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ABSTRACT
Ion selective membrane (ISM) is widely used in electrochemical engineering and micro-fluidic processes, yet accurate modeling of the ISM
is still challenging due to many scientific issues. So far, assumptions on the “ideal ISM” have been used in most simulation studies involving
ion transport and electrokinetic flow in ion concentration polarization systems, but the validity or accuracy of those assumptions has never
been investigated. In this paper, using a two-dimensional nanochannel system with practical significance, we verify the validity of the ideal
ISM model by making comparisons between the idealized ISM system and a more realistic permselective nanochannel system in terms of
simplifications over the electrical potential, counter-ion concentration, and zero co-ion flux. Our results show that the simplifications of fixed
voltage and fixed counter-ion concentration in the ideal ISM model are largely accurate in most situations, especially under high applied
voltage and/or with high charge density inside the ISM. However, zero co-ion flux simplification is not exactly accurate in most occasions.
Significant errors may be incurred by the zero co-ion flux assumption when steady state solutions are sought using the ISM model. Some
discussions over the influences of structures of the nanochannel system are also added. The obtained results will help in obtaining detailed
understanding of the transport features inside the nanoporous ISM, especially when the comparison between simulation and experimental
data is necessary.

© 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0037961

I. INTRODUCTION

Technologies involving the ion selective membrane (ISM) have
developed steadily in past decades, especially in the fields of waste
water treatment1,2 and seawater desalination.3,4 In recent years,
ISMs’ applications have extended to new technologies such as the
fuel cell5 and biomolecular preconcentration.6,7 In these applica-
tions, ISMs are used to selectively transport ions of specific charges
from one side of a membrane to the other side under an exter-
nal electric field, while transport of ions of the opposite charge

is blocked.8 Fundamentally, this ion selectivity is originated from
the charges on the solid phase of nanoporous material of the
ISM.9,10 More specifically, the charged groups on the solid sur-
faces of nanopores attract counter-ions in the solution (within the
pores) and repel co-ions.11 This phenomenon makes the number of
counter-ions in the solution at the vicinity of the charged surfaces
non-negligibly larger than that of co-ions, i.e., the solution there is
charged. The thickness of this charged solution is characterized by
the Debye length,12 which is typically 1–10 nm for the dilute mono-
valent binary solution of 1–100 mol/m3.13 Because the sizes of pores
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of the ISM are in nanoscale, the solution inside these pores contains
a much larger number of counter-ions than co-ions. When an exter-
nal electric field is applied, electric field driven flux of counter-ions is
higher than that of co-ions. As a result, the number of counter-ions
passing through the membrane is significantly higher than co-ions,
and the membrane is functionally ion selective.14 In an extreme sit-
uation, an ideal ISM permits only the passage of counter-ions, with
all the co-ions blocked.15

As a typical application, ISMs have been utilized in electro-
dialysis (ED) for several decades.16,17 In such systems, cations and
anions in the solution are driven to move across alternately placed
cation exchange membranes (CEMs) and anion exchange mem-
branes (AEMs),18,19 under the action of an external electric field.
In a specific chamber, if the electric field is pointing to the CEM,
cations will move in the direction of electric field and pass through
the CEM. Meanwhile, anions will move in the opposite direction
and then pass through the AEM. The result is that concentrations
of both cations and anions in this chamber are lowered. During this
process, concentrations of both cations and anions in the neighbor-
ing chambers are increased because the CEM and AEM in those
chambers are placed such that the electric field driven motions of
both cations and anions out of the chamber are blocked. The sig-
nificant difference between ion concentrations on two sides of an
ISM gives rise to a phenomenon of ion concentration polariza-
tion (ICP),20–22 which will hinder the above-mentioned transport
processes.

Traditionally, the current–voltage (I–V) curve has been regu-
larly utilized to depict the ion transport behavior and the perfor-
mance of ED systems.23 It has been well established that I–V curves
of ED and ICP systems can be largely divided into three distinct
regimes when the voltage is increased.24–26 In the Ohmic regime, the
current increases linearly in the low voltage range. When the voltage
is increased beyond a critical value, the current does not increase sig-
nificantly with the voltage and the system enters the limiting current
(LC) regime. If the voltage is further increased beyond another crit-
ical value, a sharp increase in current occurs and the system enters
the overlimiting current (OLC) regime.27,28

A great number of theoretical studies have been conducted to
reveal the ion transport mechanism behind the transport behaviors
in these three regimes. The behaviors in Ohmic and LC regimes
could be explained in terms of ion transport in stationary and neu-
tral solutions.29 In the Ohmic regime, more ions enter the mem-
brane with the rise of voltage, resulting in the increasing cur-
rent and decreasing ion concentration in the membrane–solution
interface. If the membrane is ideally ion selective (the co-ion flux
across the membrane is zero), the current is contributed solely
by the diffusion of counter-ions. This trend continues until the
ion concentration near the membrane surface is approaching zero,
i.e., the ion depletion zone is formed. After that, the current will
not grow with the voltage and the system enters the LC regime.
Because the ion concentration in the proximity of the membrane is
close to 0, and the resistance there is infinitely high, any increase
in the voltage is absorbed there. Therefore, the number of ions
getting into the membrane is unchanged. Rigorous theories of
ion transport in Ohmic and LC regimes can be found in series
papers of Rubinstein and Zaltzman’s group.30,31 Although the the-
ory based on stationary fluid and electric neutrality gives a per-
fect explanation of the I–V relationship in Ohmic and LC regimes,

it does not work in the OLC regime because it cannot explain
the increase in current beyond the limiting current. Later studies
showed that understanding I–V relationships in the OLC regime
must include both intensive ion depletion and strong electrocon-
vection of the fluid,32–34 which results in the formation of vortices
in the depletion zone. Due to the high-speed vortices, high con-
centration solution is brought into the membrane surface; thus,
the total flux of the ions is significantly increased.35,36 The forma-
tion of vortices has been experimentally demonstrated in the OLC
regime.37,38

In most simulation studies involving ion transport and elec-
trokinetic flow in the ICP system, assumptions for the “ideal ISM”
have been used. In an ideal ISM model, the ISM is represented
by a series of simplified boundary conditions at the ISM–ion solu-
tion interface: (I) fixed electric potential, (II) constant concentra-
tion of counter-ions, and (III) ideal ion selectivity, i.e., no flux for
co-ions.39–43 However, in view of the pore structure, which is inho-
mogeneous and not ideally ion selective, there exist doubts that
how well these simplifications can reflect the actual ISM in oper-
ation of the experiments or industrial systems.44,45 The validity of
the above-mentioned simplification (I) requires high conductivity
of the membrane. Otherwise, the resistance of the membrane will
affect the distribution of actual voltage on the membrane–solution
interface when the system is in operation. The boundary condi-
tion (II) requires high charge density inside the membrane, at
least compared with that carried by co-ions in the solution out-
side the membrane.46 If this is not true, both cations and anions
will enter the nanopores. The existence of co-ions will change the
counter-ion concentration inside the membrane, required by the
neutrality condition. The boundary condition (III) requires a vir-
tually zero concentration and/or nearly zero mobility of co-ions in
the membrane; otherwise, the co-ion flux will not be negligible.47

These requirements often may or may not be fulfilled in the actual
system.

Therefore, it is important to know whether the ideal ISM
simplifications are reflecting the key physics of the actual ISM in
ICP systems. To answer these questions, we must go back to the
microscopic structure of the membrane, i.e., nanometer scale pores
with charged solid walls.48–50 In practical terms, the nanochannel
arrays with charged surfaces could be utilized to represent the actual
ISMs to a great extent because widely used ISM materials such as
Nafion® consist of a fluoropolymer network coordinated by sulfate
charged groups, with an approximate pore size believed to be about
5 nm–20 nm.51 Both nanochannels and membrane pores fulfill the
function of ion selectivity but permit the existence of co-ions,
although at lower concentrations. Essentially, arrays of nanochan-
nels are suitable for representing the actual ISMs.

We conduct numerical analyses and make comparisons
between two systems, one with the ISM replaced by simplified
boundary conditions and the other with the ISM substituted by
a series of parallel nanochannels with charged walls,52 mimick-
ing actual ion selective membrane nanopores (Fig. 1). Validity
and accuracy of ideal simplifications applied on the ISM, such
as fixed voltage, fixed counter-ion concentration, and zero co-ion
flux, are analyzed based on the simulation results. In the end, we
also conduct some study on the nanochannel system with differ-
ent structure parameters in terms of the number and length of
nanochannels.
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FIG. 1. Schematic of (a) the geometric model in the ideal ISM system and (b) the geometric model in the nanochannel system.

II. METHODS
A. Physical setup

Figure 1(a) shows the schematic of an electrokinetic model with
the ideal homogeneous membrane. The system comprises a fluid
domain of length L and height H. At the right end of the domain,
a series of slightly wavy geometries are introduced to the CEM to
represent the inhomogeneity of the nanoporous membrane surface.
Each wavy unit of the membrane contains a linear variation of a dis-
tance l over a [see Fig. 1(a)]. The left boundary of the fluid domain is
connected to a reservoir of potassium chloride (KCl) solution with
concentration C0. The electric potential is set to V on the left bound-
ary, while the potential on the membrane surface is zero. For fluid
flow, the left boundary of the fluid domain is set to be a dead-end
(zero normal flow). On the membrane surface, the no-slip boundary
condition is applied. This is because, in realistic membranes, water
permeation through the membrane is extremely small and gener-
ally negligible, at least compared with other flow components in the
system (i.e., tangential flow and/or secondary vortex-like flows). The
upper and lower boundaries are periodic, making the computational
domain represent a small portion of an infinitely large system (in the
height direction).

Figure 1(b) shows the schematic of the nanochannel system, in
which a series of n nanochannels are placed in the middle of the
domain. Each nanochannel is of width of h and length L1. The walls
of nanochannels are negatively charged with surface charge density
−σ−. The dimension of the fluidic domain (length L and width H)
on both sides of nanochannels is the same as that in Fig. 1(a). The
left and right boundaries are connected to reservoirs of KCl solu-
tion of concentration C0. The left boundary is applied a voltage V ,
and the right boundary is grounded. As in the membrane system
shown in Fig. 1(a), the upper and lower boundaries are assumed
to be periodic. Last, the leftmost and rightmost boundaries of the
nanochannel system are both set to be dead-ends. These setups facil-
itate a direct comparison of the states and the behaviors of the two
systems.

One may think that the electric field in the left part of the
nanochannel system is significantly lower than that in the mem-
brane system, which makes the direct comparison of the two systems

questionable. It will be shown (in Sec. III B) that, under the same
conditions, the electric field in the left fluid domain of the nanochan-
nel system [Fig. 1(b)] is very close to that in the membrane system
[Fig. 1(a)].

B. Governing equations
Electrokinetic flow of fluid, transport of ions, and distribu-

tion of electric potential are governed by the coupled Navier–Stokes
equations, Nernst–Planck equations, and Poisson equation,42

ρ(∂U
∂t
+ (U ⋅ ∇)U) = −∇P + η∇ ⋅ ∇U + Eρe, (1)

∇ ⋅U = 0, (2)

∂C±
∂t
= −∇ ⋅ J

±
, (3)

J
±
= −(D±∇C± + z±(D±F/RT)C±∇Φ) +UC±, (4)

−∇ ⋅ (ε∇Φ) = ρe. (5)

In the Navier–Stokes equations describing the motion of
incompressible fluid [Eqs. (1) and (2)], ρ is the density of the solu-
tion, U ≡ (u, v) is the velocity field, t is the time, P is the pressure, η
is the dynamic viscosity coefficient, E is the electric field, and ρe is the
free space charge density. In the Nernst–Planck equation describing
ion transport [Eqs. (3) and (4)], J+ (J−), C+ (C−), D+ (D−), and z+
(z−) are the flux, concentration, free solution diffusion coefficient,
and valance of K+ and Cl−, respectively. Φ is the electric potential,
the negative gradient of which the electric field E = ∇Φ. F, R, T are
the Faraday constant, gas constant, and temperature, respectively.
In the Poisson equation describing the electric potential distribution
[Eq. (5)], the dielectric constant of the solution ε = ε0εr , where ε0 and
εr are the vacuum permittivity and relative permittivity of the bulk
solution. The charge density in Eqs. (1) and (5) is determined by
the ion concentrations ρe = e(z+C+ + z−C−), where e represents the
elementary charge.
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C. Boundary conditions
To solve the coupled governing equations above, boundary

conditions of the ideal ISM system and the nanochannel system
must be applied. The boundary conditions of these two systems are
as follows.53,54

With reference to Fig. 1(a), at the left boundary of the ISM sys-
tem (x = 0 nm), (i) the concentration of K+ and Cl− ions is fixed as
C0; (ii) the no-slip condition is applied to implement the dead-end
effect; and (iii) the electric potential is set to V ,

C+ = C− = C0, U = 0, Φ = V . (6)

In the wavy conditions on the right side of the domain (x = L),
(i) the cation concentration is set to the value required for neutraliz-
ing negative charges in the CEM; (ii) penetration of anions is totally
blocked; (iii) the membrane is impermeable to the fluid; and (iv) the
electric potential Φ is zero,55

C+ = Cm/z+, J
−
⋅ n = 0, U = 0, Φ = 0. (7)

Here, n is the normal vector perpendicular to the boundary
pointing out of the fluid domain. Cm (>0) is the concentration of K+

that is required to neutralize the fixed charge in the ideal CEM, i.e.,
Cm = −ρe,m/F, with ρe,m (<0) being the charge density of the CEM.

At the upper (y = H) and lower (y = 0) boundaries, periodic
continuity conditions for concentrations, potentials, fluid velocities,
and fluxes are applied, i.e.,

C±∣y=H = C±∣y=0, Φ∣y=H = Φ∣y=0, U∣y=H = U∣y=0,

J
±
∣y=H = J

±
∣y=0.

(8)

As for the nanochannel system, the boundary conditions at
the left, upper, and lower boundaries of the left domain to the
nanochannels are the same as those in the ideal ISM system [Eqs. (6)
and (8)]. In addition, settings of other boundary conditions in the
nanochannel system shown in Fig. 1(b) are as follows.

At the right boundary in the nanochannel system (x = 2L + L1),
(i) the KCl solution is fully mixed with concentration C0; (ii) the
membrane surface is impermeable to the fluid; and (iii) the electric
potential Φ is zero,

C+ = C− = C0, U = 0, Φ = 0. (9)

At the walls of nanochannels (x = L ∼ L + L1), (i) neither anions
nor cations can pass through the walls; (ii) the no-slip condition is
for the fluid flow; and (iii) the surfaces are negatively charged with
density σ− (<0),

J
±
⋅ n = 0, U = 0, σ = σ−. (10)

Due to the fact that the volumetric charge of the CEM comes
from the negative surface charges on the walls of nanochannels in the
unit volume, the membrane charge density ρe,m and surface charge
density σ− must satisfy ρe,mH = 2nσ−, i.e.,

σ− = ρe,mH/2n = −FCmH/2n. (11)

Here, charges on the vertical walls of nanochannels are
neglected.

D. Numerical methods
The governing equations [Eqs. (1)–(5)] with boundary condi-

tions [Eqs. (6)–(10)] are solved using commercial software COM-
SOL v5.2a. Standard modules of Single-Phase Flow, Electrostatics,
and Transport of Diluted Species are chosen to describe the lami-
nar flow, electric potential distribution, and ion transport in both
ISM and nanochannel systems. The computational domains are dis-
cretized into quadrilateral meshes. For the sake of describing the
highly nonlinear nature of the ion concentration near the CEM
and the charged walls of nanochannels, extremely fine meshes are
adopted at these locations. At least three layers of elements are
required within one Debye length from surfaces of membrane or
walls of nanochannels. The Debye length is given by

λD =
¿
ÁÁÀ εkBT

2(ze)2C0
. (13)

Coupled governing equations are solved by MUMPS with
Newton’s method. In particular, we seek steady-state solutions,
which describe the system state after the system runs for sufficiently
long time. To obtain a converged solution under particular condi-
tions, or to study the effect of specific parameters, auxiliary sweep of
parameters is frequently used.

III. RESULTS AND DISCUSSIONS
With reference to the membrane model in Fig. 1(a), we conduct

numerical simulation of the ideal ISM system with geometric param-
eters H = 40 nm, L = 2000 nm, a = 0.2 nm, and l = 8 nm, respec-
tively. The concentration of bulk KCl solution is C0 = 1 mol/m3.
Valence diffusion coefficients of K+ and Cl− ions are z+ = 1, z− = −1,
D+ = 1.957 × 10−9 m2/s, and D− = 2.032 × 10−9 m2/s, respectively.
The density, viscosity, and relative permittivity of the solution are
ρ = 1000 kg/m3, η = 0.001 Pas, and εr = 78.5, respectively. The
absolute temperature is fixed at T = 300 K.

For the nanochannel system model as shown in Fig. 1(b), the
geometric parameters (H and L) are the same as those in the ideal
ISM system. The bulk concentration (C0), transport parameters of
ions (D+, D−), hydrodynamic parameters (ρ, η), and dielectric per-
mittivity (εr) are also exactly the same as those in the membrane
model as described above. Geometric parameters specific to the
nanochannels are L1 = 500 nm, h = 2 nm.

In the process of discretization, the sizes of elements in the
direction perpendicular to the charged nanochannel walls are in
geometrical sequence with the varied number of elements and ele-
ment ratio. This meshing technique ensures that there are enough
elements in the Debye layers near the channel wall or the deple-
tion zones near ISM surfaces, and the total number of elements
and the element quality are manageable in the solving stage. For
example, in the vertical direction, the height of one of the nanochan-
nels [h, see Fig. 1(b)] is discretized into ten elements, the sizes
of which are in geometric sequence with symmetric distribution.
The ratio of the maximum element size to the minimum size
is 30. The minimum grid size is 0.02 nm, which is much lower
than the Debye length of KCl of C0 = 1 mol/m3 at T = 300 K
(∼9.6 nm). Similarly, in the horizontal direction, the nanochan-
nel domain (x = L ∼ L + L1) is discretized into 40 elements in
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geometric sequence with symmetric distribution. The ratio of the
maximum size to the minimum one is 25, with the minimum size
of 0.32 nm.

We start with a typical nanochannel system and its correspond-
ing ideal ISM system to check whether the ideal ISM simplifications
are qualitatively describing the key physics of nanochannels. Later,
we will assess the accuracy of the ideal ISM boundary conditions
under varied electric fields, membrane charge densities, lengths of
nanochannels, etc.

A. Qualitative comparison between ideal ISM
system and nanochannel system

In order to test the validity of the ideal ISM treatment, the
behaviors of ion and fluid transport in two models are shown in
Fig. 1. In addition to the parameters described above, we choose
Cm = 16C0 (16 mol/m3) in the ideal ISM model with the mem-
brane charge density corresponding to the surface charge density of
σ− = −3.087 mC/m2 in the nanochannel system of n = 10. The volt-
age applied on the left boundaries of both systems is V = 30VT
(VT = kBT/e = 25.8 mV is the thermal voltage and kB is the Boltz-
mann constant). We will compare the steady state distribution of
concentrations and the I–V curves of both systems. The current den-
sity I is calculated through the average flux across the cross section
in the y direction,

I = F∫
H

0
(J+,x − J−,x)dy/H. (12)

Here, J+,x and J−,x are the x-component of J+ and J−, respec-
tively. It is noteworthy that, at the steady state, I is constant at all
locations in the x-axis due to mass conservation.

Figure 2(a) shows the distribution of C− (solid line) and C+
(dashed line) along the horizontal line (y = 20 nm) in the ideal ISM
system and left domain of the nanochannel system, respectively. It
could be found that, at V = 30VT, distributions of ion concentra-
tions are quite similar. Significant ion depletion takes place in both
systems because concentrations of both K+ and Cl− are close to
zero near the membrane surface [in Fig. 1(a)] or nanochannel inter-
face [in Fig. 1(b)]. The length of the extended space charge (ESC)
layer,56 where the concentration of K+ is non-negligibly higher than
that of Cl−, is around 500 nm, which is ∼50 times higher than λD.
Outside the ESC, there is an electroneutral domain called the dif-
fusion boundary layer (DBL), characterized by a linear decrease in

equal concentrations of both K+ and Cl− ions. Although there are
slight differences between the exact values of the corresponding con-
centrations in the depletion region, these two systems produced
the same physics qualitatively. In this sense, the ideal membrane
model represented by the boundary conditions in Eq. (7) is capa-
ble of providing the essential permselective functionalities of the
nanoporous ISM.

Figure 2(b) shows the comparison of I–V curves between the
ideal ISM system and the nanochannel system. It could be seen
that the current densities of both systems grow linearly at a high
rate at low voltages (in the Ohmic regime) and the currents grow
at a much slower rate beyond a certain voltage, when the sys-
tem enters the LC regime. Meanwhile, it can be clearly found that
the voltage of the transition (between the Ohmic regime and the
LC regime) is almost the same in two systems (V ∼ 10VT). These
results demonstrate that both systems produce the Ohmic and LC
regimes of I–V relationship,23,24 although the values of I in the
nanochannel system are slightly higher than those in the ideal
ISM system. Therefore, the ideal ISM model is able to produce
key ionic transfer features of the nanoporous membrane, at least
qualitatively.

Despite the qualitative agreement, there are some apparent
quantitative differences between the results from the two sys-
tems: both the ion concentrations and the electric currents of
the ideal ISM system are lower than their counterparts in the
nanochannel system. This is because the nanochannel system per-
mits passage of co-ions, which compromises the ion depletion effect
and contributes additional electric current, as compared with the
ideal ISM system. It is also unexpected that the ideal ISM sys-
tem produces negative current when the voltage is lower than
3VT, which is an error intrinsic in the ideal ISM. In fact, this is
because of the negative diffusive flux from the membrane (with
fixed C+ = 16C0 on the CEM at x = L and C+ = C0 on the
left boundary at x = 0). This diffusive flux is not present in the
nanochannel system because the highly concentrated counter-ions
are attracted by the fixed charges on the solid channel wall. Counter-
ions are not able to diffuse freely to the left boundary with low
concentration.

In Secs. III B–III D, we will discuss the validity of three sim-
plifications in the ideal ISM: fixed voltage, fixed counter-ion con-
centration, and zero co-ion flux, respectively. Later, the effects
of nanochannel geometries, namely, the number of nanochannels
(within a total height H) and the length of nanochannels, will also be
elaborated.

FIG. 2. (a) Distribution of C− (solid line) and C+ (dashed
line) along the horizontal line (y = 20 nm) at Cm = 16C0 and
V = 30VT in the ideal membrane system and nanochannel
system. (b) Comparison of I–V curves of ideal membrane
and nanochannel systems at Cm = 16C0.
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B. Validity of fixed voltage on ideal membrane
In our ideal membrane model, and almost all the existing stud-

ies,20,21,41 fixed voltage is directly applied on the membrane surface
[Φ = 0 in Eq. (7)]. However, in the actual implementation, the fixed
voltage must be applied on the other side of the membrane in the
presence of ion solutions. From the modeling point of view, it is
essential to know the actual electric potential at the surface of the
membrane and how it is affected by the properties of the membrane
and the existence of solutions on the other side. In this work, when
parallel nanochannels as shown in Fig. 1(b) are used to represent the
nanoporous ISM in Fig. 1(a), we want to know the voltage value at
the left boundaries of nanochannels and whether it corresponds to
that applied to the ideal ISM. If the actual voltage at the left boundary
of the nanochannels deviates from that applied on the ISM signifi-
cantly, the fixed electric potential of ideal ISM simplification is not
accurate.

For this purpose, we calculate the average electric potential
(VA) at location 2λD from the CEM and nanochannels (x = L
− 2λD). Because λD of 1 mol/m3 KCl solution is less than 10 nm,
the voltage at x = L − 2λD is close to the values at the CEM surface or
nanochannel–solution interface, without significant impacts of the
wavy geometry in the membrane model or the surface charges on
the nanochannel walls.

Figure 3(a) shows the curves of VA/V as V ranges from 0VT
to 100VT in the ideal ISM system and nanochannel system, respec-
tively. These two curves are very close to each other under volt-
age V > 5VT, meaning that the fixed voltage treatment in the ideal
ISM model is quite accurate in the LC regime [cf. Fig. 2(b)]. How-
ever, in the Ohmic regime, especially under V < 5VT, the ideal
ISM system overestimates the electric potentials near the mem-
brane surface than that in the vicinity of the solution–nanochannel
interface.

Figure 3(b) shows the electric potential distributions along a
horizontal line (y = 20 nm) of the nanochannel system at V = 5VT,
30VT, and 100VT, respectively. It could be clearly found that the
voltage drops in the domain on the right side of nanochannels are
significantly lower than those on the left side. To apply the full
voltage drop on the left side of the membrane in the ideal ISM sys-
tem is acceptable. In addition, the potential at the left boundary of
nanochannels is close to zero, meaning that the treatment of fixed
voltage at the membrane surface is valid.

It should be noted that the electric potentials inside the
nanochannel region are lower than those in the adjacent solution.

This drop of electric potential corresponds to the Donnan potential
contributed by the negative charges on the walls of nanochannels.11

C. Validity of fixed counter-ion concentration
inside the membrane

In our ideal membrane model, fixed counter-ion concentration
C+ =Cm/z+ is applied on the CEM [cf. Eq. (7)], meaning that charges
carried by counter-ions are equal to those by the membrane.46 Here,
we check this relationship using varied Cm (by modifying σ−) under
different V . Because the nanochannel region includes both solid
and fluid phases, the apparent concentrations of K+ and Cl− in the
nanochannel region are calculated through

C± = ∫
L+L1

L
∫

H

0
C±dydx/HL1. (14)

Figure 4(a) shows the changes in C+ and C− in the nanochan-
nel region with the increase in Cm at V = 30VT. It is obvious that
the counter-ion concentration C+ (depicted by the red curve) is very
close to Cm (depicted by the green line) when Cm is significantly
higher than C0. In this scenario, the apparent concentration of co-
ions C− (depicted by the blue line) is close to 0. In this scenario, the
membrane boundary condition of fixed counter-ion concentration
is accurate. However, when Cm is lower than 2C0, there are signifi-
cant differences between C+ and Cm, which could be clearly depicted
by the ratio of these two values in the inset. The reason account-
ing for the increase in C+ in low Cm situations is the non-negligible
concentration of co-ions. The electric neutrality condition in the
nanochannel region requires that C+ = Cm + C−. If Cm is low, the
repulsive force applied to the co-ions from the fixed charge on
the channel surfaces is not strong enough to exclude co-ions out-
side the nanochannels, and then the concentration of co-ions will
become non-negligible. As a result, both C+ and C− will be increased
with their difference equal to Cm. It is noteworthy that, at Cm = C0,
C+ is 1.339 mol/m3 (i.e., 1.339C0) and the relationship C+ = Cm def-
initely does not hold. At Cm = 2C0, which is commonly adopted in
the existing literature,19,37 C+ is 2.210 mol/m3, which is 10.5% higher
than the value defined by C+ = Cm.

Figure 4(b) shows the distributions of C+ and C− inside the
nanochannels, as V increases from 0 to 100VT at Cm = 2C0 and
Cm = 16C0. It could be clearly found that C+ is significantly higher
than C− in all voltage ranges; the differences between them are equal
to Cm. The four curves are all basically flat as V increases, meaning

FIG. 3. (a) Comparison of the ratio of the average electric
potential VA to the applied voltage V at x = L − 2λD in
the ideal ISM and nanochannel systems. (b) Distribution of
electric potential along the horizontal line (y = 20 nm) of the
nanochannel system at different voltages.

AIP Advances 11, 035116 (2021); doi: 10.1063/5.0037961 11, 035116-6

© Author(s) 2021

https://scitation.org/journal/adv


AIP Advances ARTICLE scitation.org/journal/adv

FIG. 4. (a) Dependence of C+ and C− on Cm at V = 30VT.
(b) Dependence of C+ (solid line) and C− (dashed line) on
V at different Cm.

that the fixed counter-concentration simplification is largely valid
and is insensitive to the electric field.

Based on these results, we may conclude that as long as Cm is
much higher than C0 (e.g., Cm ≥ 5C0), the simplification of the fixed
counter-ion concentration is quantitatively accurate.

D. Validity of zero co-ion flux passing
through the membrane

In the ideal membrane model, the ideal simplification of zero
co-ion (Cl−) flux across the membrane [Eq. (7)] is applied on the
CEM. To test the validity of this simplification, we calculate the
average fluxes of ions through nanochannels,

J± = ∫
H

0
J±,xdy/H. (15)

It is noteworthy that the values of J+ and J− are constant at
all vertical cross sections in the x-axis at the steady state. This is
required by mass conservation. Because J+ and −J− give positive
contribution to the electric current, we will present the flux of Cl−

in the form of −J−. In addition, we define the permselectivity of
nanochannels as the ratio of the counter-ion flux to the total flux,
i.e.,

γ = J+/(J+ − J−). (16)

If the nanochannels are highly permselective, the value of γ should
be close to 1.

Figure 5(a) shows the distribution of −J− and J+ with varied
Cm at V = 30VT. It can be found that the fluxes of both counter-
ions and co-ions passing through the nanochannel decrease with Cm.

FIG. 5. (a) Dependence of ion fluxes on Cm in the
nanochannel system. (b) Dependence of permselectivity γ
on Cm. (c) Changes in ion fluxes under varied voltage V . (d)
Changes in permselectivity under varied V .
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Although the decrease in −J− could be easily explained by enhanced
exclusion of co-ions in nanochannels, the decrease in J+ is not
straightforward. One may think that J+ should increase with Cm
because the K+ concentration inside the nanochannels is increased.
However, the fact is J+ becomes lower because of stronger ion deple-
tion and backward diffusion. More specifically, higher Cm reduces
Cl− transport from the right side of nanochannels to the left side
and makes the concentration of Cl− lower near the left bound-
ary of nanochannels. The lowered Cl− concentration at that loca-
tion reduces the concentration of K+ and makes the electrophoretic
fluxes of K+ across the nanochannels Je

+ lower [see the dashed curve
in Fig. 5(a)].

As shown in Fig. 5(b), the permselectivity γ rises as Cm
increases. This is in good agreement with our expectations. How-
ever, if we look at the values of permselectivity, which ranges from
0.576 at Cm = 2C0 to 0.937 at Cm = 20C0, we may find these val-
ues are unexpectedly lower than the actual ISM used in the indus-
try. In fact, this is because these data are obtained in the steady
state, which maximizes the co-ion fluxes and minimizes the counter-
ion fluxes. If we use only the electrophoretic fluxes (Je

+ and Je
−)

to calculate permselectivity (γe), it will range from 0.579 to 0.999
[see the dashed curve in Fig. 5(b)]. It is noteworthy that this treat-
ment corresponds to a scenario with equal ion concentrations on
both sides of the nanochannels because the convective flux caused
by the fluid flow inside nanopores or nanochannels is ignored in
both the actual membrane and our simulation model. In this situ-
ation, the permselectivity is close to 1.0 when Cm is higher than 5C0.
The two curves in Fig. 5(b) give the selectivity of the nanochannel
system under two states. The dashed one (γe) describes the selectiv-
ity of the system at a starting time, i.e., the concentration of ions
on two sides of the nanochannels is equal, while the solid curve
(γ) gives the selectivity at the ultimate, steady state, i.e., after the
system runs for sufficiency long time. In the actual engineering sys-
tems, the permselectivity will start with γe and approaches γ as the
selective ion transport proceeds and ion concentration polarization
develops.

Figure 5(c) shows the distribution of co-ion flux −J− and
counter-ion flux J+ with the increase in V at Cm = 16C0.. Both J+ and
−J− increase with V , and the increasing rate is significantly higher in
the Ohmic regime than that in the LC regime. If we look at the value
of −J−, we found it is significantly lower than J+. This means that
the treatment of zero co-ion flux is qualitatively valid, at least sig-
nificantly lower than the counter-ion flux. Again, if we look at the

electrophoretic flux only (corresponding to the system without con-
centration difference on two sides of the nanochannels), the co-ion
flux is very close to zero under V < 100VT.

Figure 5(d) shows the changes in the permselectivity γ with the
increase in V at Cm = 16C0. It can be clearly found that γ is deterio-
rating as a function of applied voltage, which resulted in stronger
concentration polarization and increased diffusive fluxes. In the
Ohmic regime (V < 4VT), the decreasing rate of selectivity (from
1.0 to 0.909) is much faster than that in the limiting current regime.
If the ion concentrations on two sides of the nanochannels are equal,
the selectivity γe is close to 1.0 under all voltages considered [see the
dashed curve in Fig. 5(d)].

From the above results, we may conclude that the zero co-ion
flux condition is accurate conditions of (1) Cm > 5C0 and (2) the fact
that concentration polarization is not significant. The deterioration
of permselectivity under strong ICP has been observed repeatedly in
the industrial processes. Here, we find that it is not because of the
lowered selectivity of the membrane but because of the increased
diffusive flux caused by the strong concentration polarization.

E. Effects of the width and the length
of nanochannels in nanochannel system

Performances of the membrane are affected by the sizes of the
nanopores and the thickness of the membranes. However, in the ISM
model, with the membrane simplified as a permselective boundary,
these parameters are completely ignored. In our nanochannel sys-
tem, the size of nanopores is represented by the height h and the
thickness of the membrane is represented by the length (L1). To
study the effects of these parameters, we fix the porosity (nh/H) and
the charge density of membranes (Cm = −2nσ−/FH) and calculate
the I–V curves and the permselectivities of the system with varied h
and L1.

Figure 6(a) shows the comparison of I–V curves with 2, 5,
10, and 20 nanochannels at Cm = 16C0. The widths of the sin-
gle nanochannel in these systems are h = 10 nm (∼1λD), h = 4 nm
(∼0.4λD), 2 nm (∼0.2λD), and 1 nm (∼0.1λD), respectively. It could be
found that the currents are generally independent of the nanochan-
nel width (pore size) as long as the membrane charge and the poros-
ity are fixed. The current of h = 10 nm under V = 100VT is only
6.341% higher than that of h = 1 nm. We may conclude that the pore
sizes have insignificant effect on the ion transport performance, as
long as the pore sizes are smaller than the Debye length.

FIG. 6. (a) Comparison of I–V curves of the system with
different numbers of nanochannels. (b) Dependence of
permselectivity on the length of nanochannels.
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Figure 6(b) shows the dependence of permselectivity and the
length of nanochannel size L1 at Cm = 10C0 and V = 30VT. It is
clear that the value of γ gradually increases when L1 increases from
100 nm to 800 nm. This means the permselectivity of the membranes
will increase with membrane thickness, approaching 1.0 when the
membrane is sufficiently thick.

F. Comparison of KCl and NaCl solutions
So far, our simulation is based on KCl solution. One may

ask if the above results are valid to the electrolyte solution of
other counter-ion types. To answer this question, we repeated our
simulations with the same parameters but with K+ (D+ = 1.957
× 10−9 m2/s) replaced by Na+ (D+ = 1.334 × 10−9 m2/s) and com-
pared the results relevant to the validity of the ideal ISM model.
We found that the distribution of electric potential, concentration
of counter-ions, and values of permselectivity of NaCl solution
are basically the same as those of KCl solution. For example, at
Cm = 16C0 and V = 20VT, the value of VA/V of NaCl solution
is 0.120, which is exactly the same as that of KCl. The concentra-
tions of Na+ (C+ = 31.735 mol/m3) and Cl− (C− = 0.058 mol/m3)
using NaCl solution are very close to their corresponding values
(C+ = 31.759 mol/m3 and C− = 0.059 mol/m3). As for the perms-
electivity, the value of γ of NaCl solution ranges from 0.553 at
Cm = 2C0 to 0.926 at Cm = 20C0, while the γ value of KCl solution
ranges from 0.576 at Cm = 2C0 to 0.937 at Cm = 20C0 using KCl
solution.

The conclusion that Cm is much higher than C0, the simplifi-
cation of the fixed counter-ion concentration that is quantitatively
accurate, also applies in NaCl solution. In addition, when consider-
ing the average fluxes of ions through nanochannels in NaCl solu-
tion, the value of permselectivity γ ranges from 0.553 at Cm = 2C0 to
0.926 at Cm = 20C0, while γ changes from 0.576 to 0.937 when Cm
changes from 2C0 to 20C0. These results show that all the conclu-
sions about the validity of the ISM model are qualitatively the same
in NaCl and KCl solutions.

IV. CONCLUSIONS
In this article, the validity of ideal ISM simplifications is stud-

ied by comparing the performances of an ISM system with ideal-
ized boundary conditions and a corresponding system with par-
allel nanochannels of charged walls. Assumptions of fixed voltage,
fixed counter-ion concentration, and zero co-ion fluxes of the ideal
ISM model are checked with the nanochannel systems using var-
ied parameters of applied voltage, charge density, and the width
and length of nanochannels. It is found that the ideal ISM model
is capable of reproducing behaviors as the nanoporous, permselec-
tive membrane qualitatively, in terms of I–V curves and the ion
concentration polarization effects. Through quantitative compar-
isons, it is demonstrated that the fixed voltage on the membrane
surface is accurate under high electric field (V > 5VT). The simpli-
fication of the fixed counter-ion concentration inside the ISM only
holds under the condition that Cm is significantly higher than C0
(Cm ≥ 5C0). However, zero co-ion flux is accurate only when the
membrane is highly charged and the electric field is very low (with-
out strong ICP). In addition, it is demonstrated that the effect of the
sizes of nanopores in an ion selective membrane is trivial, as long

as the pore size is smaller than the Debye length. The permselec-
tivity of nanochannels increases with the channel lengths, meaning
that the permselectivity of the ISM increases with the membrane’s
thickness. We believe that these findings will provide great guidance
for future simulation calculation and help compare and analyze the
results between simulation models and experiments.
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