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Abstract

One core problem of robot viability in many sectors is retrainability; if a robot’s task
can change without changing code, automation becomes feasible for a wider set of
applications. To advance robot retrainability, this thesis will introduce a learning
from demonstrations (LfD) framework allowing a robot to learn and execute task-
level plans in spatially complex environments. To achieve this goal, we introduce a
propositional logic framework to encode spatial relationships between objects and an
inference scheme to identify important relationships between defined object classes.
Finally, we present a search-based algorithm to synthesize required class relationships
into a task-level plan. As a representative problem for this of context, we focus on
the problem of box packing, wherein the robot must learn specific rules surrounding
how to place objects in a box according to a demonstrator’s wishes.
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Chapter 1

Introduction

Over the past several years, the cost of purchasing robots has decreased dramati-

cally, leading to wider accessibility. Given this advancement, one would expect a

corresponding drive to utilize such technology in industry settings. However, recent

studies show a relatively unchanging landscape of robotic usage: large manufactures

with many resources (automotive manufactures for example) tend to utilize industrial

robotics for repetitive tasks with high-volume output, while SMEs (Small to Medium

Enterprises) lag behind [44]. In large part, the barrier between SMEs and robotic vi-

ability is robots’ inflexibility with respect to changing task parameters. Unlike large

companies, SMEs require "high-mix low-volume" output, meaning any specific task

may be required a relatively small number of times before the task is changed. If

each change in task parameters requires changes to code, using a robot becomes less

economically viable.

One proposed tool to make robots viable for SMEs is Learning from Demonstra-

tion (LfD) techniques [25]. Here, the robot is able to infer the necessary steps or

generalized policy for a task by watching a demonstration, thereby decreasing the

cost of switching tasks dramatically in low-volume high-mix scenarios.

Naturally, many tasks in manufacturing require a robot to understand how parts

relate to each other in space (e.g. in assembly tasks or part storage). However, to

our knowledge, past research has not described a method to infer and replicate tasks

based on the spatial relationships between objects in an environment. Therefore, in
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this thesis, we introduce a set of methods intended to infer and replicate patterns in

the spatial positions of objects in an environment via demonstrations.

This thesis is structured as follows: In Chapter 2, we provide background on rel-

evant literature in order to ground and motivate the methods we present. Chapter 3

presents our formal problem formulation as well as the inference and planning algo-

rithms that make up our technical contribution. Chapter 4 describes the evaluations

of our methods, including a human pilot study and runtime analysis. Finally, chapter

5 gives a conclusion and describes potential future work.

1.1 Algorithms and Humans in Operational Settings

Rapid reprogramming of robotics for high-mix low-volume output is necessary for

moving many industries and SMEs towards a more efficient and automated future.

However, the problem does not start and end with task completion in a technically

correct manner. Ultimately, these algorithms live and die by companies and workers

choosing to utilize such technology – a choice based on far more than correct task

completion. Many studies have shown worker aversion to using algorithms for decision

making in contexts spanning box packing [49] to forecasting inventory needs [15].

Many have theorized that this so-called "algorithm aversion" stems from humans’

belief that an algortihm will eventually make errors [18] and workers’ lower tolerance

for algorithmic errors than human errors [14]. Yet, people are more likely to use

an algorithm if they have a say in it’s functioning, resulting both from an increased

trust of the agent and the user’s ability to confer useful information known by the

user but not the robot [15]. Therefore, in addition to rapid retraining, a learning

from demonstrations approach allows us to capture the patterns and constraints the

human prefers.

For example, imagine the task of placing objects into a box. There are many

existing algorithms that can determine where to place objects to pack a box. However,

there may be hidden constraints the human uses when packing a box. Some of these

may help guide the algorithm to genuinely useful behaviors (e.g. placing boxes next

16



to each other can maintain maximal open space). Others may be more cosmetic, like

packing alike items next to each other. While not strictly necessary to find a tractable

set of object placements, these human-preference constraints can help the algorithm

complete tasks that seems appropriate to the demonstrator.

Among techniques that allow humans to give input on an algorithm’s functioning,

learning from demonstration approaches provide an advantage over systems that only

take linguistic explanations from the human. Past research has documented humans’

tendency to underspecify a task (i.e. leave out important details for preferences

and requirements) if their descriptions rely solely on language [22]. Learning from

demonstration approaches avoid this issue by letting the system understand task

requirements directly without the need of explicit, language-based specification.

1.2 Contributions

1.2.1 Spatial Logic Framework

In order to reason over the spatial relationships between objects, we first need a

framework to describe how objects are related in space. For this purpose, we utilize

a fragment of Region Connection Calculus (RCC) – a spatial language that formal-

izes a set of human-intuitive canonical relationships between regions of space. In

Section 3.1, we describe and formalize an extension to this language that allows de-

scriptions of objects’ relative position in a coordinate system (i.e. if one object is

North/South/East/West of another). We then use this extended fragment of RCC to

formally introduce language around spatial constraints and how objects can satisfy

such constraints.

1.2.2 Inference over Spatial Relationships

Given the Boolean logic framework to reason and describe constraints over objects

in space, we then introduce a Bayesian inference algorithm to learn constraints over

objects in space given a set of demonstrations in Section 3.2. This inference occurs
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in two steps. First, it determines a set of "candidate" constraints which are satisfied

in every provided demonstration. Then, a Bayesian algorithm determines whether

each candidate constraint is likely to have been in the demonstrator’s ground truth

constraint set, or whether the demonstrations randomly satisfied the constraint. The

algorithm outputs a set of constraints over the spatial relationships between objects

with a high probability of being within the demonstrator’s ground truth constraint

set.

1.2.3 Object Placement Synthesis

Once a set of spatial constraints is inferred, we introduce an algorithm in Section

3.3 that can place objects in such a way as to satisfy the inferred constraints. This

algorithm has two hierarchical components. The higher level system uses Monte Carlo

Tree Search (MCTS) to search promising places an object can be placed in attempts

to satisfy all constraints. Whenever the search tree needs a new promising object

placement, it queries the lower level system, which takes in an existing set of object

placements and determines the best position to place a new object.

1.2.4 Human Pilot Study

The three technical contributions of this thesis (spatial logic framework, the inference

algorithm, and the synthesis algorithm) are intended to capture and recreate patterns

of object placement from a human demonstrator. However, in order to prove its abil-

ity to capture human-intuitive constraints, we describe and carry out a pilot study

to show the system’s effectiveness in placing objects that a human finds satisfacto-

rily reproduces a series of demonstrations. Additionally, we show that that human

participants tend to underspecify the requirements inherent to their demonstrations.
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Chapter 2

Background

2.1 Learning From Demonstrations

In recent years, the AI community has seen huge leaps in planning for complex do-

mains like Atari games [35], Go [48], and Starcraft [50]. While these algorithms work

extremely well in situations where the reward function of a task is clear (e.g. win the

game), rapid robot retraining necessitates the robot understanding the definition of a

properly completed task. Learning from Demonstration techniques ultimately allow

a robot the ability to interpret a humans’ reward function. Many of these techniques

focus on imitating a demonstration, usually with respect to motion-level planning.

While the specific goals behind these methods vary, imitation-based techniques gen-

erally attempt to minimize a distance metric between observed and executed tra-

jectories. Despite being a powerful tool in motion, the goal of minimizing distance

inherently limits imitation learning methods to situations where a robot needs to

clone one specific task.

Such limitations inherent to imitation methods lead to the necessity of techniques

that attempt to detect the attributes of desirable behavior separate from mimicry.

Many methods rely on machine learning to construct high-dimensional surfaces in

the feature space. However, purely deep learning methods lack the ability to provide

insight or verifiable guarantees concerning the reward behavior learned. Additionally,

they require large data sets, which can be costly or impossible to obtain in environ-
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ments like high-mix low-volume manufacturing where tasks change quickly [2]. As

an alternative, recent research has looked for ways to incorporate specifications via

logic languages. These systems utilize parameters with explicit meaning to them and

tend to require far fewer demonstrations than deep learning methods. In this thesis,

we extend the existing literature on inferring and synthesizing behaviors via logical

specifications into languages designed to encode human-intuitive object relations.

2.2 Formal Logic for Specification

Many formal logical languages have been described to capture information relevant to

a system’s behavior. All logical languages use the standard Boolean operators such as

or, and, and not as well as language-specific operators to create a logical formula, or

"specification" describing the desired behavior of a system. Research in inferring sys-

tem specifications frequently utilize temporal logic systems, such as Linear Temporal

Logic (LTL) [38]. LTL specializes in reasoning over a set of binary state variables

with temporal operators including before, eventually, or globally. LTL naturally gives

way to specifications over task-level plans for robots. For example, if one wants to

describe making cookies, LTL can describe making dough and preheating the oven

as prerequisites to putting the cookies in the oven. Shah et al introduced methods to

both infer LTL specifications from demonstrations using a Bayesian framework [46]

and generate task-level plans using a set of specification candidates [47]. Others have

incorporated LTL into motion planning and control schemes to specify the ordering

of locations or regions a robot needs to visit [27, 52]. While these methods bring

LTL into contact with spatial planning, the spatial world is not described directly by

the specifications; the LTL simply encodes the robot’s existence within a pre-defined

region as a binary variable.

Other languages more directly reason over continuous spaces. Signal Temporal

Logic (STL) uses similar temporal operators to LTL, but reasons over continuous as

opposed to binary variables [31]. This reasoning over continuous variables naturally

means STL specifications can reason directly over positions in space. Past research
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has utilized this fact to infer specifications defining desirable behavior over learned

regions [39] and control for robot handovers [28]. Alsalehi et al extended STL to a

system capable of determining signal correctness based on a Support Vector Machine

(SVM) classification instead of standard linear > and < operators [4]. By combining

this new STL-SVM language with convolutional neural networks, Alsalehi et al are

able to reason over sequences of images in specification. Other languages focus more

specifically on spatial reasoning to describe a system. For example, SpaTeL utilizes

quad-trees to specify activity within areas of a region, such as output within a power-

grid [23]. However, none of these languages focus on descriptions pertaining to human-

intuitive relationships between regions.

To fill this gap in logic languages, researchers developed Qualitative Reasoning

(QR), an AI subfield focused on making quantitative sense of the commonsense way

humans see the world [53]. For several years, QR focused on describing scalar quan-

tities including height, temperature, etc. Inspired by progress in QR, Randell et al

expanded this notion to spatial reasoning with Region Connection Calculus (RCC),

focusing on formalizing qualitative relations between objects [42]. With this QR per-

spective, RCC gives us the kind of human intuitive spatial language not otherwise

present in prior the logic systems. While Randell described and formalized a set of

canonical spatial relationships in RCC, no research to our knowledge has developed

techniques to infer specifications using RCC (or other spatial languages based in QR)

given demonstrations. In this thesis, we present a framework to infer specifications

over a fragment of RCC most applicable to spatial relationships between objects.

2.2.1 Region Connection Calculus

The fundamental relation of RCC is 𝐶(𝑥, 𝑦), read ‘𝑥 connects with 𝑦’. There exists

two distinct but similar definitions of 𝐶 [13, 42]. Though the choice of formalism is

unimportant to the ideas presented in this thesis, we will say that 𝐶(𝑥, 𝑦) implies

that the topological closure of regions 𝑥 and 𝑦 share at least one point. The two

fundamental axioms for C are as follows:
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RCC Relations
Relation Interpretation Definition
𝐷𝐶(𝑥, 𝑦) 𝑥 is disconnected from 𝑦 ¬𝐶(𝑥, 𝑦)
𝑃 (𝑥, 𝑦) 𝑥 is a part of 𝑦 ∀𝑧[𝐶(𝑧, 𝑥)→ 𝐶(𝑧, 𝑦)]
𝑃𝑃 (𝑥, 𝑦) 𝑥 is a proper part of 𝑦 𝑃 (𝑥, 𝑦) ∧ ¬𝑃 (𝑦, 𝑥)
𝐸𝑄(𝑥, 𝑦) 𝑥 is identical with 𝑦 𝑃 (𝑥, 𝑦) ∧ 𝑃 (𝑦, 𝑥)
𝑂(𝑥, 𝑦) 𝑥 overlaps 𝑦 ∃𝑧[𝑃 (𝑧, 𝑥) ∧ 𝑃 (𝑧, 𝑦)]
𝐷𝑅(𝑥, 𝑦) 𝑥 is discrete from 𝑦 ¬𝑂(𝑥, 𝑦)
𝑃𝑂(𝑥, 𝑦) 𝑥 partially overlaps 𝑦 𝑂(𝑥, 𝑦) ∧ ¬𝑃 (𝑥, 𝑦) ∧ ¬𝑃 (𝑦, 𝑥)
𝐸𝐶(𝑥, 𝑦) 𝑥 is externally connected to 𝑦 𝐶(𝑥, 𝑦) ∧ ¬𝑂(𝑥, 𝑦)
𝑇𝑃𝑃 (𝑥, 𝑦) 𝑥 is a tangential proper part of 𝑦 𝑃𝑃 (𝑥, 𝑦) ∧ ∃𝑧[𝐸𝐶(𝑧, 𝑥) ∧ 𝐸𝐶(𝑧, 𝑦)]
𝑁𝑇𝑃𝑃 (𝑥, 𝑦) 𝑥 is a non-tangential proper part of 𝑦 𝑃𝑃 (𝑥, 𝑦)∧¬∃𝑧[𝐸𝐶(𝑧, 𝑥)∧𝐸𝐶(𝑧, 𝑦)]

Table 2.1: Description of relations included in Region Connection Calculus

∀𝑥[𝐶(𝑥, 𝑥)] (2.1)

∀𝑥∀𝑦[𝐶(𝑥, 𝑦) =⇒ 𝐶(𝑦, 𝑥)] (2.2)

This fundamental relation is used to express the 10 canonical relations within RCC

described in Table 2.1. From these relations, various fragments have been proposed

with various properties, such a set of 8 relations which are exhaustive and pairwise

disjoint known as RCC8. The 8 relations of RCC8 and their logical connection to the

original RCC is depicted in figures 2-1 and 2-2 (both taken from [13]). Other similar

spatial languages have been proposed, such as 𝑆𝑈4, which focuses on topological

operations over the interior and closure of regions [3]. While RCC and 𝑆𝑈4 can

express similar ideas, 𝑆𝑈4 reasons more directly over points within regions without the

definition of several canonical relationships. While more direct reasoning over point

sets allows 𝑆𝑈4 to express some ideas not available in RCC, our focus on recognizing

and inferring common-sense relations means that the more codified set of relations

given by RCC makes more sense for our applications.
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Figure 2-1: A depiction of the 8 spatial relations in the RCC fragment RCC8. Original
figure from [13]

Figure 2-2: A subsumption lattice of various RCC relations. The 8 connected directly
to ⊥ are the RCC8 relations. Original figure from [13]
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2.3 Synthesis

Once a set of demonstrations have been given and the necessary information inferred,

the system must synthesize a plan or desired end state. The topic of task-level

planning and synthesis is enormous, but for the purposes of this thesis we will focus

on two aspects of liturature: synthesis from logical specifications, and synthesis for

spatial problems with a focus on box packing.

2.3.1 Synthesis From Formal Specifications

Synthesis for formal specifications is the process of generating a demonstration which

satisfies the specifications encoded in a formula. In order to satisfy a given for-

mula, these demonstrations must be encoded in a way amenable to the given logical

language. For example, synthesis for an LTL specification can only be given by a

sequence of values for boolean state variables while synthesis for an STL specification

can give a sequence of continuous state variables. Since this thesis is the first work

we know of to generate synthesis for formulas using RCC, exact strategies from past

work hold limited value. However, they serve as useful grounding for this thesis.

For temporal specification languages, many synthesis techniques encode a formula

into a Markov Decision Process (MDP) [39, 47]. This approach suggests a more

general pattern in synthesizing plans from logical specifications: instead of creating

language-specific techniques, research attempts to encode the specification into a more

well-understood planning tool.

Languages reasoning over continuous state variables often utilize various optimiza-

tion techniques for synthesis. SpaTeL, the quad-tree spatio-temporal logic described

in Section 2.2, performs synthesis using Partical Swarm Optimization (PSO) [23].

PSO is a non-gradient based probabilistic search technique wherein a large, randomly

generated set of model parameters are randomly chosen, tested, and iteratively moved

in space towards the best known point. Raman et al introduced a method for synthesis

over STL specification by encoding the formulae as a Mixed Integer Linear Program

(MILP) for Model Predictive Control [40]. As an alternative to MILPs, Pant et al
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introduced a gradient based approach to synthesize signals for Metric Temporal Logic

(MTL), a close cousin of STL [36]. Here, Pant creates an approximation of the "ro-

bustness" of a signal (a measure of how well a signal satisfies the specification) that

is differentiable, and performs gradient optimization to maximize robustness.

With respect to synthesis, the closest research to our goals comes from Spatial

Temporal Specification Language (STSL) [29]. STSL is an combination of STL and

𝑆𝑈4 that describes topological spaces over time. While no inference framework has

been proposed over STSL, [29] provides a synthesis algorithm that utilizes simulated

annealing. However, this algorithm is only shown to work in very low-dimensional

systems with few decision variables, like setting the velocity and relative distance be-

tween two cars for a cruse control system. In contrast, this thesis presents a hierarchi-

cal search and optimization based algorithm designed to synthesize object placement

over RCC descriptions of the pairwise relationship between multiple objects.

2.3.2 Box Packing Methods

In past decades, significant amounts of research have worked to refine techniques to

solve the box packing problem. Introduced and first formally discussed by Martello

et al, the packing problem involves n rectangular-shaped items of some dimension

and one or multiple "bins" within which we must fit the objects without overlap [33].

There exist many variations on the problem (e.g. 2 vs 3-dimensional variations, level

of freedom in orientation, shape of object, and constraints on weight distribution) and

the resulting variety of solutions provides a good framing to discuss broad techniques

for spatial planning with constraints.

Early algorithms in the world of bin packing reasoned very directly over specific

strategies that may be useful in packing a box. Coffman et al for example, developed

"strip packing" algorithms which place the one object at a particular box corner, and

place following objects in rows based on heuristics of object size [12]. Later algorithms

framed the box packing problem in terms of more general AI techniques, including

search-based techniques [30, 32] or branch-and-bound methods [34].

State-of-the art techniques tend to focus on optimization methods to determine
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object placement in the bin packing problem. Some early techniques explored opti-

mization methods, such as Dowsland et al utilizing simulated annealing techniques

to find object placements with minimal overlap [16]. Many later techniques moved

away from gradient-based techniques in favor of Mixed Integer Linear Programming

(MILP) in both 2- and 3-dimensional contexts [9]. MILP-based methods have found

many variations for specific domains, including space operations [20] and cargo planes

[37]. These works account for context-specific constraints such as particular non-

rectangular container shapes or weight distribution that can be included in the MILP

framework. Outside of context-specific research, others have added more general

features to the fundamental optimization formulations. One common area of exten-

sion handles shapes other than rectangles. Santoro et al introduced a MILP-based

technique to pack polygons and polyhedrons shaped out of slicing a rectangle or rect-

angular prism along planes [45]. Conversely, Erbayrak et al extended MILP object

functions to favor configurations that place objects of the same pre-defined "family"

close together given multiple bins [19].

While popular, MILP methods do not have a monopoly on modern box-packing

methods. Edelkamp et al, for example, introduced a packing method using Nested

Monte-Carlo Tree Search [17]. Here, the algorithm rapidly searches box packing roll-

outs and randomly chooses new successor states based on the success of prior packing

attempts. While a more light-weight and simple implementation versus MILP algo-

rithms, experiments have shown it to work better on discretized spaces. Conversely,

Chernov et al introduced a non-MILP algorithm that specializes in packing 𝜑 ob-

jects: a class of objects based on the intersection of 2D or 3D objects containing most

shapes a packing task will contain [11]. However, since the use of 𝜑-objects removes

the possibility of MILP optimization, [11] combines probabilistic search and gradient

optimization to find viable object positions.

While the literature is extensive, few methods incorporate subjective human pref-

erence or constraints into object placement decisions. Methods that incorporate hu-

man preference are limited to a-priori assumptions over desirable states, such as

families of objects being grouped together [19] or an ordering of object placement
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based on object size [49]. In this thesis, we present a synthesis framework grounded

in existing search and mixed integer optimization methods, but that satisfies logical

specifications between objects defined in a fragment of RCC. This focus on synthe-

sizing RCC specifications allows our framework to describe a much wider set of user

preferences than prior work.
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Chapter 3

Methods

In this chapter, we discuss our methods of inferring and planning patterns of object

placement given human demonstrations. In Section 3.1, we formally describe objects,

object relations, relational statements, and spatial contexts. In Section 3.2, we de-

scribe our inference method to find constraints given a set of human demonstrations.

Finally in Section 3.3, we describe a synthesis method that plans a new set of object

placements in accordance with the inferred constraints. The full pipeline for these

methods is shown in Figure 3-1.

3.1 Problem Formulation

3.1.1 Objects

For this thesis, we define an object 𝑜 to be a rectangle of width 𝑜.𝑤 and length 𝑜.𝑙

and to belong to an object "class" 𝑜.𝑐 where all objects of the same class have the

same width and lenght. Objects can either be placed or unplaced, as follows:

Definition 3.1.1 (placed object). A "placed object" is an object 𝑜 which has a

defined 𝑥 and 𝑦 position in space, representing the location of the object’s center. We

label these attributes 𝑜.𝑥 and 𝑜.𝑦.

Definition 3.1.2 (un-placed object). An "un-placed object" is an object 𝑜 which has

no defined placement in space, and therefore set 𝑜.𝑥 and 𝑜.𝑦 to 𝑁𝑈𝐿𝐿.
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Figure 3-1: Pipeline of methods presented in this Thesis. This includes the inputs we
expect from a demonstrator, the inference method, synthesis, out final output.

We will describe relations between objects using a fragment of the RCC language

(presented in Section 2.2.1), and will therefore be describing objects under the RCC’s

definition of a region. All regions in RCC are defined solely by a "closure", or the

closed set of points contained within a region. For a placed object 𝑜, the closure

would be all points (𝑥, 𝑦) such that

𝑜.𝑥− 𝑜.𝑤

2
≤ 𝑥 ≤ 𝑜.𝑥+

𝑜.𝑤

2
(3.1)

𝑜.𝑦 − 𝑜.𝑙

2
≤ 𝑦 ≤ 𝑜.𝑦 +

𝑜.𝑦

2
(3.2)

3.1.2 Relations

Throughout this thesis, our inference and planning algorithms will reason over RCC

relations between placed objects. To define these relations, we utilize a fragment

of RCC defined in Section 2.2.1. Specifically, we use only the relations ‘discrete

from’ and ‘externally connected to’ (written 𝐷𝑅(𝑥, 𝑦) and 𝐸𝐶(𝑥, 𝑦) respectively). As

described in Table 2.1, 𝐷𝑅(𝑥, 𝑦) implies that the interiors of 𝑥 and 𝑦 do not overlap,
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and 𝐸𝐶(𝑥, 𝑦) implies that the exterior boundaries 𝑥 and 𝑦 touch. Of the remaining

canonical relations described in Table 2.1 we decide not to include 𝑃 , 𝑃𝑃 , 𝐸𝑄, 𝑂, 𝑃𝑂,

𝑇𝑃𝑃 and 𝑁𝑇𝑃𝑃 because they describe some form of overlap between regions, which

we specifically disallow given that our regions represent physical objects. Lastly, we

do not include 𝐷𝐶 because it can already be easily described by our fragment via

𝐷𝑅(𝑥, 𝑦) ∧ ¬𝐸𝐶(𝑥, 𝑦).

While RCC as a whole can give expressive descriptions involving the overlap and

contact between regions, it lacks an ability to describe relative position via a global

coordinate system like (𝑥, 𝑦). For example, no RCC relation can define "𝑦 is east of

𝑥". However, since our objects will always be rectangles with a position, width, and

height, we can augment 𝐷𝑅 and 𝐸𝐶 to describe relative position within the (𝑥, 𝑦)

coordinate system.

Specifically, our use of non-overlapping rectangles mean that for any two objects

𝑎 and 𝑏, it must be the case that either (1) all points in 𝑎 have a greater 𝑥 value

than all points in 𝑏, (2) all points in 𝑎 have a lower 𝑥 value than all points in 𝑏, (3)

all points in 𝑎 have a greater 𝑦 value than all points in 𝑏 or (4) points in 𝑎 have a

lower 𝑦 value than all points in 𝑏. We can notate these relative positional relations

via cardinal directions 𝑁/𝑆/𝐸/𝑊 augmenting the base 𝐷𝑅 and 𝐸𝐶 relations:

Definition 3.1.3 (position-augmented object relation). position-augmented object

relations are the basic 𝐷𝑅 and 𝐸𝐶 relations, but with a subscript indicating the

relative position of one object with another. For 𝐷𝑅 relations, these include:

𝐷𝑅𝑁(𝑎, 𝑏) =⇒ 𝐷𝑅(𝑎, 𝑏) ∧ 𝑎𝑦 ≥ 𝑏𝑦 ∀(𝑎𝑥, 𝑎𝑦) ∈ 𝑎, (𝑏𝑥, 𝑏𝑦) ∈ 𝑏 (3.3)

𝐷𝑅𝑆(𝑎, 𝑏) =⇒ 𝐷𝑅(𝑎, 𝑏) ∧ 𝑎𝑦 ≤ 𝑏𝑦 ∀(𝑎𝑥, 𝑎𝑦) ∈ 𝑎, (𝑏𝑥, 𝑏𝑦) ∈ 𝑏 (3.4)

𝐷𝑅𝐸(𝑎, 𝑏) =⇒ 𝐷𝑅(𝑎, 𝑏) ∧ 𝑎𝑥 ≥ 𝑏𝑥 ∀(𝑎𝑥, 𝑎𝑦) ∈ 𝑎, (𝑏𝑥, 𝑏𝑦) ∈ 𝑏 (3.5)

𝐷𝑅𝑊 (𝑎, 𝑏) =⇒ 𝐷𝑅(𝑎, 𝑏) ∧ 𝑎𝑥 ≤ 𝑏𝑥 ∀(𝑎𝑥, 𝑎𝑦) ∈ 𝑎, (𝑏𝑥, 𝑏𝑦) ∈ 𝑏 (3.6)
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and for 𝐸𝐶 relations:

𝐸𝐶𝑁(𝑎, 𝑏) =⇒ 𝐸𝐶(𝑎, 𝑏) ∧ 𝑎𝑦 ≥ 𝑏𝑦 ∀(𝑎𝑥, 𝑎𝑦) ∈ 𝑎, (𝑏𝑥, 𝑏𝑦) ∈ 𝑏 (3.7)

𝐸𝐶𝑆(𝑎, 𝑏) =⇒ 𝐸𝐶(𝑎, 𝑏) ∧ 𝑎𝑦 ≤ 𝑏𝑦 ∀(𝑎𝑥, 𝑎𝑦) ∈ 𝑎, (𝑏𝑥, 𝑏𝑦) ∈ 𝑏 (3.8)

𝐸𝐶𝐸(𝑎, 𝑏) =⇒ 𝐸𝐶(𝑎, 𝑏) ∧ 𝑎𝑥 ≥ 𝑏𝑥 ∀(𝑎𝑥, 𝑎𝑦) ∈ 𝑎, (𝑏𝑥, 𝑏𝑦) ∈ 𝑏 (3.9)

𝐸𝐶𝑊 (𝑎, 𝑏) =⇒ 𝐸𝐶(𝑎, 𝑏) ∧ 𝑎𝑥 ≤ 𝑏𝑥 ∀(𝑎.𝑥, 𝑎𝑦) ∈ 𝑎, (𝑏𝑥, 𝑏𝑦) ∈ 𝑏 (3.10)

Notice that the existence of a position-augmented object relation implies the cor-

responding basic RCC 𝐷𝑅 or 𝐸𝐶 relation. For example, 𝐷𝑅𝑁(𝑎, 𝑏) =⇒ 𝐷𝑅(𝑎, 𝑏).

Additionally, for both 𝐷𝑅 and 𝐸𝐶, the existence of the basic RCC relation im-

plies one of the position-augmented object relations. For example, 𝐷𝑅(𝑎, 𝑏) =⇒

𝐷𝑅𝑁(𝑎, 𝑏) ∨𝐷𝑅𝑆(𝑎, 𝑏) ∨𝐷𝑅𝐸(𝑎, 𝑏) ∨𝐷𝑅𝑊 (𝑎, 𝑏).

In addition to the position-augmented object relations defined above, our algo-

rithms must also reason over relations between classes. For this purpose, we define

class relations:

Definition 3.1.4 (class relation). Class relations use the same notation as position-

augmented object relations, but take in two object classes. Given that 𝒜 is the set

of objects of class 𝐴 and ℬ is the set of objects of class 𝐵, our class 𝐷𝑅 relations are

defined as:

𝐷𝑅𝑁(𝐴,𝐵) =⇒ 𝐷𝑅𝑁(𝑎, 𝑏) ∀𝑎 ∈ 𝒜 ∀𝑏 ∈ ℬ (3.11)

𝐷𝑅𝑆(𝐴,𝐵) =⇒ 𝐷𝑅𝑆(𝑎, 𝑏) ∀𝑎 ∈ 𝒜 ∀𝑏 ∈ ℬ (3.12)

𝐷𝑅𝐸(𝐴,𝐵) =⇒ 𝐷𝑅𝐸(𝑎, 𝑏) ∀𝑎 ∈ 𝒜 ∀𝑏 ∈ ℬ (3.13)

𝐷𝑅𝑊 (𝐴,𝐵) =⇒ 𝐷𝑅𝑊 (𝑎, 𝑏) ∀𝑎 ∈ 𝒜 ∀𝑏 ∈ ℬ (3.14)
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and corresponding 𝐸𝐶 relations are:

𝐸𝐶𝑁(𝐴,𝐵) =⇒ 𝐸𝐶𝑁(𝑎, 𝑏) ∀𝑎 ∈ 𝒜 ∃𝑏 ∈ ℬ (3.15)

𝐸𝐶𝑆(𝐴,𝐵) =⇒ 𝐸𝐶𝑆(𝑎, 𝑏) ∀𝑎 ∈ 𝒜 ∃𝑏 ∈ ℬ (3.16)

𝐸𝐶𝐸(𝐴,𝐵) =⇒ 𝐸𝐶𝐸(𝑎, 𝑏) ∀𝑎 ∈ 𝒜 ∃𝑏 ∈ ℬ (3.17)

𝐸𝐶𝑊 (𝐴,𝐵) =⇒ 𝐸𝐶𝑊 (𝑎, 𝑏) ∀𝑎 ∈ 𝒜 ∃𝑏 ∈ ℬ (3.18)

3.1.3 Class Relational Statements

Throughout the thesis, we will use constraints to describe more complex relationships

between classes of objects, which we call class relational statements:

Definition 3.1.5 (Class Relational Statement). A class relational statement is a

Boolean logic formula over class relations. We place two restrictions on the class

relations within these formulas. First, each formula can only contain 𝐷𝑅 or 𝐸𝐶 class

relations, not both. Second, all class relations in a formula must describe the same

class’s relationship to other objects. For example, a 𝐷𝑅 class relational statement

for object class 𝐴 might be 𝜑 = 𝐷𝑅𝑁(𝐴,𝐵) ∨𝐷𝑅𝑁(𝐴,𝐶).

3.1.4 Spatial Context

In this thesis, we describe our inference and synthesis algorithm over a spatial "con-

text" containing the various objects and relations between them:

Definition 3.1.6 (Spatial Context). A spatial context is defined as the tuple 𝐻 =

(𝒮,𝒪𝑝,𝒪𝑢,𝛼). Here, 𝒮 is a 2 dimensional space of (𝑥, 𝑦) points available for object

placement. 𝒪𝑝 is the context’s set of placed objects. 𝒪𝑢 is the context’s set of

unplaced objects. Lastly 𝛼 is the set of every position-augmented object relation

between every pair of objects in 𝒪𝑝.

Definition 3.1.7 (Complete Spatial Context). A spatial context is considered a

complete spatial context if 𝒪𝑢 is empty (i.e. all objects in the spatial context have

been assigned a placement within 𝒮).
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Throughout the thesis, we will use class relational statements to describe a con-

text’s relations 𝛼 in two distinct ways. First, we say that the entire relation set 𝛼 can

satisfy a class relational statement 𝜑. If 𝜑 is simply composed of one class relation,

we check whether all objects in 𝒪𝑝 hold to our definition of class relations in Eqn

3.11-3.18. For example, if 𝜑 = 𝐷𝑅𝑁(𝐴,𝐵):

(𝛼 =⇒ 𝜑) ⇐⇒ 𝐷𝑅𝑁(𝑎, 𝑏) ∀𝑎 ∈ 𝒪𝐴
𝑝 ∀𝑏 ∈ 𝒪𝐵

𝑝 (3.19)

Where 𝒪𝐴
𝑝 is the subset of objects in 𝒪𝑝 of class A and 𝒪𝐵

𝑝 is the subset of objects in

𝒪𝑝 of class B. If 𝜑 is a more complex Boolean formula over individual class relations,

we recursively search down the clauses of 𝜑 until we find individual relations which

can be reasoned using eq 3.19.

Second, we say that an individual placed object 𝑜 can satisfy a class relational

statement 𝜑. If 𝜑 is simply composed of one class relation, we check whether all

position-augmented relations 𝑜 has with other placed objects in 𝛼 holds according to

Eqn 3.11-3.18. For example, if 𝜑 = 𝐷𝑅𝑁(𝐴,𝐵):

(𝑜 =⇒ 𝜑) ⇐⇒ 𝐷𝑅𝑁(𝑜, 𝑏) ∀𝑏 ∈ 𝒪𝐵
𝑝 (3.20)

Once again, if 𝜑 is a more complex Boolean formula over individual class relations,

we recursively search down the clauses of 𝜑 until we find individual relations which

can be reasoned using eq 3.20.

We provide an example context 𝐻 in Figure 3-2 to illustrate how we can use

constraints. The context has 5 objects in 𝒪𝑝, 2 of class 𝐵 (objects 𝑏1, and 𝑏2)

and 3 of class 𝑅 (objects 𝑟1, 𝑟2, and 𝑟3). In this context, 𝛼 =⇒ 𝐷𝑅𝑆(𝐵,𝑅)

since all objects of class 𝐵 have the relation 𝐷𝑅𝑆(𝑏, 𝑟) with all objects of class 𝑅.

Additionally, 𝛼 =⇒ 𝐸𝐶𝑆(𝐵,𝑅), since all objects of class 𝐵 has the object relation

𝐸𝐶𝑆(𝑏, 𝑟) with at least one object of class 𝑅. 𝛼 ≠⇒ 𝐸𝐶𝑁(𝑅,𝐵) because object

𝑟3 does not externally connect with an object of class 𝐵 to the North. However,

𝑟1 =⇒ 𝐸𝐶𝑁(𝑅,𝐵) since 𝑟1 is externally connected to 𝑏1 on the North. Similarly,

𝑟3 =⇒ 𝐷𝑅𝐸(𝐵,𝑅) since 𝑟3 has the relation 𝐷𝑅𝐸(𝑟3, 𝑏) with all objects 𝑏 ∈ 𝒪𝐵
𝑝 .
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Figure 3-2: Example spatial context. The context space 𝒮 is shown, as well as placed
objects 𝒪𝑝

3.1.5 Extended Example: Box Packing

To illustrate the ideas set forth in this thesis, we will frequently return back to the

context of box packing. Here, the space 𝒮 is a square table upon which objects can

be placed. 𝒪𝑝 always contains four objects of the wall class 𝑊 , forming the walls of

an open box on the table. In addition to wall objects are blue, red, and green objects

of class 𝐵, 𝑅, and 𝐺 which begin in 𝒪𝑢, but must be given a position by our synthesis

algorithm. A visualization of this problem is shown in Figure 3-3

3.2 Specification Inference

For our inference procedure, we will assume access to 𝑑 demonstrations of a complete

context state from a human collaborator 𝐻1...𝐻𝑑. We assume each 𝐻𝑖 has the same

space 𝒮 and for which objects in 𝒪𝑝 are subject to the same classes with the same

set of underlying relational constraints. Note however, that different demonstrations

can contain different numbers of each class. We also assume access to a set 𝒯 of class

relational statements. Our goal is to find the the subset of statements in 𝒯 that best

explain relational patterns in 𝛼1...𝛼𝑑. The inference process has 2 steps (1) find the

subset 𝒞 ⊂ 𝒯 of class relational statements that are satisfied by 𝛼1...𝛼𝑑 (2) determine

the likelihood that each statement in 𝒞 is satisfied by 𝛼1...𝛼𝑑 at random. A detailed
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Figure 3-3: A visualization of the box packing problem we use as an extended example
throughout the thesis. The large brown square represents the table on which objects
can be placed. The four black rectangles represent the walls of a box. 3 placeable
object classes are color-coded (red, green, and blue), three of which are placed on the
table, and the rest of which are transparent on the left of the image. This image is
taken from our packing interface used for experiments in chapter 4.

description of the process is in Algorithm 1.

3.2.1 Finding Candidate Constraints

The first step of our inference procedure involves finding the relation statements

𝒞 ⊂ 𝒯 that are satisfied by 𝛼1...𝛼𝑑. We call this subset of 𝒯 candidate constraints:

Definition 3.2.1 (candidate constraint). Given a set of demonstrations, candidate

constraints are the set of statements in 𝒯 such that:

𝒞 = {𝜑 ∈ 𝒯 |𝛼 =⇒ 𝜑 ∀ 𝛼 ∈ {𝛼1...𝛼𝑑}} (3.21)

This process is enumerated in lines 2-5 of Algorithm 1.
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3.2.2 Determining Candidate Constraint Relevance

Once we find 𝒞, we need to determine which candidate constraints 𝜑 ∈ 𝒞 are relevant,

and which are satisfied by the demonstrations but are not present in the unknown

ground truth constraint set held by the demonstrator, which we label 𝒞ℎ. To this

end, we present a Bayesian formulation:

𝑝(𝜑 ̸∈ 𝒞ℎ|𝐻1...𝐻𝑑) ∝ 𝑝(𝐻1...𝐻𝑑|𝜑 ̸∈ 𝒞ℎ)𝑝(𝜑 ̸∈ 𝒞ℎ) (3.22)

and use a sampling based approach for inference. Given our lack of knowledge

of the demonstrator, we use a uniform prior in our formulation. For the likelihood,

we take 𝑝(𝐻1...𝐻𝑑|𝜑 ̸∈ 𝒞ℎ) to be the probability that each demonstration’s object

relations satisfy 𝜑 without 𝜑 being in the demonstrator’s constraint set. If we assume

that the probability of each 𝛼𝑖 satisfying 𝜑 when 𝜑 ̸∈ 𝒞ℎ is independent, we have:

𝑝(𝐻1...𝐻𝑑|𝜑 ̸∈ 𝒞ℎ) = 𝑝(𝛼1 =⇒ 𝜑, ... 𝛼𝑑 =⇒ 𝜑|𝜑 ̸∈ 𝒞ℎ) (3.23)

=
𝑑∏︁

𝑖=1

𝑝(𝛼𝑖 =⇒ 𝜑|𝜑 ̸∈ 𝒞ℎ) (3.24)

Furthermore, notice that 𝛼 =⇒ 𝜑 if and only if 𝑜 =⇒ 𝜑 for every 𝑜 ∈ 𝒪𝑝.

Therefore, assuming the probability that each object satisfies 𝜑 is independent, we

can further break down the likelihood as:

𝑝(𝐻1...𝐻𝑑|𝜑 ̸∈ 𝒞ℎ) =
𝑑∏︁

𝑖=1

∏︁
𝑜∈𝒪𝐶

𝑖

𝑝(𝑜 =⇒ 𝜑|𝜑 ̸∈ 𝒞ℎ) (3.25)

where we use 𝐶 to notate the class over which 𝜑 reasons.

In order to approximate 𝑝(𝑜 =⇒ 𝜑|𝜑 ̸∈ 𝒞ℎ), we take a sampling approach. Note

that not all statements 𝜑 have the same probability of being satisfied randomly – 𝐸𝐶

relations, for example, technically have a 0 probability of appearing given continuous
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space. Therefore, in order to approximate the likelihood p(o =⇒ 𝜑|𝜑 ̸∈ 𝒞ℎ) we

generate 𝑑𝑟 randomized completed context states, which we label 𝐻 ′
1...𝐻

′
𝑑𝑟. While we

give no definitive argument for the optimal value of 𝑑𝑟, all of our experiments use

𝑑𝑟 = 1000. Each 𝐻 ′
𝑖 has the same 𝒮 and object classes as the human demonstrations.

However, the positions of objects in each 𝒪′
𝑝 have randomized 𝑥 and 𝑦 values within

the context’s given 𝒮. We define our likelihood as the fraction of total objects from

the random completed contexts that satisfy statement 𝜑:

𝑝(𝑜 =⇒ 𝜑|𝜑 ̸∈ 𝒞ℎ) = max

(︃
𝜖,

∑︀𝑑𝑟
𝑖=1

∑︀
𝑜′∈𝒪′

𝑖
𝐶 1(𝑜′ =⇒ 𝜑)∑︀𝑑𝑟

𝑖=1

∑︀
𝑜′∈𝒪′

𝑖
𝐶 1

)︃
(3.26)

where 𝜖 is a small number that limits the likelihood from being 0 and 1(𝑜′ =⇒ 𝜑)

is an indicator variable set to 1 if object 𝑜′ satisfies 𝜑 and 0 otherwise. We can now

substitute this likelihood back into our Bayesian formulation, giving:

𝑝(𝜑 ̸∈ 𝒞ℎ|𝐻1...𝐻𝑑) ∝
𝑑∏︁

𝑖=1

∏︁
𝑜∈𝒪𝐶

𝑖

max

(︃
𝜖,

∑︀𝑑𝑟
𝑖=1

∑︀
𝑜′∈𝒪′

𝑖
𝐶 1(𝑜′ =⇒ 𝜑)∑︀𝑑𝑟

𝑖=1

∑︀
𝑜′∈𝒪′

𝑖
𝐶 1

)︃
(3.27)

With this inferred posterior, we can define our set of constraints as all statements

𝜑 for which 𝑝(𝜑 ̸∈ 𝒞ℎ|𝐻1...𝐻𝑑) is under a given cutoff probability 𝑝𝑐, where 0 < 𝑝𝑐 < 1.

Definition 3.2.2 (constraint). A constraint is a candidate constraint with a 𝑝(𝜑 ̸∈

𝒞ℎ|𝐻1...𝐻𝑑) value under a cutoff probability 𝑝𝑐. Formally, this is:

𝒞 = {𝜑 ∈ 𝒞|𝑝(𝜑 ̸∈ 𝒞ℎ|𝐻1...𝐻𝑑) < 𝑝𝑐} (3.28)

The inference procedure is detailed in Algorithm 1.

3.2.3 Extended Example: Inference with Box Packing

To illustrate the inference process described above, we step through Algorithm 1 in

tandem with an example from the box packing context described in Section 3.1.5. The
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Algorithm 1: Specification Inference
1 Function Inference(H1...𝐻𝑑, 𝒯 ):
2 𝒞 = ∅
3 for 𝜑 ∈ 𝒯 do
4 if SatisfiesAll(𝐻1...𝐻𝑑, 𝜑) then
5 𝒞.𝑎𝑑𝑑(𝜑)

6 𝐻 ′
1...𝐻

′
𝑑𝑟
← Randomly generated complete contexts

7 𝒞 = ∅
8 for 𝜑 ∈ 𝒞 do

9 𝑝(𝑜 =⇒ 𝜑|𝜑 ̸∈ 𝒞ℎ) = max

(︂
𝜖,

∑︀𝑑𝑟
𝑖=1

∑︀
𝑜′∈𝒪′

𝑖
𝐶 1(𝑜′ =⇒ 𝜑)∑︀𝑑𝑟

𝑖=1

∑︀
𝑜′∈𝒪′

𝑖
𝐶 1

)︂
10 p(𝜑 ̸∈ 𝒞ℎ|𝐻1...𝐻𝑑) =

∏︀𝑑
𝑖=1

∏︀
𝑜∈𝒪𝐶

𝑖
𝑝(𝑜 =⇒ 𝜑|𝜑 ̸∈ 𝒞ℎ)

11 if 𝑝(𝜑 ̸∈ 𝒞ℎ|𝐻1...𝐻𝑑) < 𝑝𝑐 then
12 𝒞.𝑎𝑑𝑑(𝜑)

13 return 𝒞
14 Function SatisfiesAll(H1...𝐻𝑑, 𝜑):
15 for 𝐻 ∈ {𝐻1...𝐻𝑑} do
16 if 𝐻.𝛼 ≠⇒ 𝜑 then
17 return False

18 return True

Figure 3-4: Example demonstrations in our box packing context used in Section 3.2.3.
Demonstration 1 is on the left and demonstration 2 in on the right.
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inference function takes in demonstrations 𝐻1...𝐻𝑑, and a set of relational statements

𝒯 (line 1). In our example, we have two demonstrations 𝐻1 and 𝐻2 shown in Figure

3-4. Additionally, we define 𝒯 with 4 statements:

• 𝜑1 = 𝐷𝑅𝑁(𝐵,𝑅) – Blue objects are North of Red objects

• 𝜑2 = 𝐸𝐶𝑁(𝐵,𝑅) – Blue objects are externally connected and North of Red

objects

• 𝜑3 = 𝐸𝐶𝑆(𝑅,𝐵) – Red objects are externally connected and South of Blue

objects

• 𝜑4 = (¬𝐷𝑅𝑖(𝐵,𝑁)) ∧ (¬𝐷𝑅𝑖(𝐵, 𝑆)) ∧ (¬𝐷𝑅𝑖(𝐵,𝐸)) ∧ (¬𝐷𝑅𝑖(𝐵,𝑊 )) – Blue

objects are not North, East, South, or West of all Wall objects (i.e. Blue objects

are within the box walls).

In line 2, we initialize candidate constraints as an empty set. In line 3, we iterate

through all statements 𝜑 ∈ 𝒯 . In line 4, we check if all demonstrations satisfy 𝜑, by

calling the SatisfiesAll function starting on line 14. In this function, we iterate

through all demonstrations (line 15) and check if its set of object relations satisfies 𝜑

(line 16). If any demonstration’s object relations do not satisfy 𝜑, return False (line

17) otherwise return True (line 18). In our example, both demonstrations satisfy 𝜑1,

𝜑2, and 𝜑4. However, 𝐻2.𝛼 ≠⇒ 𝜑3 because one Blue object does not connect with a

Red object on the North side. Each constraint for which SatisfiesAll returns True

is added to the candidate constraints 𝒞. Thus, in our example, 𝒞 = {𝜑1, 𝜑3, 𝜑4}.

We then generate random demonstrations 𝐻 ′
1...𝐻

′
𝑑𝑟, which we won’t show explic-

itly for our example (line 6). We then initialize an empty set for our constraints

𝒞 (line 7). We then iterate over each constraint candidate 𝜑 ∈ 𝒞 (line 8). For

each 𝜑, we determine the likelihood that an object 𝑜 satisfies 𝜑, using equation 3.26

(line 9). In our example, imagine our random demonstrations gave likelihoods of

.4 for 𝜑1, .01 for 𝜑3, and .3 for 𝜑4. In line 10, we use this object likelihood to

determine the full probability that 𝜑 ̸∈ 𝒞ℎ. Since there are a total of 4 Blue ob-

jects across all demonstrations, 𝑝(𝜑1 ̸∈ 𝒞ℎ|𝐻1...𝐻𝑑) = .4 * .4 * .4 * .4 = 0.0256 and
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𝑝(𝜑3 ̸∈ 𝒞ℎ|𝐻1...𝐻𝑑) = .01 * .01 * .01 * .01 = 1.0𝑒− 8. Since there are a total of 3 Red

objects across all demonstrations, 𝑝(𝜑4 ̸∈ 𝒞ℎ|𝐻1...𝐻𝑑) = .3 * .3 * .3 = 0.027. We then

check if the posterior 𝑝(𝜑 ̸∈ 𝒞ℎ|𝐻1...𝐻𝑑) < 𝑝𝑐 (line 11), and if so add 𝜑 to constraints

𝒞 (line 12). If we have 𝑝𝑐 = .01, only 𝜑3 makes the cutoff, and thus 𝒞 = {𝜑3}. Finally,

we return the set of constraints in 𝒞 (line 18).

3.3 Synthesis

Once our inference algorithm finds a set of constraints 𝒞, our synthesis algorithm

must find placements for unplaced objects such that all constraints in 𝒞 are satisfied.

This planning has two hierarchical parts. At a high level, we describe a Monte-Carlo

tree approach to search over potential placements for each object in 𝒪𝑢 such that

all constraints in 𝒞 are met [7]. In order to find the best next object placement to

expand a node in the search tree, the Monte Carlo Tree Search algorithm queries

the lower level system for a promising object placement. In this thesis, we present a

Mixed Integer Quadratic Program (MIQP) based approach for the lower level system

to find the position an object 𝑜 ∈ 𝒪𝑢 that maximally satisfies constraints in 𝒞 given

an existing context. We intentionally separate the higher and lower level aspects of

this algorithm because there are contexts in which a mixed integer optimization is

not the appropriate choice. For example, in domains with discretized space or non-

rectangular environments 𝒮, Nested Monte Carlo search or non-linear optimization

respectively have been shown effective [6, 17].

3.3.1 Monte-Carlo Tree Search

Monte-Carlo Tree Search (MCTS) is a randomized search algorithm commonly used

in single and multiplayer games [8]. The fundamental algorithm includes four main

steps.

• Node selection: Starting from the root node, the algorithm traverses down the

existing tree, and chooses a node to expand.
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• Expansion: Starting from the chosen node, the algorithm creates a child node

representing the next move taken in the process.

• Simulation: The child node is expanded down a default policy until hitting a

terminal node.

• Backup: The resulting terminal node is backed up to the root, and visited

nodes’ statistics are updated.

For the Monte Carlo Tree Search, we will use these steps to search object place-

ments satisfying constraints 𝒞. To achieve this, we represent each node on the tree

as a tuple 𝑄 = (𝐻,𝐶𝑢, 𝐶𝑝, 𝑛, 𝑣), defined by the following:

• 𝐻 is a context associated with a node

• 𝐶𝑢 is a mapping from each object 𝑜 ∈ 𝒪𝑢 to all constraints in 𝒞 that reason

over the object 𝑜’s class (which we will notate as 𝒞[𝑜.𝑐])

• 𝐶𝑝 is a mapping from each object 𝑜 ∈ 𝒪𝑝 to constraints 𝜑 ∈ 𝒞[𝑜.𝑐] such that

𝑜 ≠⇒ 𝜑

• 𝑛 is the number of leaf nodes in a node’s subtree

• 𝑠 is the average value of leaf nodes in a node’s subtree as determined by the

Simulate function in Algorithm 2

For our MCTS, we take in a context 𝐻, 𝐶𝑝, and 𝐶𝑢, and return a completed

context state that best satisfies all constraints in 𝐶𝑝 and 𝐶𝑢.

During synthesis, there may be situations where not all constraints are satisfiable.

Therefore, we require a metric for the overall "score" of a context to compare the

relative desirability of two context states, defined here:

Definition 3.3.1 (context score). For a context 𝐻 and constraints 𝒞, we define a con-

text score as the weighted ratio of constraints satisfied by each object in 𝒪𝑝 and total

constraints possible to satisfy. In this score, we place more importance on constraints
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which we are more confident were not satisfied randomly in the demonstrations (i.e.

constraints with a lower 𝑝ℎ(𝜑) are weighed with higher importance). We therefore

weigh each constraint by − ln(𝑝ℎ(𝜑)):

𝑠𝑐𝑜𝑟𝑒(𝐻) =

∑︀
𝑜∈𝒪𝑝

∑︀
𝜑∈𝒞[𝑜.𝑐]− ln(𝑝ℎ(𝜑))(1− 1(𝑜 =⇒ 𝜑))∑︀

𝑜∈𝒪𝑝

∑︀
𝜑∈𝒞[𝑜.𝑐]− ln(𝑝ℎ(𝜑))

(3.29)

Now that we have a defined a scoring mechanism, we will describe our synthesis

method. The first step in Monte Carlo Tree Search is node selection. One popular

selection approach, referred to as UTC, uses the Upper Confidence Bound (UCB)

algorithm to select branches down which to traverse the search tree [26]. If a node

down the tree has unexplored possible moves, the algorithm expands it into a child

node. This variant provides a structured way to balance exploration (i.e. ensure that

we explore many routes down any particular state) and exploitation (i.e. explore

routes down the tree that have given the most promising scores in the past).

Despite the exploration/exploitation advantages of UTC, its rule to expand any

node with possible unexplored children means it only works well in situations with

a small branching factor. However, since object placement occurs in the continuous

spatial domain, we cannot realistically expand a node to every possible child (i.e.

place every unplaced object in every conceivable position). Therefore, we modify

the node selection process as follows. Starting at the root node, we decide to select

a node for expansion with probability 𝑝𝑒 (lines 13 and 14 of Algorithm 2). If the

current node is not chosen for expansion, we choose to traverse down its children as

determined by the UCB algorithm (line 15 of Algorithm 2). This probabilistic method

allows us to retain the exploration/exploitation property of UCB while not requiring

every possible child of every node to be explored. Additionally, as long we require

no two branches of a node to place the same object in the same location, as time

reaches infinity, we retain the completeness property inherent to MCTS algorithms

since every possible object placement will eventually be explored.

Once a node 𝑣 is chosen for expansion, one unplaced object 𝑜 ∈ 𝒪𝑢 is randomly

selected and the algorithm queries the single object placement algorithm to find a
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position to place 𝑜. The placement of 𝑜 at position (𝑥, 𝑦) generates a new node 𝑣𝑛

with 𝑜 in 𝒪𝑝 instead of 𝒪𝑢 (lines 5 and 6 of Algorithm 2).

Next, we simulate placing the remainder of objects in 𝒪𝑢 in the context of the

newly created node 𝑣𝑛 (line 7 of algorithm 2). This process involves iteratively select-

ing an object 𝑜 ∈ 𝒪𝑢 and querying the single placement algorithm to generate a new

node with 𝑜 as a placed object (lines 18-20 of Algorithm 2). When 𝒪𝑢 is empty, we

return the node with a complete context and check if its score is 1. If so, we return

the node, as it satisfies all constraints in 𝒞. This process is detailed in lines 8-9 in

Algorithm 2. Note that none of the contexts generated during simulation are added

to the tree.

Lastly, we "backup" the search tree starting at node 𝑣𝑛 (line 10 of Algorithm 2).

We update both the value of the node (line 24 of Algorithm 2) and number of leaf

nodes (line 25 of Algorithm 2). Then, we recurse up the tree and update 𝑣.𝑠 and

𝑣.𝑛 until reaching the root node (line 23 of Algorithm 2). Once the backup step is

finished, we select a new node and begin the process over again.

3.3.2 Finding Singular Object Placement

Whenever the Monte Carlo Tree Search algorithm requires a new child from node 𝑣,

we need a way to provide a promising position to place an object 𝑜. For this thesis,

we will call the object being placed the "decision object". In this Section, we describe

an MIQP-based placement algorithm that finds the position for the decision object

that maximizes 𝑠𝑐𝑜𝑟𝑒(𝑣.𝐻).

First, we need a way to place an object 𝑎 such that it has a position-augmented

object relation with another object 𝑏. Since all objects are restricted to rectangles,

the bounds on object 𝑎’s position are linear, and thus amenable to a mixed integer
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Algorithm 2: Synthesis
1 Function MCTS(𝐻, 𝐶𝑝, 𝐶𝑢):
2 𝑣0 = (𝐻,𝒪𝑝, 𝐶𝑝, 0, 0)
3 while not timeout do
4 𝑣𝑠 = Select (v0)
5 𝑜← 𝑅𝑎𝑛𝑑𝑜𝑚𝐶ℎ𝑜𝑖𝑐𝑒(𝑣𝑠.𝒪𝑢)
6 𝑣𝑛 = GetChild(v𝑠, 𝑜)
7 𝑣𝑡 = Simulate(𝑣𝑛)
8 if score(𝑣𝑡.𝐻) = 1 then
9 return 𝑣𝑡

10 Backup(𝑣𝑛, 𝑠𝑐𝑜𝑟𝑒(𝑣𝑡.𝐻))

11 Function Select(v):
12 while v not terminal do
13 if with probability 𝑝𝑒 then
14 return v

15 𝑣 = argmax
𝑣′∈𝑣𝑐ℎ𝑖𝑙𝑑𝑟𝑒𝑛

𝑣.𝑣𝑎𝑙𝑢𝑒+ 𝑐
√︁

log(𝑣.𝑣𝑖𝑠𝑖𝑡𝑒𝑑)
𝑣′.𝑣𝑖𝑠𝑖𝑡𝑒𝑑

16 return v

17 Simulate v :
18 while v not terminal do
19 𝑣′ = GetChild(𝑣)
20 𝑣 = 𝑣′

21 return 𝑣

22 Backup Backup(v, s𝑡):
23 while v not root do
24 𝑣.𝑠 = 𝑣.𝑠·𝑣.𝑛

𝑣.𝑛+1
+ 𝑠𝑡

𝑣.𝑛+1

25 𝑣.𝑛++
26 𝑣 = 𝑣.𝑝𝑎𝑟𝑒𝑛𝑡

27
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problem. The bounds for a 𝐷𝑅 class relations are as follows :

𝐷𝑅𝑁(𝑎, 𝑏) : 𝑎.𝑦 ≥ 𝑏.𝑦 +
𝑏.𝑙

2
+

𝑎.𝑙

2
(3.30)

𝐷𝑅𝑆(𝑎, 𝑏) : 𝑎.𝑦 ≤ 𝑏.𝑦 − 𝑏.𝑙

2
− 𝑎.𝑙

2
(3.31)

𝐷𝑅𝐸(𝑎, 𝑏) : 𝑎.𝑥 ≥ 𝑏.𝑥+
𝑏.𝑤

2
+

𝑎.𝑤

2
(3.32)

𝐷𝑅𝑊 (𝑎, 𝑏) : 𝑎.𝑥 ≤ 𝑏.𝑥− 𝑏.𝑤

2
− 𝑎.𝑤

2
(3.33)

And our 𝐸𝐶 bounds are:

𝐸𝐶𝑁(𝑎, 𝑏) : 𝑎.𝑦 = 𝑏.𝑦 +
𝑎.𝑙

2
+

𝑏.𝑙

2
(3.34)

𝑎.𝑥 ≥ 𝑏.𝑥− 𝑎.𝑤

2
− 𝑏.𝑤

2
(3.35)

𝑎.𝑥 ≤ 𝑏.𝑥+
𝑎.𝑤

2
+

𝑏.𝑤

2
(3.36)

𝐸𝐶𝑆(𝑎, 𝑏) : 𝑎.𝑦 = 𝑎.𝑦 − 𝑎.𝑙

2
− 𝑏.𝑙

2
(3.37)

𝑎.𝑥 ≥ 𝑏.𝑥− 𝑎.𝑤

2
− 𝑏.𝑤

2
(3.38)

𝑎.𝑥 ≤ 𝑏.𝑥+
𝑎.𝑤

2
+

𝑏.𝑤

2
(3.39)

𝐸𝐶𝐸(𝑎, 𝑏) : 𝑎.𝑥 = 𝑏.𝑥+
𝑎.𝑤

2
+

𝑏.𝑤

2
(3.40)

𝑎.𝑦 ≥ 𝑏.𝑦 − 𝑎.𝑙

2
− 𝑏.𝑙

2
(3.41)

𝑎.𝑦 ≤ 𝑏.𝑦 +
𝑎.𝑙

2
+

𝑏.𝑙

2
(3.42)

𝐸𝐶𝑊 (𝑎, 𝑏) : 𝑎.𝑥 = 𝑏.𝑥− 𝑎.𝑤

2
− 𝑏.𝑤

2
(3.43)

𝑎.𝑦 ≥ 𝑏.𝑦 − 𝑎.𝑙

2
− 𝑏.𝑙

2
(3.44)

𝑎.𝑦 ≤ 𝑏.𝑦 +
𝑎.𝑙

2
+

𝑏.𝑙

2
(3.45)

When choosing an object’s position, we want the decision object to satisfy 𝑎 =⇒

𝜑 for every 𝜑 ∈ 𝐶𝑢[𝑎.𝑐]. Recall that 𝜑 is composed of class relations, which have

different definitions for 𝐷𝑅 and 𝐸𝐶, as defined in equations 3.11-3.14 and 3.15-

3.18 respectively. If 𝜑 is composed of one 𝐷𝑅 class relation such as 𝐷𝑅𝑁(𝐴,𝐵),
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𝑎 =⇒ 𝐷𝑅𝑁(𝐴,𝐵) requires 𝑎 to have the object relation 𝐷𝑅𝑁(𝑎, 𝑏) with every object

of class 𝐵. Therefore, when using our mixed integer process to find the position for 𝑎,

we simply include the constraints from Eqn 3.30-3.33 and 3.34-3.45 for every object

of class 𝐵.

If 𝜑 is composed of one 𝐸𝐶 class relation such as 𝐸𝐶𝑁(𝐴,𝐵), 𝑎 =⇒ 𝐸𝐶𝑁(𝐴,𝐵)

requires 𝑎 to have the relation 𝐸𝐶𝑁(𝑎, 𝑏) with at least one object of class 𝐵. To

encode this requirement, we use a strategy known as big M notation, where we create

an indicator variable 1(𝑏) for each object of class 𝐵. We then make a copy of the

bounds from Eqn 3.34-3.45 for object of class 𝑏, and modify the bounds such that

every inequality of the form 𝑔 < ℎ becomes 𝑔 ≤ ℎ +𝑀 · 1(𝑏) and 𝑀 is chosen to be

large enough such that any reasonable values 𝑔 or ℎ will still satisfy the inequality.

We then constrain the binary variables such that:

|𝒪𝐵
𝑝 | − 1 ≥

∑︁
𝑏∈𝒪𝐵

𝑝

1(𝑏) (3.46)

to enforce at least 1 binary variable to be 0, and thus force the 𝐸𝐶 bounds to only

act upon 1 object of class 𝐵.

Constraints 𝜑 are not necessarily single 𝐷𝑅 or 𝐸𝐶 class relations, but are re-

cursively defined over the basic Boolean "and", "or", and "not" operators. We use

separate strategies to handle each in a mixed integer framework.

"And" Operators: Given an "And" constraint 𝜑 =
⋀︀|𝜑|

𝑖=1 𝜑𝑖, we can simply

recursively apply constraints to each 𝜑𝑖 individually until reaching single 𝐷𝑅 or 𝐸𝐶

class relations. Here, we use the notation |𝜑| to refer to the number of clauses the

"And" relation involves.

"Or" Operators: Given an "Or" constraint 𝜑 =
⋁︀𝑛𝜑

𝑖=1 𝜑𝑖, we need to ensure that

at least one 𝜑𝑖 is satisfied. Once again, we utilize big M notation by assigning each

𝜑𝑖 a binary indicator variable 1(𝜑𝑖) and relaxing inequalities from all bounds in each

clause 𝑔 < ℎ to 𝑔 < ℎ + 𝑀 · 1(𝜑𝑖). To ensure that at least one 𝜑𝑖 is satisfied, we
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enforce:

|𝜑| − 1 ≥
|𝜑|∑︁
𝑖=1

1(𝜑𝑖) (3.47)

"Not" Operators: Unlike "And" and "Or" operators, "Not" acts over only one

clause. Therefore, our handling of "Not" lies in how it affects the "And", "Or", or

single class relation clause over which it operates. Not operators acting over "And"

and "Or" use de Morgan’s laws:

¬(
|𝜑|⋀︁
𝑖=1

𝜑𝑖) =

|𝜑|⋁︁
𝑖=1

¬𝜑𝑖 (3.48)

¬(
|𝜑|⋁︁
𝑖=1

𝜑𝑖) =

|𝜑|⋀︁
𝑖=1

¬𝜑𝑖 (3.49)

which can then be handled by the rules over "And" and "Or" operators. When

"Not" acts over a single class relation, we can constrain the object placement by

similar bounds as eq 3.30-3.45. However, we modify these bounds in 3 ways. First,

we inverse all ≥ and ≤ to < and > respectively. Second, we need to ensure that at

least one of the new bounds is satisfied. To achieve this, we once again use big M

notation. For example, if we had an atomic 𝐸𝐶𝑁 constraint, the bounds described

above would modify to:

𝑏.𝑦 < 𝑎.𝑦 +
𝑎.𝑙

2
+

𝑏.𝑙

2
+𝑚1 ·𝑀 (3.50)

𝑏.𝑦 > 𝑎.𝑦 +
𝑎.𝑙

2
+

𝑏.𝑙

2
−𝑚2 ·𝑀 (3.51)

𝑏.𝑥 < 𝑎.𝑥− 𝑎.𝑤

2
− 𝑏.𝑤

2
+𝑚3 ·𝑀 (3.52)

𝑏.𝑥 > 𝑎.𝑥+
𝑎.𝑤

2
+

𝑏.𝑤

2
−𝑚4 ·𝑀 (3.53)

3 > 𝑚1 +𝑚2 +𝑚3 +𝑚4 (3.54)

Notice that we can negate an equality constraint via a greater than and less than

constraint. Lastly, we reverse our handling of class-based relations for 𝐷𝑅 and 𝐸𝐶
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relations. Thus, ¬𝐷𝑅 statements use big M notation to act over at least one object

of another class while ¬𝐸𝐶 statements constrain all objects of the related class.

Discussion thus far in this Section seeks to satisfy constraints relevant to the

decision object. In addition to these, we also choose the place such that it satisfies

as many constraints from 𝐶𝑝 as possible. The strategies employed to satisfy these

constraints follow naturally from the constraint handling described above, and is not

explained in detail.

Beyond learned relational constraints, we apply 3 more types of constraints to

the MIQP. First, we constrain no two objects to overlap. MILP-based box packing

algorithms use Big M notation to ensure that no two objects overlap. For each placed

object 𝑜, we constrain the decision object’s 𝑥 and 𝑦 positions as:

𝑎.𝑦 ≥ 𝑜.𝑦 +
𝑎.𝑙

2
+

𝑜.𝑙

2
+𝑀 ·𝑚1 (3.55)

𝑎.𝑦 ≤ 𝑜.𝑦 − 𝑎.𝑙

2
− 𝑜.𝑙

2
+𝑀 ·𝑚2 (3.56)

𝑎.𝑥 ≥ 𝑜.𝑥+
𝑎.𝑤

2
+

𝑤𝑜

2
+𝑀 ·𝑚3 (3.57)

𝑎.𝑥 ≤ 𝑜.𝑥− 𝑎.𝑤

2
− 𝑤𝑜

2
+𝑀 ·𝑚4 (3.58)

3 ≥ 𝑚1 +𝑚2 +𝑚3 +𝑚4 (3.59)

Secondly, we constrain all objects’ 𝑥 and 𝑦 values to be within bounds 𝑥𝑙𝑏, 𝑥𝑢𝑏, 𝑦𝑙𝑏, and

𝑦𝑢𝑏. Lastly, we check whether other children of the node 𝑣 placed the same decision

object as the one being expanded in this iteration. This process is detailed in lines 2

- 5 of Algorithm 3. If so, we need the MIQP to choose a new position for the decision

object in order to avoid redundancy in the tree. Therefore, we impose a constraint

similar to the non-overlapping constraints above around a small 𝜖 x 𝜖 box:

𝑦 ≥ 𝑜.𝑦 + 𝜖+𝑀 ·𝑚1 (3.60)

𝑦 ≤ 𝑜.𝑦 − 𝜖+𝑀 ·𝑚2 (3.61)

𝑥 ≥ 𝑜.𝑥+ 𝜖+𝑀 ·𝑚3 (3.62)

𝑥 ≤ 𝑜.𝑥− 𝜖+𝑀 ·𝑚4 (3.63)
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3 ≥ 𝑚1 +𝑚2 +𝑚3 +𝑚4 (3.64)

In order to encourage more diversity in object placement, we define an objective that

maximizes the overall distance between where we place an object and where it has

been placed in previous children of the MCTS node being expanded:

𝑚𝑎𝑥𝑥,𝑦

∑︁
𝑜∈𝑣.𝑐ℎ𝑖𝑙𝑑𝑟𝑒𝑛

(𝑥− 𝑜.𝑥)2 + (𝑦 − 𝑜.𝑦)2 (3.65)

where we use the notation 𝑜 ∈ 𝑣.𝑐ℎ𝑖𝑙𝑑𝑟𝑒𝑛 to the refer to the decision object’s

corresponding object in each child of 𝑣.

We cannot expect the decision object’s chosen position to always satisfy all con-

straints. Therefore, we find the subset of all unsatisfied constraints with maximum

overall score that is satisfiable. The overall process is described in Algorithm 3. Note

that we call a sub-process MIQP, which we do not write out in full. It represents

solving the MIQP problem described throughout this Section. MIQP takes as input

the node being expanded, the decision object, all constraints as a set of tuples (𝑜, 𝜑)

where we require 𝑜 =⇒ 𝜑, and the positions the decision object must avoid.

During this process, we first create a set ℒ of tuples (𝑜, 𝜑) where we require

𝑜 =⇒ 𝜑. In lines 7-8, we collect constraints relevant the decision object, and in

lines 9-11, we collect unsatisfied constraints from placed objects 𝐶𝑝. Then, we iterate

through ℒ and attempt to find a position for the decision object with each constraint

applied one at a time. If any cannot be satisfied, we remove them from ℒ (lines 12-14

of Algorithm 3). Then, we form every pairwise subset of constraints from ℒ, and

check which pairwise relations are unsatisfiable (lines 15 - 18 of Algorithm 3). Then,

we generate all subsets of tuples ℒ′ = 2ℒ, and eliminate any that include an infeasible

pair of constraints (lines 19 - 23 in Algorithm 3). Then, we sort ℒ′ by the total sum

of their constraint’s metric discussed in Definition 3.3.1:

∑︁
(𝑜,𝜑)∈𝑙

− ln(𝑝𝑟(𝜑)) (3.66)
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Where 𝑙 is one of the subsets of ℒ contained in ℒ′ (line 24 of Algorithm 3). Lastly,

we iterate through the sorted ℒ′ and attempt to find a placement for the decision

object given each subset of constraint tuples (lines 25 - 26 of Algorithm 3). Since we

sort ℒ′, the first 𝑙 for which the MIQP succeeds in finding a position for the decision

object will produce the position with the maximum possible score for the context 𝐻.

We then create a new node 𝑣′ with the decision object placed and return the node

(lines 27 and 28 of Algorithm 3).

3.4 Summary

In this chapter, we have introduced a set of methods to help robots and other automa-

tion better understand and reproduce human-intuitive patterns of object placement.

To show the efficacy of this pipeline, we design and perform a human pilot study

in Section 4.2. Here, an individual is instructed to give 8 demonstrations of a task

in the box packing context described in 3.1.5 which are used as input to our infer-

ence algorithm. The learned constraints then inform our synthesis algorithm, which

finds a set of object placements satisfying the learned constraints. The aims of this

study are two-fold. First, we aim to show that the demonstrator is satisfied with the

synthesized complete context without knowing any of the specifics of the algorithm

presented here. Second, we hope the experiment will show that our method is able

to capture constraints not specified by the participants in natural language. This

result would show that our algorithms capture aspects of the participant’s intuition

not present in a natural language description.
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Algorithm 3: Single Object Placement
1 Function GetChild(v, o𝑑):
2 𝐴𝑣𝑜𝑖𝑑← ∅
3 for v’ ∈ v.children do
4 if 𝑜𝑑 ∈ 𝑣′.𝒪𝑝 then
5 𝐴𝑣𝑜𝑖𝑑← (𝑜.𝑥, 𝑜.𝑦)

6 ℒ = ∅
7 for 𝜑 ∈ 𝑣.𝒞𝑢[𝑜𝑑.𝑐] do
8 ℒ.𝑎𝑑𝑑((𝑜𝑑, 𝜑))
9 for 𝑜 ∈ 𝑣.𝒪𝑝 do

10 for 𝜑 ∈ 𝑣.𝒞𝑢[𝑜.𝑐] do
11 ℒ.𝑎𝑑𝑑((𝑜, 𝜑))

12 for (𝑜, 𝜑) ∈ ℒ do
13 if MIQP(𝑣, {(𝑜, 𝜑)}, 𝐴𝑣𝑜𝑖𝑑) fails then
14 ℒ.𝑟𝑒𝑚𝑜𝑣𝑒(𝜑)

15 𝐼𝑛𝑓𝑒𝑎𝑠𝑖𝑏𝑙𝑒→ ∅
16 for (𝑜1, 𝜑1), (𝑜2, 𝜑2) ∈ 𝒞 ′ do
17 if MIQP(𝑣, {(𝑜1, 𝜑1), (𝑜2, 𝜑2)}, 𝐴𝑣𝑜𝑖𝑑) fails then
18 𝐼𝑛𝑓𝑒𝑎𝑠𝑖𝑏𝑙𝑒.𝑎𝑑𝑑({𝜑1, 𝜑2})

19 ℒ′ = 2ℒ

20 for 𝑙 ∈ ℒ′ do
21 for 𝐼 ∈ 𝐼𝑛𝑓𝑒𝑎𝑠𝑖𝑏𝑙𝑒 do
22 if 𝐼 ⊂ 𝑙 then
23 ℒ′.𝑟𝑒𝑚𝑜𝑣𝑒(𝑙)

24 Sort subsets 𝑙 ∈ ℒ′ by
∑︀

(𝑜,𝜑)∈𝑙− ln(𝑝𝑟(𝜑))

25 for 𝑙 ∈ ℒ′ do
26 if MIQP(𝑣, {𝑙}, 𝐴𝑣𝑜𝑖𝑑) succeeds then
27 𝑣′ = 𝑣.𝑝𝑙𝑎𝑐𝑒(𝑜𝑑)
28 return v’

29
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Chapter 4

Evaluation

With our problem statement, inference, and synthesis algorithm described, we move

on to evaluations of our system. For the thesis, we evaluate the system in two ways.

First, we test the practical run-time statistics of our synthesis algorithm. Second, we

perform a human pilot study to understand whether the inference algorithm captures

and recreates patterns important to human participants.

4.1 Synthesis Runtime Analysis

In this section, we present a runtime evaluation of our synthesis algorithm. If the

system takes a prohibitive amount of time to find a satisfactory set of object place-

ments given a set of class constraints, its use cases are limited. For this evaluation,

we test the runtime as the function of two variables: number of objects to place and

number of constraints per object class.

4.1.1 Experimental Setup

For our run-time evaluation, we conduct tests in the same box packing python envi-

ronment as described in Section 3.1.5. However, we set all place-able object classes

(i.e. non-wall objects) to be 20 x 20 pixel squares. Within this context, we vary the

number of objects and the number of constraints per object class. Specifically, we test
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every combination 2-6 place-able objects and 1-5 constraints per object class. The

object constraints are chosen from the relational statements 𝒯 that we will use in our

human study (Section 4.2). We test each combination of #objects and #constraints

per object class with 10 different sets of constraints.

If chosen randomly, some combinations of constraints may be contradictory. For

example, if 𝐷𝑅𝑁(𝐺,𝐵) is chosen for the constraints of object class 𝐺 and 𝐷𝑅𝑁(𝐵,𝐺)

is chosen for the constraints of object class 𝐵, no possible placement of 𝐵 and 𝐺

objects can satisfy both constraints. Furthermore, the possible contradictions between

constraints are often difficult to determine a-priori. Therefore, to choose a set of viable

constraints, we randomly choose 5 constraints per object class from 𝒯 (the maximum

tested in this evaluation) and attempt to satisfy a context with 2 objects of each

class 𝑅, 𝐺, and 𝐵. If the context can be satisfied before timing out, we keep the

set of 5 constraints per object class as a viable constraint set, 𝒞1. We repeat this

process until we find 10 viable constraint sets 𝒞1...𝒞10. Then, for every test involving

𝑛 constraints per object class, we randomly chose 𝑛 constraints per class from one

of the viable constraint sets. For example, for the 5th of 10 tests involving 4 objects

and 3 constraints per object class, we randomly choose 3 constraints per class from

𝒞5 and attempt to satisfy them with 4 objects, each of which is randomly assigned a

class.

For this experiment, we used the MIT Supercloud supercomputer, and evaluate

runtime based on 2 metrics [43]. First, we simply measure the time taken to find a

solution. However, since runtime varies from processor to processor, we also evaluate

based on the algorithm’s total number of calls to the MIQP Gurobi optimizer, which

will remain consistent across platforms.

4.1.2 Results and Discussion

Both runtime metrics we use for analysis (number of queries to the MIQP optimizer

and runtime in seconds) increase rapidly both with respect to number of place-able

objects and number of constraints per class. In Figure 4-1, we show the median

of both metrics as a function of the number of place-able objects. Each individual
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Figure 4-1: Median runtimes of our trials as a function of the number of place-able
objects in each trial. The left figure uses the number queries to the MIQP solver as a
runtime metric, and the right figure uses seconds passed during the trial as a runtime
metric. Each plot shows 5 lines, which represent the median runtime of trials for a
different number of constraints per object class. The y axis of both plots are in a
logarithmic scale.

plot contains 5 lines, representing a different number of constraints per class used in

synthesis. In these figures, we see that experiments involving the fewest objects and

number of constraints take only a couple seconds. However, experiments with more

objects and constraints take a median of hundreds of seconds to complete.

Each plot in Figures 4-2 and 4-3 focus on trials involving the same number of

constraints per object class. Here, we show the runtime for all 10 trials of each

combination of number of constraints and number of place-able objects along with

the median line. In each graph, the points shown in blue represent tests that found

a solution while points shown in red represent tests that exceeded our limit of 500

nodes explored in the search tree.

4.2 Human Pilot Study

4.2.1 Background and Hypotheses

As described in Section 2.1, large efforts in robotics research have focused on extract-

ing human task specifications for automation. In this section, we seek to understand
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Figure 4-2: These plots show the number of queries our synthesis algorithm makes
to the MIQP optimizer for each trial in our test suite. Each plot contains trials with
the same number of constraints per object class, and shows the number of queries
as a function of the number of objects to place. Each blue point represents a trial
for which a solution is found, and each red point represents a trial for which the
solution is not found within the maximum search tree size of 500 nodes. In addition
to the individual points, a black line shows the median queries across the all 10 trials
with the same number of place-able objects. Note that we artificially shift all points
slightly along the x direction to avoid visual overlap, but in reality each point should
exactly align with its number of place-able objects. The y axis of all plots are in a
logarithmic scale.
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Figure 4-3: These plots show the runtime in seconds of each trial in our test suite.
Each plot contains trials with the same number of constraints per object class, and
shows the runtime as a function of the number of objects to place. Each blue point
represents a trial for which a solution is found, and each red point represents a trial
for which the solution is not found within the maximum search tree size of 500 nodes.
In addition to the individual points, a black line shows the median runtime across
the all 10 trials with the same number of place-able objects. Note that we artificially
shift all points slightly along the x direction to avoid visual overlap, but in reality
each point should exactly align with its number of place-able objects. The y axis of
all plots are in a logarithmic scale.
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how our methods can contribute to this body of research in two specific ways.

First, we want to understand weather the RCC-based spatial logic approach pre-

sented in this thesis accurately captures the human’s intuitive understanding of tasks

involving the spatial relationship between objects. Learning from demonstration sys-

tems focusing on inferring logical specifications have either focused purely on tempo-

ral systems [46] or use Signal Temporal Logic to define control sequences for a robot

within space [1, 39]. The few approaches that reason over regions of space directly

are designed for applications in physical system dynamics such as reaction-diffusion

systems and power grids rather than human intuition [21, 23]. To our knowledge, no

algorithm has been presented to infer specifications for a spatial language focused on

Quantiataive Spatial Reasoning, such as RCC or SU4. However, since these languages

are specifically designed to describe human-intuitive relationships between regions, we

expect that the rules inferred and demonstrated by our synthesis algorithm will cap-

ture implicit human patterns and constraints in object relations.

H1: The inference and planning systems presented in Chapter 3 will capture and

reproduce object placement patterns that demonstrators rate as more satisfactory than

not.

In addition, we hope to show our method’s advantage over non learning from

demonstrations methods of specification. Namely, past research has investigated using

Natural Language Processing (NLP) to provide specification to robots [5, 10, 24, 51].

One such method even uses a natural language input to provide Linear Temporal Logic

specifications, and gives feedback if the specifications are infeasible [41]. However,

past research has shown natural language descriptions to be insufficient for defining

tasks, as humans frequently underspecify [22]. Therefore, in this pilot study we

qualitatively compare the constraints inferred by our algorithm and descriptions of

spatial constraints provided by participants. One can imagine constraints inferred vs

specified by the demonstrator as two overlapping sets. One is the set of constraints

inferred by our algorithm and the other is the set of constraints the demonstrator

specifies. An un-specified constraint is in the set inferred by our algorithm, but not

in the human-specified constraints. Conversely, the set of constraints specified by
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Figure 4-4: The demonstration interface used in our experiment. The initialization
state is shown on the left, and a completed interface is shown on the right.

the demonstrator but not inferred by the algorithm is important to understanding

aspects of human intuition not captured in our algorithm. However, while some such

constraints are identified in our discussion, it is not the main focus of our analysis.

H2: Our inference system will capture spatial constraints between objects that are

not explicitly specified by human demonstrators.

4.2.2 Experimental Setup

For the pilot study, we utilize the box-packing environment described in 3.1.5 to

both record human demonstrations and present an object placement generated by

our synthesis system. The environment initializes with a brown square representing a

"table" (acting as the context space) and four already-placed objects representing the

walls of an open box on the table. Outside the table are 2 to 4 objects of each class 𝑅

(for red objects), 𝐺 (for green objects), and 𝐵 (for blue objects) which make up the

un-placed objects in the context. As a visual indicator, unplaced objects are slightly

transparent, while placed objects are entirely opaque. To provide a demonstration,

the user may click an unplaced object to select it, move the unplaced object anywhere

on the virtual table, and press "Enter" to place the object in the given position. If

the placed position is not allowed (i.e. not on the table or overlapping an existing

object) the object returns to its initialized position as an unplaced object. As the

participant drags and drops an object, the object’s position will always snap to the

nearest 10th pixel in each direction. Note that the user cannot move an object once
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Figure 4-5: Pre-generated completed contexts initially shown to pilot study partici-
pants.

placed – if they are unhappy with a placement, they must reset the entire context to

its initial state. Once all objects are placed on the table, the pygame environment

presents a "done" button, which will record an image of the environment as well as

object positions and relations for all placed objects. An example initial and final state

of this environment is shown in Figure 4-4.

The study involves 6 steps. First, we introduce participants to the demonstration

environment – what the various objects represent (i.e. table, walls, objects to place)

and demonstrate how to select and place objects in the context space. Second, we

present the participant with a screencapture of 8 pre-generated example completed

contexts shown in Figure 4-5. These examples are designed to incorporate constraints

able to be expressed using the position-augmented RCC framework discussed in Sec-

tion 3.1 (e.g. red objects are south of blue objects, red objects are externally connected

to red objects, etc). Third, we ask the participant to give 8 demonstrations via the

pygame environment, such that they follow the same patterns of object placement

seen in the 8 pre-generated examples. Throughout this process, the participant is
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allowed to refer back to the pre-generated examples, though the random number of

each object class presented to the participant means they are unable to simply copy

example contexts in every demonstration. Fourth, we ask the participant to write

down how objects are placed on the table, as if describing the task to a friend. We

allot a maximum of 5 minutes to record this description. Fifth, we show the partici-

pant a completed context generated by our synthesis algorithm using the constraints

inferred from the participant’s demonstrations. We ask the participant to rate the

level to which the generated image match patterns provided by their demonstrations

on a 1-5 Likert scale (where 1 is a very unsatisfactory object placement and 5 is a very

satisfactory object placement). In addition to the Likert scale, we ask the participant

to give an open-ended explanation of their score. Sixth and lastly, we ask the par-

ticipant to describe patterns they used in placing objects. However, instead of using

natural language, we ask them to provide rules based on the relationships between

object colors. For inspiration, we provide several illustrative examples of a context

and possible object relationships that one can describe. We are specific that these

illustrative examples are not related to the rules from the pre-generated examples,

and that the participant is not limited to the object relations in the given examples.

The examples are only shown to inspire ideas of the kinds of patterns we want the

participant to describe.

The eight pre-generated examples shown to the participant include the follow-

ing position-augmented RCC constraints. While these constraints do not uniquely

describe the eight examples, they are the ground truth constraints used when gener-

ating the examples:

1. 𝐷𝑅𝑁(𝐵,𝑅) – Blue objects are North of Red objects.

2. 𝐷𝑅𝐸(𝐺,𝑅) – Green objects are East of Red objects.

3. 𝐷𝑅𝐸(𝐺,𝐵) – Green objects are East of Blue objects.

4.
⋁︀

𝑖∈{𝑁,𝑆,𝐸,𝑊}
𝐸𝐶𝑖(𝐵,𝐵) – Blue objects are externally connected to another blue

object on any side.
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Figure 4-6: A flowchart of the user study.

5.
⋁︀

𝑖∈{𝑁,𝑆,𝐸,𝑊}
𝐸𝐶𝑖(𝑅,𝑅) – Red objects are externally connected to another red

object on any side.

6.
⋁︀

𝑖∈{𝑁,𝑆,𝐸,𝑊}
𝐸𝐶𝑖(𝐺,𝐺) – Green objects are externally connected to another green

object on any side.

7.
⋁︀

𝑐1∈{𝑅,𝐺,𝐵,𝑊}

⋁︀
𝑐2∈{𝑅,𝐺,𝐵,𝑊}

(𝐸𝐶𝑁(𝐵, 𝑐1)∧𝐸𝐶𝑊 (𝐵, 𝑐2))∨(𝐸𝐶𝑊 (𝐵, 𝑐1)∧𝐸𝐶𝑆(𝐵, 𝑐2))∨

(𝐸𝐶𝑆(𝐵, 𝑐1)∧𝐸𝐶𝐸(𝐵, 𝑐2))∨ (𝐸𝐶𝐸(𝐵, 𝑐1)∧𝐸𝐶𝑁(𝐵, 𝑐2)) – Blue objects are ex-

ternally connected to any object on two adjacent sides (i.e. on the North and

West side, West and South side, South and East side, or East and North side).

8.
⋁︀

𝑐1∈{𝑅,𝐺,𝐵,𝑊}

⋁︀
𝑐2∈{𝑅,𝐺,𝐵,𝑊}

(𝐸𝐶𝑁(𝑅, 𝑐1)∧𝐸𝐶𝑊 (𝑅, 𝑐2))∨(𝐸𝐶𝑊 (𝑅, 𝑐1)∧𝐸𝐶𝑆(𝑅, 𝑐2))∨

(𝐸𝐶𝑆(𝑅, 𝑐1) ∧ 𝐸𝐶𝐸(𝑅, 𝑐2)) ∨ (𝐸𝐶𝐸(𝑅, 𝑐1) ∧ 𝐸𝐶𝑁(𝑅, 𝑐2)) – Red objects are ex-

ternally connected to any object on two adjacent sides (i.e. on the North and

West side, West and South side, South and East side, or East and North side).

9.
⋁︀

𝑐1∈{𝑅,𝐺,𝐵,𝑊}

⋁︀
𝑐2∈{𝑅,𝐺,𝐵,𝑊}

(𝐸𝐶𝑁(𝐺, 𝑐1)∧𝐸𝐶𝑊 (𝐺, 𝑐2))∨(𝐸𝐶𝑊 (𝐺, 𝑐1)∧𝐸𝐶𝑆(𝐺, 𝑐2))∨
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(𝐸𝐶𝑆(𝐺, 𝑐1)∧𝐸𝐶𝐸(𝐺, 𝑐2))∨(𝐸𝐶𝐸(𝐺, 𝑐1)∧𝐸𝐶𝑁(𝐺, 𝑐2)) – Green objects are ex-

ternally connected to any object on two adjacent sides (i.e. on the North and

West side, West and South side, South and East side, or East and North side).

10.
⋀︀

𝑖∈{𝑁,𝑆,𝐸,𝑊}
¬𝐷𝑅𝑖(𝐵,𝑊 ) – Blue objects are not North, South, East, or West of

all wall objects (i.e. inside the box).

11.
⋀︀

𝑖∈{𝑁,𝑆,𝐸,𝑊}
¬𝐷𝑅𝑖(𝑅,𝑊 ) – Red objects are not North, South, East, or West of

all wall objects (i.e. inside the box).

12.
⋀︀

𝑖∈{𝑁,𝑆,𝐸,𝑊}
¬𝐷𝑅𝑖(𝐺,𝑊 ) – Green objects are not North, South, East, or West

of all wall objects (i.e. inside the box).

4.2.3 Data Collection

For the study, we recruited 5 participants (2 males, 3 females aged 18 - 26). All

participants have earned or are pursuing a bachelor’s degree in a STEM field. In each

case, all written aspects of the survey (i.e. natural language description, evaluation of

AI-generated demonstration, and relation-based description) were completed on the

participant’s personal computer via a Google form (and Google sheet in the case of

relational descriptions). The pygame demonstration environment and AI-generated

demonstrations were completed on a separate computer.

In addition to the written portions of the survey, we record the demonstrations

from each participant and the AI-generated example created using participant demon-

strations. Given the scope of this experiment as a pilot study with limited partici-

pants, our goal is not to obtain statistically significant results, but to gather informa-

tion useful in designing future experiments.

4.2.4 Results and Discussion

In discussing the results of our survey, we will begin with high-level observations

concerning which constraints from the 8 pre-generated examples translated to the

participants’ 8 demonstrations. All participants’ demonstrations maintain that 𝑅,𝐺,
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Participant Satisfying vs Demonstrating Constraints
Participant C1 C2 C3 C4 C5 C6 C7 C8 C9 C10 C11 C12

P1 Demonstrated ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
Specified ✓ ✓ ✓ ✓ ✓ ✓

P2 Demonstrated ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
Specified ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

P3 Demonstrated ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
Specified ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

P4 Demonstrated ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
Specified ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

P5 Demonstrated ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
Specified ✓ ✓ ✓ ✓ ✓ ✓

Table 4.1: A representation of whether participants demonstrated and specified each
of the 12 ground truth constraints used to generate the 8 pre-generated examples.
Notice that every participant did not explicitly specify some subset of the constraints
they demonstrated.

and 𝐵 objects must externally connect to another object of its own class (i.e. con-

straints 4-6 listed above). Additionally, all participants provided examples such that

all objects were placed within the box walls (i.e. constraints 10-12 listed above).

Three participants (P2, P3, and P4) noticed that 𝐺 objects should be East of 𝑅

and 𝐵 objects, and 𝑅 objects are South of 𝐵 objects (constraints 1-3 above). P1,

P4, and P5 gave demonstrations following constraints 7-9 above (that each class of

object should be externally connected to another object in two adjacent directions).

However, the participants who did not follow constraints 7-9 came very close. P3 only

broke constraint 8 with one object and P4 only broke constraint 7 with one object

and constraint 9 with two objects over all 8 demonstrations. A summary of these

findings is shown in Table 4.1

Discussion on H1

The Likert scale is our main quantitative measure of participants’ satisfaction with the

AI generated demonstration. A higher satisfaction score from the generated example

implies that our RCC framework and inference system captured the object placement

patterns important to the participant. Across the 5 participants, the average Likert
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Figure 4-7: Distribution of satisfaction scores for human study participant. A score
of 1 is "very unsatisfactory" and a score of 5 is "very satisfactory".

scale is 4, with two participants giving a score of 5, two giving a score of 4, and one

giving a score of 2. These results are shown in Figure 4-7

To understand why the majority of participants rated the generated demonstra-

tion less than "very satisfactory" we refer to their explanation for the Likert score.

Here, we see three common through-lines in the study’s results. First, some partici-

pants’ explanations heavily focused on whether objects were edge-aligned. P2 and P3

are the best examples of this trend. Neither P2 nor P3 followed the "object contact

on adjacent sides" constraints (i.e. constraints 7 - 9) for at least one class of ob-

ject. Therefore, the AI generated a demonstration where objects would be externally

connected to another object only one one side. However, unlike P2 and P3, the AI-

generated demonstration does not place connected objects in alignment, as shown in

in Figure 4-8. P2 cited this lack of object alignment as the sole reason for providing

a 4 on the likert scale, and P3 cited this lack of alignment in their score of 2 on the

Likert scale.

However, it is also worthy to note instances where a participants’ focus on object

alignment did not result in an imperfect score on the Likert scale. P1 references

the importance of object alignment in both their natural language explanation and

relation-based rules. However, unlike P2 and P3, P1’s demonstrations perfectly follow

65



Figure 4-8: An example from study participant that demonstrates blue objects being
aligned (Left) and the AI generated demonstration with blue objects not aligned
(Right).

the "object contact on adjacent sides" constraints (rules 7-9). These constraints, along

with constraints requiring objects of the same class being connected (rules 4 - 6) led

the AI to generate a demonstration where connected objects are aligned. This case

study provides an important observation: even if a person’s specified rules do not

appear in the algorithm’s inferred constraints directly, inferred constraints may still

lead the synthesis algorithm to produce to the same patterns as the person’s specified

rules.

The second through-line is the importance of composite shapes created by each

object class (e.g. whether objects of a particular class form a straight line, an "L"-

shape or are arranged in a square-like pattern). P4 cited undesirable composite shapes

as their reason for giving a 4 on the Likert scale, specifically stating that none of the

provided demonstrations had "non-square" L-shaped class groupings for both the red

and blue object classes, while the AI-generated demonstration did. In contrast, P5

gave the AI generated demonstration a 5 on the Likert scale, and approved of the

generated composite shapes.

We also see composite shapes mentioned outside the Likert scale explanation.

P3 referenced composite shapes in their natural language description of rules, stat-

ing "...preferring horizontal repetitions to vertical repetitions, aligning edges exactly

without space in between of the same color blocks, and preferring a 2x2 grid over 4x1

for example." Additionally, informal conversations with P2 and P4 post-experiment
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revealed that their goal to preserve desired composed shapes seen in examples led

to their lack of adherence to constraints 7 - 9. Though unspoken, their near-perfect

adherence to these constraints may suggest that the tendency to follow constraints

7-9 was present, but this was overwritten by the desire to maintain desired composite

shapes.

Outside the Likert scale, we find one more through-line in the rules provided by

various participants: a tendency to describe patterns based on "at least one object"

rather than all objects of a class. In the relation-based rules section of the survey,

both P1 and P3 used language that mentioned constraints involving not all objects

of a class. Specifically, P1 described "(at least one) Red" in a rule, and P3 described

rules as "one red box" and "remaining red boxes."

Ultimately, the average Likert score of 4 gives merit to 𝐻1, though the results here

are certainly not conclusive. The algorithm clearly did not capture some constraints

involving object alignment and composite shapes which brought the satisfaction score

of the majority of participants below the maximum of 5.

Discussion on H2

Our analysis of 𝐻2 involves comparing the natural language and relation-based rules

provided by participants with rules inferred from their demonstrations. Using Table

4.1, we can see that within the subset of constraints used as ground truth in the 8

pre-generated examples, every participant underspecified (i.e. gave demonstrations

consistent with a constraint, but did not specify the constraint in their explanations).

On average, participants only specified 71.3% of the constraints inferred by our algo-

rithm.

Of course, natural language will often imply constraints without stating them

outright. For example, participant P2 wrote "Blue pieces go roughly in the top left

corner of the box ... . Red pieces go in the bottom left corner" in their natural

language explanation. While this doesn’t explicitly say "𝐵 is North of 𝑅", their

explanation implies the constraint 𝐷𝑅𝑁(𝐵,𝑅), and thus we count 𝐷𝑅𝑁(𝐵,𝑅) as a

specified constraint in table 4.1.
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There are other instances when the translation of natural language into our spec-

ification is less clear. For example, P3 followed constraint 7 (all blue objects should

contact another object on two adjacent sides). In their natural language explanation,

they say "Blue in the upper left corner of the box, then place all the blues in that

corner, preferring horizontal repetitions to vertical repetitions, aligning edges exactly

without space in between of the same color blocks, and preferring a 2x2 grid over 4x1

for example." This explanation, while clearly distinct from rule 7 in its framing, will

most of the time (though not always) lead to satisfying constraint 7. Therefore, it’s

difficult to say whether this description counts as an under-specification. However,

since, there are some configurations following P3’s explanation that violate constraint

7, we leave this as unspecified in the table.

Despite such ambiguity, this experiment does clearly show evidence of human

under-specification, and our algorithm’s ability to interpret constraints that go un-

specified by participants.

4.2.5 Recommendations for a Full Experiment

Given the results of this pilot study, there are several changes we propose for a

full experiment. When participants found that AI-generated demonstrations do not

satisfy the constraints given in their demonstrations, the cited reason often involved

patterns not able to be represented by RCC. The most noteworthy of these are the

tendency to focus on object alignment and composite shapes formed by objects of the

same class. While these trends show some limitation in our methodology, it seems

likely that our choices to (1) use only 2-4 objects per class and (2) make all objects of

the same class the same shape, exacerbated the repetition of composite shapes in our

pre-generated examples. One participant even noted that seeing our demonstrations

immediately reminded them of Tetris blocks. Since scaling up the number of objects

may not be feasible, we have two recommendations to mitigate the problem. First, we

can intentionally inject examples into our pre-generated demonstrations that do not

form expected shapes and do not align with other objects. Second, we can randomize

the shapes of the given objects. While this modification does require minor changes
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to our methodology, it would prevent the formation of a few, predictable composite

shapes.

Additionally, all participants are in the process of earning or have earned degrees

in STEM. Since this research is intended to inspire systems for domain experts in

fields outside engineering, the results we find may not be representative of the target

population. Therefore, future studies should look into ways to expand the participant

pool outside STEM students and professionals.
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Chapter 5

Conclusion and Future Work

5.1 Conclusion

In this thesis, we present a series of techniques intended to further robots’ ability to

understand and reproduce human-intuitive spatial patterns in object placement. In

Chapter 1, we motivate the need for systems capable of understanding and reproduc-

ing tasks demonstrated by domain experts. Many small to medium manufacturing

firms need to increase efficiency to stay afloat, but require the ability to rapidly re-

train robots without the assistance of a programmer. In Chapter 2, we provide a

background on research applicable to the problem, including learning from demon-

strations as a broad field, learning specifications over logic languages, formal spatial

languages designed for human-intuitive reasoning, and methods of spatial synthesis

with an emphasis on bin packing problems.

Chapter 3 presents this thesis’s three core technical contributions. In Section 3.1,

we present a formal problem formulation involving the relationships between objects

in a spatial "context" via Region Connection Calculus. Then in Section 3.2, we

define a Bayesian inference method to capture spatial constraints between objects in

a context based on demonstrations from a human. Lastly in Section 3.3, we present

a hierarchical synthesis algorithm designed to place objects in a context satisfying

the constraints learned by our inference method. This synthesis involves a high-level

Monte Carlo Tree Search to explore promising object placements, and a lower level
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mixed integer optimization to provide promising object placements given a partially

completed context.

In Chapter 4, we present two evaluation tools for determining the viability of our

methods in the intended workflows. In Section 4.1, we test the synthesis algorithms’

runtime across (1) number of objects placed and (2) number of constraints per object

class. Then in Section 4.2, we describe and perform a human pilot study to test our

algorithm’s ability to capture spatial constraints relevant to a human and whether

the captured constraints are frequently un-specified by human explanations.

5.2 Future Work

There are three primary areas of future work. First, we want to augment the con-

straint inference algorithm to not require a set of pre-defined relational statements.

Second, we hope to incorporate an active learning component into the algorithm

pipeline. Lastly, we consider the possibility of learning constraint priors for inference

in situations where our algorithm is given demonstrations for multiple different tasks.

5.2.1 Expanding Constraint Inference

The constraint inference algorithm presented in Section 3.2 requires a set of pre-

defined relational statements 𝒯 from which our algorithm infers the relevant set of

constraints 𝒞 ⊂ 𝒯 . While a statement set 𝒯 may be available in some applications,

the assumption of it’s availability presents a major restriction. Therefore, our next

steps in this project involve inference methods not dependent on the pre-defined set

𝒯 .

5.2.2 Active Learning

One major advantage of inferring over logical specifications not leveraged in our meth-

ods is the ability to provide a set of verifiable rules to the user. While our inference

algorithm captures a set of constraints, we have not yet formulated a strategy to
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Figure 5-1: General pipeline of future work incorporating active learning as an infer-
ence component.

allow a human to check the learned constraints and approve or deny them. There are

several ways to incorporate this type of verification into an algorithm pipeline. The

simplest is to present the learned constraints to the user, and allow them to change or

delete any that are not relevant. However, this strategy assumes the domain expert

will be able to interpret these Boolean constraints, which is often not the case.

Therefore, we hope to incorporate a pipeline wherein the algorithm will intention-

ally break or ignore a subset of learned constraints during synthesis and ask for the

user’s approval. The human response can then be used to update the set of learned

constraints. The pipeline for this active learning approach is shown in Figure 5-1.

5.2.3 Non-Unifrom Constraint Priors

In our current inference method, we assume a uniform prior over the probability that

any relational statement will be in a demonstrator’s ground truth constraint set (i.e.

𝑝(𝜑 ̸∈ 𝒞ℎ)). However, in reality, there are likely to be some relational statements

that are more likely to be constraints across a wide variety of tasks. For example,

in a box packing scenario, the relative positions of different object classes may vary

from demonstrator to demonstrator, but rules about objects of the same class being

in contact may remain consistent.
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Therefore, if we imagine a situation in which a variety of people demonstrate a

variety of tasks to the robot, the algorithm can learn which constraints show up over

and over. It may be possible to utilize this knowledge by changing a statement’s

prior.
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