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Abstract

This thesis investigates the approximability of the Longest Common Subsequence
(LCS) problem. The fastest known algorithm for solving the LCS problem runs in
essentially quadratic time in the length of the input, and it is known that under the
Strong Exponential Time Hypothesis there can be no polynomial improvement over
this quadratic running time. No similar limitation holds however, for approximate
computation of the LCS, except in certain restricted scenarios. When the two input
strings come from an alphabet of size 𝑘, returning the subsequence formed by the
most frequent symbol occurring in both strings achieves a 1/𝑘 approximation for the
LCS. It is an open problem whether a better than 1/𝑘 approximation can be achieved
in truly subquadratic time (𝑂(𝑛2−𝛿) time for constant 𝛿 > 0).

A recent result [Rubinstein and Song SODA’2020] shows that a 1/2 + 𝜖 approx-
imation for the LCS over a binary alphabet is possible in truly subquadratic time,
provided the input strings have the same length. In this paper we show that if for
some 𝜖 > 0 a 1/2+𝜖 approximation is achievable for binary LCS in truly subquadratic
time when the input strings can have differing lengths, then for every constant 𝑘 there
exists some 𝛿𝑘 > 0 such that there is a truly subquadratic time algorithm that achieves
a 1/𝑘 + 𝛿𝑘 approximation for 𝑘-ary alphabet LCS. Thus, we show that for constant-
factor LCS approximation, the case of binary strings is in some sense the hardest case.
We also show that for every constant 𝑘, if one is given two strings of equal length
over a 𝑘-ary alphabet, one can obtain a 1/𝑘 + 𝜖 approximation for some constant
𝜖 > 0 in truly subquadratic time. This extends the Rubinstein and Song result to all
alphabets of constant size, and gives the first nontrivial improvement over the naive
1/𝑘 approximation for the LCS of strings over alphabets of size 𝑘 for all 𝑘 ≥ 3.
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Chapter 1

Introduction

1.1 Background & Motivation

Many scientific tasks involve measuring the similarity between two datasets. In a
diverse array of applications, ranging from automated spell-checking to alignment of
DNA sequences, the data we wish to compare is naturally represented as a string of
letters. In this context, two of the the most foundational and popular measures of
string similarity are the longest common subsequence (LCS) and the edit distance.

A “subsequence” of a string is a sequence of letters appearing left to right in the
original string (for example, “truth” is a subsequence of “trustworthy”). Hence, given
two strings 𝐴 and 𝐵, their LCS (as the name suggests) simply measures the maximum
length of a string which is a subsequence for both 𝐴 and 𝐵. Intuitively, two strings
with a larger LCS value are more similar than two strings with a smaller LCS.

In contrast, the edit distance measures how far apart two strings are by counting
the minimum number of insertions, deletions and substitutions of characters that
must be performed on one string to transform it into the other. These two measures
are closely related: it turns out that the complement of the LCS is equal to the version
of edit distance in which one minimizes only the number of insertions and deletions,
while not allowing substitutions. So two strings with a larger edit distance value are
considered less similar than two strings with a smaller edit distance.

Both the LCS and the edit distance of two length 𝑛 strings can be computed
exactly in 𝑂(𝑛2) time using a classic dynamic programming approach. The fastest
known algorithm for both problems was developed over 40 years ago by Masek and
Paterson, and takes asymptotically 𝑂(𝑛2/(log 𝑛)2) time in the worst case [MP80].
Unfortunately, for many applications (such as those related to genome sequencing) the
relevant string length 𝑛 is so large that this near quadratic running time is infeasible.

Moreover, it seems unlikely that substantially faster algorithms can be found:
hardness results from fine-grained complexity have shown that truly subquadratic
time algorithms (algorithms running in time 𝑂(𝑛2−𝛿) time for some constant 𝛿 > 0)
for computing the LCS and edit distance cannot exist under the Strong Exponential
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Time Hypothesis [ABV15, BI18, BK18] and other even more believable hypotheses
concerning the complexity of circuit satisfiability problems [AHVW16, CGL+19].

Consequently, much recent research on sequence similarity has involved finding
faster algorithms for returning good approximations for the LCS and edit distance
metrics. For edit distance, there has been a long line of work obtaining better and
better approximation algorithms, with the most recent result being a constant-factor
approximation algorithm running in near-linear time [AN20].

In contrast, much less is known about how well the LCS can be approximated
in truly subquadratic time. In fact, algorithms getting constant approximations for
the LCS are only known over alphabets of constant size. When the input strings
come from an alphabet of size 𝑘 for some positive integer 𝑘, there is a naive 1/𝑘-
approximation algorithm (meaning an algorithm that returns a value which is at least
1/𝑘 times the true LCS value) that returns in linear time the longest common unary
subsequence of the two inputs. This algorithm finds this longest unary subsequence
by simply going through each character in the alphabet and counting the maximum
number of times it appears in both input strings.

Amazingly, despite the simplicity of this algorithm, it actually remains the best
known LCS approximation algorithm that applies for all pairs of strings. Moreover,
until very recently, no better constant-factor approximation algorithm was known
for any constant size alphabet. In 2020, for the case of binary strings (i.e. strings
over an alphabet of size two) of equal length, Rubinstein and Song [RS20] presented
a breakthrough result demonstrating that it is possible to improve upon the naive
1/2-approximation algorithm described above. In particular, they obtained, for some
constants 𝜖, 𝛿 > 0, an 𝑂(𝑛2−𝛿) time algorithm that returns a (1/2 + 𝜖)-approximation
for the LCS of two equal length binary strings.

This result motivates two natural questions.

First, is it possible to obtain such a (1/2 + 𝜖)-approximation algorithm for binary
strings of unequal length? Doing so would lead to the first approximation algorithm
that truly beats the guarantee provided by the naive approximation algorithm over
all pairs of binary strings.

Second, is it possible to extend this result and obtain a truly subquadratic time
algorithm achieving a better than 1/𝑘-approximation for strings over an alphabet of
size 𝑘, for every constant 𝑘? It is of great interest to get improved approximations
beyond binary alphabets, since the natural alphabet size for data in applications
may be much larger than two (for example, in biological applications we may be
dealing with strings over an alphabet {A,C,G,T} of size four corresponding to the
bases occurring in DNA, and in applications involving human written text we may be
dealing with strings over the English alphabet consisting of 26 letters). Rubinstein
and Song went beyond the approximation ratio of 1/2 for LCS over binary strings –
can we more generally break through the naive barrier of 1/𝑘 for the approximation
ratio of LCS over alphabets of size 𝑘 when 𝑘 > 2?

10



1.2 Our Results

In this thesis we prove two results which make progress in addressing the questions
raised in Section 1.1. The first result shows that if one can obtain a truly subquadratic
time, better than 1/2-approximation algorithm for the LCS of binary strings of pos-
sibly unequal lengths, then one can use this algorithm to obtain a truly subquadratic
time, better than 1/𝑘-approximation algorithm for the LCS of strings over a 𝑘-ary
alphabet, for any constant 𝑘.

Theorem 1.1. For any fixed integer 𝑘 ≥ 2 there is an 𝑂(𝑛) time algorithm that
given an instance of LCS for strings of length at most 𝑛 over an alphabet of size 𝑘,
reduces it to 𝑂(𝑘2) instances of LCS over binary strings of length at most 𝑛, so that
(1/2 + 𝜖)-approximate solutions (for 𝜖 > 0) for these LCS instances can be translated
in 𝑂(𝑛) time into a (1/𝑘 + 𝜖𝑘) approximation of the 𝑘-ary alphabet LCS instance,
where 𝜖𝑘 > 0 is a constant only depending on 𝜖 and 𝑘.

Said another way, in order to beat the longstanding naive 1/𝑘-approximation
algorithm for LCS, one merely needs to obtain a better than 1/2 approximation for
the binary case, i.e. to extend the Rubinstein and Song result to strings of possibly
unequal length. This highlights the importance of the equal length restriction: the
task of answering the first question raised at the end of Section 1.1 affirmatively is at
least as hard as resolving the second question from the end of Section 1.1.

Our second result generalizes the Rubinstein-Song result by proving that one can
beat the simple 1/𝑘-approximation algorithm for every constant 𝑘, as long as the
input strings have equal length.

Theorem 1.2. Given two strings 𝐴 and 𝐵 of length 𝑛 over an arbitrary alphabet
of size 𝑘, there exist positive constants 𝜖 and 𝛿 such that we can compute a 1/𝑘 + 𝜖
approximation for the longest common subsequence of 𝐴 and 𝐵 in 𝑂(𝑛2−𝛿) time.

This theorem makes major progress on the second question raised at the end
of Section 1.1, by showing how to extend Rubinstein and Song’s result to hold not
just for binary strings, but for strings from any constant size alphabet. In fact, our
algorithm (1/𝑘 + 𝜖)-approximates the LCS for strings over an alphabet of size 𝑘 in
not just truly subquadratic time, but in near-linear 𝑛1+𝑜(1) time.

Taken together, Theorem 1.1 and Theorem 1.2 show that it is possible to beat the
naive approximation ratio for LCS over all constant size alphabets on equal length
strings, and that to improve on existing approximations for all strings (even those of
differing length) it suffices to obtain this improvement for binary strings.

Bibliographic Note The results and proofs presented in this thesis are based off
work done in collaboration with Virginia Vassilevska Williams, and were previously
published in the paper “Improved Approximation for Longest Common Subsequence
over Small Alphabets” [AVW21b], which appeared in ICALP 2021.
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1.3 Previous Work

To help place our results in the context of previous work, in this section we briefly
survey the relevant literature on approximations for string similarity.

LCS Approximation We consider strings of length at most 𝑛 over an alphabet Σ,
and approximations to the LCS running in truly subquadratic time. As mentioned
in Section 1.1, there is a naive 1/|Σ| approximation for the LCS of such strings that
runs in linear time. This is a folklore result with no specific reference, but due to its
simplicity has been known in the research community for essentially as long as LCS
approximation has been studied. Prior to the results presented in this thesis, the
only strict improvement over this trivial approximation algorithm applied in the case
where the input strings have length 𝑛 and |Σ| = 2, in which case there is a 1/2 + 𝜖
approximation for the LCS [RS20].

If we assume the inputs satisfy some nice structural conditions, then it is possible
to get additional interesting approximation algorithms for the LCS. For example,
[RSSS19, Corollary II.3] shows that if the strings are chosen such that there is a
character appearing in at least a 1/|Σ|-fraction of the positions for both strings (i.e.
intuitively, there is a common letter which appears quite frequently in both input
strings), then it is possible to get a Ω(1/|Σ|3/4) approximation for the LCS. The
constant hidden in the Ω(·) notation here is quite small, so this gives an improvement
over the naive algorithm only when |Σ| is a very large constant. For general strings,
no better approximation ratios are currently known than those already mentioned.

If we are willing to settle for subconstant approximation factors, then there has
been interesting progress in the past few years on obtaining nontrivial LCS approxi-
mation algorithms in this regime. These results yield approximation ratios which do
not depend on the size of Σ, and are thus interesting, for example, when the alphabet
size is allowed to grows polynomially with the input, so that |Σ| = Ω(𝑛𝛿) for some
constant 𝛿 > 0. A folklore sampling result in this area shows that for any 𝜌 ∈ (0, 1],
there is an algorithm running in 𝑂(𝑛2−𝜌) time which gives an Ω(𝑛−𝜌/2) approximation
for the LCS. In particular, by setting 𝜌 = 1 we see that we can Ω(𝑛−0.5)-approximate
the LCS in 𝑂(𝑛) time. Recently, [HSSS19] obtained the first improvement over these
sampling methods, by presenting an 𝑂(𝑛)-time algorithm that obtains an Ω(𝑛−(0.5−𝜖))
approximation for some small positive 𝜖 ≈ 0.002. Soon after, [BD21] advanced on
both of these results by showing that for any 𝜌 ∈ (0, 1], there is an algorithm running
in 𝑂(𝑛2−𝜌) time which (up to polylogarithmic factors) gives an Ω(𝑛−2𝜌/5) approxima-
tion for the LCS.

Edit Distance Approximation We consider strings of length at most 𝑛, and ap-
proximations to the edit distance running in truly subquadratic time. Unlike above,
we write approximation ratios as larger than 1 (see the end of Section 1.4 for de-
tails about this convention). Research into edit distance approximation has had, at
least so far, significantly more success than LCS approximation. Moreover, the ap-
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proximation ratios obtained do not depend on the alphabet size. The first nontrivial
approximation algorithm for edit distance was obtained over twenty years ago, and
gave a

√
𝑛 approximation in linear time [LMS98]. Since then a long line of work

[BJKK04, BES06, AO12, AKO10] continued to obtain better and better approxima-
tion ratios, all of which, however, were still superconstant. Then in 2018, [BEG+18]
presented a quantum algorithm which gave a constant-factor approximation to edit
distance. All this research then culminated in the breakthrough result of [CDG+18],
which showed how to replace the quantum aspects of the previous algorithm with
randomized subroutines, and gave the first constant-factor approximation to edit
distance running in truly subquadratic time. Several improvements, on both the
runtime and concrete value of the approximation ratio, followed this breakthrough
[And19, KS20, BR20]. The current state-of-the-art is given by Andoni and Nosatzki,
who show that for any constant 𝜖 > 0, we can compute a (3 + 𝜖) approximation for
the edit distance in near-linear 𝑛1+𝑜(1) time [AN20]. It is unclear in general how to
get an approximation factor below 3, and it seems unlikely that existing methods can
reduce this approximation factor much further [RW19, Section 4.3].

Fine-Grained Lower Bounds The Strong Exponential Time Hypothesis (SETH)
asserts that any algorithm for solving CNF-SAT on 𝑛 variables requires 2𝑛−𝑜(𝑛) time.
This is a popular conjecture used frequently to prove conditional hardness results in
fine-grained complexity, some of which can be found in the references within [Wil15,
Section 2.3]. Refuting SETH would imply new circuit lower bounds, thereby resolving
a major open problem in circuit complexity [Wil13, Wil14, JMV18]. It is known that
assuming SETH, there is no 𝑂(𝑛2−𝛿) time algorithm for computing the LCS or edit
distance for any constant 𝛿 > 0 [BI18]. If one believes SETH, then this is strong
evidence that there is no truly subquadratic time algorithm for computing the LCS
or edit distance. If one is skeptical of SETH, this result still shows a “circuit lower
bound barrier” for getting faster exact algorithms for the LCS and edit distance, since,
for example, getting an 𝑂(𝑛1.99) time algorithm for these problems would resolve a
longstanding problem in circuit complexity, considered by the research community to
be very difficult.

There have been several subsequent works showing even stronger hardness results.
For example, [BK15] shows that this quadratic lower bound for LCS holds even when
strings are binary, and [ABV15, BK18] give similar lower bounds for a wide variety of
sequence similarity problems and different parameterizations for LCS. Quite recently,
[AVW21a] proved that this quadratic lower bound can hold for LCS even when one
of the input strings is fixed beforehand. In fact, assuming conjectures much more
plausible than SETH, the work of [AHVW16] proves that LCS cannot have a truly
subquadratic time algorithms, and that even obtaining 𝑂(𝑛2/(log 𝑛)𝑐) time algorithms
for sufficiently large constants 𝑐 would yield new circuit lower bounds.

These hardness results for exact computation motivate looking at approximation
algorithms for the purpose of getting faster approaches for quantifying string and
sequence similarity in practice.
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When the inputs come from superconstant-sized alphabets, some fine-grained
hardness results [AB17, AR18, CGL+19] are known for LCS approximation. However,
these results generally rule out approximation ratios of the form 1 + 𝑜(1), so that the
known lower bounds remain far from the best LCS approximation algorithms. Es-
tablishing stronger lower bounds for LCS approximation remains a very interesting
open problem in fine-grained complexity.

Applications Although obtaining better LCS approximation algorithms is of great
interest to theoretical computer science (due to the current scarcity of approximation
algorithms in this area, as well as the strange gap between our knowledge of LCS
and edit distance approximation), it also has potential applications in computational
biology. For example, the heuristic algorithms presented in [BAFA16] suggest that
better LCS approximation could potentially lead to better algorithms for genomic
compression and phylogenetic reconstruction. More generally, LCS approximation is
used as a subroutine in computational tasks across many scientific disciplines. For a
survey of these applications and additional references, see [Nav01, Section 2].

1.4 Preliminaries

Notation Given a string 𝐴 from an alphabet Σ, for any symbol 𝜎 ∈ Σ we let 𝜎(𝐴)
denote the number of times 𝜎 appears in 𝐴. We say 𝜎(𝐴) is the frequency of 𝜎 in 𝐴.
When we refer to the LCS of 𝐴 and 𝐵, we will sometimes refer to the string which is
the longest common subsequence of 𝐴 and 𝐵, and other times to the length of this
string (this will be clear from context). Given strings 𝐴 and 𝐵, we let LCS(𝐴,𝐵)
denote the length of the longest common subsequence of 𝐴 and 𝐵. Similarly, we let
ED(𝐴,𝐵) denote the edit distance between 𝐴 and 𝐵.

Useful Definitions In our reductions relating LCS approximation over different-
sized alphabets, it will be helpful to have the following two definitions regarding string
transformations and character frequencies.

Definition 1.3 (Restrictions). Given an alphabet Σ, we call a subset Σ′ ⊆ Σ a
subalphabet. Given a string 𝐴 from alphabet Σ, the restriction of 𝐴 to a subalphabet
Σ′ is the maximum subsequence of 𝐴 whose characters are all in Σ′.

For example, if we fix the alphabet Σ = {h, o, r, s, t, u,w, y} and consider the
subalphabet Σ′ = {h, r, s, t}, then the restriction of the “trustworthy” (a string from
the alphabet Σ) to Σ′ is “trstth.”

Definition 1.4 (Balanced Strings). Given a string 𝐴 of length 𝑛 from an alphabet
of size 𝑠 and a parameter 𝜌 > 0, we say a string is 𝜌-balanced if all its character
frequencies are within 𝜌𝑛 of 𝑛/𝑠.

14



For example, if we view “banana” as a string of length 𝑛 = 6 over the alphabet
{a, b, n} of size 𝑠 = 3, then we can verify that “banana” is 1/6-balanced because each
of the letters “a”, “b”, and “n” appears at least 𝑛/𝑠 − 𝑛/6 = 6/3 − 6/6 = 1 time
and appears at most 𝑛/𝑠 + 𝑛/6 = 6/3 + 6/6 = 3 times. However, “banana” is not
1/7-balanced because 𝑛/𝑠 + 𝑛/7 = 6/3 + 6/7 < 3 and “a” appears 3 times.

Edit Distance In this thesis, we focus on the version of edit distance where we
only perform insertions and deletions to get from one string to another (in particular,
we do not allow substitutions of characters). This version of edit distance and the
standard edit distance metric with substitutions are always within a factor of 2 of
one another. Thus, for the purpose of constant factor approximation algorithms these
variants of edit distance are equivalent.

Approximation Ratios Since LCS is a maximization problem (we are tasked with
finding the longest common subsequence), we write its approximation ratios as con-
stants less than 1. A 𝜌-approximation for the LCS of 𝐴 and 𝐵 refers to a common
subsequence of 𝐴 and 𝐵 whose length is at least 𝜌 times the true LCS. So, for exam-
ple, a 1/2 + 𝜖 approximation algorithm for the LCS of 𝐴 and 𝐵 is an algorithm that
returns a common subsequence of 𝐴 and 𝐵 with length at least (1/2 + 𝜖) ·LCS(𝐴,𝐵).

It will not come up as frequently, but since edit distance is a minimization problem
(we are tasked with finding the fewest number of insertions and deletions needed to
turn one input string into the other), we write its approximation ratios as constants
greater than 1. So, a 𝑐-approximation for the edit distance of 𝐴 and 𝐵 refers to a
sequence of insertions and deletions which turn 𝐴 into 𝐵, such that the number of
insertions and deletions used is at most 𝑐 times the edit distance between 𝐴 and 𝐵.

Naive Approximation Given two strings 𝐴 and 𝐵 over an alphabet Σ, the naive
approximation algorithm for LCS works as follows. First, we scan through all the
characters in the strings 𝐴 and 𝐵 to compute 𝜎(𝐴) for each symbol 𝜎 ∈ Σ. Then, for
every symbol 𝜎 ∈ Σ we compute min(𝜎(𝐴), 𝜎(𝐵)). If we consider the string which
simply consists of the symbol 𝜎 repeated this many times, by definition we get a
common subsequence of 𝐴 and 𝐵. The algorithm then returns the longest such unary
subsequence it finds – the length of the returned string is

max
𝜎∈Σ

min(𝜎(𝐴), 𝜎(𝐵))

by the description above.

We claim this yields a 1/|Σ| approximation to the LCS of 𝐴 and 𝐵. Indeed,
consider the true LCS of 𝐴 and 𝐵. Let 𝜎max ∈ Σ be the symbol which appears most
frequently in the LCS. By definition, 𝜎max accounts for at least a 1/|Σ| fraction of all
characters in the LCS. However, since the LCS is a common subsequence of 𝐴 and
𝐵, the symbol 𝜎max can appear at most min(𝜎max(𝐴), 𝜎max(𝐵)) times in the LCS. It
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follows that the common subsequence returned by the algorithm above has length at
least a 1/|Σ| fraction of the true LCS length.

Throughout the rest of this thesis, we generally refer to this algorithm as the
“longest common unary subsequence approximation algorithm.” On occasion, we may
also informally refer to this algorithm as the trivial, naive, or counting approximation
for the LCS.

1.5 Organization

In Chapter 2 we prove Theorem 1.1, and discuss why existing methods seem to require
input strings to have equal length in order to get better than naive approximations
to the LCS. In Chapter 3, we prove Theorem 1.2, conditioned on a special lemma
about LCS approximation algorithms for highly structured strings. In Chapter 4 we
engage in a thorough case analysis to prove the aforementioned special lemma which
is required for the proof of Theorem 1.2. Finally, we end in Chapter 5 by presenting
some concluding thoughts and interesting open problems in light of our results.
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Chapter 2

The Significance of Equal Length

2.1 Reductions to Smaller Alphabets

In this chapter our goal is to prove Theorem 1.1 by showing how to reduce nontrivial
constant-factor approximations of LCS over large alphabets to better than 1/2 ap-
proximations of LCS over binary alphabets. Although we do not directly apply this
reduction in our proof of Theorem 1.2, the structure of this proof motivates the ap-
proach we end up using. Moreover, our reduction works even for strings of differing
lengths, thus showing that one merely needs to extend the Rubinstein-Song result
to unequal length strings in order to truly improve upon the naive approximation
algorithm.

The proof is based off the idea of alphabet restrictions, introduced in Definition 1.3.
We state our initial result as a general reduction between LCS approximation from
larger alphabets to smaller alphabets.

Theorem 2.1. Fix integers 𝑠 and ℓ with 𝑠 > ℓ ≥ 2. Suppose that there is a 𝑇 (𝑛, ℓ)
time algorithm that achieves a 1/(ℓ − 𝜖)-approximation of the LCS of two strings of
length at most 𝑛 from an alphabet of size ℓ. Then, there is also a 𝑂((𝑛+ 𝑇 (𝑛, ℓ))

(︀
𝑠
ℓ

)︀
)

time algorithm that achieves an 1/(𝑠(1−𝜖/ℓ))-approximation of the LCS of two strings
of length at most 𝑛 from an alphabet of size 𝑠.

Proof. We will show how to reduce the LCS for two strings of length at most 𝑛 over an
𝑠-ary alphabet, to the LCS for two strings of length at most 𝑛 over an ℓ-ary alphabet
for any ℓ < 𝑠. The reduction runs in 𝑂(𝑛

(︀
𝑠
ℓ

)︀
) time and produces

(︀
𝑠
ℓ

)︀
instances of ℓ-ary

alphabet LCS.

Let 𝐴 and 𝐵 be two strings of length at most 𝑛 over an alphabet Σ of size 𝑠.
Then define 𝐶 to be the longest common subsequence of 𝐴 and 𝐵 (note that we do
not know the identity of 𝐶). For the sake of argument, sort the alphabet symbols
according to their number of occurrences in 𝐶.

Let 𝑥 be the collection of the ℓ most frequent alphabet symbols in 𝐶. Let 𝐶𝑥 be
the subsequence of 𝐶 obtained by restricting 𝐶 to the subalphabet of Σ that contains
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the symbols of 𝑥. Since 𝑥 has the ℓ most frequent symbols in 𝐶, 𝐶𝑥 contains at least
an ℓ/𝑠 fraction of the characters in 𝐶.

Now, let us describe our algorithm. Given 𝐴 and 𝐵, we consider all subsets of the
alphabet consisting of precisely ℓ symbols. Note that one of these subsets will be 𝑥.
For each such collection 𝑦, consider the sub-instance of the LCS problem formed by
restricting to the symbols of 𝑦. Let OPT(𝑦) be the optimal LCS for this instance.

By definition, we have that

|OPT(𝑥)| ≥ |𝐶𝑥| ≥ (ℓ/𝑠)|𝐶|.

So when we consider 𝑦 = 𝑥, if we can efficiently obtain an 1/(ℓ− 𝜖) approximation
for OPT(𝑥), we will get a common subsequence of 𝐴 and 𝐵 of length at least

|OPT(𝑥)|
ℓ− 𝜖

≥ |𝐶|
𝑠(1 − 𝜖/ℓ)

,

which yields the desired approximation for the LCS of 𝐴 and 𝐵. The running time
is multiplied by

(︀
𝑠
ℓ

)︀
, which is simply a constant provided 𝑠 is bounded above by a

constant.

By setting 𝜖 = ℓ𝛿𝑠/(1+𝛿𝑠) in the statement of Theorem 2.1, we obtain a linear time
reduction from obtaining a 1/𝑠+ 𝛿-approximation for 𝑠-ary strings to a 1/ℓ+ (𝛿𝑠)/ℓ-
approximation for ℓ-ary strings. Thus, we derive Theorem 1.1 as a corollary:

Corollary 2.2 (Rephrasing of Theorem 1.1). Fix an integer 𝑠 ≥ 3 and a constant
𝛿 > 0. The problem of obtaining a 1/𝑠 + 𝛿 approximation for the LCS of two strings
from an alphabet of size 𝑠 can be reduced in linear time to the problem of obtaining
a 1/2 + (𝛿𝑠)/2 approximation for the LCS of two strings binary strings (i.e. strings
from an alphabet of size two).

Proof. This follows from Theorem 2.1 by taking ℓ = 2. Note that the reduction has
a multiplicative overhead of 𝑂(𝑠2), which is constant when 𝑠 is constant.

Informally, Rubinstein and Song’s algorithm gives a better than 1/2 approxima-
tion for LCS over alphabets of size two. Our result above shows that an improvement
over 1/2 for the approximation ratio of binary LCS approximation implies an improve-
ment over the ratio of 1/|Σ| for LCS approximation over any alphabet Σ of constant
size. So, does combining the above result with the previous algorithm of [RS20] al-
ready yield better than 1/𝑘 approximation for equal length strings over alphabets of
size 𝑘, thereby proving Theorem 1.2?

Unfortunately, this is not the case. The reason we cannot prove Theorem 1.2 by
combining Corollary 2.2 with the result of [RS20] is that the latter gives a better than
1/2 approximation for strings from an alphabet of size 2 only when the input strings
have equal length. Note that in the reduction from the proof of Theorem 2.1, the
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subsequences obtained from restrictions to subalphabets may be of different lengths,
even if the original strings have equal lengths.

In Chapter 3 we will show how to get around this issue, essentially by designing
a much more careful reduction on alphabet sizes that uses more information about
the input strings (in particular, behaves differently depending on the the character
frequencies of the input strings). Before showing that result, in the next section we
offer some explanation for why having equal length input strings is amenable LCS
approximation, at least when using existing techniques.

2.2 The Equal Length Barrier: Using Approximate
Edit Distance

Although at first it may seem that extending the Rubinstein-Song result to strings of
differing length should not be too hard (after all, there appears to be no such barrier
in exact LCS computation, or approximate edit distance computation), generalizing
the result has thus far resisted the research community’s attempts. In the following
we will discuss why this generalization may require very different approaches than
those previously used. To see this, it will be helpful to call the following simple
relationship between LCS and edit distance.

Lemma 2.3 (LCS and Edit Distance Connection). For any strings 𝑋 and 𝑌 of length
𝑛 and 𝑚 respectively, we have

2 · LCS(𝑋, 𝑌 ) + ED(𝑋, 𝑌 ) = 𝑛 + 𝑚.

For the sake of completeness, we include a proof of the above lemma.

Proof. Consider an optimal alignment between 𝑋 and 𝑌 , which matches the maxi-
mum possible number of characters of 𝑋 with identical characters of 𝑌 while respect-
ing the order in which the characters appear in each string. The characters that are
matched in 𝑋 and 𝑌 correspond to a longest common subsequence. This is because if
there were a longer common subsequence, we could get a larger alignment by match-
ing the characters of that subsequence in 𝑋 and 𝑌 , but this would contradict the
optimality of our current alignment for 𝑋 and 𝑌 .

Similarly, the unmatched characters correspond to a minimum set of symbols that
need to be deleted from 𝑋 and inserted from 𝑌 to turn 𝑋 into 𝑌 . If there were a
smaller edit distance computation, then all the characters which were not deleted or
inserted could be paired up to form a larger alignment, again contradicting optimality.

Thus there are exactly 2 ·LCS(𝑋, 𝑌 ) characters paired up in the alignment (since
each of 𝑋 and 𝑌 contributes LCS(𝑋, 𝑌 ) characters to the alignment) and ED(𝑋, 𝑌 )
unmatched characters. These encompass all the characters in 𝑋 and 𝑌 , and thus
account for 𝑛 + 𝑚 symbols.
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In order to get an approximation ratio beyond 1/2 for the case of binary strings,
[RS20] employs the following algorithm that can be viewed as a reduction from certain
instances of LCS approximation to edit distance approximation. The reduction is
motivated by the relationship identified in Lemma 2.3.

Definition 2.4 (Approximating LCS through Edit Distance). Given strings 𝐴 and 𝐵
of length 𝑛, the algorithm ApproxED(𝐴,𝐵) approximates the edit-distance between 𝐴
and 𝐵 and then returns the lower bound on the LCS implied by this. More precisely,
the algorithm computes an approximate edit distance ̃︁ED(𝐴,𝐵) and then returns

𝑛− 1

2
· ̃︁ED(𝐴,𝐵). (2.1)

As stated ApproxED can use any edit distance approximation ̃︁ED as a black box.
For concreteness, we will take ̃︁ED to be the edit distance algorithm from [AN20]
which can achieve an approximation ratio of 𝑐 for any constant 𝑐 > 3 and runs in
near-linear time.

In [RS20], the authors use the ApproxED algorithm to handle the case of binary
strings with large LCS. In this case, they notice that if the LCS is large then the edit
distance must be small. Hence in this scenario, constant-factor approximations to
edit distance will give good lower bounds on the LCS because in the calculation from
Equation (2.1) we are subtracting off a small quantity from the maximum possible
LCS value of 𝑛.

However, if we tried extending this algorithm to the case where the inputs 𝑋 and
𝑌 have lengths 𝑛 and 𝑚 with 𝑛 = 100𝑚 (for example) by using the identity from
Lemma 2.3, then even when the LCS is large (say of length (1 − 𝜖)𝑚 for some small
positive 𝜖) the edit distance will still be very large compared to the length of the
smaller string (at least (99 + 𝜖)𝑚). So even a 3-approximation to edit-distance would
incur massive error when trying to approximate LCS by computing

1

2
·
(︁
𝑛 + 𝑚− ̃︁ED(𝑋, 𝑌 )

)︁
and the result would not give any nontrivial lower bound for the LCS.

To summarize, when the input strings have very different lengths it is not clear how
to use approximate edit distance in general to obtain good approximations for LCS.
This is essentially why the algorithm from [RS20] and Theorem 1.2 both require equal
length inputs. To get better approximation algorithms for strings of differing length,
it seems that either one would need to use some method completely different from edit
distance approximation, or one would need to find more intricate reductions to edit
distance approximation that leverage the structure of the string more intelligently.
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Chapter 3

Better Approximation Beyond Binary
Alphabets

The goal of this section is to prove Theorem 1.2, thereby beating the naive 1/|Σ|
approximation ratio for all alphabets Σ of constant size. For convenience, we restate
the theorem with slightly different wording below.

Theorem 3.1 (Rephrasing of Theorem 1.2). Given two strings 𝐴 and 𝐵 of length 𝑛
over an arbitrary alphabet Σ of size 𝑠, there exist a positive constant 𝜖 such that we
can compute a 1/𝑠+ 𝜖 approximation for the longest common subsequence LCS(𝐴,𝐵)
of 𝐴 and 𝐵 in truly subquadratic time.

Throughout the rest of this section, we assume 𝐴 and 𝐵 refer to strings satisfying
the conditions of Theorem 3.1, and that 𝑠 ≥ 3. We begin by establishing lemmas
corresponding to easy instances of the problem. To describe these instances, we will
appeal to the notion of “balanced” strings, introduced previously in Definition 1.4.

Lemma 3.2 (Balanced Inputs, adapted from Lemma 3.2 of [RS20]). For all suffi-
ciently small 𝜌 > 0, if either 𝐴 or 𝐵 is 𝜌-balanced, we can (1/𝑠 + 𝛾)-approximate
LCS(𝐴,𝐵) in truly subquadratic time, where 𝛾 is some positive constant depending
on 𝜌.

Proof. We prove this result by showing how to reduce LCS approximation between a
string and a balanced string to edit distance approximation.

Without loss of generality assume 𝐴 is 𝜌-balanced. This means that all of its
character frequencies are at least (1/𝑠 − 𝜌)𝑛. Hence, there exists a unary common
subsequence of 𝐴 and 𝐵 of at least this length. If this common subsequence acts as
a (1/𝑠 + 𝛾) approximation to the LCS we are done.

If this is not the case, the LCS must be quite large, in the sense that

LCS(𝐴,𝐵) > 𝑠(1/𝑠− 𝜌)𝑛− 𝑠𝛾𝑛 = (1 − 𝑠(𝜌 + 𝛾))𝑛.
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Now, recall from Lemma 2.3 that

ED(𝐴,𝐵) + 2 · LCS(𝐴,𝐵) = 2𝑛.

. Using the edit distance approximation of [AN20] with some approximation ratio
𝑐 = 3.1 (for example) in the algorithm outlined in Definition 2.4, we recover an
common subsequence between 𝐴 and 𝐵 of length at least

𝑛− 𝑐 (𝑛− LCS(𝐴,𝐵)) > 𝑛 (1 − 𝑐𝑠(𝜌 + 𝛾)) .

Provided we pick 𝛾 such that

1 − 𝑐𝑠(𝜌 + 𝛾) ≥ 1/𝑠 + 𝛾,

this common subsequence then works as a (1/𝑠 + 𝛾) approximation for the LCS as
desired. This latter bound holds provided we have

𝛾 ≤ 𝑠− 1 − 𝑐𝑠2𝜌

𝑠(1 + 𝑐𝑠)
.

We can ensure the above inequality holds by picking 𝜌 small enough in terms of 𝑐
and 𝑠 so that the numerator of the right hand side above is positive, and then setting
the constant 𝛾 to be positive and smaller than the right hand side. Note that smaller
values of 𝜌 correspond to larger values of 𝛾.

To summarize, the algorithm works by finding a long common unary subsequence
and a common subsequence inferred derived from existing edit distance approximation
algorithms. We then return the larger of these two strings, and the above reasoning
shows that this output will be a (1/𝑠 + 𝛾)-approximation to the LCS as desired.

The next lemma shows how we can leverage not just frequency conditions in the
input string, but frequency conditions in the LCS. This is one of the key observations
that allows our algorithm to extend beyond the reach of the algorithm from [RS20].

Lemma 3.3 (Imbalanced LCS). If the LCS of 𝐴 and 𝐵 is not 𝜌-balanced, then in
linear time we can (1/𝑠 + 𝜌/(𝑠− 1))-approximate LCS(𝐴,𝐵).

Proof. It turns out that returning the longest common unary subsequence gives the
desired approximation. To see this, let 𝜎max and 𝜎min be the most frequent and least
frequent characters in the LCS respectively. Since the LCS is not balanced, it must
be the case that either 𝜎max makes up more than a (1/𝑠 + 𝜌) fraction of all symbols,
or 𝜎min makes up fewer than a (1/𝑠− 𝜌) fraction of the symbols, in the LCS.

In the latter case, the 𝑠 − 1 members of the alphabet besides 𝜎min must account
for at least an ((𝑠 − 1)/𝑠) + 𝜌 fraction of characters in the LCS. Among these, by
definition 𝜎max appears the most often, which means by averaging that 𝜎max accounts
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for at least a
1

𝑠
+

𝜌

𝑠− 1

fraction of all symbols in the LCS.

In the former case 𝜎max certainly satisfies this property as well. Thus, in either
case we know that 𝜎max makes up at least a

1

𝑠
+

𝜌

𝑠− 1

fraction of the symbols in the LCS.

Then the string consisting of 𝜎max repeated min(𝜎max(𝐴), 𝜎max(𝐵)) times is a
common subsequence of 𝐴 and 𝐵 which has at least as many instances of 𝜎max as the
LCS does, and thus yields the desired approximation.

So far in our goal of proving Theorem 3.1, we have identified certain easy cases in
which it is easy to get a better than 1/𝑠 approximation for the LCS of equal length
strings from an alphabet of size 𝑠.

To handle strings not falling into these cases, our next idea is to attempt to find
restrictions of 𝐴 and 𝐵 to binary subalphabets and then invoke frequency arguments
from previous work to obtain a better approximation. As we noted before, we cannot
directly use the reduction in Corollary 2.2 because the better than 1/2 approximation
of [RS20] only applies when the inputs have the same length.

It turns out however, that the arguments of [RS20] do hold for strings of dif-
fering length as long as the inputs satisfy a particularly rigid frequency condition.
The following lemma demonstrates how by careful choice of subalphabets we can find
restrictions meeting this condition. This argument and the combinatorial observa-
tions used in the proof constitute one of our primary conceptual contributions to the
previous work of [RS20] and are crucial in generalizing to larger alphabet sizes.

Lemma 3.4 (Binary Restriction). Suppose neither 𝐴 nor 𝐵 are 𝜌-balanced. Then
there exists a subalphabet Σ′ ⊆ Σ with |Σ′| = 2 such that the restrictions of 𝐴 and 𝐵
to Σ′ are not 𝜌/𝑠-balanced.

Proof. Let 𝛼1 ≤ · · · ≤ 𝛼𝑠 be the number of times the distinct symbols 𝜎1, . . . , 𝜎𝑠 of
Σ appear respectively in 𝐴, so that 𝜎𝑠 is the most frequent symbol of 𝐴 and 𝜎1 is the
least common character in 𝐴. By averaging we know that 𝛼𝑠 ≥ 𝑛/𝑠 ≥ 𝛼1.

Since 𝐴 is not 𝜌-balanced we deduce that

𝛼𝑠 − 𝛼1 > 𝜌𝑛.

We can decompose the left hand side of the above equation to a sum

𝛼𝑠 − 𝛼1 =
𝑠∑︁

𝑖=2

(𝛼𝑖 − 𝛼𝑖−1) .
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Since all the summands on the right hand side of the above equation are positive,
there must exist an index 𝑗 with the property that

𝛼𝑗 − 𝛼𝑗−1 > (𝜌/𝑠)𝑛. (3.1)

Note that we can find such a 𝑗 in linear time by scanning through 𝐴 and 𝐵 and
keeping counts of all the characters that appear.

Now, consider the (𝑠− 1) two-element sets

{𝜎𝑠, 𝜎𝑗−1} , {𝜎𝑠−1, 𝜎𝑗−1} , . . . , {𝜎𝑗, 𝜎𝑗−1} , {𝜎𝑗, 𝜎𝑗−2} , . . . , {𝜎𝑗, 𝜎1} . (3.2)

We claim that one of these sets satisfies the conditions required of Σ′ from the
lemma statement.

First, note that Equation (3.1) ensures that the restriction of 𝐴 to any of the
above sets is not 𝜌/𝑠-balanced, so it suffices to simplify verify that the restriction of
𝐵 will not be balanced for one of these sets. Suppose to the contrary that none of the
sets from Equation (3.2) satisfies the desired conditions. We use a triangle-inequality
argument on the character frequencies of 𝐵 to derive a contradiction.

Let 𝑀 and 𝑚 be indices such that 𝜎𝑀 is the most frequent character of 𝐵 and 𝜎𝑚

is the least frequent. Since 𝐵 is not 𝜌-balanced, we know that 𝑀 ̸= 𝑚.

If 𝑀 ≥ 𝑗 > 𝑚 we may write

|𝜎𝑀(𝐵) − 𝜎𝑚(𝐵)| ≤ |𝜎𝑀(𝐵) − 𝜎𝑗−1(𝐵)| + |𝜎𝑗−1(𝐵) − 𝜎𝑗(𝐵)| + |𝜎𝑗(𝐵) − 𝜎𝑚(𝐵)| .

By assumption, the restrictions of 𝐵 to the sets {𝜎𝑀 , 𝜎𝑗−1}, {𝜎𝑗, 𝜎𝑗−1}, and
{𝜎𝑗, 𝜎𝑚} are each (𝜌/𝑠)-balanced. Thus, each addend on the right hand side of the
above inequality is bounded above by (𝜌/𝑠)𝑛. It follows that

|𝜎𝑀(𝐵) − 𝜎𝑚(𝐵)| ≤ (3𝜌/𝑠)𝑛.

By similar reasoning, if 𝑚 = 𝑗 and 𝑀 ≥ 𝑗 then we have

|𝜎𝑀(𝐵) − 𝜎𝑚(𝐵)| = |𝜎𝑀(𝐵) − 𝜎𝑗(𝐵)| ≤ |𝜎𝑀(𝐵) − 𝜎𝑗−1(𝐵)|+|𝜎𝑗−1(𝐵) − 𝜎𝑗(𝐵)| ≤ (2𝜌/𝑠)𝑛.

If instead 𝑀,𝑚 > 𝑗, we can instead bound

|𝜎𝑀(𝐵) − 𝜎𝑚(𝐵)| ≤ |𝜎𝑀(𝐵) − 𝜎𝑗−1(𝐵)| + |𝜎𝑗−1(𝐵) − 𝜎𝑚(𝐵)| ≤ (2𝜌/𝑠)𝑛

since now the subalphabets {𝜎𝑀 , 𝜎𝑗−1} and {𝜎𝑚, 𝜎𝑗−1} both occur in Equation (3.2).
Similar reasoning on the remaining cases of the values of 𝑀 and 𝑚 relative to 𝑗 to
establishes the inequality

𝜎𝑀(𝐵) − 𝜎𝑚(𝐵) ≤ (3𝜌/𝑠)𝑛

regardless of the particular values of 𝑚 and 𝑀 .
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We have dropped absolute value signs because the left hand side of the above
equation is positive by definition of 𝑀 and 𝑚. Since 𝑠 ≥ 3 this contradicts the
assumption that 𝐵 is not 𝜌-balanced, and the desired result follows. Note that we
can find which of subalphabets from Equation (3.2) satisfies the conditions of the
lemma in 𝑂(𝑛 + 𝑠) time by scanning through 𝐵 to get the counts of each of its
characters and trying out all the restrictions.

The purpose of the above lemma is to reduce LCS approximation on large alpha-
bets to LCS approximation over binary alphabets, for strings with some particular
structural properties. The next lemma then shows how to get a better than 1/2
approximation to the LCS for binary strings of possibly differing length, provided
they satisfy some special frequency condition (which corresponds to the structural
properties ensured by the Lemma 3.4).

Lemma 3.5. Let 𝑋 and 𝑌 be binary strings of length 𝑛 and 𝑚 respectively, where
𝑚 ≤ 𝑛. Suppose the frequencies 0(𝑌 ) and 1(𝑋) are both at most (1/2−𝜌)𝑚 for some
positive constant 𝜌. Then there exist positive constants 𝛿 and 𝜖 such that if 0(𝑌 )
and 1(𝑋) are within 𝛿𝑚 of each other, we can compute a (1/2 + 𝜖) approximation of
LCS(𝑋, 𝑌 ) in subquadratic time.

The above result of Lemma 3.5 is essentially a generalization of a theorem proved
by Rubinstein and Song [RS20, Section 4]. This variant of their theorem is useful
because it applies to strings of different length. The proof is quite long, so we defer
the justification of Lemma 3.5 to Chapter 4.

The main technique behind the proof is a casework on the character frequencies
found in the two input binary strings. Most of the proof is identical to partition
method of [RS20], although there are a few cases requiring modifications to the ar-
gument. Conceptually, the main contribution here is the realization that in certain
limited cases, we can get around the equal length barrier discussed in Section 2.2 by
partitioning strings in slightly different ways than previous work.

Before moving onto the proof Theorem 3.1, we prove one last lemma that leverages
the character frequency information of the input strings to identify another easy case
in LCS approximation.

Lemma 3.6 (Lemma 3.1 from [RS20]). Let 𝑋 and 𝑌 be binary strings. For any
constant 𝛿 > 0, if 𝑋 and 𝑌 satisfy

min (0(𝑋), 0(𝑌 )) > (1 + 𝛿) min (1(𝑋), 1(𝑌 ))

or
min (1(𝑋), 1(𝑌 )) > (1 + 𝛿) min (0(𝑋), 0(𝑌 ))

then there is a unary (1 + 𝛿)/(2 + 𝛿) approximation for LCS(𝑋, 𝑌 ).

Proof. Observe that for any binary strings 𝑋 and 𝑌 we have

LCS(𝑋, 𝑌 ) ≤ min (0(𝑋), 0(𝑌 )) + min (1(𝑋), 1(𝑌 )) . (3.3)
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This equation holds because the LCS is a subsequence of 𝑋 and 𝑌 , and thus cannot
contain more zeros or ones than either of the strings 𝑋 or 𝑌 individually have.

Suppose by symmetry that min (0(𝑋), 0(𝑌 )) is the larger of the two addends on
the right. Then the we can return the all zeros string of length min(0(𝑋), 0(𝑌 )).
By construction, this is a common subsequence of 𝑋 and 𝑌 . Moreover, by the first
inequality from the lemma statement we have

min (0(𝑋), 0(𝑌 )) > (1 + 𝛿) (LCS(𝑋, 𝑌 ) − min (0(𝑋), 0(𝑌 )))

and then rearranging proves the claim.

We now illustrate how to combine all the results established thus far to obtain a
better LCS approximation algorithm over all alphabets of constant size.

Proof of Theorem 3.1. Let 𝜌 and 𝜌′ be positive parameters (bounded below by a con-
stant) whose values will be specified later.

If either of the strings 𝐴 or 𝐵 is 𝜌𝑠-balanced, we are done by Lemma 3.2 (by
taking 𝜌 to be small enough so that the lemma applies). If the LCS of 𝐴 and 𝐵 is
not 𝜌′-balanced, we are done by Lemma 3.3. So, we may assume that neither 𝐴 nor
𝐵 are 𝜌𝑠-balanced and that their LCS is 𝜌′-balanced.

By Lemma 3.4 we can find binary alphabet restrictions 𝑋 and 𝑌 of 𝐴 and 𝐵
respectively with the property that neither 𝑋 nor 𝑌 are 𝜌-balanced. Informally, since
the LCS of 𝐴 and 𝐵 is balanced, a better than 1/2 approximation for the LCS of 𝑋
and 𝑌 acts as a better than 1/𝑠 approximation for LCS(𝐴,𝐵).

More precisely, since LCS(𝐴,𝐵) is 𝜌′-balanced, each of its characters occurs at
least (1/𝑠 − 𝜌′) LCS(𝐴,𝐵) times in the LCS. By construction, we also know that
LCS(𝑋, 𝑌 ) is at least as large as a binary alphabet restriction of LCS(𝐴,𝐵). Thus,
it follows that given a positive constant 𝜖′, a 1/2 + 𝜖′ approximation of LCS(𝑋, 𝑌 )
has length at least

(1/2 + 𝜖′) · 2 (1/𝑠− 𝜌′) LCS(𝐴,𝐵) = (1/𝑠 + 2𝜖′/𝑠− 𝜌′ − 2𝜖′𝜌′) LCS(𝐴,𝐵).

By setting 𝜖 = 𝜖′/𝑠 (for example) and 𝜌′ sufficiently small in terms of 𝜖′, the above
calculation shows that a 1/2 + 𝜖′ approximation for the LCS of 𝑋 and 𝑌 acts as a
1/𝑠 + 𝜖 approximation for LCS(𝐴,𝐵). Hence to complete the proof, it suffices to get
a better than 1/2 approximation for LCS(𝑋, 𝑌 ).

We may assume that

min (0(𝑋), 0(𝑌 )) ≤ (1 + 𝛿) min (1(𝑋), 1(𝑌 )) (3.4)

and
min (1(𝑋), 1(𝑌 )) ≤ (1 + 𝛿) min (0(𝑋), 0(𝑌 )) (3.5)
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for some constant 𝛿 since otherwise Lemma 3.6 yields a better than 1/2 approximation.

As mentioned previously, [RS20] gives a better than 1/2 approximation for the
LCS when 𝑋 and 𝑌 have equal length. Hence, it suffices to consider the case where 𝑋
and 𝑌 have different lengths. In this situation, by symmetry, we may assume without
loss of generality that |𝑋| > |𝑌 | and 0(𝑌 ) ≤ 1(𝑌 ).

Our next step is to perform casework on the character frequencies of 𝑋, relative
to the character frequencies of 𝑌 .

Since 𝑋 is longer than 𝑌 , we cannot have both 1(𝑋) ≤ 1(𝑌 ) and 0(𝑋) ≤ 0(𝑌 ).

If 1(𝑋) > 1(𝑌 ) and 0(𝑋) > 0(𝑌 ) simultaneously, then eq. (3.5) implies that

1(𝑌 ) ≤ (1 + 𝛿) · 0(𝑌 )

which contradicts the fact that 𝑌 is not 𝜌-balanced as long as we take 𝛿 ≤ 2𝜌.

If instead 1(𝑋) ≤ 1(𝑌 ) and 0(𝑋) ≤ 0(𝑌 ), by eq. (3.5) we similarly have

0(𝑋) ≤ 0(𝑌 ) ≤ 1(𝑌 ) ≤ (1 + 𝛿) · 0(𝑋)

which again contradicts the fact that 𝑌 is not 𝜌-balanced for the same choice of 𝛿.

Thus, the only possibility is that 1(𝑋) ≤ 1(𝑌 ) and 0(𝑋) > 0(𝑌 ).

Let 𝑚 = |𝑌 | be the length of string 𝑌 . Then eq. (3.4) implies that

0(𝑌 ) ≤ (1 + 𝛿) · 1(𝑋) ≤ 1(𝑋) + 𝛿𝑚

while eq. (3.5) implies that

1(𝑋) ≤ (1 + 𝛿) · 0(𝑌 ) ≤ 0(𝑌 ) + 𝛿𝑚.

Consequently, 0(𝑌 ) and 1(𝑋) are within 𝛿𝑚 of each other. Then by Lemma 3.5,
as long as we take 𝛿 small enough in terms of 𝜌 we get a subquadratic 1/2 + 𝜖′

approximation for LCS(𝑋, 𝑌 ). As noted earlier, this then yields the desired 1/𝑠 + 𝜖
approximation for LCS(𝐴,𝐵) in truly subquadratic time.

In fact, because we only ever use subroutines that run in linear time or constant
factor approximations to edit distance which take near-linear time, the overall algo-
rithm takes near-linear time.
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Chapter 4

Better Approximation for Imbalanced
Strings

In Chapter 3 we proved Theorem 3.1, showing how to beat the naive 1/|Σ| approxi-
mation ratio for LCS approximation on equal length strings from any alphabet Σ of
constant size. The proof was self-contained, except for the omission of the justifica-
tion for a supporting result, Lemma 3.5, that was employed in the argument. This
section is devoted to filling in that justification, by proving Lemma 3.5.

The proof is structured by working through the individual arguments in the case
analysis of [RS20] and verifying that the arguments still hold in the case where the
strings have different lengths, as long as they satisfy the frequency requirements
included in the hypotheses of the lemma.

Throughout this chapter we fix the binary alphabet Σ = {0, 1} and assume that all
strings come from this alphabet. For ease of description, we carry over the following
subroutines from [RS20].

Definition 4.1. Given strings 𝐴 and 𝐵 and a symbol 𝜎, the algorithm Match(𝐴,𝐵, 𝜎)
returns the largest subsequence of 𝐴 and 𝐵 consisting entirely of copies of 𝜎.

Definition 4.2. Given strings 𝐴 and 𝐵, the algorithm BestMatch(𝐴,𝐵) returns the
longer of the strings

Match(𝐴,𝐵, 0) and Match(𝐴,𝐵, 1).

In other words, the algorithm returns the largest common unary subsequence.

Note that BestMatch is a 1/2 approximation algorithm for LCS.

Definition 4.3. Given strings 𝐴1, 𝐴2, and 𝐵, the algorithm Greedy(𝐴1, 𝐴2, 𝐵) re-
turns

max
𝐵=𝐵1⊔𝐵2

BestMatch(𝐴1, 𝐵1) + BestMatch(𝐴2, 𝐵2)

where the maximum is taken over all possible splits of 𝐵 into two contiguous left and
right substrings 𝐵1 and 𝐵2.
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These algorithms can all be implemented to run in linear time by scanning through
the counting how many 0s and 1s appear in each string.

We will also utilize the procedure outlined in Definition 2.4 that infers an LCS
approximation via a constant-factor approximation algorithm for computing the edit
distance of two strings. As before, for concreteness we assume that the routine lever-
ages the algorithm ̃︁ED from [AN20], which runs in near-linear time and can approx-
imate the edit distance to a 𝑐 = 3 + 𝜖′ factor for any fixed positive constant 𝜖′. Note
that this algorithm also returns a common subsequence achieving the given length.

Bypassing the Equal Length Barrier In the statement of Lemma 3.5, the input
strings are not required to have equal length. But as noted in Section 2.2, we only
know how to use edit distance to get improved LCS approximations when the input
strings are equal length. How do we overcome this obstacle?

The key idea is to apply edit distance approximation not to the full string, but
carefully chosen substrings. If we identify substrings in the input strings of the same
length, then we can use edit distance approximation on those equal length strings to
get a good estimate for part of an approximate LCS. We can then use combinatorial
arguments or other routines to get approximations for other parts of the LCS, and
then combine it with the partial solution we found using edit distance to form a good
approximation to the full LCS of the original strings.

For general strings of differing length, it still remains unclear how to identify these
sorts of substrings whose approximate LCS can be extended to a good approximation
for the full LCS. However, in the proof below, we manage to show that when we
have strings meeting the frequency conditions from the statement of Lemma 3.5, it
is possible to identify such substrings by considering frequencies of zeros and ones in
the inputs. In particular, the strings under consideration are quite imbalanced, so we
can either identify some balanced substrings (which is amenable to approximation by
edit distance), or just find imbalanced substrings which have the same bias towards
zeros or ones (in which case the longest unary subsequence algorithm will give a good
approximation).

Proof of Lemma 3.5. Let 1(𝑋) = 𝛼𝑚 for some 𝛼 ∈ [0, 1]. By assumption, we know
that 𝛼 < 1/2 is bounded away from 1/2 by some constant amount. We can also
assume that 0(𝑌 ) is within 𝛿𝑚 of 1(𝑋) for some positive parameter 𝛿 < 0 to be
picked later on. We will end up setting 𝛿 to be some sufficiently small constant
depending on 𝛼.

For the remainder of this proof, we use the notation ≈ to denote quantities that are
within 𝛿𝑚 of each other. For example 1(𝑋) ≈ 0(𝑌 ). This lets us avoid having to stick
in ±𝛿𝑚 symbols in all the inequalities and helps make the arguments cleaner without
affecting the correctness (since we just care about getting a 1/2 + 𝜖 approximation
for some constant 𝜖 > 0).

Note that by Equation (3.3) the LCS of the input strings
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LCS(𝑋, 𝑌 ) ≤ (2𝛼 + 𝛿)𝑚 (4.1)

cannot be too large, because the LCS contain at most 𝛼𝑚 1s from 𝑋 and ≈ 𝛼𝑚 0s
from 𝑌 .

Define 𝑅𝑋 and 𝑅𝑌 to be the substrings of 𝑋 and 𝑌 consisting of their rightmost
𝛼𝑚 characters respectively. Similarly define 𝐿𝑋 and 𝐿𝑌 as the substrings of 𝑋 and
𝑌 consisting of their respective leftmost 𝛼𝑚 characters. Set 𝑀𝑋 = 𝑋 ∖ (𝐿𝑋 ∪ 𝑅𝑋)
and 𝑀𝑌 = 𝑌 ∖ (𝐿𝑌 ∪𝑅𝑌 ) to be the middle substrings of 𝑋 and 𝑌 that remain when
these left and right ends are chopped off.

We now follow the casework of [RS20], explaining at each step why the arguments
still hold in our more general setting. These cases are based off the frequencies of 0s
and 1s in the left and right ends of the inputs, and consider separately the situation
where these substrings are pseudorandom (balanced) or structured (imbalanced).

In the former case we can appeal to edit distance as in the proof of Lemma 3.2, and
in the latter situation we can exploit the imbalance in the strings to use the simpler
unary algorithms described in Definition 4.1, Definition 4.2, and Definition 4.3. Intu-
itively, we succeed in using edit distance approximation arguments (and overcome the
barrier described the end of Section 2.2) in this particular case because even though
𝑋 and 𝑌 may have different size, we identify right and left substrings which all have
equal length and only employ edit distance approximation around these areas.

Recall that, by assumption, 𝛼 < 1/2−𝜌 for some constant 𝜌. We select a parameter
𝛽 < 𝜌/20 to represent deviation from the balanced case. By choosing 𝛿 sufficiently
small in terms of 𝛽 we may additionally assume that

1(𝑋), 0(𝑌 ) < (1/2 − 10𝛽)𝑚 (4.2)

since in the hypothesis of the lemma we supposed that 1(𝑋) < (1/2 − 𝜌)𝑚 and that
0(𝑌 ) ≈ 1(𝑋).

Finally, as one last piece of notation in this proof, we write |𝐴| to denote length
of an arbitrary string 𝐴. We now begin the casework, maintaining consistency with
the previous casework argument of [RS20].

4.1 Case 1(a)

Case 1(a): 1(𝑅𝑌 ), 0(𝑅𝑋) ∈ [(𝛼/2 − 4𝛽)𝑚, (𝛼/2 + 4𝛽)𝑚]

In this case both right ends of the strings are balanced. We will give a good
approximation for the LCS by splitting these strings at the right ends and using the
aforementioned algorithms.

Consider an optimal alignment between 𝑋 and 𝑌 (i.e. a maximum partial match-
ing of identical characters in 𝑋 and 𝑌 , corresponding to the LCS of 𝑋 and 𝑌 ). Now
define ̂︁𝑅𝑌 to be the minimal suffix (from the right end) of the string 𝑌 with the
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property that every character from 𝑅𝑋 which is matched in the alignment is paired
up with some character in ̂︁𝑅𝑌 .

Without loss of generality, we may assume that ̂︁𝑅𝑌 is a substring of 𝑅𝑌 . This is
because if ̂︁𝑅𝑌 was not contained in 𝑅𝑌 , we could define an analogous substring of̂︁𝑅𝑋 of 𝑋 satisfying ̂︁𝑅𝑋 ⊆ 𝑅𝑋 and then use a symmetric argument to get the desired
approximation.

Let ̂︁𝐿𝑌 = 𝑌 ∖ ̂︁𝑅𝑌 be the left substring of 𝑌 that remains after chopping of ̂︁𝑅𝑌 .

Optimality of the alignment implies that

LCS(𝑋, 𝑌 ) = LCS(𝑋 ∖𝑅𝑋 , ̂︁𝐿𝑌 ) + LCS(𝑅𝑋 , ̂︁𝑅𝑌 ). (4.3)

Define the quantities

𝑓𝐿 = min(1(𝑋 ∖𝑅𝑋), 1(̂︁𝐿𝑌 )) + min(0(𝑋 ∖𝑅𝑋), 0(̂︁𝐿𝑌 ))

and
𝑓𝑅 = min(1(𝑅𝑋), 1(̂︁𝑅𝑌 )) + min(0(𝑅𝑋), 0(̂︁𝑅𝑌 ))

which represent frequency-based upper bounds for the LCS terms from the right
hand side of Equation (4.3). They are useful because Equation (3.3) together with
Equation (4.3) implies that

LCS(𝑋, 𝑌 ) ≤ 𝑓𝐿 + 𝑓𝑅. (4.4)

We also introduce the quantity

𝑍 = max
(︁

min(1(𝑋 ∖𝑅𝑋), 1(̂︁𝐿𝑌 )),min(0(𝑋 ∖𝑅𝑋), 0(̂︁𝐿𝑌 ))
)︁

which is the larger of the two addends defining 𝑓𝐿, and is equal to the length of the
string returned by the subroutine

BestMatch(𝑋 ∖𝑅𝑋 , ̂︁𝐿𝑌 ).

We further subdivide into cases based off the size of 𝑍.

Case 1(a)(i): 𝑍 > (𝛼/2 + 10𝛽)𝑚

When 𝑍 is large we can combine two unary subsequences to get a good enough
LCS approximation. We first show that 𝑍 is bigger than 𝑓𝐿/2 by a constant fraction
of 𝑚.

By definition we have

𝑓𝐿 − 𝑍 = min
(︁

min(1(𝑋 ∖𝑅𝑋), 1(̂︁𝐿𝑌 )),min(0(𝑋 ∖𝑅𝑋), 0(̂︁𝐿𝑌 ))
)︁
≤ 1(𝑋 ∖𝑅𝑋).

Since 𝑋 has 𝛼𝑚 ones and 𝑅𝑋 has length 𝛼𝑚 we get that
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1(𝑋 ∖𝑅𝑋) = 𝛼𝑚− 1(𝑅𝑋) = 𝛼𝑚− (𝛼𝑚− 0(𝑅𝑋)) = 0(𝑅𝑋).

Then using the case assumptions we have

0(𝑅𝑋) ≤ (𝛼/2 + 4𝛽)𝑚 < 𝑍 − 6𝛽𝑚.

Chaining these inequalities together and rearranging we deduce that

𝑍 > 𝑓𝐿/2 + 3𝛽𝑚.

Now if we make a single call to the Greedy routine we obtain a string of length

Greedy(𝑋 ∖𝑅𝑋 , 𝑅𝑋 , 𝑌 ) ≥ BestMatch(𝑋 ∖𝑅𝑋 , ̂︁𝐿𝑌 ) + BestMatch(𝑅𝑋 , ̂︁𝑅𝑌 ). (4.5)

From our earlier discussion we have

BestMatch(𝑋 ∖𝑅𝑋 , ̂︁𝐿𝑌 ) ≥ 𝑍 > 𝑓𝐿/2 + 3𝛽𝑚.

Moreover

BestMatch(𝑅𝑋 , ̂︁𝑅𝑌 ) = max(min(1(𝑅𝑋), 1(̂︁𝑅𝑌 )),min(0(𝑅𝑋), 0(̂︁𝑅𝑌 ))) ≥ 𝑓𝑅/2

since we are taking the maximum over two addends that sum to 𝑓𝑅.

Finally, if we substitute the above inequalities into Equation (4.5) and apply
Equation (4.4) we get that

Greedy(𝑋∖𝑅𝑋 , 𝑅𝑋 , 𝑌 ) ≥ (𝑓𝐿 + 𝑓𝑅) /2+3𝛽𝑚 ≥ LCS(𝑋, 𝑌 )/2+3𝛽𝑚 ≥ (1/2 + 3𝛽) LCS(𝑋, 𝑌 ).

Thus running the subroutine Greedy yields a better than 1/2 approximation in
this case.

Case 1(a)(ii) : 𝑍 ≤ (𝛼/2 + 10𝛽)𝑚

Intuitively, in this case 𝑍 is too small for us to ensure a good approximation using
frequency guarantees alone. However, because 𝑍 is so small, the LCS also cannot be
too large. Because of this, we will be able to get a good approximation by combining
a common subsequence of the (balanced) right ends of the strings with a common
subsequence of the strings with the right ends removed.

More concretely, we leverage the ApproxED algorithm from Definition 2.4. From
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our previous observation we have

𝑓𝐿 ≤ 2𝑍 ≤ (𝛼 + 20𝛽)𝑚.

So via Equation (4.3) we can bound the LCS by

LCS(𝑋, 𝑌 ) ≤ 𝑓𝐿 + LCS(𝑅𝑋 , ̂︁𝑅𝑌 ) ≤ (𝛼 + 20𝛽)𝑚 + LCS(𝑅𝑋 , 𝑅𝑌 ) (4.6)

where in the last step we also used the fact that ̂︁𝑅𝑌 ⊆ 𝑅𝑌 .

We will get an approximation by returning a unary subsequence from the left
parts of the strings, and using edit distance approximation on the right ends. First,
we can make a call to BestMatch and get a common subsequence of length at least

BestMatch(𝑋 ∖𝑅𝑋 , 𝑌 ∖𝑅𝑌 ) ≥ Match(𝑋 ∖𝑅𝑋 , 𝑌 ∖𝑅𝑌 , 0) ≥ (𝛼/2 − 4𝛽)𝑚.

This last inequality above follows from combining the case 1 assumptions about the
frequencies of characters in 0(𝑅𝑋) and 1(𝑅𝑌 ), together with the facts that

0(𝑌 ) ≈ 1(𝑋) = 𝛼𝑚

and
|𝑅𝑋 | = |𝑅𝑌 | = 𝛼𝑚.

Now, since 𝑅𝑋 and 𝑅𝑌 are (4𝛽/𝛼)-balanced we can apply Lemma 3.2 with 𝑛 = 𝛼𝑚
as long as we take 𝛽 sufficiently small in terms of 𝛼. Note that for fixed alphabet size
and 𝜌, the parameter 𝛽 remains Ω(1). This ensures that in subquadratic time we can
compute a common subsequence of 𝑅𝑋 and 𝑅𝑌 with length at least

(1/2 + 𝛾) LCS(𝑅𝑋 , 𝑅𝑌 )

where 𝛾 < 1 is the constant from Lemma 3.2, which is larger for smaller values of 𝛽.
By the frequency assumptions on 𝑅𝑋 and 𝑅𝑌 , we know that

LCS(𝑅𝑋 , 𝑅𝑌 ) ≥ (𝛼/2 − 4𝛽)𝑚

so in fact the subsequence of 𝑅𝑋 and 𝑅𝑌 returned by Lemma 3.2 has length at least

(1/2 + 𝛾) LCS(𝑅𝑋 , 𝑅𝑌 ) ≥ LCS(𝑅𝑋 , 𝑅𝑌 )/2 + 𝛾(𝛼/2 − 4𝛽)𝑚.

Now if we combine these two subsequences together, we get a common subsequence
of 𝑋 and 𝑌 of length at least

LCS(𝑅𝑋 , 𝑅𝑌 )/2 + (𝛼/2 − 4𝛽)𝑚 + 𝛾(𝛼/2 − 4𝛽)𝑚
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which can be written in the form

((𝛼 + 20𝛽)𝑚 + LCS(𝑅𝑋 , 𝑅𝑌 )) /2 + (𝛾𝛼/2 − 14𝛽 − 4𝛾𝛽)𝑚.

By applying Equation (4.6) and the fact that 𝛾 < 1 we see that this is at least

LCS(𝑋, 𝑌 )/2 + (𝛾𝛼/2 − 18𝛽)𝑚.

Finally, by picking 𝛽 small enough this expression is at least

LCS(𝑋, 𝑌 )/2 + (𝛾𝛼/3)𝑚 ≥ (1/2 + 𝛾/6) LCS(𝑋, 𝑌 )

where in the last step we have used Equation (3.3) together with 1(𝑋) = 𝛼𝑚 and
0(𝑌 ) ≈ 𝛼𝑚. This proves that we can attain a better than 1/2 approximation for the
LCS as claimed.

4.2 Cases 1(b), 1(c), and 2

Case 1(b): 1(𝑅𝑌 ) < (𝛼/2 − 4𝛽)𝑚 and 0(𝑅𝑋) ≤ (𝛼/2 + 2𝛽)𝑚

In this case the right ends of 𝑋 and 𝑌 each do not contain too much their respec-
tive strings’ most common characters. We show that this implies the LCS of both
strings must be so small that simply returning a unary string yields a better than 1/2
approximation.

As in case 1(a), consider an optimal alignment between 𝑋 and 𝑌 . Now define the
substring ̂︁𝑅𝑌 to be the minimal suffix of 𝑌 which contains all characters of 𝑌 that
𝑅𝑋 is aligned to. Let ̂︁𝐿𝑌 = 𝑌 ∖ ̂︁𝑅𝑌 be what remains of 𝑌 after 𝑅𝑌 is removed. Since
the alignment is optimal, Equation (4.3) holds.

We now subdivide into further case based off how the right ends of strings are
aligned.

Case 1(b)(i): every character of 𝑅𝑋 is matched to some character of 𝑅𝑌

in the alignment.

In this case ̂︁𝑅𝑌 is a substring of 𝑅𝑌 . From Equation (3.3) and the case assumptions
we get that

LCS(𝑋 ∖𝑅𝑋 , ̂︁𝐿𝑌 ) ≤ 1(𝑋 ∖𝑅𝑋) + 0(̂︁𝐿𝑌 ) ≤ (𝛼/2 + 2𝛽)𝑚 + 0(̂︁𝐿𝑌 )

and

LCS(𝑅𝑋 , ̂︁𝑅𝑌 ) ≤ 1(̂︁𝑅𝑌 ) + 0(̂︁𝑅𝑌 ) ≤ (𝛼/2 − 4𝛽)𝑚 + 0(̂︁𝑅𝑌 ).

Note that in this second inequality we are using the inequality 1(̂︁𝑅𝑌 ) ≤ 1(𝑅𝑌 )
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which follows from the earlier observation that ̂︁𝑅𝑌 ⊆ 𝑅𝑌 . By adding these inequalities
together and substituting the result into Equation (4.3) we deduce that

LCS(𝑋, 𝑌 ) ≤ (𝛼− 2𝛽)𝑚 +
(︁

0(̂︁𝐿𝑌 ) + 0(̂︁𝑅𝑌 )
)︁
≤ (𝛼− 2𝛽)𝑚 + 𝛼𝑚 = (2𝛼− 2𝛽)𝑚

where we have used the fact that the symbol 0 occurs in 𝑌 a total of ≈ 𝛼𝑚 times.

Case 1(b)(ii): some character of 𝑅𝑋 is matched outside 𝑅𝑌 in the align-
ment.

In this case 𝑅𝑌 is a substring of ̂︁𝑅𝑌 .

Using Equation (3.3) again we find that

LCS(𝑋 ∖𝑅𝑋 , ̂︁𝐿𝑌 ) ≤ 1(𝑋 ∖𝑅𝑋) + 0(̂︁𝐿𝑌 ) (4.7)

From 0(𝑅𝑋) ≤ (𝛼/2 + 2𝛽)𝑚 we know that 1(𝑅𝑋) ≥ (𝛼/2 − 2𝛽)𝑚 since 𝑅𝑋 has
length 𝛼𝑚. It follows that

1(𝑋 ∖𝑅𝑋) = 1(𝑋) − 1(𝑅𝑋) ≤ (𝛼/2 + 2𝛽)𝑚

since 1(𝑋) = 𝛼𝑚.

Similarly, since 1(𝑅𝑌 ) < (𝛼/2 − 4𝛽)𝑚 and 𝑅𝑌 has length 𝛼𝑚 we know that
0(𝑅𝑌 ) > (𝛼/2 + 4𝛽)𝑚. Since 𝑅𝑌 ⊆ ̂︁𝑅𝑌 it must be the case that 0(̂︁𝑅𝑌 ) > (𝛼/2 + 4𝛽)𝑚
which means that

0(̂︁𝐿𝑌 ) = 0(𝑌 ) − 0(̂︁𝑅𝑌 ) ≈ 𝛼𝑚− 0(̂︁𝑅𝑌 ) < (𝛼/2 − 4𝛽)𝑚.

Adding these two inequalities and substituting into Equation (4.7) proves that

LCS(𝑋 ∖𝑅𝑋 , ̂︁𝐿𝑌 ) ≤ (𝛼− 2𝛽)𝑚.

Then applying Equation (4.3) and using the fact that 𝑅𝑋 has length 𝛼𝑚 proves

LCS(𝑋, 𝑌 ) = LCS(𝑋 ∖𝑅𝑋 , ̂︁𝐿𝑌 ) + LCS(𝑅𝑋 , ̂︁𝑅𝑌 ) ≤ (𝛼− 2𝛽)𝑚 + 𝛼𝑚 = (2𝛼− 2𝛽)𝑚.

Thus in both this subcase and the previous one, the LCS is at most (2𝛼− 2𝛽)𝑚.
Hence, returning the string of ≈ 𝛼𝑚 zeros obtained by calling Match(𝑋, 𝑌, 0) gives a
better than 1/2 approximation as desired.

Case 1(c): 1(𝑅𝑌 ) ≤ (𝛼/2 + 2𝛽)𝑚 and 0(𝑅𝑋) < (𝛼/2 − 4𝛽)𝑚

This case is symmetric to case 1(b) and similar reasoning handles it.

Case 2: 1(𝐿𝑌 ), 0(𝐿𝑋) ≤ (𝛼/2 + 2𝛽)𝑚
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Combining cases 1(a), 1(b), and 1(c) resolves the situation where

1(𝑅𝑌 ), 0(𝑅𝑋) ≤ 𝛼/2 + 2𝛽.

Consequently, case 2 is symmetric to case 1. In particular, we can flip the strings
(by replacing 𝑋 with the string 𝑋 ′ which consists of the symbols of 𝑋 read in reverse
from right to left, and replacing 𝑌 with its analogous reverse string 𝑌 ′) and apply
the arguments from case 1 to handle this case.

4.3 Cases 3 and 4

Case 3: 1(𝐿𝑌 ), 1(𝑅𝑌 ) ≤ (𝛼/2 + 𝛽)𝑚 and 0(𝐿𝑋), 0(𝑅𝑋) > (𝛼/2 + 2𝛽)𝑚

In this case both ends of the inputs have many 0s, so repeated calls to Match will
be enough to guarantee a better than 1/2 approximation.

Since 𝐿𝑌 has length 𝛼𝑚 and at most (𝛼/2 + 𝛽)𝑚 instances of 1, it must have at
least

0(𝐿𝑌 ) ≥ 𝛼𝑚− (𝛼/2 + 𝛽)𝑚 = (𝛼/2 − 𝛽)𝑚

occurrences of 0. Since 1(𝑅𝑌 ) ≤ (𝛼/2 + 𝛽)𝑚 the same reasoning shows that

0(𝑅𝑌 ) ≥ (𝛼/2 − 𝛽)𝑚.

Consequently we can get common subsequences of the left and right ends of the strings
consisting entirely of 0s with lengths

Match(𝐿𝑋 , 𝐿𝑌 , 0) = min(0(𝐿𝑋), 0(𝐿𝑌 )) ≥ (𝛼/2 − 𝛽)𝑚

and
Match(𝑅𝑋 , 𝑅𝑌 , 0) = min(0(𝑅𝑋), 0(𝑅𝑌 )) ≥ (𝛼/2 − 𝛽)𝑚.

Intuitively, since the ends of the strings have many 0s, we expect the middle
substrings to have many 1s. Indeed, since the left end

1(𝐿𝑋) = |𝐿𝑋 | − 0(𝐿𝑋) < 𝛼𝑚− (𝛼/2 + 2𝛽)𝑚 = (𝛼/2 − 2𝛽)𝑚

of 𝑋 does not have many 1s and similar reasoning shows that

1(𝑅𝑋) < (𝛼/2 − 2𝛽)𝑚

this holds for the right end as well, the middle of 𝑋 has at least

1(𝑀𝑋) = 1(𝑋) − 1(𝐿𝑋) − 1(𝑅𝑋) > 𝛼𝑚− 2(𝛼/2 − 2𝛽)𝑚 = 4𝛽𝑚

appearances of 1.
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To argue that 𝑀𝑌 has enough 1s we will need to appeal to the fact that 𝑌 is not
balanced. From Equation (4.2) we know that

1(𝑌 ) = 𝑚− 0(𝑌 ) > 𝑚− (1/2 − 10𝛽)𝑚 = (1/2 + 10𝛽)𝑚.

We can use the case assumptions together 𝛼 < 1/2 to then deduce

1(𝑀𝑌 ) = 1(𝑌 ) − 1(𝐿𝑌 ) − 1(𝑅𝑌 ) > (𝛼 + 10𝛽)𝑚− 2(𝛼/2 + 𝛽)𝑚 = 8𝛽𝑚.

Consequently the largest all 1s subsequence between the middle substrings has length
at least

Match(𝑀𝑋 ,𝑀𝑌 , 1) = min(1(𝑀𝑋), 1(𝑀𝑌 )) ≥ 4𝛽𝑚.

Thus, by combining these three subsequences from three calls to match we can
recover in linear time a common subsequence of size

Match(𝐿𝑋 , 𝐿𝑌 , 0)+Match(𝑀𝑋 ,𝑀𝑌 , 1)+Match(𝑅𝑋 , 𝑅𝑌 , 0) > 2(𝛼/2−𝛽)𝑚+4𝛽𝑚 = (𝛼+2𝛽)𝑚.

By Equation (4.1) the true LCS has length at most ≈ 2𝛼𝑚, so a string of length
(𝛼 + 2𝛽)𝑚 is a 1/2 + 𝜖 approximation for some constant 𝜖 < 2𝛽/𝛼 as desired.

Case 4: 0(𝐿𝑋), 0(𝑅𝑋) ≤ (𝛼/2 + 𝛽)𝑚 and 1(𝐿𝑌 ), 1(𝑅𝑌 ) > (𝛼/2 + 2𝛽)𝑚

This case is symmetric to case 3 and similar reasoning handles it.

4.4 Cases 5 and 6

Case 5: 0(𝐿𝑋), 1(𝑅𝑌 ) > (𝛼/2 + 𝛽)𝑚

In this case, the ends of the strings have unusually large instances of either 0 or 1.
This will enable us to combine two calls to Match to get the desired approximation.

We can check that the right end of 𝑌 does not have many 0s

0(𝑅𝑌 ) = |𝑅𝑌 | − 1(𝑅𝑌 ) < 𝛼𝑚− (𝛼/2 + 𝛽)𝑚 = (𝛼/2 − 𝛽)𝑚.

It follows that the remainder of the string 𝑌 ∖𝑅𝑌 = 𝐿𝑌 ∪𝑀𝑌 has many zeros

0(𝑌 ∖𝑅𝑌 ) = 0(𝑌 ) − 0(𝑅𝑌 ) ≈ 𝛼𝑚− 0(𝑅𝑌 ) > (𝛼/2 + 𝛽)𝑚.

Similar reasoning shows that
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1(𝐿𝑋) = 𝛼𝑚− 0(𝐿𝑋) < (𝛼/2 − 𝛽)𝑚

so that the remaining portion of 𝑋 has many ones

1(𝑋 ∖ 𝐿𝑋) = 1(𝑋) − 1(𝐿𝑋) = 𝛼𝑚− 1(𝐿𝑋) > (𝛼/2 + 𝛽)𝑚.

It follows that

Match(𝐿𝑋 , 𝑌 ∖𝑅𝑌 , 0) + Match(𝑋 ∖ 𝐿𝑋 , 𝑅𝑌 , 1) > (𝛼 + 2𝛽)𝑚

using these match subroutines and combining the resulting strings yields a better
than 1/2 approximation, since by Equation (4.1) the LCS is at most ≈ 2𝛼𝑚.

Case 6: 1(𝐿𝑌 ), 0(𝑅𝑋) > (𝛼/2 + 𝛽)𝑚 This is symmetric to case 5 and a similar
argument proves the result holds in this situation.

By inspection or by referring to [RS20, Table 1], we can verify that these cases
handle all possible input strings satisfying the conditions of the lemma. Since in every
case we obtain a better than 1/2 approximation for the LCS in subquadratic time
(and in fact near-linear time for our choice of edit distance approximation algorithm),
we have proven the claim.
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Chapter 5

Conclusions

5.1 Summary of Work

Given two input strings over an alphabet Σ of constant size, there is a counting
algorithm that runs in linear time and computes a 1/|Σ| approximation to the longest
common subsequence (LCS) of the inputs. It has been a longstanding open problem
in the field of approximation algorithms to design algorithms which run in truly
subquadratic time and beat this naive approximation ratio.

In this thesis we prove Theorem 1.2, which shows how beat this ratio and ob-
tain better than 1/|Σ| approximations for the LCS of equal-length strings over any
constant-sized alphabet Σ. This completely resolves the above open problem for equal
length strings, and while a similar result had been known previously for binary strings
[RS20], this is the first such improvement for all alphabets of size at least |Σ| ≥ 3.

Additionally, we make partial progress towards eliminating the need for this equal
length condition, by proving Theorem 1.1, which shows that to get better LCS ap-
proximation for strings of possibly differing length over all alphabets, it suffices to
get better LCS approximation for binary strings of possibly differing length. We also
show how to get this improved approximation ratio for certain classes of binary input
strings of unequal length.

Philosophically, this result shows that for LCS approximation, the case of binary
strings appears to be the hardest, and that removing the equal length condition is
at least as hard as obtaining improved approximation algorithms in general for all
constant alphabet sizes. Having broken the psychological barrier of a 1/|Σ| approxi-
mation ratio, it seems that it should be of great interest to see how much larger this
approximation ratio for LCS can be made.

From a technical point of view, our work provides a new reduction for LCS ap-
proximation over alphabets of different sizes, shows a slightly more general fashion in
which edit distance approximation can be used to improve LCS approximation, and
develops new ways of leveraging frequency information of the input strings and their
LCS in designing better approximation algorithms.
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5.2 Open Problems and Future Directions

The main problem suggested by our work is of course: can we beat the naive approxi-
mation ratio for LCS even when the strings have different lengths? That is, given two
strings of length at most 𝑛 over an alphabet of size 𝑠, does there exist an algorithm
which runs in truly subquadratic time and returns a 1/𝑠 + 𝜖 approximation to the
LCS of the input strings, for some constant 𝜖 > 0? By Theorem 1.1, to answer this
question it suffices to resolve it in the case of binary strings, where 𝑠 = 2.

Another question raised by our work is to what extent can we increase the ap-
proximation ratios for LCS over an alphabet Σ above 1/|Σ|? Our algorithm and
that of Rubinstein and Song’s only beat the naive approximation ratio by a modest
amount. How large of an 𝜖 can we find while still having a truly subquadratic al-
gorithm that computes a 1/|Σ| + 𝜖 approximation? In our work, the value of 𝜖 also
decays polynomially as |Σ| grows. Can this dependence be improved?

Alternatively, can we prove better hardness results (conditioned on conjectures
from fine-grained complexity, for example) for ruling out certain types of LCS ap-
proximation? The positive results in this thesis and other works such as [RSSS19]
may be helpful for ruling out easy cases and identifying potential hard cases for LCS
approximation.

To prove better algorithmic results, it could potentially be helpful to employ
the ideas of edit distance approximation more explicitly instead of reducing to this
problem in a black-box manner as we do in our work. For handling inputs of different
length, perhaps there could be benefits to reducing to variants of edit distance which
are asymmetric and involve approximating the distance to many substrings of one of
the inputs (problems like these were used previously in [And19] as helper algorithms
in edit distance approximation).

In our work, outside of using constant-factor edit distance approximation, all
the algorithms we used were extremely simple and only involved counting character
frequencies. In particular, although we exploit information about the order of charac-
ters implicitly in how we partition strings in Chapter 4, it seems like our algorithms
are still agnostic to much of the linear structure of both the input strings and the
true LCS. It could be the case that using more costly routines (which still run in
truly subquadratic time, but not necessarily linear time) or more involved algorith-
mic paradigms which leverage information about the strings more explicitly could
lead to even better algorithms.
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