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Abstract

Physics of systems around us are often emergent, shaped by not only the fundamen-
tal constituents but their interactions, structures, and symmetries at larger scales.
Microbial communities, which play indispensable roles in nature, are complex active
systems that naturally pushes us to the unexplored frontier of emergent phenom-
ena. During my PhD, I studied how some behaviors of microbial communities can
be simple at emergent level despite the underlying complexity at microscopic level.
First, I demonstrated that competition for resources may lead to the experimentally
observed simplicity in community assembly. Even without microscopic information
on the traits of microbes, trio and larger community assembly is often predictable
from collections of pairwise competitions. Second, I demonstrated that slow mutants
can take over expanding fronts and the resulting large-scale spatial pattern can be
predicted without microscopic information. Overall, my works illustrate that, beyond
qualitative explanations, we can make precise predictions for the behaviors of micro-
bial communities without any information about microscopic details of the systems.
This lens of emergent behavior allows us to discover simple descriptions of microbial
communities at large scales unhindered by their complexities at small scales.

Thesis Supervisor: Jeff Gore
Title: Professor
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Chapter 1

Introduction

1.1 Emergent phenomena and microbial community

Physics is often thought of as a search for the fundamental and universal laws. This

was especially true in the first half of the 1900s with the birth of quantum mechanics,

general relativity, and particle physics. Nevertheless, many physicists today do not

focus on the smallest particles nor the entire universe. Instead they deal with the

‘emergent phenomena’ that happens at intermediate scales, such as hundreds of qubits

or twisted graphene layers with thousands of carbon atoms. This is because, as

pointed out in a famous article by a Nobel Laureate Philip W. Anderson 50 years ago,

“More Is Different.” [7] A large system may lose some symmetries of its constitutive

systems or obtain a new one. A simple such example can be found in different phases

of water. If we break down vapor, water, and ice to the level of a single molecule,

they all become the same 𝐻2𝑂 molecule. The immensely different behaviors of the

three states originate not from the molecule itself but from how many molecules are

arranged together. Therefore, understanding physics of systems around us (and what

we may be able to invent) requires a holistic approach that considers not only the

fundamental constituents but their interactions, structures, and symmetries at larger

scales.

Biophysics is a subdivision of physics in which this concept of emergent phenom-

ena is deeply engraved. While living systems are essentially collections of various
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molecules, the particular way these molecules are arranged magically results in bi-

ological functions, conscience, and life itself [131]. Accordingly, life is an emergent

phenomenon and to understand how it emerges is a central goal in biophysics.

While this field of the ‘physics of life’ has made significant progress over the

past decades, there are a lot of questions that still remain unanswered. One major

difficulty in biological physics is that many useful assumptions in conventional physics,

such as the conservation of energy or thermodynamic equilibrium, no longer apply

to biological systems. So a lot of effort has been put into not only studying the

biological systems themselves but also inventing new theoretical and analytical tools

that operate outside the realm of classical assumptions. Nevertheless, this challenge

also implies that biophysics has provided a great opportunity for physicists to study

the frontier of emergent phenomena where the systems’ complexity defies traditional

physics.

Microbial community is a particularly interesting instance of biological systems.

Microbes are tiny living organisms that are too small to be seen with naked eyes,

and yet they play indispensable roles in ecosystems across scales – from human gut

microbiome keeping human health to marine microbiome maintaining geochemical

cycles [44, 25, 99, 52, 69, 40, 14, 128, 140]. While their importance in nature is

unquestionable, microbial communities also pose some interesting physics questions.

Microbes are active with fast cell divisions and various modes of migration. Moreover,

many microbial species coexist as a community, exchanging complex interactions me-

diated by acidity, contact, nutrient, toxin, and so on [95, 107, 23, 125, 83, 119]. And

up to now, there is no well-established principle that governs such active and hetero-

geneous matter with diverse interactions. Thus, the microbial community naturally

pushes us to the unexplored frontier of emergent phenomena, asking how we can ever

describe collective behaviors of complex active systems.

During my PhD, I studied how some behaviors of microbial communities can

be simple at emergent level despite the underlying complexity at microscopic level.

In this thesis, I will discuss my two major projects which explained the simplicity

emerging from competitions.
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1.2 Microbial competition for resource: from diver-

sity to patterns

Every organism needs to consume resources to survive, and microbes are no excep-

tion. Microbes require various resources such as carbon, nitrogen, and phosphate

to maintain homeostasis and undergo cell division. At a larger scale, a population

of microbes grows when there is sufficient resource available and perishes otherwise.

Similarly, when multiple populations of microbes grow together, they compete for

available resources and some may be driven extinct. This is the basic idea of micro-

bial competition for resources. In this section, let us follow the historic development

of this idea and see how my Ph.D. study contributes to the field.

Early studies of resource competitions in microbial ecology focused on a single

ultimate question: why are microbial communities so diverse? Even in a very small

volume of soil, we find thousands of microbial species coexisting together [66]. This

highly diverse community is very puzzling, because theory of resource competition

tells us that it is impossible. There is a classical ‘competitive exclusion principle’

that the number of species cannot exceed the number of resources [9]. The wide

applicability of this theoretical principle conflicts with observed highly diverse com-

munities. And this puzzle, ‘paradox of plankton’ remains a central topic in microbial

ecology even up to today.

Nevertheless, the violation of the competitive exclusion principle is now accepted

as a norm rather than a surprise. Studies have shown that various mechanisms

including seasonality, spatial inhomogeneity, trade-off, and cross-feeding (microbes

leaking out metabolites as they consume other resources) can potentially explain how

the number of species may exceed the number of supplied resources [121, 30]. While

the question still is pursued by many, it is now more a matter of choosing the most

relevant explanation for a given diverse microcosm rather than solving the puzzle

itself.

On the other hand, a relatively new trend in the field is toward understanding

more than diversity. Beyond simply counting the number of species, these studies ask
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how resources affect the composition of microbial communities. It is worth noting

that this new direction bloomed upon the development of experimental techniques

which enabled quantitative characterization of microbial communities, such as 16S

ribosomal RNA sequencing.

One famous example of such study is Goldford et al. 2018 [51]. The authors sam-

pled the microbial communities from soil and plants containing hundreds to thousands

of sequence variants. The organisms were passaged after culture in low concentrations

of single carbon sources and were cross-fed with each other’s metabolites; then, the

resulting communities were sequenced using 16S ribosomal RNA, and the outcomes

were modeled mathematically. The mix of species that survived under steady condi-

tions converged reproducibly to reflect the experimentally imposed conditions rather

than the mix of species initially inoculated—although at coarse phylogenetic levels,

taxonomic patterns persisted. The authors claimed this robustness of coarse-grained

level composition as the ‘emergent simplicity of microbial community assembly.’

1.2.1 My Ph.D. work on microbial competitions for resources

During my PhD, I have worked on several projects that involve microbial competitions

for resources. In my early projects, I focused on how resource dynamics can explain

the species diversity observed in laboratory experiments. In my later projects, I

pursued how resource dynamics can explain not only how many but which species

may survive in community assembly. While I will discuss one of my later projects in

detail as it is directly related to the idea of emergent phenomena, here I will briefly

discuss my PhD works on resource competition as a whole and the contributions I

have made through them.

In my first paper, "Environmental fluctuations reshape an unexpected diversity-

disturbance relationship in a microbial community" (2021 Elife) [96], I worked as a

main theorist of the team and found how resource models can explain the observed

non-monotonic trend in biodiversity as a function of disturbance. Environmental dis-

turbances have long been theorized to play a significant role in shaping the diversity

and composition of ecosystems. However, an inability to specify the characteristics
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of a disturbance experimentally has produced an inconsistent picture of diversity-

disturbance relationships (DDRs). Here, using a high-throughput programmable cul-

ture system, we subjected a soil-derived bacterial community to dilution disturbance

profiles with different intensities (mean dilution rates), applied either constantly or

with fluctuations of different frequencies. We observed an unexpected U-shaped rela-

tionship between community diversity and disturbance intensity in the absence of fluc-

tuations. Adding fluctuations increased community diversity and erased the U-shape.

All our results are well-captured by a Monod consumer resource model, which also

explains how U-shaped DDRs emerge via a novel ‘niche flip’ mechanism. Broadly, our

combined experimental and modeling framework demonstrates how distinct features

of an environmental disturbance can interact in complex ways to govern ecosystem

assembly and offers strategies for reshaping the composition of microbiomes.

In my second paper, “Resource-diversity relationships in bacterial communities

reflect the network structure of microbial metabolism” (2021 Nature Ecology and

Evolution) [30], I worked as a main theorist of the team and found how resource

models can explain the observed linear trend in biodiversity as a function of supplied

resources.The relationship between the number of available nutrients and commu-

nity diversity is a central question in ecological research that remains unanswered.

Here we studied the assembly of hundreds of soil-derived microbial communities on

a wide range of well-defined resource environments, from single carbon sources to

combinations of up to 16. We found that, while single resources supported multi-

species communities varying from 8 to 40 taxa, mean community richness increased

only one-by-one with additional resources. Cross-feeding could reconcile these seem-

ingly contrasting observations, with the metabolic network seeded by the supplied

resources explaining the changes in richness due to both the identity and the number

of resources, as well as the distribution of taxa across different communities. By us-

ing a consumer–resource model incorporating the inferred cross-feeding network, we

provide further theoretical support to our observations and a framework to link the

type and number of environmental resources to microbial community diversity.

While both papers focused on biodiversity, the second paper addressed how the
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trend in biodiversity could be understood better by looking at compositions of com-

munities and how they are partitioned into generalists (consumes many resources) and

specialists (prefers one resource). And in the paper that I will describe in Chapter 3,

we focused on how community composition can be predictable under the framework

of the resource competitions.

1.3 Microbial competition for space: complexity and

simplicity

In ecology, the concept of space is at an interesting position: everyone believes it is

important but only a few actually talk about it. While any ecosystem spans over a

finite spatial scale, most ecology works consider time as the only dimension over which

dynamics operate. This discrepancy is not a simple mistake of the field of ecology.

In fact, it signifies a real challenge stemming from the highly context-dependent scale

of spatial dynamics in ecology. Even for the restricted scope of microbial ecology,

there are qualitatively different spatial behaviors that can result in different impacts

of spatial dimensions.

The first case is the ‘well-mixed’ system in which the local communities are uniform

over the space. Laboratory microcosms are often realized as a liquid culture with

constant mixing, and these communities can be mostly homogeneous. Maybe for this

reason, many experimental works do not consider spatial dimension and yet often

manage to successfully explain their observations.

Second one is the ‘motile’ case, where each microbe is an active swimmer. In

this case the spatial dynamics is faster than growth dynamics, and the movement of

individuals can lead to non-uniform distribution of species over space via mechanisms

such as chemotaxis (microbes moving toward higher nutrient concentration) [72].

Such dynamics may be dominant in swarming of bacteria, bacteria in microfluidic

channels, and liquid culture without mixing. The resulting dynamic or inhomogeneous

distribution of species can open up some new possibilities and lead to interesting
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phenomena such as violation of the competitive exclusion principle.

Third one is the ‘non-motile’ case, in which each microbe does not move. In this

case, unlike individuals, the whole population may still move as birth and death of

microbial cells involve changes in the space that the cells occupy. For example, even

on a hard surface on which each microbe is not motile, microbial colonies can expand

via mechanical pushing between cells as the cells reproduce.

It is not easy to determine the impact of spatial competitions in nature. For

example, in the gut microbiome, all three modes of spatial competitions may be

expected: while the gut is constantly mixed, some motile bacteria there are known

to drag along other non-motile bacteria, and different parts of the gut are colonized

by different sets of species.

Overall, the multifaceted nature of spatial competition suggests that it adds an-

other layer of complexity to the behavior of microbial communities. Indeed, addition

of space is known to break some constraints from well-mixed assumptions and open

up new possibilities for microbial communities. A well-known such example is the

competitive exclusion principle that we discussed earlier. Spatial heterogeneity in

the resource supply can allow more species than resources to coexist across multiple

spatial patches. Also, space introduces additional traits of microbes such as motility

and migration rate to affect competition outcomes. In this sense, while the impact

of space is highly variable between conditions, one may expect that space generically

leads to more complex behaviors of microbial communities.

In fact, this expectation does not always hold: space can sometimes make com-

petitions simple. Especially in the expansion of microbial population into empty

space, competition outcomes are often determined by a single trait of each species,

the expansion speed. This simplicity originates from two mechanisms. First, a mixed

microbial population tends to segregate into monoclonal sectors as it expands because

of demographic fluctuations [57]. As the tips of expanding fronts have a small popu-

lation size, demographic fluctuation easily drives local population at each point of the

fronts to absorbing states of monoclonal population. This implies that the population

away from boundaries between sectors do not experience interspecies interactions that
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can involve various molecular mechanisms. Second, faster expanders can have better

access to expanding front, and since the frontier provides better access to untouched

resources, the advantage of faster expanders can be further amplified and they may

sweep the expanding front [82, 142, 13, 134, 149, 76, 164, 45, 112, 133, 33].

This idea that fast expanders generically take over the expanding front has con-

sistently reappeared across theoretical, experimental, and field study literatures. In

comparison, fast growers in a well-mixed environment often go extinct because of

their disadvantage in interspecies interactions, potentially emerging from tradeoffs

between different traits [4]. Overall, while one may expect microbial competitions in

space to be complex, the space can make them simpler in some perspective.

One important question left was whether fast expanders should always take over

the front. And my work was the first experimental demonstration of slow expanders

taking over the expanding front. In addition, I quantitatively predicted the shape

of the slow expander’s sector during its takeover using the emergent simplicity of

large-scale patterns. I will discuss this work in more detail in Chapter 2.
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Chapter 2

Resource competition explains

simplicity in microbial community

assembly

2.1 Overview

The work covered in this chapter is now in revision for PNAS. In this project, I

worked with another graduate student Blox Bloxham and professor Jeff Gore to ex-

plain the relationship between previously discovered empirical ‘Assembly rule’ and

resource dynamics modelling framework. competition for resources may lead to the

experimentally observed simplicity in community assembly. As the first author of the

paper, I conceptualized the study, performed theory calculations, ran simulations,

and wrote manuscript.

Predicting the composition and diversity of communities is a central goal in ecol-

ogy. While community assembly is considered hard to predict, laboratory microcosms

often follow a simple assembly rule based on the outcome of pairwise competitions.

Despite the empirical success of this bottom-up prediction, its mechanistic origin

has remained elusive. In this study, we elucidate how resource competition can lead

to simple patterns in community assembly. Our geometric analysis of a consumer-
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resource model shows that trio assembly is always predictable when some species

grow faster than another species on every resource. We also identify all trio assembly

outcomes under three resources and find that only two outcomes violate the assembly

rule. Simulations demonstrate that pairwise competitions often accurately predict

trio assembly with up to 50 resources. We further show that this predictability holds

for communities larger than trio and with cross-feeding between species. Our find-

ings highlight that simple community assembly can emerge even in ecosystems with

complex underlying dynamics.

2.2 Introduction

Microbes coexist in complex, multi-species communities across scales. On a small

scale, the microbiome affects health and disease of its hosts, including humans [44,

25, 99, 52, 69]. On a large scale, microbial communities play crucial roles for Earth’s

biogeochemical cycles in oceans and soil [40, 14, 128, 140]. Understanding assembly

of these communities (i.e. which species coexist and why) is a central goal in ecol-

ogy that can impact agriculture, planetary science, and human health [54, 46, 157].

Predicting assembly is, however, a challenging problem: communities often have

many species that interact in diverse ways, and characterizing all the potentially

relevant interactions can be practically impossible [95, 107, 23, 125, 83, 119]. Simi-

larly, theorists have found that community assembly prediction is an inherently dif-

ficult problem [35, 154, 126]. Even in simple models (e.g Lotka-Volterra model) it

is difficult to construct empirical rules for community assembly, and various mech-

anisms such as beyond-pairwise interactions, stochasticity, and priority effects re-

inforce the unpredictability [156, 159, 15, 64, 50, 88, 105, 161, 115, 68]. In the

end, both simple intuition and rigorous theory expect community assembly to be

hard to predict. Surprisingly, observed microbial community assembly is often pre-

dictable [151, 138, 47, 52, 152, 2, 114, 49]. In particular, the assembly outcome

in laboratory microcosms from an initially diverse species pool can be determined

bottom-up from pairwise competitions among the species. This ‘assembly rule’ has
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been tested in both well-mixed culture as well as in the intestine of the worm C.

elegans, and also as the environment changes due to variation in dilution rate and

temperature [47, 4, 84, 3, 102]. The assembly rule predicts that species A will exclude

species B in community assembly if A excludes B in pairwise competition [47] (Fig. 2-

1A). The rule’s frequent experimental success highlights how, despite the expected

complexity, community assembly can be surprisingly simple. Yet the condition for

simplicity remain unclear because the assembly rule, being purely empirical, does

not provide deeper explanations for why it works nor when to expect violations. A

possible mechanistic origin for the empirical assembly rule is a crucial missing piece

toward a better understanding of community assembly and its predictability. Compe-

tition for resources is a ubiquitous mechanism that often drives microbial community

dynamics; for example, many studies have revealed how community composition de-

pends on resource composition supplied to the environment [9, 158, 51, 49, 30, 116].

In models of resource competition, the interspecies interactions are mediated by the

uptake (and potential release) of resources, introducing potentially complex dynam-

ics and the emergence of “higher-order” interactions between species [105, 88, 113].

However, the same growth parameters govern both pairwise competitions and multi-

species competitions (Fig. 2-1B). This implies the possibility of an emergent mapping

between their outcomes. In this way, a bottom-up prediction from pairwise com-

petitions to larger community assembly may be formulated under the framework of

resource competition. Elucidating this bottom-up correspondence would shed light on

the unexplained simplicity in community assembly (Fig. 2-1C) Here, we demonstrate

that the emergent mapping between pairwise competitions and community assembly

under resource competition nearly always agree with the empirical assembly rule. We

first analyze a resource competition model with geometric principles and find that trio

assembly always follows the assembly rule unless every species grows faster than a

competitor on some resource. Moreover, we identify all possible combinations of pair-

wise and trio outcomes under resource competition for three resources and show that

only two combinations violate the assembly rule. To verify this theoretical analysis

and extend it to larger number of resources, we perform simulations of trio commu-
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nities with up to 50 resources. Regardless of the number of resources, simulations

of resource competition agree with the assembly rule prediction of species survival

with over 90% accuracy and the list of outcomes agree with our geometric analysis.

Furthermore, simulations with larger communities and with cross-feeding between

species continue to be predictable by the assembly rule. Our results highlight that a

complex system with many microscopic parameters can nevertheless lead to simple

community assembly.

2.3 Results

2.3.1 Resource model leads to a simple mapping from pairwise

outcomes to community assembly

To study community assembly under resource competition, we focus on a chemostat-

like linear resource consumption model, which is a variation of MacArthur’s consumer-

resource model with an external resource supply and universal dilution rate [94, 89,

145, 30] (Methods). The model assumes that per-capita growth rate is the sum of

growth on each resource, which is proportional to concentration of the resource. The

model dynamics are:

𝑛̇𝜇 =
∑︁

𝑖=1,2,...

𝑟𝜇𝑖𝑐𝑖𝑛𝜇 − 𝛿𝑛𝜇,

𝑐̇𝑖 = −
∑︁

𝜇=𝐴,𝐵,...

𝑟𝜇𝑖
𝑌𝜇𝑖

𝑛𝜇𝑐𝑖 + 𝛿(𝑐𝑠𝑖 − 𝑐𝑖),
(2.1)

where 𝑛𝜇 is the population density of species 𝜇, 𝑐𝑖 is the concentration of resource 𝑖 in

the media, 𝑟𝜇𝑖 is the contribution of resource 𝑖 to the per-capita growth rate of species

𝜇, 𝑌𝜇𝑖 is the biomass yield of species 𝜇 on resource 𝑖, 𝛿 is the dilution rate in chemostat

which controls both universal mortality and resource supply rate, and 𝑐𝑠𝑖 is the external

supply concentration of resource 𝑖. In this paper, we will assume that relative biomass

yields between resources are the same for all species (i.e. 𝑌𝜇𝑖 = 𝑎𝜇𝑦𝑖). Under this

assumption, each competition converges to a single equilibrium independent of initial
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population densities (i.e. multi-stability is not possible).

The population dynamics under this model have been studied using a graphical

approach in the space of resource concentrations [143, 89, 98]. This approach uti-

lizes each species’ Zero Net Growth Isocline (ZNGI), which is the set of resource

concentrations for which growth of a species exactly keeps up with the dilution rate

(Fig. 2-2). Notably, the equilibrium resource concentration satisfies two geometric

principles. First, equilibrium concentrations must lie on the innermost ZNGIs such

that all species’ populations are either constant or going extinct. A species survives if

the equilibrium resource concentration is on its ZNGI. Second, for resource consump-

tion to balance supply, the supply must fall within the convex hull of the surviving

species’ resource consumptions at the equilibrium [121]. Geometrically, this can be

determined by drawing resource consumption vectors originating from all ZNGI inter-

sections (Fig. 2-1B). The first principle dictates whether species can ever coexist, and

the second principle tells whether they coexist under a particular resource supply.

Fig. 2-1B illustrates these geometric principles for pairwise and trio competitions.

Between species A and species B, A’s ZNGI is always inside B’s ZNGI, so, by the first

geometric principle, if only A and B are present any fixed point will have A surviving

and B being driven extinct. By contrast, both A and C’s ZNGIs and B and C’s

ZNGIs intersect, so the first principle suggests both these pairwise competitions may

lead to coexistence. However, the second geometric principle now becomes relevant:

the resource supply lies between A and C’s consumption but not between B and C’s

consumption. Thus, while A and C coexist, B and C cannot because no population

composition can balance the resource supply and keep the resource concentrations at

the intersection of B and C’s ZNGIs. In the trio competition, the same two principles

apply: B cannot survive because its ZNGI is never one of the innermost while A and

C again coexist because the resource supply lies between their resource consumption.

This trio outcome also matches the assembly rule. The graphical approach identifies

conditions for resource competition to follow the assembly rule. Remarkably, for trio

communities, resource competition outcomes always match with the assembly rule

predictions when not all the ZNGIs cross. For example, when A’s ZNGI is below B’s
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Figure 2-1: Assembly rule may emerge from resource competitions. (A) Assembly rule
predicts trio competition outcomes based on pairwise competition outcomes. The assembly
rule predicts that if species A excludes species B in pairwise competition then A excludes
B in community assembly. Equivalently, the assembly rule assumes that a species invades a
community if and only if it can invade every member of the community. The rule predicts
exactly one trio outcome for each combination of pairwise competitions except for the rock-
paper-scissors case for which no trio outcome is predicted. (B) In resource competition mod-
els, growth parameters govern both pairwise competitions and community assembly. Each
competition is represented in the space of resource concentrations using ZNGIs (Zero Net
Growth Isocline: the set of resource concentrations on which a species’ growth rate equals
its mortality rate and thereby the species maintains a nonzero population size) and resource
consumptions at the intersections of ZNGIs (i.e. lines from each intersection (𝑐

∫︀
1 , 𝑐

𝑖𝑛𝑡
2 ) in

the direction of ( 𝑟𝜇1𝑌𝜇1
𝑐
∫︀
1 ,

𝑟𝜇2
𝑌𝜇2

𝑐𝑖𝑛𝑡2 ). The black dots represent resource supply (𝑐𝑠1, 𝑐
𝑠
2) and the

black curves represent trajectories of resource concentrations until the population reaches an
equilibrium. Under this graphical representation, equilibrium concentrations must lie on the
innermost ZNGIs and resource consumption must balance with resource supply at equilib-
rium. Followingly, for the illustrated example, A excludes B (top left), A and C coexist (top
right), C excludes B (bottom center), and in trio competition A and C exclude B (bottom
right). Finally, all the three pairwise outcomes and community assembly are represented
on a simplex (top center). Geometric analysis of each competition is detailed in Results.
Notably, this trio community follows the assembly rule. (C) The emergent mapping from
resource competition in Fig. 1B agrees with the assembly rule. Elucidation on when and
how often this agreement holds may explain the origin of simple empirical rule’s successful
predictions.
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ZNGI without crossing, then A excludes B in both pairwise competition and commu-

nity assembly. This is a sufficient condition for the assembly rule to be obeyed in any

trio that contains A and B. Fig. 2-2A illustrates this agreement: while both pairwise

and trio competition outcomes shift depending on the resource supply, every set of

pairwise and trio outcomes follow the assembly rule.

Resource competition outcomes can violate the assembly rule when all ZNGI pairs

cross. In Fig. 2-2B, while the assembly rule is obeyed for most resource supply con-

centrations, a few violations are permitted. In the violation V1 (with two coexisting

pairs and one excluding pair), species A and C survive while the assembly rule ex-

pects B to survive instead of A. While B excludes A in pairwise competition, because

A’s and B’s ZNGIs cross, A could exclude B under a different resource supply. By

coexisting with C, A maintains the resource concentration on which it outgrows B,

resulting in an unexpected trio outcome. Similarly, in the other violation V2 (with

three coexisting pairs), species A and C survive while the assembly rule expects A,

B, and C to all coexist. As in the previous case, by coexisting, A and C both main-

tain the resource concentration on which they outgrow B, resulting in the unexpected

exclusion of B. In fact, when all pairs coexist in a two-resource environment their

community assembly always results in a two-species survival, unless parameters are

fine-tuned to have a mutual intersection of all ZNGIs [121]. More generally, all-species

coexistence requires all-pair coexistence but not vice versa (Fig. S2). Overall, these

violations highlight that resource competition inherently involves higher-order inter-

actions; interaction between a pair can be altered by the third species as it modifies

the resource environment.

So far, we have investigated how resource competitions among some trios may

follow or violate the assembly rule depending on the resource supply. Extending this

procedure to all possible trios and resource supplies would identify the complete list of

resource competition outcomes (Fig. 2-3A). While this may sound formidable, there

are only a few topologically distinct ways that 3 ZNGIs can intersect. By enumerating

all the possible phase diagrams, we identify all pairwise and trio outcomes under two

and three resources (Fig. 2-3B, SI Appendix I & II). Interestingly, the only possible

22



Resource competition
follows the assembly rule

competing species

Resource competition
violates the assembly rule

A. Resource competition always follows the assembly rule if not all ZNGI pairs cross

B.

B can invade both A and C
but cannot invade
 A+C coexistence

(V1) (V1)

(V2)

(V2)

Resource competition may violate the assembly rule if all ZNGI pairs cross

A, B, and C all coexist in pairs
but B is excluded in trio assembly

B CA

Figure 2-2

23



Figure 2-2: Geometric analysis of resource competition model reveals the conditions for
assembly rule agreement and violation. (A) Resource competition of trio community always
follows the assembly rule if not all ZNGI pairs cross. In the illustrated example, species A’s
ZNGI is inside species B’s ZNGI. Then A always outgrows B under any resource concentra-
tion, and thus B is excluded by A in both pairwise competition and community assembly.
As a result, the community assembly follows the pairwise competition between A and C, and
the assembly rule is always obeyed. In the illustrated example, while competition outcomes
shift as the resource supply changes, each combination of pairwise and trio outcomes under
any resource supply follows the assembly rule (Fig. S1). (B) Resource competition of trio
community may violate the assembly rule if all ZNGI pairs cross. In the illustrated exam-
ple, each pair’s ZNGIs intersect. Then any species can outcompete its competitor at some
resource concentration, and a third species may shift the competition outcome between a
pair by modifying the resource environment. The illustrated example exhibits two violations
(Fig. S1). In the violation V1 (with two pairwise coexistence and an exclusion), A and C
survive in the community assembly while the assembly rule expects B to survive instead of
A. By coexisting with C, A maintains the resource concentration on which it outgrows B,
which results in the unexpected exclusion of B in community. In the violation V2 (with
three pairwise coexistence), only A and C survive while the assembly rule expects all A,
B, and C to survive. As in the previous case, by coexisting, both A and C maintain the
resource concentration on which they outgrow B, resulting in the unexpected exclusion of
B. In a generic resource competition, all-species coexistence requires all-pair coexistence but
not vice versa (Fig. S2).

violations of the assembly rule are the two previously identified cases (Fig. 2-2B). All

other resource competition outcomes follow the assembly rule. The list of possible re-

source competition outcomes has several notable features (Fig. 2-3C). First, resource

competition can realize every outcome predicted by the assembly rule. Second, while

resource competition can violate the assembly rule, both violations have been experi-

mentally observed [47]. Strikingly, one of the two violations in the model (two-species

survival under all-pair coexistence) is the most frequently observed violation in ex-

periments [47]. Third, resource competition excludes many possible assembly rule

violations, including the violations allowed under the Lotka-Volterra model [165]. In

addition, rock-paper-scissors pairwise outcome, for which assembly rule prediction

does not exist, is impossible in our resource competition model. In the end, the over-

all agreement between resource competition and the assembly rule prediction suggests

that resource competition often results in simple community assembly.
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Figure 2-3: A complete list of pairwise and trio outcomes under resource competition
for three resources. (A) We find all possible pairwise and trio outcomes under resource
competition by investigating outcomes under all possible growth rates and resource supply.
Geometric analysis simplifies this procedure because there are only a few distinct arrange-
ments of ZNGIs under 1, 2, and 3 resources. (B) A complete list of pairwise and trio
outcomes under resource competition for three resources (SI Appendix I & II). (C) Trio
outcomes under the assembly rule, resource competition model, and Lotka-Volterra model.
Dotted circles imply bistable community assembly. Resource competition model can lead
to all assembly rule predictions plus only two assembly rule violations. Rock-paper-scissors
pairwise outcome, for which assembly rule prediction does not exist, is impossible in our
resource competition model.
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2.3.2 Resource competition in complex ecosystems often fol-

lows the assembly rule

To augment the geometric analysis of resource competition under two and three re-

sources, we simulated resource competition across different numbers of supplied re-

sources from 1 to 50 (Fig 2-4A, Methods). We compared the simulated community

assembly with three different predictions: ‘Everyone survives’ that always predicts

all three species to survive, ‘Fastest grower survives’ that predicts the best grower

under the resource supply to exclude other two species, and the assembly rule (Meth-

ods). Overall, the assembly rule agreed remarkably well with the simulated resource

competition for any number of supplied resources, with prediction accuracy above

90% (Fig 2-4B). When only one resource was supplied, the fastest grower excluded

all other species, and the assembly rule was always successful (Fig 2-4C). In the other

limit, where 50 resources were supplied, the number of available niches became much

greater than the number of species. Therefore, species mostly survived in all pair-

wise and trio competitions, and the assembly rule was again successful. In the end,

the assembly rule worked almost perfectly on both few-resource and many-resource

limits. With an intermediate number of supplied resources, resource competitions

no longer perfectly agreed with the assembly rule. However, any simulated violation

was one of the two outcomes expected from our geometric analysis, suggesting that

increasing the number of supplied resources did not enable new unexpected outcomes

(Fig. S3). Similarly, violations never occurred when some ZNGI pairs did not cross

(Table S1). Moreover, even when violations occurred, the average agreement between

the assembly rule and resource competition never dropped below 90% (minimum at

10 resources, with accuracy 90.13% ± 0.01%, SEM, N=500). This uniformly high

accuracy of the assembly rule prediction highlights the simplicity and predictability

of resource-competing communities.

In addition to competition for many resources, we also considered another axis of

complexity: competition among more than three species. We note that the assembly

rule is applicable to communities larger than trio (Fig 2-5A). We simulated commu-
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Figure 2-4: Simulations of resource competition typically followed the assembly rule.
(A) We simulated resource competition of trio community under variable number of re-
sources from 1 to 50. The growth rates were sampled from a discretized uniform distribution
from 0 to 2 (Methods). (B) In simulations, community assembly often followed the assembly
rule. We compared the simulated resource competitions with three different predictions: in
addition to the assembly rule, ‘Everyone survives’ always predicts all three species’ survival,
and ‘Fastest grower survives’ predicts the best grower under the resource supply to exclude
other two species. We quantified prediction agreements by fraction of species in each trio
that matched each prediction. Overall, across all numbers of supplied resources, the agree-
ment between resource competition and the simple assembly rule was maintained above 90%.
‘Fastest grower survives’ prediction failed in many-resource regime and ‘Everyone survives’
prediction failed in few-resource regime. (C) Distributions of simulated outcomes under 1,
5, and 50 supplied resources. The bar plots show observed frequency of each set of pairwise
outcomes and community assembly. Community assembly that followed the assembly rule is
marked in green, and violations are marked in violet. With single supplied resource, fastest
grower on the single resource excluded others in all competitions. With 5 supplied resources,
the outcomes became diverse and the assembly rule was no longer perfect. Nevertheless,
simulations agreed with geometric analysis; all expected outcomes including the two viola-
tions were observed, and no unexpected outcome was observed (Fig. 2-3B). With 50 supplied
resources, due to the large number of available niches, species almost always coexisted in
both pairwise and trio competitions. Simulations with other numbers of supplied resources
showed the same trend (Fig. S3).
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nity assembly among 3, 5, 7, and 10 species along with the corresponding pairwise

competitions (Fig 2-5B). Despite the substantial increase in complexity, the commu-

nities assembled under resource competition continued to closely match the assembly

rule prediction (Fig 2-5C). Even in the most complex simulations of 10 resources

and 10 species, species survival in the resource competition simulations agreed with

the assembly rule prediction with a high accuracy (81.46% ± 0.01%, SEM, N=500).

This agreement highlights how a model with hundreds of parameters, representing

an ecosystem with highly complex consumer-resource interactions, still leads to pre-

dictable community assembly that follows a simple and experimentally established

rule.

A.

The assembly rule
scales up to 

large communities

B. C.

...

...

3 to 10 species

1 to 10 resources ... ...

Figure 2-5: Resource competition of multispecies communities often follow the assembly
rule. (A) Assembly rule scales up to large communities. For example, in the illustrated 4-
species competition, since species B and C are both excluded by A in pairwise competitions,
they are also excluded in 4-species competition. (B) We simulated resource competition of
variable number of species (from 3 to 10) under variable number of resources (from 1 to
10). The growth rates were sampled from a discretized uniform distribution from 0 to 2
(see Methods) (C) Resource competitions of multispecies communities often followed the
assembly rule. Even when 10 species competed for 10 resources, despite the complexity
with a large number of microscopic parameters (100 growth rates and 10 supply resource
concentrations), the assembly rule worked with 81.46% accuracy (± 0.01%, SEM, N=500).
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2.3.3 Community assembly in the presence of cross-feeding

typically follows the assembly rule

So far, we have assumed that species always consume resources and thereby all in-

teractions are antagonistic. In nature, however, microbes often produce metabolic

byproducts that are consumed by another species. This cross-feeding increases the

number of available niches and increases the number of species that could potentially

coexist in community [66, 94, 9, 51, 93]. To test whether simplicity and predictability

in assembly are maintained under the presence of cross-feeding, we implemented con-

versions from one resource to another that are proportional to consumption of the first

resource (Fig 2-6A, Methods). We also assumed that the cross-feeding reduces the

efficacy of the first resource as its energy content is leaked out [51]. The link between

each resource pair was established with probability p, and l is the conversion rate

from consumption of a complex resource to production of a simpler “metabolite” re-

source (Fig 2-6B, Methods). As cross-feeding became stronger, the number of species

surviving in community assembly tended to increase due to the creation of additional

niches (Fig 2-6C). Compared to the case where all 10 resources are externally sup-

plied, a cross-feeding community could reach the same biodiversity with sufficiently

large cross-feeding strength l. Also, as l increased, the assembly rule agreement of

communities with cross-feeding approached to the case where all 10 resources were ex-

ternally supplied (Fig 2-6D). Overall, assembly rule prediction accuracy stayed above

90% (minimum at l=0.4, prediction accuracy 91.73% ± 0.01%, SEM, N=500). Thus,

the simplicity of community assembly under resource competition was maintained

even when cross-feeding complicated the underlying dynamics.

2.4 Discussion

In this study, we demonstrated that competition for resources may lead to the ex-

perimentally observed simplicity in community assembly. Trio assembly is always

predictable from pairwise competitions if a species grows better than another species
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Figure 2-6: Resource competition with cross-feeding is often simple. (A) Cross-feeding
enables coexistence of two species under single supplied resource. As a species consumes a
resource, fraction 𝑙 of the resource can be leaked out as metabolic byproducts which others
can consume. This increases the number of niches in the environment and allows for more
species to coexist. (B) We ran simulations of trio competing under cross-feeding. Only
the most complex resource was supplied, but cross-feeding could allow coexistence as 9
other resources could appear as metabolites. Each trio shared a cross-feeding network in
which each resource may cross-feed simpler resources with probability p and cross-feeding
strength 𝑙 (see Methods). For simplicity, we fixed 𝑝 = 0.5 and varied 𝑙 in simulations.
(C) Number of survivors in trio competitions increased with cross-feeding strength. With 𝑙 =
0, only one species survived in trio competition as expected. The number of survivors could
reach, but could not exceed, the number of survivors with all 10 resources being supplied.
(D) Prediction accuracy of the assembly rule was still high for cross-feeding communities.
The prediction accuracy could approach, but could not be significantly lower than, the
prediction accuracy with all 10 resources being supplied.
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on every supplied resource. Otherwise, resource competition may violate the as-

sembly rule, but only via two rare and specific scenarios. This predictability holds

for communities with large number of species and resources and in the presence of

cross-feeding. The simplicity that emerges from our resource competition model is

at odds with the model’s complexity. Compared to the Lotka-Volterra model with

6 pairwise interactions for a trio, our resource competition model for multiple re-

sources has more parameters and allows for higher-order interactions in which a third

species affects pairwise competition between others. Yet resource competition leads

to a more constrained set of outcomes than the Lotka-Volterra model. This is be-

cause, in the resource competition model, how each species interacts with the envi-

ronment is independent of its competitor. This invariance over different competitions

enables a simple emergent mapping despite the underlying complexity. Geometric

analysis provides insights on the simple community assembly. The relative ordering

between ZNGIs determines a competitive hierarchy between species, and simple ar-

rangement of ZNGIs leads to simple community assembly. Specifically, when a ZNGI

does not cross with another ZNGI, then the trio community always follows the as-

sembly rule. This competitive hierarchy also explains why resource competitions are

often transitive and rock-paper-scissors pairwise outcome is impossible. In addition,

geometric principles impose hierarchy between coexistences such that coexistence of

many species require coexistence of all pairs between them: A, B, and C coexist as

a trio community only if A-B, A-C, and B-C pairs all coexist, but not vice versa

. These geometric hierarchies provide a way to understand the agreement between

bottom-up assembly rule prediction and resource competition. Like in laboratory ex-

periments, community assembly under resource competition sometimes deviates from

the bottom-up assembly rule prediction. Strikingly, such violations may strengthen

the connection between experimentally observed community assembly and resource

competition. For example, we find that the most frequently observed violation in the

experiment is the most frequently observed violation in simulations [47]. Our resource

model analysis also clarifies conditions for the bottom-up prediction’s failure in terms

of growth rates and resource supply. Experiments aided with metabolomics may
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verify the criteria and further improve the predictive power [42]. While we focused

on a simple linear consumption model, there are many other models for ecological

interactions [147]. For example, the Lotka-Volterra model allows more community

assembly outcomes from the pairwise competitions compared to our resource com-

petition model. While our resource competition model and the assembly rule suc-

cessfully describe laboratory microcosms, further work will be necessary to determine

the rules of community assembly in other systems. In addition, our assumption of

uniform relative biomass yields means that all communities in our model has a sin-

gle stable equilibrium. How our results hold in the presence of alternative stable

states and dynamical phases such as limit cycles is a question that remains to be

answered [65, 24, 73, 130, 6, 160, 101]. Finally, we acknowledge that linear resource

consumption is not the only possible mechanism for resource competition, and differ-

ent models such as Monod model or diauxic model may be more appropriate in some

systems. Interestingly, we found that diauxic model also leads to community assem-

bly that is often predicted by the same assembly rule [18] (Fig. S4). Future work is

required to explore the extent of possible mechanistic origins behind the simplicity of

community assembly. Our approach highlights that, even when one uses mechanistic

models, direct measurement of microscopic parameters is not always necessary for

predictive power. This is a significant advantage of the empirical approach that has

attracted many ecologists [34, 59, 130, 132, 27, 8, 68]. In the case of resource compe-

tition, fully characterizing the metabolism of each microbial species is a formidable

experimental challenge due to many complications such as cross-feeding, diauxie, and

co-utilization of resources. Our results illustrate how mechanistic insights can guide

simple experimental predictions while circumventing the full microscopic complexity.
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2.5 Methods and Materials

2.5.1 Simulations of linear resource consumption model

We used simulations to complement our geometric approach with our resource com-

petition model. The model we studied is described in 2.1 in the main text. For

each condition, we simulated 500 communities and numerically solved outcomes of

all pairwise competitions and the all-species competition for each community. For

each simulation of 500 communities with 𝑆 species and 𝑅 resources, growth rates and

supplied resource concentrations were drawn randomly in the following way. Growth

rates 𝑟𝜇𝑖 on each resource were sampled from an array of length 500𝑆 and approx-

imately unit mean, (2/500𝑆, 4/500𝑆, ..., 2) without replacement. This ensured finite

differences between growth rates of different species on a same resource and prevented

numerical artifacts. Note that growth rates on different resources were drawn indepen-

dently, and there was no trade-off in growth rates. Supplied resource concentrations

were drawn from uniform distribution between 0.1 and 1, and then were normalized

to a fixed total concentration 𝑅0 = 10. Biomass yields were set to 1 and dilution

rate was set to 𝛿 = 0.02. 𝛿/⟨𝑟𝜇𝑖⟩ ≪ 𝑅0 implied that supplied resource concentrations

were far from ZNGIs and any extinction was driven by competition, not by dilution

outpacing monoculture growth. We implemented convex optimization to solve for

the equilibrium of each competition [97, 98]. Species with population fraction < 10−4

were considered extinct.

2.5.2 Quantification of agreement between simulation and pre-

diction

In trio community simulations without cross-feeding, we compared the simulated

community assembly with three different predictions: ‘Everyone survives’ that always

predicts all three species to survive, ‘Fastest grower survives’ that predicts the best

grower under the resource supply to exclude other two species, and the assembly rule.

We quantified how well the simulated competitions agreed with each prediction by
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calculating the fraction of species in each trio that either survives while predicted to

survive or goes extinct while predicted to go extinct. For example, if prediction tells

that only A would survive and simulation results in only B surviving, the agreement

is 0 for A, 0 for B, and 1 for C, resulting in an average 1/3 agreement for the trio. In

larger-community simulations and trio community simulations with cross-feeding, we

compared the simulated community assembly to the assembly rule. The quantification

followed the same protocol described above.

2.5.3 Simulations of linear resource consumption model with

cross-feeding

To implement simulations with cross-feeding, we considered the following equations:

𝑛̇𝜇 = (1− 𝑙)
∑︁

𝑖=1,2,...

𝑟𝜇𝑖𝑐𝑖𝑛𝜇 − 𝛿𝑛𝜇,

𝑐̇𝑖 = −
∑︁

𝜇=𝐴,𝐵,...

𝑟𝜇𝑖
𝑌𝜇𝑖

𝑛𝜇𝑐𝑖 + 𝑙
∑︁

𝜇=𝐴,𝐵,...

∑︁
𝑖=1,2,...

𝑟𝜇𝑖
𝑌𝜇𝑖

𝑛𝜇𝐶𝐹𝑖𝑗𝑐𝑗 + 𝛿(𝑐𝑠𝑖 − 𝑐𝑖),
(2.2)

where 𝑙 is the strength of cross-feeding, and 𝐶𝐹𝑖𝑗 is the cross-feeding chain between

resources. 𝐶𝐹𝑖𝑗 = 1 if consumption of 𝑗-th resource produces 𝑖-th resource; 𝐶𝐹𝑖𝑗 = 0

otherwise. We assumed that species in a community shared same 𝐶𝐹𝑖𝑗. We assumed

that each resource had probability p to cross-feed a less complex metabolite; 𝐶𝐹𝑖<𝑗 =

𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙(1, 𝑝) and 𝐶𝐹𝑖≥𝑗 = 0. All other parameters were drawn in the same way as

the simulations without cross-feeding. We implemented the same convex optimization

to solve for the equilibrium of each competition.
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Chapter 3

Slow expanders invade by forming

dented fronts in microbial colonies

3.1 Overview

The work covered in this chapter is published as "Slow expanders invade by forming

dented fronts in microbial colonies" (Lee et al, PNAS 2021) [85]. In this project, I

worked with professor Kirill Korolev at Boston University and professor Jeff Gore to

explain spontaneous formation of dents on expanding biofilm of a soil isolate Raoul-

tella planticola. We discovered that the dented pattern were signatures of slowly

expanding mutants that nevertheless take over the front because of their advantage

in local competition. We explained the quantitative shape of pattern using geometric

theory and verified with additional experiment and numerical simulations. As the first

author of the paper, I set up and performed experiments, analyzed data, performed

theory calculations, ran simulations, and wrote manuscript.

Most organisms grow in space, whether they are viruses spreading within a host

tissue or invasive species colonizing a new continent. Evolution typically selects for

higher expansion rates during spatial growth, but it has been suggested that slower

expanders can take over under certain conditions. Here, we report an experimental

observation of such population dynamics. We demonstrate that the slower mutants

win not only when the two types are intermixed at the front but also when they are
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spatially segregated into sectors. The latter was thought to be impossible because

previous studies focused exclusively on the global competitions mediated by expansion

velocities but overlooked the local competitions at sector boundaries. We developed

a theory of sector geometry that accounts for both local and global competitions and

describes all possible sector shapes. In particular, the theory predicted that a slower,

but more competitive, mutant forms a dented V-shaped sector as it takes over the

expansion front. Such sectors were indeed observed experimentally and their shapes

matched up quantitatively with the theory. In simulations, we further explored several

mechanism that could provide slow expanders with a local competitive advantage and

showed that they are all well-described by our theory. Taken together, our results

shed light on previously unexplored outcomes of spatial competition and establish a

universal framework to understand evolutionary and ecological dynamics in expanding

populations.

3.2 Introduction

Population dynamics always unfold in a physical space. At small scales, microbes

form tight associations with each other, substrates, or host cells [53, 31]. At large

scales, phyto- and zooplanktons form complex patterns influenced by ecological in-

teractions [37, 12, 90] and hydrodynamics [1, 120]. Between these two extremes,

populations constantly shrink and expand in response to changing conditions, and

there is still a great deal to be learned about how spatial structure affects ecology

and evolution [136, 87, 60, 91, 110]. Better understanding of these eco-evolutionary

dynamics is essential for management of invasive species [106, 127], controlling the

growth of cancer [80], and preserving biodiversity [61, 67].

It is particularly important to understand how natural selection operates at the

edge of expanding populations. These expansion frontiers are hot spots of evolution

because mutations that arise at the edge can rapidly establish over large areas via

allele surfing or sectoring [10, 74, 58, 56]. Furthermore, numerous studies argue

that selection at the expansion front favors faster expanders and therefore makes

36



population control more difficult [82, 142, 13, 134, 149, 76, 164, 45, 112, 133, 33].

Indeed, organisms that expand faster have a head start on growing into a new territory

and may face weaker competition or better access to nutrients. A well-known example

is the evolution of cane toads which increased the expansion speed by 5 fold over 50

years [118]. Yet, despite substantial empirical evidence across many systems [142,

134, 13, 149, 164, 45, 112, 133, 33], it has been suggested that the simple intuition of

“faster runner wins the race” does not always hold.

Two theoretical studies have found that slower dispersal could evolve in popula-

tions with a strong Allee effect, i.e a negative growth rate at low population densi-

ties [146, 141, 77]. Slow mutants nevertheless can take over the populations because

they are less likely to disperse ahead of the front into regions with low densities and

negative growth rates. In a different context, both theory and experiments have

shown that slow cheaters could invade the growth front of fast cooperators [76, 32].

In this system, the production of public goods allowed cooperators to expand faster,

but made them vulnerable to the invasion by cheaters.

The examples above show that slower expanders succeed in the presence of a

tradeoff between local and global fitness. The global fitness is simply the expansion

rate of a given species in isolation, which determines how quickly it can colonize an

empty territory. When two species are well-separated in space, their competition is

determined solely by the global fitness. In contrast, when the two species are present

at the same location, their competition could involve differences in growth rates,

production of public goods [5, 11], or secretion of toxins [139]. We refer to such local

competitive abilities as local fitness. It is natural to assume that slow expanders can

win only if they are superior local competitors, but it is not clear a priori if this is

actually feasible or how to integrate local and global fitness under various scenarios

of spatial competition.

Our interest in the interplay between local and global competition was sparked by

an unusual spatial pattern in colonies of Raoultella planticola grown on agar plates.

These colonies repeatedly developed depressions or dents along the edge. We found

that dents were produced by a spontaneous mutant that expanded slower than the
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wildtype, when in isolation. Thus, we discovered a convenient platform to explore the

fate of slower expanders in spatial competition and to elucidate the tension between

local and global fitness.

In our experiment, the slower mutant took over the colony either while increas-

ing in frequency homogeneously along the front or while forming pure, mutant-only,

sectors. When mutant sectors formed, they had an unusual “dented” or “V” shape.

To explain this spatial pattern, we developed a theory that describes all possible sec-

tor geometries. Our theory unifies local and global competitions without assuming

any particular mechanism for growth and dispersal. Although mechanism-free, the

theory makes quantitative predictions, which we confirmed experimentally. We also

simulated specific microscopic models to demonstrate that the takeover by mutant

with a slower monoculture expansion velocity is generic and could occur due to mul-

tiple ecological mechanisms. These simulations further confirmed that sector shape

prediction from geometric theory is universal. Taken together, our results establish

a new framework to understand evolutionary and ecological dynamics in expanding

populations with arbitrary frequency- and density-dependent selection.

3.3 Results

3.3.1 Experimental observation of slow mutants taking over

the front

The strains used in our experiment were derived from a soil isolate of Raoultella

planticola, a Gram-negative, facultatively anaerobic, non-motile bacterium that is

found in soil and water and can occasionally lead to infections [36, 38]. We grew

R. planticola on a hard LB agar plate (1.5% agar) and noticed the formation of V-

shaped dents along the front. Such dents were reproducibly observed in biological

replicates (Fig. S1). Suspecting that dents were caused by a mutation, we isolated

cells from the smooth parts of the colony edge (wildtype) and from the dents (mu-

tant) (Fig. 3-1A).

38



We first characterized the expansion dynamics of the two strains in isolation by

inoculating each culture at the center of a hard agar plate. Both strains formed

smooth, round colonies, which expanded at a constant velocity (Fig. 3-1B, Fig. S2).

The wildtype had about 50% larger expansion velocity compared to the mutant.

Thus, the evolved strain expanded slower when in isolation.

Our observations seemed paradoxical given numerous observations of invasion ac-

celeration due to genetic changes that increase expansion velocities [135, 118]. How-

ever, range expansions are known to produce high genetic drift [155, 17] and, there-

fore, allow for the fixation of deleterious mutations [58, 39, 124, 137, 21]. So, we next

investigated whether the mutant has a selective advantage in competition with the

wildtype within the same colony.

We competed the two strains by inoculating an agar plate with a drop containing a

99:1 mixture of the wildtype and the mutant. We used two wildtype strains (and their

respective mutants) with different fluorescent labels and the spatial patterns were

analyzed with fluorescence microscopy (see Methods). After about 48 hours of growth,

a ring of mutant completely encircled the wildtype (Fig. 3-1C). Only the mutant ring

continued to expand, while the expansion of the wildtype ceased (Fig. S3). Thus the

mutant not only localized to the front but also achieved a greater population size.

This is quite different from other microbial systems where a strain with poor motility

localized to the front without suppressing the growth of faster strain and without

producing a larger biomass [163, 162]. Thus, our experiments strongly suggest that

the mutant has a competitive advantage when in contact with the wildtype despite

its lower expansion velocity in isolation.

3.3.2 Experimental observation of mutants invading while form-

ing dented fronts

Our initial competition experiments did not exhibit the dents that sparked our initial

interest in the strains. The mutant took over uniformly across the expansion front,

producing a rotationally invariant spatial pattern (Fig. 3-1C). In fact, one might even
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Figure 3-1: Slow mutant takes over the front with and without sector formation. (A)
We found that wildtype R. planticola colonies develop V-shaped indentations; a bright-field
image is shown. We sampled cells from the dents and non-dented regions and then developed
strains descending from a single cell (see Methods). (B) The mutant expanded more slowly
than the wildtype when in isolation. The data points come from two technical replicates,
and the line is a fit. (C, D) Despite its slower expansion on its own, the mutant wins in
coculture. Fluorescence images show the spatial patterns 48 hours after inoculation with
a 99:1 mixture of the wildtype and mutant. A ring of mutant (cyan) outrun and encircled
wildtype (red) when the mixed inoculant had a high density (OD600 of 10−1). Mutant
sectors emerged and widened over the front when the mixed inoculant had a low density
(OD600 of 10−3). Images are taken 48 hours after inoculation, and dotted lines represent
initial inoculant droplets. (E) A zoomed image of a V-shaped sector (from the bottom of
D). Dotted circle is a fit from wildtype expansion. The advantage of the mutant and its
slower expansion away from the wildtype is evident from the lateral expansion of the cyan
sector.

40



argue that the success of the mutant could have been entirely due to the transient

growth dynamics, and the wildtype would prevail if allowed to somehow spatially

segregate from the mutant. To address both of these concerns, we sought to alter the

experiments so that the mutant and the wildtype grow as distinct sectors within the

same colony.

In microbial colonies, sectors emerge due to genetic drift at the growing edge. The

magnitude of demographic fluctuations varies widely in different systems, depending

on the organism, the growth conditions, and the duration of the experiment [57, 78].

To test for the effects of sectoring, we needed to increase stochasticity without altering

other aspects of the competition. Reducing the cell density of the initial inoculant

accomplished this goal. By lowering the inoculant density (from 10−1 OD600 to 10−3

OD600), we increased the separation between cells that localized to the colony edge

following the drying of the inoculation drop. This in turn dramatically increased the

formation of monoclonal sectors (Fig. 3-1D).

Sectoring spatially segregated the two strains and, thus, allowed the wildtype to

to take advantage of its higher expansion velocity as a monoculture. Nevertheless

the mutant still outcompeted the wildtype (Fig. 3-1D, Fig. 3-1E). The takeover of

mutant was robust under different choices of initial density, initial mutant fraction,

and fluorescent label (Fig. S4, Fig. S5). The takeover by the mutant also produced the

characteristic V-shaped dents at the colony edge. These dents are the exact opposite

of the bulges or protrusions that one usually observes for beneficial mutations [79].

Typically, the advantageous mutants have a greater expansion velocity and, therefore,

outgrow the ancestors at the front. For our strains, however, the winning mutant had

a lower expansion velocity away from the wildtype, and this lower expansion velocity

produced the opposite of the bulge—the dent.

3.3.3 Mechanism-free theory of sector geometry

Our experiments unambiguously demonstrated that a mutant that expands more

slowly on its own can indeed outcompete a faster wildtype with and without sectoring.

Still, we need a careful theoretical description of the spatial dynamics to reconcile
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Figure 3-2: Geometric theory predicts sector shapes as a function of local and global
fitness. Flat-front initial conditions are illustrated here, and the corresponding results for
circular fronts are shown in the SI. (A) Global fitness of mutant and wildtype are defined with
speeds 𝑣w and 𝑣m with which their fronts advance away from sector boundary. Local fitness
is characterized by movement of mutant along the sector boundary, which advances with
speed 𝑣b at angle 𝜑w with the wildtype front. We use lateral invasion speed 𝑢 to describe
the local fitness, and the equivalence among 𝑣b, 𝜑w, and 𝑢 is explained in SI I. (B) The
shape of the mutant sector can be derived from geometric considerations. During a time
interval Δ𝑡, the boundary points Bl and Br move upward by 𝑣wΔ𝑡 and laterally outward
by 𝑢Δ𝑡. The position of the dent D is obtained from the requirement that both DBl and DBr
shift by 𝑣mΔ𝑡; the directions of the shifts are perpendicular to DBl and DBr respectively.
Point I labels the origin of the sector. (C) The geometric theory predicts sector shapes as
a function of 𝑢/𝑣w and 𝑣m/𝑣w. When 𝑣m < 𝑣w and 𝑢 > 0, the mutant forms a V-shaped
dented front; note that all boundaries are straight lines. When 𝑣m > 𝑣w and 𝑢 >

√︀
𝑣2m − 𝑣2w,

the mutant forms a bulged front. The shape of the bulge consists of two regions. It is an
arc of a circle near the middle and two straight lines near the two boundaries between the
mutant and the wildtype. The circular region grows and the linear region shrinks as 𝑣m/𝑣w
increases at constant 𝑢/𝑣w. The bulge becomes completely circular when 𝑣m/𝑣w reaches its
maximal value of

√︀
1 + 𝑢2/𝑣2w on the boundary of the accessible region. See SI for derivation

and exact mathematical expressions of all sector shapes.

the apparent contradiction between the slow global expansion of the mutant and

its superior performance in local competition. We could approach this question by

simulating a specific ecological mechanism that could be responsible for the tradeoff

between local and global fitness. However, it is much more useful to first ask what

can be said about spatial competition generically and determine the range of possible

sector shapes without relying on any specific mechanism.

One way to understand the origin of the dented fronts is to consider the motion of

the sector boundary. The mutant clearly expands further along the sector boundary

than it expands outward away from the sector boundary. In other words, the mutant

expands faster in the presence of the wildtype, and the dented shape of sector is the

result of this velocity enhancement of the mutant in the vicinity of the wildtype.

To formalize this idea, we follow the approach similar to geometric optics in

physics [22, 62, 92] which relies on a few standard assumptions. The expansion veloc-

ities of the two strains in isolation (𝑣w and 𝑣m) are assumed to be time-independent

both to simplify the calculations and to reflect experimental observation (Fig. 3-1B).

We also assume, consistent with past studies [81, 108, 104], that there is little growth
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behind the front so that the spatial pattern remains once established as in our exper-

iments. Finally, we neglect long-range interactions due to the diffusion of nutrients,

toxins, or signaling molecules1 [123, 103, 28].

The nontrivial aspect of our work is how we capture the effect of local competition

between strains. This can be done in a number of ways. One approach is to consider

the velocity of the boundary between the strains 𝑣b, which cannot be inferred solely

from 𝑣w and 𝑣m because it depends on the interaction between the wildtype and the

mutant. Another approach, which is equivalent to the first one, is to define a velocity

𝑢 as the projection of the boundary velocity 𝑣b on the wildtype front. In other words,

𝑢 is the rate at which the length of the front dominated by the wildtype shrinks. The

connection between these approaches is illustrated in Fig. 3-2A.

The knowledge of the three velocities 𝑣w, 𝑣m, and 𝑢 is sufficient to simulate how the

shape of the colony changes with time. In some situations, colony shapes can also be

obtained analytically by comparing the position of the front at two times 𝑡 and 𝑡+∆𝑡.

We derive the equations for sector shapes by requiring that all distances between

the corresponding points of the two fronts are given by ∆𝑡 times the appropriate

velocity (Fig. 3-2B). The details of these calculations are provided in the SI (Fig. S9).

We found that all possible sector shapes fall into three classes. Without loss of

generality, we take 𝑢 to be positive by calling the mutant the strain that invades

locally. The shape of the sector is then largely determined by 𝑣m/𝑣w. When this

ratio is less than one, sectors have a dented shape. In the opposite case, sectors bulge

outwards. The exact shape of the front of course depends on all three velocities.

Overall, there are the two broad classes discussed above and a special limiting case

when 𝑢 =
√︀
𝑣2m − 𝑣2w which is discussed below. In all cases, we obtained sector shapes

analytically for both circular and flat initial fronts (SI Fig. S10, Fig. S11). The latter

are summarized in Fig. 3-2C and are used to test the theoretical predictions.

The geometrical theory provides a concrete way to define local fitness advan-

tage, 𝑢/𝑣w, and global fitness advantage, 𝑣m/𝑣w − 1. These two types of fitness can
1The addition of long-range interactions would provide greater modelling flexibility and therefore

make it easier to observe novel spatial patterns such as a V-shaped sector. Our works shows that
this extra flexibility is unnecessary and dented fronts can appear in purely local models.
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take arbitrary values, even with opposite signs. The only condition is that a positive 𝑢

needs to be larger than
√︀

𝑣2m − 𝑣2w when the mutant is faster than the wildtype. This

constraint arises because, for large 𝑣m/𝑣w, the gaining of new territory due to the

large global fitness advantage outpaces the gain in the new territory due to a smaller

local fitness advantage. The constraint on 𝑢 is not relevant to dented fronts, so we

relegate this discussion to the SI (Fig. S8).

3.3.4 Experimental test of the geometric theory

How can we test whether the theory of sector geometry described above indeed applies

to our experiments? The theory utilizes three velocities 𝑣w, 𝑣m, and 𝑢 to predict the

shape of the sector boundary and the sector front. The absolute values of the velocities

determine how quickly the colony grows overall and its shape depends only on two

dimensionless parameters: 𝑣m/𝑣w and 𝑢/𝑣w. The first parameter can be obtained

from the direct measurements of expansion velocities in monocultures. The second

parameter can be inferred by fitting the shape of the sector boundary to the theory.

This leaves the shape of the sector front as an independent measurement that can be

compared to the theoretical prediction.

The linear expansion geometry greatly simplifies all the steps involved in test-

ing the theory because the shapes of both the sector boundary and the dent are

determined by their opening angles. Qualitative agreement with this theoretical pre-

diction is quite clear from the experimental images (Fig. 3-3A), which indeed show

that mutant sectors are bounded by straight lines on all sides. The opening angle of

the sector boundary determines 𝑢/𝑣w and the opening angle of the dent serves as a

testable prediction (Fig. 3-3B).

Our experiments proceeded as follows. We first measured expansion velocities

in monocultures by tracking the colony radius as a function of time; see Fig. 3-

1B. Then, the data on sector shapes were collected from plates inoculated along a

straight line with a low-density (10−3 OD600) 99:1 mixture of the wildtype and the

mutant. After two days of growth, five well-isolated sectors were analyzed to de-

termine 𝜑b and 𝜑d (see Methods). Since each side of the angle can be used, we
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Figure 3-3: Empirical test of predicted sector shapes. (A) We used linear inoculations with
low density and low fraction of the mutant and grew the colonies for 48 hours. (B) Top:
Zoom-in image of one of the sectors. The shape of mutant sector is quantified by two opening
angles: one between the two sector boundaries 2𝜑b and one between the two parts of the
expansion front that meet at the dent 2𝜑d. Bottom: The theory predicts 𝜑b and 𝜑d as
functions of the three velocities: 𝑣w, 𝑣m, and 𝑢. We used 𝜑b to determine 𝑢/𝑣w and predict
𝜑d; 𝑣m/𝑣w is measured from monoculture expansions. (C) The observed and predicted values
of 𝜑d are very close to each other.
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effectively obtained ten measurements. Figure 3-3C shows that observed 𝜑d is 73.93∘

(SD=3.81∘, SEM=1.21∘, n=10). Predicted 𝜑d is 70.39∘ (SD=1.02∘, SEM=0.32∘, n=10).

This is an excellent agreement given other sources of variability in our experiment

including variations in velocity between replicates and potential systematic errors in

fitting sector shapes. Thus the geometric theory not only provides an explanation of

the novel sector shape, but also describes it quantitatively.

Another experimental verification of our theory comes from Ref. [79] that studied

sector shapes in yeast colonies. Instead of dents, their strains produced circular

bulges (the special case with 𝑣m =
√︀

𝑣2w + 𝑢2). For this special case, our results fully

agree with both their theoretical and experimental findings (see Eq. 12, Table 1, and

Figure S8 in Ref. [79]). As far as we know, the intermediate case of composite bulge

(see Fig. 3-2C) has not been observed yet. Perhaps engineered strains with a tunable

tradeoff between local and global fitness would enable the observation of all sector

shapes in a single system.

3.3.5 Concrete mechanisms of fitness tradeoff

The geometric theory integrates local and global competition and quantitatively pre-

dicts the shape of mutant sector in our experiment. Yet, the theory does not provide

a tangible mechanism behind the takeover by a mutant with a slower monoculture

expansion velocity. To show that dented fronts emerge readily under different eco-

logical scenarios we used the flexible framework of reaction-diffusion models, which

are also known as generalized Fisher-Kolmogorov equations [43, 75, 109]. A general

model can be written as:

𝜕𝑡𝑛w =
(︀
∇2 (𝐷w𝑛w) + 𝑟w𝑛w

)︀
(1− 𝑛w − 𝑛m),

𝜕𝑡𝑛m =
(︀
∇2 (𝐷m𝑛m) + 𝑟m𝑛m

)︀
(1− 𝑛w − 𝑛m).

(3.1)

Here, 𝑛w and 𝑛m are the population densities of the wildtype and the mutant

normalized by the shared carrying capacity; 𝐷w, 𝑟w and 𝐷m, 𝑟m are their respective

dispersal and per capita growth rates.
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The factor of (1− 𝑛w − 𝑛m) ensures that there is no growth or movement behind

the front. In the growth term, this is a standard assumption that ensures finite car-

rying capacity [109]. In the dispersal term, the factor of (1 − 𝑛w − 𝑛m) has rarely

been studied in mathematical biology because it is specific to microbial range expan-

sions, where there is no movement behind the front [79, 81, 108, 104]. In the SI, we

demonstrate that dented fronts also occur with standard density-independent disper-

sal and therefore could be relevant for range expansions of macroscopic organisms (SI

appendix II.

The non-spatial limit of Eq. 3.1 is obtained by dropping the dispersal term. This

limit is analyzed in the appendix III. As population grows from any initial condition,

the relative abundance of the faster grower increases until the total population density

reaches the carrying capacity. At this point there is no further change in 𝑛w and 𝑛m.

This neutral coexistence between the two strains ensures that the population is frozen

behind the front and the competition unfolds only at expansion frontier. The simplest
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composite bulge
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inaccessible

Figure 3-4: Sector shapes from microscopic simulations recapitulate phase diagram from
the geometric theory. (A) Simulation of cooperator-cheater model (Eq. 3.2) is compared
with the geometric theory. By varying 𝑠 (benefit from cooperation) and 𝛼 (strength of
cheating), we explored sector shapes for different values of 𝑣m/𝑣w and 𝑢/𝑣w. The locations
of various sector shapes match the predictions of the geometric theory. In particular, V-
shaped dents are observed when a cheater expands more slowly than a cooperator when in
isolation (𝑠 > 0), but has a sufficiently large advantage from cheating (𝛼 > 𝑠). (B) Sim-
ulations of growth-dispersal tradeoff model (Eq. 3.3) also agree with the geometric theory.
Different sector shapes were obtained by varying the the growth advantage 𝑠 and and the
dispersal disadvantage 𝐷1. See Methods for simulation parameters.

spatial model takes all growth and dispersal rates to be independent of population
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density. It is then easy to show that there is no difference between local and global

fitness; see Fig. S6 and Ref. [79]. Most of the previous work focused on this special

case of so-called “pulled” waves [16] and thus could not observe the takeover by the

slower expander.

Many organisms, however, exhibit some density dependence in their growth or

dispersal dynamics [86, 26, 100, 70, 117], which can lead to a tradeoff between local

and global fitness. One commonly-studied case is found in the interaction between

cooperators and cheaters [111, 76, 163, 29]. To model this ecological scenario, we take

𝐷w = 𝐷m = 𝐷,

𝑟w = 𝑟

(︂
1− 𝛼

𝑛m

𝑛w + 𝑛m

)︂
, 𝑟m = 𝑟

(︂
1− 𝑠+ 𝛼

𝑛w

𝑛w + 𝑛m

)︂
.

(3.2)

The benefit of cooperation is specified by 𝑠, which is the difference in the growth

rate of cooperators and cheaters when grown in isolation. The benefit of cheating is

controlled by 𝛼; the growth rate of cheaters increases by up to 𝛼 provided cooperators

are locally abundant. For simplicity, we chose a symmetric linear dependence of the

growth rates on the mutant frequency and assumed that the diffusion constants are

equal.

Numerical simulations of this model reproduced a V-shaped dented front (Fig. 3-

4A). The dents flattened when there was no benefit to cooperate (𝑠 = 0) and were

replaced by bulges when cooperators grew slower than cheaters when in isolation (𝑠 <

0). We were also able to test whether these transitions in sector shape matched the

predictions of the geometric theory. For this comparison between the theory and

simulations, we need a mapping between the microscopic parameters of the model and

the three velocities that enter our geometric theory. Fortunately, in this model, all

three velocities can be calculated analytically: 𝑣w = 2
√︀
𝑟𝐷(1 + 𝑠), 𝑣m = 2

√
𝑟𝐷, and

𝑢 =
√︀

(𝛼− 𝑠)𝑟𝐷. Therefore, we could overlay individual simulations on the phase

diagram predicted by the geometric theory. The result, shown in Fig. 3-4A, shows

the expected agreement and provides further validation for the geometric theory.

The geometric description is generic and should transcend the specifics of the
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cooperator-cheater model discussed above. To further illustrate that different eco-

logical interactions can produce identical spatial patterns, we simulated a completely

different mechanism for the tradeoff between local and global fitness. This time, we as-

sumed that the wildtype loses the local competition because it reproduces slower than

the mutant, but this slower growth is more than compensated by a much higher dis-

persal rate. This growth-dispersal tradeoff may be common in nature [144, 19, 45, 55],

and is captured by the following set of parameters:

𝐷w = 𝐷m = 𝐷0 −𝐷1
𝑛m

𝑛w + 𝑛m
,

𝑟w = 𝑟, 𝑟m = 𝑟 (1 + 𝑠) .

(3.3)

Here, the growth rates are density-independent, but the dispersal rates change

with the local community composition. We chose 𝐷w = 𝐷m to reflect the collective

nature of movement in colonies of non-motile microbes [41, 153], which are pushed

outward by mechanical stressed generated by all cells behind the front. In addition,

this simplifying assumption enables us to calculate the velocities analytically and

construct a quantitative phase diagram similar to Fig. 3-4A. In the SI, we show that

dented front can also be observed in models with 𝐷w ̸= 𝐷m (Fig. S7).

Our simulations again exhibited dented fronts and all shape transitions in full

agreement with the geometric model (Fig. 3-4B). Thus, the geometric description is

universal, i.e. a wide set of growth-dispersal dynamics converges to it. This universal-

ity, however, makes it impossible to determine the specifics of ecological interactions

from spatial patterns alone. In other words, the observation of a dented front indi-

cates the existence of a tradeoff between local and global fitness, but does not hint

at any specific mechanism that is responsible for this tradeoff. For example, both

models (Eq. 3.2 and Eq. 3.3) produce identical sector shapes (Fig. 3-4) and both

would provide a perfect fit to our experimental data. Indeed, each model has four

parameters, which is more than sufficient to specify the three velocities that control

all aspects of spatial patterns. Such fits of course would not provide a meaningful

insight into the mechanism. To determine the mechanism, one would have to perform

a different kind of experiments that could probe population dynamics on the spatial
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scale of local competition.

3.4 Conclusion

This study used a simple and well-controlled laboratory microcosm to elucidate the

factors that influence spatial competition. We found a stark contradiction to the in-

tuitive expectation that the faster runner wins the race [33]. A mutant that expanded

more slowly on its own nevertheless took over the expansion front when inoculated

with the wildtype. This spatial takeover accompanied V-shaped sectors, which are

a characteristic signature of the mismatch between local and global competition. To

explain these observations, we developed a theory that integrates local and global

competition and predicts all possible sector shapes. We then confirmed the validity

of the theory using both further experiments and simulations.

Our experimental results unequivocally demonstrate that a mutant with grows

slower in isolation can nevertheless win in competition. Under low genetic drift con-

ditions, the mutant took over the front uniformly across the colony. This outcome

can be described by one-dimensional models because the competition occurs primar-

ily along the radial direction. In contrast, stronger genetic drift resulted in sector

formation and produced fully two-dimensional growth dynamics. Even under these

less favorable conditions, the mutant still outcompeted the wildtype.

Previously, slower expanders were found to be successful only in one-dimensional

models [146, 77, 32], and only buldged sectors of faster expanders were reported for

two-dimensional growth [79]. The latter was true even when there was a tradeoff

between local and global fitness [150], presumably because local fitness advantage

was not sufficiently large. Our experiments not only confirm the predictions of one-

dimensional models, but also expand the set of conditions under which the unusual

takeover by a slower mutant can be observed. In fact, the slower expanders could

be successful in many settings not only because the theory and simulations strongly

support this claim, but also because we relied on evolved mutants from natural isolates

rather than genetic engineering to obtain the strains.
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The observation of dented fronts clearly shows that the existing theoretical under-

standing of sector growth is incomplete. Previously, it was assumed that the spatial

pattern depends only on the mutant and wildtype velocities in monocultures [79]. We

found, however, that the outcome of the competition also depends on the interaction

between the species at sector boundaries. When the mutant expands much faster

in the presence of the wildtype than in isolation, the boundary velocity could tilt

towards the region dominated by the wildtype and result in a positive velocity 𝑢 that

describes how quickly the mutant takes over along the wildtype front. Our theory

integrated both local and global competition and showed that the sector shapes are

completely determined by the three velocities (𝑣m, 𝑣w, 𝑢). These results enabled us

to make quantitative inferences from experimental data and test our theory.

The geometric theory is not without limitations. This phenomenological theory

cannot predict whether the fast or the slow mutant wins in a given system. To answer

that question, one needs to consider a mechanistic model and derive how the invasion

velocity 𝑢 depends on microscopic parameters, which we have done for specific models.

The universal nature of the geometric theory also precluded us from identifying the

mechanism responsible for the growth dynamics observed in our experiments. We left

this fascinating question for future works, and instead, focused on several common

tradeoffs between local and global fitness. The simulations of these tradeoffs not only

confirmed the validity of the geometric theory, but further highlighted that slower

expanders could establish by a wide range of mechanisms.

The geometric theory also relies on a few technical assumptions such as constant

expansion velocities, negligible stochasticity, and the absence of long-range interaction

due to chemotaxis or nutrient depletion. Relaxing these assumptions could lead to

certain quantitative changes in sector shapes, but the main conclusions, including the

existence of the dented front, should not be affected. In particular, the strain that

grows more slowly on its own could nevertheless prevail in competition.

Our work opens many directions for further investigation. We clearly showed

that the expansion velocity cannot be the sole determinant of the spatial competi-

tion. Therefore, it will be important to examine how local interactions influence the
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eco-evolutionary dynamics during range expansions. Such future work would bring

about a more detailed description of ecological and biophysical processes in grow-

ing populations. It would also greatly enhance our understanding of the tradeoffs

among different life-history traits and shed light on the incredible diversity of suc-

cessful strategies to navigate spatial environments [144, 19, 45, 55]. The geometric

theory developed here provides a convenient way to integrate these various aspects

of population dynamics. It abstracts the main features of spatial growth and should

facilitate the analysis of both experiments and simulations.

3.5 Methods and Materials

3.5.1 Strains

Wildtype Raoultella planticola strains were isolated from a soil sample (MIT Killian

Court, Cambridge, MA) [71] and were tagged with two different fluorescent pro-

teins mScarlet-I (red) and mTurquois2 (cyan) by insertion of plasmids pMRE145 and

pMRE141 respectively [129]. As we grew wildtype colonies on agar plates, they re-

producibly developed dents after several days as shown in Fig. 3-1A and Fig. S1. We

sampled the cells from either inside the dent or on the smooth edge using inoculation

loops, streaked on small plates, and grown in 30∘C for two days. Then we sampled

single colonies, grew them overnight in LB growth media, and stored as a −80∘C

glycerol stock.

3.5.2 Growth media preparation

We prepared hard agar plates with 1X Luria-Bertani media (LB, 2.5% w/v; BD

Biosciences-US) and 1.5% w/v of agar (BD Bioscience-US). We also added 1X Chlo-

ramphenicol (Cm, 15mg/L, prepared from 1000X solution) for constitutive expres-

sion of fluorescence. For each agar plate, 4mL of media was pipetted into a petri

dish (60X15mm, sterile, with vents; Greiner Bio-one), and was cooled overnight (15

hours) before inoculation.
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3.5.3 Expansion experiment

For each strain, −80∘C glycerol stock was streaked on a separate plate and grown

for 2 days. Then a colony from each strain was picked up and put into a 50mL

Falcon Tube filled with 5 mL of liquid media (1X LB and 1X Cm). Bacterial cul-

tures were grown overnight at 30∘C under constant shaking 1350 rpm (on Titramax

shakers; Heidolph). We then diluted and mixed the cultures to desired total density

and mutant fraction, measured in optical density (OD600) using a Varioskan Flash

(Thermo Fisher Scientific) plate reader. For circular expansions, we gently placed a

droplet of 1.5 𝜇L inoculant at the center of an agar plate. For linear expansions, we

dipped a long edge of a sterile cover glass (24X50mm; VWR) gently into the culture

and touched the agar plate with the edge. After inoculation, each colony was grown

at 30∘C for 48 hours.

3.5.4 Imaging

At fixed times after inoculation, each plate was put on a stage of Nikon Eclipse Ti

inverted light microscope system. 10X magnification was used for whole-colony im-

ages, and 40X magnification was used for single sector images. Fluorescent images

were taken using Chroma filter sets ET-dsRed (49005) and ET-CFP (49001) and a

Pixis 1024 CCD camera.

We used scikit-image [148] for image processing in Python. Images from differ-

ent fluorescent channels were integrated after background subtraction and normal-

ization by respective maximum intensity. The sector boundaries were identified

as the furthest points from inoculation plane where both strains’ FL intensities

were above respective thresholds. The codes for image analysis are available via

GitHub (https://github.com/lachesis2520/dented_front_public.git).

3.5.5 Numerical simulation

Numerical simulations were performed by solving the corresponding partial differen-

tial equations on a square grid using a forward-in-time finite difference scheme that is
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second order accurate in space and first order accurate in time [122]. Python codes are

available via GitHub (https://github.com/lachesis2520/dented_front_public.git).

For cooperator-cheater model simulation, we used the following set of values for

parameters (𝑠, 𝛼): (−0.04, 0), (−0.36, 0), (−1, 0), (−0.173, 0.187), (−0.457, 0.543),

(0.36, 0.4), and (0.36, 0.72).

For growth-dispersal tradeoff model simulation, we used (𝑠,𝐷1) of (0.04, 0), (0.36, 0),

(1, 0), (0.36, 0.147), (1, 0.271), (0.04, 0.385), and (0.36, 0.529).
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Chapter 4

Conclusion

4.1 How my works fit into today’s microbial ecology

During my PhD study in microbial ecology from 2018 to 2022, there has been a

growing trend of studying microbial communities in the lens of emergent phenomena.

Many significant works in resource competition demonstrated that microbial com-

munities’ behaviors are often explained not by microscopic characterization but by

taking appropriate coarse-grained description [51, 63].

I have pursued understanding emergent simplicity in microbial communities com-

peting for resource and space. As all microbes consume resources and occupy space,

the two modes of competition I studied can be relevant to a wide range of microbial

communities in nature. Not to mention, the two axes are both highly active areas of

research in the field.

Both of my major projects share one feature that is not always found in other

studies of emergent behaviors of microbial communities. They both demonstrate that,

beyond qualitative explanations, we can make precise predictions for the behaviors

of microbial communities without any information about microscopic details of the

systems. In my work on resource competition, I have shown that individual species’

survival in community assembly can be predicted without any information about

the supplied resources of the system or growth rates of the microbes. In my work

on spatial competition, I have shown that the large-scale pattern can be predicted
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without any information about the growth rates and migration rates of microbes or

the interspecies interactions between them.

Finally, my PhD works point toward exciting future directions ahead in the field of

microbial ecology. In resource competitions, we have focused on a limited scope of a

particular resource model and future work is required to explore the extent of possible

mechanistic origins behind the simplicity of community assembly. In terms of spatial

competition, it will be important to examine how local interactions influence the eco-

evolutionary dynamics during range expansions. In the end, it will be interesting to

push toward the limit of how the lens of emergent behavior allows us to discover simple

descriptions of microbial communities at large scales unhindered by their complexities

at small scales.

4.2 Emergent phenomena in complex systems

In my PhD, I have studied emergent phenomena in microbial communities. The stud-

ies have demonstrated that for microbial communities, we can find simple governing

principles at emergent level. Now, the question is whether we can find more gen-

eral governing principles that are applicable for any complex systems. While most

artificial systems are pure, natural systems are often heterogeneous mixtures of di-

verse components: intracellular fluid contains diverse proteins and organelles, tissues

contain diverse cells, and interstellar matter consists of diverse molecules. In these

systems, some conventional physics may break down and totally new behaviors may

emerge. Nevertheless both new and unbroken features in complex systems remain

unclear.

My PhD was limited as I could not find a general principle or approach that is ap-

plicable for a wide range of complex systems which do not have without conservation

of energy, conservation of number of particles, nor a single scale of interaction over

the system. As I plan to pursue this idea during my postdoctoral work, I propose two

themes that may be hint toward understanding physics of complex systems better.

The first concept is duality. Duality, such as AdS/CFT correspondence, is an
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equivalence between two completely different theories that enables one to utilize ad-

vantages of both theories []. In my selected work on competition for resource, I

demonstrated a correspondence between mechanistic model of resource competition

and empirical simple rule of microbial community assembly. In this example, the

duality across scales is a powerful tool that extracts simple principles emerging from

a microscopic model. It would be very interesting to find such duality between micro-

scopic model of other - or generic - complex systems and a simple theory at emergent

level.

The second concept is a dynamic phase. Recent studies have discovered multiple

mechanisms that lead to ‘dynamic phase’ in complex systems during which spon-

taneous dynamics persist by interactions between components without any external

drive. A microbial community may sustain persistent fluctuation in its composi-

tion when it has sufficiently many different species, and a binary mixture with non-

reciprocal interaction may stay in a chiral or swap phase during which the system’s

order parameter keeps rotating or flipping [63, 48]. Both of these examples suggest

that spontaneously driven persistent dynamics may be a feature of complex systems

in general that is not possible in simple (passive, single-type) systems. It would be in-

teresting to understand a general principle governing such dynamic phase and explain

important phenomena in nature with this concept.

Overall, this is the right moment to expand the language of physics. While we

still do not have a good understanding of the physics of complex systems, recent

advances in the fields of ecology and active matter suggest potential ways to achieve

it. It would be exciting to integrate all the interdisciplinary progress into a universal

understanding of the emergent phenomena in complex systems.
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Appendix A

Appendix for Chapter 2

A.1 Supplementary figures
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Figure A-1: Community assembly of trios in Fig. 2 agrees with the assembly rule under
most of resource supply concentration. A. All 6 outcomes for the trio in Fig. 2A. Note that
outcomes change only when resource supply moves over a resource consumption vector. All
the outcomes follow the assembly rule. B. All 12 outcomes for the trio in Fig. 2B. Outcomes
violate the assembly rule when resource supply is inside region c or d.
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Figure A-2: All-species coexistence requires all-pair coexistence, but not vice versa. A.
Geometric analysis of trio community competing for three resources illustrates all-pair co-
existence both with and without all-species coexistence. In the 3-dimensional space of three
resource concentrations, it is often useful to consider a simplex on which the total concen-
tration of supplied resources is kept constant. The phase diagram of outcomes in the case
of three ZNGIs intersecting at a point, projected on the simplex, is qualitatively same as
the example illustrated on the right. We can see that the region where three species coexist
in trio competition (region f) is inside the region where all pairs coexist (region e & f). B.
Generically, the resource supply supporting all-species coexistence always supports all-pair
coexistence as well, but not vice versa. This is because the convex hull of three resource
consumption vectors, which is the region of all-species coexistence, is always included in
the intersection of every region for each pairwise coexistence. C. This geometric constraint
dictates that when a pair does not coexist it can never coexist in community assembly. This
implies that the two outcomes on the left are possible while the other two on the right are
impossible.
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Assembly rule
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Figure A-3

Figure A-3: Trio community assembly outcomes for each number of supplied resources do
not exhibit unexpected assembly rule violations. In addition to 1, 5, and 50 resources cases
shown in Fig. 4, here we show the distribution of outcomes under all number of resources that
we have simulated. As the number of resources increase, species tend to coexist. Also, any
violation observed in simulations is one of two violations that are expected from geometric
analysis.
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Figure A-4: Trio community outcomes in diauxic growth model often agree with the as-
sembly rule. While our chemostat-like model in the main text assumes that species consume
all resources simultaneously, microbes in nature often exhibit diauxic growth in which each
resource consume one resource at a time, starting with its top preference and then moving
on to its next remaining preference after each resource depletion. We tested how the as-
sembly rule works under such growth dynamics by implementing a diauxic growth model
used in Bloxham et al. [18]. Across 1000 simulated communities of three species growing
on three resources, the assembly rule often predicted trio outcomes accurately from pair-
wise outcomes. (For each simulated community, each component of the resource supply was
uniform-randomly sampled from 0 to 1 and the total resource supply was then normalized
to 1, while growth rates were uniform-randomly sampled from 0 to 1. Each species’ resource
preference order matched the ordering of its growth rates such that each species first con-
sumed whichever resource it grew fastest on. A dilution factor of 10 was used. Diauxic
lags were assumed to be zero so that species instantly starts consuming the next preferred
resource upon depletion of the previous resource.)
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Number of Communities with Assembly rule Communities without Assembly rule
resources a non-intersecting prediction non-intersecting prediction

ZNGI pair accuracy (%) ZNGI pair accuracy (%)
1 500 100 0 -
3 278 100 222 94.29
5 82 100 418 94.90
10 3 10 497 92.62
20 0 - 500 90.13
50 0 - 500 90.6
100 0 - 500 95.6

Table A.1: Assembly rule prediction always works perfectly for trio communities with non-
intersecting ZNGI pairs. From geometric analysis, we stated that the assembly rule should
perfectly predict trio community assembly when any pair of ZNGI does not intersect. By
inspecting the growth rates in each simulated community, we divide the dataset used in
Fig. 4 into communities with and without non-intersecting ZNGI pairs. Here we show the
number of communities in the two subsets and average assembly rule accuracy in each of
the subsets. The assembly rule indeed perfectly works for simulated communities with non-
intersecting ZNGI pairs, verifying our statement from geometric analysis.
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A.2 Trio community assembly under two supplied

resources

In this appendix, we find all cases of 3-species community assembly under two resource

supply. Assuming biomass yields are uniform or have the structure 𝑌𝜇𝑖 = 𝑎𝜇𝑦𝑖 (as in

the Main Text), all possible scenarios for trio community can be categorized by how

their ZNGIs intersect. There are 6 different ways for three lines (each with positive

intercepts on both axes) to intersect on the quarter-plane of two positive resource

concentrations. And for each topology of ZNGIs, we obtain a phase diagram of how

different region of supplied resource concentrations lead to different pairwise and trio

outcomes.

We also note that there are some important constraints on the resource consump-

tion vectors:

First, two consumption vectors of a species from different points of its ZNGI can

never cross. To see this, let us consider any two points (𝑐𝑎1, 𝑐
𝑎
2) and (𝑐𝑏1, 𝑐

𝑏
2) on a

single ZNGI, Then consumption vectors from them have slopes 𝑌𝜇1𝑟𝜇2
𝑌𝜇2𝑟𝜇1

𝑐𝑎2
𝑐𝑎1

and 𝑌𝜇1𝑟𝜇2

𝑌𝜇2𝑟𝜇1

𝑐𝑏2
𝑐𝑏1

,

respectively. The slope will always be steeper for the point with larger 𝑐2
𝑐1

, and since

the two points lie on the same line with a negative slope, the two consumption vectors

will never intersect.

Second, by assuming that the biomass yield 𝑌𝜇𝑖 = 𝑎𝜇𝑦𝑖, we find a similar relation

between consumption vectors of different species. Following the same analysis, we can

see that the slopes will be steeper for larger 𝑟𝜇2
𝑟𝜇1

𝑐2
𝑐1

. Thus by inspecting the slopes of

ZNGIs and the points of intersections, we can tell whether two consumption vectors

may or may not intersect.

For the sake of clarity, here we show the phase diagrams for all 6 topologies. For

each arrangement of ZNGIs, a phase diagram with the maximum number of outcomes

is shown.
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Figure A-5
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Figure A-5: Phase diagrams for all ZNGI topologies of 3 species on 2 resources. The
bottom left diagram can lead to two distinct violations (one of which appears twice due to
symmetry). All other cases always follow the assembly rule.
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A.3 Trio community assembly under three supplied

resources

In this appendix, we find all cases of 3-species community assembly under three

resource supply. Similar to the previous case, we identify all possible ZNGI arrange-

ments and corresponding phase diagrams. As each ZNGI is a plane in this three-

dimensional case, two ZNGIs intersect along a line and three ZNGIs at a single point

may intersect. By counting such intersections that either lie on the innermost ZNGIs

or lie outside them, we find all 7 possible ZNGI arrangements and possible commu-

nity assembly under each of them (While we do not present a mathematically rigorous

proof but instead focus on providing a more intuitive understanding, we are unaware

of any other community assembly being possible).

Remarkably, many ZNGI arrangements in 3D are equivalent to 2D arrangements;

one may find an axis along which all 2D slices of ZNGI planes have the same arrange-

ments (such that rotating the 2D slice about the axis does not change the qualitative

arrangement of the ZNGI projections on the slice). When this happens, as in the

illustrated example on the left, since the 3D ZNGI arrangements is equivalent to a

trivial extension of 2D arrangement along a new axis, the set of pairwise and trio

outcomes is the same as its equivalent 2-resource competition’s.

Given this, let us examine each of all 7 phase diagrams.

Overall, we expect 8 possible 3-species community assembly, as shown in Fig. 4B

in the main text.
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Figure A-5: 0 ZNGI intersections: This case is equivalent to the 2-resource case with no
ZNGI intersections. Fast grower excludes others in all competitions, and only one set of
pairwise and trio outcome is possible.
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Figure A-5: 0 intersection on innermost ZNGIs, 1 intersection outside: This case is equiv-
alent to the 2-resource case with one ZNGI intersection outside the innermost ZNGI. The
fastest grower (red) excludes others, and the others may coexist or exclude one another
depending on resource supply.
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Figure A-5: 1 intersection on innermost ZNGIs, 0 intersection outside: This case is equiv-
alent to the 2-resource case with two innermost ZNGIs intersecting. The slowest grower
(yellow) is excluded by others, and the others may coexist or exclude one another depending
on resource supply.
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Figure A-5: 1 intersection on innermost ZNGIs, 1 intersection outside: This case is equiv-
alent to the 2-resource case with one ZNGI intersecting with the other two.
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Figure A-5: 1 intersection on innermost ZNGIs, 2 intersections outside: This case is
equivalent to the 2-resource case with all ZNGI pairs intersecting, with innermost ZNGIs
consisting of two ZNGIs.
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Figure A-5: 2 intersections on innermost ZNGIs, 1 intersection outside: This case is
equivalent to the 2-resource case with all ZNGI pairs intersecting, with innermost ZNGIs
consisting of three ZNGIs.

76



Figure A-5: 7. Three ZNGIs intersect at a point: This case is not equivalent to any
of 2-resource cases, which we can immediately see from the fact that three ZNGIs cannot
intersect at a point on a plane in general. Remarkably, this is the only case where all three
species can coexist. The phase diagram of outcomes for this arrangement is illustrated in
Fig. S2.
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Appendix B

Appendix for Chapter 3

Supplementary figures

Figure B-1: Emergence of dents in wildtype colonies was reproducible. Wildtype colonies
were grown for 48 hours. Top: wildtype strains constitutively expressing mScarlet-I. Bottom:
wildtype strains constitutively expressing mTurquois-2.
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Figure B-2: Mutant expands more slowly regardless of the choice of fluorescent labels.
Wildtype with mTurquoise-2 fluorescence protein expanded with 𝑣w = 30 𝜇𝑚/ℎ while mu-
tant with mScarlet-I fluorescence protein expanded with 𝑣m = 22 𝜇𝑚/ℎ.
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Wildtype

Mutant

Combined

Figure B-3: In co-culture experiment, wildtype did not expand after a day while mutant
kept expanding. Top: Fluorescence images of wildtype cells during expansion. Middle:
Fluorescence images of mutant cells during expansion. Bottom: combined.
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Figure B-4: Mutant outcompetes wildtype under a wide range of inoculant densities and
initial mutant fractions.

81



inoculant mutant fraction

1%  10%  50%  90%  99%

in
oc

ul
an

t d
en

si
ty

 (O
D

60
0)

Figure B-5: Mutant outcompetes wildtype under a different choice of fluorescent labels of
wildtype and mutant.
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Figure B-6: No dented fronts occur in simulations with density-independent growth and
dispersal. In each column, the growth advantage 𝑟m/𝑟w − 1 is the same (Left: 0.04, Middle:
0.36, Right:1). Simulations in top row have 𝐷w = 𝐷m, so that the ratio of the expansion
velocities varies with the growth rates (𝑣m = 𝑣w

√︀
𝑟m/𝑟w). For the bottom row, we used

𝐷m = 0.64𝑟w
𝑟m

𝐷w so that 𝑣m = 0.8𝑣w. We observed no expanding mutant sectors when its
expansion velocity was less than that of the wildtype.
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Figure B-7: Dented fronts occur in simulations with 𝐷m ̸= 𝐷w. We used a variation of
cheater-cooperator model (Eq. 2) in which dispersal of wildtype and mutant is no longer
identical. In all cases of 𝐷m = 0.9𝐷w, 𝐷m = 𝐷w, and 𝐷m = 1.1𝐷w mutant developed
a dented front with only quantitative changes in sector shapes. These simulations used
parameters 𝑠 = 0.4 and 𝛼 = 0.6.
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B.1 Geometric theory and sector shapes

B.1.1 Introduction

During spatial growth in microbial colonies or other cellular aggregates, mutants

appear and compete with each other. Previous studies [79] and common intuition

suggest that advantageous mutants should form a sector that bulges out of the ex-

pansion front. In the main text, we reported experiments showing that this is not

always the case. Here, we identify all possible shapes that can result from competition

between two types in a growing colony.

To make progress, we make a number of approximations and work in the so-

called geometrical optics limit. This limit assumes that the expansion front and

the boundary between the types can be treated as thin lines. Neglecting sector and

boundary widths is justified when these length scales are much smaller than the colony

size. In small colonies, thin boundaries require strong genetic drift and slow motility.

Furthermore, we assume that the expansion velocity of each type remains fixed. In

particular, we neglect the effects of spatial variation in nutrient concentration due

to protrusions of one type ahead of the other. This approximation is valid for high

nutrient concentrations and when the size of the protrusions is small compared to the

size of the mutant sector.

Figure B-8: Geometry of the competition.

In the geometric-optics limit, the competition between two types is described

by three velocities: the velocity of mutant 𝑣m, the velocity of wildtype 𝑣w, and the
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velocity of the boundary 𝑣b, which are shown in Fig. B-8. (Note 𝑣b ̸= 𝑢) Previous

work [79] focused on the regime when 𝑣b was determined by 𝑣m and 𝑣w; in contrast,

we make no assumptions about the relative magnitude of these three velocities.

To avoid confusion we want to reiterate that the velocity of the wildtype 𝑣w is

defined in isolation, away from the mutant. Similarly, the velocity of the mutant 𝑣m

is defined in isolation, away from the wildtype. For brevity, we refer to wildtype as

fast and mutant as slow even though this terminology is not applicable at the sector

boundary where the mutant may expand faster than the wildtype.

In the close vicinity of the sector boundary, the two expansion fronts can be ap-

proximated as straight lines. Their position (Fig. B-8) is determined by requiring that

the expansion along the boundary with velocity 𝑣b results in the same displacement

of the fronts as moving perpendicular to them with velocities 𝑣m and 𝑣w respectively:

𝑣w = 𝑣b sin𝜑w, (B.1)

𝑣m = 𝑣b sin𝜑m. (B.2)

For linear inoculations, the above equations are sufficient to completely specify

sector shapes because, as we show below, the expansion fronts are straight lines even

away from the sector boundary. For circular initial conditions, Eqs. (B.2) provide

information only about the local orientation at the sector boundary, and further

calculations are necessary. One way to obtain global shape is to write down partial

differential equations that specify how the position of the front changes and use

Eqs. (B.2) as the boundary conditions. A much simpler approach is to use an equal

time argument from Ref. [79].

This method traces the ancestral lineage from each point along the front and

requires that the time traveled on that lineage is equal to the current time 𝑡. The

location of the ancestral lineage is such that it takes the shortest time to reach the

initial population starting from a given point without entering the space occupied by

the other type. The details of these calculations are provided below.
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Before proceeding, we note that, here and in the main text, we typically parame-

terize the problem with velocity 𝑢 rather than 𝑣b. Since 𝑢 is defined as the velocity

of the boundary point along the front of wildtype, we can obtain it by projecting the

boundary velocity on the expansion front of the wildtype:

𝑢 = 𝑣b cos𝜑w. (B.3)

From this equation and Eq. (B.2), it follows that

𝑣b =
√︀

𝑣2w + 𝑢2. (B.4)

In the following, we assume that mutant takes over the front, i.e. 𝑢 > 0. Mu-

tants with negative 𝑢 immediately become extinct at least in the deterministic model

considered here.

Finally, we observe that Eqs. (B.2) impose constraints on the values of the three

velocities. In particular, since sines are always less than one, the boundary velocity 𝑣b

must be greater or equal than both 𝑣m and 𝑣w. In terms of 𝑢, this implies that

𝑣m ≤
√︀
𝑢2 + 𝑣2w. (B.5)

B.1.2 Linear inoculation

Sector boundary

Linear expansion geometry, the simplest situation to consider, allows us to explain

the essence of the equal time argument. This geometry is illustrated in Fig. B-9.

Initially (𝑡 = 0), the colony front is located at 𝑦 = 0, and expansion proceeds in the

upper half-plane. Mutant is only present at a single point, which we put at 𝑥 = 0;

the rest of the front is occupied by the wildtype.

As the expansion proceeds, the region near 𝑥 = 0 is affected by the competi-

tion between the types. From the definition of 𝑢, the extent of this region is given

by 𝑥 ∈ (−𝑢𝑡, 𝑢𝑡). Regions further away are however unaffected and expand as if
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Figure B-9: Sector shape for linear inoculation and 𝑣m < 𝑣w. Sectors of faster wildtype
(red) and slower mutant (cyan) meet at sector boundary 𝐼𝐵l and 𝐼𝐵r. It takes the shortest
time for the mutant to go from its initial location at 𝐼 to a point on the front 𝑃 by first
following 𝐼𝑃 ′ and then 𝑃 ′𝑃 (blue path). The resulting geometry can be characterized by
two opening angles: 2𝜑b for the sector boundary and 2𝜑d for the expansion front.

only wildtype is present. Thus, for |𝑥| ≥ 𝑢𝑡, the front is located at 𝑦 = 𝑣w𝑡. From

these considerations, we can further conclude that the sector boundary is described

by (𝑢𝑡, 𝑣w𝑡). Note that, below, we consider only the right side of the expansion; the

left side is described by the mirror image with respect to the y-axis. Thus,

tan𝜑b =
𝑢

𝑣w
. (B.6)

Note that, 𝜑b = 𝜑w − 𝜋/2, which is clear from Figs. B-8 and B-9.

The shape of the front for |𝑥| < 𝑢𝑡 depends on the relative values of 𝑣m, 𝑣w, and 𝑢.

𝑣m ≤ 𝑣w

When mutant is slower than wildtype, we find that front has a V-shaped dent with

an opening angle 2𝜑d as shown in Fig. B-9. To derive this result, we take a point 𝑃

on the front with yet unknown coordinates (𝑥𝑝, 𝑦𝑝). Note that 𝑥𝑝 ∈ (0, 𝑢𝑡). Then,

we should obtain the location of the ancestral lineage that connects this point to the

initial location of the mutant: point 𝐼. Because the ancestral lineage is located so

that to minimize the travel time, it must be a union of straight lines. Indeed, it is a

well-known fact from geometrical optics that light rays travel on straight lines except

where the value of the refraction index changes [20]. In our case, this means that

the ancestral lineages of mutant can consist of straight lines within the mutant sector
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and regions of the boundary. Obviously, the ancestral lineage of the mutant cannot

penetrate the region occupied by the wildtype.

The equal time argument then offers us two possibilities: a direct connection 𝐼𝑃

and an indirect connection
⌢

𝐼𝑃 ′𝑃 via a point 𝑃 ′ on the sector boundary. The times

to traverse these paths are

𝑇𝑃𝐼 = |𝑃𝐼|/𝑣m, (B.7)

𝑇𝑃𝑃 ′𝐼 = |𝑃𝑃 ′|/𝑣m + |𝑃 ′𝐼|/𝑣b. (B.8)

To complete the analysis, we need to choose the path with the lowest travel time

and determine all locations of 𝑃 for which the travel time equals 𝑡. For the direct

connection, it is clear that 𝑃 must lie on an arc of a circle with the radius of 𝑣m𝑡

centered at 𝐼. For the indirect connection, we first need to determine the location

of 𝑃 ′, which must minimize the travel time.

Since 𝑃 ′ lies on the sector boundary its coordinates are given by (𝑢𝑡′, 𝑣w𝑡
′) with

an unknown 𝑡′. The travel time is then given by

𝑇𝑃𝑃 ′𝐼 =

√︀
(𝑥𝑝 − 𝑢𝑡′)2 + (𝑦𝑝 − 𝑣w𝑡′)2

𝑣m
+

√︀
𝑢2 + 𝑣2w𝑡

′

𝑣𝑏
. (B.9)

Upon minimizing 𝑇𝑃𝑃 ′𝐼 with respect to 𝑡′, we find that

𝑡′ =
𝑢
√︀

𝑢2 + 𝑣2w − 𝑣2m + 𝑣m𝑣w

(𝑢2 + 𝑣2w)
√︀

𝑢2 + 𝑣2w − 𝑣2m

(︃
𝑥𝑝 +

𝑢𝑣w − 𝑣m
√︀

𝑢2 + 𝑣2w − 𝑣2m
𝑢2 − 𝑣2m

𝑦𝑝

)︃
, (B.10)

and the travel time equals

𝑇𝑃𝑃 ′𝐼 =
(𝑢𝑣m − 𝑣w

√︀
𝑢2 + 𝑣2w − 𝑣2m)𝑥𝑝 + (𝑣m𝑣w + 𝑢

√︀
𝑢2 + 𝑣2w − 𝑣2m)𝑦𝑝

(𝑢2 + 𝑣2w)𝑣m
, (B.11)

which is smaller than 𝑇𝑃𝐼 as long as 𝑣m < 𝑣w. Thus, the ancestral lineages takes an
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indirect path that first connects point 𝑃 to the sector boundary and then follows the

sector boundary until 𝐼. The shape of the front is determined by setting 𝑇𝑃𝑃 ′𝐼 from

Eq. (B.11) equal to 𝑡. This results in a segment of a straight line, and a straightforward

calculation shows that

𝜑d = arctan

(︃
𝑢
√︀

𝑣2w + 𝑢2 − 𝑣2m + 𝑣m𝑣w

𝑣w
√︀
𝑣2w + 𝑢2 − 𝑣2m − 𝑢𝑣m

)︃
. (B.12)

Because the front and the sector boundaries are straight, the result above also di-

rectly follows from Eqs. (B-8). Indeed, a simple geometric argument shows that 𝜑d =

𝜑m + 𝜑w − 𝜋/2.

Note that, for 𝑣m = 𝑣w, the angle 𝜑d = 𝜋/2 and the whole front is flat as it should

if the expansion rates of the strains are identical.

𝑣m =
√︀

𝑣2w + 𝑢2

In the limiting case of maximal allowed 𝑣m, the shape of the sector is also simple

and immediately follows from the calculations above. Now, as we compare the two

alternative paths, we find that 𝑇𝑃𝐼 is always smaller than 𝑇𝑃𝑃 ′𝐼 . Thus, the shape of

the sector is an arc of a circle of radius 𝑣m𝑡 around 𝐼 that connects to the flat front

of the wild type at the sector boundary.

Previous work that used the equal time argument to describe competition in mi-

crobial colonies only considered 𝑣m =
√︀

𝑣2w + 𝑢2 and missed other possible front

shapes [79]. While it might appear that 𝑣m =
√︀

𝑣2w + 𝑢2 is a very special case,

this relationship between the velocities holds across a wide set of conditions. Specif-

ically, 𝑣m =
√︀

𝑣2w + 𝑢2 whenever local competition between the types is not strong

enough to alter the priority effects due to different expansion velocities.

𝑣w < 𝑣m <
√︀

𝑣2w + 𝑢2

The remaining possibility is the hybrid of the two cases considered so far. Depending

on how far 𝑃 is from the sector boundary, the quickest path from 𝑃 to 𝐼 may be

either the direct or the indirect connection. We find that the front around 𝑥 = 0 is a
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semicircle of radius 𝑣m𝑡, but it is a straight line near the sector boundaries. The two

segments joint smoothly. The angular half-width of the central arc, 𝜑transition, and the

slope of the linear segment (see Fig. B-10) are given by

𝜑transition = arctan

(︃
𝑢𝑣m − 𝑣w

√︀
𝑣2w + 𝑢2 − 𝑣2m

𝑣m𝑣w + 𝑢
√︀
𝑣2w + 𝑢2 − 𝑣2m

)︃
, (B.13)

slope = −
𝑢𝑣m − 𝑣w

√︀
𝑣2w + 𝑢2 − 𝑣2m

𝑣m𝑣w + 𝑢
√︀

𝑣2w + 𝑢2 − 𝑣2m
. (B.14)

Figure B-10: Possible sector shapes for linear inoculation. Left: 𝑣m < 𝑣w. The mutant
sector emerging from point I has a dented front. The front consists of two straight lines.
The shortest-time path follows the sector boundary and also enters the sector interior. Mid-
dle: 𝑣w < 𝑣m <

√︀
𝑣2w + 𝑢2. The mutant sector is a composite bulge. The front consists of

two straight lines and an arc. To reach a point 𝑃𝑜𝑢𝑡𝑒𝑟 on straight part of the expansion front,
the shortest-time path first follows the sector boundary before entering the sector interior.
To reach a point 𝑃𝑖𝑛𝑛𝑒𝑟 on the arc, the shortest-time path follows a straight line from I
to 𝑃𝑖𝑛𝑛𝑒𝑟. Right: 𝑣m >

√︀
𝑣2w + 𝑢2. The front is an arc. To reach a point 𝑃 on the front, the

shortest-time path follows a straight line from I to 𝑃 .

B.1.3 Circular inoculation

We assume that the expansion starts at 𝑡 = 0 when wildtype colony fills the circle

with radius 𝑟 ≤ 𝑟0, and the mutant is present only at 𝐼 = (𝑟0, 0) in polar coordinates.
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Figure B-11: Circular colony with a dented front, 𝑣w > 𝑣m. The path of the shortest time
follows the sector boundary from 𝐼 to 𝑃 ′ and then a straight line connecting 𝑃 ′ and 𝑃 . Note
that 𝑃 ′𝑃 and 𝑂𝑃 ′ always intersect at angle 𝜃.

Sector boundary

The boundary between the mutant and the wild type moves with linear velocity 𝑢

along the front.In polar coordinates, the position of the sector boundary (𝑟b, 𝜑b) then

obeys the following equation
𝑑𝜑b

𝑑𝑡
=

𝑢

𝑟b
. (B.15)

We can eliminate time by using 𝑑𝑟b/𝑑𝑡 = 𝑣w to obtain

𝜑b(𝑟b) =
𝑢

𝑣w
ln(

𝑟b
𝑟0
). (B.16)

We also find that the length of boundary at time 𝑡 is
√︀
𝑣2w + 𝑢2𝑡, and thus

𝑣b =
√︀

𝑣2w + 𝑢2 (B.17)

just as in the linear case.
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𝑣m < 𝑣w

Let us consider a point 𝑃 = (𝑟𝑝, 𝜑𝑝) on a mutant patch with 𝜑𝑝 > 0 for simplicity.

As described before, we first find 𝑇𝑃𝑃 ′𝐼 by minimizing |𝑃𝑃 ′|
𝑣m

+ |
⌢

𝑃 ′𝐼|
𝑣w

over points 𝑃 ′ on

the sector boundary. The point 𝑃 ′ = (𝑟𝑃 ′ , 𝜑𝑃 ′) should satisfy two equations:

𝜑𝑃 ′(𝑟𝑃 ′) =
𝑢

𝑣w
ln(

𝑟𝑃 ′

𝑟0
), (B.18)

𝑑

𝑑𝑟𝑃 ′

(︃
𝑟𝑃 ′ − 𝑟0

𝑣w
+

√︀
(𝑟𝑝 cos𝜑𝑝 − 𝑟𝑃 ′ cos𝜑𝑃 ′)2 + (𝑟𝑝 sin𝜑𝑃 ′ − 𝑟𝑃 ′ sin𝜑𝑃 ′)2

𝑣m

)︃
= 0.

(B.19)

Here, the first equation constrains 𝑃 ′ to be on the sector boundary, and the second

equation minimizes 𝑇𝑃𝑃 ′𝐼 over 𝑃 ′. Since there are two unknowns and two equations,

we can solve for (𝑟𝑃 ′ , 𝜑𝑃 ′). The solution is conveniently written in an implicit form:

𝑟𝑃 ′ sin𝜑𝑃 ′ − 𝑟𝑝 sin𝜑𝑝

𝑟𝑃 ′ cos𝜑𝑃 ′ − 𝑟𝑝 cos𝜑𝑝

= − tan(𝜃 − 𝜑𝑃 ′),

𝜃 = arctan

(︃
𝑢𝑣m − 𝑣w

√︀
𝑣2w + 𝑢2 − 𝑣2m

𝑣m𝑣w + 𝑢
√︀
𝑣2w + 𝑢2 − 𝑣2m

)︃
.

(B.20)

This tells that 𝑃𝑃 ′ is parallel to (1, 𝜃 − 𝜑𝑃 ′); the angle between 𝑃𝑃 ′ and 𝑃 ′𝑂 is a

constant 𝜃 independent of 𝑟𝑝, 𝜑𝑝. Note that 𝜃 > 0 for 𝑣m < 𝑣w, and thereby every

point 𝑃 on mutant front with 𝜑𝑝 has its corresponding 𝑃 ′ on sector boundary
⌢

𝐼𝐵.

The next step toward identifying the front position at time 𝑇 is to find all points 𝑃

such that 𝑇𝑃𝑃 ′𝐼 = 𝑇 . Using the mapping between 𝑃 and 𝑃 ′ described above, we find

𝑃 by first moving along sector boundary and then moving in a straight line parallel

to (1, 𝜃− 𝜑𝑃 ′). By varying the time 𝑡′ spent along the sector boundary while keeping

the total time 𝑇 fixed, we obtain a parametric expression for 𝑃 (𝑇 ) = (𝑥𝑝(𝑇 ), 𝑦𝑝(𝑇 ))

in Cartesian coordinates:
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𝑥𝑝(𝑇 ; 𝑡
′) = (𝑣w𝑡

′ + 𝑟0) sin(
𝑢

𝑣w
ln(

𝑟0 + 𝑣w𝑡
′

𝑟0
)) + 𝑣m(𝑇 − 𝑡′) sin(

𝑢

𝑣w
ln(

𝑟0 + 𝑣w𝑡
′

𝑟0
)− 𝜃),

𝑦𝑝(𝑇 ; 𝑡
′) = (𝑣w𝑡

′ + 𝑟0) cos(
𝑢

𝑣w
ln(

𝑟0 + 𝑣w𝑡
′

𝑟0
)) + 𝑣m(𝑇 − 𝑡′) cos(

𝑢

𝑣w
ln(

𝑟0 + 𝑣w𝑡
′

𝑟0
)− 𝜃).

(B.21)

It is also possible to get a non-parametric, explicit expression by solving an equiv-

alent partial differential equation using the method of characteristics:

𝜑𝑝(𝑡, 𝑟) =
𝑢

𝑣w
ln

(︂
1 +

𝑣w𝑡

𝑟0

)︂
+ 𝐹

(︂
𝑟

𝑟0 + 𝑣w𝑡

)︂
− 𝐹 (1), where

𝐹 (𝜌) =
𝑢

2𝑣w
ln

⎛⎜⎝(𝜌2𝑣2w − 𝑣2m)

√︁
𝜌2 − 𝑣2m

𝑣2w+𝑢2 − 𝑢𝑣m

𝑣w
√

𝑣2w+𝑢2√︁
𝜌2 − 𝑣2m

𝑣2w+𝑢2 +
𝑢𝑣m

𝑣w
√

𝑣2w+𝑢2

⎞⎟⎠
+ arctan

(︃√︀
𝑣2w + 𝑢2

𝑣m

√︃
𝜌2 − 𝑣2m

𝑣2w + 𝑢2

)︃
.

(B.22)

𝑣m > 𝑣w

In this regime, 𝜃 < 0 and thereby some points 𝑃 on the mutant front do not have a

corresponding 𝑃 ′ on the sector boundary. In other words, the straight path 𝐼𝑃 takes

the shortest time. We find that, when 𝑃 is near the top of the bulge, the minimal

path is a straight line 𝐼𝑃 while, When 𝑃 is further from the top, the minimal path

is a straight line 𝑃 ′𝑃 followed by a curved path
⌢

𝐼𝑃 ′ along the sector boundary.

Note that the straight path is tilted by a fixed angle 𝜃 from 𝑂𝑃 ′, pointing inwards

to the center of the sector compared to the tangent line except when 𝑣m =
√︀
𝑣2w + 𝑢2.

In the latter case, 𝜃 = − arctan
(︁√︁

𝑣2m
𝑣2w

− 1
)︁
, and the straight path is tangent to the

sector boundary, as described in [79].

The boundary between the two regions of the front lies angle 𝜑transition way from

the center. This angle is given by

𝜑transition = arctan

(︃
𝑢𝑣m − 𝑣w

√︀
𝑣2w + 𝑢2 − 𝑣2m

𝑣m𝑣w + 𝑢
√︀
𝑣2w + 𝑢2 − 𝑣2m

)︃
. (B.23)
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Thus, the bulge is an arc of a circle near the center and is described by Eq. (B.21)

near the sector boundary.
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B.2 Dispersal without carrying capacity

In the main text, we considered two mechanistic models that produce all possible

sector shapes. For both models, we assumed that the dispersal term has a factor

of (1 − 𝑛w − 𝑛m) so that the dispersal ceases when population reaches the carrying

capacity. Without the carrying capacity factor, any spatial patterns should eventu-

ally vanish because the populations continue to intermix behind the expanding front.

Accordingly, sectors exist only in the transient timescale between expansion and dif-

fusion. Nevertheless, the (1−𝑛w−𝑛m) factor does not affect the ratios between three

velocities 𝑣w, 𝑣m and 𝑢, and since these ratios determine the sector shape in geometric

theory, we expect that the absence of the (1 − 𝑛w − 𝑛m) factor does not affect the

sector shape observed in transient timescales. To verify this idea, we simulated a

microscopic model without carrying capacity on diffusion:

𝜕𝑡𝑛w = 𝐷∇2𝑛w + 𝑟

(︂
1− 𝛼

𝑛m

𝑛w + 𝑛m

)︂
𝑛w(1− 𝑛w − 𝑛m),

𝜕𝑡𝑛m = 𝐷∇2𝑛m + 𝑟

(︂
1− 𝑠+ 𝛼

𝑛w

𝑛w + 𝑛m

)︂
𝑛m(1− 𝑛w − 𝑛m).

(B.24)

The simulation demonstrated that the sector shape was not affected by carrying

capacity factor from dispersal (Fig. B-12). The sector boundaries were blurred by the

nonzero dispersal behind the front, but the overall shape of the sector remained the

same.
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A B

Figure B-12: Dented front in a model with density-independent dispersal. Formation of
dented sectors in simulations with different models of dispersal. (A) The model from the
main text Eq. 1. (B) A model with density-independent dispersal Eq. B.24. Note the blurry
sector boundaries due to continued intermixing after growth ceases behind the front.
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B.3 Nonspatial limit for mechanistic models

In the main text, we considered two mechanistic models that produce all possible

sector shapes. Here, we analyze these models in the nonspatial, i.e. well-mixed, limit,

which describes local competition.

B.3.1 Cheater-cooperator model

The model reads

𝜕𝑡𝑛w =

(︂
𝐷∇2𝑛w + 𝑟

(︂
1− 𝛼

𝑛m

𝑛w + 𝑛m

)︂
𝑛w

)︂
(1− 𝑛w − 𝑛m),

𝜕𝑡𝑛m =

(︂
𝐷∇2𝑛m + 𝑟

(︂
1− 𝑠+ 𝛼

𝑛w

𝑛w + 𝑛m

)︂
𝑛m

)︂
(1− 𝑛w − 𝑛m).

(B.25)

In the well-mixed limit, the partial differential equations above reduce to a set of

ordinary differential equations:

𝑑𝑛w

𝑑𝑡
= 𝑟

(︂
1− 𝛼

𝑛m

𝑛w + 𝑛m

)︂
𝑛w(1− 𝑛w − 𝑛m),

𝑑𝑛m

𝑑𝑡
= 𝑟

(︂
1− 𝑠+ 𝛼

𝑛w

𝑛w + 𝑛m

)︂
𝑛m(1− 𝑛w − 𝑛m).

(B.26)

We only consider 𝑠 < 1 and −1 < 𝛼 < 1 and assume that initial populations

densities are positive and their sum is below the carrying capacity. With these as-

sumptions, it is clear that the population densities remain positive for any 𝑡 ≥ 0

since 𝑑𝑛w
𝑑𝑡

and 𝑑𝑛m
𝑑𝑡

are positive. The monotonic increase of the population densities

also ensures that lim𝑡→∞ 𝑛w+𝑛m = 1 because both time derivatives switch sign when

𝑛w + 𝑛m exceeds unity. In fact, it follows directly from Eqs. (B.26) that any pair of

positive 𝑛w and 𝑛m that sum up to one is a fixed point.

This line of fixed points is a direct consequence of our assumption that popula-

tion dynamics are frozen behind the front. In a generic Lotka-Volterra system, the

differences in the competitive abilities at high population densities would break this

degeneracy and lead to the takeover by one of the types (stable coexistence is also
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possible) [109, 79]. Microbial populations however grow only until the nutrients are

exhausted, and the two types could, therefore, remain at an arbitrary ratio once the

growth ceases.

Further insights into the behavior of Eq. (B.26) can be derived from its first

integral (a conserved quantity), which we obtain by dividing the two equations:

𝑑𝑛w

𝑑𝑛m
=

(︁
1− 𝛼 𝑛m

𝑛w+𝑛m

)︁
𝑛w(︁

1− 𝑠+ 𝛼 𝑛w
𝑛w+𝑛m

)︁
𝑛m

. (B.27)

The equation above can be integrated after both sides are multiplied by 𝑑𝑛m(1−

𝑠+ 𝛼𝑛w/(𝑛w + 𝑛m))/𝑛w. This procedure yields the following conserved quantity:

𝐶 =
(𝑛w + 𝑛m)

𝛼𝑛1−𝑠
w

𝑛m
, (B.28)

which we can use to understand the temporal dynamics of the two types. It is

convenient to recast Eq. (B.28) in terms of total population density 𝑛 = 𝑛w +𝑛m and

mutant frequency 𝑓 = 𝑛m/𝑛:

𝑓

(1− 𝑓)1−𝑠
=

𝑛𝛼−𝑠

𝐶
. (B.29)

The left-hand side is a monotonically increasing function of 𝑓 , and the right hand-

side is a monotonic function of 𝑛, which is increasing for 𝛼 > 𝑠 and decreasing

otherwise. Thus, 𝑓 increases with 𝑛 for 𝛼 > 𝑠 and decreases for 𝛼 < 𝑠. Since 𝑛 is

always increasing (assuming it is less than one initially), we conclude that the relative

abundance of the mutant increases when 𝛼 > 𝑠 and decreases otherwise. Numerical

simulations confirm this conclusion; see Fig. B-13A.

In the spatial model, 𝑢 =
√
𝛼− 𝑠, so the mutant can invade only when 𝑠 < 𝛼,

which is consistent with the local well-mixed competition that we just described.

B.3.2 Growth-dispersal tradeoff model

The well-mixed limit for the growth-dispersal tradeoff model reads
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𝑛w

𝑑𝑡
= 𝑟𝑛w(1− 𝑛w − 𝑛m),

𝑛m

𝑑𝑡
= 𝑟(1 + 𝑠)𝑛m(1− 𝑛w − 𝑛m).

(B.30)

The qualitative behavior of this system of equations is identical to that of the

cheater-cooperator model. Any population below the carrying capacity with positive

densities of the two types evolves to one of the neutral fixed points on 𝑛m + 𝑛w = 1.

The change of the mutant fraction can be determined from the following first integral

𝑛1+𝑠
w

𝑛m
= 𝑛𝑠 (1− 𝑓)1+𝑠

𝑓
= 𝐶. (B.31)

The analysis, identical to the one we just described, shows that the frequency of

the mutant increases as long as 𝑠 > 0. This is consistent both with the expansion

velocity 𝑢 = 2
√
𝐷𝑠 and numerical simulations (Fig. B-13).
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A

B

Figure B-13: Phase portraits of ODE dynamics. In each panel, red arrows repre-
sent (𝑑𝑛w/𝑑𝑡, 𝑑𝑛m/𝑑𝑡) and green curve shows the trajectory from small initial population
(𝑛w, 𝑛m) = (10−12, 10−12). (A) Phase portraits for cheater-cooperator interaction model.
(B) Phase portraits for growth-dispersal tradeoff model.
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