PJ can be cal-

culated as

Where Nu is the number of poles in the
critical zone and NT is the total number

of poles or joints in the survey.

30



90

Q 2 34°

30
$0

CRITICAL ZONE
AREA = A,

TOTAL AREA OF PROJECTION = A,

Figure 2.5 Critical Zone for Sliding
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Most joint distributions do not correspond to either of
these two extreme cases. If, however, the joint orientation
has a mathematically describable probability density function
(See Appendix A) P& can be found through numerical intergration
techniques. McMahon (1971) describes a procedure for evaluating
bevariate normal distributions with a rectangular normal prob-
ability chart. Herget (1978) also examined the bivariate nor-
mal distribution. He suggests sketching contours of constant
standard deviation and then estimating the portion of each
"ring" that lies in the critical zone.

P! is a conditional probability based on the assumption

J
that only one joint is present. (P& = Probability of an un-
safe joint given that only one joint is present.) If the

joints are independently oriented P the probability of the

Jl

unsafe joint occurring, is:

- - - p"N
P, = 1 (1 PJ) (2.1)
where N is the number of joints in the slope. (In a rigorous
analysis N should be treated as a random variable.) PJ cor-

responds to Pf, the probability of failure, for slopes in
which the joint lengths are large relative to the size of the
slope i.e., the joints will form a continuous failure plane.
If only a portion of the joints are long enough to cause
failure, P_. is computed as

£
P. = P_P (2.2)

where PC is the proportion of joints with the requisite

32



continuity to cause failure.

The graphical approach is not restricted to cases involv-
ing only gravitational loads. McMahon (1974) introduced the
concept of critical dip (Bc) to treat hydrostatic and pseudo-
static seismic loadings.* The critical dip is the dip of the
flattest joint along which sliding takes place at limiting
equilibrium. Dip is measured in the direction of movement.
Figure 2.6 shows hOW'Bc can be determined for the two loading

*k

conditions. Bc is used in the same manner as ¢ in Figure 2.5.

Bc is not necessarily a deterministic guantity. It can be
treated as a function of time (temporal wvariations in ground
water levels) or space (lateral variations in joint friction
angles.)

McMahon's graphical approach is well suited to evaluate
planar failures in cases where both the loads and the resis-

tances are proportional to the weight of the block. When the

proportionality occurs Bcis independent of H, i.e., the size

*McMahon's formulation of B¢g includes a term to correct for
lateral restrain in wedge failures:

tang_ = Kstan(® - a) (2.3)
sin® i
g = 5inby + sinby
S 31n(el + 92)
el and 6, are the apparent dips of the two planes bounding the
wédge medsured in a plane normal to their line of intersection.
K_ is difficult to evaluate because both 6, and 6§, are random
variables. It may be more efficient to usé McMahOns's technique

solely for planar failures (Kg = 1.0) and rely on other methods
to investigate wedge failures.

**Note that the hydrostatic pressure is defined in terms of the
guantity nH. B. will be a function of n but not H because H? will
appear in both the numerator (U) and the denominator (W). Also,
U is a function of 8,. Since B, = é-u0, the solution for o will
require a reiterative approach.
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of the block does not affect its stability (Figure 2.6).
Unfortunately Bc is a function of H for most hydrostatic load-
ings and for all cases in which the resistance includes a
cohesive component. A varying Bc implies that the zone of
kinetic stability changes with every combination of H and ¢.
The graphical approach is difficult to implement undef these
conditions. Stability problems involving cohesion or water
pressures can, however, be analyzed with the methods outlined

in the succeeding sections.

2.2 Monte Carlo Simulations

Monte Carlo simulations constitute an almost purely
numerical approach to reliability analysis. They resemble
sensitivity analyses cast in a probabilistic setting. 1In
theory, the technique can be applied to virtually any problem
that can be modelled deterministically. The factor of safety
(FS) is computed for many sets of randomly selected input
parameters. The probability of failure (Pf) is the proportion
of FS values that fall below 1.0. A more formal definition
of Pf is shown in Figure 2.7. The FS values are grouped to
form a histogram which is used to delineate the probability
density function (pdf) of FS. Pe is the area under the curve
to the left of FS = 1.0.

The selection of input values is a critical step in the
simulation technique. The values for each variable are

chosen from the pdf of that variable. Figure 2.8 describes

the procedure. FX(x), the cumulative distribution function

35



Probability of Failure
= Area of Shaded Region

Peg (fs)

1.0 2.0 3.0
FACTOR OF SAFETY

Figure 2.7 Probability of Failure
36



PROBABILITY

fy(x) DENSITY
| ! FUNCTION
X
1.0~
CUMULATIVE
DISTRIBUTION
Fx (x) FUNCTION
ni--
A
0
X

RANDOM NUMBER (r) GENERATOR
refo,i] —n~

Figure 2.8 Use of Probability Density Function in

Monte Carlo Simulation
37



of x, is the integral of fx(x). By definition, the domain of
Fx(x) is limited to the interval [0,1]. Fx(x) will map any num-
ber r in that same interval [0,1] to a value of x. If ther 's
are the outputs of a random number generator the values of x
will be randomly distributed i.e., the relative fregeuncy with
which values of x in the interval [x + Ax,x - Ax] appear will
be proportional to the area under the- pdf in that same inter-
val. Ahistogram of many x's would resemble fX(x) in Figure 2.8.

Most Monte Carlo simulations involve several random var-
iables, Figure 2.9 is a schematic representation of the tech-
nigque applied to a rock slope stability problem. In general,
the deterministic model is a limiting equilibrium analysis.
Input parameters include the attitude and strength of the joint
planes as well as ground water conditions and external loadings
like rock bolts or surcharges. The analysis must be repeated
for every set of input parameters. The volume of computations
can become enormous; however, the simulation procedure can be
readily programmed for a computer.

Monte Carlo technigues have been applied to numerous pro-
blems in rock mechanics. Su et al. (1970), used Monte Carlo
simulations in conjunction with finite element methods to
evaluate stress distributions around underground openings in
rock strata. Pariseau (1973) extended their work to investi-
gate the stability of roofs and pillars in mines. In the last
few years Monte Carlo methods have been used to analyze rock
slopes. In fact virtually all the reliability analyses to be

discussed rely at least partially on simulation techniques.
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Major et al., (1978) have developed a probabilistic model
that relies exclusively on Monte Carlo simulation. The core
of their model is a deterministic algorithm that evaluates the
stability of rock wedges as their FS against sliding. The
wedges are formed by two intersecting discontinuities. The
resulting tetrahedron may be truncated by a tension crack
(Figure 2.10). Stability calculations are based on the con-
ventional model that examines translational movement of a
rigid body.* The analysis involves a maximum of 22 input
parameters. Any combination (or all) of these parameters can
be treated as random variables. Each random variable is
characterized by one of five distributional forms: normal,
truncated normal, uniform, triangular, and exponential.
Figure 2.10 shows a sample problem presented by Major et al.,
with ten random variables. Two hundred sets of input para-
meters were used to find the distribution of FS. The simula-
tions suggest that P is in the order of 0.07. (The authors
did not document any attempt to estimate the standard error
of Pf which may be fairly large.)

The value for Pf derived from the Major et al. computer
program is actually a conditional probability based on the as-
sumption that one and only one wedge forms i.e. precisely

one joint from each set is present.** The true probability of

* In a companion paper (Kim et al., 1978) the authors briefly
discuss other possible modes of failure.

** A similar conditioning problem was discussed earlier in con-
nection with McMahon's graphical approach.
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Figure 2.10 Sample Problem--Major et al.
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failure is a function of the intensity of Jjointing. It may
be lower than Pf if jointing is a relatively rare event. On
the other hand, it may be considerably higher than Pf if the
slope is highly jointed. Major et al. do not address this
issue. However, the problem is not unigque to their method.
Virtually all the current reliability analyses must contend
with this same problem. There is no simple solution. As
will be shown, the joint model prepared by Veneziano (1978)
may provide a tentative approach to the multiple wedge problem.
The Major et al. method can be a valuable tool in con-
ducting reliability analyses. It does, however, have some dif-
ficulties which are common to all Monte Carlo methods. Simu-
lation can be a computationally inefficient technique for
highly reliable s}opes. The number of trials required to

determine P_ can be very large if Pf is small. The two hun-

£
dred trials used in the example may be an optimistic figure.

A P_ in the order of 0.001 may require several thousand simula-

f
. *
tions.
Most Monte Carlo analyses neglect correlation among random
variables. They treat each variable as if it were indepen-
dently distributed. This assumption is frequently not justi-

fied. For example, strike and dip of joints might be cor-

related or extreme values of strength parameters might be

* P_. values in the order of 0.001 (or less) are very sensitive
to Ehe tails of the distributions of the input parameters. The
tail behavior of these parameters is difficult to estimate at
the present time.
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associated with certain joint orientations. This correlation
structure can become very complicated and difficult to incor-
porate in the analysis; however, neglecting the correlations
can lead to erroneous results,

Monte Carlo methods are relatively easy to implement. Un-
fortunately this tractability often leads to their indiscrim-
inate use. Monte Carlo simulation is not a panacea for pro-
bability analyses. It is subject to the same limitations as
its deterministic algorithm. In addition, it requires a
rigorously defined pdf for each random variable. The critical
issue is whether one can rationally assign a pdf to all the
important input parameters. For example, rock slope problems
may have an extensive amount of information on joint orienta-
tion but virtually no data base for joint persistence or cleft
water pressures. Yet, FS is much more sensitive to variations
in joint persistence than to variations in joint strike. A
poorly selected pdf for persistence will result in an un-
realistic estimate of FP.. Major et al. present many options
for selecting pdf's but give no hint as to typical distribu--
tions for each parameter. (Baecher et al., (1977) present a
summary of current research on estimating pdf's for joint
spacing and joint length.)

In using Mone Carlo techniques one tends to concentrate on
the random variables with well defined pdf's. The ill-defined
random variables are arbitrarily assigned disperse pdf's -
often a uniform distribution is used. However, each random
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variable contributes to the dispersion of FS values. The
variable with uniform pdf's may have a much greater influence
on the shape and location of the pdf of FS than the other
variables. The sheer volume of computations and computer
outputs can give one a false sense of security about the re-

sults.

2.3 Composite Models

Composite models include all the methods which endeavor
to decompose the probability of failure into discrete compo-
nents that can be analyzed independently. All the models have

the same general form:

P, = 1P[a]P[B] (2.5)
A is the event that a potentially unstable condition exists.
B is the event that the destablizing force exceeds the resis-
tance. The product of their probabilities is summed over all
possible unstable conditions. The two events are analagous to
the kinematic and kinetic criteria in McMahon's model. 1In
general A and B are treated as probabilistically independent
events.

Composite models present an attractive concept. Pf is
calculated as the joint probability of several conditions
that lead to instability. A complex process is resolved into
many simple components and each component is examined as a

potential source of uncertainty. Many of the early reliability
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models used this approach. Those models have evolved over
the past few years to the point where they are now legimate
design tools. The two best examples of composite models are
those developed by Marek and Savely (1978) and Serrano and
Castillo (1974).

The Marek and Savely model examines two dimensional
plane shear failures (Figure 2.11). The height is a deter-
ministic guantity (H). The first step in the analysis is to
discretise the dip angles (6's). The Gaussian distribution
for 6 shown in Figure 2.11 is divided into twelve cells.” The
angle at the midpoint of each cell is considered representative
of all dips within that cell. The probability that the dip
will assume any one of the 12 discrete values is equal to the

area of that particular cell. Pf is caluclated as:

n
£ = 321%p P, Ps. (2.6)
3737

e}
|

n = number of cells

Dj = dip at midpoint of cell
PDj = p[dip is Dj]
P, = P[discontinuity is continuous from A to B]
J
Py = P[shear resistance is less than the driving
B
force]

*Not all values of 6 need to be analyzed. Values greater than
the slope angle can be excluded--a kinematic restraint. Marek
and Savely suggest neglecting all values less +than ¢ minus 2
standard deviations of ¢ --a kinetic restraint.
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PL can be determined from a cumulative distribution
J

function of joint lengths. PS is found through Monte Carlo

3
simulation. Since o and H are deterministic, any value 6 = D.

J
will completely describe the geometry and the weight (W) of

the failure block as well as the shear (W sin Dj) and normal
forces (W cos Dj) on the failure plane. Marek and Savely use
Monte Carlo techniques to sample various sets of shear para-
meters (joint friction, ¢, and joint roughness, 1i). PS. is the
proportion of trials in which the shear force (W sin Dj? exceeds
the resistance W cos Dj tan (¢ + 1i).

Call and Kim (1978) extended the Marek-Savely method to ana-
lyze slopes with numerous discontinuities. They considered the
profile shown in Figure 2.12. It corresponds to an open pit
mine which is to be deepened from dl to dz—-a mining increment

of h. N is the number of discontinuities that will be exposed

during excavation. The expected value of N can be computed:

N = G/ (2.7)
_ h sin(a - 8)

G = sina (2.8)

A = mean fracture spacing

Call and Kim define PI, the probability of instability, as
the probability that at least one unstable joint will be ex-

posed. PI can be determined through a binomial expression:
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PI = 1-(1 - p)" (2.9)
P. = probability of failure for a single

fracture as computed by Marek and Savely.

The fact that N is actually a random variable can easily
be incorporated into the analysis. If joint spacing is ex-

ponentially distributed N has a Poisson distribution:

(G/r)Re™G/A

7 (2.10)
n.

fyin) =

PI can be conditioned on n and summed over all possible values

of N.

\
I = 3 . . (1 - (1-p)° )
P R Fg(m) e (1 - (1-P,) )J (2.11)

The Call-Kim model relies heavily on the assumption in-
volving independence. It treats joint stability as a series

of Bernoulli trials i.e., mutually independent experiments with

th

a constant probability of failure. The fact that the n joint

is stable does not influence the reliability (Pf) of the

(n + l)th joint. Even Marek and Savely's formulation of Pf is

based on the assumption that joint orientation, length and

*
frictional properties are independent parameters. These as-
sumptions do not necessarily invalidate the model. They should,

however, be thoroughly investigated before the model is applied

*A careful search of the data bases for each pair of parameters
may reveal correlations that can be introduced into the Pf cal-
culations.
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o a specific problem.

Serrano and Castillo (1974) use the same principles in
their 3-dimensional model. The principal features of their
model are shown in Figure 2.13. The figure is a front view
of a rock slope that contains two sets of discontinuities.”
Every intersection defines a potentially unstable wedge.
Serrano and Castillo characterize the wedges by their sur-
face areas or volumes. The triangles ABC and A'B'C' typify
the largest wedges that can form. All wedges of that size
will have a vertex that lies along the line BB'. Small
wedges such as the family that is typified by ADE and D'E'C'
are much more numerous. All the members of that particular
family have vertices between D and D'.

The critical feature of the computerized model is a rou-
tine that identifies all possible combinations of joints
that will produce a wedge whose area lies between the pre-
scribed limits%land<%+r The problem is by no means trivial
because the joint spacing is a random variable. Pf can be
computed through the techniques described earlier. P(G,Fo)
is the probability that a wedge of volume § will have a factor
of safety less than F

0°

_ 1.1.2.2.3.3
P(§,Fg) = jT & £jEETEIEIE (2.12)

* A more general version of the Serrano-Castillo model can
accommodate 3 sets of discontinuities.
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i,J = all pairs of joints 1 and j that satisfy

the volume = § condition.

R = subspace of all combinations of strength
parameters that yield FS < FO

fi,f% = density functions of the joint strength
parameters

fi,f? = density functions of joint persistence

fi,fg = density functions of the intact rock

strength parameters

The last step in the analysis is to construct the cumu-
lative distribution function of Fo for various values of §.
F(GO,FO) is defined as the probability that some wedge with
a volume gqual to or larger than 60 will have a FS less than
or equal to FO.

n(s)

F(SO,F ) =1 - 1T (1 - P(S,FO)) (2.13)

o d>64

n{s) number of wedges that have a volume of §
Figure 2.14 shows some results that Serrano and Castillo
obtained in their example. Pe is the value of F(SO,FO) at
FS = 1.0. It is a function of 60 and increases as the failure
volume decreases.
The Serrano-Castillo model can be a versatile tool in
the planning of pit mine slopes. The concept of explicitly
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considering the size of the failure zone is an attractive
approach because it enables a planner to evaluate the conse-
quences of failure. However, the model is based on a number

of assumptions concerning independence among parameters. As
discussed earlier, these assumptions must be verified before
the model is implemented. Finally, the model computes F(éO,FO)
through a long series of conditional probabilities. The volume
of computations can become overwhelming for heavily jointed

rock masses.

2.4 Stochastic Models

In many ways stochastic models constitute the most inter-
‘esting approach to reliability analysis because they attempt
to describe jointing as a random process. The models do
not consider the mode of origin of the discontinuities but
they do consider their attitude and location. The idea of
treating any aspect of jointing as an analytically describable
process 1s an innovative concept. Until recently joint data
(orientation, length and spacing) has been analyzed on a
strictly empirical basis. Various authors (Bridges, 1976;
Barton, 1977; Call et al., 1976) have perceived some general
properties i.e., the exponential nature of joint spacing, but
no one has tried to interpret this behavior. Stochastic
models present a unifying theory that accounts for these ob-
served properties. However, the models do more than just
enable one to visualize jointing patterns in a rock mass.

They can be used to derive additional parameters which can
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be valuable in stability analyses e.g., the mean number of
wedge vertices on an excavated slope. The validity of the
model can be measured by comparing predicted values with ob-
served data. |

Stochastic models can be either inductive or deductive.
Inductive models find the pdf's for the inclination and per-
sistence of failure surfaces by examining many continua--each
of which contains a single failure path. Each path is pieced
together from many individual joints whose length, orienta-
tion and spacing are treated as randomvariables. Inductive
models infer the general properties of failure paths by in-
vestigating many specific examples. On the other hand,
deductive models infer these properties by first generating
joint patterns and then searching the pattern for possible
failure surfaces. Deductive models populate a multi-
dimensional space with a family of randomly generated joint
planes. The entire joint system is examined to locate the
path of minimum resistance.

Call and Nicholas (1978) developed an inductive sto-
chastic model to investigate 2-dimensional stepped or "en
echelon" failure surfaces. This failure mode occurs in
slopes that contain two approximately orthogonal joint sets
(Figure 2.15). The failure path is composed of many joint
segments that coalesce to form a continuous surface. 1In
some instances the joints may not form a complete path; the

remaining rock bridges must rupture before the block can
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detach from its parent rock mass.

Call and Nicholas term the two joint sets "master joints"
and "cross joints" (Figure 2.15). Each set is characterized
by four random variables: dip, length, spacing and overlap.
The last parameter describes the interaction between the two
sets; it is defined in Figure 2.15. The overlap of joint Y
is the ratio of Ll’ the distance that Y extends beyond joint
Z to (Ll + L2), the total length of Y*.

The major features of the model are shown in Figure 2.16.
The object is to fabricate a hypothetical failure path from
an arbitrarily chosen point A to the top of the slope.

Point A presumably locates a daylighting master joint and is
defined by the distance H. A dip and length for this master
joint is sampled from the appropriate pdf's through Monte
Carlo techniques. A family of cross joints will intersect
the master joint; the points of intersection are simulated

by sampling random values from the pdf of cross joint spacing.
Values are sampled until the sum of the N spacings exceeds
the length of the master joint. The (N—l)th cross joint is
the last one that actually intersects the master joint. The

h

exact location of the (N-l)t joint is found by sampling

values of dip, length, and overlap from the pdf's. The next

d

master joint (the 2% wgtair") is located by sampling values

* Call and Nicholas indicate that their data suggest that
overlap is uniformly distributed over the interval [0,1].
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of spacing, length, dip and overlap from the pdf's of master
joints. The complete failure path is produced by alternately
generating cross and master joints.

Occasionally the joints will not intersect. Whenever
the path is interrupted the simulation process begins again
as a new master joint is established. The interruption cor-
responds to a bridge of intact rock which must rupture be-
fore complete failure can occur. The size of the bridge(s)
is expressed as "% tensile failure" (Figure 2.16). The
entire failure path (including rock bridges) is characterized
by o, its average inclination or "step path angle.”

In their complete analysis Call and Nicholas generate a
large number of failure surfaces and derive the pdf's of «
and % tensile failure. The entire procedure is then repeated
for various wvalues of H. (In general, @ decreases asymptotically
with increasing H.) Call and Nicholas used this model to
predict the inclination of failure slopes in an open pit nine.
They found a good correlation between the distributions for
predicted and observed values.

The Call-Nicholas approach is not a true reliability
model in that it does not directly provide information on
P.. It can, however, be useful in predicting failure geometries
in situations where the mere existence of a continuous failure
path ensures failure. The restriction is important because
the model ignores the kinetic conditions--it presumes that

none of the joint surfaces develop enough resistance to
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maintain stability along a continuous failure path. Under
simple conditions (no water, no external loads) the master
joints must have a mean dip that exceeds ¢, the joint friction
angle. (The mean dip of the master joints in the field study
was 43° and the "% tensile failure" approached zero.) The
kinetic conditions should be considered in analyzing slopes
with flatter master joints. One practicable technique would
involve sampling a value of ¢ from the corresponding pdf for
each failure path. If a< ¢ thepath would not be considered
in determining the pdf of a. The implementation of kinetic
restraints would tend to shift the pdf of o to higher values
because many potential failure paths with small step path
angles would be stable.

The previous comments regarding Monte Carlo simulations
also apply to the Call-Nicholas model. The selection of the
proper pdf for each of the eight random variables is a critical
reguirement. The close comparison between predicted and
observed failure paths suggests that the authors have chosen
reasonable distributions.

Baecher et gl., (1977) developed a deductive stachastic
model for rock jointing. Their goal was to formulate a con-
ceptual model that could explain two empirical observations:

1. joint lengths are lognormally distributed*.

2. Jjoint spacings are exponentially distributed.

* In a later work (Baecher and Lanney, 1978) the authors indi-
cate that the underlying distribution for joint length may pos-
sibly be exponential. They identify a number of sampling biases
which filter data from field surveys so that an underlying expo-
nential (or gamma) distribution may appear to be lognormal.
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Baecher et al., idealized joints as 2-dimensional convex
disks randomly and independently positioned in space (Figure
2.17). The disks are circular with lognormally distributed
radii. Joint radius and dip as well as joint radii and loca-
tion are treated as statistically independent variables.

(The independence assumptions are easier to justify if one
only examines joints from a particular set of joints from a
small zone.) The plan and profile shown in Figure 2.17
suggest what the joint traces might look like. The joint
spacing and length characteristics are consistent with empir-
ical observations.

The model is an aid in visualizing the configuration of
joints. However, it also describes a random process from
which one can infer other properties. Baecher et al., have
derived expressions for the mean and Qariance of the area of
joints per unit volume. This parameter could be used as an
index property in assessing the competency of a rock mass.

The Baecher et al. model is not a reliability model; in
fact, it is not even concerned with slope stability. It
does, however, provide a logical basis for approaching stability
analyses. The model may be extended to furnish information on
the location and shape of wedges at excavated faces.

The Veneziano model (Veneziano, 1978) is similar to the
one proposed by Baecher et al. The latter model treats joints
as isolated phenomena. Each disk is a solitary feature; the

probability that any two disks will be coplanar is zero. The
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Veneziano model treats joints as bounded figures on Euclidean
planes that extend to the borders of the rock mass. Each
plane may contain several joints that are separated by

zones of intact rock. The Baecher model is actually a special
case of the Veneziano model in which each plane contains a
single joint.

A detailed description of the Veneziano model will be
presented in Chapter 5 so only the general features will be
outlined here. Veneziano idealizes networks of joints as a
Poisson process of planes in 3-dimensional space. The joints
are generated through a three step sequence of random opera-
tions. First, Poisson planes or Poisson flats are generated
in space to represent joint planes (Figure 2.18). Next, each
plane is partitioned into random polygons by a family of
Poisson lines. Finally, a specified proportion of the figures
are shaded or colored. Shaded polygons correspond to joints

while the remaining portions of the planes correspond to in-

tact rock. 1In its most general form the model has five sets
of input parameters: two density parameters (dne of Poisson
planes in space, the other of Poisson lines in each joint
plane), two probability distributions (one of the orientation
of planes and the other of the orientation of lines), and the
shading probability. The parameters need not be constant;
for example, the density of lines and the shading probability
may depend upon the attitude of the joint plane. The same

parameters may be uncertain and probabilistically dependent.
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Veneziano used the model to derive a number of properties
that are significant in stability analyses: the mean number
of wedges that daylight in any particular region of a free
face, the pdf's of the poles of the planes that define the
wedges, the persistence along a specified failure surface and
the area of joints per unit volume of rock. The first two
properties are essentially the same parameters that Serrano
and Castillo use in their analysis. Veneziano, however, has
a closed form solution that greatly reduces the computational
effort. These two parameters may provide the key to solving
the multiple-wedge conditioning problem discussed earlier.

The general approach could follow the technique developed by
Serrano and Castillo: divide the excavated face into regions
that contain wedges with similar sizes or volumes. Then each
region can be analyzed individually and the resulting Pe values
will actually be conditional probabilities based on the failure
volume. The present version of the Veneziano model is not
designed to compute Pf values. It is a conceptual model that
hopefully will lead to a better understanding of the random
process that control slope stability. The model may prove
difficult to implement because of the unconventional nature

of its input parameters. The five parameters that describe

the Poisson and coloring processes must be derived from the
data obtained in field surveys. Finally, the model may never
realize its full potential. The model can handle correla-

tions between various parameters. However, even the most
65



detailed field survey cannot provide enough information to
define all these correlations. The model is simply much
more powerful than the current state of the art in data

acquisition and reduction.

2.5 Summary
All of the methods described in this chapter are recent
additions to the rock mechanics literature and are currently
undergoing improvements and modifications. The various authors
have approached the reliability problem from many different
directions. Despite the variety of technigues there are a
number of observations that pertain to all the approaches:
1. All the methods demand accurately defined pdf's
for the input parameters. Much more information
is needed on typical distributional forms for
such parameters as joint orientation and joint

strength.

2. Information on correlation between random variables
is almost totally lacking. For example, does ¢
depend on the joint length? This point raises two
questions: How can field surveys be modified to
deduce these correlations (if they exist)? How

can the correlations be introduced into the analyses?

3. The assumption concerning the independence of joint
planes must be carefully investigated. Do joints

with particular orientations tend to congregate?
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The

plines.

If a tetrahedral wedge is formed by one joint from
set X and one joint from set Y does the fact that
joint X, from set X constitutes one boundary affect

the marginal distribution of the member fram set ¥?

The multi-wedge problem needs to be examined as an
exercise in system reliability. The binomial

approach (Egquation (2.11)) for calculating Pf may be
too conservative. The Pf‘s may be correlated i.e.,

adjacent wedges may have similar Pf's because they

share the same hydrostatic loads, etc.

Should all the uncertainty associated with a parti-
cular random variable be lumped together as if it

had a common source? For example, a series of labor-
atory tests could be used to develop a pdf for ¢.

The pdf would reflect the imprecision of the tests

as well as changes in the composition of the samples.
However, this pdf is not necessarily the most appro-
priate one to use in stability calculations. The
joint planes are so large that they tend to even out
variations in composition. The pdf in the stability
analysis should be less disperse than the laboratory
one. (Vanmarcke (1977) examined this same problem in

connection with fluctuations in soil properties.)

comments outlined above span a wide range of disci-

There are questions involving geology, random process
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theory, systems engineering and geotechnical engineering.

Some of the questions may not be answered for years to come.
However, they should serve as a constant reminder that improve-
ments in analytic techniques alone will never provide a com-

plete solution to the problem of rock slope reliability.
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CHAPTER 3

KINEMATIC CONDITIONS--COMPUTER PROGRAM DAYLITE

3.0 Introduction

The first step in analyzing the stability of a slope is
to examine the kinematic restraints. Every pair of joints that
intersect-define a wedge; however, only a small number of these
wedges may pose stability problems. The purpose of the kine-
matic tests is to isolate those potentially unstable wedges for
further study. The tests are performed on a stereonet with
constructions similar to the ones used in McMahon's (1971)
approach.

A wedge will not be kinematically unstable unless the dip
of its line of intersection is less than the apparent dip of
the slope in the direction of the line's strike. From a
graphical standpoint, only those lines of intersection which
plot in the shaded area in Figure 3.1 will define potentially
unstable wedges.

~In a deterministic analysis where one is only interested
in two specific planes the test is simple. Each pair of planes
(and their corresponding line of intersection) can be checked
individually. The tests will eliminate many wedges from

further consideration.
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The kinematic tests are much more difficult to implement
in reliability analyses because the orientations of planes are
random variables. If, however, the pdf's of orientation can
be described analytically it may be possible to derive the pdf
of orientation for the lines of intersection. Knowing the
position (and form) of this pdf in relation to the orientation
of the slope face, one can compute some probabilities that may
be useful in reliability analyses. For example, one can find
the probability that any one wedge formed by two planes will be
kinematically unstable--it is the volume* of the pdf that ex-
tends over the shaded area in Figure 3.1.

Unfortunately there is no closed form solution for obtain-
ing the pdf of the lines of intersection given any arbitrary
pair of pdf's that describe the orientation of joints. There-

fore, the computer program DAYLITE was developed.

3.1 General Features of DAYLITE

DAYLITE derives the intersection pdf by computing £(6,¢)
at specific points** in the critical zone. Each one of these
points represents an orientation; the program identifies all
possible combinations of joint planes which will have a line

of intersection at that orientation. 1In essence, DAYLITE finds

* The pdf defined on the surface of a sphere is a 3 dimensional
function. The integral of the curve over a region of the
sphere (61<6<062; q&¢<¢2) is the probability that the random
variables (6,¢) will be within the region.

**The program actually examines small incremental areas that
can be characterized by a single point.
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the pdf by addressing the question: Given an orientation
(80,¢O), what is the probability that two joints will combine
to form a wedge whose line of intersection points in the (eo,qb)
direction?

The solution procedure involves 3 steps:

1. Defining and partitioning the critical zone
into cells.

2. Examining each cell to find pairs of joint
planes that will have the appropriate line
of intersection.

3. Calculating the probability that the slope
will contain a requisite pair of joints.

Figure 3.2 lists the individual operations.

The remainder of this section presents an overview of
the general procedure. Section 3.2 presents the details of
each operation.

DAYLITE derives the intersection pdf numerically, but many
of the mathematical operations can be visualized as graphical
constructions on a stereonet. As indicated in Figure 3.1, the
kinematically critical zone for wedge instability is bounded
by the great circle that represents the trace of the slope on
a lower hemisphere projection. The program partitions the zone
into equal area spherical rectangles or cells. The boundaries
of the rectangles constitute small circles of constant dip and

great circles of constant strike so that the geometric figures
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Define critical zone.

1. Kinematic Tests
2. Kinetic Tests

Partition zone into
equal area cells.

Characterize each cell
with a representative ==="7

strike and dip.

Define girdle of
polar plane.

Divide girdle into equal
area components.

Calculate P[Xi] and P[Yi}

For Each Component.

Identify Possible Wedges
Formed By Pairs of
Components.

T
|
|
|
'
| - Repeat For Each Cell

Calculate the Probability
That Each Wedge Will Occur.

Figure 3.2 Flowchart for DAYLITE
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correspond to the elements of a polar equal area stereonet
(Figure 3.3). The purpose of the partitioning is to discretise
the range of critical orientations into a number of representa
tive values that can be studied on an individual basis. The
value at the center of the cell characterizes all orientations
within it. The program examines each of these cells and
computes the probability that the line of intersection of two
joint planes will be in that cell.

DAYLITE uses joint poles rather than joint planes. The
line of intersection between two joints is the pole of the plane
that contains the two joint poles (Figure 3.4). (This plane
is termed the "polar plane".) AOB, the angle between the poles
measured in the polar plane, is the dihedral angle between the
joint planes. This dihedral angle is directly related* to the
central angle or ¥ angle of the wedge (Figure 3.5). There is a
unigue relationship between lines of intersection and polar
planes. Each line of intersection corresponds to a different
plane.

"The colatitude** and latitude that characterize each cell
define polar planes. Each cell represents a small range of
orientations. If all the polar planes from a particular cell

defined by (60,¢O) were plotted they would fall into a narrow

* In general, AOB and ¥ are supplementary angles. However, un-
der certain conditions, Yy = AOB. This descrepancy arises be-
cause all poles are plotted in the lower hemisphere. As will be
shown in Section 3.2.6, the problem can be avoided by reverting
back to planes to measure ¥ angles.

**Tt is convenient to use spherical coordinates in developing
computerized solutions. 0 is the colatitude and corresponds to
the azimuth. ¢ is the latitude and corresponds to the comple-
ment of the plunge angle.
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band or girdle* centered around the (So,¢o) polar plane
(Figure 3.6). Figure 3.7 depicts the girdle from Figure 3.6
after it has been removed from the hemisphere and discretised
into egual area components. Each component corresponds to a
small area on the hemisphere. DAYLITE uses the pdf's of joint
orientation to compute the probability that a joint pole will
lie in any one component. P[Xi] is defined as the probability
that any one joint from set X will have a pole in component i;
it is the integral of the pdf of set X over the spherical area
of component 1i.

The partitioning operation on the girdle establishes n
representative poles--one for each component. Each pair of
poles (i,]j) defines a wedge. The probability that a wedge

defined by (i,3j) will form is:
P[xi]P[Yj] + P[xj]P[Yi] (3.1)

One joint must lie in component i while the other lies in
component Jj.

As will be shown, the smallest wedge the program will
consider has a Yy of 180/n. The largest wedge has a y of
(n-1)180/n. The program examines these extremes as well as
all intermediate size wedges; in fact, the program investigates

every possible combination of the n joint poles.

* Poles from a rectangular cell will not generate a true girdle
i.e., a band of constant width. The actual band will be
slightly wider at the ends.
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The results of the analysis are expressed as P[GK,¢K,wl],
the probability that a wedge of central angle Yy, will have a
line of intersection that daylights at (GK,¢K). (BK,¢K) are

the characteristic coordinates of cell in the critical zone
180 2(180) 3(180)
I

14

and wl is a discrete variable with wvalues = = =

... B2l oggp,
n

The two joints do not necessarily have to come from dif-
ferent sets. DAYLITE will calculate the probability that a
particular wedge (GK,¢K,w1) will be formed by two joints from
set X (or two joints from set Y). The resulting probabilities
are conditioned on the premise that only two joints from set
X are present in the slope. The orientations of the two joints
are treated as independent random variables i.e., the fact that
one joint lies in a particular cell does not affect the pdf of
the other joint. This same assumption of independence under-
lies the analysis involving joints from different sets. The
assumption might be easier to justify in the latter case.

The critical step in the analysis is to assign values of
P[xi] and P[Yi] to each component of the girdle. The operation
requires that the pdf of joint orientation have an analytic
form. Once the forms are determined the probability calcula~
tions become exercises in numerical integration. P[xi] is the

volume of the pdf of X that lies over the ith component.,
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DAYLITE will accept six different distributional forms:*
Uniform, Fisher, Arnold, Bivariate Normal, Bingham, and
Dershowitz. All these distributions are described in Appendix
A. At the present time each set of joint orientation data must
be studied to find the distribution which provides the closest
fit. ©No one distribution appears to be universally applicable.
Baecher et. al. (1978) made some preliminary studies on this
subject and tentatively concluded that the Bivariate Normal

and Bingham distributions are the most useful forms in de-
scribing orientation data.** Lanney (1978) and Dershowitz

(19xx) provide some examples of fitting curves to actual data.

3.2.1 Defining the Critical Zone

The kinematically unstable zone consists of the entire
region above the great circle ABC in Figure 3.1 because every
point in that region represents a daylighting line of inter-
section. However, the fact that a line (or wedge) daylights
does not necessarily imply that the wedge is unstable. Indeed,
the second step in the reliability analysis is to examine
resisting and driving forces to determine the probability that
a daylighting wedge will fail. (This subject will be discussed
in Chapters 4 and 6.) Nevertheless, wedges with shallow dips

may have relatively small driving forces and, consequently,

* The current version of DAYLITE uses the six forms listed.
The program can be modified to accept any spherical distribu-
tion that can be expressed analytically.

**The Dershowitz Distribution is a modified version of the
Bingham and was formulated after the completion of the Baecher
et al. study.
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negligible probabilities of failure. The reliability analysis
can be simplified by eliminating these wedges from further
consideration at this early stage. The DAYLITE user can
specify a minimum dip (o) which will reduce the critical zone.
Figure 3.8 indicates that even a modest value of o can signifi-
cantly reduce the critical zone.

In a rigorous reliability analysis a should be zero.
Every wedge regardless of its orientation has a finite proba-
bility of failure; hence, every line of intersection should
be examined. In choosing a non-zero a, the DAYLITE user opts
to ignore some possible (albeit improbable) failure geometries
involving wedges with shallow dips. The user elects to intro-
duce some error into the analysis in order the reduce the
volume of calculations. The selection of a reguires some
judgment. The parameter might be considered the lower bound
of joint friction angles. From a physical standpoint it could
represent the lowest practical coefficient of friction for
mineral to mineral contact. From an analytical standpoint, o
depends on the pdf of ¢. If ¢ were normally distributed o
might be defined as Qmean minus 2 standard deviations of ¢;

in this case, P[?<a] = 0.0228.

3.2.2 Partitioning the Critical Zone

As mentioned in Section 3.1 and shown in Figure 3.3, the

critical zone is partitioned into equal area cells to help one

discern the location and shape of £(6,¢), the pdf of the line

of intersection. 6 and ¢ are continuous random variables;
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DAYLITE treats them as discrete random variables defined only
at the characteristic coordinates of each cell, (6i,¢i). The
program uses numerical technigues to compute P[ei,¢i], the
probability that éhe line of intersection will lie in cell 1i.
The method approximates the integral of £(8,¢) over Ai' the area

of cell 1i.

P[ei¢i] = fAif(6,¢)dA (3.2)
As long as A; is small,
Pl6,9,] = £(8,¢,)a; (3.3)
Or,
pl6,9,1/8, = £(8,9,) (3.4)

if Ai is a constant for all i, '

P[6i¢i] o f(6i¢i) (3.5)
for all cells. Thus, the maximum(a) of P[ei ¢i] correspond to
the mode(s) of £(9, 9).

The partitioning of the critical area is based on two para-
meters:  and €. £, the maximum width of the zone, is defined
as the dip of the slope (¢s) minus o (Figure 3.8). € is an angu-
lar value that controls the size of the unit cells. DAYLITE
divides the spherical segment that lies between ¢S and ¢ into
% segments bounded by small circles.

The procedure is illustrated inFicgure 3.9 which is a section
through the hemisphere. The area of the spherical segment DEFG
defined by { and o is 2ﬂ(sin(¢g)—sind); hence the area between

any adjacent small circles should be:
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Figure 3.9 Areas of Spherical Segments--Definition of §
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Sin(¢ ) - Sina

(3.6)

mi0in

The dips of the small circles can be computed from the surface
areas. Let Yio1 and Yi(Yi—l < y) be the dips of the circles

that bound the ith spherical segment (Figure 3.9C):

At - (AO + (1iYAn) = 27(1 - s1nYi) (3.7)
Ay = total area of the unit hemisphere
= 27
Ao = area of the spherical segment above the small

circle DE in Figure 3.9B

= 271sino

Equation (3.7) can be rewritten as:

R (i) Aa
Y; = sin (SLna + = (3.74)

Let n = the number of segments. From Equation (3.7A):

Yo = © (3.8)
Y, = Q + o (3.9)
=¢s

The spherical segments of area AA are subdivided into cells

of equal area by lines of constant strike. The angular
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I3 3 L3 * .
increment between adjacent strike lines is % . Filgure 3.10

shows a segment bounded by ¢ and ¢S that has been partitioned

into cells. The area of each cell is Jgi.

/€
The method outlined above will partition the entire spher-
ical segment. However, only those cells in the critical zone
(Figure 3.8) must be studied. The great circle that defines
the slope disects some of the peripheral cells. DAYLITE ex-
amines all cells that lie even partially in the critical zone.
Each cell is characterized by a value of colatitude and
latitude. The characteristic colatitude is the mean of the two
colatitudes (or strikes) that border the cell. The character-
istic latitude is the latitude that divides the cell into two

parts with equal surface areas. It is computed in the same

manner as 'Yi :

¢ 2 = characteristic latitude of cell bounded by Y, ; andy,
= /2 - characteristic dip = 1/2 -Yi (3.10)
_ I (1)AA _AA 1
= T7/2 sin [SLna + 5 5 2} (3.11)

3.2.3 Defining the Girdle

Each point in a cell defines a polar plane. All the

polar planes from a single cell are located in a relatively

* ¢ should be chosen so that the quantities w/¢ and % are
integers. In addition, 7/e should be a positive integer.
Smaller values of & will define smaller cells; hence, result
in better defined pdf's.
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narrow band around the plane associated with the character-
istic latitude and colatitude of the cell. If the cells were
circular the locus of planes would form a girdle. 1In fact,
the cells are spherical rectangles with aspect ratios that
approach unity*. DAYLITE approximates the rectangles as
circles with an equivalent area. The area of the cells is

a constant:

_ ' AA
Acell T Tw/€) (3.12)

The diameter of the equivalent circle expressed as the

spherical angle § is shown in Figure 3.12:

1l Acell)

(1 - 2T

§ = 2 cos (3.13)

¢ 1is also the width of the girdle that contains all the planes

whose poles lie within the circle (see Figure 3.7).

3.2.4 Dividing the Girdle into Components

As shown in Figure 3.7, the dimensions of the girdle are
§ by m. The girdle contains all the polar planes from a
single cell in the critical zone. Line M which bisects the
girdle is the trace of the polar plane defined by the charac-

teristic colatitude and latitude of the cell (eo,¢o). Every

* The ratio is not a constant. The cells in some regions of
the hemisphere are more highly distorted. 1In a polar projec-
tion the maximum distortion occurs at the center whereas it
occurs at the edge (along the strike direction) in meridonal
projections (cf., Figure 3.11). The highly distorted region
in a polar plot will not lie in the critical zone unless the
slope is steep (>60°).
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pair of points in the girdle represents a pair of joint
orientations that could produce a regquisite line of inter-
section i.e., any two joints whose poles lie in the girdle
will define a wedge that has a line of intersection that
pierces the unit hemisphere in the (eo,¢o) cell.

Like the critical zone, the girdle is divided into a
few discrete components that can be examined on an individual
basis. The operation is based on ¢, the parameter used to
partition the critical zone. The girdle is separated into n
equal area components where n = %; hence, each component has
the dimensions € by 6*. The components are characterized by
the coordinates of their midpoints e.g., point IO character-
izes component i in Figure 3.7. All the midpoints lie along
line M.

Figure 3.13 depicts the polar plane defined by the char-
acteristic coordinates (60¢O) or (xo,yo,zo)** of a particular
cell; this plane corresponds to line M of Figure 3.7. Point

I the midpoint of the ith component (Figure 3.14), is n

OI

radians from the strike direction (xl,yl,O) of the polar plane.

* The components will not be equidimensional. § will al-

ways exceed €, never by more than 13%. This disparity occurs
because the rectangular cell in the critical zone is approxi-
mated by a circle.

** The transformation from spherical to Cartesian coordinates
can be made through the following relations:

X sin 6 sin ¢
y = cos 6 sin ¢
Z = Ccos ¢

The positions of the X,y and z axis are shown in Figure 3.13
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The x,y and z coordinates of IO can be found by solving three

simultaneous equations:

Il
I

cos(m/2) = 0 (3.14)

(xo,yo,zo)-(x,y,z) xox + YoY + zoz

cosn (3.15)

»
=
et
-t
-
o
»
w3
Y
i

Xlx + yly

y2 + y2 + z2

il
‘_l

(3.16)

The solution to the equations is presented in Appendix B.
Points Il and 12 (Figure 3.14) can be located by replacingn
in Equation (3.15) with n - % and n + %.

A similar set of equations can be used to determine the
coordinates'of points I3 and I4 (Figure 3.14) at the top and
bottom of the girdle. This solution is also presented in
Appendix B.

Thus, DAYLITE computes the coordinates of five points

for every component of the girdle.

3.2.5 Calculating P[X;]

P[Xi] is the probability that any one joint ‘pole from
set X will be in the spherical area defined by component i
of the girdle. It is the integral of the pdf of joint pole
orientations over the area of the component. DAYLITE approx-
imates this integral as

A )
p[x.] = —6‘3- [2£(T) + £(I)) + £(I,) + £(I5) + £(I,)]  (3.17)
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where A, is the area of the girdle component - a constant
for all components and f(Ik) is the value of the pdf of

joint pole orientations at point Ik shown in Figure 3.14.

3.2.6 Identifying Wedges

The operations outlined in Sections 3.2.4 and 3.2.5
divide the girdle into n comﬁonents and characterize each com-
ponent by a single point. Thus, the area of the girdle is
discretised into n representative points. Therefore all wedges
which intersect the hemisphere in the (eo,¢o) cell are formed
by planes with poles coincident with two of the n points.

The easiest way to visualize the wedges is to examine
the planes themselves rather than their poles. Figure 3.15B
is a section perpendicular to the line of intersection that
daylights at (60,¢O). It depicts a typical polar plane that
has been divided into 6 components*. The heavy lines labeled
1 through 6 indicate directions of representative poles for
the respective components. Figure 3.15C shows the planes that
correspond to the poles. (The planes are perpendicular to
the section so only their linear traces appear.) The
probability that plane i will occur is identical to the prob-

ability that its pole will intersect the sphere at point i.

* A plane with 6 components is used to illustrate the concept.
The actual number of components (n) depends on € i.e.,

n = 7/e. n should be an even integer to facilitate the com-
putations.
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The planes can be renumbered so that they become con-
secutive in a clockwise direction from the line segment OA.
(The new numbering system is shown in Figure 3.15C as (:) -)
n is the number of poles (or planes) and ( )old and ( )new

refer to the plane designations in the two respective systems.

1< (3)

{(j) + %]Old (3.18)

n .
< 7 (3) new

new — new

% < Opeyw =0 Olpey = [(j)new - %}old (3.19)

The algorithm is different for the two quadrants.

The largest wedge that can form has a central angle or
n-1 180°

Y of = 180° while the smallest wedge has a ¢ of =5 - If
£ is ¢ expressed in degrees i.e., & = elgg:
wmax = (n -1)e (3.20)
wmim = ¢ (3.21)

The angle between any adjacent pair of planes is e; hence,
the angle between any two planes must be ke where k is an
integer between 1 and n-1. Thus, the wedges defined by DAYLITE

have ¥'s that are multiples of €.
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bosn = ¥ T F (3.22)

min
v, = 2€ (3.23)
¥ = ke (3.24)
Yooy =V¥pop = (B - DE (3.25)

DAYLITE computes each wk and identifies all possible
combinations of planes that will produce a wedge with a cen-
tral angle of wk. Each combination consists of two planes
that are separated by an angle of kg. Thus, wk will have n-k

combinations:

(1,1 + k)
(2,2 + k)

(n - krn)

The larger the wk’ the fewer the combinations. has

wmax

only one pair of points i.e., (1,n) whereas wm.

has n-1 pairs.
in

DAYLITE also computes the Bl angle (Figure 3.5) asso-
ciated with each wedge. As shown in Figure 3.15, the incremen-
tal angle between any adjacent planes is e. Hence, for any

wedge:

+ {(j)new - l}g (3.26)

™
N
rojm|
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where (j)new is the nunber of the plane which forms

the right boundary of the wedge.

The four parameters ¢,6,V and Bl completely define the

orientation of a wedge.

3.2.7 calculating P[ (6_,9,,¥_,(B1).) ]

The results of the analysis performed by DAYLITE are
expressed as the probability that a particular wedge
(60,¢O,wo,(81)o) will form. The program examiﬁes every pair
of girdle components and, in doing so, identifies every
possible wedge geometry. For example, all wedges in Figure
3.15C have a line of intersection oriented at (90,¢o) but the
only two joints which form a wedge with ¢ = 2¢ and Bl = %? are
joints 2 and 4. One Jjoint pole must lie in girdle component
5 while the other lies in component 1. Thus, the probability

that one joint from set X and one joint from set Y will com-

bine to form a (80,¢O,wo,(81)o) wedge is:

PL(8 .0, , (B 1 = plx Iely ] + plx Jply,] (3.27)

P[Xi] P[set X will have a pole

in girdle compent i]

The output from DAYLITE includes three different proba-

bility calculations:
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Pl6.,4.] - the probability that a
wedée %regardless of its shape) will
have a line of intersection oriented
in the (ei,¢i) direction.

P[ei,¢i,w-J - the probability that a
wedge witg a central angle of Y5 (re-
gardless of g;) will have a line of
intersection oriented in the (64,¢;)
direction.

P[6i, 95,94, (By) ] - the probability
that a weage with a central angle of
Y5 and a B; of (Bj)x will have a line
o% intersection oriented in the
(ei,¢i) direction.

The probabilities are related:

= Z
P[ei,¢i,wj] all x P[el,(?l,ll)j,(ﬁl)k] (3.28)

P[ei,¢i] a1 5 PLO5,05,vy] (3.29)

As indicated in Section 3.1, the user can specify that
the two joints belong to different sets (as in Equation (3.27))
or that both joints belong to the same set--either set X
or set Y.

P[ei’¢i] is useful in the early stages of the analysis
because it provides an overview of the problem. It enables
one to determine the most likely orientations for wedges in-
dependent of their shape. The other two probabilities are
used in the detailed analysis. They give specific information

on the shapes of wedges.

102



3.3 Program Information

The input parameters to DAYLITE include the orientation
of the open face and the distributional parameters of the
two joint sets. The user must also prescribe the accuracy
desired in the numerical integration procedure. He must

specify four angular values: e,u,$ and Ay.

£ controls the size of the unit cell
in the critical zone and the width
of girdle components. The parameter
was discussed in Section 3.2.2.

o reduces the critical zone. The
program will not examine any lines of
intersection that have a dip less than
0. The parameter was discussed in
Section 3.2.1.

VY is a parameter that controls the
minimum size wedge. The smallest
wedge the program identifies has a
central angle of € (Section 3.2.6).
The user may not be interested in

very narrow wedges because they tend to
have high FS's (or low P_.'s) The nar-
rovw geometry induces high normal
stresses in the joint planes - thus,
high resistances. The user can opt to
ignore these narroy wedges by speci-
fying a value for y. The program will
not examine any wedge with a central
angle smaller than y. (The program
will investigate all wedges larger

than ¢ if ¢y is not specified.)

Ay enables the user to reduce the vol-
ume of output without sacrificing too
much information. The program will
sum values of P[Gi,¢i,w.] and express
the results as p[e.,¢-,w3 < VL < yL]

_ 177317 TA ] B
where Yy, - ¥, = A¥"thus,
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1050y S Vg 2 Vgl =a%ilplp[ei’¢i'wjj (3.30)

such thht

The program computes P ei,¢.,w. for Y.
values Of Yp,¥a + €, Up ~+ 25,7...... Jy .
It then sums the probabilities as prescribed
by Equation (3.30). Thus, the output describes

¥ in terms of a range of central angles rather
than specific angles.

~

€,a,Y and Ay cannot be chosen arbitrarily. DAYLITE partitions
various angular dimensions and there must be an integral num-
ber of subdivisions in each instance. The 4 parameters must

conform to the following criteria:

1. % = an integer (3.31)
2. % = an even integer (3.32)
3. g = an integer (3.33)
4.-%? = an integer (3.34)

The program will notify the user if any of the criteria are
violated.
Appendix C presents a user's manual and a program listing

for DAYLITE. A sample output is shown in Appendix I.
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CHAPTER 4

KINETIC CONDITIONS - COMPUTER PROGRAM SWARS-2PM

4.0 Introduction

Chapter 3 discussed the kinematic aspects of rock slope
stability. The kinematic tests only provide part of the
answer to the question of stability. They narrow the scope
of the problem by focusing attention on the wedges which
daylight. However, the fact that a wedge is physically
capable of movement does not necessarily imply that it will
fail. The resistance along joint planes may inhibit movement.
The critical gquestion is: What are the relative magnitudes
of the driving and resisting forces? This chapter will
examine this kinetic aspect of wedge stability.

A number of individuals (Wittke (1965A, 1965B), John (1968),
Hendron et al. (1971), Hoek and Bray (1974)) have developed
deterministic models to assess the stability of wedges.

They all use a limiting equilibrium approach and define the
factor of safety as the ratio of resisting to driving forces.
All the ﬁechniques treat both the wedge and its parent rock
mass as rigid bodies and assume the two bodies are separated
by discontinuities that can be idealized as thin zones of
relatively deformable material. The factor of safety is a
function of the stresses acting on the discontinuities or
joint planes. The reactions are indeterminate so all the
techniques make some assumptions to simplify the problem. The
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most common assumptions are:

1. Moments can be neglected - failure occurs as
translational sliding.

2. In the joint plane there are no shear stresses
that act perpendicular to the line of inter-
section of the wedge - all the reactions on
the wedge are either parallel to the line of
intersection or perpendicular to joint planes.

3. Lateral in situ stresses do not affect the
reactions in the joint planes.

4. The strength parameters which characterize
the joint plane can be expressed as deterministic
values which are essentially constant over the
entire joint surface.
The first three assumptions concern the mechanics of the model
while the last one concerns the uncertainty (or certainty)
associated with geologié parameters.

This chapter presents a model that relaxes some of these
assumptions--particularly the last three. The new model
modifies the analytic technique developed by Hendron et al.*
by incorporating the effects of joint stiffness and in situ
stresses into the stability calculations (Sections 4.2 through
4.5). This improved deterministic model is then converted
into a probabilistic model by treating the input parameters
as random variables through Monte Carlo simulation (Section 4.6).

The chapter begins by reviewing the state of the art in

stiffness and stress effects.

* Campbell (1974) programmed the Hendron et al. technique
for a computer. The Campbell program (SWARS-2P) will serve
as a basis for a computerized version of the modified
analysis.
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4.1 State of The Art - Stiffness and Stress Effects

Most present approaches to rigid body analysis assume
that the reactions between the wedge and the parent rock
mass are perpendicular to the two** joint planes (Figure 4.1).
Figure 4.2 shows a typical wedge and two sections - one per-
pendicular to the line AC, the line of intersection, and
one parallel to line AC. The assumption regarding the
orientation of the reactions in the joint planes leads to
the force diagram. in Figure 4.3. The two reactions, Ry

and R2, can be derived by solving two equations of force

equilibrium:
W cos 6 = Rl cos Bl + R2 cos 82 (4.1)
Rl sin 81 = R2 sin 82 (4.2)
If Bl = 62 = B:
R. = R. = w cos © (4.3)
1 2 2 cos B )

The assumption concerning the normality of the reactions
simplifies the analysis, but is it a realistic approach? The
shear stresses on the joint planes have been investigated

by Mahtab and Goodman (1970) and St. John (1971) through

** All the wedges discussed in this chapter are "two-joint
wedges" i.e., tetrahedrons formed by two intersecting joints
and two free surfaces.
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Wi_LVi
w; L U
Plane | Plane 2
Ui Strike of Plane i
Vi Dip of Plane i
Wi Direction of Reaction

from Plane i

Figure 4.1 Sliding Wedge--Reactions Perpendicular to

the Joint Planes
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Section Paraliel to AC Section Perpendicular to AC

w z‘{:e(w cos8 "‘w cos 8
* -

Figure 4.2 Resolution of Weight Vector into Components
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wcos 8

Figure 4.3 Force Diagram—--Reactions Perpendicular to
Joint Planes
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the use of joint shear and normal stresses and by Steiner
(1977) through the use of the ratio of horizontal to vertical
stresses.

The stiffness approach introduces (Figure 4.4A) the
tangential force Ti in addition to the normal férces Ni to
represent the reactions on the sliding planes. Ni and Ti
can be determined if the shear stiffness (ks)* and normal

k

stiffness (kn)* of the joint or their ratio R = Eﬂ is known.
s

For a symmetric wedge the ratio Tl/Nl can be calculated as

?l ) Ty ] kS sin Bdr _ tan 8 o)
Nl Gnl kn cos Bér
From the force diagram shown in Figure 4.4C:
W cos 6 = Nl cos B + N2 cos B + Tl sin R
+ T, sin B (4.5)
2
and
N, =N, = chos g >—W cos 8 (4.6)
2(sin® B+ R cos” R)
- _ sin B W
Tl 'I‘2 N cos © (4.7)

2(sin2 B+ R cos2 B)
For R = =, i.,e., for zero shear stiffness:

W cos ©

Nl = 2 cos B and Tl = 0
* . T . _ ¢ -
ks =z kn = gﬁ where T and On are the shear and normal

stresses; §, and §, are the shear and normal displacements.
111



Sin (cosB)8r— 5

8; = RESULTANT
DISPLACEMENT

|
I
8,6= (sinB) 8, = I

W COS 8-

4.4C

Figure 4.4 Symmetric Wedge--Reactions with Components

Tangent to Joint Planes
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These are the values derived earlier with the standard as-
sumption regarding the normality of reactions.
The forces Ti and Ni can be used in the limit equilibruim

equation for the wedge:

2N, tan ¢

Factor of Safety = FS

(4.8)

where 2Nl tan ® is the resisting factor (assuming only fric-
tional resistance is present) and T is the driving force which
is the vectorial addition of the shear forces perpendicular

and parallel to the line of intersecting (Figure 4.43).

T = \/(2Tl)‘ + (W sin 8)° (4.9)

If only the shear force in the direction of wedge movement,

i.e., parallel to the line of interaction AD is considered,*

2Nl tan &

FS = m (4.10)

To show the effect of different shear and normal stiffnesses
@R (the "required friction angle" to obtain FS = 1.0) has
been plotted wversus the angle B (for a symmetrical wedge) in
Figure 4.5.

Decreasing R, i.e., increasing ks relative to kn’ leads

to a greater required friction angle.

* Section 4.4 examines the question of what constitutes
failure and how to define the factor of safety.
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The importance of R raises the question what values of
R do occur in nature? Several investigations have been con-
ducted by Goodman (1972), Xulhawy (1975), Rosso (1976) and
Barton (1972). Although the number of test results (especially
concerning normal stiffness) has been increasing it is not
vet possible to correlate stiffness values with particular
rocks, with particular surface characteristics or with a
combination of both. The references listed above gquote R
values that range from 0.5 to 1000. Unweathered joints usually
fall in the upper (500-1000) portion of the range while
joints with fillers usually have R values below 50. Addi-
tional research on joint stiffness values and possible cor-
relations with other rock joint parameters is necessary.

Several improvements of the stiffness approach should
be made. The St. John model is based on a symmetric wedge
with identical stiffness ratios on the two sliding planes.
The strength of the joint is characterized solely in terms
of frictional resistance with no provisions for cohesive
resiétance. Some of these limitations have been eliminated
in an extended version of the model that will be discussed
in Section 4.2.

The stress approach as introduced by Steiner relaxes

the force direction assumptions by explicitly including the
horizontal stress acting on the wedge. From the stresses
acting on a small element of the wedge (Figure 4.6), one

can establish a force equilibrium:
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Figure 4.6 Stresses on Differential Area of the Joint Plane
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dN = (dW') cos B(LCB) + (KdW') sin B(LCA) (4.11)

where LCB = distance CB
and LCA = distance CAa,
when LCB =1
LCA = tan B (4.12)
and thus
dN = dW' cos B + KAW' sin B tan B (4.13)

Since dW' and KdW' are constant along the entire length of the
joint the eguation can be integrated to yield the normal

force on the joint.
N =W' (cos B + K sin B tan R) (4.14)

(Instead of the differential force equilibrium described

above, one could arrive at the same result using the Mohr

stress circle, Figure 4.7.) If W' = %w cos 6, i.e., one

half the weight component in a direction perpendicular to the

line of intersection (see Figure 4.3),

N. = N2 = %W cos 9(cos R + K sin B tan R) (4.15)
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4 a,
KdW'=o 1 dW'= o,

Figure 4.7 Mohr Stress Circle for the Stress State Shown

in Figure 4.6
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and

3

I

H

n
N =

W cos 6(sin B - K cos g tan g) (4.16)

for K = 1, the forces become:

_ W cos 6 _
Nl = '2—-56?—5 and Tl = 0 (4.17)

i.e., the values for the standard normal reaction assumption.
This standard assumption includes implicitly the equality
of vertical and horizontal stresses.

Factors of safety can be derived either by considering
the tangential forces parallel and perpendicular to the
wedge movement direction or by only considering those para-

llel to the movement:

2Nl tan 6
FS = (4.18)
" 2 2
p (2T)° + (W sin @)
2Nl tan ¢
FS = wsin o (4.19)

The effect of introducing a factor K # 1 in the computation

of factors of safety is presented in Figure 4.8, where

W cos © 1l 2 . 2
FS with K # 1 _ W Sin D tan &  Zos B(cos B + K sin” B) @.20)
FS with K = 1 ~ W cos 9 tan o 1 ‘
W sin © cos R
= cos2 B + K sin2 B (4.21)
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Figure 4.8 shows that with K> 1 the traditional assumption
(K = 1 and thus a reaction normal to the sliding plane only)
underestimates the factor of safety and for K < 1 it over-
estimates it.

The notion of the stress ratio K needs some further
clarification particularly in the context of a jointed rock
mass. The K used by Steiner refers to the state of stress
within the wedge which may or may not be equal to the stress
state in the remainder of the rock mass. A change or dis-
continuity in the material properties of a medium does not
necessarily create a discontinuity in the state of stress
existing in the medium. The guestion that arises is, what
created the discontinuity in the first place or (more gen-
erally formulated) what is the stress history at the parti-
cular location? Depending on the stress history of the
joint, one can often assume that K in the wedge is identical
to K in the entire rock mass.

The use of the stress ratio XK in wedge stability analysis
introduces the possibility of active or passive failure
modes of a wedge in the direction perpendicular to the line

of intersection. As shown in Figure 4.92, the active case is:

T _ sin B - K sin B - (1 - X)
N cos B 4+ K sin B tan B ctn B + K tan R

(4.22)

Thus,
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4.98B

Figure 4.9 Mohr Stress Circles for Active and Passive Cases
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1l - tan ¢ ctn B

Ka =~ T ¥ tan 0 tan B (4.23)
In the passive case (Figure 4.9B) the direction of T re-
verses; therefore, a minus sign must be introduced into
Egquations (4.16) and (4.22).
- =T _ _-(1 -X) (4.24)
tan ¢ = 3 = 3 B + K tan B
Thus,
_ 1+ tan ¢ tan B
Kp ~ I - tan © ctn B (4.25)

The practical significance of these two failure modes
will be discussed in Section 4.4. Although the joint shear
strength is exceeded in both cases it does not imply
sliding failure along the line of intersection. It simply
means that in the active case the wedge will settle and in
the passive case the wedge will be lifted up until equilibrium
is reached. These represent cases where the overall stress
field in the rock mass will be different from the stress
field in the wedge. In the wedge, K can only vary between
the limits K and KP as determined by ¢ and B (see Eguations
4.23 and 4.25) whereas in the rock mass K values smaller
and greater respectively than these Ka and Kp can exist; X
in such a rock mass will be inhomogeneously distributed.

In this section both the stiffness and the stress
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approaches were presented as methods for determining reactions
at the joint planes. Section 4.3 discusses the relation-

ship between the two approaches.

4.2 Generalization of the Stiffness Approach

The stiffness approach outlined by St. John can be gen-
erlized to include asymmetric wedges and arbitrary loads such
as those shown in Figure 4.10. (The figure is a cross-section
taken perpendicular to the line of intersection between two
joint planes.) The generalized problem can be treated in a
manner very similar to the one used by St. John. The funda-
mental assumption in the approach is that the wedge behaves
as a rigid body resting on a deformable medium (the joint
planes). The deformational characteristics of the joints can

be expressed in terms of two stiffness values: kn and ks'

Kk = normal stress - EE (4.26)
n normal displacement 6n .
_ shear stress _ T
ks = Shear displacement 5 (4.27)

kn and ks are material properties which are assumed constant
throughout the range of stresses encountered in engineering
practice. The method implicitly assumes that Sn and GS as

well as 1 and dn are unrelated, i.e., the off-diagonal terms

in the stiffness matrix are zero.
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Figure 4.10 Generalized Stiffness Approach--Known Parameters
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- ' (4.28)

As indicated in Figure 4.l11, the problem involves six unknowns:

5r Ty 6t and a. There are also six independent

equations. Two equations are the force eguilibrium eguations

Nl' Tl' N

in the x and y directions:

I

Nl cos Bl + Tl sin Bl + N2 cos 82 + T2 sin 82 X (4.29)

N sin Bl - T

1 cos Bl - N2 sin Bz + T2 cos Bz =Y (4.30)

1

The other four equations relate the shear and normal stresses

to the magnitude and direction of the resultant displacement:

N
1
§ h = ; (4.31)
t (sin o + cos o ctn Bl)kln
= . .Tla TR (4.32)
cos o sin ctn By)kqg ‘
N
2
- , (4.33)
(cos o ctn 82 - sin a)an
T
= 2 (4.34)

(cos o + sin a ctn 62)k2s
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81 = Resultant Displacement

Figure 4.11 Generalized Stiffness Approach--Unknown Parameters
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All of the above expressions are derived in Appendix D.

The six eguations can be reduced to two if Tl’ T2 and
N2 are expressed in terms of Tl and substituted into the force
equilibrium equations: ’
cos 5. + akls sin Bl + bk2n cos 82 + ck25 sin 82 _x 4. 35)
1 (sin a + cos o ctn Bl)kln Ny
sin 8. - aklS cos Bl + bk2n sin 82 - ck2S cos 82 _ (2.36)
1 (sin o + cos a ctn Bl)kln Nl
where a = cos o - sin o ctn 61
b = cos a ctn B, - sin a
C = Ccos o + sin o ctn 82
The two egquations involve only two unknowns (Nl and o).
They can be solved for o:
_ -1 YB - XA
0 = tan [m (4.37)
A = (kln - kls)cos Bl + (k2s - kzn)cos 82
cos2 Bl cos2 82
B = kln sin Bl + kls Sin 8l + k2n sin 62 + k2s sin 82
cos2 Bl cos2 82
¢ = kln sin Bl + kls sin Bl + k2n sin B2 * k25 sin 82

All the remaining unknowns can be found by substituting back

into the

various equations. The solution procedure is a
128



cumbersome operation to perform by hand, but it can be easily
programmed for a computer.

All the expressions shown above were based on a two
dimensional cross section; hence, the analysis implicitly
assumed the wedge has a length of unity along the line of
interaction. Strictly speaking, the equations are valid only
for cases involving an infinitely long wedge of constant di-
mensions in an infinitely high rock slope (Figure 4.12). The
joint planes bounding the wedge form a notch in the slope; X
and Y correspond to loads per unit length along the notch.
All of the reactions at the joint planes are constant along
the slope. Obviously, these conditions are seldom even
approximated in the field.

Fortunately, the physical interpretation of the results
need not be quite so restrictive. The left side of Equations
(4.35) and (4.36) depend only on stiffnesses and the shape
of the wedge; they do not contain any terms involving h, the
height of the wedge. Thus, the ratios X/Nl and Y/Nl are
constant for geometrically similar cross sections even though

X,Y and N, may each be functions of h. This independence

1
can be used to generalize the applicability of Equations (4.35)
and (4.36). They are valid for finite wedges as long as all

cross sections perpendicular to the line of intersection are

geometrically similar. This situation occurs whenever the
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Figure 4.12 Notch in Infinite Slope
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line of intersection of the joint planes intersects the slope
at a right angle (Figure 4.13). The proof of this generalized
relationship is relatively straightforward:

Equation (4.35) can be rewritten in terms of differen-

tials
_ dax
le = = (4.38)
. + + .
vhere e = (cos 4. + akls sin Bl bk2n cos 82 ck2s sin 82)
1 (sin o + cos o ctn RB.)k
1" "1n
Nl is the total force in joint plane 1.
N = dan = 1 ax (4.39)
1 1 e ot
entire entire
wedge - wedge
_ X
Nl =3 (4.40)
. . Y
Similarly, Nl =3 (4.41)

ak cos Bl + bk

_ . _ 1ls
where f = (sin Bl (sin o + cos a ctn Bl)k

on sin 82 - ckZS cos 82

1n

Equations (4.40) and (4.41) are mathematically identical
to (4.35) and (4.36); however, X and Y represent the total
applied forces in the x and y direction rather than unit loads
as in Equations (4.35) and (4.36).

Analyses involving asymmetrical wedges must be handled
on an individual basis. The gross contact areas between the

wedge and its parent rock mass must be calculated for each
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Figure 4.13 Wedge With Geometrically Similar Cross Sections
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joint plane. As will be discussed later, the analysis can

easily be programmed for computerized solutions.

Special Conditions

There are some special situations where it is possible to
simplify the analysis. If there is no load in the y direction,

i.e., Y = 0 the expression for a (Equation (4.37)) simplifies

£os (4.42)
_ -1 (kls - kln)cos Bl + (an - kzs)cos R
a = tan [ > 5 ]
_ . cos< B4 . cos< B,
Lln sin B1 + kls sin 82 + k2n Sin B2 + kzs sin 82
Case 1: Y =0 kln = k2n = kls = k28

When all the stiffnesses are egqual the numerator of the
equation reduces to 0 and o becomes 0. The equality of stiff-
ness (together with Y = 0) implies that the resultant dis-

placement of the wedge will be in the x direction.

Case 2: Y =0 kln = k2n >> klS = k25

These conditions correspond to the assumptions implicitly
made in conventional stability analyses. The equation for ¢

becomes:

cos 82 - cos Bl B, - B

o = tan T [ (4.43)

sin Bl + sin 82 2



Thus, the resultant displacement will occur at an inclina-
tion equal to half the difference between B values (Figure

4.14).

Results

The solution procedure outlined above has been used to
develop several plots that illustrate the sensitivity of the
results (particularly Nl and NZ) to changes in the input
parameters (Bl’Bz,kln’an’kls'kZS)' The results are valid
for a wedge in a infinitely long notch or a wedge whose line
of intersection is orthogonal to the strike of the slope face.
In all cases, Y = 0 and X = weight of the wedge. The results
are expressed in the same manner as those presented in Section
4.1 i.e., the dependent variable is @R (the value of ¢ required

to produce a factor of safety equal to 1.0):

o = tan_l W sin ©

R N1+N2

(4.44)

8 = angle between the line of intersection of joint
planes and the horizontal (Fiéure 4.15).
W = weight of wedge.
Figure 4.15 shows a typical wedge and identifies the para-

meters selected for study in the sensitivity analyses.

Case 1l: kln k2n; kls = kzs; P = 90°

0° < Bl < 90°

00

|A

82 < 90°
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Figure 4.14 Direction of Displacement When Kl = K >> Kls = Ko
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Figure 4.15 Parameters Varied in Sensitivity Analyses
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Figure 4.16 illustrates the functional relationship
between Bl and @R(Ql and 82 are complementary angles as
By = 180° - y - Bl = 90° - Bl). Two families of curves were
developed for 6 = 30° and § = 45° respectively. Each family

is composed of several members that represent different values

of R, the stiffness ratio:

R = &~ = — (4.45)

All the curves are symmetrical about the line Bl = 32 = 45¢°,

R = » and R = 1 represent conditions that are tentatively
considered to be the upper and lower bounds for natural rock
joints. The curve for R = « reflects the effect of "wedging"
(Hoek and Bray, 1972) as @R decreases with increasing Bl' The
curve for R = 1 shows just the opposite trend as @R increases
strongly with Bl' (The two curves seem to be symmetrical
about the line @R = §. However, this apparent symmetry has
not been analytically proven. There is no readily discernible
explanation for this effect from a mechanical standpoint). A
stiffness ratio of 2.5 yields a virtually constant value of

friction angle that is approximately equal to 6.

Case 2 : kln = k2n; kls = kZS Y = 120°

0° < 8y £ 60°
0° < By < 60°
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The curves for Yy = 120° (Figure 4.17) look quite similar
to those for ¥ = 90° (Figure 4.16). They have an axis of
symmetry and they diverge as Bl increases. However,
the divergence is not as pronounced for ¥y = 120°. The differ-
ence in @R values is approximately 8.2 at B = Bl = 30°. Once
again, a value of R = 2.5 yields @R ~ 8 rggardless of the

value of 51.

Case 3:

w
il
o
o
i
W
<
It

in 60°
0° < g, < 120°

0° < 8, < 120°

Figure 4.18 presents results for the case y = 60°.

Near the axis of symmetry (Bl = 60°) the curves behave much
like the ones examined earlier. However, as Bl approaches 0
the curves become irregular. A problem arises in that region
because By (82 = 120° - Bl) becomes greater than 90°, i.e.,
joint plane 2 overhangs the wedge (Figure 4.19). The over-
hang does not pose any difficulties from an analytical stand-
point; however, the physical interpretation of the results
demands some close scrutiny. For every R there is a critical
value of By (defined as Blcr) such that for all Bl < Blcr
the normal force on joint plane 2 is tensile. This value Blcr
occurs when the direction of the wedge's resultant displace-
ment is parallel to joint plane 2 (Figure 4.19). Figure 4.20

shows the relationship between Blcr and R.
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wedge tends to pull away from joint plane 2. Continuous
rock joints cannot sustain a tensile load so the curves for
@R must be modified to reflect the change in N2‘ The exact
form of the curve depends on the shape and deformational
characteristics of the asperties in the joint plane. It is
conceivable that even in the absence of a normal force some
asperties may interlock and generate a shear force in the
overhanging joint plane. On the other hand, if the plane
is relatively smooth, T2 (as well as N2) may reduce to 0 as
soon as Bl is less than Blcr' Figure 4.21 illustrates
schematically some of the typical forms the curve for R =1
may assume. Curve B ignores the tension problem. It is
merely a mathematical extension of Curve A into tensile
region of N2. Curve C represents the other extreme. A
severe discontinuity occurs at 8, = 8 = 30° as both N,

lcr
and T

5 drop to 0. The portion of Curve C that lies to the
right of point 0 represents sliding along a single plane--
plane 1. Curve D recognizes the existence of some shear
forces in the joint plane for 0 < B < %cr' Most natural
joint planes would probably have curves that plot between
C and D. It is interesting to note that the inability of
overhanging joints to maintain tensile loads can be helpful

from a stability standpoint in that it reduces ®x (compare

Curves B and D in Figure 4.21). (Joints with bridges of
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intact rock may be capable of maintaining tensile forces;
the tensile capacity would depend on the persistence of the
respective joints.)

When Bl > Blcr' the curves for R =1 and R = « seem
to be symmetrical--a property which is apparently shared
by all such pairs of curves. For ¢y = 60°, the maximum dif-
ference (A@max) between the curves is 30°. This difference
always reaches a maximum at Bl = 82 and is a function of .
Figure 4.22 shows that A@max is a very strong function of ¢

and decreases rapidly as ¢ increases.

i
o

. = = o
1s 1n’ kZS k2n ¥ 90

0° < < 90°

Case 4: k

0° < < 90°

The effect of different stiffnesses in the joint planes
is shown in Figure 4.23. The curves become more skewed as
S increases. The changes in shape refléct the fact that in
Equation (4.44) the numerator (W sin 8) is a constant while
the denominator (Nl + N2) varies with geometry of the wedge.
A high value of S suggests that joint plane 2 bears a dis-
proportionately large share of the weight of the wedge. The

reaction at joint plane 2 consists of N2 and T, . Since Bl

146



90°

80°

70°

60°}-

20°}+

A l "

60° 80° 100° 120° 140°

Figure 4.22 A@max vs. ¥ for © = 45

160°

180°



70

Figure 4.23

)

R

vs.

By

For VY
148

90

o

and Varying S



and 62 are complementary angles, Bl values near 0° are as-
sociated with 82 values near 90°. When 82 approaches 90°
most of the reaction is supplied by T2. Under these condi-
tions (low Bl and high 8), Nl and N2 are low and a high @R
is required to maintain equilibrium. The argument can be
reversed for cases involving Bl near 90°. 62 near 0° implies
a high N2 and a correspondingly léﬁ @R.

All of the curves pass through the point 8, = 45°
and ¢, = 54.75. Since ¥ equals 90°, 8, of 45° defines a
symmetrical wedge. Under this special condition, the sum
Nl + N2 is a constant regardless of the value of S.

All of the results summarized in this section are
based on wedges that have geometrically similar cross sections
along their entire lengths. The physical significance of
this assumption was discussed earlier. The method can be
generalized to handle wedges with arbitrary geometries.

The technique is discussed in Section 4.5 in connection with

the computer program SWARS-2PM.

4,3 Stress Approach Vs. stiffness Approach

4,3,1 Introduction

Section 4.1 showed that the stresses on the joint
planes is a critical input to the stability analysis.
That same section discussed two alternate methods for com-
puting the stresses. An obvious guestion arises: How does
one determine the stresses on the joint planes? The ques-

tion is difficult to answer because the stresses depend on
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cumulative effects of loads and joint stiffnesses - both of
which can change as time progresses. Figure 4.24 illustrates
the concept. It is a schematic representation of the tempor-
al variations in loads, joint stiffnesses and stresses
that occurred during the existence of a hypothetical wedge.
The stresses are a function of the loads and stiff-
nesses. During any small time increment At there is a direct
relationship between incremental loads (AL) and incremental
stresses (AS). AS is related to AL through the stiffness
equations presented in Section 4.3. The precise relation-
ship between AS and AL depends on the values of the stiffness-
es during that time interval. An incremental load applied
at tl will not necessarily produce the same change in stress-
es as the same load applied at t2 because the stiffnesses
at tl and t, may be different. The stresses at any time t
reflect the original stresses (at to) plus all the changes
that have occurred since to. (The model presumes that the
principle of superposition is wvalid at least in a crude sense.)
Thus, Sp, the present state of stress, is a function of the
cumulative interaction between loads and stiffnesses; Sp is
not directly related to the current stiffnesses. The cur-
rent stiffnesses are instrumental in determining the ef-
fects of additional loads, but yield no information concern-
ing S_.

P
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This discussion raises an interesting point about
the stiffness plots presented in Section 4.1 (Figures 4.16
through 4.18). These plots describe a highly idealized
situation that is portrayed in Figure 4.25. They treat the
weight of the wedge as an external load that is not applied
until after the stiffnesses have reached their current values.
In effect, the wedge is placed in a preconditioned notch at
tp, the present time. Nevertheless, the plots can provide

some useful information that will be discussed later in this

section.

4.3.2 Detailed Discussion

The joints which define a rock wedge formed when the
intact rock mass became overstressed.* The creation of the
joints changed the stress field near the joints as the rock
mass re-established equilibrium. Once formed, the joints
may have been subjected to a variety of geologic processes.
Some processes such as glaciation or erosion can be active
for thousands of years. Others such as seismic activity or
rainwater infiltration can be intermittent. Regardless of
the process, the joints interact with their evolving environ-
ment. The stresses on the joints change to satisfy new
loading conditions. The stresses at any one time reflect
not only the current condiﬁions but alsoc the entire loading
history of the joints.

K, the ratio of horizontal to vertical stresses in

* The joints may not have formed simultaneously. The time of
formation is not an important feature of the argument.
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the wedge bounded by the joints, can be considered a para-
meter that describes the net effect of all the loadings
during the wedge's existence. It is not necessarily identical
to the ratio of in situ stresses in the parent rock mass.
The joint is a discontinuity in the physical properties of
the rock and may create irregularities in the ambient stress
field that characterize the rock mass. The joints may
isolate the wedge from the remainder of the rock mass. On the
other hand, the stress field may be continuous across the
joint.

The idea that K characterizes the stresses in the
joint planes provides some insight into the parameter, but
the critical guestion remains: How does one measure K?
K is intimately linked to the geologic history of the wedge
so it is almost impossible to determine the value a priori.
However, there are limits to the range of values that K
can assume. K must lie between Ka and Kp* which represent
the active and passive states of failure described in Section
4.1. The only way to determine K for a specific wedge is
to actually measure the stresses in the wedge. Unfortunately,
the techniques for measuring in situ stresses are too
complicated and too expensive to use for all wedges. At
the present time K is usually estimated. The most realistic
approach is to treat K as a random variable and perform a
reliability analysis on the wedge. The uncertainty associated

* The derivations in Sectlon 4.1 assumed that the strength of
the joint consisted solely of frictional resistance.
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with K can be incorporated directly into the stability analysis.
The discussion in Section 4.1 treated symmetric wedges.

The concept can be extended to handle asymmetric wedges.

Figure 4.26 is a section taken perpendicular to tﬁe line of

intersection of a typical asymmetrical wedge. Each differ-

ential segment along the joint plane can be treated like

the element shown in Figure 4.6. The K parameter relates

the shear and normal stresses on the joint planes (Egquations

(4.15) and (4.16)). The stresses. can be integrated to yield

the following expressions:*

T

1 (1-K)
_— = = 3 (4.46)
Nl ctn Bl + K tan Bl 1l
III

2 (1-K)

= = ) (4.47)

N2 ctn 82 + K tan 82 2

Equations (4.46) and (4.47) can be used in conjunction

with the equations of force equilibrium to evaluate Nl' Tl’

Summing forces in the x direction (Figure 4.26):

N, cos Bl + XlNl sin Bl + N, cos 82 + K2N2 sin 82 =W

*"K may vary over the height of the wedge. If K does vary,
the parameter shown in Equations (4.46) and (4.47) is the
mean value of K for the entire height.
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Wl is the component of the weight acting perpendicular to

. : 1 _
the line of intersection. As shown in Filgure 4.2, W = W cos 6.

Summing forces in the y direction:

Nl sin Bl - XlNl cos Bl - N2 sin 82 + A2N2 cos 82 = 0 (4.49)

Rearranging Equation 4.49:

. (S%n Bp ~1p 008 B3) Xy (4.49A)
N, (sin B, - X, cos Bl)

Eguations (4.49A) and (4.48) can be solved for N, :

N. = _W cos 9 ' 4.50)
2 A3(cos Bl + Al sin Bl) + (cos 62 + Az sin 82)
Finally,
Nl = A3N2 (4.49B)
Tl = >\1Nl (4.46 1)
T2 = AZNZ (4.47A7)

The equilibrium analysis outlined above did not explicitly
consider joint stiffnesses. It was concerned solely with the
current state of stress on the joint planes. The stiffnesses
enter the problem indirectly through the K parameter.
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K reflects the response of the wedge to a series of loadings.
The response for any particular load depends on the material
properties of the joints. However, these properties (the
shear and normal stiffnesses) can change with time.* The
incremental stresses that develop during each loading are a
function of the joint properties at the time of the loading.
There is no unique relationship between the current stresses
and current stiffnesses.

Although the stiffnesses are not helpful in deter-
mining the current state of stress they can be used to deter-
mine the additional stresses due external loadings like rock
bolts or surcharges. In fact any "current loading" can be
analyzed with the stiffness approach presented in Section 4.2.
The procedure is consistent with the concept proposed earlier:
loads should be analyzed in terms of the stiffnesses that
existed at the time of their application.

Thus, the stability analysis that will be described
in Sections 4.4 and 4.5 combines the stress and stiffness
approaches in the following manner:

1. The stress approach is used to calculate
the reactions (N1,N3,T;,T>) due to the
weight of the wedge.

2. The stiffness approach is used to calculate
the reactions due to all other loads.

* There are many mechanisms that can change the joint pro-
perties. The stiffnesses may decrease during extreme loadings
because asparities shear off. Ground water percolation through
the joints can either decrease (through leaching) or increase
(through cementation) the stiffnesses.
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The procedure is admittedly a simplification of actual
conditions but it does present a consistent methodology for
treating rock wedges.

The weight of the wedge should be analyzed through
the stress approach. The stiffness plots shown as Figures
4.16 to 4.18 are a direct violation of this principle. As
shown earlier, the stiffneés approach should only treat "current"
loads. Although the plots should not be used to examine gravi-
tational loads they can be used to examine any other loading
that is directly proportional to the size of the wedge. The
plots were based on cross sections with different shapes
(Bl varied) but with a constant height (Figure 4.15). N, and

1

N2 are directly proportional to the weight of the unit cross

section (Equation (4.40); X = W cos 6). Equation (4.44) in-
dicates that @R, the ordinate of the plots, is a function of
N

N1+N2
to the weight should yield the same values of O Since the

hence, any loading that is directly proportional

wedges have a constant height the distance AB in Figure 4.15
is directly related to the area or to the weight of the sec-
tion. A uniform loading along AB would be directly related

to the weight of the wedge. Therefore, Figures 4.16 to 4.19
show the effect of a uniform surcharge on the top (and front)

faces of the wedge.
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4.4 The Factor of Safety

The presence of shear forces on the joint planes in
a direction perpendicular to the line of intersection pre-
sents some difficulties in defining the factor of safety (FS).
This problem was alluded to in Section 4.1 where FS was cal-
culated two different ways. In rock slope analyses FS is
usually defined as the ratio of resisting to driving forces.
However, the definition assumes that both forces act in the
same direction. The condition is seldom fulfilled in real
problems.

Figure 4.27 shows the shear forces that should be
considered in a typical stability analysis. As derived in
Figure 4.2, the shear force along the line of intersection
is W sin 6*,. Tl and T2 are shear forces perpendicular to the
line of intersection. In the special case where K = 1 (the
situation considered in conventional analyses) Tl and T, are
both zero; therefore, the entire shear resistance along the
joint planes counteracts W sin 6. Whenever K does not equal
unity the shear resistance must counteract Tl and T2 in ad-
dition to W sin 6. In fact, the effect is magnified because
the presence of T, and T, actually decreases the shear re-

1 2

sistance. 2As indicated in Section 4.1, Tl and T2 increase

at the expense of Nl and N2. As Nl and N2 decrease the

frictional resistance declines. The crucial gquestions are:

* This simplified model presumes that gravity is the only
force acting on the wedge.
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Figure 4.27 Shear Forces on Joint Planes
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How do Tl and T2 affect the stability of the block and how
can they be incofporated into stability calculations?
St. John addressed this problem in analyzing symmetric

wedges with purely frictional resistance. As indicated in

Section 4.1, St. John defined the factor of safety as:

FS = TEN tan ¢ -
VQZT)2 + (W sin 8)<

(4.51)

Thus, the driving force was considered the vectorial sum
of the shear forces* in the joint planes. The resultant
shear forces in the two planes are mirror images of one
another because the wedge is symmetric. At limiting equi-
librium the direction of impending motion is down the line
of intersect;on and into the notch i.e., the wedge has a
tendency to "settle" in the notch as well as move down the
line of intersection.

The direction of motion is an important consideration
in examining stability problems. What are the practical
implications of a wedge settling in its notch? Surely
there is a limit to the amount of movement that can occur
in this direction. A minor amount of settlement may not
be significant from an engineering standpoint. The impor-
tant question is what happens after failure? Settlement

may be tolerable but sliding down the line of intersection

* St. John computed the T forces through a stiffness analysis;
however, the derivation of T is not a salient feature of the
current discussion.
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is clearly unacceptable. Strictly speaking, limiting equi-
librium cannot provide any insight into post-failure behavior
because it is concerned solely with the condition of the
system just at failure. Baligh et al. (19xx) have done

some interesting work in this area.

Baligh et al. investigated the influence of K, the
stress ratio, on the stability of symmetric wedges. They
used the stress approach developed by Steiner (as presented
in Section 4.1) to determine the forces on the joint planes;
hence, both T and N are functions of K. Like St. John,
Baligh et al. treated the driving force as the vectorial
sum of the two shear components on each plane. They define

the factor of safety as F3:

- _ 2N t Y]
FS = F, 2l (4.51)
V2T)2 + (W sin 6)2
The eqguation can be rewritten as:
Fy 2N
tan ¢ (4.513)

V(2T)2 + (W sin 0)2

As shown in Figures 4.28 and 4.29, the quantity F3/tan ¢
can be plotted as a function of K. The three curves in
each figure correspond to wedges whose lines of intersection

plunge at 5°, 15° and 45°. Figure 4.28 and Figure 4.29 were

163



14

B, = 30°

from Baligh et al., (19xx)

TAN §

Figure 4.28 F3/tan d® vs. K; Bl = 30°

164



18

16 F - 260
81 45

from Baligh et al., (19xx)

TAN 3
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o)
developed for B's of 30° and 45 respectively.

All of the curves have a maximum at K = 1.0. When
K = l.O , T is zero and the impending motion is down the

line of intersection. Also,

Fj 1

tan ¢ tan 6 cos g (4.52)

The plots are helpful in visualizing how rock wedges
fail. Figure 4.30 is a schematic representation of an F
curve similar to the ones in Figures 4.28 and 4.29. (The
term tan ¢ will be considered a constant. It can be fac-
tored into the ordinate scale.) At some afbitrary time (say
t_ in Figure 4.24) the stresses on the joint planes corre-
spond to point A. If some additional loads are placed on
the wedge the stresses on the joint planes will change -~
the incremental stresses will depend on the stiffnesses
as discussed in Section 4.3. Let the new stress state corre-
spond to point B. At B the wedge is at limiting equilibrium;
any additional loads will initiate movement. The direction
of movement will be along the line of intersection and into
the notch. However, as soon as the wedge begins to settle
into its notch the lateral stresses will increase. This
"wedging" action increases K which in turn increases N and
decreases T. According to this conceptual model the wedge
can sustain additional loadings and pass from point B to C
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and D.* With each incremental load the wedge settles a
little more and K increases. Finally, the wedge reaches
point E where T is zero. At E i.e., K = 1.0 the direction
of movement is exclusively along the line of intersection.
Theoretically, there is nothing to prevent the wedge from
sliding along the line of intersection out of its notch.

A similar effect occurs when K > 1.0 i.e., to the
right of the maximum. This situation would correspond to
passive conditions and the initial movement would be.QBE
of the notch and along the line of intersection. X would
eventually reach 1.0 as the load increased.

Thus, it is possible to define two factors of safety:

FS the initial factor of safety, corresponds to point B;

If

FS the ultimate factor of safety, corrésponds to point E.

UI
FSU is the value used in traditional stability calculations.

The engineer must use his judgement in deciding whether

to use FSI or FS.. as a design criterion in a particular

U
situation. If movements must be kept to an absolute mini-
mum FSI would be the more appropriate choice. If he merely

wanted to design against catastrophic movements, FSU would

be the better choice.
* Tn the model tan ¢ 1s assumed to be constant even after
initial failure (point B).

168



The distinction between the two factors of safety is
clear in Figure 4.30. However, that figure is a highly
idealized model that ignores some important effects. In
particular, it assumes that the shear strength of the joint
planes consists solely of frictional resistance that can
be expressed with a constant ¢, In reality ¢ may be com-
posed of interlocking asperities as well as mineral to
mineral friction. The asperities may shear off as movement
occurs. In effect, ¢ should decrease as the wedge is loaded
beyond initial failure. Also, the model neglects cohesion
along the joints. This cohesion may consist of bridges of
intact rock which will shear when movement commences. One
simplistic method for treating these effects is to neglect
the cohesion and asperities in computing FSU. (This
is the approcach that is used in the computer program that
will be described in Section 4.5.)

All the wedges considered in the discussion of factor(s)
of safety have been symmetric with respect to their geometric,
stiffness, and frictional characteristics. Under these

conditions i.e.

Bl = 82 (4.53)
¢ = 9, (4.54)
kls = kzs (4.55)
kln = k2n (4.56)

169



the impending motion is in the vertical plane that contains
the line of intersection. The resultant of all the driving
forces and the resultant of the shear resistances are in
that same plane; in fact, the two resultants are colinear.
Thus, the FS used by St. John and Baligh et al. is a direct
comparison of colinear forces. Given the assumption of
rigid body movement FS is rigorously defined from the stand-
point of mechanics or statics.

FS is muchmore difficult to define if the wedge is
asymmetric i.e., any of the conditions prescribed by Equa-
tions (4.53) to 4.56) are violated. Most asymmetric condi-
tions will introduce a displacement component out of the
vertical plane that contains the line of intersection.

(The situation is shown in Pigure 4.11. o is generally non
zero for asymmetric conditions.) Also, the resultant of
all the driving forces will no longer be colinear with the
resultant of all the resisting forces.

The forces (and resultants) are shown in Figure 4.31
which is a plan view of the notch. Each joint plane has
a shear component in the direction parallel to the line
of intersection. The two components add up to W sin @.

The components in planes 1 and 2 are n+W sin 6 and
{1l - n)*sin € respectively. Each plane also has a shear

force perpendicular to the line of intersection (Tl and T2).
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Figure 4.31 General Case--D and R Not Parallel

171



The resultants of (T; + n w sin 6 = §l) and (T, + (1-n)

Wsin 0 = 52) are shown in Figure 4.31. The shear resistance
in each plane is in the direction of the respective resultant.
Thus, ﬁl is in the direction of §l and §é is in the direction
of §2. Both ﬁl and §2 represent the maximum possible shear
resistance that can be mobilized; therefore, their magnitudes
(but not directions) may differ from §l and §2. Figure

4.31 indicates that the sum of the resistances (ﬁl + §2)

is not in the same direction as the sum of the driving

(R

forces (Sl + SZ)’ 1

with (§l + §2) because of the disparity in directions. Thus,

+ §2) cannot be compared directly

FS must be defined in terms of some arbitrary criterion;
there is no unequivocal definition.
The computer program that will be described in Section

4.5 uses the following definition:

ol
&>

FS =

(4.57)

Ol
Dl

R is the resultant vector of all resisting forces
D is the resultant vector of all driving forces

is the direction of impending motion

g

FS is considered the ratio of the components of R and D
in the direction of A.

The definition of 3 is somewhat ambiguous because the
"direction of impending motion" is considered the direction

of displacement due to an imposed load. Thus, A will not
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correspond to failure conditions unless the load creates
a condition where FS = 1.0. Different loads will produce

different A's. The program offers the user two options:

1. 74 is displacement that would occur under
a purely vertical load i.e., in what dir-
ection would the wedge move if its unit
weight suddenly increased by a small per-
centage? A is based on the current

stiffness.

2. A is the displacement that occurs under all
the "current loads." Current loads include
all loads except the weight of block; they
are the loads that are analyzed using the

stiffness approach.

In the special case where there is total symmetry Equation

(4.57) will yield the same FS as Equation (4.51).

4.5 Computer Program SWARS-2PM

The stiffness and stress approaches discussed in Sections
4.1 to 4.4 and in Appendix D have been incorporated into a
computer program,'SWARS-2PM. SWARS-2PM is actually a modified
version of SWARS-2P which was originally developed by Campbell
(1974) using the conventional assumption regarding the ab-
sence of 'I‘l and T2 forces on the joint planes. SWARS-2PM re-

tains all the versatility of its predecessor with respect to
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loading conditions and ground water options; however, it deter-
mines the reactions on the joint planes according to the
method prescribed in Section 4.3. If the failure mode in-
volves sliding on both planes*, the program computes the two
factors of safety defined in Section 4.4: FSI and FSU.

The stress approach is used to calculate the reactions
on the joint planes due to the weight of the wedge. The
generalized stiffness approach is used to calculate the reac-
tions due to all other loads. In implementing the generalized
stiffness approach, SWARS-2PM utilizes the relations develop-
ed in Appendix D with two modifications:

1. Al’ the area of joint plane 1, replaces
the term h csc 81 in Equation (D.3).
2. A2' the area of joint plane 2, replaces
the term h csc 82 in Eguation (D.6).
The program resolves the resultant of all "stiffness" loads
into components along the A,B and C axes shown in Figure 4.32.
The B and C components (Figure 4.33) correspond to the re-
spective Y and X forces in Eguations (D.10) and (D.9). The
A component that lies along the line of intersection is part
of D, the driving vector, that appears in the denominator of

the FS equation:

el
=g

FS =

(4.57)

(o]
=g

* If the failure mode involves sliding on a single plane,
SWARS-2PM will perform exactly the same analysis as SWARS-2P.
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A, the direction of impending motion, is composed of
components along the A, B and C axes. AB and AC are related
to Gt and §, the magnitude and direction of the displacement,

in the generalized stiffness approach:
Ao =8, sin « (4.58)
A, = -8_ cos o (4.59)

In computing AA’ the program assumes that the shear stiffness
in the direction paralled to the line of intersection is
identical to the shear stiffness in the direction perpendic-

ular to the line of intersection.* Thus,

F

A = A
A AlKls + A2Kzs (4.60)
where FA is the load component in the A direction

If the user selects the option wherein A is considered
the displacement that would occur in response to a purely

vertical load, the program computes the AA’ A_ and AC that

B
would occur under an imaginary vertical load of unity. (The
imaginary load is not considered in the R or D computations.)

Appendix E contains a complete listing of SWARS-2PM as

well as a user's manual.

* The program can easily be modified to accept two shear stiff-
ness for each joint plane but such a refinement is probably un-
warranted given the state of the art concerning the measure-
ment of stiffness values.
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4.6 Computer Program SWARS-2MC

SWARS-2MC is a modified version of SWARS-2PM that enables
the user to determine the probability of failure (Pf) through
Monte Carlo simulation. The program will compute the factor
of safety for many sets of input parameters -- Pf is the pro-
portion of FS values that fall below 1.0. Any (or all) of
the parameters that define the shape and size of the wedge or
characterize the shear resistance along the joint planes can
be considered random variables. The values for these random
variables should be selected in accordance with their re-
spective probability density functions.*

SWARS-2PM and SWARS-2MC use precisely the same algorithms
for computing the factor(s) of safety. There are, however,
some differences in the manner in which information is input
to the two programs. In particular, SWARS-2MC is designed
so that its input parameters are compatible with the output

from DAYLITE i.e., wedges are defined in terms of eo, ¢,

o}
Y and By (Section 3.2.6). Thus, the conditional probabilities
of y and Bl calculated in DAYLITE can serve as a basis for
Monte Carlo simulation.

Appendix F describes the features of SWARS-2MC and sum-
marizes the differences between the SWARS-2MC and SWARS-2PM.

Appendix F also contains a users' manual and program listing

for SWARS-2MC.

* Section 2.2 reviews the principles of Monte Carlo simula-
tion.
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CHAPTER 5

INTERACTION BETWEEN DISCONTINUITIES AND INTACT ROCK--

COMPUTER PROGRAM JOINTSIM

5.0 Introduction

A typical rock mass is characterized by several sets of
discontinuities. The spacings between discontinuities within
each set vary; each discontinuity is a planar feature that
consists of intact rock bridges as well as truly discontinuous
zones. Traditional slope stability analyses are performed by
examining the stability of bodies that are bounded by planes
that are oriented in the mean direction of each set of dis-
continuities (Figure 5.1). Persistence* and (to a lesser ex-
tent) spacing are considered by assigning different cohesion
and friction parameters to the intact and discontinuous por-
tions of the discontinuity plane as proposed by Jennings (1970).
The real failure surface may actually have the shape shown in
Figure 5.1 or an "en echelon" shape as shown in Figure 5.3.

The failure surface forms along the path of minimum resistance.
Clearly the interaction between discontinuities and intact rock
plays a major role. The "intact portions" of the failure sur-
face usually control its shape and location because of the high
resistance of intact rock. Traditional slope stability analyses
recognize this fact and frequently assign persistences of 100%

to the failure planes to be conservative. Such an approach is

* Persistence of a joint plane is defined in Figure 5.2.
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- PERSISTENCE = _2J

Zaj * Zb;
Cqg = (1- k)Cr + (k)CJ
tan¢g = (1 - k)tang, + (k)tang;
Figure 5.2 Persistence--Jennings' Relations
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Figure 5.3 "En Echelon" Failure Surface
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overly conservative and freguently uneconomical. However,

it is the only rational procedure because information on per-
sistence is seldom available. Even if information on persis-
tence were available it would have only limited value because
the persistence of the various possible "en echelon" failure
surfaces would remain unknown. The inability of deterministic
approaches to treat the interaction between intact rock and
discontinuities is a major weakness in traditional rock slope
stability analysis. This interaction must be rationally in-
corporated into any model that attempts to simulate the real
behavior of rock slopes. The probabilistic approach that will
be presented in this chapter can treat the discontinuity-

intact rock interaction in a satisfactory manner.

5.1 General Features--Probabilistic Approach to Resistance

of Jointed Rock

The rock mass under consideration is analyzed by first
simulating joint geometries from a stochastic model. The
geometries represent a distribution of joint patterns that
might occur in a particular rock mass. Each geometric reali-
zation has many possible failure surfaces. The resistances
of the various failure surfaces to a standard loading se-
gquence are computed and the minimum resistance 1is determined.
The minimum resistance characterizes that particular reali-
zation of joints. By repeating this operation for many

simulated joint networks one can estimate the probability of
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distribution of minimum resistance and hence, the probability
of failure.

Specifically, each simulation generates a single set of
parallel discontinuities with intact and discontinuous por-
tions (Figure 5.4). The spacing and the persistence of the
discontinuities are random variables. The jointing patterns
are simulated through the stochastic model described in Section
5.2. The distribution of minimum resistance is found by an-
alyzing each pattern with the mechanical model described in
Section 5.3. These resistance distributions can then be ex-
pressed as disrtibutions of‘strength parameters e.g. cohesion

and friction in a Mohr-Coulomb expression.

5.2 Stochastic Model of Joint Geometry

The network of discontinuities is idealized as a Poisson
process of planes in space. The abstract mathematical process
was conceived and refined by a number of individuals over the
past fifteen years (Matheron, 1975; Miles, 1964, 1969, 1971,
1972; Switzer, 1965). Veneziano (19xx) adapted it to simulate
rock jointing and used it to derive other properites of
geotechnical significance.

Discontinuities and particularly joints within a rock
mass are generated through a three step sequence of random
operations. The primary process generates Poisson planes
which are taken to represent joint planes (Figure 5.5). The
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Figure 5.5 Stochastic Model of Joint Geometry
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secondary process partitions each plane into random polygons
by a family of Poisson lines. The tertiary process shades
(or colors) a certain proportion of these figures. Shaded
polygons represent joints while the remaining portions of the

plane represent intact rock.

Primary Process

The stochastic model treats joint planes as Poisson flats

in R3, the three dimensional space that corresponds to the

1 X, and X3 be orthogonal axes in R3 that

meet at point 0. Any arbitrary plane in R3 can be expressed

rock mass. Let X

as an equation of the form:

i i i os =
Xl sin wi cos Qi + X2 sin wi sin Qi + X, © wi d. (5.1)

3 i
As shown in Figure 5.6, di represents the signed distance from

the plane to the origin while y, and (. are orientation angles.
Vi i

-0 < d < o
0 2y, <

0 Q, £

Each plane in R3 is characterized by a unique set of para-
meters (di,wi,Qi).

If the di's are marked on the real line (the Rl space)
the resulting point process (Figure 5.7) is Poisson with con-
stant intensity l/p3 where Pq is the mean distance between

neighboring points.
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Figure 5.7 Stochastic Model--Primary Process--R~ and R Spaces
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In a similar manner, the pair of orientation angles
can be mapped in D, a square region of the real plane (the
R2 space), as shown in Figure 5.7. Each point in the region
represents a unique orientation.

The plane region D can be combined with the real line Rl
to form P3, a cylinder in R3 (Figure 5.8). Miles (1972) showed
that homogeneous Poisson networks in R3 can be generated from

Poisson point processes in P3. Homogeneity implies that the

process 1s invariant with respect to translation of the origin.

Secondary Process

The Poisson process of lines on each joint plane is
similar to the Poisson process of planes in R3. Figure 5.9
shows a typical joint plane that has been partitioned by a
family of Poisson lines. Let Yl and Y2 be orthoganal axes

that meet at 0'. Any line in the plane can be expressed as

a linear egquation:

Y. cos I'. + ¥
1

1 sin Fi = f, (5.2)

2 i

The distance fi and the angle Fi are shown in Figure 5.9.
-0 < f, < ©
i
0 <T, <7

1

Each line is identified by a unique pair of parameters

(fi,Ti). The ordered sequence
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Figure 5.8 Stochastic Model--Primary Process—-P3 Space
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Figure 5.9 Definitions of fi and I‘i
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... £ < f <f < f < £

m-2 m-1 m m+l m+2 ...

corresponds to a Poisson process of points along the Rl space
with intensity l/p2 (Figure 5.10). The distances between
neighboring points are exponentially distributed with mean
value Po- The points (fi,Ti) constitute a Poisson process
of points within the infinite rectangle shown in Figure 5.10.

If T is uniformly distributed over the interval 0 < T < 1
1

OZW

Miles (1964) studied the associated isotropic process of

the Poisson process has a constant density,

Poisson lines on the plane and developed a number of useful
relationships. In particular, he found that:
1. The expected number of intersections between
. . . . 1
Poisson lines per unit area 1§ ——
T(Pgy)<
2. The intersections between any arbitrary line
and the Poisson lines constitute a Poisson process
with constant intensity Eg—,
-

3. The angles of intersection (Figure 5.11) are inde=-

pendently distributed with identical pdf's:
fA(a) = = sin a 0 <acx<mT (5.3)

The process may not be isotropic. Anisotropy can be
treated in a fairly straighforward manner. It involves
cases where the pdf for I is non-uniform. Miles (1964) con-
sidered this case and developed some expressions similar to

those for the isotropic case.
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Figure 5.10 Stochastic Model--Secondary Process--—Rl and R2 Spaces
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Figure 5.11 Angles of Intersection Between Poisson Lines

and an Arbitary Line
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" Tertiary Process

The last operation involves the shading or "jointing"
of individual polygons. The probability of shading has a
constant value (p) and the shading operation is performed
independently on each polygon i.e., the fact the one polygon
is shaded does not affect the probability that an adjacent
polygon will be shaded. Switzer (1965) has shown that the
resulting binary random field has Markovian properties along
straight lines.

Figure 5.12 shows a typical realization on a joint plane.
The arbitrary line A-A' intersects numerous Poisson lines
and traverses both shaded and unshaded regions. As mentioned
earlier, the distance between consecutive intersections is
exponentially distributed with mean value E%E. However, only
those intersections that involve a transition between jointed
and unjointed polygons have practical significance. For example,
the polygons "G" and "H" in Figure 5.12 are both shaded so
that the aggregate joint length along A-A' extends from point
m to point n. Thus, the shading probability can be considered
a "random selection" parameter for the Poisson polygons so
that only those intersections involving color transitions are

observed. Therefore, the mean values for jointed and unjointed

lengths become

PAT
s = mrld (5.4)
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Figure 5.12 Length of Joint Segment (Secondary and

Tertiary Processes)
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and 6r = P2m respectively, where p is (5.5)

2p
the shading probability of each polygon.

The stochastic model for joint geometry consists of the
three processes just described. Thus, in its most general
form, the model has five sets of input parameters: two density
parameters {one of Poisson planes in space, the other of
Poisson lines in each joint plane), two probability distribu-
tions (one of the orientation of planes and the other of the
orientation of lines), and the shading probability. The para-
meters need not be constant; for example, the density of lines
and the shading probability may depend upon the orientation

of the joint plane. The same parameters may be uncertain and

probabilistically dependent.

"En Echelon" Joints

The number of variables can be reduced if one concentrates
on the problem of "en echelon" jointing. Since joint planes
are assumed to be parallel and to have a known orientation
their orientation distribution becomes trivial and the density
parameter of planes is simply 1/)X where A is the mean spacing
between planes. In addition, 1/p, the density of lines in a
plane, is assumed the same for all planes and the distribution
of line orientations is considered uniform. Under these assump-
tions the model requires three scalar parameters: A, p and p.
Figure 5.4 is a cross=-section through a hypothetical rock

mass whose jointing patterns can be generated by the model
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just described. On a cross-section perpendicular to the
joint planes (like Figure 5.4), the planes are exponentially
distributed with mean value A. The jointed and unjointed

segments within each plane have identical independent expon-

ential distributions with mean values éj = §7§ip) and
- prm - |
5r 2p respectively.

5.3 Mechanical Model

An analytical method has been developed to evaluate the
strength of a rock mass containing "en echelon" joints. Input
parameters include the ambient stress field and the strength
characteristics of both the intact rock and of the joints, as

well as the joint network simulation.

Path of Minimum Resistance

Figure 5.4 can be considered a typical example of the
joints in one realization. The objective is to find the path
of minimum resistance for all possible failure paths which
proceed from the left boundary upwards across the jointed mass
and reach the right boundary. Hence paths A, B, and C in
Fugure 5.13 are acceptable failure routes whereas D and E are
not. Continuous paths along joint planes (such as A in Figure
5.13) constitute one obvious and relatively small family of
failure paths. Routes that involve transitions between planes
(such as B and C) comprise a much larger family.

The critical path is found by means of dynamic program-

ming. Each jointing pattern ?zgﬁmracterized by a grid formed
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Figure 5.13

Typical Failure Paths
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by pairing all possible combinations of x and y where the y's
are the coordinates of the joint planes and the x's are the
coordinates of all tips of joint segments (Figure 5.4). The
grid points represent possible junction points for failure
paths between joint sections on one plane and between planes
(see Figure 5.4). Transitions always occur from (xi,yi) to
(xj,yj) such that X 2 Xj and Y; P2 yj. In order to identify
the critical path each point is examined to find the minimum
strength path between that point and the right boundary of

the jointed mass. The analysis begins at the upper right
corner. The first point, x = Xy = 0 and y = Yy has zero
strength because it lies on the right boundary. The algorithm
proceeds to check all the points along the top row where y = ¥q
and then examines progressively higher y's always working from
right to left along the rows. For each point all paths

through grid points above and to the right are screened. In
effect, the program constructs a resistance matrix, R, of order
n by m where n is the number of planes and m is the total
number of joint tips. The (1i,3j)th element, Ri 57 is the re-

’

sistance of the upper right portion of the rock mass, Qi,j'
with respect to (i,3j) given that the failure route passes
through (i,j) and terminates somewhere along the right edge
(Figure 5.14). Once all the coefficients in the matrix R

have been evaluated, the minimum resistance R, can be found:

R = min Ri n for 1 = 1,n (5.6)

’
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Figure 5.14 Principle of Minimum Resistance
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Strength Derivation

The strength of the material between grid points is cal-
culated using a Griffith-Modified Griffith envelope for the
intact rock and a linear Mohr-Coulomb envelope for the
joints. The Griffith-Modified Griffith envelope is parabolic
in the tensile range and linear in the compressive range
(Figure 5.15C). It is completely defined by two parameters:
Oy r the tensile strength of the rock, and @r, the friction
angle. The Griffith-Modified Griffith envelope defines the
critical stresses for crack initiation and thus gives a lower
bound to the resistance of intact rock. An upper bound would
be defined by the stress conditions which characterize complete
failure with cracks propagating through the entire specimen.
The most appropriate envelope for the problem under study may
be one between these two extremes; however, the lower bound
was chosen as a realistic albeit conservative estimate of re-
sistance.

The details of the resistance determination and particu-
larly the analytical formulations are presented in Appendix
G. Figure 5.15 summarizes the resistance determination for
failure through intact rock. The jointing pattern and the
orientation of the joints relative to the initial state of
stress are shown in Figure 5.15aA. (In general, the joints are

not parallel to either of the principal stress axes.) The

objective is to find the resistance which must be overcome to
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Figure 5.15 Strength Determination--Path Through Intact Rock
204



create a failure path from point A to point B. This path

will eventually be combined with other segments to form

failure routes through the entire "rock mass". Figure 5.15B

is a more detailed illustration of the region near points

A and B. The rectangular area bounded by the dashed lines
represents a small mass of intact rock about to undergo
failure. The prescribed failure path (A to B) has a definite
orientation with respect to the stress field. The additional
stresses required to cause failure must be applied is such

a manner that failure occurs along A-B (Figure 5.15B). Specif-
ically, the Mohr circle for the state of stress at failure

must be tangent to the Griffith-Modified Griffith envelope

at a point such that the failure plane develops in the direc-
tion A-B. The critical stress condition is obtained by super-
imposing upon the ambient stress field both negative horizontal
stresses (Aop) and shear stresses (A1) in the horizontal and
vertical planes (Figure 5.15B). 1Intact rock will generally
undergo tensile failure in the stress ranges normally
encountered in engineering practice.

If the two points under consideration lie in the same
joint segment the strength computation is somewhat simpler
(Figure 5.16). Failure along a joint (C to D) occurs when one
of the points of intersection between the Mohr circle and the
failure envelope is the point that represents the state of
stress at the orientation of the joint. In general, the

initial horizontal stress will be reduced through the
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application of a negative horizontal stress (th) in order
to produce these failure conditions.

Once the strength of segments such as A-B and C-D have
been calculated they are combined to determine the resistance
for composite paths. The primary concern of the entire analy-
sis is to find the composite path with the minimum strength.
The strengths for individual path segments are combined by
transforming the superimposed stresses into force components
parallel and perpendicular to the orientation of the joint
planes. Forces in the same direction are added to yield two
aggregate forces: S (parallel to the joint plane) and N
(perpendicular to the joint plane). Finally, S and N are com-

bined to give the Apparent Resistance, AR, where,
AR = S + N(tan cbj)' (5.7)

The path with the minimum AR is the critical one. 1In es-
sence, the resistance of a failure path (not necessarily co-
planar with one of the joint planes) is characterized by the
shear force which must be applied in the direction of the

joint planes to cause failure.

Apparent Persistence

The minimum AR of a jointed rock mass is not a particularly

useful parameter for engineering calculations. A better way

to express the results is in terms of apparent strength
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parameters. Jennings (1970) proposed that a planar failure
surface involving both intact rock and joints be treated as

if it were composed of a single hypothetical material with

an apparent cohesion, Cyr and an apparent friction angle, o,

Jennings' relations can be modified to yield the following

expressions:
c, = (1L - k)cr + (k)cj (5.8)
tan ¢a = (1 - k)tan @r + (k)tan Qj (5.9)
where subscript "r" denotes rock

subscript "j" denotes joint
k = persistence (Figure 5.2)

The concept of apparent persistence is proposed in this

paper. Apparent persistence is the value of persistence along
a joint plane that has the same value of AR as the critical

failure path. One can compute the AR, and the ARlOO which

0
are the values of AR for a failure path that extends along
planes having a persistence of 0% and 100% respectively. ARcr’
the value for the critical failure surface (which is typically
nonplanar), is between the two extremes. The apparent per-

sistence, w, is defined as
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AR, - AR__
W = - (100) (5.10)
ARy = ARy

Apparent persistence is a measure of the proximity of AR

to AR It is concerned solely with the strength along the

100°
critical path and ignores the location and configuration of
the failure surface. Apparent persistence compares the
strength of the critical path to the strengths of paths solely
through intact rock or solely along a joint. It expresses the

strength of the critical path in terms of apparent persistence.

This concept is more fully developed in Section 5.5.

5.4 Computer Program DAYLITE

The analytical models derived in Sections 5.2 and 5.3 and
Appendix G are incorporated in a computer program. The prim-
ary input parameters to the program are those listed in Table
5.1. They include the general attitude of the joints, the
distributional parameters of the joints, the strength char-
acteristics of both the joints and intact rock and the in situ
stress field. The program generates a specified number of
random jointing patterns (or "realizations") and analyzes each
pattern to locate the path of minimum resistance. Finally,
it computes the value of apparent persistence. (The program
uses three different techniques to interpret the minimum
resistance strength. The "Reduction Option #1" corresponds

to apparent persistence as defined in the previous section.)
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Table 5.1

Definition

Generic Group Symbol Value*
Geometry of o Angle of Inclination 30°
Block h Height 40°
L width 80°
Strength . Friction Angle of Intact Rock 30°
Parameters Cr Cohesion of Intact Rock 8o**
o Friction Angle of Joint 30°
Cr Cohesion of Joint 2%%
Distribution o) Mean Joint Plane Spacing 4%%*
Parameters 6j Mean Length of Joint Segment 10%*
Sy Mean Length of Rock Bridge 20%*
Original Oy, Vertical Stress varies
Stress Ohe Horizontal Stress varies

* The values listed were used in the sensitivity analyses

discussed in Section 5.5.

the values listed were used in all computer runs.

Unless otherwise noted in plots

** Any set of dimensionally consistent units will yield the
same values of apparent persistence.

TABLE 5.1 Inputs to computer program JOINTSIM
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The program is designed to handle up to 400 realizations;
however, the capacity can easily be expanded. The basic out-
put consists of a recapitulation of the inputs, a listing
of the more important output parameters for each realiza-
tion and a statistical summary of the inclinations of the
failure path, the maximum persistence and the apparent per-
sistence for all realizations. The program has a series
of options that enable one to obtain a much more detailed
outpuﬁ. For example, one can get the coordinates of each
joint segment, a listing of the strengths of all possible
failure paths from each point (xi,yi) or the precise loca-
tion of the minimum resistance path.

A typical output (in its abreviated form) is presented
in Appendix H. The appendix also contains a complete listing

of the program as well as a users' manual.

5.5 Results

The analytical procedure and the computer program were
tested by investigating the sensitivity of the resulting
strength parameters relative to the inpu£ parameters. In
particular, the effect of changes in the magnitude and in the
horizontal to vertical ratio (oho/ovo) of original stresses
and the effects of variations in the joint orientation were
examined. The set of input parameters used as a basis for

comparison is listed in Table 5.1.
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En Echelon or Multi-Planar Failure Paths

The sensitivity study was concerned primarily with para-
meter values that are likely to generate "en echelon" failures,
i.e., failures that involve at least one transition between
joint planes. Jointed rock masses which have relatively
large mean spacings between planes or relatively high strength
parameters for intact rock tend to fail along a single joint
plane. Figure 5.17 suggests this relationship between mean
spacing and frequency of "en echelon" failures. Since the
number of realizations (1 realization = 1 jointing pattern)
is quite small (40) the curve serves to identify a trend

rather than a definitive relationship.

Maximum Persistence Vs. Apparent Persistence

The number of joint planes in each realization of the simu-
lation procedure is a Poisson random variable, S*, with a prob-

ability mass function:

(h/p) Se” /P
s.

Pg(s) (5.11)
and mean mg = h/p .

From the parameters of Table 5.1: mg = 40/4 = 10.

The persistence of each joint plane is also a random vari-

able, T, with mean:

* Upper case notation is used for random variables and a lower
case notation for specific values of the variable.
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§.
= J

T .+
J ]
where §. is the mean length of joint segments
dr is the mean length of rock bridges.
- 10 -
From Table 5.1: Ny = 15—1—75(100) = 33.3%
The maximum presistence along the joint planes in each
realization is a random variable, Q. There is no simple an-

alytical expression for the mean, m It depends on the

o
dimensions of the jointed rock block as well as on the
distributional parameters of the jointing process. In any
case, m, is not less than M, - Using the parameter values in
Table 5.1 one finds from simulation an m, of 63.1%.

Q

The apparent persistence, W, defined in Section 5.4 re-
flects both the persistence of individual joint planes and
possible transitions between joint planes. If the joint
planes are widely spaced, the critical path will follow a
single joint plane--the one with the maximum persistence and
W = g. W 1s actually a lower bound for g because if there
were no transitions between Jjoint planes the critical path
would follow the joint plane with the maximum persistence.
When the critical path involves a transition it must have
"found"” a route that has less resistance than the plane with

maximum persistence. In general, w > g with the difference

My ~ mQ reflecting plane to plane transitions in critical paths
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Figure 5.18 shows a pair of histograms that summarize
the results of 250 realizations in terms of W and Q. The
histograms of apparent persistence is shifted to the right
with respect to that of maximum persistence because of the
aforementioned effect (causing a different my = mQ) of tran-
sitions between planes. The maximum persistence histogram

is more dispersed and has a more pronounced peak.

Magnitude of Stress

The magnitude of the stress field does not appear to
exert a major influence on the apparent persistence. Figure
5.19 presents the results of a series of computer runs in

which the stress ratio (oho/oV was held constant (0.25 or

o)
1.0) while the magnitude of stress (ovo/cr) varied from 0.125
to 1.00. Each run involved 250 simulations. The curve for
OhO/GVO = 0.25 indicates that mW increases as Ov increases.
However, the curve for isotropic stresses suggests the Mo is
virtually independent of 9o It seems that the influence of
magnitude of stress increases as the stress ratio decreases.
The histogram of W for the six parameter combinations have

approximately the same dispersion with sample standard de-

iations in the range of 11.3 to 12.7.

Stress Ratio

The effect of stress ratio on apparent persistence is
shown in Figure 5.20. There is a small but steady decrease

. . , 2 . .
in mW (and increase in ow) as the stress ratio increases from
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G.25 to 2.0. The total change in m,. over that range is

approximately 9%.

Orientation of Joints

Three computer runs were used to investigate the re-
lationship between apparent persistence and the joint inclina-
tion, a. This limited data suggests that m. is only moderately
sensitive to changes in o (Figure 5.21); . decreases with
increasing a whereas oi is essentially constant. The change
of m. for the range of 15° < a < 45° does not exceed the
standard deviation. In this sense one may say that the ap-
parent persistence, W, is not very sensitive to «.

This insensitivity can be a very useful result. It sug-
gests that computations of m, for a particular joint inclina-
tion can be used for other o's without introducing appreciakle
error. The fact that e, is not a strong function of a does
not imply that the absolute strength of rock masses with
dissimilar joint orientations is the same. As defined in
Egquation (5.10), apparent persistence is a ratio of strengths.
Thus, two realizations with different o's may have the same
apparent persistence even though their respective Ao's, A 's

cr
and Aloo's are different. As long as the respective values
are proportionate, the two apparent persistences will be
identical. Figure 5.21 suggests that the proportionality

(almost) occurs as o varies as long as all the other para-

meters are identical.
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Instability analyses, values of apparent persistence
would be used in conjunction with the proper a's to yield

different strengths.

5.6 Summary

The probabilistic model for shearing resistance of jointed
rock is a step in the development of a comprehensive technique
for analyzing the reliability of rock slopes. It represents
a possible solution to one of the major unsolved problems in
rock slope stability analysis -- the interaction between in-
tact rock and discontinuities. The model provides a rational
method for treating joint persistence; the method is based on
informatioh that can be obtained from field surveys.

The most important feature of the model is that it char-
acterizes the strength of a jointed rock mass through an ap-
parent persistence parameter. Apparent persistence is not a
measure of absolute strength; it is an index that compares the
strength of the critical path to the strencth of a path through
intact rock. Apparent persistence is a geometric interpretation
of the interaction that occurs between the jointed and un-
jointed segments of en echelon joint planes.

Apparent persistence can be used in conjunction with
Jennings' relations to describe the strength along failure sur-
faces in stability analyses involving en echelon failure planes.
In analyses that consider tetrahedral wedges bounded by two

joint planes the apparent persistences on the two planes are
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treated as independent random variables.

The current model as described in this chapter is merely
the first step in treating the persistence problem. The model
examines a fairly simple (albeit common) jointing system.

Some of the limitations in the model can be eliminated through
conditioning; however, other restrictions can only be relaxed
by modifying and extending the present version of the model.

The apparent persistence calculations presented in the
chapter were based on a deterministic set of strength para-
meters. It is possible to treat the strength parameters as
random variables by conditioning the apparent persistence on
the strength parameters. For example, the pdf's of @r and
c. could be discretised into a limited number of values each of
which would have a finite probability of occurrence. A series
of simulations (and apparent persistence computations) could
be performed on each pair of o and c. values., If o and c.
were independent random variables, the (unconditional) apparent

persistence would be:

W= IgIgWgs Ple, ] P[crj] (5.13)

where Wij is the apparent persistence based on @r

and ¢
r.

P[<I>r ]is the probability that e is ¢
i

P[cr ] is the probability that c.. is c_
] J

i

r.
1
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The shape of the strength for intact rock is not a ériti-
cal feature of the model. The model defined strength in terms
of a Griffith-Modified Griffith envelope, but other strength
criteria could be used. In particular, one might want to use
the upper bound envelope that characterizes crack propagation
through the entire specimen (Section 5.3). Since apparent per-
sistence is a relative measure of strength it should not be
highly sensitive to the shape of the intact failure envelope*.

The stochastic model can (and should) be expanded to con-
sider the three dimensional aspects of persistence i.e., the
model should examine the joint planes as three-dimensional
features rather than just their traces on a two-dimensional
cross section. Also, the model should consider cases involving
non-parallel joints and recognize possible correlations be-

tween the geometric parameters of different joint sets.

* Apparent persistence is virtually insenstitive to the strength
parameters along the joints because the intact segments have
such a dominant effect on the location of the critical path.

The resistance along jointed segments in almost negligible com-
pared to the resistance through intact material regardless of

@j and Cy- 223



CHAPTER 6

AN INTEGRATED APPROACH TO RELIABILITY ANALYSIS

6.0 Introduction

The earlier chapters discussed various aspects of reliabil-
ity analysis in rock slopes. Chapters 3 to 5 presented some
tools to use in reliability analysis but each technique was de-
veloped as an independent component. This chapter will endeavor
to show how the individual elements can be combined into a com-
plete analysis.

The reliability analysis is based on a concept that under-
lies all rock slope analyses: Failure cannot occur unless both
kinematic and kinetic conditions are met. Chapter 3 discussed
the kinematic aspects and presented the computer program DAYLITE.
Chapter 4 discussed the kinetic aspects and presented the com-
puter program SWARS-2MC. The results from the two programs can
be combined to provide a complete reliability analysis. The
two operations are combined in a manner similar to that used

in composite models (Section 2.3) i.e.,

P, = P[alp[B] (6.1)
P[Aa]: the probability that a wedge daylights
P[B]: the probability that the driving

forces exceed the resisting forces.
The analysis proceeds as follows:
1. Examine each cell in the critical zone and

determine p[ei,¢i], the probability that a
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iine of intersection for any two joints
will be in the cell characterized by the
coordinates (ei,¢i).

2. Use Monte Carlo simulation to determine

P[Ui ei,¢i] the probability that a wedge
daylighting in cell (6i,¢i) will be kin-
etically unstable.

3. Calculate ﬁf for any two joints as;

P = v
Pf = - . P[Uitel'd)ijp[el'q)l] (6-2)

4. Adjust P_. to reflect the fact that the

£
slope may contain more than one potentially
unstable wedge, i.e.,

Pe = Probability of failure for the entire slope

£(Pg,k) (6.3)
where ﬁf is the probability of failure for a
single wedge and k is the number of wedges on
the slope.

The four-step procedure outlined above will provide a

Pf value that approximates the reliability of the slope.

The procedure does not provide a rigorous solution to the

stability problem; there are a number of areas that require

development. The purpose of this chapter is not to present

a definitive solution but rather to show where the technigues

developed in the earlier chapters fit into the solution.

The remainder of this chapter examines each of the four steps
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and in doing so emphasizes two points:
1. What assumptions are involved in each step?

2. Which steps require additional development?

6.1 Kinematic Restraints: P[ei,¢i]

Figure 6.1 shows the results from a hypothetical DAYLITE
run in which the critical zone was partitioned into 8 cells*
each of which is characterized by a pair of spherical coordi-
nates (ei,¢i). Values of P[ei,¢i] for each cell are tabulated
in Figure 6.1. The values represent the probability that a
joint from set 1 will combine with a joint from set 2 to form
a wedge whose line of intersection daylights in the respective
cell.** The values are the kinematic probabilities that will
be used in reliability analysis. They were computed in ac-
cordance with the procedures described in Chapter 3 which as-
sumed that the orientations of joint planes were independent
random variables.

Some of the cells may have very low P[ei,¢i]'s.

The low values indicate that it is highly unlikely that a
wedge will daylight at those orientations. The analysis can

be shortened if these cells are eliminated from further

* 8 cells are used to illustrate the concept. A considerably
larger number of cells would be used in any real problem.

**DAYLITE will also compute the probability that two joints
from the same set will combine to form wedges.
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consideration at this early stage in the analysis. In ignor-
ing cells, one introduces some errors into the analysis

because every cell in the critical zone, regardless of its
orientation, has a finite probability of representing a
potentially unstable wedge. However, if the cell has a
P[ei,¢i] that is several orders of magnitude lower than the modal
value of P[e’¢], the error will be small. (The decision to
ignore a cell is actually a judgement on P = P[Uilei,¢i]-
P[ei,¢i] rather than just on the P[Gi,¢i] term. If P[ei,¢.]

1

is very small, P_. will also be very small.)

£

6.2 Kinetic Restraints: P[Uilei,¢i]

The discussion on kinetic restraints will first present
some general comments on how P[Uilei,¢i] is obtained for
each cell in the critical zone. Next, the section examines
one of the inputs to that calculation, the pdf of the height
of failure wedges. Finally, the section shows that the cal-
culations for kinetic instability must be performed on each
cell in the critical =zone. _

P[Uilei,¢i] for each cell is obtained through Monte
Carlo simulation with the computer program SWARS-2ZMC (Section
4.6). © and ¢ are the only two deterministic parameters in
the analysis. ¢ and Bl define the shape of the wedge; their
pdf's can be obtained from the DAYLITE output for the (ei,¢i)

cell, The mechanical properties (stiffness and strength) of
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each joint set and the location of the piezometric surface
must be characterized in terms of pdf's.* 1If the joints in
a particular set are relatively closely spaced the strength
of en echelon failure paths can be expressed through the
apparent persistence parameters introduced in Chapter 5.

The height of the wedge, H, is the vertical distance
from the top of the slope to the vertex of the wedge (Figure
6.2). If there are no cleft water pressures in the joints
and there is no cohesion on either joint, the factor of safety
is independent of H. If either cleft water pressure or co-
hesion is present H must be treated as a random variable.
One reasonable approximation of the pdf of H would be the
uniform distribution over the entire height of the slope.
The derivation is based on the assumption that joint planes
can be treated as Poisson planes in space (Section 5.2).**
Figure 6.3A depicts a rock slope that contains two sets of
discontinuities. Line OA 1is the trace on the slope of joint
A from set 1. Joints from set 2 intersect joint A to form

various size wedges. If the joints from set 2 are Poisson

their spacing in exponentially distributed in all directions--

* At the present time little is known about typical pdf's

for the mechanical properties of joints or ground water con-
ditions. Research is currently underway at M.I.T. to estab-
lish typical pdf's for strength parameters. The results will
be published in a report authored by Baecher and Einstein,

et al., (19xx).

**A number of authors (e.g., Baecher et al., 1977) have pre-
sented empirical evidence that suggests that the assumption
is valid.

229



Figure 6.2 Definition of H
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including the direction along OA. (The mean spacing will

vary with direction but the exponential nature of the dis-
tribution will not.) Thus, the points of intersection between
joints from set 2 and the line OA constitute a Poisson pro-
cess (Figure 6.3B). Since the intersections are Poisson

every differential segment on OA has an egual probability

of containing an intersection. In a similar manner, every

th differential segment has

distance di from point 0 to the i
an equal probability of locating an intersection. Thus,
fD(d) has a uniform distribution. The intersection points
represent the vertices of wedges and the di distances are
directly related to the wedge heights (H's) through a trig-
onometric constant. Since fD(d) is uniform, fH(H) must also
be uniform.

The pdf for H is not perfectly uniform because the pre-
ceeding argument ignored the lateral boundaries of the slope.
Figure 6.4 is a front view of a slope. None of the joints
from set 1 that lie to the right of joint B can form a wedge
of height H because joint set 2 is restricted by the right
boundary. As Jjoints from set 1 approach the boundary they
form smaller and smaller wedges. Thus, for the whole slope,
small wedges are somewhat more likely to occur than large

ones. Nevertheless, the uniform distribution should provide

a reasonable approximation* for the pdf of H.

* Veneziano (19xx) used his model (Sections 1.5 and 5.1) to
examine a related problem~-the distribution of vertices on the
plane of the slope. He concluded that the location of vertices
did not constitute a Poisson process.
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Once all the pdf's for the appropriate input parameters
have been established P[Ui|ei,¢i] can be found through Monte
Carlo simulation. P[Uilei,¢ij is the proportion of trials
that have an FS that falls below 1.0. In defining failure,
one must differentiate between FSI and FSU. As discussed
in Section 4.4, FSI corresponds to initial movement (in any

direction) while FS. . corresponds to movement down the line of

U
intersection. FSU may be more suitable for simulation because
there are fewer variables (and fewer pdf's) to define; how-
ever, either definition can be used in the analysis.

Every cell in the critical zone is characterized by a
unique pair of 6 and ¢ values. The simulation procedure
that examines kinetic instability must be repeated for each
of these orientations. The pdf's for ¥ and By (as determined
by DAYLITE) will vary for each (ei,¢i); the pdf's for the
other random variables may be varied at the discretion of
the individual performing the analysis.

As discussed in Section 2.2, Monte Carlo simulations
have a number of limitations. In particular, the simulations
are usually based on a number of assumptions concerning the
independence of random variables. The procedure described
above (and implemented in the SWARS-2MC program) relies on
many independence assumptions. The most important ones are:

1. Joints from different sets are uncorrelated. The

fact that a particular joint from set A is present

does not affect the marginal distribution of set B.
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(DAYLITE is based on this assumption.)

2. Joint orientation and joint strength parameters are
uncorrelated. Low strengths are not associated
with any particular joint orientation.

3. Joint length and joint spacing are uncorrelated.
(JOINTSIM, the program that computes apparent per-
sistence, is based on this assumption; however, the
program can be modified to accommodate such correla-
tion.)

Very little information is available to verify (or con-
tradict) these assumptions. In some instances (like strength
parameter) the data base is too small to discern correlations.
In other instances (like orientation) the data base is ade-
quate but the data is not usually gathered or recorded in a
manner that would disclose correlations. Improvements in
sampling technigues may provide some insight into the correla-
tion structure of the random variables that describe the
orientation and shape of wedges. Correlations involving the
mechanical properties of joints present a much more difficult

problem that may remain unsolved for the forseable future.

6.3 Calculating Pg

§f is defined as the probability that any two intersect-
ing joints will form an unstable wedge. The wedge must be
both kinematically and kinetically unstable; hence, §f is

computed as the product of the kinematic (P[ei,¢i]) and
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kinetic (P[Uilei,¢i]) probabilities. The product is summed

over all cells in the critical zone:

§f = al§ . plu,le,,0,]p[6,,0,] (6.4)
Pf is actually a conditional probability based on the
premise that two and only two joints intersect to form a
wedge. Pf, the probability of failure for the entire slope,
could be either less than or more than §f. If the rock mass
has widely spaced joints relative to the dimensions of the
slope there may be a high probabkility that no wedges form.
On the other hand, there are usually many intersections and
each one defines a potentially unstable wedge. ﬁf must be
adjusted to reflect the fact that there are many possible

failures.

6.4 Calculating Pf

Pf, the probability of failure for the entire slope,
is a function of ﬁf as well as k, the number of wedges in

the slope. Calculating Pf is a two-fold problem:

1. Determining the functional relationship
between k and ﬁf.

2. Determining the distribution of the

random variable k.
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The first problem is the more difficult one to solve
because it is a problem in system reliability in which the
entire rock slope is treated as an engineering system. The
second problem can be handled (at least crudely) with the
approximation technique presented later in this chapter.

Figure 6.5 shows two hypothetical slopes each of which
contains joints from two sets. In Figure 6.5A there are two
joints from each set and they form two distinct wedges.

If the wedges were independent and their 5f's were ﬁfl and
§f2 respectively, Pf, the reliability of the entire slope,

would be

£2) (6.5)

f) (6.6)
On the other hand, if the wedges were perfectly cor-
related i.e. joints 1 and 3 (as well as the pair 2 and 4)

were identical in orientation and strength parameters,

Pp. =7, = (1 -‘Ef)l (6.7)
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The fact that one wedge fails necessarily implies that its
twin must fail.
Equations (6.6) and (6.7) represent two limiting cases.

If the wedges were imperfectly correlated:

(6.8)

where 1 < r < 2
The argument can be extended to systems involving n

wedges. The two limiting values for P_ would be:

£

P, =1-(1- §f)n (independent wedges) (6.9)

Pe = ?f (perfect correlation) (6.10)

There are at least two forms of correlation: spatial
and functicnal. Spatial correlation implies that the varia-
tion in properties between two different joints is a function
of the distance between the two joints. In other words,
given joint A and its attendant properties, the marginal dis-
tribution of the properties of joint B depends on the distance
between A and B. At the present time little is known about
the spatial correlation of mechanical properties. They are

generally assumed to be uncorrelated.
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Even if the joints are not spatially correlated the
wedges they form may be functionally correlated. Figure 6.5B
shows a typical case. Wedges ABC and CDE are related be-
cause they are both bounded by the same joint plane. The
ﬁf's for the wedges are also related; the degree of depen-
dence depends on the relative importance of joint plane BDC
in determining the stability of the wedge. If, for example,
BCD contributes most of the resistance to both wedges, the
§f's may be highly correlated. If BCD contributes little
to the respective resistances, the Ff's may be virtually
uncorrelated.

As evidenced by Equations (6.9) and (6.10), correlation
among wedges can have an enormous impact on reliability cal-
culations. The difference between the upper bound (Equation

(6.9)) and the lower bound (Equation (6.10)) of P, can

f
easily reach orders of magnitude in a heavily Jjointed rock
mass i.e., large n. The system reliability of a slope is
a complicated problem that depends on wedge geometries as
well as the correlations among individual parameters. At
the present time there is no rational method for assessing
the system reliability of a rock slope<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>