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Abstract

Let G be a classical group and let g be its Lie algebra. For a nilpotent element
X € g, the ring R(Ox) of regular functions on the nilpotent orbit Ox is a G-
module. In this thesis, we will decompose it into irreducible representations of G
for some spherical nilpotent orbits.
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1 Introduction

Let G be a classical complex group and let g be its Lie algebra. An element X € g is
called nilpotent if X € [g,g] and adx is a nilpotent endomorphism of the vector space
g. For a nilpotent element X € g, define the orbit through X by

Ox = Goq- X = {Ad(g)X|g € G}.

For a nilpotent orbit in G, we can attach a partition by the Jordan normal form for the
nilpotent as a matrix. [2]

A nilpotent orbit O is called spherical if a Borel subgroup of G has an open orbit in
Ox. All spherical nilpotent orbits of classical groups are introduced in Table 1.1. [1]

Table 1.1: Nilpotent orbits
G partition of nilpotent orbit
GL(n,C) 1) for0<k< 2
Sp(2n,C) (2F 17" for0<k<n
SO(n,C) (2%, 1" %) for0< k< %
(8,22 1m—4-3) for 0 < k < 273

The ring of regular functions R(Ox ) on a nilpotent orbit Ox of g has a G-module struc-
ture and we will decompose it for all spherical orbits in GL(n,C) and Sp(2n,C). For
the case of SO(2n,C) and SO(2n + 1,C), we will do this for nilpotent orbits attached
to the partitions involving only 1 and 2, or 1 and 3.

Since Ox = G/GX where GX is the stabilizer of X in G,
R(Ox) = IndSx(1)

where 1 is the trivial representation. To decompose the representation Indgx(l) for
spherical orbits, we introduce a parabolic subgroup P of G containing GX. Then we
have

IndSx (1) = Ind$ IndEx (1).
Using Helgason’s Theorem and its corollary, we can easily decompose Indgx 1).

Suppose that G is a complex connected reductive algebraic group and defined over R;
write G(R) for the group of real points, which is a real reductive Lie group. We fix
an Iwasawa decomposition G(R) = K(R) x A x N(R) by Theorem 7.31 in Knapp {3].
Here K(R) is a maximal compact subgroup of G(R); this notation is justified because
the complexification K of K(R) is in fact an algebraic subgroup of G, defined over R,
with real points K(R). Let go be the Lie algebra of G(R) and let go = ¥ & ap @ ng be
the corresponding Iwasawa decomposition of g. Let t; be a maximal abelian subspace
of Zy,(ag), so that t; @ ag is a maximally noncompact Cartan subalgebra of go. Finite
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dimensional representations of G(R) yield representation of go, hence complex-linear
representations of g, which is the Lie algebra of G. Then we use the complexification of
to ® ap as Cartan subalgebra of g.

Let A and X be the sets of roots and restricted roots, respectively, and let © be the
set of positive restricted roots relative to ny.

Roots and weights are real on its @ ap, and we introduce an ordering such that nonzero
restriction to ap of a member of A* is a member of Zt. A restricted weight of a finite-
dimensional representation is the restriction to ag of a weight. Because of the choice of
ordering, the restriction to ag of the highest weight of a finite-dimensional representation
is the highest restricted weight. With this root system, we have Helgason’s Theorem
(Theorem 8.49 in Knapp [3)).

Theorem 1 (Helgason). Suppose that G is a complex connected reductive algebraic
group and defined over R. Let G(R) be the group of real points. Then, for an irreducible
finite-dimensional representation n of G(R), the following statements are equivalent:
(a) 7 has a nonzero K(R) fized vector,

(b) Zkw)(a0) acts by the 1-dimensional trivial representation in the highest restricted-
weight space of m.

Corollary 1. Let U be a compact connected Lie group with Lie algebra u, let K be the
set of fizred elements under an involution ®. Then, u = ¢®q where t is the Lie algebra of
K and q is —1 eigenspace in u of d ®. Choose a mazimal abelian subspace b of q, let 5 be
a mazimal abelian subspace of Zy(b), and put t = b®s. Impose an ordering on (it)’ that
takes ib before is. Suppose that L is a subgroup which is contained in K and contains
the identity component of K. Then an irreducible finite-dimensional representation w
of U has a nonzero L fired vector if and only if Z1,(b) fizxes a nonzero highest-weight
vector of ¢. '

To apply Helgason’s Theorem, we will use Theorem 7.1 in Procesi [5].

Theorem 2. Suppose H is a compler reductive algebraic group defined over R, and
that H(R) is a compact form of H. Then the restriction map, from the space of regular
Junctions on H to the space of H(R)-finite functions on H(R), is an isomorphism.

After decomposing IndZ x (1), we will use Borel-Weil Theorem to decompose Ind§ Indfx(1).

2 General Linear Groups

Theorem 3. Suppose 0 < k < %, and that Oy is the nilpotent GL(n,C)-orbit attached
to the partition (2¢,1"~2F). Then the ring R(Oy) of regular functions on Oy is iso-
morphic to the direct sum of all irreducible representations of GL(n,C) whose highest
weight is (alya'Zy' . ’alhov' . 701 —Qk, —Qk~1,°""* v"al) where ay a2 2 (471 2 0.



Put G = GL(n,C). For 0 < k < %, define

ch=( O~k I; )

On—kn—t On—kik
where 0y, ,, denotes the m X n zero matrix and Iy, is the k x k identity matrix. Then
the orbit G - Xj is the nilpotent orbit corresponding to the partition (2¥,1%~2¢) of n
according to Corollary 3.2.7 in Collingwood and McGovern [2].:
Let GX* be the stabilizer of X in G. Then, an element g € GX* is of the form

A * *
g=1 On-2kx B *
Orr  Opp-2r A

where A is a k x k invertible matrix and B is a (n — 2k) x (n — 2k) invertible matrix.
Define a parabolic subgroup P, whose elements are of the form

A * *
g=| On-2kk B *
Ok Ogp-2x C

where A and C are k x k invertible matrices and B is a (n — 2k) x (n — 2k) invertible
matrix. Then P, = GL(k,C) x GL(k,C) x GL(n — 2k,C) x Ry(P:) where Ry (P) is
the unipotent radical of P, and Ry(P;) centralize Xi. So, by Theorem 2,

GL(k,C)xGL(k,C U
Indgk, (1) = Indg 6O (1) = magrto (1)

where diag U(k) is the diagonal copy of U(k) in U(k) x U(k).

Define an involution ® on U (k) xU(k) by ®(X,Y) = (Y, X). Then diag U (k) is the set of
fixed elements of @ and we can consider this case from the point of view of Corollary 1. If
¢ is the subalgebra of diagonal matrices in u(k), then we can take b = {(X,—X)|X € ¢}.
Let s = diagc and we have t = b @ c¢. On the other hand, roots in U(k) x U(k) are of
the form (,0) and (0,a) with o € Ay(x) and their corresponding decompositions are
1(a,—a)+31(a,a) and }(—a,a)+ 3(e, a). According to the hypotheses of Corollary 1,
(e, 0) > 0 implies (0, —a) > 0. Consequently, the positive roots of U(k) x U(k) are

Ag(k)xv(k) = {(0', 0)|a € A;(k)} ¥] {(0’ —a)la e Ag(k)}-

Therefore, a weight (A1, Az) is dominant if A; and —A; are dominant for A;ﬁ(k). Since
every irreducible representation of U (k) x U (k) is an outer tensor product of irreducible
representations of U(k), the irreducible representation of U(k) x U(k) with highest
weight (A1, A2) is the outer tensor product 71 ® 2. Then 7, is equivalent to an irreducible
representation with highest weight A, and 7, has lowest weight Ao.

The group M = Zgiazy(x)(b) is the subgroup of elements (z,z) in U(k) x U(k) with
Ad(z,z)}(X,-X) = (X,—-X) for all X € ¢ and so, M = exps. The condition of
Corollary 1 is that (A;, A2) vanish on s, hence that A; + Ay =0.

Therefore, Indg';(k (1) is equivalent to the direct sum of 7(a, ,a,, ,ax) © T(~a,~ak-1, ,—a1)
where a; > az > -+ > ai are integers and 7(,, q,,.. ,a,) 15 an irreducible representation
of U(k) with highest weight (a;,az,--- ,ax).



For each summand 7(a, qj,.- ,ax) ® T(—ax,~ax_1,,~a;)s DY Borel-Weil Theorem, can be
expressed as

GL(k,C)xGL(n—2k,C)x GL(k,C)% Ry (G)
Ind g% Binoakyx By Ry @) E(=a1,-a2, =) ® 1 ® E(ap,apcr, a1))

where B(k) is the Borel subgroup of upper triangular matrices of GL(k, C), £(, a3, ,ax)
is 1 dimensional representation corresponding to the weight (a1, as, - - , ax) of B(k) and
Ry (G) acts trivially. On the other hand, the subgroup B(k) x B(n—2k) x B(k) % Ry (G)
is the Borel subgroup B(n) of upper triangular matrix of GL(n,C) and the representa-
tion §(_a;,—as, ,~ax) ® 1 ® &(as,ax-1,-,a1) 16 the 1 dimensional representation of B(n)
which corresponds the weight (—ay, —az,--- ,—ax,0,--- ,0,ak, k-1, - ,81).

Indgf’,f;' ©) €(—a1,—a2, ;—ak,0,+ 0,0k ,ax~1,,a1) 1S &1 irreducible representation of GL(n, C)
with hlghGSt wexght (alvaﬂa 50k, 0,000, 0, —ag, —ag-1," -, _al) ifa; 2---2a,2>0
by Borel-Weil Theorem.

Therefore, R(Oj) is isomorphic to the direct sum of all irreducible representations of
GL(n,C) whose highest weight is of the form (a;,as,- - ,ax,0,--- ,0,—ax, —@x—1, -+ ,—01)
wherea; > a2 > - 2 a2 0.

3 Symplectic Groups

Theorem 4. Suppose 0 < k < n, and that Oy is the nilpotent Sp(2n, C)-orbit attached
to the partition (2%,12"~%) of 2n. Then the ring R(Oy) of regular functions on Oy is
isomorphic to the direct sum of all irreducible representations of Sp(2n, C) whose highest
weight is of the form (ay,az,--- ,@k,0,--- ,0) where a; > az > :++ > ax > 0 are even
integers.

Suppose (C2",w) is a symplectic vector space with standard basis {e,--- ,en, f1,-- , fa},
and let G = Sp(2n,C). Then G acts on C?". For 0 < k < n, define

where I », denotes the n x n matrix ( L Ok.n—k ) . Then G-orbit O contain-
’ On-kk On—kn-k

ing Xy is the nilpotent orbit corresponding to the partition (2*,12"~2¥) according to
Proposition 5.2.3 in Collingwood and McGovern [2].

Let GX* be the stabilizer of X in G. Using the following definition 1 and Lemma 1,
we can find a parabolic subgroup containing GX*.

Definition 1. Suppose V is a complex vector space endowed with a symmetric or
skew-symmetric bilinear form f. An isotropic flag in V is a chain of subspaces

W={0=W,.uCW,C---C W}

go that the flw, =0.



Let G(V, f) be the group of automorphism of V preserving f.

Define PW) = {g € G(V, f)lgW; C W;,1 <i<r}.Forge PW)and1 <i<r,
define l;(g) € GL(W;/Wi41) to be the linear transformation induced by g.

For i = 0, define

‘/0=W1-L/W1’

which inherits a nondegenerate form fy from V. Since g preserves W and f, it induces
a linear transformation

lo(9) € G(Vo, fo)-

Lemma 1. Suppose W is an isotropic flag in V. Then P(W) is a parabolic subgroup
of G(f). Its unipotent radical is

U(W) = {g € PW)| li(g) € GL(W;/W;1) =id for 1 <i<r, lo(g) =id}
The maps l; and ly identify the reductive quotient P/U with
GL(W,) x GL(W,_1/W,) x - -- x GL(W;/W2) x G(Wit /W4, fo).

Let W be the span of {ej, ez, -- ,ex}. and let Py be the stabilizer of W. Since W is
an isotropic subspace, Py is a parabolic subgroup. Also, P; contains GX* because
W = ImXy. So,

R(Oy) = IndGx, (1) = Ind§, Ind %, (1)
where 1 is the trivial representation.

If we write the matrices in an ordered basis {€1, €2, * , €ny fkt1, fkt2s*** s frs f1o f2, 0+ - » fi by
we have
Pk = GL(k, C) X Sp(2n - 2k, C) A Ru(Pk),
G** = O(k,C) x Sp(2n — 2k, C) x Ry(G**).
But, by lemma 1, Ry(P:) = {g € Sp(2n,C)| glw =id, glw+,w = id}. Then, it is easy
to check that glcanw. = id for g € Ry(Py). Since W' = Ker X, 9X|w. = Xglw. =

0.For 1 < i <k, g(fs) € fi + Wt. So, Xg(f:) = 9X(f:) = e:. Therefore, Ry(F%)
centralize X and
md%, (1) = mdSe%(1) = () (1)

GXk

where Sp(2n — 2k, C) x Ry (Px) acts trivially.



To apply Helgason’s Theorem, define an involution & on U(k) by ®(X) =*X~1. Then
O(k) is the set of fixed elements of ®. Since q in Corollary 1 is set of symmetric matrices
in u(n), we can take b as the set of diagonal matrices in u(n). So, the ordering on (it)*
is same as the standard one. The group M = Zp;)(b) is the set of diagonal matrices

whose entry is 1 or —1. So, Indgg;(l) is the direct sum of all irreducible representations

of U(k) with highest highest weight (a1, az,--- ,ax) where a; > a2 > --- > a; are even
integers.

By Borel-Weil Theorem, each irreducible summand with highest weight (a;,ag,--- ,ax)
can be written as

P
IndB: X B3Ry (Px) (g(—an-am'" .—ak))

where B; and B; are the standard Borel subgroups of GL(k,C) and Sp(2n — 2k,C),
respectively and, {(_4,,—aj, - ,—ax) is 1 dimensional representation of B; corresponding to
the weight (—ay, —ag,- - - , —ax). If we use the ordered basis {e},e3,-- - ,en, f1, f2," - , fa},
B; x B2 x Ry(P) is the standard Borel subgroup B of Sp(2n,C) and the represen-
tation §(_4, a;,-,~ax) 15 the 1 dimensional representation of B which corresponds to
the weight (—ay, —ag, -+ , —ax,0,--+ ,0). So, Indf;”(z"‘c) (=012, ,~ax,0,- ,0) IS an irre-
ducible representation of Sp(2n,C) with highest weight (a;,a2, - ,ax,0,---,0) when
ap>a2>---2a 20

As a consequence, R(Qy) is isomorphic to the direct sum of all all irreducible rep-
resentations of Sp(2n,C) whose weight is of the form (a3, as,--- ,ax,0,--- ,0) where
a; > az > --- 2 a; > 0 are even integers.

4 Special Orthogonal Groups

For SO(2n,C), the rings of regular functions on some spherical nilpotent orbits are
decomposed as following:

Theorem 5. (i) For 0 < k < 3, let Oy be the nilpotent SO(2n,C)-orbit attached
to the partition (22*,12*~4%). Then the ring R(Ox) of regular functions on Oy is
decomposed as the direct sum of all irreducible representations of SO(2n,C) with
highest weight of (a1,a1,0a2,02, - ,ak,ak,0,--- ,0) wherea; >az>--->a;, 20
are integers.

(i) For k = 3 (n is a multiple of 2), there are two nilpotent SO(2n,C)-orbits O
and Or; attached to the partition (22¢). The ring R(Or) of regular functions on
Oy is the direct sum of all irreducible representations of SO(2n,C) with highest
weight (a1,a1,az,az,- - , 0k, ax) and the ring R(Oqr) of regular functions on Ory
is decomposed as the direct sum of all irreducible representations of SO(2n,C)
with highest weight of (a1,61,a2,a2, - ,ak, —ax) where a; > ag > --- > ax 20
are integers.



(ii1) Let O be the nilpotent SO(2n,C)-orbit attached to the partition (3,12"~3). R(0)
is decomposed as the direct sum of all irreducible representations of SO(2n,C)
with highest weight of (p,q,0,--- ,0) where p > |q| are integers and p + q is even.
Forn>2,q>0.

Suppose (C?",w) is a vector space with a non-degenerate symmetric bilinear form and
let G = SO(2n,C). Denote the standard basis {e1, ez, ,en, f1, f2, -+ , fn}, s0 that
(eire5) = (fi, £3) = 0 and (es, f;) = &

For 0<k < %, put

Xk = ( On,n I2k,n )

Onn Onpn
Ok, Ii Ok n—2k
where Iok n, denotes the n x n matrix -I. O,k Ok,n—2k
On-2kk On-2kk On—2kn—2k

Then O = G - X is the nilpotent orbit corresponding to the partition (22*, 12n~4) of

2n according to Corollary 5.2.8 in Collingwood and McGovern [2]. (If k= 2, G- X, is

0r.)

Let W be the span of {ey, €3, - - - , e2x} and Py be the stabilizer of W. Since W is isotropic,

Py is a parabolic subgroup. Also, the stabilizer GX* of X} is contained in P because

W = ImX;.

Ifwltiawﬁte the matrices in an ordered basis {e1, €2, * - , €n, fak+1, fok42, s fur f1s 20 o for b
we have

Py = GL(2k,C) x SO(2n — 4k, C) x Ry(P:),

G*X* = Sp(2k,C) x SO(2n — 4k,C) x Ry(GX*).
Ry (Py) centralize X by the same reason in symplectic case. So,
Ind, (1) = Ind§ <0 (1) = Ind3 ) (1)

where SO(2n—4k, C) @ Ry (Px) acts trivially. Indg®,) (1) is the direct sum of irreducible
representations of U(2k) that have Sp(2k)-fixed vector.

Lemma 2. Ind3G;) (1) is the direct sum of all irreducible representations of U (2k)
with highest weight (a1, a1,0a3,a2, - ,ak,ar) where a; > az > -+ > ay are integers.
Proof. Sp(2k) is the set of fixed elements of an involution ® on U(2k) such that ®(g) =

Jtg~1J-1 where J is the 2k x 2k matrix ( _(}k {f ) .



Let u(2k) = €@ q be eigenspace decomposition under d ® and s and b be the subalgebra
of all diagonal matrices in ¢ and q. Then, t = s@ b is a Cartan subalgebra of u(2k) and
a member (a3, as,--- ,agk) in (it)* decomposes as ;

a1 + Gg41 ax + azk a3 + ag+1 ai + a2k
(a11a27"'1a2k)=( PR ’ - PR} )
2 2 2 2
4Ok Gk O3k 017 Gke1 Ok~ Ok
2 b b 2 ? 2 I R 2

with the first term carried on ib and the second term carried on is. According to the
hypotheses of the Corollary 1, a root e; — e; of u(2k) is positive if 0 < i < j < k or
k<i<j<2or,k<jand i< j—k. So, a weight (a;,az,- - ,az;) is dominant
ifa; > a2 > -+ > ak, ag41 > agy2 2 000 2 agk, ;i > a4 fori = 1,2,.-- ,k and
ax4i > @iy for i = 1,2,--- ,k — 1. Since the group M = Zgy(ax)(b) is compact and
connected, M acts by 1-dimensional trivial representation on the highest weight space
if the highest weight (a1, a2, - - ,a2x) is zero on 6. So, a; = ag4i for i = 1,2, k.

Therefore, with the standard positive root system, Indg,(,?:,)c)(l) is the direct sum of all
irreducible representation of U(2k) with highest weight (a;, a3, @2,a2,- - ,ax,ar) where

a >az > 2 0. 0

By Borel-Weil Theorem, each summand of irreducible representation with highest weight
(a1,a2, -+ ,a2x) can be written as

Indg': X BaXRy(Ps) (f(—an—az,--- ,—azk))

where B; is the Borel subgroup of upper triangular matrices in GL(k,C), B; are the
standard Borel subgroup of SO(2n — 4k, C) and §(_,,,—a,,.. ,—az) 18 1 dimensional rep-
resentation corresponding to the weight (—a;, —ag,- - , —azk). Using the ordered basis
{e1, €2, yen, f1, f2,- -+ » fu}y B1 % Bz 3 Ry (Py) becomes the standard Borel subgroup
B of SO(2n,C) and the representation &(_g,,—q;,-,~as) i the 1 dimensional represen-
tation of B which corresponds the weight (—ay,- - , —az2k, 0, - - ,0). By Borel-Weil The-
orem, Indgo(z"’c) &(-a1,~az,+ ,—azk,0,- ,0) is an irreducible representation of SO(2n,C)
with highest weight (a;,a2, - ,a2r,0,--- ,0) whena; > a2 > - > agx > 0.
Therefore, R(Oq) is isomorphic to the direct sum of all all irreducible representa-
tions of SO(2n,C) whose weight is of the form (a;,a1,a2,a2 - - - , @k, 0,0, - - - ,0) where
a1 > az--- > ag > 0 are integers.

For n = 2k, there is another nilpotent orbit @;; with partition (22¥) by Theorem 5.1.4
in Collingwood and McGovern [2]. If we interpret the matrix X defined above as an ele-
ment of 80(2"') using the ordered basis {elv €2, 1€n-1, fny fl’ f21 Tty fn—l’ en}’ GXI:
is Oy;. So, Indg';(k 1)= Indg‘(,?:,z)(l) is the direct sum of all irreducible representation
of U(2k) with highest weight (a1, a1,a2,a2 - - , ax,ar) where a; > az - -- > ax. Applying
Borel-Weil Theorem and changing the ordered basis to {e1,€3," - ,€n, f1,f2, - y fu}»
R(Ox) is isomorphic to the direct sum of all irreducible representations of SO(2n,C)
with highest weight (a1,a1,a2,a2- - ,ak—1,@k—1,0k, —Gx) Wherea; > az > --- 2 ar 2 0
are integers.
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For the partition (3,1%2"~3), define
X = B1 — Entine2 + Erna2 — Eann

where E; ; denotes the 2n x 2n matrix whose i, j-entry is 1 and other entries are 0. Then
O = G - X is the nilpotent orbit corresponding to the partition by Proposition 5.2.8 in
Collingwood and McGovern [2].

Let W be the span of {ez} and define P as the stabilizer of W. Since W is an isotropic
subspaces, P is a parabolic subgroup. Also, the stabilizer GX of X is contained in P
because W = ImX2.

With the ordered basis {ez,€1,€3,: y€n, f1,f3, -+ » fny f2}, we have

P =GL(W) x SO(W*/W) »x Ry(P),
GX = (GL(W) x SO(W*/W))* x Ry(GX)

If g € Ry(P), by Lemma 1, g|imx2 = id and glw.,w = id. Since W C Ker X,
9X|lwr = Xglw:. Let g(e1) = ey + aez and g(f1) = f1 + beq. Since g € SO(2n,C),
9(f2) = fa—af1—bey+v for some v € Ker X. So, Xg(f2) = gX(f2) = e1—fi+(a—b)ea.
Therefore, Ry (P) is contained in GX.

Lemma 3. Ind(c"GLIS:Q)X xs.%xfm)) x (1) is the direct sum of all irreducible representa-
tions of GL(W) x SO(W+ /W) with highest weight (p,q,0,--- ,0) where p+ q is even.
Ifn>2¢20.

Proof. Put G = GL(W) x SO(W* /W) and let g be its Lie algebra. Also, put L = GX.
Leta=e.-+Wa.nif,- =fi+Wf£r‘i=_lL3,'-- e

Then {32) 715(51- - fl))e_(h’ e ,ﬁ, f37' i :fm 715(31-"' f1)1f2} is an ordered basis of G.
With this ordered basis, X becomes E = \/§E1,2 + \/§E2,2n and element g € K is of
the form

det A 0 Oi2n-3 0
0 det A 01,2,;_3 0
02n-3,1 O2n-3,1 A O2n-3.1
0 0 01,2,,_3 det A

where A € O(V) and V is the subspace spanned by {€3, - ,&z, f3,"** » s 715(E{+E)}.
Let Y = Ey 2, + Ezp + Izn,2n — E1,1 — 2E3 2 and @ be the conjugation by Y. Let K be
the set of all fixed elements of ®. An element g € K is of the form

a 0 01,2n-3 0

0 detA 032n-3 0
O2n-31 O2n-31 A 0O2p-31

0 0 01,2n-3 a

g=

where a = +1 and A € O(V). Since the identity component of K is contained in L and
K contains L, we can apply Corollary 1.

11



Let g = ¢ q be eigenspace decomposition under d ®. Define b is subspace of q spanned
by {Ei11,E22n-1 + E2n—1,2}. Then, b is a maximal abelian subalgebra of q and an
element g € M = Zy,(b) is of the from

a 0 01 2n—4 0 0

0 a 01,2,._4 0 0
g=| O2n_41 0O2n_4; A Ogp_41 O2n_4;

0 0 01‘2,,_4 a 0

0 0 01’2,,_4 0 a

wherea =+land A € SO(Vl) where V; is the subspace spanned by {€3,--- ,&, f3, - » fu}-
So, by Corollary 1, Inde (1) is the direct sum of all irreducible representation of G with
highest weight (p, ¢,0,--- ,0) where p+ ¢ is even. Forn > 2, ¢ > 0. (]

If we use the ordered basis {eg,e1, €3, - ,€n, f1, 3, , fn, fo} and apply Borel-Weil
Theorem, each summand of irreducible representation with highest weight (p, ¢,0,---,0)
can be written as

Ind& 1, (1,)x By Ry (P) E(=pr—0,0,-.0))

where B; is the standard Borel subgroup of SO(2n — 2,C), and E(_,,,_q, ..,0) is 1 di-
mensional representation corresponding to the weight (—p, —¢,0,- - - ,0). But ,GL(1,C) x
By x Ry(P) is the standard Borel subgroup B of SO(2r,C) and 5(_,,,_‘,' o) is the 1
dimensional representation of B which corresponds to the weight (—p, —q,0,--- ,0).
Applying Borel-Weil Theorem again, Ind“m(z'l ©) { _p,_q. - ,0) is an irreducible repre-
sentation of SO(2n, C) with highest Weight (9,4,0,---,0) whenp > |g|. If n > 2,p > 0.
Therefore, R(O) is the direct sum of all irreducible representations of SO(2n,C) with
highest weight of (p,q,0,--- ,0) where p > |g| are integers and p + q is even. Also, for
n>2420.

For SO(2n + 1,C) the rings of regular functions on some spherical nilpotent orbits are
decomposed as following:

Theorem 6. (i) For 0 < k < 28, let Oy be the nilpotent SO(2n + 1,C)-orbit at-
tached to the partition (22%,12n+1-4k),
Then the ring R(O) of regular functions on Oy is decomposed as the direct
sum of all irreducible representatians of SO(2n + 1 C) with highest weight of
(a1,01,03,a2, - , @k, 0%, 0,--- ,0) whereay > a2 > --- 2 ar 2 0.

(i) Let O be the nilpotent SO(2n+1,C)-orbit attached to the partition (3,12"~2) with
n > 2. Then the ring R(O) of regular functions on Oy is decomposed as the
direct sum of all irreducible representations of SO(2n + 1,C) with highest weight
of (p,q,0,--- ,0) where p > q > 0 are integers and p -+ q is even.

Suppose (C?"*+!,w) is a vector space with a non-degenerate symmetric bilinear form
and let G = SO(2n +1,C). Denote the standard basis {e, ey, €3, - ,€n, f1, 2, , fa},
so that (e7 8) = 1) (8, ei) = (ey f:) = (ei:ej) = (fufj) =0and (e;, fJ) = 6:')'-
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For 0 <k < %, put

0117 O1n O1n
Xk = On,l On,n Ik,n
On, 1 On,n On,n

( O,k I Og,n—2k )

where I, denotes the n X n matrix -Ii Ok x Ok,n—2k

On—-2kk On-2kk On—2k,n-2k

Then O = G - X} is the nilpotent orbit corresponding to the partition (22¥, 12n+1-4k)
of 2n + 1 by Proposition 5.2.5 in Collingwood and McGovern [2].

If W is the span of {e;, ez, - ,e2}, then the stabilizer GXx of X} stabilize the space
W. So, the stabilizer of W, denoted by Pk, contains GX«. If we write the matrices in
an ordered basis {e,e1,€2, - ,€n, fak+1, fak+2, - fus f1, f2,- -, far}, we have

P = GL(2k,C) x SO(2n — 4k + 1,C) % Ry(Py),
GX* = Sp(2k,C) x SO(2n — 4k + 1,C) x Ry(G**).

Ru(Py) is contained in GX* because of the same reason in SO(2n,C) case. So, by
Lemma 1, Indg','.r,= (1) is the direct sum of all irreducible representation of GL(2k,C)
with highest weight (a1, ag, - - - ,a2x) where a1 = a3 2 a3 = a4 = --- 2 aor—1 = azk-

By Borel-Weil Theorem, each summand of irreducible representation with highest weight
(a1,@2,- - ,a2x) can be written as

P
IndB': xB3 xRu(Pk)(e(‘“h““m"‘ .—azk))

where B, is the Borel subgroup of upper triangular matrices in GL(2k,C), B are the
standard Borel subgroup of SO(2n — 4k + 1,C) and §(—q,,~a;, - ,—az) i 1 dimensional
representation corresponding to the weight (—ai,—az,-- ,—az). Using the ordered
basis {e,e1,€2,"  y€ny f1,f2,°* » fa}, B1 X By 4 Ry(P:) becomes the standard Borel
subgroup B of SO(2n + 1,C) and the representation {(_a,,—a,,-,~az) is the 1 dimen-

sional representation of B which corresponds the weight (-a;,- -+, —a2k,0,---,0). If
we apply Borel-Weil Theorem, Indgo(zn*l'c) €(—a1,—az, ,—azk,0,,0) is an irreducible

representation of SO(2n + 1,C) with highest weight (a1,az,- - ,a2x,0, -+ ,0) when
ap>a22>--->ak 20

Therefore, R(Oy) is isomorphic to the direct sum of all all irreducible representations
of SO(2ri + 1,C) whose highest weight is of the form (ay,a2,: - - , a2k, 0, - ,0) where
a1 =0ag 2 G3 = a4 > -+ > Ggk-1 = Ggx > 0 are integers.

For the partition (3,12"~2) of 2n + 1, define
X = E32 — Enyan+3 + E2nis — Ezne2

where E;; is defined in $O(2n,C) case. Then O = G - X is the nilpotent orbit corre-
sponding to the partition (3,1%2"~%) of 2n + 1.

Let W be the span of {e2} and define P as the stabilizer of W. By the same reason for
S0(2n,C) case, P is a parabolic subgroup containing GX.
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Using the ordered basis {e3,e,€1,€3, - ,en, f1, f3,° - , fn, f2}, We have

P = GL(W) x SO(W+/W) x Ry(P),
GX = (GL(W) x SO(W+/W))X x Ry(GX).
Ry(P) is contained in GX by the same reason for SO(2n,C) case.
Lemma 4. Ind(cg’lfm;‘xs.%xf%}»x (1) is the direct sum of all irreducible representa-
tions of GL(W) x SO(WL /W) with highest weight (p,q,0,--- ,0) where p + q is even
and ¢ > 0.

Proof. Put G = GL(W) x SO(W+/W) and let g be its Lie algebra. Also, put L = GX.
Letgg=ei+W, fi=fi+Wfri=13,--- ,nande=e+W.

Then {62’ %(ﬁ—fl),ﬁ,ﬁ, s By fa, e )f‘m Vli(a"'fl):fZ} is an ordered basis of G.
With this ordered basis, X becomes F = \/§E1,2 + \/§E2,2n+1 and element g € K is of
the form

det A 0 01,2n-2 0
- 0 det A 01,2n—2 0
g O2n—2,1 O2n-2,1 A 02n-2,1
0 0 01,2,,_2 det A

where A € O(V) and V is the subspace spanned by {€,e3, - ,&n, f3,"** » Jny 715(6+
)}

Let Y = E1 2n+1 + E2n41 + D2nt1,2n41 — E,,1 — 2FE3 2 and ® be the conjugation by Y.
Let K be the set of all fixed elements of . An element ¢ € K is of the form

a 0 01,2n-2 0

0 detA 012n-2 0
O2n-21 O2n-21 A O2n-2,1

0 0 01,2n-2 a

g=

where a = £1 and A € O(V). Since the identity component of K is contained in L and
K contains L, we can apply Corollary 1.

Let g = @ q be eigenspace decomposition under d . Define b is subspace of q spanned
by {E1,1, E2,2n + E2n,2}. Then, b is a maximal abelian subalgebra of q and an element
g € M = Zy(b) is of the from

a 0 01,2n-3 0 0

0 a 01,2n-3 0 0
g=| O2n_31 Ozn-31 A 0331 024-3:1

0 0 01,2,‘_3 a 0

0 0 01,2,,,._3 0 a

where @ = +1 and A € SO(V;) where V; is the subspace spanned by {2,3, - ,&n, f3,"** s Jn}-
So, by Corollary 1, Ind$x (1) is the direct sum of all irreducible representation of G with
highest weight (p, ¢,0,-- - ,0) where p+ ¢ is even and ¢ > 0. O
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If we use the ordered basis {e,ez,e1,€3, - ,€n, f1, f3, - , fn, f2} and apply Borel-Weil
Theorem, each summand of irreducible representation with highest weight (p, ¢,0, - - - ,0)
can be written as

Ind&L1,¢)x By Ry (P) E(=pr=a.0,--.0))

where B is the standard Borel subgroup of SO(2n — 2,C) and &(_p,—q,0,--,0) is 1 di-
mensional representation corresponding to the weight (—p, —q,0,- - - ,0). But,GL(1,C) x
B x Ry(P) is the standard Borel subgroup B of SO(2n+1,C) and §(—p,—g,0,-,0) i8 the
1 dimensional representation of B which corresponds to the weight (—p, —q,0,---,0).
Applying Borel-Weil Theorem, Indgo(z"“’c) €(=p,~q,0,-- ,0) i8 an irreducible representa-
tion of SO(2n + 1,C) with highest weight (p,¢,0,---,0) whenp > ¢ > 0.

Therefore, R(O) is the direct sum of all irreducible representations of SO(2n + 1,C)
with highest weight of (p,q,0,-- ,0) where p > ¢ > 0 are integers and p + ¢ is even.
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