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Abstract

We study the problem of finding a product state with optimal fidelity
to an unknown n-qubit quantum state p, given copies of p. This is a
basic instance of a fundamental question in quantum learning: is it
possible to efficiently learn a simple approximation to an arbitrary
state? We give an algorithm which finds a product state with fidelity
e-close to optimal, using N = nP°Y(1/€) copies of p and poly(N)
classical overhead. We further show that estimating the optimal
fidelity is NP-hard for error € = 1/poly(n), showing that the error
dependence cannot be significantly improved.

For our algorithm, we build a carefully-defined cover over can-
didate product states, qubit by qubit, and then demonstrate that
extending the cover can be reduced to approximate constrained
polynomial optimization. For our proof of hardness, we give a for-
mal reduction from polynomial optimization to finding the closest
product state. Together, these results demonstrate a fundamen-
tal connection between these two seemingly unrelated questions.
Building on our general approach, we also develop more efficient
algorithms in three simpler settings: when the optimal fidelity ex-
ceeds 5/6; when we restrict ourselves to a discrete class of product
states; and when we are allowed to output a matrix product state.

CCS Concepts

« Theory of computation — Machine learning theory; Quan-
tum computation theory.
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1 Introduction

When can we obtain a classical description of a complex quantum
system? This problem, at the heart of quantum information theory,
is one commonly faced by experimentalists: when we have a large,
intricate quantum device, how can we tell what it is doing? Due
to the exponentiality inherent to quantum mechanics, a generic
system of n particles is described by a number of parameters scaling
exponentially with n, so in general, an efficient description simply
does not exist. However, real-world systems are not generic: the
physics governing the device will suggest a corresponding model
of the system, giving us a hint for how the system can be efficiently
described.

Simultaneously, in real-world applications, the state which one
is learning may not—and typically will not—exactly fall within a
given model class, due to noise or other forms of imprecision in
how our model represents the real world. In light of this, the natural
question is to seek the best approximation to the underlying state
within the prescribed model. Such an approximation can serve as
a far more tractable proxy for the true state when it is complex to
describe exactly. In this work, we consider the problem for the class
of product states, arguably the most fundamental class of states to
consider. Stated plainly, the question we ask is the following:

Can we efficiently learn the best product state
approximation to any given state?

We formalize this problem as follows:

Problem 1 (Learning the closest product state). Consider the set
of n-qubit product states P = {|71) ®---®|7p)}, and let £, 5 > 0 be
error parameters. Given N copies of an arbitrary n-qubit state with
density matrix p, output a classical description of a state |7) € P
such that, with probability > 1 - &,

(m|p|m) = OPT —¢, where OPT = max (r|p|71) .
|myeP

Product states are natural to study in this context for a number
of reasons. Because of the locality inherent in physical systems,
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we commonly model physical systems with states exhibiting low
entanglement. Chief among them are mean-field theories, which
model systems as states which exhibit zero entanglement, e.g., prod-
uct states [14]. The mean-field approximation plays a central role
in domains relevant to quantum computing: in particular, in quan-
tum chemistry, mean-field theories like Hartree-Fock theory and
density functional theory are the standard algorithmic workhorses
for understanding chemical processes [17]. In light of this, we can
rephrase Problem 1 as asking for the best (pure) mean-field approx-
imation to an arbitrary quantum state, and for the quality of that
approximation. From this perspective, we believe that obtaining
an efficient algorithm for Problem 1 will have important implica-
tions both for validating the effectiveness of these theories and for
understanding their properties in real-world settings.

As an example application, physicists already run computations
to solve Problem 1 in the setting where the input is not a quantum
state, but a description of a condensed matter system. Collective
entanglement of a multipartite state is often measured by OPT, the
best fidelity of the state with a product state, also known as the
geometric measure of entanglement [52]. Since its introduction in
2003, this entanglement measure has been used to understand a
variety of condensed matter systems (see related work). An algo-
rithm for Problem 1 can be used to compute the geometric measure
of entanglement for states which are efficiently preparable on a
quantum computer, by preparing copies of the state and running
the algorithm to estimate OPT, giving an advantage when such
states are classically intractable.

Despite the apparent simplicity of the problem, relatively little
was known about the computational complexity of Problem 1. From
a statistical point of view, one can obtain sample-efficient learners
via classical shadow estimation [28] or shadow tomography [1],
but these estimators require exponential runtime. On the other
hand, efficient algorithms were known only for highly restricted
versions of the problem [24]. This lack of efficient algorithms might
be surprising, as when when the unknown state p is a product state,
i.e. OPT = 1, this task is easy: many algorithms work, including
learning every register separately. However, these algorithms are
brittle, and fail catastrophically when OPT < 0.99. Even algorithms
for the related problem of product state testing, initiated by the
important work of Harrow and Montanaro [25], do not admit esti-
mates of OPT when OPT is bounded away from 1. In contrast, one
would hope to obtain efficient algorithms even when OPT is a small
constant (say, 0.1): product states with constant fidelity are still
great approximations, considering that almost all product states
will have fidelity exponentially small in n.

Beyond specific applications, we hope that understanding this
algorithmic task can shed light on a broader program in quantum
learning theory. An emerging line of work has been studying “learn-
ing the closest state in a hypothesis class”, also known as agnostic
tomography: formally, this problem is Problem 1, except the class
of product states P is replaced with a different hypothesis class C.
Product states appear as a special case of several well-studied classes
of quantum states, including states described by low-depth quan-
tum circuits, matrix product states, and Gibbs states and ground
states of local Hamiltonians. Understanding the computational com-
plexity of agnostic tomography of product states is therefore an
important stepping stone to building up to richer approximations.
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As we demonstrate below, it turns out that learning the closest
product state is already a surprisingly deep problem.

1.1 Results

We answer the aforementioned question in the affirmative and
provide the first efficient algorithm for agnostic tomography of
product states:

THEOREM 1.1 (LEARNING THE CLOSEST PRODUCT STATE). There is
an algorithm which, given as input ¢ > 0 and N = nP° (1/€) copies
of an unknown n-qubit' state p, runs in time poly(N) and outputs the
classical description of a pure product state |¢) that, with probability
at least 0.99, satisfies

(¢lplg) > OPT —e.

The algorithm also produces an estimate of OPT to ¢ error.

1)

We pause to make several comments about this result. First, the
regime we are primarily interested in is when ¢ is a constant (though
possibly small). In this regime, our algorithm runs in polynomial
time. This resolves an open question posed in [24].

Secondly, our result holds for all values of OPT, and not just OPT
close to 1. The setting where OPT is a small constant (say, 0.1) is
particularly challenging: in this regime, there may not be a unique
closest product state. In this setting, our algorithm in fact actually
outputs a net (albeit in a relatively weak sense) over all product
states which are close to the unknown state p. Moreover, our algo-
rithm does not need to know the value of OPT, nor does it need
even a lower bound on OPT (though if OPT is large the algorithm’s
complexity improves). Note, however, that the guarantee on the
fidelity of |@) with p is only nontrivial when OPT > ¢.

Finally, prior to this work, the only algorithms for this task were
sample-efficient, but not time-efficient. For example, a polynomial
number of random Clifford measurements suffices to estimate every
fidelity with a product state (r|p|7) to ¢ error [28]. However, there
are an exponential number of these product states, and computing
even one fidelity from these randomized measurements requires
exponential time [29].

Improved product state testing. Agnostic tomography of product
states is closely related to the well-studied problem of product state
testing [25], where the goal is to determine whether or not a state
|{/) is a product state, or has fidelity at most 1 — ¢ with any product
state. In the former case, the test should always accept, and in the
latter, the test should reject with probability at least p, for some
p=06(e).

Our results shed new light on this problem: the celebrated tester
of Harrow and Montanaro [25] exhibits a strange behavior, wherein
their rejection probability satisfies p < 1/2 + 0(1), even when
& — 1. That is, for some reason, the tester cannot distinguish the
case where |/) has overlap roughly 1/2 with some product state,
versus the case where the state has overlap <« 1/2 with any product
state. Since our algorithm also produces an estimate of OPT to error
¢, it improves upon the best-known guarantees for product state
testing [48] in this “tolerant” [16] regime.

!For simplicity, we only consider when the local systems are qubits. We believe that
the results should generalize to qudits without too much struggle.
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Computational lower bounds. It is natural to ask whether or not
one can hope for a running time for this problem which is polyno-
mial in both n and 1/¢. We complement our upper bound with a
lower bound, demonstrating that our runtime is, in a qualitative
sense, close to optimal:

THEOREM 1.2 (HARDNESS OF PRODUCT STATE APPROXIMATION).
Suppose there is an efficient quantum algorithm for solving the fol-
lowing problem: given poly(n) copies of an unknown, n-qubit mixed
state p, with probability > 0.01, output |} satisfying

Wlply) > max (zlplm) =

1
myEeP poly(n) -

Then BQP 2 NP.

In particular, this rules out algorithms with strongly polyno-
mial dependencies on all parameters. We prove this hardness via
a straightforward, polynomial-time reduction to an NP-complete
problem. Consequently, this also rules out any algorithms that
have sub-exponential dependence on 1/¢, assuming the quantum
analog of the exponential time hypothesis. We interpret this as
saying that it is likely challenging to obtain substantial qualitative
improvements to the runtime in Theorem 1.1.

We also remark that this hardness result demonstrates an in-
teresting computational-statistical gap for the problem of finding
the closest product state. Namely, classical shadow estimation [28]
demonstrates that this regime can be solved sample efficiently, but
on the other hand, our lower bound demonstrates that this rate
cannot be matched by any efficient algorithm.

Approximate tensor optimization. The upper and lower bound are
based on a new connection to the classical problem of approximate
tensor optimization. Here, one is given a d-tensor T € (C™)®4, and
the goal is to find a unit vector X € C" satisfying

T(X,...,X) > ”max T(,...,u) —&||T||F.
=1

ullz

Our lower bound proceeds by direct reduction to this problem for
d = 4, which is known to be NP-hard when ¢ = 1/poly(n) [23], and
our upper bound works by reducing the problem to many different
instances of constrained versions of this problem. This problem
itself bears great resemblance to the problem of solving dense CSPs,
and indeed, we believe the techniques we develop for constrained
tensor optimization here may have applications to that setting as
well.

Faster agnostic tomography of product states. In light of our lower
bound, we ask whether there are simpler algorithms for agnostic to-
mography of product states, perhaps under additional assumptions.
We show that this is true for three natural settings: (1) when the
best product state approximation is quite good; (2) when the num-
ber of choices for each qubit is discrete; and (3) when the output is
allowed to be a matrix product state.

First, we obtain a linear copy and nearly-quadratic time algo-
rithm for agnostic tomography of product states as long as the fi-
delity of the optimal solution exceeds a fixed constant (namely, 5/6):

THEOREM 1.3 (HIGH-FIDELITY LEARNING). There is an algorithm
that takes as input a parameter ¢ > 0 as well as N = O(n/¢) copies
of an n-qubit state p, and has the following guarantees: Provided
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OPT > 5/6 + ¢, it runs in O(Nnlogn) time and outputs a pure
product state |) that satisfies

Ylply) > OPT —e,
(except with probability at most .01).

In other words, so long as the quality of the product approxima-
tion OPT exceeds 5/6, there is a strongly polynomial time algorithm
for agnostic product state tomography. This stands in stark contrast
to the state of affairs for general OPT, where the hardness result
demonstrates such an algorithm is impossible. The threshold 5/6
naturally arises from our analysis, but it is an interesting open
question to what extent it can be pushed.

We remark that the runtime dependence of the algorithm is
linear in 1/¢, even though it is easily seen that estimating OPT to
+¢ requires Q(1/¢%) samples. For example, this lower bound holds
even in the special case when p = OPT |0)X0| + (1 — OPT) |1X1|isa
biased coin, and we want to distinguish whether (say) OPT = 0.9+¢
or OPT = 0.9 — ¢. Our algorithm demonstrates that the task of
finding a state whose fidelity is within ¢ of the optimum may be
easier.

Second, we give an efficient algorithm for agnostic tomography,
when the class of states is the set of product states where each qubit
is drawn from a finite set of possible states:

THEOREM 1.4 (LEARNING OF A FINITE CLASS OF PRODUCT STATES).
Fork =1,...,n, let Ay denote a set of single qudit pure states satis-
fying |Ak| < s and [{p|¢")| < 1 =& for all distinct |¢),|P’) € A.
Let A=A ®--- ® Ay, and for any n-qudit quantum state p, let
OPT# = OPT #(p) = max|;yeq (7lp|7). Then there is an algo-
rithm which, given as input ¢ > 0 and N = poly((ns)!°8(1/)/5)
copies of an n-qudit state p, runs in poly(N) time and outputs the
classical description of some |) € A satisfying

Wlply) > OPT 4 — ¢,
(except with probability at most .01).

Stated plainly, so long as there are a finite set of possible states,
and these states are all pairwise separated, then there is an efficient
algorithm for agnostic tomography for this class of product states.
We note that, similar to Theorem 1.1, our algorithm actually outputs
all good solutions. This result also directly generalizes prior work of
Grewal, Iyer, Kretschmer, and Liang [24], which studied the special
case where each Ay is the set of 1-qubit stabilizer states. A very
similar result was also obtained independently in [19], albeit with
quite different techniques.

Third, we give an algorithm for learning a good matrix-product
state approximation of a given state p. Matrix product states with
small bond dimension can be used to efficiently describe systems
of multiple particles where particles share a small (but non-zero)
amount of entanglement, and are ubiquitous in quantum many-
body physics [43, 47]. We give an algorithm for agnostic tomography
of matrix product states.

THEOREM 1.5 (AGNOSTIC (IMPROPER) LEARNING OF MATRIX PROD-
UCT STATES). Let n,d,r be positive integers, and let MPS,, ;, be
the class of matrix product states on n qudits of local dimension
d with bond dimension r. For any state p € (C4*4)®" ¢y OPT, =

OPT, 4,(p) = maX|$)eMPS,, 4 - (Plplp) be the maximum fidelity
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any such MPS has with p. There is an algorithm which, given as input
&> 0and N =poly(n,d,r,1/¢) copies of an unknown n-qudit state
p, runs in time poly(N) and outputs the classical description of a
matrix product state |$) of bond dimension dn? - poly(r, 1/¢) such
that

(@lpld) > OPT, —¢,
(except with probability at most .01).

We can relate this task back to learning the closest product
state by taking r = 1 and d = 2; then, MPS,, 4, is the class of
product states over qubits, and our algorithm is able to output
a matrix product state with bond dimension n? poly(1/¢) whose
fidelity with p is at least OPT — ¢. This gives an improper learner
for product states, “improper” referring to our output not being
a product state but instead a low-entanglement state. Our main
result Theorem 1.1 is a proper learner for product states. In the
error regimes of our lower bound, this gives an instance where
improper agnostic learning is efficient, but proper agnostic learning
is NP-hard. In general, the output of this algorithm is an MPS
with a bond dimension of at least rn2, which achieves a fidelity
which is optimal with respect to MPSs with bond dimension r; this
dependence on n in particular seems to be what makes this result
more straightforward than proper learning of MPSs.

For this task, we recognize that the algorithm of Cramer, Plenio,
Flammia, Somma, Gross, Bartlett, Landon-Cardinal, Poulin, and
Liu [20] to learn an MPS also works when the input state is not
an MPS, but merely has large constant fidelity with an MPS; our
contribution is to generalize it to the agnostic case and perform the
necessary analysis.

Techniques. All of these results, as well as Theorem 1.1, are all
based on a common algorithmic framework, which may have appli-
cations more broadly. At a very high level, our algorithms sweep
through the qubits one at a time, and generate a set of candidates
for good solutions on the qubits seen so far. This cover is then used
as the starting point for generating candidates over the subsequent
qubits. The main algorithmic challenge is in making extending the
cover efficient. In the case of Theorem 1.1, extending this cover is
intimately connected to tensor optimization, as mentioned above.
To achieve our faster algorithms Theorems 1.3 to 1.5, our key in-
sight is that there are relatively simple and “greedy” techniques
that allow us to extend this cover.

Our algorithms interleave classical computation with a partic-
ular quantum subroutine: the only way we access p is to perform
tomography on various subspaces of subsystems, e.g. to estimate
ITtrg(p)II for S some subset of qubits and IT a projector onto a sub-
space of poly(n) dimension (which can be represented efficiently
with a quantum circuit). Our algorithms apply this subroutine to
various choices of IT and S, which are adaptively chosen after classi-
cal computation on the output of the previous tomography routines.
Since such a tomography subroutine can be performed with single-
copy measurements, our algorithm can also be performed with
only single-copy measurements. However, the adaptivity of this
algorithm appears inherent: the classical shadows formalism [28]
is the standard technique to allow algorithms like these to perform
all of their measurements up-front, but doing this comes at the cost
of exponential running time, which we cannot tolerate.
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1.2 Related work

Concurrent work. In independent and concurrent work, Chen,
Gong, Ye, and Zhang [19] give an algorithm for agnostic tomogra-
phy of a finite set of product states, attaining a near-identical result
to Theorem 1.4 via completely unrelated techniques. They also give
an improved algorithm when the product states are stabilizer; we
are also able to get a similar improvement in this setting.

Agnostic tomography. The notion of agnostic tomography was
introduced by Grewal, Iyer, Kretschmer, and Liang [24], though
similar notions have been considered under the notion “quantum
hypothesis selection” [15] and in the PAC-learning setting; we
refer to the survey [3] for a thorough discussion. Recent work
has given agnostic tomography algorithms for stabilizer product
states [24] and stabilizer states [19]. These algorithms use unrelated
techniques.

Product state testing. A notable related algorithm is the product
state test, which, using copies of a state p is able to distinguish
the cases that OPT = 1 from OPT < 1 — e. This algorithm, intro-
duced by [38] and analyzed by Harrow and Montanaro [25], plays
an important role in complexity theory, being used to prove that
QMA(2) = QMA(k) for k > 2. Though the algorithm suffices for
testing, it cannot be used to estimate OPT when OPT is bounded
away from 1 [25, Appendix B]. For similar reasons, it also does not
seem to help with the task of finding good product states.

Product state approximations in other contexts. Our algorithm
shows that it is possible to estimate the “geometric measure of en-
tanglement” of a given pure state in polynomial time. This measure
of entanglement, defined by Wei and Goldbart [50, 52], has seen
significant investigation as a measure of multipartite entanglement.
This interest comes from this measure’s potential to capture aspects
of entanglement in condensed matter systems which cannot be cap-
tured by the typical, bipartite measures of entanglement [41, 42, 51].
See the survey of De Chiara and Sanpera for further discussion [21].
However, research has been limited by computational intractability,
so our work may give a possible avenue to expand its scope via
quantum simulation.

Mean-field approximations also arise naturally in contexts where
we want to understand things like ground states of many-body
systems, and only have a handle on product states [14]. For example,
to prepare ground states of many-body systems, current heuristic
phase estimation methods have a running time which depends
on the fidelity between the ground state and an input product
state [33].

Agnostic learning of product distributions. In some ways, the prob-
lem we consider here is the quantum analog of the well-studied
problem of agnostic learning of product distributions on the hyper-
cube. In its most basic form, we are given samples from a distri-
bution that is close to a product distribution over the hypercube,
and the goal is to learn the optimal product distribution approxi-
mation. Efficient algorithms for this problem were given in [22, 32].
However, these algorithms only work when their version of OPT is
sufficiently large; in classical learning theory, the regime when OPT
is small is known as list learning, and efficient algorithms for list
learning of product distributions are also known; see, e.g. [18, 31].
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However, the guarantees they obtain are quite incomparable to
ours, and their techniques do not have a meaningful parallel in the
quantum setting.

Polynomial optimization. Polynomial optimization over the sphere
is hard in general. Multiplicative approximations for optimizing
low-degree polynomials in the worst case are well-understood (see
[13] and references therein). However, polynomial optimization
has still found prominent applications in classical learning prob-
lems in the last decade. The polynomials that naturally appear in
these settings do not tend to be worst-case, and admit significantly
better approximations. Optimizing low-degree polynomials (often
subject to polynomial constraints) has become a key algorithmic
primitive in dictionary learning [9], tensor decomposition [27], ro-
bustly learning Gaussian mixture models [5, 12, 34, 39] and private
and list-decodable learning [6, 26, 30, 46]. These techniques have
also found applications in quantum tasks, such as best separable
state [10] and learning quantum Hamiltonians [7, 40]. An interest-
ing feature of our algorithm, compared to this other work, is that we
do not establish uniqueness of some strong structure arising from
the underlying parameters. Instead, we output a (non-unique) cover
over solutions, and use polynomial optimization as a subroutine to
produce such a cover.

Optimizing low-degree polynomials over the hypercube also
leads to approximation algorithms for constraint satisfaction prob-
lems on dense and low-threshold rank graphs [11, 35, 45] and
high-dimensional expanders [2]. These results roughly proceed
via solving a sum-of-squares relaxation of a polynomial maximiza-
tion problem, and obtain additive error that scales proportional
to ¢ times the £;-norm of the coefficients of the polynomial and
runs in nP°Y(1/€) time. Similar techniques have also appeared in
the context of refuting random CSP’s [44].

A closely related problem is that of optimizing random polyno-
mials over the sphere, which has deep connections to statistical
physics and admits an additive-error guarantee under full replica-
symmetry breaking [49]. While our optimization problem does
not involve random polynomials, we show that we can optimize
low-degree polynomials up to small additive-error efficiently.

2 Technical overview

We now cover the key technical ideas of our algorithms.

Why naive approaches fail. Given an n-qubit quantum state with
density matrix p € C2"*2" we want to find the product state
that maximizes fidelity with p. The obvious algorithm that one
might try to learn the closest product state is to take the best pure
state approximation to each of its single-qubit subsystems. This
algorithm works if p itself is a pure product state. However, the
single-qubit subsystems do not contain enough information to
deduce the best product state, even when the fidelity of p with the
best product state is very close to 1. This phenomenon is why many
naive approaches give exponentially poor approximations to the
optimal value.

An illustrative example is to consider p = |yX¢/| where |¢/) is
the state proportional to

) o V1= €0") + Ve [+7)
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for some small constant . Because (+7|0") = 277/, |¢) as written
is exponentially close to normalized. The fidelity with the product
state [0") can be computed explicitly:?

2
1—c++/e/2m -
=z — &
V1 +e10m) + Vel+) 2

In the limit of large n, the one-qubit density matrices of |¢/) all
approach

(0"[plo™) = [(yl0™)* = (

o = [1 —¢/2 s/z]

e/2 e/2

We will see that there is a distinct state |¢/’) that is also e-close
to a product state, and has identical reduced density matrices, but
for which |0™) is a very bad product state approximation. Take an
eigendecomposition of p; as

pi = p1lo1Xo1] + p2 [o2Xwz|
with p; > pa. The state

¥ = Vpr1 [o1)®" + vp2 [02)®"

also has at least 1 — ¢ fidelity with a product state (namely |01 )®™),
and has all its local density matrices equal to p;. However, calcu-
lation shows that |(/’|0™)|? decays exponentially to 0 in the limit
of large n, because both |v1) and |vy) are constant-far from |0). So,
there is not enough information in the one-qubit reduced density
matrices to learn the best product state approximation.

Barriers to agnostic product tomography. The hard case above
illuminates broader challenges inherent to this task. We are con-
cerned with optimizing the fidelity (| p|7) over the class of product
states; however, fidelity is typically quite poorly behaved. For ex-
ample, almost all product states have exponentially small fidelity
with p, which is too small to detect, and the fidelity landscape can
have many local optima which thwart local search algorithms, like
those based on convex optimization. This ill-behavedness is a well-
established phenomenon related to the “barren plateau” problem
in quantum machine learning [37].

The regime where the optimal fidelity is a small constant like 0.1
is particularly challenging since, unlike the case where OPT is near
1, there are many well-separated globally optimal solutions. This
lack of uniqueness presents basic issues for us: even if we manage
to traverse the fidelity landscape and find many locally-optimal
product states with fidelity 0.1, how can we conclude that we are
done, and certify that there is no product state with fidelity 0.2?

Maintaining a cover over good product states. Our crucial insight
is that we can efficiently maintain a cover over all product states
that have large fidelity. This insight is enabled by the following
observations:

(1) If a product state |7) has good fidelity with p, then its re-
striction to a subsystem S has good fidelity with the partial
trace of p onto the subsystem: (rx|p|7) < (ns|ps|rs).

(2) The number of product states with good fidelity with p and
which have pairwise small fidelity with each other is small.

21t follows from one of our later results that the maximum product state fidelity with
|¢) is exponentially close to 1 — &.
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The first observation means that we do not have to optimize fi-
delity over the entire space of product states: just those which are
extensions of good product states over a subsystem. In short, we
can build a set of good product states qubit by qubit. The second
observation means that, instead of maintaining all good product
states, of which there could be exponentially many, it suffices to
maintain a small number of well-separated good product states. In
short, it suffices to maintain a cover.

A priori, it is even unclear whether a small cover over such prod-
uct states exists. Our main technical contribution is to establish the
existence of such a cover and demonstrate that it can be computed
efficiently. Our algorithm starts with a cover over good product
states for p[;], the state on qubit 1, and iteratively expands the
cover a single qubit at a time. In particular, we show that given
a cover for qubits 1,2,...,m — 1, extending it to qubit m can be
reduced to polynomial optimization problems over the sphere with
a dimension-independent number of #; and ¢, constraints.

For the remainder of the section, we outline our approach to
efficiently maintain a cover.

Fidelity and tangent distance. We begin by introducing a parame-
trization of product states which is used throughout the paper. For
a n-dimensional vector of complex numbers, Z € C", we denote its
corresponding product state by

Looking ahead, we ultimately want to optimize over these z;’s,
so we want a notion of cover which behaves nicely with respect
to this parametrization. Fidelity is well-known to be an unwieldy
notion of distance between quantum states and is typically hard to
analyze. So, instead of constructing a cover directly using fidelity,
we introduce an alternate measure between product states:

2)

Definition 2.1 (Tangent distance). Given two product states |;
and |7z), the tangent distance between them is defined as

- (2 2)1/2.

We call it “tangent distance” because, for a single qubit, this
measure corresponds to |tan(6)|, where 0 is the angle between the
two states on the Bloch sphere. This notion of distance satisfies
several desiderata, including being invariant under single-qubit

zZ—a zZi — a;

dtan(|73) , |73)) =
itz 4 1+z;‘a,~

Sk

+z"a

unitaries and being equal to ||Z||2 when @ = 0 . Importantly, tangent
distance can be related to fidelity as follows:

) < duan(l73), [75))? < —

1
Og(|<ﬂz|ﬂa>|2 e
Now, we can introduce our notion of cover under tangent dis-
tance>: a cover C over product states is (7, £)-good for a state p if
the following hold
e Good fidelity: For all product states |7) € C, (n|p|7) >
s
. geparation: For all distinct |}, |7') € C, dtan(|7), |7")) >
2/n;

3Though our algorithm naturally produces a cover with respect to tangent distance,
one can use (2) to convert the guarantees to those involving fidelity.

@
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e Coverage: For any product state |¢) such that (d|p|¢) > n
there exists a |) € C such that dian(|9), |7)) < 3/7.

We design an algorithm which, given  and ¢ < n/3, outputs a
(1, €)-good cover, where every product state |7z) in the cover is
described by its parametrization Z. In particular, this gives a product
state with fidelity > 5 — ¢, assuming a product state with fidelity
exists. By performing binary search on 7, one can use this to find a
product state with fidelity > OPT — ¢, as stated in Theorem 1.1.

Existence of small covers. Our first step is to show that the size of
an (7, €)-good cover is at most 6/n. Let C = {(xD)}; be an (n,€)-
good cover. For intuition, suppose the product states in the cover
were not just well-separated but orthogonal. Then each captures a
different part of the “mass” of p. That is,

1=tr(p) > Z (D plx Dy > |Cl(n - ) > ICl(21/3),

where the last two inequalities use the good fidelity property of the
cover and that ¢ < 17/3, respectively. In general, 3'; (D |p|z (D} is
equal to tr(MM?T p) for M the matrix whose columns are the states
in the cover |7r(i)). Then,

ICI(2n/3) 1+]Cl(n/2),

giving the bound |C| < 6/#. In the last step, we used the well-
separated condition: the diagonal entries of MM are 1, the off-
diagonal ones have magnitude at most /2 by Eq. (2), and by the

< tr(MMp) < [IMM T [lop = IMTM]lop <

Gershgorin circle theorem the operator norm of MM is bounded
by the maximum sum of magnitudes of any of its rows.

We can further show how to construct an (7, €)-good cover algo-
rithmically. We do this by iteratively forming an (7, €)-good cover
for p[p), the partial trace of p onto qubits 1 through m, for m from
1 to n. We can construct a good cover for p|,,) greedily: start with
Crm empty, and look for a violation of the coverage property. When
we find one, add the corresponding |§) to Cp,, and repeat. Because
we know an (1, €)-good cover on m — 1 qubits Cy,—1, we can re-
strict our search to just look over product states |¢) whose first
m — 1 qubits are close in tangent distance to an element of Cp,—1.
This makes the problem of finding a violation tractable, since we
only have to search in the neighborhood of some “root” product
state. In particular, we show that it suffices to solve the following
optimization problem.

maximize (7z|p |7z)
ZeCm
subject to  dian(|73), |75)) > 2/n for all |73) € Cm,
dtan(|73) |7T N < 4/n.

(Tangent Cover)
The precise soundness and completeness guarantees needed are
shown in the full algorithm; the constraints allow for significant
slack. Note that the second constraint is equivalent to ||Z]|2 < 4/7.

Constructing covers and polynomial optimization. Now, we con-
sider the task of solving (Tangent Cover). Solving this even in the
simplest case is not straightforward. An example to keep in mind
is the following: suppose we are adding our first state to Cy,, which
is currently empty. So, there are no “farness” constraints, the first
kind of constraint in the program. Then, let p = [ X¢/|, where |¢/)
is a superposition over computational basis strings with Hamming
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weight 0 and d:

1-y

[y =Vr0") +,|—
(@)

Z |x).

xe{01}"
|x|=d

We are imagining, say, y = 0.95. Then (0"|p|0") = y, so our root
state has good fidelity, but not quite enough to be a violation as
we desire. (This can indeed happen; though [0") comes from the
cover Cp—1, o [0"~1) has fidelity at least 5 — ¢, it is extended by
one qubit, which can drop the fidelity to y or lower.) However, for
>_ 17

zZ= \/ﬁl,

(@1-7)

nd

(vr+Va=—n7a)"

2
(mzlplmz) = (1+l/n)_"(\/}_/+ )
1

nlarge €

which can be larger than 1 even for d = ©(log(1/n)/loglog(1/n)).

Note that ||Z||2 = 1 < 4/n, so it is close enough to the root in
(Tangent Cover), and our algorithm must be able to recognize this
better solution of |7z). This demands knowledge of p in a (quite
large) Hamming ball around the root product state. Further, by
changing the signs of the |x)’s in |/), (Tangent Cover) can encode
dense d-CSP instances. This suggests that the right approach is a
reduction to polynomial optimization.

First, we consider solving (Tangent Cover) when Cp, is empty.

We can reduce this to low-degree polynomial optimization over
the sphere. We start by observing that it suffices to consider the
projection of p on basis states of low Hamming weight. Concretely,
let IT, 4 be the projection onto the subspace of Hamming weight at
least d = O(1/n + log(1/¢)). Then, we show that, provided ||Z]|| <
4/n as in (Tangent Cover),

Mg |zl < e.

This is a Chernoff bound, since the squared norm is the probability
that the n Bernoulli random variables sums to at least d, where
the probabilities come from the Z’s. So, it suffices to perform state
tomography for p on the space of low Hamming weight vectors
pd = I _4pIl_4, which is computationally efficient because this
subspace has dimension O(n9). We can use p, in place of p in the
objective because

(21 pI72) = (] pa )| = Jer(p(Imeoms] = Mg lesons T )|
7z X7z| = Teg |mz Xz e gllop

2l|7rz) — Mg |mz) Iz
=2|[Hzq mz)l2 < €.

<
<

Further, once we have our estimate of p4, the objective function

is fully specified explicitly; the rest of the algorithm is classical.

Because p is only supported on low Hamming weight, (7| pg |73)
is a low-degree polynomial up to a normalization factor:

(zlpalms) =
1

et L+ 2P (xlpa Iy BB .
—_—

®)

2,

x,x’€{0,1}™
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(3).(2) is a degree-2d polynomial in the z;’s and their complex conju-
gates. Further, when the |z;|’s are small, we can approximate term
(3).(1) by exp(—||z||§), which is a bounded scalar variable that we
can hardcode into our constraints. While the |z;|’s won’t always be
small, we can guess the ones that are large, fix their value and use
the above approximation on the rest. This is where we pick up an
fs constraint on the z;’s, since we must enforce that entries which
we do not guess are small. This reduces the algorithm to solving
problems of the following form.

||rz\l|axl (2 = Hl;rl”axl Z (x| pg 1x") (E*)x(z)x’.
zll2= Z||o=
IZllco<pt ||g||w<#x,x'e{0,1}m

Optimizing low-degree polynomials over the sphere is known to
be hard to approximate up to polynomial factors in the worst-case,
even when the degree is 4 [8, 13]. However, in our case, p(Z) is not
an arbitrary low-degree polynomial, but is quite ‘small’: the £ norm
of the coefficients (x|pg4|x”) is bounded, since it is || p4||F < |lpllF <
tr(p) = 1. We will show that, in this case, obtaining additive error
that scales with ¢ admits a polynomial time algorithm. Additive-
error approximations to max k-CSPs also admit a similar guarantee.

In the general case, we must also deal with the farness constraints
in (Tangent Cover), dan(|7z), |73)) > 2/n for a small number of
|75)’s. Recall that dan (|73) , |7Tz>)2 = Yie[n] % |2 by definition.
We will not try to directly optimize over these constraints. We use
a similar trick as before and show that when the |z;|’s are small,
dtan(I73), Imz)) ~ |l@ — Z||2. These constraints essentially only
enforce what Z can be in the low-dimensional subspace spanned by
the d@’s. So, we can guess the choice of Z on this subspace (in addition
to the coordinates for which |z;| is large), and for each guess, solve
the problem with the guess hardcoded into the constraints. Putting
all the steps together, we show that we can reduce the problem of
extending the cover to a polynomial optimization problem, where
the #; norm of the coefficients is bounded by 1, subject to £ and £
constraints.

Optimizing low-degree polynomials over the sphere. We now focus
on the algorithmic problem of optimizing a low-degree polynomial
over the sphere subject to £ and 4w constraints.

Our results for polynomial optimization can be thought of as
analogs of maximizing dense k-CSPs, only the domain is the sphere
instead of the hypercube. The underlying algorithms for max k-
CSPs are either based on brute-force search over a dimension-
independent number of variables followed by greedily completing
the solution or global correlation rounding [2, 35, 36, 53]. One may
expect the correlation rounding algorithms for max k-CSPs to gen-
eralize straightforwardly to optimize low-degree polynomials over
the sphere up to additive error. However, the existing analysis [35]
would merely translate to outputting a product state with fidelity
Q(OPT) — ¢, as opposed to OPT — ¢. One can also try to extend the
correlation rounding algorithm of Alev, Jeronimo and Tulsiani [2]
to the sphere, but their algorithm obtains a doubly-exponential
dependence on k. In contrast, our approach is closer in spirit to
the brute-force style algorithm for max k-CSPs, and allows for ad-
ditional # and £« constraints. Translating our algorithm back to
optimizing dense polynomials over the hypercube, we can show
that we obtain yet another algorithm that achieves additive error
guarantees.
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To get the key ideas across, we first consider the unconstrained
polynomial optimization problem, reformulated as maximizing the
injective norm of a tensor:

max

x  (T,X%)
x€Cm,||x|2=1

for a tensor T with ||T||r < 1. While it is hard to obtain a multi-
plicative approximation to tensor optimization problems, we show
that we can obtain an additive ¢ - || T||r approximation in npoly(1/¢)
time. We begin by observing that there is a poly(1/¢)-dimensional
subspace such that projecting x onto this subspace suffices to obtain
an ¢||T||r approximation to the optimum objective value. To see
this, we can unfold the tensor T along the first mode to obtain a
m x mF=1 matrix M. We can then compute the singular value de-
composition of M and let A; > A2 > ... > A, > 0 be the resulting
singular values. There are at most r = [1/¢%] singular values larger

than e - ||T||. Let H(>1)

¢ be the projection on the top-r subspace of
M. Then,

‘(2,M(vec(z®k—1))> - (nglgz,M(vec(a?@k—l)))‘ < elTlp

Now, we can repeat the same argument for the remaining modes

(2)

Ny
union of the spans ofl'I(l), el H(k), we conclude that

to obtain projectors IT ,H<>k€). Setting IT- . to project onto the

)(T, x®ky (T, H>€)?®k)‘ < ke.

In short, the polynomial can be approximated by projecting X onto
a small-sized subspace. To solve this tensor optimization problem,
it suffices to brute-force over a fine-enough net on this constant-
dimensional subspace and pick the vector that obtains the maximal
value.

In general, we need to deal with an optimization problem that
involves a dimension-independent number of £, constraints and an
fe constraint. We handle the #; constraints by simply projecting
onto the union of the subspace IT and the subspace corresponding to
the span of the ¢, constraints. It remains to handle the £, constraint,
which takes the form ||%||co < pt for some constant y > 0. Only 1/
of the coordinates can saturate the £, constraint. Since g > 0 is a
constant, we can brute-force over which coordinates saturate the
foo constraint. Ultimately, we can still reduce the constrained opti-
mization problem to checking over a net in a constant-dimensional
subspace. .

Hardness for agnostic product tomography. Our lower bound
starts from the hardness of computing (asymmetric) tensor spec-
tral norm for 4-tensors. In particular, for an n X n X n X n tensor
T, computing the spectral norm to additive error ||T||r/poly(n) is
NP-hard. We attain our result by reducing tensor optimization to
product state learning, essentially inverting the reduction discussed
earlier. The main idea is to set the unknown state p = |/)Xi/| where

ly) = DU Tiklen) le) lex) ler) -

i,jkle[m]

1

ITIlF
Then, we can show that finding the 4m-qubit product state
|mz) lmg) lmz) |5)

with optimal fidelity is essentially equivalent to maximizing the
tensor form (T, X ® §j ® i ® 0). The only additional difficulty is that
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this equivalence only holds if T is sufficiently flat; our reduction
thus requires an additional step where we embed our input T in
a larger space and randomly rotate it to make all its entries small
without changing the optimal value.

Faster algorithms. In light of the lower bound, one can still ask
what additional structure yields faster algorithms. We consider
three additional settings: the high-fidelity regime (high overlap
with a product state), a bounded number of choices for each qubit,
and matrix-product states. In all of these settings, we follow the
same overall strategy of sweeping over the qubits, but maintaining
a cover becomes significantly easier:

(1) In the high-fidelity regime, the cover can be made to be only
one state;

(2) In the finite-choices setting, we can simply maintain all good
product states in the class, instead of a cover over them;

(3) In the MPS setting, we can make our cover one state, though
one with a large bond dimension, in some sense capturing
many good product states.

For this overview, we focus on the high-fidelity setting. Here, the
optimal solution is unique and we do not require maintaining a
net. Instead, we only need to maintain a single candidate product
state as we sweep across the qubits, performing local updates until
convergence.

To illustrate how and why local optimization works, suppose
for simplicity that p = |[/X¢/| is a pure state; the mixed state case
is similar but involves some additional parameters. Imagine that
|0™) is the current candidate product state (in some appropriately
chosen basis), and consider what happens when we express [/) in
the low-Hamming weight subspace:

) =a0™) +5v1) + Blosz) .

Above, we assume without loss of generality that |v1) is a nor-
malized state on the subspace of Hamming weight 1, |u52) is a
normalized state on the subspace of Hamming weight at least 2,
and a, f, § are all nonnegative reals. It is helpful to express |¢/) this
way because § quantifies local updates that we can make to improve
fidelity. By rotating qubit i of our candidate product state away from
|0y, we can increase the product state fidelity from |{0"|)|? = a?
to a® + 82|(e;|v1)|%, where |e;) is the string with 1 in position i and
0s elsewhere. Our goal, then, will be to establish that a? is close
to OPT whenever ¢ is small, because it implies that local optimiza-
tion converges efficiently: either § is large, in which case we can
increase the candidate fidelity by a substantial amount, or ¢ is small,
in which case we are near the global optimum.

We prove this by bounding the contributions to product state
fidelity from the Hamming weight 0, 1, and > 2 subspaces separately.
Consider an arbitrary product state |) that, when measured in the
computational basis, gives |0") with probability 1 — p and anything
else with probability p. We observe that | ) places at most O(p?)
probability on Hamming weight 2 or larger, and use this to upper
bound the overlap between |7) and |¢):

[(xly)] < a(1-Q(p)) +Svp +O(fp) .

Working out the constants, we find that so long as at > 2/3, the
—Q(ap) term dominates the O(fp) term, leaving us with |(z|/)| <
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a+0+/p < a+0. So, every product state satisfies [z|Y)|? < (a+8)?,
and therefore OPT < (a + 8)2.

The above analysis straightforwardly gives rise to a polynomial-
time but suboptimal algorithm for finding the closest product state.
We briefly summarize the additional tricks that are required to
reduce the sample complexity to linear in n.

First, we observe that divide-and-conquer is more efficient than
sweeping through one additional qubit at a time. So, the basic
structure of the learning algorithm is:

(1) Recursively run the algorithm on the left and right halves of

p, obtaining product states |7y ) and |7g) that have fidelity
at least 5/6 with the respective halves.

(2) Take |7) = |n) ® |7R), which satisfies (x|p|7) > 2/3.

(3) Run local optimization on |7) until convergence.

Second, we improve the bound on |{z|/)| when a? is much
larger than 2/3. Namely, we show the alternative bound

52
a? -2 /3) ’
which ultimately implies that local optimization needs fewer itera-
tions to converge.

Third, we find that one can make larger improvements to the
fidelity by updating all n qubits simultaneously, rather than one at
a time. We take Z € C" to be the vector defined by z; = (e;|p|0™),
which captures the mass that p places on Hamming weight 1 that is
coherent with [0"). Then we show that a step from [0") to |7z/10)

Kl < a+o(

increases the fidelity with p by Q(||Z||§). Note that in the pure state
case p = |X/|, this Z is precisely @5 |v1), and therefore the fidelity
improvement is ©(82). For comparison, recall that the improvement
from a single-qubit update was only 62 max;¢ [n]l<ei |o1)|?, which
can be as small as 5% /n.

Finally, we establish that it suffices to obtain a relative £2-error
estimate of Z in order to perform these local updates. In symbols, if
we can produce an estimate d satisfying ||d — Z||2 < ||Z]|2/3 (say),
then we show that |7ra/10) also increases the fidelity by Q(||Z||§)
This allows us to cut down some of the cost of the tomography sub-
routine by varying the error parameter throughout the algorithm,
because we can afford to be sloppier when the step size is large.

3  Full Version

Due to space limitations, the technical sections of this work are
omitted. The omitted sections can be found in the full version [4].
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