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Doctor of Philosophy in Computational Science and Engineering

Abstract

Probabilistic modeling and Bayesian inference in non-Gaussian settings are perva-
sive challenges for science and engineering applications. Transportation of measure
provides a principled framework for treating non-Gaussianity and for generalizing
many methods that rest on Gaussian assumptions. A transport map deterministi-
cally couples a simple reference distribution (e.g., a standard Gaussian) to a complex
target distribution via a bijective transformation. Finding such a map enables ef-
ficient sampling from the target distribution and immediate access to its density.
Triangular maps comprise a general class of transports that are attractive from the
perspectives of analysis, modeling, and computation. This thesis: (1) develops a
general representation for monotone triangular maps, and adaptive methodologies
for estimating such maps (and their associated pushforward densities) from samples;
(2) uses triangular maps and their compositions to perform Bayesian computation in
likelihood-free settings, including new ensemble methods for nonlinear filtering; and
(3) proposes parameter and data dimension reduction techniques with error guaran-
tees for high-dimensional inverse problems.

The first part of the thesis explores the use of triangular transport maps for density
estimation and for learning probabilistic graphical models. To construct triangular
maps, we represent monotone functions as smooth transformations of unconstrained
(non-monotone) functions. We show how certain structural choices for these trans-
formations lead to smooth optimization problems with no spurious local minima, i.e.,
where all local minima are global minima. Given samples, we then propose an adap-
tive algorithm that estimates maps with sparse variable dependence. We demonstrate
how this framework enables joint and conditional density estimation across a range
of sample sizes, and how it can explicitly learn the Markov properties of a continuous
non-Gaussian distribution. To this end, we introduce a consistent estimator for the
Markov structure based on integrated Hessian information from the log-density. We
then propose an iterative algorithm for learning sparse graphical models by exploiting
a corresponding sparsity structure in triangular maps.

A core advantage of triangular maps is that their components expose conditionals
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of the target distribution. Hence, learning a map that depends on both parame-
ters and observations enables efficient sampling from the posterior distribution in a
Bayesian inference problem. Crucially, this can be done without evaluating the likeli-
hood function, which is often inaccessible or computationally prohibitive in scientific
applications (as with forward models given by stochastic partial differential equations,
which we consider here). In the second part of this thesis, we propose and analyze
a specific composition of transport maps that directly transforms prior samples into
posterior samples. We show that this approach, termed the stochastic map (SM)
algorithm, improves over other transport-based methods for conditional sampling by
reducing the bias and variance of the associated posterior approximation. We then
use the SM algorithm to sequentially estimate the state of a chaotic dynamical sys-
tem given online observations, a nonlinear filtering problem known in geophysical
applications as “data assimilation” (DA). We show that when the SM algorithm is re-
stricted to linear maps, it reduces to the ensemble Kalman filter (EnKF), a workhorse
algorithm for DA; with nonlinear updates, however, the SM algorithm substantially
improves on the performance of the EnKF in challenging regimes.

Finally, we extend the use of transport for high-dimensional inference problems
by developing a joint dimension reduction strategy for parameters and observations.
We identify relevant low-dimensional projections of these variables by minimizing
an information theoretic upper bound on the error in the posterior approximation.
We show that this approach reduces to canonical correlation analysis in the linear–
Gaussian setting, while outperforming standard dimension reduction strategies in a
variety of nonlinear and non-Gaussian inference problems.

Thesis Supervisor: Youssef Marzouk
Title: Professor of Aeronautics and Astronautics

Thesis Committee Member: Philippe Rigollet
Title: Professor of Mathematics

Thesis Committee Member: Alan Willsky
Title: Edwin Sibley Webster Professor of Electrical Engineering
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Chapter 1

Introduction

1.1 Motivation

Probabilistic modeling and Bayesian inference are two problems at the core of many

science and engineering studies. While modeling aims to characterize the probability

distributions for observed data, Bayesian inference estimates model parameters and

their uncertainty from noisy, and often indirect, measurements. Two features that

are commonly present in both problems are high-dimensional variables and generic

non-Gaussian structure. In many scientific problems, it is common to make various

approximations to robustly characterize these distributions. For instance, Gaussian

assumptions are commonly used for sequential inference of states with billions of

degrees of freedom in numerical weather prediction [35].

Measure transport is one flexible and principled approach for representing non-

Gaussianity and generalizing many Gaussian-based methods. Transport maps couple

a complex target distribution with a simple reference distribution (e.g., a standard

Gaussian) by seeking a transformation between the underlying random variables.

Triangular transport maps are one special type of coupling that offers several compu-

tational advantages over other maps, such as those found via optimal transport [141].

In particular, triangular maps provide a tractable expression for the target density,

and they can be estimated given a collection of i.i.d. samples. Furthermore, trian-

gular maps inherit low-dimensional structure from the target distribution. For ex-
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ample, [204] showed that triangular maps have sparse variable dependence when the

random variables satisfy conditional independence, or Markov, properties.

Another key advantage of triangular maps is their components expose conditionals

of the target distribution. This property enables simulating from and evaluating

conditional densities, such as the posterior density for model parameters in a Bayesian

inference problem. In doing so, we can solve Bayesian inference problems by learning

a transport map given only samples from the joint distribution of parameters and

observations. Most significantly, this learning process does not require evaluating the

likelihood function that generated the observations, thereby making it a likelihood-

free inference (LFI) method [47]. LFI is a popular technique in settings where the

likelihood function is unavailable or computationally prohibitive. Key applications

include parameter estimation in stochastic partial differential equations (PDEs) and

in hidden Markov models with high-dimensional latent variables. Another class of

related problems is to estimate the states of a dynamical systems as new observations

arrive over time, which is known as “data assimilation” in geophysics.

A major obstacle to using measure transport techniques for these modeling and

inference tasks, however, is to develop reliable estimators for high-dimensional dis-

tributions given limited samples. This is particularly important in scientific applica-

tions with computationally expensive forward models. This thesis sets forward the

following goals: (1) to build a general framework for representing and optimizing

monotone and triangular transport maps, (2) to develop sample-efficient transport

map estimators that are tailored for probabilistic modeling and performing Bayesian

computation, and (3) to identify low-dimensional structure in inference problems that

can be exploited by transport-based inference algorithms.

The remainder of this thesis is organized as follows. Chapter 2 provides back-

ground material on measure transport and triangular maps, and can be skipped by a

familiar reader. Chapter 3 analyzes and develops new methodologies for approximat-

ing transport maps and estimating the target density. Chapter 4 shows how to exploit

sparse structure in transport maps to learn undirected graphical models that encode

Markov properties. Chapters 5 and 6 propose novel transport map estimators for
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solving likelihood-free inference and data assimilation problems, respectively. Chap-

ter 7 proposes linear dimension reduction strategies for high-dimensional parameters

and observations in Bayesian inverse problems. Lastly, concluding remarks are offered

in Chapter 8. Proofs of the main results and additional details on each chapter are

presented in Appendices A-F.

1.2 Thesis contributions and roadmap

This thesis covers several topics linked to measure transport. Here we preview the

main contributions of each chapter.

Approximating triangular transport maps: Chapter 3 focuses on estimating

monotone triangular maps 𝑆 that push forward a target density 𝜋 to the standard

Gaussian density given i.i.d. samples {𝑋 𝑖}𝑛𝑖=1 ∼ 𝜋. Popular parametric represen-

tations of monotone functions (e.g., normalizing flows) constrain the form of the

map [161], thereby limiting their expressiveness, or use parameterizations that result

in non-convex and non-smooth optimization problems. Here, we propose a novel rep-

resentation for monotone functions where the 𝑘th map component 𝑆𝑘(𝑥) = ℛ𝑘(𝑓)(𝑥)

is written as the transformation of a (non-monotone) function 𝑓 through a bijective

operator ℛ𝑘. We provide conditions on ℛ𝑘 so that the resulting optimization prob-

lem for 𝑓 is well-behaved, i.e., the objective is continuous and smooth, and there are

no spurious local minima. This permits us to reliably identify such maps in practice

using deterministic optimization techniques. We then propose a greedy procedure

named Adaptive Transport Maps (ATM) to construct a basis (e.g., using polynomials

or wavelets) for 𝑓 that is adapted to each target density. We demonstrate the advan-

tages of using ATM over non-adaptive procedures for several benchmark (conditional)

density estimation problems and datasets.

Learning non-Gaussian graphical models: Chapter 4 is focused on learning the

structure of undirected probabilistic graphical models. These graphs represent the
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conditional independence properties of a collection of random variables. While many

structure learning methods prescribe a parametric form for the joint or conditional

density (e.g., as Gaussian or in a exponential family), these approaches do not con-

sistently learn the graph given data generated from a model outside of this class.

Furthermore, measures for assessing conditional independence in non-Gaussian dis-

tributions are often difficult to compute, especially in high-dimensions [206, 207].

This chapter introduces a new score matrix Ω that encodes pairwise conditional in-

dependencies of a continuous and non-Gaussian distribution. Each entry of the score

matrix Ω𝑖𝑗 =
∫︀
|𝜕𝑖𝜕𝑗 log 𝜋(𝑥)|2𝜋(𝑥)d𝑥 is based on Hessian information of the log-

density 𝜋 and we prove that it bounds the conditional mutual information (between

pairs of variables) for densities that satisfy a log-Sobolev inequality. We propose

sample-based estimators for Ω based on iteratively learning a transport map given

{𝑋 𝑖}𝑛𝑖=1 ∼ 𝜋, and we show that adaptive threshold estimators for Ω are consistent

for recovering the Markov structure of 𝜋 as the number of samples 𝑛→∞.

Likelihood-free Bayesian inference via couplings: Measure-transport approaches

for LFI learn a triangular map 𝑆 depending on both parameters X and observations

Y that expose the conditional densities 𝜋X|Y. We begin Chapter 5 by using the ATM

algorithm to learn such maps for probabilistic model calibration of a polymer science

model described by a stochastic PDE. Next, we propose a transformation 𝑇 that

directly pushes forward samples from the prior density 𝜋X to the posterior 𝜋X|Y by

using a composition of transport maps. We demonstrate that using 𝑇 instead of 𝑆

reduces the bias and variance of the resulting posterior approximation. Furthermore,

we show that the composed map generalizes regression adjustment, a technique that

is used to correct the mean and variance of approximate posterior samples [26]. We

then propose a new information-theoretic optimization problem that is tailored for

finding the map 𝑆 when it used to build 𝑇 . We conclude by generalizing triangular

maps to monotone block-triangular maps for conditional sampling. Block-triangular

maps are less affected by variable ordering, and we show that they converge to an

optimal transport map that minimizes a transportation cost for moving samples. We
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demonstrate the numerical performance of block-triangular maps to infer a high-

dimensional random field for subsurface permeability.

Data assimilation via couplings: In Chapter 6 we consider the problem of sequen-

tial Bayesian inference in nonlinear and non-Gaussian state space models. In practice,

sequential state estimation (i.e., filtering) is often performed using algorithms such as

the ensemble Kalman filter (EnKF), which are inconsistent for recovering the Bayesian

solution in the large-sample limit. Here, we develop nonlinear ensemble filtering al-

gorithms based on the compositions of triangular transport maps from Chapter 5.

These algorithm reduce to the EnKF when constraining the maps to be linear. We

numerically demonstrate the advantage of sparse nonlinear maps over the stochas-

tic EnKF for improved tracking and posterior moment estimation in representative

chaotic dynamical systems. The algorithms in this chapter were also recently applied

to estimate the turbulent flow downstream of an airfoil [123] given pressure mea-

surements on the airfoil’s surface. Using nonlinear filters resulted in higher fidelity

recovery of the flow than the EnKF, even when using simplified physics-based models

for the predictions.

Parameter and data dimension reduction for Bayesian inference: Lastly,

we address of problem of constructing maps as functions of high, or possibly in-

finite, dimensional parameters and observations in Bayesian inverse problems. In

Chapter 7 we propose a dimension reduction strategy that finds linear projections of

the parameters and of the observations. This is particularly beneficial for statisti-

cal models where the observations are noisy and indirectly related to the parameters

by a smoothing forward operator. In these cases, it has been shown that part of

the parameters are uninformed by the observations, and the observations often con-

tain redundant information. This permits us to closely approximate the posterior

distribution by updating only the informed part of the parameters using a reduced

set of informative observations [205, 50]. We identify the low-dimensional subspaces

for the parameters and observations by minimizing a tractable upper bound for the
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Kullback-Leibler divergence of the posterior approximation in expectation over the

observations. This upper bound depends on integrated gradient information of the

likelihood function and the basis vectors for the subspaces can be computed as the

solution to (generalized) eigenvalue problems. We show that the solutions reduce to

canonical correlation analysis (CCA) for inverse problems with linear forward models,

and we demonstrate the numerical benefit of our approach over traditional techniques,

like principal component analysis and CCA, for nonlinear forward models.
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Chapter 2

Background on measure transport

For a pair of measures 𝜈𝜋 and 𝜈𝜂 defined on R𝑑, with densities 𝜋 and 𝜂, respectively,

a coupling is a pair of random variables (X,Z) which admit 𝜋 and 𝜂 as marginal

densities [222]. One special kind of coupling is a deterministic coupling defined by

a measurable function 𝑆 : R𝑑 → R𝑑 that satisfies Z = 𝑆(X) in distribution [222].

We call the map 𝑆 that satisfies this property a transport map because it transports

mass from 𝜈𝜋 to 𝜈𝜂. This map is said to push forward 𝜈𝜋 to 𝜈𝜂, which is denoted by

𝑆♯𝜈𝜋 = 𝜈𝜂. This means that 𝜈𝜂(𝐴) = 𝜈𝜋(𝑆
−1(𝐴)) for any set 𝐴, or equivalently for

any 𝜈𝜂 integrable function 𝜓 we have

∫︁
𝜓(𝑧)𝑑𝜈𝜂(𝑧) =

∫︁
𝜓(𝑆(𝑥))𝑑𝜈𝜋(𝑥).

We denote the push-forward condition in terms of densities as 𝑆♯𝜋 = 𝜂.

One main feature of deterministic maps is that we can use them to easily gener-

ate samples from the two distributions. If {𝑋 𝑖}𝑛𝑖=1 are independent and identically

distributed (i.i.d.) samples from 𝜋, then {𝑆(𝑋 𝑖)}𝑛𝑖=1 are i.i.d. samples from 𝜂. In

practice, we consider 𝜂 to be a reference distribution that is easy to sample from

(e.g., a standard Gaussian) and seek an invertible map 𝑆 so that we can sample from

𝜋 by applying the inverse map 𝑆−1 to samples from 𝜂, as seen in Figure 2-1.

Given two general measures, deterministic couplings are not always guaranteed

to exist. For example, if 𝜈𝜂 is a Dirac mass and 𝜈𝜋 is not, then we can not find
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a map that splits the probability mass. Under the condition that 𝜈𝜋 and 𝜈𝜂 are

absolutely continuous with respect to the Lebesgue measure such that their densities

exist, then there always exists a transport map 𝑆 such that 𝜂 = 𝑆♯𝜋 [189]. We define

𝑆♯𝜂 := (𝑆−1)♯𝜂 as the pullback density of 𝜂 under the map 𝑆 (see Figure 2-2). For

diffeomorphisms 𝑆, the pullback density is given by the change of variables formula

𝑆♯𝜂(𝑥) = 𝜂 ∘ 𝑆(𝑥)| det∇𝑆(𝑥)|. (2.1)

Figure 2-1: Mapping between samples Figure 2-2: Mapping between densities

In addition to existence of the map, there may be infinitely many transport maps

𝑆 that couple two probability distributions. For example, the Monge map is a trans-

formation that solves the following problem:

min
𝑆

{︂∫︁
R𝑑

𝑐(𝑥, 𝑆(𝑥))d𝜈𝜋(𝑥), s.t. 𝑆♯𝜈𝜋 = 𝜈𝜂

}︂
, (2.2)

where 𝑐(𝑥, 𝑧) measures the cost of transporting one unit of mass from 𝑥 to 𝑧. This has

served as the starting point for the field of optimal transport which characterizes these

maps and their properties (e.g., their regularity). Many numerical and computational

approaches have been developed to find the Monge map or to solve a relaxation
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of problem (2.2), known as the Kantorovich problem (see [165] for comprehensive

overview). For instance, [142] showed that the well-known Brienier map minimizes

the quadratic cost 𝑐(𝑥, 𝑧) = 1
2
‖𝑥 − 𝑧‖22 and is (uniquely) given by the gradient of a

convex potential. We refer the reader to [222] for a description of other well-known

transport maps.

In this thesis, we focus on a particular transport map between smooth and strictly

positive densities 𝜋 and 𝜂 on R𝑑1. While many deterministic maps satisfy the prop-

erties above, [185, 110] showed that there exists a lower triangular map 𝑆 : R𝑑 → R𝑑

known as the Knothe-Rosenblatt (KR) rearrangement that pushes forward 𝜋 to 𝜂. A

monotone and lower triangular map is a multivariate function of the form

𝑆(𝑥) =

⎡⎢⎢⎢⎢⎢⎢⎣
𝑆1(𝑥1)

𝑆2(𝑥1, 𝑥2)
...

𝑆𝑑(𝑥1, 𝑥2, . . . , 𝑥𝑑)

⎤⎥⎥⎥⎥⎥⎥⎦ , (2.3)

where 𝜉 → 𝑆𝑘(𝑥1, . . . , 𝑥𝑘−1, 𝜉), i.e., the restriction of the 𝑘th map component to its

last variable, is monotone increasing for all (𝑥1, . . . , 𝑥𝑘−1) ∈ R𝑘−1. Each component

𝑆𝑘 in the KR rearrangement is defined using an iterative process of disintegrating the

two measures. First, let 𝜈𝜋1(d𝑥1) and 𝜈𝜂1(d𝑧1) denote the marginals on the first vari-

able. Then 𝑧1 = 𝑆1(𝑥1) is defined as the increasing rearrangement that pushes forward

𝜈𝜋1 to 𝜈𝜂1 . Next, for 𝑘 = 2, . . . , 𝑑, we define 𝑧𝑘 = 𝑆𝑘(𝑥1, . . . , 𝑥𝑘) as the increasing

rearrangement that pushes forward the marginal conditional 𝜈𝜋𝑘(d𝑥𝑘|𝑥1, . . . , 𝑥𝑘−1)

to 𝜈𝜂𝑘(d𝑧𝑘|𝑧1, . . . , 𝑧𝑘−1). [27] showed that such a map is unique up to subsets of

𝜈𝜋-measure zero, provided that the conditionals of 𝜈𝜂 do not contain atoms. We

refer to [27] for an exhaustive discussion on the regularity properties of the KR re-

arrangement. Recently it was shown in [33] that the KR rearrangement also cor-

responds to the limit in 𝐿2
𝜋 of optimal transport maps 𝑆𝜖 as a parameter 𝜖 → 0.

Each map 𝑆𝜖 is optimal with respect to the weighted quadratic cost 𝑐𝜖(𝑥, 𝑧) =∑︀𝑑
𝑘=1 𝜆𝑘(𝜖)(𝑥𝑘 − 𝑧𝑘)2 where 𝜆𝑘(𝜖) are positive scalars that satisfy 𝜆𝑘(𝜖)/𝜆𝑘+1(𝜖) → 0

1More generally, we only need the measure 𝜈𝜋 to be absolute continuous with respect to 𝜈𝜂.
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for all 𝑘 ∈ {1, . . . , 𝑑− 1}.

Working with a triangular map such as the KR rearrangement confers several

advantages. First, these maps can be easily inverted to sample 𝑋 ∼ 𝜋 given a

sample 𝑍 ∼ 𝜂 by solving a sequence of one-dimensional root-finding problems2.

Second, for differentiable maps 𝑆, we can easily evaluate the Jacobian determinant

of these transformations from the product of the partial derivatives of each com-

ponent with respect to the last variable, i.e., det∇𝑆(𝑥) =
∏︀𝑑

𝑘=1 𝜕𝑘𝑆𝑘(𝑥≤𝑘) where

𝑥≤𝑘 := (𝑥1, . . . , 𝑥𝑘). The tractable evaluations of the log-determinant enables the

pullback density in (2.1) to be easily evaluated without requiring an 𝒪(𝑑3) compu-

tation for each sample. Lastly, but most importantly for several applications in this

thesis, triangular maps provide immediate access to the marginal conditional densities

of 𝜋. For a tensor product reference measure 𝜈𝜂—i.e., with a reference density that

can be written as 𝜂(𝑥) =
∏︀𝑑

𝑘=1 𝜂𝑘(𝑥𝑘)—the 𝑘th component 𝑆𝑘 pushes forward the 𝑘th

marginal conditional density 𝜋𝑋𝑘|X<𝑘
(𝑥𝑘|𝑥<𝑘) to the reference marginal 𝜂𝑘(𝑥𝑘) for all

𝑥<𝑘 := (𝑥1, . . . , 𝑥𝑘−1) ∈ R𝑘−1. As a result, we can equivalently express the marginal

conditional density as

𝜋𝑋𝑘|X<𝑘
(𝑥𝑘|𝑥<𝑘) = 𝜂𝑘 ∘ 𝑆𝑘(𝑥≤𝑘)|𝜕𝑘𝑆𝑘(𝑥≤𝑘)|. (2.4)

We will use this last property in Chapter 3 to perform conditional density estimation

and in Chapters 5 and 6 to characterize the posterior densities in inference problems.

One drawback of triangular maps is they are only unique up to a lexicographic

ordering of the input variables 𝑥. This order determines which marginal conditional

measures are pushed forward by each component of 𝑆. Different choices for the

ordering can affect the approximation and statistical estimation of the map com-

ponents. For instance, some non-Gaussian measures have a low-dimensional non-

Gaussian marginal that depends on 𝑚 ≪ 𝑑 variables while the remaining variables

are conditionally Gaussian. Ordering the 𝑚 non-Gaussian variables first yield’s a

2For any 𝑧 ∈ R𝑑, 𝑥 = 𝑆−1(𝑧) can be computed recursively by 𝑥𝑘 = 𝑇𝑘(𝑥<𝑘, 𝑧𝑘) for 𝑘 = 1, . . . , 𝑑,
where 𝑇𝑘(𝑥<𝑘, ·) is the inverse function of 𝑥𝑘 ↦→ 𝑆𝑘(𝑥<𝑘, 𝑥𝑘). Each root-finding problem has a
unique solution from the bijectivity of map component 𝑆𝑘 with respect to 𝑥𝑘.
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map that is affine for the last 𝑑 −𝑚 components. If a natural ordering for the vari-

ables is unknown a-priori, Spantini, Bigoni, and Marzouk [204] select the ordering

to maximize the sparsity of the map’s variable dependence. In general, finding this

ordering is equivalent to finding a permutation 𝜎 : [𝑑]→ [𝑑], which is a NP-complete

problem. In practice, it is common to use heuristics to find permutations or to select

the ordering based on the sequential or spatial properties of the variables. We will

not address this question, and will assume such an ordering is provided in this thesis.

We conclude this section with a canonical example of triangular maps.

Example 1 (Gaussian case). Suppose that 𝑋 ∼ 𝜋 = 𝒩 (0,Σ) is a Gaussian vector

with non-singular covariance and 𝑍 ∼ 𝜂 = 𝒩 (0, 𝐼𝑑). Let 𝐿𝑇𝐿 = Σ−1 be the Cholesky

decomposition of the inverse covariance matrix of 𝑋. Then, 𝐿 is a linear operator that

maps samples X𝑖 ∼ 𝜋 from the target density to samples Z𝑖 ∼ 𝜂 from the reference

density, and similarly, 𝐿−1 maps Z𝑖 to X𝑖. That is,

𝐿X𝑖 = Z𝑖, 𝐿−1Z𝑖 = X𝑖.

Thus, 𝐿𝑥 is an example of a linear lower triangular transport map 𝑆(𝑥). We note

that other non-triangular transformations can also map X to Z (e.g., any inverse

square root of Σ−1), but 𝐿 is the unique lower triangular map.

More generally, affine transport maps are sufficient to represent Gaussian target

distributions. On the other hand, nonlinear triangular maps 𝑆 can be interpreted

as the generalization of the Cholesky decomposition for a covariance matrix. These

nonlinear maps represent arbitrary continuous and non-Gaussian target distributions.

We use this generalization in the following chapters to develop algorithms that han-

dle non-Gaussianity for density estimation (Chapter 3), learning graphical models

(Chapter 4), likelihood-free Bayesian inference (Chapter 5) and sequential inference

(Chapter 6).
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Chapter 3

Approximating triangular transport

maps

3.1 Introduction

In this chapter we study the approximation of monotone triangular transport maps

𝑆 between continuous densities on R𝑑. As compared to non-triangular maps, such as

those found via optimal transport, triangular maps can be more easily parameterized

and identified using maximum likelihood estimation given i.i.d. observations from 𝜋.

In recent years, several parametric representations have been proposed for triangular

maps. These include maps based on polynomials [141, 99], radial basis functions [211],

and neural networks of varying capacity [56, 109]. Furthermore, multiple layers of

triangular maps have been composed to define complex transformations known as

normalizing flows [111, 161]. These transformations have been successfully used in

several applications including density estimation [162]; variational inference [181, 28];

generation of images, video, and other structured objects [159, 109]; and likelihood-

free inference [160].

In practice, a core challenge of approximating triangular transport maps is sat-

isfying the monotonicity constraint. In [163], the constraint was enforced at a finite

collection of samples from 𝜋. This approach results in a convex optimization problem

under a linear expansion for the map components 𝑆𝑘. In a setting with few samples,
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however, this is not sufficient to guarantee that 𝑆 is monotone over the full support of

𝜋. Alternatively, many parametric forms for triangular transport maps or normaliz-

ing flows enforce monotonicity by making structural choices for each map component.

For instance, [162] considered map components that have an affine dependence on the

last variable, i.e., 𝑆𝑘(𝑥≤𝑘) = 𝛼(𝑥<𝑘) + exp(𝛽(𝑥<𝑘))𝑥𝑘, where 𝛼 and 𝛽 are defined us-

ing neural networks. While 𝑆 is guaranteed to be a monotone in this case, each map

of this form can only represent densities 𝜋 that are products of Gaussian marginal

conditionals. To increase the “expressiveness” of these transport maps, several au-

thors [227, 95, 62] have considered general parametric representations of monotone

functions 𝑆𝑘 at the trade-off of having to solve higher-dimensional and more complex

optimization problems for the map parameters.

Despite the empirical success of different parameterizations, little work has ad-

dressed the properties of the optimization problems for learning transport maps given

samples from 𝜋. Our contributions are as follows. We present a framework for rep-

resenting and learning monotone triangular transports. Our approach relies on an

operator that transforms broad classes of smooth functions into monotone functions.

From a theoretical perspective, we show that the associated optimization problem is

smooth under appropriate tail conditions on the target density; we also demonstrate

that it has no spurious local minima, i.e., all local minima are global minima. Algo-

rithmically, we then present an adaptive procedure for selecting appropriate smooth

functions given a hierarchical basis of the corresponding function space. The proce-

dure produces map representations that are sparse and interpretable—in particular,

it yields map components 𝑆𝑘 that are functions of a subset of the inputs 𝑥<𝑘. As a re-

sult, the conditional densities 𝜋𝑋𝑘|X<𝑘
(𝑥𝑘|𝑥<𝑘) in (2.4) don’t depend on all inputs 𝑥<𝑘.

Hence, this procedure also exploits and implicitly discovers conditional independence.

We use these learned maps for density estimation given only i.i.d. observations {𝑋 𝑖}
drawn from 𝜋. Maintaining a strict triangular structure also exposes marginal con-

ditionals of the target density, immediately enabling conditional density estimation.

Our numerical experiments show that the algorithm provides robust performance at

small-to-moderate sample sizes, and constitutes a semiparametric approach that links
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map complexity to the size of the data.

The remainder of this chapter is organized as follows. Section 3.2 provides back-

ground information on triangular transport maps and the density estimation problem.

Section 3.3 introduces our representation for monotone triangular maps and analyzes

the resulting optimization problem. Section 3.4 presents the adaptive approxima-

tion algorithm for learning the map, and Section 3.5 provides numerical results from

applying our algorithm on a series of test problems. Lastly, the appendices contain

proofs of the theoretical results.

3.2 Triangular maps for density estimation

We consider the unsupervised learning problem of approximating a target probability

density function 𝜋 defined on R𝑑 using i.i.d. samples from 𝜋. Our objective is to

construct a sufficiently smooth and invertible map 𝑆 : R𝑑 → R𝑑 such that the pullback

density

𝑆♯𝜂(𝑥) = 𝜂 ∘ 𝑆(𝑥)| det∇𝑆(𝑥)|, (3.1)

is an approximation to 𝜋. Here, we choose 𝜂(𝑥) ∝ exp(−‖𝑥‖2/2), i.e., the probability

density function (PDF) of the standard normal distribution on R𝑑, where ‖ · ‖ is

the canonical norm of R𝑑. To ensure 𝑆 is invertible, we constrain the map to be

an increasing lower triangular function of the form in (2.3). We denote the Knothe–

Rosenblatt (KR) rearrangement as the increasing lower triangular map 𝑆KR such that

𝜋(𝑥) = 𝑆♯KR𝜂(𝑥).

We measure the error between 𝜋 and its approximation 𝑆♯𝜂 using the Kullback–

Leibler (KL) divergence 𝒟KL(𝜋||𝑆♯𝜂) =
∫︀
log(𝜋/𝑆♯𝜂)d𝜋. The following inequality is

a direct consequence of Corollary 3.10 in [27] and the proof is given in Appendix A.1:

for any map 𝑆 : R𝑑 → R𝑑 as in (2.3) we have

∫︁
‖𝑆KR(𝑥)− 𝑆(𝑥)‖2d𝜋(𝑥) ≤ 2𝒟KL(𝜋||𝑆♯𝜂). (3.2)
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This shows that convergence in the KL sense 𝒟KL(𝜋||𝑆♯𝜂)→ 0 implies convergence of

𝑆 towards 𝑆KR in the 𝐿2
𝜋 sense. Given that the standard normal PDF 𝜂 is a product

of its marginal densities, the KL divergence decomposes as

𝒟KL(𝜋||𝑆♯𝜂) =
𝑑∑︁

𝑘=1

𝒥𝑘(𝑆𝑘)− 𝒥𝑘(𝑆KR,𝑘), (3.3)

where the objective functions 𝒥1, . . . ,𝒥𝑑 are given by

𝒥𝑘(𝑠) =
∫︁ (︂

1

2
𝑠(𝑥≤𝑘)

2 − log |𝜕𝑘𝑠(𝑥≤𝑘)|
)︂
𝜋(𝑥)d𝑥. (3.4)

The decomposition of (3.3) into 𝑑 objective functions allows the components 𝑆𝑘 to be

computed independently, and hence in parallel [141]. This embarrassing paralleliza-

tion was also exploited for Cholesky factorization via KL minimization in [191]. In

addition, minimizing 𝑠 ↦→ 𝒥𝑘(𝑠) over functions 𝑠 : R𝑘 → R that are strictly increasing

in the last variable is a convex optimization problem; see Appendix A.2 for details.

Given 𝑛 i.i.d. samples {𝑋 𝑖}𝑛𝑖=1 from 𝜋(𝑥), we replace the expectation in (3.4) by

a sample average, which yields the empirical objective

̂︀𝒥𝑘(𝑠) = 1

𝑛

𝑛∑︁
𝑖=1

(︂
1

2
𝑠(𝑋 𝑖

≤𝑘)
2 − log

⃒⃒
𝜕𝑘𝑠(𝑋

𝑖
≤𝑘)
⃒⃒)︂
. (3.5)

Minimizing (3.5) under the constraint 𝜕𝑘𝑠(𝑥≤𝑘) > 0 produces an estimator ̂︀𝑆𝑘 of

𝑆KR,𝑘. The collection of all components defines an estimator for the KR rearrangement̂︀𝑆 that approximates the density 𝜋(𝑥) as ̂︀𝜋(𝑥) := ̂︀𝑆♯𝜂(𝑥). Furthermore, convexity is

conserved when replacing the expectation in (3.4) by a sample average.

A core challenge for minimizing (3.7) is how to parameterize a rich class of mono-

tone map components 𝑆𝑘 while allowing a computational efficient solution of the op-

timization problem. For instance, while map components with affine dependence on

𝑥𝑘 can be found by the solution of a least-squares problem (see [203, Appendix A]),

these structural forms for the map are limited to representing Gaussian marginal

conditional densities. On the other hand, more complex forms for 𝑆𝑘 often result in
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optimization problems for the map parameters with lots of local minima, and thus

hard to minimize. This is typically the case when using representations of 𝑆 with

nonlinear parameter dependence such as neural networks. In Section 3.3, we propose

a representation for monotone functions that yields a smooth objective function with

well-characterized local minima. We conclude this section by discussing how learning

triangular maps are also useful to estimate and simulate from conditional densities.

Conditional density estimation One benefit of the triangle structure in (2.3) is

that each component represents one marginal conditional density of 𝜋. More precisely,

𝑆KR,𝑘 pulls back the 𝑘-th marginal of the reference density 𝜂𝑘(𝑥𝑘) to the marginal

conditional 𝜋𝑘(𝑥𝑘|𝑥<𝑘). We use this property for the supervised learning problem of

approximating the conditional probability density function 𝜋(𝑥|𝑦) given i.i.d. samples

{(X𝑖,Y𝑖)}𝑛𝑖=1 from the joint density 𝜋(𝑥,𝑦). Here, 𝑥 ∈ R𝑑 and 𝑦 ∈ R𝑚. For this

task, we use an increasing lower triangular map 𝑆 : R𝑚+𝑑 → R𝑚+𝑑 with the following

structure

𝑆(𝑦,𝑥) =

⎡⎣𝑆𝒴(𝑦)

𝑆𝒳 (𝑦,𝑥)

⎤⎦ , (3.6)

where 𝑆𝒴 : R𝑚 → R𝑚 and 𝑆𝒳 (𝑦, ·) : R𝑑 → R𝑑 are increasing lower triangular maps for

any 𝑦 ∈ R𝑚. Recall that the reference density 𝜂(𝑦,𝑥) is standard normal, and thus

factorizes as 𝜂(𝑦,𝑥) = 𝜂1(𝑦)𝜂2(𝑥). The corresponding KR rearrangement 𝑆KR(𝑦,𝑥)

as in (3.6) allows writing the marginal density as 𝜋(𝑦) = (𝑆𝒴
KR)

♯𝜂1(𝑦) and, more

interestingly, it exposes the conditional density as 𝜋(𝑥|𝑦) = 𝑆𝒳
KR(𝑦, ·)♯𝜂2(𝑥).

The last 𝑑 components of the KR rearrangement, 𝑆𝒳 ,𝑘
KR (𝑦,𝑥≤𝑘), 1 ≤ 𝑘 ≤ 𝑑, can be

estimated given independent samples from 𝜋(𝑥,𝑦) by minimizing

̂︀𝒥𝑘(𝑠) = 1

𝑛

𝑛∑︁
𝑖=1

(︂
1

2
𝑠(Y𝑖,X𝑖

≤𝑘)
2 − log

⃒⃒
𝜕𝑚+𝑘𝑠(Y

𝑖,X𝑖
≤𝑘)
⃒⃒)︂
, (3.7)

under the constraints 𝜕𝑚+𝑘𝑠(𝑦,𝑥≤𝑘) > 0. This produces an estimator ̂︀𝑆𝒳 of 𝑆𝒳
KR

which in turn approximates the conditional density 𝜋(𝑥|𝑦) as ̂︀𝜋(𝑥|𝑦) := ̂︀𝑆𝒳 (𝑦, ·)♯𝜂2(𝑥).
This property has been used to perform conditional density estimation (CDE) in [160,
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113, 48].

One particular application of CDE is likelihood-free inference where X represents

an unknown parameter and Y are data drawn from a likelihood function for X that is

computationally expensive to evaluate (rendering standard likelihood-based inference

methods inaccessible). Given a collection of joint samples {(𝑌 𝑖,𝑋 𝑖)}𝑛𝑖=1, we can

estimate the map component 𝑆𝒳 and use it to simulate from the conditional density

𝜋(𝑥|𝑦*) given a specific realization of the data 𝑦* by sampling 𝑍𝑖 ∼ 𝜂2 and solving

the system 𝑆𝒳 (𝑦*,𝑋 𝑖) = 𝑍𝑖 for each 𝑋 𝑖. Furthermore, we can sample from or

evaluate the estimated conditional densities for multiple realizations of the data 𝑦*,

that are not necessarily present in the dataset {𝑌 𝑖}𝑛𝑖=1. Thus, learning a single map

𝑆𝒳 parameterized by 𝑦 is said to amortize the cost of conditional sampling over the

data. More details on likelihood-free inference using triangular maps will be presented

in Chapter 5.

3.3 Representation and identification of triangular

map components

In this section we define a general representation of monotone triangular maps. Each

map component 𝑆𝑘 is expressed as a nonlinear transformation 𝑆𝑘 = ℛ𝑘(𝑓) of a

smooth function 𝑓 where ℛ𝑘 is an operator that enforces the monotonicity constraint

by construction. We then find the map component by solving the re-parameterized

problem

min
𝑓∈𝑉𝑘
ℒ𝑘(𝑓) = 𝒥𝑘(ℛ𝑘(𝑓)), (3.8)

where 𝑉𝑘 is a linear space of functions in which we seek 𝑓 . Using this transformation,

we lose convexity of the constrained problem min{𝑠 : 𝜕𝑘𝑠>0} 𝒥𝑘(𝑠), but we obtain an

unconstrained minimization problem. In Section 3.3.1, we define the operator ℛ𝑘

and in Section 3.3.2 we discuss the regularity of the objective function ℒ𝑘 given a

choice of the function space 𝑉𝑘. In Section 3.3.3 we discuss when solving (3.8) exactly

recovers the KR rearrangement.
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3.3.1 Representing continuous monotone functions

For any sufficiently smooth 𝑓 : R𝑘 → R we let ℛ𝑘(𝑓) : R𝑘 → R be the function defined

by

ℛ𝑘(𝑓)(𝑥≤𝑘) = 𝑓(𝑥<𝑘, 0) +

∫︁ 𝑥𝑘

0

𝑔
(︀
𝜕𝑘𝑓(𝑥<𝑘, 𝑡)

)︀
d𝑡, (3.9)

where 𝑔 : R → R>0 is a positive function. We call the operator ℛ𝑘 : 𝑓 ↦→ ℛ𝑘(𝑓) a

rectifier because it transforms any 𝑓 into a function which is increasing in the 𝑘-th

variable, i.e., 𝜕𝑘ℛ𝑘(𝑓)(𝑥≤𝑘) = 𝑔(𝜕𝑘𝑓(𝑥≤𝑘)) > 0. For instance, functions of the form

𝑓(𝑥≤𝑘) = 𝛼(𝑥<𝑘) + 𝛽(𝑥<𝑘)𝑥𝑘 are rectified into ℛ𝑘(𝑓)(𝑥≤𝑘) = 𝛼(𝑥<𝑘) + 𝑔(𝛽(𝑥<𝑘))𝑥𝑘.

See Figure 3-1 for a numerical example of applying the rectifier to a non-monotone

function 𝑓 where the map 𝑆 corresponds to the function that pushes forward the

one-dimensional mixture of Gaussians density 𝜋(𝑥) = 0.5𝒩 (𝑥;−1, 1) + 0.5𝒩 (𝑥; 1, 1)

into a standard Gaussian reference density 𝜂.

Figure 3-1: Function 𝑓 and its deriva-
tive

Figure 3-2: Functions 𝑓 and 𝑆 = ℛ(𝑓)

The choice of the function 𝑔 in (3.9) is essential regarding the optimization prop-

erties of (3.8). One possible choice, proposed in [99, 28], is the square function

𝑔(𝜉) = 𝜉2. While this choice permits the closed form computation of the integral in

(3.9) when 𝑓 is polynomial, it yields an optimization problem (3.8) which possesses

many local minima, see Figure 3-3. This can be explained by the fact that this 𝑔

is not bijective. Instead, we let 𝑔 be a bijective function from R to R>0 such as the
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soft-plus function

𝑔(𝜉) = log(1 + exp(𝜉)), (3.10)

whose inverse is 𝑔−1(𝜉) = log(exp(𝜉) − 1). Another example of a bijective function

that was considered in [227] is the shifted exponential linear unit (ELU)

𝑔(𝜉) =

⎧⎨⎩ exp(𝜉) 𝜉 < 0

𝜉 + 1 𝜉 ≥ 0
, (3.11)

whose inverse is 𝑔−1(𝜉) = 𝜉 − 1 if 𝜉 ≥ 1 and 𝑔−1(𝜉) = log(𝜉) otherwise.

As a consequence of 𝑔 being bijective, the inverse of the rectifier ℛ−1
𝑘 (𝑠) exists for

any sufficiently smooth 𝑠 : R𝑘 → R with 𝜕𝑘𝑠(𝑥≤𝑘) > 0 and

ℛ−1
𝑘 (𝑠)(𝑥≤𝑘) = 𝑠(𝑥<𝑘, 0) +

∫︁ 𝑥𝑘

0

𝑔−1
(︀
𝜕𝑘𝑠(𝑥<𝑘, 𝑡)

)︀
d𝑡. (3.12)

More importantly, the fact that 𝑔 is invertible yields an objective function ℒ𝑘 that is

far better behaved in terms of the optimization procedure for 𝑓 compared to 𝑔(𝜉) = 𝜉2,

which is not invertible; see the numerical illustration in Figure 3-3. We observe that

ℒ𝑘 = 𝒥𝑘 ∘ ℛ𝑘, though non-convex in general, has no local minima nor saddle points.

In the next sections, we will analyze the properties (smoothness, uniqueness of the

minimizer, etc.) of the optimization problem (3.8) depending on the choices made for

𝑔 and 𝑉𝑘.

Remark. It can be easily shown that composing a smooth (and strictly) convex ob-

jective function with a 𝒞1-diffeomorphic map preserves the (unique) global minima of

the objective. Such diffeomorphic maps have been explored for accelerating optimiza-

tion on finite-dimensional manifolds, e.g. see [127]. Establishing that ℛ𝑘 in (3.9) is

𝒞1-diffeomorphic is, however, non-trivial. We will show in Section 3.3.3 that under

some additional assumptions, our reparameterization yields an optimization problem

where local minima correspond to global minima.

Before showing the desirable properties of the optimization problem above, we

provide an example when the objective function for the map is non-convex.
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Figure 3-3: Objective function ̂︀ℒ1 = ̂︀𝒥1∘ℛ1 using either the soft-plus function 𝑔 (3.10)
(left), the shifted exponential linear unit (middle), or the square function 𝑔(𝜉) = 𝜉2

(right). Here, 𝜋(𝑥) = 1/2𝒩 (𝑥;−2, 0.5)+1/2𝒩 (𝑥; 2, 2) is a one-dimensional Gaussian
mixture and we use 𝑛 = 50 samples to estimate 𝒥1 with 𝑓1 represented using a linear
combination of Hermite functions up to degree 10. The objective is evaluated along
line segments that interpolate between random initial maps (𝑡 = 0) and critical points
resulting from a gradient-based optimization method (𝑡 = 1). Observe also that with
the bijective functions 𝑔 (left and middle) the algorithm always arrives at the same
optimal value (at 𝑡 = 1), whereas with the square function 𝑔 (right) the algorithm
gets stuck in local minima and rarely attains the optimal value.

Example 2. Let 𝜋 be a one-dimensional target density and consider the optimization

problem for the map component 𝑆(𝑥) = ℛ1(𝑓)(𝑥) where 𝑓 : R → R is an affine

function of the form 𝑓(𝑥) = 𝛼0 + 𝑔(𝛼1)𝑥 with parameters 𝛼0, 𝛼1 ∈ R. In this case,

the objective function in (3.4) for the parameters is

ℒ1(𝛼0, 𝛼1) = E𝜋
[︂
1

2
(𝛼0 + 𝑔(𝛼1)𝑥)

2 − log |𝑔(𝛼1)|
]︂

(3.13)

To examine the convexity of the objective function, we check under which conditions

the Hessian matrix ∇2
𝛼ℒ1 is positive definite for all parameter values. The second

partial derivatives of the objective function are given by

𝜕2𝛼0
ℒ1 = E𝜋 [1] = 1

𝜕𝛼0,𝛼1ℒ1 = E𝜋 [𝑔′(𝛼1)𝑥]

𝜕2𝛼1
ℒ1 = E𝜋 [(𝑔′(𝛼1)𝑥)(𝑔

′(𝛼1)𝑥) + (𝛼0 + 𝑔(𝛼1)𝑥)(𝑔
′′(𝛼1)𝑥)

− 𝑔
′′(𝛼1)

|𝑔(𝛼1)|
+

(𝑔′(𝛼1))
2

|𝑔(𝛼1)|2
]︂ (3.14)

Sylvester’s criterion provides a necessary and sufficient condition for the Hessian to

be positive definitive by checking that all principal minors are positive. While the first
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principal matrix 𝜕2𝛼0
ℒ = 1 is positive, the determinant of the second principal matrix

is given by

det(∇2
𝛼ℒ1) = 𝜕2𝛼1

ℒ[𝛼0, 𝛼1]𝜕
2
𝛼0
ℒ[𝛼0, 𝛼1]− (𝜕𝛼0,𝛼1ℒ[𝛼0, 𝛼1])

2

= E𝜋 [(𝑔′(𝛼1)𝑥)(𝑔
′(𝛼1)𝑥) + (𝛼0 + 𝑔(𝛼1)𝑥)(𝑔

′′(𝛼1)𝑥)]

− E𝜋 [𝑔′(𝛼1)𝑥]
2
+ E𝜋

[︂
− 𝑔

′′(𝛼1)

|𝑔(𝛼1)|
+

(𝑔′(𝛼1))
2

|𝑔(𝛼1)|2
]︂

= Cov𝜋[𝑔′(𝛼1)𝑥] + 𝛼0𝑔
′′(𝛼1)E𝜋[𝑥] (3.15)

+ 𝑔(𝛼1)𝑔
′′(𝛼1)E𝜋[𝑥2] + E𝜋

[︂
− 𝑔

′′(𝛼1)

|𝑔(𝛼1)|
+

(𝑔′(𝛼1))
2

|𝑔(𝛼1)|2
]︂
.

For the soft-plus function 𝑔(𝑥) = log(1+exp(𝑥)), the third and fourth terms in (3.15)

satisfy

𝑔(𝛼1)𝑔
′′(𝛼1)E𝜋[𝑥2] = log(1 + 𝑒𝛼1)

𝑒−𝛼1

(1 + 𝑒−𝛼1)2
E𝜋[𝑥2] > 0.

1

|𝑔(𝛼1)|2
[︀
𝑔′(𝛼1))

2 − 𝑔′′(𝛼1)𝑔(𝛼1)
]︀
=

1

|𝑔(𝛼1)|2
[︂
1− 𝑒−𝛼1 log(1 + 𝑒𝛼1)

(1 + 𝑒−𝛼1)2

]︂
> 0.

Given that a covariance is always positive, the determinant in (3.15) is guaranteed to

be positive if 𝛼0𝑔
′′(𝛼1)E𝜋[𝑥] > 0 for all values of 𝛼0 and 𝛼1. If E𝜋[𝑥] ̸= 0, however, the

principal matrix can be negative for a sufficiently large value for |𝛼0|. As an example,

Figure 3-4 plot a slice of the non-convex objective function ℒ1 vs. 𝛼1 and the deter-

minant of the Hessian ∇2
𝛼ℒ1 for the Gaussian target density 𝜋(𝑥) = 𝒩 (𝑥;−10, 1).

3.3.2 Smoothness of the optimization problem

In this section we give sufficient conditions on the function 𝑔 which guarantee that the

objective function is smooth over an appropriate function space for 𝑓 . We introduce

the function space 𝑉𝑘 and show the rectifier is continuous with respect to functions

𝑓 ∈ 𝑉𝑘 before stating our main result in Proposition 2.
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Figure 3-4: (a) Slice of objective function ℒ1(0, 𝛼1) and (b) determinant of the Hessian
matrix ∇2

𝛼ℒ1 for target density 𝜋(𝑥) = 𝒩 (𝑥;−10, 1). Certain parameters yield a
negative value for the determinant of the Hessian matrix and result in an objective
function for the map that is non-convex.

We begin by defining the weighted Sobolev space

𝑉𝑘 =

{︂
𝑓 : R𝑘 → R such that ‖𝑓‖2𝑉𝑘 :=

∫︁ (︁
|𝑓(𝑥)|2 + |𝜕𝑘𝑓(𝑥)|2

)︁
𝜂≤𝑘(𝑥)d𝑥 < +∞

}︂
,

(3.16)

where 𝜂≤𝑘 is the product of the first 𝑘 marginals of 𝜂, i.e., the standard normal

density on R𝑘. By [114, Theorem 1.11], this space is complete and thus is a Hilbert

space. The space 𝑉𝑘 has the sufficient regularity for 𝜕𝑘𝑓 to exist, but also to permit

the pointwise evaluation 𝑓(𝑥<𝑘, 0), as required in the definition (3.9) of the rectifier.

This property is formalized by the following trace theorem which shows that, for any

𝑓 ∈ 𝑉𝑘, the function 𝑥<𝑘 ↦→ 𝑓(𝑥<𝑘, 0) is a function in 𝐿2
𝜂<𝑘

, the weighted space of

square integrable functions.

Theorem 3.3.1. There exists a constant 𝐶𝑇 <∞ such that for any 𝑓 ∈ 𝑉𝑘∫︁
𝑓(𝑥<𝑘, 0)

2 𝜂<𝑘(𝑥)d𝑥 ≤ 𝐶𝑇‖𝑓‖2𝑉𝑘 . (3.17)

Proof. See Appendix A.3.

Remark. Notice that 𝐻1
𝜂≤𝑘
⊂ 𝑉𝑘 ⊂ 𝐿2

𝜂≤𝑘
, where 𝐿2

𝜂≤𝑘
= {𝑓 : R𝑘 → R : ‖𝑓‖2𝐿2

𝜂≤𝑘

:=
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∫︀
𝑓 2d𝜂≤𝑘 < ∞} and 𝐻1

𝜂≤𝑘
= {𝑓 : R𝑘 → R : ‖𝑓‖2𝐻1

𝜂≤𝑘

:=
∫︀
𝑓 2 + ‖∇𝑓‖2d𝜂≤𝑘 < ∞} are

the standard weighted Sobolev spaces. Because the standard normal density factorizes

as 𝜂≤𝑘(𝑥) =
∏︀𝑘

𝑖=1 𝜂𝑖(𝑥𝑖), the space 𝑉𝑘 admits the following tensor product structure

𝑉𝑘 = 𝐿2
𝜂1
⊗ . . .⊗ 𝐿2

𝜂𝑘−1
⊗𝐻1

𝜂𝑘
, (3.18)

and the norm ‖ · ‖𝑉𝑘 is a product norm1. This tensor product structure will be used

later on in Section 3.4 to elaborate the numerical scheme for approximating the map

components 𝑆𝑘.

The following proposition shows that, under mild assumptions on 𝑔, the rectifier

ℛ𝑘 is a Lipschitz continuous operator from 𝑉𝑘 to 𝑉𝑘. The proof relies on the Hardy

inequality [153] and on the Trace theorem 3.3.1.

Proposition 1. Let 𝑔 : R→ R>0 be a Lipschitz function, i.e., there exists a constant

𝐿 <∞ so that

|𝑔(𝜉)− 𝑔(𝜉′)| ≤ 𝐿|𝜉 − 𝜉′|, (3.19)

holds for any 𝜉, 𝜉′ ∈ R. Then ℛ𝑘(𝑓) ∈ 𝑉𝑘 for any 𝑓 ∈ 𝑉𝑘, where ℛ𝑘(𝑓) is defined as

in (3.9). Furthermore there exists a constant 𝐶 <∞ such that

‖ℛ𝑘(𝑓1)−ℛ𝑘(𝑓2)‖𝑉𝑘 ≤ 𝐶‖𝑓1 − 𝑓2‖𝑉𝑘 . (3.20)

holds for any 𝑓1, 𝑓2 ∈ 𝑉𝑘.

Proof. See Appendix A.4.

The next proposition shows that the objective function ℒ𝑘 in (3.8), seen as a

function from 𝑉𝑘 to R, is well-defined, continuous and differentiable.

1That is ‖𝑣1 ⊗ · · · ⊗ 𝑣𝑘‖𝑉𝑘
= ‖𝑣1‖𝐿2

𝜂1
‖𝑣2‖𝐿2

𝜂2
· · · ‖𝑣𝑘−1‖𝐿2

𝜂𝑘−1
‖𝑣𝑘‖𝐻1

𝜂𝑘
for any 𝑣𝑗 ∈ 𝐿2

𝜂𝑘
if 𝑗 < 𝑘

and 𝑣𝑘 ∈ 𝐻1
𝜂𝑘

.
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Proposition 2. Let 𝜋 be a probability density function on R𝑑 such that there exists

a constant 𝐶𝜋 <∞ so that

𝜋(𝑥) ≤ 𝐶𝜋𝜂(𝑥), (3.21)

for all 𝑥 ∈ R𝑑. Furthermore, let 𝑔 : R → R≥0 be an increasing function such that

there exists a constant 𝐿 <∞ so that

|𝑔(𝜉)− 𝑔(𝜉′)| ≤ 𝐿|𝜉 − 𝜉′|, (3.22)

| log ∘𝑔(𝜉)− log ∘𝑔(𝜉′)| ≤ 𝐿|𝜉 − 𝜉′|, (3.23)

holds for any 𝜉, 𝜉′ ∈ R. Then

ℒ𝑘(𝑓) := 𝒥𝑘(ℛ𝑘(𝑓)) <∞,

for any 𝑓 ∈ 𝑉𝑘, where 𝒥𝑘(𝑠) =
∫︀ (︀

1
2
𝑠(𝑥≤𝑘)

2 − log |𝜕𝑘𝑠(𝑥≤𝑘)|
)︀
𝜋(𝑥)d𝑥 as in (3.4) and

where ℛ𝑘(𝑓) is defined as in (3.9). Moreover, the function ℒ𝑘 : 𝑉𝑘 → R is continuous

and differentiable at any 𝑓 ∈ 𝑉𝑘 and its gradient ∇ℒ𝑘(𝑓) ∈ 𝑉𝑘 is given by

⟨∇ℒ𝑘(𝑓), 𝜀⟩𝑉𝑘 =

∫︁
ℛ𝑘(𝑓)(𝑥)

(︂
𝜀(𝑥<𝑘, 0) +

∫︁ 𝑥𝑘

0

𝑔′
(︀
𝜕𝑘𝑓(𝑥<𝑘, 𝑡)

)︀
𝜕𝑘𝜀(𝑥<𝑘, 𝑡)d𝑡

)︂
𝜋(𝑥)d𝑥

−
∫︁

(log ∘𝑔)′(𝜕𝑘𝑓(𝑥))𝜕𝑘𝜀(𝑥) 𝜋(𝑥)d𝑥. (3.24)

for any 𝜀 ∈ 𝑉𝑘, where ⟨·, ·⟩𝑉𝑘 is the scalar product in 𝑉𝑘.

Proof. See Appendix A.5.

It is useful to discuss some implications of Proposition 2. A smooth objective func-

tion permits us to use gradient-based first or second-order optimization algorithms.

Furthermore, in Section 3.4 we exploit the gradients of 𝒥𝑘 in (3.24) to construct an

adaptive polynomial (or wavelet) basis for 𝑉𝑘. We note that several functions 𝑔 sat-

isfy the conditions (3.22) and (3.23) in the proposition. These include the soft-plus

function in (3.10) and the shifted ELU function (3.11) considered in Figure 3-3.

Remark (Discussion of Assumption (3.21)). The assumption (3.21) implies that
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PX∼𝜋(‖X‖2 > 𝑡) ≤ 𝐶𝜋PZ∼𝜂(‖Z‖2 > 𝑡) holds for any 𝑡 ≥ 0, and hence that 𝜋 has

sub-Gaussian tails [220]. The reverse, however, does not hold in general. For in-

stance, a compactly supported random variable with density 𝜋(𝑥) ∝ 1/
√︀
|𝑥|1{𝑥∈[−1,1]}

is sub-Gaussian, but the density is unbounded at 𝑥 = 0 and thus does not sat-

isfy (3.21). We also note that (3.21) can be relaxed with the (less-interpretable)

assumption that there exists a constant 𝐶𝜋 < ∞ and diagonal scalings 𝑑𝑘 > 0 so

that 𝜋(𝑥) ≤ 𝐶𝜋
∏︀𝑑

𝑘=1 𝜂𝑘(𝑑𝑘𝑥𝑘) for all 𝑥 ∈ R𝑑. In practice, we can always normalize

the marginals of 𝜋 to match the mean and variance of a standard Gaussian marginal

reference. Thus, without loss of generality, we will use the assumption above for the

remainder of this article.

Remark. Under additional assumptions on 𝑔, the gradient 𝑓 ↦→ ∇ℒ𝑘(𝑓) is locally

Lipschitz from 𝑉 𝑘 to 𝑉𝑘, where 𝑉 𝑘 = {𝑓 ∈ 𝑉𝑘, 𝜕𝑘𝑓 ∈ 𝐿∞} is the space endowed

with the norm ‖𝑓‖𝑉 𝑘
= ‖𝑓‖𝑉𝑘 + ‖𝜕𝑘𝑓‖𝐿∞. More specifically, if 𝑔′ and (log ∘𝑔)′ are

Lipschitz, then there exists a constant 𝑀 <∞ such that

‖∇ℒ𝑘(𝑓1)−∇ℒ𝑘(𝑓2)‖𝑉𝑘 ≤𝑀(1 + ‖𝑓2‖𝑉𝑘)‖𝑓1 − 𝑓2‖𝑉 𝑘
, (3.25)

holds for any 𝑓1, 𝑓2 ∈ 𝑉 𝑘. See the derivation of this result in Appendix A.6. Such

local Lipschitz regularity is useful to analyze the convergence of backtracking gradient

descent procedures, i.e., gradient descent with an inexact line search such as Armijo’s

rule, to a stationary point; see Theorem 2.1 in [218] and Proposition 2.1.1 in [19].

We leave the extension of such optimization guarantees for solving min𝑓∈𝑉𝑘 ℒ𝑘(𝑓) to

future work.

3.3.3 Existence and uniqueness of solutions

In this section, we show that the optimization problem (3.8) does not admit any

spurious local minima, meaning that local minimizers are in fact global minimizers.

We also show that problem (3.8) admits a unique global minimizer which permits us

to recover the KR rearrangement. To prove those results, we will need the following

proposition which states sufficient conditions that ensure the inverse rectifier ℛ−1
𝑘 is
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continuous.

Proposition 3. Let 𝑔 be a bijective function from R to R>0 such that for any 𝑐 > 0

there exists a constant 𝐿𝑐 <∞ so that

|𝑔−1(𝜉)− 𝑔−1(𝜉′)| ≤ 𝐿𝑐|𝜉 − 𝜉′|, (3.26)

holds for any 𝜉, 𝜉′ ≥ 𝑐. Then, for any 𝑠 ∈ 𝑉𝑘 such that ess inf 𝜕𝑘𝑠 > 0, we have

ℛ−1
𝑘 (𝑠) ∈ 𝑉𝑘 and ess inf 𝜕𝑘ℛ−1

𝑘 (𝑠) > −∞. Furthermore for any 𝑐 > 0, there exists a

constant 𝐶𝑐 <∞ such that

‖ℛ−1
𝑘 (𝑠1)−ℛ−1

𝑘 (𝑠2)‖𝑉𝑘 ≤ 𝐶𝑐‖𝑠1 − 𝑠2‖𝑉𝑘 , (3.27)

holds for any 𝑠1, 𝑠2 ∈ 𝑉𝑘 such that ess inf 𝜕𝑘𝑠𝑖 ≥ 𝑐.

Proof. See Appendix A.7.

Let us remark that the softplus function (3.10) and the shifted exponential linear

unit (3.11) satisfy (3.26) with 𝐿𝑐 = (1− 𝑒𝑐)−1 and 𝐿𝑐 = max{1/𝑐, 1}, respectively.

Local minima are global minima

The following proposition shows that, under certain conditions on 𝑔 in (3.9), the

image set ℛ𝑘(𝑉𝑘) = {ℛ𝑘(𝑓), 𝑓 ∈ 𝑉𝑘} is convex.

Proposition 4. Let 𝑔 : R → R≥0 be an increasing function such that 𝜉 ↦→ (𝑔−1(𝜉))2

is a convex function. Let ℛ𝑘(𝑓) be defined as in (3.9) and 𝑉𝑘 as in (3.16). Then

ℛ𝑘(𝑉𝑘) = {ℛ𝑘(𝑓), 𝑓 ∈ 𝑉𝑘} is convex.

Proof. See Appendix A.8.

When 𝑔 is the softplus function (3.10) or the exponential linear unit function (3.11)

we have 𝜉 ↦→ (𝑔−1(𝜉))2 is convex. However, the exponential function 𝑔(𝜉) = exp(𝜉)

that has been used to parameterize monotone maps in [141, 174] does not satisfy this

property, so there is no guarantee for ℛ𝑘(𝑉𝑘) to be convex in this case.
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An important consequence of Proposition 4 is that the constrained optimization

problem min𝑠∈ℛ𝑘(𝑉𝑘) 𝒥𝑘(𝑠) remains convex. Hence, this constrained problem has a

unique global minimizer by the strict convexity of 𝒥𝑘 (see Appendix A.2). The next

proposition shows that the local minima of the unconstrained problem in (3.8) are in

fact global minima.

Proposition 5. Under the assumptions of Proposition 4, let 𝑓 * ∈ 𝑉𝑘 be a local

minimum of 𝑓 ↦→ 𝒥𝑘(ℛ𝑘(𝑓)), meaning that there exists 𝜌 > 0 such that

𝒥𝑘(ℛ𝑘(𝑓
*)) ≤ 𝒥𝑘(ℛ𝑘(𝑓)), ∀𝑓 ∈ 𝑉𝑘 such that ‖𝑓 − 𝑓 *‖𝑉𝑘 ≤ 𝜌. (3.28)

If ess inf 𝜕𝑘𝑓 * > −∞ then 𝑓 * is a global minimum, meaning that

𝒥𝑘(ℛ𝑘(𝑓
*)) ≤ 𝒥𝑘(ℛ𝑘(𝑓)), ∀𝑓 ∈ 𝑉𝑘.

Proof. Let 𝑓 ∈ 𝑉𝑘. For any 0 < 𝑡 < 1 we let 𝑠𝑡 = 𝑡ℛ𝑘(𝑓) + (1− 𝑡)ℛ𝑘(𝑓
*). By Propo-

sition 4, ℛ𝑘(𝑉𝑘) is convex so that 𝑠𝑡 ∈ ℛ𝑘(𝑉𝑘). By convexity of 𝒥𝑘 (c.f. Appendix

A.2), we can write 𝒥𝑘(𝑠𝑡) ≤ 𝑡𝒥𝑘(ℛ𝑘(𝑓)) + (1− 𝑡)𝒥𝑘(ℛ𝑘(𝑓
*)), or equivalently

𝒥𝑘(𝑠𝑡)− 𝒥𝑘(ℛ𝑘(𝑓
*)) ≤ 𝑡

(︁
𝒥𝑘(ℛ𝑘(𝑓))− 𝒥𝑘(ℛ𝑘(𝑓

*))
)︁
. (3.29)

Next we show that there exists a sufficiently small 𝑡 > 0 such that the above left-hand

side is positive. As a consequence, the right hand side of (3.29) will be positive, which

will conclude the proof.

Let 𝑀 = ess inf 𝜕𝑘𝑓
* and 𝑐 = 𝑔(𝑀)/2 > 0. For any 𝑡 ≤ 1/2, as have 𝜕𝑘𝑠𝑡 =

𝑡𝑔(𝜕𝑘𝑓) + (1 − 𝑡)𝑔(𝜕𝑘𝑓 *) ≥ 1/2𝑔(𝜕𝑘𝑓
*) so that ess inf 𝜕𝑘𝑠𝑡 ≥ 𝑐. In addition, we have

ess inf 𝜕𝑘ℛ𝑘(𝑓
*) = ess inf 𝑔(𝜕𝑘𝑓

*) ≥ 𝑐. Thus, by Proposition 3, there exists a constant
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𝐶𝑐 <∞ such that

‖ℛ−1
𝑘 (𝑠𝑡)− 𝑓 *‖𝑉𝑘 = ‖ℛ−1

𝑘 (𝑠𝑡)−ℛ−1
𝑘 (ℛ𝑘(𝑓

*))‖𝑉𝑘
≤ 𝐶𝑐‖𝑠𝑡 −ℛ𝑘(𝑓

*)‖𝑉𝑘
= 𝑡𝐶𝑐‖ℛ𝑘(𝑓)−ℛ𝑘(𝑓

*)‖𝑉𝑘 .

Thus, by letting 𝑡 = 𝜌/(𝐶𝑐‖ℛ𝑘(𝑓) − ℛ𝑘(𝑓
*)‖𝑉𝑘), we have ‖ℛ−1

𝑘 (𝑠𝑡) − 𝑓 *‖𝑉𝑘 ≤ 𝜌.

Therefore (3.28) with 𝑓 ← ℛ−1
𝑘 (𝑠𝑡) ensures that 0 ≤ 𝒥𝑘(𝑠𝑡)− 𝒥𝑘(ℛ𝑘(𝑓

*)).

Uniqueness of the global minimizer and recovery of the KR rearrangement

As discussed earlier in Section 3.2, the Knothe–Rosenblatt rearrangement 𝑆KR is the

unique lower triangular and monotone map such that 𝐷KL(𝜋||𝑆♯KR𝜂) = 0; see [27].

The decomposition (3.3) of the KL divergence 𝐷KL(𝜋||𝑆♯𝜂) thus permits us to write

𝒥𝑘(𝑆KR,𝑘) ≤ 𝒥𝑘(ℛ𝑘(𝑓)), (3.30)

for any 𝑓 ∈ 𝑉𝑘 and for any 1 ≤ 𝑘 ≤ 𝑑. Indeed, by letting 𝑆 be the map such that

𝑆𝑘 = ℛ𝑘(𝑓) and 𝑆𝑖 = 𝑆KR,𝑖 for 𝑖 ̸= 𝑘, equation (3.3) gives (3.30). Thus, if there exists

a function 𝑓KR,𝑘 ∈ 𝑉𝑘 such that 𝑆KR,𝑘 = ℛ(𝑓KR,𝑘), then 𝑓KR,𝑘 is a global minimizer of

𝑓 ↦→ 𝒥𝑘(ℛ𝑘(𝑓)) over 𝑓 ∈ 𝑉𝑘. To show this, we first need the following intermediate

result.

Proposition 6. Let 𝜋 be a probability density function on R𝑑 such that there exists

constants 0 < 𝑐,𝐶 <∞ so that

𝑐𝜂(𝑥) ≤ 𝜋(𝑥) ≤ 𝐶𝜂(𝑥), (3.31)

for all 𝑥 ∈ R𝑑. Then, for all 𝑥<𝑘 ∈ R𝑘−1 and 𝑘 = 1, . . . , 𝑑, 𝑆KR,𝑘(𝑥<𝑘, 𝑥𝑘) = 𝒪(𝑥𝑘)
and 𝜕𝑘𝑆KR,𝑘(𝑥<𝑘, 𝑥𝑘) = 𝒪(1) as |𝑥𝑘| → ∞. Furthermore, we have 𝑆KR,𝑘 ∈ 𝑉𝑘 and

ess inf 𝜕𝑘𝑆KR,𝑘 > 0 for all 𝑘 = 1, . . . , 𝑑.

Proof. See Appendix A.9.
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Let us remark on the condition in (3.31). While Section 3.3.2 assumes only an

upper bound on 𝜋, here we have both an upper and lower bound on the joint density.

The upper and lower bounds together imply that any marginal conditional for 1 ≤
𝑘 ≤ 𝑑 satisfies 𝑐/𝐶𝜂𝑘(𝑥𝑘) ≤ 𝜋𝑘(𝑥𝑘|𝑥<𝑘) ≤ 𝐶/𝑐𝜂𝑘(𝑥𝑘) for all 𝑥≤𝑘 ∈ R𝑘. This condition

implies the tails of the target density are Gaussian; rather than just being equal

to or lighter than Gaussian under condition (3.31). Hence, the tails of the map

components 𝑆KR,𝑘 are linear. It will be interesting to relax the lower bound in (3.31)

while maintaining 𝑆KR,𝑘 ∈ 𝑉𝑘 in future work.

We now combine the earlier propositions to show that under the assumption (3.31)

on the target density 𝜋, we have 𝑓KR,𝑘 ∈ 𝑉𝑘 and the existence of a unique solution to

min𝑓∈𝑉𝑘 𝒥𝑘(ℛ𝑘(𝑓)).

Corollary 1. Under the assumptions on 𝜋 in Proposition 6, let 𝑔 be Lipschitz bijection

from R to R≥0 such that 𝜉 ↦→ (𝑔−1(𝜉))2 is convex and such that, for any 𝑐 > 0

there exists a constant 𝐿𝑐 < ∞ such that |𝑔−1(𝜉) − 𝑔−1(𝜉′)| ≤ 𝐿𝑐|𝜉 − 𝜉′| for any

𝜉, 𝜉′ ≥ 𝑐. Then, for any 1 ≤ 𝑘 ≤ 𝑑, there exists a unique function 𝑓KR,𝑘 ∈ 𝑉𝑘 that

satisfies ess inf 𝜕𝑘𝑓KR,𝑘 > −∞ such that ℛ𝑘(𝑓KR,𝑘) is the 𝑘-th component of the KR

rearrangement 𝑆KR. As a consequence, min𝑓∈𝑉𝑘 𝒥𝑘(ℛ𝑘(𝑓)) admits a unique solution

and

𝒥𝑘(ℛ𝑘(𝑓KR,𝑘)) = min
𝑓∈𝑉𝑘
𝒥𝑘(ℛ𝑘(𝑓)).

Proof. Combining Proposition 6 and Proposition 3, there exists a function 𝑓KR,𝑘 ∈
𝑉𝑘 that satisfies ess inf 𝜕𝑘𝑓KR,𝑘 > −∞ such that ℛ𝑘(𝑓KR,𝑘) = 𝑆KR,𝑘. Then from

Proposition 5 and inequality (3.30), we have that 𝑓KR,𝑘 is a global minimizer of

𝑓 ↦→ 𝒥𝑘(ℛ𝑘(𝑓)) over 𝑓 ∈ 𝑉𝑘. From the uniqueness of the KR rearrangement 𝑆KR,𝑘

among monotone triangular maps and the injectivity of ℛ−1
𝑘 , 𝑓KR,𝑘 = ℛ−1

𝑘 (𝑆KR,𝑘) is

unique.

Lastly, we comment that if 𝑓KR,𝑘 is not contained in the function space 𝑉𝑘 we

consider in (3.16), then it is not possible to exactly recover the KR rearrangement

by seeking 𝑓 ∈ 𝑉𝑘. However, this does not imply that we cannot obtain a good

approximation for 𝜋 by solving the problem in (3.8); rather, it may affect the perfor-
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mance of the approximation algorithm used to recover the minimizer 𝑓 *, which will

be described in the next section.

3.4 Adaptive parameterization of transport maps

Given 𝑛 i.i.d. samples {𝑋 𝑖}𝑛𝑖=1 ∼ 𝜋, we now propose an adaptive algorithm to build

𝑓 ∈ 𝑉𝑘 that minimizes the empirical objective ̂︀ℒ𝑘 := ̂︀𝒥𝑘 ∘ ℛ𝑘(𝑓), where ̂︀𝒥𝑘 is as

in (3.5). We construct 𝑓 as a 𝑚-term expansion

𝑓(𝑥≤𝑘) =
∑︁
𝛼∈Λ

𝑐𝛼𝜓𝛼(𝑥≤𝑘), (3.32)

where Λ is a set of indices with #Λ = 𝑚 and where 𝜓𝛼 : R𝑘 → R are basis functions

for 𝑉𝑘 constructed as products of univariate functions

𝜓𝛼(𝑥≤𝑘) =
𝑘∏︁
𝑗=1

𝜓𝑗𝛼𝑗
(𝑥𝑗).

Here, {𝜓𝑗𝛼}𝛼 is a basis of either 𝐿2
𝜂𝑗

if 𝑗 < 𝑘 or of 𝐻1
𝜂𝑘

if 𝑗 = 𝑘. Because 𝑉𝑘 possesses

a tensor product structure (3.18) and because its norm ‖ · ‖𝑉𝑘 is a product norm, the

basis {𝜓𝛼}𝛼 is orthonormal if {𝜓𝑗𝛼}𝛼 is an orthonormal basis for all 𝑗 ≤ 𝑘. Given

that 𝑓 depends linearly on the coefficients 𝑐𝛼 ∈ R, the smoothness properties of the

objective ℒ𝑘 derived in Section 3.3.2 (and demonstrated in Figure 3-3) transfer to the

objective function over the coefficients 𝑐𝛼 for 𝛼 ∈ Λ.

Sections 3.4.1 and 3.4.2 describe two choices of basis functions, polynomials and

wavelets, respectively. Then in Section 3.4.3 we present an greedy algorithm for

building the multi-index set Λ. In addition, we propose a cross validation procedure

in order to determine when to stop enriching Λ to avoid the approximation from

over-fitting to the samples.
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3.4.1 Polynomial space

Probabilist Hermite polynomials {𝜙𝛼}𝛼∈N form an orthogonal basis for 𝐿2
𝜂 where

𝜂(𝑥) = (2𝜋)−1/2 exp(−𝑥2/2) is the standard Gaussian density. The polynomial 𝜙𝛼 is

of degree 𝛼 ≥ 0 and is defined as

𝜙𝛼(𝑥) = (−1)𝛼 exp(𝑥2/2) d𝛼

d𝑥𝛼
exp(−𝑥2/2).

Furthermore, we have ⟨𝜙𝛼, 𝜙𝛽⟩𝐿2
𝜂
= 𝛼! 𝛿𝛼,𝛽 so that {𝜙𝛼/

√
𝛼!}𝛼∈N0 forms an orthonor-

mal basis for 𝐿2
𝜂. Similarly, ⟨𝜙𝛼, 𝜙𝛽⟩𝐻1

𝜂
= (𝛼 + 1)! 𝛿𝛼,𝛽 so that {𝜙𝛼/

√︀
(𝛼 + 1)!}𝛼∈N0

forms a basis for 𝐻1
𝜂 ; see [192, Proposition 1.3].

In practice, we modify the univariate Hermite polynomials to be linear outside of

an arbitrary compact domain. Following [163], we let

𝜓𝛼𝑗
(𝑥𝑗) =

1√︀
(𝛼𝑗 + 1)!

⎧⎪⎪⎪⎨⎪⎪⎪⎩
𝜙𝛼𝑗

(𝑥𝑎𝑗 ) + 𝜙′
𝛼𝑗
(𝑥𝑎𝑗 )(𝑥𝑗 − 𝑥𝑎𝑗 ) if 𝑥𝑗 < 𝑥𝑎𝑗

𝜙𝛼𝑗
(𝑥𝑗) if 𝑥𝑎𝑗 ≤ 𝑥 ≤ 𝑥𝑏𝑗

𝜙𝛼𝑗
(𝑥𝑏𝑗) + 𝜙′

𝛼𝑗
(𝑥𝑏𝑗)(𝑥𝑗 − 𝑥𝑏𝑗) if 𝑥𝑗 > 𝑥𝑏𝑗

(3.33)

for each 𝑗 = 1, . . . , 𝑘. In our numerical experiments, we set 𝑥𝑎𝑗 and 𝑥𝑏𝑗 to be the

0.01 and 0.99 empirical quantiles of the one-dimensional samples {𝑋 𝑖
𝑗}𝑛𝑖=1, respec-

tively. The basis {𝜓𝛼𝑗
}𝛼𝑗∈N0 , albeit not being exactly orthonormal, is close to being

orthonormal for sufficiently small 𝑥𝑎𝑗 and large 𝑥𝑏𝑗. Figure 3-5 display the univariate

Hermite polynomials and linearized Hermite polynomials for 𝛼1 ≤ 10.

For any 𝛼 = (𝛼1, . . . , 𝛼𝑘) where

𝛼𝑗 ∈ N0,

are non-negative integers, we let 𝜓𝛼 = ⊗𝑘𝑗=1𝜓𝛼𝑗
be the tensorization of 𝜓𝛼1 , . . . , 𝜓𝛼𝑘

.

The basis {𝜓𝛼}𝛼 generated by the piecewise polynomials (3.33) has numerical and

structural advantages over Hermite polynomials. First, these functions avoid the fast

growth rate of standard polynomials as ‖𝑥‖ → ∞. This improves the numerical

stability of map computations. Second, each map component 𝑆𝑘 = ℛ𝑘(𝑓) for any
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(a) (b)

Figure 3-5: Hermite polynomials (a) and truncated Hermite polynomials (b) with
linear extensions outside of [−2.5, 2.5]

function 𝑓 ∈ span{𝜓𝛼 : 𝛼 ∈ Λ} behaves linearly as 𝑥𝑘 → ∞. The asymptotic linear

growth yields a pullback density 𝑆♯𝜂 that has the same tail behavior as the Gaussian

reference 𝜂. Thus, these functions can be seen as imposing a mild assumption on

the tails of the target density 𝜋, which is consistent with the condition in (3.31)

to guarantee there is no spurious local minima in the optimization problem for 𝑓 .

Furthermore, this assumption is necessary when given a finite set of samples that, in

practice, contain limited information on the tails of the target density 𝜋. The linear

growth assumption constrains the tails of the pullback density outside of the bounded

domain containing the available samples2.

3.4.2 Wavelet space

Wavelets are a popular tool for approximating functions that are not uniformly

smooth [42, 221]. These techniques define a multi-resolution approximation to a

function that can better capture local features than, for instance, global polynomial

2An alternative to linearized Hermite polynomials is Hermite functions that decay asymptotically
to 0 as 𝑥 → ∞. [213] showed that 𝐿2 approximations of functions defined on unbounded domains
using a random set of design points is more stable with Hermite functions than standard Hermite
polynomials that have unbounded growth. Furthermore, the authors showed that the condition
numbers of the design matrices containing Hermite function evaluations are better conditioned. In
our numerical experiments, we observed that Hermite functions tend to require adding more basis
functions than linearized Hermite polynomials due to their behaviour of overfitting to individual
samples.
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basis functions. Given a compactly supported function 𝜓 : R→ R called the mother

wavelet and (𝑚, 𝑙) ∈ Z2, the function

𝜓(𝑙,𝑚) : 𝑥 ↦→ 2𝑙/2𝜓(2𝑙𝑥−𝑚),

is the 𝑚th wavelet at the level 𝑙. Common choices for the mother wavelet include the

Haar, the Daubechies, and the Meyer wavelets. Given a mother wavelet 𝜓 ∈ 𝐿2(R)

whose Fourier transform satisfies some summability conditions described in [86] and

in [97], it can be shown that {𝜓(𝑙,𝑚)}(𝑙,𝑚)∈Z2 forms a basis for the weighted Sobolev

space 𝐻1
𝜂 (see Chapter 6 of [86] for unweighted Sobolev spaces).

In our numerical experiments, we use the continuous Mexican hat mother wavelet

𝜓(𝑥) =
2√

3𝜎𝜋1/4
(1− (𝑥/𝜎)2) exp(−𝑥2/(2𝜎2)), (3.34)

with scale parameter 𝜎 = 1 [138], that is obtained from the second derivative of the

univariate Gaussian density. The Mexican hat function is also commonly referred to

as the Ricker wavelet in the geophysics community. We treat this function as having

essentially compact support on [−6, 6], up to numerical precision.

Tensorizing 𝑘 wavelet bases yields a (not necessarily orthonormal) basis for 𝑉𝑘

where each 𝛼 in the expansion (3.32) of 𝑓 is a list of 𝑘 tuples 𝛼 = (𝛼1, . . . , 𝛼𝑘)

containing two parameters

𝛼𝑗 = (𝑙𝑗,𝑚𝑗) ∈ Z2. (3.35)

In practice, we consider a truncated set of wavelets by first rescaling the mother

wavelet 𝜓 to have the same support as the interval between the 0.01 and 0.99 empirical

quantiles of the marginal samples {𝑋 𝑖
𝑗}𝑛𝑖=1. Then, we lower bound 𝑙𝑗 ≥ 0 and consider

𝑙𝑗 = 0 to be the coarsest level of the approximation. Next, for any 𝑙𝑗, the translation

parameter 𝑚𝑗 is bounded as 0 ≤ 𝑚𝑗 ≤ 2𝑙𝑗 − 1. Thus, we can consider

𝛼𝑗 = (𝑙𝑗,𝑚𝑗) ∈ N2
0.
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rather than (3.35). Figure 3-6 plots all Ricker wavelets for levels 1 ≤ 𝑙𝑗 ≤ 6.

(a) (b)

Figure 3-6: Ricker wavelets for levels 0 ≤ 𝑙𝑗 ≤ 6 with the mother wavelet rescaled to
the domain [−4, 4].

Lastly, let us notice that any function 𝑓 in the form (3.32) expanded with com-

pactly supported wavelets will decay to 0 as |𝑥𝑘| → ∞. Thus, the map 𝑆𝑘 = ℛ𝑘(𝑓)

will have asymptotic linear growth as |𝑥𝑘| → ∞, similarly to the linearized Hermite

polynomial expansions.

3.4.3 Adaptive transport map algorithm

We propose a greedy construction of the multi-index set Λ = Λ𝑡 in (3.32). For

simplicity, we consider only the case of single indices 𝛼𝑗 ∈ N0. The extension to the

case 𝛼𝑗 ∈ N2
0 (encountered with the wavelet basis) is described in Appendix B.1. At

each greedy iteration, we add one multi-index 𝛼*
𝑡 to Λ𝑡 which best reduces the value

of the objective function. Starting with Λ0 = ∅ we let

Λ𝑡+1 = Λ𝑡 ∪ {𝛼*
𝑡}, (3.36)

where 𝛼*
𝑡 /∈ Λ𝑡 is a multi-index which yields the best improvement of ̂︀ℒ𝑘 in a sense

to be defined later on. Borrowing ideas from [147, 146], we constrain the sets {Λ𝑡}𝑡≥0
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Figure 3-7: A 𝑘 = 2 dimensional downward-closed active set of multi-indices Λ𝑡 with
its margin ΛM

𝑡 and reduced margin ΛRM
𝑡 . The margin and reduced margins are plotted

before (left) and after (right) adding to 𝛼*
𝑡 = (2, 1), that is denoted with a cross, to

the active set.

to be downward-closed [39, 43], meaning that they satisfy the property

𝛼 ∈ Λ𝑡 and 𝛼′ ≤ 𝛼 ⇒ 𝛼′ ∈ Λ𝑡, (3.37)

where 𝛼′ ≤ 𝛼 means 𝛼′
𝑖 ≤ 𝛼𝑖 for all 1 ≤ 𝑖 ≤ 𝑘. Intuitively, (3.37) means that Λ𝑡 has a

pyramidal shape that contains no hole. Downward-closed sets are known to preserve

good approximation properties and permits a tractable construction of Λ𝑡, see [43].

Indeed, Λ𝑡+1 remains downward-closed if and only if the multi-index 𝛼*
𝑡 is searched

in the so-called reduced margin of Λ𝑡 defined by

ΛRM
𝑡 = {𝛼 /∈ Λ𝑡 such that 𝛼− e𝑖 ∈ Λ𝑡 for all 1 ≤ 𝑖 ≤ 𝑘 with 𝛼𝑖 ̸= 0},

where e𝑖 denotes the 𝑖-th canonical vector of N𝑘. The reduced margin is a subset of

the margin set ΛM
𝑡 (i.e., multi-indices 𝛼 ̸∈ Λ𝑡 such that ∃ 𝑖 > 0 where 𝛼 − e𝑖 ∈ Λ𝑡);

see Figure 3-7. The reduced margin typically grows more slowly with respect to the

dimension 𝑘 than the margin itself. For instance, if Λ𝑡 contains all multi-indices in a

hypercube of width 𝑝 in dimension 𝑘, the margin has cardinality (𝑝+ 1)𝑘 − 𝑝𝑘, while

the reduced margin has cardinality 𝑘.

Denoting by 𝑓𝑡 the minimizer of 𝑓 ↦→ ̂︀ℒ𝑘(𝑓) over 𝑓 ∈ span{𝜓𝛼,𝛼 ∈ Λ𝑡}, we select
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𝛼*
𝑡 in the reduced margin ΛRM

𝑡 with the following heuristic

𝛼*
𝑡 ∈ argmax

𝛼∈ΛRM
𝑡

|∇𝛼
̂︀ℒ𝑘(𝑓𝑡)|. (3.38)

Here, the notation ∇𝛼
̂︀ℒ𝑘(𝑓𝑡) denotes the derivative of 𝑐𝛼 ↦→ ̂︀ℒ𝑘(𝑓𝑡+ 𝑐𝛼𝜓𝛼) evaluated

at 𝑐𝛼 = 0. In other words, we select the multi-index 𝛼*
𝑡 by choosing the largest

functional derivative of ̂︀ℒ𝑘 at 𝑓𝑡. This procedure for learning each map component is

presented in detail in Algorithm 1.

Algorithm 1: Estimate map component 𝑆𝑘
1: Input: Training samples {𝑋 𝑖

≤𝑘}𝑛𝑖=1, Maximum cardinality 𝑚 for Λ𝑡
2: Initialize Λ0 = ∅, 𝑓0 = 0
3: for 𝑡 = 0, . . . ,𝑚− 1 do
4: Construct the reduced margin: ΛRM

𝑡

5: Select the new multi-index: 𝛼*
𝑡 ∈ argmax𝛼∈ΛRM

𝑡
|∇𝛼

̂︀ℒ𝑘(𝑓𝑡)|
6: Update the active set: Λ𝑡+1 = Λ𝑡 ∪ {𝛼*

𝑡}
7: Update the approximation: 𝑓𝑡+1 = argmin𝑓∈span{𝜓𝛼:𝛼∈Λ𝑡+1}

̂︀ℒ𝑘(𝑓)
8: end for
9: Output: ̂︀𝑆𝑘 = ℛ𝑘(𝑓𝑚)

Remark. If the objective function ̂︀ℒ𝑘 is the linear least-squares loss, then Algorithm 1

corresponds to orthogonal matching pursuit for sparse linear regression with normal-

ized basis functions. An alternative heuristic for selecting 𝛼*
𝑡 that requires second-

order information of the objective is 𝛼*
𝑡 ∈ argmax𝛼∈ΛRM

𝑡
|∇𝛼

̂︀ℒ(𝑓𝑡)|2/|∇2
𝛼
̂︀ℒ(𝑓𝑡)|. We

found this criteria to perform similarly to (3.38) for the polynomial space, but it lead

to faster convergence of the objective when working with the wavelet space. Both of

these criteria can also be combined with an occasional backwards greedy step following

step 7 in Algorithm 1 to remove multi-indices that do not reduce the combined bias

and variance of the estimated map. See [241] for an adaptive forward-backward greedy

algorithm in the context of sparse regression.

Remark. For convex objective functions with higher-order smoothness properties, [214]

showed that a greedy algorithm using the criteria in (3.38) will identify the global mini-

mizer, while avoiding a combinatorial optimization problem to find the optimal 𝑘-term
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approximation.

Remark. The drawback of Algorithm 1 is that the greedy enrichment procedure does

not see behind the reduced margin. For instance if a relevant multi-index is located

far beyond the reduced margin and the gradient ∇𝛼
̂︀ℒ𝑘(𝑓𝑡) vanishes for all 𝛼 ∈ Λ𝑅𝑀𝑡 ,

then the algorithm will be stuck. [146] suggested a safeguard mechanism to avoid

this behaviour: arbitrarily activate the most ancient index from the reduced margin at

every 𝑙th iteration for some 𝑙 > 1. This modification, however, was not needed in our

numerical experiments.

Remark. As pointed out in [43, 147, 146], adding multiple multi-indices at each

greedy iteration could also yield better performance compared to adding only one multi-

index at a time. The so-called “bulk-chasing” procedure identifies a subset 𝜆*𝑡 ⊂ ΛRM
𝑡 of

multi-indices that capture a fraction of the 𝐿2-norm of the gradient along the reduced

margin.

Lastly, we use 𝜈-fold cross-validation as in [226, 22] in order to determine the

maximal cardinality of Λ𝑡. For each fold, we run Algorithm 1 with 𝜈 − 1 folds of

the training data for 𝑚 = 𝑛 iterations and evaluate the objective function in (3.5)

on the held-out test set. We then select the optimal number of terms 𝑚* ≤ 𝑛 in

the expansion (3.32) that minimizes the average test errors over the 𝜈 folds. We call

the complete procedure for learning each map component 𝑆𝑘 with cross-validation,

the Adaptive Transport Map (ATM) algorithm. The complete procedure is presented

in Algorithm 2. In practice, we also stop the training on each fold early if the log-

likelihood on the held-out test set does not continue to increase for more than 20

iterations.

The cross-validation procedure produces an approximation for 𝑓 with an expansion

whose cardinality is adapted to the number of training samples 𝑛. With more samples,

we observe that the cross-validation procedure reliably adds more parameters, when

needed, to reduce the bias in the approximation while controlling the variance of the

estimated map parameters. Thus, we consider ATM a semi-parametric approach for

approximating the map. The adaptation of the map complexity to the sample size 𝑛
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will be demonstrated in the numerical results in the following section.

Algorithm 2: Adaptive Transport Map (ATM) algorithm for component 𝑆𝑘
1: Input: Training samples 𝜒 = {𝑋 𝑖

≤𝑘}𝑛𝑖=1, Number of folds 𝜈
2: Partition data into 𝜈 folds of equal size
3: for 𝑗 = 1, . . . , 𝜈 do
4: Partition 𝜒: 𝜒test

𝑗 is the 𝑗th subset of 𝜒 and 𝜒train
𝑗 = 𝜒 ∖ 𝜒test

𝑗

5: Estimate 𝑓𝑡 using Algorithm 1 for 𝑚 = |𝜒train
𝑗 | iterations with 𝜒train

𝑗 samples
6: Store iterates ̂︀𝑆𝑗,1𝑘 := ℛ𝑘(𝑓1), . . . , ̂︀𝑆𝑗,𝑚𝑘 := ℛ𝑘(𝑓𝑚)

7: Evaluate log-likelihood log(̂︀𝑆𝑗,𝑡𝑘 )♯𝜂𝑘 for iterations 𝑡 = 1, . . . ,𝑚 with 𝜒test
𝑗

samples
8: end for
9: Define 𝑚* as the minimizer of the negative log-likelihood
𝑡 ↦→∑︀𝜈

𝑗=1− log(̂︀𝑆𝑗,𝑡𝑘 )♯𝜂𝑘(𝜒
test
𝑗 )

10: Estimate map 𝑓 * using Algorithm 1 for 𝑚* iterations with 𝜒 samples
11: Output: ̂︀𝑆𝑘 = ℛ𝑘(𝑓

*)

3.5 Experimental results

In this section, we evaluate the performance of the ATM algorithm on several joint and

conditional density estimation problems. Sections 3.5.1–3.5.2 visualize the approxi-

mation power of the proposed method on various one and two-dimensional problems;

Sections 3.5.3–3.5.4 illustrate the benefits of adaptivity and demonstrate how the es-

timated maps reveal and exploit structure in the target density; Section 3.5.5 presents

density estimation results on a suite of UCI datasets. The code for reproducing the

following numerical results is available online3.

In all of the numerical experiments, we pre-process the data by subtracting the

empirical mean and dividing each variable by its empirical standard deviation. While

several functions (such as (3.10) and (3.11)) meet the conditions required on 𝑔 in

Propositions 2, 3, and 4 to guarantee the objective is smooth and there are no spurious

local minima, we employ the modified soft-plus function 𝑔(𝜉) = log(1 + 2𝜉)/ log(2)

in our numerical experiments. This function satisfies 𝑔(0) = 1 so that 𝑓(𝑥≤𝑘) = 0 is

rectified into ℛ𝑘(𝑓)(𝑥≤𝑘) = 𝑥𝑘. We evaluate the integral in (3.9) numerically using
3https://github.com/baptistar/ATM
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an adaptive quadrature method based on Clenshaw-Curtis points with a relative error

of 10−3. At each iteration of the ATM algorithm, we optimize the parameters 𝑐𝛼 for

𝛼 ∈ Λ𝑡 using a BFGS quasi-Newton method [155].

3.5.1 One-Dimensional

We first consider a one-dimensional distribution defined as a mixture of Gaussians

with density 𝜋(𝑥) = 0.5𝒩 (𝑥;−2, 0.5) + 0.5𝒩 (𝑥; 2, 2). To estimate 𝜋, we generate

𝑛 = 104 training samples {𝑋 𝑖}𝑛𝑖=1 and use them to estimate the map 𝑆KR that pushes

forward 𝜋 to 𝜂. In one-dimension, the KR rearrangement (which, in one-dimension,

is also the optimal transport map [189]) is given by 𝑆KR = 𝐹−1
𝜂 ∘ 𝐹𝜋, where 𝐹𝜂 and

𝐹𝜋 denote the cumulative density functions of the reference and target distributions,

respectively. We approximate 𝑆 as the transformation of 𝑓 through ℛ1 by looking

for 𝑓 in a finite-dimensional subspace 𝑉 𝑝
𝑘 of 𝑉𝑘 that is spanned by the polynomials

in (3.33) of degree at most 𝑝. Figure 3-8a plots the approximate pullback densities ̂︀𝜋 =̂︀𝑆♯𝜂 when increasing the maximum polynomial degree 𝑝, or equivalently the number

of terms #Λ𝑡 in 𝑓 (3.32). Figure 3-8b shows the convergence of the approximation

as measured in the KL divergence from enlarging the finite-dimensional subspace of

maps that we consider to approximate 𝑆KR. We also observe convergence in the map

towards the KR rearrangement in the 𝐿2
𝜋 norm, as expected from the upper bound

in (3.2).

Figure 3-9 compares the approximation to the map 𝑆 and the non-monotone

function 𝑓 with different basis 𝜓𝑖. Here we observe that approximating 𝑓 using

linearized Hermite polynomials closely tracks the KR rearrangement 𝑆KR and the

function 𝑓KR in the tail regions, as compared to using unbounded Hermite polynomials

or Hermite functions. Enforcing that the map has linear tail behavior ensures that

the approximation has Gaussian tails in regions with few samples.

Next we consider a Gaussian mixture with density 𝜋(𝑥) = 0.5𝒩 (𝑥; 0, 1)+0.5𝒩 (𝑥; 0,
√
0.05).

This mixture is a common test case for sampling methods to exhibit their adaptabil-

ity to densities with multiple scales [197]. Given 𝑛 = 104 samples, we compute the

approximate map using either the linearized Hermite polynomials or the Mexican hat
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(a) (b)

Figure 3-8: (a) The pullback density ̂︀𝑆♯𝜂 approaches the Gaussian mixture density 𝜋
when increasing the maximum polynomial degree 𝑝 for the function space 𝑉 𝑝

𝑘 ⊂ 𝑉𝑘.
(b) The pullback density converges to 𝜋 in the KL divergence and estimated map
converges to 𝑆KR in 𝐿2

𝜋 with increasing 𝑝.

(a) (b)

Figure 3-9: (a) The approximated transport maps 𝑆 and (b) the non-monotonic
functions 𝑓 with different choices of basis 𝜓𝑖 for the Gaussian mixture density. The
linearized Hermite polynomials display the closest approximation to 𝑆KR and 𝑓KR.

wavelets. Figure 3-10 plots the approximation to the target density using a 𝑚 = 15

term expansion in (3.32) for 𝑓 , and the convergence in KL divergence for both polyno-

mial and wavelet basis. We observe that the polynomial-based approximation suffers

from oscillations in the approximate density, while the wavelets better capture local-

ized features. This results in a much faster convergence in the KL divergence with

wavelets compared with polynomials.
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(a) (b)

Figure 3-10: Approximation of Gaussian mixture with overlapping components using
Hermite polynomials or Ricker wavelet expansions. (a) A wavelet expansion with 15
basis functions better approximates the target density than a polynomial expansion
of maximum degree 15, and (b) result in lower KL divergence for this example.

3.5.2 2D Datasets

To demonstrate the expressiveness of the (truncated) Hermite polynomial basis, we

apply the ATM algorithm to approximate the Knothe–Rosenblatt rearrangement on

several two dimensional distributions with various geometries. These include the

Banana, Funnel, Cosine, Mixture of Gaussians (MoG), and Ring densities 𝜋 that

were considered in [228, 99]. For each density 𝜋, we generate 𝑛 = 104 i.i.d. samples

and apply a random rotation to the data using a uniformly distributed angle in [0, 90]∘.

Figure 3-11 plots the true densities 𝜋 and the approximate densities ̂︀𝜋 := ̂︀𝑆♯𝜂 found

using ATM. We use 5-fold cross-validation to identify the optimal number of elements

in the multi-index set for each map component: 𝑆1 and 𝑆2. Figure 3-11 includes

the total number of parameters #Λ𝑡 in both map components. We observe that the

non-Gaussian densities are accurately captured with a small set of basis functions in

each map component.

3.5.3 Mixture of Gaussians

In this example, we evaluate the stability and quality of the ATM algorithm for learning

transport maps in small sample regimes. We consider a 3-dimensional distribution
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Figure 3-11: Five different 2D densities 𝜋 (top row) and their approximations ̂︀𝜋
(bottom row) built using the ATM algorithm with the Hermite polynomials and with
𝑛 = 104 samples from 𝜋. The total number of map parameters #Λ𝑡 in both map
components is included below each density.

𝜋 defined as a mixture of Gaussians centered at the 8 vertices of the hypercube

[−4, 4]3, each with covariance matrix 𝐼𝑑. The weights of the mixture components

were randomly sampled from a uniform distribution 𝒰([0, 1]) and then normalized so

that
∫︀
R3 d𝜋 = 1. To estimate 𝜋, we generate 𝑛 training samples {X𝑖}𝑛𝑖=1 ∼ 𝜋 and

use the ATM algorithm to estimate the KR rearrangement that pushes forward 𝜋 to 𝜂

using 5-fold cross validation.

Figure 3-12a plots the KL divergence from ̂︀𝜋 to 𝜋 averaged over 10 experiments.

Here, the training sets used to build ̂︀𝜋 = ̂︀𝑆♯𝜂 are of varying size 101 ≤ 𝑛 ≤ 104 and the

reported KL divergence is computed on a common test set of 104 samples. Figure 3-

12b plots the total number of parameters #Λ𝑡 identified by the ATM algorithm using

𝜈 = 5-fold cross validation. The performance of ATM is compared to a non-adaptive

method where Λ = Λ(𝑝) = {𝛼 ∈ N𝑘
0, ‖𝛼‖1 ≤ 𝑝} is arbitrarily fixed with 𝑝 = 1, 3,

and 5. Note that Λ(𝑝) corresponds to a polynomial 𝑓 with total-degree 𝑝. For each

sample size 𝑛, ATM consistently finds a better estimator of 𝜋 (with respect to the

KL divergence) than a non-adaptive method with a fixed degree 𝑝 by identifying the

necessary basis {𝜓𝛼}𝛼∈Λ𝑡 to represent the map components. In addition, the ATM

estimator achieves an improved KL divergence with a lower number of total map

parameters, as seen in Figure 3-12b.
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(a) (b)

Figure 3-12: (a) The KL divergence over 10 sets of training samples is lower for ATM
than non-adaptive expansions. (b) The trade-off between the approximation quality
and number of coefficients using the adaptive algorithm for different 𝑛. For each num-
ber of map parameters, the ATM algorithm finds a representation with similar or lower
KL divergence than the lowest achievable error of each non-adaptive approximation
(indicated with stars in plot (b)).

3.5.4 Stochastic volatility

Next we consider a dataset from a Markov process that describes the log-volatility

for the return of a financial asset over time. The model has two hyper-parameters, 𝜇

and 𝜑, and 𝑇 states (Z𝑘) for the log-volatility at times 𝑘 = 1, . . . , 𝑇 . The two hyper-

parameters are drawn from the distributions 𝜇 ∼ 𝒩 (0, 1) and 𝜑 = 2 exp(𝜑*)/(1 +

exp(𝜑*)) for 𝜑* ∼ 𝒩 (3, 1). The states for the log-volatility follow the order one

autoregressive process 𝑍𝑘+1|𝑍𝑘, 𝜇, 𝜑 = 𝜇 + 𝜑(𝑍𝑘 − 𝜇) + 𝜖𝑘 for all 𝑘 > 1 where 𝜖𝑘 ∼
𝒩 (0, 1) is independent of all other variables and 𝑍0|𝜇, 𝜑 ∼ 𝒩 (𝜇, 1

1−𝜑2 ). While the

states are Gaussian conditioned on the hyper-parameters, the joint distribution of

X = (𝜇, 𝜑,Z),

is non-Gaussian. In this example, the dimension of X is made arbitrarily large by

increasing 𝑇 .

A key property of triangular transport maps is that they inherit sparsity from the

conditional independence structure of 𝜋. [204] showed that the Markov structure as-

sociated with 𝜋 yields a lower bound on the sparsity of the map 𝑆 (i.e., the functional
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dependence of each component 𝑆𝑘 on the input variables 𝑥<𝑘). This sparsity was

exploited to learn the structure of undirected probabilistic graph models from data

in [150]. From the conditional independence properties of the stochastic volatility

model, we know the KR rearrangement 𝑆KR for the joint distribution of parameters

and states is sparse. Furthermore, the sparsity of 𝑆KR can be derived from Theo-

rem 5.1 in [204]. We now show that the ATM algorithm is capable of detecting and

exploiting such a structure without knowing it exists in advance.

Figure 3-13a compares the variable dependence of the KR rearrangement 𝑆KR and

the map ̂︀𝑆 learned by the ATM algorithm for a distribution with 𝑇 = 40 states using

𝑛 = 103 samples from 𝜋; a non-filled (𝑗, 𝑘) entry in the plot indicates that 𝑘-th map

component does not depend on variable 𝑥𝑗. The dependence of component 𝑆𝑘 on

(𝑥𝑘, 𝑥𝑘−1) shows that each state 𝑍𝑘 strongly depends on the previous state in time.

Most of the map components also show dependence on the hyper-parameters (𝜇, 𝜑).

The estimated sparsity closely matches the exact sparsity of the KR rearrangement

that is derived from the Markov process. Furthermore, the sparse variable dependence

of the 𝑘th map component ̂︀𝑆𝑘 on parent nodes Pa(𝑘) ⊆ {1, . . . , 𝑘 − 1} produces an

approximation to the 𝑘th marginal conditional density given by

̂︀𝜋𝑘(𝑥𝑘|𝑥<𝑘) = ̂︀𝜋𝑘(𝑥𝑘|𝑥Pa(𝑘)).

By identifying the parent nodes Pa(𝑘) of each variable 𝑘, we also learn a sparse

Bayesian network or directed acyclic graphical (DAG) model representing the target

distribution [112]. As a result, we can see the ATM algorithm as a technique for learning

DAGs from samples, given a prescribed variable ordering.

Next, we consider the approximation of the 𝑆KR map for Markov models of in-

creasing state dimension 𝑇 , and hence map dimension 𝑑. Figure 3-13b plots the KL

divergence of approximations found with ATM and non-adaptive methods for marginal

distributions of X ∈ R𝑑 as a function of the dimension using 𝑛 = 2000 samples. We

compare ATM with a variant of ATM where the exact sparsity pattern of the the KR

rearrangement is known in advance. This algorithm, denoted “sparsity-aware ATM” in
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Figure 3-13b, differs from the ATM algorithm in that it only activates multi-indices 𝛼*
𝑡

which match the sparsity of 𝑆KR (meaning of the form 𝛼 = (𝛼1, 𝛼2, 0, . . . , 0, 𝛼𝑘−1, 𝛼𝑘)

for 𝑘 ≥ 3). Furthermore, we compare ATM with non-adaptive maps of degree 𝑝 = 1

and 𝑝 = 2 that do not exploit the conditional independence structure of 𝜋 and depend

on all input variables. While degree 𝑝 = 2 maps can better capture the non-Gaussian

conditional distributions for small-dimensional marginals as compared to 𝑝 = 1 lin-

ear maps, the larger number of coefficients in these maps results in higher-variance

estimators and a larger KL divergence. Instead, ATM achieves a KL divergence that

grows slowly with 𝑑 and performs similarly to the sparsity-aware ATM.

(a) (b)

Figure 3-13: (a) The sparsity of an ATM map ̂︀𝑆 and the KR rearrangement 𝑆KR for
the stochastic volatility model with 𝑇 = 40 time steps. (b) The KL divergence using
ATM for marginal distributions with increasing dimension 𝑑 in comparison to adaptive
map estimators with known sparsity and non-adaptive maps estimators.

3.5.5 Tabular Datasets

We now evaluate ATM’s performance for density estimation on a suite of UCI datasets

with a decreasing ratio of sample size 𝑛 to dimension 𝑑. These datasets have di-

mensionalities between 𝑑 = 10 and 15 and sample-sizes between 𝑛 = 506 and 5875.

We pre-process each dataset to eliminate discrete-valued variables and one variable in

every pair that has Pearson correlation coefficient greater than 0.98, following the pro-

cedure in [219]. We consider 10 splits of the data. For each split, we use one fold (i.e.,
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10% of the data) as a test set and the remaining 9 folds (i.e., 90% of the data) as the

training set to build ̂︀𝑆. To assess the quality of our estimated map ̂︀𝑆, we evaluate the

negative log-likelihood of the pullback density ̂︀𝜋 = ̂︀𝑆♯𝜂 on the test set. The negative

log-likelihood is an empirical estimator for −E𝜋[log ̂︀𝑆♯𝜂] = 𝒟KL(𝜋||̂︀𝑆♯𝜂) − ∫︀ log 𝜋d𝜋

and is, up to the unknown constant −
∫︀
log 𝜋d𝜋, the Kullback-Leibler divergence

from ̂︀𝑆♯𝜂 to 𝜋. Table 3.1 presents the mean of the negative log-likelihoods over the

10 splits and a 95% confidence interval for the mean. For all datasets, we observe an

improvement using ATM to non-adaptive maps of maximum degree 𝑝 = 2 with a lower

number of total parameters.

Table 3.1: Mean negative log-likelihood for UCI datasets over 10 sets of training
samples. The estimator with best performance (lowest negative log-likelihood) is
highlighted in bold.

Dataset (𝑑, 𝑛) Gaussian ATM Coefficients 𝑝 = 2 maps Coefficients

Parkinsons (15, 5875) 10.8± 0.4 2.8± 0.4 783± 17 5.1± 0.4 815
White Wine (11, 4898) 13.2± 0.5 11.0± 0.2 342± 26 12.0± 1.0 363
Red Wine (11, 1599) 13.2± 0.3 9.8± 0.4 289± 9 10.5± 0.2 363
Boston (10, 506) 11.3± 0.5 3.1± 0.6 228± 7 6.5± 0.4 285

Lastly, we evaluate ATM’s performance for conditional density estimation on a suite

of UCI datasets. We follow a similar procedure as above to pre-process each dataset.

Each dataset has one-dimensional predictor variables 𝑋𝑑 and covariates X<𝑑 of vary-

ing dimension. To approximate the conditional density 𝜋𝑑(𝑥𝑑|𝑥<𝑑), we estimate one

map component 𝑆𝑑 as a function of the predictor and the covariates using joint sam-

ples {(X𝑖
<𝑑, 𝑋

𝑖
𝑑)}𝑛𝑖=1. Table 3.2 presents the mean negative conditional log-likelihoods

over 10 splits of the training data. The negative conditional log-likelihood is an empir-

ical estimator for −E𝜋[log ̂︀𝑆♯𝑑𝜂] = E𝜋(𝑥<𝑑)[𝐷KL(𝜋𝑑(𝑥𝑑|𝑥<𝑑)||̂︀𝑆♯𝑑𝜂)]−∫︀ log 𝜋𝑑(𝑥𝑑|𝑥<𝑑)d𝜋𝑑
and is, up to the unknown constant −

∫︀
log 𝜋𝑑(𝑥𝑑|𝑥<𝑑)d𝜋𝑑, the expected Kullback-

Leibler divergence from ̂︀𝑆♯𝑑𝜂 to the marginal conditional 𝜋𝑑(𝑥𝑑|𝑥<𝑑).
We compare ATM to conditional kernel density estimation (CKDE) [195], 𝜖-neighborhood

kernel density estimation (NKDE) and kernel mixture networks (KMN) [2] using the im-

plementation provided by [186]. We also include results for high-capacity parametric

CDE methods that rely on neural-networks: mixture density networks (MDN) [23], and

61



conditional normalizing flows (NF) [217]; implementation details of these methods are

provided in Appendix B.2. For all datasets, we observe comparable performance of

ATM to neural-network based methods and improved performance on the Yacht dataset

with our semiparametric method in comparison to all other approaches.

Table 3.2: Mean negative conditional log-likelihood for UCI datasets over 10 sets
of training samples. The method with best performance from both categories is
highlighted in bold.

Dataset (𝑑, 𝑛) ATM CKDE NKDE MDN KMN NF

Concrete (9,1030) 3.1± 0.1 3.2± 0.1 3.9± 0.1 2.9± 0.1 3.5± 0.1 3.2± 0.2
Energy (10,768) 1.5± 0.1 1.0± 0.1 2.1± 0.2 1.2± 0.1 1.7± 0.1 1.7± 0.3
Yacht (7,308) 0.5± 0.2 1.1± 0.3 3.8± 0.2 0.7± 0.2 1.8± 0.2 1.3± 0.5
Boston (12,506) 2.6± 0.2 2.6± 0.2 3.1± 0.2 2.4± 0.2 2.7± 0.2 2.4± 0.1

3.6 Discussion and extensions

This paper presented a functional analysis framework for approximating monotone

triangular transport maps. The framework is based on representing monotone func-

tions as the transformation of smooth unconstrained functions via a bijective opera-

tor. Particular choices for this operator coupled with an appropriate function space

for its input results in an unconstrained optimization problem for learning the map

components with nice properties. Theoretically, we show that these problems have

smooth objectives, permitting us to use deterministic first or second-order methods

to find the minimizers. Furthermore, they have no spurious local minima, thereby

making the results robust to the choice of initial condition and other parameters of

the optimization algorithms.

The functional analysis framework also enables the development of novel transport

map estimators given only samples from a target density. In this work, we propose

an adaptive algorithm for selecting a sparse set of basis functions to represent the

map components. This procedure is semiparametric and automatically adapts the

number of parameters to the sample size, thereby providing maps that capture com-

plex structure with sufficient data, but that are also robust in settings with limited
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observations. In this work, we demonstrated the performance of this algorithm for

various joint and conditional density estimation tasks.

Further understanding of the statistical and computational properties of transport

map estimators is crucial to deploy these algorithms within large-scale applications,

such as sequence inference (i.e., data assimilation) methods that require computing

triangular transport maps; see [203]. Towards this goal, we outline some important

future research directions below.

Approximation theory and statistical guarantees. An open research topic,

to the best of our knowledge, is analyzing the finite-dimensional approximation of

triangular transports on unbounded domains (see [240] for the case of analytic den-

sities 𝜋, 𝜂 on bounded domains). These results would show how approximate maps

converge to the KR rearrangement with different parameterizations (e.g., polynomi-

als with higher-order terms or neural networks of increasing widths). A parallel line

of work is to develop non-asymptotic statistical convergence results for triangular

transports (e.g., in the context of density estimation) with increasing sample size 𝑛.

Combining these two results can provide lower bounds on the minimum number of

samples required to learn maps of a given complexity as well as indicate how to opti-

mally select the parameters to minimize the bias and variance of any map estimator

given finite samples. The improvement in characterizing 𝜋 with more parameters can

also be traded-off with the greater computational resources that are required to solve

higher-dimensional optimization problems for the map.

We studied the map approximation numerically using the monotone map repre-

sentation introduced in Section 3.3. To reduce the randomness from the finite samples

used in the empirical objective function, we performed this study with an increasing

number of training samples 𝑛 ∈ {103, 104, 105, 106}. For each sample size, we opti-

mized the coefficients in 𝑓 with the linearized Hermite polynomial expansion (3.33)

for maximum polynomial degrees from 1 to 8. Figure 3-14 presents the KL diver-

gence, Wasserstein-1 distance, and the 𝐿2
𝜋 error in the map when approximating a

one-dimensional Gumbel target density 𝜋. These errors were estimated on an inde-
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pendent set of 107 i.i.d. samples from 𝜋. With a sufficiently large number of training

samples, we observe an exponential decay in the error with respect to the polyno-

mial degree. Future work will rigorously quantify and relate the convergence rates in

various error metrics.

(a) (b) (c)

Figure 3-14: Convergence in (a) KL divergence (b) Wasserstein-1 distance, and (c)
weighted 𝐿2

𝜋 error in the map for increasing sample size and maximum polynomial
degree

Map ordering. One disadvantage of triangular maps is that the approximation de-

pends on the choice of variable ordering. In particular, each variable ordering yields

a different factorization of the target density and Knothe-Rosenblatt rearrangement

𝑆KR. Thus, it is of interest to develop variable ordering algorithms that minimizes

the approximation complexity finite-sample error of the estimated transport map ̂︀𝑆,

the estimated pullback density ̂︀𝜋, or other goal-oriented metrics. For target distribu-

tions that induce sparse variable dependence in the map, one approach is to find the

ordering that maximizes the sparsity of ̂︀𝑆. This is equivalent to finding the sparsest

Bayesian network or directed acyclic graphical (DAG) model for a distribution from

samples. While this problem is in general NP-complete, [175] proposed an algorithm

for finding the sparsest DAG. This algorithm reduces to finding a sparse maximum

likelihood-estimator for the Cholesky factor of the inverse covariance matrix in the

Gaussian setting. Given that a linear transport map corresponds to finding a Cholesky

factor for Gaussian distributions (see [15, Section 3]), we expect the approach can be

applied in non-Gaussian settings by seeking a nonlinear map using the ATM algorithm.
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Nonparametric methods. Instead of finding a particular finite-dimensional ba-

sis for the map components 𝑆𝑘 = ℛ𝑘(𝑓), nonparametric methods do not limit the

functional form of 𝑓 (e.g., as linear combinations of multivariate polynomials). For in-

stance, one popular nonparametric method looks for 𝑓 in a reproducing kernel Hilbert

space (RKHS) ℋ with reproducing kernel 𝐾 : R𝑘 × R𝑘 → R+. Common examples

of symmetric and positive definite kernels include the Gaussian kernel 𝐾(𝑥,𝑦) =

exp(−‖𝑥 − 𝑦‖22/𝜎2) for 𝜎 > 0 and the polynomial kernel 𝐾(𝑥,𝑦) = (⟨𝑥,𝑦⟩ + 1)𝑝

for some maximum degree 𝑝 ∈ N. The choice of kernel induces different smoothness

properties on the functions in the corresponding RKHS. We refer the reader to [164]

for an introduction to the theory of RKHSs.

One primary advantage of kernel methods is they result in infinite-dimensional

feature expansions for 𝑓 (with certain kernels) by solving finite-dimensional opti-

mization problems. From Mercer’s theorem, we can extract the features represented

by a particular choice of kernel from the eigenfunctions of the operator 𝒯 𝑓(𝑥) :=∫︀
R𝑘 𝐾(𝑥,𝑦)𝑓(𝑦)d𝑦. As an example, an orthonormal basis for the RKHS with the

Gaussian kernel is the set of normalized Hermite functions.

Let ℓ be a loss function depending on 𝑛 sample evaluations (𝑋 𝑖, 𝑓(𝑋 𝑖)) ∈ R𝑘×R,

such as ℓ((𝑋1, 𝑓(𝑋1)), . . . , (𝑋𝑛, 𝑓(𝑋𝑛))) =
∑︀𝑛

𝑖=1
1
2
ℛ𝑘(𝑓(𝑋

𝑖))2 − log |𝜕𝑘ℛ𝑘(𝑓(𝑋
𝑖))|.

Let 𝑓 * be the solution to the minimization problem

argmin
𝑓∈ℋ

ℓ(𝑓) + 𝜔(‖𝑓‖ℋ), (3.39)

where 𝜔 : [0,+∞) → R is any strictly increasing function that encourages selecting

functions with small RKHS norm. Then, the following theorem due to Schölkopf

et al., describes the form of the solution. We refer the reader to [193] for a proof of

this result.

Theorem 3.6.1. The minimizer 𝑓 * of the regularized empirical risk function in 3.39

admits a representation of the form 𝑓 *(𝑥) =
∑︀𝑛

𝑖=1 𝛼𝑖𝐾(𝑥,𝑋 𝑖) with coefficients 𝛼𝑖 ∈ R

for all 1 ≤ 𝑖 ≤ 𝑛.

By introducing the optimal representation for 𝑓 in (3.39), we can approximate 𝑓
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by solving a finite-dimensional optimization problem for the 𝑛 kernel coefficients (𝛼𝑖).

This problem has the form

min
(𝛼𝑖)

1

𝑛

𝑛∑︁
𝑗=1

1

2
ℛ𝑘

(︃
𝑛∑︁
𝑖=1

𝛼𝑖𝐾(𝑋𝑗,𝑋 𝑖)

)︃2

− log

⃒⃒⃒⃒
⃒𝑔(

𝑛∑︁
𝑖=1

𝛼𝑖𝜕𝑘𝐾(𝑋𝑗,𝑋 𝑖))

⃒⃒⃒⃒
⃒+ 𝜔(‖𝑓‖ℋ).

(3.40)

To demonstrate the value of kernel approximations, we consider a one-dimensional

mixture of Gaussians target density 𝜋(𝑥) = 0.5𝒩 (𝑥,−1, 0.3) + 0.5𝒩 (𝑥, 1, 0.7) and

approximate the map 𝑆 = ℛ1(𝑓) by looking for 𝑓 in an RKHS with a Gaussian

kernel where 𝜔 is the squared function, i.e., 𝜔(‖𝑓‖ℋ) = 𝜆‖𝑓‖2𝐿2 with regularization

parameter 𝜆 > 0. The approximate density and map using 𝑛 = 200 samples with

cross-validated 𝜆 = 0.006 and 𝜎 = 0.77 are plotted in Figures 3-15a and 3-15b,

respectively. We observe that the map and density are well approximated within the

bulk of 𝜋, while the tails of the estimated map ̂︀𝑆 are not well captured with localized

kernel features centered at the training samples. Instead, ̂︀𝑆(𝑥) reverts to the identity

function in the tails outside of the support of the training samples.

(a) (b)

Figure 3-15: (a) The mixture of Gaussians target density, samples, and its approxi-
mation. (b) Map 𝑆 = ℛ1(𝑓) with a non-parametric approximation of 𝑓

While it is not necessary to greedily select the basis expansions here, it is crucial

to properly set the kernel parameters (i.e., the bandwidth 𝜎) and the regularization

parameter 𝜆 for the experiments. For instance, a small 𝜎 will lead the estimator to

interpolate the data, while a large 𝜎 and/or 𝜆 will tend 𝑓 to a constant. One drawback
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of kernel-based methods is they are known to suffer from the curse of dimensionality.

This is manifested in the number of samples 𝑛 having to grow exponentially with

the dimension 𝑘 to obtain a bounded estimation error (see [84] for these convergence

rates in the context of kernel regression). We note that this rate improves, howevever,

for smoother functions with an appropriate choice of 𝜆 and 𝜎. It will be interesting

to compare the finite-sample performance of these nonparametric estimators to the

semiparametric procedure proposed in this chapter and a related approach that uses

Gaussian process expansions for the map components [107].

Scalability to large-data. For datasets with large 𝑛, it is computationally inten-

sive to store and continually process all of the samples from 𝜋 to approximate 𝑓 .

For instance, the optimization of a map with 𝑝 = 10 parameters given 𝑛 = 106 sam-

ples and 64 quadrature points consumes about 10GB of memory, which is close to

the limit of many laptop computers. In these large-data settings, machine learning

algorithms only process small random subsets of the training data at once during

the optimization process. For instance, stochastic gradient descent (SGD) uses small

mini-batches of samples to estimate the objective function’s gradient in each iteration

of a gradient descent procedure. One can adopt SGD to identify the map coefficients

𝛼 given a prescribed set of multi-indices (e.g., in step 7 of Algorithm 1). We can also

use SGD when selecting new multi-indices by ensuring the batch-size is large enough

so that a nearly optimal multi-index is selected from within the reduced margin. This

is formalized by ensuring the multi-index 𝛼*
𝑡 selected at iteration 𝑡 using a subset of

the data satisfies

|∇𝛼*
𝑡
̂︀ℒ𝑘(𝑓𝑡)| ≥ 𝜃 max

𝛼∈ΛRM
𝑡

|∇𝛼
̂︀ℒ𝑘(𝑓𝑡)| (3.41)

for some relaxation parameter 𝜃 ∈ (0, 1]. Let us remark that if 𝜃 = 1, we recover

Algorithm 1. If the selected multi-index satisfies (3.41) for all iterations 𝑡, then the

greedy procedure is known as a week greedy algorithm. When minimizing convex

functionals, [214] showed that condition (3.41) is sufficient to guarantee convergence

of a week greedy algorithm to the global minimizer. Future work will demonstrate

this numerically and explore other techniques to increase the algorithm’s scalability

67



in large-data settings.

Choice of reference and objective function. In practice, the choice of refer-

ence density 𝜂 affects both the approximation and statistical estimation of the map

components 𝑆𝑘. If X ∼ 𝜋 is a heavy-tailed random variable (e.g., with a Laplace

distribution), the pullback of a map that grows linearly as ‖𝑥‖ → ∞ through a

Gaussian reference density will not be able to represent the target density 𝜋. Fur-

thermore, using a Gaussian reference will yield a map optimization problem in (3.5)

that is very sensitive to samples in the tails of 𝜋. Instead, choosing a reference

Z ∼ 𝜂 that follows a Laplace distribution with independent marginal components

(i.e., 𝜂(𝑧) =
∏︀𝑑

𝑖=1 𝜂𝑖(𝑧𝑖) where 𝜂𝑖(𝑧𝑖) = 1
2
exp(−|𝑧𝑖|), will result in the objective func-

tion 𝒥𝑘(𝑠) = E𝜋[|𝑠(X)| − log |𝜕𝑘𝑠(X)|] for map component 𝑆𝑘. As compared to (3.4),

this objective measures absolute values instead of squared values of 𝑆𝑘 at each sample

X. For samples X in the tails of 𝜋 that are typically mapped to the tails of 𝜂, this

modification makes the objective function less dominated by single samples with large

values for 𝑆𝑘(X). This is analogous to using the absolute or the Huber loss instead of

the squared loss in robust regression to reduce outlier sensitivity [73]. Another class

of alternative loss function for the KL divergence are the tail-adaptive 𝑓 -divergences

proposed in [224]. Lastly, a related research direction is to develop transport map

parameterizations that match the tail properties of an arbitrary target distribution.
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Chapter 4

Learning non-Gaussian graphical

models

4.1 Introduction

An undirected probabilistic graphical model represents the conditional independence,

or Markov, properties satisfied by a collection of random variables 𝑋 = (𝑋1, . . . , 𝑋𝑑)

with law 𝜈𝜋. In particular, it is a graph 𝒢 = (𝑉,𝐸) where the set of vertices 𝑉 =

{1, . . . , 𝑑} contains the indices of the random variables and where the set of edges

𝐸 encodes the statistical dependence structure of 𝑋 in the following way: for any

disjoint subsets 𝐴, 𝐵, and 𝐶 of 𝑉 , 𝑋𝐴 and 𝑋𝐵 are conditionally independent given

𝑋𝐶 if 𝐶 separates 𝐴 and 𝐵 in the graph 𝒢. That is, if after removing nodes 𝐶 from

𝒢, there is no path between sets 𝐴 and 𝐵 in the resulting graph, then the conditional

independence property

𝑋𝐴 ⊥⊥𝑋𝐵 |𝑋𝐶 (4.1)

holds. In this case, we say that 𝒢 is an independence map (I-map), or Markov network,

for 𝜈𝜋. The goal of this chapter is to learn the Markov network of 𝜈𝜋 given only a

finite set of samples drawn from 𝜈𝜋.

Learning the Markov properties of a distribution, given a set of data drawn from

it, is useful for various reasons. Undirected graphs can reveal paths, hierarchical
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and cyclic interactions between the variables [64, 194]. These graph structures have

been used to interpret datasets from many application areas such as handwriting

recognition [70, 68], natural language processing [21, 148], protein folding [215], and

many more [25, 188]. The graphical model also defines efficient factorizations of

high-dimensional distributions by representing the density as a product of potential

functions that each depend on low-dimensional subsets of variables [223]. In some

fields, such as image processing and spatial statistics, the Markov structure of the

problem may be immediately recognizable [112], and exploiting the structure of the

undirected graphical model greatly simplifies algorithms for inference and prediction.

Previous work in learning probabilistic graphical models has mainly focused on

certain parametric families of distributions [59]. For Gaussian random variables,

the conditional independence properties are encoded by the sparsity of the inverse

covariance, or precision, matrix. That is, the (𝑖, 𝑗) entry of the precision matrix is

zero if and only if variables 𝑋𝑖 and 𝑋𝑗 are conditionally independent given the rest.

Thus, learning the graph reduces to identifying the support of the non-zero entries

in the precision matrix. An active area of research considers how to learn the graph

with (very) sparse data relative to the dimension 𝑑 of the variables. One of the best-

known methods to tackle this problem is the graphical lasso (glasso), introduced

by Banerjee, Ghaoui, and d’Aspremont [13] and Yuan and Lin [237], which solves an

ℓ1-penalized maximum likelihood estimation problem for the precision matrix. One

popular method for finding the glasso estimator is the coordinate descent algorithm

of Friedman, Hastie, and Tibshirani [72]. In the case of discrete random variables,

approaches for finding sparse graphs include ℓ1-penalized logistic regression [223],

and the estimation of a generalized covariance matrix whose inverse (via its support)

encodes conditional independence properties [132].

In the case of continuous and non-Gaussian data, the connection between the in-

verse covariance matrix and conditional independence is lost. Outside of the Gaussian

setting, a regularized score matching method was proposed to learn sparse graphs for

distributions within the exponential family [128]. Recently, a large class of multivari-

ate graphical models was considered by combining node-wise conditional distributions
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in the exponential family [233, 208]. Another area of research has proposed semi-

parametric methods based on Gaussian copulas to model non-Gaussian data [131].

In this case, the observations are assumed to come from marginal nonlinear trans-

formations of a multivariate Gaussian random vector with known Markov properties.

The marginal transformations yield potentially non-Gaussian marginal distributions

while at the same time preserving the I-map of the original multivariate Gaussian

distribution. Per Sklar’s theorem, any multivariate distribution can be written in

terms of a copula and the univariate marginals [154]. Recently, these copulas were

extended to fit models based on elliptical distributions [130]. However, the specific

families of copulas that can be easily or explicitly described remain rather limited

[11]. Moreover, data generated via Gaussian copula transformations may fail to fully

test a structure learning algorithm’s ability to handle non-Gaussianity.

So far, there has been relatively little work for general non-Gaussian distributions

outside of the exponential family. The current work is concerned with providing a

mathematical and algorithmic framework to describe and identify the Markov proper-

ties of a continuous and non-Gaussian distribution. As an expansion of our NeurIPS

paper, [150], the main contributions of this chapter are as follows.

First, we establish a framework which allows for the description and computation

of conditional independence properties in the non-Gaussian setting. This is repre-

sented by a new conditional independence score matrix Ω ∈ R𝑑×𝑑: each entry Ω𝑖𝑗 is a

score for the independence of 𝑍𝑖 and 𝑍𝑗 conditioned on the remaining variables. The

entry Ω𝑖𝑗 is defined by the expected magnitude of certain mixed derivatives—in other

words, integrated Hessian information—from the joint density 𝜋. We show that, un-

der certain assumptions, the score provides an upper bound for the conditional mutual

information, a widely used measure of conditional dependence. To compute Ω given

only samples from 𝜋, an estimate of the joint density is needed. This is achieved

via a transport map—a transformation that deterministically couples one probability

measure to another.

Second, we expand the use and analysis of an algorithm called sing (Sparsity

Identification in Non-Gaussian distributions). A key element of the algorithm is a
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thresholding scheme, and thus we propose a class of threshold estimators that are

consistent for graph recovery. The success of the algorithm also depends on a strong

and explicit connection between the sparsity of the graph and the sparsity of triangular

transport maps associated with 𝜋. This connection is exploited to iteratively reveal

sparsity in the graph. We show numerically that this iterative algorithm provides

an improved estimator for the conditional independence score, compared to a non-

iterative approach that does not account for the structure in the map.

Third, we explore the relationship between the distribution in question and how to

learn its corresponding graph. Because there exist an infinite number of probability

distributions with the same minimal I-map, intuitively it should be easier to identify

the graph than to estimate the entire joint distribution. We refer to this notion as

the information gap. Through several empirical and analytical studies, we explore

the extent to which this notion is in fact true and discuss its consequences for graph

identification. Moreover, we see how this notion can be directly exploited by the

algorithm. That is, in some cases, we still recover the correct graph even with a

biased approximation to the density resulting from a constrained parameterization

for the transport map. On the other hand, it is also possible that constraining the

form of the map yields an incorrect graph. We show examples of both cases in

Section 4.5.

The remainder of this chapter is organized as follows. Section 4.2 introduces the

conditional independence score and its connections to conditional mutual information.

Section 4.3 describes a sample-based estimator for the score based on a transport map

approximation to the density. Here we introduce our first algorithm for learning the

Markov structure, and propose a class of threshold estimators that are consistent for

this structure. To take advantage of the connection between the sparsity of the graph

and the transport map, Section 4.4 presents the iterative algorithm sing. Section 4.5

demonstrates the performance of the algorithm on a variety of numerical examples

and explores the notion of the information gap. Section 4.6 provides a discussion and

outlook on future research directions. Appendix C contains the proofs of our main

results on the conditional independence score, the consistency of our estimator, and

72



the conditional independence properties of various distributions.

4.2 Measures of conditional independence

An alternative to the global Markov properties (4.1) for characterizing conditional in-

dependence are the pairwise Markov properties. A distribution for 𝑋 = (𝑋1, . . . , 𝑋𝑑)

satisfies a pairwise Markov property between two variables when the associated nodes

are not connected in the graph 𝒢 = (𝑉,𝐸). That is, given two variables 𝑋𝑖 and 𝑋𝑗

for 𝑖 ̸= 𝑗, the lack of an edge between nodes 𝑖 and 𝑗 means the two variables are

conditionally independent given the remaining variables:

(𝑖, 𝑗) /∈ 𝐸 ⇐⇒ 𝑋𝑖 ⊥⊥ 𝑋𝑗 |𝑋−𝑖𝑗.

Here 𝑋−𝑖𝑗 denotes the random vector obtained by removing the 𝑖th and 𝑗th compo-

nents from 𝑋. The pairwise Markov property is, in general, weaker than the global,

but when the density is strictly positive, i.e., 𝜋(𝑥) > 0 ∀𝑥 ∈ R𝑑, the global and the

pairwise Markov properties are equivalent [see 119]. In this work, we restrict our

attention to this setting.

By definition,𝑋𝑖 ⊥⊥ 𝑋𝑗|𝑋−𝑖𝑗 means that the joint conditional density 𝜋(𝑥𝑖, 𝑥𝑗|𝑥−𝑖𝑗) =

𝜋(𝑥𝑖, 𝑥𝑗,𝑥−𝑖𝑗)/
∫︀
𝜋(𝑥′𝑖, 𝑥

′
𝑗,𝑥−𝑖𝑗)d𝑥

′
𝑖d𝑥

′
𝑗 factorizes as the product of the marginal con-

ditionals

𝜋(𝑥𝑖, 𝑥𝑗|𝑥−𝑖𝑗) = 𝜋(𝑥𝑖|𝑥−𝑖𝑗)𝜋(𝑥𝑗|𝑥−𝑖𝑗), (4.2)

where 𝜋(𝑥𝑖|𝑥−𝑖𝑗) =
∫︀
𝜋(𝑥𝑖, 𝑥𝑗|𝑥−𝑖𝑗)d𝑥𝑗 and 𝜋(𝑥𝑗|𝑥−𝑖𝑗) =

∫︀
𝜋(𝑥𝑖, 𝑥𝑗|𝑥−𝑖𝑗)d𝑥𝑖. Thus,

𝑋𝑖 ⊥⊥ 𝑋𝑗|𝑋−𝑖𝑗 allows the joint density to factorize as 𝜋(𝑥) = 𝜋(𝑥𝑖|𝑥−𝑖𝑗)𝜋(𝑥𝑗|𝑥−𝑖𝑗)𝜋(𝑥−𝑖𝑗).

If we further assume that 𝜋 is continuously differentiable, this yields

𝜕𝑖𝜕𝑗 log 𝜋(𝑥) = 0, (4.3)

for any 𝑥 ∈ R𝑑. Conversely, if a strictly positive continuously differentiable 𝜋(𝑥)

satisfies (4.3) for any 𝑥 ∈ R𝑑, then 𝜋(𝑥𝑖, 𝑥𝑗|𝑥−𝑖𝑗) necessarily factors as in (4.2) so
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that 𝑋𝑖 ⊥⊥ 𝑋𝑗|𝑋−𝑖𝑗. The characterization (4.3) of conditional independence has been

already observed in Lemma 4.1 of Spantini, Bigoni, and Marzouk [204]. Based on

(4.3), we propose to measure the conditional independence of 𝑋𝑖 and 𝑋𝑗 by the score

Ω𝑖𝑗 ≥ 0 defined as

Ω𝑖𝑗 :=

∫︁
|𝜕𝑖𝜕𝑗 log 𝜋(𝑥)|2 𝜋(𝑥)d𝑥. (4.4)

A similar measure also appears in [150] under the name of “generalized precision,” the

difference being the square inside the integral.1 For a strictly positive and continu-

ously differentiable density 𝜋, the condition Ω𝑖𝑗 = 0 yields (4.3) so that 𝑋𝑖 and 𝑋𝑗

are conditionally independent. That is, the sparsity pattern of Ω gives the Markov

structure of 𝜋. The entries of Ω also provide a natural score for conditional inde-

pendence: a value of Ω𝑖𝑗 near zero means that 𝑋𝑖 and 𝑋𝑗 are nearly conditionally

independent, whereas a large value of Ω𝑖𝑗 means that 𝑋𝑖 and 𝑋𝑗 are strongly condi-

tionally dependent. In Section 4.3.4, we will use this interpretation to estimate the

Markov structure of 𝜋 by thresholding the entries of an estimator for Ω.

We can relate the magnitude of score Ω𝑖𝑗 to another popular measure of conditional

independence, the conditional mutual information (CMI). The CMI 𝐼(𝑋𝑖;𝑋𝑗|𝑋−𝑖𝑗) is

defined as the expected (with respect to 𝑋−𝑖𝑗) Kullback–Leibler divergence from the

product of the marginal conditionals 𝜋(𝑥𝑖|𝑥−𝑖𝑗) and 𝜋(𝑥𝑗|𝑥−𝑖𝑗) to the joint conditional

𝜋(𝑥𝑖, 𝑥𝑗|𝑥−𝑖𝑗); that is,

𝐼(𝑋𝑖;𝑋𝑗|𝑋−𝑖𝑗) =

∫︁ (︂∫︁
𝜋(𝑥𝑖, 𝑥𝑗|𝑥−𝑖𝑗) log

𝜋(𝑥𝑖, 𝑥𝑗|𝑥−𝑖𝑗)

𝜋(𝑥𝑖|𝑥−𝑖𝑗)𝜋(𝑥𝑗|𝑥−𝑖𝑗)
d𝑥𝑖d𝑥𝑗

)︂
𝜋(𝑥−𝑖𝑗)d𝑥−𝑖𝑗

(4.5)

=

∫︁
log

(︂
𝜋(𝑥𝑖, 𝑥𝑗|𝑥−𝑖𝑗)

𝜋(𝑥𝑖|𝑥−𝑖𝑗)𝜋(𝑥𝑗|𝑥−𝑖𝑗)

)︂
𝜋(𝑥)d𝑥. (4.6)

The CMI is widely adopted in part due to its information theoretic interpretations.

The following theorem shows that 𝐼(𝑋𝑖;𝑋𝑗|𝑋−𝑖𝑗) can in fact be bounded above by

Ω𝑖𝑗. This result relies on logarithmic Sobolev inequalities.

1In this work, we no longer use the term “generalized precision,” but keep the same notation Ω
to denote the new conditional independence score.
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Definition 1. A probability density function 𝜋 on R𝑑 satisfies the logarithmic Sobolev

inequality if there exists a constant 𝐶 <∞ such that

∫︁
ℎ log

ℎ∫︀
ℎd𝜋

d𝜋 ≤ 𝐶

2

∫︁
‖∇ log ℎ‖22 ℎ d𝜋, (4.7)

holds for any continuously differentiable function ℎ : R𝑑 → R>0. Here ‖ · ‖2 denotes

the canonical Euclidean norm on R𝑑. The smallest constant 𝐶 = 𝐶(𝜋) such that (4.7)

holds is called the logarithmic Sobolev constant of 𝜋.

Theorem 4.2.1. Let 𝜋 be a strictly positive continuously differentiable probabil-

ity density function on R𝑑. Assume that all the conditional densities of the form

𝜋(·|𝑥−𝑖) : 𝑥𝑖 ↦→ 𝜋(𝑥𝑖|𝑥−𝑖) and 𝜋(·, ·|𝑥−𝑖𝑗) : (𝑥𝑖, 𝑥𝑗) ↦→ 𝜋(𝑥𝑖, 𝑥𝑗|𝑥−𝑖𝑗) satisfy the logarith-

mic Sobolev inequality with constants uniformly bounded by some constant 𝐶0 < ∞,

meaning

𝐶(𝜋(·|𝑥−𝑖)) ≤ 𝐶0 and 𝐶(𝜋(·, ·|𝑥−𝑖𝑗)) ≤ 𝐶0, (4.8)

for all 𝑥−𝑖 ∈ R𝑑−1 and 𝑥−𝑖𝑗 ∈ R𝑑−2 and for all 1 ≤ 𝑖 ̸= 𝑗 ≤ 𝑑. Then

𝐼(𝑋𝑖;𝑋𝑗|𝑋−𝑖𝑗) ≤ 𝐶2
0 Ω𝑖𝑗, (4.9)

holds for any 𝑖 ̸= 𝑗.

The proof of Theorem 4.2.1 is provided in Appendix C.

Let us now comment on assumption (4.8) of Theorem 4.2.1. In general, there

is no simple way to compute exactly the logarithmic Sobolev constant of a density.

The Holley–Stroock perturbation criterion [87] and the Bakry–Émery criterion [12]

are commonly used to bound the logarithmic Sobolev constant. Following Zahm,

Cui, Law, Spantini, and Marzouk [239], one can combine these two criteria to show

that if there exists a log-concave probability density 𝜋0 and two scalars 𝛼 > 0 and

𝛽 <∞ such that 𝛼𝜋0(𝑥) ≤ 𝜋(𝑥) ≤ 𝛽𝜋0(𝑥) for any 𝑥 ∈ R𝑑, then 𝜋 satisfies (4.8) with

constant

𝐶0 =
𝛽

𝛼𝜆
, (4.10)
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where 𝜆 > 0 is a lower bound for the smallest eigenvalue of −∇2 log 𝜋0(𝑥) for any

𝑥 ∈ R𝑑. We refer the reader to Zahm, Cui, Law, Spantini, and Marzouk [239,

Section 2.2] for more details and examples of probability densities that satisfy the

above conditions.

Remark (Gaussian case). Suppose that 𝑋 ∼ 𝒩 (𝑚,Σ) is a Gaussian vector with

mean 𝑚 ∈ R𝑑 and non-singular covariance Σ ∈ R𝑑×𝑑. Because 𝜋(𝑥) ∝ exp(−1
2
(𝑥 −

𝑚)⊤Σ−1(𝑥−𝑚)) we have

Ω𝑖𝑗 = (Σ−1)2𝑖𝑗, (4.11)

and so the sparsity pattern of the precision matrix Σ−1 gives the Markov structure of

𝑋. This is a well known property of Gaussian vectors; see for instance Proposition

3.3.6. in [60]. This also explains the name “generalized precision” in [150].

Next we show how sharp the inequality (4.9) is for a 𝑑 = 2 dimensional Gaus-

sian vector 𝑋 = (𝑋1, 𝑋2) with covariance matrix Σ = ( 1 𝜌
𝜌 1 ) for some correlation

−1 ≤ 𝜌 ≤ 1. One can compute the (conditional) mutual information analytically

𝐼(𝑋1;𝑋2|𝑋−12) = 𝐼(𝑋1;𝑋2) = −1
2
log(1 − 𝜌2) and the score Ω12 = ( 𝜌

1−𝜌2 )
2. It re-

mains to compute 𝐶0. Using the formula (4.10) with 𝛽 = 𝛼 = 1 (since 𝜋 is log-concave

we can chose 𝜋0 = 𝜋), we obtain 𝐶0 = 𝜆min(−∇2 log 𝜋(𝑧))−1 = 𝜆max(Σ). Because

𝜆max(Σ) ≤ 2, we then have

𝐼(𝑋1;𝑋2) = −
1

2
log(1− 𝜌2)

(4.9)
≤ 𝐶2

0Ω12 = 𝜆max(Σ)
2

(︂
𝜌

1− 𝜌2
)︂2

≤ 4

(︂
𝜌

1− 𝜌2
)︂2

.

We complete this section by comparing the computational cost of evaluating the

CMI with that of evaluating the conditional independence score Ω𝑖𝑗, for one variable

pair (𝑋𝑖, 𝑋𝑗). Given the joint density 𝜋(𝑥), computing the CMI requires the ability

to evaluate the normalized conditional density 𝜋(𝑥𝑖, 𝑥𝑗|𝑥−𝑖𝑗) and the two normalized

marginal conditionals, 𝜋(𝑥𝑖|𝑥−𝑖𝑗) and 𝜋(𝑥𝑗|𝑥−𝑖𝑗), for any value of 𝑥𝑖, 𝑥𝑗 ∈ R, 𝑥−𝑖𝑗 ∈
R𝑑−2. Breaking this down further, evaluating 𝜋(𝑥𝑖, 𝑥𝑗|𝑥−𝑖𝑗) requires integrating the

joint density with respect to (𝑥𝑖, 𝑥𝑗), while the marginal densities involve further

integration with respect to the 𝑥𝑖 and 𝑥𝑗 variables individually. Then one must
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take an outer expectation over 𝑥. Evaluating the CMI therefore requires computing

nested integrals, which is known to be challenging without additional structure [173].

In practice, information theoretic quantities that involve nested integration, such

as CMI, are approximated using nested Monte Carlo (NMC) estimators. Given a

budget of 𝑛 samples, the best-case root-mean-squared error of NMC converges at a

slow asymptotic rate of 𝒪(𝑛−1/3). Moreover, as these Monte Carlo estimators involve

the repeated computation of normalizing constants, controlling variance requires the

construction of suitable biasing distributions for importance sampling [74], often in a

way that depends on the conditioning variables [67].

On the other hand, computing the score entry Ω𝑖𝑗 requires evaluating a single

mixed derivative of the log density log 𝜋(𝑥) for any 𝑥 ∈ R𝑑. In computing derivatives

of the log density, we only require access to the unnormalized 𝜋(𝑥). Moreover, the

outer expectation of the score can be approximated with standard non-nested Monte

Carlo estimators, converging at the usual 𝒪(𝑛−1/2) rate. Samples can be drawn

directly from the target 𝜋, and no importance sampling of any kind is required.

In either case, evaluating the CMI or the conditional independence score requires a

explicit functional form of the joint density 𝜋. In a setting where we only have access

to samples from 𝜋, many structure learning algorithms rely on density estimation

techniques as a step to learn the Markov structure. In general, density estimation

in high dimensions, especially for non-Gaussian data, can become computationally

expensive. Thus, a major question becomes: What is an efficient or advantageous

way to represent the density given the goal of learning the Markov structure of a

distribution? To answer this, we rely on a particular method of density estimation,

using transport maps.

4.3 Estimators of conditional independence score

In this section, we propose a sample-based estimator for the sparsity of the conditional

independence score Ω. Given samples from the target density 𝜋, we first estimate a

transport map 𝑆 (see Chapters 2 and 3) that pulls back a standard normal density
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𝜂 to the target density 𝜋, i.e. 𝜋 = 𝑆♯𝜂. In 4.3.1 we present the parameterization

we use for the map in this chapter, and in 4.3.2 we show some asymptotic statis-

tical properties of the estimated map parameters. In 4.3.3 and 4.3.4, we show to

build a thresholding sample-based estimator for the score Ω and prove its asymptotic

consistency for recovering the Markov structure of 𝜋 in 4.3.6.

4.3.1 Representation for density via monotone transport maps

To approximate the KR rearrangement between a pair of densities on R𝑑, we con-

sider a triangular map with monotone increasing components. As shown in Chap-

ter 3, monotonicity is enforced component-wise by ensuring the derivative of the 𝑘th

component 𝑆𝑘 with respect to the 𝑘th variable is a strictly positive function, i.e.,

𝜕𝑘𝑆𝑘(𝑥1, . . . , 𝑥𝑘) > 0 for all (𝑥1, . . . , 𝑥𝑘) ∈ R𝑘. In this chapter, we consider the fol-

lowing general parameterization that guarantees monotonicity of each component 𝑆𝑘,

which is given by:

𝑆𝑘(𝑥1, . . . , 𝑥𝑘) = 𝑐𝑘(𝑥1, . . . , 𝑥𝑘−1) +

∫︁ 𝑥𝑘

0

𝑔 (ℎ𝑘 (𝑥1, . . . , 𝑥𝑘−1, 𝑡)) 𝑑𝑡, (4.12)

for some positive function 𝑔 : R → R+ and functions 𝑐𝑘 : R𝑘−1 → R and ℎ𝑘 : R𝑘 →
R [174].

Remark. Letting 𝑐𝑘(𝑥<𝑘) = 𝑓𝑘(𝑥<𝑘, 0) and ℎ𝑘(𝑥≤𝑘) = 𝜕𝑘𝑓𝑘(𝑥≤𝑘) for some smooth

function 𝑓𝑘 : R𝑘 → R and choosing 𝑔 to be a bijective function yields the representation

for 𝑆𝑘 proposed in Chapter 3.

Two common choices for 𝑔 in (4.12) are 𝑔(𝑥) = exp(𝑥) and 𝑔(𝑥) = 𝑥2, which

result in the “integrated exponential” and the “integrated squared” parameterizations,

respectively. In this chapter, we use the integrated squared parameterization because

of its computational advantage of closed-form integration under certain choices for

ℎ𝑘 [204, 28]. Following Baptista, Zahm, and Marzouk [16], we parameterize the
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functions 𝑐𝑘 and ℎ𝑘 using linear expansions

𝑐𝑘(𝑥) =
∑︁
𝑗

𝑐𝑘,𝑗𝜓𝑗(𝑥), ℎ𝑘(𝑥) =
∑︁
𝑗

ℎ𝑘,𝑗𝜑𝑗(𝑥), (4.13)

in terms of tensor product Hermite functions (𝜓𝑗, 𝜑𝑗) and unknown coefficients 𝛼 =

(𝑐𝑘,𝑗, ℎ𝑘,𝑗). We note that recent methods for autoregressive density estimation alter-

natively represent the functions 𝑐𝑘 and ℎ𝑘 using neural networks [162, 99].

In practice, we truncate the expansions in (4.13) by prescribing a maximum total

degree 𝛽 for the multivariate Hermite functions in 𝑐𝑘 and ℎ𝑘. We denote the space

of lower-triangular maps with total degree 𝛽 as 𝒮𝛽Δ. As expected, a higher degree

provides a richer basis for density estimation, but requires more computational effort

to optimize and more samples to accurately estimate the coefficients. Here we follow

the convention in [204] where a map of degree 𝛽 uses basis functions up to degree

𝛽 for 𝑐𝑘 and 𝛽 − 1 for ℎ𝑘, since the latter is then integrated once. To include affine

maps within the space 𝒮𝛽Δ, we also include constant and linear functions with respect

to each variable in the expansions (4.13). Computations in Section 4.5 using the

transport map parameterizations above are performed using the publicly-available

software TransportMaps.2

4.3.2 Optimization of the transport map

We complete the discussion of transport maps by describing the optimization proce-

dure for finding the map. After defining a maximum polynomial degree for the basis

functions within each map component, the resulting map 𝑆𝛼 ∈ 𝒮𝛽Δ is parameterized

by a finite number of coefficients 𝛼 ∈ R𝑝. In this subsection we include the subscript

𝛼 on 𝑆 to emphasize the map’s parametric dependence.

A computational approach to find the KR rearrangement that was explored in Mar-

zouk, Moselhy, Parno, and Spantini [141] is to minimize the Kullback–Leibler diver-

gence 𝐷KL(𝜋||𝑆♯𝜂) = E𝜋[log(𝜋/𝑆♯𝜂)] from the pullback density 𝑆♯𝜂 to 𝜋 over the

space of monotone increasing triangular maps 𝒮Δ. After parameterizing the maps
2http://transportmaps.mit.edu
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with coefficients 𝛼, this is equivalent to solving

𝛼* = argmin
𝛼

𝐷KL
(︀
𝜋||𝑆♯𝛼𝜂

)︀
= argmax

𝛼
E𝜋
[︀
log𝑆♯𝛼𝜂(𝑋)

]︀
(4.14)

As shown in Marzouk, Moselhy, Parno, and Spantini [141] and Parno and Mar-

zouk [163], for standard Gaussian 𝜂 and lower triangular 𝑆, this optimization problem

is separable across the map components 𝑆1, . . . , 𝑆𝑑. In addition, when using the pa-

rameterizations in Section 4.3.1 for each map component, the optimization problem is

unconstrained and differentiable with respect to the coefficients 𝛼. Therefore, in prac-

tice we can use an iterative method such as BFGS to find the optimal solution [155].

While the problem is not in general convex in 𝛼, suitable choices of 𝑔 in (4.12) can

ensure that the problem has a unique global minimizer [16].

Given i.i.d. data {𝑋 𝑙}𝑛𝑙=1 from 𝜋, we can approximate the expectation in (4.14)

and maximize the likelihood associated with this data set. That is,

̂︀𝛼 = argmax
𝛼

1

𝑛

𝑛∑︁
𝑙=1

log𝑆♯𝛼𝜂(𝑋
𝑙), (4.15)

= argmax
𝛼

1

𝑛

𝑛∑︁
𝑙=1

𝑑∑︁
𝑘=1

[︂
−1

2
(𝑆𝛼)𝑘(𝑋

𝑙
≤𝑘)

2 + log 𝜕𝑘(𝑆𝛼)𝑘(𝑋
𝑙
≤𝑘)

]︂
.

where the last equality follows from the form of the standard Gaussian reference

density 𝜂. The optimal solution ̂︀𝛼 in (4.15) is the maximum likelihood estimate

(MLE) of 𝛼*. Here we assume that the solutions of (4.14) and (4.15) are unique.

Under suitable regularity conditions on the log-likelihood in (4.15), ̂︀𝛼 is a consis-

tent estimator of 𝛼*. Furthermore, it is a random variable that converges in distri-

bution as 𝑛→∞ to a normal random vector given by

√
𝑛 (̂︀𝛼−𝛼*)

𝑑−→ 𝒩
(︀
0,Γ(𝛼*)−1

)︀
, (4.16)

where Γ(𝛼) ∈ R𝑝×𝑝 is the non-singular Fisher information matrix [36] for the transport
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map representation of the density 𝜋 with coefficients 𝛼. Entry (𝑖, 𝑗) of the Fisher

information matrix is given by

Γ(𝛼)𝑖𝑗 := −E𝜋
[︀
𝜕𝛼𝑖

𝜕𝛼𝑗
log𝑆♯𝛼𝜂(𝑋)

]︀
. (4.17)

We conclude this section with a description of the closed-form solution to (4.15)

when the coefficients parameterize transport maps 𝑆𝛼(𝑥) that are affine in 𝑥.

Proposition 7 (Affine map optimization). Suppose 𝜋 is an arbitrary continuous

density on R𝑑, and let {𝑋 𝑙}𝑛𝑙=1 be samples drawn from 𝜋 with 𝑛 ≥ 𝑑. If the map

components are restricted to be affine functions of the input variables (i.e., polynomial

degree 𝛽 = 1), maximizing the log-likelihood function that follows from the pullback

density in (4.15) yields a Gaussian approximation to 𝜋 given by 𝑆♯̂︀𝛼𝜂 = 𝒩 ( ̂︀m, ̂︀Σ) with

empirical mean ̂︀m = 1
𝑛

∑︀𝑛
𝑙=1 𝑋

𝑙 and empirical covariance matrix ̂︀Σ = 1
𝑛

∑︀𝑛
𝑙=1(𝑋

𝑙 −̂︀m)(𝑋 𝑙 − ̂︀m)𝑇 .

4.3.3 Computation of Ω

After optimizing the coefficients, the pullback density 𝑆♯̂︀𝛼𝜂 defines an approximation

to the target density 𝜋. The conditional independence score Ω𝑖𝑗 in (4.4) is then

estimated as ̂︀Ω𝑖𝑗 = E𝜋|𝜕𝑖𝜕𝑗 log𝑆♯̂︀𝛼𝜂(𝑋)|2. (4.18)

We can approximate the expectation above using 𝑛 i.i.d. samples {𝑋 𝑙}𝑛𝑙=1 from 𝜋,

yielding a sample-based estimator of ̂︀Ω:

̃︀Ω𝑖𝑗 =
1

𝑛

𝑛∑︁
𝑙=1

|𝜕𝑖𝜕𝑗 log𝑆♯̂︀𝛼𝜂(𝑋 𝑙)|2. (4.19)

In this work we estimate ̂︀Ω using the same 𝑛 samples from 𝜋 as those used in (4.15) to

estimate the map coefficients ̂︀𝛼. Reusing the samples produces a biased approxima-

tion of the non-zero values of ̂︀Ω at finite 𝑛. We observe in our numerical experiments,

however, that this bias has no significant impact on the estimation of the sparsity
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pattern of Ω.

4.3.4 Threshold estimator of Ω

As a result of the sample-based approximations of 𝑆 and ̂︀Ω, the sparsity pattern of ̃︀Ω
will not exactly match that of Ω. For instance, a zero entry in Ω may result in a small

but numerically non-zero entry in ̃︀Ω. To account for this mismatch, we introduce a

threshold estimator Ω defined as

Ω𝑖𝑗 =

⎧⎪⎨⎪⎩
̃︀Ω𝑖𝑗, ̃︀Ω𝑖𝑗 ≥ 𝜏𝑖𝑗

0, otherwise
, (4.20)

for some 𝜏𝑖𝑗 > 0. Threshold estimators are commonly used for sparse covariance

matrix estimation (see Cai and Liu [30]) and 𝜏𝑖𝑗 is usually chosen proportional to the

standard deviation of ̃︀Ω𝑖𝑗. The rationale behind this choice is to threshold the entries

of ̃︀Ω whose standard deviation makes them indistinguishable from zero.

To compute the standard deviation or variance of ̃︀Ω𝑖𝑗, empirical estimation is not

feasible since we only have a unique realization of ̃︀Ω𝑖𝑗. Instead we approximate its

variance with

V(̃︀Ω𝑖𝑗) ≈
1

𝑛

(︁
∇𝛼
̃︀Ω𝑖𝑗

)︁𝑇
Γ(𝛼)−1

(︁
∇𝛼
̃︀Ω𝑖𝑗

)︁ ⃒⃒⃒
𝛼=̂︀𝛼 :=

̃︀𝜐2𝑖𝑗
𝑛
, (4.21)

where Γ(𝛼) is the Fisher information in (4.17) and ∇𝛼
̃︀Ω𝑖𝑗|𝛼=̂︀𝛼 denotes the gradient of

𝛼 ↦→ ̃︀Ω𝑖𝑗(𝛼) = 1
𝑛

∑︀𝑛
𝑖=1 |𝜕𝑖𝜕𝑗 log𝑆♯𝛼𝜂(𝑋 𝑙)|2 evaluated at ̂︀𝛼. We assume here that 𝛼 ↦→̃︀Ω𝑖𝑗(𝛼) is a continuously differentiable function of the parameters 𝛼 for each entry

(𝑖, 𝑗). The variance approximation in (4.21) is inspired by the delta method [156],

which exploits the fact that, given a sequence of random variables 𝜃𝑛 ∈ R𝑝 satisfying
√
𝑛 (𝜃𝑛 − 𝜃) 𝐷−→ 𝒩 (0,Λ) and a continuously differentiable function 𝑔 : R𝑝 → R such

that ∇𝑔(𝜃) ̸= 0, we have
√
𝑛 (𝑔 (𝜃𝑛)− 𝑔 (𝜃)) 𝐷−→ 𝒩

(︀
0,∇𝑔(𝜃)𝑇Λ∇𝑔(𝜃)

)︀
. Here we

consider 𝜃𝑛 to be the map coefficients ̂︀𝛼 and 𝑔 to be the sample-based score estimator̃︀Ω𝑖𝑗. The main difference between (4.21) and the variance predicted by the delta
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method is that we evaluate the gradients and the Fisher information at the estimated

map coefficients ̂︀𝛼 because the limiting coefficients 𝛼* are unknown in practice.

For the threshold in (4.20), we then use

𝜏𝑖𝑗 = 𝑓(𝑛)
̃︀𝜐𝑖𝑗√
𝑛
, (4.22)

where 𝑓(𝑛) is a function that increases slowly with 𝑛. In our numerical experiments,

we will choose 𝑓(𝑛) ∝ √log 𝑛. In Section 4.3.6, we will justify this choice by identify-

ing a class of functions 𝑓 that make the resulting threshold estimator Ω a consistent

estimator of the sparsity pattern of Ω as 𝑛→∞.

4.3.5 Non-iterative sing algorithm

The tools above suffice to build an algorithm to learn the Markov structure of a

continuous, non-Gaussian distribution. Algorithm 3 learns the graph structure from

the support of the threshold estimator Ω for the conditional independence score. We

refer to this sequence of steps as the non-iterative Sparsity Identification in Non-

Gaussian distributions (n-sing) algorithm. In Section 4.4 we propose an iterative

version of this algorithm that uses the sparsity of Ω to define improved estimators for

the map and the resulting score matrix Ω.

Algorithm 3: Non-iterative Sparsity Identification in Non-Gaussian distri-
butions (n-sing)

Input : i.i.d. samples {𝑋 𝑙}𝑛𝑙=1 ∼ 𝜋, maximum polynomial degree 𝛽,
threshold scaling 𝑓

Output: Edge set ̂︀𝐸𝑛 of minimal I-map for 𝜈𝜋

1 Compute transport map: 𝑆̂︀𝛼 = argmax𝑆𝛼∈𝒮𝛽
Δ

∑︀𝑛
𝑙=1 log𝑆

♯
𝛼𝜂(𝑋

𝑙)

2 Estimate Ω: ̃︀Ω𝑖𝑗 =
1
𝑛

∑︀𝑛
𝑙=1 |𝜕𝑖𝜕𝑗 log𝑆♯̂︀𝛼𝜂(𝑋 𝑙)|2

3 Threshold ̃︀Ω, with 𝜏𝑖𝑗 = 𝑓(𝑛)̃︀𝜐𝑖𝑗/√𝑛, to yield Ω

4 Compute ̂︀𝐸𝑛: (𝑖, 𝑗) ∈ ̂︀𝐸𝑛 if Ω𝑖𝑗 ̸= 0
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4.3.6 Analysis of consistency

Here we establish conditions under which the proposed threshold estimator is consis-

tent for recovering the edge set 𝐸 of the minimal I-map for 𝜈𝜋. For simplicity, we con-

sider a variant of n-sing that uses an exact expectation ̂︀Ω𝑖𝑗 = E𝜋|𝜕𝑖𝜕𝑗 log𝑆♯̂︀𝛼𝜂(𝑋)|2

in step 2 of Algorithm 3. Using the finite-sample approximation ̃︀Ω𝑖𝑗 would complicate

but not fundamentally change the following analysis. We also assume that the map

parameterization is sufficiently rich to recover the target density exactly, i.e., that

there exists a map 𝑆𝛼* ∈ 𝒮𝛽Δ with coefficients 𝛼* ∈ R𝑝, for some polynomial degree 𝛽,

such that 𝜋 = (𝑆𝛼*)♯𝜂, where 𝛼* is obtained from the solution of (4.14). Intuitively,

since the maximum likelihood estimate ̂︀𝛼 converges to 𝛼* as 𝑛→∞ (recall (4.16)),

each entry ̂︀Ω𝑖𝑗 of the estimated score matrix for a sufficiently smooth map 𝑆 should

then converge to the true score Ω𝑖𝑗:

̂︀Ω𝑖𝑗 = E𝜋|𝜕𝑖𝜕𝑗 log𝑆♯̂︀𝛼𝜂(𝑋)|2 −→
𝑛→∞

E𝜋|𝜕𝑖𝜕𝑗 log𝑆♯𝛼*𝜂(𝑋)|2 = Ω𝑖𝑗.

We will formalize this notion within the analysis below. To recover the support of Ω

from ̂︀Ω, we consider the threshold estimator

Ω𝑖𝑗 = ̂︀Ω𝑖𝑗 1(̂︀Ω𝑖𝑗 > 𝜏𝑖𝑗), with 𝜏𝑖𝑗 = 𝑓(𝑛)̂︀𝜐𝑖𝑗/√𝑛, (4.23)

where ̂︀𝜐2𝑖𝑗 := (∇𝛼
̂︀Ω𝑖𝑗)

𝑇Γ(𝛼)−1(∇𝛼
̂︀Ω𝑖𝑗)|𝛼=̂︀𝛼.

A proper choice of 𝑓 is critical to guaranteeing that the support of the threshold

estimator Ω converges to the support of Ω with increasing 𝑛. For instance, when

Ω𝑖𝑗 = 0, both ̂︀Ω𝑖𝑗 and ̂︀𝜐𝑖𝑗/√𝑛 go to zero at the same rate as 𝑛 → ∞. As a result,

the event {̂︀Ω𝑖𝑗 > ̂︀𝜐𝑖𝑗/√𝑛} asymptotically occurs with a constant non-zero probability,

resulting in false positive edges. The role of 𝑓(𝑛) in this case is to adjust the rate of

convergence of the threshold to ensure that ̂︀Ω𝑖𝑗 < 𝜏𝑖𝑗 asymptotically, i.e., that there

are no false positives. A similar argument holds for false negatives. The following

proposition gives sufficient conditions on 𝑓 to guarantee the recovery of the edge set

in the minimal I-map for 𝜈𝜋. The proof is provided in Appendix C.
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Proposition 8. For the threshold estimator (4.23), let 𝑓 be a function such that

𝑓(𝑛) → ∞ and 𝑓(𝑛)/
√
𝑛 → 0 as 𝑛 → ∞. Then the edge set ̂︀𝐸𝑛 returned by the

associated n-sing algorithm is a consistent estimator of 𝐸, i.e., P( ̂︀𝐸𝑛 = 𝐸) → 1 as

𝑛→∞.

The main idea behind this result is to show that the probability of false positives

(i.e., type 1 errors) or false negatives (i.e., type 2 errors) converges to zero with

the prescribed threshold. As demonstrated above, the occurrence of these events is

determined by the magnitude of the estimated score ̂︀Ω𝑖𝑗 relative to the threshold 𝜏𝑖𝑗,

or, equivalently, by the magnitude of the ratio
√
𝑛̂︀Ω𝑖𝑗/̂︀𝜐𝑖𝑗 in comparison to 𝑓(𝑛). For

each pair (𝑖, 𝑗), we consider the function 𝑔(𝛼) = E𝜋|𝜕𝑖𝜕𝑗 log𝑆♯𝛼𝜂(𝑥)|2 and analyze the

asymptotic statistics of the ratio
√
𝑛̂︀Ω𝑖𝑗/̂︀𝜐𝑖𝑗 = √𝑛𝑔(̂︀𝛼)/(∇𝛼𝑔(̂︀𝛼)𝑇Γ(̂︀𝛼)−1∇𝛼𝑔(̂︀𝛼))1/2

as a function of the estimated map coefficients ̂︀𝛼. When the variables 𝑋𝑖 and 𝑋𝑗 are

conditionally dependent, we have 𝑔(𝛼*) = Ω𝑖𝑗 ̸= 0, and we assume that the gradient

∇𝛼𝑔(𝛼
*) ̸= 0. In this case, the limiting distribution of the ratio is Gaussian by an

application of the delta method. On the other hand, when𝑋𝑖 and𝑋𝑗 are conditionally

independent, we have not only 𝑔(𝛼*) = Ω𝑖𝑗 = 0 but also ∇𝛼𝑔(𝛼
*) = 0, because both

of these terms depend on 𝜕𝑖𝜕𝑗 log 𝜋(𝑥), which is zero for all 𝑥 ∈ R𝑑. Thus botĥ︀Ω𝑖𝑗 and ̂︀𝜐𝑖𝑗 approach zero, and their ratio becomes singular as 𝑛 → ∞. Now, the

delta method is no longer valid; instead, we consider the asymptotic distribution of

singular Wald statistics, as analyzed in [61, 166]. Here, to characterize the limiting

distribution, we assume that ∇2
𝛼𝑔(𝛼

*) ̸= 0, but higher-order derivatives could also

be considered if this condition does not hold. Under the asymptotic distributions

for these two scenarios, we show that the probabilities of false positives and false

negatives converge to zero given the conditions above on the function 𝑓 in (4.23).

While Proposition 8 guarantees the threshold estimator is consistent for any 𝑓

satisfying the criteria above, the selected 𝑓 may affect the algorithm’s finite-sample

performance. A function 𝑓 that grows more quickly with 𝑛 will produce higher

thresholds and reduce the probability of false positive edges, while a more slowly

growing function will produce lower thresholds and reduce the probability of false

negative edges. Future work will investigate the impact of these choices on finite-
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sample bounds, i.e., the number of samples required by the algorithm to recover the

graph with high probability.

To validate the consistency of the proposed thresholds, we consider a simple model

for recovering the sparsity of a matrix. Let Ω be a positive matrix with sparse nonzero

entries that is corrupted with additive Gaussian noise 𝜖 ∼ 𝒩 (0, 𝜌) where 𝜌 ∝ 1/
√
𝑛

(as we have from the delta method) so that we observe ̂︀Ω = Ω + 𝜖. To recover the

sparsity of Ω, we define the threshold estimator Ω = ̂︀Ω1(̂︀Ω > 𝜏) and compare the

sparsity of Ω and Ω. Figures 4-1-4-3 plot the error in Frobenius norm ‖Ω−Ω‖𝐹 , the

Type 1 (false positive) errors, and the Type 2 (false negative) errors as a function of 𝑛

for three different threshold scaling functions 𝜏 = 𝑐𝜌, 𝜏 = 𝑐
√︀

log(𝑛)𝜌, and 𝜏 = 𝑐
√
𝑛𝜌,

respectively, where 𝑐 is a positive constant. While some of the thresholds produce

estimators that converge to Ω entrywise (i.e., in the Frobenius norm), the threshold

that doesn’t satisfy 𝑓(𝑛)→∞ has a constant number of false positives as we increase

the sample size, while the threshold that is constant with respect to 𝑛 has a constant

number of false negatives for large 𝑛. On the other hand, both Type 1 and Type 2

errors decrease to zero for the threshold 𝜏 = 𝑐
√︀

log(𝑛)𝜌 that satisfies the conditions in

Proposition 8. Furthermore, this threshold appears to be less sensitive to the choice

of constant 𝑐, than the other thresholds.

(a) (b) (c)

Figure 4-1: (a) Convergence of ̂︀Ω in Frobenius norm for threshold 𝜏 = 𝑐/
√
𝑛; (b)

Convergence of Type 1 (false negative errors) (c) Convergence of Type 2 (false negative
errors)

As a final validation, we investigate the performance of different thresholding func-

tions for estimating the score matrix Ω in the context of the n-sing algorithm. To do

so, we consider a 𝑑 = 10-dimensional Gaussian target density 𝜋(𝑥) = 𝒩 (𝑥;0,Σ) with
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(a) (b) (c)

Figure 4-2: (a) Convergence of ̂︀Ω in Frobenius norm for threshold 𝜏 = 𝑐 log(𝑛)/
√
𝑛;

(b) Convergence of Type 1 (false negative errors) (c) Convergence of Type 2 (false
negative errors)

(a) (b) (c)

Figure 4-3: (a) Convergence of ̂︀Ω in Frobenius norm for threshold 𝜏 = 𝑐
√
𝑛/
√
𝑛;

(b) Convergence of Type 1 (false negative errors) (c) Convergence of Type 2 (false
negative errors)

inverse covariance Σ−1 = L𝑇L where L ∈ R𝑑×𝑑 is a sparse lower-triangular matrix.

Then, by Proposition 7, 𝑆(𝑥) = L𝑥 is the transport map that pulls back the stan-

dard Gaussian density 𝜂 to 𝜋. Given 𝑛 i.i.d. samples from 𝜋, a maximum likelihood

estimator ̂︀L of L is found using (4.15). The MLE is asymptotically distributed aŝ︀L ∼ 𝒩 (L,Γ/𝑛) by 4.16 where Γ is the Fisher information matrix for the estimated

parameters L. In this experiment, we set 𝐿 to an identity matrix for the first 𝑑 − 1

rows and randomly sample the 𝑑th row using independent standard Gaussian entries

for half of the off-diagonal elements and a uniform random variable between [0, 1]

for the diagonal element. As a result, the first 𝑑 − 1 components of X are standard

Gaussian and the unknown map parameters 𝛼 correspond to the elements in the last

row of 𝐿.

We now test the threshold estimator for Ω assuming that we are in an asymptotic
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regime where the MLE for the unknown map parameters follows a Gaussian distribu-

tion. Given a sample of ̂︀𝛼 from this asymptotic distribution for each 𝑛, we estimate

the entries in the score matrix ̂︀Ω𝑑𝑗 = (̂︀L𝑑𝑗̂︀L𝑑𝑑)2 for 𝑗 = 1, . . . , 𝑑. Let us remark that

for a linear map (i.e., a multivariate Gaussian pullback density), the Hessian of the

log-density is constant with respect to 𝑥 and computing the last row of the score ma-

trix does not require a Monte Carlo estimator over the support of 𝜋, i.e., ̂︀Ω = ̃︀Ω. For

each estimator ̂︀Ω, we compute the variances of the score matrix entries using (4.21)

and construct the threshold estimator Ω in (4.20). Figure 4-4 plots the probability

of false positive and negative errors for the parameters 𝛼 with different threshold

scaling functions 𝑓(𝑛). The probabilities are estimated empirically for each sample

size 𝑛 given 1000 samples of ̂︀L. We observe that the functions 𝑓(𝑛) =
√
log 𝑛 and

𝑓(𝑛) = 𝑛1/4, which satisfy the conditions in Proposition 8, result in correct recovery

of the edges as 𝑛 → ∞, while the remaining choices result in inconsistent threshold

estimators.

Figure 4-4: False positive and negative errors with different sample size scalings for
the threshold of the Ω estimator in the SING algorithm with Gaussian samples

4.4 Improved estimator for Markov structure

In Section 4.3 we showed how to estimate the conditional independence score using

a transport map representation of the target density. This transport map is a lower-

triangular function and thus is a sparse map where each component does not depend

on all of its input variables. However, when the target measure 𝜈𝜋 satisfies condi-

tional independence properties, the transport map we seek to approximate can inherit
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additional sparse structure [see 204, Section 5]. In this Section, we take advantage of

this connection between the sparsity of the graph and the sparsity of the transport

map to present an iterative algorithm for learning the graph.

4.4.1 Sparsity of the transport map

For a lower triangular function 𝑆, the sparsity pattern of the map, ℐ𝑆, is defined in

Spantini, Bigoni, and Marzouk [204] as:

ℐ𝑆 := {(𝑗, 𝑘) : 𝑗 < 𝑘, 𝜕𝑗𝑆𝑘 = 0}. (4.24)

That is, the sparsity pattern is the set of all integer pairs (𝑗, 𝑘) with 𝑗 < 𝑘, such

that the 𝑘th component of the map does not depend on the 𝑗th input variable.3 The

complement of this set, i.e.,

ℐ𝑐𝑆 := {(𝑗, 𝑘) : 𝑗 < 𝑘, 𝜕𝑗𝑆𝑘 ̸= 0}, (4.25)

determines the active variables of the map. That is, if (𝑗, 𝑘) ∈ ℐ𝑐𝑆, then the 𝑘th

component of the map must depend on the 𝑗th input variable. We denote the set of

lower triangular maps that respect the sparsity pattern given by ℐ𝑆 as 𝒮ℐ𝑆 ⊂ 𝒮Δ.

Given a target density 𝜋, Spantini, Bigoni, and Marzouk [204] showed that the

Markov structure of 𝜈𝜋 yields a tight lower bound on the sparsity pattern ℐ𝑆 of the

KR rearrangement that pulls back 𝜂 to 𝜋. Knowledge of this sparsity can be used

when solving the variational problem in (4.14) by restricting the feasible domain to

transport maps with a reduced set of active variables. To determine this sparsity pat-

tern, we perform a series of graph operations on the minimal I-map 𝒢 of the target

measure 𝜈𝜋. These operations define the active variables for each map component

based on a sequence of intermediate graphs (𝒢𝑘). The graph 𝒢𝑘 is identical to the

graph obtained in the variable elimination algorithm before marginalizing node 𝑘 ac-

cording to the elimination ordering (𝑑, 𝑑−1, . . . , 1). However, we emphasize that this

3The lower triangular function also satisfies 𝜕𝑗𝑆𝑘 = 0 for all 𝑗 > 𝑘 by construction.
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sparsity pattern is identified only by inspecting the graph, without actually perform-

ing variable elimination or additional computation (e.g., marginalization) on the joint

density. We restate the relevant part of this result below.4

Theorem 4.4.1 (Spantini, Bigoni, and Marzouk [204], Theorem 3 (Part 1)). Let

Z ∼ 𝜈𝜂, X ∼ 𝜈𝜋 with Lebesgue absolutely continuous measures 𝜈𝜂, 𝜈𝜋, and let 𝜈𝜂 be

a product measure on R𝑑. Moreover, assume that 𝜈𝜋 is globally Markov with respect

to 𝒢, and define, recursively, the sequence of graphs (𝒢𝑘)𝑑𝑘=1 as: (1) 𝒢𝑑 := 𝒢 and (2)

for all 1 ≤ 𝑘 < 𝑑, 𝒢𝑘−1 is obtained from 𝒢𝑘 by removing node 𝑘 and by turning its

neighborhood Nb(𝑘,𝒢𝑘) into a clique. Then the following holds:

1. If ℐ𝑆 is the sparsity pattern of the transport map 𝑆 pushing forward X to Z,

then ̂︀ℐ𝑆 ⊂ ℐ𝑆, (4.26)

where ̂︀ℐ𝑆 is the set of integer pairs (𝑗, 𝑘) such that 𝑗 /∈ Nb(𝑘,𝒢𝑘).

4.4.2 Ordering variables in the map

In the process above, the sparsity pattern of the map decreases (relative to that of the

original I-map 𝒢) when adding edges to the intermediate graphs 𝒢𝑘 to create cliques.

These edges produce fill-in. Fill-in will occur unless 𝒢 is chordal and the variable

ordering corresponds to the perfect elimination ordering [184]. Whether or not 𝒢 is

chordal, the amount of fill-in is dependent on the ordering of the input variables. For

example, consider the graph and variable ordering in Figure 4-5a. The corresponding

lower bound for the sparsity pattern of the map is

̂︀ℐ𝑆 = {(1, 4), (2, 4), (1, 5), (2, 5), (3, 5)}, (4.27)

4Parts 2 and 3 of Theorem 3 in Spantini, Bigoni, and Marzouk [204] provide sparsity bounds for
the transport map 𝑆−1, which are related to the marginal independence of 𝜈𝜋 and do not concern
the current work.
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Figure 4-5: (a) A sparse graph with an optimal node ordering; (b) Suboptimal order-
ing induces extra edges.

and the dependence of each map component on the input variables is

𝑆(𝑥) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑆1(𝑥1)

𝑆2(𝑥1, 𝑥2)

𝑆3(𝑥1, 𝑥2, 𝑥3)

𝑆4( 𝑥3, 𝑥4)

𝑆5( 𝑥4, 𝑥5)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (4.28)

With the variable ordering shown in Figure 4-5a, no edges are added during the

process to identify ̂︀ℐ𝑆 and the resulting transport map is more sparse than a dense

lower-triangular map. In contrast, using the suboptimal ordering shown in Figure 4-

5b, edges must be added to the induced graph, shown in dashed lines. The associated

sparsity pattern is now ̂︀ℐ𝑆 = {(1, 5), (2, 5)}, and hence the transport map is predicted

to be less sparse.

With a larger set ̂︀ℐ𝑆, we can simplify the parameterization of the map and reduce

the size of the coefficient vector 𝛼; this in turn reduces the variance of the estimator̂︀𝛼 (4.15), for any given sample size 𝑛 [see demonstrations in 150, Section 3.2]. Thus,

it is worthwhile to find a variable ordering that maximizes the sparsity of the map.

A variable ordering is equivalent to a permutation 𝜙 : [𝑑] → [𝑑] of the nodes in the

graph. [204] presented an optimization problem for identifying the permutation that

induces the least fill-in. This optimization problem is in general NP-complete [236].

Nevertheless, several heuristics have been proposed to construct permutations based

only on the graph 𝒢, including weighted min-fill and min-degree orderings [112].

91



Another that we have found to perform well in practice is the reverse of the ordering

used by sparse Cholesky factorization algorithms [187]. We will use this ordering for

the numerical examples in Section 4.5.

4.4.3 The iterative sing algorithm

In Section 4.4.1 we saw how sparsity in the graph implies sparsity in the transport

map. To take advantage of this sparsity, we need to know the Markov structure

of the target density 𝜋. This Markov structure is not available a priori given only

samples from 𝜋. However, the n-sing algorithm from Section 4.3 can provide an

initial estimate of this Markov structure, based on a dense lower triangular map 𝑆

(i.e., with ℐ𝑆 = ∅). This Markov structure can be used to identify a new variable

ordering, and a corresponding bound ̂︀ℐ𝑆 on the sparsity pattern of the transport

map via Theorem 4.4.1. We can then enforce this sparsity bound to compute a new

estimate of the transport map, and in turn obtain a new threshold estimate of the

Markov structure of 𝜋. We repeat this procedure until the sparsity of the estimated

graph no longer changes. This defines an iterative application of n-sing that we call

the sing algorithm.5 The formal steps of sing are presented in Algorithm 4.

The first steps of sing are identical to the n-sing algorithm. The rationale for

the remaining steps, and for subsequent iterations, is essentially to exploit sparsity

for variance reduction. Sparsity in the graph, coupled with a good variable ordering,

leads to sparsity in the map, i.e., a smaller number of active variables. As noted

above, such a map can be described by fewer coefficients 𝛼; a maximum likelihood

estimate of these coefficients—based on the same finite sample from 𝜋 as in previous

iterations—in turn has a smaller variance, as observed in [150]. Thus, the iterations

of the sing algorithm provide improved estimators of the target density and of the

conditional independence score for the goal of learning the graph.

Remark. For a multivariate Gaussian target density 𝜋 = 𝒩 (0,Σ), the sing algo-

rithm with affine maps (i.e., polynomial degree 𝛽 = 1) alternates between estimating a
5The sing algorithm first appeared with slight modifications in Morrison, Baptista, and Marzouk

[150].
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sparse Cholesky factor of the inverse covariance matrix (see Proposition 7 and Exam-

ple 1) and defining a threshold estimator for Σ−1 to learn the Markov structure of 𝜋.

The sparsity of the Cholesky factor is dependent on the sparsity of Σ−1 and the order-

ing of the input variables. Recently, several methods have also been proposed to learn

sparse Cholesky factors of a sparse inverse covariance matrix for the goal of density

estimation in the Gaussian setting. These methods are based on ℓ1-penalized maxi-

mum likelihood estimation [96], banded sparsity patterns for the Cholesky factor [20,

126], and combinations of multiple variable orderings [106].

To conclude, let us comment on the stopping criterion used in Algorithm 4. During

the procedure, the edges in the estimated graph can change freely. For instance, we

do not impose any constraint on the edge set ̂︀𝐸𝑡 at iteration 𝑡 (e.g., ̂︀𝐸𝑡 ⊆ ̂︀𝐸𝑡−1) or

on the sparsity pattern of the map. Nevertheless, we have observed in most of our

numerical experiments that the cardinality of estimated edges | ̂︀𝐸𝑡| decreases until the

algorithm finds a good estimate for 𝐸. Thus, checking that | ̂︀𝐸𝑡| is non-decreasing

works well as a practical stopping criterion.

Algorithm 4: Sparsity Identification in Non-Gaussian distributions (sing)

Input : i.i.d. samples {𝑋 𝑙}𝑛𝑙=1 ∼ 𝜋, maximum polynomial degree 𝛽,
threshold scaling 𝑓

Output: Edge set ̂︀𝐸𝑛 of minimal I-map for 𝜈𝜋

Define : 𝒮𝛽̂︀ℐ1
= 𝒮𝛽Δ, 𝑡 = 1

1 while | ̂︀𝐸𝑡| is decreasing do
2 Compute transport map: 𝑆̂︀𝛼 = argmax𝑆𝛼∈𝒮𝛽̂︀ℐ𝑡

∑︀𝑛
𝑙=1 log𝑆

♯
𝛼𝜂(𝑋

𝑙)

3 Estimate Ω: (̃︀Ω𝑡)𝑖𝑗 =
1
𝑛

∑︀𝑛
𝑙=1 |𝜕𝑖𝜕𝑗 log𝑆♯̂︀𝛼𝜂(𝑋 𝑙)|2

4 Threshold ̃︀Ω𝑡 with 𝜏𝑖𝑗 = 𝑓(𝑛)(̃︀𝜐𝑡)𝑖𝑗/√𝑛, to yield Ω
𝑡

5 Compute | ̂︀𝐸𝑡| where (𝑖, 𝑗) ∈ ̂︀𝐸𝑡 if (Ω𝑡
)𝑖𝑗 ̸= 0

6 Find permutation of the variables 𝜙𝑡+1 (e.g., using reverse Cholesky
ordering)

7 Identify sparsity pattern of subsequent map ̂︀ℐ𝑡+1

8 𝑡← 𝑡+ 1

9 Set ̂︀𝐸𝑛 = ̂︀𝐸𝑡
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4.5 Numerical examples

In this section we apply the sing algorithm to learn the Markov structure of several

non-Gaussian datasets. Section 4.5.1 presents results for the butterfly distribution

and demonstrates the value of an iterative algorithm for recovering the Markov struc-

ture. Section 4.5.2 applies sing to data from nonparanormal distributions that were

considered in Liu, Lafferty, and Wasserman [131]. Surprisingly, affine transport map

approximations to the target density (i.e., with polynomial degree 𝛽 = 1) work well

for these nonparanormal examples, even with highly non-Gaussian marginals. In

Section 4.5.3 we use an analytical example to further investigate why a linear map

might still work for non-Gaussian data. We then examine a generalization of the

nonparanormal setting in Section 4.5.4, where the target distribution is given by a

diagonal transformation of a non-Gaussian base distribution. In these examples, we

use the approximation class of the transport map that represents the base density

also to approximate the target density, and still recover the correct graph. Finally,

in Section 4.5.5 we consider a higher-dimensional physics-based dataset arising from

the Lorenz-96 dynamical system.

In all of our numerical experiments, we parameterize the transport maps using the

integrated squared representation introduced in Section 4.3.1, thereby enforcing the

monotonicity of each map component by construction. Within the sing algorithm,

we employ the reverse Cholesky ordering as a heuristic to order the variables in the

map. Following the analysis in Section 4.3.6, we set the threshold to 𝑓(𝑛) = 𝑐
√
log 𝑛

where 𝑐 ∈ R is a constant. While 𝑐 can be chosen via cross-validation to improve

empirical performance, any value is consistent for learning the graph, and we set 𝑐 = 1

in our numerical investigations. Before running sing, we standardize each variable in

the dataset by subtracting the empirical mean and dividing by the empirical standard

deviation. This normalization step ensures all of the variables are on a similar scale

and improves empirical performance.

To quantitatively evaluate the results of the sing algorithm for recovering the

Markov structure using samples from 𝜋, we measure the errors in the estimated edge
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sets ̂︀𝐸. For each graph, we measure the number of false positives: edges that are in̂︀𝐸 and not in 𝐸 (Type 1 errors) and the number of false negatives: edges in 𝐸 that

are not in ̂︀𝐸 (Type 2 errors). In the figures below, we report the mean type 1 and 2

errors across 25 runs of the algorithm with independent batches of samples, as well

as the 95% confidence interval for the mean.

4.5.1 Butterfly distribution

The first example consists of 𝑟 i.i.d. pairs of random variables (𝑃𝑖, 𝑄𝑖), where:

𝑃𝑖 ∼ 𝒩 (0, 1) (4.29)

𝑄𝑖 = 𝑊𝑖𝑃𝑖, with 𝑊𝑖 ∼ 𝒩 (0, 1), 𝑊𝑖 ⊥⊥ 𝑃𝑖, 𝑖 = 1, . . . , 𝑟. (4.30)

One such pair of random variables, or a variation of the above, is a commonly used

example to illustrate how two random variables can be uncorrelated but not indepen-

dent.

Figures 4-6a–4-6b show the minimal I-map and corresponding adjacency matrix of

the graph for 𝑟 = 5 pairs, with the variables ordered as 𝑃1, 𝑄1, . . . , 𝑃5, 𝑄5. Figure 4-6c

shows the one- and two-dimensional marginal densities for one pair (𝑃𝑖, 𝑄𝑖). Each one-

dimensional marginal is symmetric and unimodal, but the two-dimensional marginal

(shown as samples) displays strongly non-Gaussian behavior.

Figure 4-7 shows the progression of the identified graph (based on the sparsity

of the estimated conditional independence score) over the iterations of sing, with

𝑛 = 2000 samples and a polynomial degree 𝛽 = 3. The variables in the data set

are initially permuted, to verify that sing identifies a good ordering. After the first

iteration of the algorithm (the output of the n-sing algorithm), the estimator for the

conditional independence score has the block diagonal pattern in Figure 4-7b, but

the off-diagonals of Ω are not yet zero, resulting in many extra edges. In the next

iterations, the algorithm leverages the sparsity of the graph estimated thus far to

reveal sparsity in the transport map and improve the estimator for Ω in Figures 4-7c

and 4-7d, thereby removing all erroneous edges. After the fifth iteration, the sparsity
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Figure 4-6: (a) The undirected graphical model; (b) Adjacency matrix of true graph
(dark blue corresponds to an edge, off-white to no edge); (c) One- and two-dimensional
marginal densities for one pair (𝑃𝑖, 𝑄𝑖).

of the graph (and thus the size of the edge set) has not changed and the algorithm

returns the correct graph in Figure 4-7e.
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Figure 4-7: (a) Adjacency matrix of original graph under random permutation; (b)
Entrywise logarithm of the thresholded score matrix Ω (white indicates a zero entry
for Ω) after iteration 1; (c) Iteration 3; (d) Iteration 5; (e) Adjacency matrix of the
graph after iteration 5. sing returns the correct graph with 𝛽 = 3.

There are two important conclusions from this example. First, assuming normality

of the data returns the incorrect graph, as displayed in Figure 4-8. If the data were

normal, then a linear map (𝛽 = 1) would suffice. However, sing with 𝛽 = 1 yields

not only an incorrect graph, but in fact fails to detect any edges at all. This result

does not improve with increasing 𝑛, and incorrectly implies that all ten variables are

marginally independent. Furthermore, this result indicates that methods based on

precision matrix estimation that assume the data to be Gaussian (e.g., glasso) will

also fail to recover the correct graph in this example, as demonstrated in [150].

96



P1 Q1 P2 Q2 P3 Q3 P4 Q4 P5 Q5

P1

Q1

P2

Q2

P3

Q3

P4

Q4

P5

Q5

Figure 4-8: When the data are assumed normal (𝛽 = 1), all ten variables are incor-
rectly found to be independent.

Second, the density estimation problem here is quite challenging: the exact trans-

port map that characterizes 𝜋 in this case would in fact require an infinite expansion

of polynomials. That is, no transport map with finite polynomial degree 𝛽 can per-

fectly represent 𝜋. However, the correct graph can be identified with 𝛽 = 3. Thus, in

this case, allowing for some nonlinearity in the map is sufficient. A linear map does

not work at all, but 𝛽 also need not be excessively high.6

4.5.2 Nonparanormal data: Gaussian CDF and power trans-

formations

Now we test sing on data from nonparanormal distributions with arbitrary Markov

structures. Let 𝐷𝑘 : R→ R be a monotone and differentiable transformation for 𝑘 =

1, . . . , 𝑑. Following [131], we say that X = (𝑋1, 𝑋2, . . . , 𝑋𝑑) has a nonparanormal dis-

tribution with measure 𝜈𝜋 and density 𝜋 when Z = 𝐷(X) := (𝐷1(𝑋1), 𝐷2(𝑋2), . . . , 𝐷𝑑(𝑋𝑑))

follows a multivariate Gaussian distribution with measure 𝜈𝜌 and density 𝜌 = 𝒩 (0,Σ).

We refer to this Gaussian as the “base” distribution in the following subsections. The

transformation 𝐷 acts component-wise on each variable, and is referred to as a diag-

onal transport map that pushes forward 𝜋 to 𝜌 (or equivalently 𝐷 pulls back 𝜌 to 𝜋).

One unique property of diagonal maps is that the pullback measure 𝐷♯𝜈𝜌 through a

diagonal map has the same Markov structure as 𝜈𝜌. This is formalized in the following

proposition, which we prove in Appendix C.

6A tutorial on this example is provided online by Transport Maps Team [216].
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Proposition 9. Let 𝜈𝜌 be a measure with strictly positive density 𝜌 that is Markov

with respect to 𝒢, and let 𝐷 be a differentiable diagonal transport map. Then, the

pullback measure 𝐷♯𝜈𝜌 is also Markov with respect to 𝒢.

If the pullback density 𝜋 = 𝐷♯𝜌 satisfies the hypotheses in Theorem 4.2.1, we can

also observe this property of diagonal transformations in the conditional independence

score of 𝜋. The following proposition shows that the entries of the score matrix are

related to the mixed partial derivatives of the log-density of 𝜌 and the derivatives of

the diagonal map components.

Proposition 10. Let 𝜌 be a strictly positive continuously differentiable density and

let 𝐷 and its inverse be differentiable diagonal transport maps. Then, the conditional

independence score of the pullback density 𝐷♯𝜌 is:

Ω𝑖𝑗 =

∫︁ ⃒⃒
𝜕𝑖𝜕𝑗 log 𝜌(𝑧) 𝜕𝑖𝐷

−1
𝑖 (𝑧𝑖)𝜕𝑗𝐷

−1
𝑗 (𝑧𝑗)

⃒⃒2
𝜌(𝑧)d𝑧. (4.31)

This result is proved in Appendix C.

Remark (Gaussian case). Suppose that 𝜌 is a multivariate Gaussian density with

non-singular covariance Σ ∈ R𝑑×𝑑. Then the conditional independence score of 𝐷♯𝜌 7

has the form:

Ω𝑖𝑗 = (Σ−1)2𝑖𝑗

∫︁ ⃒⃒
𝜕𝑖𝐷

−1
𝑖 (𝑧𝑖)𝜕𝑗𝐷

−1
𝑗 (𝑧𝑗)

⃒⃒2
𝜌(𝑧)d𝑧.

Thus, if the transformation 𝐷 is strictly increasing so that 𝐷𝑖(𝑧𝑖) ̸= 0 for all 𝑖,

then the support of Ω is identical to the support of the inverse covariance matrix, i.e.,

Ω𝑖𝑗 = 0 if and only if (Σ−1)𝑖𝑗 = 0. Furthermore, each nonzero entry of the conditional

independence score Ω𝑖𝑗 is proportional to (Σ−1)2𝑖𝑗.

From the result in Proposition 9 for diagonal maps, the minimal I-maps of 𝜈𝜋

and of 𝜈𝜌 are equivalent. Thus the Markov structure of the target distribution is

prescribed by the sparsity of the precision matrix Σ−1 of 𝜌, but the data can have very

7The pullback of a multivariate Gaussian density 𝜌 through a diagonal map 𝐷 is an example of a
Gaussian copula. It is well known that Gaussian copulas preserve the Markov properties of 𝜌, while
introducing non-Gaussianity via nonlinear diagonal transformations.
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non-Gaussian features (see Figure 4-9b for one example). Within the field of structure

learning from non-Gaussian data, this is known as a nonparanormal distribution and

is an example of a Gaussian copula. Nonparanormal distributions are common test

cases for algorithms that handle non-Gaussianity.

To generate data from a nonparanormal distribution with an arbitrary graph

structure, we follow the steps in Liu, Lafferty, and Wasserman [131]. First, a random

sparse graph 𝒢 = (𝑉,𝐸) is generated. For each node 𝑖 ∈ (1, . . . , 𝑑), we associate a

pair of random variables (𝑌
(1)
𝑖 , 𝑌

(2)
𝑖 ) ∈ [0, 1]2 to 𝑖 where

𝑌
(𝑙)
1 , 𝑌

(𝑙)
2 , . . . 𝑌

(𝑙)
𝑑 ∼ 𝒰 [0, 1] (4.32)

for 𝑙 = 1, 2. Then, each pair of nodes (𝑖, 𝑗) is included in the edge set 𝐸 with

probability

P((𝑖, 𝑗) ∈ 𝐸) = 1√
2𝜋

exp

(︂‖𝑦𝑖 − 𝑦𝑗‖22
2𝑠

)︂
, (4.33)

where 𝑠 is a parameter that controls the sparsity of the graph, 𝑦𝑘 ≡ (𝑦
(1)
𝑘 , 𝑦

(2)
𝑘 ) is

a sample of (𝑌 (1)
𝑘 , 𝑌

(2)
𝑘 ), and ‖ · ‖2 represents the Euclidean norm. In our numerical

experiments we set 𝑠 = 3 and limit the maximum degree of the graph, i.e., the number

of the edges incident to each node, to be four. A realization of a graph generated

according to this procedure is shown in Figure 4-9a. After defining the graph, the

entries of the inverse covariance Σ−1 are given by:

Σ−1
𝑖𝑗 =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
1 𝑖 = 𝑗

0.245 (𝑖, 𝑗) ∈ 𝐸

0 otherwise.

(4.34)

We note that with maximum degree four, the value 0.245 ensures that the inverse

covariance matrix is positive definite by the Gershgorin circle theorem.

To sample from 𝜈𝜋, we generate i.i.d. samples 𝑍 𝑙 from 𝜌 and apply the inverse

diagonal transformation to generate i.i.d. samples 𝑋 𝑙 = 𝐷−1(𝑍 𝑙) from 𝜋. In this

work we consider two possibilities for the function 𝐷 as in [131]: a scaled Gaussian
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CDF and a power transformation. We now detail how we construct the two functions

𝐷𝑘.

Gaussian CDF transformation. Let 𝑓0 : R → [0, 1] be the univariate Gaussian

CDF with mean 𝜇𝑓0 and standard deviation 𝜎𝑓0 , i.e.,

𝑓0(𝑡) = Φ

(︂
𝑡− 𝜇𝑓0
𝜎𝑓0

)︂
, (4.35)

where Φ is the univariate standard Gaussian CDF. The inverse CDF transformation

𝐹𝑘 = 𝐷−1
𝑘 applied to the 𝑘th variable is defined as:

𝐹𝑘(𝑧𝑘) = 𝜎𝑘

⎛⎜⎜⎝ 𝑓0(𝑧𝑘)−
∫︀
𝑓0(𝑡)Φ

(︁
𝑡−𝜇𝑘
𝜎𝑘

)︁
𝑑𝑡√︂∫︀ (︁

𝑓0(𝑦)−
∫︀
𝑓0(𝑡)Φ

(︁
𝑡−𝜇𝑘
𝜎𝑘

)︁
𝑑𝑡
)︁2

Φ
(︁
𝑦−𝜇𝑘
𝜎𝑘

)︁
𝑑𝑦

⎞⎟⎟⎠+ 𝜇𝑘. (4.36)

In our experiments we apply the same transformation to each marginal by setting

𝜇𝑓0 = 0.05, 𝜎𝑓0 = 0.4, 𝜇𝑘 = 0 and 𝜎𝑘 =
√
Σ𝑘𝑘. A representative marginal PDF of 𝜋

is shown (as a histogram) in Figure 4-9b. Each marginal displays very non-Gaussian

behavior as a result of the nonlinearity in the function 𝐹𝑘.
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Figure 4-9: (b) The true minimal I-map of 𝜈𝜋. (b) A histogram of one of the marginals
from the nonparanormal dataset. In this case, the data has bimodal, non-Gaussian
behavior.
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Power transformation. Let 𝑓0(𝑡) = sign(𝑡)|𝑡|𝑎, for 𝑎 > 0. The inverse power

transformation 𝐹𝑘 = 𝐷−1
𝑘 applied to the 𝑘th variable is defined as

𝐹𝑘(𝑧𝑘) = 𝜎𝑘

⎛⎜⎜⎝ 𝑓0(𝑧𝑘 − 𝜇𝑘)√︂∫︀
(𝑓0(𝑡− 𝜇𝑘))2Φ

(︁
𝑡−𝜇𝑘
𝜎𝑘

)︁
𝑑𝑡

⎞⎟⎟⎠+ 𝜇𝑘. (4.37)

We set 𝜇𝑘 and 𝜎𝑘 as above in the CDF transformation, and set 𝑎 = 3.

Surprisingly, the conditional independence properties of these nonparanormal dis-

tributions are recovered with a linear map. As seen in Figure 4-10a for the Gaussian

CDF transformation, we recover the correct graph with 𝑛 = 3000 samples and a

polynomial degree 𝛽 = 1. Figure 4-10b shows that the correct graph is also returned

with 𝛽 = 2. While a transport map with higher polynomial degree could be used, a

biased approximation to 𝜋 based on a 𝛽 = 1 map in this case is sufficient for learning

the graph. We note that the dominant entries of the inverse of the empirical covari-

ance matrix of the data, shown in Figure 4-10c, for this example also reveal the true

graph—just as the sparsity of the precision matrix would in the Gaussian case. The

next subsection will investigate this connection further. But the inverse of the em-

pirical covariance contains many noisy and non-zero entries as compared to the final

score matrix Ω, as shown in Figure 4-10d; the latter benefits from the thresholding

process in sing and the resulting sparsification of the transport map used to estimate

the target density.

Figure 4-11 shows the errors made by the sing algorithm versus the sample size

𝑛 for both the Gaussian CDF and the power transformation, with 𝛽 = 1. For both

transformations, the number of type 1 errors (i.e., erroneous edges that are not present

in the true graph) is always zero for all 𝑛, and the number of type 2 errors (i.e.,

undetected edges that are present in the true graph) decreases to zero as 𝑛 increases.
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Figure 4-10: (a) Recovered graph with 𝛽 = 1. The correct graph is returned. (b)
The recovered graph with 𝛽 = 2 is also correct, but Hermite functions of polynomial
degree two in the transport map are unnecessary. (c) Entrywise logarithm of the
inverse of the empirical covariance matrix of the data. (d) Entrywise logarithm of Ω
for 𝛽 = 1.

102 103 104

Sample size, n

0

2

4

6

8

10

N
u

m
b

er
of

ed
ge

s

Type 1 errors

Type 2 errors

(a)

102 103 104

Sample size, n

0

2

4

6

8

10

N
u

m
b

er
of

ed
ge

s

Type 1 errors

Type 2 errors

(b)

Figure 4-11: Type 1 and 2 errors for recovering the graph of a nonparanormal distri-
bution versus sample size 𝑛 for the (a) Gaussian CDF, and (b) power transformation
using 𝛽 = 1.

4.5.3 Nonparanormal data: cubic transformation

In this section we investigate the effect of biased approximations to the target density

when learning the graph. We consider a simplified form of the power transformation

applied to a 3-dimensional Gaussian vector Z ∈ R3. Let Z ∼ 𝜌 = 𝒩 (0,Σ𝜌) where the

precision and the covariance matrix are given by

Σ−1
𝜌 =

⎡⎢⎢⎢⎣
1 0.2 0

0.2 1 0.2

0 0.2 1

⎤⎥⎥⎥⎦ , Σ𝜌 = 0.92

⎡⎢⎢⎢⎣
0.96 −0.2 0.04

−0.2 1 −0.2
0.04 −0.2 0.96

⎤⎥⎥⎥⎦ (4.38)
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From the sparsity of the precision matrix, the random variables satisfy 𝑍1 ⊥⊥ 𝑍3|𝑍2.

The corresponding graph is a chain connecting nodes 𝑍1 to 𝑍2 and 𝑍2 to 𝑍3.

We now consider a component-wise monotonic transformation (i.e., a diagonal

transport map) given by 𝐹𝑘(𝑧𝑘) = 𝑧3𝑘 for 𝑘 = 1, 2, 3. The transformed random variable

X = 𝐹 (Z) = (𝐹1(𝑍1), 𝐹2(𝑍2), 𝐹3(𝑍3)) is non-Gaussian with density 𝜋 = 𝐹♯𝜌. By

the result of Proposition 10 for diagonal transformations, 𝜋 satisfies the conditional

independence property 𝑋1 ⊥⊥ 𝑋3|𝑋2, and the Markov structure of 𝜋 is equivalent to

the Markov structure of 𝜌.

To characterize the target density, suppose we approximate 𝜋 by the pullback of

a standard Gaussian density through a triangular transport map with polynomial

degree 𝛽 = 1. Using Proposition 7 with 𝑛 → ∞, the approximate density is a

multivariate Gaussian distribution 𝒩 (𝜇𝜋,Σ𝜋) with mean 𝜇𝜋 = E𝜋[X] = E𝜌[𝐹 (Z)] = 0

and covariance Σ𝜋 = E𝜋[XX𝑇 ] = E𝜌[𝐹 (Z)𝐹 (Z)𝑇 ]. Each entry of the covariance

matrix can be expressed analytically in terms of 𝜎𝑖𝑗 = (Σ𝜌)𝑖𝑗 as

(Σ𝜋)𝑖𝑗 = 9𝜎𝑖𝑖𝜎𝑗𝑗𝜎𝑖𝑗 + 6𝜎3
𝑖𝑗, (4.39)

since each entry is in fact a higher-order moment of the multivariate Gaussian distri-

bution 𝜈𝜌. As a result, we can also analytically compute the inverse of Σ𝜋, which is

given by

Σ−1
𝜋 =

⎡⎢⎢⎢⎣
5.96× 10−2 6.99× 10−3 −5.56× 10−4

6.99× 10−3 5.36× 10−2 6.99× 10−3

−5.56× 10−4 6.99× 10−3 5.96× 10−2

⎤⎥⎥⎥⎦ , (4.40)

up to three significant digits. The (1,3) entry of Σ−1
𝜋 is not zero, so in principle a

Gaussian approximation to 𝜋 will not recover the correct graph. The (1,3) entry is

still quite small, however—and, importantly, the relative magnitudes of entries in Σ−1
𝜋

are similar to those in Σ−1
𝜌 . Thus, when using a numerical approximation, the small

(1, 3) entry can easily be thresholded and set to zero. And after this thresholding,

the correct graph is in fact returned.

Figures 4-12a and 4-12b investigate this phenomenon, by showing the errors made
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by sing for sample sizes 𝑛 ∈ [102, 106] using 𝛽 = 1 and 𝛽 = 2, respectively. The

correct graph is returned for a broad range of sample sizes. This is a case where the

finite-sample estimators of 𝑆 and Ω and an under-parameterized map (i.e., a biased

approximation to 𝜋) interact in a surprisingly beneficial way to correctly learn the

graph. We believe the same phenomenon explains the success of the linear 𝛽 = 1

transport maps in the previous subsection. When the sample size becomes large

enough to resolve the smallest entries in the precision matrix (4.40) with sufficiently

high confidence, however, we observe in Figure 4-12 that the sing algorithm with

𝛽 = 1 also includes (1, 3) in the estimated edge set of the graph. A similar trend is

observed for 𝛽 = 2. Note that the class of 𝛽 = 2 transport maps is still insufficient

to exactly capture 𝜋 in this example (the exact transport map would be the compo-

sition of a linear map with a diagonal map that applies component-wise cubic root

transformations). For sufficiently large 𝑛, the bias for 𝛽 = 2 yields the type 1 errors

seen at the right of Figure 4-12b. We also point the reader to a recent article [151]

that explains why a Gaussian approximation (i.e., 𝛽 = 1 transport maps) can have

sparse inverse covariance matrices for these non-paranormal distributions.
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Figure 4-12: Type 1 and 2 errors for recovering the graph of the non-paranormal
distribution with the cubic transformation versus sample size 𝑛 using (a) 𝛽 = 1, and
(b) 𝛽 = 2.
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4.5.4 Diagonal transformations of a non-Gaussian base distri-

bution

In this example, we consider the class of distributions 𝜈𝜋 defined as the pullback

of a non-Gaussian base distribution 𝜈𝜌 through a nonlinear diagonal transport map.

When the base density 𝜌 is represented as the pullback of a standard Gaussian density

through a triangular transport map that uses polynomials of maximum degree 𝛽, we

refer to 𝜈𝜌 as a distribution in base class 𝛽. The nonparanormal distributions in

subsections 4.5.2–4.5.3 are a subset of this class, where 𝜌 is a multivariate Gaussian

density (i.e., 𝜌 is in base class 𝛽 = 1). For 𝛽 > 1, the class considered here is a

generalization of the nonparanormal family of distributions.

As an example, we consider a distribution 𝜈𝜌 in base class 𝛽 = 2. The density 𝜌

is given by the pullback of a standard Gaussian density 𝜂 through a sparse transport

map 𝑆 of the form

𝑆1(𝑥1) = 𝑎𝑥1, 𝑆𝑘(𝑥1, 𝑥𝑘) = (𝑥21 + 𝑏) + 𝑎𝑥𝑘 for 𝑘 = 2, . . . , 𝑑, (4.41)

where we set the parameters 𝑎 = 1 and 𝑏 = 1 to adjust the moments of the distribution

𝑆♯𝜈𝜂. The transformed random variable Z = 𝑆−1(𝑌 ) for 𝑌 ∼ 𝜂 has the density

𝑆♯𝜂 and its Markov structure is displayed in Figure 4-13 for a 𝑑 = 5 dimensional

problem. The star graph associated with the conditional independence structure of 𝜌

is a commonly used graph benchmark for structure learning algorithms [100].

𝑍1

𝑍2

𝑍3 𝑍4

𝑍5

Figure 4-13: Markov structure and sparsity pattern ℐ𝑆 of the transport map 𝑆 for
the 𝑑 = 5 dimensional pullback density 𝑆♯𝜂 .

After defining the base density 𝜌, we apply the nonlinear inverse CDF trans-

formation in (4.36) to each component of Z in order to define the random vari-
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able X = 𝐷−1(Z). Our target density is that of X: the pullback of a standard

Gaussian density 𝜂 through the composition of 𝑆 and the diagonal map 𝐷, which

we denote as 𝜋 = (𝑆 ∘ 𝐷)♯𝜂. To sample from 𝜋, we generate i.i.d. samples 𝑌 𝑙

from the standard Gaussian reference density 𝜂 and apply the composition of the

inverse maps 𝐷−1 ∘ 𝑆−1 : R𝑑 → R𝑑 to each sample, thus generating i.i.d. samples

𝑋 𝑙 = 𝐷−1 ∘ 𝑆−1(𝑌 𝑙).

To learn the graph structure of 𝜋, we run the sing algorithm with 𝛽 = 2 using

𝑛 = 104 samples. The true graph and the recovered graph are displayed in Figures 4-

14a and 4-14b, respectively. The graph structure is learned correctly. On the other

hand, Figure 4-14c shows that using 𝛽 = 1 does not recover the true graph of 𝜋.
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Figure 4-14: (a) The true graph structure. (b) The recovered graph with 𝛽 = 2 is
correct. (c) Recovered graph with 𝛽 = 1 is incorrect.

To demonstrate the sample sizes needed to learn the true graph in this example,

we run the sing algorithm for sample sizes 𝑛 ∈ [102, 105]. Figures 4-15a and 4-15b

display the average type 1 and type 2 errors in the estimated graphs for 𝛽 = 1

and 𝛽 = 2, respectively, at each sample size 𝑛. For 𝑛 ≥ 104 samples roughly, the

number of type 1 and type 2 errors using 𝛽 = 2 remains close to zero and represents

successful graph recovery. In contrast, Figure 4-15a shows that using 𝛽 = 1, there is

no sample size within the tested range where one can recover the exact graph. The

conclusion here is analogous to the nonparanormal case of subsection 4.5.2: the sing

algorithm can return the correct Markov structure when the 𝛽 parameter matches the

polynomial degree necessary to represent the base distribution and not the target.
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Figure 4-15: Type 1 and 2 errors for recovering the graph of a nonlinear marginal
transformation of a non-Gaussian base distribution, versus sample size 𝑛, using (a)
𝛽 = 1, and (b) 𝛽 = 2.

4.5.5 Lorenz-96 dynamical system

In our final example, we apply sing to a physics-based dataset generated by a chaotic

dynamical system. In particular, we consider the Lorenz-96 model that is commonly

used to represent features of the atmosphere (e.g., temperature, vorticity) on a mid-

latitude circle of the Earth [134]. The state at 𝑑 discrete locations thus represents the

discretization of a spatially periodic domain, described by the state vector 𝑋(𝑡) =

(𝑋1(𝑡), . . . , 𝑋𝑑(𝑡)) ∈ R𝑑 at time 𝑡. The evolution of this state in time is defined by

the set of coupled nonlinear ODEs

𝑑𝑋𝑗

𝑑𝑡
= (𝑋𝑗+1 +𝑋𝑗−2)𝑋𝑗−1 −𝑋𝑗 + 𝐹, 𝑗 = 1, . . . , 𝑑, (4.42)

where 𝑋−1 ≡ 𝑋𝑑−1, 𝑋0 ≡ 𝑋𝑑, 𝑋1 ≡ 𝑋𝑑+1. In our experiments we use 𝑑 = 15 and

𝐹 = 8, which leads to chaotic dynamics [178].

To characterize the conditional independence properties of the invariant distri-

bution of the state, we collect data from long-time trajectories of the system. To

generate a trajectory, we sample a random initial condition 𝑋(0) ∼ 𝒩 (0, 𝐼𝑑) and use

a 4th order Runge-Kutta method with a time step of Δ𝑡 = 0.01 for 𝑡 ∈ [0, 1600] to

approximate the state vector 𝑋(𝑘Δ𝑡) of the ODE in (4.42) at 𝑘 ∈ N0. To reduce cor-

relation between the samples, we sub-sample the trajectory by collecting samples only
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for 𝑘 = 40𝑚 and 𝑚 ∈ N0. Furthermore, to reduce the effect of the initial condition,

we discard the first 1000 samples of the trajectory.

To learn the Markov structure of the invariant distribution of the Lorenz-96 sys-

tem, we run the sing algorithm with 𝛽 = 2 using 𝑛 = 3000 samples from this

dataset. In this problem, the dynamics at each time step introduce local interac-

tions between each state variable 𝑋𝑗 and its neighboring variables on the discretized

periodic domain, as seen in the structure of the ODE in (4.42). As a result, the re-

peated application of the dynamics results in full dependence amongst the variables.

However, the invariant distribution of the system can be well approximated by a

Markov random field where each variable conditioned on its closest few neighbors in

the physical grid is independent of the others. To account for the weak conditional

independence between distant states in the grid, we use a threshold for each entry of

the conditional independence score given by 𝜏𝑖𝑗 = 𝜏0 + 𝑓(𝑛)̃︀𝜐𝑖𝑗/√𝑛, where 𝜏0 ≥ 0 is

a constant offset for all (𝑖, 𝑗). This can be seen as a generalization of the threshold

proposed in subsection 4.3.4 and applied in the previous numerical examples, where

we simply used 𝜏0 = 0. Here we set 𝜏0 = 0.1.

The thresholded conditional independence score Ω and the corresponding adja-

cency matrix of the graph found with sing are shown in Figures 4-16a and 4-16b,

respectively. To emphasize the decay of the entries in Ω away from the diagonal, we

plot the entrywise logarithm of Ω. This figure demonstrates the banded dependence

of each variable on neighboring variables separated by at most 3 nodes in either di-

rection, as well as the periodic structure of the graph. On the other hand, the sing

algorithm with 𝛽 = 1 (i.e., a Gaussian approximation to the target density 𝜋) en-

tirely misses the conditional dependence of each variable on its immediate neighbors,

as seen in Figure 4-16c.

4.6 Discussion and extensions

This chapter develops a framework for learning the Markov structure of continuous

non-Gaussian probability distributions from data. The framework is built on two

108



1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15 −1.5

−1.0

−0.5

0.0

0.5

1.0

1.5

(a)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

(b)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

(c)

Figure 4-16: (a) Logarithm of nonzero entries in Ω. (b) Adjacency matrix of the graph
learned for the 15-dimensional Lorenz-96 dataset using 𝛽 = 2. (c) The adjacency
matrix obtained with 𝛽 = 1 incorrectly suggests that each variable 𝑋𝑗 is conditionally
independent of its immediate neighbors, 𝑋𝑗−1 and 𝑋𝑗+1.

key elements. First, we introduce a computationally tractable score for conditional

independence, based on averaged Hessian information from the target log-density.

Though this score is immediately useful in its own right, we also show that it bounds

the conditional mutual information under appropriate assumptions. Second, we use

a transport-based density estimation method, based on parametric approximations

of the triangular Knothe–Rosenblatt rearrangement, that explicitly and iteratively

exploits sparsity. In particular, the algorithm uses sparsity bounds for triangular

maps, which follow directly from the Markov structure; variance-based thresholding

for the score estimator; and variable ordering schemes designed to preserve sparsity.

Putting these elements together yields the sing algorithm for structure learning. Our

analysis shows consistent graph recovery for a single iteration of the algorithm in an

asymptotic regime, while numerical results demonstrate the benefits of an iterative

algorithm with finite samples.

Indeed, the parameterization of the triangular transport is a useful degree of free-

dom of our overall framework. Polynomials (or the closely related Hermite functions)

are convenient as they include the Gaussian setting as a special case, but future work

can certainly explore other options, e.g., the nonlinear separable representations in

Spantini, Baptista, and Marzouk [203], or single layers of autoregressive flows. Fur-

ther analysis of the information gap described above might make it possible to develop

transport map estimators with the minimal representation that is needed to learn the
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Markov structure of the target distribution. Relatedly, it would be valuable to de-

velop information theoretic (representation-independent) lower bounds on the number

of samples needed to identify the graph in the non-Gaussian setting. To our knowl-

edge, these bounds only exist for Gaussian and discrete Markov random fields [225,

190].

We outline a few additional avenues for future work as follows:

Different data sources. In practical settings, it is of interest to learn the graph

from heterogeneous data that may not be independent and identically distributed.

Examples include data collected from several related populations that have common

structure, and data collected over time. There has been some work to address these

problems in the Gaussian setting: Guo, Levina, Michailidis, and Zhu [83] and Dana-

her, Wang, and Witten [55] propose to combine optimization problems for separate

precision matrices with shared ℓ1-penalties to identify common sparsity, while Zhou,

Lafferty, and Wasserman [243] exploits smooth changes in the precision matrix to

estimate the evolution of the graph over time.

Latent structure. We also envision extending the sing algorithm to learn the

structure of graphical models with latent variables and partial observations. For

Gaussian distributions, Chandrasekaran, Parrilo, and Willsky [37] proposes a penal-

ized maximum likelihood approach to identify a precision matrix with sparse and

low-rank structure. A similar approach may explore other properties of the condi-

tional independence score matrix Ω, besides sparsity, to reveal hidden variables and

multiscale structure in the target density.

High dimensional models. To learn the graph of a 𝑑-dimensional distribution, the

sing algorithm computes transport maps with 𝑑 components and stores 𝒪(𝑑2) entries

for the estimated conditional independence score in memory. For high-dimensional

datasets, it may not be feasible to jointly estimate the associated graph. Instead,

neighborhood selection methods identify local dependencies by independently esti-

mating the neighborhood of each node in 𝒢, i.e., Nb(𝑘,𝒢) for 𝑘 = 1, . . . , 𝑑 such that
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𝜋(𝑥𝑘|𝑥−𝑘) = 𝜋(𝑥𝑘|𝑥Nb(𝑘,𝒢)). Methods for finding the neighborhood include greedy

selection strategies [29] and penalized maximum likelihood estimators [143]. Future

work will consider a neighborhood selection version of the sing algorithm that avoids

estimating the global transport map for the joint density; this would reduce the run

time and memory required to learn the graph.

111



112



Chapter 5

Likelihood-free Bayesian inference via

couplings

5.1 Introduction

We now turn to the topic of Bayesian inference to learn about unknown model pa-

rameters from observed data. Let X ∈ 𝒳 ⊂ R𝑑 denote model parameters that follow

a prior distribution with density 𝜋X and let Y ∈ 𝒴 ⊂ R𝑚 denote observations that

follow a likelihood model 𝜋Y|X. Given a realization of the data 𝑦*, the posterior

distribution characterizes the uncertainty in X given 𝑦*. Bayes’ theorem provides an

expression for the posterior density as

𝜋X|Y(𝑥|𝑦*) =
𝜋Y|X(𝑦

*|𝑥)𝜋X(𝑥)
𝜋Y(𝑦*)

, (5.1)

where 𝜋Y(𝑦) =
∫︀
𝜋Y|X(𝑦|𝑥)𝜋X(𝑥)d𝑥 is a normalizing constant, that is also referred

to as the model evidence or the marginal likelihood. For ease of notation, we will

often denote the posterior density as 𝜋X|𝑦*(𝑥) := 𝜋X|Y(𝑥|𝑦*). The goal of Bayesian

computation is to provide an explicit expression or to draw samples from the posterior

density in (5.1). These samples can be used to estimate the expectation of functions

𝑓(𝑥) under 𝜋X|Y and to perform downstream tasks such as model selection, model

validation, and experimental design.
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Many Bayesian inference problems involve a prior 𝜋X and/or a likelihood model

𝜋Y|X that are analytically unavailable or computationally prohibitive to evaluate. For

instance, the likelihood may involve evaluating a high-dimensional integral over latent

variables in a state space model or may only be defined through its data-generating

process. In these cases, it not feasible to use classical likelihood-based inference meth-

ods such as Markov chain Monte Carlo (MCMC) or importance sampling to generate

samples from the posterior density 𝜋X|Y as these rely on likelihood evaluations. As a

remedy, approximate Bayesian computation (ABC) provides a suite of techniques to

perform inference in generative models using only joint samples of the parameters and

observations (𝑋 𝑖,𝑌 𝑖) ∼ 𝜋X,Y. While ABC has asymptotic guarantees for correct pos-

terior sampling in the large sample limit, common algorithms are based on rejection

sampling and become computationally expensive for models with high-dimensional

parameters and data.

In this chapter, we present alternative methods to ABC that are based on deter-

ministic couplings (or transport maps) between random variables. These techniques

are used to characterize or sample from the posterior distribution in Bayesian in-

ference problems. In Section 3.2, we provide background on ABC and introduce

how transport maps can be used for posterior approximation. Section 5.3 presents

an application to characterize the parameter uncertainty of stochastic PDEs used in

materials science. Then, we present two novel approaches specifically for posterior

sampling. First, Section 5.4 derives a transformation that directly maps prior to

posterior samples by composing triangular transport maps. We then present an algo-

rithm in Section 5.5 to exploit additional structure in these composed maps. Second,

Section 5.6 shows how to estimate and evaluate block-triangular maps which are less

sensitive to variable ordering than triangular maps.

5.2 Approximate Bayesian Computation

Approximate Bayesian computation (ABC) is one class of Bayesian inference tech-

niques that characterize the posterior without direct likelihood evaluations. While
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ABC is sometimes used interchangeably with likelihood-free (or simulated-based) in-

ference, the term was first coined in [17] to perform Bayesian inference for an appli-

cation in population genetics by imperfectly matching synthetic and observed data

samples.

The core idea in classical ABC techniques is to use rejection sampling to find

candidate parameters that closely match the observed data 𝑦*. To do so, ABC

draw pairs of joint samples (𝑋 𝑖,𝑌 𝑖) where the parameters 𝑋 𝑖 ∼ 𝜋X are sampled

from the prior and synthetic observations 𝑌 𝑖 ∼ 𝜋Y|X(·|𝑋 𝑖) are sampled from the

likelihood model. We note that more sophisticated ABC algorithms select other

proposal distributions for drawing samples 𝑋 𝑖 (e.g., ABC-MCMC uses approximate

posterior samples for 𝑋 𝑖 that are less likely to be rejected [140]). For each pair of

samples, ABC then accepts a parameter 𝑋 𝑖 if the data 𝑌 𝑖 is close to the observed

data 𝑦* with respect to some discrepancy measure 𝑑 (e.g., the Euclidean metric) and

tolerance level 𝜖 ≥ 0, i.e., ABC accepts 𝑋 𝑖 if 𝑑(𝑌 𝑖,𝑦*) < 𝜖.

For 𝜖 = 0, the ABC algorithm only accepts samples that exactly reproduce the

data, which can be shown to correspond to sampling perfectly from the posterior

distribution. For 𝜖 > 0, the accepted samples will be drawn from the approximate

posterior density1

̂︀𝜋X|Y(𝑥|𝑦*) ∝
∫︁
𝒴
1{𝑑(𝑦,𝑦*)<𝜖}𝜋Y|X(𝑦|𝑥)d𝑦𝜋X(𝑥). (5.2)

In the limit of 𝜖 → 0, the approximate posterior in (5.2) matches the posterior

density, i.e., ̂︀𝜋X|Y(𝑥|𝑦*)→ 𝜋X|Y(𝑥|𝑦*). In practice, however, it is unlikely to generate

samples that match the data exactly and so it is often necessary to use a strictly

positive tolerance 𝜖. While smaller values of 𝜖 result in a lower-bias approximation

in (5.2), larger 𝜖 values accept more parameter samples. As 𝜖 → 0, ABC algorithms

often require an impractical number of simulations, that are not realistic for models

with expensive data-generating procedures. Furthermore, the likelihood of matching

1Replacing the indicator by a smooth kernel function produces a kernel density estimator for the
posterior density. The estimator weights different synthetic observations based on how well they
satisfy the constraint.
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the observed data for any 𝜖 decreases with higher-dimensional data. Hence, fewer

samples are accepted and the quality of the non-parametric posterior approximation

in (5.2) suffers from the curse-of-dimensionality. We refer the reader to [196] for a

comprehensive overview of ABC methods and their properties.

A common approach to reduce the sensitivity of ABC to the tolerance 𝜖 is to work

with summary statistics Q = 𝒬(Y) where 𝒬 : R𝑚 → R𝑟 is a map from data to low-

dimensional statistics, i.e., for 𝑟 ≪ 𝑚. By comparing summary statistics, ABC pro-

duces samples from the conditional distribution 𝜋X|Q(·|𝑞*) where 𝑞* = 𝒬(𝑦*) are the

observed statistics. In practice, this will introduce an approximation in the ABC al-

gorithm, unless these statistics are sufficient, meaning that 𝜋X|Y(·|𝑦) = 𝜋X|Q(·|𝒬(𝑦))
for all 𝑦. While sufficient statistics are often unattainable, a central topic in ABC

literature is to construct informative statistics. See [66] for an approach that esti-

mates the conditional expectation of the unknown parameters given the observations

to define these statistics.

An alternative to ABC that is more sample-efficient with high-dimensional data

uses a parametric approximation to the likelihood function. For instance, the Bayesian

synthetic likelihood (BSL) method uses 𝑛𝑦 observation samples 𝑌 𝑖 ∼ 𝜋Y|X(·|𝑥) to

build the Gaussian approximation ̂︀𝜋Y|X(𝑦|𝑥) = 𝒩 (𝑦; ̂︀m(𝑥), ̂︀C(𝑥)) for each parameter

𝑥 as ̂︀m(𝑥) := 1
𝑛𝑦

∑︀𝑛𝑦

𝑖=1 𝑌
𝑖 and ̂︀C(𝑥) := 1

𝑛𝑦−1

∑︀𝑙
𝑖=1(𝑌

𝑖 − ̂︀m(𝑥))(𝑌 𝑖 − ̂︀m(𝑥))𝑇 . These

approximate likelihoods can then be evaluated at 𝑦* within traditional sampling al-

gorithms, such as MCMC, to approximately sample from the posterior density [170].

While Gaussian approximations are more robust in high-dimensions than the non-

parametric likelihood in ABC, the BSL is biased in settings with non-Gaussian like-

lihoods. Moreover, both ABC and BSL must be repeated for each new realization of

the data 𝑦*.

We now present a transport-based approach for characterizing conditional distri-

butions. We begin by considering the triangular transport map 𝑆 that pushes forward

the joint distribution 𝜋Y,X to a reference distribution with independent components

of the same dimensions, i.e., 𝜂Z1,Z2 = 𝜂Z1𝜂Z2 (e.g., a multivariate standard normal).

Given that 𝑆 is lower triangular, we can choose the variable ordering and partition
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the map into the following two blocks

𝑆(𝑦,𝑥) =

⎡⎣𝑆𝒴(𝑦)

𝑆𝒳 (𝑦,𝑥)

⎤⎦ , (5.3)

where 𝑆𝒴 : R𝑚 → R𝑚 pushes forward the data marginal 𝜋Y to the reference marginal

𝜂Z1 and 𝜉 ↦→ 𝑆𝒳 (𝑦, 𝜉) is a map from R𝑑 to R𝑑 that pushes forward 𝜋X|Y(·|𝑦) to the

other marginal 𝜂Z2 for each 𝑦 ∈ R𝑚. Hence, the inverse of the map 𝜉 ↦→ 𝑆𝒳 (𝑦, 𝜉)

pulls back 𝜂Z2 to the conditional 𝜋X|𝑦. We denote this inverse map by 𝑆𝒳 (𝑦, ·)−1.

Let us remark that the map 𝑆 in (5.3) can be triangular as in Chapter 3, but also

generalized to have a block-triangular structure. Section 5.6 presents an approach to

find invertible block-triangular maps for conditional sampling.

Given 𝑛 i.i.d. samples from the joint distribution {(𝑋 𝑖,𝑌 𝑖)}𝑛𝑖=1 ∼ 𝜋X,Y we can

learn the components in block 𝑆𝒳 of a triangular map by solving the optimization

problems

argmin
𝑠

1

𝑛

𝑛∑︁
𝑖=1

[︂
1

2
𝑠(𝑌 𝑖,𝑋 𝑖

≤𝑘)
2 − log |𝜕𝑚+𝑘𝑠(𝑌

𝑖,𝑋 𝑖
≤𝑘)|

]︂
(5.4)

under the monotonicity constraint 𝜕𝑚+𝑘𝑠(𝑦,𝑥≤𝑘) > 0 for all 𝑘 = 1, . . . , 𝑑. We refer

the reader to Chapter 3 for more details on how to represent triangular maps and

solve these optimization problems.

Solving the constrained problem in (5.4) for each component produces an estimator̂︀𝑆𝒳 that approximates the conditional density 𝜋X|Y(·|𝑦) for any 𝑦. Hence, finding a

map parameterized by 𝑦 amortizes the cost of inference for multiple realizations of

the data. In particular, evaluating the map at 𝑦* yields the approximation of the

posterior density ̂︀𝜋X|Y(𝑥|𝑦*) := ̂︀𝑆𝒳 (𝑦*, ·)♯𝜂Z2(𝑥). Furthermore, the estimated map

can be used to sample from the approximate posterior density by generating samples

𝑍𝑖
2 ∼ 𝜂Z2 and inverting the monotone map 𝑆𝒳 (𝑦*,𝑋 𝑖) = 𝑍𝑖

2 for each 𝑋 𝑖.

Figure 5-1 displays the non-Gaussian conditional densities captured by the map for

different values of a one-dimensional observation 𝑦* from a quadratic likelihood model.

The single map 𝑆𝒳 (𝑥, 𝑦) parameterized by 𝑦 represents both unimodal and bimodal

conditional densities 𝜋𝑋|𝑌 . We remark that all of these conditionals are captured
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given only samples from the joint density 𝜋𝑋,𝑌 , which can be more easily obtained

than samples from the conditional density 𝜋𝑋|𝑌 . Each joint sample (𝑋 𝑖, 𝑌 𝑖) ∼ 𝜋𝑋,𝑌

can be seen as a sample from the conditional density 𝜋𝑋|𝑌 𝑖 . We leverage the smooth

dependence of the conditionals densities 𝜋𝑋|𝑌 on 𝑦 when using the map to sample

from the conditional density corresponding to an previously unseen realization of 𝑌 .

Figure 5-1: Conditional density estimation for the distribution of 𝑋|𝑌 with the
quadratic likelihood model: 𝑌 2 = 𝑋2 + 𝜖 for 𝑋 ∼ 𝒩 (0, 0.25) and 𝜖 ∼ 𝒩 (0, 0.01).
Contours of the joint density 𝜋𝑋,𝑌 for the parameter 𝑋 and the observation 𝑌 are
on the left. The posterior densities 𝜋𝑋|𝑌 (𝑥|𝑦*) for three values of the observation
𝑦* ∈ {0, 0.25, 0.5} and the monotone maps that pull back a standard normal density
to each posterior are plotted on the right.

5.3 Application to Stochastic PDEs

In this section, we apply the measure transport technique from Section 5.2 to quantify

parameter uncertainties in a computational model for diblock copolymer (Di-BCP)

self-assembly. Di-BCPs are polymers consisting of chains of two separate monomers

(often labeled as 𝐴 and 𝐵) that are linked to form single copolymers chains. Collec-

tions of these Di-BCPS are known as polymer melts. While at higher temperatures
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the melts are spatially homogeneously, at lower temperatures the polymers enter

ordered states and form periodic nanostructures (i.e., morphologies) such as lines

(lamallae), spheres and cylinders, as seen in Figure 5-2. This process is known as

microphase separation. The resulting structures yield polymer melts with different

physical characteristics. Furthermore, this process could be guided to design complex

nanostructures with specific properties for nano-manufacturing applications [102]. In

particular, the self-assembly of Di-BCPs is a promising method for fabricating low-

cost materials with sub-10 nanometer designs, which is currently very costly with

traditional lithography [167].

Figure 5-2: Examples of Di-BCP melt microphase seperation simulated using the
OK model for various choices of the model parameters (𝑚, 𝜖, 𝜎). The two phases are
indicated numerically as −1 and +1.

Recently, it has been shown that computational models are a valuable tool for pre-

dicting melt morphologies and have the potential to be used during the self-assembly

process [75]. These models vary in fidelity based on the finest length scale at which

they can resolve the arrangements of polymer structures. To rely on these models

for design (in particular, the models of coarser-grained fidelity), however, it is im-

portant they are calibrated according to observational data in order to make reliable

predictions in experimental settings. In this section, we perform Bayesian calibration

of model parameters based on observations of the polymer melt’s equilibrium states

from microscopy or X-ray scattering techniques. This Bayesian calibration quanti-

fies the uncertainty in parameters by accounting for noise in the observations and

aleatoric uncertainty in the range of possible equilibrium states.

The remainder of this section is organized as follows. Subsection 5.3.1 introduces

the Di-BCP computational model, and subsection 5.3.2 describes the likelihood model

for the collected observations. Subsection 5.3.3 presents the posterior approxima-
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tions based on measure transport, and subsection 5.3.4 uses these transport maps to

measure the information contained in various types of observations about the model

parameters.

5.3.1 Di-BCP forward model

In this study we adopt the Ohta-Kawaski (OK) model for the microphase separation

of Di-BCP melts. The OK model is a density functional theory that defines the

equilibrium Di-BCP states 𝑢 as minimizers of a free energy functional [157], as an

alternative to solving the nonlocal Cahn-Hilliard PDE. Let 𝑢𝐴, 𝑢𝐵 ∈ [0, 1] denote the

densities for two monomer phases in a domain 𝒟 ⊂ R2, labelled as 𝐴 and 𝐵, which

satisfy 𝑢𝐴 + 𝑢𝐵 = 1. Then, we let 𝑢 = 𝑢𝐴 − 𝑢𝐵 ∈ [−1, 1] be the order parameter,

which represents the difference of these two phases. The free energy for the order

parameter in the OK model ℰOK(𝑢) is given by

ℰOK(𝑢) =

∫︁
𝒟

𝜅

4
(1− 𝑢(𝑠)2)2 + 𝜖2

2
|∇𝑢(𝑠)|2 + 𝜎

2
(𝑢(𝑠)−𝑚)(−Δ−1)(𝑢(𝑠)−𝑚)d𝑠, (5.5)

where (𝜅, 𝜖, 𝜎) ∈ R3
+ are scalar model parameters and 𝑚 denotes the mass average

of the order parameter, i.e., 𝑚 = 1
|𝒟|

∫︀
𝒟 𝑢(𝑠)d𝑠. The free energy functional in (5.5)

consists of three terms: a double-well energy that favors pure monomer values taking

values of ±1, an interfacial energy that minimizes the formation of interfaces and

large gradients in 𝑢, and a non-local energy that characterizes long-range interactions

and produces periodic structures in the melt. In this study, we follow the common

assumption of taking 𝜅 = 1 by appealing to higher-fidelity SCFT models [40]. The

two parameters 𝜖 and 𝜎 are related to the length scale of the interfaces between both

phases and the degree of polymerization, respectively. Our goal for this study is to

calibrate the model parameters X = (𝑚, 𝜖, 𝜎).

Given a setting for the parameters 𝑥, the Di-BCP equilibrium state 𝑢* is given by

the local minimizer of the OK free energy functional in (5.5) starting from a random

initial state 𝑧. That is,

𝑢* ∈ argmin
𝑢∈𝑉𝑚

ℰOK(𝑢(𝑧)), (5.6)
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where 𝑉𝑚 denotes the state space of functions in 𝐻1
𝑚 = {𝑢 ∈ 𝐻1(𝒟),

∫︀
𝒟 𝑢(𝑠)d𝑠 = 𝑚}

which satisfy homogeneous Neumann boundary conditions on the boundary of 𝒟.

Figure 5-2 displays examples of these equilibrium states. In practice, we use the

modified Newton method proposed in [31] for minimizing the OK energy. We refer

to the mapping from 𝑥 and 𝑧 to 𝑢* = ℱ(𝑥, 𝑧) via this optimization procedure as the

forward operator.

As a result of the quartic double-well energy term, the OK energy in (5.5) is a

non-convex functional. Hence, the minimizer (5.6) is non-unique and depends heavily

on the starting point 𝑧. To identify multiple equilibrium solutions, it is common to

sample 𝑧 from a uniform white noise random field [172]. In our study, we generate

these fields as transformations of an isotropic Gaussian random field with zero mean

and covariance operator (𝜏 Id−Δ)−1. Here we set 𝜏 = 200 so that points in the domain

are spatially correlated on a smaller length scale than the features of all equilibrium

states. Given a random field with variance 𝜎2, we apply the pointwise transformation

𝑧 ↦→ 𝑚+(1−𝑚)erf(𝑧/(
√
2𝜎)) so that the starting point is within the bounds (−1, 1)

and has pointwise mean 𝑚. We denote the density for the random fields 𝑧 as 𝜋Z. The

push-forward of 𝜋Z through the forward operator ℱ(𝑥, ·) generates a distribution of

equilibrium states for each 𝑥. Moreover, this random input results in a stochastic

forward operator (i.e., analogous to the Cahn-Hilliard PDE with stochastic inputs)

that maps parameters to random realizations of the state.

5.3.2 Likelihood model for observations

The data Y we use to infer the model parameters X consist of images of Di-BCPs

equilibrium states captured using scanning electron microscopy (SEM) techniques.

The SEM sensor extracts a blurred and noise-corrupted version of the equilibrium

state on a grid. We model the imaging sensor as the blurring convolution kernel

ℐ : 𝑉𝑚 → 𝑉𝑚 applied to the polymer melt specimem. In our study, we use the

121



Gaussian kernel

ℐ(𝑢)(𝑠2) =
∫︁
𝒟

1√
2𝜎blur

exp

(︂
− 1

2𝜎2
blur
‖𝑠1 − 𝑠2‖2

)︂
𝑢(𝑠1)d𝑠1, (5.7)

where 𝜎blur is a blurring strength parameter. We evaluate the effect of three choices

for 𝜎blur ∈ {0, 5 × 10−3, 10−2} on the recovery of the unknown parameters X. In

addition to blurring, we assume each sensor is independently corrupted by additive

Gaussian noise. This results in an observation model of the form

Y𝑘 = ℐ(𝑢)(𝑠𝑘) +N𝑘, (5.8)

where the observations are extracted on a 𝑚 = 256 × 256 grid of equidistant sensor

locations 𝑠𝑘 with i.i.d.Gaussian noise N𝑘 ∼ 𝒩 (0, 𝜎2
𝑁) of variance 𝜎2

𝑁 . In our numerical

experiments, we compare the effect of the sensor noise variance 𝜎2
𝑁 = E[𝑢]/SNR on

the recovery for the signal-to-noise ratios SNR ∈ {∞, 5.0, 3.0, 2.5}.

The additive sensor noise and randomness in the stochastic forward operator pro-

duces a conditional distribution 𝜋Y|X(𝑦|𝑥) for each observation 𝑦 given the model

parameters 𝑥. Given that multiple values of the random initial point 𝑧 can generate

equilibrium melts 𝑢 with the same observation, the likelihood for the data 𝑦* must

account for all of these values of 𝑧. Hence, we have an integrated likelihood that

marginalizes the inputs 𝑧 via the conditional expectation

𝜋Y|X(𝑦
*|𝑥) =

∫︁
𝑉 𝑧

𝜋Y|X,Z(𝑦
*|𝑥, 𝑧)𝜋Z(𝑧)d𝑧, (5.9)

where 𝜋Y|X,Z(𝑦
*|𝑥, 𝑧) ∝ exp

(︁
− 1

2𝜎2
𝑁

∑︀𝑚
𝑘=1 ‖𝑦*

𝑘 − ℐ(ℱ(𝑥, 𝑧))(𝑠𝑘)‖2
)︁

is a Gaussian con-

ditional distribution defined by the additive sensor noise. The integration of the

infinite-dimensional random input 𝑧 makes the integrated likelihood in (5.9) in-

tractable to evaluate in practice. This makes inference with the Di-BCP likelihood

model a candidate for likelihood-free inference methods.

While in principle we can use the observations in (5.8) to infer the parameters X,

in this study we consider low-dimensional summary statistics Q = 𝒬(Y) ∈ R𝑟 of the
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images Y for inference. In particular, we hypothesize that some information in the

image (e.g., the specific orientation of the material grains) is not relevant to predict

the parameters and hence compressing the data should not greatly affect the posterior

density. Furthermore, working with statistics has the following two advantages: (1)

it can improve the tractability of LFI methods that depend on the dimension of data,

and (2) it can provide insight into what information contained in the data is relevant

for inference. The two classes of summary statistics we consider in our study are

functionals from the OK free energy in (5.5) that are summarized in Table 5.1, and

Fourier-based observables.

Table 5.1: Summary statistics for inference of model parameters that are derived from
the OK energy functional. In practice, we apply these functionals to images 𝑦, the
noisy and blurred realizations of 𝑢.

Summary statistic Functional
Empirical spatial average ℳ(𝑢) =

∫︀
𝒟 𝑢 d𝑠

Double well 𝒬1(𝑢) =
∫︀
𝒟(1− 𝑢2)2/4 d𝑠

Interfacial 𝒬2(𝑢) =
∫︀
𝒟 |∇𝑢|2 d𝑠

Non-local 𝒬3(𝑢) =
∫︀
𝒟(𝑢− 𝑚̂(𝑢))(−Δ)−1(𝑢− 𝑚̂(𝑢)) d𝑠

Total-variation 𝒬4(𝑢) =
2
∫︀
𝒟(∇𝑢 · ∇𝑢)1/2 d𝑠
1− |ℳ(𝑢)|

To summarize periodic patterns in the equilibrium melts we consider Fourier-

based observables based on the azimuthal-averaged power spectrum of the images.

We hypothesize that this averaging preserves most information about the parameters

given that the specific orientation of melt patterns is not unique. To obtain the

averaged power spectrum from an image 𝑦* of dimensions 𝑁 × 𝑀 , we first apply

the discrete Fourier transform to compute the coefficient matrix ̂︀𝑦 ∈ C𝑁×𝑀 with the

(𝑛,𝑚) entry

̂︀𝑦(𝑛,𝑚) =
𝑁−1∑︁
𝑘=0

𝑀−1∑︁
𝑙=0

𝑦*(𝑛,𝑚) exp

(︂
−𝑖2𝜋𝑛𝑘

𝑁

)︂
exp

(︂
−𝑖2𝜋𝑚𝑙

𝑀

)︂
, (5.10)

where 𝑖 denotes the imaginary unit satisfying 𝑖2 = −1. The power spectrum P𝑠 ∈
R𝑁×𝑀 is given by the modulus of the complex coefficient matrix, i.e., P𝑠 = |̂︀𝑦|.
The azimuthal-averaged power spectrum P𝑎 is computed by changing P𝑠 to radial
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coordinates (𝑟, 𝜃) and averaging over 𝑁𝜃(𝑟𝑘) orientations 𝜃 for each radial frequency

𝑟𝑘 ∈ (0, 𝑟max]. That is,

P𝑎(𝑟𝑘) =
1

𝑁𝜃(𝑟𝑘)

𝑁𝜃(𝑟𝑘)∑︁
𝑖=1

P𝑠(𝑟𝑘, 𝜃𝑖). (5.11)

In our numerical experiments, we use images of dimensions 𝑁,𝑀 = 101 and consider

radial frequencies up to 𝑟max = 40.

5.3.3 Posterior computation

In this study, we consider a prior distribution that is uniform over a set of admissible

parameters 𝒜 ⊆ R3
+. That is, 𝜋X(𝑥) = 1

|𝒜|1{𝑥∈𝒜}. The boundary of the admissi-

ble set 𝜕𝒜 is defined by describing constraints on each parameter that exclude trivial

equilibrium states and regions of non-identifiable parameters. First, we consider mass

averages 𝑚 ∈ [0,
√︀

1/3] that do not produce equilibrium states without phase separa-

tion, i.e., disordered states where the two monomers are perfectly mixed. Second, the

parameters (𝜖, 𝜎) are selected as a function of 𝑚 so that the phase transitions are not

infinitesimally small and the length scales of the morphological structures are smaller

than the domain size. Figure 5-3 plots the resulting admissible set along with 10, 000

i.i.d. samples drawn from 𝜋X.

Figure 5-3: Admissible set and samples from the prior density for the model param-
eters 𝜋X

Most importantly, the conditional constraints on each parameter yield a hierar-
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chical prior that factorizes in the form

𝜋X(𝑚, 𝜖, 𝜎) = 𝜋𝑀(𝑚)𝜋𝐸|𝑀(𝜖|𝑚)𝜋Σ|𝑀,𝐸(𝜎|𝑚, 𝜖). (5.12)

Each uniform conditional density in (5.12) can be expressed as the pushforward of

an invertible transformation through a univariate Gaussian reference density. This

enables us to re-parameterize the model parameters using standard Gaussian random

variables without any loss of information. Furthermore, this re-parametrized prior is

fully supported on R3. In comparison, the original parameters result in a prior density,

and hence a posterior density, that are constrained to a compact set contained in 𝒜,

which violates the assumption in Chapters 2 and 3 for using triangular maps. For

the remainder of this section, we denote the transformed parameters as X ∼ 𝜋X and

present the results in this transformed space.

To apply the measure transport technique in Section 5.2, we collect 𝑛 = 50, 000

independent prior samples 𝑋 𝑖 ∼ 𝜋X and data 𝑌 𝑖 ∼ 𝜋Y|X(·|𝑋 𝑖) generated from the

forward and likelihood models in Sections 5.3.1 and 5.3.2, respectively. For each data

sample 𝑌 𝑖, we compute the energy observables Q𝑖 = (𝑄𝑖
1, 𝑄

𝑖
2, 𝑄

𝑖
3, 𝑄

𝑖
4) and Fourier-

based observables. Figure 5-4 presents joint samples from 𝜋Q,X for the likelihood

model with two different noise and blur settings. The contours of a kernel density

estimate for the one and two-dimensional marginals indicates the non-Gaussianity of

the joint densities.

In our experiments we investigate the effect of collecting different observations

and applying different levels of noise and blurring to the Di-BCP equilibrium im-

ages. Given a parameter 𝑥* ∼ 𝜋X and observation 𝑦* sampled from the likelihood

model, we estimate the transport map ̂︀𝑆𝒳 using the ATM algorithm in Chapter 3 given

𝑛 = 30, 000 samples. We then use the resulting map to evaluate the approximate pos-

terior densities 𝜋X|𝑦*(𝑥) = ̂︀𝑆𝒳 (𝑦*, ·)♯𝜂Z2(𝑥). Figure 5-5 displays a marginal of the

approximate posterior density for the model parameters 𝑥 = (𝜖, 𝜎) and 𝑚 = 0 when

conditioning on an increasing number of energy functionals (with only additive noise

corruption). With more observations, the posterior density concentrates around the
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(a) (b)

Figure 5-4: Samples and kernel density estimates for the one and two-dimensional
marginals of the joint density 𝜋Q,X of observables and parameters given (left) noise-
free and blurring-free images and (right) images with additive noise of SNR 2.5 and
blurring strength 𝜎blur = 10−2.

true value of the parameters 𝑥* with lower uncertainty. Similarly, Figure 5-6 displays

the 𝑚 = 0 marginal of the approximate posterior after conditioning on two func-

tionals (𝑄2, 𝑄4) when adding either noise or blurring to the images in the likelihood

model. We observe that these sources of corruption increase the posterior spread and

decrease the posterior accuracy for recovering the true parameters 𝑥* that generated

the data.

5.3.4 EIG computation

A core advantage of estimating the conditional densities for all values of 𝑞 is that

it enables the computation of expectations over the parameters and observable ran-

dom variables. One of these quantities is the expected information gain (EIG), which

represents the average informativeness of an observable Q for learning about a pa-

rameter X. In the field of Bayesian optimal experimental design, the EIG is used

to quantify information gain a priori to an experiment taking place and collecting a

specific realization of the data [129]. Specifically, the EIG 𝐼(X;Q) is defined as the

KL divergence from the prior to the posterior in expectation over the random variable
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(a) Prior samples (b) Posterior given 𝑌 = (𝑄4)

(c) Posterior given 𝑌 = (𝑄2, 𝑄4) (d) Posterior given 𝑌 = (𝑄1, 𝑄2, 𝑄3, 𝑄4)

Figure 5-5: Approximate posterior densities for (𝜖, 𝜎) given 𝑚 = 0 when conditioning
on an increasing number of energy observables with additive noise of SNR = 2.5 and
no blurring, i.e., 𝜎blur = 0. The posterior concentrates around the true value of the
parameters, indicated in red, when conditioning on more observables.

Q. That is,

𝐼(X;Q) =

∫︁
R𝑟

𝐷KL(𝜋X|𝑞||𝜋X)𝜋Q(𝑞)d𝑞. (5.13)

If the observable Q is uninformative of X, then the posterior reverts to the prior for

all 𝑞 and the EIG is equal to zero. Otherwise, the EIG is a positive quantity.

The EIG in (5.13) is equivalently expressed as the expected log-ratio of the pos-

terior over the prior density, i.e., 𝐼(X;Q) = E𝜋X,Q
[log(𝜋X|Q(X|Q)/𝜋X(X))]. Given

an approximate posterior density ̂︀𝜋X|Q (for instance, from the measure transport ap-

proach in Section 5.2), a simple calculation [69, Appendix A] shows that a lower
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(a) No noise, no blurring (b) No noise, with blurring

(c) With noise, no blurring (d) With noise, with blurring

Figure 5-6: Approximate posterior densities ̂︀𝜋𝜖,𝜎|𝑄2,𝑄4 given 𝑚 = 0 when conditioning
on energy observables with additive noise of SNR = 2.5 and/or blurring of standard
deviation 𝜎blur = 10−2. The precision and accuracy of the posterior relative to the
true parameter decrease when adding noise or blurring.

bound for the EIG in (5.13) is

𝐼(X;Q) ≥ ̂︀𝐼(X;Q) := E𝜋X,Q

[︂
log
̂︀𝜋X|Q(X|Q)

𝜋X(X)

]︂
. (5.14)

Moreover, the gap between the EIG and the lower bound is equal to the KL divergence

from the approximation to the true posterior in expectation over the observables, i.e.,

E𝜋Q [𝐷KL(𝜋X|Q(·|Q)||̂︀𝜋X|Q(·|Q))]. Thus, the lower bound for the EIG approaches the

true EIG as the approximate density ̂︀𝜋X|𝑞 better approximates the true posterior

𝜋X|𝑞 for each 𝑞. Given 𝑛 i.i.d. samples {(𝑋 𝑖,𝑄𝑖)}𝑛𝑖=1 ∼ 𝜋X,Q from the joint density
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of parameters and observables, an unbiased estimate for the lower bound in (5.14) is

1

𝑛

𝑛∑︁
𝑖=1

log ̂︀𝜋X|Q(𝑋
𝑖|𝑄𝑖)− E𝜋X [log 𝜋X(X)]. (5.15)

The second term in (5.15) is the entropy of the prior density for the parameters,

which is often available in closed form. As an example, for a standard Gaussian prior

density 𝜋X(𝑥) = 𝒩 (𝑥;0, I𝑑) with 𝑥 ∈ R𝑑, the entropy is given by E𝜋X [− log 𝜋X(X)] =

1
2
log(2𝜋𝑒𝑑). Figure 5-7 presents an example of using EIG to compare the informative-

ness of two observables for learning about a one-dimensional parameter 𝑋 ∈ R. In a

Figure 5-7: Posterior densities for the Gaussian parameter 𝑋 in Figure 5-1 given two
observables 𝑄1 = −𝑋 + 𝑁 (left) and 𝑄2 = 𝑋2 + 𝑁 (right) for 𝑁 ∼ 𝒩 (0, 0.01).
The posterior densities for 𝑄1 are more concentrated as compared to the bi-modal
posteriors for 𝑄2, indicating that 𝑄1 is more informative of 𝑋. Integrating the KL
divergence between the prior density for 𝑋 and the posteriors over the different values
of 𝑄1, 𝑄2 results in expected information gains (EIG) of ̂︀𝐼(𝑋;𝑄1) = 1.64± 0.01 and̂︀𝐼(𝑋;𝑄2) = 0.86 ± 0.01. EIG provides a quantitative approach to measure and rank
the informativeness of different observables.

likelihood–free setting, the prior density 𝜋X may also be analytically unavailable. In

this case, we can also find an approximation ̂︀𝜋X for 𝜋X and define the EIG estimator

1

𝑛

𝑛∑︁
𝑖=1

[︀
log ̂︀𝜋X|Q(𝑋

𝑖|𝑄𝑖)− log ̂︀𝜋X(𝑋 𝑖)
]︀
, (5.16)

where {(𝑋 𝑖,𝑄𝑖)}𝑛𝑖=1 ∼ 𝜋X,Q. Let us remark that the estimator in (5.16) does not

yield a bound on EIG; see [69]. This is problematic when the goal is to maximize the
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EIG with respect to different designs in the context of optimal experimental design.

An important property of mutual information, and hence expected information

gain, is its invariance under marginal transformations of the random variables [46].

If we have two bijective functions 𝑓 and 𝑔, then 𝐼(X;Q) = 𝐼(𝑓(X); 𝑔(Q)). This

property allows us to compute the EIG by finding approximations to the posterior

of the transformed random variables so that the resulting EIG estimator has better

statistical properties. In our numerical experiments, we transform the original model

parameters X defined on a bounded subset of R3
+ to the unbounded domain R3. The

transformed random variables have a standard Gaussian prior distribution allowing

us to use the EIG estimator in (5.15). A similar transformation can be defined for the

observations. For instance, the function 𝑔(𝑞) = log(𝑞) will transform non-negative

variables with full support on R+ to be fully supported on R. We did not need these

for our case study.

In our numerical experiments we use 𝑛 = 20, 000 i.i.d. samples from 𝜋X,Q to esti-

mate the expected information gain in (5.14), which are independent of the samples

we use to learn the map. To account for outlier samples from numerical anomalies in

the discretization and solver for (5.6), we compute the 0.005 and 0.995 quantiles of

the log posterior evaluations log ̂︀𝜋X|Q(𝑋
𝑖|𝑄𝑖) and discard evaluations that are outside

of these quantiles for the EIG estimation.

Figure 5-8 plots the estimated EIG as a function of each marginal parameter for

different observables. As naturally expected, the empirical spatial average ̂︀𝑚 is most

informative of the mass average 𝑚. We also observe that the energy functionals based

on gradient information, 𝑄2 and 𝑄4, are informative of the interface length 𝜖, while

the non-local functional 𝑄3 based on longer length scale information is informative

of the overall polymer characteristics (e.g., the number of structural units in each

chain), which is given by 𝜎.

Next, we consider the information gain from the Fourier-based power spectrum of

the equilibrium melts. Figure 5-9 plots the EIG for inferring 𝜖 and 𝜎 as a function of

different radial frequencies in the power spectrum P𝑎, without blurring and additive

Gaussian noise in the data. The EIG estimates from the non-Gaussian measure
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(a) 𝐼(𝑚;Q) (b) 𝐼(𝜖;Q) (c) 𝐼(𝜎;Q)

Figure 5-8: Expected information gain 𝐼 between each marginal parameter and vari-
ous energy functionals.

transport approximation of each conditional density 𝜋X|Q are compared to the EIG

computed using Gaussian approximations of 𝜋X|Q. The measure transport approach

provides closer approximations to the true conditionals, and thus a tighter lower

bound for EIG in (5.14). In comparison, the Gaussian approximation under-estimates

the EIG as seen in Figure 5-9b.

(a) (b)

Figure 5-9: EIG for (a) 𝜖 and (b) 𝜎 when conditioning marginally on each radial fre-
quency in the discrete Fourier transform of the equilibrium melts . The non-Gaussian
posterior approximations using the measure transport approach with nonlinear maps
are compared to underestimated EIG values using Gaussian approximations (i.e., lin-
ear transport maps).

To further compare the Gaussian and non-Gaussian approximations, we visual-

ize the joint density of the non-local parameter 𝜎 and the power spectrum P𝑎 for

the radial frequency 𝑟𝑘 = 17. Figure 5-10 plots i.i.d. samples (left), the approxima-

tion using the ATM procedure (middle) and a Gaussian approximation (right). We

observe that the Gaussian approximation (or equivalently a linear transport map as
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in Example 1) does not capture the multi-modal structure of the joint density and

results in an approximation with near-zero correlation between the parameter and

this observable. Hence, the resulting EIG is near zero at the frequency 𝑟𝑘 = 17 in

Figure 5-9b, in comparison to the EIG estimated using a nonlinear transport map.

We conclude this section by emphasizing the importance of using rich and flexible

parameterizations (offered by the ATM framework in Chapter 3) to characterize non-

Gaussian distributions and accurately estimate EIG. This is especially important

when extracting insights such as the most informative radial frequencies for learning

about each marginal parameter.

Figure 5-10: The two-dimensional marginal distribution for the parameter 𝜎 and the
power spectrum for the radial frequency 𝑟𝑘 = 17. The joint samples (left) are used
to form a non-Gaussian (middle) and a Gaussian approximation (r ight) of the joint
density.

5.4 Stochastic map inference algorithm

While the approach in Section 5.2 can be used to sample from or explicitly evaluate

the posterior density, we now focus on combining transports to build simpler maps

that can be used specifically for posterior sampling. To do so, we construct a prior-

to-posterior transformation 𝑇𝑦* : R𝑚+𝑑 → R𝑑 such that X𝑐 = 𝑇𝑦*(Y,X) follows the

posterior law with distribution 𝜋X|𝑦* for (X,Y) ∼ 𝜋X,Y.

Let 𝑆 be a triangular transport map of the form in (5.3) that pushes forward the

joint density 𝜋Y,X to a reference density 𝜂Z1,Z2 (e.g., a standard normal) of dimension

𝑑+𝑚. Using the property that the map 𝜉 ↦→ 𝑆𝒳 (𝑦, 𝜉) pushes forward 𝜋X|𝑦 to 𝜂Z2 for

each 𝑦, we have that 𝑆𝒳 (𝑌 𝑖,𝑋 𝑖) ∼ 𝜂Z2 for each joint sample (𝑋 𝑖,𝑌 𝑖) ∼ 𝜋X,Y. Thus,
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we can define a composed transformation that maps samples from 𝜋Y,X to 𝜋X|𝑦* as

𝑇𝑦*(𝑦,𝑥) := 𝑆𝒳 (𝑦*, ·)−1 ∘ 𝑆𝒳 (𝑦,𝑥),

where 𝑆𝒳 (𝑦*, ·)−1 denotes the inverse of the mapping 𝜉 ↦→ 𝑆𝒳 (𝑦*, 𝜉) that pulls back

𝜂Z2 samples to 𝜋X|𝑦* samples. Figure 5-11 depicts this composition as an alternative

to sampling using the inverse of 𝑆𝒳 alone (i.e., the right hand side of the plot), which

we refer to as a single map approach.

SX (y∗, ·)−1
◦ SX (y,x)

πY ,X πX|Y =y∗

T (y,x)

ηZ2

SX (y,x) SX (y∗, ·)−1

Figure 5-11: Composed maps from the joint distribution 𝜋Y,X to the posterior 𝜋X|𝑦*

In practice, we build an estimator ̂︀𝑇𝑦* for 𝑇𝑦* using 𝑛 i.i.d. samples {(𝑌 𝑖,𝑋 𝑖)}𝑛𝑖=1

from the joint density 𝜋Y,X. We estimate 𝑆𝒳 by solving the optimization prob-

lem (5.4) in Section 5.2, and compose the resulting maps to produce the transforma-

tion ̂︀𝑇𝑦*(𝑦,𝑥) := ̂︀𝑆𝒳 (𝑦*, ·)−1 ∘ ̂︀𝑆𝒳 (𝑦,𝑥). (5.17)

We then generate approximate posterior samples by evaluating ̂︀𝑇𝑦* at the same joint

samples2 that are used to estimate 𝑆𝒳 . The map in (5.17) can be seen as pushing

prior samples X ∼ 𝜋X to posterior samples through a transformation parametrized

by the random variable Y. Hence, we refer to this Bayesian inference method as the

stochastic map (SM) algorithm and summarize its steps in Algorithm 5.

If the map ̂︀𝑆𝒳 is estimated exactly such that ̂︀𝑆𝒳 (𝑦, ·) pulls back 𝜋X|𝑦 to 𝜂Z2 for

2Using the same 𝑛 samples to estimate ̂︀𝑇𝑦* and to generate posterior samples will introduce
a bias when sampling from the distribution of ̂︀𝑇𝑦*(X,Y). Alternatively, we can evaluate ̂︀𝑇𝑦* at
i.i.d. samples from 𝜋Y,X that were not used to estimate 𝑆𝒳 . In settings with a finite set of joint
samples, however, we observe that it is often more advantageous to construct low variance estimators
for 𝑆𝒳 using all available samples.
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all 𝑦, then using the composed map or the single map will perform identically for

posterior sampling. These two approaches will differ, however, given a map ̂︀𝑆𝒳 such

that ̂︀𝑆𝒳 (𝑦, ·)♯𝜂Z2(𝑥) ̸= 𝜋X|Y(𝑥|𝑦). In this case, 𝑇𝑦* is a often a simpler transformation

and is less affected by estimation error than using 𝑆𝒳 (𝑦*, ·)−1 alone. For instance,

when the data is uninformative of X, i.e., ̂︀𝑆𝒳 is a constant function of 𝑦, we havê︀𝑇𝑦*(𝑥,𝑦) = Id(𝑥). Thus, applying ̂︀𝑇𝑦* to samples from 𝜋X,Y will return exact prior

samples while applying ̂︀𝑆𝒳 (𝑦*, ·)−1 to samples from 𝜂Z2 will only return samples from

an approximate prior distribution, that depends on how well we estimate 𝑆𝒳 .

Algorithm 5: Stochastic map (SM) for conditional sampling
Input : i.i.d. samples {(𝑋 𝑖,𝑌 𝑖)}𝑛𝑖=1 ∼ 𝜋X,Y, observation 𝑦*

Output: Approximate posterior samples {𝑋 𝑖
𝑐}𝑛𝑖=1

1 Compute block ̂︀𝑆𝒳 given joint samples by solving (5.4)
2 Evaluate residual samples 𝑍𝑖

2 = ̂︀𝑆𝒳 (𝑌 𝑖,𝑋 𝑖) for 𝑖 = 1, . . . , 𝑛

3 Invert map 𝑍𝑖
2 = ̂︀𝑆𝒳 (𝑦*,𝑋 𝑖

𝑐) to get 𝑋 𝑖
𝑐 for 𝑖 = 1, . . . , 𝑛

Let us remark that this notion of transforming samples using the composed map

rather than re-sampling is well-known in the data assimilation literature. As a simple

experiment, we compare the performance of an ensemble Kalman filter (EnKF) for

tracking the state of a fully-observed Lorenz-63 model over time using either the

composition of linear maps 𝑆𝒳 or a single map alone. We refer the reader to Chapter 6

for more details about the Lorenz-63 model and the EnKF. At each inference step,

we use 𝑛 joint samples to approximately sample from the posterior density and use

the posterior mean as an estimate for the true underlying state that generated the

observations. Figure 5-12 plots the root-mean-squared error (RMSE) for the state

as a function of the ensemble size 𝑛. We observe that while both posterior sampling

methods perform similarly for large ensemble sizes, their ability to track the state

is very different for small 𝑛. In fact, using linear maps is sufficient to accurately

track the state even with 𝑛 = 10 samples if we use them to derive a (composed)

prior-to-posterior transformation. In comparison, the single map approximates the

posterior by a multivariate Gaussian (i.e., the pullback density of the linear map)

at each inference step. As a result, we observe that the single map is unstable for
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tracking the state with 𝑛 < 100 samples.

(a) (b)

Figure 5-12: (a) The root-mean-squared error (RMSE) for estimating the state of
a Lorenz-63 system over time with 𝑛 = 50 samples for learning the map. (b) The
average RMSE over time for increasing sample sizes 𝑛. The composed map results in
stable performance for tracking the true state with small 𝑛.

The remainder of this section is organized as follows. Subsections 5.4.1 and 5.4.2

show the numerical and theoretical advantages of using the composed map over a

single map. Lastly, subsection 5.4.3 relates the SM algorithm to a commonly used

ABC technique for correcting approximate posterior samples known as regression

adjustment.

5.4.1 Variance using composed map

In this section we compare the posterior variance that is estimated using the composed

map ̂︀𝑇𝑦* to the single map ̂︀𝑆𝒳 . Let the joint distribution be a multivariate Gaussian

𝜋X,Y = 𝒩 (𝜇,Σ) with mean and covariance

𝜇 =

⎡⎣𝜇X

𝜇Y

⎤⎦ , Σ =

⎡⎣ ΣX ΣXY

ΣYX ΣY

⎤⎦ . (5.18)
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In this case, the posterior distribution given an observation 𝑦* is also Gaussian, i.e.,

𝜋X|𝑦* = 𝒩 (𝜇X|𝑦* ,ΣX|Y) with mean and covariance

𝜇X|𝑦* = 𝜇X + ΣXYΣ
−1
Y (𝑦* − 𝜇Y)

ΣX|Y = ΣX − ΣXYΣ
−1
Y ΣYX.

To represent Gaussian target distributions as transformations of a standard Gaussian

reference 𝜂Z2 , it is sufficient to consider affine maps 𝑆𝒳 of the form

𝑆𝒳 (𝑦,𝑥) = A(𝑥−B𝑦 + c),

where A ∈ R𝑑×𝑑, B ∈ R𝑑×𝑚 and c ∈ R𝑑 are matrix parameters. Given a finite number

of samples from 𝜋X,Y, we estimate these parameters by solving the optimization

problem in (5.4). The corresponding estimator for the map ̂︀𝑆𝒳 and the composed

map ̂︀𝑇𝑦* are given by

̂︀𝑆𝒳 (𝑦,𝑥) = ̂︀A(𝑥− ̂︀B𝑦 + ̂︀c), (5.19)̂︀𝑇𝑦*(𝑦,𝑥) = 𝑥− ̂︀B(𝑦 − 𝑦*), (5.20)

where ̂︀B = ̂︀ΣXY
̂︀Σ−1
Y , c = ̂︀B̂︀𝜇Y − ̂︀𝜇X, and ̂︀A is the inverse Cholesky factor of the

conditional covariance ̂︀ΣX|Y := ̂︀ΣX − ̂︀ΣXY
̂︀Σ−1
Y
̂︀Σ𝑇
XY. We use carets to denote the

sample average approximations. Hence, as 𝑛 → ∞, ̂︀B converges to the well-known

Kalman gain ΣXYΣ
−1
Y .

We now compare the estimated covariance of the posterior distribution when using

the maps in (5.19) and (5.20) for conditional sampling. Pushing forward the Gaus-

sian reference 𝜂Z2 through the inverse of the single map 𝜉 ↦→ ̂︀𝑆𝒳 (𝑦*, 𝜉) produces a

multivariate Gaussian approximate density ̂︀𝜋X|Y with covariance ̂︀Σ𝑠
X|Y = ̂︀A−1 ̂︀A−𝑇 .

On the other hand, the pushforward of 𝜋Y,X through the composed map ̂︀𝑇𝑦* produces
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the approximate covariance

̂︀Σ𝑐
X|Y = ΣX − ΣXY

̂︀Σ−𝑇
Y
̂︀Σ𝑇
XY − ̂︀ΣXY

̂︀Σ−1
Y Σ𝑇

XY + ̂︀ΣXY
̂︀Σ−1
Y ΣY

̂︀Σ−𝑇
Y
̂︀Σ𝑇
XY (5.21)

= ΣX|Y + (̂︀ΣXY
̂︀Σ−1
Y Σ

1/2
Y − ΣXYΣ

−1/2
Y )(̂︀ΣXY

̂︀Σ−1
Y Σ

1/2
Y − ΣXYΣ

−1/2
Y )𝑇

= ΣX|Y + (̂︀B−B)ΣY(̂︀B−B)𝑇 .

The last equation shows the approximate posterior covariance using ̂︀𝑇𝑦* is a pertur-

bation of true posterior covariance. Furthermore, this perturbation only depends on

how accurately we estimate the Kalman gain, i.e., ̂︀Σ𝑐
X|Y → ΣX|Y as ̂︀B→ B. In com-

parison, using the inverse of ̂︀𝑆𝒳 to sample from 𝜋X|Y requires accurately estimating

A, which depends on how well we compute B.

As a numerical example, we consider the posterior of the Bayesian linear regression

problem presented in [160]. The prior is the standard Gaussian 𝜋X = 𝒩 (0, I𝑑) and

the likelihood is the conditional Gaussian 𝜋Y|X =
∏︀𝑚

𝑘=1𝒩 (𝑦𝑘|u𝑇𝑘 x, 𝜎2) where u𝑘 ∼
𝒩 (0, I𝑑) and 𝜎 = 0.1. In this experiment we have 𝑑 = 6 parameters and 𝑚 = 10

observations. Using an increasing number of samples 𝑛 from the joint distribution

𝜋Y,X, we compute the approximate posterior covariances ̂︀Σ𝑠
X|Y and ̂︀Σ𝑐

X|Y using the

maps in equations (5.19) and (5.20), respectively. Figure 5-13 displays the error

between the true and approximate covariances in the Frobenius norm ‖̂︀ΣX|Y−ΣX|Y‖𝐹
and the KL divergence 𝐷KL(𝒩 (𝜇X|Y,ΣX|Y)||𝒩 (𝜇X|Y, ̂︀ΣX|Y)) = 1

2
(log

|̂︀ΣX|Y|
|ΣX|Y| − 𝑑 +

Tr(̂︀Σ−1
X|YΣX|Y)). We observe that the error using the composed map converges at

twice the rate of the single map. A similar difference in convergence rates is observed

when using other norms and divergences to measure the error.

The 𝒪(1/𝑛) convergence rate in the Frobenius norm when using the composed

map can be shown analytically using the upper bound

⃦⃦⃦̂︀Σ𝑐
X|Y − ΣX|Y

⃦⃦⃦
𝐹
=
⃦⃦⃦
(̂︀B−B)ΣY(̂︀B−B)𝑇

⃦⃦⃦
𝐹
≤
⃦⃦⃦ ̂︀B−B

⃦⃦⃦2
𝐹
‖ΣY‖𝐹 .

Given that ̂︀B is a maximum likelihood estimator for B,
√
𝑛(̂︀B−B) converges asymp-

totically to a Gaussian random variable with distribution 𝒩 (0, 𝐼−1), where 𝐼 de-
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(a) (b)

Figure 5-13: The (a) Frobenius norm and (b) KL divergence for the estimated poste-
rior covariance using the single and composed map given 𝑛 joint samples from 𝜋X,Y

notes the Fisher information matrix for B. Applying Proposition 1 in [93] we have

‖̂︀B−B‖2𝐹 ≤ 1
𝑛
(Tr(𝐼−1) + 4‖𝐼−1‖𝐹 log(1/𝛿)) with probability at least 1− 𝛿 for 𝛿 > 0.

Thus with high probability, ‖̂︀Σ𝑐
X|Y − ΣX|Y‖𝐹 ≤ 𝐶/𝑛 for a constant 𝐶 depending on

𝐼, ΣY, and 𝛿. In comparison, the error in the posterior covariance from the single

map depends on the accuracy of estimating A, which generally converges at the usual

𝒪(1/√𝑛) rate for a maximum likelihood estimator.

5.4.2 Bias using composed map

In this section we compare the bias of statistics computed from the composed map̂︀𝑇𝑦* to the single map ̂︀𝑆𝒳 in an infinite-sample setting. The stochastic map algorithm

begins by learning a function 𝑆𝒳 that ideally maps samples from 𝜋X|Y to a standard

Gaussian reference density 𝜂Z2 by solving

̂︀𝑆𝒳 = argmin
𝑆𝒳

∫︁
𝒴
𝐷KL

(︀
𝜋X|Y(·|𝑦)||𝑆𝒳 (𝑦, ·)♯𝜂Z2

)︀
𝜋Y(𝑦)d𝑦. (5.22)

If the objective value is zero at the minimizer, the map ̂︀𝑆𝒳 (𝑦, ·) pushes forward each

conditional 𝜋X|𝑦 to the same reference 𝜂Z2 for each 𝑦. Here we consider ̂︀𝑆𝒳 in (5.22)

to be found by minimizing over a constrained function space such that the minimum

objective value is not zero. In this case, ̂︀𝑆𝒳 (𝑦, ·) pushes forward the conditional den-
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sity 𝜋X|Y(𝑥|𝑦) to the conditional reference density 𝜋Z2|Y(𝑥|𝑦) := ̂︀𝑆𝒳 (𝑦, ·)♯𝜋X|Y(𝑥|𝑦),
which is not equal to the standard Gaussian density 𝜂Z2 and may depend on 𝑦.

Given an approximate map ̂︀𝑆𝒳 , we denote the random variable for the output of

the composed map by X𝑐 := ̂︀𝑇𝑦*(Y,X) for (Y,X) ∼ 𝜋Y,X. The distribution of X𝑐 is

found by first marginalizing the conditional reference densities over Y to define the

marginal density for Z2 = ̂︀𝑆𝒳 (Y,X) ∼ 𝜋Z2 , and second by pulling back 𝜋Z2 through

the map ̂︀𝑆𝒳 (𝑦*, ·). We let 𝜋𝑐 denote the density for the random variable X𝑐. This

density is given by

𝜋𝑐(𝑥) = ̂︀𝑆𝒳 (𝑦*, ·)♯𝜋Z2(𝑥) (5.23)

= ̂︀𝑆𝒳 (𝑦*, ·)♯
∫︁
𝒴
𝜋Z2|Y(𝑥|𝑦)𝜋Y(𝑦)d𝑦 (5.24)

= ̂︀𝑆𝒳 (𝑦*, ·)♯
∫︁
𝒴

̂︀𝑆𝒳 (𝑦, ·)♯𝜋X|Y(𝑥|𝑦)𝜋Y(𝑦)d𝑦, (5.25)

Let us make two observations. First, if the conditional reference densities are all

equal to the standard Gaussian reference, i.e., 𝜋Z2|𝑦 = 𝜂Z2 and hence 𝜋X|Y(𝑥|𝑦) =̂︀𝑆𝒳 (𝑦, ·)♯𝜂Z2(𝑥) for all 𝑦, then 𝜋𝑐 corresponds to the exact posterior density. From

equation (5.24) we have

𝜋𝑐(𝑥) = ̂︀𝑆𝒳 (𝑦*, ·)♯
∫︁
𝜂Z2(𝑥)𝜋Y(𝑦)d𝑦 = ̂︀𝑆𝒳 (𝑦*, ·)♯𝜂Z2(𝑥) = 𝜋X|Y(𝑥|𝑦*). (5.26)

Second, equation (5.25) shows that the density for the output of the composed map

is given by a weighted average of the true conditional densities 𝜋X|Y by integrating

over the observations Y.

To determine the benefit of using the composed map 𝑇𝑦* to sample from the pos-

terior density, we compare 𝜋𝑐 to the density arising from pulling back the Gaussian

reference 𝜂Z2 through the single map ̂︀𝑆𝒳 , i.e., 𝜋𝑠(𝑥) := ̂︀𝑆𝒳 (𝑦*, ·)♯𝜂Z2(𝑥). The follow-

ing proposition shows that 𝜋𝑐 is closer in KL divergence to the true posterior density

𝜋X|𝑦* than 𝜋𝑠 on average for any realization of the observations. The proof of this

result is provided in Appendix D.

Proposition 11. Let 𝜋X,Y be a joint density and ̂︀𝑆𝒳 (𝑦, ·) be a transport map that
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approximately pushes forward 𝜋X|𝑦 to the standard Gaussian reference 𝜂Z2 for each

𝑦 ∈ R𝑚. Then, the KL divergence from the density of the composed map 𝜋𝑐 to the

posterior density 𝜋X|Y(·|Y*) in expectation over the realizations Y* ∼ 𝜋Y satisfies

E[𝐷KL(𝜋X|Y(·|Y*)||𝜋𝑐)] ≤ E[𝐷KL(𝜋X|Y(·|Y*)||𝜋𝑠)], (5.27)

where 𝜋𝑠 denotes the density from the single map. Furthermore, the inequality in (5.27)

is strict when ̂︀𝑆𝒳 (𝑦, ·) does not perfectly pull back 𝜂Z2 to 𝜋X|𝑦.

To numerically demonstrate the reduction in bias coming from the composed map,

we consider a one-dimensional example with the Gaussian mixture likelihood model

in [197]. This is a common benchmark for ABC algorithms because the multiple length

scales in the mixture result in poor nonparametric approximations of the form in (5.2)

based on a single threshold parameter. In this example, we consider the uniform

prior 𝜋𝑋 ∼ 𝒰(−10, 10) and the likelihood function 𝜋𝑌 |𝑋 = 0.5𝒩 (0, 1)+0.5𝒩 (0, 0.01).

To approximate the posteriors, we use 𝑛 = 104 joint samples to learn a monotone

map 𝑆𝒳 that is parametrized using the degree 5 Hermite polynomials introduced

in Chapter 3. Figure 5-14 plots a histogram of posterior samples arising from both

the single map and the composed map in comparison to the true posterior density.

We observe that the single map using low-degree polynomials does not capture the

localized feature in the posterior, while the composed map samples better capture

both mixture components by using the same map to push forward joint to posterior

samples. Furthermore, this behavior holds for different values of the observation 𝑦*.

5.4.3 Connection to regression adjustment

Regression adjustment is a commonly used method in high-dimensional ABC to cor-

rect approximate posterior samples [26]. Furthermore, it can be interpreted on its own

as an approximate posterior sampling method. Given samples {(𝑌 𝑖,𝑋 𝑖)}𝑛𝑖=1 ∼ 𝜋Y,X
3,

this technique first fits the model X𝑖 = ̂︀𝑓(Y𝑖) + 𝜖𝑖 for a function ̂︀𝑓 : R𝑑 → R𝑚. The

3In ABC, these pairs consist of data 𝑌 𝑖 and accepted parameter samples 𝑋𝑖 that closely match
the observation 𝑦*.
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(a) (b) (c)

Figure 5-14: Posterior densities for observations 𝑦* ∈ {−1, 0, 1} with the mixture of
Gaussians likelihood model and a uniform prior for 𝑋.

model ̂︀𝑓 is typically found using least-squares regression by assuming the residuals

𝜖𝑖 are independent and Gaussian distributed with variance 𝜎2. To sample from the

predictive distribution for 𝑥 given an observation 𝑦*, regression adjustment uses the

training data to generate i.i.d. samples from the residual distribution 𝜖𝑖 = X𝑖− ̂︀𝑓(Y𝑖).

Let us remark that the distribution for 𝜖 may be in general non-Gaussian, regardless

of the assumption that is used when fitting the model ̂︀𝑓 . Within the statistical es-

timation literature, this is also known as bootstrap or residual resampling [63]. An

approximate sample from the predictive distribution is then given by

X𝑖
𝑟𝑎 =

̂︀𝑓(𝑦*) + 𝜖𝑖 = X𝑖 − ̂︀𝑓(Y𝑖) + ̂︀𝑓(𝑦*). (5.28)

The transformation in (5.28) from the joint distribution of parameters and observa-

tions to X𝑟𝑎 has the same form as the prior-to-posterior transformation 𝑇𝑦* in the

stochastic map algorithm when the map 𝑆𝒳 is an affine function of 𝑥 with an additive

and (possibly) nonlinear dependence on the observation 𝑦, i.e., 𝑆𝒳 (𝑦,𝑥) = −𝑓(𝑦)+𝑥.

Thus, the stochastic map algorithm can be interpreted as a generalization of regression

adjustment that is in principle consistent on its own for posterior sampling when there

is no bias in the estimator for 𝑇𝑦* . Alternatively, the samples from the composed map̂︀𝑇𝑦*(𝑌 𝑖,𝑋 𝑖) can be used to correct approximate posterior samples in ABC methods,

with a more complex model than what is typically used in regression adjustment.

As an alternative to the sampling proposed in regression adjustment, we could
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discard the 𝑛 training samples after fitting ̂︀𝑓 and use the least-squares model to

generate independent samples from 𝒩 ( ̂︀𝑓(𝑦*), 𝜎2). This Gaussian approximation to

the predictive distribution corresponds to mapping standard normal samples through

the inverse map 𝜉 → 𝑆𝒳 (𝑦*, 𝜉); see Section 5.4.2. As in the stochastic map algo-

rithm, this approach does not account for the distribution of the residual random

variables. In addition, sampling from a Gaussian distribution is more sensitive to the

distributional assumptions made when learning ̂︀𝑓 . Table 5.2 summarizes the steps

in regression adjustment and the SM algorithm. The SM algorithm generalizes each

step in regression adjustment to sample exactly from the conditional density for X|Y.

Table 5.2: A comparison of steps in regression adjustment and the stochastic map
(SM) algorithm for sampling from the conditional density 𝜋X|𝑦* .

Regression adjustment SM algorithm
1. Fit regression model: X = ̂︀𝑓(Y) + 𝜖 1. Fit transport map: ̂︀𝑆𝒳 (Y,X) ∼ 𝜂Z2

2. Evaluate model at 𝑦*:

For Gaussian 𝜖 ∼ 𝒩 (0, 𝜎2I𝑑),

then X|𝑦* ∼ 𝒩 ( ̂︀𝑓(𝑦*), 𝜎2I𝑑)

2. Evaluate model at 𝑦*:

For Gaussian 𝜂Z2 = 𝒩 (0, I𝑑),

then X|𝑦* ∼ ̂︀𝑆𝒳 (𝑦*, ·)♯𝜂Z2

3. Sample residuals: 𝜖𝑖 = 𝑋 𝑖 − ̂︀𝑓(𝑌 𝑖) 3. Sample reference: 𝑍𝑖
2 = ̂︀𝑆𝒳 (𝑌 𝑖,𝑋 𝑖)

4. Sample posterior:

X𝑖
𝑟𝑎 =

̂︀𝑓(𝑦*) + 𝜖𝑖

= ̂︀𝑓(𝑦*) +𝑋 𝑖 − ̂︀𝑓(𝑌 𝑖)

4. Sample posterior:

X𝑖
𝑐 = ̂︀𝑆𝒳 (𝑦*, ·)−1

⃒⃒⃒
𝑍𝑖

2

= ̂︀𝑆𝒳 (𝑦*, ·)−1 ∘ ̂︀𝑆𝒳 (𝑌 𝑖,𝑋 𝑖)

5.5 Exploiting structure in composed maps

A natural question to ask is when the composed map ̂︀𝑇𝑦* will sample exactly from

the posterior distribution. The following proposition shows that this is true even

when the map ̂︀𝑆𝒳 does not pushforward 𝜋X|Y to a standard Gaussian reference 𝜂Z2 .

Instead, ̂︀𝑆𝒳 only needs to map all conditionals to a distribution that does not depend

on Y. The proof of this result is provided in Appendix D.
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Proposition 12. Let ̂︀𝑆𝒳 : R𝑚+𝑑 → R𝑑 be a map that satisfies 𝐿♯𝜂Z2 = ̂︀𝑆𝒳 (𝑦, ·)♯𝜋X|𝑦

for all 𝑦 where 𝐿 : R𝑑 → R𝑑 is an arbitrary monotone transformation and 𝜂Z2 is the

standard Gaussian density on R𝑑. Then, ̂︀𝑇𝑦*(Y,X) follows the law of the posterior

distribution 𝜋X|𝑦*.

As a consequence of Proposition 12, it is sufficient to learn a map ̂︀𝑆𝒳 that removes

the dependence of each conditional distribution 𝜋X|𝑦 on 𝑦. This goal can be stated

as finding maps ̂︀𝑆𝒳 such that the reference random variable Z2 := ̂︀𝑆𝒳 (Y,X) is

independent of Y. The following example finds such a map in a setting where the

conditional dependence is isolated to a single parameter of the distribution.

Example 3 (Location-scale family). Let the conditional densities 𝜋X|Y(·|𝑦) for all

𝑦 belong to a location-scale family with the same functional form where only the

conditional mean depends on 𝑦. These densities can be expressed as 𝜋X|Y(𝑥|𝑦) =

𝜌(𝑥 − 𝜇(𝑦)) in terms of a density 𝜌 : R𝑑 → R+ that does not depend on 𝑦 and

the conditional mean 𝜇(𝑦) := E[X|Y = 𝑦]. In this case, the affine transformation̂︀𝑆𝒳 (𝑥,𝑦) = 𝑥 − 𝜇(𝑦) is sufficient to remove the dependence on the observations Y.

Furthermore, the conditional reference

𝜋Z2|Y(𝑧2|𝑦) = ̂︀𝑆𝒳 (𝑦, ·)♯𝜋X|Y(𝑧2|𝑦) = 𝜋X|Y(𝑧2 + 𝜇(𝑦)|𝑦) = 𝜌(𝑧2),

is only a function of 𝑧2. Thus, by Proposition 12 the composed map 𝑇𝑦*(𝑦,𝑥) =

𝑥 − 𝜇(𝑦) + 𝜇(𝑦*) can be used to sample exactly from 𝜋X|𝑦*. Let us remark that

using the single map alone by pulling back the standard Gaussian density 𝜂Z2 througĥ︀𝑆𝒳 (𝑦, ·) will not equal 𝜋X|Y if 𝜌 departs strongly from 𝜂Z2. In this case, we require a

richer map that characterizes the functional form of 𝜌 to sample from the conditional

density 𝜋X|Y correctly using the single map.

Similarly, composing the single map ̂︀𝑆𝒳 (𝑥,𝑦) = (𝑥 − 𝜇(𝑦))/𝜎(𝑦) is sufficient

to sample exactly from the conditional densities in the location-scale family where

both the conditional mean 𝜇 and conditional standard deviation 𝜎(𝑦) := V[X|Y = 𝑦]

depend on 𝑦.

Outside of the location-scale families in Example 3, we consider maps ̂︀𝑆𝒳 that
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are general nonlinear functions of 𝑥 and 𝑦 for conditional densities whose shapes and

functional forms depend on the observations 𝑦. To measure the dependence of Z2

on Y, a popular measure of independence is the mutual information (MI)4. The MI

I(Z2;Y) is defined as the Kullback-Leibler divergence from the product of marginals

𝜋Z2 and 𝜋Y to the joint density 𝜋Z2,Y = 𝜋Z2|Y𝜋Y. That is,

I(Z2;Y) =

∫︁
𝜋Z2,Y(𝑧2,𝑦) log

(︂
𝜋Z2,Y(𝑧2,𝑦)

𝜋Z2(𝑧2)𝜋Y(𝑦)

)︂
d𝑧2d𝑦. (5.29)

The mutual information satisfies I(Z2;Y) = 0 if and only if 𝜋Z2,Y factorizes into a

product of its marginals, meaning that Z2 and Y are independent. Thus, to find a

map ̂︀𝑆𝒳 that removes the dependence of X on Y, we cast the variational problem

min
𝑆𝒳

𝐼(Z2;Y) (5.30)

s.t. Z2 = 𝑆𝒳 (Y,X)

𝑆𝒳 is monotone in 𝑥 for all 𝑦.

As compared to the optimization problem for the map in (5.4), the mutual infor-

mation is a less restrictive objective. For instance, the mutual information 𝐼(Z2;Y)

does not change when adding a constant to the map 𝑆𝒳 . On the other hand, mini-

mizing the KL divergence will change any additive constants in the map in order to

match the means of 𝜋X|Y and 𝑆𝒳 (𝑦, ·)♯𝜂Z2 . More generally, the mutual information

is invariant to any invertible marginal transformation of Z2. A consequence of this

invariance, however, is that the optimization problem in (5.30) does not have a unique

optimal solution. In particular, any map that meets the condition in Proposition 12

will satisfy Z2 ⊥⊥ Y. This includes the triangular map components in the KR re-

arrangement that push forward 𝜋X|Y to the standard Gaussian reference 𝜂Z2 . Let

us remark that the KR rearrangement also enforces that all components of Z2 are

independent and have a standard Gaussian distribution. The optimization problem

4Mutual information is a special case of the conditional mutual information introduced in Chap-
ter 4. Furthermore, the expected information gain introduced in Section 5.3.4 is the mutual infor-
mation between the parameters X and observations Y in a Bayesian inference problem.
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in (5.30) relaxes these later two conditions on Z2. This is important when considering

a constrained function space 𝒮 for the map. In this case, there may exist a solution

for ̂︀𝑆𝒳 in 𝒮 that satisfies I(̂︀𝑆𝒳 (Y,X);Y) = 0, even when there is no map 𝑆𝒳 that

satisfies 𝑆𝒳 (𝑦, ·)♯𝜂Z2(𝑥) = 𝜋X|Y(𝑥|𝑦) for all 𝑦.

Furthermore, the value of the mutual information objective is interpretable for

conditional sampling. By rewriting the mutual information in (5.29) in terms of the

KL divergence from 𝜋Z2 to 𝜋Z2|Y in expectation over Y, we have

𝐼(Z2;Y) = E𝜋Y [𝐷KL(𝜋Z2|Y(·|Y)||𝜋Z2)]

= E𝜋Y [𝐷KL(̂︀𝑆𝒳 (Y, ·)♯𝜋X|Y(·|Y)||𝜋Z2)]

= E𝜋Y [𝐷KL(𝜋X|Y(·|Y)||̂︀𝑆𝒳 (Y, ·)♯𝜋Z2)], (5.31)

where in the last two equalities we used the definition of the conditional reference and

the invariance of KL to monotone transformations. Recalling the density 𝜋𝑐 in (5.23)

for the output of the composed map we see that the mutual information in (5.31)

gives us the KL divergence from 𝜋𝑐 to the conditional densities 𝜋X|Y in expectation

over the observations Y. Therefore, solving (5.30) can be seen as minimizing the

posterior approximation error from using the composed map ̂︀𝑇𝑦* .

We can also interpret (5.30) as an optimization problem over the conditional refer-

ence densities 𝜋Z2|Y. From this perspective, we can also find maps that pushforward

𝜋X|Y to select reference densities that are independent of Y. Two natural choices for

the reference are:

1. The prior density for the parameters, 𝜋X. If the target conditional densities 𝜋X|Y

inherit features from the prior distribution (e.g., they have the same essential

support), a map 𝑆𝒳 that pulls back a non-Gaussian prior to the conditionals

may not need to encode these features.

2. The Wasserstein barycenter of the family of densities 𝜋X|Y is defined by minimiz-

ing the transportation distance (in Wasserstein distance) from each conditional

to the barycenter in expectation over 𝑦. We refer to [209, 234] for computa-
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tional algorithms to find the barycenter of an infinite number of conditionals

for X|Y with continuous variables Y.

In this work we will regularize the map optimization problem in (5.30), and implicitly

choose a family of reference densities 𝜋Z2|𝑦, by seeking simple parametric maps 𝑆𝒳 .

The remainder of this section is organized as follows. In subsection 5.5.1 we present a

multivariate Gaussian example and in subsection 5.5.2 we present a general algorithm

for solving (5.30) in non-Gaussian settings.

5.5.1 Multivariate Gaussian example

In this section we find an affine map 𝑆𝒳 that minimizes the mutual information when

𝜋X,Y is a multivariate Gaussian distribution. A general map 𝑆𝒳 that pushes forward

𝜋X|Y to the standard normal reference 𝜂Z2 has the form 𝑆𝒳 (𝑦,𝑥) = A(𝑥−B𝑦 + c)

for some invertible lower triangular matrix A ∈ R𝑑×𝑑, matrix B ∈ R𝑑×𝑚 and constant

c ∈ R𝑑. The MI objective, however, is invariant to the additive constant c and the

matrix A. Thus, it is sufficient to consider maps of the form Z2 = X−BY. In this

case, the marginal distribution for Z2 is a multivariate Gaussian with mean 𝜇Z2 and

covariance ΣZ2 given by

𝜇Z2 = 𝜇X −B𝜇Y

ΣZ2 = ΣX −BΣY,X − ΣX,YB
𝑇 +BΣYB

𝑇 .
(5.32)

Our goal is then to optimize B such that the mutual information 𝐼(Z2;Y) is min-

imized. From the decomposition of the mutual information in terms of the marginal

and joint entropies we have

𝐼(Z2;Y) = 𝐻(Z2) +𝐻(Y)−𝐻(Z2,Y). (5.33)

The joint entropy is invariant under bijective transformations and thus 𝐻(Z2,Y) =

𝐻(X,Y). Using the entropy for multivariate Gaussian distributions, (5.33) can be
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written as

𝐼(Z2;Y) =
1

2
log |ΣZ2|+

1

2
log |ΣY| −

1

2
log |ΣY(ΣX − ΣX,YΣ

−1
Y Σ𝑇

X,Y)|

=
1

2
log |ΣZ2| −

1

2
log |ΣX − ΣX,YΣ

−1
Y Σ𝑇

X,Y|.
(5.34)

Given that the mutual information is lower bounded by zero, the objective is min-

imized when ΣZ2 = ΣX − ΣX,YΣ
−1
Y Σ𝑇

X,Y = ΣX|Y, which corresponds to setting

B = ΣX,YΣ
−1
Y in (5.32). While the mutual information objective does not indi-

cate how to choose A and c, we can arrive at the choice A = I𝑑 and c = 0 by seeking

a map 𝑆𝒳 that satisfies 𝐼(Z;Y) = 0 and that is closest to the identity function with

respect to 𝑥.

5.5.2 Optimizing mutual information

We now minimize the mutual information for general non-Gaussian joint distributions

of (X,Y). Minimizing the MI objective in (5.31) requires evaluating the marginal

density 𝜋Z2 in (5.23). The form of this density depends on the map 𝑆𝒳 and the

joint density 𝜋X,Y, which is unavailable in a likelihood-free setting. To circumvent

this, we consider a variational upper bound for the mutual information [168]. Let

𝑞Z2 : R𝑑 → R+ be a density that approximates 𝜋Z2 . The mutual information is then

bounded as

I(Z2;Y) = E𝜋Z,Y

[︂
log

𝜋Z2|Y(Z2|Y)

𝜋Z2(Z2)

]︂
= E𝜋Z2,Y

[︂
log

𝜋Z2|Y(Z2|Y)𝑞Z2(Z2)

𝜋Z2(Z2)𝑞Z2(Z2)

]︂
= E𝜋Z2,Y

[︂
log

𝜋Z2|Y(Z2|Y)

𝑞Z2(Z2)

]︂
−𝐷KL(𝜋Z2||𝑞Z2)

≤ E𝜋Z2,Y

[︂
log

𝜋Z2|Y(Z2|Y)

𝑞Z2(Z2)

]︂
, (5.35)

where the last inequality follows from the positivity of the KL divergence. The in-

equality in (5.35) holds for any 𝑞Z2 such that the expectations above are finite, and

it is an equality when 𝑞Z2 = 𝜋Z2 . Furthermore, to find the tightest upper bound for

the mutual information, we can minimize the KL divergence 𝐷KL(𝜋Z2||𝑞Z2) over 𝑞Z2 .
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Given a map 𝑆𝒳 , we evaluate it at samples (𝑋 𝑖,𝑌 𝑖) ∼ 𝜋X,Y to generate samples

Z𝑖2 = 𝑆𝒳 (𝑌 𝑖,𝑋 𝑖) from the marginal distribution for Z2. We can then use these sam-

ples to define 𝑞Z2 . For instance, we can learn a monotone triangular transport map

𝑄 : R𝑑 → R𝑑 using the framework in Chapter 3 such that 𝑞Z2 = 𝑄♯𝜂 = 𝜋Z2 , where 𝜂

is the standard Gaussian density on R𝑑. We then find 𝑆𝒳 that minimizes (5.35), or

equivalently E𝜋Y [𝐷KL(𝜋X|Y(·|Y)||𝑆𝒳 (Y, ·)♯𝑞Z2)], by solving the optimization problem

argmin
𝑠

1

𝑛

𝑛∑︁
𝑖=1

[︀
− log 𝑞Z2(𝑠(𝑌

𝑖,𝑋 𝑖
≤𝑘))− log |𝜕𝑚+𝑘𝑠(𝑌

𝑖,𝑋 𝑖
≤𝑘)|

]︀
(5.36)

over the space of lower triangular maps 𝑠 : R𝑚×𝑑 → R𝑑 with the monotonicity con-

straints 𝜕𝑘𝑠(𝑦,𝑥≤𝑘) > 0 for the map components 𝑘 = 1, . . . , 𝑑. Let us remark that

this optimization problem is only convex with respect to 𝑠 if 𝑞Z2 is a log-concave

density. This result closely follows the proof of convexity for the standard Gaussian

reference in Appendix A. Unlike the optimization problem in (5.4) that is separable

over the 𝑑 map components, however, the map components must be found jointly

in (5.36) when 𝑞Z2 is not a product of independent marginal densities.

Each map 𝑆𝒳 defines a new upper bound for the mutual information. Thus

we can repeatedly compute and refine the upper bound as we update the map.

An iterative approach to minimize an objective function using a sequence of upper

bounds is the majorize-minimize (MM) framework [117]. Let I(𝑠(Y,X);Y) be the

mutual information with respect to the map 𝑠. For a map 𝑠𝑡 at iteration 𝑡, we con-

struct a surrogate function 𝐽(𝑠; 𝑞Z2) = E𝜋Y𝐷KL(𝜋X|Y(·|Y)||𝑠(Y, ·)♯𝑞Z2) by choosing

𝑞Z2 = 𝜋Z2 =
∫︀
𝑠𝑡(𝑦, ·)♯𝜋X|Y(𝑥|𝑦)𝜋Y(𝑦)d𝑦 so that 𝐷KL(𝑞Z2||𝜋Z2) = 0. The surro-

gate satisfies 𝐼(𝑠(Y,X);Y) ≤ 𝐽(𝑠; 𝑞Z2) for all invertible maps 𝑠 and 𝐽(𝑠𝑡; 𝑞Z2) =

I(𝑠𝑡(Y,X);Y). A surrogate satisfying these properties is known as a majorizer. We

then solve (5.36) to define the new map 𝑠𝑡+1 and repeat these steps until convergence.

[231] showed that the related expectation-maximization algorithm—an instance of the

MM framework—will either converge to a local optimum or a saddle point of the ob-

jective. We define convergence as the value of the objective (5.36) at the minimizing

map across two iterations being small. The complete procedure is summarized in
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Algorithm 6.

Algorithm 6: Majorization-Minimization algorithm for MI minimization
Input : i.i.d. samples {(𝑋 𝑖,𝑌 𝑖)}𝑛𝑖=1 ∼ 𝜋X,Y, observation 𝑦*

Output: Approximate posterior samples {𝑋 𝑖
𝑐}𝑛𝑖=1

1 Initialize 𝑞Z2 = 𝜋X

2 while Not Converged do
3 Compute ̂︀𝑆𝒳 given joint samples to push forward 𝜋X|Y to 𝑞Z2

4 Evaluate residual samples 𝑍𝑖
2 = ̂︀𝑆𝒳 (𝑌 𝑖,𝑋 𝑖) for 𝑖 = 1, . . . , 𝑛

5 Compute 𝑞Z2 given residual samples

6 Generate posterior samples using composed map 𝑋 𝑖
𝑐 = ̂︀𝑇𝑦*(𝑋 𝑖,𝑌 𝑖)

For a numerical example, we consider sampling from a one-dimensional density

in the location-scale family (see Example 3) where the conditional mean is given by

𝜇(𝑦) = sin(𝑦) and each conditional is a Laplace density, i.e., 𝜋𝑋|𝑦 = ℒ(sin(𝑦), 0.5).
We specify the marginal density for the observation to be 𝜋𝑌 = 𝒩 (0, 1) and generate

samples as 𝑌 𝑖 ∼ 𝜋𝑌 and 𝑋 𝑖 ∼ 𝜋𝑋|𝑌 (·|𝑌 𝑖). An approximation to the conditional

density given by 𝑆𝒳 (𝑦, ·)♯𝜂 for the Gaussian reference density 𝜂 requires a map that

can represent the heavy Laplace tails. On the other hand, the map 𝑆𝒳 (𝑦, 𝑥) =

𝑥− sin(𝑦) can remove the mean dependence on 𝑦 and be used to derive the composed

transformation 𝑇𝑦*(𝑦, 𝑥) = 𝑥 − sin(𝑦) + sin(𝑦*) that can sample exactly from the

conditional density. Furthermore, the map 𝑆𝒳 (𝑦, 𝑥) = 𝑥− sin(𝑦) yields the marginal

reference 𝜋𝑍2|𝑦 = ℒ(𝑧2; 0, 0.5), which satisfies the condition in Proposition 12 of 𝑍2 =

𝑆𝒳 (𝑌,𝑋) being independent of 𝑌 .

Figures 5-15a plots the joint density 𝜋𝑋,𝑌 and the conditional density, correspond-

ing to the slice at 𝑦* = −1. In this experiment, we consider parametric maps with

the monotone representation in Chapter 3. For all computations, we consider maps of

the form 𝑆𝒳 (𝑦, 𝑥) = 𝑓(𝑦, 0)+
∫︀ 𝑥
0
𝑔(𝜕𝑡𝑓(𝑦, 𝑡))𝑑𝑡 where 𝑓 : R2 → R is a linear expansion

of univariate Hermite polynomials of maximum degree 3 (see Chapter 3) that only

depend on either 𝑥 or 𝑦. These separable maps of high-enough degree are sufficient to

approximate the map 𝑆𝒳 (𝑦, 𝑥) = 𝑥− sin(𝑦). Figure 5-15b plots the one-dimensional

Laplace density for 𝜋𝑋|𝑦*=−1 and the pullback density 𝑆♯𝜂 of a single map through
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a one-dimensional Gaussian reference. We observe that a single map is unable to

represent the heavy tails and sharp cusp in the density near 𝑥 = −1.

We apply Algorithm 6 to optimize the map with two classes of reference densities

𝑞Z2 : a measure transport approximation and a non-parametric kernel approximation.

For the measure transport approach, we use i.i.d. samples 𝑍𝑖
2 = ̂︀𝑆𝒳 (𝑌 𝑖, 𝑋 𝑖) for 𝑖 =

1, . . . , 𝑛 to learn a monotone map 𝑄 : R → R such that 𝑄♯𝜂 ≈ 𝜋𝑍2 where 𝑄 is

represented using an expansion of linearized Hermite polynomials; see Chapter 3. We

use 5-fold cross-validation to select the maximum degree of the polynomial expansion.

Alternatively, we also consider the kernel density estimator (KDE) for the marginal

density 𝜋Z2 given by

̂︀𝜋𝑍2(𝑧2) :=
1

𝑛

𝑛∑︁
𝑖=1

𝐾(‖𝑧2 − 𝑍𝑖
2‖𝜎), (5.37)

where 𝐾 : R → R denotes a kernel function and 𝜎 is the bandwidth or smoothing

parameter. One can generalize the approximation in (5.37) for 𝑑 > 1 by seeking a

positive definite matrix𝐻 instead of the scalar 𝜎. In our experiments we use the Gaus-

sian kernel 𝐾(𝑟) = exp(−𝑟2) and use 5-fold cross-validation to select the bandwidth.

Let us remark that even though a kernel approximation is used when solving (5.36),

we still find a parametric form for the map and the kernel density estimator in (5.37)

is not used in the subsequent step for conditional sampling. Instead, we compose the

resulting map ̂︀𝑆𝒳 to derive ̂︀𝑇𝑦* .
Given (approximate) posterior samples from either the single map or the composed

map, we estimate the maximum mean discrepancy (MMD) between the approximate

and the true conditional density 𝜋𝑋|𝑦*=−1. The MMD is an integral probability met-

ric that is commonly used in the LFI literature to compare distributions given only

samples [136]. Figure 5-15c plots the MMD for different map estimators using an

increasing number of training samples 𝑛 ∈ [102, 104] and 104 independent samples

from the true conditional density. The error-bars indicate the standard error over

30 replications of each experiment. We include the MMD for using the composed

map that does not optimize the reference (i.e., the SM algorithm alone), as well as

an estimator that uses the ideal centered Laplace reference density ℒ(0, 0.5) in place
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of the standard Gaussian in (5.4). As expected from Proposition 11, the composed

map improves upon the error of the single map, but remains biased with increasing

sample size 𝑛 from the limited capacity of the map. In comparison, we observe a

decreasing error when optimizing the reference with either the measure transport or

non-parametric reference, labelled as TM Ref and KDE Ref, respectively. Further-

more, the composed maps with the optimized reference densities closely match the

error of the composed map that is computed using the Laplace reference density.

(a) (b)
(c)

Figure 5-15: (a) Joint density for the Laplace model with the conditional slice at
𝑦* = −1 denoted by a dashed line. (b) The true and approximate conditional densities
using a single map with maximum polynomial degree of 10. (c) The maximum mean
discrepancy from the true conditional density to various approximations with an
increasing number of training samples.

5.6 Conditional sampling via GANs

In this section we present an alternative approach for finding monotone transport

maps 𝐺𝒳 (𝑦, ·) : R𝑑 → R𝑑 that push forward a reference density 𝜂Z2 (e.g., a standard

Gaussian) to the conditional density 𝜋X|𝑦 for each 𝑦 ∈ R𝑚. We can use these maps

to cheaply sample from the conditional density 𝜋X|Y(·|𝑦*) given an observation 𝑦*

by generating samples Z𝑖2 ∼ 𝜂Z2 and evaluating the map 𝐺𝒳 (𝑦*,Z𝑖2). These posterior

samples are obtained without inverting the map, as compared to the approach in

Section 5.2 that constructs the inverse transport map 𝑆𝒳 (𝑦, ·) pushing forward 𝜋X|𝑦

to 𝜂Z2 . This makes 𝐺𝒳 a so-called generative model that can be used for likelihood-

free inference. To easily learn the map without requiring the inversion of 𝐺𝒳 (𝑦, ·),
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we will use an adversarial training objective that compares evaluations of the map to

samples from the target density. This does not require computing the pushforward

density or evaluating the determinant of the map. Hence, we are free to consider

block-triangular maps, meaning that each component of 𝐺𝒳 is a function of both

parameters and data. This structure generalizes the triangular structure of the KR

rearrangement, at the expense of the unique solution to the optimization problem.

In subsection 5.6.1, we present the adversarial training framework for learning a

monotone map 𝐺𝒳 , that is commonly used for learning generative adversarial net-

works (GAN)s [78]. Subsection 5.6.2 discusses the properties of the minimizer and its

connection to optimal transport maps; see Chapter 1. Lastly, subsections 5.6.3-5.6.5

present numerical results that the highlight the benefit of block-triangularity and the

feasibility of the resulting maps for likelihood-free inference problems.

5.6.1 Adversarial training of transport maps

Let 𝐷 : P(R𝑚+𝑑)×P(R𝑚+𝑑)→ R denote a functional that compares probability mea-

sures on R𝑚+𝑑. In this work, we consider the Kantorovich-Rubinstein type divergences

𝐷(𝜇1, 𝜇2;ℱ) = sup
𝑓∈ℱ

E𝜇1𝑓 − E𝜇2𝑓,

where ℱ is an appropriate class of functions from R𝑑+𝑚 → R for computing the ex-

pectations with respect to each measure. For instance, if ℱ is the class of Lipschitz-1

functions, 𝐷 corresponds to the dual representation of the Wasserstein-1 metric. Al-

ternatively, if ℱ is a reproducing Kernel Hilbert space, 𝐷 corresponds to the maximum

mean discrepancy metric. Both of these choices have been used to find generative

models [9].

The divergences above can asses the quality of a transport map for approximating

conditional distributions. Let 𝐺 be the block-triangular transport map

𝐺(𝑦, 𝑧2) =

⎡⎣I𝑚(𝑦)

𝐺𝒳 (𝑦, 𝑧2)

⎤⎦ . (5.38)

152



This map is partitioned similarly to (5.3), with the exception that the first block is

kept as the identity function. This choice avoids approximating the marginal of Y. We

let the reference distribution have the product measure 𝜈Y⊗𝜈Z2 with density 𝜋Y𝜂Z2 ,

where 𝜂Z2 is the standard Gaussian density on R𝑑. Our goal is to find 𝐺 : R𝑚+𝑑 →
R𝑚+𝑑 by solving

argmin
𝐺

𝐷(𝐺♯(𝜈Y ⊗ 𝜈Z2),𝜈Y,X;ℱ), (5.39)

where 𝜈Y,X denotes the joint measure of Y and X. For a block-triangular map of the

form in (5.38) that satisfies 𝐺♯(𝜈Y⊗𝜈Z2) = 𝜈Y,X it can be shown that 𝐺𝒳 (𝑦, ·)♯𝜂Z2 =

𝜋X|Y(·|𝑦) for 𝑦 ∈ supp(𝜋Y) almost everywhere; see [113]. For the remainder of this

section, we abuse the notation above by assuming densities exist and using them in

place of measures.

In general, there exists an infinite number of block-triangular maps that couple

𝜋Y𝜂Z2 and 𝜋Y,X. For example, the Knothe-Rosenblatt re-arrangement is the mono-

tone and lower triangular map in (2.3) that pushes forward one density to another

and achieves a value of zero for the objective in (5.39). In this work, we regularize

the optimization problem above by looking for a map 𝐺 that is monotone. The map

𝐺 in (5.38) is monotone in the vector sense if ⟨𝐺𝒳 (𝑦, 𝑧2) − 𝐺𝒳 (𝑦′, 𝑧′
2), 𝑧2 − 𝑧′

2⟩ ≥ 0

for all (𝑦, 𝑧2), (𝑦
′, 𝑧′

2) ∈ supp(𝜋Y𝜋Z2), where ⟨·, ·⟩ denotes the Euclidean inner prod-

uct. Let us remark that the first block of 𝐺 is monotone by construction. To easily

differentiate the objective, we consider the average monotonicity penalty

𝑅(𝐺) = E(Y,Z2)∼𝜋Y𝜂Z2
E(Y′,Z′

2)∼𝜋Y𝜂Z2
⟨𝐺𝒳 (Y,Z2)−𝐺𝒳 (Y′,Z′

2),Z2 − Z′
2⟩. (5.40)

We then look for the map 𝐺 by solving the optimization problem

min
𝐺∈𝒢

max
𝑓∈ℱ

E𝜋Y𝜂Z2
𝑓(Y, 𝐺𝒳 (Y,Z2))− E𝜋Y,X

𝑓(Y,X)− 𝜆𝑅(𝐺), (5.41)

where 𝜆 > 0 is a positive constant. We refer to the solution of (5.41) as a Monotone

GAN, or MGAN.

In practice, we solve (5.41) using an alternating gradient descent procedure that
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is commonly used for training GANs [78]. This procedure repeats the following two

steps: (1) update 𝐺 holding 𝑓 fixed; and (2) update 𝑓 holding 𝐺 fixed. Informally, the

first step improves the map so that the push-forward density of 𝐺 is closer to 𝜋Y,X,

and the second step updates the function 𝑓 , often referred to as a discriminator, to

better distinguish “real” versus “fake” samples from 𝜋Y,X and 𝐺♯(𝜋Y𝜂Z2), respectively.

In the experiments below, we parameterize the functions 𝐺 and 𝑓 using deep

neural networks. We update the weights and biases of these networks using the Adam

optimizer with the parameters 𝛽1 = 0.5, and 𝛽2 = 0.999. At each gradient descent

step, we replace the expectations in (5.41) with empirical averages over mini-batches

of samples of size 100. We note that since the reference contains the marginal of Y,

we sample from the training data each time to estimate the first expectation in (5.41),

independently from sampling from 𝜋Y,X to estimate the second expectation in (5.41).

We update the parameters of 𝐺 and 𝑓 over multiple epochs (i.e., passes through

the training set), until the values for the divergence and the regularization term

converge. All of the examples use three-layer, fully-connected neural networks with

hidden layer sizes specified below and the Leaky ReLU non-linearity with parameter

0.2. In our experiment, we use the WGAN-GP functional introduced in [82] to define

the discrepancy. This functional considers Lipschitz-1 functions 𝑓 by adding the

average gradient penalty 𝛾E𝜋Y,X
(‖∇𝑓(X,Y)‖2− 1|)2 to the objective, where 𝛾 > 0 is

a positive constant. Additional numerical results using MGAN for image in-painting

problems can be found in [113].

5.6.2 Connection to optimal transport

Various forms of regularization have been proposed when finding general transport

maps 𝐺, primarily for the purpose of stabilizing the numerical optimization pro-

cedure. These techniques include penalizing the gradients of 𝐺, penalizing neural

network weights, and adding normalization layers to the networks; see [115, 144]

for recent overviews and comparisons of these techniques for GANs. The choice of

regularization that provides the best empirical performance on a range of datasets

remains an open problem. Furthermore, to the best of our knowledge, little is known
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about the minimizers of (5.41) with different forms of regularization, i.e., for different

choices of the penalty 𝑅. In this section, we show that a monotonicity constraint

yields transport maps 𝐺 that are optimal in a specific sense.

Given two measures 𝜈𝜂 and 𝜈𝜋 on R𝑑, optimal transport looks for maps 𝐺 that

satisfy 𝐺♯𝜈𝜂 = 𝜈𝜋 and minimize
∫︀
𝑐(𝑧, 𝐺(𝑧))d𝜈𝜂 where 𝑐(𝑧,𝑥) measures the cost of

transporting one unit of mass from 𝑧 to 𝑥. In general, finding an optimal transport

map is challenging and, in fact, is not guaranteed to always exist for general measures

𝜈𝜂 and 𝜈𝜋. One setting, however, where the map is well known is for the quadratic

cost 𝑐(𝑧,𝑥) = 1
2
‖𝑧−𝑥‖2, where ‖·‖ denotes the Euclidean norm of R𝑑. In this case, a

celebrated result of Brenier that was later generalized by McCann [142], showed that

under mild assumptions on 𝜈𝜂 and 𝜈𝜋 (stated in Theorem 1.22 of [189]) there exists a

convex function 𝜓 such that the map 𝐺 = ∇𝜓 pushes forward 𝜈𝜂 to 𝜈𝜋 and is unique

for 𝑧 ∈ supp(𝜈𝜂) almost everywhere. The next proposition shows that this result also

extends to the conditional setting, i.e., for maps 𝐺𝒳 (𝑦, ·) that push forward 𝜈𝜂2 to

the conditional measure 𝜈X|Y(·|𝑦) for each 𝑦. This result and its proof is given in

Theorem 2.3 of [32].

Proposition 13. Let Z2 be a random variable that has density with respect to the

Lebesgue measure on R𝑑 with convex support (e.g., the standard Gaussian distribution

on R𝑑). Let 𝑧2 ↦→ 𝐺𝒳 (𝑦, 𝑧2) = ∇𝑧2𝜓(𝑦, 𝑧2) be a transport map that pushes forward

𝜂Z2 to the conditional measure 𝜈X|Y(·|𝑦) for all 𝑦 ∈ 𝒴 where 𝜓 is a convex function.

Then, 𝐺𝒳 is the unique monotone map among all such maps that are the gradients

of a convex function and it minimizes the transport cost E𝜋Y𝜂Z2
‖Z2 −𝐺(Y,Z2)‖2.

Remark. The authors in [32] also impose the constraint that Z2 is conditionally

independent of Y in the optimal transport problem to find the map 𝐺𝒳 , i.e., Z2|Y ∼
𝜂Z2. This property is automatically imposed for the tensor-product reference measure

𝜈Y ⊗ 𝜈Z2 we consider in this section.

A consequence of Proposition 13 is that solving (5.41) over a class of maps where

𝐺𝒳 is the gradient of a convex function will have a unique minimizer for the map.

The next example provides the unique monotone map for the case of a multivariate
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joint Gaussian measure 𝜈X,Y.

Example 4 (Gaussian random variables). The monotone transport map that pushes

forward 𝜂Z2 to the conditional measure 𝜈X|Y(·|𝑦) is the affine map 𝐺𝒳 (𝑦, 𝑧2) =

𝜇X|𝑦 + Σ
1/2
X|𝑦𝑧2 where Σ

1/2
X|𝑦 the unique positive-definite square root of the conditional

covariance matrix ΣX|𝑦 and 𝜇X|𝑦 is the conditional mean of X|Y = 𝑦. The map

𝐺𝒳 (𝑦, 𝑧2) = ∇𝑧2𝜓(𝑦, 𝑧2) is realized as the gradient of the convex function 𝜓(𝑦, 𝑧2) =

𝜇𝑇X|𝑦𝑧2 +
1
2
𝑧𝑇2 Σ

1/2
X|𝑦𝑧2.

Ideally, the unique map satisfying the pushforward condition in Proposition 13

could be found by searching in the space of all monotone maps. In general, however,

the space of multivariate maps that are gradients of convex functions is a subset of

the space of monotone maps. A famous result of Rockafellar (Theorems 24.8 and 24.9

in [183]) states that 𝐺 is uniquely determined by the gradient of a proper convex func-

tion if and only if 𝐺 is a maximal cyclically monotone mapping. A function 𝐺 is cycli-

cally monotone if for any 𝑀 and samples {𝑊 𝑗}𝑀+1
𝑗=1 where 𝑊 𝑗 := (𝑌 𝑗,𝑍𝑗

2) ∼ 𝜋Y𝜂Z2

such that 𝑊𝑀+1 ≡𝑊1, it holds that
∑︀𝑀

𝑗=1⟨𝐺(𝑊 𝑗)−𝐺(𝑊 𝑗+1),𝑊 𝑗⟩ ≥ 0. For 𝑀 = 2

this condition ensures that ⟨𝐺(𝑊 1) − 𝐺(𝑊 2),𝑊 1⟩ + ⟨𝐺(𝑊 2) − 𝐺(𝑊 1),𝑊 2⟩ =

⟨𝐺(𝑊 1) − 𝐺(𝑊 2),𝑊 1 −𝑊 2⟩ ≥ 0 for all 𝑊 1,𝑊 2, which is equivalent to 𝐺 be-

ing monotone in the vector sense above. In practice one can parameterize the class

of mappings that are gradients of convex functions by using input convex neural

networks [3]. This approach was used in [94] to find the transport map between

unconditional measures for density estimation tasks.

In the next example, we show that MGAN recovers the optimal transport map 𝐺𝒳

minimizing the Wasserstein distance E𝜋Y𝜂Z2
‖Z2−𝐺𝒳 (Y,Z2)‖2, despite only penaliz-

ing average deviations from monotonicity. Given 𝑛 = 104 samples from a multivariate

Gaussian density 𝜋𝑌,X with non-trivial correlations between X ∈ R5 and 𝑌 ∈ R, we

estimate a transport map 𝐺𝒳 for three increasing values of the monotonicity penalty

𝜆. Figure 5-16 plots the transportation distance of the estimated maps (left), and

the expected 𝐿2 error between the estimated and the monotone map given in Exam-

ple 4 (right). We observe that the maps found with the average monotonicity penalty
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converge to the unique monotone map in Proposition 13 when increasing the penalty

parameter 𝜆. Future work will compare the minimizer(s) of (5.41) with the average

monotonicity penalty to the solution of a constrained problem that uses maps 𝐺𝒳

given by the gradients of convex functions.

(a) (b)

Figure 5-16: The estimated map ̂︀𝐺𝒳 converges to the monotone transport map that
minimizes the transportation distance E‖Z2 − 𝐺𝒳 (Y,Z2)‖2 with increasing penalty
parameter 𝜆. The map converges in (a) transportation distance and in (b) the ex-
pected 𝐿2

𝜋 error with respect to the affine monotone map in Example 4. The minimum
transportation distance is computed exactly for the multivariate Gaussian joint dis-
tribution and is denoted by the black line in the left plot.

Let us remark that an alternative approach to penalizing average monotonicity

is to parameterize maps 𝐺𝒳 that are monotone by construction. Several neural net-

work parameterizations for one-dimensional monotone increasing functions have been

used to build triangular maps where each component is monotone with respect to

its last variable [95, 99, 16, 62]; see Chapter 3. To increase the expressiveness of

transformations built from simple triangular maps, it is often necessary to compose

many layers of maps with variable permutations between the layers. In contrast, the

MGAN framework relaxes the triangular constraint by defining block triangular maps

that are less dependent on the ordering of the 𝑥 variables.
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5.6.3 Block triangular versus triangular maps

We now study the benefit of using block triangular rather than triangular maps. In

this example, we consider a two-dimensional target distribution for X = (𝑋1, 𝑋2) with

no conditioning variables where 𝑋1 ∼ 𝒩 (0, 1) and 𝑋2|𝑥1 = 𝑥1 ∼ 𝒩 (𝑥21+1, 0.52). The

joint density of X can be represented exactly as the push-forward of the standard

Gaussian density 𝜂Z through the map 𝐺(𝑧) = [𝑧1; 𝑧
2
1 + 1 + 0.5𝑧2]. Hence, 𝐺 can be

easily approximated by a triangular map of this form. However, when the ordering of

𝑧1, 𝑧2 is reversed—i.e., when the first component of 𝐺 depends on 𝑧2 instead of 𝑧1—the

map is more challenging to approximate. We refer the reader to [162] for a similar

application. We demonstrate that by using a block triangular parameterization we

can avoid issues pertaining to the ordering of the variables and achieve a more robust

map in practice.

We use 𝑛 = 104 training samples and 𝜆 = 0.01 to train a MGAN with either fully

triangular or block triangular structure. We use three-layer, fully-connected neural

networks with hidden layer sizes 32−64−32 for the block triangular maps and neural

networks with hidden layer sizes 22 − 46 − 22 for each component of the triangular

map. In total, the block triangular and triangular maps have about the same number

of parameters. Figure 5-17 compares the samples generated by the triangular and

block triangular maps to the true density. We observe that the block triangular map

is able to capture the target density independent of the ordering of the variables,

unlike the triangular map. Table 5.3 reports the KL divergence between the true and

approximate distributions for both variable orderings. While the block triangular

map has similar performance under both the favorable and reverse orderings, the

performance of the triangular map degrades significantly depending on the ordering.

This suggests that block triangular maps are less sensitive to variable order. This

is a major advantage of MGANs over autoregressive models where it is necessary to

specify a variable ordering in advance.
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(a) Target density (b) Block triangular (c) Triangular

Figure 5-17: (a) The true density of (𝑋1, 𝑋2). (b) Samples generated by MGAN
using a block triangular map with the reverse ordering of the variables. (c) Samples
generated by a fully triangular MGAN also with reverse ordering.

Block triangular Triangular
Favorable order 0.056± 0.003 0.039± 0.002
Reverse order 0.058± 0.002 0.102± 0.004

Table 5.3: The KL divergence for block triangular and triangular MGANs based on
𝑛 = 104 training samples. The approximate densities are estimated using KDE with
an optimal bandwidth that is chosen using 5-fold cross-validation. The KL divergence
is computed using 5× 104 test samples and is reported with its 95% standard error.

5.6.4 Parameter inference for stochastic ODE models

Next, we apply use the MGAN framework to infer the parameters in both determin-

istic and stochastic Lotka–Volterra population models. These models describe two

interacting populations such as predators and prey, but can also be applied to other

biological settings. Lotka–Volterra models are defined using nonlinear ODEs where

the rates of change of the two populations depend on parameters that describe the

interactions between the two species. Our goal is to solve the Bayesian inference

problem for the underlying parameters given limited observations of the population

time-series, i.e., the system states. The stochastic Lotka–Volterra model is a classic

example for LFI because the dynamical model for the states is a stochastic Markov

jump process. Therefore, the forward model mapping the parameters to the states is

not deterministic and evaluating the likelihood requires integrating over these random

variables. Furthermore, only a narrow region of the parameter space in these models
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produces realistic observations, which results in very concentrated posterior densities.

As a validation study, we first consider the posterior distribution of the parameters

X = (𝛼, 𝛽, 𝛾, 𝛿) ∈ R4 in the deterministic Lotka–Volterra model. The states in this

model 𝑍(𝑡) ∈ R2
+ represent the populations of predators and prey, respectively, and

evolve according to the coupled ODEs

d𝑍1

d𝑡
= 𝛼𝑍1(𝑡)− 𝛽𝑍1(𝑡)𝑍2(𝑡),

d𝑍2

d𝑡
= −𝛾𝑍2(𝑡) + 𝛿𝑍1(𝑡)𝑍2(𝑡),

with the initial condition 𝑍(0) = (30, 1). We simulate these ODEs for 𝑇 = 20

time units and collect noisy observations of the state every Δ𝑡obs = 2 time units. The

observations are corrupted with log-normal noise, i.e., logY𝑘 ∼ 𝒩 (𝑍(𝑘Δ𝑡obs), 𝜎I2) for

𝑘 = 1, . . . , 9, with standard deviation 𝜎 = 0.01. For inference, we use an independent

log-normal prior distribution for the parameters. Figure 5-18 displays the time-series

𝑍(𝑡) (solid line) for the parameter 𝑥* = (0.92, 0.05, 1.50, 0.02) and an observation

𝑦* ∈ R18 drawn from the likelihood model 𝜋Y|X(·|𝑥*).

We now sample from the posterior density for X|Y = 𝑦* given 𝑛 = 105 training

samples from the joint density 𝜋Y,X using MGAN and MCMC. First, we train the

MGAN network with the gradient penalty parameter 𝛾 = 1.0 and the monotonicity

penalty parameter 𝜆 = 0.1. The left and right plots of Figure 5-18 display 100, 000

parameter samples from MGAN, i.e., 𝑋 𝑖 = 𝐺𝒳 (𝑦*,𝑍𝑖
2) for 𝑍𝑖

2 ∼ 𝜂Z2 after learning

the MGAN 𝐺𝒳 , and from an adaptive Metropolis MCMC sampler for the target

density 𝜋X|𝑦* , respectively. We observe similar marginal distributions and correlations

using both methods. The true parameter 𝑥* that generated the data (denoted in

red) is contained in the bulk of the posterior distributions, and it appears like a

representative sample. Lastly, we integrate the ODEs for sample realizations of the

posterior parameters to sample from the predictive distribution for the states 𝑍(𝑡).

The dashed lines in Figure 5-18 plot ten posterior predictive samples for both MGAN

and MCMC. While samples from both methods concentrate around the true states,

we observe that the predictions from MCMC samples have less spread, especially at
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later times.

(a) (b)

Figure 5-18: Posterior samples of the parameters in the deterministic Lotka–Volterra
model using (a) the MGAN framework, and (b) the Adaptive Metropolis algorithm.
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Figure 5-19: Posterior predictive samples of the states 𝑍(𝑡) given ten posterior sam-
ples from the (a) MGAN network and the (b) MCMC procedure.

In the stochastic Lotka–Volterra model, the populations 𝑍1, 𝑍2 evolve according to

a random rate of change starting from 𝑍(0) = (50, 100). Given the model parameters

𝜃 ∈ R4, the populations are simulated using Gillespie’s algorithm by drawing the time

to the next reaction from an exponential distribution with rate (𝜃1 + 𝜃4)𝑍1(𝑡)𝑍2(𝑡) +
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𝜃2𝑍1(𝑡) + 𝜃3𝑍2(𝑡), and simulating one of the four possible state changes

𝑍1(𝑡)← 𝑍1(𝑡) + 1 with rate 𝜃1𝑍1(𝑡)𝑍2(𝑡)

𝑍1(𝑡)← 𝑍1(𝑡)− 1 with rate 𝜃2𝑍2(𝑡)

𝑍2(𝑡)← 𝑍2(𝑡) + 1 with rate 𝜃1𝑍1(𝑡)𝑍2(𝑡)

𝑍2(𝑡)← 𝑍2(𝑡)− 1 with rate 𝜃1𝑍1(𝑡)𝑍2(𝑡),

with probability proportional to its rate. To infer 𝜃, we record the values of 𝑍(𝑡) at

every 0.2 time units, and compute the following statistics: the mean of the two time

series, the log variance of the time series, the auto-correlation of the time series at lag 1

and 2 and the cross-correlation coefficient between the two time series. These statistics

result in an observation Y with 9 entries. We draw 𝑛 = 50, 000 samples of log(𝜃) from

a uniform prior distribution and observations Y by simulating the stochastic model

and computing the statistics above. Figure 5-20 plots the approximate posterior

samples from MGAN along with the posterior predictive samples given an observation

𝑦* sampled from the likelihood model for the parameter 𝜃* = (0.01, 0.5, 1, 0.01). We

observe that MGAN concentrates around the true parameter value in red and predicts

the time-series well near the initial time 𝑡 = 0. Let us remark that MCMC is not

available as a baseline computational inference algorithm for this stochastic forward

model.

5.6.5 Inference of permeability in Darcy flow model

In this section, we consider a benchmark elliptic inverse problem of recovering the

subsurface permeability from noisy pressure measurements. Let 𝑎 : 𝒟 → R+ denote

the permeability coefficient in the domain 𝒟 = [0, 1]2. The pressure field of the

subsurface flow 𝑝 is then modeled as the solution to the elliptic partial differential
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Figure 5-20: (a) The posterior distribution for the parameters of the stochastic Lotka–
Volterra model using MGAN, and (b) the posterior predictive samples for the model
states.

equation (PDE)

−∇ · (𝑎(𝑠)∇𝑝(𝑠)) = 𝑓(𝑠), 𝑠 ∈ 𝒟, (5.42)

𝑝(𝑠) = 0, 𝑠 ∈ 𝜕𝒟, (5.43)

under the fixed forcing 𝑓 : 𝒟 → R. We introduce a log-normal random field for the

permeability given by X = log(𝑎) ∼ 𝒩 (0, (−Δ + 9𝐼)−2) where Δ is a Laplacian

operator with zero Neumann boundary conditions. The inverse problem is to recover

the random field X given noisy measurements Y of the pressure at 64 regularly spaced

locations, i.e., Y = (𝑝(𝑠1), . . . , 𝑝(𝑠64))+ℰ where ℰ ∼ 𝒩 (0, 10−6𝐼64). Figure 5-21 plots

a realization of log(𝑎) along with the solution to the PDE on a grid of size 256× 256.

In practice, we solve the PDE using finite differences and use splines to interpolate

the solution at the measurement locations.

To recover the permeability 𝑎, we learn a MGAN network with the gradient

penalty parameter 𝛾 = 1.0 and the monotonicity penalty parameter 𝜆 = 0.01. We

use 𝑛 = 105 training samples {(𝑋 𝑖,𝑌 𝑖)}𝑛𝑖=1 ∼ 𝜋X,Y given by sampling the prior

X𝑖 = log(𝑎𝑖) and computing measurements Y𝑖 by solving the PDE with 𝑓(𝑠) = 1

for all 𝑠 ∈ 𝒟. For a random field 𝑎, that is in principle infinite-dimensional, we use
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principal component analysis (PCA) to make the input of the network 𝐺𝒳 finite-

dimensional. Given samples {𝑋 𝑖}𝑛𝑖=1 in a Hilbert space 𝒳 , PCA projects the sam-

ples onto a 𝑑-dimensional subspace 𝑉𝑑 ⊂ 𝒳 that minimizes the 𝐿2 projection error.

This subspace is defined by the span of the 𝑑 leading eigenvectors of the empir-

ical covariance operator 𝐶𝑛 = 1
𝑛

∑︀𝑛
𝑖=1𝑋

𝑖 ⊗ 𝑋 𝑖. That is, 𝑉𝑑 = span{𝜑1, . . . , 𝜑𝑑}
where 𝐶𝑛𝜑𝑖 = 𝜆𝑖𝜑𝑖 for a sequence of decreasing eigenvalues 𝜆1 ≥ 𝜆2 · · · ≥ 𝜆𝑛. The

orthogonal projection of a sample 𝑥 ∈ 𝒳 onto 𝑉𝑑 is then given by the mapping

𝐹 (𝑥) = (⟨𝑥, 𝜑1⟩, . . . , ⟨𝑥, 𝜑𝑑⟩) ∈ R𝑑.

Given 50, 000 training samples, we construct the empirical covariance operator

and project each prior sample 𝑋 𝑖 onto 𝑑 = 25 leading PCA modes. These modes

are sufficient to capture more than 96% of the energy in the first 1000 modes of the

spectrum, i.e.,
∑︀25

𝑖=1 𝜆𝑖/(
∑︀1000

𝑖=1 𝜆𝑖) ≥ 0.96. We then construct a MGAN network with

64+25 inputs and 25 outputs to sample from the conditional distribution of the PCA

coefficients given the observations. For each (approximate) posterior sample from the

trained network, we use the eigenvectors of 𝐶𝑛 to reconstruct the random field 𝑎 in

the full-dimensional space. Figure 5-21 plots the posterior mean and the standard

deviation for the permeability field. To avoid any inverse crime [44, 104], we generate

the data 𝑦* from a mesh that is twice as fine as the mesh used to generate the training

data. We observe that the posterior mean from MGAN samples closely match the

posterior mean from using the preconditioned Crank-Nicolson MCMC algorithm [45]

with a tuned parameter 𝛽 (to achieve an acceptance rate greater than 0.2) for 106

steps. While the standard deviation from MGAN is on a similar order of magnitude

to the MCMC results, we believe the under-estimate in uncertainty in the center

of the domain is a result of the dimension reduction procedure, which ignores some

variance in the log-permeability.

5.7 Discussion and extensions

This chapter introduced several algorithms for likelihood-free Bayesian inference by

estimating transport maps that depend on both parameters and data. While the
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Figure 5-21: A comparison of conditional sampling for the Darcy Flow model using
MGAN and MCMC. (a) A realization of the Gaussian random field log(𝑎). (b) The
solution to the PDE with the measurement locations denoted in red. (c) and (d) The
mean of the posterior samples from MGAN and MCMC, respectively. (e) and (f) The
standard deviation of the posterior samples from MGAN and MCMC, respectively.
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measure transport approach in Chapter 3 immediately enables conditional sapling

and density estimation for the posterior distributions in LFI problems, this chapter

proposed alternative methods to design transport maps for the purpose of condi-

tional sampling. First, we demonstrated that given any estimate of 𝑆𝒳 , the prior-to-

posterior transformation 𝑇𝑦* given by the stochastic map algorithm from composing

𝑆𝒳 with its partial inverse yields lower bias and variance than using the inverse of 𝑆𝒳

alone. Taking advantage of this construction we proposed an information-theoretic

objective function that is tailored for finding 𝑆𝒳 , when it is used to build 𝑇𝑦* . Sec-

ond, we showed how to consistently extend triangular to block-triangular maps and

presented an adversarial optimization algorithm to tractably learn such maps for

nonlinear inverse problems. We demonstrated the ability of block-triangular maps to

estimate the parameters of coupled ODEs and to infer subsurface permeability from

pressure measurements.

We outline a few additional avenues for future work.

Dimension-independent algorithms. Similarly to ABC algorithms, the com-

plexity of finding transport maps that are functions of parameters and observations

will depend on the dimensions of these variables. While adaptive algorithms, such as

ATM from Chapter 3, can alleviate the dimension dependence, it will be interesting

to develop algorithms where the map error (i.e., variance and bias of the estimators)

is independent of the problem’s dimensions. For inverse problems where the data

is only informative about a subset of the input variables, one promising path is to

identify a low-dimensional subspace of parameters X that is informed by the data

Y. The posterior distribution departs from the prior primarily in the directions that

span this subspace, and it is thus sufficient for the map to characterize the posterior

change within this subspace. An approach to identify this subspace outside of the

likelihood-free setting will be presented in Chapter 7.

Alternative objective functions for measuring independence. So far, we

have primarily considered mutual information (MI) as an independence criterion for
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finding the transport map 𝑆𝒳 (Y,X) whose output random variable is independent of

Y. While the value for the MI is interpretable, it is in general challenging to compute.

Hence, it will be interesting to identify other measures for independence that have

better computational scalability. For example, the Hilbert-Schmidt independence cri-

terion (HSIC) is a popular metric for assessing independence of two random variables

based on the cross-covariance of functions of these variables, when restricting these

functions to a reproducing kernel Hilbert space [80].

Validating transport maps for conditional sampling. An important step af-

ter constructing maps for arbitrary non-Gaussian distributions is to validate their

quality for estimating or sampling conditional densities 𝜋X|Y(𝑥|𝑦) for any 𝑦. Given

samples from the target distribution, we can estimate various metrics that quantify

the accuracy of the pullback densities ̂︀𝑆𝒳 (𝑦, ·)♯𝜂 on a validation set, e.g., the negative

log-likelihood, which is related to the KL divergence from the pullback to the target

density (up to an unknown constant). Another practical diagnostic is to compare

the reference to the push-forward of the target distribution through the approximate

map, i.e., the distribution for the random variable Z2 = ̂︀𝑆𝒳 (Y,X). If the reference

is standard Gaussian, we can compute the empirical quantiles of one-dimensional

projections of Z2 and compare these to the quantiles of a standard Gaussian. While

passing these tests is necessary, they do not guarantee that the map accurately mod-

els the conditionals uniformly over Y. Hence, it is useful to develop rigorous tests

that provide theoretical guarantees on the trustworthiness of approximate transport

maps. This is particularly important to detect if a class of transport maps is not

sufficiently rich to capture the conditional densities and to provide insights on how

to improve such maps. We refer the reader to hypothesis tests and other diagnostics

for validating approximate conditional densities in [53, 54, 242]. It would also be

interesting to develop rigorous diagnostics on the quality of the composed transport

maps presented in this chapter for conditional sampling.
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Sampling with parametric flows. An alternative to finding one map 𝑆𝒳 is to

greedily build a composition of simple maps that push forward samples from the

conditionals 𝜋X|Y to the reference density. That is, we seek maps 𝑆1, . . . , 𝑆𝑑 in a class

𝒮 such that (𝑆1∘· · ·∘𝑆𝑑)♯𝜋X|Y = (𝑆𝑑)♯ · · · (𝑆1)♯𝜋X|Y = 𝜂Z2 . When the reference density

𝜂Z2 is Gaussian and the maps (𝑆𝑖) are found simultaneously, this composition is

referred to as normalizing flow in the machine learning literature [161]. The advantage

of flows over single maps is that we can often consider simple classes of parametric

functions 𝒮 and produce rich transformations by composition; see the classes 𝒮 in [211]

given by perturbations of the identity function with respect to 𝑥. Furthermore, by

searching for one triangular transport map 𝑆𝑖 at a time, we can preserve the nice

properties of the map optimization problem derived in Chapter 3. See [210] for a

related greedy construction of nonparametric maps based on optimal transport.
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Chapter 6

Data assimilation via couplings

6.1 Introduction

This chapter focuses on probabilistically estimating the states of dynamical systems.

This procedure is known as sequential Bayesian inference, and is commonly referred

to as data assimilation (DA) in geophysical problems. DA is a ubiquitous and enor-

mously important part of many geophysical applications, such as operational aspects

of numerical weather prediction (NWP) [10]. The principles used in DA, however,

are applicable in any field that combines predictive models with partial and noisy

observations to make state predictions, including finance, and epidemiology.

In many application areas, characterizing the probability distributions arising

in DA is challenging. This is particularly true when (i) the states are very high-

dimensional, (ii) the dynamics are nonlinear and complex, and (iii) the observations

are sparse in space and time [137]. As an example, NWP tracks properties of the

atmosphere including temperature, wind, and humidity on a fine grid at various lo-

cations. This results in state dimensions of 𝒪(109) [35]. This high dimensionality

renders many traditional sampling-based sequential inference methods, such as se-

quential Monte Carlo (SMC), infeasible for these systems.

Nevertheless, research driven to a large extent by practitioners, has lead to the

development of many algorithmic innovations to enable operational data assimilation.

One of the primary approaches in the geosciences for online filtering, i.e., estimating
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the current state over time, is the ensemble Kalman filter (EnKF). Similarly to SMC,

the EnKF provides an empirical approximation to the distribution of interest using

a collection of samples, that is known as an ensemble. Instead of tracking sample

weights and resampling as in SMC, however, the EnKF updates the ensemble by

constructing affine transformations to move the samples at each assimilation step [65].

The restriction of the EnKF to affine transformations results in a robust approach

for high-dimensional problems when using small ensemble sizes.

Despite its robustness, the EnKF does not yield consistent estimates in non-

Gaussian systems. The transformation used in the EnKF is derived under Gaussian

assumptions, and hence the EnKF is intrinsically biased. This bias means that the

accuracy of the EnKF is fundamentally limited and the performance of this algo-

rithm does not improve when increasing the ensemble size beyond a certain limit.

As increasing computational resources enable data assimilation studies with larger

ensembles [149], it becomes necessary to address this limitation. Recently, several al-

gorithms have been proposed to obtain more consistent approximations to the filtering

distribution; see Sections 6.2.1 and 6.2.2. Many of these ensemble-based approaches,

however, still suffer from particle degeneracy by relying on importance sampling, or

from using nonlinear transformations that are inexact in the large-sample limit.

In this chapter, we present a generalization of the EnKF to nonlinear transforma-

tions that we call the stochastic map filter. This algorithm builds upon the stochastic

map algorithm introduced in Section 5.4 for posterior sampling. At each filtering step,

the algorithm builds a prior-to-posterior transformation that pushes forward samples

from the forecast (i.e., the prior) distribution to samples from the filtering (i.e., the

posterior) distribution. Unlike the EnkF, these transformations are, in principle,

consistent for posterior sampling in the general non-Gaussian setting. In practice,

we construct parametric estimators for these transformations that trade-off bias for

variance by gradually enriching the map’s complexity with more samples. Using

nonlinear prior-to-posterior transformations, we show that the stochastic map filter

outperforms the biased EnKF for tracking the states of chaotic dynamical systems.

The remainder of this chapter is organized as follows. We introduce the data
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assimilation problem and existing methods in Section 6.2. The stochastic map fil-

tering algorithm is introduced in Section 6.3 and its performance is exhibited on

the Lorenz-63 system in Section 6.3.3. We show how to exploit approximate con-

ditional independence to extend the algorithm to high-dimensional problems using

sparse maps in Section 6.4. Lastly, we discuss extensions to smoothing and other DA

problems in Section 6.5.

6.2 Problem Setup

To formulate the sequential inference problem, we consider a (possibly non-Gaussian)

state-space model for the time dependent state of a dynamical system that is not

directly observable. We model the latent stochastic process as a discrete-time Markov

chain (X𝑡)𝑡≥0 taking values in R𝑑 that evolves in time according to the transition

kernels 𝜋X𝑡+1|X𝑡 . We model the noisy observations of the state (Y𝑡) as an observed

process taking values in R𝑚 that are conditionally independent given the states at

all times. The observations are sampled from the likelihood functions 𝜋Y𝑡|X𝑡 . In

this chapter, we assume the observations have the form Y𝑡 = ℎ(X𝑡,ℰ 𝑡) where ℎ is

a (possibly nonlinear) observation operator. This operator is a function of the state

and a “noise” random variable ℰ 𝑡 that is independent of X𝑡.

Together with the distribution for the initial condition of the latent process X0,

the transition kernels and likelihood model describe the joint law of the Markov

process (X𝑡,Y𝑡)𝑡≥0. The model for the state and observation variables at discrete

times 𝑡 ∈ N is known as a hidden Markov model and its dependencies are illustrated

by the graphical model in Figure 6-1.

X𝑡X𝑡−1 X𝑡+1

Y𝑡 Y𝑡+1Y𝑡−1

X1X0

Y1

Figure 6-1: Markov structure for a latent process X𝑡 and an observed process Y𝑡 for
𝑡 ∈ N
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Given a sequence of realizations (𝑦*
1, . . . ,𝑦

*
𝑡 ) of the observed process, our goal is

to infer the distributions for a marginal of the hidden state at time 𝑘 conditioned

on the observations, i.e., 𝜋X𝑘|𝑦1,...,𝑦𝑡(·) := 𝜋X𝑘|Y1,...,Y𝑡(·|𝑦*
1, . . . ,𝑦

*
𝑡 ). This task can be

categorized into three problems: (i) filtering if 𝑘 = 𝑡, (ii) smoothing if 𝑘 < 𝑡, and (iii)

prediction if 𝑘 > 𝑡.

In an online setting, we are often interested in assimilating data as soon as it

becomes available and updating our current estimate for the state given all collected

measurements. For instance, we might be interested in estimating atmospheric vari-

ables in a meteorological model given real-time weather station measurements, or in

tracking the current position of a satellite given GPS measurements. In this chapter,

we focus on the filtering problem for nonlinear dynamical systems.

Using the Markov properties of the state-space model, the filtering distribution

𝜋X𝑡+1|𝑦1,...,𝑦𝑡+1 can be computed sequentially as an update of the filtering distribution

at time 𝑡 given by 𝜋X𝑡|𝑦1,...,𝑦𝑡 . This update is defined by two-steps: forecast which

predicts the state at the time 𝑡 + 1 conditioned on observations up to time 𝑡 using

the forecast distribution 𝜋X𝑡+1|𝑦1,...,𝑦𝑡 , and analysis which assimilates the data at time

𝑡+1. In the forecast step, the transition kernel is used to update the previous filtering

distribution using

𝜋X𝑡+1|𝑦1,...,𝑦𝑡+1(𝑥𝑡+1) =

∫︁
R𝑑

𝜋X𝑡+1|X𝑡(𝑥𝑡+1|𝑥𝑡)𝜋X𝑡|𝑦1,...,𝑦𝑡(𝑥𝑡)dx𝑡. (6.1)

In the analysis step, the latest measurement 𝑦*
𝑡+1 is assimilated using Bayes’ formula

to yield the updated filtering distribution

𝜋X𝑡+1|𝑦1,...,𝑦𝑡+1(𝑥𝑡+1) =
𝜋𝑦𝑡+1|X𝑡+1(𝑥𝑡+1)𝜋X𝑡+1|𝑦1,...,𝑦𝑡(𝑥𝑡+1)

𝜋𝑦𝑡+1|𝑦1,...,𝑦𝑡

, (6.2)

where 𝜋𝑦𝑡+1|X𝑡+1(𝑥𝑡+1) := 𝜋Y𝑡+1|X𝑡+1(𝑦
*
𝑡+1|𝑥𝑡+1). The composition of the forecast and

analysis steps provides a mapping of the filtering distribution from time 𝑡 to time 𝑡+1.

The following example is a setting where this mapping is available in closed-form.

Example 5 (Linear Gaussian Model). Let the latent process X𝑡 ∈ R𝑑 follow the linear
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stochastic difference equation

X𝑡 = AX𝑡−1 +𝒲 𝑡, (6.3)

where 𝒲 𝑡 ∈ R𝑑 is an independent Gaussian random variable with distribution 𝒩 (0,Q),

and the initial condition is also drawn from a Gaussian distribution, i.e., X0 ∼
𝒩 (m0,Σ0). If the observation operator is a linear function of the state with additive

noise, i.e., Y𝑡 = ℎ(X𝑡,ℰ 𝑡) = HX𝑡+ℰ 𝑡 where ℰ 𝑡 ∼ 𝒩 (0,R), the state X𝑡 (before and

after conditioning on any observations) follows a Gaussian distribution for all time

𝑡. In particular, if 𝜋X𝑡|𝑦1,...,𝑦𝑡(𝑥𝑡) = 𝒩 (𝑥𝑡;m𝑡,Σ𝑡), the mean and covariance of the

filtering distribution at time 𝑡+1, following the forecast and analysis steps above, are

given by
Σ−1
𝑡+1 = (AΣ𝑡A

𝑇 +Q)−1 +H𝑇R−1H

Σ−1
𝑡+1m𝑡+1 = (AΣ𝑡A

𝑇 +Q)−1Am𝑡 +H𝑇R−1𝑦*
𝑡+1.

(6.4)

These updates for the mean and covariance are known as the Kalman Filter, and their

derivation can be found in [101].

If the model dynamics and observation operators are nonlinear or the additive

noise is non-Gaussian, the update to the filtering distribution does not have a closed-

form expression in terms of finite-dimensional parameters. For nonlinear models, the

extended Kalman filter linearizes the model about the current mean and applies the

recursion in (6.4). However, for geophysical applications that deviate strongly from

linear Gaussian models, this approximate filter can easily fail to estimate the state.

Instead, two algorithms that can approximate non-Gaussian distributions in these

systems are the ensemble Kalman filter and the particle filter, which are described

in Sections 6.2.1 and 6.2.2, respectively. We refer the reader to [120, 10] for other

filtering algorithms that are used in the data assimilation community.

6.2.1 Ensemble Kalman filter

The ensemble Kalman filter (EnKF) approximates the filtering distribution by a set

of 𝑛 particles {𝑋 𝑖
𝑡}𝑛𝑖=1, known as an ensemble. These particles are updated in each fil-
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tering step by first sampling from the Markov transition kernel 𝑋 𝑖

𝑡+1 ∼ 𝜋X𝑡+1|X𝑡(·|𝑋 𝑖
𝑡)

to generate an empirical approximation to the forecast distribution (6.1), and second

by applying a linear transformation to perform the analysis step. The analysis trans-

formation is derived by approximating the forecast distribution 𝜋X𝑡+1|𝑦1,...,𝑦𝑡 with a

multivariate Gaussian that has the sample mean and covariance

m𝑡+1 :=
1

𝑛

𝑛∑︁
𝑖=1

𝑋
𝑖

𝑡+1,

Σ𝑡+1 :=
1

𝑛− 1

𝑛∑︁
𝑖=1

(𝑋
𝑖

𝑡+1 −m𝑡+1)(𝑋
𝑖

𝑡+1 −m𝑡+1)
𝑇 .

For a Gaussian forecast (i.e., prior) and linear-Gaussian model for the observations

(i.e., Y𝑡+1 = HX𝑡+1 + ℰ 𝑡+1 for ℰ 𝑡+1 ∼ 𝒩 (0,R)), the posterior distribution is also

Gaussian with the mean m𝑡+1 and covariance Σ𝑡+1 given in (6.4). In this case, an

update formula can be derived and applied to each member of the forecast ensemble

{𝑋 𝑖

𝑡+1}𝑛𝑖=1 to generate the analysis ensemble {𝑋 𝑖
𝑡+1}𝑛𝑖=1. This update is chosen so that

the analysis samples have the desired posterior mean m𝑡+1 and covariance Σ𝑡+1 under

the Gaussian approximation to the forecast distribution. The “perturbed observation”

form of the EnKF update is given by

𝑌 𝑖
𝑡+1 = H𝑋

𝑖

𝑡+1 + ℰ 𝑖𝑡+1, ℰ 𝑖𝑡+1 ∼ 𝒩 (0,R)

𝑋 𝑖
𝑡+1 = 𝑋

𝑖

𝑡+1 −K𝑡+1(𝑌
𝑖
𝑡+1 − 𝑦*

𝑡+1) (6.5)

for 𝑖 = 1, . . . , 𝑛, where K𝑡+1 := Σ𝑡+1H
𝑇 (HΣ𝑡+1H

𝑇 +R)−1 ∈ R𝑑×𝑚 is known as the

Kalman Gain. The analysis ensemble is used to approximate the filtering distribution

at time 𝑡+ 1, and these steps are repeated at each assimilation cycle.

Since the development of the EnKF algorithm by Evensen [65], several variants

have been proposed. These primarily include deterministic square-root EnKFs that

avoid sampling the observational noise ℰ 𝑡+1 in (6.5) to reduce sampling error [24,

6, 229], and related optimization-based methods for deriving the forecast-to-analysis

transformation [158]. These EnKF algorithms have been successfully applied and are
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used operationally in various domains including atmospheric modeling [105], oceanog-

raphy [18], reservoir engineering [1], and wildfire monitoring [139].

In practice, there are several modifications of the EnKF that enable it to be applied

on high-dimensional systems with ensemble sizes 𝑛 ≪ 𝑑. Two primary statistical

regularization techniques are inflation and localization. Inflation replaces the forecast

sample covariance by using the map Σ𝑡+1 ↦→ (1 + 𝜆1)Σ𝑡+1 + 𝜆2I𝑑 with two scalar

parameters 𝜆1, 𝜆2 > 0 to increase the rank and to account for possible model errors

in the dynamics. A common implementation of localization applies an elementwise

mask to the forecast covariance to reduce spurious correlations between states that are

separated by large physical distances, i.e., Σ𝑡+1 ↦→ 𝜌∘Σ𝑡+1 where 𝜌 is a Gaspari-Cohn

tapering function. This localization technique relies on the assumption of approximate

marginal independence between spatially separated states, at least on short time

scales. Another form of localization assimilates local observations by only updating

nearby state variables to the observation location [10].

Despite its empirical success, the EnKF can be seen as a Monte Carlo approxima-

tion of the Kalman filter and is inconsistent for capturing the filtering distribution in

non-Gaussian state-space models. With increasing sample sizes 𝑛 → ∞, the empir-

ical approximations from the EnKF only converge to the true filtering distributions

in linear Gaussian systems [122, 121]. To address this, several algorithms have been

proposed to improve the EnKF for non-Gaussian forecast distributions including the

rank histogram filter [5], the moment matching filter [125], and Gaussian mixture

approximations [71]. Lastly, an approach based on couplings, known as the ensem-

ble transform particle filter [179], uses likelihood weights to derive a discrete optimal

transport map that pushes the forecast to the analysis distribution. Another measure

transport approach that generalizes the EnKF is presented in Section 6.3.

6.2.2 Particle filter

Consistent approaches to estimate non-Gaussian filtering distributions are sequen-

tial Monte Carlo algorithms, often referred to as particle filters (PF) [57]. Par-

ticle filters use an empirical measure to approximate the filtering distribution as
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𝜋X𝑡|𝑦1,...,𝑦𝑡 ≈ 1
𝑛

∑︀𝑛
𝑖=1𝑤

𝑖
𝑡𝛿𝑋𝑖

𝑡
where 𝑤𝑖𝑡 ∈ R>0 are normalized particle weights that sum

to one. Similarly to the EnKF, in each forecast step the particle filter predicts the state

at time 𝑡 + 1 by sampling from the Markov transition kernel 𝑋 𝑖

𝑡+1 ∼ 𝜋X𝑡+1|X𝑡(·|𝑋 𝑖
𝑡)

and keeping the same weights for each particle.

In the analysis step, the particle filter applies Bayes’ formula in (6.2) to obtain

the empirical approximation

𝜋X𝑡+1|𝑦1,...,𝑦𝑡+1 ≈
1

𝑛

𝑛∑︁
𝑖=1

𝑤𝑖𝑡+1𝛿𝑋𝑖
𝑡+1
, (6.6)

where the normalized weights are given by 𝑤𝑖𝑡+1 = ̃︀𝑤𝑖𝑡+1/(
∑︀𝑛

𝑖=1 ̃︀𝑤𝑖𝑡+1) for ̃︀𝑤𝑖𝑡+1 =

𝜋𝑦*
𝑡+1|𝑋𝑖

𝑡+1
𝑤𝑖𝑡. Unlike the EnKF, however, the analysis step of the particle filter does

not change the positions of the forecast particles. The analysis step only reweighs

each particle according to the likelihood of generating the observation 𝑦*
𝑡+1. After

some assimilation steps, this algorithm suffers from a phenomenon known as particle

degeneracy where all, but one, of the weights approach 0. This results in an empirical

approximation with an effective sample size of 1, that in practice fails to track the

true state of the system.

To alleviate particle degeneracy, it is common to introduce a resampling step [79].

Following each analysis step, the algorithm samples a set of 𝑛 particles from the

weighted empirical distribution (6.6). This has the effect of introducing more par-

ticles with higher likelihood weights and dropping particles with low weights. This

algorithm is known as sequential importance resampling (SIR) or the bootstrap parti-

cle filter. The consistency of SIR for sampling from the filtering distribution in the

large-particle limit is proven in Theorem 4.5 of [120].

Despite its consistency for non-Gaussian problems, the bootstrap particle filter is

not yet a practical algorithm for high-dimensional systems. Even with re-sampling,

the filter typically degenerates over time when one particle dominates the approx-

imation of 𝜋X𝑡|𝑦1,...,𝑦𝑡 by having a weight near 1. To reduce the variance of the

weights, [200] showed that the number of samples 𝑛 needs to increase exponentially

with the state dimension 𝑑 due to the near mutual singularity of the forecast distri-
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bution and the likelihood.

Several improvements have been proposed to apply the particle filter in geophys-

ical applications. These include using proposal distributions that incorporate the

observation to generate samples near high probability regions of the filtering dis-

tribution [41], and the introduction of stochastic perturbations to increase particle

diversity [58]. Although these methods improve the effective number of samples in

PF approximations, they do not reduce the exponential scaling of the ensemble size

𝑛 with the state dimension [201]. This unavoidable scaling is a result of the im-

portance sampling step that is used to compute the particle weights. On the other

hand, non-consistent particle filters that alleviate the exponential scaling include: the

equal-weight particle filter [244], hybrid EnKF and PF methods that confine the PF

to small subspaces of the state [198], and the introduction of localization techniques

that are similar in spirit to the ones used in the EnKF [177, 169].

Nevertheless, an active research direction in data assimilation is to develop general

algorithms that maintain the robustness of the EnKF for high-dimensional systems

and avoid the degeneracy issues of the PF that result from importance sampling.

6.3 Stochastic map filtering algorithm

The goal of every assimilation cycle in a sequential Bayesian inference problem is to

transform samples for the state at time 𝑡 into samples conditioned on a new observa-

tion at time 𝑡+ 1. In ensemble filtering, this consists of propagating the samples ac-

cording to the dynamical model (in the forecast step), followed by solving a Bayesian

inference problem where prior samples are updated into posterior samples (in the

analysis step) as seen in Figure 6-2. In this section we propose an approach to carry

out the Bayesian inference problem in the analysis step using measure transport.

The analysis step of each assimilation cycle can be seen as a “static” Bayesian

inference problem where the prior 𝜋X𝑡+1|𝑦1,...,𝑦𝑡 is represented by the forecast ensemble

{𝑋 𝑖

𝑡+1}𝑛𝑖=1, the likelihood function is prescribed by the observation model 𝜋Y𝑡+1|X𝑡+1 ,

and our goal is to sample from the posterior 𝜋X𝑡+1|𝑦1,...,𝑦𝑡+1 given a new observation
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πXt|y1:t

forecast step analysis step

Bayesian inference

πXt+1|y1:t
πXt+1|y1:t+1

Figure 6-2: Typical ensemble filtering algorithms consist of two steps: forecast and
analysis

𝑦*
𝑡+1. This is the setting of the stochastic map algorithm presented in Section 5.4.

To generate approximate samples from the filtering distribution at each assimila-

tion cycle, we propose to follow the steps in Algorithm 5. For each forecast sample, we

generate a sample from the likelihood model 𝑌 𝑖
𝑡+1 ∼ 𝜋Y𝑡+1|X𝑡+1(·|𝑋

𝑖

𝑡+1) and use joint

samples {(𝑌 𝑖
𝑡+1,𝑋

𝑖

𝑡+1)}𝑛𝑖=1 ∼ 𝜋Y𝑡+1,X𝑡+1|𝑦1,...,𝑦𝑡 to estimate the block 𝑆𝒳 of a triangular

and monotone map that pushes forward the joint distribution to a standard Gaussian

reference distribution with density 𝜂. The estimated block ̂︀𝑆𝒳 is composed with its

partial inverse to construct the prior-to-posterior transformation ̂︀𝑇𝑦*
𝑡+1

in (5.17). To

approximately sample from the filtering distribution at time 𝑡 + 1, we evaluate the

transformation ̂︀𝑇𝑦*
𝑡+1

at the joint samples that are used to learn ̂︀𝑆𝒳 . This proce-

dure closely follows the EnKF (see Section 6.2.1), which computes the Kalman Gain

in (6.5) using joint samples and applies an affine transformation to the same joint

samples to generate the analysis ensemble. The main distinction with the EnKF is

that the transformation ̂︀𝑇𝑦*
𝑡+1

applied to the joint samples may be non-linear. We

denote this generalization of the EnKF to nonlinear transformations as the stochastic

map filter. The procedure for each assimilation cycle is summarized in Algorithm 7.
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Algorithm 7: Stochastic map (SM) filtering algorithm
Input : Analysis samples 𝑋 𝑖

𝑡 ∼ 𝜋X𝑡|𝑦1,...,𝑦𝑡 at time 𝑡, observation 𝑦*
𝑡+1

Output: Analysis samples 𝑋 𝑖
𝑡+1 at time 𝑡+ 1

1 Apply dynamics to generate forecast ensemble 𝑋
𝑖

𝑡+1 ∼ 𝜋X𝑡|𝑋𝑖
𝑡

for 𝑖 = 1, . . . , 𝑛

2 Sample observations 𝑌 𝑖
𝑡+1 ∼ 𝜋

Y𝑡+1|𝑋
𝑖
𝑡+1

using forecast samples

3 Estimate block 𝑆𝒳 of lower-triangular map that couples 𝜋X𝑡+1,Y𝑡+1 to 𝜂
4 Evaluate composed map to generate analysis ensemble

𝑋 𝑖
𝑡+1 = ̂︀𝑇𝑦*

𝑡+1
(𝑌 𝑖

𝑡+1,𝑋
𝑖

𝑡+1) (see Algorithm 5)

6.3.1 Connection with the EnKF

When constraining the estimator for 𝑆𝒳 to a class of affine functions, the optimal

estimator according to (5.4) has the form

̂︀𝑆𝒳 (𝑦𝑡,𝑥𝑡) = A(𝑥𝑡 − ̂︀ΣX𝑡,Y𝑡
̂︀Σ−1

Y 𝑦𝑡), (6.7)

where A ∈ R𝑑×𝑑 is the inverse of the Cholesky factor of the conditional covariance

matrix ̂︀ΣX𝑡|Y𝑡 = ̂︀ΣX𝑡 − ̂︀ΣX𝑡,Y𝑡
̂︀Σ−1

Y𝑡
̂︀Σ𝑇

X𝑡,Y𝑡
for (X𝑡+1,Y𝑡+1) ∼ 𝜋𝑥𝑡+1,𝑦𝑡+1|𝑦1,...,𝑦𝑡+1 , and

where the carets denote sample covariances. We refer the reader to Section 5.4.2 for a

discussion on estimating the map in (6.7) for multivariate Gaussian target densities.

For an observation 𝑦*
𝑡 , the prior-to-posterior transformation ̂︀𝑇𝑦*

𝑡
is then given by

̂︀𝑇𝑦*
𝑡
(𝑦𝑡,𝑥𝑡) = 𝑥𝑡 − ̂︀ΣX𝑡,Y𝑡

̂︀Σ−1
Y𝑡
(𝑦𝑡 − 𝑦*

𝑡 ). (6.8)

This transformation has the same form as transformation (6.5) applied by the en-

semble Kalman filter to each forecast sample where ̂︀ΣX𝑡,Y𝑡
̂︀Σ−1

Y𝑡
corresponds to the

Kalman gain. For a linear-Gaussian likelihood model (see Example 5) given by the

observation Y𝑡 = HX𝑡 + ℰ 𝑡 for ℰ 𝑡 ∼ 𝒩 (0,R), the covariances in (6.8) are given

by ̂︀ΣX𝑡,Y𝑡 = ̂︀ΣX𝑡H
𝑇 and ̂︀ΣY = Ĥ︀ΣX𝑡H

𝑇 +R. Using these expressions, we recover

the form of the perturbed observation EnKF presented in Section 6.2.1. Thus, the

SM filter reverts to the EnKF for affine transport maps 𝑆𝒳 . By seeking nonlinear

functions 𝑆𝒳 , the SM filter offers a framework to generalize the linear ansatz of the
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EnKF to more closely capture non-Gaussian features in the filtering distributions.

6.3.2 Processing observations incrementally

While the stochastic map filter can condition the forecast distribution on any ob-

servation 𝑦*
𝑡 = (𝑦*𝑡,1, . . . , 𝑦

*
𝑡,𝑚), in this section we propose a sequential approach for

processing observations that are conditionally independent given the state. This

means that the likelihood model factorizes into 𝑚 components as

𝜋Y𝑡|X𝑡 =
𝑚∏︁
𝑘=1

𝜋𝑌𝑡,𝑘|X𝑡 . (6.9)

For example, the conditional independence in (6.9) is present when each observation

corresponds to point-wise measurement of one element of the state vector X𝑡 with

an independent additive error. If the likelihood model factorizes into 𝑑 terms, we

can sequentially iterate Algorithm 7 to process each scalar observation 𝑦*𝑡,𝑘. In this

case, the analysis ensemble associated with 𝑦*𝑡,𝑘 is used as the prior ensemble when

assimilating 𝑦*𝑡,𝑘+1.

Processing observations incrementally has two computational advantages. First,

instead of computing a single prior-to-posterior transformation 𝑇𝑦*
𝑡
: R𝑚+𝑑 → R𝑑 of

dimension 𝑑 +𝑚, the analysis step is performed by computing 𝑚 prior-to-posterior

transformations ̂︀𝑇𝑦*𝑡,𝑘 : R1+𝑑 → R𝑑 for 𝑘 = 1, . . . ,𝑚 with lower input dimension 𝑑+ 1.

In the context of the EnKF, this avoid the storage and inversion of matrices (such aŝ︀ΣY𝑡), that will be expensive for large 𝑚 [92]. Second, processing observations serially

enables us to more easily take advantage of sparsity in 𝑆𝒳 arising from conditional

independence structure; see Theorem 4.4.1 in Chapter 4 for a relation between the

Markov properties of a target distribution and the sparsity of a corresponding lower

triangular transport map. For instance, if observation 𝑌𝑡,𝑘 is only a function of a

subset 𝒦 ⊂ {1, . . . , 𝑑} of the state variables X, i.e., 𝑌𝑡,𝑘 ⊥⊥ X𝑡,𝒦𝑐 |X𝑡,𝒦 where 𝒦𝑐 =

180



{1, . . . , 𝑑} ∖ 𝒦, then the lower triangular map of the form

𝑆𝒳 (𝑦𝑡,𝑘,𝑥𝑡) =

⎡⎣𝑆𝒦(𝑦𝑡,𝑘,𝑥𝑡,𝒦)

𝑆𝒦𝑐(𝑥𝑡,𝒦,𝑥𝑡,𝒦𝑐)

⎤⎦ , (6.10)

will exactly represent the conditional distribution of interest.

For data assimilation problems that use point-wise measurements of the state (as

in Sections 6.3.3 and 6.4.1), 𝒦 is of size 1 for each observation, i.e., each observation

on depends on one scalar state variable. In this case, after a permutation of the

state variables in each prior-to-posterior map 𝑇𝑦*𝑡,𝑘 , only the first component of the

map depends on 𝑦𝑡,𝑘 and the remaining components only depend on 𝑥𝑡. Let us

remark that evaluating a map with this form can be interpreted as first updating

the observed state element X𝑡,𝒦 and second propagating the information from the

observation to the remaining states X𝑡,𝒦𝑐 according on the conditional dependence of

X𝑡,𝒦 alone. In our numerical experiments in the following sections, we sequentially

process observations from the local likelihood model in (6.9) and take advantage of

the resulting sparse structure in the maps.

6.3.3 Lorenz-63 dynamical system

In this section we present the performance of the stochastic map filter on the Lorenz-

63 system. The Lorenz-63 model was introduced in [133] and describes the natural

convection of a heated-fluid. The state at time 𝑠 is a three-dimensional vector X(𝑠) =

(𝑋1(𝑠), 𝑋2(𝑠), 𝑋3(𝑠)) whose dynamic is described by the coupled ODEs

𝑑𝑋1

𝑑𝑠
= −𝜎𝑋1 + 𝜎𝑋2

𝑑𝑋2

𝑑𝑠
= −𝑋1𝑋3 + 𝜌𝑋1 −𝑋2

𝑑𝑋3

𝑑𝑠
= 𝑋1𝑋2 − 𝛽𝑋3,

(6.11)

where the parameters 𝛽 = 8/3, 𝜌 = 28, 𝜎 = 10 are set to make the dynamics chaotic.

We integrate the ODEs with a fourth-order explicit Runge-Kutta method with a
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step-size of Δ𝑠 = 0.05 and observe the full state every Δ𝑠obs = 0.1 time units. We

index the state at discrete observation times 𝑡 ∈ N where X𝑡 = X(𝑡Δ𝑠obs). For any

observation step 𝑡, the likelihood model is specified by

Y𝑡 = X𝑡 + ℰ 𝑡, (6.12)

where ℰ 𝑡 ∼ 𝒩 (0, 4I3) is drawn independently of X𝑡.

The filtering setup we follow is an “identical twin experiment”. Given a random

initial condition X0, we generate a sequence of true hidden states (𝑥*
𝑡 ) by integrating

the ODEs and a sequence of synthetic observations (𝑦*
𝑡 ). We then use these obser-

vations to recover the hidden states using the same forecast model. In all of the

numerical results, we generate an initial ensemble through a spin-up phase (using a

perturbed observation EnKF). The filtering algorithms are run for 4000 assimilation

steps. At each step, we compute the ensemble mean ̂︁𝑋𝑡 =
1
𝑛

∑︀𝑛
𝑖=1 𝑋

𝑖
𝑡 as a point esti-

mate of the true state, and the ensemble covariance ̂︀Σ𝑡. We evaluate the performance

of the filter for tracking the hidden state via the root-mean-squared error (RMSE),

which is defined at assimilation step 𝑡 as RMSE𝑡 := ‖̂︁𝑋𝑡−𝑥*
𝑡‖2/
√
𝑑. The statistics of

the filter’s performance is based on the average RMSE over the last 2000 assimilation

steps.

In this study, we consider a parameterization for triangular transport maps that

gradually departs from a linear representation in order to demonstrate the benefit

of nonlinear prior-to-posterior transformations 𝑇𝑦*
𝑡
. In particular, we consider maps

𝑆𝒳 where each component has a separable representation of the form 𝑆𝒳
𝑘 (𝑦,𝑥1:𝑘) =

𝑢0𝑘(𝑦)+
∑︀𝑘

𝑖=1 𝑢
𝑖
𝑘(𝑥𝑖) for 𝑘 = 1, . . . , 𝑑. For the linear version of the stochastic map filter

(labeled as “Linear” in the figures), the univariate functions 𝑢0𝑘 and 𝑢𝑖𝑘 are restricted

to be linear functions of their inputs. To increase the complexity of the map, we

add radial basis functions (RBFs) to the approximation spaces for 𝑢0𝑘, 𝑢𝑖𝑘. We use

a monotone parameterization based on sigmoids (i.e., integrals of RBFs) for 𝑢11 and

keep 𝑢𝑘𝑘 linear for 𝑘 > 1. We label the results for maps with linear terms plus 𝑝

RBFs/sigmoids in each univariate function as “Linear + p RBF”. In all results, we
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also add inflation to the forecast by tuning the spread of the samples.

Figure 6-3a displays the absolute error in the prediction of each state element

over time for the EnKF and the transport maps with Linear + 2 RBFs when using

an ensemble of size 𝑛 = 600. Figure 6-3b displays the ensemble mean and a 95%

confidence interval for the mean at times 𝑠 ∈ [56, 58]. We observe that the nonlinear

stochastic map filter yields an ensemble mean that is less biased relative to the true

state 𝑥*
𝑡 . For instance, the estimates of states 𝑋1 and 𝑋2 at time 𝑠 = 56.6 using

“Linear + 2 RBF” are closer to the truth x*
𝑡 . In comparison, the truth falls outside

the confidence interval for the EnKF ensemble at this time. This is also reflected in

higher values for the average RMSE over time: 0.51± 0.02 for the EnKF (i.e., linear

maps) as compared to 0.36 ± 0.02 for the map with linear terms and 2 RBFs (i.e.,

nonlinear transformations).

(a) (b)

Figure 6-3: (a) Absolute error in the ensemble mean prediction of each state element
for the Lorenz-63 model with Δ𝑠obs = 0.1 and 𝑛 = 600 samples. (b) The ensemble
mean of two filters with their 95% confidence interval for predicting the true hidden
state 𝑥*

𝑡 .

Figure 6-4 plots the RMSE with increasing ensemble sizes 𝑛 ∈ [10, 600]. For small

𝑛, the EnKF and linear maps have the most robust performance. However, with an

increasing ensemble size, we observe an improvement in tracking by gradually adding

nonlinearities to the map’s approximation space. Specifically, the map with linear

terms and 1 RBF has better tracking performance for 𝑛 ≥ 40, and the map with
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linear terms and 2 RBFs has the lowest RMSE for 𝑛 ≥ 200. The minimum RMSE

also tends towards the RMSE of a “reference” solution obtained with a consistent SIR

particle filter (see Section 6.2.2) using 𝑛 = 106 samples. Let us remark that the RMSE

of the EnKF closely matches that of a linear map, as discussed in Section 6.3.1. The

difference between the stochastic EnKF and the linear map results for small 𝑛 can

be attributed to the local likelihood structure that we exploit; see Section 6.3.2. In

particular, for scalar observations that depends on one component of the state, only

the first component of each lower triangular map (6.10) depends on the observation.

The improvement in RMSE arising from nonlinear maps is nearly constant when

increasing the time Δ𝑠obs between observations. The right of Figure 6-4 plots the

average RMSE of various algorithms for Δ𝑠obs ∈ [0.1, 0.5] with a fixed ensemble size

of 𝑛 = 1000. This result demonstrates that the stochastic map filter remains stable

with increasing map complexity and continues to provide accurate tracking even as the

state evolution becomes more nonlinear. We remark that this behavior is not expected

with particle filters that often suffer from particle degeneracy when increasing the

inter-observation time Δ𝑠obs. We refer the reader to Figure 4 in [152], which presents

the performance of many filtering and smoothing algorithms for tracking the state of

the Lorenz-63 system as a function of Δ𝑠obs.

Figure 6-4: Average RMSE of the Lorenz-63 model for Δ𝑠obs = 0.1 as a function of 𝑛
(left), and for 𝑛 = 1000 as a function of the inter-observation time Δ𝑠obs (right).

For this low-dimensional problem, we also compare the posterior approximations

from the stochastic map filter to the true filtering distribution. We first use a con-
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sistent SIR particle filter with 106 particles to estimate the posterior mean 𝑥PF
𝑡 and

covariance matrix ΣPF
𝑡 at each observation time 𝑡 with Δ𝑠obs = 0.1. Figure 6-5

plots the normalized 𝐿2 error in the posterior mean, defined as ‖̂︁𝑋𝑡 − 𝑥PF
𝑡 ‖2/

√
𝑑,

and the normalized Frobenius norm in the posterior covariance matrix, defined as

‖̂︀Σ𝑡 − ΣPF
𝑡 ‖𝐹/𝑑. Similarly to the RMSE, we observe an improvement in the ap-

proximation of the posterior statistics from gradually introducing nonlinear functions

in the prior-to-posterior transformation. Lastly, the variability of the particle filter

estimates are plotted for reference using dotted lines in Figure 6-5.

Figure 6-5: Normalized 𝐿2 error of the posterior mean (left) and Frobenius error of
the posterior covariance matrix (right) for the Lorenz-63 model.

To assess the predictive quality of each ensemble, we also compute the con-

tinuous ranked probability score (CRPS). The CRPS for the 𝑘th marginal com-

ponent of the state at observation step 𝑡 compares the ensemble’s empirical CDF̂︀𝐹𝑡,𝑘(𝑥) with a Heaviside function centered at the true state 𝐻(𝑥− 𝑥*𝑡,𝑘), as given by

CRPS𝑡,𝑘 =
∫︀
( ̂︀𝐹𝑡,𝑘(𝑥) − 1(𝑥*𝑡,𝑘 ≤ 𝑥))2d𝑥. We average CRPS𝑡,𝑘 over state components

𝑘 and 2000 assimilation cycles 𝑡. The left of Figure 6-6 plots the mean CRPS for the

Lorenz-63 model with increasing ensemble size 𝑛. For 𝑛 > 60 samples, the nonlinear

stochastic map filter yields lower values of CRPS, indicating that the ensemble is bet-

ter calibrated and has higher sharpness, as defined in [77]. For increasing nonlinearity

in the prior-to-posterior transformation, the average CRPS for the Lorenz-63 model

approaches that of a SIR particle filter.

Lastly, we comment on the choice of parameterization used in our data assimilation
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Figure 6-6: Average continuous ranked probability score (CRPS) of the analysis en-
semble for the Lorenz-63 model (left) and the “hard” Lorenz-96 configuration (right).

experiments. Separable map components have a smaller number of parameters (as

compared to non-separable expansions; see Chapter 3) and thus can be estimated with

lower variance using moderate ensemble sizes. The form of the separable expansions,

however, limits them to approximating conditional distributions where only the condi-

tional mean depends non-linearly on the observation 𝑦. Hence, these expansions may

not reliably capture the posterior distributions for general inverse problems. As an

example, we consider sampling from the posterior distribution for a one-dimensional

parameter 𝑋 with a standard Gaussian prior and the nonlinear observation operator

ℎ(𝑥) = log |𝑥| that was considered in [4]. The first row of Figure 6-7 plots approxima-

tions to the joint density 𝜋𝑋,𝑌 using (a) separable and (b) non-separable expansions

with a combination of linear and 𝑝 ∈ {3, 7} RBFs given 𝑛 = 600 i.i.d. samples from

𝜋𝑋,𝑌 . We observe that separable expansions yield approximate conditional densities

(i.e., normalized horizontal slices of the joint density) with unimodal shapes for all 𝑦*.

In contrast, non-separable expansions capture both unimodal (e.g., for 𝑦* = −3) and

bimodal conditional densities (e.g., for 𝑦* = 2) arising from the non-identifiability

of 𝑋’s sign. The lower half of Figure 6-7 plots the analysis samples from the SM

algorithm. The analysis samples for 𝑦* = 2 with non-separable parameterizations

better match the bi-modal posterior density. Characterizing these bimodal densities

is important, especially when there are multiple states that are consistent with the

observations. For the remainder of our experiments with local and monotone obser-
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vation operators, however, we found that separable parameterizations are sufficient

for tracking the states of the Lorenz-63 and Lorenz-96 dynamical systems.

𝑝 = 3 𝑝 = 7

(a)

𝑝 = 3 𝑝 = 7

(b)

Figure 6-7: Joint density approximations (top row) and approximate posterior sam-
ples (bottom row) using (a) separable expansions and (b) tensor-product expansions
of linear functions and 𝑝 = 3 (left), and 𝑝 = 7 (right) RBFs in each transport map
component. The 𝑛 = 600 samples used for approximating the transport maps are
denoted in orange.

6.4 Sparse couplings for high-dimensional states

To extend the stochastic map filtering algorithm to high-dimensional problems with

limited ensemble sizes, it is necessary to regularize the estimation of the prior-to-

posterior map ̂︀𝑇𝑦*
𝑡
. One source of structure that we can exploit is sparsity in the

KR rearrangement for ̂︀𝑆𝒳 , as discussed in Chapter 3. In the context of Bayesian

inference problems, sparsity in 𝑆𝒳 arises from conditional independence properties

of the filtering distributions and from decay of dependence between state variables.

These properties typically exist in spatial processes with local interactions [178].

One example of a spatial process on a periodic circular domain is the Lorenz-

96 model (described in Sections 4.5.5 and 6.4.1). Figure 6-8 displays the values

and sparsity of the average inverse covariance matrix for the forecast distributions

of this 40-dimensional system. The covariance matrix at each observation time is

estimated using 104 samples and the matrices are averaged over 1000 assimilation
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cycles. Although the forecast distributions are non-Gaussian, the sparsity of the

inverse covariance matrix indicates that the forecast, and potentially the posterior

distribution, may be well approximated by a distribution where each state is only

conditionally dependent on neighboring states in the circular grid. A similar result

was obtained in Chapter 4 with only free model runs of the dynamical system, i.e.,

without data assimilation. Sparse triangular maps ̂︀𝑆𝒳 define approximate densitieŝ︀𝜋X𝑡|𝑦1,...,𝑦𝑡 = ̂︀𝑆𝒳 (𝑦*
𝑡 , ·)♯𝜂Z2 that can satisfy these conditional independence properties,

or equivalently that represent sparse Markov random fields [204].

1
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Figure 6-8: Average values (left) and non-zero entries (right) of the average inverse
covariance matrix of the forecast distributions Σ

−1

𝑡+1

There are several approaches to exploit sparsity when computing ̂︀𝑆𝒳 . These

include learning sparse parameterizations as in Chapters 3 and 4 or imposing spar-

sity constraints directly on ̂︀𝑆𝒳 . In the statistics literature, a common regularization

technique is to band or taper the inverse covariance matrix or its Cholesky factor

according to a tuned correlation length parameter [20]. In this section, we follow

the natural generalization of this approach by seeking nonlinear map components

that depend on few variables. In particular, we consider estimators for the 𝑘th map

component 𝑆𝑘 given by 𝑆𝑘(𝑦𝑡,𝑥𝑡,𝒜𝑘,𝑟
) where 𝒜𝑘,𝑟 indexes the neighboring state vari-

ables that are within a distance 𝑟 from 𝑥𝑡,𝑘 according to a distance metric 𝑑, i.e.,

𝒜𝑘,𝑟 := {𝑖 ∈ (1, . . . , 𝑘) s.t. 𝑑(𝑖, 𝑘) ≤ 𝑟}. Given a natural ordering for the state vari-

ables based on their physical location on a grid, each value of 𝑟 defines a banded

estimator for 𝑆𝒳 . Let us remark that finding sparse maps is analogous to localization
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in the EnKF from tapering the covariance matrix. The difference is that sparsity in

𝑆𝒳 assumes conditional independence between the states variable, while localization

in the EnKF commonly assumes the stronger property of marginal independence.

Remark. For linear maps 𝑆𝒳 , the localized estimators above correspond to banded

estimators for the Cholesky factor of the precision matrix. The analysis of these

estimators given multivariate Gaussian samples has been studied in [20, 232].

𝑌𝑡,𝑘

Figure 6-9: For local likelihood models, the scalar observation 𝑌𝑡,𝑘 corresponds to an
noisy observation of a single component of X𝑡. Typically, only marginal components
of X𝑡 that are physically close to 𝑌𝑡,𝑘 are affected by the observation.

A second source of structure is sparsity in the prior-to-posterior transformation

𝑇𝑦*
𝑡

from assimilating local observations that depend on a single element of the state;

see Figure 6-9. When the underlying process X𝑡 has a short spatial correlation length,

a scalar observation 𝑌𝑡,𝑘 = 𝑋𝑡,𝒦 + 𝜖 that is a function of a scalar state variable 𝑋𝑡,𝒦

for 𝒦 ∈ {1, . . . , 𝑑} only affects state variables close to 𝑋𝑡,𝒦. As a result, the map

𝑇𝑦*𝑡,𝑘 is expected to revert to the identity function for components that update state

variables far from the observation location. To enforce this sparsity in the estimator

for 𝑇𝑦*𝑡,𝑘 , we order the state variables based on their spatial distance from 𝑌𝑡,𝑘 with

respect to the distance metric 𝑑. We then look for a KR rearrangement 𝑆𝒳 of the

form

𝑆𝒳 (𝑦𝑡,𝑘,𝑥𝑡) =

⎡⎢⎢⎢⎢⎢⎢⎣
𝑠(𝑦𝑡,𝑘,𝑥𝑡,1:𝑙)

𝑥𝑡,𝑙+1

...

𝑥𝑡,𝑑

⎤⎥⎥⎥⎥⎥⎥⎦ , (6.13)

where 𝑠 : R1+𝑙 → R𝑙+1 is a lower triangular and monotone function and 𝑙 defines a

localization radius. The composed maps, 𝑇𝑦*𝑡,𝑘(𝑦𝑡,𝑘,𝑥𝑡) = 𝑆𝒳 (𝑦*𝑡,𝑘, ·)−1 ∘ 𝑆𝒳 (𝑦*𝑡,𝑘,𝑥𝑡)
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with 𝑆𝒳 given by (6.13) will then have only 𝑙 non-identity components. The re-

maining components of 𝑇𝑦*𝑡,𝑘 correspond to state variables that are unaffected by the

𝑘th observation. Let us remark that the pullback distribution of the Gaussian ref-

erence through the map in (6.13) represents the marginal conditional distributions

for (𝑋𝑡,𝑙+1, . . . , 𝑋𝑡,𝑑) as standard Gaussian. While a map of this form alone yields a

poor estimator for the conditional distributions of X𝑡, it is justified when we use it

to estimate a prior-to-posterior transformation 𝑇𝑦*𝑡,𝑘 that has sparse structure.

The two localization parameters, the neighborhood size 𝑟 and the number of non-

identity components 𝑙, define a set of sparse triangular transport maps. The optimal

values for these parameters for each problem can be identified by minimizing a mea-

sure for the quality of map estimation or the performance of the sequential inference

procedure. One measure that is commonly used in data assimilation experiments is

the average RMSE over time, as defined in 6.3.3. We adopt this measure to choose

the regularization parameters 𝑙 and 𝑟 for each ensemble size and map parameteriza-

tion in the following experiments. The EnKF results are also tuned by choosing the

optimal localization radius for the Gaspari-Cohn tapering function, that is applied to

each forecast covariance matrix.

6.4.1 Lorenz-96 dynamical system

In this section we present the performance of the localized stochastic map filter on

the Lorenz-96 system. Lorenz-96 is a representative model for the mid-latitude at-

mosphere and is commonly used as a testbed for numerical weather prediction al-

gorithms [134]. The model defines the evolution of a 40-dimensional periodic state

vector X(𝑠) = (𝑋1(𝑠), . . . , 𝑋40(𝑠)) according to the coupled system of ODEs

𝑑𝑋𝑘

𝑑𝑠
= (𝑋𝑘+1 −𝑋𝑘−2)𝑋𝑘−1 +𝑋𝑘 + 𝐹, 𝑘 = 1, . . . , 40 (6.14)

where 𝐹 is a forcing term and the state is periodic, i.e., 𝑋0 = 𝑋40, 𝑋−1 = 𝑋39 and

𝑋1 = 𝑋41. In our numerical experiments we set 𝐹 = 8 to simulate chaotic behavior

and discretize the ODEs using a Runge-Kutta method with a step size of Δ𝑠 = 0.01.
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Following the “hard case” setup of [125], we indirectly observe the state sparsely in

space and time with 𝑚 = 20 (i.e., observing every other component of the state) and

Δ𝑠obs = 0.4. Each set of observations has independent and additive Gaussian noise

with variance 0.5I𝑚. The large inter-observation time corresponds approximately to

observing the state every 2 days in a global weather model [137]. These parameters

result in highly non-Gaussian forecast distributions that require localizing the maps

𝑆𝒳 to have stable filtering performance with small ensemble sizes. In this study, we

use the same separable parameterizations used for the maps 𝑆𝒳 in Section 6.3.3.

Figure 6-10 shows the sensitivity of the average RMSE to the localization param-

eters 𝑟 and 𝑙 when using nonlinear maps. For large ensemble sizes, RMSE improves

when increasing the number of non-identity map components 𝑙 and the neighborhood

size 𝑟. For each setting of these parameters, the filter with 𝑝 = 2 RBFs (right) offers

a slight benefit over the filter with 𝑝 = 1 RBFs (left) for large ensemble sizes. We

emphasize that increasing 𝑙, 𝑟, and 𝑝, for any 𝑝 ≥ 1, all comprise ways of increasing

the nonlinearity of the map: not just via the choice of the approximation space for

u, but also by expanding where in the map—and in which variables—nonlinearity

appears.

Figure 6-10: Average RMSE (over 2000 assimilation cycles) for the “hard” Lorenz-96
configuration using ‘Linear + 1 RBF’ maps (left) and ‘Linear + 2 RBF’ maps (right)
for different localization parameters: the number of non-identity components 𝑙 in the
map 𝑆𝒳 , and the neighborhood size 𝑟 defining the input dependence of each map
component.

Figure 6-11 plots the average RMSE as a function of the ensemble size 𝑛 with the

optimal choice of localization parameters. With increasing nonlinearity in the map
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𝑆𝒳 , the optimal estimators for the stochastic map filter outperform the biased EnKF

given sufficient samples. The regularized estimators for the map with local nonlinear

terms capture the non-Gaussian forecast statistics and improve the tracking of the

hidden state. The average spread of the ensemble, i.e., [tr(̂︀Σ𝑡)/𝑑]
1/2 where ̂︀Σ𝑡 is the

ensemble covariance matrix for the filtering distribution at each step, also decreases

with added nonlinearity as displayed on the right of Figure 6-11. These two results

indicate that the ensemble from the stochastic map filter with nonlinear maps is

tracking and concentrating around the true hidden state 𝑥*
𝑡 . Figure 6-12 produces

similar observations for the median RMSE and average coverage probability.

Figure 6-11: Average RMSE (left) and ensemble spread (right) over 2000 assimilation
cycles for the “hard” Lorenz-96 configuration with Δ𝑠obs = 0.4 and sparse observa-
tions.

Figure 6-12: Median RMSE (left) and coverage probability (right) over 2000 assim-
ilation cycles for the “hard” Lorenz-96 configuration with Δ𝑠obs = 0.4 and sparse
observations.
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6.4.2 Other configurations

To demonstrate the performance of the stochastic map filter with more complex

likelihood models, we consider two “hard” configurations of the Lorenz-96 model with

heavy-tailed observational noise and nonlinear observation operators.

First, we consider sparse and heavy-tailed observations with Δ𝑠obs = 0.1, 𝑚 =

10 (i.e., observing every fourth component of the state), and additive Laplace (i.e.,

double-exponential)-distributed observational noise. The noise has variance 2𝜃2I𝑚,

where 𝜃 = 1 is the scale parameter of the Laplace distribution. The large variance

of the noise and limited number of observations make filtering difficult; for instance,

large RMSE values are obtained when using the EnKF with ensemble sizes smaller

than 𝑛 = 100.

Similar to the results in Section 6.4.1, we observe improved tracking performance

with increasing nonlinearity in the map 𝑆𝒳 , provided 𝑛 is not too small. Figure 6-13

shows the average and median RMSE for the EnKF and different stochastic map

parameterizations. As 𝑛 increases, more complex transport maps yield the lowest

value of RMSE, while the EnKF and linear maps offer more robust tracking for

small ensemble sizes 𝑛. Furthermore, Figure 6-14 illustrates that more nonlinearity

in the maps (i.e., higher numbers of RBFs in each component) increases the average

coverage probability of the ensemble across 2000 assimilation cycles without increasing

the ensemble’s average spread. These results suggest that the stochastic map filter

with more complex transformation can better capture the true state 𝑥*
𝑡 with a sharp

(i.e., concentrated) ensemble for problems with non-Gaussian forecast and analysis

distributions.

Second, we consider a Lorenz-96 system with nonlinear observations of the state

using the observation operator considered in [4]. We begin with the “hard case”

configuration of the Lorenz-96 system in Section 6.4.1, with Δ𝑠obs = 0.4 (long time

between observations) and 𝑚 = 20 observations at each assimilation step (i.e., ob-

serving every other component of the state), but we modify the observation model.

Now, each component of Y𝑡 ∈ R𝑚 results from a nonlinear square root transforma-
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Figure 6-13: Average (left) and median (right) RMSE (over 2000 assimilation cycles)
for the “hard” Lorenz-96 configuration of Section 6.4.1, with Δ𝑠𝑜𝑏𝑠 = 0.4, and 𝑚 = 10
heavy-tailed observations of the state.

Figure 6-14: Average ensemble spread (left) and average coverage probability of the
[2.5%, 97.5%] empirical intervals of each state marginal (right) for the “hard” Lorenz-
96 configuration with heavy-tailed observations of the state.

tion of the corresponding state component, perturbed by additive Gaussian noise. In

other words, each component of Y𝑡 is given by 𝑌𝑡,𝑘 = sign(𝑋𝑡,2𝑘−1)
√︀
|𝑋𝑡,2𝑘−1| + ℰ𝑡,𝑘,

where {ℰ𝑡,𝑘}𝑑𝑘=1
iid∼ 𝒩 (0, 0.25) are independent of X𝑡. The observational noise vari-

ance is selected to maintain a similar signal-to-noise ratio as in the direct observation

case. In this experiment, we use the separable map parameterization described in

Section 6.3.3 with component functions 𝑆𝑘 that depend linearly on the state variable

𝑥𝑡,𝑘 and only depend nonlinearly on the other variables, for all 𝑘.

Figure 6-15 plots the average and median RMSE for the stochastic EnKF and

the stochastic map filters. Similarly to the results in 6.4.1, the stochastic EnKF and

linear maps have the lowest average RMSE for small 𝑛, while the richer maps result in
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lower RMSE for larger ensemble sizes because they have less bias. Figure 6-16 shows

that the marginal coverage probability increases monotonically with increasing map

complexity, meaning that the ensemble derived from richer maps covers more often

the true hidden state.

Figure 6-15: Average (left) and median (right) RMSE (over 2000 assimilation cycles)
for the “hard” Lorenz-96 configuration of Section 6.4.1, with Δ𝑠𝑜𝑏𝑠 = 0.4, and 𝑚 = 20
square-root observations of the state.

Figure 6-16: Average ensemble spread (left) and average coverage probability of the
[2.5%, 97.5%] empirical intervals of each state marginal (right) for the “hard” Lorenz-
96 configuration with square-root observations of the state.

6.5 Discussion and extensions

In this chapter we introduced a nonlinear filtering algorithm that generalizes the

ensemble Kalman filter (EnKF) to robustly estimate the states of dynamical systems,
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while approaching the asymptotic consistency of particle filters. At each observation

time, this algorithm estimates a triangular transport map using forecast samples and

observations sampled from the likelihood model, and constructs a prior-to-posterior

transformation to sample from each filtering distribution. These transformations

reduce to the EnKF when the transport maps are constrained to a class of affine

functions. By seeking nonlinear maps, the algorithm generalizes the EnKF using

nonlinear prior-to-posterior transformations.

Our numerical experiments show that nonlinear maps can outperform the EnKF

for tracking the states of chaotic dynamical systems, such as the Lorenz-63 and

Lorenz-96 models. The improvement, however, depends on having a sufficient num-

ber of ensemble members to reliably learn complex maps. For small ensemble sizes

𝑛, richer maps yield estimators with less bias but higher variance. The EnKF and

linear maps, on the other hand, yield more biased but lower variance estimators that

offer more stable tracking performance for small 𝑛. In this work, we explore various

sources of sparse structure in triangular maps for regularizing the estimation of high-

dimensional prior-to-posterior transformations. These estimators result in a sequence

of nonlinear filters (with an increasing number of parameters) that more accurately

estimate the state given a modest increase in 𝑛. Overall, the stochastic filter provides

a flexible framework for adjusting the complexity of the map to build good estimators

for the prior-to-posterior transformations in sequential inference problems.

In what follows, we briefly outline some directions for future work.

Smoothing Another common data assimilation problem is smoothing, which im-

proves estimates of past states given new observations. Similarly to filtering, the

stochastic map algorithm can extend linear ensemble-based smoothers to sample

consistently from the the joint smoothing distribution 𝜋X1:𝑇 |𝑦1,...,𝑦𝑇
where X1:𝑇 =

(X1, . . . ,X𝑇 ), or any of its marginals 𝜋X𝑡|𝑦1,...,𝑦𝑇
for 𝑡 ≤ 𝑇 . To simplify our notation

we omit the conditioning on previous data 𝑦1, . . . ,𝑦𝑇−1 and without loss of generality

only consider conditioning on a new observation at time 𝑡 = 𝑇 , as seen in Figure 6-17.

In an ensemble setting, our goal is then to sample from 𝜋X1:𝑇 |𝑦𝑇
after observing the
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data 𝑦𝑇 at time 𝑡 = 𝑇 , given a collection of samples from 𝜋X1:𝑇
.

X𝑇X𝑇−1X2X1

Y𝑇

Figure 6-17: Markov structure for a local observation in time

Similarly to the filtering problem, we can construct triangular transport maps that

push-forward an ensemble from the distribution 𝜋X1:𝑇
to the smoothed distribution

conditioned on new data 𝜋X1:𝑇 |𝑦𝑇
. To do so, we define a triangular map 𝑆 : R𝑚×R𝑇𝑑 →

R𝑚 × R𝑇𝑑 of the form

𝑆(𝑦𝑇 ,𝑥1:𝑇 ) =

⎡⎣𝑆𝒴(𝑦𝑇 )

𝑆𝒳 (𝑦𝑇 ,𝑥1:𝑇 )

⎤⎦ , (6.15)

where 𝑆 pulls-back the 𝑇𝑑+𝑚-dimensional standard Gaussian density 𝜂 to the joint

density of X1:𝑇 and Y𝑇 , i.e., 𝑆♯𝜂 = 𝜋Y𝑇 ,X1:𝑇
. While the first component of the

map 𝑆𝒴 : R𝑚 → R𝑚 characterizes the marginal distribution for the data, 𝑆𝒳 : R𝑚 ×
R𝑇𝑑 → R𝑇𝑑 pulls-back the 𝑇𝑑-dimensional standard Gaussian reference density to

the conditional density 𝜋X1:𝑇 |Y𝑇
. While any map of the form in (6.15) can be used

for smoothing, we outline an algorithm based on a specific choice of ordering for the

state variables 𝑥1:𝑇 in the triangular map.

Let 𝑆𝒳 be a map that updates the states backwards in time using the ordering:

𝑥𝑇 ,𝑥𝑇−1, . . . ,𝑥1. This map has the form

𝑆𝒳 (𝑦𝑇 ,𝑥1:𝑇 ) =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝑆1(𝑦𝑇 ,𝑥𝑇 )

𝑆2(𝑦𝑇 ,𝑥𝑇 ,𝑥𝑇−1)

...

𝑆𝑇 (𝑦𝑇 ,𝑥𝑇 ,𝑥𝑇−1, . . . ,𝑥1)

⎤⎥⎥⎥⎥⎥⎥⎥⎦
. (6.16)

From the structure of the hidden Markov model for the state and observation vari-

ables, the states satisfy the conditional independence properties X𝑘 ⊥⊥ (X𝑗,Y𝑇 ) |X𝑘+1

for all 𝑘 < 𝑇 and 𝑘 + 1 < 𝑗 ≤ 𝑇 . Applying Theorem 3 in [204] for the sparsity of
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the KR rearrangement that pushes forward 𝜋X1:𝑇 ,Y𝑇
to a Gaussian reference density

𝜂, the map in (6.16) has the equivalent sparse representation

𝑆𝒳 (𝑦𝑇 ,𝑥1:𝑇 ) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑆1(𝑦𝑇 ,𝑥𝑇 )

𝑆2(𝑥𝑇 ,𝑥𝑇−1)

𝑆3(𝑥𝑇−1,𝑥𝑇−2)

...

𝑆𝑇 (𝑥2,𝑥1)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (6.17)

This map has 𝑇 components that all depend on at most two states or observation

variables. From the properties of lower triangular transports, the mapping 𝜉 ↦→
𝑆𝒳 (𝑦*

𝑇 , 𝜉) pushes-forward the conditional 𝜋X1:𝑇 |𝑦*
𝑇

to the standard normal reference;

see Chapter 2. Therefore, we can invert the triangular map in (6.17) to push-forward

Gaussian samples to sample from the conditional density 𝜋X1:𝑇 |𝑦*
𝑇

using the inverse

map

𝑆𝒳 (𝑦*
𝑇 , ·)−1 :=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝑆1(𝑦
*
𝑇 , ·)−1

𝑆2(̃︀𝑥𝑇 , ·)−1

...

𝑆𝑇 (̃︀𝑥2, ·)−1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

̃︀𝑥𝑇̃︀𝑥𝑇−1

...

̃︀𝑥1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, (6.18)

where each component is evaluated at the previous component’s output and a refer-

ence variable, i.e., ̃︀𝑥𝑘 = 𝑆𝑇−𝑘+1(̃︀𝑥𝑘+1, ·)−1. The output of the previous component

can be interpreted as the smoothed random variable conditioned on the data 𝑦*
𝑇 .

By composing (6.18) and (6.17), we can define a prior-to-posterior transformation

𝑇𝑦*
𝑇
: R𝑚 × R𝑇𝑑 → R𝑇𝑑 given by

𝑇𝑦*
𝑇
(𝑦𝑇 ,𝑥1:𝑇 ) = 𝑆𝒳 (𝑦*

𝑇 , ·)−1 ∘ 𝑆𝒳 (𝑦𝑇 ,𝑥1:𝑇 ). (6.19)

Evaluating the map 𝑇𝑦*
𝑇

at i.i.d. samples {(𝑌 𝑖
𝑇 ,𝑋

𝑖
1:𝑇 )}𝑛𝑖=1 ∼ 𝜋Y𝑇 ,X1:𝑇

= 𝜋Y𝑇 |X𝑇
𝜋X1:𝑇

yields posterior samples ̃︀𝑥𝑖1:𝑇 = 𝑇 (𝑌 𝑖
𝑇 ,𝑋

𝑖
1:𝑇 ) ∼ 𝜋X1:𝑇 |𝑦*

𝑇
. Let us remark that the

first component of the transformation in (6.19) is equivalent to the composed map
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derived by the stochastic map filtering algorithm in Section 6.3 at time 𝑇 . The

remaining components propagate the information from the last observation to smooth

the previous states.

Remark. To sample from 𝜋X1:𝑇 |𝑦1:𝑇−1
, we can run a smoother forward in time. Start-

ing from analysis samples {𝑋 𝑖
1}𝑛𝑖=1 ∼ 𝜋X1|𝑦*

1
at time 𝑡 = 1, we can apply the forward

model to generate samples 𝑋 𝑖
2 ∼ 𝜋X2|X1,Y1(·|𝑋 𝑖

1,𝑦
*
1) for 𝑖 = 1, . . . , 𝑛. Augmenting the

analysis with the forecast ensemble yields samples from the joint distribution 𝜋X1,X2|𝑦*
1
.

We can then apply the procedure above to condition both states on a new observation

𝑦*
2 to sample from 𝜋X1:2|𝑦1:2. This process can be repeated recursively for the next

smoothing distributions up to time 𝑇 .

Remark. When the map components in (6.17) are affine functions, the prior-to-

posterior transformation in (6.19) corresponds exactly to the RTS Smoother [176].

Analogously to the EnKF, the transformation for updating the 𝑘th marginal state

can be written as a function of the cross-covariance ΣX𝑘,X𝑘+1
between neighborhood

states (X𝑘,X𝑘+1), the marginal inverse covariance Σ−1
X𝑘+1

, and the difference between

a sample of the smoothed state ̃︀𝑥𝑘+1 and the non-conditioned state 𝑥𝑘+1.

Schrödinger problem. A one-step approach to sample from the filtering distribu-

tion is to solve the Schrödinger problem. Given samples from the filtering distribution

at time 𝑡, this problem seeks a Markov transition kernel 𝑞X𝑡+1|X𝑡 that links the filtering

distributions at times 𝑡 and 𝑡+ 1 as follows:

𝜋X𝑡+1|𝑦1,...,𝑦𝑡+1(𝑥𝑡+1) =

∫︁
𝑞X𝑡+1|X𝑡(𝑥𝑡+1|𝑥𝑡)𝜋X𝑡|𝑦1,...,𝑦𝑡(𝑥𝑡)d𝑥𝑡. (6.20)

Finding the kernel 𝑞X𝑡+1|X𝑡 allows for sampling the posterior distribution without

having to first generate samples from the forecast distribution 𝜋X𝑡+1|𝑦1,...,𝑦𝑡 as in Sec-

tion 6.3 or the smoothing distribution 𝜋X𝑡|𝑦1,...,𝑦𝑡+1 above. Figure 6-18 graphically

compares three scenarios for sampling from 𝜋X𝑡+1|𝑦1,...,𝑦𝑡+1 based on filtering, smooth-

ing, and solving the Schrödinger problem.

In a recent survey of data assimilation methods, Reich proposed an approach to
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𝜋X𝑡|𝑦1:𝑡 𝜋X𝑡+1|𝑦1:𝑡

𝜋X𝑡|𝑦1:𝑡+1 𝜋X𝑡+1|𝑦1:𝑡+1

Filtering

Smoothing

Schrödinger

Figure 6-18: Illustration of three scenarios for sampling from the posterior distribution
in a single step of a sequential Bayesian inference problem. The stochastic maps filter
first forecasts the state and then pushes-forward samples to the filtering distribution.
Alternatively, the stochastic map smoothing algorithm first samples from the X𝑡

marginal of the smoothing distribution and then uses the dynamical model to sample
from the filtering distribution. The Schrödinger problem produces samples in a single
step using the transition kernel in (6.20).

solve the Schrödinger problem [180]. To find a nonparametric estimator for 𝑞X𝑡+1|X𝑡 ,

Reich uses the iterative Sinkhorn algorithm to twist the kernel for the forward dy-

namics to satisfy the condition in (6.20). Future work may explore how to build

transformations based on KR rearrangements that directly couple the filtering distri-

butions at times 𝑡 and 𝑡+ 1.

Continuous-time filtering. From a more theoretical perspective, it will be inter-

esting to explore the stochastic map algorithm in a continuous-time filtering setting.

The hidden states and observations in the continuous-time model are described by

the stochastic differential equations

𝑑X𝑡 = 𝑓(X𝑡)𝑑𝑡+ 𝑑B𝑡 (6.21)

𝑑Y𝑡 = ℎ(X𝑡)𝑑𝑡+ 𝑑W𝑡, (6.22)

where 𝑑B𝑡 and 𝑑W𝑡 denote two mutually independent Wiener processes taking values

in R𝑑 and R𝑚, respectively. In this setting, the goal is to estimate the filtering

distribution of X𝑡 given the time history of observations (𝑦𝑠)𝑠≤𝑡

In principle, the solution of the continuous-time filtering problem is provided by

the Kushner-Stratonovich (KS) and Zakai equations [120]. For the linear-Gaussian
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case (i.e., linear 𝑓 and ℎ), the filtering distributions are also Gaussian and their evolu-

tion is described by the finite-dimensional Kalman-Bucy filter. For general dynamical

and observations models, the KS and Zakai equations are stochastic PDEs and can

not be solved in closed-form. Analogously to the setting of discrete-time observations,

the filtering distributions in this setting are commonly approximated by interacting

particle systems. Two SDEs for evolving these particles are the ensemble Kalman-

Bucy filter, which is based on a Gaussian approximation of the forecast distribution,

and the feedback particle filter (FPF) [235], which computes a nonlinear control term

to move each particle. In the FPF, the control term contains a nonlinear Kalman

gain 𝐾𝑡(𝑥) that can be computed by solving a Poisson equation. In [212], the authors

prove that if the gain is computed exactly, the FPF is a consistent algorithm for sam-

pling from the filtering distribution in the large-sample limit. Recently, [212] showed

that the nonlinear Kalman gain can also be written as the derivative of a transport

map. In particular, the nonlinear Kalman gain is given by 𝐾𝑡 =
𝑑𝑆𝜖

𝑑𝜖
|𝜖=0 where 𝑆𝜖 is

an 𝜖-parametrized family of transport maps that push forward the filtering density

𝜋𝑡 := 𝜋X𝑡|(𝑦𝑠)𝑠≤𝑡
at time 𝑡, to the perturbed densities 𝜋𝑡,𝜖(𝑥) = 𝜋𝑡(𝑥)(1+𝜖ℎ(𝑥)−E𝜋𝑡 [ℎ])

for a scalar observation operator ℎ. It will be interesting to use this link to connect

the stochastic map (SM) filter with the feedback particle filter, and to understand

the conditions for consistency of the SM filter in the limit of increasing ensemble size

and complexity of the transport maps.

Other sources of low-dimensional structure. It will be interesting to identify

and develop novel estimators for high-dimensional transport maps in the context of

the stochastic map filter. While Section 6.4 shows how to exploit sparsity in the

map that arises from (approximate) conditional independence, this structure may

not be present in other data assimilation problems. For instance, the state may not

be discretized on a regular spatial grid and the observation operator may be non-

local, i.e., each observation is a function of all state components. In these cases,

other structural properties of data assimilation problems may be used to regularize

the estimation of the transport maps with limited ensemble sizes. These include
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multi-scale decompositions of the state [230], and low-dimensional subspaces from the

dynamical model such as the unstable subspace [34]. The next chapter will present an

approach to identify subspaces of the state X and observation Y such that the prior-

to-posterior update 𝑇𝑦* only depends non-trivially on a low-dimensional projection

of 𝑥 and 𝑦.
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Chapter 7

Parameter and data dimension

reduction for Bayesian inference

7.1 Introduction

In several applications throughout science and engineering, the parameters X and/or

observations Y in a Bayesian inference problem are high-dimensional vectors, possibly

arising from the discretizations of infinite-dimensional signals. The goal of computa-

tional Bayesian inference is to characterize the conditional distribution for X|Y from

their high-dimensional joint distribution. While many sampling-based algorithms

have been developed for Bayesian inference, their computational costs typically scale

unfavorably with the growing dimensions of X and Y [182].

One method that has received increasing attention for reducing the cost of in-

ference procedures is to approximate the posterior distribution as an update of the

prior in a low-dimensional subspace of the parameters. Recent work has presented

various approaches for identifying this subspace. [205] approximated the posterior

covariance in linear-Gaussian inverse problems as a low-rank update of the prior co-

variance. This idea was extended to non-Gaussian Bayesian inference problems in [50,

239, 238] by using gradients of the likelihood function or the forward model to iden-

tify directions in the parameter space where the observations are most informative.

The Bayesian update, in the form of Markov chain Monte Carlo (MCMC) sampling,

203



can then be restricted to this subspace. This procedure has shown immense benefit

for scaling MCMC algorithms to sample from complex posterior distributions with

high-dimensional parameters [49].

Reducing the parameter dimension is not sufficient, however, for inference algo-

rithms such as approximation Bayesian computation (ABC) and the measure trans-

port approaches presented in Chapter 5. As a concrete example, let 𝑆𝒳 (𝑦, ·) : R𝑑 →
R𝑑 be a transport map that pushes forward the conditional density 𝜋X|𝑦 to a standard

Gaussian reference density 𝜂Z2 of dimension R𝑑 for any 𝑦 ∈ R𝑚. This map can be used

to cheaply simulate from the posterior density 𝜋X|Y(·|𝑦*) for an observation 𝑦* ∈ R𝑚

by generating samples 𝑍𝑖
2 ∼ 𝜂Z2 and inverting the map 𝑆𝒳 (𝑦*,𝑋 𝑖) = 𝑍𝑖

2 for each

sample 𝑋 𝑖. Furthermore, we can construct low-variance Monte Carlo estimators for

expectations of the posterior distribution by generating many i.i.d. samples once we

have this map. Thus, the computational cost of inference is transferred to a problem

of learning the map 𝑆𝒳 as a function of 𝑑 + 𝑚 inputs. For high-dimensional pa-

rameters and observations, this function approximation problem will in general suffer

from the curse of dimensionality. To alleviate the dependence-dimension, Chapters 3

and 6 exploit sparse structure in triangular transports. For many physical problems,

however, the map may not be sparse with respect to its canonical inputs. In these

settings, a natural strategy is to reduce the dimensions of both the parameters and

observations in order to learn these maps reliably given limited samples from the joint

distribution.

In this chapter our goal is to concurrently identify low-dimensional projections of

the parameters and observations in high-dimensional Bayesian inference problems. To

do so, we look for a decomposition of the parameters into parts that are informed and

uninformed by the observations along with a decomposition of the observations into

parts that are informative and non-informative of the parameters. We then approx-

imate the posterior by characterizing the conditional distribution for the informed

parameters X𝑟 ∈ R𝑟 for 𝑟 ≪ 𝑑 given only the informative observations Y𝑠 ∈ R𝑠 for

𝑠≪ 𝑚. In the context of measure transport with triangular maps, these decomposi-
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tions allow us to replace 𝑆𝒳 with the approximate map

𝑆𝒳 (𝑦,𝑥) =

⎡⎣𝑆𝒳
𝑟 (𝑦,𝑥𝑟)

𝑆𝒳
⊥ (𝑦,𝑥𝑟,𝑥⊥)

⎤⎦ ≈
⎡⎣𝑆𝒳

𝑟 (𝑦𝑠,𝑥𝑟)

𝑆𝒳
⊥ (𝑥𝑟,𝑥⊥)

⎤⎦ , (7.1)

where 𝑆𝑟 : R𝑠+𝑟 → R𝑟 and 𝑆⊥ : R𝑑 → R𝑑−𝑟 are functions of fewer variables than

the original map components. In this chapter, we formulate a general information-

theoretic approach for measuring the information lost in the posterior from using

the map in (7.1). Furthermore, we define upper bounds that can be tractably mini-

mized to find the variable decompositions. We note that in this work we will restrict

ourselves to decompositions defined by linear subspaces of X and Y.

The remainder of this chapter is organized as follows. In Section 7.2 we show the

relation between the posterior approximation error and gradient information of the

log-likelihood function and we propose several methods to identify optimal variable

decompositions. In Section 7.3 we interpret the approximation error using conditional

mutual information. In Section 7.4 we specialize our results to Gaussian likelihood

functions with nonlinear forward models and discuss connections with related work

in the linear-Gaussian case. In Section 7.5 we compare our approach to other clas-

sic dimension reduction strategies. Section 7.6 provides several inference algorithms

that can leverage this joint dimension reduction of the parameters and observations.

Lastly, Section 7.7 presents numerical experiments for forward models defined by

an elliptic PDE, a high-dimensional imaging problem, and a stochastic differential

equation.

7.2 Reducing parameter and observation dimensions

We begin by proposing a joint dimension reduction of the parameters and observations

which relies on the detection of conditional independence between blocks of variables.

Given two unitary matrices 𝑈 ∈ R𝑑×𝑑 and 𝑉 ∈ R𝑚×𝑚, which we partition as column

blocks 𝑈 = [𝑈𝑟, 𝑈⊥] and 𝑉 = [𝑉𝑠, 𝑉⊥] with 𝑈𝑟 ∈ R𝑑×𝑟 and 𝑉𝑠 ∈ R𝑚×𝑠, we decompose
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X as

X = 𝑈𝑟X𝑟 + 𝑈⊥X⊥ where

⎧⎨⎩ X𝑟 = 𝑈𝑇
𝑟 X

X⊥ = 𝑈𝑇
⊥X

, (7.2)

and Y as

Y = 𝑉𝑠Y𝑠 + 𝑉⊥Y⊥ where

⎧⎨⎩ Y𝑠 = 𝑉 𝑇
𝑠 Y

Y⊥ = 𝑉 𝑇
⊥ Y

. (7.3)

In this decomposition, X⊥ are interpreted as the un-informed parameters if they are

independent of the data Y after conditioning on X𝑟, that is X⊥ ⊥⊥ Y|X𝑟. In the same

way, Y⊥ are interpreted as the un-informative observations if they are independent of

the informed parameters X𝑟 after conditioning on Y𝑠, that is X𝑟 ⊥⊥ Y⊥|Y𝑠. Under

these two conditional independence properties, the joint probability density function

factorizes as 𝜋X,Y(𝑥,𝑦) = 𝜋X⊥|X𝑟(𝑥⊥|𝑥𝑟)𝜋X𝑟,Y𝑠(𝑥𝑟,𝑦𝑠)𝜋Y⊥|Y𝑠(𝑦⊥|𝑦𝑠), so that the

posterior satisfies 𝜋X|Y = 𝜋*
X|Y with

𝜋*
X|Y(𝑥|𝑦) := 𝜋X𝑟|Y𝑠(𝑥𝑟|𝑦𝑠)𝜋X⊥|X𝑟(𝑥⊥|𝑥𝑟). (7.4)

Put in words, the inference problem X|Y can be transformed into a lower-dimensional

inference problem X𝑟|Y𝑠. In practice, however, the conditional independence criterion

X⊥ ⊥⊥ Y|X𝑟 and X𝑟 ⊥⊥ Y⊥|Y𝑠 might not be exactly satisfied and so 𝜋X|Y ̸= 𝜋*
X|Y

in general. In this case, our goal is to identify the unitary matrices 𝑈 and 𝑉 and to

select the smallest possible (in a sense to be clarified later on) effective dimensions

𝑟 ≤ 𝑑 and 𝑠 ≤ 𝑚 so that the Kullback-Leibler (KL) divergence from 𝜋*
X|Y to 𝜋X|Y is

controlled in expectation over the data. That is,

E
[︀
𝐷KL(𝜋X|Y(·|Y)||𝜋*

X|Y(·|Y))
]︀
≤ 𝜖, (7.5)

for some prescribed tolerance 𝜖 > 0. Let us mention that [52] also uses the expected

KL divergence to reduce the dimension of X, but not the one of Y. The following

proposition shows that given the decompositions of the parameters and observations

in (7.2) and (7.3), the posterior approximation 𝜋*
X|Y in (7.4) is optimal for the ex-

pected KL divergence.
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Proposition 14. Let (X,Y) ∼ 𝜋X,Y be decomposed as in (7.2) and (7.3). Then the

posterior approximation 𝜋*
X|Y defined in (7.4) satisfies

E
[︀
𝐷KL(𝜋X|Y(·|Y)||𝜋*

X|Y(·|Y))
]︀
≤ E

[︀
𝐷KL(𝜋X|Y(·|Y)||̃︀𝜋X|Y(·|Y))

]︀
, (7.6)

for any posterior approximation of the form ̃︀𝜋X|Y(𝑥|𝑦) = 𝑓1(𝑥𝑟,𝑦𝑠)𝑓2(𝑥⊥,𝑥𝑟).

Proof. See Appendix E.

Thus, once the matrices 𝑈, 𝑉 are identified and the effective dimensions 𝑟, 𝑠 de-

termined, the optimal posterior approximation (7.4) is given by

𝜋*
X|Y(𝑥|𝑦) ∝ 𝜋Y𝑠|X𝑟(𝑦𝑠|𝑥𝑟)𝜋X(𝑥),

where the marginal likelihood 𝜋Y𝑠|X𝑟(𝑦𝑠|𝑥𝑟) is accessible by marginalizing the likeli-

hood function 𝜋Y|X(𝑦|𝑥) over 𝑦⊥ and 𝑥⊥ using the prior weight, i.e.,

𝜋Y𝑠|X𝑟(𝑦𝑠|𝑥𝑟) =
∫︁
R𝑚−𝑠

∫︁
R𝑑−𝑟

𝜋Y|X(𝑉𝑠𝑦𝑠 + 𝑉⊥𝑦⊥|𝑈𝑟𝑥𝑟 + 𝑈⊥𝑥⊥)𝜋X⊥|X𝑟(𝑥⊥|𝑥𝑟)d𝑥⊥d𝑦⊥

(7.7)

=
1

𝜋X𝑟(𝑥𝑟)

∫︁
R𝑚−𝑠

∫︁
R𝑑−𝑟

𝜋X,Y(𝑈𝑟𝑥𝑟 + 𝑈⊥X⊥, 𝑉𝑠𝑦𝑠 + 𝑉⊥𝑦⊥)d𝑥⊥d𝑦⊥.

Let us remark that with 𝑠 = 𝑚 (i.e., without reducing the observations), the approx-

imate likelihood 𝜋Y𝑠|X𝑟 = 𝜋Y|X𝑟 is the same as the one used in [239, 238] for reducing

the dimension of the parameters.

The remainder of this section is organized as follows. In subsection 7.2.1 we

provide a tractable upper bound for the posterior approximation in (7.4) that depends

on the decompositions of X and Y. Then, subsection 7.2.2 provides two methods for

identifying the low-dimensional decompositions that minimize this upper bound, and

subsection 7.2.3 presents a procedure for selecting the reduced dimensions 𝑟, 𝑠 that

satisfy the constraint in (7.5).
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7.2.1 Gradient-based bound on expected KL

In this section we present our main result which consists of a gradient-based bound

on the expected KL divergence in (7.5). This bound will guide the construction of

the matrices 𝑈 and 𝑉 . We begin by presenting an assumption that is needed for our

main result. In the following, ‖ ·‖ denotes the canonical norm of the Euclidean space.

Definition 2 (Logarithmic Sobolev inequality). A random variable Z with density

𝜋Z on R𝑝 satisfies the logarithmic Sobolev inequality if there exists a constant 𝐶 <∞
such that

∫︁
ℎ(𝑧) log

(︂
ℎ(𝑧)∫︀
ℎd𝜋Z

)︂
𝜋Z(𝑧)d𝑧 ≤

𝐶

2

∫︁
‖∇ℎ(𝑧)‖2ℎ(𝑧) 𝜋Z(𝑧)d𝑧, (7.8)

holds for any smooth function ℎ : R𝑝 → R≥0. The smallest constant 𝐶 = 𝐶(𝜋Z) such

that (7.8) holds is called the logarithmic Sobolev constant of Z.

Definition 3 (Subspace logarithmic Sobolev inequality). A random variable Z with

density 𝜋Z on R𝑝 satisfies the subspace logarithmic Sobolev inequality if there exists

a constant 𝐶 < ∞ such that for any unitary matrix 𝑊 ∈ R𝑝×𝑝 and for any block

decomposition 𝑊 = [𝑊𝑡,𝑊⊥] with 𝑊𝑡 ∈ R𝑝×𝑡, 𝑡 ≤ 𝑝, and for any 𝑧⊥ ∈ R𝑝−𝑡, the

conditional random vector Z𝑟|Z⊥ = 𝑧⊥ with Z𝑟 = 𝑊 𝑇
⊥Z and Z⊥ = 𝑊 𝑇

⊥Z satisfies the

logarithmic Sobolev inequality with

𝐶(𝜋Z𝑟|Z⊥=𝑧⊥) ≤ 𝐶. (7.9)

The smallest constant 𝐶 = 𝐶(𝜋Z) such that (7.9) holds is called the subspace loga-

rithmic Sobolev constant of Z.

Theorem 7.2.1. Let (X,Y) be a random vector in R𝑑 × R𝑚 which satisfies the

subspace logarithmic Sobolev inequality with constant 𝐶(𝜋X,Y). Then for any unitary

matrices 𝑈 = [𝑈𝑟, 𝑈⊥] ∈ R𝑑×𝑑 and 𝑉 = [𝑉𝑠, 𝑉⊥] we have

E
[︀
𝐷KL(𝜋X|Y(·, 𝑌 )||𝜋*

X|Y(·, 𝑌 ))
]︀
≤ 𝐶(𝜋X,Y)

2
(︀
Trace(𝑈𝑇

⊥𝐻X𝑈⊥) + Trace(𝑉 𝑇
⊥𝐻Y𝑉⊥)

)︀
.

(7.10)
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Here, 𝜋*
X|Y is as in (7.4) and the matrices 𝐻X ∈ R𝑑×𝑑 and 𝐻Y ∈ R𝑚×𝑚 are given by

𝐻X =

∫︁ (︀
∇X∇Y log 𝜋Y|X(𝑦|𝑥)

)︀𝑇 (︀∇X∇Y log 𝜋Y|X(𝑦|𝑥)
)︀
𝜋X,Y(𝑥,𝑦)d𝑥d𝑦 (7.11)

𝐻Y =

∫︁ (︀
∇X∇Y log 𝜋Y|X(𝑦|𝑥)

)︀(︀
∇X∇Y log 𝜋Y|X(𝑦|𝑥)

)︀𝑇
𝜋X,Y(𝑥,𝑦)d𝑥d𝑦, (7.12)

where the matrix ∇X∇Y log 𝜋Y|X(𝑦|𝑥) ∈ R𝑚×𝑑 is defined by

(︁
∇X∇Y log 𝜋Y|X(𝑦|𝑥)

)︁
𝑖,𝑗

= 𝜕𝑥𝑗𝜕𝑦𝑖 log 𝜋Y|X(𝑦|𝑥).

Proof. See Section 7.3.

In the rest of this chapter, we exploit the bound in (7.10) to find structured unitary

matrices 𝑈, 𝑉 which minimize the right-hand side of (7.10). Due to their central role,

the matrices 𝐻X and 𝐻Y are called the diagnostic matrices.

Before going further, let us comment on the assumption 𝐶(𝜋X,Y) < ∞. As

shown in [239], a sufficient condition for a density 𝜋Z to satisfy the conditional log-

arithmic Sobolev inequality is that it has a convex support and it can be written

as 𝜋Z(𝑧) = exp(−𝑉 (𝑧) − Ψ(𝑧)) where 𝑉 is a smooth convex function such that

∇2𝑉 (𝑧) ⪰ 𝜌𝐼 for some 𝜌 > 0, and where Ψ is a function with bounded oscillation

with 𝜅 = supΨ − inf Ψ < ∞. Then, from the Bakry-Émery theorem [12] and the

Holley-Stroock perturbation lemma [88], we obtain 𝐶(𝜋Z) ≤ exp(𝜅)/𝜌. As shown

in the following example, this condition is (trivially) satisfied when the joint density

𝜋X,Y is Gaussian. We refer the reader to [239] for examples of (joint) densities which

satisfy the subspace log-Sobolev inequality. In the general case, however, the con-

stant 𝐶(𝜋X,Y) won’t be available in practice. In this case, we will still exploit the

bound (7.10) without having access to 𝐶(𝜋X,Y).

Example 6 (Gaussian joint density). Let 𝜋X,Y be the joint density

𝜋X,Y(𝑥,𝑦) ∝ exp

(︂
−1

2
‖𝑦 −𝐺𝑥‖2 − 1

2
‖𝑥‖2

)︂
, (7.13)

where 𝐺 ∈ R𝑚×𝑑. This corresponds to a Bayesian inverse problem with a standard
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normal prior and a linear forward model 𝑥 ↦→ 𝐺𝑥 endowed with additive standard nor-

mal observational noise. Given that 𝜋X,Y(𝑥,𝑦) ∝ exp(−𝑉 (𝑥,𝑦)) with the quadratic

potential 𝑉 (𝑥,𝑦) = 1
2
( 𝑥
𝑦 )𝑇Cov(X

Y )−1( 𝑥
𝑦 ) where

Cov(X
Y ) =

⎡⎣I𝑑 +𝐺𝑇𝐺 −𝐺𝑇

−𝐺 I𝑚

⎤⎦−1

=

⎡⎣I𝑑 𝐺𝑇

𝐺 𝐺𝐺𝑇 + I𝑚

⎤⎦ ,
we deduce (see [239]) that 𝐶(𝜋X,Y) is bounded by 𝜆max(Cov(X

Y )), the largest eigenvalue

of the joint covariance matrix Cov(X
Y ). As shown in Appendix F, 𝜆max(Cov(X

Y )) can

be analytically computed so that we obtain

𝐶(𝜋X,Y) ≤
1

2

(︁
2 + 𝜎max(𝐺)

2 + 𝜎max(𝐺)
√︀
𝜎max(𝐺)2 + 4

)︁
, (7.14)

where 𝜎max(𝐺) the maximum singular value of 𝐺. Furthermore, the diagnostic ma-

trices 𝐻X and 𝐻Y in (7.11) and (7.12) are given by 𝐻X = 𝐺𝑇𝐺 and 𝐻Y = 𝐺𝐺𝑇 .

Example 7 (Gaussian Likelihood, Gaussian prior). Continuing the previous example,

we now assume that the forward model 𝐺 : R𝑑 → R𝑚 is nonlinear so that the joint

density is given by

𝜋X,Y(𝑥,𝑦) ∝ exp

(︂
−1

2
‖𝑦 −𝐺(𝑥)‖2 − 1

2
‖𝑥‖2

)︂
.

Denoting the Jacobian of the forward model by ∇𝐺(𝑥) ∈ R𝑚×𝑑, we can write

−∇2 log 𝜋X,Y(𝑥,𝑦) =

⎡⎣I +∇𝐺(𝑥)𝑇∇𝐺(𝑥) −∇𝐺(𝑥)𝑇

−∇𝐺(𝑥) I

⎤⎦−
⎡⎣𝐴(𝑥,𝑦) 0

0 0

⎤⎦ ,
where the matrix 𝐴(𝑥,𝑦) ∈ R𝑑×𝑑 is given by (𝐴(𝑥,𝑦))𝑖,𝑗 =

∑︀𝑛
𝑘=1 𝜕

2
𝑖,𝑗𝐺𝑘(𝑥)(𝑦 −

𝐺(𝑥))𝑘. As in the previous example, we have

𝜆min

⎛⎝⎡⎣I +∇𝐺(𝑥)𝑇∇𝐺(𝑥) −∇𝐺(𝑥)𝑇

−∇𝐺(𝑥) I

⎤⎦⎞⎠ = 𝜆(𝑥)−1,
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where 𝜆(𝑥) = 1
2
(2 + 𝜎max(∇𝐺(𝑥))2 + 𝜎max(∇𝐺(𝑥))

√︀
𝜎max(∇𝐺(𝑥))2 + 4) so that

−∇2 log 𝜋X,Y(𝑥,𝑦) ⪰ (𝜆(𝑥)−1 − 𝜆max(𝐴(𝑥,𝑦)))

⎡⎣I 0

0 I

⎤⎦ .
Therefore, if there exists a constant 𝐶 < ∞ such that 𝜆(𝑥)−1 − 𝜆max(𝐴(𝑥,𝑦)) ≥
1/𝐶 uniformly over 𝑥,𝑦, then 𝜋X,Y satisfies the subspace log-Sobolev inequality with

𝐶(𝜋X,Y) ≤ 𝐶. Furthermore, since ∇X∇Y log 𝜋Y|X(𝑦|𝑥) = ∇𝐺(𝑥) ∈ R𝑚×𝑑, the

diagnostic matrices are given by

𝐻X =

∫︁
∇𝐺(𝑥)𝑇∇𝐺(𝑥)𝜋X(𝑥)d𝑥

𝐻Y =

∫︁
∇𝐺(𝑥)∇𝐺(𝑥)𝑇𝜋X(𝑥)d𝑥.

7.2.2 Constructing 𝑈, 𝑉 by minimizing the upper bound

In this section we propose two different approaches to build the unitary matrices

𝑈 = [𝑈𝑟, 𝑈⊥] and 𝑉 = [𝑉𝑠, 𝑉⊥]. We assume the reduced dimensions 𝑟, 𝑠 are prescribed;

the discussion on how to select 𝑟, 𝑠 is postponed to Section 7.2.3. The first approach,

referred to as optimal rotations, consists in minimizing the upper bound (7.10) by

solving

min
𝑈⊥,𝑉⊥

Trace(𝑈𝑇
⊥𝐻X𝑈⊥) + Trace(𝑉 𝑇

⊥𝐻Y𝑉⊥), (7.15)

subject to 𝑈𝑇
⊥𝑈⊥ = I𝑑−𝑟 and 𝑉 𝑇

⊥ 𝑉⊥ = I𝑚−𝑠. The second approach, referred to as

optimal permutations, consists in solving (7.15) with the additional constrain that

𝑈, 𝑉 are permutation matrices. That way, X𝑟 = 𝑈𝑇
𝑟 X and Y𝑠 = 𝑉 𝑇

𝑠 Y contain a

subset of coordinates of X and Y and hence the dimension reduction corresponds to

a coordinate selection. As compared to the former approach, the latter preserves the

interpretability of the components.

In both approaches, the optimal solutions 𝑈, 𝑉 are independent of the reduced

dimensions 𝑟, 𝑠. More specifically, there exists matrices 𝑈, 𝑉 (independent of 𝑟, 𝑠)

such that the solution to (7.15) can be extracted from the last columns of 𝑈, 𝑉 for
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any reduced dimensions 𝑟, 𝑠.

Optimal rotations

Let us recall Corollary 4.3.39 in [89] for the variational characterization of eigenvalues

of Hermitian matrices.

Proposition 15. Let 𝐻 ∈ R𝑝×𝑝 be a symmetric positive definite matrix with eigen-

pairs (𝜆𝑖, 𝑤𝑖) ∈ R>0 × R𝑝, meaning 𝐻𝑤𝑖 = 𝜆𝑖𝑤𝑖, where 𝜆𝑖 ≥ 𝜆𝑖+1 and ‖𝑤𝑖‖2 = 1 for

all 𝑖. Then, for any 𝑡 < 𝑝 we have

min
𝑊⊥∈R𝑝×𝑡

𝑊𝑇
⊥𝑊⊥=I𝑡

Trace(𝑊 𝑇
⊥𝐻𝑊⊥) =

𝑝∑︁
𝑖=𝑡+1

𝜆𝑖, (7.16)

where the solution is given by 𝑊⊥ = [𝑤𝑡+1, . . . , 𝑤𝑝].

Let (𝜆𝑖(𝐻X), 𝑢𝑖) and (𝜆𝑖(𝐻Y), 𝑣𝑖) denote the 𝑖-th largest eigenpairs of 𝐻X and

𝐻Y, respectively. Then, Proposition 15 ensures that for any 𝑟, 𝑠

𝑈⊥ = [𝑢𝑟+1, . . . , 𝑢𝑑]

𝑉⊥ = [𝑣𝑠+1, . . . , 𝑣𝑚],

is the optimal solution to (7.15). This choice yields the optimal bound

E
[︀
𝐷KL(𝜋X|Y(·|Y)||𝜋*

X|Y(·|Y))
]︀
≤ 𝐶(𝜋X,Y)

2

(︃
𝑑∑︁

𝑖=𝑟+1

𝜆𝑖(𝐻X) +
𝑚∑︁

𝑖=𝑠+1

𝜆𝑖(𝐻Y)

)︃
. (7.17)

The eigenvectors 𝑢𝑖, 𝑣𝑖 can be precomputed without knowing 𝑟 and 𝑠. The advantage

of this is that to increase 𝑟 or 𝑠, one only needs to compute the additional eigenvectors.

Remark. In practice, it is sufficient to compute the matrices 𝑈𝑟 = [𝑢1, . . . , 𝑢𝑟] and

𝑉𝑠 = [𝑣1, . . . , 𝑣𝑠] to reduce the parameter and observation dimensions; see Section 7.6.

The (possibly much larger) matrices 𝑈⊥ and 𝑉⊥ are never assembled in practice.

Furthermore, the trailing eigenvalue sums on the right-hand side of (7.17) can be

computed from the traces of the diagnostic matrices and their leading eigenvalues.
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Optimal permutations

We now constrain 𝑈, 𝑉 to be permutation matrices so that 𝑈X = (X𝜎X(1), . . . ,X𝜎X(𝑑))

and 𝑉Y = (Y𝜎Y(1), . . . ,Y𝜎Y(𝑚)) where 𝜎X and 𝜎Y are permutations of {1, . . . , 𝑑} and

{1, . . . ,𝑚}, respectively. Then, (7.15) becomes

min
𝜎X,𝜎Y

(︃
𝑑∑︁

𝑖=𝑟+1

(𝐻X)𝜎X(𝑖),𝜎X(𝑖) +
𝑚∑︁

𝑖=𝑠+1

(𝐻Y)𝜎Y(𝑖),𝜎Y(𝑖)

)︃
. (7.18)

The optimal permutations 𝜎X and 𝜎Y are the ones which sort the diagonal terms of

𝐻X and 𝐻Y in decreasing order. That is,

(𝐻X)𝜎X(𝑖),𝜎X(𝑖) ≥ (𝐻X)𝜎X(𝑖+1),𝜎X(𝑖+1)

(𝐻Y)𝜎Y(𝑖),𝜎Y(𝑖) ≥ (𝐻Y)𝜎Y(𝑖+1),𝜎Y(𝑖+1).

This choice yields the upper bound

E
[︀
𝐷KL(𝜋X|Y(·|Y)||𝜋*

X|Y(·|Y))
]︀
≤ 𝐶(𝜋X,Y)

2

(︃
𝑑∑︁

𝑖=𝑟+1

(𝐻X)𝜎X(𝑖),𝜎X(𝑖) +
𝑚∑︁

𝑖=𝑠+1

(𝐻Y)𝜎Y(𝑖),𝜎Y(𝑖)

)︃
.

(7.19)

Let us remark that because permutation matrices are unitary matrices, the bound

in (7.19) is larger than or equal to the optimal bound in (7.17). Thus, the optimal

permutation approach might be less efficient as compared to the optimal rotation

approach. The trade-off is that it preserves the interpretability of the reduced com-

ponents.

7.2.3 Selecting the reduced dimensions

We now discuss the problem of selecting the reduced dimensions. We propose to select

𝑟 and 𝑠 by minimizing the computational cost for exploring the reduced posterior 𝜋*
X|Y

under the constraint the 𝜋*
X|Y is sufficiently accurate.

Let 𝑐(𝑟, 𝑠) ≥ 0 be a cost function that reflects the computational complexity

of solving the reduced Bayesian inference problem with the posterior density 𝜋*
X|Y
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in (7.4). The choice of 𝑐(𝑟, 𝑠) strongly depends on the inference method (e.g., MCMC,

ABC, transport maps, etc.). For instance, we may have 𝑐(𝑟, 𝑠) = 𝛼X𝑟 + 𝛼Y𝑠 or

𝑐(𝑟, 𝑠) = 𝛼X𝑟
2 +𝛼Y𝑠

2 for some weights 𝛼X, 𝛼Y ≥ 0 which prescribe the relative com-

plexity of reducing the parameters or the observations. Given a prescribed tolerance

𝜖, the ideal way to select 𝑟, 𝑠 is to solve

min
𝑟,𝑠

𝑐(𝑟, 𝑠) s.t. E
[︀
𝐷KL(𝜋X|Y(·|Y)||𝜋*

X|Y(·|Y)
]︀
≤ 𝜖. (7.20)

In practice, the expected KL divergence is not accessible for general inverse problems.

Instead, we select 𝑟, 𝑠 by solving

min
𝑟,𝑠

𝑐(𝑟, 𝑠) s.t. 𝐵(𝑟, 𝑠) ≤ 𝜖′, (7.21)

where 𝐵(𝑟, 𝑠) is defined by either

𝐵(𝑟, 𝑠) =
𝑑∑︁

𝑖=𝑟+1

𝜆𝑖(𝐻X) +
𝑚∑︁

𝑖=𝑠+1

𝜆𝑖(𝐻Y),

or 𝐵(𝑟, 𝑠) =
𝑑∑︁

𝑖=𝑟+1

(𝐻X)𝜎X(𝑖),𝜎X(𝑖) +
𝑚∑︁

𝑖=𝑠+1

(𝐻Y)𝜎Y(𝑖),𝜎Y(𝑖),

depending on whether one uses the optimal rotations (see Section 7.2.2) or the optimal

permutations (see Section 7.2.2) to build 𝑈, 𝑉 . Given that

E
[︀
𝐷KL(𝜋X|Y(·|Y)||𝜋*

X|Y(·|Y)
]︀
≤ 𝐶(𝜋X,Y)𝐵(𝑟, 𝑠),

the solution to (7.21) with 𝜖′ = 𝜖/𝐶(𝜋X,Y) provides a feasible approximate solution

to (7.20). In the case where the log-Sobolev constant is not known, we propose to

select 𝑟, 𝑠 by solving (7.21) with 𝜖′ = 𝜖. While the resulting solution may not satisfy

E[𝐷KL(𝜋X|Y(·|Y)||𝜋*
X|Y(·|Y)] ≤ 𝜖, it still provides a good heuristic for selecting the

reduced dimensions, as illustrated in Section 7.7.

Remark. When 𝑐(𝑟, 𝑠) = 𝛼X𝑟 + 𝛼Y𝑠, the optimization problem in (7.21) can be

formulated as a 0 − 1 knapsack problem, which is known to be NP-complete [108].
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Given that (𝑟, 𝑠) is only two-dimensional, we can often enumerate all combinations

of the reduced dimensions to find the optimal solutions. Alternatively, an approxi-

mate solution that doesn’t require enumeration is to split the constraint and to select

𝑟, 𝑠 individually based on a weighted error tolerance for the parameters and observa-

tions. For example, we can identify 𝑟, 𝑠 by finding the smallest integers that meet the

constraints

𝑟∑︁
𝑖=1

𝜆𝑖(𝐻X) ≤
𝛼X

𝛼X + 𝛼Y

𝜖,
𝑠∑︁
𝑖=1

𝜆𝑖(𝐻Y) ≤
𝛼Y

𝛼X + 𝛼Y

𝜖.

The setting 𝛼X = 𝛼Y corresponds to choosing the reduced dimensions such that the

two errors from reducing the parameters and the observations are balanced.

7.3 Information theory and proof of Theorem 7.2.1

In this section we relate the posterior approximation error to information-theoretic

terms that quantify the conditional independence between random variables. We then

show how to bound these quantities to derive the upper bound in Theorem 7.2.1.

We begin by defining mutual information and conditional mutual information,

that are two well known measures for the strength of independence and conditional

independence between random variables, respectively.

Definition 4. Let X and Y be two random variables with joint density 𝜋X,Y. The

mutual information between X and Y is given by

𝐼(X;Y) :=

∫︁
𝜋X,Y(𝑥,𝑦) log

(︂
𝜋X,Y(𝑥,𝑦)

𝜋X(𝑥)𝜋Y(𝑦)

)︂
d𝑥d𝑦,

where 𝜋Y(𝑦) =
∫︀
𝜋X,Y(𝑥,𝑦)d𝑥 and 𝜋X(𝑥) =

∫︀
𝜋X,Y(𝑥,𝑦)d𝑦.

The mutual information is equivalently expressed as the KL divergence from the prod-

uct of the marginal densities to the joint probability density function, i.e., 𝐼(X;Y) =

𝐷KL(𝜋X,Y||𝜋X𝜋Y). The mutual information measures the dependence of X and Y. In

particular, 𝐼(X;Y) = 0 yields 𝜋X,Y = 𝜋X𝜋Y, meaning that X and Y are independent.
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Definition 5. The conditional mutual information between random variables X and

Y given a third random variable Z with joint density 𝜋X,Y,Z is given by

𝐼(X;Y|Z) :=
∫︁
𝜋X,Y,Z(𝑥,𝑦, 𝑧) log

(︂
𝜋X,Y|Z(𝑥,𝑦|𝑧)

𝜋X|Z(𝑥|𝑧)𝜋Y|Z(𝑦|𝑧)

)︂
d𝑥d𝑦d𝑧,

where 𝜋X|Z(𝑥|𝑧) =
∫︀
𝜋X,Y|Z(𝑥,𝑦|𝑧)d𝑦 and 𝜋Y|Z(𝑦|𝑧) =

∫︀
𝜋X,Y|Z(𝑥,𝑦|𝑧)d𝑥.

Analogously, the conditional mutual information 𝐼(X;Y|Z) is defined as the KL di-

vergence from the product 𝜋Y|Z𝜋X|Z to the conditional density 𝜋X,Y|Z in expectation

over Z, i.e., 𝐼(X;Y|Z) = E[𝐷KL(𝜋X,Y|Z(·, ·|Z)||𝜋X|Z(·|Z)𝜋Y|Z(·|Z))]. The conditional

mutual information serves as a measure of conditional independence between ran-

dom variables, i.e., 𝐼(X;Y|Z) = 0 if and only if X ⊥⊥ Y|Z. We refer the reader

to Chapters 4 and 5 for more comprehensive discussion on estimators for the con-

ditional mutual information and its connection to another measure of conditional

independence.

The following proposition shows that the expected KL divergence from the optimal

posterior approximation to the true posterior distribution is related to a difference of

conditional mutual information terms.

Proposition 16. Let 𝜋X|Y be the posterior density for X|Y and 𝜋*
X|Y be the op-

timal posterior approximation in (7.4) with 𝑟-dimensional informed parameters and

𝑠-dimensional informative observations. Then, we have

E
[︀
𝐷KL(𝜋X|Y(·|Y)||𝜋*

X|Y(·|Y))
]︀
= 𝐼(X;Y)− 𝐼(X𝑟;Y𝑠) (7.22)

= 𝐼(X⊥;Y|X𝑟) + 𝐼(X;Y⊥|Y𝑠)− 𝐼(X⊥;Y⊥|X𝑟,Y𝑠).

(7.23)

Proof. See Appendix E.

Remark. The right-hand sides of (7.22) and of (7.23) simplify if we only consider

reducing either the dimension of the parameters or the observations alone. For in-
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stance, if the observations are not reduced, i.e., Y𝑠 = Y, we have

E[𝐷KL(𝜋X|Y(·|Y)||𝜋*
X|Y(·|Y))] = 𝐼(X⊥;Y|X𝑟).

Analogously, if the parameters are not reduced, i.e., X𝑟 = X, we have

E[𝐷KL(𝜋X|Y(·|Y)||𝜋*
X|Y(·|Y))] = 𝐼(X;Y⊥|Y𝑠).

Remark. An important property of mutual information is that it is invariant to

invertible marginal transformations of the variables. For instance, by applying the

linear transformations X = 𝐴X and Y = 𝐵Y for some invertible matrices 𝐴 ∈ R𝑑×𝑑

and 𝐵 ∈ R𝑚×𝑚, we have 𝐼(X;Y) = 𝐼(X;Y) and 𝐼(X𝑟;Y𝑟) = 𝐼(X𝑟;Y𝑠), but also

𝐼(X⊥;Y|X𝑟) = 𝐼(X⊥;Y|X𝑟) and 𝐼(X;Y⊥|Y𝑠) = 𝐼(X;Y⊥|Y𝑠).

While the (conditional) mutual information is tractable to compute for Gaussians

and certain classes of parametric distributions, it does not admit a closed-form ex-

pression for arbitrary non-Gaussian distributions. For a density that satisfies the

subspace log-Sobolev inequality in (7.9), the following proposition provides an up-

per bound for the conditional mutual information based on integrated mixed partial

derivatives of the log-density.

Proposition 17. Let 𝜋X,Y,Z be a joint density of random variables (X,Y,Z) that

satisfies the subspace logarithmic Sobolev inequality with constant 𝐶(𝜋X,Y,Z). Then,

the conditional mutual information is upper bounded by

𝐼(X;Y|Z) ≤ 𝐶(𝜋X,Y,Z)
2E‖∇X∇Y log 𝜋X,Y,Z(X,Y,Z)‖2𝐹 , (7.24)

where ‖ · ‖𝐹 denotes the Frobenius norm.

Proof. The proof follows from Theorem 4.2.1 in Chapter 4. It is given in Appendix C.

Collecting the results in Propositions 16 and 17, we now give the proof of Theo-

rem 7.2.1.
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Proof of Theorem 7.2.1. Given that the conditional mutual information is positive,

Proposition 16 permits us to write

E
[︀
𝐷KL(𝜋X|Y(·|Y)||𝜋*

X|Y(·|Y))
]︀
≤ 𝐼(X⊥;Y|X𝑟) + 𝐼(X;Y⊥|Y𝑠).

By Proposition 17, each term in the right-hand side above is upper bounded by the

expectation of mixed partial derivatives of the log-density 𝜋X,Y as

E
[︀
𝐷KL(𝜋X|Y(·|Y)||𝜋*

X|Y(·|Y))
]︀

≤ 𝐶(𝜋X,Y)
2
(︀
E‖∇X⊥∇Y log 𝜋X,Y(X,Y)‖2𝐹 + E‖∇X∇Y⊥ log 𝜋X,Y(X,Y)‖2𝐹

)︀
= 𝐶(𝜋X,Y)

2
(︀
E‖𝑈⊥∇X∇Y log 𝜋X,Y(X,Y)‖2𝐹 + E‖∇X∇Y log 𝜋X,Y(X,Y)𝑉⊥‖2𝐹

)︀
= 𝐶(𝜋X,Y)

2
(︀
E‖𝑈⊥∇X∇Y log 𝜋Y|X(Y|X)‖2𝐹 + E‖∇X∇Y log 𝜋Y|X(Y|X)𝑉⊥‖2𝐹

)︀
.

Expanding the Frobenius norm using the trace, we arrive at equation (7.10).

7.4 Gaussian likelihood models

In this section we specialize the bound in Theorem 7.2.1 to forward models with

additive Gaussian observational noise. Let Y = 𝐺(X) + ℰ , where 𝐺 : R𝑑 → R𝑚 is a

(nonlinear) forward model and ℰ ∼ 𝒩 (0,Γobs) is a Gaussian observational error which

is independent of X. This process corresponds to a Gaussian likelihood 𝜋Y|X(𝑦|𝑥) ∝
exp(−1

2
‖𝑦 −𝐺(𝑥)‖2

Γ−1
obs
) and a joint density of the form

𝜋X,Y(𝑥,𝑦) ∝ exp

(︂
−1

2
‖𝑦 −𝐺(𝑥)‖2

Γ−1
obs

)︂
𝜋X(𝑥), (7.25)

where 𝜋X is any prior density. Without further assumptions, the subspace log-Sobolev

constant 𝐶(𝜋X,Y) remains unknown.
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7.4.1 Whitening

Next, we propose a change of variable for X and Y which can be interpreted as a

preconditioning for the dimension reduction procedure. Notice that with the change of

variables X = 𝐴X and Y = 𝐵Y, the left-hand side of (7.10) remains unchanged (see

Section 7.3) while the right-hand side is modified in several ways through the subspace

log-Sobolev constant and the diagnostic matrices. Finding the optimal change of

variables which minimizes the left-hand side of (7.10) is a difficult task, mostly because

the subspace log-Sobolev constant 𝐶(𝜋X𝐴,Y𝐵
) is not readily available. Instead, we

propose a heuristic which consists in whitening the parameters and observations as

follows

X = Γ−1/2
pr X and Y = Γ

−1/2
obs Y, (7.26)

where Γpr = E[XX𝑇 ]− E[X]E[X]𝑇 is the prior covariance, assuming it exists. Then,

we reduce the dimensions of X and Y using the corresponding diagnostic matrices

𝐻X and 𝐻Y which, using (7.25) and (7.26), are given by

𝐻X = Γ1/2
pr

(︂∫︁
∇𝐺(𝑥)𝑇Γ−1

obs∇𝐺(𝑥)𝜋X(𝑥)d𝑥
)︂
Γ1/2

pr (7.27)

𝐻Y = Γ
−1/2
obs

(︂∫︁
∇𝐺(𝑥)Γpr∇𝐺(𝑥)𝑇𝜋X(𝑥)d𝑥

)︂
Γ
−1/2
obs . (7.28)

Denoting the matrices containing the first eigenvectors of 𝐻X and 𝐻Y as 𝑈 𝑟 =

[𝑢1, . . . , 𝑢𝑟] and 𝑉 𝑠 = [𝑣1, . . . , 𝑣𝑠], respectively, the reduced parameters and obser-

vations are X𝑟 = 𝑈𝑇
𝑟 X and Y𝑠 = 𝑉 𝑇

𝑠 Y which, using (7.26), are given by

X𝑟 = 𝑈𝑇
𝑟 X where 𝑈𝑟 = Γ−1/2

pr 𝑈 𝑟 (7.29)

Y𝑠 = 𝑉 𝑇
𝑠 Y where 𝑉𝑠 = Γ

−1/2
obs 𝑉 𝑠. (7.30)

With the above definitions, the matrices 𝑈𝑟 and 𝑉𝑠 no longer have orthogonal columns

in the Euclidean sense, but they satisfy 𝑈𝑇
𝑟 Γpr𝑈𝑟 = I𝑟 and 𝑉 𝑇

𝑠 Γobs𝑉𝑠 = I𝑠.

Remark (Generalized eigenvalue problems). Let 𝑢𝑖 = Γ
−1/2
pr 𝑢𝑖 and 𝑣𝑖 = Γ

−1/2
obs 𝑣𝑖 de-

note the 𝑖-th columns of 𝑈𝑟 and 𝑉𝑠, as defined in (7.29) and (7.30). These column
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vectors can be seen as the eigenvectors of the generalized eigenvalue problems

ℋX𝑤𝑖 = 𝜆𝑖(ℋX)Γ
−1
pr 𝑤𝑖, 𝑢𝑖 = Γ−1

pr 𝑤𝑖, (7.31)

ℋY𝑣𝑖 = 𝜆𝑖(ℋY)Γobs𝑣𝑖, (7.32)

where

ℋX =

∫︁
∇𝐺(𝑥)𝑇Γ−1

obs∇𝐺(𝑥)𝜋X(𝑥)d𝑥 and ℋY =

∫︁
∇𝐺(𝑥)Γpr∇𝐺(𝑥)𝑇𝜋X(𝑥)d𝑥.

We note that ℋX is the same diagnostic matrix as the one introduced in [52, Section

4]. The diagnostic matrix ℋX is also similar to the one proposed in [50] for finding

the likelihood informed subspace, with the exception that is integrates with respect to

the prior instead of the posterior density.

Remark. Rather than the decompositions in (7.2) and (7.3), the proposed change of

variables in (7.26) yields a decomposition of X and Y of the form

X = Γ1/2
pr

(︀
𝑈 𝑟X𝑟 + 𝑈⊥X⊥

)︀
where

⎧⎨⎩ X𝑟 = 𝑈
𝑇

𝑟 Γ
−1/2
pr X

X⊥ = 𝑈
𝑇

⊥Γ
−1/2
pr X

,

Y = Γ
1/2
obs

(︀
𝑉 𝑠Y𝑠 + 𝑉 ⊥Y⊥

)︀
where

⎧⎨⎩ Y𝑠 = 𝑉
𝑇

𝑠 Γ
−1/2
obs Y

Y⊥ = 𝑉
𝑇

⊥Γ
−1/2
obs Y

.

7.4.2 Linear-Gaussian setting

We now further assume that the forward model 𝑥 ↦→ 𝐺𝑥 is linear where 𝐺 ∈ R𝑚×𝑑

is a matrix. In this case, the diagnostic matrices 𝐻X and 𝐻Y are given by

𝐻X = (Γ1/2
pr 𝐺

𝑇Γ
−1/2
obs )(Γ

−1/2
obs 𝐺Γ1/2

pr )

𝐻Y = (Γ
−1/2
obs 𝐺Γ1/2

pr )(Γ1/2
pr 𝐺

𝑇Γ
−1/2
obs ).
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The eigendecompositions of 𝐻X and 𝐻Y are obtained by computing the singular value

decomposition (SVD) of the so-called whitened forward model

Γ1/2
pr 𝐺

𝑇Γ
−1/2
obs =

min{𝑑,𝑚}∑︁
𝑖=1

𝜎𝑖𝑢𝑖𝑣
𝑇
𝑖 . (7.33)

In particular, the generalized eigenvalues are the same, i.e., 𝜆𝑖(𝐻X) = 𝜆𝑖(𝐻Y) = 𝜎2
𝑖 .

The eigendecompositions of 𝐻X and 𝐻Y (or equivalently the generalized eigen-

decompositions (7.31) and (7.32) of ℋX and ℋY as in Remark 7.4.1) have already

been used to reduce the dimensions of parameters and observations in linear-Gaussian

inverse problems. [205] used (7.31) to approximate the posterior covariance as a low-

rank update of the prior covariance. Furthermore, Algorithm 1 in [205] solved both

eigenvalue problems (7.31) and (7.32) to derive an approximation to the posterior

mean (that minimizes a weighted Bayes risk with squared error loss) as a linear pro-

jection of the observation Y. [76] also showed the equivalence between the solution

to (7.32) and finding the vectors that solve max𝑉𝑠 𝐼(𝑉
𝑇
𝑠 Y,X), which Proposition 16

shows is equivalent to minimizing the expected KL divergence for the posterior with

reduced observations. To minimize the expected KL divergence for linear inverse

problems, the authors used Riemannian optimization algorithms to find the column

vectors 𝑉𝑠 in a Grassmannian manifold. This was extended to non-linear forward mod-

els by using a Laplace approximation of the posterior distribution. Lastly, [98] derives

mutual information bounds for coordinate selection of observations in linear-Gaussian

problems. These bounds are used to develop greedy algorithms with guarantees for

solving optimization problems with cardinality constraints.

7.4.3 Gap in the linear-Gaussian setting

We now analyze the gap between the upper bound in (7.10) and the posterior ap-

proximation error for a linear-Gaussian likelihood model with a Gaussian prior.

We begin by computing the expected KL divergence and its upper bound in (7.10).

We denote the 𝑖-th largest singular value of the whitened forward model Γ1/2
pr 𝐺𝑇Γ

−1/2
obs
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in (7.33) by 𝜎𝑖. Using the closed-form expression for the conditional mutual informa-

tion of Gaussian variables (see Appendix F), we have

E
[︀
𝐷KL(𝜋X|Y(·|Y)||𝜋*

X|Y(·|Y)
]︀ (7.22)

= 𝐼(X,Y)− 𝐼(X𝑟,Y𝑠) =
1

2

𝑝∑︁
𝑖>min{𝑟,𝑠}

log(1 + 𝜎2
𝑖 ).

(7.34)

In comparison, the upper bound in (7.10) evaluated at the optimal rotations 𝑈⊥ and

𝑉⊥ is given by

𝐶(𝜋X,Y)
2

(︃
𝑝∑︁

𝑖> 𝑟

𝜎2
𝑖 +

𝑝∑︁
𝑖> 𝑠

𝜎2
𝑖

)︃
, (7.35)

where the subspace log-Sobolev constant 𝐶(𝜋X,Y) can be bounded in terms of 𝜎1 =

𝜎max(𝐺); see Example 6. Using a first-order Taylor series expansion of log(1 + 𝜎2) as

𝜎 → 0, the ratio between (7.35) and (7.34) satisfies

E
[︁
𝐷KL(𝜋X|Y(·|Y)||𝜋*

X|Y(·|Y)
]︁

𝐶(𝜋X,Y)2
(︀∑︀𝑝

𝑖> 𝑟 𝜎
2
𝑖 +

∑︀𝑝
𝑖> 𝑠 𝜎

2
𝑖

)︀ =
1

2𝐶(𝜋X,Y)2

∑︀𝑝
𝑖>min{𝑟,𝑠} 𝜎

2
𝑖 +𝒪(𝜎4

𝑖 )(︀∑︀𝑝
𝑖> 𝑟 𝜎

2
𝑖 +

∑︀𝑝
𝑖> 𝑠 𝜎

2
𝑖

)︀ (7.36)

𝑟=𝑠
=

1

4𝐶(𝜋X,Y)2
(1 +𝒪(𝜎2

𝑟)). (7.37)

In the limit of 𝜎𝑟 → 0, the above ratio converges to the constant 1/(4𝐶(𝜋X,Y)2). Thus,

the expected KL and its bound are going to zero at the same rate. Let us remark

that if either 𝑟 = 𝑚 or 𝑠 = 𝑑, i.e., when only the parameters or the observations are

reduced, but not both, the ratio in (7.36) goes to 1/(2𝐶(𝜋X,Y)
2).

As a numerical experiment, we consider the forward operator 𝐺 = 𝐼𝑑 and set

𝑚 = 𝑑 = 50. Following Example 1 in [205], we construct the prior covariance as

Γpr = 𝑊𝐷𝑊 𝑇 by randomly sampling a unitary matrix 𝑊 for its singular vectors

from the QR factorization of a matrix with standard Gaussian entries and defining a

diagonal matrix 𝐷 with decaying entries 𝐷𝑖𝑖 = 𝜆0/𝑖 + 𝜏 for its spectrum using 𝜆0 =

1 and 𝜏 = 10−6. We follow the same procedure to randomly sample the observation

noise covariance Γobs with 𝜆0 = 500.

Figure 7-1a plots the expected KL divergence for each pair of reduced dimensions

(𝑟, 𝑠). Figure 7-1b plots the upper bound in (7.10), up to the log-Sobolev constant,
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that we can tractably minimize to identify the subspaces for the parameters and ob-

servations. Figure 7-1c plots the ratio between the upper bound and the posterior

approximation error. We note that these quantities are computed using the ana-

lytic expressions for the mutual information of Gaussian vectors, as above. For each

tolerance 𝜖, we observe the Pareto front of reduced dimensions that yield the same

approximation error. The dashed lines in Figure 7-1b indicate the optimal reduced

dimensions that solve (7.21) for five different tolerances and the linear cost function

𝑐(𝑟, 𝑠) = 𝛼X𝑟 + 𝛼Y𝑠 with different weights 𝛼X, 𝛼Y ∈ {0.2, 0.5, 0.8} which trade-off

the complexity of keeping the parameters versus the observations.

(a) (b) (c)

Figure 7-1: (a) The expected KL divergence for the posterior approximation error
with reduced dimension 𝑟, 𝑠; (b) The tractable upper bound for the conditional mutual
information terms; (c) The gap in the upper bound, up to the constant 𝐶(𝜋X,Y)2,
which approaches 0.25 for 𝑟 = 𝑠 and 0.5 for 𝑟 = 𝑑 or 𝑠 = 𝑚.

7.5 Comparisons to PCA and CCA

Two popular methods for linear dimension reduction are principal component analysis

(PCA) and canonical correlation analysis (CCA).

PCA consists in reducing the dimension of a mean-zero random vector X by

minimizing the 𝐿2 error E[‖X−𝑈𝑟𝑈𝑇
𝑟 X‖2] over the matrix 𝑈𝑟 ∈ R𝑑×𝑟 with orthogonal

columns [90, 103]. The solution is 𝑈𝑟 = [𝑢PCA
1 , . . . , 𝑢PCA

𝑟 ] where 𝑢PCA
𝑖 are the leading

eigenvectors of the covariance matrix Cov(X). That is,

Cov(X)𝑢PCA
𝑖 = 𝜆𝑖(Cov(X))𝑢PCA

𝑖 . (7.38)
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The same procedure can be applied for reducing the dimension of Y, which yields

𝑉 = [𝑣1, . . . , 𝑣𝑠] where 𝑣PCA
𝑖 are the leading eigenvectors of the covariance matrix

Cov(Y). That is,

Cov(Y)𝑣PCA
𝑖 = 𝜆𝑖(Cov(Y))𝑣PCA

𝑖 . (7.39)

There are two main drawbacks of using this dimension reduction method for Bayesian

inference problems. The first is that PCA is an unsupervised method. That is, the

directions identified by PCA are meant to reconstruct X and Y marginally, but they

do not account for the dependence between X and Y. Second, an accurate low-

dimensional PCA approximation depends on the fast decay of the eigenvalues of the

covariances Cov(X) and Cov(Y). In many inference problems, however, we can have

low-dimensional structure without necessarily having sharp decay in the spectrums;

cf. Example 6 where Cov(X) = I𝑑 and Cov(Y) = I𝑚 +𝐺𝐺𝑇 .

Alternatively, CCA seeks linear combinations of X and Y that are maximally

correlated [91, 85]. That is, CCA solves

(𝑈CCA
𝑟 , 𝑉 CCA

𝑟 ) = argmax
𝑈𝑇
𝑟 Cov(X)𝑈𝑟=I𝑟

𝑉 𝑇
𝑟 Cov(Y)𝑉𝑟=I𝑟

Trace(𝑈𝑇
𝑟 Cov(X,Y)𝑉𝑟), (7.40)

where Cov(X,Y) is the cross-covariance of X and Y for 𝑟 ≤ min{𝑑,𝑚}. The vectors

(𝑈CCA
𝑟 )𝑇X and (𝑉 CCA

𝑟 )𝑇Y are called the pairs of canonical variables. It can be shown

that 𝑈𝑟, 𝑉𝑟 are found by solving the generalized eigenvalue problems

Cov(X,Y)Cov(Y)−1Cov(Y,X)𝑢CCA
𝑖 = 𝜌𝑖Cov(X)𝑢CCA

𝑖 (7.41)

Cov(Y,X)Cov(X)−1Cov(X,Y)𝑣CCA
𝑖 = 𝜌𝑖Cov(Y)𝑣CCA

𝑖 , (7.42)

where the eigenvectors are ordered based on a descending order for the eigenvalues

𝜌𝑖 ∈ [−1, 1].
The next proposition shows that, for linear-Gaussian likelihood models, our di-

mension reduction approach using whitening (see Section 7.4.1) is the same as CCA.

The proof of this result is provided in Appendix E.
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Proposition 18. Let Y = 𝐺X+ℰ where 𝐺 ∈ R𝑚×𝑑, and ℰ ⊥⊥ X with E[ℰ ] = 0 and

Cov(ℰ) = Γobs. Then, the solution to (7.40) is given by

𝑈𝐶𝐶𝐴
𝑟 = Γ−1/2

pr 𝑈 𝑟, and 𝑉 𝐶𝐶𝐴
𝑟 = Γ

−1/2
obs 𝑉 𝑟,

where 𝑈 𝑟 and 𝑉 𝑟 are the matrices containing the first 𝑟 eigenvectors of the diagnostic

matrices 𝐻X, 𝐻Y defined in (7.28) and (7.27), respectively.

The method proposed in the present chapter can be seen as a generalization of

CCA to nonlinear observation models. To find the relevant subspaces for the param-

eters and observations, we use gradient information of the forward model. We show

in Section 7.7 that our approach produces rotations with more accurate posterior ap-

proximations than CCA for the same reduced dimensions. Lastly, we note that CCA

is constrained to identifying subspaces for X and Y with the same dimension, i.e.,

𝑟 = 𝑠. In contrast, we can trade-off the two dimensions 𝑟, 𝑠 while meeting a desired

error tolerance; see Section 7.2.3.

7.6 Algorithms

In this section we present numerical algorithms to identify and exploit the low-

dimensional subspaces for the informed parameters and informative observations

when solving a Bayesian inference problem. To do so, we assume that we can evaluate

mixed partial derivatives of the likelihood function and we can sample from the joint

density of the parameters and observations. A sample (𝑋 𝑖,𝑌 𝑖) from the joint density

𝜋X,Y can be easily obtained by sampling 𝑋 𝑖 ∼ 𝜋X and sampling 𝑌 𝑖 ∼ 𝜋Y|X(·|𝑋 𝑖).

Algorithm 8 presents the complete approach for identifying the subspaces given

the reduced dimensions 𝑟, 𝑠. In the following subsections we show how to use the

decomposition of the parameters and observations for (approximate) posterior sam-

pling using two classes of inference algorithms. In 7.6.1 we assume we have access to

evaluations of the likelihood function and the prior density, and in 7.6.2 we consider

inference methods that only require samples from the joint density 𝜋X,Y.
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Algorithm 8: Identify decomposition of parameter and observation spaces

Input : Prior density 𝜋X, Likelihood 𝜋Y|X, Sample size 𝑛, Reduced
dimensions 𝑟, 𝑠

Output: Orthonormal vectors 𝑈𝑟, 𝑉𝑠
1 Draw 𝑛 i.i.d. samples {(𝑋 𝑖,𝑌 𝑖)}𝑛𝑖=1 ∼ 𝜋X,Y = 𝜋Y|X𝜋X

2 Compute ∇X∇Y log 𝜋Y|X(𝑌
𝑖|𝑋 𝑖) for 𝑖 = 1, . . . , 𝑛

3 Assemble matrices 𝐻X, 𝐻Y using Monte Carlo estimates
4 Optimal rotations: Solve eigenvalue problems 𝐻X𝑢𝑖 = 𝜆𝑖(𝐻X)𝑢𝑖,

𝐻Y𝑣𝑖 = 𝜆𝑖(𝐻Y)𝑣𝑖 for the eigenvectors corresponding to the 𝑟, 𝑠 leading
eigenvalues, or

5 Optimal permutations: Identify indices of largest diagonal entries in 𝐻X

and 𝐻Y and set 𝑢1, . . . , 𝑢𝑟 and 𝑣1, . . . , 𝑣𝑠 to those canonical unit vectors
6 Assemble 𝑈𝑟 = [𝑢1, . . . , 𝑢𝑟], 𝑉𝑠 = [𝑣1, . . . , 𝑣𝑠]

7.6.1 Inference methods requiring likelihood

Markov chain Monte Carlo (MCMC) algorithms repeatedly evaluate the posterior

density (up to a normalizing constant) to accept or reject candidate posterior sam-

ples. After identifying the matrices 𝑈, 𝑉 using Algorithm 8, we define a Monte Carlo

estimator for the reduced likelihood function in (7.7) in order to sample from the

posterior density 𝜋X𝑟|Y𝑠 . Recall that the reduced likelihood is given by

𝜋Y𝑠|X𝑟(𝑦𝑠|𝑥𝑟) =
∫︁
𝜋Y𝑠|X(𝑦𝑠|𝑈𝑟𝑥𝑟 + 𝑈⊥𝑥⊥)𝜋X⊥|X𝑟(𝑥⊥|𝑥𝑟)d𝑥⊥, (7.43)

where the marginalized likelihood 𝜋Y𝑠|X is given by

𝜋Y𝑠|X(𝑦𝑠|𝑥) =
∫︁
𝜋Y|X(𝑉𝑠𝑦𝑠 + 𝑉⊥𝑦⊥|𝑥)d𝑦⊥. (7.44)

The next example shows that when the likelihood is Gaussian, one can analytically

compute the above integral in (7.44) so that the marginalized likelihood 𝜋Y𝑠|X is

accessible in closed form.

Example 8. For the (whitened) Gaussian-likelihood model in Section 7.4.1, we have
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the rotated observation model

Y𝑠 = 𝑉 𝑇
𝑠 Γ

−1/2
obs Y = 𝑉 𝑇

𝑠 Γ
−1/2
obs 𝐺(𝑥) + 𝑉 𝑇

𝑠 Γ
−1/2
obs ℰ

Y⊥ = 𝑉 𝑇
⊥ Γ

−1/2
obs Y = 𝑉 𝑇

⊥ Γ
−1/2
obs 𝐺(𝑥) + 𝑉 𝑇

⊥ Γ
−1/2
obs ℰ .

Given that the observational noise components 𝑉 𝑇
𝑠 Γ

−1/2
obs ℰ and 𝑉 𝑇

⊥ Γ
−1/2
obs ℰ are inde-

pendent and have identity covariance, the marginalized likelihood is Gaussian with

the form

𝜋Y𝑠|X(𝑦𝑠|𝑥) = (2𝜋𝑠)−1/2 exp

(︂
−1

2
‖𝑦𝑠 − 𝑉 𝑇

𝑠 Γ
−1/2
obs 𝐺(𝑥)‖22

)︂
.

While the integral in (7.44) can be computed analytically, in general there is no

closed form expression for the integral in (7.43). Thus, the reduced likelihood 𝜋Y𝑠|X𝑟

needs to be estimated numerically. We consider here the Monte-Carlo estimator

̂︀𝜋Y𝑠|X𝑟(𝑦𝑠|𝑥𝑟) =
1

𝑚

𝑚∑︁
𝑖=1

𝜋Y𝑠|X(𝑦𝑠|𝑈𝑟𝑥𝑟 + 𝑈⊥𝑋
𝑖
⊥), 𝑋 𝑖

⊥ ∼ 𝜋X⊥|X𝑟(·|𝑥𝑟). (7.45)

We refer to [52] for an intensive discussion on different sampling strategies and on

the impact of the sample size 𝑚 versus the truncated dimension 𝑟. As shown in [239,

51], the variance of the above estimator is low when the error bound
∑︀𝑑

𝑖=𝑟+1 𝜆𝑖(𝐻X)

is small. In practice, it is sufficient to use few samples (e.g., 𝑚 = 1) or even deter-

ministic approximations (e.g., by setting 𝑋 𝑖
⊥ to the conditional prior mean). More

interestingly, using pseudo-marginal arguments [8], it is shown in [52] that redrawing

fresh samples 𝑋 𝑖
⊥ at each MCMC iterations permits sampling from the exact reduced

posterior.

7.6.2 Inference methods requiring joint samples

We now show how to sample from the posterior distribution given a collection of

samples from the joint distribution of parameters and observations. We assume we

have an algorithm that generates (approximate) conditional samples 𝑋 𝑖
𝑐 ∼ 𝜋X|Y given
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joint samples (𝑋 𝑖,𝑌 𝑖) ∼ 𝜋X,Y. For example, this algorithm may be the measure

transport approach presented in Chapter 5. This approach estimates an invertible

map 𝑆𝒳 : R𝑚 × R𝑑 → R𝑑 that pushes forward all conditional densities 𝜋X|Y to a

Gaussian reference for all realizations of Y. Instead of using this algorithm directly

with the high-dimensional variables X and Y, we apply the following steps:

1. Identify the decompositions of X and Y using Algorithm 8

2. Project the parameters and observation samples: 𝑋 𝑖
𝑟 = 𝑈𝑇

𝑟 𝑋
𝑖 and Y𝑖

𝑠 = 𝑉 𝑇
𝑠 𝑌 𝑖

3. Generate samples 𝑋 𝑖
𝑐,𝑟 ∼ 𝜋X𝑟|𝑦𝑠 from joint samples (𝑋 𝑖

𝑟,𝑌
𝑖
𝑟 ) ∼ 𝜋X𝑟,Y𝑠

4. Reconstruct parameter samples in the original high-dimensional space: 𝑋 𝑖
𝑐 =

𝑈𝑟𝑋
𝑖
𝑐,𝑟 + 𝑈⊥𝑋

𝑖
⊥ where 𝑋 𝑖

⊥ ∼ 𝜋X⊥|X𝑟(·|𝑋 𝑖
𝑐,𝑟).

Let us remark that we can also sample 𝑋 𝑖
⊥ from the prior distribution for X⊥ condi-

tioned on X𝑟 = 𝑋 𝑖
𝑟 in step 4 above. While 𝑋 𝑖

𝑟 is not conditioned on the observations,

this procedure remains consistent for posterior sampling if the parameter satisfies the

conditional independence property X⊥ ⊥⊥ Y|X𝑟.

7.7 Numerical experiments

7.7.1 Linear elasticity

The first problem we consider is to infer the Young modulus field of a wrench body

with domain 𝒟 ⊂ R2 given measurements of the displacement along its frontier [116,

199]. Let 𝑢 : 𝒟 → R2 represent the displacement field subject to an external force

𝑓 applied on a subset of 𝜕𝒟. The displacement 𝑢 satisfies the coupled elliptic PDE

div(𝐾 : 𝜖(𝑢)) = 0 where 𝜖(𝑢) = 1
2
(∇𝑢+∇𝑢𝑇 ) is the strain field, and 𝐾 is the Hooke

tensor such that

𝐾 : 𝜖(𝑢) :=
𝐸

1 + 𝜈
𝜖(𝑢) +

𝜈𝐸

1− 𝜈2 Trace(𝜖(𝑢))I2, (7.46)

where 𝜈 = 0.3 is the Poisson’s ratio and 𝐸 : 𝒟 → R>0 is the Young’s modulus. The

displacement field is also subject to a Dirichlet boundary condition on the right-hand
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side of the wrench. We model the Young’s modulus field with a log-normal prior, i.e.,

X = log𝐸 ∼ 𝒩 (0, 𝐶) where 𝐶(𝑥,𝑥′) = exp(−‖𝑥− 𝑥′‖22) is the Gaussian covariance

function on 𝒟 × 𝒟 with length-scale one. For each realization of X = log𝐸, we

discretize the domain using a finite element mesh and solve the PDE for the solution

𝑢 on each element on the domain. Figure 7-2 displays the input and a realization of

the solution.

(a) Realization of the parameter (Young
modulus field)

(b) Corresponding observation (vertical
displacement along the red line)

Figure 7-2: Setting of the linear elasticity problem. (a) The log of the Young Modulus
parameter field log(𝐸). The black arrow represents the force applied to the body and
the dashed lines denote the imposed boundary condition. (b) The von-Mises stress of
the displacement field 𝑢. The observations used for inference are the displacements
along the red line.

To determine the subspaces for the informed parameters and informative observa-

tions, we compute the gradients of the forward model at 500 samples from the joint

density 𝜋X,Y. We use these gradients to define the matrices 𝐻X and 𝐻Y in (7.27)

and (7.28), using the recommended whitening transformation. Figure 7-3 plots the

sum of the trailing eigenvalues of 𝐻X and 𝐻Y for the parameters and observations,

respectively, which are labeled as CMI in the plot. These two sums correspond to

the two terms in the upper bound for the expected KL divergence in (7.10). The

fast decay in the eigenvalue sums indicates that linear-based dimension reduction can

be used to accurately approximate the posterior distribution. We also evaluate the

upper bound (up to the unknown conditional log-Sobolev constant) at the parame-

ter and observation modes computed using either CCA or PCA. The approximation

errors for both of these these alternative techniques decay at slower rates than the

proposed dimension reduction approach in this work. In this example, the number of

computable CCA or PCA modes is limited by the numerical rank of the covariance
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matrices for X and Y.

(a) (b)

Figure 7-3: Upper bound for the expected KL divergence using three dimension
reduction strategies with increasing reduced dimensions for (a) the parameters and
(b) the observations in the linear elasticity inverse problem.

Figure 7-4a plots the first three modes Γ
1/2
pr 𝑢𝑖 for the parameter space, where

𝑢𝑖 is an eigenvector of the diagnostic matrix 𝐻X. We observe that the informed

part of the parameters is isolated near the wrench’s axis of rotation, where there is

typically higher stress. In comparison, Figure 7-4b plots the first three modes obtained

using CCA, which display more global dependence on the displacement. Analogously,

Figure 7-5 plots the first five modes Γ
1/2
obs𝑣𝑖 for the observation space, where 𝑣𝑖 is an

eigenvector of 𝐻Y. The first mode has a stronger dependence on the displacement at

the left-most part of the wrench’s frontier, which is also the point of highest vertical

displacement. In comparison, we observe that the first five modes obtained using

CCA are more oscillatory, and hence depend on higher-frequency components of the

displacement field.

7.7.2 High-dimensional image observations

Next, we consider an inference problem with a non-Gaussian likelihood model that

describes the location of a feature in a high-dimensional image. The feature is repre-

sented by two parameters (𝑥*1, 𝑥
*
2) ∈ [−16, 16]2 that define its horizontal and vertical

position in the image. The forward model 𝐺 : R3 → R32×32 maps these location pa-
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(a) (b)

Figure 7-4: (a) The first three modes (i.e., eigenvectors) from 𝐻X for the informed
parameters in the linear elasticity inverse problem, and (b) the first three CCA modes

(a) (b)

Figure 7-5: (a) The first fives modes (i.e., eigenvectors) from 𝐻Y for the informative
observations in the linear elasticity inverse problem, and (b) the first five CCA modes.

rameters and a contrast parameter 𝛾 ∈ R+ to a 32 × 32 pixel image. The forward

model generates the image by computing the following probability 𝑝𝑥 ∈ [0, 1] for each

coordinate (𝑥1, 𝑥2) in the image:

𝑟𝑥 = (𝑥1 − 𝑥*1)2 + (𝑥2 − 𝑥*2)2

𝑝𝑥 = 0.9− 0.8 exp(−0.5(𝑟𝑥/𝜎2)𝛾),

where 𝜎2 ∈ R+ determines the width of the feature. The intensity for each pixel

𝐼𝑥 ∈ [0, 1] is then sampled independently from the continuous Bernoulli distribution

with shape parameter 𝑝𝑥, which has the density

𝜋𝐼|𝑃 (𝐼𝑥|𝑝𝑥) ∝ 𝑝𝐼𝑥𝑥 (1− 𝑝𝑥)1−𝐼𝑥 . (7.47)
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This problem was considered in [135] in the context of likelihood-free inference (LFI)

using a discrete Bernoulli distribution for each component of the intensities 𝐼𝑥. We

use the relaxation in (7.47) to have continuous values for 𝐼𝑥.

In our experiment we fix 𝜎 = 3, sample the contrast 𝛾 ∼ 𝑈 [0.25, 5], and sam-

ple (𝑥*1, 𝑥
*
2) from a uniform prior density 𝜋X supported over the domain [−16, 16]2.

Figure 7-6 displays three candidate realizations of the grayscale images with differ-

ent contrasts. Our goal here is to reduce the dimension of the observations without

projecting the parameters X = (𝑥*1, 𝑥
*
2, 𝛾) ∈ R3, given that they are already low-

dimensional. This can be interpreted as defining summary statistics for the obser-

vations that are linear projections of Y = vec(𝐼𝑥) ∈ R1024, such that 𝜋X|Y ≈ 𝜋X|Y𝑠 .

Automatic methods for defining summary statistics are commonly used in many LFI

procedures such as approximate Bayesian computation [66].

Figure 7-6: Three sample images from the model for image intensities.

(a) (b)

Figure 7-7: (a) The sum of the trailing eigenvalues of 𝐻Y for projecting the observa-
tions. (b) The first 64 eigenvalues with increasing image resolution.

232



To reduce the dimension of the observations, we evaluate the mixed partial deriva-

tives of the log-likelihood ∇X∇Y log 𝜋Y|X ∈ R3×1024 at 𝑛 = 105 samples (X,Y) ∼
𝜋X,Y and assemble a Monte Carlo estimate for the matrix 𝐻Y in (7.12). Figure 7-7a

displays the sum of the trailing eigenvalues for 𝐻Y, which controls the posterior ap-

proximation error in expected KL divergence, up to the log-Sobolev constant for the

joint density 𝐶(𝜋X,Y). We observe fast decay in this sum for the initial eigenvalues,

indicating that low-dimensional projections of the image are sufficient to approxi-

mately infer the parameters. We note that this decay is also unaffected by the grid

resolution; see the right plot in Figure 7-7.

Figure 7-8 displays the ten eigenvectors of the diagnostic matrix corresponding to

its ten leading eigenvalues. We observe low-frequency oscillations in the first eigen-

vectors. These modes provide sufficient information from the image to approximately

determine the location of the circular feature, while higher-order eigenvectors dis-

tinguish finer features of the image in order to more accurately infer the feature’s

position. Let us recall that CCA is limited to computing at most min{𝑑, 𝑝} = 3

modes for this example.

Figure 7-8: The first eight leading non-constant eigenvectors of the data informed
matrix 𝐻Y

The gradients of the log-likelihood are also useful to determine goal-oriented sub-

spaces for the observations for inferring a subset of the parameters. For the two

location parameters 𝑥*1, and 𝑥*2, we compute the diagnostic matrix 𝐻Y using the

mixed partial derivatives of the log-likelihood function with respect to Y and one of
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the location parameters. Figure 7-9 plots the first four eigenvectors of each matrix.

As intuitively expected, the eigenvectors extract horizontal and vertical variations in

the image to infer the 𝑥*1 and 𝑥*2 parameters, respectively.

(a)

(b)

Figure 7-9: The first four leading eigenvectors of the data informed matrix 𝐻Y for
informing the parameter (a) 𝑥*1, and (b) 𝑥*2.

7.7.3 Conditioned diffusion

In this section we infer the driving force applied to a particle given observations of

its path. The particle’s path is described by a function 𝑢 : [0, 1] → R. The path

undergoes dynamics given by the stochastic differential equation

d𝑢𝑡 = 𝑓(𝑢𝑡)d𝑡+ d𝑋𝑡, 𝑢0 = 0 (7.48)

where 𝑓 : R → R is the nonlinear drift function 𝑓(𝑢) = 𝛽𝑢(1 − 𝑢2)/(1 + 𝑢2) for

𝛽 > 0 and d𝑋𝑡 is an increment of the Brownian motion 𝑋 ∼ 𝒩 (0, 𝐶) with covariance

function 𝐶(𝑡, 𝑡′) = min(𝑡, 𝑡′). In our setup, we set 𝛽 = 1 and discretize the ODE

using a Euler-Maruyama scheme with time-step Δ𝑡 = 10−2 so that 𝑑 = 100. At 𝑀

equispaced times 𝑡1, . . . , 𝑡𝑚 in the interval [0, 1], we collect noisy observations of the

state

𝑌𝑡𝑖 = 𝑢𝑡𝑖 + ℰ𝑖, (7.49)

234



where ℰ ∼ 𝒩 (0, 𝜎2I𝑚). Joining the forward and observation models, the map from

parameters to observations can be written in vector form as Y =𝑀𝐺(X) + ℰ where

𝑀 is a selection operator that extracts the state at the observed times and 𝐺 is the

nonlinear operator that maps the noise X ∈ R𝑑 to the path 𝑢 ∈ R𝑑. In our study

we set 𝜎 = 0.1, and 𝑀 = I𝑑, i.e., we observe all components of the discretized path

vector.

To identify the subspaces for the parameters and observations we compute Monte

Carlo estimators of the diagnostic matrices 𝐻X and 𝐻Y in (7.27) and (7.28) using

𝑛 = 106 prior samples 𝑋 𝑖 ∼ 𝜋X and evaluations of the forward model 𝑢𝑖 = 𝐺(𝑋 𝑖)

for 𝑖 = 1, . . . , 𝑛. Figure 7-10a plots 200 samples of the observations 𝑌 𝑖 and Figure 7-

10b plots the leading eigenvalues of the two diagnostic matrices 𝐻X and 𝐻Y. Let us

remark that unlike the linear-Gaussian setting in Section 7.4.2, the eigenvalues of the

two diagnostic matrices with a nonlinear forward model are different for 𝐻X and 𝐻Y.

(a) (b)

Figure 7-10: (a) Samples of the observations 𝑌 from the conditioned diffusion model.
(b) The leading 50 eigenvalues of the diagnostic matrices 𝐻X and 𝐻Y.

Figure 7-11 plots the eigenvectors for the parameters and observations corre-

sponding to the leading 5 eigenvalues of 𝐻X and 𝐻Y, respectively. The parameter-

space eigenvectors capture the bulk behavior of sample path realizations, while the

observation-space eigenvectors show more variation near 𝑇 = 1. An intuitive expla-

nation for this behavior is that conditioning on the observations at 𝑇 = 1 will provide

more information about the particle’s final location and the driving force needed to
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get there. For contrast, we plot the eigenvectors arising from PCA and CCA with 106

samples from the joint distribution of parameters and observations in Figures 7-12a

and 7-12b, respectively. We observe that PCA modes are more “global” than the ones

obtained from the CMI bound proposed in this chapter, and the CCA modes are

more irregular and oscillatory.

(a) (b)

Figure 7-11: (a) Parameter space and (b) observation space eigenvectors of the diag-
nostic matrices 𝐻X and 𝐻Y.

(a) (b)

Figure 7-12: Observation space eigenvectors from (a) PCA and (b) CCA.

To evaluate the true approximation errors resulting from the parameter and

observation-space projectors, we compute the conditional mutual information (CMI)

for each projection. To estimate the CMI 𝐼(X⊥;Y|X𝑟), we generate 𝑛 samples

236



(𝑋 𝑖,𝑌 𝑖) ∼ 𝜋X,Y and construct the Monte Carlo estimator

̂︀𝐼(X⊥;Y|X𝑟) :=
1

𝑛

𝑛∑︁
𝑖=1

log
𝜋Y|X(𝑌

𝑖|𝑋 𝑖)

𝜋Y|X𝑟(𝑌
𝑖|𝑋 𝑖

𝑟)
, (7.50)

where 𝜋Y|X𝑟(𝑦|𝑥𝑟) =
∫︀
𝜋Y|X(𝑦|𝑈𝑟𝑥𝑟+𝑈⊥𝑥⊥)𝜋X⊥|X𝑟(𝑥⊥|𝑥𝑟)d𝑥⊥. Analogously to the

estimator in (7.45) for the reduced likelihood 𝜋Y𝑠|X𝑟 , we estimate 𝜋Y|X𝑟 using the

following Monte Carlo estimator given 𝑚 samples from the conditional prior

̂︀𝜋Y|X𝑟(𝑦|𝑥𝑟) =
1

𝑚

𝑚∑︁
𝑗=1

𝜋Y|X(𝑦|𝑈𝑟𝑥𝑟 + 𝑈⊥𝑋
𝑗
⊥), 𝑋𝑗

⊥ ∼ 𝜋X⊥|X𝑟(·|𝑥𝑟). (7.51)

To see the impact of 𝑚 on estimating the conditional mutual information, Figure 7-

13a plots the estimator with 𝑚 ∈ {10, 100, 1000} as well as a single sample, i.e.,

𝑚 = 1, at the prior mean
∫︀
𝑥⊥d𝜋X⊥|X𝑟 with 𝑛 = 104 samples in (7.50). We observe a

convergence of the CMI estimators with increasing 𝑚. Furthermore, the CMI closely

matches the trend for the upper bound (up to the conditional log-Sobolev constant),

which indicates that for this example the bound can be used as a good error indicator

even without knowing 𝐶(𝜋X,Y).

To estimate the conditional mutual information 𝐼(Y⊥;X|Y𝑠) = 𝐼(X;Y)−𝐼(X;Y𝑠),

we generate 𝑛 samples (𝑋 𝑖,𝑌 𝑖) ∼ 𝜋X,Y and construct the Monte Carlo estimator

̂︀𝐼(X⊥;Y|X𝑟) :=
1

𝑛

𝑛∑︁
𝑖=1

log
𝜋Y|X(𝑌

𝑖|𝑋 𝑖)

𝜋Y(𝑌 𝑖)
− log

𝜋Y𝑠|X(𝑌
𝑖
𝑠 |𝑋 𝑖)

𝜋Y𝑠(𝑌
𝑖
𝑠 )

, (7.52)

where the marginal likelihoods 𝜋Y and 𝜋Y𝑠 are estimated using 𝑚 prior samples for

each sample 𝑌 𝑖, e.g., 𝜋Y(𝑌 𝑖) = 1
𝑚

∑︀𝑚
𝑗=1 𝜋Y|X(𝑌

𝑖|𝑋𝑗) for 𝑋𝑗 ∼ 𝜋X. To compute the

likelihood for the reduced observation Y𝑠, we analytically marginalize the Gaussian

likelihood by projecting the mean and covariance of the observational noise using the

formula in Example 8. This avoids an additional numerical integration. Figure 7-13b

plots the estimated conditional mutual information for the projected observations

with increasing reduced dimension along with the upper bound in (7.17) up to the

conditional log-Sobolev constant. We observe that the estimators converge with in-
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creasing sample size 𝑚. Furthermore, the upper bound closely matches the trend for

the true approximation error, especially for larger 𝑠.

(a) (b)

Figure 7-13: Convergence of the estimators for the conditional mutual information
with projected (a) parameters and (b) observations in the conditioned diffusion model.

We also compare the optimal rotations identified from the upper bound in (7.10)

to the subspaces resulting using PCA and CCA. Figures 7-14a and 7-14b plot the

conditional mutual information for the posterior approximation error of each dimen-

sion reduction technique with increasing dimensions for the reduced parameters and

observations, respectively. The conditional mutual information is computed using

the Monte Carlo estimators in (7.50) and (7.52) with 𝑛 = 104 and 𝑚 = 100. In this

non-Gaussian example, the CMI bounds present the lowest error for the projection

of the parameters. We note that PCA performs very similarly to the CMI bound for

reducing the observations in this example, despite having very different modes; see

Figures 7-11b and 7-12. Together with the parameters, the rotations identified from

the CMI bound provide the lowest overall posterior approximation error.

Lastly, we consider the problem of selecting coordinates of the parameters and

observations that minimize the upper bound in (7.19). We recall that this corresponds

to finding a decreasing ordering for the diagonal entries of the diagnostic matrices

𝐻X and 𝐻Y. Figure 7-15a plots the values for the diagonal entries in their canonical

ordering with increasing time 𝑡. We observe that the forcing at the initial time, i.e.,

𝑡 = 0, is the most informed parameter, while the most informative observation is the
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(a) (b)

Figure 7-14: Comparison of three dimension reduction strategies for reducing the
dimension of (a) the parameters and (b) the observations in the conditioned diffusion
model

position at the final time, i.e., 𝑡 = 1. To compare the effect of coordinate selection to

the optimal rotations found above on the posterior approximation error, Figure 7-15b

plots the upper bounds for the expected KL divergence with projected observations

(up to the conditional log-Sobolev constant). For this example, we observe that

the optimal rotations yield an improvement of at least two orders of magnitude and

converges at a faster rate, particularly for lower-dimensional observations Y𝑠.

(a) (b)

Figure 7-15: (a) Diagonal entries of the diagonal matrices 𝐻X and 𝐻Y. (b) Compar-
ison of the upper bound in (7.10) for optimal rotations and coordinate selection of
the observations in the conditioned diffusion model
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7.7.4 Sequential Bayesian inference

Decompositions of the parameters and observations are also relevant for the stochastic

map filtering algorithm introduced in Chapter 6. Let 𝑇𝑦* = 𝑆(𝑦*, ·)−1 ∘ 𝑆(𝑦,𝑥) be

a composed map that pushes forward joint samples (X,Y) ∼ 𝜋X,Y to samples from

the conditional density 𝜋X|Y(·|𝑦*). If the observations are only informative of the

parameters X⊥, we can constrain the action of 𝑇𝑦* to depart from the identity only

along the subspace of the reduced parameters spanned by 𝑈𝑟, i.e., 𝑇𝑦* does not update

the uninformed parameters. In this case, the prior-to-posterior transformation is given

by

𝑇𝑦*(𝑦,𝑥) =
[︁
𝑈𝑟 𝑈⊥

]︁⎡⎣𝑇 ′
𝑦*
𝑠
(𝑉 𝑇

𝑠 𝑦, 𝑈𝑇
𝑟 𝑥)

𝑥⊥

⎤⎦ , (7.53)

where 𝑇 ′
𝑦*
𝑠
: R𝑠+𝑟 → R𝑟 is a low-dimensional map that depends on the reduced pa-

rameters and observations and 𝑦*
𝑠 = 𝑉 𝑇

𝑠 𝑦*.

For the linear-Gaussian likelihood model in Section 7.4.2, the optimal rotations for

X and Y yield a forward model that is diagonal in the rotated coordinate system, i.e.,

Y𝑠 = 𝑉 𝑇
𝑠 Y = Σ𝑈𝑇

𝑟 X+ 𝑉 𝑇ℰ where Σ ∈ R𝑟×𝑠 is a diagonal matrix with zeros in rows

and columns greater than min{𝑟, 𝑠}, 𝑈𝑇
𝑟 X ∼ 𝒩 (0, I𝑟) and 𝑉 𝑇

𝑠 ℰ ∼ 𝒩 (0, I𝑠). From the

Bayesian update for independent Gaussian random variables, the low-dimensional

map in this case is given by 𝑇 ′
𝑦*
𝑠
(𝑦𝑠,𝑥𝑟) = 𝑥𝑟 − Σ𝑇 (ΣΣ𝑇 + I𝑠)−1(𝑦*

𝑠 − 𝑦𝑠). The map

in (7.53) written with respect to the original variables is then given by 𝑇𝑦*(𝑥,𝑦) =

𝑥−𝐾𝑟,𝑠(𝑦 − 𝑦*) where

𝐾𝑟,𝑠 := 𝑈𝑟Σ
𝑇 (ΣΣ𝑇 + I)−1𝑉 𝑇

𝑠 , (7.54)

is a low-rank Kalman gain and has dimensions 𝑑 × 𝑚. Let us remark that the ex-

pression in (7.54) reveals the order of the inference procedure. From right to left,

the observation 𝑦 is rotated and projected using 𝑉 𝑇
𝑠 , assimilated in a subspace of the

rotated parameter, and then lifted to the original parameter space using 𝑈𝑟. We refer

the reader to [123, 171] where the low-dimensional map in (7.53) based on the dimen-

sion reduction technique proposed in this chapter was used to improve the tracking
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performance of ensemble filters for fluid dynamics applications.

7.8 Discussion and extensions

This chapter proposed a gradient-based dimension reduction method for the 𝑑 param-

eters and 𝑚 observations in non-Gaussian Bayesian inference problems. We reduced

the dimensions by identifying linear subspaces for the informed part of the param-

eters X𝑟 ∈ R𝑟 with 𝑟 ≪ 𝑑 and the informative part of the observations Y𝑠 ∈ R𝑠

with 𝑠 ≪ 𝑚. These subspaces yield posterior approximations that depart from the

prior distribution only along a low-dimensional subspace conditioned only on the in-

formative observations. The subspaces are defined as the minimizers of a tractable

quadratic upper bound for the expected KL divergence from the approximation to the

true posterior distribution. For linear-Gaussian likelihood models with 𝑟 = 𝑠, these

reduce to subspaces identified by canonical correlation analysis (CCA). For several

inference problems with non-linear forward models, we showed that this technique

provides interpretable projections of the parameters and observations, and they yield

more accurate posterior approximations than both CCA and principal component

analysis. We outline some directions for future work below.

Gradient-free methods. The optimal rotations of the variables are defined from

eigendirections of two diagnostic matrices 𝐻X and 𝐻Y containing the mixed partial

derivatives of the log-likelihood function. For applications with large-scale forward

models, however, these derivatives may be unavailable or computationally expensive

to evaluate. It will be interesting to develop estimators for 𝐻X and 𝐻Y based only

on differences of forward model evaluations. Furthermore, analyzing the sample com-

plexity of these estimators will be useful to determine the number of samples required

to achieve a desired approximation to the subspaces of interest.

Nonlinear dimension reduction. For nonlinear forward models, linear dimension

reduction may require many modes to achieve small posterior approximation error. In

these cases, one may instead seek few nonlinear functions of the parameters that are
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informed by nonlinear features of the observations. See [22] for an approach to identify

these nonlinear features in the context of surrogate modeling. It will be interesting to

extend the guarantees on posterior approximation error to permit nonlinear functions

of the parameters and observations, and to compare the resulting features to those

identified by nonlinear supervised dimension reduction methods such as [7, 145].
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Chapter 8

Conclusions

This thesis addresses key problems in probabilistic modeling and Bayesian inference

by using transportation of measures to represent probability distributions. Measure

transport seeks an invertible transformation, known as a transport map, that couples

a random variable with a complex target distribution to one that is tractable (e.g., a

standard Gaussian). Having access to this map enables sampling from or evaluating

the density of the target distribution. A core challenge, however, is that transport

maps are rarely known analytically. Instead, these maps must be estimated from a

limited collection of samples. This thesis develops tailored transport map estimators

for solving various modeling and inference problems.

One complex target distribution that appears throughout science and engineering

is the posterior for the states or parameters of a statistical model. In addition to

being high-dimensional in many applications, the unnormalized posterior density is

often computationally prohibitive to evaluate, i.e., the likelihood function or the prior

density are intractable. As an example, Chapter 5 considers a polymer science model

where the likelihood function for the observations is defined by an integral over an

infinite-dimensional latent variable. Similarly, Chapter 6 presents nonlinear filtering

problems where the prior densities for the states of a dynamical system are analyti-

cally unavailable. In these cases, likelihood-free inference algorithms based on measure

transport offer a principled approach to estimate or sample from posterior densities

given only joint samples of parameters and observations. In this thesis, we build to-
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wards solving high-dimensional and non-Gaussian Bayesian inference problems using

transportation of measures. In the process, we present several contributions to topics

in probabilistic modeling and Bayesian inference.

A core component of our transport-based algorithms is the approximation of mono-

tone triangular transport maps. In Chapter 3 we propose a general representation

for monotone functions using smooth bijective operators. This representation results

in a smooth unconstrained optimization problem for the map that is proven to have

no spurious local minima, a key contrast to other commonly used map parameteri-

zations. To approximate the map, we introduce the Adaptive Transport Map (ATM)

algorithm that automatically adapts the map complexity to a collection of samples

from a target density. We show that this algorithm reduces the bias and variance

of map estimators, and it discovers sparsity in the map’s variable dependence that

arises from conditional independencies in each marginal conditional. In practice, the

ATM algorithm performs similarly to methods that have knowledge of the true map

sparsity, which helps to scale the algorithm for high-dimensional distributions with

this structure. In Chapter 4 we also use the sparse structure of triangular transports

to consistently learn all pairwise conditional independence properties of a (possi-

bly) non-Gaussian distribution. To do so, we introduce a score based on Hessian

information of the joint log-density and propose a threshold estimator that consis-

tently recovers the Markov structure with increasing sample sizes. We show how our

algorithm, named Sparsity Identification in Non-Gaussian Distributions, iteratively

leverages sparsity in an estimated transport map to learn the structure of undirected

probabilistic graphical models.

In the context of Bayesian inference, we propose novel methodologies for likelihood-

free and sequential inference problems with high-dimensional parameters and obser-

vations. First, in Chapter 5 we introduce a prior-to-posterior transformation for

conditional sampling based on the composition of triangular maps. This map pushes

forward joint samples of parameters and observations to posterior samples. Given any

estimate for the triangular map, we show theoretically and numerically that posterior

approximations produced by the composed map have lower bias and variance than us-
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ing popular non-composed maps. Second, we generalize triangular to block-triangular

maps that reduce the sensitivity of triangular maps to variable ordering. We show that

block-triangularity reliably characterizes the posterior distributions for random fields

in PDEs and for image in-painting problems. Furthermore, we show that monotone

block-triangular maps minimize a particular transportation cost, thereby providing a

new computational method for finding optimal transport maps. In Chapter 6 we use

the composed prior-to-posterior maps to propose a nonlinear ensemble filtering algo-

rithm called the Stochastic Map (SM) filter. We show that the SM filter reduces to the

celebrated ensemble Kalman filter (EnKF) when the triangular maps are affine func-

tions, while nonlinear maps reduce the bias of the EnKF for capturing non-Gaussian

filtering distributions. Specifically, the SM filter with sparse transport maps achieves

state-of-the-art performance for tracking the states of the chaotic Lorenz-96 system.

Lastly, to scale these transport-based methods to high-dimensional inference prob-

lems, Chapter 7 proposes a technique to jointly reduce the dimensions of parameters

and observations with error guarantees on the posterior approximation. In combina-

tion with the SM filter, this technique was shown in [171] to yield stable filtering with

small ensemble sizes and reconstruct turbulent flow fields with higher fidelity than

traditional filters, such as the EnKF.

In this thesis we show how structured nonlinear transport maps yield improved

inference results in geophysical and aerodynamics problems. To broaden the impact

of these modeling and inference algorithms to other scientific domains, it is impor-

tant to investigate alternative sources of low-dimensional structure in these maps.

For instance, not all posterior distributions will satisfy (approximate) conditional in-

dependencies and yield maps with sparse variable dependence. In other dynamical

systems the map may only be sparse under a variable transformation, e.g., images

and multi-scale random fields are often sparsely represented after a wavelet trans-

formation. Another source of structure occurs when the target density departs from

the (standard Gaussian) reference only along a low-dimensional subspace. In a vari-

ational inference context, [28] identified this subspace from gradients of the target

density (as in Chapter 7) and used it to estimate triangular maps that depart from
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the identity transformation only in few coordinates. While gradients of the target are

unavailable in density estimation and likelihood-free settings, future work may use

recent score estimation methods [202] to approximate these gradients from samples

alone. Ultimately, it will be interesting to provide diagnostics for different types of

low-dimensional structure and introduce transport map estimators that can automat-

ically exploit this structure with low computational cost.

Another important direction is to improve transport-based methods to sample

from constrained input spaces. For many physical problems, the states or parameters

in modeling and inference problems are known to satisfy physical laws and constraints,

e.g., the inference of flow-fields that are divergence-free or rotation matrices that live

in a Lie group. While transport-based methods can be applied in generic settings

without knowledge of these constraints, samples generated from estimated maps may

violate these properties. To generate more physically-consistent samples, it will be

interesting to develop methods that directly encode constraints into the map. This

will improve the generalization performance of transport maps for posterior sampling

at previously unseen observations, especially in settings with limited training data.

Together, these directions will bring transport-based modeling and inference closer

into practice.
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Appendix A

Proofs for Chapter 3

A.1 Proof of Inequality (3.2)

Recall that the KR rearrangement 𝑆KR is a transport map that satisfies 𝑆♯KR𝜂 = 𝜋,

where 𝜂 is the PDF of the standard Gaussian measure on R𝑑 and 𝜋 is the target PDF.

Corollary 3.10 in [27] states that for any PDF 𝜈 on R𝑑 of the form 𝜈(𝑥) := 𝑓(𝑥)𝜂(𝑥)

with 𝑓 log 𝑓 ∈ 𝐿1
𝜂, the inequality

∫︁
‖𝑥− 𝑇 (𝑥)‖2𝜂≤𝑘(𝑥)d𝑥 ≤ 2

∫︁
𝑓(𝑥) log 𝑓(𝑥)𝜂≤𝑘(𝑥)d𝑥, (A.1)

holds, where 𝑇 is the KR rearrangement such that 𝑇♯𝜂 = 𝜈. Let 𝑆 be an increasing

lower triangular map as in (2.3) and let 𝜈 = 𝑆♯𝜋. Thus we have 𝑇 = 𝑆 ∘ 𝑆−1
KR and so

the left-hand side of (A.1) becomes

∫︁
‖𝑥−𝑇 (𝑥)‖2𝜂≤𝑘(𝑥)d𝑥 =

∫︁
‖𝑥−𝑆∘𝑆−1

KR(𝑥)‖2𝜂≤𝑘(𝑥)d𝑥 =

∫︁
‖𝑆KR(𝑥)−𝑆(𝑥)‖2𝜋(𝑥)d𝑥,

and the right-hand

2

∫︁
𝑓(𝑥) log 𝑓(𝑥)𝜂≤𝑘(𝑥)d𝑥 = 2𝒟KL(𝜈||𝜂) = 2𝒟KL(𝜋||𝑆♯𝜂),

which yields (3.2)
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A.2 Convexity of map optimization problem

Lemma A.2.1. The optimization problem min{𝑠:𝜕𝑘𝑠>0} 𝒥𝑘(𝑠) is strictly convex.

Proof. Let 𝑠1, 𝑠2 : R𝑘 → R be two strictly increasing functions with respect to 𝑥𝑘, i.e.,

𝜕𝑘𝑠1(𝑥≤𝑘) > 0 and 𝜕𝑘𝑠2(𝑥≤𝑘) > 0. For any 0 < 𝑡 < 1, the function 𝑠𝑡 = 𝑡𝑠1+(1− 𝑡)𝑠2
is also strictly increasing functions with respect to 𝑥𝑘. Finally, because both 𝜉 ↦→ 1

2
𝜉2

and 𝜉 ↦→ − log(𝜉) are strictly convex functions, we have

𝒥𝑘(𝑠𝑡)
(3.4)
=

∫︁ (︂
1

2
𝑠𝑡(𝑥≤𝑘)

2 − log 𝜕𝑘𝑠𝑡(𝑥≤𝑘)

)︂
𝜋(𝑥)d𝑥

<

∫︁ (︁
𝑡
1

2
𝑠1(𝑥≤𝑘)

2 + (1− 𝑡)1
2
𝑠1(𝑥≤𝑘)

2
)︁
−
(︁
𝑡 log 𝜕𝑘𝑠1(𝑥≤𝑘) + (1− 𝑡) log 𝜕𝑘𝑠2(𝑥≤𝑘)

)︁
𝜋(𝑥)d𝑥

= 𝑡𝒥𝑘(𝑠1) + (1− 𝑡)𝒥𝑘(𝑠2),

which shows that 𝒥𝑘 is strictly convex.

A.3 Proof of Theorem 3.3.1

To prove Theorem 3.3.1 we need the following lemma.

Lemma A.3.1. Let

𝐻1([0, 1]) =

{︂
𝑓 : [0, 1]→ R such that ‖𝑓‖2𝐻1([0,1]) :=

∫︁ 1

0

𝑓(𝑡)2 + 𝑓 ′(𝑡)2 d𝑡

}︂
.

Then

|𝑓(0)| ≤
√
2‖𝑓‖𝐻1([0,1]), (A.2)

holds for any 𝑓 ∈ 𝐻1([0, 1]).

Proof. Because 𝒞∞([0, 1]) is dense in 𝐻1([0, 1]), it suffices to show (A.2) for any

𝑓 ∈ 𝒞∞([0, 1]). By the mean value theorem, there exists 0 ≤ 𝑧 ≤ 1 such that

𝑓(𝑧) =
1

1− 0

∫︁ 1

0

𝑓(𝑡)d𝑡.
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Thus we can write

|𝑓(0)|2 ≤ 2|𝑓(𝑧)− 𝑓(0)|2 + 2|𝑓(𝑧)|2

= 2

⃒⃒⃒⃒∫︁ 𝑧

0

𝑓 ′(𝑡)d𝑡

⃒⃒⃒⃒2
+ 2

⃒⃒⃒⃒∫︁ 1

0

𝑓(𝑡)d𝑡

⃒⃒⃒⃒2
≤ 2

∫︁ 1

0

|𝑓 ′(𝑡)|2 d𝑡+ 2

∫︁ 1

0

|𝑓(𝑡)|2 d𝑡.

This concludes the proof.

We now prove Theorem 3.3.1.

Proof. For any 𝑓 ∈ 𝑉𝑘, Lemma A.3.1 permits to write

∫︁
|𝑓(𝑥<𝑘, 0)|2𝜂<𝑘(𝑥<𝑘)d𝑥<𝑘

(A.2)
≤
∫︁ (︂

2

∫︁ 1

0

|𝑓(𝑥<𝑘, 𝑡)|2 + |𝜕𝑘𝑓(𝑥<𝑘, 𝑡)|2d𝑡
)︂
𝜂<𝑘(𝑥<𝑘)d𝑥<𝑘

≤ 𝐶𝑇

∫︁ ∫︁ 1

0

(︁
|𝑓(𝑥<𝑘, 𝑡)|2 + |𝜕𝑘𝑓(𝑥<𝑘, 𝑡)|2

)︁
𝜂<𝑘(𝑥<𝑘)𝜂1(𝑡)d𝑡d𝑥<𝑘

≤ 𝐶𝑇

∫︁ ∫︁ +∞

−∞

(︁
|𝑓(𝑥<𝑘, 𝑡)|2 + |𝜕𝑘𝑓(𝑥<𝑘, 𝑡)|2

)︁
𝜂≤𝑘(𝑥<𝑘, 𝑡)d𝑡d𝑥<𝑘

= 𝐶𝑇‖𝑓‖2𝑉𝑘 ,

where 𝐶𝑇 = 2 sup0≤𝑡≤1 𝜂1(𝑡)
−1.

A.4 Proof of Proposition 1

The proof relies on Theorem 3.3.1 and on the following generalized integral Hardy

inequality, see [153].

Lemma A.4.1. Let 𝜂≤𝑘 be the standard Gaussian density on R𝑘. Then there exists

a constant 𝐶𝐻 such that for any 𝑣 ∈ 𝐿2
𝜂(R𝑘),

∫︁ (︂∫︁ 𝑥𝑘

0

𝑣(𝑥<𝑘, 𝑡)d𝑡

)︂2

𝜂≤𝑘(𝑥)d𝑥 ≤ 𝐶𝐻

∫︁
𝑣(𝑥)2𝜂≤𝑘(𝑥)d𝑥. (A.3)

Proof of Lemma A.4.1. Let us recall the integral Hardy inequality [153].
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Theorem A.4.2 (from [153]). For weight 𝜌 : R+ → R+ and 𝑢 ∈ 𝐿2
𝜌(R), there exists

a constant 𝐶𝐻 <∞ such that

∫︁ +∞

0

(︂∫︁ 𝑥

0

𝑢(𝑡)d𝑡

)︂2

𝜌(𝑥)d𝑥 ≤ 𝐶𝐻

∫︁ +∞

0

𝑢(𝑥)2𝜌(𝑥)d𝑥 (A.4)

if and only if

sup
𝑥>0

(︂∫︁ +∞

𝑥

𝜌(𝑡)d𝑡

)︂1/2(︂∫︁ 𝑥

0

𝜌(𝑡)−1d𝑡

)︂1/2

< +∞. (A.5)

We apply Theorem A.4.2 with the one-dimensional standard Gaussian 𝜌 = 𝜂1. In

order to check the condition (A.5), we need to show that

𝐷(𝑥) :=

(︂∫︁ +∞

𝑥

𝜌(𝑡)d𝑡

)︂1/2(︂∫︁ 𝑥

0

𝜌(𝑡)−1d𝑡

)︂1/2

=

(︂∫︁ +∞

𝑥

𝑒−𝑡
2/2𝑑𝑡

)︂1/2(︂∫︁ 𝑥

0

𝑒𝑡
2/2𝑑𝑡

)︂1/2

,

is bounded. Since 𝑥 ↦→ 𝐷(𝑥) is a continuous function with a finite limit as 𝑥 → 0,

it is sufficient to show that 𝐷(𝑥) has a finite limit when 𝑥 → ∞. For 𝑥 > 1,∫︀ +∞
𝑥

𝑒−𝑡
2/2𝑑𝑡 ≤ 𝑒−𝑥

2/2 and 𝐷(𝑥)2 ≤ 𝑒−𝑥
2/2
∫︀ 𝑥
0
𝑒𝑡

2/2𝑑𝑡. Furthermore, using integration-

by-parts we have
∫︀ 𝑥
0
𝑒𝑡

2/2𝑑𝑡 =
∫︀ 1

0
𝑒𝑡

2/2𝑑𝑡+ 𝑒𝑥
2/2/𝑥−√𝑒+

∫︀ 𝑥
1
𝑒𝑡

2/2/𝑡2𝑑𝑡. As 𝑥→∞ the

dominating term in the sum is 𝑒𝑥2/2/𝑥. Thus, 𝑒−𝑥2/2
∫︀ 𝑥
0
𝑒𝑡

2/2𝑑𝑡 behaves asymptotically

as 𝒪( 1
𝑥
), so that 𝐷(𝑥)→ 0 when 𝑥→∞. Thus, condition (A.5) is satisfied.

Thus, by the Hardy inequality in (A.4) for 𝑢 ∈ 𝐿2
𝜂(R) we have

∫︁ +∞

0

(︂∫︁ 𝑥𝑘

0

𝑢(𝑡)d𝑡

)︂2

𝜂(𝑥𝑘)d𝑥𝑘 ≤ 𝐶𝐻

∫︁ +∞

0

𝑢(𝑥𝑘)
2𝜂(𝑥𝑘)d𝑥𝑘. (A.6)

For the symmetric density 𝜂(𝑥𝑘) = 𝜂(−𝑥𝑘) we also have

∫︁ 0

−∞

(︂∫︁ 𝑥𝑘

0

𝑢(𝑡)d𝑡

)︂2

𝜂(𝑥𝑘)d𝑥𝑘 ≤ 𝐶𝐻

∫︁ 0

−∞
𝑢(𝑥𝑘)

2𝜂(𝑥𝑘)d𝑥𝑘. (A.7)

Combining the results in (A.6) and (A.7) we have

∫︁ +∞

−∞

(︂∫︁ 𝑥𝑘

0

𝑢(𝑡)d𝑡

)︂2

𝜂(𝑥𝑘)d𝑥𝑘 ≤ 𝐶𝐻

∫︁ +∞

−∞
𝑢(𝑥𝑘)

2𝜂(𝑥𝑘)d𝑥𝑘.

Setting 𝑢(𝑡) = 𝑣(𝑥<𝑘, 𝑡) and integrating both sides over 𝑥<𝑘 ∈ R𝑘−1 with the standard
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Gaussian weight function 𝜂(𝑥<𝑘) gives the result.

We now prove Proposition 1.

Proof. By Proposition 3.3.1, Lemma A.4.1 and by the Lipschitz property of 𝑔, we can

write

‖ℛ𝑘(𝑓1)−ℛ𝑘(𝑓2)‖2𝐿2
𝜂≤𝑘
≤ 2

∫︁ (︁
𝑓1(𝑥<𝑘, 0)− 𝑓2(𝑥<𝑘, 0)

)︁2
𝜂≤𝑘(𝑥)d𝑥

+ 2

∫︁ (︁∫︁ 𝑥𝑘

0

𝑔
(︀
𝜕𝑘𝑓1(𝑥<𝑘, 𝑡)

)︀
− 𝑔
(︀
𝜕𝑘𝑓2(𝑥<𝑘, 𝑡)

)︀
d𝑡
)︁2
𝜂≤𝑘(𝑥)d𝑥

≤ 2𝐶𝑇‖𝑓1 − 𝑓2‖2𝑉𝑘 + 2𝐶𝐻‖𝑔(𝜕𝑘𝑓1)− 𝑔(𝜕𝑘𝑓2)‖2𝐿2
𝜂≤𝑘

≤ 2𝐶𝑇‖𝑓1 − 𝑓2‖2𝑉𝑘 + 2𝐶𝐻𝐿
2‖𝜕𝑘𝑓1 − 𝜕𝑘𝑓2‖2𝐿2

𝜂≤𝑘

≤ 2(𝐶𝑇 + 𝐶𝐻𝐿
2)‖𝑓1 − 𝑓2‖2𝑉𝑘 , (A.8)

any 𝑓1, 𝑓2 ∈ 𝑉𝑘. Furthermore, using the Lipschitz property of 𝑔 we have

‖𝜕𝑘ℛ𝑘(𝑓1)− 𝜕𝑘ℛ𝑘(𝑓2)‖2𝐿2
𝜂≤𝑘

=

∫︁ (︁
𝑔(𝜕𝑘𝑓1(𝑥<𝑘, 𝑡))− 𝑔(𝜕𝑘𝑓2(𝑥<𝑘, 𝑡))

)︁2
𝜂≤𝑘(𝑥)d𝑥

≤ 𝐿2

∫︁ (︁
𝜕𝑘𝑓1(𝑥<𝑘, 𝑡)− 𝜕𝑘𝑓2(𝑥<𝑘, 𝑡)

)︁2
𝜂≤𝑘(𝑥)d𝑥

≤ 𝐿2‖𝑓1 − 𝑓2‖2𝑉𝑘 . (A.9)

Combining (A.8) with (A.9), we obtain (3.20) with 𝐶 =
√︀

2(𝐶𝑇 + 𝐶𝐻𝐿2) + 𝐿2.

It remains to show that ‖ℛ𝑘(𝑓)‖𝑉𝑘 <∞ for any 𝑓 ∈ 𝑉𝑘. Letting with 𝑓1 = 𝑓 and

𝑓2 = 0 in (3.20), the triangle inequality yields

‖ℛ𝑘(𝑓)‖𝑉𝑘 ≤ ‖ℛ𝑘(0)‖𝑉𝑘 + 𝐶‖𝑓‖𝑉𝑘

Becauseℛ𝑘(0) : 𝑥 ↦→ 𝑔(0)𝑥𝑘 is the affine function, we have ‖ℛ𝑘(0)‖2𝐿2
𝜂≤𝑘

= 𝑔(0)2
∫︀
𝑥2𝑘𝜂(𝑥)d𝑥

and ‖𝜕𝑘ℛ𝑘(0)‖2𝐿2
𝜂≤𝑘

= 𝑔(0)2 are finite and so is ‖ℛ𝑘(0)‖𝑉𝑘 . Thus, ℛ𝑘(𝑓) ∈ 𝑉𝑘 for all

𝑓 ∈ 𝑉𝑘.
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A.5 Proof of Proposition 2

Proof. For any 𝑓 ∈ 𝑉𝑘 we have

|ℒ𝑘(𝑓)| =

⃒⃒⃒⃒∫︁ (︂
1

2
ℛ𝑘(𝑓)

2 − log(𝜕𝑘ℛ𝑘(𝑓))

)︂
d𝜋

⃒⃒⃒⃒
(3.21)
≤ 𝐶𝜋

2
‖ℛ𝑘(𝑓)‖2𝐿2

𝜂≤𝑘
+ 𝐶𝜋

∫︁
|log(𝑔(𝜕𝑘𝑓))| d𝜂≤𝑘

≤ 𝐶𝜋
2
‖ℛ𝑘(𝑓)‖2𝐿2

𝜂≤𝑘
+ 𝐶𝜋

∫︁
|𝑔(0)|+ |log(𝑔(𝜕𝑘𝑓))− 𝑔(0)| d𝜂≤𝑘

(3.23)
≤ 𝐶𝜋

2
‖ℛ𝑘(𝑓)‖2𝐿2

𝜂≤𝑘
+ 𝐶𝜋|𝑔(0)|+ 𝐶𝜋𝐿

∫︁
|𝜕𝑘𝑓 − 0| d𝜂≤𝑘

≤ 𝐶𝜋
2
‖ℛ𝑘(𝑓)‖2𝐿2

𝜂≤𝑘
+ 𝐶𝜋|𝑔(0)|+ 𝐶𝜋𝐿‖𝑓‖2𝑉𝑘 .

Because Proposition 1 ensures ℛ𝑘(𝑓) ∈ 𝑉𝑘 ⊂ 𝐿2
𝜂≤𝑘

, we have that ℒ𝑘(𝑓) is finite for

any 𝑓 ∈ 𝑉𝑘. Now, for any 𝑓1, 𝑓2 ∈ 𝑉𝑘, we can write

|ℒ𝑘(𝑓1)− ℒ𝑘(𝑓2)| =
⃒⃒⃒⃒∫︁ (︂

1

2
ℛ𝑘(𝑓1)

2 − 1

2
ℛ𝑘(𝑓2)

2 − log(𝜕𝑘ℛ𝑘(𝑓1)) + log(𝜕𝑘ℛ𝑘(𝑓2))

)︂
d𝜋

⃒⃒⃒⃒
(3.21)
≤ 𝐶𝜋

∫︁
1

2

⃒⃒⃒
ℛ𝑘(𝑓1)

2 −ℛ𝑘(𝑓2)
2
⃒⃒⃒
+
⃒⃒⃒
log(𝑔(𝜕𝑘𝑓1))− log(𝑔(𝜕𝑘(𝑓2))

⃒⃒⃒
d𝜂

(3.23)
≤ 𝐶𝜋

2
‖ℛ𝑘(𝑓1) +ℛ𝑘(𝑓2)‖𝐿2

𝜂≤𝑘
‖ℛ𝑘(𝑓1)−ℛ𝑘(𝑓2)‖𝐿2

𝜂≤𝑘
+ 𝐶𝜋𝐿‖𝜕𝑘𝑓1 − 𝜕𝑘𝑓2‖𝐿2

𝜂≤𝑘

(3.20)
≤ 𝐶𝜋

‖ℛ𝑘(𝑓1)‖𝐿2
𝜂≤𝑘

+ ‖ℛ𝑘(𝑓2)‖𝐿2
𝜂≤𝑘

2
𝐶‖𝑓1 − 𝑓2‖𝑉𝑘 + 𝐶𝜋𝐿‖𝑓1 − 𝑓2‖𝑉𝑘 .

This shows that ℒ𝑘 : 𝑉𝑘 → R is continuous. To show that ℒ𝑘 is differentiable, we let

𝑓, 𝜀 ∈ 𝑉𝑘 so that

ℒ𝑘(𝑓 + 𝜀) =

∫︁ (︂
1

2
ℛ𝑘(𝑓 + 𝜀)2 − log(𝜕𝑘ℛ𝑘(𝑓 + 𝜀))

)︂
d𝜋

=

∫︁ (︂
1

2
ℛ𝑘(𝑓)(𝑥)

2 +ℛ𝑘(𝑓)(𝑥)𝜀(𝑥<𝑘, 0)

+ ℛ𝑘(𝑓)(𝑥)

(︂∫︁ 𝑥𝑘

0

𝑔′
(︀
𝜕𝑘𝑓(𝑥<𝑘, 𝑡)

)︀
𝜕𝑘𝜀(𝑥<𝑘, 𝑡)d𝑡

)︂)︂
𝜋(𝑥)d𝑥

−
∫︁

log ∘𝑔(𝜕𝑘𝑓) + (log ∘𝑔)′(𝜕𝑘𝑓)𝜕𝑘𝜀d𝜋 +𝒪(‖𝜀‖2𝑉𝑘)

= ℒ𝑘(𝑓) + ℓ(𝜀) +𝒪(‖𝜀‖2𝑉𝑘)
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where ℓ : 𝑉𝑘 → R is the linear form defined by

ℓ(𝜀) =

∫︁
ℛ𝑘(𝑓)(𝑥)

(︂
𝜀(𝑥<𝑘, 0) +

∫︁ 𝑥𝑘

0

𝑔′
(︀
𝜕𝑘𝑓(𝑥<𝑘, 𝑡)

)︀
𝜕𝑘𝜀(𝑥<𝑘, 𝑡)d𝑡

)︂
− (log ∘𝑔)′(𝜕𝑘𝑓(𝑥))𝜕𝑘𝜀(𝑥) 𝜋(𝑥)d𝑥.

If ℓ is continuous, meaning if there exists a constant 𝐶ℓ such that |ℓ(𝜀)| ≤ 𝐶ℓ‖𝜀‖𝑉𝑘
for any 𝜀 ∈ 𝑉𝑘, then the Riesz representation theorem states that there exists a

vector ∇𝒥𝑘(𝑓) ∈ 𝑉𝑘 such that ℓ(𝜀) = ⟨∇𝒥𝑘(𝑓), 𝜀⟩𝑉𝑘 . This proves 𝒥 is differentiable

everywhere.

To show that ℓ is continuous, we write

|ℓ(𝜀)|
(3.21)
≤ 𝐶𝜋

∫︁ ⃒⃒⃒
ℛ𝑘(𝑓)(𝑥)

(︂
𝜀(𝑥<𝑘, 0) +

∫︁ 𝑥𝑘

0

𝑔′
(︀
𝜕𝑘𝑓(𝑥<𝑘, 𝑡)

)︀
𝜕𝑘𝜀(𝑥<𝑘, 𝑡)d𝑡

)︂ ⃒⃒⃒
𝜂≤𝑘(𝑥)d𝑥

+ 𝐶𝜋

∫︁ ⃒⃒⃒
(log ∘𝑔)′(𝜕𝑘𝑓(𝑥))𝜕𝑘𝜀(𝑥)

⃒⃒⃒
𝜂≤𝑘(𝑥)d𝑥

(3.23)
≤ 𝐶𝜋‖ℛ𝑘(𝑓)‖𝐿2

𝜂≤𝑘

√︃∫︁ ⃒⃒⃒
𝜀(𝑥<𝑘, 0) +

∫︁ 𝑥𝑘

0

𝑔′
(︀
𝜕𝑘𝑓(𝑥<𝑘, 𝑡)

)︀
𝜕𝑘𝜀(𝑥<𝑘, 𝑡)d𝑡

⃒⃒⃒2
𝜂≤𝑘(𝑥)d𝑥

+ 𝐶𝜋𝐿‖𝜕𝑘𝜀‖𝐿2
𝜂≤𝑘

(3.22)
≤ 𝐶𝜋‖ℛ𝑘(𝑓)‖𝐿2

𝜂≤𝑘

√︃
2𝐶𝑇‖𝜀‖2𝑉𝑘 + 2𝐶𝐻𝐿2

∫︁ ⃒⃒
𝜕𝑘𝜀(𝑥))

⃒⃒2
𝜂≤𝑘(𝑥)d𝑥+ 𝐶𝜋𝐿‖𝜕𝑘𝜀‖𝐿2

𝜂≤𝑘

≤ 𝐶𝜋

(︁
‖ℛ𝑘(𝑓)‖𝐿2

𝜂≤𝑘

√︀
2𝐶𝑇 + 2𝐶𝐻𝐿2 + 𝐿

)︁
‖𝜀‖𝑉𝑘 .

This concludes the proof.

A.6 Proof of the local Lipschitz regularity (3.25)

Proposition 19. In addition to the assumptions of Proposition 2, we further assume

there exists a constant 𝐿 <∞ such that for all 𝜉, 𝜉′ ∈ R we have

|𝑔′(𝜉)− 𝑔′(𝜉′)| ≤ 𝐿|𝜉 − 𝜉′| (A.10)

|(log ∘𝑔)′(𝜉)− (log ∘𝑔)′(𝜉′)| ≤ 𝐿|𝜉 − 𝜉′|. (A.11)
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Then there exists 𝑀 <∞ such that

‖∇ℒ𝑘(𝑓1)−∇ℒ𝑘(𝑓2)‖𝑉𝑘 ≤𝑀(1 + ‖ℛ𝑘(𝑓2)‖𝑉𝑘)‖𝑓1 − 𝑓2‖𝑉 𝑘
,

for any 𝑓1, 𝑓2 ∈ 𝑉 𝑘, where 𝑉 𝑘 = {𝑓 ∈ 𝑉𝑘, 𝜕𝑘𝑓 ∈ 𝐿∞} is the space endowed with the

norm ‖𝑓‖𝑉 𝑘
= ‖𝑓‖𝑉𝑘 + ‖𝜕𝑘𝑓‖𝐿∞.

Proof. Recall the definition (3.24) of ∇ℒ𝑘(𝑓)

⟨∇ℒ𝑘(𝑓), 𝜀⟩𝑉𝑘 =

∫︁
ℛ𝑘(𝑓)(𝑥)

(︂
𝜀(𝑥<𝑘, 0) +

∫︁ 𝑥𝑘

0

𝑔′
(︀
𝜕𝑘𝑓(𝑥<𝑘, 𝑡)

)︀
𝜕𝑘𝜀(𝑥<𝑘, 𝑡)d𝑡

)︂
𝜋(𝑥)d𝑥

−
∫︁

(log ∘𝑔)′(𝜕𝑘𝑓(𝑥))𝜕𝑘𝜀(𝑥)𝜋(𝑥)d𝑥.

Then for any 𝑓1, 𝑓2 ∈ 𝑉 𝑘. we can write

⟨∇ℒ𝑘(𝑓1)−∇ℒ𝑘(𝑓2), 𝜀⟩𝑉𝑘 = 𝐴+𝐵 + 𝐶 +𝐷,

where

𝐴 =

∫︁ (︁
ℛ𝑘(𝑓1)(𝑥)−ℛ𝑘(𝑓2)(𝑥)

)︁
𝜀(𝑥<𝑘, 0)𝜋(𝑥)d𝑥

𝐵 =

∫︁ (︁
ℛ𝑘(𝑓1)(𝑥)−ℛ𝑘(𝑓2)(𝑥)

)︁(︂∫︁ 𝑥𝑘

0

𝑔′(𝜕𝑘𝑓1(𝑥<𝑘, 𝑡))𝜕𝑘𝜀(𝑥<𝑘, 𝑡)d𝑡

)︂
𝜋(𝑥)d𝑥

𝐶 =

∫︁
ℛ𝑘(𝑓2)(𝑥)

(︂∫︁ 𝑥𝑘

0

(︁
𝑔′(𝜕𝑘𝑓1(𝑥<𝑘, 𝑡))− 𝑔′(𝜕𝑘𝑓2(𝑥<𝑘, 𝑡))

)︁
𝜕𝑘𝜀(𝑥<𝑘, 𝑡)d𝑡

)︂
𝜋(𝑥)d𝑥

𝐷 =

∫︁ (︁
(log ∘𝑔)′(𝜕𝑘𝑓1(𝑥))− (log ∘𝑔)′(𝜕𝑘𝑓2(𝑥))

)︁
𝜕𝑘𝜀(𝑥)𝜋(𝑥)d𝑥.

For the first term 𝐴 we write

|𝐴|
(3.21)
≤ 𝐶𝜋

∫︁ ⃒⃒⃒
ℛ𝑘(𝑓1)(𝑥)−ℛ𝑘(𝑓2)(𝑥)

⃒⃒⃒
|𝜀(𝑥<𝑘, 0)|𝜂(𝑥)d𝑥

≤ 𝐶𝜋‖ℛ𝑘(𝑓1)−ℛ𝑘(𝑓2)‖𝑉𝑘
(︂∫︁
|𝜀(𝑥<𝑘, 0)|2𝜂<𝑘(𝑥)d𝑥

)︂1/2

(3.17)
≤ 𝐶𝜋

√︀
𝐶𝑇‖ℛ𝑘(𝑓1)−ℛ𝑘(𝑓2)‖𝑉𝑘‖𝜀‖𝑉𝑘

(3.20)
≤ 𝐶𝜋

√︀
𝐶𝑇𝐶‖𝑓1 − 𝑓2‖𝑉𝑘‖𝜀‖𝑉𝑘 .
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For the second term 𝐵 we write

|𝐵|
(3.21)
≤ 𝐶𝜋‖ℛ𝑘(𝑓1)−ℛ𝑘(𝑓2)‖𝑉𝑘

(︃∫︁ (︂∫︁ 𝑥𝑘

0

𝑔′(𝜕𝑘𝑓1(𝑥<𝑘, 𝑡))𝜕𝑘𝜀(𝑥<𝑘, 𝑡)d𝑡

)︂2

𝜂(𝑥)d𝑥

)︃1/2

(A.3)
(3.20)
≤ 𝐶𝜋

√︀
𝐶𝐻𝐶‖𝑓1 − 𝑓2‖𝑉𝑘

(︁∫︁ (︂
𝑔′(𝜕𝑘𝑓1(𝑥≤𝑘))𝜕𝑘𝜀(𝑥≤𝑘)

)︁2
𝜂(𝑥)d𝑥

)︂1/2

(3.22)
≤ 𝐶𝜋

√︀
𝐶𝐻𝐶𝐿‖𝑓1 − 𝑓2‖𝑉𝑘

(︁∫︁ (︂
𝜕𝑘𝜀(𝑥≤𝑘)

)︁2
𝜂(𝑥)d𝑥

)︂1/2

≤ 𝐶𝜋
√︀
𝐶𝐻𝐶𝐿‖𝑓1 − 𝑓2‖𝑉𝑘‖𝜀‖𝑉𝑘 .

For the third term 𝐶 we write

|𝐶|
(3.21)
≤ 𝐶𝜋‖ℛ𝑘(𝑓2)‖𝑉𝑘

(︃∫︁ (︂∫︁ 𝑥𝑘

0

(︁
𝑔′(𝜕𝑘𝑓1(𝑥<𝑘, 𝑡))− 𝑔′(𝜕𝑘𝑓2(𝑥<𝑘, 𝑡))

)︁
𝜕𝑘𝜀(𝑥<𝑘, 𝑡)d𝑡

)︂2

𝜂(𝑥)d𝑥

)︃1/2

(A.3)
≤ 𝐶𝜋

√︀
𝐶𝐻‖ℛ𝑘(𝑓2)‖𝑉𝑘

(︂∫︁ (︁(︁
𝑔′(𝜕𝑘𝑓1(𝑥≤𝑘))− 𝑔′(𝜕𝑘𝑓2(𝑥≤𝑘))

)︁
𝜕𝑘𝜀(𝑥≤𝑘)

)︁2
𝜂(𝑥)d𝑥

)︂1/2

≤ 𝐶𝜋
√︀
𝐶𝐻‖ℛ𝑘(𝑓2)‖𝑉𝑘

(︁
ess sup

⃒⃒⃒
𝑔′ ∘ 𝜕𝑘𝑓1 − 𝑔′ ∘ 𝜕𝑘𝑓2

⃒⃒⃒)︁ (︂∫︁
(𝜕𝑘𝜀(𝑥≤𝑘))

2 𝜂(𝑥)d𝑥

)︂1/2

(A.10)
≤ 𝐶𝜋

√︀
𝐶𝐻𝐿‖ℛ𝑘(𝑓2)‖𝑉𝑘

(︁
ess sup

⃒⃒⃒
𝜕𝑘𝑓1 − 𝜕𝑘𝑓2

⃒⃒⃒)︁
‖𝜀‖𝑉𝑘

≤ 𝐶𝜋
√︀
𝐶𝐻𝐿‖ℛ𝑘(𝑓2)‖𝑉𝑘‖𝑓1 − 𝑓2‖𝑉 𝑘

‖𝜀‖𝑉𝑘 .

For the last term 𝐷 we write

|𝐷|
(3.21)
≤ 𝐶𝜋

(︂∫︁ (︁
(log ∘𝑔)′(𝜕𝑘𝑓1(𝑥))− (log ∘𝑔)′(𝜕𝑘𝑓2(𝑥))

)︁2
𝜂(𝑥)d𝑥

)︂1/2

‖𝜀‖𝑉𝑘
(A.11)
≤ 𝐶𝜋𝐿

(︂∫︁ (︁
𝜕𝑘𝑓1(𝑥)− 𝜕𝑘𝑓2(𝑥)

)︁2
𝜂(𝑥)d𝑥

)︂1/2

‖𝜀‖𝑉𝑘

≤ 𝐶𝜋𝐿‖𝑓1 − 𝑓2‖𝑉𝑘‖𝜀‖𝑉𝑘 .

Thus, because ‖𝑓1 − 𝑓2‖𝑉𝑘 ≤ ‖𝑓1 − 𝑓2‖𝑉 𝑘
we obtain

|⟨∇ℒ𝑘(𝑓1)−∇ℒ𝑘(𝑓2), 𝜀⟩𝑉𝑘 |
‖𝜀‖𝑉𝑘

≤ 𝐶𝜋

(︁√︀
𝐶𝑇𝐶 +

√︀
𝐶𝐻𝐶𝐿+

√︀
𝐶𝐻𝐿‖ℛ𝑘(𝑓2)‖𝑉𝑘 + 𝐿

)︁
‖𝑓1 − 𝑓2‖𝑉 𝑘

≤𝑀(1 + ‖ℛ𝑘(𝑓2)‖𝑉𝑘)‖𝑓1 − 𝑓2‖𝑉 𝑘
,
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where

𝑀 = 𝐶𝜋max{
√︀
𝐶𝑇𝐶 +

√︀
𝐶𝐻𝐶𝐿+ 𝐿;

√︀
𝐶𝐻𝐿}.

This concludes the proof.

A.7 Proof of Proposition 3

Proof. Let 𝑠1, 𝑠2 ∈ 𝑉𝑘 be strictly increasing functions with respect to 𝑥𝑘 that satisfy

𝜕𝑘𝑠𝑖(𝑥≤𝑘) ≥ 𝑐 for 𝑖 = 1, 2. By the Lipschitz property of 𝑔−1 on the domain [𝑐,∞)

with constant 𝐿𝑐, we can write

‖𝜕𝑘ℛ−1
𝑘 (𝑠1)− 𝜕𝑘ℛ−1

𝑘 (𝑠2)‖2𝐿2
𝜂≤𝑘

=

∫︁
(𝑔−1(𝜕𝑘𝑠1(𝑥≤𝑘))− 𝑔−1(𝜕𝑘𝑠2(𝑥≤𝑘)))

2𝜂≤𝑘(𝑥)d𝑥

≤ 𝐿2
𝑐

∫︁
(𝜕𝑘𝑠1(𝑥≤𝑘)− 𝜕𝑘𝑠2(𝑥≤𝑘))

2𝜂≤𝑘(𝑥)d𝑥

≤ 𝐿2
𝑐‖𝑠1 − 𝑠2‖2𝑉𝑘 . (A.12)

Applying Proposition 3.3.1 for 𝑠1, 𝑠2 ∈ 𝑉𝑘 and Lemma A.4.1 for 𝜕𝑘ℛ−1
𝑘 (𝑠𝑖) =

𝑔−1(𝜕𝑘𝑠𝑖) ∈ 𝐿2
𝜂≤𝑘

with 𝑖 = 1, 2 we have

‖ℛ−1
𝑘 (𝑠1)−ℛ−1

𝑘 (𝑠2)‖2𝐿2
𝜂≤𝑘
≤ 2

∫︁
(𝑠1(𝑥<𝑘, 0)− 𝑠2(𝑥<𝑘, 0))2 𝜂≤𝑘(𝑥)𝑑𝑥

+ 2

∫︁ (︂∫︁ 𝑥

0

𝑔−1(𝜕𝑘𝑠1)− 𝑔−1(𝜕𝑘𝑠2)d𝑡
)︂2

𝜂≤𝑘(𝑥)d𝑥

≤ 2𝐶𝑇‖𝑠1 − 𝑠2‖2𝑉𝑘
+ 2𝐶𝐻

∫︁
(𝑔−1(𝜕𝑘𝑠1(𝑥≤𝑘))− 𝑔−1(𝜕𝑘𝑠2(𝑥≤𝑘)))

2𝜂≤𝑘(𝑥)d𝑥

≤ (2𝐶𝑇 + 2𝐶𝐻𝐿
2
𝑐)‖𝑠1 − 𝑠2‖2𝑉𝑘 , (A.13)

(A.14)

where the last inequality follows from the continuity of the partial derivative in (A.12).

Combining (A.12) with (A.13), we obtain (3.27) with 𝐶𝑐 = (2𝐶𝑇 + 2𝐶𝐻𝐿
2
𝑐).

It remains to show that ‖ℛ−1
𝑘 (𝑠)‖𝑉𝑘 <∞ for any 𝑠 ∈ 𝑉𝑘,𝑔(𝑀). Letting 𝑠1 = 𝑠 and
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𝑠2 = 𝑔(0)𝑥𝑘, the triangle inequality yields

‖ℛ−1
𝑘 (𝑠)‖𝑉𝑘 ≤ ‖ℛ−1

𝑘 (𝑔(0)𝑥𝑘)‖𝑉𝑘 + 𝐶𝑀‖𝑠− 𝑔(0)𝑥𝑘‖𝑉𝑘 .

The function ℛ−1
𝑘 (𝑔(0)𝑥𝑘) is zero. Therefore, ‖ℛ−1

𝑘 (𝑠)‖𝑉𝑘 ≤ 𝐶𝑀‖𝑠 − 𝑔(0)𝑥𝑘‖𝑉𝑘 ≤
𝐶𝑀(‖𝑠‖𝑉𝑘+‖𝑔(0)𝑥𝑘‖𝑉𝑘). For a linear function, ‖𝑔(0)𝑥𝑘‖2𝑉𝑘 = ‖𝑔(0)𝑥𝑘‖2𝐿2

𝜂≤𝑘

+‖𝑔(0)‖2𝐿2
𝜂≤𝑘

is finite, and so ‖ℛ−1
𝑘 (𝑠)‖𝑉𝑘 < ∞ for 𝑠 ∈ 𝑉𝑘. Furthermore, if 𝜕𝑘𝑠 ≥ 𝑐 > 0, then

𝜕𝑘ℛ−1
𝑘 (𝑠) = 𝑔−1(𝜕𝑘𝑠) ≥ 𝑔−1(𝑐) > −∞ and so ess infℛ−1

𝑘 (𝑠) > −∞.

A.8 Proof of Proposition 4

Proof. To show that ℛ𝑘(𝑉𝑘) = {ℛ(𝑓) : 𝑓 ∈ 𝑉𝑘} is convex, let 𝑓1, 𝑓2 ∈ 𝑉𝑘 and

0 ≤ 𝛼 ≤ 1. We need to show that there exists 𝑓𝛼 ∈ 𝑉𝑘 such that ℛ(𝑓𝛼) = 𝑆𝛼 where

𝑆𝛼 := 𝛼ℛ𝑘(𝑓1) + (1− 𝛼)ℛ𝑘(𝑓2).

Let

𝑓𝛼(𝑥≤𝑘) := ℛ−1(𝑆𝛼)(𝑥≤𝑘) = 𝑆𝛼(𝑥<𝑘, 0) +

∫︁ 𝑥𝑘

0

𝑔−1(𝜕𝑘𝑆𝛼(𝑥<𝑘, 𝑡))d𝑡.

It remains to show that 𝑓𝛼 ∈ 𝑉𝑘, meaning that 𝑓𝛼 ∈ 𝐿2
𝜂≤𝑘

and 𝜕𝑘𝑓𝛼 ∈ 𝐿2
𝜂≤𝑘

. By

convexity of 𝜉 ↦→ 𝑔−1(𝜉)2, we have

‖𝜕𝑘𝑓𝛼‖2𝐿2
𝜂≤𝑘

=

∫︁
𝑔−1
(︀
𝛼𝜕𝑘ℛ𝑘(𝑓1) + (1− 𝛼)𝜕𝑘ℛ𝑘(𝑓1)

)︀2d𝜂≤𝑘
=

∫︁
𝑔−1
(︀
𝛼𝑔(𝜕𝑘𝑓1) + (1− 𝛼)𝑔(𝜕𝑘𝑓2)

)︀2d𝜂≤𝑘
≤
∫︁
𝛼𝑔−1(𝑔(𝜕𝑘𝑓1))

2 + (1− 𝛼)𝑔−1(𝑔(𝜕𝑘𝑓1))
2d𝜂≤𝑘

= 𝛼‖𝜕𝑘𝑓1‖2𝐿2
𝜂≤𝑘

+ (1− 𝛼)‖𝜕𝑘𝑓2‖2𝐿2
𝜂≤𝑘
. (A.15)
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Thus 𝜕𝑘𝑓𝛼 ∈ 𝐿2
𝜂≤𝑘

. Furthermore we have

‖𝑓𝛼‖2𝐿2
𝜂≤𝑘

=

∫︁ (︂
𝑆𝛼(𝑥<𝑘, 0) +

∫︁ 𝑥𝑘

0

𝑔−1(𝜕𝑘𝑆𝛼(𝑥<𝑘, 𝑡))d𝑡
)︂2

𝜂≤𝑘(𝑥)d𝑥

≤ 2

∫︁
𝑆𝛼(𝑥<𝑘, 0)

2𝜂<𝑘(𝑥<𝑘)d𝑥+ 2

∫︁ (︂∫︁ 𝑥𝑘

0

𝑔−1(𝜕𝑘𝑆𝛼(𝑥<𝑘, 𝑡))d𝑡
)︂2

𝜂≤𝑘(𝑥)d𝑥.

To show that the above quantity is finite, Theorem 3.17 permits us to write

∫︁
𝑆𝛼(𝑥<𝑘, 0)

2𝜂<𝑘(𝑥<𝑘)d𝑥 =

∫︁ (︁
𝛼𝑓1(𝑥<𝑘, 0) + (1− 𝛼)𝑓2(𝑥<𝑘, 0)

)︁2
𝜂<𝑘(𝑥<𝑘)d𝑥

≤ 𝐶𝑇‖𝛼𝑓1 + (1− 𝛼)𝑓2‖2𝑉𝑘 ,

which is finite. Finally, because 𝑔−1(𝜕𝑘𝑆𝛼) = 𝜕𝑘𝑓𝛼 ∈ 𝐿2
𝜂≤𝑘

by (A.15), Lemma A.4.1

yields

∫︁ (︂∫︁ 𝑥𝑘

0

𝑔−1(𝜕𝑘𝑆𝛼(𝑥<𝑘, 𝑡))d𝑡
)︂2

𝜂≤𝑘(𝑥)d𝑥 ≤ 𝐶𝐻

∫︁
𝑔−1(𝜕𝑘𝑆𝛼(𝑥≤𝑘))

2𝜂≤𝑘(𝑥)d𝑥

= 𝐶𝐻‖𝜕𝑘𝑓𝛼‖2𝐿2
𝜂≤𝑘
,

which is finite. We deduce that 𝑓𝛼 ∈ 𝐿2
𝜂≤𝑘

and therefore that 𝑓𝛼 ∈ 𝑉𝑘.

A.9 Proof for the KR rearrangement

Proof. Let 𝑆KR,𝑘 be the 𝑘th component of the KR rearrangement, given by composing

the inverse CDF of the standard Gaussian marginal 𝐹𝜂,𝑘(𝑥𝑘) with the CDF of the

target’s 𝑘th marginal conditional 𝐹𝜋𝑘(𝑥𝑘|𝑥<𝑘). That is,

𝑆KR,𝑘(𝑥≤𝑘) = 𝐹−1
𝜂𝑘
∘ 𝐹𝜋𝑘(𝑥𝑘|𝑥<𝑘). (A.16)

Differentiating the above formula yields

𝜕𝑘𝑆KR,𝑘(𝑥≤𝑘) =
𝜋𝑘(𝑥𝑘|𝑥<𝑘)

𝜂𝑘(𝑆KR,𝑘(𝑥≤𝑘))
=
𝜋𝑘(𝐹

−1
𝜋𝑘

(𝐹𝜋𝑘(𝑥𝑘|𝑥<𝑘)|𝑥<𝑘)|𝑥<𝑘)
𝜂𝑘(𝐹−1

𝜂𝑘
∘ 𝐹𝜋𝑘(𝑥𝑘|𝑥<𝑘))

, (A.17)
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where 𝐹−1
𝜋𝑘

(·|𝑥<𝑘) denotes the inverse of the map 𝑥𝑘 ↦→ 𝐹𝜋𝑘(𝑥𝑘|𝑥<𝑘) for each 𝑥<𝑘 ∈
R𝑘−1.

The goal is to show 𝑆KR,𝑘 ∈ 𝑉𝑘, that is 𝑆KR,𝑘 ∈ 𝐿2
𝜂≤𝑘

and 𝜕𝑘𝑆KR,𝑘 ∈ 𝐿2
𝜂≤𝑘

. To

do so, it is sufficient to characterize the tail behavior of the map. Without loss of

generality we consider the left tail. From condition (3.31), we have

𝐹−1
𝜂𝑘

(𝑐𝑘𝐹𝜂𝑘(𝑥𝑘)) ≤ 𝑆KR,𝑘(𝑥𝑘|𝑥<𝑘) ≤ 𝐹−1
𝜂𝑘

(𝐶𝑘𝐹𝜂𝑘(𝑥𝑘)).

for all 𝑥<𝑘 ∈ R𝑘−1. From Theorems 1 and 2 in [38], there exists strictly positive

constants 𝛼𝑖, 𝛽𝑖 > 0 for 𝑖 = 1, 2 such that

𝛼1 exp(−𝛽1𝑥2𝑘) ≤ 𝐹𝜂𝑘(𝑥𝑘) ≤ 𝛼2 exp(−𝛽2𝑥2𝑘) (A.18)

for 𝑥𝑘 < 0, and so we also have

√︀
1/𝛽2 log(𝛼2/𝑢) ≤ 𝐹−1

𝜂𝑘
(𝑢) ≤

√︀
1/𝛽1 log(𝛼1/𝑢). (A.19)

for 𝑢 < 𝐹𝜂𝑘(0). Combining (A.18) and (A.19)

√︃
1

𝛽2
log

(︂
𝛼2

𝑐𝑘𝛼1

)︂
+
𝛽1
𝛽2
𝑥2𝑘 ≤ 𝑆KR,𝑘(𝑥𝑘|𝑥<𝑘) ≤

√︃
1

𝛽1
log

(︂
𝛼1

𝐶𝑘𝛼2

)︂
+
𝛽2
𝛽1
𝑥2𝑘

for all 𝑥<𝑘 ∈ R𝑘−1 and 𝑥𝑘 < 0. Thus, 𝑆KR,𝑘(𝑥𝑘|𝑥<𝑘) = 𝒪(𝑥𝑘) as 𝑥𝑘 → −∞. Given

that the squared moments of 𝜂𝑘 are finite, we have 𝑆KR,𝑘 ∈ 𝐿2
𝜂𝑘

.

To bound the derivative 𝜕𝑘𝑆KR,𝑘 in (A.17) we consider the following limit

lim
𝑥𝑘→−∞

𝜕𝑘𝑆KR,𝑘(𝑥≤𝑘) = lim
𝑢→0+

𝜋𝑘(𝐹
−1
𝜋𝑘

(𝑢|𝑥<𝑘)|𝑥<𝑘)
𝜂𝑘(𝐹−1

𝜂𝑘
(𝑢))

= lim
𝑢→0+

(𝐹−1
𝜂,𝑘 )

′(𝑢)

(𝐹−1
𝜋𝑘

)′(𝑢|𝑥<𝑘)

= lim
𝑢→0+

𝐹−1
𝜂𝑘

(𝑢)

𝐹−1
𝜋𝑘

(𝑢|𝑥<𝑘)
, (A.20)

where in the second equality we used the implicit function theorem and the third
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equality follows from l’Hôpital’s rule. To analyze the ratio 𝐹−1
𝜂𝑘

(𝑢)/𝐹−1
𝜋𝑘

(𝑢|𝑥<𝑘), we

combine the lower bound in (3.31) and the bounds in (A.18) to get

𝐹−1
𝜂𝑘

(𝑢)

𝐹−1
𝜋𝑘

(𝑢|𝑥<𝑘)
≤ 𝐹−1

𝜂𝑘
(𝑢)

𝐹−1
𝜂𝑘

(𝑢/𝑐𝑘)
≤
√︃

𝛽2(log𝛼1 − log(𝑢))

𝛽1(log𝛼2 − log(𝑢/𝑐𝑘))
.

Similarly, from the upper bound in (3.31) and the bounds in (A.18), we have

𝐹−1
𝜂𝑘

(𝑢)

𝐹−1
𝜋𝑘

(𝑢|𝑥<𝑘)
≥ 𝐹−1

𝜂𝑘
(𝑢)

𝐹−1
𝜂𝑘

(𝑢/𝐶𝑘)
≥
√︃

𝛽1(log𝛼2 − log(𝑢))

𝛽2(log𝛼1 − log(𝑢/𝐶𝑘))
.

Thus, 𝜕𝑘𝑆KR,𝑘(𝑥≤𝑘) = 𝒪(1) as 𝑥𝑘 → −∞, and we have 𝜕𝑘𝑆KR,𝑘 ∈ 𝐿2
𝜂𝑘

.

Lastly, taking the limit in (A.20) we have lim𝑥𝑘→−∞ 𝜕𝑘𝑆KR,𝑘(𝑥≤𝑘) ≥
√︀
𝛽1/𝛽2. For

a target distribution 𝜋 with full support, all marginal conditional densities satisfy

𝜋𝑘(𝑥𝑘|𝑥<𝑘) > 0 for each 𝑥≤𝑘 ∈ R𝑘. Given that the 𝜕𝑘𝑆KR,𝑘 does not approach zero as

|𝑥𝑘| → ∞, we can find a strictly positive constant 𝑐𝑘 > 0 such that 𝜕𝑘𝑆KR,𝑘(𝑥≤𝑘) ≥ 𝑐𝑘

for all 𝑥≤𝑘 ∈ R𝑘. This shows that ess inf 𝜕𝑘𝑆KR,𝑘 > 0.
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Appendix B

Additional details for Chapter 3

B.1 Multi-index refinement for the wavelet basis

In this section we show how to greedily enrich the index set Λ for a one-dimensional

wavelet basis parameterized by the tuple of indices (𝑙,𝑚) representing the level 𝑙 and

translation 𝑚 of each wavelet 𝜓(𝑙,𝑚). To define the allowable indices, we construct a

binary tree where each node is indexed by (𝑙,𝑚) and has two children with indices

(𝑙+1, 2𝑚) and (𝑙+1, 2𝑚+1). The root of the tree has index (0, 0) and corresponds to

the mother wavelet 𝜓. Analogously to the downward closed property for polynomial

indices, we only add nodes to the tree (i.e., indices in Λ) if its parents have already

been added. Thus, given any multi-index set Λ𝑡, we define its reduced margin as

ΛRM
𝑡 =

⎧⎨⎩𝛼 = (𝑙,𝑚) ̸∈ Λ𝑡 such that
(𝑙 − 1,𝑚/2) ∈ Λ𝑡 for odd 𝑚

(𝑙 − 1, (𝑚− 1)/2) ∈ Λ𝑡 for even 𝑚

⎫⎬⎭ .

Then, the ATM algorithm with a wavelet basis follows from Algorithm 1 with this

construction for the reduced margin at each iteration.

B.2 Architecture details of alternative methods

In this section we present the details of the alternative methods to ATM that we

consider in Section 3.5.
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For each normalizing flow model, we use the recommended stochastic gradient

descent optimizer with a learning rate of 10−3. We partition 10% of the samples in

each training set to be validation samples and use the remaining samples for training

the model. We select the optimal hyper-parameters for each dataset by fitting the

density with the training data and choosing the parameters that minimize the negative

log-likelihood of the approximate density on the validation samples. We also use the

validation samples to set the termination criteria during the optimization.

We follow the implementation of [186] to define the architectures of these models.

The hyper-parameters we consider for the neural networks in the MDN and NF models

are: 2 hidden layers, 32 hidden units in each layer, {5, 10, 20, 50, 100} centers or flows,

weight normalization, and a dropout probability of {0, 0.2} for regularizing the neural

networks during training. For CKDE and NKDE we select the bandwidth of the kernel

estimators using 5-fold cross-validation.
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Appendix C

Proofs for Chapter 4

Proof of Theorem 4.2.1. The proof contains two steps: we first show the result when

𝑑 = 2, then extend it to 𝑑 > 2.

Assume 𝑑 = 2. The conditional mutual information 𝐼(𝑋𝑖;𝑋𝑗|𝑋−𝑖𝑗) becomes the

mutual information 𝐼(𝑋𝑖;𝑋𝑗), given by

𝐼(𝑋𝑖;𝑋𝑗) =

∫︁
𝜋(𝑥𝑖, 𝑥𝑗) log

(︂
𝜋(𝑥𝑖, 𝑥𝑗)

𝜋(𝑥𝑖)𝜋(𝑥𝑗)

)︂
d𝑥𝑖d𝑥𝑗

=

∫︁
ℎ(𝑥) log

(︂
ℎ(𝑥)∫︀

ℎ(𝑥′)𝜋(𝑥′𝑖)𝜋(𝑥
′
𝑗)d𝑥′𝑖d𝑥′𝑗

)︂
𝜋(𝑥𝑖)𝜋(𝑥𝑗)d𝑥𝑖d𝑥𝑗,

where ℎ(𝑥) = ℎ(𝑥𝑖, 𝑥𝑗) = 𝜋(𝑥𝑖, 𝑥𝑗)/(𝜋(𝑥𝑖)𝜋(𝑥𝑗)). Next we apply the logarithmic

Sobolev inequality to bound 𝐼(𝑋𝑖;𝑋𝑗). To do that, we need to show that the prod-

uct density (𝑥𝑖, 𝑥𝑗) ↦→ 𝜋(𝑥𝑖)𝜋(𝑥𝑗) satisfies the logarithmic Sobolev inequality. By

Theorem 4.4. in [81], (𝑥𝑖, 𝑥𝑗) ↦→ 𝜋(𝑥𝑖)𝜋(𝑥𝑗) has a logarithmic Sobolev constant

𝐶(𝜋(𝑥𝑖)𝜋(𝑥𝑗)) bounded by max{𝐶(𝜋(𝑥𝑖));𝐶(𝜋(𝑥𝑗))}. By Assumption (4.8) the joint

density 𝜋(𝑥𝑖, 𝑥𝑗) has a logarithmic Sobolev inequality bounded by 𝐶0 and therefore

the marginals 𝜋(𝑥𝑖) and 𝜋(𝑥𝑗) satisfy 𝐶(𝜋(𝑥𝑖)) ≤ 𝐶0 and 𝐶(𝜋(𝑥𝑗)) ≤ 𝐶0 (this can

be easily shown by restricting (4.8) to univariate functions ℎ : (𝑥𝑖, 𝑥𝑗) ↦→ ℎ(𝑥𝑖) or

ℎ : (𝑥𝑖, 𝑥𝑗) ↦→ ℎ(𝑥𝑗)). We deduce that the product of marginals satisfies the logarith-
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mic Sobolev inequality with constant 𝐶(𝜋(𝑥𝑖)𝜋(𝑥𝑗)) ≤ 𝐶0. We can write

𝐼(𝑋𝑖;𝑋𝑗) ≤
𝐶0

2

∫︁ ⃦⃦⃦⃦⃦⃦𝜕𝑖 log ℎ(𝑥𝑖, 𝑥𝑗)
𝜕𝑗 log ℎ(𝑥𝑖, 𝑥𝑗)

⃦⃦⃦⃦
⃦⃦
2

2

ℎ(𝑥𝑖, 𝑥𝑗)𝜋(𝑥𝑖)𝜋(𝑥𝑗)d𝑥𝑖d𝑥𝑗

=
𝐶0

2

∫︁ (︂∫︁ (︀
𝜕𝑖 log 𝜋(𝑥𝑖, 𝑥𝑗)− 𝜕𝑖 log 𝜋(𝑥𝑖)

)︀2
𝜋(𝑥𝑗|𝑥𝑖)d𝑥𝑗

)︂
𝜋(𝑥𝑖)d𝑥𝑖

+
𝐶0

2

∫︁ (︂∫︁ (︀
𝜕𝑗 log 𝜋(𝑥𝑖, 𝑥𝑗)− 𝜕𝑗 log 𝜋(𝑥𝑗)

)︀2
𝜋(𝑥𝑖|𝑥𝑗)d𝑥𝑖

)︂
𝜋(𝑥𝑗)d𝑥𝑗. (C.1)

Next we apply the Poincaré inequality to bound the two integrands in the above

expression. By assumption (4.8), the density 𝑥𝑖 ↦→ 𝜋(𝑥𝑖|𝑥𝑗) has a logarithmic Sobolev

constant bounded by 𝐶0 so that it satisfies the Poincaré inequality

∫︁ (︂
𝑓(𝑥𝑖)−

∫︁
𝑓(𝑥′𝑖)𝜋(𝑥

′
𝑖|𝑥𝑗)d𝑥′𝑖

)︂2

𝜋(𝑥𝑖|𝑥𝑗)d𝑥𝑖 ≤ 𝐶0

∫︁
𝑓 ′(𝑥𝑖)

2𝜋(𝑥𝑖|𝑥𝑗)d𝑥𝑖, (C.2)

for any continuously differentiable function 𝑓 : R → R. The Poincaré inequality

(C.2) is classically obtained from a logarithmic Sobolev inequality (4.7) by letting

ℎ = 1 + 𝜀𝑓 and by taking a Taylor expansion as 𝜀→ 0. Notice that

∫︁ (︀
𝜕𝑗 log 𝜋(𝑥

′
𝑖, 𝑥𝑗)

)︀
𝜋(𝑥′𝑖|𝑥𝑗)d𝑥′𝑖 =

∫︁
𝜕𝑗𝜋(𝑥

′
𝑖, 𝑥𝑗)

𝜋(𝑥′𝑖, 𝑥𝑗)

𝜋(𝑥′𝑖, 𝑥𝑗)

𝜋(𝑥𝑗)
d𝑥′𝑖 =

𝜕𝑗
∫︀
𝜋(𝑥′𝑖, 𝑥𝑗)d𝑥

′
𝑖

𝜋(𝑥𝑗)
= 𝜕𝑗 log 𝜋(𝑥𝑗),

so that the Poincaré inequality (C.2) with 𝑓(𝑥𝑖) = 𝜕𝑗 log 𝜋(𝑥𝑖, 𝑥𝑗) yields

∫︁ (︀
𝜕𝑗 log 𝜋(𝑥𝑖, 𝑥𝑗)− 𝜕𝑗 log 𝜋(𝑥𝑗)

)︀2
𝜋(𝑥𝑖|𝑥𝑗)d𝑥𝑖 ≤ 𝐶0

∫︁ (︀
𝜕𝑖𝜕𝑗 log 𝜋(𝑥𝑖, 𝑥𝑗)

)︀2
𝜋(𝑥𝑖|𝑥𝑗)d𝑥𝑖.

In the same way, by permuting 𝑖 and 𝑗, we obtain

∫︁ (︀
𝜕𝑖 log 𝜋(𝑥𝑖, 𝑥𝑗)− 𝜕𝑖 log 𝜋(𝑥𝑖)

)︀2
𝜋(𝑥𝑗|𝑥𝑖)d𝑥𝑗 ≤ 𝐶0

∫︁ (︀
𝜕𝑖𝜕𝑗 log 𝜋(𝑥𝑖, 𝑥𝑗)

)︀2
𝜋(𝑥𝑗|𝑥𝑖)d𝑥𝑗.
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Using the above two inequalities in (C.1) yields

𝐼(𝑋𝑖;𝑋𝑗) ≤
𝐶0

2

∫︁ (︂
𝐶0

∫︁ (︀
𝜕𝑖𝜕𝑗 log 𝜋(𝑥𝑖, 𝑥𝑗)

)︀2
𝜋(𝑥𝑗|𝑥𝑖)d𝑥𝑗

)︂
𝜋(𝑥𝑖)d𝑥𝑖

+
𝐶0

2

∫︁ (︂
𝐶0

∫︁ (︀
𝜕𝑖𝜕𝑗 log 𝜋(𝑥𝑖, 𝑥𝑗)

)︀2
𝜋(𝑥𝑖|𝑥𝑗)d𝑥𝑖

)︂
𝜋(𝑥𝑗)d𝑥𝑗

= 𝐶2
0

∫︁ (︀
𝜕𝑖𝜕𝑗 log 𝜋(𝑥𝑖, 𝑥𝑗)

)︀2
𝜋(𝑥𝑖, 𝑥𝑗)d𝑥𝑖d𝑥𝑗.

This shows that 𝐼(𝑋𝑖;𝑋𝑗) ≤ 𝐶2
0Ω𝑖,𝑗 when 𝑑 = 2.

Assume now that 𝑑 > 2. For any 𝑥−𝑖𝑗 ∈ R𝑑−2, replacing 𝜋(𝑥𝑖, 𝑥𝑗) by 𝜋(𝑥𝑖, 𝑥𝑗|𝑥−𝑖𝑗)

in the previous analysis allows us to write

∫︁
𝜋(𝑥𝑖, 𝑥𝑗|𝑥−𝑖𝑗) log

(︂
𝜋(𝑥𝑖, 𝑥𝑗|𝑥−𝑖𝑗)

𝜋(𝑥𝑖|𝑥−𝑖𝑗)𝜋(𝑥𝑗|𝑥−𝑖𝑗)

)︂
d𝑥𝑖d𝑥𝑗

≤ 𝐶2
0

∫︁ (︀
𝜕𝑖𝜕𝑗 log 𝜋(𝑥𝑖, 𝑥𝑗|𝑥−𝑖𝑗)

)︀2
𝜋(𝑥𝑖, 𝑥𝑗|𝑥−𝑖𝑗)d𝑥𝑖d𝑥𝑗

= 𝐶2
0

∫︁ (︀
𝜕𝑖𝜕𝑗 log 𝜋(𝑥)

)︀2
𝜋(𝑥𝑖, 𝑥𝑗|𝑥−𝑖𝑗)d𝑥𝑖d𝑥𝑗,

where the last equality is obtained by log 𝜋(𝑥𝑖, 𝑥𝑗|𝑥−𝑖𝑗) = log 𝜋(𝑥) − log 𝜋(𝑥−𝑖𝑗).

Multiplying by the marginal 𝜋(𝑥−𝑖𝑗) and integrating over 𝑥−𝑖𝑗 ∈ R𝑑−2 we obtain

(4.9), which concludes the proof.

Proof of Proposition 9. Let 𝜈𝜌 be a measure on R𝑑 that is Markov with respect to a

graph 𝒢 and has a strictly positive density 𝜌. By the Hammersley-Clifford theorem,

the density 𝜌 factorizes as

𝜌(𝑧) =
1

𝒵
∏︁
𝑐∈𝒞

𝜙𝑐(𝑧𝑐), (C.3)

where 𝜙𝑐 are nonnegative potential functions, 𝒵 is a normalizing constant and 𝒞 is

the set of maximal cliques of 𝒢 [119]. A clique is a fully connected subset of nodes

and a maximal clique is a clique that is not a strict subset of another clique.

The pullback density of 𝜌 through a differentiable diagonal transport map 𝐷 is
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given by

𝐷♯𝜌(𝑥) = 𝜌 ∘𝐷(𝑥)| det∇𝐷(𝑥)|

= 𝜌 ∘𝐷(𝑥)
𝑑∏︁
𝑖=1

𝜕𝑖𝐷𝑖(𝑥𝑖)

=
1

𝒵
∏︁
𝑐∈𝒞

𝜙𝑐(𝐷𝑐(𝑥𝑐))
𝑑∏︁
𝑖=1

𝜕𝑖𝐷𝑖(𝑥𝑖),

where 𝐷𝑐 represents the subset of components of 𝐷 corresponding to the nodes in

clique 𝑐. Collecting the derivatives of the map components for the nodes in each

clique, we have

𝐷♯𝜌(𝑥) =
1

𝒵

(︃
𝜙𝑐1(𝐷𝑐1(𝑥𝑐1))

∏︁
𝑖∈𝑐1

𝜕𝑖𝐷𝑖(𝑥𝑖)

)︃⎛⎝𝜙𝑐2(𝐷𝑐2(𝑥𝑐2))
∏︁

𝑖∈𝑐2;𝑖/∈𝑐1

𝜕𝑖𝐷𝑖(𝑥𝑖)

⎞⎠ . . .

⎛⎝𝜙𝑐𝑀 (𝐷𝑐𝑀 (𝑥𝑐𝑀 ))
∏︁

𝑖∈𝑐𝑀 ;𝑖/∈𝑐1,...,𝑐𝑀−1

𝜕𝑖𝐷𝑖(𝑥𝑖)

⎞⎠
≡ 1

𝒵𝜓𝑐1(𝑥𝑐1)𝜓𝑐2(𝑥𝑐2) · · · · · 𝜓𝑐𝑀 (𝑥𝑐𝑀 ), (C.4)

where 𝜓𝑐𝑗(𝑥𝑐𝑗) defines new potential functions of the variables 𝑋𝑐𝑗 in the maximal

clique 𝑐𝑗, and 𝑀 = |𝒞| represents the cardinality of 𝒞. From (C.4), the density of 𝐷♯𝜌

also factorizes according to 𝒢. Thus, by Proposition 3.8 in Lauritzen [119], 𝐷♯𝜈𝜌 is

Markov with respect to 𝒢.

We note that the contrapositive of Proposition 9 immediately follows: If the min-

imal I-map of 𝑆♯𝜈𝜌 is not equivalent to that of 𝜈𝜌, then the map 𝑆 is not diagonal.

Proof of Proposition 10. Let 𝜌 be a strictly positive density on R𝑑 and let 𝐷 be a

differentiable diagonal transport map. The log of the pullback density 𝜋 = 𝐷♯𝜌 is
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given by

log 𝜋(𝑥) = log𝐷♯𝜌(𝑥) = log 𝜌 ∘𝐷(𝑥) + log | det∇𝐷(𝑥)|

= log 𝜌 ∘𝐷(𝑥) +
𝑑∑︁

𝑘=1

log 𝜕𝑘𝐷𝑘(𝑥
𝑘). (C.5)

The partial derivatives of the log-density with respect to 𝑥𝑖, 𝑥𝑗 are given by

𝜕𝑖𝜕𝑗 log 𝜋(𝑥) = 𝜕𝑖𝜕𝑗 log 𝜌 ∘𝐷(𝑥) 𝜕𝑖𝐷𝑖(𝑥𝑖)𝜕𝑗𝐷𝑗(𝑥𝑗),

by using that each term in the log-determinant of the map’s Jacobian only depends

on a single variable. Thus, entry (𝑖, 𝑗) of the conditional independence score for 𝜋 is

given by

Ω𝑖𝑗 =

∫︁
|𝜕𝑖𝜕𝑗 log 𝜌 ∘𝐷(𝑥) 𝜕𝑖𝐷𝑖(𝑥𝑖)𝜕𝑗𝐷𝑗(𝑥𝑗)|2 𝜋(𝑥)𝑑𝑥. (C.6)

Using the measure transformation 𝜈𝜋 = 𝐷♯𝜈𝜌, we rewrite the conditional indepen-

dence score of 𝜋 in (C.6) as the following expectation over 𝜌

Ω𝑖𝑗 =

∫︁ ⃒⃒
𝜕𝑖𝜕𝑗 log 𝜌(𝑧) 𝜕𝑖𝐷𝑖(𝐷

−1
𝑖 (𝑧𝑖))𝜕𝑗𝐷𝑗(𝐷

−1
𝑗 (𝑧𝑗))

⃒⃒2
𝜌(𝑧)𝑑𝑧. (C.7)

Finally, by applying the inverse function theorem to each continuously differentiable

map component to get 𝜕𝑖𝐷𝑖(𝐷
−1
𝑖 (𝑧𝑖)) = 𝜕𝑖𝐷

−1
𝑖 (𝑧𝑖), we arrive at the score in (4.31).

Proof of Proposition 7. For the polynomial degree 𝛽 = 1, the transport map 𝑆 is an

affine function 𝑆(𝑥) = 𝐿(𝑥− c) with an invertible lower triangular matrix 𝐿 ∈ R𝑑×𝑑

and vector c ∈ R𝑑. For this class of transport maps, the minimization problem

in (4.15) becomes

argmax
𝑆

1

𝑛

𝑛∑︁
𝑙=1

log𝑆♯𝜂(𝑋 𝑙) = argmax
𝑆

1

𝑛

𝑛∑︁
𝑙=1

log 𝜂 ∘ 𝑆(𝑋 𝑙) + log | det∇𝑆(𝑋 𝑙)|

= argmax
𝐿,c

1

𝑛

𝑛∑︁
𝑙=1

(︂
−1

2
(𝑋 𝑙 − c)𝑇𝐿𝑇𝐿(𝑋 𝑙 − c) + log det𝐿

)︂
.

(C.8)
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For any invertible matrix 𝐿𝑇𝐿, the optimal c is the empirical mean ̂︀m := 1
𝑛

∑︀𝑛
𝑙=1𝑋

𝑙.

Substituting this value for c in (C.8), the objective for 𝐿 is given by

argmin
𝐿

{︁
Trace

(︁
𝐿𝑇𝐿̂︀Σ)︁− log det

(︀
𝐿𝑇𝐿

)︀}︁
, (C.9)

where ̂︀Σ := 1
𝑛

∑︀𝑛
𝑖=1(𝑋

𝑙 − c)(𝑋 𝑙 − c)𝑇 denotes the empirical covariance matrix and

Trace is the matrix trace operator. Setting the gradient of (C.9) with respect to 𝐿𝑇𝐿

to zero yields the optimal 𝐿 as the inverse of the Cholesky factor of ̂︀Σ (which exists

for 𝑛 ≥ 𝑑). Thus, the pullback density 𝑆♯𝜂 for a standard Gaussian density 𝜂 yields a

multivariate Gaussian approximation to 𝜋 with mean ̂︀m and covariance matrix ̂︀Σ.

Proof of Proposition 8. The proof considers two types of errors: a false positive occurs

when the true score Ω𝑖𝑗 is zero but the threshold estimate Ω𝑖𝑗 = ̂︀Ω𝑖𝑗1(̂︀Ω𝑖𝑗 > 𝜏𝑖𝑗) is

nonzero; and a false negative occurs when the true score Ω𝑖𝑗 is nonzero but the

threshold estimate Ω𝑖𝑗 is zero.

For each pair of variables (𝑖, 𝑗), let 𝑔 : 𝛼 ↦→ E𝜋|𝜕𝑖𝜕𝑗 log𝑆♯𝛼𝜂(𝑥)|2 be a continuous

function of the coefficients 𝛼. Then, we have ̂︀Ω𝑖𝑗 = 𝑔(̂︀𝛼) (as defined in (4.18)) and̂︀𝜐𝑖𝑗 = (∇𝛼𝑔(̂︀𝛼)𝑇Γ(̂︀𝛼)−1∇𝛼𝑔(̂︀𝛼))1/2 (defined below (4.23)). Assuming that 𝑔 is twice

differentiable, a Taylor expansion of the score estimator around 𝛼* yields

𝑔(̂︀𝛼) = 𝑔(𝛼*)+∇𝛼𝑔(𝛼
*)𝑇 (̂︀𝛼−𝛼*)+

1

2
(̂︀𝛼−𝛼*)𝑇∇2

𝛼𝑔(𝛼
*)(̂︀𝛼−𝛼*)+ 𝑜𝑝(‖̂︀𝛼−𝛼*‖2),

(C.10)

where the remainder is a term that tends to zero in probability.

For conditionally dependent variables, we have 𝑔(𝛼*) = Ω𝑖𝑗 ̸= 0 and, by assump-

tion, ∇𝛼𝑔(𝛼
*) ̸= 0. Therefore, we can truncate the expansion in (C.10) to first-order

terms and from the delta method we have
√
𝑛(̂︀Ω𝑖𝑗 − Ω𝑖𝑗) =

√
𝑛(𝑔(̂︀𝛼) − 𝑔(𝛼*))

𝑑−→
𝒩 (0,∇𝛼𝑔(𝛼

*)𝑇Γ(𝛼*)−1∇𝛼𝑔(𝛼
*)) as 𝑛→∞. From the continuous mapping theorem,̂︀𝜐𝑖𝑗 tends in probability to the constant 𝜐𝑖𝑗 = (∇𝛼𝑔(𝛼

*)𝑇Γ(𝛼*)−1∇𝛼𝑔(𝛼
*))1/2 ̸= 0

(nonzero for positive-definite Fisher information matrix Γ(𝛼*) by the assumption

∇𝛼𝑔(𝛼
*) ̸= 0) as ̂︀𝛼→ 𝛼*. Then from Slutsky’s theorem (Corollary 2.3.2 in [124]), the

ratio
√
𝑛(̂︀Ω𝑖𝑗/̂︀𝜐𝑖𝑗−Ω𝑖𝑗/𝜐𝑖𝑗)

𝑑−→ 𝑅 as 𝑛→∞ where𝑅 ∼ 𝒩
(︀
0,∇𝛼𝑔(𝛼

*)𝑇 Γ(𝛼*)−1∇𝛼𝑔(𝛼
*)/𝜐2𝑖𝑗

)︀
=
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𝒩 (0, 1). Thus, the probability of false negatives given by

P
(︀
Ω𝑖𝑗 = 0;Ω𝑖𝑗 ̸= 0

)︀
= P

(︂̂︀Ω𝑖𝑗 <
𝑓(𝑛)̂︀𝜐𝑖𝑗√

𝑛
; Ω𝑖𝑗 ̸= 0

)︂
= P

(︃
√
𝑛

(︃̂︀Ω𝑖𝑗̂︀𝜐𝑖𝑗 − Ω𝑖𝑗

𝜐𝑖𝑗

)︃
< 𝑓(𝑛)−

√
𝑛Ω𝑖𝑗

𝜐𝑖𝑗
; Ω𝑖𝑗 ̸= 0

)︃
,

asymptotically converges to

P
(︂
𝑅 < 𝑓(𝑛)−

√
𝑛Ω𝑖𝑗

𝜐𝑖𝑗

)︂
≤ 𝑒

− 1
2

(︂
𝑓(𝑛)−

√
𝑛Ω𝑖𝑗
𝜐𝑖𝑗

)︂2

, (C.11)

where the last inequality provides an explicit bound and follows from the Gaussian

tail bound P(𝑅 < 𝑟) ≤ 𝑒−𝑟
2/2 for 𝑟 ≤ −1. For 𝑓(𝑛)/

√
𝑛 → 0, the term 𝑓(𝑛)−

√
𝑛Ω𝑖𝑗

𝜐𝑖𝑗

tends to negative infinity as 𝑛→∞, and therefore, the probability of a false negative

in (C.11) converges to zero for any 𝑓 that grows more slowly than
√
𝑛. Conversely, if

𝑓(𝑛) = 𝑐
√
𝑛 for some 𝑐 ≥ Ω𝑖𝑗/𝜐𝑖𝑗, the left-hand side in (C.11) does not go to zero.

For conditionally independent variables, we have 𝜕𝑖𝜕𝑗 log𝑆♯𝛼*𝜂(𝑥) = 0 for all 𝑥 ∈
R𝑑; thus

𝑔(𝛼*) = E|𝜕𝑖𝜕𝑗 log𝑆♯𝛼*𝜂(𝑋)|2 = 0

and

∇𝛼𝑔(𝛼
*) = 2E[𝜕𝑖𝜕𝑗 log𝑆♯𝛼*𝜂(𝑋)∇𝛼𝜕𝑖𝜕𝑗 log𝑆

♯
𝛼*𝜂(𝑋)] = 0

. Under the assumption that∇2
𝛼𝑔(𝛼

*) ̸= 0, we can truncate the expansion in (C.10) to

second-order terms and approximate ̂︀Ω𝑖𝑗 asymptotically using a quadratic form (i.e.,

a degree two polynomial). By Proposition 2.1 in [61], the Wald statistic 𝑛̂︀Ω2
𝑖𝑗/̂︀𝜐2𝑖𝑗 =

𝑛𝑔(̂︀𝛼)2

∇𝛼𝑔(̂︀𝛼)𝑇Γ(̂︀𝛼)−1∇𝛼𝑔(̂︀𝛼)

𝑑−→ 𝑊 , where the random variable 𝑊 satisfies, by Proposition

3.4 in [61], P(𝑊 ≥ 𝑥) ≤ P(1
4
𝑋 ≥ 𝑥) for 𝑋 ∼ 𝜒2

𝑝 and all 𝑥 > 0. Here, 𝜒2
𝑝 denotes

a chi-squared variable with 𝑝 ≥ 1 degrees of freedom where 𝑝 corresponds to the

dimension of 𝛼. Then, the probability of false positives, which can be written as

P(Ω𝑖𝑗 ̸= 0;Ω𝑖𝑗 = 0) = P
(︂̂︀Ω𝑖𝑗 >

𝑓(𝑛)̂︀𝜐𝑖𝑗√
𝑛

; Ω𝑖𝑗 = 0

)︂
= P

(︃
𝑛̂︀Ω2

𝑖𝑗̂︀𝜐2𝑖𝑗 > 𝑓(𝑛)2; Ω𝑖𝑗 = 0

)︃
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since ̂︀Ω𝑖𝑗 and ̂︀𝜐𝑖𝑗 are non-negative, is asymptotically given by

P
(︀
𝑊 > 𝑓(𝑛)2

)︀
≤ P

(︂
𝑋 − 𝑝 > 4𝑝

(︂
𝑓(𝑛)2

𝑝
− 1

4

)︂)︂
≤ 𝑒−𝑓(𝑛)

2/𝑝+1/4, (C.12)

where the last inequality uses the 𝜒2
𝑝 squared tail bound P(𝑋−𝑝 ≥ 4𝑝𝑥) ≤ P(𝑋−𝑝 ≥

2
√
𝑝𝑥+ 2𝑥) ≤ 𝑒−𝑥 for 𝑥 ≥ 1 (Lemma 1 in [118]). For 𝑓(𝑛)→∞, the right-hand side

in (C.12) and hence the left-hand side converge to zero as 𝑛→∞.

To complete the proof we use a union bound over all pairs (𝑖, 𝑗) to bound the

probability of failing to recover the true edge set

P( ̂︀𝐸𝑛 ̸= 𝐸) ≤
∑︁

(𝑖,𝑗)∈𝐸

P(Ω𝑖𝑗 = 0;Ω𝑖𝑗 ̸= 0) +
∑︁

(𝑖,𝑗)̸∈𝐸

P(Ω𝑖𝑗 ̸= 0;Ω𝑖𝑗 = 0). (C.13)

Using the asymptotic results in (C.11) and (C.12) to bound each term in (C.13) we

have P( ̂︀𝐸𝑛 ̸= 𝐸)→ 0 as 𝑛→∞.
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Appendix D

Proofs for Chapter 5

Proof of Proposition 11. First, we express the density for the output of the composed

map 𝜋𝑐 in (5.23) in terms of the approximate conditional density from using a single

map 𝜋𝑠 as

𝜋𝑐(𝑥) = ̂︀𝑆𝒳 (𝑦*, ·)♯𝜋Z2(𝑥)

= ̂︀𝑆𝒳 (𝑦*, ·)♯
(︂
𝜋Z2(𝑥)

𝜂Z2(𝑥)
𝜂Z2(𝑥)

)︂
=
𝜋Z2(𝑧)

𝜂Z2(𝑧)

⃒⃒⃒⃒
𝑧=̂︀𝑆𝒳 (𝑦*,𝑥)

𝜂Z2(̂︀𝑆𝒳 (𝑦*,𝑥))|∇𝑥
̂︀𝑆𝒳 (𝑦*,𝑥)|

=
𝜋Z2(𝑧)

𝜂Z2(𝑧)

⃒⃒⃒⃒
𝑧=̂︀𝑆𝒳 (𝑦*,𝑥)

𝜋𝑠(𝑥). (D.1)

For any realization of the observation 𝑦*, the KL divergence from the approximate

posterior density 𝜋𝑐 in (D.1) to the true posterior 𝜋X|𝑦* is given by

𝒟KL(𝜋X|𝑦* ||𝜋𝑐) = E𝜋X|𝑦*

[︀
log 𝜋X|𝑦*(X)− log 𝜋𝑐(X)

]︀
= E𝜋X|𝑦*

[︃
log 𝜋X|𝑦*(X)− log 𝜋𝑠(X)− log

𝜋Z2(𝑧)

𝜂Z2(𝑧)

⃒⃒⃒⃒
𝑧=̂︀𝑆𝒳 (𝑦*,X)

]︃

= 𝒟KL(𝜋X|𝑦*||𝜋𝑆)− E𝜋X|𝑦*

[︃
log

𝜋Z2(𝑧)

𝜂Z2(𝑧)

⃒⃒⃒⃒
𝑧=̂︀𝑆𝒳 (𝑦*,X)

]︃
. (D.2)
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Using the change of variables 𝜋X|Y(·|𝑦*) = ̂︀𝑆𝒳 (𝑦*, ·)♯𝜋Z2|Y(·|𝑦*), the second term

in (D.2) is equivalent to

E𝜋X|𝑦*

[︃
log

𝜋Z2(𝑧)

𝜂Z2(𝑧)

⃒⃒⃒⃒
𝑧=̂︀𝑆𝒳 (𝑦*,X)

]︃
= E𝜋Z2|𝑦*

[︂
log

𝜋Z2(Z2)

𝜂Z2(Z2)

]︂
(D.3)

Taking an expectation on both sides of (D.2) over Y* ∼ 𝜋Y we have

E[𝒟KL(𝜋X|Y(·|Y*)||𝜋𝑐)] = E[𝒟KL(𝜋X|Y(·|Y*)||𝜋𝑠)]− E𝜋Z2,Y
*

[︂
log

𝜋Z2(Z2)

𝜂Z2(Z2)

]︂
= E[𝒟KL(𝜋X|Y(·|Y*)||𝜋𝑠)]− E𝜋Z2

[︂
log

𝜋Z2(Z2)

𝜂Z2(Z2)

]︂
= E[𝒟KL(𝜋X|Y(·|Y*)||𝜋𝑠)]−𝒟KL(𝜋Z2||𝜂Z2)

≤ E[𝒟KL(𝜋X|Y(·|Y*)||𝜋𝑠)],

(D.4)

where the last inequality follows from the positivity of the KL divergence. Further-

more, the inequality is strict if the marginal reference density 𝜋Z2 is not equal to the

standard Gaussian density 𝜂Z2 so that 𝒟KL(𝜋Z2||𝜂Z2) ̸= 0.

Proof of Proposition 12. From (5.25), the density for the output of the composed map

is given by

𝜋𝑐(𝑥) =

∫︁
𝜋X|Y(̂︀𝑆𝒳 (𝑦, ·)−1 ∘ ̂︀𝑆𝒳 (𝑦*,𝑥)|𝑦)

⃒⃒⃒
𝜕𝑥 ̂︀𝑆(𝑦, ·)−1 ∘ ̂︀𝑆𝒳 (𝑦*,𝑥)

⃒⃒⃒
𝜋Y(𝑦)𝑑𝑦

=

∫︁
𝜋X|Y(̂︀𝑆𝒳 (𝑦, ·)−1 ∘ 𝐿 ∘ 𝐿−1 ∘ ̂︀𝑆𝒳 (𝑦*,𝑥)|𝑦)⃒⃒⃒
𝜕𝑧 ̂︀𝑆𝒳 (𝑦, ·)−1 ∘ 𝐿(𝑧)

⃒⃒⃒ ⃒⃒⃒
𝜕𝑥𝐿

−1 ∘ ̂︀𝑆𝒳 (𝑦*,𝑥)
⃒⃒⃒
𝜋Y(𝑦)𝑑𝑦

(D.5)

Defining 𝑆𝒳 (𝑦,𝑥) = 𝐿−1 ∘ ̂︀𝑆𝒳 (𝑦,𝑥), we have that 𝑆𝒳 (𝑦, ·)♯𝜋X|𝑦 = 𝜂Z2 for all 𝑦.

Therefore, we can write

𝜋𝑐(𝑥) =

∫︁
(𝑆𝒳 (𝑦*, ·)−1)♯𝑆

𝒳 (𝑦, ·)♯𝜋X|Y(𝑥|𝑦)𝜋Y(𝑦)d𝑦

=

∫︁
(𝑆𝒳 (𝑦*, ·)−1)♯𝜂Z2(𝑥)𝜋Y(𝑦)𝑑𝑦 =

∫︁
𝜋X|𝑦*(𝑥)𝜋Y(𝑦)d𝑦 = 𝜋X|𝑦*(𝑥).

(D.6)
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Appendix E

Proofs for Chapter 7

Proof of Proposition 14. Let ̃︀𝜋X|Y be any density of the form ̃︀𝜋X|Y(𝑥|𝑦) = 𝑓1(𝑦𝑠,𝑥𝑟)𝑓2(𝑥⊥,𝑥𝑟).

Let 𝑓0(𝑥𝑟) =
∫︀
𝑓2(𝑥⊥,𝑥𝑟)d𝑥⊥ and

𝑓 1(𝑦𝑠,𝑥𝑟) = 𝑓1(𝑦𝑠,𝑥𝑟)𝑓0(𝑥𝑟)

𝑓 2(𝑥⊥,𝑥𝑟) = 𝑓2(𝑥⊥,𝑥𝑟)/𝑓0(𝑥𝑟),

so that
∫︀
𝑓 2(𝑥⊥,𝑥𝑟)d𝑥⊥ = 1 for all 𝑥𝑟 and

∫︀
𝑓 1(𝑦𝑠,𝑥𝑟)d𝑥𝑟 =

∫︀ ̃︀𝜋X|Y(𝑥)d𝑥 = 1 for

all 𝑦𝑠. Then 𝑥𝑟 ↦→ 𝑓 1(𝑦𝑠,𝑥𝑟) and 𝑥𝑟 ↦→ 𝑓 1(𝑦𝑠,𝑥𝑟) can be interpreted as conditional

densities. From the definition of the KL divergence, we have

EY

[︀
𝐷KL(𝜋X|Y(·|Y)||̃︀𝜋X|Y(·|Y))

]︀
− EY

[︀
𝐷KL(𝜋X|Y(·|Y)||𝜋*

X|Y(·|Y))
]︀

= EX,Y[log 𝜋
*
X|Y(X|Y)− log ̃︀𝜋X|Y(X|Y)]

= EX,Y[log 𝜋Y𝑠|X𝑟(Y𝑠|X𝑟)𝜋X⊥|X𝑟(X⊥|X𝑟)− log 𝑓 1(Y𝑠,X𝑟)𝑓 2(X⊥,X𝑟)]

= EX,Y

[︂
log

𝜋Y𝑠|X𝑟(Y𝑠|X𝑟)

𝑓 1(Y𝑠,X𝑟)
− log

𝜋X⊥|X𝑟(X⊥|X𝑟)

𝑓 2(X⊥,X𝑟)

]︂
= EX𝑟

[︂
EY𝑠|X𝑟

[︂
log

𝜋Y𝑠|X𝑟(Y𝑠|X𝑟)

𝑓 1(Y𝑠,X𝑟)

]︂
+ EX⊥|X𝑟

[︂
log

𝜋X⊥|X𝑟(X⊥|X𝑟)

𝑓 2(X⊥,X𝑟)

]︂]︂
= EX𝑟

[︀
𝐷KL(𝜋Y𝑠|X𝑟(·|X𝑟)||𝑓 1(·,X𝑟)) +𝐷KL(𝜋X⊥|X𝑟(·|X𝑟)||𝑓 2(·,X𝑟))

]︀
(E.1)

By the positivity of the two KL divergence terms in (E.1), we have the result in (7.6).
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Proof of Proposition 16. Let 𝜋X,Y be a joint density of (X,Y) with posterior density

𝜋X|Y(𝑥|𝑦) =
𝜋Y|X(𝑦|𝑥)𝜋X(𝑥)

𝜋Y(𝑦)
.

Let the density for the optimal posterior approximation be

𝜋*
X|Y(𝑥|𝑦) =

𝜋Y𝑠|X𝑟(𝑦𝑠|𝑥𝑟)𝜋X⊥|X𝑟(𝑥⊥|𝑥𝑟)
𝜋*
Y(𝑦𝑠)

,

where 𝜋Y𝑠|X𝑟 =
∫︀
𝜋Y|X(𝑦|𝑥⊥,𝑥𝑟)𝜋(𝑥⊥|𝑥𝑟)d𝑥⊥d𝑦⊥ = 𝜋(𝑦𝑠|𝑥𝑟) is the approximate

likelihood function. For this likelihood, the approximate data marginal satisfies

𝜋*
Y(𝑦𝑠) =

∫︁
𝜋Y𝑠|X𝑟(𝑦𝑠|𝑥𝑟)𝜋X𝑟(𝑥𝑟)d𝑥𝑟

=

∫︁ ∫︁
𝜋Y|X(𝑦|𝑥)𝜋X(𝑥)d𝑦⊥d𝑥 =

∫︁
𝜋Y𝑠|X(𝑦𝑠|𝑥)𝜋X(𝑥)d𝑥 = 𝜋Y(𝑦𝑠).

The KL divergence from the optimal posterior approximation to the true posterior in

expectation over the data is then given by

EY

[︀
𝐷KL(𝜋X|Y(·|Y)||𝜋*

X|Y(·|Y))
]︀

=

∫︁
𝜋X,Y(𝑥,𝑦) log

𝜋X|Y(𝑥|𝑦)
𝜋*
X|Y(𝑥|𝑦)

d𝑥d𝑦

=

∫︁
𝜋X,Y(𝑥,𝑦) log

𝜋Y|X(𝑦|𝑥)𝜋X(𝑥)/𝜋Y(𝑦)
𝜋Y𝑠|X𝑟(𝑦𝑠|𝑥𝑟)𝜋X(𝑥)/𝜋Y𝑠(𝑦𝑠)

d𝑥d𝑦

=

∫︁
𝜋X,Y(𝑥,𝑦) log

𝜋Y|X(𝑦|𝑥)
𝜋Y(𝑦)

d𝑥d𝑦 −
∫︁
𝜋X,Y(𝑥,𝑦) log

𝜋Y𝑠|X𝑟(𝑦𝑠|𝑥𝑟)
𝜋Y𝑠(𝑦𝑠)

d𝑦

=

∫︁
𝜋X,Y(𝑥,𝑦) log

𝜋Y|X(𝑦|𝑥)
𝜋Y(𝑦)

d𝑥d𝑦⏟  ⏞  
𝐼(X;Y)

−
∫︁
𝜋X𝑟,Y𝑠(𝑥𝑟,𝑦𝑠) log

𝜋Y𝑠|X𝑟(𝑦𝑠|𝑥𝑟)
𝜋Y𝑠(𝑦𝑠)

d𝑥𝑟d𝑦𝑠⏟  ⏞  
𝐼(X𝑟;Y𝑠)

.

(E.2)

Lastly, from the chain rule for mutual information we have

𝐼(X;Y)− 𝐼(X𝑟,Y𝑠) = 𝐼(X𝑟;Y|X⊥)− 𝐼(X,Y𝑠|Y⊥)− 𝐼(X𝑟;Y𝑠|X⊥,Y⊥).
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Proof of Proposition 18. For the linear model Y = 𝐺X + ℰ with X ⊥⊥ ℰ , the co-

variance of Y is Cov(Y) = 𝐺Γpr𝐺
𝑇 + Γobs, and the cross-covariance is Cov(X,Y) =

Γpr𝐺
𝑇 . Hence, the eigenvalue problems in (7.41) and (7.42) can be written as

Γpr𝐺
𝑇 (𝐺Γpr𝐺

𝑇 + Γobs)
−1𝐺Γpr𝑢

CCA
𝑖 = 𝜌𝑖Γpr𝑢

CCA
𝑖 (E.3)

𝐺Γpr𝐺
𝑇𝑣CCA

𝑖 = 𝜌𝑖(𝐺Γpr𝐺
𝑇 + Γobs)𝑣

CCA
𝑖 . (E.4)

Using the Sherman-Morrison-Woodbury formula, we have the matrix identity

𝐺𝑇 (𝐺Γpr𝐺
𝑇 + Γobs)

−1𝐺 = Γ−1
pr (Γ

−1
pr +𝐺𝑇Γ−1

obs𝐺)
−1𝐺𝑇Γ−1

obs𝐺.

Applying this identity to the left hand side of (E.3), the eigenvalue problems in CCA

are also given by

𝐺𝑇Γ−1
obs𝐺Γpr𝑢

CCA
𝑖 =

𝜌𝑖
1− 𝜌𝑖

𝑢CCA
𝑖 ,

𝐺Γpr𝐺
𝑇𝑣CCA

𝑖 =
𝜌𝑖

1− 𝜌𝑖
Γobs𝑣

CCA
𝑖 .

The vectors 𝑢CCA
𝑖 , 𝑣CCA

𝑖 are also eigenvectors of (7.31) and (7.32). Furthermore, given

that 𝜌𝑖/(1 − 𝜌𝑖) is a monotonic function of 𝜌𝑖 ∈ [−1, 1], the eigenvectors are ordered

in the same way as the solutions to (E.3) and (E.4).
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Appendix F

Additional calculations for Chapter 7

Gaussian subspace log-Sobolev constant (7.14). We begin by computing the eigenval-

ues of the joint covariance matrix Cov(X,Y). The eigenvalues are given by the 𝑑+𝑚

roots 𝑠 of the equation det(Cov(X,Y) − 𝑠I𝑑+𝑚) = 0. Without loss of generality, we

let 𝑑 ≥ 𝑚.

From the matrix determinant lemma and the SVD of the forward model 𝐺𝑇 =

𝑈Σ𝑉 𝑇 where 𝑈 ∈ R𝑑×𝑑, 𝑉 ∈ R𝑚×𝑚 are unitary matrices and Σ ∈ R𝑑×𝑚 is a diagonal

matrix containing zeros below row 𝑚, we have

det(Cov(X,Y)− 𝑠I𝑑+𝑚) = det((1− 𝑠)I𝑑) det(𝐺𝐺𝑇 + I𝑚 − 𝑠I𝑚 −𝐺(I𝑑 − 𝑠I𝑑)−1𝐺𝑇 ).

= det((1− 𝑠)I𝑑) det(𝑈(Σ2 + (1− 𝑠)I𝑚 − Σ(1− 𝑠)−1Σ)𝑈𝑇 )

=
𝑑∏︁
𝑖=1

(1− 𝑠)
𝑚∏︁
𝑗=1

(𝜎2
𝑗 (1− (1− 𝑠)−1) + (1− 𝑠)).

=
𝑑∏︁

𝑖=𝑚+1

(1− 𝑠)
𝑚∏︁
𝑗=1

((1− 𝑠)2 − 𝜎2
𝑗 𝑠).

Then, there are 𝑑−𝑚 roots 𝑠 = 1 and 2𝑚 roots

𝑠 =
1

2

(︂
2 + 𝜎𝑖 ± 𝜎𝑖

√︁
2 + 𝜎2

𝑖

)︂
, (F.1)

from solving the quadratic equations 𝑠2 + (−2 − 𝜎𝑖)𝑠 + 1 = 0 for 𝑗 = 1, . . . ,𝑚. The

largest eigenvalues are the roots with the positive sign in (F.1). Given that 𝜎𝑖 > 0,
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the roots are all greater than 1. Given that (F.1) with a positive sign is a monotonic

functions of 𝜎𝑖, it follows that the maximum eigenvalue is given by (7.14).

Expected KL divergence for a linear-Gaussian model (7.34). The difference of mutual

information terms for Gaussian variables is given by

𝐼(X,Y)− 𝐼(X𝑟,Y𝑠) =
1

2
log
|ΓX|
|ΓX|Y|

− 1

2
log

|ΓX𝑟 |
|ΓX𝑟|Y𝑠|

, (F.2)

where Γ represents a covariance. After the whitening transformations, we have the

linear model Y = 𝐺X + ℰ with 𝐺 ← Γ
−1/2
obs 𝐺Γ

1/2
pr , Cov(X) = I𝑑 and Cov(ℰ) = I𝑚.

Then, the (conditional) covariances in (F.2) are given by

ΓX = I𝑑

ΓX𝑟 = 𝑈𝑇
𝑟 I𝑑𝑈𝑟

ΓX|Y = I𝑑 −𝐺𝑇 (𝐺𝐺𝑇 + I𝑚)−1𝐺

ΓX𝑟|Y𝑠 = 𝑈𝑇
𝑟 I𝑑𝑈𝑟 − 𝑈𝑇

𝑟 𝐺
𝑇𝑉𝑠(𝑉

𝑇
𝑠 𝐺𝐺

𝑇𝑉𝑠 + 𝑉 𝑇
𝑠 𝑉𝑠)

−1𝑉 𝑇
𝑠 𝐺𝑈𝑟.

Given that eigenvectors of 𝐻X and 𝐻Y are given by the left and right singular vectors

𝑈 and 𝑉 for 𝐺𝑇 , respectively, we have 𝑈𝑟 = [𝑢1, . . . , 𝑢𝑟] and 𝑉𝑠 = [𝑣1, . . . , 𝑣𝑠]. Then,

the conditional covariances can be simplified as

ΓX|Y = I𝑑 − 𝑈Λ2(Λ2 + I𝑝)−1𝑈𝑇

ΓX𝑟|Y𝑠 = I𝑟 − I𝑟,𝑡Λ2
𝑡 (Λ

2
𝑡 + I𝑡)−1I𝑇𝑟,𝑡,

where 𝑡 = min{𝑟, 𝑠} and I𝑟,𝑡 represents the first 𝑡 columns of an identity matrix

I𝑟 ∈ R𝑟×𝑟. By computing the determinants of the (conditional) covariances, we have

𝐼(X,Y)− 𝐼(X𝑟,Y𝑠) = −
1

2
log
⃒⃒
I𝑝 − Λ2(Λ2 + I𝑝)−1

⃒⃒
+

1

2
log
⃒⃒
I𝑡 − Λ2

𝑡 (Λ
2
𝑡 + I𝑡)−1

⃒⃒
=

1

2

𝑝∑︁
𝑖>𝑡

log(1 + 𝜆2𝑖 ).
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