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1 Introduction

Entanglement and quantum information have played increasingly important roles in our
understanding of quantum field theory (QFT), equilibrium and non-equilibrium dynam-
ics of strongly correlated condensed matter systems, and quantum gravity. Results from
operator algebras and techniques developed in algebraic approach to quantum field the-
ory provide powerful tools for organizing and obtaining quantum information properties of
QFT and quantum statistical systems (see e.g. [1] for a recent review).

In the standard textbook approach to quantum field theory, the central object is the
Hilbert space of physical states. Algebraic quantum field theory (AQFT) was developed in
the 1960s as an alternative approach where one treats the algebra of local physical observ-
ables as the central object [2-4]. According to the Stone-von Neumann uniqueness theorem
the algebra of observables of a quantum system with a finite number of degrees of freedom
has a unique irreducible Hilbert space representation up to unitary transformations. Thus,
the Hilbert space approach and algebraic approach are equivalent. For a system with an in-
finite number of degrees of freedom, like a QF T, the algebra of observables allows infinitely
many inequivalent representations in the Hilbert space. The algebraic approach provides
a more intrinsic description than any of the irreducible representation of the observables.
For example, in a system with spontaneous symmetry breaking or phase transitions, dif-
ferent macroscopic states correspond to inequivalent representations of Hilbert space, but
all share the same algebra of observables.

Compared with the standard approach, the algebraic approach is significantly more
mathematical and abstract, and as a result, it is harder to perform explicit calculations
in model theories. However, deep and rich mathematical structures have been uncovered
about quantum field theory using this approach. These structures provide powerful tools
to study the quantum information properties of states in QFT and quantum statistical
systems. For instance,

1. The Reeh-Schlieder theorem says that bounded operators restricted to an arbitrary
open set in spacetime are enough to generate the full vacuum sector of the Hilbert
space. It indicates that generic finite energy states in QFT are not only entangled,
but also are entangled at all scales. Entanglement entropy in QFT is a property of
the local algebra of observables and not just the states.

2. The Hilbert space of a continuum quantum field theory does not have a tensor prod-
uct structure. More explicitly, consider an open region U on a Cauchy slice ¥ with its



complement given by U,, one can not factorize the Hilbert space H into Hy ® Hy,.
The standard measures of entanglement such as entanglement entropy and Renyi en-
tropies defined using the reduced density matrices are, thus ill-defined. Nonetheless,
the algebraic approach provides intrinsic definitions of those quantum information
quantities which are well defined in the continuum limit and free of ultraviolet am-
biguities. An important object is Araki’s relative modular operator, which provides
an algebraic definition of relative entropy [5, 6], a central quantity in quantum infor-
mation [7].

3. According to the Unruh effect, a uniformly accelerated observer in the vacuum state
of QFT feels a thermal bath at a temperature proportional to its proper acceleration.
The emergence of a thermal bath has to do with the entanglement structure of the
vacuum state and the fact that the accelerated observer has no access to the region of
spacetime that is outside of its causal horizon. There is a generalization of this effect
to observers restricted to a general spacetime region. The Tomita-Takesaki theory
defines a self-adjoint operator called the modular Hamiltonian which generates a
modular time evolution. A local observer whose clock ticks with modular time finds
itself in a thermal bath. The modular Hamiltonian and the modular flow provide
powerful mathematical tools for dealing with the entanglement structure of a QFT.

4. The algebraic approach introduces many operator inequalities (e.g. the positivity of
the modular and the relative modular operator, and the half-sided modular inclusion
inequality [1, 8]) which should provide tight global constraints on quantum informa-
tion properties of QFT.

So far only bits of this deep and rich mathematical structure have been used, but
they have already yielded remarkable results on long-standing questions. For example, a
quantum version of the null energy condition was conjectured and proved recently [9, 10].
Modular operator and relative entropy were also used to provide a precise formulation of
the Bekenstein bound [11]. Recently, the monotonicity of the relative modular operator
was used to derive new inequalities for correlation functions of QFT [12]. The modular
operator of a spherical region in a conformal field theory has a local expression in terms of
the stress tensor [13] which has become an important tool for studying the entanglement
properties of states of conformal field theory as well as those of holographic theories [14-16].
See also [17-19, 21] for other applications.

In holography there is strong evidence that modular flows play an important role in
reconstructing the corresponding bulk spacetime from the boundary quantum field the-
ory [22-25]. A better understanding of modular flows and relative modular flows should
yield new insights into various aspects of bulk reconstruction, including the emergence of
bulk causality and a better physical understanding of the entanglement wedge from the
perspective of the boundary theory.

Despite their importance, our understanding of modular flows in QFT is limited (pre-
vious results include [13, 26-37]). In each case, where the modular operator has been found,
significant insights have been obtained. Very little is known about modular operators and



modular flows in excited states and for general regions. One reason is that the modular
operators for general states in general regions are believed to be highly nonlocal and com-
plicated. Nevertheless, it is of great interest to characterize this non-locality and hopefully
extract universal features.

In this paper, we develop new techniques for studying the modular flow of excited
states, and the relative modular operator of general excited states. A key observation is
that generic excited states can be obtained by acting on the vacuum (or any cyclic and
separating state) with invertible operators from the algebra of a region. More precisely,
we show that such states are dense in the Hilbert space. This observation enables us to
express, in a simple way, the modular and the relative modular operator, as well as relative
entropies, of generic excited states in terms of the modular operator of the vacuum. Since
the modular or relative modular flows are continuous (see section 3), we can obtain the
modular flow of any state from those of a dense set of states. Modular, relative modular
operators or their unbounded functions (such as logarithm) are not continuous, thus for
these quantities we have access to generic states, but not all states in the Hilbert space. A
related observation is that the modular flow in an excited state can be obtained from that
of the vacuum via the so-called unitary cocycle, which in general is easier to construct and
study than the modular operator of an excited state. Equivalently, one could also obtain
the modular flow in an excited state using the relative modular flow. Previous discussions
of modular operators for excited states include [38, 39].

We illustrate the formalism using some simple examples, including states near the vac-
uum, and coherent and squeezed states in generalized free field theory. To our knowledge,
the relative modular operator in QFT has not been explicitly worked out in any examples,
not even in free theories.!

The plan of the paper is as follows. In section 2, we review the algebraic approach
to general quantum systems and the Tomita-Takesaki modular theory. Furthermore, in
appendix A we discuss the modular theory from the perspective of quantum information
theory using tensor diagrams.

In section 3, we first prove two lemmas regarding the class of states which can be
generated by acting by invertible operators on the vacuum (or any cyclic and separating
state). Then, we obtain their modular and relative modular operators. We also consider
the structure of Kubo-Mori Fisher information metric in this light.

In section 4, we consider the excited states that correspond to coherent and squeezed
coherent states in generalized free field theory, and work out explicit expressions for the
modular flow of local operators in these states.

We conclude in section 5 with a brief discussion of future directions.

2 Essential aspects of algebraic quantum field theory

We start by reviewing the essential aspects of the algebraic approach to quantum systems
which will be relevant for our discussion in this paper (see [3] for a textbook review).

! After the submission of this work on arXiv we learned about the work in [40].



2.1 Algebraic setup

Consider a quantum field theory with field operators { A;}, where the index i labels different
operators (including all operators and not just “fundamental” ones). We will be concerned
with bounded operators {4;} and the x-algebra A they form, i.e. they are closed under
multiplications, and allow an adjoint operation.

A state 1) is defined as a linear functional ¥(A) : A — C on the algebra, which is
positive, i.e. (AT A) > 0 for all A € A, and normalized 1)(Z) = 1 (Z denotes the identity
operator). Given a state v, the Gelfand-Naimark-Segal (GNS) construction builds a Hilbert
space H that carries a representation, my, of the x-algebra A. In particular, there exists a
vector |U) € H for which ¥(A) = (V|A|¥) for all A € A. The choice of the state and its
corresponding Hilbert space is highly non-unique, and depends on the nature of the theory
and the physical questions under consideration.

For a quantum field theory in Minkowski spacetime, we assume that there exists a
unique Poicare invariant state w. The GNS Hilbert space associated with w is referred
to as the vacuum sector, and coincides with the usual definition of the Hilbert space in
the standard approach (e.g. in Wightman axioms). The vector |Q2) € H that corresponds
to state w will be referred to as the vacuum. Throughout this paper, we restrict to the
vacuum sector of theories in Minkowski spacetime.

Now consider an open region O in Minkowski spacetime. The operators which have
their supports inside O also form a x-algebra, which we denote as A(OQ). In particular,
self-adjoint elements of A(O) can be interpreted as observables which can be measured in
O. We will take the set of A(O) (for all O) to have the following properties:

1. A(O) is closed under the weak convergence limit. More explicitly, we say a sequence of
operators {4, € A(O)} withn =1,2,--- converge to an operator A if all the matrix
elements converge, i.e. (¥|A,|p) — (1| A|¢) for any |[¢), |¢) € H.? A *-algebra which

is closed under the weak convergence limit is a von Neumann algebra.

An important property of a von Neumann algebra M is that it is equal to its double
commutant, M” = M, where M’ denotes the commutant of M, i.e. the set of
bounded operators which commute with M. Therefore, we have A(O) = A”(O).

2. For O1 C Oy we have A(Ol) C A(Og)

3. For a Poincare transformation g, denoting the unitary action on A that coresponds
to g by a4, we have

agA(O) = A(g0O). (2.1)
4. A(Oq) commutes with A(O2) if Oy 5 are spacelike separated,

[A(O1), A(O2)] = 0. (2.2)

2In full generality, our convergence limit should hold for any net of operators. We thank the referee for
pointing this out to us. We continue to use the term “sequence” instead of a “net” of operators to make it
more accessible to the physics audience.



5. Let O denotes the causal completion of O, then
A(0) = A(0), (2.3)

which requires that the dynamical laws be consistent with the causal structure. Equa-
tion (2.3) can be derived if one assumes the so-called Haag duality

A0 = A(0), (2.4)

where O’ denotes the causal complement of O. However, it is known that the Haag
duality is violated in some situations. [41]

A striking statement regarding the local operator algebra A(Q) is the Reeh-Schlieder
theorem which says that for any open region O, the set of vectors A(O)|Q?) is dense in H.
This theorem has far reaching consequences. For example, it means that by performing
a local operation on the Earth one could in principle create, say a basketball, in the
Andromeda galaxy. One could do so no matter what the size of region O is. The theorem
implies that the state |2) must be entangled at all scales. Thus one could take advantage
of the long range correlations in |{2) judiciously to choose operators in O to achieve the
desired outcome just like in an EPR experiment. Clearly, to take full advantage of the
entanglement one has to apply operators from the algebra that are in general non-unitary.

Mathematically, what the Reeh-Schlieder theorem says is that the vacuum state |(2)
is cyclic and separating with respect to A(Q) for any open region 0. We say |Q?) is cyclic
with respect to A(O) if A(O)|Q) is dense in H. We say that |€2) is separating with respect
to A(0O), if exists no operator A € A(O) such that A|2) = 0. Consider another open region
O which is causally disconnected from O. From the Reeh-Schlieder theorem A(O)|Q) is
also dense in H. Now suppose there exists an A € A(O) such that A|Q2) = 0, then we also
have AA|Q) = AA|Q) = 0 for any A € A(O). Since A(O)|Q) is dense in 4 this can only
happen if A = 0. Note that the theorem can also be generalized to a state with bounded
energy, and thus any such state is cyclic and separating with respect to A(O).

2.2 Algebraic approach to entanglement: a toy “spacetime”

To exhibit the entanglement structure implied by the Reeh-Schlieder theorem for a quantum
field theory, let us first consider a toy model to build up some intuition.

Consider a “spacetime” whose spatial manifold consists of only two points: L and R.
The full Hilbert space of the system has a tensor product structure H = Hy ® Hgr with
isomorphic Hy g for each point. For simplicity, we take them to have finite dimension
D. The local algebra for point L is thus Az, = B(H1) ® Z and that for point R is Ar =
T ® B(Hr), where B(Hr, r) denotes the set of bounded operators on Hilbert space H, g
and Z is the identity operator. The operator algebra for the full system is A = Ar ® Ag.
Clearly [Ar, Ag] = 0 as in (2.2), and A, = A%j. Since A7 = AL g both Ay g are
von Neumann algebras.

Now, consider a cyclic and separating state |Q2) for A;. Using the Schmidt decompo-
sition of a bipartite state one can readily see that such a state can be written as

D D
) =Y VAdla)Lla)g, Ao > 0, > =1 (2.5)
a=1 a=1



with |a),a = 1,--- D some basis for H, r. Assuming no vanishing Schmidt coefficient A, is
equivalent to assuming that the state is cyclic and separating. The reduced density matrix
pg is obtained by tracing over Hp:

D
ézz Jda)r pia (2.6)

and has full rank. The same holds for pg. Thus, the cyclic and separating condition means
that |Q2) is fully entangled between Hy and Hp with an entanglement entropy

Sq = —Trg, (pé log pé) = —Trp ( log pQ) Z)\ log Aq . (2.7)

2.2.1 Modular conjugation and modular operators

We now explore the entanglement structure of a cyclic and separating state |Q2) from the
perspective of the algebras A and Ay r. It is convenient to introduce an unnormalized
maximally entangled vector

|Ea) =) _la)la)r (2.8)

in terms of which we can write |Q2) as Q) = ((pé)% ® I)|Eq). Note that the definition of
Eq depends on the choice of |€2) which selects the basis |a).
Using |Eq) we can define an anti-linear operator Jo on #H as follows: for |¢p) =

dapla)r|b)r
Jalg) = du (DI EQ)L{alEq) = ¢glb)Lla)r - (2.9)

It can be readily checked that Jq is anti-unitary, satisfies ng =1,1ie. Jq= ng = JST), and
JalQ) = 1) (2.10)
An interesting property of Jg is that it takes an operator A € Agr to an operator in Ay,
JoALJo = Ar = Al (2.11)
and vice versa. More explicitly, taking A = Agla)r (b| € AL, we find
JoAJo = Alpla)r (D] € AR . (2.12)

We will refer to Jq as the modular conjugation operator.
Now, introduce the modular operator

Aq = ph® (pf) ! = e g 0 (2.13)

with
Kg“ = —log pg, Ké = —logpé, Kng = JQKSI)%JQ . (2'14)

The operator Ag is positive and satisfies

Ag|Q) = [Q), Jolado = Ag". (2.15)



The modular operator Ag can be used to define a unitary flow for Ay g respectively,
Ua(s)ALUS(s) = AL,  Uq(s)ArUd(s) = Ar, Ua(s) = Ag™. (2.16)
More explicitly, for A € Ar and A" € Ap, we have
Ua(s) AU (s) = eBr5 Ae™Krs € Ap, Ug(s)A'UL(s) = e BrsAeiBrs ¢ A (2.17)

Physically, Uq(s) defines a “local” time evolution under which an observer in R (or L)
remains in R (or L).> In particular, under such an evolution, the R (or L) observer
experiences a thermal state with inverse temperature g = 1.

Finally, let us consider the anti-linear

So = JoAZ (2.18)
which has the properties
S3=1, SLSa=Aq, SaSh=Ag5 SqlQ)=Q). (2.19)
From the action of Jg and Agq, one also finds that
SqA|Q) = AT|Q),  SLA'|Q) = AT|Q), VA e Ag, VA € AL (2.20)

To summarize, the states |2) that are cyclic and separating in Ay, p are entangled
in every physical mode between L, R. On one hand, this can be seen from the fact that
the corresponding reduced density matrices pé’R are full rank. On the other hand, being
cyclic and separating leads to the existence of Jo,Aq,Sq, and their properties. Thus,
the algebraic structure can be considered as an alternative way to probe the entangled
nature of |Q2). This is of particular importance in quantum field theory where the density
matrix is not well-defined, nonetheless the algebraic approach continues to hold. All the
algebraic relations discussed above can be conveniently represented using tensor diagrams
which make them more intuitive. See appendix A.

2.2.2 Relative modular operator and relative entropy

Now, consider a second state |¥). We can find the corresponding p% by tracing over Hg.
The relative entropy between p{f, and P(Lz can be written as

S(W)9) = Trp (p§ log pl — pl log pfy) (2.21)

Since pé is full rank the above quantity is well defined regardless of the nature of |¥).
Introduce the relative modular operator between |¥) and |(2) as

Awo = p§ ® (p) " (2.22)
The relative entropy (2.21) can be written in terms of Agq as

S(V[2) = (¥[log Awa| V). (2.23)

3In contrast, a generic Hamiltonian H defined on A will not preserve ARg,r under evolution.



Suppose |¥) is also cyclic and separating with respect to Ay, g, i.e.
) =Y VodayLla)r, 0a>0, D> oq=1 (2.24)
a a

with {|a) } some other basis of Hy, . We denote the modular conjugation, modular operator
and the Tomita operator for the state |¥), respectively, with Jy, Ay and Sy. If the basis
{la)} coincides with {|a)} then Jg = Jg, but in general this is not the case.

We can introduce a relative conjugation operator Jyq as

Jua|v)Llw)r = r(w|Ew)L(v|Eq) (2.25)
where E'y is defined analogously as Eq. One can check that Jygq is anti-unitary and satisfies
Juadav =1, Jug=Jhy . (2.26)

With pyg full rank we can introduce its logarithm as in (2.14), and write (2.22) and the
corresponding relative modular flow operator as

_ KL R _ icLe iR
Agg = e Kvela Ugg(s) = Ayl = effuse Ko, (2.27)

We then find that

Uga(s)AUL(s) = Ug(s)AUL(s), Ae Ap, (2.28)
Uga(s)A'Ubq(s) = Ua(s)A'UL(s), A€ Ag. (2.29)
Also note that
JualAwodl, = Ags . (2.30)
Introducing
1
Sy = JualAgg (2.31)
we find
SuoAlQ) = AT|w),  SL,A'1Q) = AT|W), VAe AL, VA € Ag. (2.32)

The unitary flow operator Ugq in (2.27) belongs to neither of Ay, r. We can also define
unitary operators which belong to Ay g,

uga(s) = e Kie K8 = Uy (s)UL (s) € Ay (2.33)

Uyo(s) = e KV eEE = Ugy (s)Uf(s) € Ag. (2.34)

2.3 Modular operator and modular flows in QFT

Now, let us come back to quantum field theory. A key difference with the toy spacetime of
previous subsection is that the Hilbert space of quantum field theory does not have a tensor
product structure. More explicitly, consider an open region U on a Cauchy slice ¥ with
its complement given by U., one can not factorize the Hilbert space H into Hy ® Hy,. In
other words, the reduced density matrix associated with a region U does not exist. Thus,



we can no longer use (2.7) and (2.21) to characterize the entanglement properties of a state
|©2) and the relative quantum information between |Q2) and |¥).

Fortunately, thanks to the Tomita-Takesaki theory, even in the absence of tensor prod-
uct structure and reduced density matrices, the algebraic structure discussed in previous
subsection survives and can be used to capture entanglement properties of the system.

Before stating the main results of the Tomita-Takesaki theory, we should note that
it is common practice to put a quantum field theory on a lattice, where a tensor product
structure for H does exist, calculate the entanglement entropy (2.7), and then take the
continuum limit. The continuum limit does not really exist as pé’R do not exist, which is
reflected in that their corresponding entanglement entropies suffer from ultraviolet diver-
gences and are sensitive to the short-distance cutoff. While it is often possible to extract
valuable long-distance information from the divergent value,? it is clearly mathematically
and physically preferable to directly deal with quantities which are intrinsically defined in
the continuum.

Let H be a Hilbert space and M a von Neumann algebra acting on this space with
M’ its commutant. Suppose the vector Q) is cyclic and separating for M. The Tomita-
Takesaki theory asserts:

1. There exists an anti-unitary modular conjugation operator Jq and a positive modular
operator Aq satisfying

Jal) =), A =), Jo=J3'=J), Jalado=Ag. (2.35)

2. Jq takes an operator in M to M/, i.e.

JoMJg =M. (2.36)

3. Agq defines a unitary flow for M, M’ respectively,

Ua(s)MUL(s) = M,  Uq(s)M'UL(s) = M, Uq(s) = A5™. (2.37)
4. Let 1
SQ = JQA% (2.38)
then
S3=1, SLSqo=Aq0, SaSL=A45" Sal) =) (2.39)
and
SqAlQ) = AT|Q),  SLA'|Q) = AT|Q), VAe M,VA e M. (2.40)

In the last subsection, we obtained these properties with the help of tensor product struc-
ture of the Hilbert space and the corresponding reduced density matrices. The Tomita-
Takesaki theory tells us these structures are in fact direct consequences of being cyclic and
separating even in the absence of a tensor product structure.

4An alternative is to use replica trick via Euclidean path integrals.



As discussed in section 2.1, the operator algebra A(Q) for an open region O in quantum
field theory is a von Neumann algebra. By the Reeh-Schlieder theorem, the vacuum state
of quantum fields |Q2) is cyclic and separating therefore it satisfies the properties listed
above.

2.4 Relative modular operator, relative entropy, and relative modular flows

The Tomita-Takesaki theory can be generalized to give relative quantum information be-
tween two states |¥) and |Q2) again only assuming that they are cyclic and separating:

1. There exists an anti-unitary operator Jgq and a positive relative modular operator
Ay which have the properties

Jvadov =1, Jyq = JKTZ\I/’ J\IJQA\IJQJ\];/Q = A;Z}I/ (2.41)

2. The relative entropy can be obtained as
S(]|92) = — (W] log Aqu V). (2.42)

Note that while both (2.23) and (2.42) reduce to the expression in (2.21) for a system
with a finite dimensional Hilbert space, only (2.42) applies to a quantum field theory.”
See also equation (2.55) below.

3. Introducing the relative modular flow
Upa(s) = Agss . (2.43)

one obtains the unitary evolutions

Uga(s)AULo(s) = Ug(s)AUL(s), Ae M, (2.44)
Uga(s)A'Ubq(s) = Ua(s)A'UL(s), A e M. (2.45)
4. With ) ) .
Sva = Jualdiq,  Spo = Aialba = Javlad (2.46)
then
SuaAQ = AU, ST A= ATw, vAe M, VA e M. (2.47)

5. One can also show that [42]

uga(s) = Uga(s)Ud(s) € M (2.48)
o (s) = Ugu(s)Ug(s) € M. (2.49)

Note that both Ugq(s) and Ugl(s) are defined outside M or M’. Tt is a highly
nontrivial statement that the particular combinations above belong to M and M’.
ugq(s), which is often referred as the unitary co-cycle, has the following properties
(similarly with uf,q):

SFor instance, if ¥ = U|Q) for U a unitary in the algebra, the expression (2.23) gives S(¥||Q?) = 0 which
is clearly incorrect.

~10 -



(a) Cocycle identity:

uga(t +t2) = uwa(t) (Ua(t)uwa(t)Ud(H)) . (2.50)
(b) Chain rule:
wwe (t)uge(t) = us(t) . (2.51)
(c) Intertwining property:

uwa (t) (Ua() AUL()) = (U (8) AU (8) Juwal(t) (2.52)
(1) (Ua () A'UL(E)) = (Uu () AU (#) Jula (1) (2.53)

Given uyq(0) = 1, we can introduce the relative Hamiltonian as
hyq = i@u\g?(t) . (2.54)

which can be written more explicitly as
hoa = Kya — Ko = Ky — Kqg (2.55)
with

Ko = —logAq, Ky=—logAy, Kqy=—logAqu, Kyo=—loglAyq.
(2.56)

We reiterate that even though we obtained the properties above earlier assuming a tensor
product structure, the fact they continue to exist in the absence of the tensor product is a
highly nontrivial mathematical statement that follows from the Tomita-Takesaki modular
theory.

3 Modular flows of excited states

In this section, we first develop a formalism to obtain the modular operator and the relative
modular operator of general excited states from the modular operator of the vacuum [2)
(or any cyclic and separating state). We then discuss these operators for near vacuum
states in general theories, as an illustration of the formalism. In the next section, we apply
the formalism to coherent and squeezed states in generalized free theories.

3.1 Dense sets of states

Our starting point is an open region O in spacetime and its corresponding local von Neu-
mann operator algebra M = A(O). We denote the commutant by M’. The Reeh-Schlieder
theorem tells us that the vacuum state |Q2) is cyclic and separating with respect to M.

Connes and Stormer proved in [43] that the set of excited states UU’|)) with unitaries
Ue Mand U € M is dense in the Hilbert space.’ For a state created by local unitaries,
it is straightforward to see that the anti-linear operator

Svvrvve = U'VSUTV'T (3.1)

5The mathematical statement they showed is that a von Neumann algebra is a type IT1; factor (same
type as the local algebra in QFT) if and only if the set of states UU’|Q) is dense in the Hilbert space.
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satisfies the equation the equation that defines the relative Tomita operator
SvvrvvialVV') = d'|UT") . (3.2)
The relative modular operator corresponding to this state is then given by
Apyrvy = V'UAUTV'T (3.3)

Setting V' = U and V' = U’ in the above expression we obtain the Tomita operator and
the modular operator of the excited state UU’|Q2).

In many examples of interest, we may be interested in considering a state generated
by an operator ¥ € M, i.e. |¥) = ¥|Q) (up to a normalization constant). From the Reeh-
Schlieder theorem such states are dense in the Hilbert space, i.e. they come arbitrarily
close to any state. Below, we consider a subset of such states which is also dense in the
Hilbert space, and in the next subsection we obtain their modular operator and relative
modular operator. The states of interest are W|Q2) with ¥ an invertible operator in the
algebra. Note that an operator V¥ is invertible if neither its point spectrum nor its residual
spectrum contains a zero.

Lemma 3.1. The vectors ¥|Q) and UT|Q) with U € M are separating if and only if ¥ and
Ut are invertible. The inverse operators need not be bounded, but they are densely defined
in the Hilbert space. Moreover, any such state is automatically cyclic.

Proof. First note that if ¥ is invertible ¥ is also invertible. This is because every ¥ € M
admits a polar decomposition ¥ = W |¥| with W a partial isometry and |¥| self adjoint.
Invertible ¥ necessarily implies that W is a unitary and |¥| is invertible, which in turn
implies that ¥ must be invertible; see appendix B.

The converse statement is simple to prove. The vector ¥|2) is not separating if there
exists an A € M such that A|¥) = 0. However, this implies that the operator AV € M
kills |€2) which contradicts the separating property of |2). In general, it is possible that
AW = 0, however this is never the case when VU is invertible, as ! is densely defined in
the Hilbert space. This establishes the converse statement.

Now, suppose ¥|Q)) is separating. The operator Ut is invertible if there are no zeros
neither in its point spectrum nor in its residual spectrum. By definition, the point spectrum
of UT contains zero if there exists a vector |Wg) such that ¥T|¥g) = 0. Since ¥|Q) is
separating, there exists a sequence of operators a,, € M’ such that lim, a/,¥U|Q) gives
’\I’0>, i.e.

liTILn<\I!0|a;l\IJ|Q> =1. (3.4)

Since [al,, ¥] = 0 we find

n?

liTILn<\I/0|\Ila;1|Q> =1 (3.5)

which cannot be the case if UT has a zero eigenvector. We thus conclude ¥' cannot have a
zero in its point spectrum. Since \I/T|Q> is also separating we conclude that both ¥ are ¥t
are injective. The operator ¥ is bounded, hence its action is defined on all vectors in the
Hilbert space. Now consider any a’ € M’, then the set {a/U|Q)} is dense in the Hilbert
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space due to the separating property of ¥|Q). Since ¥a/|Q)) = a/¥|Q) and |Q) is separating,
we conclude that the range of ¥ is also dense. This means that there are no zeros in the
residual spectrum of neither ¥ nor Wf. To summarize, we have established that if W¥|()
and UT|Q) are separating both ¥ and W' are invertible. If ¥ has a zero in its continuous
spectrum, then its inverse is unbounded.

Finally, we show that if ¥|Q) and ¥T|Q) are separating they are also cyclic. Suppose
they are not cyclic, then, there exists an a’ # 0 € M’ such that ' ¥|Q) = ¥d'|Q) = 0. Since
the vacuum is cyclic a/|2) # 0 and we then find a contradiction with the statement proved
earlier that ¥ does not have a zero in its point spectrum. This concludes the proof.

We now show that the set of states of lemma 1 is, in fact, dense in the Hilbert space.

Lemma 3.2. Let M denote a von Neumann algebra acting on a Hilbert space H. Let |S2)
be a cyclic and separating vector. Let GIM) = {a € M :a~' € M}. Then, G(M)|Q) is
dense in H.

Proof. We first note a theorem of [44, 45] which says that G(M) is a dense subset of M
in the strong operator topology.

Let |x) be an arbitrary vector in the Hilbert space. Then, from the cyclicity of |Q2),
we can construct a sequence a, € M such that

limy,a,|Q) = |x) (3.6)
which means, given € > 0, there is an N, such that
) — anll| <e V>N, (3.7)

For each n, from the fact that G(M) is strongly dense in M, we can construct a
sequence by, , € G(M) such that

limy,, by |Q) = an|2) (3.8)
which means that there are M,, such that
0mn]) —an|)|| <1/n Vm > M,. (3.9)
Introduce a new sequence b,, defined by
b = bat,+1.m - (3.10)
We would like to show that for any e there exists a K, such that

Hx) = bul ) <€, Vn> K. (3.11)

For this purpose, we choose €1 = %e in (3.7) and K. = max(N,/3,2/¢). Then for any
n > K. we have

1

€ € €
1) = Bal < N1x) = anlD] +llanl®) —balll < S+ < S+ 5= (312)

This concludes the proof.
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Finally, we would like to remark on the continuity properties of the relative modular
operator. Consider two sequences of |®,) and |¥,) that converge to |®) and |¥), respec-
tively, with |¥) cyclic separating. For any bounded continuous function f we have the
continuity property [6]:

lim f (Acbg\pg) = [ (Agoy) (3.13)

in the strong operator topology. Here, |®%), |TC), |®C) are the vector representatives of
|®,,), |P),|P) in the so-called natural positive cone of |¥). Since the modular flow of any
state is independent of the precise vector we choose to represent the state with, this implies
we can obtain the modular flow of any state from those of the dense set of states created
by invertible operators by taking the limit

lim, A AAG" = ngLn(Agn%AA;jf%) = (AL AAGE) = ALAAG™ . (3.14)

again in the strong operator topology. This statement also holds true for non-cyclic states.
However, logarithm is an unbounded operator and as was argued in [6] relative entropy
is only lower semi-continuous. That is to say

lim,, S(Pn[|¥r) < S(P[V). (3.15)

where lim is the limit inferior of a sequence. This means that while we can compute the
relative entropy of a dense set of states we do not have access to the relative entropy of
limit states.

3.2 Modular and relative modular operators

In the previous subsection, we demonstrated that the set of states generated by invertible
¥ is dense in the Hilbert space. It can be readily seen that the Tomita operator Sy for
such a state |U) is

Sy = (O~ 1Squt, (3.16)

Indeed,
Sy AU|Q) = (T 715Ut AD|Q) = (UH)1uTATw|Q) = ATW|Q), VA e AO) (3.17)
SLAW|Q) = wsi Ut Aw|0) = USLA'|Q) = ATw|0), VA e A'(0) (3.18)

where in the second line we have used the fact that A’ commutes with ¥. The modular
operator for |¥) can then be written as
Ay =S58y = wSLw (w15, (3.19)
_1
One can obtain the modular conjugation operator Jy from Jg = SgAy?, which is some-
what complicated. From the definition of the positive part of an operator |¥|?> = UTW we
know that (3.19) can be written as

Ay = USHUT) 1800t = wAYA (0w )t Al (3.20)

where U ; = JoWV.Jg belongs to the commutant algebra, and we have used Jo = J;r2 =Jg 17

"Note that (¥;)~! = (™1, and (¥1); = (¥,)T. However, (J¥|?)~! # |¥ |2 and here we denote
(%)~ by [¥[72.
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Let us consider the relative modular operator between |¥) and another state |®) =
®|Q2) where ® is not necessarily invertible. To simplify the notation let us assume that
both ¥ and & are normalized such that (¥|¥) = (®&|®) = 1. Then we have

Sey = (V1) 715aa1 (3.21)
which indeed satisfies

SpuA|U) = (U1 715,0TAT|Q) = (TN 10TATR|Q) = AT|®), VA e AO), (3.22)
SLLA W) = dSLU A'W|Q) = 04T |Q) = AT|®), VA" e A(0). (3.23)

The relative modular operator can be written as

.)T AZ (3.24)

J—
2

1
Agy = Shy Sy = DSHI (W) Sed" = AZD_, |, % (@

_1 1
where we have introduced ®_: = Ay ?®AZ. Again Jpy can be obtained indirectly from
2
Sew and Agy. In particular, the relative modular operator when one state is the vacuum

is simpler
Spn = S, Agg = PAGPT (3.25)
Sov = (W)™ 18q,  Aqu = AG || 2AH7. (3.26)

Now we summarise a couple of important observations of eq. (3.24).

Note that for eq. (3.24) to be well defined, we need ¥ to be invertible.

Next, for a generic operator ® € A, if the operator ®_; 5 is unbounded, it can be shown
to be non-closeable [46]. In our later applications to perturbation theory, it is essential that
this operator and its adjoint be both densely defined; therefore, its closeablity is essential.

To ensure this, given a von Neumann algebra 4, we consider one of its very important
self adjoint subalgebras Ar, called the Tomita subalgebra of A. This satisfies the following
very important properties: i) the modular flow of elements in A7p is entire analytic and ii)
Ar is SOT dense in A.2

Practically, what this means, is if ® is bounded, and chosen to be in Az, then ®_;
automatically becomes bounded. Secondly, it is sufficient to consider eq. (3.24) between
those |®), |¥) states such that |¥) is created by an invertible operator and |®) is created
by an operator in the Tomita algebra. Since both these classes of states are dense in the
Hilbert space, we can use the continuity argument of the previous subsection to compute
modular flows for all states. We discuss such operators in an appendix.

Finally, we can ask for explicit examples of operators in Ap. A particularly nice set
of such operators is given by the smearing of modular evolved operators against gaussians
(or really, any function holomorphic in a suitable strip in the complex plane)

m 2 . .
/ dte P B(t)  r>0 D) = AHBAY, (3.27)

8We thank Y. Tanimoto for pointing out the importance of this class of operators for our applications.
For further discussions, see [47].
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In the subsequent, whenever the expression ®_;/ is encountered, such a smeared
operator should be kept in mind.

Now consider a cyclic and separating ®|€2). If we are interested in the modular flow of
operators that are either in A or the commutant A’ using the identity (2.28) we can replace
the modular flow with the relative modular flow with one state chosen to be the vacuum.
Comparing (3.25) and (3.19) we see that Ugq(s) = Ags is in general much easier to obtain
that Ug(s) = Ay". Thus, we use (2.28) as a calculational tool since the relative modular
flows in general provide a much easier way to obtain modular flows of excited states. This
will be the approach we use in next section when performing explicit calculations.

In the special case that ¥ = U € A is a unitary operator, various expressions above
simplify. In such a case the corresponding |U) may be considered as a “local” state as any
observables lying in the causal complement region O, has the same expectation value as

the vacuum,

(UA0) = (QUtAUI0) = (QA0), A € A(0.) (3.28)

where we have used that U and A’ commute. The modular operator and the corresponding
modular flow are simply

Ay =UAQUT, A =UAG*UY, Jy =UJqUT. (3.29)
Similarly
Sva = SoU', Apg=Ay, Jua=JoU', Aqu=Aq (3.30)

and the corresponding unitary co-cycle (2.48) uyq = 1. Note for an arbitrary ® which is
not necessarily separating nor cyclic we find

Aoy = PAGPT = Agq (3.31)
which is in fact independent of U. Finally, if ® is also a unitary operator we have

Syu =USoVl, Ayvy =VAQVI = Ay, Jvy = UV, uyy = UpaUj, = UvU}; .
(3.32)
Clearly uyy acts trivially on any operator in A’(O).
In general, to compute the relative modular flow for non-unitary states (2.43) we need

to obtain
K(pq; = — log Acpq/ (333)

in an explicit form. In next subsection, we discuss a perturbative series that achieves this.

3.3 A perturbative series

Consider two operators A and A which are close, in the sense that A — A can be expanded
in some small parameter. We will obtain a perturbative series for log A — log A in terms
of A — A and unitarity flows A? generated by A.

It can be shown that log A can be written as [48]

—logA=—logA+ > Qm (3.34)
m=1
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where

Q,, = 27rlim€i_>0/dt1/dt2- - -/dtm Fu(ti,ta, - st) 6(t1) -~ 6(tm) (3.35)
— At At _ o 1 A-SAA-E
i(t) = AT"0AY, 5_1—0z/2’ a=1—-A"2AA"2 (3.36)
and the kernel F' is defined by
Fo(tnta, o tm) = f(01)ge (b2 = t1)gey (B3 — t2) - - Gy (b — tin—1) f () (3.37)
1 1 1 1
£t = (3.39)

- t) = =

2cosh(mt)’ 9¢(t) 4 | sinh(m(t — i€)) + sinh(7 (¢ + i€))
In (3.35) it should be understood that the limit ¢; — 0 are taken after doing the integrals. A
variant of (3.34)—(3.35) has appeared previously in [39]. The kernel F, (t1,t2, - ,tm) has
remarkable symmetric properties and one can write @), in terms of nested commutators
of 0’s plus a set of contact terms [48]

Q= timeo [ty [dta- [t Pttt -+ [5002),0(02)) )60 + P

(3.39)

where P, are “contact terms” with only m—2 time integrations. For a complete description

of contact terms see [48]. Their structure for general m is somewhat complicated which we
will not need here. Below we only give the first few terms:

m o[ dt
@1= 2 /700 cosh?(t) o), (3.40)

_ dt1dts ge(ta —t1)
@2 = 4 / cosh(mty) cosh(mtz) [9(t1), 8(t2)1, (3.41)

Os — /dtldtgdtg ey (ta — 1) e, (t3 —
37 % cosh(mty) cosh(mts)

dt
————0
cosh?(7t)

1510, 8020 0] + o

Q _ E / dtldtgdtgdt4 ey (tQ — tl)g52 (t3 — tQ)geg (t4 — tg)
4 cosh(mty) cosh(mty)

[[[6(£1), 6(¢2)], 6(£3)], 0(ta)]

3 / cjstllldfilg ect()Qsh(fr;)g) {at2), 1000, 8%} (3.43)

where it should be understood that ¢;’s are taken to zero at the end.

3.4 Modular and relative modular Hamiltonians for states close to vacuum

Let us now apply the discussion of previous subsection to K¢y = — log Agy with both |¥)
and |®) chosen to be close to the vacuum. From (3.24) we find the corresponding o and §

1 —<I>_1|‘IJJ’_2 (q)_l‘)T

) a=2 z 22 (3.44)
S ey

a=1-0 |02
2

9The expression in [39] is similar to (3.35), but there are some important differences: § was not introduced
there and the ie prescription, the integration contours, and operator orderings also appear different.
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We consider Hermitian operators ®(\) and W(u) which are close to the identity

)\2 2
O() =1+ At + 5@ o () = 1 %w@) +oe (3.45)
with A and p some small continuous parameters. Normalizations for these states imply that

(QlpM12) = (lpM]Q) = (2l(6™)? + ¢|2) = (A¥D)? +p2|2) =0.  (3.46)
We can now expand 0 and Kgy in A and p as (with Kg = —log Aq)

2 2
5 = 2600 4 50D 1 gD 4 A 500 L A 50
2 2 ’

2 2
Koy — Ko = AK10 4y kOD 4 g %K@O) + %K(‘”) T, (347)

where
5(10) — 7¢71)1_ _ qb(l-l), 501 — 21!}(1) s = o, (3.48)

2 2
2
5(20) dM2) 1 2((eM)2) | 60D = —4 (M) 3.49
(@2)_, +2(0™?), (v), (3.49)
and
dt

0 _ T Oodgt()(;(lm(t) (0D
2 J_ cosh?®(mt ’

K(20) _ w /oo L(;(QO) (t) n E/ dtodty g(t1 — tO) [5(10) (tO) 5(10) (tl)} (3 51)
2 ) 9y *

_r 7 sy, KAH — 0. (3.50
2 J—oo cosh?(rt) ®),  (3:50)

—oo cosh?(mt) 2 J cosh(ntg) cosh(mty)
dt dtodty g(t; — to)
K(02) _ e 02 odt1 g(t1 — (01) o) )
2 /oo cosh? (7rt 2 /cosh (to) cosh(rty) [5 (to), 6 (t1)}. (3.52)

Setting ® and V¥ in the above expressions to 2 or ¥ or ® we obtain, respectively, Kos,
K(I)Q, K\p and Kq,.
n (3.48)—(3.49) we have used the following two operations for an operator A € M:

Ay =JoAdog e M, Ayyn = ASPANTY? (3.53)

where the operator A,/ is the modular flow of A by an imaginary amount —i/2. The

operators A,;/; commute with everything in M'’. To see this, note that A; = AZAA"S =
2
JSASJ (suppressing 2 subscript for J and A), and for any B,C € M

[SAS, B]|C) = (SASBC — BSASC)|Q) = (BCAT — BCAT)|Q) = 0. (3.54)
Since |C) form a dense subset we conclude that
[SAS,B] =0. (3.55)

Now for any operator A’ € M’ we can write it as A’ = JBJ for some B € M, we then
conclude that
[0, A') = [JSAS.J, JBJ] = J[SAS, BlJ = 0. (3.56)

Similarly for A_; /5.
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Going back to (3.48)—(3.49). From (3.56) we have
w1 =0, 1@ @) =0 (3.57)
which can be used to obtain the relative Hamiltonian
hov = Koy — Ky = Ko — Kyg . (3.58)
At the first order in A and p we have
Kow — Ko = MKy — KGy)) + n(Kgy) — KGy)) + -+

©
_ g/_oo COSh;(ﬁ) (0 (v s +ws)=a(2 s +0:))+--

10 10 01 01
= )\(Kc(m) - K\(I@)) + M(Kfm) - K\(pcp)) toe (3.59)
It can be checked explicitly that at higher orders in perturbation theory the identity (3.58)
is satisfied.
3.5 Relative entropy and Fisher information

We now examine the behavior of relative entropy (2.42) between two states generated
by (3.45). We expand S(V¥||®) explicitly in terms of A, u as

2 2
S(T||®) = —(¥]log Agy|P) = S@ + X104 15O 4 x50 %5@0) + %5@2) -

It can be readily seen that S© = §10) = SO — ( due to the fact that Kq|Q) = 0,
Aq|Q) = |2), and <Q|6((D1£) (t)|Q> = <Q|5 |Q> =0 (from (3.46)). At order Ay we find the
Kubo-Mori Fisher information

Fo (U, ®) = SUD(0|o) = < ’w 1o>}‘ >
L WY (AL2 L A-12)40) 4 b 360

2 / Coshg(wt)<(w ) + Jot( )> + h.c. (3.60)
which is manifestly symmetric in ¥ and ®. Similar expressions for the Kubo-Mori Fisher

information have been obtained in [38, 39]
Furthermore, $% and S(2) are given by

SO0 (w||@) = (2|20 W Koy ® + 2{Ky), v} + K5} | 2)

SE(we) = (Q|Kgy| Q). (3.61)
Various terms in the above expressions can be written more explicitly as
(01) (1) _ _odt
2(0 (K8 w0 ) = 47r/cosh2(7rt)<9|¢ Dne), (3.62)
dtodt 1 g(t1 — to)
QK(O2)Q = —4{Q (I)QQ 9 / oati1g
(o|K52| ) = (o |w®y Q) +on [ o e batto), v i)
ds sg(s) » .
_ (1)y2 as sg(s) 1) is _ Adsy, (1)
1(e]@Or|e)+x [ RSO - audla),

(3.63)
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where we have changed variables s = t; — tg and ¢t = t; + t¢ in the last line, and used
JA® J = A%, Similarly,
(20) _ (1)y2 ds sg(s) (1) Al/2 —1/2\2( A—is _ Adsy (1)
<Q‘K<M, ‘Q> _4<Q‘(¢ ) ’Q>+7T/Sinh(7rs)<9|¢ (A2 4+ ATV (AT - A0
(3.64)

4 (Generalized free fields

As an illustration of the general formalism of section 3, in this section, we consider the
modular and relative modular operators for coherent and squeezed states in a theory of
generalized free fields.

Suppose ¢ is a generalized free field with commutator

[¢(z), d(y)] = —iA(z —y), (4.1)

where A(xz — y) is some distribution multiplied by the identity operator. For a region O,
we consider smear fields ®(f) = [, f(z)¢(x) with f(x) to have support in O (i.e. vanish at
the boundary of the region). The algebra of local operators in O is generated by unitary
operators W (f) = ¢/®V) with multiplication rule W (f)W(g) = eCOW (f + ¢),'° where
o(f,g) is an anti-symmetric bilinear determined from (4.1). We will take O to be the right
Rindler wedge ! > |t|, for which the vacuum modular Hamiltonian Kg, is simply the boost
operator, which acts on ®(f) as

Rt o(fle ot = (P f) = 0(f;), D= (a'+a"Dn). (4.2)
4.1 Unitary states

4.1.1 Coherent states

Consider the unitary coherent state

) =UNI),  Uf) =), (4.3)

Recall from our discussion of section 3.2 that the modular Hamiltonian Ky for a state
|U) = U|f2) generated from a unitary operator U is

Ky =UKqU'. (4.4)
As a result, the modular flow in these excited states act as

Vac AO):  eButqemiBut — yeilal(Tal) e~ Holyt = Ady ((Ady-1(a))(t)) (4.5)
Va' € A(O) . eutglemiRut — yeilaly/ =Koty T — Ady; (d/(t)) (4.6)

where Ady(a) = UaU' and a(t) = eXotgeKet, Below for a self-adjoint operator ® we

will also use the notation adea = [®,a]. We then have for (4.3)

Ap=e s K =U(f)KqU'(f). (4.7)

°Tn the case of a free scalar field we mod out W(f) by the solutions to the Klein-Gordon equation of
motion to make o(f,g) non-degenerate. In this case, o(f, g) is a symplectic form in phase space.
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To compute (4.4)—(4.6) we note the commutators

(/). 2(g)] = —i / F@)A( = y)g(y) = =ilf, Ag) (1)
ada(py Ko = [B(f), Ko = / J(@)l6(), Kol = =i [ f@)Do(a) = i9(DS) (49)
ady Ko = [®(f),[®(f), Kall = (f,ADf) (4.10)
adg p Ko = [®(f),ady jKo] =0  Vn>2, (4.11)
where we have used an integration by part since f(x) vanishes on the boundary of R:
DO(f) = —®(Df). The series expansion that corresponds to Ky truncates because the
second nested operator is proportional to identity:
<1 . 1. .
Kp=3_ 0o K = K +[i®(f), K]+ S[i®(f), [19(f), K] + -+
n=0 """
1
= K- ®(Df)— (/. ADf). (4.12)

This form of the modular Hamiltonian is non-local; however, its non-locality is of the form
of an integral over the Rindler wedge of a local operator, and a term that is bi-local in
the region and proportional to the identity operator. Terms that are proportional to the
identity operator do not contribute to the modular flow. To compute the modular evolution
of an operator ®(g) we need

adg ®(g) = [Ky, 2(g)] = (—i) (2(Dg) + (f, ADyg))
ady, ®(g) = [Ky, [Kf, (9)]] = (—i)* (®(D%9) + (f,AD?))
adj, ®(g) = [Ky,- - [Kf, ®(g)]] = (—i)" (2(D"g) + (f,AD"g)). (4.13)
The modular flow becomes
eI D (g)e T = i ! adthf (9) = ®(g2nt) + (f, Agart) — (£, Ag), g1 =€Pg. (4.14)
n= O

The relative modular flow of the state |f) with respect to the vacuum is the same as
the modular flow of the state |f)
A Q= A f (4.15)

and the unitary cocyle for the state |f) with respect to the vacuum |{2) is
upo(t) = etfre~itka, (4.16)

The above discussion does not depend on the nature of generalized free field ¢ or the
specific form of the modular Kq. As far as Kq and its modular flow are known we can
obtain those of Ky. For ¢ an ordinary free scalar field with mass m, one can proceed
alternatively. In this Ko can be considered as an operator built from ¢ and its canonical
momentum 7, i.e Kg = Kq(¢, 7). Note that

Adyg(x) = U(N)p(@)UN(f) = ¢(@) + [i@(f), ¢(«)] = () + f(=), (4.17)
Adym(z) = U(f)m(2)UN(f) = ¢(x) + [i®(f), 7(x)] = 7(z) + 9 f(x)  (4.18)
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where

/ fly = (f, Ad). (4.19)

We can then write K as
Ky =Ko(¢+ f,m+0f). (4.20)

Accordingly, the modular flow in this excited state can be written as

it g(x)e 5t = U()e U (£ (@)U (fe U (f)f
= U(f) ($(wart) = f(@)) U = d(@art) + f(wam) — Fl@) . (4.21)

Equation (4.21) is consistent with (4.14) if we choose g = §(z — y) such that ®(g) = ¢(z).

4.1.2 Unitary squeezed states

Now consider the state |fs) = e/®()*|Q) where ®(f) = Jr f(x)¢(x). These correspond to
unitary squeezed coherent states because the operator ®(f)? is second order in creation
and annihilation operators. Note that ®(f)? is bi-local. The modular Hamiltonian of this
state is

Kj, = e ®U) e i®) (4.22)

S

which is found by considering

U(f)p()UT(fs) = p(x) +i[®(f)?, ¢(x)] = ¢(x) + 20(f) f ()
U(f (@)U (fs) = m(@) +i[@(f)%, m(2)] = (z) + 28(f)0:f (x)
fly) = | F@)A@—y) = (f,0). (4.23)

Therefore, the modular Hamiltonian of |fs) and the relative modular Hamiltonian of |f;)
with respect to the vacuum are

Ky =Ko=K (¢(z) + 20(f) f,n(2) + 20(f)0.f (x)) (4.24)
The modular flow of operator ®(g) in this excited state is

M1 (g)e it = H1P()? it K ,=i®(£)? g ()i ®(f)? =it K p—i®(f)?

D(g)e®

= P (B(g) — 20(f)(f. Ag)) e eI

= D (0(g,) — 20(f)(f, Ag)) e’

= B(g0) — 20(f)(f, Ag) + 2B()(f, Ags) — 4B(F)(f AL (S, Ag)
(4.25)

The unitary cocyle flow is

(D2 : DO(OS)(D L2 : DV(O) = 6(x) + 20(£) () = 2F(w-2m) ()
() = [ f@oe)+200) [ f@)F@). (420
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Similar to the discussion of coherent states the BCH expansion can be used to obtain
an expression for the modular Hamiltonian in terms of an integral over the Rindler wedge.
To this aim, we compute the following commutators

adg(pe K = [@(f)*, K] = i ((f)®(Df) + ®(Df)(f))
[@(f)2, @(9)@(h)] = —2i (R(f)@(h)(f, Ag) + B(9)@(f){f, AR)) (4.27)

where we have assumed that f(x) vanishes on the boundary of the right Rindler wedge.
Note that by anti-symmetry of A(z — y) we have (f, Af) = 0. Therefore,

ady 2 K = [@(f)% [®(f)%, K] = 4(f, ADf)®*(f)
ady o K = [®(f)% - [@(N)% @)K =0 n>2. (4.28)

Plugging this in the BCH expansion of (4.22) we find

Ky, = K — (2(f)2(Df) + ®(Df)®(f)) - 2(f, ADf)®(f)?, (4.29)

where we have used integration by parts D®(f) = —®(Df).

4.2 Non-unitary states

Now, we consider non-unitary states generated by non-unitary operators of the type e~ *®(/f)
and e=2®(/)” These states are of physical interest as they may be considered as representing
states generated by unitary operators whose supports lie outside of the region O. For
instance, consider a free scalar field theory of ¢. One can show that ¢/®())|Q) with a
smearing function f supported outside of O is equal to e®(f )|Q> with f complex and
supported inside O; see appendix E. Note that the operator e~ *®(f )? is bounded with an
(unbounded) inverse, which lies within the subset of operators we discussed in section 3.
But e~*®() is not bounded, and thus lies outside.

But the formula derived previously for the relative Tomita operator continues to hold
for this case. This follows from the Bisognano-Wichmann theorem and the closure of the
Tomita opertor.

As a first example, let us compute the relative modular Hamiltonian Kqy, in a per-
turbation theory in A, where f) corresponds to the state e *®*(F)|Q). From Wick’s theorem
we know that (e2*?) = exp (2A2(®?)). Therefore,

Koy, = —log (Af*e? 7 Ad?) + 22%(@?). (4.30)

Given the exponential form of the operator e *7®(/) and the fact that after the truncation
in their spectrum the operators are bounded one can use the Baker-Campbell-Hausdorff
expansion (BCH) to compute the above expression. In appendix F we compute the above
logarithm using both the BCH expansion and the real-time expansion scheme introduced
in section 3.3. The final result is given by

Kog, = Ko+ 2X(®(7)) 3 [ 5 —a(f)

cosh?(rt)
2 g(t2 - tl)
+7A /dtldtzcosh(mfl)cosh(ﬁtz) [(I)J(fh)a q>J(ft2)] ) (4‘31)
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where ®(f;) was defined in (4.2) and the function g(¢) is defined in (3.37). Interestingly,
the series expansion of Kqy, terminates at order A2 due to the fact that the commutator
of fundamental free fields is proportional to the identity operator.

Similarly, one can find K, ,, where fy and g correspond to e~ **()|Q) and e=**9)|Q),
respectively. From (3.44) we have

frgy = €_>‘q>—i/2(f)62)‘4)(9)6_/\(1)1‘/2(]6), (4.32)

and the relative modular Hamiltonian is

TA [ dt

Ko =7 | conZimgy (2Wirz + @iz = 0s(9)

to —t1)
A2 / dtrdty— 9. o o
T L 2cosh(7rt1)cosh(7rt2)[ 7(91), @5(9)]

2 g(t2 —t1)
+7A /dtldtz cosh(rt, Jcosh () [@(ft1)is2 + P(ftr)—ij2r P(frz)is2 + ®(fia)—isal -

See appendix G for a discussion of the commutator [®;5(f), ®_;/2](g)-

As a second example, we consider the non-unitary squeezed state |fy) = e=®(f )2|Q).
We would like to compute K, 2 for this state and derive the modular flow. In this case,
we find that the operator ¢ defined in (3.44) is

§ = —2tanh (/\@J(f) ) (4.33)

[©(5)%,®5(9)%] = 2{®(F), D (9)} @5 (f), ®s(9)] (4:34)
[[@s()% (g } (h)?] = (@), 2. (9)] ({Bs(f), By (R)} [y (g), @.s ()]

+{<I>J< ), @5 (W)} (), s (R))) (4.35)

Using Wick’s theorem we can find the normalization of this state to be (6*2)‘(1’2) =(1+
4)@2)_1/ 2. Then, the relative modular operator is

dt

2
m‘bJ(ft)

1
Ko, = KQ—§log(1+4)\<<I>2>)—/\7r/

W}@/ dtodtg(ty —to) (D (fio)s @ () @ (fr0), @ (Fi)])

"2/ cosh(wtg) cosh(nty)

- ].677')\3 / dtodtldtQ
3 cosh(mtp) cosh(rto

)g(tl —to)g(tz = t1)[®(fro); @ (f,)] (4.36)

< ({<I>J<fto>, (o Y@ (o) @ ()] 4 (D5 () s (o)} @ (fr): <I>J(ft2)]) o).

Similar expressions hold for K Fogo

5 Conclusions

In this paper, we developed a formalism to obtain the modular and the relative modular
operator of general excited states from the modular operator in the vacuum. This enables
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us to obtain the modular and the relative modular flow of all excited states. It would be
interesting to apply these techniques to more examples of excited states and more general
regions of a QFT. We would also like to point out a few future directions for potential
applications of our work:

1. The study of modular flows in excited states of a conformal field theory for a half-
space or spherical regions for which the vacuum modular operators are known explic-
itly [13, 26].

2. The study of modular flows for regions which are obtained from half space by small
deformations in a general excited state. Such modular flows have played an important
role in recent proofs of the average null energy condition and quantum null energy
condition [10, 49]. The techniques and perspectives developed here could be helpful
for finding a simpler proof of the quantum null energy condition, which currently
requires rather intricate replica trick discussions [10].

3. The study of modular flows in conformal perturbation theory (i.e. conformal field
theory perturbed by a relevant operator).

4. The study of the entanglement wedge reconstruction in holography. Furthermore, the
entanglement entropy of the boundary theory for disconnected regions can undergo
“phase transitions” as one varies the size of boundary regions [50]. This implies that
the entanglement wedge in the bulk and its modular flow patterns also undergo a
similar transition.
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A Tensor diagrams

In 1971 Penrose proposed a diagrammatic notation to graphically represent tensor ma-
nipulations [51]. This tensor diagram notation was further generalized and evolved into
the tensor network notation that is, nowadays, widely used in the study of multi-partite
finite quantum systems and quantum information theory. See [52] for a review. In this
appendix, we use tensor network diagrams to graphically represent the statements of the
Tomita-Takesaki theory.

A tensor with & indices can be thought of as an k-dimensional array of complex numbers
that we depict by a box with k legs attached. A box with one leg attached represents a
complex vector that we choose to belong to a local Hilbert space H of dimension d written
in a particular basis, see figure 1(b) (we often represent vectors with triangles and arrays

— 95—



——
1| :
T [
s v g
%—J
m n
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Figure 1. (a) A tensor with m lines attached to the bottom and n lines to the top represents
a linear operator from H®™ — H®" (b) A ket vector represents a quantum state |v) € H®" in
a particular basis. (c¢) The dual bra (v| (d) An example of an inner product between states with
different number of legs: (w|v) € H.

with more indices with boxes). We pick the convention that a leg at the top of the box
represents a ket vector in a Hilbert space [¢), and an leg to the bottom is a dual vector ()|.
Therefore, a box with a leg below and above is a linear operator A : H — H. Attaching
legs has the interpretation of computing the inner product of two vectors; figure 2(d). For
simplicity, we assume all local Hilbert spaces to be isomorphic. The implicit choice of basis
picked by thinking of an array of complex numbers as linear operators in this notation is
often referred to as the computational basis. A tensor with m legs to the bottom and n to
is a linear operator from H®™ to H®".

The discussion below parallels the discussion in section 2.2. A density matrix o can be
thought of either as a map from H — H or as its purification in a two-copy Hilbert space
Hi @ Hp:

d
) = 2_: Vda)zla)r . (A1)

Here, the two copies Hy, and Hpg are isomorphic. It is convenient to use the Schmidt basis
of |©2) to define an unnormalized maximally entangled state

[Ea) =) _la)Lla)r (A.2)

as we did in (2.8). It is clear that |Q) = (¢/2 ® T)|Eq); see figure 2. The expectation
value of an operator A € Hj, in density matrix o is (2|A|Q) = tr(cA). Note that the state
|Eq) provides a definition of a trace for operators: (Eq|A|Eq) = tr(A). This is because
(Eq|AB|Eq) = (Eq|BA|Eq).
The purification of o by |2) defines for us an anti-linear map T, : Hr — Hp:
Tlo)r = L(v|Eq) = [0)r
‘U>L = Zva‘a>L
a

0)r =D vila)r. (A.3)
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o ol/2 01'/2
A
1
o1/2
o |Eq) |€2)

(a) (b) (¢) (d)

Figure 2. Tensor diagram representation of (a) density matrix o (b) The unnormalized maximally
entangled state built from o (¢) The purification of ¢ in a two-copy Hilbert space. (d) The expec-
tation value of an operator in a state: o(A) = (Eq|(c'/? ® T)A(c'/? ® T)|Eq) = tr(c A).

[0) (v] 0)r = L(v|Eo)
Figure 3. The definition of the anti-linear operator Ty.

The operator T, is anti-unitary because (T,v|T,w) = (v|w)*. For anti-unitary operators
the definition of adjoint is changed to (v|TTw) = (Tw|w)*. Therefore, T, = T = T, '; see
figure 3.
We define the anti-linear operator Jg that acts on the bi-partite Hilbert space in the
following way:
Jalv)Llw)r = r{w|Eq)L(v|Eq) = [w)L[0)R . (A.4)
This is the same operator we introduced in (2.9). In terms of T, this is simply Jo =
S(T, ® T.,), where the swap operator S is defined by S|v)z|w)r = |w)r|w)g; see figure 4.
Similar to Ty, we have Jg = J§1 = ng. It is straightforward to check the equation (2.11)

JoArJa = (T @ To)SARS(T, @ Ty) = (T @ T)AL(T, @ Ty) = A5 (A.5)

where the complex conjugate A is defined with respect to the basis of |Eg).

Figure 5 illustrates two useful identities that we use to simplify tensor diagrams. The
first identity 5(a) says that the inner product of the tripartite state |Eq)12 @ |v)3 with the
bipartite state (Fqlo gives the state |v);:

(Eqlas (|Ea)12 @ |v)3) = |v)1 . (A.6)
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) (T, ® T,)|¥a) Ja|¥a) = S(T, ® T5)|¥a)

Figure 4. The definition of the anti-linear operator Jq.

| |
— A — AT

(@) (b)

Figure 5. Tensor diagram identities.

If Alice holds systems 1 and Bob holds systems 2 and 3, this identity says if they start
sharing a maximally entangled pair, then Bob can transfer any quantum state |v) to Alice
by performing a measurement on his systems in a judiciously chosen basis. This is the idea
behind the teleportation protocol.!! The second identity 5(b) says that if Alice and Bob
share a maximally entangled pair Bob by acting locally with an operator A’ can reproduce
the same effect as Alice acting with A. An advantage of the tensor network representation
is that using this identities one can simplify complicated diagrams by pulling on lines to
straighten them, and pushing operators through entangled pairs.
The starting point of the Tomita-Takesaki theory is the anti-linear operator Sq defined
n (2.20):
VAL € A, SaAr|Q) = AL|Q) (A7)

where by S we mean that of the algebra Ay. Note that since the density matrix o is cyclic
(full rank) the above equation defines the action of S everywhere in the Hilbert space.

Figure 6 uses tensor diagrams to show that Sq = J,(0}’ 1/2 ;51/ 2)

. Here, the swap
operator S swaps two lines. This equation can be understood as a polar decomposition of
Sq in terms of an anti-unitary Jg and a positive operator A;Z/ % The operator Agq is the

modular operator of Q:
Aq = SgZSQ =05 ® Uﬁl . (A.S)

HThe classical communication needed to achieve the teleportation protocol is hidden here in the basis
dependence of |Eq).
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SaA|Q) = S(c1/? ® 072 A|Q) = AT|Q)
Figure 6. The action of the operator Sg on an arbitrary state A|Q).

The state Q is symmetric under the action of Sq|Q) = Jo|Q?) = Aq|Q?) = |Q). The
unitary transformations associated with this symmetry are called the modular flow, i.e.
Uq(s) = AE for real s.

Note that the modular operator acts on an operator in Hj, as

AgA = o2 A(c™ /)T (A.9)

where o7 is the transpose of o.
According to the GNS quantization other vectors in the Hilbert space are found by the
action of Uy, € Ay, on |Q):

Vq) = (VYL ®I)|Q)
(ThIA[Wo) = tr(ysA). (A.10)

where 1), = WoUT is another density matrix in # . Following (2.32), we define the relative
Tomita operator Syq for any two density matrices ¢ and o by

VAr € Ar, SpaArL|Q) = AEN’Q) . (A.11)
Using tensor diagrams it is straightforward to see that the operator Sy = JQ(\IIEO'IIJ/ 2 ®
~1/2 .
op 7). The Hermitian operator
Agq = SoSuwe = Ulo Uy @ opt (A.12)

is called the relative modular operator of ¥ and €). It generates a group of unitary trans-
formations Ugq(s) = A%, as in (2.27). It is clear that when ¥ = Q (¥, = Z,) the relative
modular flow reduces to the modular flow Ugq(s).
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Finally, we compute the cocycle in (2.33) for three density matrices o and
Y =UloU
¢=>0d. (A.13)
We define the unitary transformations
uwa(t) = Una()Ube (1) = (V] © 65" (0] © 65™) = (Vo ™) @ T
o (t) = Uby (DUsa(t) = (6 @ v (87 @ 07™) = T @ (o). (A14)

As opposed to modular and relative modular flows, the flow generated by the cocycle acts
only on Hy. Both definitions of independent of the choice of the state @, therefore we can
choose & =

(DU : DQ)(t) = ugq(t) = AlgAg" = (Wilo; ) @ T. (A.15)

B Polar decomposition

Consider an operator ®f and its polar decomposition ® = W|®| with T a partial isometry
and |®|> = ®T®. We would like to show that if ® is invertible 1 is a unitary and |®|
is also invertible. First note that an injective ®' implies that |®| is injective. Since |®| is
self adjoint and injective it has a dense range. Therefore, |®|~! is a densely defined linear
operator:

||~ = (@h)~tw . (B.1)

If there were a non-zero vector |z) € H such that W|z) = 0 we would get (®7)~1W|z) = 0,
which would make |z) € domain(|®|™!). Since |®|~! is injective on its domain the partial
isometry W is also injective, i.e., it is an isometry. That is to say

WiW =17y (B.2)
Since ®' has dense range then
range(®') = W (range(|®|)) C range(W) . (B.3)

This means the range of W is dense. Since the range of any isometry is always closed, this
implies W is surjective, hence it is a unitary.

C BCH for the unitary case

A vector x € H is said to be analytic for operator T if the series representation for e’*
converges absolutely on x for some s > 0:
xeD(T") VYn>0 (C.1)
o0 Sn
> —|[T"z|| < o0. (C.2)
n!
n=0

— 30 —



Suppose W is a wedge. Let ®(f) be the field operators smeared against Schwarz space
functions having support inside the wedge. The common invariant domain of the ®(f) is
the set

Dy={xeH:x=(f1)...2(fn)|),supp(fi) € W}. (C.3)

This Dg is dense in H. The following is a true operator statement
U®()UT(t) = D(f2)- (C.4)
U (t) is the strongly continuous unitary generating boosts preserving the wedge. Next,

Stone’s theorem tells us that there is a self adjoint operator K such that

K1) = SU ) (C5)

Domain of K is the set of vectors for which the r.h.s. exists. Eq. (C.4) implies the domain
of K contains at least Dy and also that the following is true at least on Dy

ilK, ®(f)] = ®(Df). (C.6)

This also implies KDy C Dy, i.e., Dg is invariant under K (in fact, invariant under

arbitrary powers of K and the boost unitary e*/). Moreover, Dy is known to be analytic

(in fact, entire) for each operator ®(f) in free field theory (this is theorem 5.2.3 in [53]).
The question now is can we series expand e*®() Ke=22(f) on Dy?

In general, no. Because the operator e **(f) typically takes us out of Dy for any
complex A. For the case of unitaries in free field theory, one can argue as follows. Consider
the operator

GAB(F) it —iAD(f) _ LAD(F) —iAD(f2) it K (C.7)

Acting this on the domain Dy and using the fact that e Dy C Dy, we get

NP GitK =IAR(f) ) oIAR(S) o =IAN(f1) itK ) — (IAR(f) =i (f0) (C.8)

Next, we use the Weyl algebra to simplify this as
AP it (—iNR(f) P AB() =iAR(fe) it [y (iAB(F) =B (f2) (C.9)
= a(t)e? V=) Dy, (C.10)

a(t) is a c-number. Next, we prove that at least the first derivative in ¢ exists as a series
expansion in A for the following operator

eNPUe) (C.11)

when acting on Dy. Here, f is an arbitrary Schwarz space function with support contained
in the wedge. Consider an arbitrary € Dy. Then, there is a (absolutely) convergent A

expansion on x

n=0

B(f,) . (C.12)

n!
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Next, one can Taylor expand
O(f)"x = "4t Z O(fYO(DF)D(f)" I e + Ru(t)a. (C.13)

Here, R, (t) is a remainder term that goes to 0 as ¢ — 0.The second term above can be
rearranged to give

n—1 n—2
> @YD) e = HR(DS, ()] Yo (0~ — DB+ B(f)" B(D)a
=0 =0
— ife(of.2(5) "~ Da(ry 2+ a(sy a0z
(C.14)
Thus, we get
cA(ft) f: itj;n@(ft)”:v (C.15)
n=0 :
=y ey ey, D as e ey (ca6)
n=0 : n=0 :

O my\n O m\n

nA‘ o(f)" ' d(Df)r+ Y %Rn(t)x. (C.17)
! 2l

In a t-neighbourhood of 0, one can show that eq. (C.15) convergens uniformly in ¢ due
to the bounds given in theorem 5.2.3 [53] and the Weierstrass M-test. This automatically
implies all terms in eq. (C.17) converge unformly in ¢ which implies

limy Z t)z = 0. (C.18)

Thus, Taylor’s theorem with remainder now implies the first ¢-derivative of the lLh.s. of
eq. (C.15) exists as a convergent power series in A. This is sufficient to conclude

N fg oA (C.19)

exists as a power series in A at least on Dy.

D Analytic properties of modular evolved operators

Consider the following operator:
o0 2
I:/ dte”"" d(t), (D.1)
—0o0

where ® € A, ®(t) = oi*(®) is the modular flow of ® in the state |Q2).
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Note that the modular flow of I is simply
oy, (I) = / dte (10 B(t) |

This makes it clear that oy,(/) has an entire analytic extension in ¢ for bounded @,
because the dominated convergence theorem justifies the differentiation with respect to g
inside the integral sign since ®(t) is uniformly bounded in .

Finally, lets discuss the case when ®(¢) is an unbounded closeable local operator. In
general, the integral over a closeable operator need not be closeable.

However, note that o,(I)|Q2) is entire anlytic in z by the same argument as above.

Further we note that o.(I) is closeable for each z: this is because the domain of its
adjoint contains A7|Q2) which is dense. Thus, we conclude o_;/5(I) is a densely defined
closeable operator defined at least on A/, |(2).

E Unitary versus non-unitary operators in free fields

Consider the non-unitary operator e®) with f supported in the right Rindler wedge. Our
goal is to demonstrate that the state e~ ®(/ )|Q> in free field theory can also be created by
a unitary €'©|Q) where O is supported in a larger region than just the right wedge.

It can be checked explicitly using the canonical commutation relations that

e®DQ) x |Q), (E.1)

where the operator O is defined on a constant time slice ¥ : 2% = 0:

0 = [ d1a (6(w)0ry ~ 2()0r0(x) (B.2)
)

and the ~ function is
1(@) = [ Ay o@)em)) (E3)

with the y-integral running over the whole spacetime. The important point is that since
({o(x)p(y)}) is non-zero for y outside of the right wedge the support of the function ()
leaks outside of the right wedge.

F Some calculation details

Here, we present the calculation that leads to the expression in (4.31) using both the BCH
method and the real-time perturbation series in section 3.

F.1 BCH method

In the family of non-unitary states discussed in section 4, the operators e~ 22 are expo-
nentials of integrated local operators, hence it seems convenient to work with a perturbative
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A expansion of the relative modular operator in terms of the exponents ®(f). Such an ex-
pansion is provided by the Baker-Campbell-Hausdorff (BCH) formula. To use the BCH
formula we first write the relative modular Hamiltonian as

Ko, = —log (e”“f)ey) F2A2(D(f)2)
X(f) =2(@y)ip2(f), Y=-K. (F.1)

The BCH formula written in a compact form is the following expansion
1
log (eAeB) = A+ / dt (ead“et “dB) B
0

= B—|—/0l dt ¢ (etadAeadB> A

Y(e) = €)= T = ()
T x - Br? n
P(e*) = nzzjoﬁx
) = 3 “hat, By =(-1)"B} (F2)
n=0 :
where
adAB = [A, B), ad’yB = [A,ad’y ' B], (F.3)

the coefficients B;* are the Bernoulli numbers, and 1 and 1 are their generating functions.
In a free theory, the commutator of fundamental fields is

[@(f), ®(9)] = —i(f, Ag) (F.4)

where (f, Ag) is anti-symmetric. In particular, (f, Af) = 0. From (4.8) for the operator
X(f) in (F.1) we find
ady' X (f) = (D)™ X(f).

As a result we learn that adxad2* X = 0. Consider the BCH expansion of log(e*¥e¥’) when
adxady? X is proportional to the identity operator for m odd and vanishes for m even. Our
goal is to show that in this case the BCH expansion terminates at O(X?).

First consider the BCH expansion up to the second order in A

log (Me?) = B+ A/l dt > %5;;24
0 n=0

= log (e *4¢% ) = adp + tAD(e"™n Jads + O(N?). (F.5)
Therefore,
)\2 oo n— 1
log (e)‘AeB) B+ Mp(e28) A Z Z d¥ap(e®ain )ad gady F A + O(N?) .
n=1k=0 n!
(F.6)
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If adxady' X is a c-number as was the case for non-unitary coherent states we have

lady , adx]ady X = —adxadPtt X
lady, - - - [ady, adx]]ady! X = (=1)"adxadyt"X
o x gt
Y(eYady Yadyadp X = gﬁadxad?,””X. (F.7)
Hence, in the expansion (F.6) of log(e*¥eY) at the second order only the k = 0 term

contributes. Furthermore at order A% or higher in the BCH expansion, we always have at
least two adx whose action on ady' X vanishes. Therefore, in this case, the BCH expansion
is A\? exact and given by

- 22
log(e*¥eY) =V + )\w(ead‘/)X + ?adx}"(ady)X

ZZ e < v _1):“12_696 L (F.8)
e —1 \e*—1 4sinh*(x/2)

As we discussed earlier, we can drop the terms in F(z) that have even powers of x.
Since the commutator of [®(f), (¢D)™®(f)] is proportional to the identity operator the
BCH expansion for the relative modular operator truncates at order A? and becomes

Kag, — Ko = =2X0(e"=5)(,);5(f) = 22 [(@1)i/2(F), Flad-)(@,)ija(£)] +2X(B(F)?).

(F.9)
Let us start with the term linear in A. We use the spectral decomposition of A:

A= / e P(dw), (F.10)
with P(dw) a projection-operator-valued-measure (POVM). We write the first order term
in A\ as

7 ad o ) (w—=u') /
DK X,y = / dode' — =) p(d) X,y P(dw)
_ 1— ef(wfw )

= / dwdw ( )) (dw)X P(dw)

zw w')t
= dwd dt P(dw)X P(dw'
/ P / 2(3osh2 (mt) P(dw) X P(d)

g / cosh2(7rt) X(®)- (F.11)

Plugging X = —2®; in the above expression we find that the first order correction to the
relative modular operator is

o _ dt
K§) = / e et EOR (F.12)
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Now, consider the second order term:
{((I)J)i/Q(f)7]:(ade)(q)J)iﬂ(f)} = /dwdw/dw" P(dw)® ;P (dw')® ;P (dw")
xe~ @2 (FW" — W) — Fw' —w)). (F.13)

Since we are only considering free fields we focus on the part of the above commutator that
is proportional to the identity operator by setting w = w”. This “diagonal term” is

, (w—w') —sinh(w — w') ,
P d(f)P d(f)P . F.14
[ et S PA)R(PPA)R(P) . (F14
We use the identity
(UJ — w,) — Sinh(w — w/) . ;ﬂ' o0 dtds _ i(w—w’)(s—t) _ —i(w—w’)(s—t)
l—cosh(w—w') 2 J_s cosh(nt)cosh(ms) s=1) (6 ¢ )

to write the (F.13) as

dtds
—t)|® P . F.1
ST e e LRI IO XO) (.15)
Plugging (F.12) and (F.15) back into (F.9) we obtain

Koy, — Ko = 2X3(®(f)%) - m/ C()S;lf(m@J(ft)

+7T)\2/ dtds
oo cosh(7t) cosh(ms)

as was promised in section 4.

g(s = 1)[®(t), . (s)] (F.16)

F.2 Real-time method

Now, we reproduce the BCH answer above using the perturbation theory in A discussed in
section 3. We show that there are non-trivial cancellations between the commutator terms
and contact terms that make all terms of order A3 and higher vanish.

From the analysis of section 3, for states |fy) = e *®*() we have

Saf, = eAcb(f)SQ, Aqy, = A;lﬂe?)‘q)‘]Al/z, agfp =1— 62)\<1>(f)_,’ (F.17)
1— 2 2X3 AN
6 = 2 zxa, = ~2tanh A2, (f)) = =228, (f) + 5@, ()" = =@ (f)°+ -
(F.18)

Using the result of section 3.3 we expand the relative modular operator as
o
Kap = Ko +222(@(f)%) + Y Qm- (F.19)

We need the following commutators:
4

(1930 )] + 20 (o), B i)]) + OO),

([0 (Fer)s @ (F1a))s @ (Fia )+ ([ (Fir ), D (fia)] @ (fi)]) +ONT)

[6(t1), 6(t2)] = AN*[@(f2,), P (feo)] —

85

[[6(t1), 6(22)), 6(t3)] = —5-
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Other nested commutators that appear in the expansion can be checked to be O(\%) and
higher. To find the contact terms we also need the following terms:

3(t)* = =8N, (f)? + 8X°@(f)* + O(N°), (F.20)
{8(t0), [6(t1), 3(t2)%] } = 16X { @ (i) [® (1), Dy (fir)2]} - (F.21)
Then, the first term in the expansion for the relative modular Hamiltonian is the
operator
0
Q= 2 / cosh?(t) o)

. dt 23 405 6

= 2/008112(7rt)< 20Q(fe) + 7(1)](]%) - 7(1)J(ft) + O(A )) : (F.22)

The next term is

8\t

g(ta —t1) (4/\2[<I>J(ft1), Cy(fe)] = - [Ps(fu), @5(f)’] + O(/\G))

= — [ dt1dt
4/ ! 2cosh(7rt1)(;osh(7nfg)
Putting these together we already reproduce the result
dt
Kqp, — Ko = 2)%(® 2—)\/7{) +
af, — Ko (@(f)7) —m cos2(n1) 1(ft)

+7l')\2/ dtds
oo cosh(7t) cosh(ms

Now, we need to show that all higher order terms in A cancel for free fields. In this

)9(8 = 1)[@(t), ®s(s)] + O(N). (F.23)

case, the commutator of fundamental fields is proportional to the identity operator, hence

we obtain

o = [ty I (020051, @5 ()] — 20N () B ()@ + O )

cosh(mty)cosh(mtz)

The terms @, with m > 2 in (3.39), in addition to the nested commutators I, also
include contact terms that we denoted by F,,. The third term @3 splits according to

Q3 =13+ P3
b= 5 [ dndtaar S (H<I>J<ft1>,<1n<ft2>31,<I>J(fz3>]+ndn(ftl)‘*,<I>J<fz2>],<1>J<ft3>1)
+0(\%)
T dt 3 3 5 5 6
Pr=51 | e {sx Oy (f0)* +8X°D, (f1)° + O(A )]. (F.24)
Specialising to free field theory, we obtain the following simplification for Qs:
free ST g(ta —t1)g(ts — t2) <
e = T [ty S5 SRE (@10) @), @) @) ()]
B0 ), 0o ()0 ): By
free __ E dt |:_ 3 3 5 5:|
piee =2 / et BV SRR TEOM (F.25)
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The same analysis can be applied to (Q4:

Qi=1I4+F, (F.26)
I, = O(\%)

Py = gx\4/dt1dt2 COSh(ggf);oilh)(mz) (‘I’J(ftz)[‘I’J(ftl)’ O (fe,)?]+ [<I>J(ft1),<I>J(ft2)2]¢>1(ft2))

+O0(\%) (F.27)
which also simplify for free fields

g(ta —t1)
cosh(mty)cosh(mty)

Piree = 27T)\4/dt1dt2 <(I)J(ft2)2[q)J(ft1)’ (I)J(ftQ)]) . (F28)

Finally, the last term that can contribute to order \° is

Qs =I5+ Ps
Is = O(\")

P = % / fﬁii&ii?iiii&iii 3(t1)°6(t2)0(ts) + 0(t2)8(t1)8(t2)?0(ts) + 6(t1)8(t3)d(t2)d (1)
+0(t1)8(t2)d(t3) + 0(t1)5(ta) 25 (t3)0(La) + 6(t1)20(t2)6(t3)(t1) — 6(t1)S(t2)d(t3)8(t1)?
— 0(t2)8(t3)0(t2)8(t1) — 8(t1)?6(£a)6(t2)3(t1) — 6(t1)6(t2)S ()3 (t2)* + 0(t1)(t2)*5(ts) |-

Specializing to free field theory, we find

8\ _ _
Pl = S [t 202 0O )8, )0 (). ()

871')\5 g(tg - tl)g(tg - tQ)

3 cosh(rty)cosh(mts)

. 7'()\5 ‘I)J(ft)s
5 cosh?(mrt)

(I)J(ftz)[q)](ftz)v ‘I)J(ft3)][q)J(ft2), (I)J(fh)]

+0(\%).

Putting all this together we find that all the O(A\3, A%, \%) terms cancel explicitly.

G Commutator of Euclidean evolved operators

In the expression for the relative modular Hamiltonian K¢q we found in section 3 various
commutators of gb(j) and gi)(_l)l appear; see (3.48). It is clear that
2 2

o) 0.0 (5)] = 4% [p0(0), 60(5)] ATE. @)

However, the commutators qbil)l (1), qﬁ(;)l (s)] are more subtle. In this appendix, we com-
2 2

ment on this type of commutators using the spectral decomposition of the modular
operator.
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The Euclidean commutator

"

[D(f)i/2, ®(9) /2] = / dwdw' dw” ( - ()) P(dw)®(f)P(de)®(g) P(dw")

is convergent for a nice enough function f. Naively, one might have thought that the
commutator (G) can be computed by comparing the perturbative expansion of section 3
for unitary states ¢*®()|Q) with the exact answer from the BCH expansion. However,
as we show below, formal manipulation of the commutator, indeed, reproduces the same
result for the relative modular Hamiltonian of unitary states we obtained in section 3:

12
Koo = MK = 4 idllog A,9(1)] - U2 log A, (1)) 9(£)] + OV,
(G.2)
In free theories, from the fact that commutators of fundamental fields is central we expect
the commutator [®(f);/2, ®(g)_;/2] to be proportional to the identity operator:

— Q/dwdw’ sinh(w — ') P(dw)®(f) P(dw")®(g) P(dw) . (G.3)

This is simply the Fourier transform of the statement that we are considering commutators
of Euclidean evolved operators and leads to no insight about them.

We again stress these are formal manipulations and we are not concerned with domain
questions and closeablity in the following. Therefore, in this appendix, we do not perform
the smearing we discussed earlier in appendix D.

To obtain intuition about how this commutator reproduces the correct answer for
unitary states we go through this example step by step. Consider a unitary state U =
¢®(f) The relative modular operator

Ayjg = AP Ae= A2 (G.4)
Define
— (i) —iAR(f)
“= (e )—i/2 (e )i/z
D,y = AV2OATY2, (G.5)

Since the state U creates is already normalized we expand a in A to find

)\2
@ =1+Xai+ Zaz + O(\?)

ap =1 ((I)fi/Z(f) - q’i/2(f))
as = —‘p2—¢/2(f) - ‘I)?/z(f) +2®_;/5(f)P;/2(f) - (G.6)
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Following the notation in section 3 we expand d in A

o) = ( i2(f) = —i/2(f))
62 = [@i/2(f), P—isa(f)]-

(G.7)

Since § starts at order A then if we are interested in the modular Hamiltonian up to the

second order in A we only need

T dt 0 AV2Z A2
=— | —5—0(t :/ d )
o 2 / cosh?(mrt) ®) 0 ﬂAﬂLﬁ A+p

@ =T [ (s~ 0[50, 0(5)]

cosh(7t) cosh( 7rs)

B A1/2 -8 5A1/2
_/ 5A+/3 2A+ﬁ) A+p

where we have used the following two integrals

ﬁzt—f —it
A + B —oo 2 cosh(mt)

A+ﬁ / atFrg() AT

Expanding the relative modular Hamiltonian we have

2
Kpa = Kg+ KM + %K@) + O\

dt
KO _T / _ Y sy
2 J cosh?(rt) ®)

(G.8)

@ _ T[4t @y, T dtds s s sD (s
k& =7/ 00+ 5 | o jo(s =01 2),60(5).

2 J cosh?(mt) 2 mt) cosh(ms

We would like to compare this answer with the result we found in (4.12)

, A i\)2
KUQ — el)\q)Ke—l/\Cb _ K—I—Z)\[log A,(I)(f)] o (Z )

AQ
= K = Ae(Df) - (f,ADf)

where D = 219y — 200, is the generator of boost.
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The operator K written using the spectral decomposition of A in (F.10) is

KO — %T }:ZQt( . (eiK(t-i-i/Z)@(f)e—il((t-i-iﬂ) _ eiK(t—i/2)q)(f)e—iK(t—iﬂ))
COS >

_im / dt i(t4i/2) (w—w') _ i(t—i/2)(w—w') /
_ 2/&Mw/?%mw®(e e ) P(dw)®(f)P(de)

= —i/dwdw’(w — W P(dw)®(f)P(dw') = i[®(f), K] (G.11)

where we have used the fact [dwP(w) = Z. This is the correct answer at order A. At the
second order we expect to find

— [[K, @(f)], (f)] = /dwdw’dw”(Qw’ —w — W P(dw)®(f)P(d")P(f)P(dw"). (G.12)

We show this explicitly below.

At the second order in A we have two terms, first

s dt T dt

— 76(2):—/d dw'd ”/7Pd O(f)P(dw")®(f)P(dw”
2 /cosh2(7rt) 2 ik cosh?(mrt) (d) (/)P (dw) (/)P (dw)
% (ew’eiw(t+i/2)e—iw”(t—z’/2) _ e—w’eiw(t—i/Z)e—iw”(t+i/2))

w

= /dwdw'dw' P(dw)®(f)P(dw")®(f)P(dw")(w — ") ( € + e >

ew — ewu

and the second term

o] 1/2 1/2
/ A2 () A= By AY
0

dﬁA+ﬁ6 A+ A+p

- _ /°° dﬂ/dwdw'dw//P(dw)Q)(f)P(dw')@(f)P(dw“) e—w/2 (6*‘”' 5 2
0 (e—w —l—ﬁ) (e—w/ +B) (6_“’” +IB)

% (e—w/2+w”/2 _ew/2+w”/2—w' _ e—(w/2+w”/2—w/) +ew/2—w”/2) . (G13)

The [ integral can be performed explicitly to give

0 efw/Q (efw’_ﬁ) efw”/Z - 1 ‘ w—w ‘ W =" Y ,
| dﬁ((e‘“rﬁ)(e“’+B)(e“’”+ﬁ)>_4CbCh< 2 )h( 2 )W“’ ~ )

sinh (M)
2

sinh(w — w’) — sinh(w — w") + sinh(w’ — w’’)

+((U _w//)

(G.14)
Plugging this back in (G.13) and adding both A? terms we find

/dwdw’dw’ P(dw)®(f)P(dw)®(f)P(dw”) (2w —w —w") = 20(f)KD(f) — K®(f)? — ®(f)°K
= —[[K, ()], (/)] (G.15)

which is consistent with the result in (G.10).
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H Domain issues

Consider the relative modular operator between O|Q2) and |2).

H.1 Bounded O
First consider @ € A. Then, we have with Sy = SqO*, SS =084, ac Aand o' € A,

Solal)] = a*O|Q)
Shla'|)] = a*0|Q)
as needed. Thus, we conclude Sy C SO‘Q and Sg C S(*9|Q in the domains indicated. This

automatically implies that the true relative modular operator extends the quadratic form
S(T]So defined on the domain above. What we mean is

1A Ral )| = (0% aa*0|Q) = (2]a* OAq0*a|).

Of course to carry out perturbation theory, O € Ar as discussed previously.
Similarly, with O € A and O~! € A, we have with Ty = (0*)~15q and T = S50t
we get

Tp[a0|Q)] = a*|Q)
T3[d'0|9)] = a”*|Q),

and we get
1A 6a0I)|? = (Qaa*|) = (Q]0*a*AV205' 057 Aga01).

In principle, the same results occur if we restrict the operators a € Ar C A the Tomita
algebra.

H.2 Unbounded O

In the case when O is unbounded one needs to be careful. WLOG, we can choose O =
exp(B®) to be of exponential form. Then, the issue arises because vectors of the form
a|Q) with a € A, are not in the domain of the local operators ® while vectors of the form
a'|Q),a’ € A" are (see lemma 2.3 in [54]). To navigate around this, one uses the Tomita
algebra. We note

ar|Q) = (a7)|) = JAG(a3)[Q) = Jaj(i/2)T|) = brlQ)
Wy = Jai(i/2)J.

Here ar(i/2) is the analytic continuiation of the modular evolved operator ar(t) evaluated
at t = i/2. Formally, ar(i/2) = Asl]/zaTAél/g. But it is more rigorous to think of az(i/2)
as simply the analytically continued operator ar(z) evaluated at z = i/2.

Now, b is a bounded operator in the commutant. Here we have used the fact that
arbitrary complex powers of Ag induce automorphisms of the Tomita algebra.
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Then, for the case where 1)) = exp(B8®)|Q2), we get with Xy = SO, Yy = O~18q,
using the previous result,

and the previous relations for the quadratic forms continue to hold here.

H.3 Domain of perturbation theory

In our real time perturbation theory, for the definitions of § to make sense, we need to
work in the common domain of the operators Aé/Q(A + B)~! and Aal/gA(A +B)7L.
First lets consider the case where A = Agq g, the relative modular operator between
the vacuum and |¥) = ¥|Q), with |¥) invertible. Ay = Ag, the modular operator of the
vacuum. We choose a € A7r(2), the Tomita algebra of the vaccuum state.
Using the integral representation,

-1 Y At i
(A+pB)  al¥) = 21110(16_>()/_OO sinh(w(t—i—ie))ﬁ Ala|T)

/) oo dt ) )
— . e A~ o 1 L 9 Azt i}
g He0 /_OO sh(rt ). ot @ATIY)

i o0 dt .
= Slime B Bt 2)[DQ : DV),|W
gimeso [~ ey ol 1),

where o{!(a) is the modular flow of @ and [DS2 : DV], is the cocycle. Obviously, the ¢ — 0

limit exits on the r.h.s..
We observe that the integrand above is in the domain of A(l)/ 2, And, we get

AYo(a)[DQ : D), W) = of2, 5(a) TV [DV : D[

where, by definition of the Tomita algebra, 0$}(a) is an analytic function of z. We have
also used [DS2 : DUJ* = [DV : DQ];. Moreover, the vector on the r.h.s. seen as a function
of t is uniformly bounded. Therefore, for any 0 < € < 1, the following integral exists,

[ e o)1 DY DALR) )

Since Aé/ ? is a closed operator, Hille’s theorem for the Bochner integral guarantees

~ dt —it ) 1/2
[m mﬁ o1’ (a)[D2 : DY,|¥) € D(Ay7). (H.2)

and also

/2 [ dt i |
Ag /_Oosmh(ﬂ(ﬂrie))ﬂ ‘oy’(a)[ DY : DU, | W)

_ [~ dt o . .
a /_oo Sb(r(t 7€) f0,1/2(a) T [DY : DQ|Q)

o dt it 0 .
frnd - 7 . \I/*AZ Q ] H'
/_oo sinh(ﬂ(t+ie))ﬁ 0;—isa(a)JU Ay o[€2) (H.3)

43 —



Since |2) is in the domain of A}I,/ ?2, the vector valued function A$Q|Q> is analytic
in the strip {z:—1/2 <Im(z) <0}. This means JU*A¥ ; ol is analytic in the strip
{z:0 < Im(z) < 1/2} by the antilinearity of J. Therefore, szi/Z( a)JU*AZ ;o) is an-
alytic in this strip. Then, one can use the Cauchy theorem to write,

o0 d
N Im(t/a “of(a) DR : DY)

m(t + i€))
_ —zf/

This implies, by the dominated convergence theorem

it Q it+1/2
JU*A Q
oo cosh(m t—i—ze))ﬁ ¢ (@) wa -

ime sy ([ g o @D D) )

oo smh(w(t + ie€))
= —iVB [ o (@I AL ).

0o cosh t)

Obviously the last integral converges. Since Aé/ % is a closed operator, this is sufficient to
guarantee a|W¥) is in the domain of A0/2 A(A + B)Y/2. Next we look at

Ay PA(A + B)2a|) .

Again, an integral representation tells us

1/2 7_2- o dt —1 Q i
AlA+B)al¥) = QIImHO/_msinh(w(t—ie))ﬁ for () AT|T).

Using an argument very similar to the prevous ones and using Cauchy’s theorem we are
able to write

A(A + B)2a| W) = ————B "0}, () AT AP |),

Qf/oo cosh t)
Next, we note

A2 = Jyo|Q) = O40|Q),
where @(I,Q = JyqJq is the conjugation cocycle which is a unitary in the commutant. This

implies

A(A + ) 2a| W) = B0 5 () AT O ).

Qf/oo cosh mt)
Finally, we can use
A" = Afy = (M) ™™

Here, the prime on the last term indicates the relative modular operator with respect
to the commutant. This implies

A(A + B)a|T) = By i/2(a)[DV D07 (O0)|9),

2f/oo cosh t)

— 44 —



where [DV : DQ]_, = (Alyq) " (AL)™ is the unitary cocycle in the commutant. Finally, we
note that if b is in the Tomita algebra and |«) is in the domain of Aglﬂ, then Aal/2b|a> =
o; /Q(b)Ail/ 2|a). This shows that the integrand in the previous equation is in the domain

of Ay 12 Moreover, by Hille’s theorem again,

—-1/2 [*° dt —it _Q . " e
Bo [oo mﬁ Ut7¢/2(a)[D‘I’ 1 D, 04" (Og0)[2)

B~} (a)Jo} (Oq) ([DY : DO ,)*[Q)

1 /OO dt
~ 24/B J-_oo cosh(nt)
we get that A(A+3)'/2a|V) is also in the domain of Aal/Q since the latter integral conveges.
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