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Abstract

Abstract
Techniques in robust optimization and formal verification methods are used (1) to examine the stability
and robust performance of a satellite controller that considers six-dimensional, uncertain state, and often
unmodeled dynamics during rendezvous and proximity operations, and (2) to explore the synthesis of control
Lyapunov/barrier functions (CLFs/CBFs) using neural networks and stochastic gradient descent to provide
safety-aware filtering for the fuel-optimal control policies. A linear quadratic regulator controller for a ser-
vicer satellite (Servicer) is analyzed via the dissipativity inequality principle and quadratic constraints. This
method allows the capture of unmodeled dynamics to reduce system uncertainty of proximity operations
among the Servicer, client satellite (Client), and unsafe regions (e.g., obstacle). The same controller is imple-
mented with a finite time horizon (i.e., model predictive controller) to filter out unsafe control output during
an autonomous inspection of a Client. This framework mitigates the collision risk based on integral quadratic
constraints (IQCs) worst bounds recommendation, miss distance, Mahalanobis distance, and Probability of
Collision (Pc) metrics. Innovative deterministic reachability methods based on integral quadratic constraints
and neural Lyapunov functions are compared and connected. The novel contributions of this work focus on
formulating mathematical safety guarantees, modeling controller output, and reducing uncertainty on system
performance when designing fuel-optimal and safe maneuvers of Servicer around the Client while avoiding
unsafe regions in LEO.
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Chapter 1

Introduction

1.1 Technical Innovations in Rendezvous & Proximity Operation

(RPO) Missions

Rendezvous and proximity operations (RPOs) have been an essential aspect of space exploration and satellite

activities since the 1960s, when the space race between the United States and the Soviet Union spurred the

development of numerous technologies and missions [61]. As space exploration has evolved, RPO technologies

have become increasingly important for maintaining and servicing satellites, as well as for addressing the

growing issue of space debris. Despite the crucial role RPOs play in modern space activities, understanding

of the technologies and methodologies underpinning these operations may not be widely understood. This

introduction aims to provide a comprehensive overview of the key developments and challenges within the

field of RPOs and to establish the context for the research presented in this thesis.

The International Space Station (ISS), which began construction in 1998, serves as a prime example of

how RPOs have become essential for sustaining human presence and research activities in space [114, 59, 130].

Various satellite missions, such as the Northrop Grumman Cygnus, Space-X Dragon, and Japanese HTV,

have been developed to perform rendezvous and docking operations with the ISS. These operations facilitate

the delivery of supplies, equipment, and crew members to the ISS, and their safe return to Earth.

In recent years, there have been significant advances in autonomous docking technologies, such as the

DART mission, which demonstrated the ability to dock autonomously with a satellite in 2005 [113]. Fur-

thermore, developments in passively-safe and fuel-efficient transfers have enabled satellite formation flying

operations, including the PRISMA and TanDEM-X demonstration missions in 2009 and 2010, respectively

[22]. These advances have laid the groundwork for innovative services and missions, such as the Mission

Extension Vehicle-1 & 2 (MEV-1 & 2) by Northrop Grumman, which aim to service aging satellites in

geostationary Earth orbit (GEO) and extend their functional lifetimes.

The rapid growth of the private space industry has created new opportunities for companies to commer-
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cialize RPO technologies and services. For example, Astroscale Inc., a global leader in RPO, launched the

successful Elsa-d mission in 2021, demonstrating active debris docking and removal in low Earth orbit (LEO)

[17]. Other upcoming Astroscale missions include the 2023 ADRAS-J, the 2024 Elsa-M, and the 2026 LEXI-

P missions, each focusing on different aspects of RPOs, such as proximity operations, multi-client satellite

retirement, and in-orbit servicing capabilities in GEO, respectively [69, 63, 17]. Smaller U.S. RPO-driven

companies, such as Starfish, Kayhan Inc., Rogue Space, and VisSidus Technologies Inc., have also emerged

and actively participate in the development of RPO technologies, presenting at academic conferences and

competing for grants [134, 72, 101, 10]. This new commercial space race aims to capture a portion of the

total addressable market (TAM) for in-orbit services, valued at 14.3 billion USD in 2022 [112].

The growing importance of RPOs in maintaining satellite operations and addressing space debris high-

lights the need for ongoing research and development in this field. This thesis focuses on addressing the

challenges and opportunities presented by RPO technologies and aims to contribute to the development

of novel methodologies and techniques to improve the safety, efficiency, and commercial viability of these

essential space activities.

1.2 Research Motivation

As a result of the increasing demand for space-based services, the active satellite population is expanding

at an exponential rate and is expected to grow by two orders of magnitude by 2030 [26]. This growth in

space operations will require both increased spacecraft control autonomy and techniques to provide robust

safety guarantees for satellite inspection, repair, debris retrieval/removal, and on-orbit assembly activities at

various altitudes.

Because of atmospheric drag, the Earth’s non-uniform nature of gravity effects, and overall model un-

certainties performing these services become more challenging in LEO altitudes. Missions such as Elsa-d by

Astroscale have successfully demonstrated satellite capture and deorbit technology in this regime. Moreover,

future missions such as ClearSpace-1 and DeOrbit by ESA are also planned for active debris removal in LEO.

The increasing demand for space-based services is leading to an exponential expansion of the active satellite

population. However, ensuring the robustness and safety of on-orbit services, including satellite inspection,

repair, debris retrieval/removal, and on-orbit assembly activities, has always been a crucial aspect of GN&C

platforms. Previous missions, particularly those involving human crews, such as the International Space

Station (ISS), required highly tailored analysis and algorithms to ensure the robustness and safety of the

systems. Although these algorithms were never formally proven in an analytical framework to be robust

and safe, they relied on Monte Carlo simulations and other forms of analysis. With the increasing volume

of on-orbit services at various altitudes, there is a need to develop more formal techniques that guarantee

safety in operations for a servicer spacecraft (Servicer), a client spacecraft (Client), and obstacle regions.

Thus, maneuvering techniques such as Natural Motion Circumnavigation (NMC) must be designed with full
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satisfaction of state and actuation constraints.

1.3 Problem Formulation

Currently, conjunctions involving two active satellites account for a relatively small portion of collision risk

among trackable Low-Earth Orbit (LEO) resident space objects (RSOs). However, this risk is expected

to increase significantly, particularly in the 450 km - 600 km altitude band [89]. Due to the congested

environment at these altitudes, high-value assets, such as exquisite science satellites or GEO communication

satellites, face unique challenges in maintaining safe and efficient operations. Although SpaceX and Amazon

have adopted disposable satellite concepts for their LEO constellations, high value satellites still require a

focus on robust techniques to ensure their longevity and performance in the dense LEO environment.

Although the proposed verification framework can be applied to any altitude, this thesis aims specifically

to improve the robustness of GN&C systems for client inspection in LEO. The chosen altitude band is

of particular interest due to the non-uniform nature of gravity effects, such as 𝐽2 perturbations, which

significantly impact the controller output during these operations. Atmospheric drag also contributes to

disturbances that affect satellite controllers in LEO. A method of controller verification must provide robust

guarantees of the keep-out zone (KOZ) and sun angle requirements among Servicer, Client, and an obstacle

region, while taking into account the uncertainties, nonlinearities, and disturbances affecting the Servicer

and Client states, as well as the Servicer thrust output. Figure 1-1 illustrates the Concept of Operations

(CONOPs) of an RPO mission in LEO, focusing on improving the safety and operational efficiency of servicing

high-value satellites in this densely populated and dynamically complex region.

Figure 1-1: CONOPs: phases of an RPO mission (e.g., direct approach, inspection with a Line-of-Sight
(LOS) cone constraint, and retreat maneuvers).
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The list below describes the two problems motivating this research into safety assurance of control per-

formance for low relative velocity encounters between satellites:

• Problem #1: Orbital Operations. Fly-bys with objects of low relative velocity occur more frequently

due to congested altitudes near Earth [94]. As a result, more robust control verification methods will

be required to ensure a safe separation among Servicer, Client, and Obstacle while accounting for

uncertainties, nonlinearities, and disturbances in state and actuation.

• Problem #2: Rendezvous and Proximity Operations: Servicer inspecting a Client would require full

satisfaction of mission requirements in the control strategy. These requirements consist of 1) inspection

of a Client considering sun-angle constraints while respecting a KOZ away from Client/Obstacle, and

2) performing fuel-efficient maneuvers during each phase of the RPO mission. As a result, capturing

the effects of nonlinear dynamics, exogenous disturbances, and path constraints is crucial for mission

success.

To ensure safe servicing operations in the densely populated and dynamically complex region of space,

it is crucial to have robust controllers that can capture nonlinear and time-varying dynamics and mission

constraints. These controllers must be able to account for system uncertainties, nonlinearities, and distur-

bances, regardless of the design of the GN&C platforms used for various RPO missions. Standardizing these

platforms through regulations would also facilitate performance analysis. However, achieving this task with

fuel-efficient thrust engines presents a challenge, as the optimization variables require a complete control

history of continuous and long-duration maneuvers that can last for hours or days. Therefore, managing

satellite operations and collision avoidance at the scale projected for congested altitudes in low Earth orbit

(LEO) will require robust, highly automated, and fuel-efficient maneuver planning. Such planning must

avoid unsafe states, including those that arise from interactions between systems controlled by independent

operators.

1.4 Summary of Thesis Contributions

The goal of this section is to describe the Ph.D. contributions towards closing the technical gap in the GN&C

verification method for RPO missions. In this thesis, three research areas are connected: optimization

techniques for fuel-optimal maneuvers, reachability techniques to characterize uncertainties, nonlinearities,

and disturbances, and risk optimization techniques to minimize the risk of collision between satellites. This

section also includes a roadmap of the chapters found in this thesis.

1.4.1 Contributions

• Contribution #1: Deterministic reachability technique to analyze robustness of GN&C systems. This

contribution consists of a framework capable of generating uncertainty bounds for state-related out-
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put (i.e., Servicer relative position/pointing attitude with Client) by performing reachability analysis

deterministically for closed-loop controllers. The innovative reachability technique captures state and

actuation uncertainties and nonlinearities, and attitude disturbances affecting the control output of the

Servicer with respect to the Client.

• Contribution #2: Methodology that combines deterministic reachability (contribution #1) and neural

Lyapunov functions to increase safety in the design of autonomous GN&C systems. This contribution

consists of developing fuel-optimal control methods with safety-aware filtering techniques (i.e., via con-

trol barrier/Lyapunov functions) that can handle nonlinear and time-varying dynamics and constraints,

such as a Line-of-sight (LOS) cone constraint when the Servicer is at closest approach to Client for in-

spection, and a collision avoidance constraint (KOZ) in case the Servicer’s planned trajectory intersect

with obstacle region.

1.4.2 Thesis Roadmap

The research motivation and problem formulation are described in the first chapter. This thesis begins its

literature review, second chapter, by presenting a brief history of verification methods. The issues with

these methods for RPO control design are explained and linked to the Ph.D. contributions. The review

then introduces the two areas explored in this thesis. In the third chapter, the innovative methodology of the

GN&C verification platform is described. This includes the fundamental theory of formal methods and robust

optimization techniques used in this research. In the fourth chapter, the results of these techniques applied

to the RPO mission are shown. The fifth chapter states the conclusions regarding risks and the significance

of this research for the astrodynamics community, the overall summary, and future work. The appendix

describes the derivation of some of the dynamics, code, and IQC classes used in this thesis. References

appear at the end. The thesis roadmap can be seen in Figure 1-2.

Figure 1-2: Thesis Roadmap.

Overall, three main areas of research were explored to improve controller performance during RPO mis-

sions. The first research area explores the Integral Quadratic Constraints (IQCs) theory as an innovative

technique to reduce system uncertainties while validating the safety of controllers with a feedback control

law. The second research area explores learning-based functions in formal methods to create barrier certifi-

cates for more robust control policies. The third describes how these two methods can reduce collision risk
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metrics between the servicer, client, and obstacle region. The goal of this approach would be to enforce not

only fuel optimality but also safety guarantees of satellite operations in real-time (e.g., collision avoidance

applications). Although the focus of this thesis is on LEO altitudes, these contributions can be applied to

higher altitudes such as GEO or even, if adjusted correctly, to cis-lunar space as well.
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Chapter 2

Literature Review

This review of the literature provides a comprehensive overview of the current state-of-the-art in control

verification for RPO design, including formal and optimization methods for safety guarantees, fuel-efficient

trajectories, controller types, and current limitations of spaceborne computers. Through an examination

of the technical issues found in the literature and the current work conducted by researchers, this review

highlights the limitations of the current state-of-the-art and identifies the need for more sophisticated and

robust verification methods. The PhD contributions presented in this thesis address these limitations by

proposing new techniques for control verification that improve the safety and efficiency of RPO missions,

particularly those operating in densely populated and dynamically complex regions of space.

2.0.1 Brief History of Verification Methods

French mathematician Comte de Buffon pioneered the field of statistical sampling to obtain approximate so-

lutions to problems in 1777. He originated the famous ’Buffon’s needdle’ experiment consisting of estimating

the probability that a needle would lie across a line between two wooden strips on his floor, and then proved

the relationship of this experiment with the estimation of 𝜋 in the 18th century [140]. His contributions

motivated research in probability and estimation. However, complex applications using this technique were

not feasible until the Electronic Numerical Integrator and Computer (ENIAC), one of the earliest digital com-

puter used in the 20th century [84]. Although other physicists contributed to the development of numerical

simulations (e.g., Manhattan Project for the development of atomic bombs), John Von Neumann was the first

to successfully perform stochastic simulations, which became essential in the new era of digital computing

technology for simulating large complex physical systems [84]. With the advancement of digital computers

in the 20th century, advanced methodologies for Monte Carlo algorithms were framed for robust analysis of

safety-critical systems [140, 15]. In addition, in 1977, the American computer scientist Leslie Lamport, from

the Digital Equipment Corporation, designed the first algorithmic correction of a multiprocess program [73].

Since then, formal methods for safety assessment were further developed and the first reachability analysis
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technique was published in 1978 for the analysis and verification of communication protocols [53]. In the

same decade, robust control techniques were also developed for analyzing the stability of linear systems with

control feedback and able to account for model uncertainty. The Russian mathematician Yakubovich pio-

neered the theory of analyzing complex combinations of signals affecting a given dynamical system, which

allowed the study of control performance for safety-critical schemes [87, 65]. Consequently, MIT professor

A. Megretski pioneered the merging of three research fields – input-output theory, absolute stability theory,

and the robust control field – into a unified framework called Integral Quadratic Constraints (IQCs) with the

theoretical contributions from Yakubovich in 1997 [111].

2.0.2 Current Gap in GN&C Verification Methods of Onboard Algorithms for

RPO Mission

Many satellite operators rely on Global Positioning System (GPS) receivers for on-board relative navigation

algorithms. While new developments in low-power GPS receivers can provide highly accurate real-time

positioning measurements for low-Earth orbit (LEO) satellites [71], the availability of real-time GPS data is

not always guaranteed due to factors such as signal blockage and interference. In situations where real-time

GPS data is not available, satellite operators may use a conventional backup strategy that involves using

NORAD Two Line Elements (TLEs), which are uplinked from ground stations and propagated with an orbit

propagator such as the Simplified General Perturbations Satellite Orbit Model 4 (SGP4) [97]. However, this

approach can result in errors of up to 10 km for TLEs that are two days old [86]. Although a semi-analytic

propagator from the last known accurate state can be used to improve the accuracy of TLE-based navigation,

it is important to note that this approach also has limitations due to uncertainties in the orbit dynamics

model and atmospheric drag. Nonetheless, the use of TLEs for onboard state estimation remains a viable

option for satellite operators as a backup to GPS-based navigation in situations where other measurement

techniques, such as laser ranging and RF ranging, are not available or feasible. Table 2.1 below provides

relevant information on the most common GPS receivers used in small spacecraft.

Table 2.1: GPS Receivers for Small Spacecraft [20]

.

Model Accuracy(m) Manufacturer
COM-1289 1.2 Eurotech
Explorer 15 General Dynamics
OEM719 1.5 Novatek
GPS-kit 1.5 GomSpace

SGR-Ligo 5 Surrey Satellite Technology
piNAV-NG 10 SkyFox Labs

The availability of real-time GPS data for RPO missions in low Earth orbit (LEO) varies depending on

the specific class of traffic. Although most large and medium-sized spacecraft likely have GPS onboard,

small satellites and CubeSats may not have GPS receivers due to size, cost, or power constraints. However,

precision ephemeris for both objects are critical for RPO missions, regardless of their size, and whether they

are cooperative or non-cooperative. In addition, avoiding debris is a crucial part of satellite operations and
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should be considered a general mission requirement. While satellite radar altimeters can provide real-time

positioning accuracy of a few centimeters [147], these devices can be expensive or too large for Servicers in

LEO. Optical vision sensor systems, such as lidar and IR-cam, can be used as auxiliary information sources

to improve navigation performance in GPS-denied environments. These systems can provide relative range

and bearing measurements between two objects, which can be used to estimate the relative position and

velocity of the Servicer with respect to the Client. However, it is important to note that distinguishing

between trackable and non-trackable debris can be challenging and may require more sophisticated sensing

and detection technologies. Consequently, improving the accuracy in the tracking of debris is another issue

in RPO control, but it is not included as a research objective in this thesis. As a result, solving this problem

becomes crucial for spaceflight sustainability due to the rapid growth of satellites at orbital altitudes in LEO.

Verification methods to improve current practice have been researched and explored as a result. Nu-

merical simulations have been proposed for the study of safety-critical systems of space missions since the

late 20th century. The most popular method has been the use of stochastic sampling (i.e., Monte Carlo)

algorithms for providing mission-critical software assurance for spacecraft (e.g., Parker Solar Probe, Europa

Clipper, Mars 2020, James Webb Space Telescope) [11, 34]. Since then, numerical simulations have been

used to plan maneuvers of satellites in relative navigation with other satellites, applying robust techniques in

linear programming via the Monte Carlo approach [94, 116, 132]. This method has been further applied to

the probability of collision forecast between two satellites, given a set of initial states and associated covari-

ances [85]. Although this technique has been useful for planning RPO controllers, repetitive algorithms are

computationally inefficient and do not scale well with increasing parameters in the optimization variables.

Due to time-varying constraints and unmodeled disturbances from real-time operations, this technique does

not offer safety guarantees in the verification methods of RPO controllers.

Since 2008, reachability analysis has been used to provide safety guarantees in control design in the field of

space situational awareness. Numerous tools exist to calculate the reachable set of hybrid nonlinear systems,

including CORA [8], Flow* [24], C2E2 [35], VNODE-LP [96], CAPD [51], DynIbx [122], and TIRA [90].

These tools are designed to compute the over-approximation of the interval of reachable sets, but they are

limited in scale to state spaces of up to four dimensions due to the exponential growth of finding the solution

of the Hamilton-Jacobi-Bellman (HJB) equation, which is needed in deterministic reachability problems [81].

Furthermore, these tools break when analyzing ill-conditioned systems (i.e., a small variation in the input

argument changes the output value significantly), which is often the case with satellite equations of motion

[141]. Regardless of the limitations in scale, several authors have contributed to and published reachability

analysis using these tools for control verification of satellites. For example, Marcus Holzinger from the

University of Colorado at Boulder analyzed the reachable set and control laws for a single satellite with

the goal of performing low-thrust transfers from LEO to GEO altitudes [58]. Dr. Dan Xue from Tsinghua

University derived the reachable domain for a single impulsive satellite transfer maneuver as well [145].

Dr. Christopher Jewison from the Draper Laboratory also used deterministic reachability using simplified
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assumptions of relative motion for a docking application [60]. In recent years, stochastic reachable sets have

been used to tackle higher-dimensional problems targeting rendezvous and docking satellite applications

[109]. Given the uncertainty in the dynamics, any insight from this reachable set becomes probabilistic,

and as a result, hard guarantees of safety for reaching a desired state cannot be given. Consequently, a

robust framework for analyzing RPO controllers that have high dimensionality and are ill-conditioned, via

the deterministic reachability technique, is not yet available for safety-critical systems in satellite operations.

Combining safety guarantees with reachability techniques for mission analysis in proximity operations is a

technical gap in RPO GN&C design.

2.0.3 Innovations in Control Design for RPO Missions

Model Predictive Control (MPC) provides a way to calculate optimal trajectories by minimizing a cost

function in real-time [120]. MPC has enabled the planning of online optimization strategies for operations of

collision avoidance for low-thrust fuel-efficient transfers for satellite formation flying such as the TanDEM-X

and PRISMA demonstration missions [22]. MPC has also offered insight on fuel-efficient satellite maneuvers

considering unmodeled disturbances with adaptive algorithms applied to MPC schemes [43]. Innovative

approaches to increase the robustness of MPC to enable its use in real-time include the tube-based approach,

a framework published for RPO control strategies in 2018 [83]. This technique permits accounting for a

particular realization of the uncertainty due to the nonlinearities at each time step. This approach conserves

the computational effort reduction of linear MPC while allowing for a time-varying control law, where the

feedback gain matrix is evaluated offline. As a result, system constraints are tightened to allow the trajectories

of the uncertain system, affected by disturbance, to lie in a tube centered on the nominal trajectory. A recent

paper (2020) from Prof. Frank Allgöwer and his Ph.D. candidate Lukas Schwenkel showed that tube-based

MPC controllers cannot provide robust constraint satisfaction or stability of unmodeled dynamics, delays, or

any other dynamic uncertainty beyond linear constrained systems [128]. The limitations of the various MPC

schemes used in RPO design are summarized as follows:

• A major drawback of an MPC architecture is the black-box nature of optimization-based controllers,

which makes safety analysis difficult. This issue applies to linear and nonlinear MPCs.

• There are no capabilities for guaranteeing the safety, stability, or recursive feasibility of robust MPCs

beyond the linear case [13]. This issue applies to tube-based and nonlinear MPCs.

• Model uncertainty (e.g., atmospheric drag, 𝐽2) is often multiplicative in the dynamics, but robust MPCs

are typically limited to additive uncertainty [13, 79]. This issue applies to tube-based and nonlinear

MPCs.

• Optimization engines used to solve constraints and cost functions are not qualified for safety-critical

systems. This issue applies for linear, tube-based, and nonlinear MPCs [25].
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• MPCs are computationally expensive, making it difficult to achieve high control frequencies in practice

[78]. This issue applies to nonlinear MPCs.

To overcome these issues and guarantee the safety of using computationally efficient MPCs (i.e., linear,

tube-based MPCs) in RPO design, formal methods, and robust optimization theory can be applied to guaran-

tee long-term safety in the face of both unplanned maneuvers by other spacecraft and time-varying, nonlinear

perturbations and constraints. Min-Max MPC schemes are not included in this thesis due to the extremely

conservative control policies and a small domain of feasibility [110].

2.0.4 PhD Contributions in GN&C Verification for RPO Missions

In formal methods, Lyapunov functions can be applied, which originated in 1940 when a Japanese math-

ematician, Nagumo, provided a theorem proving necessary and sufficient conditions for set invariance [95].

This technique is based on encoding information about long-term safety into local information about a scalar

function [9]. As a result, Lyapunov functions have been developed to guarantee the forward invariance of a

subset of the dynamical system’s state space [117]. Unfortunately, barrier functions are notoriously difficult

to synthesize analytically for systems with complex dynamics or subject to uncertain disturbances. As a

result of that, recent trends in safety analysis have included the use of neural networks for learning Lyapunov

and barrier certificate functions [2, 27]. In recent years, neural certificates have been used for nonlinear con-

trol verification in applications ranging from robot locomotion [21] and flight through propeller wash [133]

to decentralized multi-agent control [108]. As a result, another contribution in this thesis targets the use of

control barrier/Lyapunov (CLBF/CBF) functions for safety-aware filtering of RPO control policies to achieve

safety guarantees. The novelty in this approach is capturing the nonlinear and time-varying dynamics of low

relative velocity encounters in proximity operations while ensuring safety guarantees in the satellite RPO

MPC design. A paper that motivates this research area can be found in [31], which applies learning-based

(CLBF/CBF) functions for a linear and time-invariant approximation of satellite relative motion to perform

a docking procedure with state and angle constraints. However, this paper does not capture the complex

physical environment (i.e., time-varying, nonlinear, and unmodeled uncertainties) and mission requirements

(i.e., fuel-optimal maneuvers, and path/angle constraints) for providing robust safety guarantees. Recent

neural Lyapunov tools have become open source, but are limited in the synthesis of nonlinear dynamics with

robust guarantees [115, 21]. A CBF/CLBF toolbox capable of handling nonlinear dynamics and mission

constraints has become available in [31], and the author of this thesis has developed this tool for GN&C

verification of satellite RPO MPC design.

In addition to formal methods, optimization techniques play an important role in characterizing uncer-

tainties and improving system performance [87, 65]. IQCs are inequalities used to describe the possible

combinations of signals within a given dynamical system [111] and are explored in this thesis because they

allow representations of relationships between processes, evolving in a complex dynamical system, in a closed

form expression that is useful for safety analysis. Furthermore, innovative techniques are being published to
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facilitate a systematic, scalable, and efficient analysis of robustness and performance [138, 102, 99]. IQCs

have been applied to multivariable systems such as microgrid voltage control systems [123], distributed con-

trol systems [36], and even manufacturing, due to the high dimensionality of the multivariable process [93].

Aerospace applications have also been impacted by IQCs. Recent research explores the IQC approach to

validate a Doppler estimator for a novel inertial navigation system where reliable and robust navigation is

needed [41]. Other papers apply the IQC framework to achieve high pointing performance for spacecraft

stability [106] and to achieve high performance attitude for a geostationary control platform [33]. Further-

more, IQC theory has been applied to characterization of complete uncertainty quantification, and to analysis

for aircraft flight controllers with a focus on simplified longitudinal aircraft models [100] and time-varying

multipliers [39]. However, reducing model uncertainties of RPO autonomous control schemes via IQCs has

not yet been fully explored. Two of the most recent papers that inform this thesis for safety certification of

RPO MPC controllers show important benefits of applying IQCs [129] and merging both IQC and Lyapunov

functions techniques [131] to analyze robustness in control design. The goal of these contributions is to be

able to account for model uncertainty due to time-varying, nonlinear dynamics, path, and angle constraints,

and increase robustness from black-box autonomous RPO control systems (i.e., MPC schemes). In collab-

oration with the MIT Lincoln Laboratory, a framework has been created to analyze robust performance of

synthesized controllers via the IQC approach. The open-source IQC toolbox from the Lincoln Laboratory

[40] is capable of both modeling and analyzing uncertain/nonlinear systems, which can be modeled as an

interconnection of a linear time-varying system (i.e., describing the nominal system), and a structured set of

bounded operators ∆ (i.e., describing the system’s uncertainties and nonlinearities). Innovative aspects of

this toolbox are modeling of time-varying systems, and this platform has been upgraded by the author to

perform reachability analysis for safety GN&C verification of RPO missions. Other tools exist but they are

not as developed (i.e., are incapable of handling time-varying systems or reachability analysis) [98, 88, 115].

Table 2.2 shows a comparison of the safety verification methods discussed so far, and the benefits of using

IQC for existing reachability techniques.
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Table 2.2: Comparison of verification methods of spaceflight GN&C platforms for RPO mission

The innovative techniques described in Table 2.2 refer to the deterministic reachability method applied

to satellite GN&C platforms via IQCs. This first contribution is described in great detail in later chapters.

Figure 2-1 below shows the same techniques being compared in terms of control robustness vs. computational

time, as described in the literature. The goal of IQCs is to increase the robustness of the system while reducing

the computational time during reachability analysis. This contribution would enable faster safety checks on

the state output produced by the GN&C platform.

Figure 2-1: Comparison of reachability techniques: control robustness vs. computational time
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This second contribution focuses on the development of fuel-optimal and robust GN&C platforms for

RPO missions. There are two popular methods for developing control techniques for fuel-optimal maneuvers:

indirect vs direct methods. Hamiltonian-based approaches (i.e. indirect methods) are the most accurate

methods to achieve fuel-optimal trajectories [37]. However, the implementation of path and angle constraints

with Hamiltonian techniques has not yet been fully explored operationally. Some of these constraints involve

the Servicer docking with the Client within a certain angle (i.e., line-of-sight (LOS) requirements) or per-

forming RPO maneuvers considering a keep-out zone. As these Hamiltonian approaches require extensive

mathematical formulations to derive path and angle constraints– which are difficult in practice to formulate–

direct methods (i.e., non-Hamiltonian techniques) are often used to enforce angle and path constraints [16]

in optimization methods. In a direct collocation method, the state and control are parameterized at an

appropriately chosen set of discrete points along the time interval of interest [4]. The continuous optimal

control problem is then transcribed to a finite-dimensional nonlinear program (NLP). The resulting NLP can

then be solved using well-known software such as SNOPT, IPOPT, and KNITRO [103]. Direct collocation

methods were originally developed as h methods (such as Euler or Runge-Kutta methods), where the time

interval of interest is divided into a mesh and the state is approximated using a fixed degree polynomial

in each mesh interval. These direct methods have the limitation of reducing the accuracy of the optimal

solution generated by these algorithms (i.e., bounding state and constraint by some threshold [139]). Our

goal is to develop these controllers with safety guarantees that can handle nonlinear dynamics, path, and

angle constraints for performing various rendezvous and proximity operation (RPO) maneuvers.

Table 2.3: Benefits of using CBFs/CLFs to existing optimization techniques described in the literature for
RPO missions.

In Figure 2-2, it is shown that control barrier/Lyapunov functions will not always generate the most fuel-

optimal solutions, but the most robust in terms of safety. The trade-off between safety and fuel consumption

will be described in more detail in the results chapter.

40



Figure 2-2: Comparison of control techniques: fuel efficiency vs. safety guarantees.

The theory behind control barrier/Lyapunov functions will enforce safety while the controller is providing

a fuel-optimal trajectory. Both the safety filter and the nominal controller output are subject to a quadratic

program (QP) solver to provide fuel-optimal trajectory maneuvers that satisfy safety requirements. In the

next chapters, we will show how this method captures the uncertainty of the dynamical model to ensure

long-term safety. The key advantage of this method is that the safety filter can be applied to both direct and

indirect optimization techniques.

2.0.5 Advancement and Limitations of On-board Computing Systems (OBC)

for Spacecraft

Satellite on-board computers are responsible for handling ground-based telecommands, providing ground

telemetry, processing on-board data, and controlling the spacecraft platform and payload devices [77]. The

spacecraft OBC usually has at least a processor, random access memory (RAM), read-only memory for boot

code, mass memory, data bus interfaces, and a power supply. Perhaps, unlike many other embedded comput-

ers, some parts of the onboard computer may be redundant to circumvent possible hardware malfunction.

On-board software can be divided into three parts: hardware driver software that provides abstractions

of the underlying hardware, an operating system (OS) that provides task and resource management, and

application software that provides mission-specific functionality [76]. Typical OS selections have included

real-time operating systems (RTOS) such as RTEMS and VxWorks, though some simpler onboard software
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may not need an operating system at all.

Linux kernels have been available for spacecraft OBCs since 2002, providing operating system facilities

such as virtual memory, processes, communication sockets, and files. The kernel is responsible for driving the

devices, managing input-output access, scheduling processes, enforcing memory sharing, and handling signals

[77]. One of the main benefits of this operating system is freedom in selecting the hardware platform. This

is because Linux OS has many communication protocols and standards, making interfacing with external

devices easier than with other operating systems. Table 2.4 shows a list of various Linux onboard computers

with their specifications.

Table 2.4: Specifications of Linux OBCs [76]

.

Component Volatile Memory (RAM) Non-Volatile Memory Power
LEON-3FT SPARC V8 625 MB 625 MB 20 W
Qualcomm SDA845 SoC 3.5 GB 128 GB 4.5 W

Dual core Freescale 2020 Power PC 512-1000 MB 256 GB 40 W
FreeScale e500 PowerPC 1.317 GB 4 GB 25 W

An important limitation of onboard computers regarding GN&C elements, even in Linux OS, results

from the lack of RAM/Memory and CPU power to run real-time computations of nonlinear programs (e.g.,

IPOPT). There are other components that OBCs should interface with and provide power to, and RPO GN&C

algorithms are a small portion of the operations handled by this onboard computer. Another limitation is

that not all solvers that are embedded in direct optimization methods to solve for fuel-optimal trajectories

as part of the GN&C algorithms, and their libraries, are compatible with Linux platforms. Indirect methods

have been validated for real-time operations in a NASA CubeSat platform [119] but these algorithms do not

handle path and angle constraints as with direct methods. Another point to consider is that RAM/memory

and CPU power are largely dependent on the size of the spacecraft [48]. Consequently, even if there are

sufficient capabilities to run sufficiently powerful OBCs with these algorithms onboard, not all spacecraft

will have enough power to interface with these onboard computers. As a result, the advancement in Linux

OS onboard spacecraft would enable the contributions of this thesis (i.e., integral quadratic constraints and

control barrier/Lyapunov functions applied to GN&C) to run smoothly, with the appropriate hardware,

in real-time applications onboard spacecraft. For now, the intended use of these contributions is for GN&C

verification offline, which provides safety checks prior to embedding these algorithms in spaceborne computers.

Exploring reachability, barrier functions, and integral quadratic constraints in more depth and applying

them to real scenarios of proximity operations can reduce system uncertainty by characterizing the physical

environment and updating control policies to satisfy state and actuator constraints. The current state-of-

the-art in hardware motivates this possibility. Both research areas could lead to significant contributions in

the field of control and astrodynamics, and shrink the current technical gap regarding safety certifications of

RPO controllers.
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Chapter 3

GN&C Description, Safety Verification &

Methodology

This chapter starts with a description of the functionality of the GN&C algorithms, RPO mission phases,

sets of equations of relative motion, orbital frames, and sensor suite. It then introduces the two control laws

selected for the RPO scenarios shown in this thesis. The attitude determination and control subsystem is

described as well as as a description of the disturbances, uncertainties, and nonlinearities affecting the control

output. The core mathematics of the collision risk minimization metrics are introduced. Finally, an overview

of robust optimization and formal methods is presented. These two concepts serve as the foundation for the

proposed methodology to shrink the gap of safety verification of RPO GN&C platforms.

3.1 Guidance, Navigation, and Control (GN&C)

The following architecture represents the Guidance, Navigation and Control onboard the Servicer. In this

thesis, a lidar sensor model provides azimuth/elevation, which is fed into the navigation Kalman filter to

smooth out noise generated by the lidar measurements. Quaternions/Euler angles are simulated for pointing

accuracy during each phase of the simulation. The guidance contains the dynamics for the various phases of

the RPO mission, and the control algorithms enable a feedback control law for each phase. The maneuver

plan is then fed into the actuation device to move the plant (i.e., the Servicer). The state machine logic for

abort maneuvers and emergency transfers [126] is outside the scope of this thesis. Figure 3.1 shows the logic

of a standard GN&C platform. The first goal of this thesis is to capture the disturbances, uncertainties, and

nonlinearities that are not modeled within the GN&C scheme due to the simplification of the dynamics used

in the onboard computer of the Servicer. The second goal is to develop a fuel-optimal control with safety

guarantees considering various constraints and unknown disturbances affecting the Servicer and Client.

RPO missions work by tracking the location of a moving Servicer and Client in space, performing ma-
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Figure 3-1: Standard GN&C Platform.

neuvers so that the Servicer gets closer to the Client, and then finally performing inspection or docking

maneuvers based on the application. A spacecraft GN&C includes three elements: navigation for tracking

the current location of the Servicer, using navigation sensors for state information, guidance for directing the

Servicer toward the Client, and control for applying guidance commands to the Servicer. The following list

shows a description of each of these elements.

• The guidance component involves the current location and trajectory of the Servicer towards a desig-

nated maneuver phase, as well as the desired changes in its velocity, rotation and acceleration to follow

this path. The guidance algorithm includes the dynamics for the direct line, inspection, and retreat

phases, as discussed in the next section.

• The navigation component involves the location and velocity of the Servicer (its state vector) and its

attitude (angular position in space). Sensors and actuator are used to obtain satellite state information

and control output, respectively. In this thesis, a lidar sensor is used to collect state measurements, and

a Kalman filter is applied to smooth out the noise generated sensor measurements and control decisions

from the spacecraft actuation.

• The control component involves the application of steering controls needed to execute guidance com-

mands while maintaining platform stability and smooth travel among the various phases in the RPO

mission. Linear Quadratic Regulator (LQR) and Model Predictive Control (MPC) are used for the case

studies presented in this thesis.

The next section will describe the mission phases for the selected RPO mission.
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3.2 RPO Mission Phases

The most common RPO maneuvers and their dynamical equations can be found in [144]. Table 3.1 describes

the selected mission with various RPO maneuvers executed throughout the simulated phases of this mission.

Table 3.1: Phases of RPO Mission. Total Duration: 1.94 hrs [143]
Phases Time Duration (seconds)

Direct Approach [0-1000]
Inspection Mode [1200-1700]

Positioning [1700-4100]
Closest Approach [4100-5700]

Retreat [5700-7000]

The first maneuver is a direct approach maneuver to get closer to a Client. This approach is a closed-loop

maneuver in which the Servicer moves in a straight line in Local-Vertical-Local-Horizonal (LVLH) frame

following a trapezoidal velocity profile. This means that each segment has a phase of constant acceleration,

then a phase of constant velocity, and last, another phase of constant deceleration. The acceleration utilized

during the first and last phases is the same, but opposite in sign. The satellite moves a defined distance,

starting and ending at zero velocity. This line approach is performed along the +R-bar direction; however,

the system is capable of performing this maneuver in any arbitrary direction. As this segment behaves in

a rectilinear fashion, the following kinematic formulas can be used: The overall distance of the segment is

represented in Equation (3.1) as

𝑥 = ||𝑥𝑓 − 𝑥0|| (3.1)

where 𝑥𝑓 is the position (m) at the end of the maneuver and 𝑥0 is the initial position (m).Similarly, Equa-

tion (3.2) shows the reference velocity as

𝑥̇𝑟 = 𝑣0 + 𝑎𝑐∆𝑡𝑑 (3.2)

where 𝑣0 is the initial velocity (m/s), 𝑎𝑐 is the acceleration (𝑚/𝑠2), ∆𝑡 is time (s) and 𝑑 is the displacement

(m). The reference acceleration is given in Equation (3.3) as

𝑥̈𝑟 = 𝑎𝑐𝑑 (3.3)

The guidance algorithms used in the inspection mode, positioning, closest approach and retreat phases are

modeled through satellite equations of motion (EOM) to represent the Servicer maneuvers. The next section

discusses the various sets of satellite EOM used in the RPO mission.

3.2.1 Satellites’ Relative Motion Embedded in the GN&C Platform

The following list describes the most common relative satellite equations of motion applied to the guidance

algorithms for the phase maneuvers onboard the RPO GN&C platform. Due to limitations with computing

power onboard satellites, the controller is limited to a closed-form, linearized and averaged orbital dynamics
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expression, which is shown in the fourth chapter, as a control state-form representation.

• Hill-Clohessy-Wiltshire (HCW) [66]: The dynamics are expressed in relative position and velocity as a

state vector. This model is not accurate for large separations. It also assumes a circular reference orbit

around the Client and neglects orbital perturbations.

• Tschauner–Hempel Linearized Equations of Relative Motion in Elliptic Reference Orbit [74]: This

linearization assumes that two objects are proximate in position and velocity, but it does not require

any assumption about the eccentricity of the orbit. It contains time-varying coefficients for radial

distance, angular velocity, and acceleration as the target’s spacecraft trajectory (i.e., with respect to

the Servicer) varies with time.

• D’amico Relative Orbital Elements (ROEs) [28]. These relative state dynamics are usually preferred

in the RPO control problem. This method is conservative in nature as it enforces the constraint of

anti-parallelism of the eccentricity and inclination vectors between the Servicer and Client. This set

of dynamics is not used in this thesis because although it enforces a passively safe trajectory, fuel

consumption is not optimal in the overall approach.

• Modified form of Lagrange’s Planetary Equations (LPEs) for 𝐽2 [118]. The same formulation presented

in that paper, but with equinoctial variables, was applied here and taken from the Gim-Alfriend paper

published in 2005 [47]. This model was used during the synthesis of control barrier/Lyapunov functions

and the feedback control law in the fourth chapter of this thesis.

• Gauss’s Variational Equations, Including 𝐽2 and Atmospheric Drag [135]: The advantage of using this

method over the Cartesian formulations is that not only are the linearization errors much smaller, but

also each orbital element can be controlled independently. When navigating in absolute navigation,

this model is used to recover the state transition matrix from mean to osculating terms, as stated by

the Gim-Alfriend method [46].

The Lagrange Planetary Equations (LPEs) relative equation of motion [80] with equinoctial variables is

implemented in the control scheme for this thesis. The convenience of deriving the relative equation of motion

based on the relative orbital elements (ROEs) allows the ROE to vary slowly with time, and also allows for

perturbations to be more conveniently included. Gim and Alfriend [46] first developed the relative equations

of motion including the first-order secular and osculating 𝐽2 perturbation in arbitrarily eccentric orbits, in

which a 𝐽2-perturbed state transition matrix (STM) was derived by using the relationship between the relative

state and the ROE, and a curvilinear coordinate system is used instead of the rectilinear coordinate frame

to obtain more accurate results [146]. Although this thesis focuses on LEO operations, the set of equinoctial

variables eliminates singularities in the inclination/eccentricity vectors for an operational RPO controller for

any altitude (i.e., not just available for LEO applications). This control setup of the relative equations of

motion between the Servicer and the Client, applying LPE dynamics, will be discussed in more detail in a
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later section of this chapter. The orbital frames are introduced next, as this thesis includes several mission

phases in which these frames become relevant.

3.2.2 Orbital Frames

Figure 3-2: Illustration of a general spacecraft formation with out-of-plane relative motion.

Figure 3-2 shows a graphical representation of the various orbital frames used in this thesis. During the

various phases of RPO missions, three main reference frames [?] are usually used to express the motion of

the Servicer trajectory with respect to the Earth or the relative trajectory of the Servicer with respect to the

Client.

• Earth-Centered Inertial Coordinate System (ECI): This reference frame has its origin in the center of

the Earth, where a Cartesian coordinate system is defined with (𝑋𝐸𝐶𝐼) pointing towards the vernal

equinox, (𝑍𝐸𝐶𝐼) coinciding with the north pole axis, and (𝑌𝐸𝐶𝐼) perpendicular to the previous two.

• Local-Vertical-Local Horizontal (LVLH): This frame is centered on the spacecraft, with one axis directed

toward the center of the Earth (𝑍𝐿𝑉 𝐿𝐻), another one normal to the orbital plane (𝑌𝐿𝑉 𝐿𝐻), and the

last perpendicular to the previous two (𝑋𝐿𝑉 𝐿𝐻). This frame is orbit fixed.

• Spacecraft Body Frame: The spacecraft body-fixed frame is a rotating reference frame centered on

the center of mass of the spacecraft, with its axes parallel to the body’s principal axis of inertia. The

Client reference is centered on the spacecraft, and the frame is used to determine the orientation of the

satellite.

These frames would be used through the RPO mission phases presented in this thesis.
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3.3 Sensor Suite

Navigation sensors include GPS when the Servicer is in absolute navigation (i.e., navigating with respect to

the Earth rotating frame) or optical sensors, such as lidar, Infrared camera, and visual camera when Servicer

is navigating relative to another object (e.g., Client), usually within 250 meters.

In this thesis, a lidar model is used to provide relative position, bearing angle and range measurements,

and a Kalman filter, which employs an algorithm that uses a series of measurements observed over time,

containing noise, and produces estimates of unknown variables that tend to be more precise than those based

on a single measurement alone [68].

Covariance Prediction

The most fundamental information for the collision risk is the covariance of the Client’s and Servicer’s state

uncertainties. This research focuses on the relative state covariance and does not consider the individual

covariances of the two objects for risk assessment purposes.

Based on the latest navigation solution, the Client must evaluate the risks associated with the predicted

future relative trajectory. When no measurements are taken, the covariance evolves according to the dy-

namics. The GA-STM [46] is used to propagate the Hill frame relative state covariance. The covariance

propagated by the natural dynamics is

𝑃 (𝑡) ≡ 𝐸
[︀
(𝑥(𝑡)− 𝑥̄(𝑡))𝑇 (𝑥(𝑡)− 𝑥̄(𝑡))

]︀
= Φ𝐽2(𝑡, 𝑡0) · 𝑃 (𝑡0) · Φ𝑇

𝐽2(𝑡, 𝑡0) (3.4)

where 𝐸 is the expectation operator, 𝑥 = [𝜌, 𝜌̇] is the Hill frame relative state, 𝑥̄ is its mean, and Φ𝐽2 =

𝜕𝑥(𝑡)/𝜕𝑥(𝑡0) is the linear mapping between the relative states through GA-STM in equinoctial variables [47].

The Servicer’s maneuvers have execution noises. As a result, the Gates’ maneuver model, which accounts

for maneuver execution errors [44], is used. At the time of a continuous maneuver, the following maneuver

covariance is added.

𝑃Δ𝑉 = [𝜎2
𝑠(∆𝑉 )2 + 𝜎2

𝑟 ]𝑣𝑣 + [𝜎2
𝑝(∆𝑉 )2 + 𝜎2

𝑎](𝐼 − 𝑣𝑣) (3.5)

where 𝑣 = Δ𝑉 /|Δ𝑉 |. With the natural dynamics, the covariance grows over time, and the growth in the

in-track direction is especially significant. During RPO, it is reasonable to assume that the servicer spacecraft

has constant access to the navigation solutions. Thus, it is practical to make covariance predictions assuming

some measurement updates.
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The relative position bearing angle measurement by optical imagers and range measurements is considered.

𝑌optical =
[︁
arctan (𝑦/𝑥) , arctan

(︁
𝑧/

√︀
𝑥2 + 𝑦2

)︁]︁
(3.6)

𝑌range = |𝜌| (3.7)

The measurement models have corresponding noise covariance 𝑅. The contribution of the future measure-

ments on the covariance is incorporated by assuming that the measurements are taken at the maximum

likelihood state, linearizing the measurement models. The Joseph formulation of the Kalman filter covari-

ance update equations is used [127].

𝑃𝑘 = (𝐼 −𝐾𝑘 · 𝐻̃𝑘) · 𝑃𝑘 · (𝐼 −𝐾𝑘𝐻̃𝑘)
𝑇 +𝐾𝑘 ·𝑅𝑘 ·𝐾𝑇

𝑘 (3.8)

𝐾𝑘 = 𝑃𝑘 · 𝐻̃𝑇
𝑘 · [𝐻̃𝑘 · 𝑃𝑘 · 𝐻̃𝑇

𝑘 +𝑅𝑘]
−1 (3.9)

where the subscript 𝑘 indicates 𝑘-th measurement update, 𝑃 is the a priori covariance, and 𝐻̃ is the mea-

surement partial.

Finally, in order to keep the predicted covariance more realistic, process noise is included. The noise

acceleration is assumed to be a piecewise constant white Gaussian sequence 𝑢(𝑡𝑖) rather than a process [127].

The covariance propagation equation has an additional noise contribution.

𝑃𝑘+1 = Φ𝐽2(𝑡𝑘+1, 𝑡𝑘) · 𝑃𝑘 · Φ𝑇
𝐽2(𝑡𝑘+1, 𝑡𝑘) + Γ(𝑡𝑘+1, 𝑡𝑘) ·𝑄𝑘 · Γ𝑇 (𝑡𝑘+1, 𝑡𝑘) (3.10)

where 𝑄𝑖 is the process noise covariance

𝐸[𝑢(𝑡𝑖)𝑢(𝑡𝑗)] = 𝑄𝑖𝛿𝑖𝑗 (3.11)

and Γ is the process noise transition matrix.

This covariance prediction enables the computation of collision risk. As a result, this thesis includes

collision risk assessment capabilities (i.e., Miss and Mahanalobis distances, and 2D PC metrics) to validate

safety of the GN&C platform onboard Servicer during the closest approach to obstacle or Client. The

ultimate goal of this thesis is to upgrade the GN&C platform to be robust in terms of state output, fuel

optimality, and safety. This goal is achieved by applying two methods: integral quadratic constraints during

forward-reachability, including sensor measurements and noise, to analyze worst-case output; and control

barrier/Lyapunov functions to improve the robustness of fuel-optimal controllers. Figure 3-3 shows the

overall framework.
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Figure 3-3: Design of Robust GN&C Platform.

The architecture above shows that if the IQC bounds exceed the safety threshold specified by miss distance,

Mahanalobis distance and PC computations, another initial guess for dV maneuver recommendation would

be provided to minimize the collision risk. The next section discusses in more detail the overall software

architecture created for this platform.

3.4 Robust GN&C Software Architecture Description

The software architecture consists of four modules: GN&C, neural Lyapunov, IQC-reachability, and collision

risk assessment, as shown in Figure 3-4. All four modules are implemented in Python version 3.9, with some

wrapper functions for the MATLAB dependencies of the IQC-reachability module. The source code for the

IQC-reachability module’s first version was obtained from the author’s colleague, Dr. Micah Fry, a former

control engineer from the MIT Lincoln Laboratory.

The platform requires initial state conditions, an initial guess of delta-V, Client initial position, mission

duration, and integration step for the Servicer in relative or absolute frames (i.e., ECI/LVLH), depending on

the RPO scenario of interest. The physical environment quantities, such as atmospheric drag, 𝐽2, and sensor

noise, along with the associated covariance of the uncertainty of the initial conditions for Servicer and Client,

are included in the parameter file. The sequencer file contains the RPO phases’ logic (e.g., direct approach,

inspection phase, and retreat) with the actions for collecting measurement frequency updates. The main.py

file expects the number of Monte Carlo runs and associated seeds (if multiple scenarios are run in parallel).

The simulation’s speed depends on the number of cores of the local machine.

A pose estimator that uses lidar measurements generates relative state measurements, and the navigation

module filters out the noise from these measurements. The navigation output feeds into the guidance and

control algorithms to calculate the state and thrust outputs through the RPO mission phases. The neural

Lyapunov module takes inputs from main.py to synthesize robust barrier/Lyapunov functions that are fed

into the quadratic program to provide a solution that is both fuel-optimal and safe, based on Lyapunov

safety conditions. The output of both control algorithms (neural Lyapunov + controller and standalone
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controller) is compared and updated (if the standalone controller does not meet Lyapunov conditions for

safety guarantees).

The IQC reachability method generates worst-state bounds of uncertainties using the inputs from main.py

file. Both outputs, neural Lyapunov + controller and IQC bounds, are stored, added together, and fed into

the collision risk assessment for worst-case analysis using the PC, Mahanalobis, and miss-distance metrics.

The parameter file includes physical environment quantities such as atmospheric drag, 𝐽2, and sensor noise,

and the associated covariance of the uncertainty of the initial conditions for Servicer and Client.

Figure 3-4: Software Integration of the Robust GN&C Platform.

The goal of this platform is to create an iterative loop of initial guesses for delta-v or state initial conditions

to improve the robustness of GN&C platforms. This loop will continue until the safety threshold is satisfied

by performing safety validation via the collision risk assessment module. The control submodule varies

depending on the control design law used in the RPO scenarios. For instance, the LQR method is used

when designing the PD control type for attitude, whereas the model predictive control is used to calculate

fuel-optimal maneuvers. The next section describes the control design methods integrated into this software

architecture.

3.5 RPO Controllers

A typical approach in control design relies on designing a controller, running Monte Carlo simulations, and

studying simulation output to identify which design parameters (denoted as 𝑅𝑥 and 𝑅𝑢 matrices in this

thesis) should be used to provide information about the stability of the controller. These steps are followed
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by implementing the controller on virtual environments and the physical system to determine performance

and re-tune parameters if needed. The goal of the next chapters is to propose innovative techniques that

could certify these controllers as safe for various orbital scenarios without the need for the computationally

expensive Monte Carlo approach. The next two subsections will introduce controllers used onboard spacecraft.

3.5.1 Linear Quadratic Regulator (LQR)

The LQR approach is based on the search of the trade-off between the regulation performance of the states

and the control effort, and is formulated in Equation (3.12) below as

𝐽 =
∫︀∞
0
( 12 (𝑥− 𝑥𝑟𝑒𝑓 )

𝑇𝑅𝑥(𝑥− 𝑥𝑟𝑒𝑓 ) +
1
2 (𝑢− 𝑢𝑟𝑒𝑓 )

𝑇𝑅𝑢(𝑢− 𝑢𝑟𝑒𝑓 )

s.t. 𝑥̇ = 𝐴𝑥(𝑡) +𝐵𝑢(𝑡) 𝑦 = 𝐶𝑥+𝐷𝑢,
(3.12)

where the requirement of performance, 𝐽 ≥ 0, implies that both 𝑅𝑥 and 𝑅𝑢 are positive definite matrices

penalizing state errors and thruster efforts. The 𝐴 (state matrix), 𝐵 (input matrix), 𝐶 (output matrix), and

𝐷 (direct transmission matrix) represent the state space realization of the system, 𝑥 is the measured state, 𝑢

is the actuation effort, and 𝑅𝑥 and 𝑅𝑢 are initially approximated by Bryson’s rule as in [42]. The variables

𝑥𝑟𝑒𝑓 and 𝑢𝑟𝑒𝑓 represent the reference trajectories for the inspector satellite. The goal of this control strategy

is to satisfy a feedback control law such that the minimum 𝑢𝑓𝑖𝑛𝑎𝑙 = −𝑘𝑥 is found, where 𝑘 is the optimal gain

matrix and 𝑥 is the final state (goal). This control is used for the IQC reachability analysis for the guidance,

and a PD control law, for the attitude control of the Servicer. These are case studies (1 and 2) presented in

the next chapter of this thesis.

3.5.2 Model Predictive Controller (MPC)

Linear Model Predictive Controller is an extension to the linear-quadratic regulator (LQR), which comes from

optimal control theory [62]. This control algorithm is based on the numerical solution of an optimization

problem online with actuator and/or state constraints, which is useful for trajectory planning and obstacle

avoidance applications. MPC relies on the concept of receding horizon optimal control derivation. According

to this approach, at time 𝑡, we solve to find the optimal control sequence over a finite future horizon of 𝑁

steps as shown in Figure 3-5.

Applying this formulation to satellite navigation, the receding horizon control strategy would replan the

route of the satellite dynamics and the corresponding maneuver actions periodically, finding the overall set

of actions over a time horizon, applying the first and then replanning for the next step [62].
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Figure 3-5: A visualization of model predictive control [66]. At the current sample time k, a sequence of
control inputs are calculated that minimize the error between the predicted state and the reference trajectory
over the prediction horizon N. This process is repeated every sampling instant, whereby the prediction horizon
continuously recedes by one step.

A simple MPC example is used to introduce the controller and is mathematically represented as follows:

𝑥(𝑘 + 𝑗 + 1|𝑘) = 𝐴𝑥(𝑘 + 𝑗|𝑘) +𝐵𝑢(𝑘 + 𝑗|𝑘)

𝑥(𝑘|𝑘) = 𝑥(𝑘)

𝑧(𝑘 + 𝑗|𝑘) = 𝐶𝑥(𝑘 + 𝑗|𝑘)

|𝑢(𝑘 + 𝑗|𝑘)| ≤ 𝑢𝑚, |𝑥(𝑗)| ≤ 𝑥𝑚 (3.13)

where 𝑥(𝑘|𝑘) and 𝑥(𝑘 + 𝑗|𝑘) are the set-point (reference) and output vectors predicted for a future sample

𝑗+𝑘, respectively, but calculated at the current sample 𝑘, 𝑗 = 1, ..., 𝑁), 𝑢(𝑘 + 𝑗|𝑘) represents the decision

variables control input increments on the control horizon, 𝐴 and 𝐵 are the state dynamics and control input

(i.e., time-invariant but time-varying dynamics are also possible), respectively, 𝐶 is the measurement of our

sensors or relative distance between two satellites, and 𝑢 and 𝑥 represent the actuators and state, respectively.

The LQR controller is used to validate the reachability method via IQCs while the MPC controller is used

to validate the safe and fuel-efficient RPO maneuvers via the neural Lyapunov method. The reason for this

is that IQC solves Ricatti inequalities within the control scheme for robustness characterization, bounding

the energy of the system and incorporating various sources of uncertainty affecting that system. This compu-

tation, if applied to each time step through the whole simulation, would take too long to characterize MPC

schemes. For that reason, we only applied IQCs to MPC schemes at specific times (i.e., closest approach

to Debris or Client) in the case studies presented in this thesis. The attitude determination and control

subsystem is introduced next, as this thesis includes a performance analysis of the control attitude pointing

of the Servicer with respect to the Client.
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3.6 Attitude Determination and Control Subsystem

Figure 3-6: ADCS block diagram taken from [75].

Figure 3-6 shows the logic scheme for the Attitude Determination and Control Subsystem (ADCS) im-

plemented in this thesis to demonstrate performance analysis of the control orientation of the Servicer with

respect to a Client. The following equations describe the dynamics and kinematics for controlling the orien-

tation of the Servicer. The orbital dynamics of the Servicer is described by the use of equations derived from

the restricted two-body problem model (R2BP). The computation of the attitude motion of the Servicer is

based on the unconstrained Euler equations describing the rotation of a rigid body in the spacecraft body

frame as shown in Equation (3.14).

𝐼𝑥𝜔𝑥 + (𝐼𝑧 − 𝐼𝑦)𝜔𝑧𝜔𝑦 = 𝑢𝑥 + 𝑇𝑥

𝐼𝑦𝜔𝑦 + (𝐼𝑥 − 𝐼𝑧)𝜔𝑥𝜔𝑧 = 𝑢𝑦 + 𝑇𝑦

𝐼𝑧𝜔𝑧 + (𝐼𝑦 − 𝐼𝑥)𝜔𝑦𝜔𝑥 = 𝑢𝑧 + 𝑇𝑧 (3.14)

where 𝐼𝑥,𝑦,𝑧 represent the inertia moments, 𝜔𝑥,𝑦,𝑧 are the angular velocities, 𝜔̇𝑥,𝑦,𝑧 their derivatives, 𝑢𝑥,𝑦,𝑧

represent the control actions, and 𝑇𝑥,𝑦,𝑧 is the environment disturbance torque acting on the Servicer.

It is possible to obtain the relative attitude of the Servicer, with respect to the ECI reference frame, by

integrating the angular velocities. Attitude kinematics are fulfilled using quaternions (discussed in a later

chapter) as attitude parameters. These dynamics can be represented as shown in Equation (3.15).
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𝑑(𝑞0, 𝑞)
𝑇

𝑑𝑡
=

1

2

⎡⎢⎢⎢⎢⎢⎢⎣
0 −𝑤𝑥 −𝑤𝑦 −𝑤𝑧

𝑤𝑥 0 𝑤𝑧 𝑤𝑦

𝑤𝑦 −𝑤𝑧 0 𝑤𝑥

𝑤𝑧 𝑤𝑦 −𝑤𝑥 0

⎤⎥⎥⎥⎥⎥⎥⎦ [𝑞0(𝑡), 𝑞(𝑡)]
𝑇 (3.15)

where 𝑞0(𝑡) is the scalar component, 𝑞(𝑡) is the vector component of the quaternions, and the 4×4 matrix

represents the skew symmetric matrix [56].

The reaction wheel actuation can also be modeled as in Equation (3.16).

𝜔̇ = −𝐽−1(𝜔 × 𝐽𝜔)− 𝐽−1(𝜔 × ℎ) + 𝐽−1𝑇𝑤 + 𝐽−1𝑇𝑒 (3.16)

where J is the total inertia matrix of the Servicer including the reaction wheel, ℎ is the angular momentum of

the reaction wheels, 𝑇𝑤 is the torque produced by the reaction wheels’ acceleration and 𝑇𝑒𝑥𝑡 is the external

disturbance torque.

The angular momentum of the reaction wheels is given as in Equation (3.17).

𝜔̇ = −𝑇𝑤 (3.17)

The disturbances affecting the attitude dynamics as well as the uncertainties and nonlinearities caused

by the simplified relative equations of motion need to be modeled and captured for robustness guarantees in

GN&C platforms.

3.7 Modeling Disturbances, Uncertainties and Nonlinearities

There are environmental disturbances, such as the aerodynamic effects, gravity gradient effects, and solar

pressure effects, which perturb the attitude motion [64]. The total external disturbance torque in the Servicer

body reference frame is given by Equation (3.18)

𝑇𝑒𝑥𝑡 = 𝑇𝑑𝑟𝑎𝑔 + 𝑇𝐺𝐺 + 𝑇𝑅 (3.18)

where 𝑇𝑑𝑟𝑎𝑔 denotes the torque produced from aerodynamic effects, 𝑇𝐺𝐺 denotes the torque produced from

gravity gradient effects, and 𝑇𝑟 denotes the torque produced by radiation effects.

The total external disturbance torque is modeled as the alignment errors of each component and bounded

via the proposed contributions. The various phases of this RPO mission can be represented in Figure (3-7).

Due to the linearization and averaged satellite equations of motion (LPE dynamics) that constitute the

guidance algorithms, one of the outputs used by the controller, the full effects of 𝐽2 gravity perturbation is

usually truncated to first-order dynamics [134]. The reference trajectory inside the controller uses a semi-

analytical approximation to model the 𝐽2 effects.
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Figure 3-7: CONOPs: phases of the RPO mission (direct approach, inspection through Line-of-Sight (LOS)
cone constraint, and retreat maneuvers).

Other uncertainties that affect the control design can be found in Table 3.2 below:

Table 3.2: Uncertainties captured in the control scheme
Uncertainty Characterization
Actuation JPL papers [18, 57, 1, 32]

Initial Conditions Orbital Perturbation chapter [92]
Sensor Noise Lidar specifications [134]

Cold-gas thrusters are selected as the primary engine devices for the RPO maneuvers in this work. Cold

gas propulsion, which relies on the process of controlled ejection of compressed liquid or gaseous propellants

to generate thrust, is usually used for proximity operations [121]. Thrust output varies from 0.1 𝑚𝑁 to 1 𝑁

ranges with uncertainty commanded thrust output up to 5% [70].

Cold-gas thrusters are selected as the primary engine devices for RPO maneuvers in this work due to

their simplicity, reliability, and safety. Cold gas propulsion relies on the process of controlled ejection of
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compressed liquid or gaseous propellants to generate thrust, and is typically used for proximity operations

[121]. The thrust output of cold-gas thrusters can vary from 0.1 mN to 1 N, with commanded thrust output

uncertainty of up to 5% [70]. Additionally, cold-gas thrusters do not require combustion or other complex

components, making them a low-cost and low-maintenance option for RPO missions. While other propulsion

systems, such as chemical propulsion, can provide higher specific impulse and greater maneuverability, these

systems often require more complex hardware and can be more expensive to develop and operate. Therefore,

cold-gas thrusters are a suitable choice for RPO maneuvers, but constrained to certain Servicer sizes, in

situations where precise maneuvering and safety are of utmost importance.

In addition, Hall and ion thrusters are usually selected as the secondary actuation devices for position-

keeping maneuvers during RPO missions. The typical thrust output varies from 200 𝑚𝑁 to 600 𝑚𝑁 . For

the Hall thruster design, the power supply normally regulates the discharge current between the anode and

the cathode. It is found in [1] that the actual beam current, beam energy, and beam species mix, all of which

influence the thrust along with the specific impulse (Isp), depend on plasma and thermal processes in the

thruster. The efficiencies of each of these species multiply to give the total thruster efficiency. To obtain the

uncertainty, all these efficiencies need to be modeled to calculate the thrust, as shown in [57].

However, the biggest source of uncertainty for ion engines comes from understanding how the current is

distributed among the emitters. At JPL, Dr. Ziemer has developed expertise in ion engines and has collected

very accurate measurements of current and voltage, but with the drawback of combining their measurements

and uncertainty in the hydraulic impedance (these are pressure-fed capillary emitters) between all the emitters

that run in parallel. Although there is some uncertainty about emitter and thruster-level alignment as well,

the expected value was found to be small [32]. Furthermore, Dr. Ziemer found that a significant amount of

the error of controlling the test mass "quietly" (which includes sensing noise, modeling errors, etc.) came

from rounding off the thrust commands to the thrusters [32]. That is, while the controller calculated the

required thrust levels with double-precision floating-point numbers, those were rounded down to the integer-

level commands that were limited due to communication and thruster control bandwidth and precision. In

the end, the uncertainty of the sensor calibration and this error from rounding the commands contributed

significantly to the overall uncertainty in their model predictions versus performance analysis. Characterizing

actuation uncertainty is extremely important to incorporate safety guarantees in RPO missions. The next

section describes collision risk metrics used to improve safety in satellite operations.

3.8 Collision Risk Minimization

For risk evaluation, three different metrics are used. The simplest metric is the miss distance or the 𝐿2-

norm of the relative position 𝜌. Another useful distance metric is the Mahalanobis distance in position

space
√︁
𝜌 · 𝑃−1

𝜌𝜌 · 𝜌 where 𝑃𝜌𝜌 is the relative position covariance. This thesis only focuses on the position

space to gain insight into the instantaneous collisional risks. Another class of risk metrics is the probability of
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collision (PC). The probability of collision is a common metric used in collision avoidance (CA) for measuring

the conjunction risk and one of the most important pieces of data that is evaluated by the NASA CARA

Operators [54]. PC is widely used, but needs to be interpreted properly to be used responsibly. If an

object’s state is poorly known (high covariance), a low PC can correspond to insufficient information rather

than low risk of collision. Relying on a PC threshold for maneuvers without considering the quality of

corresponding covariance information is therefore ill-advised. Therefore, it is important to consider these

cases and understand the accuracy of the PC metric when evaluating the risk of collision. Currently, three

PC categories exist: red or high risk, amber or moderate risk, and green or low risk. Operationally, a

conjunction event is tracked over time for a few days before the TCA. If the PC is consistently in the red

zone, or is increased from the amber to red zone, necessary steps are taken to generate an avoidance maneuver

plan. The ultimate go/nogo decision for the execution of a planned avoidance maneuver is a function of many

other factors, such as the miss distance magnitude, including its relative components, consistency of the orbit

determination (OD) solutions, and operational considerations of the effect of avoidance maneuver on the core

mission. Others have also argued that the estimated miss distance is a better alternative for minimizing the

risk of a conjunction event [136].

Nevertheless, PC remains one of the most important parameters operationally for adjudicating conjunction

events and deciding whether a mitigation action is necessary. Moreover, with the increased adaptation of

ground-based or on-board autonomous CA processes, more and more satellite operators are relying heavily

on easily quantifiable metrics, such as Pc, to make decisions on conjunction avoidance actions. New emerging

techniques in quadratically constrained quadratic programs (QCQPs) are being considered in RPO missions

as well [107, 14, 104]. This technique is an optimization technique in which both the objective function and

the constraints are solved through a quadratic program more efficiently, which is key in real-time operations.

The next section describes the relationship between the two fundamental theories used for the PhD

contributions of this thesis.

3.9 Relationship between Integral Quadratic Constraints and Con-

trol Barrier/Lyapunov Functions

The use of integral quadratic constraints and control barrier/Lyapunov functions in GN&C spacecraft sys-

tems design can be connected with the dissipativity principle, a concept in control theory that characterizes

systems that can store and dissipate energy. In particular, these two methods exploit the benefits of the prop-

erties of quadratic functions to generate worst-case performance analysis while accounting for disturbances,

uncertainties and nonlinearities often ignored in the design of GN&C spacecraft systems.

Integral quadratic constraints (IQCs) provide a framework for analyzing and designing feedback control

systems that account for uncertain and nonlinear dynamics. IQCs enable the use of Lyapunov theory and lin-

ear matrix inequalities to design robust controllers that guarantee stability and performance in the presence
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of uncertainties and nonlinearities. Control barrier/Lyapunov functions (CBFs/CLFs) provide a complemen-

tary approach that enforces safety constraints by designing controllers that ensure that the system remains

within a safe set of states, even in the presence of disturbances and uncertainties. CBFs/CLFs can also be

used to ensure that the system reaches a desired goal while avoiding unsafe states.

By leveraging these methods, GN&C systems can be designed with robustness and safety guarantees that

account for the inherent uncertainties, nonlinearities, and disturbances in the system. This is particularly

important in the context of RPO missions, where precise control and safety are critical for successful and

safe operation of the Servicer and Client spacecraft.

3.10 Robust Optimization

Robust optimization is a subset of optimization theory and has become a method of choice for optimization

under uncertainty in many fields, including aerospace [40]. In this section, the theoretical background of the

IQC framework, which combines aspects of robust optimization, input-output theory, and absolute stability

theory, is presented for the reader’s benefit.

3.10.1 Contribution 1: Evaluating Controller Performance and Stability via

Integral Quadratic Constraints

IQCs offer a framework for representing various elements of a dynamical system (e.g., non-linear, time-

varying, uncertain, or distributed) to aid in rigorous analysis of robust stability and performance [65]. Based

on Megretski’s lectures from MIT [111], these techniques can be employed to derive optimization-based

algorithms for the certification of stability and robustness of specific feedback systems. This concept is

applied to improve safety operations in proximity operation among the Servicer, Client and Debris objects.

The following items describe the benefits of using IQC properties:

• To exploit structural information about satellite dynamics,

• To characterize properties of external perturbation signals, and

• To analyze combinations of several perturbations, applied control and external perturbation signals.

The goal of this contribution is to synthesize a controller that minimizes closed-loop robust performance

metrics. These metrics include establishing L2 gain bounds, disturbances, and other system properties that

could reduce the uncertainty of a system output [138]. The basic properties of IQCs are explored in the next

section.

Background

In robustness analysis, it is natural to assume that the dynamics G(s) are known, and 𝜑 describes the

challenging aspects of the dynamics (i.e., nonlinear, time-varying, or uncertain) components of the system.
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A system of equations (3.19) represents the feedback interconnection of a single input single output (SISO)

linear time-invariant (LTI) system.

⎧⎪⎨⎪⎩𝑥̇ = 𝐴𝑥+𝐵𝑤

𝑤 = 𝜑(𝐶𝑥)

(3.19)

where A, B, C are given real matrices 𝑑𝑒𝑡(𝑠𝐼 − 𝐴) ̸= 0 for Re(s) ≥ 0, G(s) = C(sI - A)−1 B is the transfer

function of the LTI system, and 𝜑 : R −→ R is such that 𝜑(0) = 0 and 𝜑 ∈ [0,1]. The analysis objective is

to establish global asymptotic stability of the equilibrium point at x= 0. In order to model the system as

an IQC, we recognize the exact model S of the dynamical system and specify the objective as an IQC to be

established for S. We then apply IQC analysis to the system in Eq 3.19 and define S as the behavioral model

in terms of signals w and x:

𝑆 = [𝑤;𝑥] : 𝑥̇ = 𝐴𝑥+𝐵𝑤,&𝑤 = 𝜑(𝐶𝑥) (3.20)

This system is often represented as a linear fractional transformation (LFT), which is graphically repre-

sented in Figure 3-8. For a set S of d-dimensional signals 𝑞 = 𝑞(𝑡), an IQC is defined by a quadratic form 𝜎.

Figure 3-8: Graphical representation of IQC as an LFT.

This quadratic function representation is important for practical feasibility as it permits checking for positive

semi-definiteness of linear combinations for different 𝜎 values. This is useful for control performance analysis.

Defining the states of a lower bound 𝜅 = 𝜅(𝑞(0)) for the integrals of 𝜎(q(t)) over long intervals of time: a

complete IQC ≻ 0 on S means existence of a continuous function 𝜅 : R𝑑 −→ R+ such that 𝜅(0) = 0 and

∫︁ 𝑇

0

𝜎(𝑞(𝑡)) 𝑑𝑡 ≥ −𝜅(𝑞(0)) (3.21)

∀ q ∈ S and T ≥ 0, while a conditional IQC 𝜎 ◁ 0 on S states that

∫︁ 𝑇

0

𝜎(𝑞(𝑡)) 𝑑𝑡 ≥ −𝜅(𝑞(0)) (3.22)

∀ signals q ∈ S of finite energy.
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In addition, the robust 𝐿2 induced performance metric is a bound on the ratio between the energies of a

system’s output signal and the system’s input signal [40]. We can combine this metric with IQC to define

the robust L2-to-Euclidean performance, which is a bound on the ratio between the Euclidean norm of a

system’s output (at a specific time) and the system’s input signal energy as shown in Equation (3.23).

Robust ℓ2-to-Euclidean norm: 𝜅 ∈ R+ such that ||𝑒||ℓ2 < 𝜅||𝑢𝑐𝑜𝑛𝑡𝑟𝑜𝑙||ℓ2 , (3.23)

where 𝑒 = (𝑃,∆)𝑢𝑐𝑜𝑛𝑡𝑟𝑜𝑙 for any admissible ∆. This metric is capable of maintaining a bound on a system’s

output at a specific time, given a bound on the input signal’s energy. This can be measured with IQC analysis

by creating and analyzing a finite-horizon system whose output is zero at any time except for the desired

instance. Figure 3-9 shows an example of this metric applied at a specific instance during a simulated natural

motion circumnavigation RPO scenario.

Figure 3-9: 1000 Monte Carlo runs and the IQC analysis showing the worst-state bound at the time of final
position of the circumnavigation RPO scenario.

The bound is obtained by conducting IQC analysis on the uncertain system and then multiplying the

resulting L2-to-Euclidean norm by the bound on the admissible disturbance’s energy. In 3D representation,
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the 1000 Monte Carlos runs and the worst-case performance of the final position are shown in Figure 3-10

below:

Figure 3-10: 3D representation of RPO worst-case final positions during 1000 MC runs and IQC uncertainty
bound at the time of final position of the RPO circumnavigation scenario.
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One can think of a complete IQC ≻ 0 as an implicit dissipation inequality 𝜎(𝑞(𝑡)) ≥ 𝑑𝑉 (𝑥ℎ(𝑡))/𝑑𝑡 where

𝑥ℎ = 𝑥ℎ(𝑡) is the hidden state of the system and 𝑉 = 𝑉 (𝑥ℎ) is an unknown non-negative storage function

satisfying an upper bound 𝑉 (𝑥ℎ(0)) ≤ 𝜅(𝑞(0)). Not only does IQC analysis incorporate static and dynamic

time-invariant uncertainties, but it can also consider time-varying uncertainties (i.e., rate-bounded and arbi-

trarily fast), nonlinear uncertainties (i.e., sector-bounded, norm-bounded, slope-restricted, and passive), and

a variety of delay uncertainties [39]. By modeling the system as an LFT on uncertainties, IQC analysis is

capable of determining an upper bound on the worst-case performance of any system, thereby providing a

more efficient method of parameter-tuning than using the Monte Carlo approach. Because IQC theory is

well-suited for a large suite of uncertainty types (e.g., modeling sensor noise as a class of white signal [99] (see

appendix for IQC derivation), this framework provides assessments on a closer approximation of the physical

system and can flexibly include or remove uncertainties in the analysis.

3.11 Formal Methods

In contrast to other design systems, formal methods use mathematical proof as a complement to system testing

in order to ensure correct behavior [131]. One of the techniques in formal methods is to use barrier certificates,

which are powerful algorithms for system verification. For the benefit of the reader, an introduction to

Lyapunov stability and control barrier function theories will be summarized in this section.

3.11.1 Contribution 2: Certifying Safe Controllers via Synthesis of Control Bar-

rier and Lyapunov Functions

The complete theory of control barrier functions based on Lyapunov theory can be found here [31]. A

summary of the theorems most relevant to this method is presented below.

Dynamical System

Let us consider the behavior of dynamical systems of the form

𝑥̇ = 𝑓(𝑥, 𝑢) (3.24)

where x ∈ X ⊆ R𝑛 is the state u ∈ U, ⊆ R𝑚 is the input, and 𝑓 : 𝑋 × 𝑈 −→ 𝑋 is the flow map, which

we assume to be locally Lipschitz in x and u. The sets X and U represent the sets of admissible state and

control inputs, respectively. Often, we will consider a restricted (but still quite general) class of dynamics

known as control-affine dynamics shown in Equation (3.25):

𝑥̇ = 𝑓(𝑥) + 𝑔(𝑥)𝑢 (3.25)
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where 𝑔 : R𝑛 −→ R𝑚×𝑛 is also assumed to be locally Lipschitz. We focus only on the continuous-time case.

In the context of a dynamical system of this form, the control engineer’s task is to find a feedback controller

𝜋 : 𝑋 −→ 𝑈 such that the control input 𝑢 = 𝜋(𝑥) imparts to the closed loop system 𝑥̇ = 𝑓𝑐(𝑥) = 𝑓(𝑥, 𝜋(𝑥))

certain desirable properties (e.g., stability). In general, 𝜋 may be a function of time and state, as in trajectory-

tracking control. For clarity, we consider the case where the state x is fully observable. When designing a

controller, our goals as control engineers are to ensure that the system’s behavior achieves objectives such as

stability, robust performance, and safety.

To prove that a closed-loop (i.e. autonomous) system is stable, we turn to one of the most widely known

types of certificate: the Lyapunov function. A continuously differentiable function 𝑉 : 𝑋 −→ R is a Lyapunov

function if it satisfies Equation (3.26):

𝑉 (𝑥𝑔) = 0

𝑉 (𝑥) > 0 ∀𝑥 ∈ X
𝑑

𝑑𝑡
(𝑉 (𝑥)) ≤ 0 ∀𝑥 ∈ X (3.26)

where 𝑋𝑔 ⊆ X represents the goal of the controller (i.e., a point or region) and 𝑑
𝑑𝑡 (𝑉 (𝑥)) = ∇𝑉 (𝑥)𝑓𝑐(𝑥) is

the Lie derivative of V along the closed-loop dynamics 𝑓𝑐. There are several theorems in [31] that prove the

stability of a closed-loop system with these Lyapunov functions.

More specifically, if we focus on the dynamics that can be expressed in a control affine system, as shown

in Eq. (3.26), a Control Lyapunov Function (CLF), X : X −→ R certifies the asymptotic stabilization of a

system about 𝑥𝑔 as Equation (3.27) shows.

𝑉 (𝑥𝑔) = 0

𝑉 (𝑥) > 0 ∀𝑥 ∈ X

inf
𝑢
[𝐿𝑓𝑉 (𝑥) + 𝐿𝑔𝑉 (𝑥)𝑢] ≤ 0 ∀𝑥 ∈ X (3.27)

where 𝐿𝑓𝑉 and 𝐿𝑔𝑉 denote the Lie derivatives of V along f and g, respectively. Once the CLF is found,

a set of admissible control inputs for each state can be represented as 𝐾𝐶𝐿𝐹 = 𝑢 : 𝐿𝑓𝑉 (𝑥) + 𝐿𝑔𝑉 (𝑥)𝑢 ≤ 0.

Any policy 𝜋 that chooses control inputs from these sets will necessarily stabilize the system. Since these

conditions are linear in u, a common choice is a quadratic program (QP) that finds the smallest-magnitude

control such that 𝑢 ∈ 𝐾𝐶𝐿𝐹 .

This theory can be extended to the safety of barrier certificates useful for identifying unsafe sets and

guaranteeing that a dynamical system will never enter an unsafe region. These type of functions are called

Control Barrier Functions (CBFs). If there exists a strictly increasing scalar function 𝛼 : R −→ R such that
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𝛼(0) = 0 and 𝑑
𝑑𝑡 (ℎ(𝑥)) ≤ −𝛼(ℎ(𝑥)), then h is a barrier function for the closed-loop system, 𝑥̇ = 𝑓𝑐(𝑥). The

third condition from Eq. (3.27) can be modified for a barrier function h

inf
𝑢
[𝐿𝑓ℎ(𝑥) + 𝐿𝑔ℎ(𝑥)𝑢+ 𝛼ℎ(𝑥))] ≤ 0 ∀𝑥 ∈ X (3.28)

This condition is affine in u, allowing a CBF to be used in a quadratic program with a controller for safety

and stability considerations.Figure 3-11 shows a visual representation of the relationship between control

barrier and Lyapunov functions.

Figure 3-11: 3D representation of control barrier and Lyapunov functions [9].

65



This novel approach combine the stability criteria from Lyapunov certificates and the safety component of

barrier functions to synthesize control Lyapunov barrier functions (CLBFs). This concept encapsulates both

properties of CLF and CBF, and enforces stability of a controller towards a specific location while filtering the

control output to stay within some safety bounds specified by the control designer. This property becomes

relevant during the inspection phase of RPO missions.

Synthesis of CLF and CBF

All of the certificates discussed above allow the control engineer to prove that the controller design is sound.

However, these methods share a common drawback: there has historically been no general method for finding

these certificates [31]. Although there are two other techniques to find these functions (i.e., sum-of-Squares

[9] and simulation-guided [67]), learning-based functions work better for larger-dimensional systems. Table

3.3 below describes the advantages and limitations of these techniques.

Table 3.3: Three Methods to Synthesize Lyapunov Functions
.

Approach Advantages Limitations
Simulation-guided Open and intuitive formulation Not sound for black-box systems
Sum-of-Squares Deterministic guarantees for known dynamics Works for low-dimensional systems

Neural Lyapunov Works for nonlinear and large-dimensional systems Learn from samples

As a result, this thesis explores a learning-based approach to certificate synthesis when a controller is

known and the designer’s goal is to certify it for the closed-loop system. A visual representation of a control

barrier function applied to a nominal LQR controller can be shown in Figure 3-12.

Figure 3-12: LQR filtered by the learned CBF, so that it satisfies the safety constraint (i.e., 0.3 m < ||x||<2.0
m.
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In this framework, the algorithm learns from the difference between the nominal controller and the

Lyapunov model with real uncertainties. The certificate-based controllers can adjust for this difference at

runtime.

Loss Function Definition

In order to apply Lyapunov safety conditions using a neural representation for V, two modifications must be

made to accommodate the fact that neural networks are best suited for unconstrained optimization problems

solved through stochastic gradient descent rather than constrained optimization [29]. Firstly, a penalty

method is used to relax the constraints. Secondly, instead of imposing constraints universally (i.e., ∀x ∈ X),

the evaluation is performed through a large, finite set of randomly sampled training points (𝑥1,𝑥2...,𝑥𝑁 ) ⊂

X. Each training point can be automatically labeled with a loss equivalent to the violation of the certificate

conditions at that point. By averaging this loss across the entire training set, the empirical certificate loss is

obtained, as shown in Equation (3.29), thus ensuring the feasibility of the constrained optimization problem.

𝐿V =
∑︁
𝑖∈𝐼

𝜆𝑖
𝑁

𝑁∑︁
𝑗=1

𝑚𝑎𝑥(𝑐𝑖(𝑥𝑗 ,V), 0) (3.29)

The optimization problem includes penalty weights 𝛼𝑖, which are tuned empirically as hyper-parameters

to enforce constraint satisfaction. The constraints are incorporated as scalar penalties in the loss function,

where empirical loss is different from true loss as it is evaluated at a limited number of points instead of the

entire state space. The stochastic gradient descent can be used to minimize this empirical loss by adjusting

the weights and biases of the neural network that represents V.

In addition, certificates impose constraints on the neural network structure, and hence, continuous-time

certificates should be learned using networks with continuously-differentiable activation functions such as

tanh, softplus, or the exponential linear unit (ELU). Secondly, there are several metrics of certificate quality

that can be included as an objective for the certificate search, such as the size of the region-of-attraction

certified by the resulting certificate or the size of the admissible control set K(x), the maximizing of which will

yield a less-restrictive controller. Either objective could be incorporated into the certificate learning pipeline

by adding an appropriately normalized term to the loss function, but care should be taken not to allow the

neural certificate to overfit to this term at the expense of violating the certificate conditions [29]. The next

section describes how the loss function is used to self-supervise both the certificate V and the control policy

𝜋.

Loss derivation for Lyapunov function

The aim of learning the CLF is to stabilize the system around 𝑥0=[0,0]. To parameterize the CLF, V is

represented by a neural network with hidden layers and the following empirical loss over 𝑁 = 106 training

points is minimized. The sample data is uniformly trained from the state space in all experiments. The

67



mathematical representation of the CLF loss can be seen in Equation (3.30).

𝐿𝑉 = 𝜆1𝑉 (𝑥0)+
𝜆2
𝑁

𝑁∑︁
𝑖=1

𝑟(𝑥𝑖) +
𝜆3
𝑁

𝑁∑︁
𝑖=1

max(𝐿𝑓𝑉 (𝑥𝑖) + 𝐿𝑔𝑉 (𝑥𝑖)𝑢𝑖, 0)

+
𝜆4
𝑁

𝑁∑︁
𝑖=1

max
(𝑉 (𝑥𝑖 +∆𝑡𝑥̇(𝑥𝑖, 𝑢𝑖))− 𝑉 (𝑥𝑖), 0)

∆𝑡

(3.30)

The solutions to the relaxed CLF QP at state 𝑥𝑖, including 𝜆1, 𝜆2, 𝜆3, 𝜆4, and [𝑟(𝑥𝑖, 𝑢𝑖)], are incorporated

into the optimization process with the penalty variables 𝑐1 and 𝜆5 in the optimization of the loss function

presented in Equation (3.31).

min
𝑢

||𝑢||2 + 𝜆5𝑟

s.t. 𝐿𝑓𝑉 (𝑥) + 𝐿𝑔𝑉 (𝑥)𝑢 ≤ −𝑐𝑉 (𝑥) + 𝑟

𝑟 ≥ 0

(3.31)

min
𝑢𝑘

𝐽(𝑥𝑘, 𝑢𝑘) =
∑︀𝑁−1

𝑖=0 (||𝑥𝑖|𝑘||𝑄) + (||𝑢𝑖|𝑘||𝑅) + 𝜆
∑︀𝑁

𝑖=1 1
𝑇 (𝐻𝑥𝑖|𝑘)+

s.t. 𝑥0|𝑘 = 𝑥(𝑡𝑘)

𝑥𝑖+1|𝑘 = 𝐴𝑥𝑖|𝑘 +𝐵𝑢𝑖|𝑘

𝑛̂𝑇𝑖|𝑘𝑥𝑖|𝑘 ≥ 𝑟2, 𝑖 = 0, ..., 𝑁

|𝑢𝑘|∞ ≤ 𝑢𝑚𝑎𝑥

(3.32)

Additional approximations of the Lyapunov decrease conditions are included in the empirical loss through the

third and fourth terms. Although strictly speaking, only the first two terms are necessary, these additional

terms can aid the learning process.

3.11.2 Loss derivation for control barriers

A similar approach is adopted for learning a CBF as in the previous example, where ℎ is defined as a neural

network with hidden layers, 𝑁 = 106 state space samples are taken, and the empirical loss function, shown

in the Equation (3.33) below, is minimized.

min
𝑢

||𝜋𝐶𝐵𝐹 − 𝜋𝑛𝑜𝑚𝑖𝑛𝑎𝑙||

s.t. 𝐿𝑓ℎ(𝑥) + 𝐿𝑔ℎ(𝑥)𝑢 ≤ −ℎ(𝑥)
(3.33)

where 𝜋𝐶𝐵𝐹 = 𝜋𝑛𝑜𝑚𝑖𝑛𝑎𝑙 + 𝜋𝑙𝑜𝑠𝑠𝑒𝑠. The residue of 𝜋𝑙𝑜𝑠𝑠𝑒𝑠 is what the CBF function calculates during the

learning process to complete the updated policy of the safe controller. The loss function 𝜋 can be obtained by

calling activating functions when learning the dynamics, with uncertain characteristics, and safety constraints

of the various RPO scenarios. Eq. 3.34 describes the loss function:
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𝐿𝑉 =
𝜆1

𝑁𝑠𝑎𝑓𝑒

𝑁𝑠𝑎𝑓𝑒∑︁
𝑖=1

max(0, ℎ𝜃(𝑥𝑖)) +
𝜆2

𝑁𝑢𝑛𝑠𝑎𝑓𝑒

𝑁𝑢𝑛𝑠𝑎𝑓𝑒∑︁
𝑖=1

max(0,−ℎ𝜃(𝑥𝑖)) +
𝜆3
𝑁

𝑁∑︁
𝑖=1

𝑟(𝑥𝑖) + ℎ2𝜃(0). (3.34)

The solutions to the relaxed CBF QP at state 𝑥𝑖, including 𝜆1, 𝜆2, 𝜆3, 𝜆4, and [𝑟(𝑥𝑖, 𝑢𝑖)], are incorporated

into the optimization process with the penalty variables c and 𝜆5 in the optimization of the loss function

presented in Equation (??). The variable max represents the activation function used during the synthesis,

and 𝜃 is the learning process parameter to improve the likelihood of satisfying the Lyapunov conditions. 𝑥𝑖,

1 ≤ 𝑖 ≤ 𝑁 are samples of the state vector. Consequently, the Lyapunov condition can be formulated as a

cost function in Equation. (3.35) below:

min
𝑟,𝑢

||𝑢− 𝑢0||2 + 𝜆5𝑟

s.t. 𝐿𝑓ℎ(𝑥) + 𝐿𝑔ℎ(𝑥)𝑢 ≤ −𝑐× ℎ(𝑥) + 𝑟

𝑟 ≥ 0

(3.35)

The rate of change of the Lyapunov function is what determines the safe and unsafe sets. Overall,

this method would provide mathematical guarantees for the control system performance of RPO missions,

accounting for unmodeled effects in relative motion dynamics, unanticipated maneuvers by the Client and

Debris objects, path and angle constraints.
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Chapter 4

Results

This chapter shows the results of and contributions of this thesis, which aims to shrink the gap in the safety

verification method of RPO control design for LEO applications. The main objective of this chapter is to

validate the proposed safety verification framework by proving the significance of this work in the field of

spaceflight safety and autonomous operations for RPO missions. IQC reachability is introduced first, and

then control barrier/Lyapunov functions are applied in later sections.

Competitive Advantage for the IQC-Reachability Framework

To solve problems that may be deterministic in principle, it is common practice to run repeated computational

algorithms while considering uncertainties in parameters and initial conditions. This approach enables us to

perform dispersion analysis. While this method can be useful to optimize controllers and to determine the

amount of fuel usage needed to maintain a miss distance and PC thresholds, running these types of algorithms

can take many days and does not provide robust guarantees for safety. This leads to a large computational

burden even under simplified assumptions of satellite dynamics [39]. The main research question for this first

contribution is: How can we guarantee robustness and stability in the control design while capturing model

uncertainty and nonlinearities caused by environmental effects and hardware limitations? The performance of

RPO controllers can be analyzed via the proposed IQC-reachability method to incorporate such guarantees.

Figure 4-1 shows a graphical representation of the closed-loop controller that captures exogenous disturbances

due to the physical environment (e.g., atmospheric drag, disturbance torque) and hardware limitations (e.g.,

sensor noise), uncertainties in actuation, and nonlinearities due to the first-order approximation of the effects

𝐽2.
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Figure 4-1: Uncertainty characterization in the control design. The actuation device uncertainties are cap-
tured as well as exogenous disturbances coming from perturbation effects (i.e., atmospheric drag, sensor noise,
disturbance torque). The term 𝑑𝑗2 represents the nonlinearities due to the first-order approximation of 𝐽2
gravity dynamics, and the output of this system represents the state uncertainty during forward-reachability
analysis via IQCs.

The most common parameterization for the relative motion of two spacecraft is that of the relative

Cartesian coordinates in the Hill frame ℋ : {ℎ̂1, ℎ̂2, ℎ̂3} as shown in Figure 4-2. This is a rotating frame

based on the reference orbit of the RSO where ℎ̂1 is the unit vector pointing in the direction of the RSO’s

position, ℎ̂3 is the orbit-normal unit vector in the direction of the 𝑅𝑆𝑂 angular momentum vector, and

ℎ̂2 = ℎ̂3 × ℎ̂1 completes the right-handed system. The relative position vector of the servicer is defined by

𝜌 = (𝑥, 𝑦, 𝑧)𝑇 with the relative velocity 𝜌̇ ≜ ℋ𝑑𝜌/𝑑𝑡 = (𝑥̇, 𝑦̇, 𝑧̇)𝑇 , where ℋ𝑑(·)/𝑑𝑡 denotes the time derivative

taken in the rotating reference frame.
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Figure 4-2: Illustration of a general spacecraft formation with out-of-plane relative motion.

The second most common parametrization used for formation design and modeling relative spacecraft

dynamics is that of differential orbital elements, or simply the arithmetic difference between the servicer and

reference orbital elements: 𝛿𝑜𝑒 = 𝑜𝑒𝑆𝑒𝑟𝑣𝑖𝑐𝑒𝑟 − 𝑜𝑒𝑅𝑆𝑂. This state representation is particularly useful for

dynamics modeling in general due to the absolute orbital elements’ slow rate of change, limited to the mean

anomaly 𝑀 or true anomaly 𝑓 for unperturbed Keplerian motion, as compared to the relative Cartesian

representation, which is composed of six so-called "fast variables" [124]. This thesis will specifically use the

equinoctial variables as a set of orbital elements, (𝑎,Ψ, 𝑞1, 𝑞2, 𝑝1, 𝑝2)𝑇 , where 𝑎, Ψ, 𝑞1, 𝑞2, 𝑝1, 𝑝2 are defined

in Equation (4.1) as follow:

𝑎 = 𝑎

Ψ = Ω+ 𝜔 + 𝑓

𝑞1 = 𝑒 sin (𝜔 +Ω)

𝑞2 = 𝑒 cos (𝜔 +Ω)

𝑝1 = tan

(︂
𝑖

2

)︂
sin (Ω)

𝑝2 = tan

(︂
𝑖

2

)︂
cos (Ω)

(4.1)

where 𝑎 is the semimajor axis, Ψ is the mean argument of latitude, Ω is the right ascension of the ascending

node, 𝜔 is the argument of perigee, 𝑓 is the true anomaly, 𝑒 is the orbit eccentricity, 𝑝1 and 𝑝2 are the orbit

inclination vector components,and 𝑞1 and 𝑞2 are the eccentricity vector components. This set of equinoctial

variables was chosen for its benefits of avoiding the singularity for circular orbits (when 𝑒 = 0), equatorial
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orbits (i.e., zero inclinations), as well as being extensively used throughout other bodies of work in the realm

of relative spacecraft dynamics [47].

4.0.1 Formation Dynamics

This thesis leverages the analytical method developed by Gim and Alfriend [46], based on Brouwer’s solution

[19], which accommodates for an eccentric reference orbit and 𝐽2 perturbation effects. While Brouwer’s

solution captures second-order secular and first-order periodic perturbations about a Keplerian reference

orbit due to 𝐽2 − 𝐽5, the Gim-Alfriend (GA) method retains only the first-order secular 𝐽2 terms. At the

core of the GA method is the development of the state transition matrix (STM) for differential mean nearly

non-singular equinoctial orbital elements given in Equation 4.2 below:

𝛿𝑜𝑒𝑛𝑛𝑠(𝑡) = 𝜑𝐽2
(𝑡, 𝑡0)𝛿𝑜𝑒𝑛𝑛𝑠(𝑡0) (4.2)

where 𝛿𝑜𝑒𝑛𝑛𝑠 = (𝛿𝑎̄, 𝛿Ψ̄, 𝛿𝑝1, 𝛿𝑝2, 𝛿𝑞1, 𝛿𝑞2, 𝛿Ω̄)
𝑇 represents the set of mean nearly non-singular differential

equinoctial orbital elements of the servicer spacecraft with respect to the reference orbit; additionally, ( ¯ )

and ( ̃︀ ) are used to distinguish between mean and osculating orbital elements. The GA method includes

the full non-linear transformation between absolute mean and osculating elements,

̃︁𝑜𝑒𝑛𝑛𝑠 = 𝑜𝑒𝑛𝑛𝑠 − (𝐽2𝑅
2
𝑒){∆𝑜𝑒(𝑙𝑝)𝑛𝑛𝑠 +∆𝑜𝑒(𝑠𝑝1)𝑛𝑛𝑠 +∆𝑜𝑒(𝑠𝑝2)𝑛𝑛𝑠 } (4.3)

the Jacobian for the mean to osculating transformation, 𝐷(𝑡):

𝐷(𝑡) =
𝛿̃︁𝑜𝑒𝑛𝑛𝑠
𝛿𝑜𝑒𝑛𝑛𝑠

= 𝐼 − (𝐽2𝑅
2
𝑒)[𝐷

(𝑙𝑝)(𝑡) +𝐷(𝑠𝑝1)(𝑡) +𝐷(𝑠𝑝2)(𝑡)] (4.4)

and Jacobian for the osculating differential orbital element to relative Cartesian Hill frame coordinates (𝜌, 𝜌̇)𝑇 :

Σ(𝑡) ≡ {𝐴(𝑡) + 𝛼𝐵(𝑡)} (4.5)

where 𝛼 = 3𝐽2𝑅
2
𝑒. The full GA STM for propagating the osculating relative Cartesian state in Hill frame

coordinates is given by:

Φ𝐽2
(𝑡, 𝑡0) = {𝐴(𝑡) + 𝛼𝐵(𝑡)}𝐷(𝑡)𝜑𝐽2

(𝑡, 𝑡0)𝐷
−1(𝑡0){𝐴(𝑡0) + 𝛼𝐵(𝑡0)}−1 (4.6)

where the analytical solution for the inverse of (4.5) is provided in the GA method and the first-order

approximate inverse of (4.3)−(4.4) can be obtained by replacing 𝐽2 with −𝐽2 in the Brouwer transformation

and treating the osculating elements as the inputs [46, 7]. Equations (4.2)−(4.5) were modified to use the

mean argument of latitude, Ψ, instead of the true argument of latitude, 𝜃.

Finally, in order to include the control influence, 𝑢, on the differential mean orbital elements, it can be
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shown that

𝛿𝑜𝑒𝑛𝑛𝑠(𝑡) = 𝜑𝐽2
(𝑡, 𝑡0)𝛿𝑜𝑒𝑛𝑛𝑠(𝑡0) +

𝑡∫︁
𝑡0

𝜑𝐽2
(𝑡, 𝜏)𝐵(𝜏)𝑢(𝜏)𝑑𝜏 (4.7)

where 𝐵(𝑡) represents Gauss’s variational equations (GVEs) evaluated on the reference orbit [118].

It is useful to note that, while this form of the GA method was used for the analyses throughout this

thesis, there exist many alternative differential orbital elements-based formulations of the formation dynam-

ics throughout the literature, as discussed in the introduction. Two variations of the GA method include

the small-eccentricity version of (4.2)−(4.4) which can be used to save significant computational effort for

formations in near-circular reference orbits, given by Alfriend and Yan [6]. The following sections will show

how (4.7) is used to capture the formation dynamics during the control policy portion of the RPO missions,

and the full GA STM from (4.6) is used to propagate the Hill frame relative Cartesian state-covariance for

risk mitigation.

As a result, assuming that the differences between the Servicer’s mean elements and the reference elements

are small, the dynamics of the differential mean elements are found by linearizing Equation A.1 about the

reference orbit:

˙𝛿𝑜𝑒 = 𝐴𝛿𝑜𝑒+𝐵𝑢 (4.8)

The LQR is used to solve for the control solution of the feedback control system. The goal of this control

strategy is to satisfy a feedback control law such that the minimum cost, 𝑢𝑓𝑖𝑛𝑎𝑙 = −𝑘𝑥, is found, where 𝑘 is

the optimal gain matrix and 𝑥 is the final state (goal).

4.1 Case Studies Framework

IQC analysis is applied to measure the robust performance of this LQR controller because it is capable of

considering both numerous types of uncertainties and specifying characteristics of the system’s exogenous

disturbances. Analytical tools are used from the robust control literature [111] for such interconnections,

and the approach is based on an IQC scheme for a robust control synthesis. The main research question

can be divided into two and addressed in this section: (1) Is the system stable despite model uncertainties?

and (2) Is the system robust despite model uncertainties and exogenous disturbances? Sensitivity studies

are performed through IQC analysis to figure out worst-case magnitudes of uncertainties and disturbances

for which the system is both unstable and weak. To answer the first question, controller weight matrices

are tuned to stabilize a plant (i.e., Servicer) that considers first-order actuation model uncertainties. To

answer the second question, IQC forward-reachability is used to inspect a high-value Client in LEO at 550

𝑘𝑚. By performing this forward propagation through IQC, an uncertainty bound is found for reaching a

desired state incorporating initial state uncertainty, satisfaction of an input/output performance metric, and
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bounds for the physical disturbances of the environment in this orbital regime. The performance metric used

is the 𝐿2-induced norm chosen to account for the control effort performed by actuation (i.e., using cold-

gas propulsion engines). An open-source library for operational flight dynamics applications (Orekit) [82] is

employed to compare the designed control algorithms, using analytical formulas, with numerical propagation,

which accounts for higher fidelity dynamics. Table 4.1 shows the Servicer specification. In addition, a debris

object was added in these case studies to validate the IQC forward-reachability analysis framework.

Table 4.1: Servicer Specifications
Specifications Values

Altitude 500 𝑘𝑚
Initial Conditions

(Cartesian/LVLH frame) [0.0 𝑚, -50.0 𝑚, 0.0 𝑚]

Uncertainty
Initial Condition

X:[-0.0818 𝑚, 0.020 𝑚]
Y: [-0.013 𝑚, 0.013 𝑚]
Z: [-0.013 𝑚, 0.013 𝑚]

,

Alignment Error
Bias Input [0.10494 , 0 ,0, 0, 0.1049,0,0, 0,0.1049] 𝑑𝑒𝑔2,

Drag Coefficient 2.2
Mass 160 𝑘𝑔

Thruster Uncertainty [−5% 𝑚/𝑠2 to 5% 𝑚/𝑠2]
Margin for uncertain orbital parameters

due to 10% variation of geopotential ||10−3||
Margin for Atmospheric Drag

Uncertainties (𝑚/𝑠2)
Drag is too small

to be considered due to RPO mission duration (i.e., hours)

The Servicer inspecting the Client is assumed to have a dry mass of 160 𝑘𝑔, a drag coefficient of 2.2, and

a drag area of 3 𝑚2. It is equipped with eight thrusters, including a mix of cold-gas and ion/Hall thrusters,

to control movement in positive and negative directions along each axis. When making orbit corrections

around the NMC, the Hall thrusters can deliver full thrust ranging from 392 to 397 𝑚𝑁 at 6 𝑘𝑊 , with a

specific impulse of 100 seconds, offering fuel-efficient propulsion for orbit control. During guidance algorithm

operations, cold gas is used, and a +/- 5% uncertainty in thruster output is assumed.

To compute the highest exogenous acceleration vectors affecting the controller at this orbital altitude,

perturbation equations from [50] can be applied: Equation (16) for atmospheric drag and Equations (48-50)

for the perturbing force due to Earth’s oblateness (𝐽2). The NRLMSISE-00 density model [105] is utilized

for maximum density calculations, using the solar and geomagnetic indices from the well-known Halloween

storm condition in 2003 [49].

It is important to note that the linearized and averaged equations of motion neglect some terms. The

Earth’s gravity magnitude is 10−2, and the 𝐽2 term is 10−5. The latter is a thousand times smaller, and

as the gravity analytical expression only captures first-order 𝐽2
2 terms, it becomes another thousand times

smaller. Thus, the acceleration component due to the 𝐽2 variation that is being ignored has a magnitude of

10−8 𝑘𝑚/𝑠2. Table 4.2 shows the types of disturbances, uncertainties, and nonlinearities that were taken

into account in the case studies presented in this chapter.
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Table 4.2: IQC characterization of disturbances and uncertainties affecting LQR controller
Name of disturbances, uncertainties and nonlinearities (units) Worst magnitude IQC characterization

Sensor Noise (in ℎ𝑧) White signal IQC white class
Uncertain states (𝑚) 𝑥𝑜= Δ3 IQC Δ𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟

Actuation uncertainty Δ3 = +/− 0.05 IQC Δ𝑎𝑐𝑡𝑢𝑎𝑡𝑖𝑜𝑛

Alignment error (𝑑𝑒𝑔2) Table 4.1 IQC Δ𝑏𝑖𝑎𝑠

If the RPO mission were to last for an extended period (e.g., weeks or months), atmospheric drag would

have a significant impact on the controller. The worst-case differential magnitudes’ absolute values can be

calculated, as referenced in [55], assuming the Client has a drag coefficient of 2.2 and a drag area of 5

𝑚2. Furthermore, uncertainty bounds were established under the premise that these perturbations affect

the Servicer in both positive and negative directions. As atmospheric drag is highly diurnal and strongly

influenced by solar activity, this disturbance can be modeled as a static LTI product. The ∆ operator is

used to constrain the actuation approximation error by a scalar 𝜅, such that the L2-norm of ∆ is less than

or equal to 𝜅. The disturbances influencing attitude control were taken from [75] and modeled as alignment

error, as displayed in Table 4.1.

All the disturbances, uncertainties and nonlinearities caused by the geopotential model are characterized

with the IQC operators. Nonlinearities due to neglected higher-order geopotential perturbations and periodic

motion effects. The exogenous refer to the disturbances by atmospheric drag, gravity gradient effects, and

solar pressure effects. Other characterization include the lidar model noise uncertainty and the actuation

uncertainty based on selected actuation devices (e.g., cold-gas, ion engines, chemical propulsion).The nonlin-

earities due to Lagrange Planetary Equations (LPEs) dynamics approximation, and other uncertainties and

disturbances can be captured with IQC theory.The reference trajectory uses a semi-analytical approximation

in LPEs model neglects higher-order geopotential terms and first-order periodic terms (order 𝐽2). The error

in LPEs approximation model neglects geopotential terms and periodic of order up to ||10−3||. Figure 4-3

shows the overall framework of the IQC-based reachability method.

Equation 4.9 describes this characterization:

⎧⎪⎨⎪⎩𝑥̇ = 𝑓(𝑥(𝑡)) + 𝑔(𝑥(𝑡))(𝑢(𝑡) + 𝑤(𝑡)), 𝑥(0) = 𝑥0

𝑤 = ∆(𝑢)(𝑡)

(4.9)

where x ∈ X ⊆ R𝑛 is the state u ∈ U, ⊆ R𝑚 is the input, 𝑓 : 𝑋 × 𝑈 −→ 𝑋 is the flow map (which it is

assumed to be locally Lipschitz in x and u), and 𝑔 : R𝑛 −→ R𝑚×𝑛 is also assumed to be locally Lipschitz.

4.1.1 Weight Tuning Algorithm

In regard to the first research question about the stabilization of the controller, Algorithm 1 was developed to

tune the weight matrices, 𝑅𝑢 and 𝑅𝑥, of the LQR scheme. State errors and control efforts were penalized given

model uncertainties and performance criterion (J≥ 0). As stated in Table 4.2, the actuation uncertainties as

∆𝑥 = 0.05, ∆𝑦 = 0.05, ∆𝑧 = 0.05 were assumed for utilization efficiencies described for cold-gas and Hall/ion
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Figure 4-3: Illustration of the IQC framework capturing model disturbances, uncertainties & nonlinearities
(𝐽2).

engines. These uncertainties represent thruster output in relation to commanded thrusts versus actual thrust

values as shown in Figure 4-4.

The overall system model is balanced using the balreal function in MATLAB to compute a reduced-order

approximation of the linear time invariant (LTI) model, thus helping to solve this ill-conditioned system. A

modified procedure was implemented from [39] for tuning these matrices within the LQR control scheme and

analyzed via the proposed IQC analysis framework.
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Figure 4-4: Actuation uncertainty. Uncertainties are shown in the radial, in-track and cross-track components.

Maximum units of 1 for each penalizing variable (𝛼 and 𝛽) were assumed. The minimum penalization

variables for the required stabilization of the system are obtained as 𝛼 = 0.2 and 𝛽 = 1 for the final controller.

Figure 4-5 describes the case studies presented in this section where the Servicer trajectory is shown in a

relative motion with respect to Client while considering a obstacle region. The obstacle is located at [-10 𝑚,

-35 𝑚, 0 𝑚] on the Cartesian plane.

The following case studies are considered in the next section:

• Case Study#1 focuses on IQC-based reachability to determine the worst-case state output of the Ser-

vicer during direct approach while considering a obstacle region and a trapezoidal guidance law.

• Case Study #2 focuses on IQC-based reachability during inspection phase (closest approach/attitude

pointing requirements to Client).

4.2 IQC-based Reachability for RPO Mission

The following case studies will show the characterization of uncertainties and nonlinearities that are not

currently captured in RPO control design. This characterization is performed by applying integral quadratic

constraints to forward-reachability methods during maneuver phases of RPO missions.
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Algorithm 1 IQC Analysis for tuning 𝑅𝑥 and 𝑅𝑢

Require: Stable system 𝑥̇=f(x,u,∆)
Ensure: J ≥ 0
𝛼0=0.1, 𝛽0=0.1
∆𝑥−𝑦−𝑧 =+/-0.5
𝑅𝑥 = 𝛼𝐼6,6
𝑅𝑢 = 𝛽𝐼6,3

while Stable = False do

if 𝛼 < 1 then

𝛼0 + 0.01

if Stable=True then 𝑆𝑡𝑜𝑝𝐿𝑜𝑜𝑝

if 𝛼 = 1&𝛽 < 1 then 𝛽0+0.01,𝛼 = 0.1

if Stable=True then

Stop Loop

Figure 4-5: Servicer trajectory in relative motion with respect to Client (IR-plane)

4.2.1 Case Study 1: IQC-based Reachability during Direct Approach Phase

(Collision Avoidance of Space obstacle)

The 3D Servicer trajectory for the entire duration of an RPO mission, 2D projections, sensor measurements

from a lidar sensor, an obstacle region, and the Client are shown in Figure 4-6. The goal of this section is

to verify control robustness such that the Servicer trajectory satisfies a keep-out zone (𝑟𝑚𝑖𝑛) away from the
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Figure 4-6: Servicer trajectory in relative motion with respect to Client (IR-plane)

obstacle region. The keep-out zone chosen for these case studies is 4 𝑚 radius centered around the obstacle

as shown in Figure 4-7.

Figure 4-7: Keep-out Zone (KOZ) of Servicer to Client.
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Because the obstacle object is located at [-10 𝑚, -35 𝑚, 0 𝑚] and the Servicer at [0 𝑚, -50 𝑚, 0 𝑚], a

trapezoidal guidance law is designed to get closer to the Client during the direct approach maneuver. The

Servicer then follows an inspection phase: positioning and closest approach maneuvers, and finally a retreat

phase. First, the controller output is verified by comparing the reference trajectory with the truth dynamics

modeled using numerical propagation as shown in Figure 4-8.

Figure 4-8: Reference vs. Truth trajectories.

The truth trajectory was generated using Orekit embedded in the control scheme. The reference is driven

by Lagrange’s analytical dynamics and embedded in two control laws: (1) a dV control law for reaching a

desired trajectory, and (2) a closed-loop LQR control law for correcting state error. The errors between the

reference and truth trajectories are shown in Figure 4-9.
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Figure 4-9: Difference (Reference vs. Truth) in trajectories.

4.2.2 Collision Avoidance Maneuver

Dispersion analysis was conducted by running 1000 trajectories of a trapezoidal guidance law via Monte

Carlo runs. Figure 4-10 shows how these trajectories disperse and the IQC worst-uncertainty bound (green)

grows at the time of closest approach (TCA) to the obstacle region, as shown in Figure 4-10.

The initial conditions and TCA to the obstacle can be seen in Figure 4-11. The distance variation of the

initial condition and closest approach to the obstacle can be shown in Figure 4-12. The types of disturbances

and uncertainties that were accounted for in the case studies presented in this chapter are broken down into

uncertainty groups as shown in Tables 4.3, 4.4, and 4.5.

Table 4.3: Final Position’s best/worst coordinates from mean-Truth and Cartesian distances for 1000 MC
runs. The MC and IQC runs considered initial conditions and sensor noise uncertainties.

Metric Radial (meters) In-track (meters) Cross-track (meters) Cartesian distance (meters)
Best distance -10 0.5 -0.8 10.04

Worst distance -7 -0.3 0.3 7.01
IQC bound [+/−] from mean [-12, -11] [-0.1, 1.5] [0.1,2] [6.8,10.3]
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Figure 4-10: 1000 trajectories of Servicer in relative motion with respect to Client and IQC-worst case
uncertainty bound (green sphere) at TCA to obstacle.

Table 4.4: Final Position’s best/worst coordinates from mean-Truth and Cartesian distances for 1000 MC
runs. The MC and IQC runs considered initial condition, sensor noise, and orbital parameters uncertainties.

Metric Radial (meters) In-track (meters) Cross-track (meters) Cartesian distance (meters)
Best distance -0 -0.77 0.9 9.1

Worst distance -13 1 -1.5 8.2
IQC bound [+/−] from mean [-10, -14] [-1.5, 1.5] [0.5,2] [7,13]

Table 4.5: Final Position’s best/worst coordinates from mean-Truth and Cartesian distances for 1000 MC
runs. The MC and IQC runs considered initial conditions, sensor noise orbital parameters, and thruster
output uncertainties.

Metric Radial (meters) In-track (meters) Cross-track (meters) Cartesian distance (meters)
Best distance -10 -0.99 0.9 11

Worst distance -13 1 -1.5 9
IQC bound [+/−] from mean [-10, -14] [-1.5, 1.5] [0.5,2] [7,13]

The worst values of MC runs can be compared with the IQC bounds as shown in Figure 4-13. Figure 4-14

shows the time of closest approach, the distance of closest approach to the obstacle, and Monte Carlo run
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Figure 4-11: Variation of initial conditions and TCA to obstacle during the direct approach phase. 1000
trajectories were generated for this dispersion analysis.

Figure 4-12: Dispersion analysis of uncertain initial and closest positions to obstacle during 1000 MC runs.

numbers associated with each trajectory. The figure shows that the closest approach trajectories vary from

9 meters to 11 meters and TCAs vary from 500 seconds to 600 seconds. The Monte Carlo runs considered

uncertainties in the initial condition, sensor noise, state parameter, and actuation devices as shown in Table

4.2.
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Figure 4-13: Comparison of MC runs vs. IQC bounds capturing all uncertainties and nonlinearities.

Figure 4-14: Analysis of Servicer closest approach to obstacle object for mc=1000 Monte Carlo simulations.

The IQC generated the worst-state uncertainty bound at TCA to obstacle object and can be seen more

closely in a 2D-projection as shown in Figure 4-15. IQC bounds show a more conservative result than MC

runs but they guarantee that the bound at a TCA will not be violated over time.
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Figure 4-15: Analysis of Servicer during closest approach to obstacle for mc=1000 Monte Carlo simulations
and IQC bound at TCA to obstacle.

The same 1000 trajectories are broken down into three components and analyzed via the IQC reachability

method. The radial, in-track, and cross-track coordinates are shown with the worst-case uncertainties for

the entire duration of the RPO mission: Figure 4-16 shows the radial component, 4-17 shows the in-track

component, and 4-18 shows the cross-track component. The three plots show the IQC uncertainty bounds

throughout the mission.
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Figure 4-16: Radial component with IQC bounds for the whole duration of the simulation.

Figure 4-17: In-track with IQC bounds for the whole duration of the simulation.

These plots confirm that IQC bounds can generate worst-state case output for each component while

capturing various sources of uncertainty and nonlinearities of current RPO GN&C systems. Table 4.6 shows

Monte Carlo results for the worst coordinates on each axis and confirmed that Cartesian distances do not

88



Figure 4-18: Cross-track with IQC bounds for the whole duration of the simulation.

exceed the bounds found by the IQC reachability method. In addition, the IQC enables the calculation of

worst-state performance much faster than Monte Carlo runs. This table also shows IQC-bounds for various

uncertainty groups and compares computational time of two reachability methods: IQC and MC. A desktop

computer with an iCore I7-11700k and 3.4 𝐺𝐻𝑧 speed was used to generate these results.

Table 4.6: Comparison of IQC uncertainty groups for Servicer position and computational times (IQC-
reachability and MC runs.)

Uncertainty Type MC Computational Time MC IQC Computational Time
Noise and initial condition (IC) 1w 1d 15h 12m 45s 240ms 2d 0h 33m 24s

Noise, IC, and orbital parameters (OP) 1w 1d 17h 26m 17s 240ms 2d 3h 5m 5s
Noise, IC, OP, and thruster output 1w 1d 19h 12m 15s 120ms 2d 3h 12m 1s

As a result, IQC bounds generation takes less time to compute than Monte Carlo runs (less than 5 days of

computational time difference). This is because IQC bounds the uncertainties as integral quadratic constraints

while solving for the worst-state magnitudes through Ricatti equations. Monte Carlo runs stochastically

sample the whole trade-space without any guarantee of computational efficiency or robustness. The next

subsection will show the analysis conducted for the inspection phase of this RPO mission.
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4.2.3 Case Study 2: IQC-based Reachability during Inspection Phase (Closest

Approach/Attitude Pointing Requirements to Client)

This second case study includes an analysis of the Servicer getting closer to the Client with the goal of

performing an inspection. The closest approach is examined as well as Servicer pointing requirements with

respect to the Client. Figure 4-19 shows the inspection phase in the In-track, Radial (IR)-plane. The research

goal of this inspection phase is to characterize the position of the Servicer as well as its attitude pointing

along the trajectory with respect to the Client during the maneuvers phases of this RPO mission. The

IQC-reachability method is validated with MC runs as shown in Figure 4-20.

Figure 4-19: Inspection of Client. Trajectory of Servicer in relative motion with respect to Client. MC=1
run.

90



Figure 4-20: Inspection of Client. Trajectory of Servicer in relative motion with respect to the Client.
MC=1000 runs.
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Figure 4-21: Analysis of Servicer closest approach to Client object for MC=1000 Monte Carlo simulations.

The position uncertainty was already characterized in the previous section. Consequently, Figure 4-

21 shows the closest approach trajectories to the Client, TCA, and associated Monte Carlo run numbers.

As shown in the figure above, the closest approach varies from 7.15 𝑚𝑒𝑡𝑒𝑟𝑠 to 7.20 𝑚𝑒𝑡𝑒𝑟𝑠 and the TCA

varies from 4500 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 to 5,500 𝑠𝑒𝑐𝑜𝑛𝑑𝑠. The variation of the initial conditions and the closest approach

trajectories can be seen in Figure 4-22.

Figure 4-22: Variation of initial conditions and TCA to the Client object during the direct approach phase.
1000 trajectories were generated for this dispersion analysis.
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The distance variation of the initial condition and closest approach to Client object can be seen in

Figure 4-23 below:

Figure 4-23: Dispersion analysis of uncertain initial and closest positions to the Client during 1000 MC runs.

Table 4.7: Phases of RPO Mission for MC=1 run. Total Duration:1.94 hrs [143].
Phases Time Duration (seconds)

Direct Approach [0-1000]
Inspection Mode [1200-1700]

Positioning [1700-4100]
Closest Approach [4100-5700]

Retreat [5700-7000]

The attitude pointing will be divided among maneuver phases, and each phase will be characterized as

shown in Table 4.7. The IQC reachability framework was also used to propagate attitude dynamics using

quaternions, which are used to represent a system that extends the real number into a four-dimensional

domain and used to describe rotations of coordinate systems. The purpose of using this system is to remove

singularities such as the loss of a degree of freedom in a rotation system (e.g., gimbal lock [56]).

4.2.4 Feedback Proportional Derivative (PD) for Attitude Control

The desired attitude maneuver is a combination of a Client pointing together with a slewing maneuver, to

continuously reorient the Servicer to be able to follow the Client. The desired pointing is achieved when the

Servicer body frame is aligned with the LVLH reference frame with respect to the Client body. The control

law to model the actuators that produce the requested torque is based on a quaternion proportional and

derivative control law, as shown in Equation (4.10).

𝑢𝑖𝑑 = −𝑘𝑝
𝑑𝐻(𝑞0)

𝑑𝑞0
− 𝑘𝑑𝜔𝐵𝑇 (4.10)
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where 𝑞𝑒 represents the quaternions error vector, 𝑞0 is the scalar component of the quaternion vector, 𝐻(𝑞0)

is a function that satisfies the Lyapunov stability theorem, whereas 𝑘𝑝 and 𝑘𝑑 are the proportional and

derivative gains, respectively. These quantities are selected to satisfy the time requirement and the pointing

accuracy of the RPO mission. Reaction wheel modeling is outside the scope of this thesis.

The control solution of the quaternion output is then transformed into roll, pitch, and yaw Euler angles.

The conversion from small roll-pitch-yaw Euler angles to the vector part of the corresponding error quaternion

is described in Equation (4.11)

(𝑞1, 𝑞2, 𝑞3)
𝑇 =

1

2

⎡⎢⎢⎢⎣
0 0 1

0 1 0

1 0 0

⎤⎥⎥⎥⎦ [𝜃𝑟𝑜𝑙𝑙, 𝜃𝑝𝑖𝑡𝑐ℎ, 𝜃𝑦𝑎𝑤]
𝑇 (4.11)

where 𝜃𝑟𝑜𝑙𝑙, 𝜃𝑝𝑖𝑡𝑐ℎ, and 𝜃𝑦𝑎𝑤 represent the roll, pitch, and yaw angles. The body frame of this rotation can

be seen in Figure 4-24. Consequently, the IQC-worst angle uncertainties are compared with dispersed results

from Monte Carlo runs throughout the RPO mission phases.

Figure 4-24: Spacecraft attitude in body frame

Figure 4-25, Figure 4-26, and Figure 4-27 below show the attitude pointing for the direct approach

maneuver for each Euler angle. In this phase, attitude is controlled in all axes to maintain pointing towards

a Client in LVLH frame. For the roll angle during the direct approach maneuver, see Figure 4-25.

For pitch angle during the direct approach maneuver, see Figure 4-26. For yaw angle during the direct

approach maneuver, Figure 4-27. Similarly, Figure 4-28, Figure 4-29, and Figure 4-30 show the attitude

pointing during the inspection phase. All angles are controlled to point directly at the Client in LVLH frame.

For roll angle during the inspection maneuver, see Figure 4-28.
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Figure 4-25: Servicer Roll Angle alignment with respect to Client during phase 1: direct approach (t=0s to
100s) for MC=1000 runs.

Figure 4-26: Servicer Pitch Angle alignment with respect to Client during phase 1: direct approach (t=0s to
100s) for MC=1000 runs.

For pitch angle during the inspection maneuver, see Figure 4-29. For yaw angle during the inspection

maneuver, see Figure 4-30. During the positioning phase, only the pitch angle is controlled, pointing to the

Client in the spacecraft body frame. The roll and yaw angles are free to vary and for that reason, IQC bounds
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Figure 4-27: Servicer Yaw angle alignment with respect to Client during phase 1: direct approach (t=0s to
100s) for MC=1000 runs.

Figure 4-28: Servicer Roll alignment with respect to Client during phase 2: inspection mode (t=1200s to
1700s) for MC=1000 runs.

are not calculated as shown in Figure 4-31 and Figure 4-33. For roll angle during the positioning maneuver,

see Figure 4-31.
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Figure 4-29: Servicer Yaw alignment with respect to Client during phase 2: inspection mode (t=1200s to
1700s) for MC=1000 runs..

Figure 4-30: Servicer Yaw alignment with respect to Client during phase 2: inspection mode (t=1200s to
1700s) for MC=1000 runs.

For pitch angle during the positioning maneuver, see Figure 4-32. For yaw angle during the positioning

maneuver, see Figure 4-33. Similarly, during the closest approach phase, only the pitch angle is controlled

pointing, to the Client in the spacecraft body frame. The yaw angle is free to vary and for that reason, IQC

bounds are not calculated for that component as shown in Figure 4-36. For roll angle during the closest

approach maneuver, see Figure 4-34.
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Figure 4-31: Servicer Roll alignment with respect to Client during phase 3: positioning mode (t=1700s to
4100s) for MC=1000 runs.

Figure 4-32: Servicer Pitch alignment with respect to Client during phase 3: positioning mode (t=1700s to
4100s) for MC=1000 runs.

For pitch angle during the closest approach maneuver, see Figure 4-35. For yaw angle during the closest

approach maneuver, see Figure 4-36. The last phase is the retreat maneuver. The frame is switched to LVLH

frame and as in the closest approach maneuver, the yaw angle is free to vary as shown in Figure 4-39. For

roll angle during the retreat maneuver, see Figure 4-37.
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Figure 4-33: Servicer Yaw alignment with respect to Client during phase 3: positioning mode (t=1700s to
4100s) for MC=1000 runs.

Figure 4-34: Servicer roll alignment with respect to Client during phase 4: closest approach (t=4100s to
5600s) for MC=1000 runs.

For pitch angle during the retreat maneuver, see Figure 4-38. For yaw angle during the retreat maneuver,

see Figure 4-39. The variation of these angles during closest approach to the Client (phase 4) and obstacle

(phase 5) can be interpreted in the following figures and tables. In both cases, yaw angles are free to vary

as the inspection is only being controlled with the roll and pitch angles. Furthermore, yaw values oscillate

from -180 𝑑𝑒𝑔𝑟𝑒𝑒𝑠 to 180 𝑑𝑒𝑔𝑟𝑒𝑒𝑠, which is a common problem in this numerical propagation. These two

values are identical in a unit circle but processing the data requires an innovative filtering technique, which

is outside the scope of this thesis (i.e., yaw angle is not bounded by the IQC framework). Table 4.8 below

shows the range of worst (farthest from mean) and best (closest to mean) angles and IQC bounds at TCA

for these ranges.

Table 4.9 shows the range of worst (farthest from the mean) and best (closest to mean ) angles and

99



Figure 4-35: Servicer pitch alignment with respect to Client during phase 4: closest approach (t=4100s to
5600s) for MC=1000 runs.

Figure 4-36: Servicer yaw alignment with respect to Client during phase 4: closest approach (t=4100s to
5600s) for MC=1000 runs.

Table 4.8: Final Position’s best/worst angles from mean-Truth during phase 4: closest approach. Runs
considered initial conditions, sensor noise orbital parameters, thruster output uncertainties, and alignment
error bias.

Metric Roll (angles) Pitch (angles) Yaw (angles)
Best angle -24.80 -14.85 -179.97

Worst angle -27.50 -17.89 179.99
IQC bound [+/−] from mean [-27.50, -22.50] [-18.50, -13.10] Not Applicable

IQC bounds at TCA for these ranges. In addition, Table 4.10 shows uncertainty groups captured by the

IQC-reachability framework and compares the computational loads of two reachability methods: IQC and

MC. A desktop computer with an iCore I7, 8 processors, and 3.4 𝐺𝐻𝑧 speed was used to generate these

results.
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Figure 4-37: Servicer roll alignment with respect to Client during phase 5: retreat phase (t=5800s to 6400s)
for MC=1000 runs.

Figure 4-38: Servicer pitch alignment with respect to Client during phase 5: retreat phase (t=5800s to 6400s)
for MC=1000 runs.

Table 4.9: Final Position’s best/worst angles from mean-Truth during phase 5: retreat phase (TCA to
Obstacle). Runs considered initial conditions, sensor noise orbital parameters, thruster output uncertainties,
and alignment error bias.

Metric Roll (angles) Pitch (angles) Yaw (angles)
Best angle -175.20 -25.10 172.42

Worst angle 175.27 -8.30 -179.45
IQC bound [+/−] from mean [174.50, 175.76] [-30.0, -5.0] Not Applicable

Table 4.10: Comparison of IQC uncertainty groups for Euler angles and computational times (IQC-
reachability vs. Monte Carlo runs).

Uncertainty Group MC Time Time IQC Time
Sensor noise, initial condition, orbital parameter, and thruster 1w 1d 17h 12m 15s 120ms 2d 3h 12m 1s

Sensor noise, initial cond., orbital param., thruster, and alignment bias 1w 1d 22h 14m 3s 2d 19h 20m 8s
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Figure 4-39: Servicer yaw alignment with respect to Client during phase 5: retreat phase (t=5800s to 6400s)
for MC=1000 runs.

These results demonstrate the efficiency of using the proposed IQC reachability method to examine safety

in a closed-loop feedback control law. This improvement consists of speeding up computation and improving

robustness when solving for the worst-state uncertainty through an RPO mission. In the next section, the

results of safety-aware filters applied to an optimal model predictive control, designed for an RPO mission,

are presented. The IQC reachability framework is also used as a validation technique for the proposed safety

framework using control barrier/Lyapunov functions. The results of this innovative filtering scheme are

compared with dispersed results via Monte Carlo simulations as well.

4.3 Control Lyapunov/Barrier Functions on RPO GN&C Platforms

This section shows the results of novel approaches that combine the stability criteria from Lyapunov certifi-

cates and the safety component of barrier functions to synthesize control Lyapunov and barrier functions, and

the combination of the two (i.e., CLFs/CBFs/CLBFs). This concept encapsulates properties of both CLF

and CBF, and enforces stability of a controller towards a specific region while filtering the control output to

stay within some safety bounds specified by the control designer. Earlier sections showed five main phases of

the RPO mission: direct approach, inspection mode, positioning, closest approach, and retreat. The first and

last phases (i.e., direct approach and retreat) are trajectories designed to pass by an obstacle, so the third

case study presented in this section focuses on applying a neural CBF to these two phases. On the other

hand, the fourth case study focuses on filtering the controller output used for the inspection-related phases

(i.e., inspection mode, positioning and closest approach) by applying a neural CLBF. The CLBF is chosen as

the filtering scheme, as the intent for the designed trajectories is to arrive to a specific point while assuring

that all trajectories stay within a safety region. The switching safety-aware filtering function is shown in

Figure 4-40.
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Figure 4-40: Safety-aware filtering technique for RPO missions (i.e., CBFs are applied to the first and fifth
phases and CLBFs are applied to the second, third and fourth phases).

Figure 4-41: Summary of case studies: safety-aware filtering technique for RPO missions (i.e., CBFs are
applied to the first and fifth phases and CLBFs are applied to the second, third and fourth phases).

A simulation of the neural Lyapunov MPC trajectories with the detailed phases can be seen in Figure 4-

41. The uncertain output is caused by disturbances affecting actuation, unmodeled effects in relative motion
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dynamics, and unanticipated maneuvers by Client/obstacle, which are not captured by current onboard

GN&C platforms. Figure 4-42 shows an illustration of the worst and best scenarios in RPO controllers.

Figure 4-42: Illustration of best- and worst-case scenarios for RPO GN&C design.
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4.3.1 Model Predictive Control Applied to RPO Mission

As shown in the MPC implementation from [66], the constraint on the maximum impulsive velocity change

is considered as a limit on the ∞-norm of the control. Using the ∞-norm implies that thrusters are used in

all body-fixed frame directions and limit the maximum thrust for each body axis individually as shown in

Equation 4.12.

|𝑢𝑘|∞ ≤ 𝑢𝑚𝑎𝑥 (4.12)

where 𝑢𝑚𝑎𝑥 is a result of the finite-thrust capability of the Servicer. Alternative norms for impulsive control

were considered, but they changed the computational complexity of the problem. For a single thruster, the

2-norm could be used, requiring that the Servicer slews for each impulse. During a rendezvous maneuver, the

Servicer is typically desired to be aligned with the Client body or payload frame. An LOS cone constraint is

usually implemented to maintain trajectories within a “keep-in zone” for a successful inspection of a Client.

To keep the MPC controller in a quadratic program (QP) formulation, the method in [12] treats the LOS

constraint as an inner polyhedral approximation given by Equation 4.13.

𝐴𝑐𝑜𝑛𝑒𝑥𝑘 ≤ 𝑏𝑐𝑜𝑛𝑒 (4.13)

This constraint is considered “soft” [12], which means that the states are allowed to violate the conditions

and added as a penalty to the cost function. The penalty augmented to the cost function in [12] is given by

Equation 4.14:

𝑁∑︁
𝑖=1

𝜆𝑘1
𝑇 (𝐴𝑐𝑜𝑛𝑒𝑥𝑘 − 𝑏𝑐𝑜𝑛𝑒)+ (4.14)

where 𝜆 is the weight on the penalty, and the subscript + denotes that only positive components are considered

(i.e., if the constraint is violated, negative values are set to zero so as not to contribute to that penalty).

In addition, to ensure that the Servicer does not overshoot the Client, a constraint is placed on the desired

approach direction. For example, when considering a V-bar approach (along the Client’s velocity direction

or in-track), a constraint is placed on the in-track component of the state as stated in Equation 4.15.

𝑦𝑘 ≥ 0 (4.15)

As previously mentioned in the introduction of this subsection, the RPO mission scenario has been split

into five phases. The phases have different sample times between control inputs for the MPC solution. The

direct approach phase has the longest sample rate since it occurs when the relative distance is large (i.e.,

2𝑘𝑚-10𝑘𝑚) compared to the next four phases. Upon entering the close range or inspection phase (i.e., less

than 10𝑚), the sample time decreases for faster Servicer control in response to disturbances. The fastest
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sample rate is in the closest approach phase, where the Servicer and Client are closest, so that the Servicer

can react quickly to perturbations in order to avoid collisions.

The LOS and overshoot constraints are added to the MPC formulation. Adding in the LOS cone constraint

ensures that the Servicer will begin to approach the Client from a desired inspection direction. Equation 4.16

below describes the optimization problem in the R-bar approach rendezvous:

𝑚𝑖𝑛 𝐽 =
∑︀𝑁−1

𝑖=1 𝑥𝑇𝑘𝑄𝑥𝑘 + 𝑢𝑇𝑘𝑅𝑢𝑘 + 𝑥𝑇𝑁𝑄𝑓𝑥𝑁 +
∑︀𝑁

𝑖=1 𝜆𝑘1
𝑇 (𝐴𝑐𝑜𝑛𝑒𝑥𝑘 − 𝑏𝑐𝑜𝑛𝑒)+

s.t. 𝑥𝑘+1 = 𝐴𝑥𝑘 +𝐵𝑢𝑘

|𝑢𝑘|∞ ≤ 𝑢𝑚𝑎𝑥

𝑥𝑘 ≥ 0

(4.16)

The next subsection explains the assumptions and methodology behind the CBF and CLBF synthesis, and

the filtering methodology applied to the MPC scheme.

4.3.2 Neural Lyapunov Synthesis for an RPO Mission

Verifying that a Servicer controller satisfies this safety constraint is challenging for a number of reasons:

1. The LVLH frame is convenient for expressing the safety constraints, but the relative equation of motion

relies on a linearization of orbital dynamics and thus does not capture higher-order nonlinear effects

and actuation uncertainties. The safety verification process should account for these effects.

2. The Client or obstacle region may not be static; each will often have its own control policy, which

may not be known ahead of time (or at all). The safety verification process should be robust to some

(bounded) maneuvering by the Client and obstacle objects.

3. Designing a Servicer controller is challenging, so the safety verification process should allow maximum

flexibility in designing the controller.

A safety verification strategy that meets all three requirements is that of robust Control Barrier Functions

(CBFs) or Control Lyapunov Barrier Functions (CLBFs). As discussed in chapter 3, a CBF is a scalar

function of state ℎ : R𝑛 ↦→ R such that ℎ(x) < 0 in the safe region, ℎ(x) > 0 in the unsafe region, and the

time derivative of ℎ satisfies the inequality

inf
𝑢

[︂
𝑑ℎ

𝑑𝑡

]︂
= inf

𝑢
[∇ℎf(𝑥) +∇ℎg(x)u] ≤ −𝜆ℎ(x) (4.17)

for control-affine dynamics, ẋ = f(x) + g(x)u. If ℎ satisfies these requirements, then established results in

control theory imply that there exists a family of feedback control policies that cause the state to remain in

the safe region for all future time [9]. Even if these conditions are violated in some regions, as long as they

hold throughout the region where ℎ < 0 the safety guarantees hold, and safe controllers are guaranteed to

exist. In particular, this family of safe controllers is all Lipschitz continuous control policies taking values
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from the set 𝐾𝐶𝐵𝐹 = {∇ℎf(𝑥) +∇ℎg(x)u ≤ −𝜆ℎ(x)}. An arbitrary Lipschitz controller 𝜋𝑏𝑎𝑠𝑒𝑙𝑖𝑛𝑒 can be

projected onto this safe set by solving the CBF quadratic program (CBF-QP).

min
𝑢

||𝑢− 𝜋𝑏𝑎𝑠𝑒𝑙𝑖𝑛𝑒||2 (4.18)

s.t. ∇ℎf(𝑥) +∇ℎg(x)u ≤ −𝜆ℎ(x) (4.19)

The CLBF holds the same criteria but adds enforcement of the stability of a controller towards a specific

location, as shown in Equation (3.27). This CBF/CLBF-QPs can act as safety filters, satisfying requirement

(1) by allowing the system designers to choose any desirable 𝜋𝑏𝑎𝑠𝑒𝑙𝑖𝑛𝑒, so long as it is filtered to a safe

policy by solving Equation (4.18). However, to meet requirements (2) and (3), the synthesis of CBF/CLBF

should be robust to uncertainty and adversarial disturbances in the inputs. To do this, a robust certificate is

implemented as discussed in [31].

The safety analysis must be robust to three sources of disturbance: higher-order effects, (ignored in the

linearized LPE dynamics), actuation uncertainty, and worst-case movement from the Client/obstacle objects.

The worst-case disturbance is assumed from the sum of these three effects, which are bounded along each

axis, i.e. 𝑑𝑥, 𝑑𝑦, 𝑑𝑧 ∈ [𝑑𝑚𝑖𝑛, 𝑑𝑚𝑎𝑥]. For the following analysis, we take 𝑑𝑚𝑎𝑥 = −𝑑𝑚𝑖𝑛 = 0.01. By exploiting

the fact that condition (4.17) is affine in these uncertain disturbances, if (4.17) holds for all worst-case

scenarios d = (𝑑𝑥, 𝑑𝑦, 𝑑𝑧) ∈ {𝑑𝑚𝑖𝑛, 𝑑𝑚𝑎𝑥}3 then it is guaranteed to hold for any scenario in the convex hull

of those extreme points [31]. Using this fact, the CBF/CLBF-QPs in (4.18) can be expanded to construct a

robust version, which is sufficient to enforce safety despite perturbations from nonlinear effects and actuation

devices, and potentially adversarial actions by the Servicer and obstacle region.

min
𝑢

||𝑢− 𝜋𝑏𝑎𝑠𝑒𝑙𝑖𝑛𝑒||2 (4.20)

s.t. ∇ℎ(f(𝑥) + d𝑖) +∇ℎg(x)u ≤ −𝜆ℎ(x) 𝑖 = 1, 2, . . . 8 (4.21)

These robust CBF/CLBF-QPs can be used as safety filters, guaranteeing that the system remains safe

despite perturbations. The safety-aware filter is shown in Figure 4-43: the CBF/CLBF-QPs project the

baseline control policy onto the set of safe controllers, allowing it to be used with baseline controllers that

are difficult to rigorously verify (such as MPC controllers). This innovative method provides flexibility

and robustness, satisfying our three requirements for safety verification; however, there are three notable

drawbacks.

First, this architecture shifts the responsibility for safety to an online monitor in the form of robust

CBF/CLBF-QPs. Instead of using a more accurate perturbation model and propagating the dynamics

forward in time, the CBF/CLBF-QPs assume that an accurate state estimate will allow it to adapt to

disturbances online. The feasibility of the CBF/CLBF-QPs can be verified offline, but the need for an

accurate, high-frequency state estimate is a hard requirement for this approach.
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Second, the CBF/CLBF-QPs safety filters have no intrinsic notion of optimality (other than closeness

to the baseline controller). By design, the CBF/CLBF-QPs are concerned only with maintaining safety. If

a mission requires optimal use of resources or positioning relative to the Client, those considerations are

delegated to the baseline controller. For example, an MPC controller may be used to ensure low propellant

use, while a CBF-QP is used to filter the output of the MPC algorithm.

Figure 4-43: Control barrier/Lyapunov functions (CBFs/CLBFs) can act filters for any control policy 𝜋(𝑥)
(in our case, MPC), endowing the combined controller with guarantees on long-term safety.

Finally, robust certificate functions such as CBFs and CLFs are notoriously difficult to synthesize by hand

[45]. In this thesis, an approach from [31] is adapted for improving GN&C platforms in RPO missions. The

Lyapunov functions are synthesized by training neural networks with 4 hidden layers of 128 tanh activation

units each, using stochastic gradient descent to minimize the violation of the constraints in Equation (4.21)

in the robust CBF/CLBF-QPs. As a result, the next subsection uses the designed MPC to execute the

maneuvers during the various mission phases described in this thesis. Two synthesized neural Lyapunov

functions (CBF and CLBF) are used to filter the output of the MPC to achieve fuel-optimal trajectories with

safety guarantees.

4.3.3 Case Study 3: Collision Avoidance (Servicer/obstacle) via Neural CBF

This case study applies a CBF to an MPC scheme for robust safety guarantees during the direct approach

and retreat phases at 550 𝑘𝑚 in LEO. For guaranteeing safety in proximity operations, it is important that

the Servicer spacecraft avoids any obstacle object to prevent a collision from happening. Table 4.11 shows

the Servicer specifications and acceleration disturbances considered in this case study.

It is assumed that the Servicer has perfect state knowledge of itself. The CBF network is trained on

100,000 data points sampled uniformly from [𝑥, 𝑦, 𝑧, 𝑥̇, 𝑦̇, 𝑧̇] ∈ [−3, 3]3 × [−1, 1]3, considering disturbances as

shown in Table 4.11. The violation of the constraints in Equation (4.21) is computed on each data point.

Since some flexibility is needed in determining the shape of the robust CBF, the safety constraints were

modified in Figure 4-58 to specify safe and unsafe regions of state space, leaving some separation between

these sets (states in this buffer zone may be either safe or unsafe).
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Table 4.11: Servicer specifications and disturbances considered in the CBF synthesis.
Specifications Values

Altitude 550 𝑘𝑚
Initial Conditions

(Cartesian/LVLH frame) [0.0 𝑚, -50.0 𝑚, 0.0 𝑚]
Drag Coefficient 2.2

Mass 160 𝑘𝑔
Thruster Uncertainty [−5% 𝑚/𝑠2 to 5% 𝑚/𝑠2]

State Uncertainty
(𝑥, 𝑦, 𝑧, 𝑥̇, 𝑦̇, 𝑧̇) [-3 𝑚, 3 𝑚]3× [-1 𝑚/𝑠, 1 𝑚/𝑠]3

Uncertainty in obstacle motion [-0.01 𝑚/𝑠2, 0.01 𝑚/𝑠2]
Additive Disturbance

(Due to geopotential uncertainty [-0.001 𝑐𝑚/𝑠2, 0.001 𝑐𝑚/𝑠2]

A contour plot of the trained CBF network is shown in Figure 4-44. Trajectories starting at states within

this 0.95-sublevel set are guaranteed to remain within that set when controlled using the robust CBF-QP.

The conditions in Equation (4.21) were found to be satisfied at all points in Figure 4-44 within the 0.95-

sublevel set; these conditions were checked on a uniform grid of points with maximum spacing 0.01 between

points. The validity of this robust CBF was verified by checking that the conditions in Equation (4.21) were

satisfiable at all points within the 0.95-sublevel set on a uniform grid with maximum spacing 0.01 between

adjacent points. No violation was found of the CBF conditions on this set. Because the CBF conditions are

satisfied throughout this dark purple set, this set is guaranteed to be invariant.

From Figure 4-44, a CBF certificate certifies an invariant region (red circle) that does not fully overlap

with the specified safe region (green circle). By checking the certificate values on a uniform grid as described

above, we find that our barrier certificate certifies 99.52% of the desired safe region as forward invariant, and

the overlap between the certified invariant region and the specified unsafe region is 0%.

Figure 4-45 shows the derivative of the control barrier function. This figure shows the region where the

synthesized function is valid (i.e., unsafe if 𝑚𝑎𝑥(𝑑𝑉/𝑑𝑡, 0) > 0 or safe if 𝑚𝑎𝑥(𝑑𝑉/𝑑𝑡, 0)<0). This means that

if the derivative gradient is greater than 0, the CBF is not always valid for that region. On the other hand,

if the derivative is less than 0 (or negative), the CBF is always valid for that region. Because the interest for

safety is inside the keep-out zone, which represents the area inside the red circle, the CBF synthesis is valid

for the direct approach and retreat mission phases. As a result, this CBF certificate will allow satisfaction of

the obstacle KOZ constraint embedded in the MPC scheme.
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Figure 4-44: The robust neural CBF is synthesized using stochastic gradient descent to minimize the violation
of the constraints. The 0.95 sub-level set (red circle) separates safe and unsafe states, guaranteeing safety.

One hundred trajectories were executed to compare the trajectories of the MPC vs. the CBF + MPC

controllers as shown in Figure 4-46 and Figure 4-47. It is difficult to see which trajectories are passing through

the obstacle in a 2D representation, and for that reason, Figure 4-48 shows the closest approach to Client in

3D space for the trajectories executed by the standalone MPC and the CBF+ MPC schemes.
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Figure 4-45: Derivative of the CBF using the point-wise maximum function (max). Trajectories starting at
states within the invariant set of 𝜆 < 0 are guaranteed to remain within that set when controlled using the
robust CBF-QP.

The left plot shows that the standalone MPC scheme will not always guarantee that trajectories remain

outside the keep out zone. On the other hand, the right plot shows that the CBF embedded in the MPC

scheme allows for a KOZ constraint satisfaction for the closest approach points to obstacle, despite the

uncertainties and nonlinearities affecting the control output. In addition, in order to validate the robustness

of CBF, Monte Carlo simulations were run and results were compared with the IQC bound at TCA. Figure 4-
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Figure 4-46: MPC trajectories of RPO phases while capturing uncertainties and nonlinearities (MC=100).

49 shows the worst-case uncertainty IQC bound at TCA to obstacle, during the direct approach phase, where

the Servicer is passing by the obstacle.
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Figure 4-47: MPC+CBF RPO phases while capturing uncertainties and nonlinearities (MC=100).

Similarly, Figure 4-50 shows the same validation of Monte Carlo runs and IQC bound at TCA for the

retreat phase. The actual time of the closest approach to the obstacle object occurs during the retreat phase.

Because the bound generated by the IQC reachability method captures more uncertainties than the synthesis

of the CBF (i.e., synthesis only captures disturbances in the form of accelerations (see Table 4.11) applied to

the control-affine dynamics), the IQC uncertainty bound and the KOZ constraint are compared to determine

the robustness of the synthesized CBF. As a result, as shown in Figure 4-51, the filtered-MPC via CBF only

guarantees a safe keep-out distance of 2.5 𝑚𝑒𝑡𝑒𝑟𝑠 instead of the 4 𝑚𝑒𝑡𝑒𝑟𝑠 radius that was originally enforced

during the CBF synthesis.
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Figure 4-48: Trajectories satisfy the 4-𝑚𝑒𝑡𝑒𝑟 radial keep out distance (KOZ constraint) to obstacle with the
CBF+MPC Controller.

Figure 4-49: 3D vs. 2D plots. Direct approach trajectories (0𝑠<t<1200𝑠). Validation of CBF+MPC
trajectories for MC=100.

When examining the behavior of these trajectories more closely, one can plot a chronological timeline

of the times before and at the Time of Closest Approach (TCA) in Figure 4-53 and Figure 4-52. Figure

4-53 shows the behavior at the time of closest approach. A comparison of the averaged radial, in-track, and

cross-track coordinates of the various RPO phases can be seen in Figure 4-54 for the standalone MPC and

the MPC+CBF schemes. An average of the total fuel consumption during the direct and retreat phases

(delta-v) output is also shown in Figure 4-55 below.

On average, the CBF+MPC scheme results in 8% more fuel-expensive trajectories than the standalone

MPC. However, it provides the necessary safety guarantees for enforcing the full satisfaction of the KOZ

constraint, which is critical for sustainable operations at these altitudes. Out of the 100 simulations run using

the MPC scheme, only 33 resulted in safe trajectories. Therefore, to compare the actual fuel consumption

when the CBF is used to enforce safety across all trajectories, a third line, representing the average of safe
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Figure 4-50: 3D vs. 2D plots. Retreat trajectories (4500𝑠<t<6000𝑠). Validation of CBF+MPC trajectories
for MC=100.

Figure 4-51: Validation of retreat trajectories via the IQC reachability method. IQC bounds (green sphere)
considered sensor noise, initial position, state parameter and thruster uncertainties. CBF considered accel-
eration disturbances by thruster output and unknown motion from obstacle region.

MPC trajectories, was added to the fuel comparison plot shown in Figure 4-58, as seen in Figure 4-56.
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Figure 4-52: Before TCA.Validation of retreat trajectories via the IQC reachability method. IQC bounds
(green sphere) considered sensor noise, initial position, state parameter and thruster uncertainties. CBF
considered acceleration disturbances by thruster output and unknown motion from obstacle region.

Figure 4-53: At TCA.Validation of retreat trajectories via the IQC reachability method. IQC bounds (green
sphere) considered sensor noise, initial position, state parameter and thruster uncertainties. CBF considered
acceleration disturbances by thruster output and unknown motion from obstacle region.

When the rocket equation is employed to convert the dV consumption of the Servicer into mass spent,

expressed in kilograms, Figure 4-57 is obtained. As a result, the actual average trajectory of the safe MPC
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Figure 4-54: Servicer average trajectory: Robust CBF+MPC vs. standalone MPC for MC=100 Monte Carlo
runs

Figure 4-55: Fuel consumption comparison: Robust CBF+MPC vs. MPC standalone schemes for MC=100
Monte Carlo runs. 95% confidence interval.

resulted in a 6.1% more fuel-efficient trajectory than the average of the CBF+MPC trajectory. However, this

framework provides robust guarantees for collision-free trajectories.

117



Figure 4-56: Fuel consumption comparison: Robust CBF+MPC vs. MPC standalone schemes for MC=100
Monte Carlo runs. 95% confidence interval

4.3.4 Case Study 4: Robust Inspection (Servicer/Client) via Neural CLBF

For safe proximity operations, it is important that the Servicer avoids the Client by guaranteeing a KOZ

constraint to prevent collisions from happening while satisfying the sun-angle requirements (i.e., which is

modeled by implementing a LOS constraint). In the LVLH frame, the Client is at the origin, and so the

safety requirement can be expressed as a constraint on the state of the Client:

𝑥𝑚𝑖𝑛 ≤ ||x|| ≤ 𝑥𝑚𝑎𝑥 (4.22)

for the state x = [𝑥, 𝑦, 𝑧, 𝑥̇, 𝑦̇, 𝑧̇], keep-away minimum norm 𝑥𝑚𝑖𝑛 and keep-in maximum norm 𝑥𝑚𝑎𝑥. This

constraint is illustrated in Figure 4-58.

The relative motion between the Servicer and the Client is transformed from Cartesian to spherical coor-

dinates to capture safety requirements around the NMC. The states are transformed as 𝑥 = 𝑟 cos(𝜑) cos(𝜑),

𝑦 = 𝑟 sin(𝜑) sin(𝜃), and 𝑧 = 𝑟 cos(𝜃) where 𝜃 represents the azimuth or inclination of the Servicer with respect

to the Client (in degrees), and 𝜑 is the elevation, argument of latitude, or simply the sum of the argument of

perigee (𝑤) and true anomaly (𝑣) (both in degrees). An example of the synthesized CLBF for the inspection

mode, positioning, and closest approach RPO phases can be seen in Figure 4-59.

Table 4.12 shows the Client specifications and acceleration disturbances used to compute the neural

CLBF for this case study. Servicer specifications were defined earlier in this chapter in Table 4.11. As shown
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Figure 4-57: Fuel mass consumption comparison: Robust CBF+MPC vs. MPC standalone schemes for
MC=100 Monte Carlo runs. 95% confidence interval

Table 4.12: Client specifications and disturbances considered in the CLBF synthesis.
Specifications Values

Altitude 550 𝑘𝑚
Client Location

(Cartesian/LVLH frame) [0.0 𝑚, 0.0 𝑚, 0.0 𝑚]
Drag Coefficient 2.2

Mass 160 𝑘𝑔
Thruster Uncertainty [−5% 𝑚/𝑠2 to 5% 𝑚/𝑠2]

State Uncertainty
(𝑥, 𝑦, 𝑧, 𝑥̇, 𝑦̇, 𝑧̇) [-3 𝑚, 3 𝑚]3× [-1 𝑚/𝑠, 1 𝑚/𝑠]3

Uncertainty in Client Motion [-0.01 𝑚/𝑠2, 0.01 𝑚/𝑠2]
Additive Disturbance

(Due to Geopotential Uncertainty) [-0.001 𝑐𝑚/𝑠2, 0.001 𝑐𝑚/𝑠2]
Sun-Angle (LOS Constraint) [135𝑑𝑒𝑔 to 225𝑑𝑒𝑔]

in [31], a single safety certificate containing control Lyapunov functions (for stability) and control barrier

functions (for safety) is synthesized. The goal here is to synthesize a CLBF that considers state constraints

and the safety of the inspection with high eccentric NMC maneuvers. As shown earlier in this section, the

Cartesian coordinates 𝑥, 𝑦, and 𝑧 are transformed into spherical coordinates to describe the safety constraint

as the azimuth and elevation angle of the Servicer with respect to the Client. Mathematically this is defined

as 𝜃 = arctan
(︀
𝑦
𝑥

)︀
, and 𝜑 = arcsin( 𝑧√

(𝑥2+𝑦2)
). Figure 4-60 shows the trajectory planner used to learn the

data points on the way to the inspection region.
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Figure 4-58: The Servicer must remain between a minimum and maximum distance from the Client.

The learning through optimization steps converged to a safety rate of 100% as shown in Figure 4-61. A

contour plot of the trained CLBF network is shown in Figure 4-62. A neural network was trained with four

hidden layers of 128 tanh activation units each, using stochastic gradient descent to minimize the violation

of the constraints in the robust CLBF-QP. The CLBF network was trained on 100,000 data points sampled

uniformly from [𝑥, 𝑦, 𝑧, 𝑥̇, 𝑦̇, 𝑧̇] ∈ [−2.5, 2.5]3 × [−1, 1]3 and [𝜃, 𝜑] ∈ [−11 × [−1.5 deg, 1.5 deg]. The violation

of constraints is computed on each data point. During the synthesis, no violation was found for the CLBF

conditions on this set. Because the CLBF conditions are satisfied throughout the dark set, this region is

guaranteed to be invariant.
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Figure 4-59: 2D example of robust CLBF synthesized for the inspection mode, positioning and closest
approach RPO phases.

Figure 4-63 shows the derivative of the control Lyapunov barrier function. This figure shows the region

where the synthesized function is valid (i.e., unsafe if 𝑚𝑎𝑥(𝑑𝑉/𝑑𝑡, 0) > 0 or safe if 𝑚𝑎𝑥(𝑑𝑉/𝑑𝑡, 0)<0). This

means that if the derivative gradient is greater than 0, the CLBF is not always valid for that region. On the

other hand, if the derivative is less than 0 (or negative), the CLBF is always valid in that region. Because

the interest for safety is inside the LOS constraint, which represents the area inside the green cone, the CLBF

synthesis is valid for the inspection mode, positioning, and closest approach RPO phases to satisfy sun-angle

and keep-out zone requirements.
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Figure 4-60: Trajectory planner for learning safe/unsafe sets. Inspection requirements from 135𝑑𝑒𝑔 to 225𝑑𝑒𝑔.

A comparison of the unsafe vs. safe inspection trajectories can be seen in Figure 4-64. The goal now is

to validate CLBF+MPC scheme with MC runs and the IQC reachability method. As a result, one hundred

trajectories were executed to validate the CBF + MPC scheme as shown in Figure 4-65. In order to validate

that the CLBF+MPC scheme filtered the MPC output properly, a closer look of the LOS region can be seen

in Figure 4-66. Adding the IQC bound at TCA to Client also validates the robustness of the CLBF filter to

keep trajectories in this region as shown in Figure 4-67.
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Figure 4-61: Running various simulations to obtain a CLBF safe region accuracy for the Servicer controller.
Safety rate converges to 100% in less than 3000 optimization steps.

.

A comparison of the averaged radial, in-track, and cross-track coordinates of the inspection mode, posi-

tioning, and closest approach phases can be seen in Figure 4-68 for the standalone MPC and the MPC+CLBF

schemes.
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Figure 4-62: The robust CLBF synthesized using a neural network and stochastic gradient descent. The dark
contour indicates the region that the CLBF guarantees to be forward invariant: all states starting between
the green LOS constraint will remain within that region indefinitely.

An average of the total fuel consumption during the inspection mode, positioning, and closest approach

phases (delta-v) output is also shown in Figure 4-69. On average, the CLBF+MPC scheme incurs a 2.4%

higher fuel cost for executing trajectories during the inspection phase compared to the standalone MPC.

However, it provides the necessary safety guarantees for fully enforcing the LOS constraint, which is critical
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Figure 4-63: Derivative of the CLBF using the point-wise maximum function (max). Trajectories starting at
states within the invariant set of 𝜆 < 0 are guaranteed to remain within that set when controlled using the
robust CLBF-QP.

for sustainable operations at these altitudes. As mentioned in the previous section, out of the 100 simulations

run using the MPC scheme, only 33 resulted in safe trajectories. Hence, a third line was added to the fuel

comparison plot shown in Figure 4-69, to compare the actual fuel consumption when the CLBF is used to

enforce the sun angle requirements across all trajectories. This comparison is in Figure 4-70.

125



Figure 4-64: Comparison between robust CLBF+MPC and the standalone MPC schemes. IR-Plane

Figure 4-65: CLBF+MPC robust controller. The trajectory of Servicer in relative motion with Client for
MC=100 Monte Carlo runs.

When the rocket equation is employed to convert the dV consumption of the Servicer into mass spent,

expressed in kilograms, Figure 4-71 is obtained.
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Figure 4-66: Closer inspection within the LOS region. Robust CLBF+MPC scheme for MC=100 Monte
Carlo runs.

Figure 4-67: Zoom-in of the LOS region during the RPO inspection phase. Robust CLBF+MPC scheme for
MC=100 Monte Carlo runs.

The safe MPC resulted in an actual average trajectory that was 1.8% more fuel efficient than the average

trajectory of the CBF+MPC scheme. Despite this advantage, this safety framework ensures robust guarantees

for satisfying mission requirements, such as sun-angle constraints.
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Figure 4-68: Servicer average trajectory: Robust CLBF+MPC vs. MPC standalone schemes for MC=100
Monte Carlo runs.

Figure 4-69: Fuel consumption comparison: robust CLBF+MPC vs. MPC standalone schemes for MC=100
Monte Carlo runs. 95% confidence interval.
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Figure 4-70: Fuel consumption comparison: Robust CBF+MPC, Safe MPC MPC standalone Trajectories
for MC=100 Monte Carlo runs. 95% confidence interval

Figure 4-71: Fuel mass consumption comparison: Robust CBF+MPC vs. MPC standalone schemes for
MC=100 Monte Carlo runs. 95% confidence interval

4.4 Collision Risk Mitigation

The proposed robust architecture for RPO activities was shown in Figure 3-3. For risk evaluation, three

different metrics are used: miss distance, Mahalanobis distance in position space, and the PC metrics. As
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shown earlier, the architecture indicates that if the IQC bounds exceed the safety threshold by these metrics,

another initial guess for dV maneuver recommendation would be provided to minimize the collision risk. For

faster computation, a two-dimensional (2D) PC is assumed where the three-dimensional Gaussian distribution

of the relative position at the time of closest approach (TCA) is marginalized as a 2D Gaussian distribution

on the encounter plane [5, 23]. The encounter plane is a plane perpendicular to the relative velocity at TCA.

This thesis leverages relative velocity in the rotating Hill frame to construct the encounter plane. The PC is

given by

𝑝𝑐 =

∫︁
𝐴hb

1

2𝜋
√︀

|𝑃𝑑𝑑|
exp

(︂
−1

2
𝑑 · 𝑃−1

𝑑𝑑 · 𝑑
)︂
𝑑𝐴 (4.23)

where 𝑑 and 𝑃𝑑𝑑 are the relative position vector and its covariance mapped onto the encounter plane; 𝐴hb

is the area swept by the combined hard body. The study uses a circular area with a predefined hard body

radius 𝑅hb. The 2D PC computes a total collision probability for an isolated encounter, assuming the relative

velocity is high enough that the relative motion is rectilinear. Another assumption is that relative covariance

remains constant during an encounter. In general, 2D PC provides accurate collision probabilities for low

Earth orbit conjunctions due to their high relative velocities. For RPO trajectories, the relative velocities are

much smaller. However, assuming constant access to accurate navigation solutions, the time the spacecraft

takes to travel a 1− 𝜎 position uncertainty could still be small, which motivates the use of the 2D PC. This

thesis shows numerical computation to compute 2D PC formulation by NASA CARA[38, 5], miss distance,

and Mahalanobis metrics. By definition, 2D PC is only applicable at TCA. However, this thesis computes

2D PC at any given time as it provides some insight into the risk trend. 2D PC computed at a point different

from TCA is equivalent to 2D PC where the relative motion is approximated as a rectilinear motion with

the position and velocity at that instance of time. Furthermore, expanding the collision risk mitigation

framework to include 3D probability of collision validation [57] and examination of the dilution region [91]

to determine robustness of probability of collision metric is future work.

4.4.1 Collision Risk Assessment (Prior to Neural Lyapunov/IQC bound)

The Figure 4-72 shows the values of the metrics used to determine the risk of the Servicer trajectory violating

the obstacle KOZ constraint. Similarly, Figure 4-75 shows the same metrics applied to the Servicer trajectory

at the closest approach to the Client during the inspection phase.

At NASA CARA, Pc values greater than 1E-07 merit operational attention, and values greater than

1E-04 require mitigation actions [3]. As a result, the Pc thresholds for the closest approach to the Client and

obstacle exceeded the safety criteria specified by NASA standards.
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Figure 4-72: Collision risk assessment of Servicer during closest approach to obstacle (retreat phase). Values
above 1E-07 merit operational attention (medium risk).

Figure 4-73: Collision risk Assessment of Servicer during closest approach to obstacle (retreat phase). Values
greater than 1E-07 merit operational attention (medium risk).

4.4.2 Collision Risk Minimization (After applying Neural Lyapunov/IQC bound)

In order to minimize collision risk, it is crucial to examine how these metrics change as the Neural Lyapunov

and IQC are applied to the GN&C of this RPO mission. For the 100 trajectories, the same metrics are
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applied to conclude if this platform reduces the collision risk. Figure 4-74 shows the values of these metrics

to determine the risk of the Servicer trajectory with respect to the obstacle object for MC=100 Monte Carlo

runs. The PC values do not exceed 1E-07 which means that none of the trajectories require mitigation

actions. The same analysis is applied in Figure 4-75, which shows the same metrics applied to the Servicer

trajectory at the closest approach to the Client during the inspection phase for MC=100 Monte Carlo runs.

Similarly, the PC values do not exceed 1E-07, which means that none of the trajectories require mitigation

actions. As a result, this platform offers a new methodology for providing safety guarantees during RPO

operations via robust optimization and formal methods techniques. The overall framework, which enables a

robust GN&C platform, is shown in Figure 4-76.

Figure 4-74: Collision risk minimization of Servicer during closest approach to obstacle (retreat phase) for
MC=100 Monte Carlo Runs.
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Figure 4-75: Collision Risk minimization of Servicer during closest approach to Client (inspection phase) for
MC=100 Monte Carlo runs.

Figure 4-76: Robust GN&C Platform.
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Chapter 5

Conclusion

5.1 Summary

The growth in space operations will require both increased spacecraft control autonomy and techniques to

provide robust safety guarantees for satellite inspection, repair, debris retrieval/removal, and on-orbit assem-

bly activities at various altitudes. Because of atmospheric drag, the Earth’s non-uniform nature of gravity

effects, and overall model uncertainties, performing these services becomes more challenging in LEO altitudes.

The Reachability, control barrier functions, and integral quadratic constraints techniques presented in this

thesis provide a method to obtain strong safety guarantees for complex systems featuring the interaction of

multiple subsystems with significant complexity. These methods, if applied correctly, can provide safety guar-

antees for interaction between multiple spacecraft controlled by different satellite operators and offer insight

into collision avoidance algorithm control performance under different levels of information sharing. The dis-

tinctive aspect of this approach, which sets it apart from other methods, lies in its deterministic methodology

that employs mathematical assurances. This innovative technique is a departure from the more conventional

stochastic approaches that have been widely used in the past. By utilizing deterministic principles, this

method offers a more reliable and predictable foundation, in contrast to the uncertain nature of stochastic

methods. In addition, this approach avoids many of the proprietary issues associated with screening operator

interactions by using reachability-based and robust optimization methods, and does not require exquisitely

accurate orbit propagation to ensure safety. It can be applied generically in a controller-agnostic manner

without requiring extensive customization for each user or control algorithm. Nevertheless, this approach is

reliant on the mutual sharing of timely, accurate decision-quality satellite ephemerides for relevant spacecraft.

These contributions enable safety verification of autonomous GN&C capabilities, which can reduce the

cost and operational efforts of software testing. This thesis considers the analytical formulation of LPE

relative motion dynamics, using the GA-STM method, with equinoctial element formulation, that can be

applied to general Client’s orbits under the assumption of 𝐽2 perturbation. Different representations of the
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relative state between the Client and Servicer, and transformation between them are explored to enable

this robust GN&C architecture to satisfy mission requirements of RPO missions. The safety verification

platform generates fuel-optimal maneuver commands while ensuring safety. The risk minimization is then

performed by predicting the relative state-error covariance, and the result identifies key risk metrics such as

miss distance, Mahalanobis distance, and probability of collision. The risk analysis and subsequent dispersion

analysis also confirm that the trajectory generated by the control policy becomes safe when the proposed

methodology is applied to the GN&C scheme. The LQR and MPC control laws are used for the case studies

presented in this thesis. The navigation analyses are also performed, which demonstrates the capabilities to

obtain an accurate navigation solution only using onboard measurements. The control commands from the

proposed path planning policies are also evaluated running high-fidelity dispersion analyses via Orekit. The

results confirm that the proposed methodology can enforce safety guarantees in proximity operations between

satellites by applying slightly more fuel (6.1% for the first and last phases and 1.8% for the inspection phases),

while achieving the required reconfiguration under the influence of unmodeled disturbances, uncertainties in

actuation, exogenous disturbances, and nonlinearities due to the approximation of the first-order 𝐽2 dynamics.

These contributions could enable mission assurance for commercial satellite operators by fulfilling a cur-

rently underserved niche relating to controller safety verification. The author envisions these algorithms

being applied in two main ways: providing feedback during controller development and offering formal certi-

fication of controllers before operational use. During development, this technology complements traditional

simulation-driven controller development, providing additional insight into controller robustness, optimal-

ity, and safety where traditional techniques face limitations. Once an operator decides on a final controller

design, the platform proposed here could provide formal safety certification for that controller. Such certifi-

cation could be used as part of an operator’s internal validation and verification process, and externally as

a reputational tool to signal the operator’s commitment to space safety generally to insurers or to regula-

tors (particularly for new entrants or high-altitude constellations). In the long run, this safety verification

platform could become an industry best practice and would be adopted by civil regulators. A regulator

might either mandate controller verification or provide expedited review and authorization for missions that

demonstrate certification. As a result, as RPO companies demonstrate commercial feasibility to perform

RPO operations in LEO, this platform can be used to create more robust GN&C platforms for the new era

of on-orbit services across all orbits.

5.2 Contributions

The following is a list of contributions that this thesis provides to the field. The major numbered contributions

align with the thesis objectives described in Section 1.4, while the subpoints go into more detail about the

specific contributions.

1. Deterministic reachability technique to analyze robustness of GN&C systems. This contribution consists
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of a framework capable of generating uncertainty bounds for state-related output (i.e., Servicer relative

position/pointing attitude with Client) by performing reachability analysis deterministically for closed-

loop controllers. The innovative reachability technique captures state and actuation uncertainties and

nonlinearities, and attitude disturbances affecting the control output of the Servicer with respect to the

Client.

(a) Developed a novel IQC-reachability framework that captures uncertain initial conditions, sensor

noise as white-signal IQC class, actuation uncertainty and exogenous disturbances with ∆ IQC

operators.

(b) Integrated complex set of relative equations of motion that enables the analysis of the RPO mission

across all orbits.

(c) Implemented an LQR design method for the reachability analysis of the state uncertainty output,

and implemented the PD control type for sensitivity analysis of the Servicer’s attitude with respect

to the Client.

(d) Developed a collision risk minimization procedure that enforces safety during off-nominal RPO

mission cases.

2. Methodology that combines deterministic reachability (contribution #1) and neural Lyapunov functions

to increase safety in the design of autonomous GN&C systems. This contribution consists of developing

fuel-optimal control methods with safety-aware filtering techniques (i.e., via control barrier/Lyapunov

functions) that can handle nonlinear and time-varying dynamics and constraints, such as a Line-of-sight

(LOS) cone constraint when the Servicer is at closest approach to Client for inspection, and a collision

avoidance constraint (KOZ) in case the Servicer’s planned trajectory intersect with obstacle region.

(a) Developed a novel architecture that provides a robust filtering scheme to real-time controllers by

capturing 1) LOS constraint when the Servicer is at closest approach to the Client for inspection,

and 2) KOZ constraint when Debris intersects with the Servicer’s planned trajectory.

(b) Created a methodology to apply safety certificates of CBF and CLBF that guarantees robustness

when planning under uncertainty during the RPO mission phases.

(c) Implemented an MPC law for fuel-efficient maneuvers across RPO mission phases.

(d) Integrated the IQC-reachability method with the filtering scheme that validates worst-case output

uncertainty during RPO missions.
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Figure 5-1 summarizes the PhD contributions towards closing the technical gap in the GN&C safety

verification method of RPO missions.

Figure 5-1: Summary of the PhD contributions.

5.3 Future Work

There are multiple areas that can be expanded to further improve the proposed safety verification platform.

Capturing More Uncertainties in Dynamical Models via IQCs

To characterize additional uncertainties caused by Servicer sensors, such as gyros, star trackers, and reac-

tion wheel dynamical models, fidelity of the analytical dynamical models can be simulated, and worst-case

uncertainties can be integrated into the IQC-reachability method for safety verification of RPO missions.

If the RPO mission of interest would last longer than a few hours, the effects of atmospheric drag would

significantly impact the worst-case outputs presented in this thesis. Although this platform considers this

perturbation effect as an exogenous disturbance, it is possible to add the differential drag model as a dy-

namical IQC uncertainty in this innovative reachability method. Moreover, for RPO applications in the

GEO regime, high-fidelity of the analytical dynamics models for differential solar radiation pressure (SRP)

effects need to be captured with IQC classes as well. In addition, this platform can be extended to the

acquisition and capture phases of an RPO mission. Future work will consist of implementing the dynamics of

the combined stack of Servicer, Client or Debris and modeling the electrostatic force uncertainties, between
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the Servicer and Client, and exogenous disturbances affecting the translation and rotational motions of the

Servicer and Client spacecraft. Critical inclinations would also need to be studied for completeness of corner

cases where additional dynamics might not work. For asteroid applications, two popular approximations of

the dynamics could be implemented in control-affine form if the asteroid is assumed to be elliptical or if a

full spherical-harmonics representation in the field [52] is used. Other approaches exist such as discretizing

the asteroid into many small masses as shown in [142]. For applications in the cislunar domain, it is essential

to characterize third-body effects to account for external disturbances that impact the GN&C system.

Increasing Robustness and Usage of Neural Lyapunov Functions

Neural Lyapunov synthesis can be extended to incorporate sensor measurements as part of the disturbance

characterization as shown in [30]. With the advancement of tensor processing units, it would become relevant

to test and emulate these algorithms in hardware-in-the-loop to examine computational loads in spaceborne

computers. In addition, uncertainties, such as time delays in actuation, could be embedded in the Neural

Lyapunov + MPC schemes with advanced IQC operators, such as 𝜌-hard IQCs, as defined by Algower [128].

Expanding Collision Risk Mitigation Framework

A complete validation of the current collision risk capabilities will require more accurate computation of

the PC, such as Monte Carlo PC or Hall 3D PC. For off-nomial cases, it would be important to apply an

adaptive feedback control scheme using QCQP with a single constraint, which is known to be solvable in a

polynomial time by converting to an equivalent convex optimization problem. This thesis does not consider

trajectory correction maneuvers, which are also relevant for mission planning test cases. For more practical

applications, a state machine will need to be designed, with tolerance thresholds for guidance, navigation, and

control errors, within the GN&C submodules to plan for emergency transfers and abort maneuvers during

RPO mission phases.

Verification and Validation

The focus of this thesis was to prove the effectiveness of a novel methodology through extensive modeling.

However, the thesis did not include any testing of these algorithms in hardware or real-time operations.

Therefore, future work will involve testing these algorithms on astrobee hardware and performing various

Zero-G experiments to validate the robustness of safety certificates in real-time operations. The aim of this

future work is to validate the proposed methodology and ensure its practicality for use in real-world scenarios.

By testing the algorithms on astrobee hardware and performing experiments in Zero-G environments, the

author will be able to provide more concrete evidence of the usefulness and effectiveness of this new approach

in the field of RPO.
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Final Remarks

The safety verification GN&C platform that was developed in this study has significant implications for the

future of space operations. As the number of active satellites increases and the demand for on-orbit services

grows, the need for robust and reliable GN&C systems becomes increasingly important. The contributions

made in this thesis provide a solid foundation for the development of such systems, offering a framework that

takes into account critical factors such as computational complexity, safety in spaceflight, and fuel usage. By

minimizing collision risk in proximity operations across all orbits, this work has the potential to improve the

safety and success of autonomous space operations. Ultimately, this study provides valuable insights into

the design and implementation of GN&C systems for satellite operations and lays the groundwork for future

advancements in the field.
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Appendix A

Appendix

A.1 Satellite Dynamics

The nearly nonsingular mean orbital elements of the reference (Client) orbit are defined as 𝑒 =
[︁
𝑎, 𝜆, 𝑖, 𝑞1, 𝑞2,Ω

]︁T
,

where 𝑎 is the semimajor axis, 𝜆 = 𝑀 + 𝜔 is the mean argument of latitude, 𝑀 is the mean anomaly, 𝜔 is

the argument of perigee, 𝑖 is the inclination, 𝑞1 = 𝑒 cos𝜔 and 𝑞2 = 𝑒 sin𝜔 are the orbital frame components

of the eccentricity vector, 𝑒 is the eccentricity, and Ω is the right ascension of the ascending node. This set

of orbital elements is chosen instead of the classical orbital elements because it is not singular in the case of

a circular orbit; however, it is still singular in an equatorial orbit. This set of coordinates is very suitable

for low-Earth-orbit operations where equatorial orbits are vanishingly rare. Compared with fully nonsingular

elements, such as the equinoctial elements, the associated mathematical formulations are greatly simplified.

The unforced dynamics are given by a modified form of Lagrange’s planetary equations (LPEs) for 𝐽2:

˙𝛿𝑜𝑒 = 𝐴𝛿𝑜𝑒+𝐵𝑢 (A.1)

where A𝛿𝑜𝑒 = 𝑓(𝑜𝑒) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

𝑛+ 3
4𝐽2(

𝑅𝑒

𝑝 )2𝑛[𝜂(3𝑐𝑜𝑠2(𝑖)− 1) + (5𝑐𝑜𝑠2(𝑖)− 1)]

0

− 3
4𝐽2(

𝑅𝑒

𝑝 )2𝑛(3𝑐𝑜𝑠2(𝑖)− 1)𝑞2

− 3
4𝐽2(

𝑅𝑒

𝑝 )2𝑛(3𝑐𝑜𝑠2(𝑖)− 1)𝑞1

− 3
2𝐽2(

𝑅𝑒

𝑝 )2𝑛𝑐𝑜𝑠(𝑖)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(A.2)

and B=
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𝑎̇ =
2𝑎2

ℎ
= [𝑞1𝑠𝑖𝑛(𝜃)− 𝑞2𝑐𝑜𝑠(𝜃))𝑢𝑟 +

𝑝

𝑟
𝑢𝑡]

𝜆̇ = [
−𝑝

ℎ(1 + 𝜂)
(𝑞1𝑐𝑜𝑠(𝜃) + 𝑞2𝑠𝑖𝑛(𝜃)−

2𝜂𝑟

ℎ
]𝑢𝑟 + (

𝑝+ 𝑟

ℎ(1 + 𝜂)
(𝑞1𝑠𝑖𝑛(𝜃)− 𝑞2𝑐𝑜𝑠(𝜃))𝑢𝑡 −

𝑟𝑠𝑖𝑛(𝜃)𝑐𝑜𝑠(𝑖)

ℎ𝑠𝑖𝑛(𝑖)
)𝑢ℎ

𝑖̇ =
𝑟𝑐𝑜𝑠(𝜃)

ℎ
𝑢ℎ

𝑞1 = (
𝑝𝑠𝑖𝑛(𝜃)

ℎ
)𝑢𝑟 +

1

ℎ
[(𝑝+ 𝑟)𝑐𝑜𝑠(𝜃) + 𝑟𝑞1]𝑢𝑡 +

𝑟𝑞2𝑠𝑖𝑛(𝜃)𝑐𝑜𝑠(𝑖)

ℎ𝑠𝑖𝑛(𝑖)
𝑢ℎ

𝑞2 = (
−𝑝𝑐𝑜𝑠(𝜃)

ℎ
)𝑢𝑟 +

1

ℎ
[(𝑝+ 𝑟)𝑠𝑖𝑛(𝜃) + 𝑟𝑞2]𝑢𝑡 −

𝑟𝑞1𝑠𝑖𝑛(𝜃)𝑐𝑜𝑠(𝑖)

ℎ𝑠𝑖𝑛(𝑖)
𝑢ℎ

Ω̇ =
𝑟𝑠𝑖𝑛(𝜃)

ℎ𝑠𝑖𝑛(𝑖)
𝑢ℎ

(A.3)

where 𝐽2 is the coefficient of the second zonal harmonic, 𝑅𝑒 is the mean equatorial radius of the Earth, 𝑝 is

the semilatus rectum, 𝑖 is the inclination, 𝑒 is the eccentricity, 𝑞1, 𝑞2 are the eccentricity vector components,

𝑛 is the mean motion, and 𝜂 =
√︀
(1− 𝑒2).

A feedback controller based on the equinoctial orbital elements (p, f, g, h, k, L) is implemented, instead of

using classical orbital elements. This choice allows to avoid singularities for zero eccentricity and inclination

angles [125]. The equinoctial orbital elements are expressed as:

𝑎 = 𝑎

Ψ = Ω+ 𝜔 + 𝑓

𝑞1 = 𝑒 sin (𝜔 +Ω)

𝑞2 = 𝑒 cos (𝜔 +Ω)

𝑝1 = tan

(︂
𝑖

2

)︂
sin (Ω)

𝑝2 = tan

(︂
𝑖

2

)︂
cos (Ω)

(A.4)

where 𝑎 is the semimajor axis, Ψ is the mean argument of latitude, Ω is the right ascension of the ascending

node, 𝜔 is the argument of perigee, 𝑓 is the true anomaly, 𝑒 is the orbit eccentricity, 𝑝1 and 𝑝2 are the orbit

inclination vector components,and 𝑞1 and 𝑞2 are the eccentricity vector components. This set of equinoctial

variables was chosen for its benefits of avoiding the singularity for circular orbits (when 𝑒 = 0), equatorial

orbits (i.e., zero inclinations), as well as being extensively used throughout other bodies of work in the realm

of relative spacecraft dynamics [47].

In modified equinoctial variables as:
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𝑝 = 𝑎(1− 𝑒2)

𝑓 = 𝑒 cos (𝜔 +Ω)

𝑔 = 𝑒 sin (𝜔 +Ω)

ℎ = tan

(︂
𝑖

2

)︂
cos (Ω)

𝑘 = tan

(︂
𝑖

2

)︂
sin (Ω)

𝐿 = Ω+ 𝜔 + 𝜃

(A.5)

where 𝑝 is the semi-parameter, 𝑎 the semi-major axis, 𝑒 the orbital eccentricity, 𝑖 the orbital inclination,

𝜔 the argument of perigee, Ω the right ascension of the ascending node, 𝜃 the true anomaly, and L the

true longitude. The relationship between modified equinoctial and classical orbital element can be found in

[137]. The system of first-order modified equinoctial equations of orbital motion are given by the following

expressions:

𝑝̇ =
𝑑𝑝

𝑑𝑡
=

2𝑝

𝑤

√︂
𝑝

𝜇
∆𝑡

𝑓 =
𝑑𝑓

𝑑𝑡
=

√︂
𝑝

𝜇

[︂
∆𝑟 sin𝐿+ [(𝑤 + 1) cos𝐿+ 𝑓 ]

∆𝑡

𝑤
− (ℎ sin𝐿− 𝑘 cos𝐿)

𝑔∆𝑛

𝑤

]︂
𝑔̇ =

𝑑𝑔

𝑑𝑡
=

√︂
𝑝

𝜇

[︂
−∆𝑟 cos𝐿+ [(𝑤 + 1) sin𝐿+ 𝑔]

∆𝑡

𝑤
+ (ℎ sin𝐿− 𝑘 cos𝐿)

𝑔∆𝑛

𝑤

]︂
ℎ̇ =

𝑑ℎ

𝑑𝑡
=

√︂
𝑝

𝜇

𝑠2∆𝑛

2𝑤
cos𝐿

𝑘̇ =
𝑑𝑘

𝑑𝑡
=

√︂
𝑝

𝜇

𝑠2∆𝑛

2𝑤
sin𝐿

𝐿̇ =
𝑑𝐿

𝑑𝑡
=

√
𝜇𝑝
𝑤2

𝑝2
+

1

𝑤

√︂
𝑝

𝜇
(ℎ sin𝐿− 𝑘 cos𝐿)∆𝑛

with 𝑤 = 1 + 𝑓 cos𝐿+ 𝑔 sin𝐿

(A.6)

where 𝜇 is the standard gravitational parameter, and ∆𝑟,𝑡,𝑛 are the orbital perturbations in the radial, along-

track and cross-track directions, respectively [137]. In vector form the equations of motion can be expressed

as follows:
⃗̇𝑦 =

𝑑𝑦⃗

𝑑𝑡
= 𝐴+𝐵(𝑦⃗)[𝑃 + 𝑢⃗] (A.7)

𝐴 =
[︁
0 0 0 0 0

√
𝜇𝑝𝑤2

𝑝2

]︁𝑇
(A.8)
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𝐵 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 2𝑝
𝑤

√︁
𝑝
𝜇 0√︁

𝑝
𝜇 sin𝐿

√︁
𝑝
𝜇 [(𝑤 + 1) cos𝐿+ 𝑓 ] 1

𝑤 −
√︁

𝑝
𝜇

[︀
(ℎ sin𝐿− 𝑘 cos𝐿) 𝑔

𝑤

]︀
−
√︁

𝑝
𝜇 cos𝐿

√︁
𝑝
𝜇 [(𝑤 + 1) sin𝐿+ 𝑔] −

√︁
𝑝
𝜇

[︁
(ℎ sin𝐿− 𝑘 cos𝐿) 𝑓

𝑤

]︁
0 0

√︁
𝑝
𝜇

𝑠2

2𝑤 cos𝐿

0 0
√︁

𝑝
𝜇

𝑠2

2𝑤 sin𝐿

0 0 1
𝑤

√︁
𝑝
𝜇 (ℎ sin𝐿− 𝑘 cos𝐿)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(A.9)

with 𝑃 the orbital perturbations acceleration vector, and 𝑢⃗ the control acceleration vector. The orbital

perturbations considered in the analysis are the atmospheric drag and J2 perturbation. Details about the

mathematical formulations can be found in [137]. A feedback controller is implemented in a closed-loop

fashion aiming to reduce the error between the spacecraft current state and the desired state. The desired

state is the space debris state for the first part of the mission, followed by the space station state for the

second part of the mission.

By employing the geometric approach, a state transition matrix (STM) has been taken from [47] to depict

the relative motion of adjacent satellites in the context of an elliptical Client orbit, while taking into account

the gravitational perturbation 𝐽2. The STM has been derived in closed-form for both mean and osculating

orbital elements.
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Appendix B

Appendix

B.1 Code

B.1.1 Truth Trajectories

Figure B-1: Parameters for generating Truth Trajectories.
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B.1.2 Sensor Noise

Parameters used for Sensor Noise of lidar sensor

Figure B-2: Parameters for generating Truth Trajectories.
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Appendix C

Appendix

C.1 IQC White Class

Sensor noise can be characterized as a white noise IQC Class. This IQC class can be represented as 𝐿2 signals

with flat spectrum over a suitable large frequency range [111]. For the scalar case, a signal 𝜔 ∈ 𝐿2 (-∞, ∞)

is white over the frequency range -b ≤ 𝜔 ≤ b if

| ̂︀𝑤(𝑗𝜔)|2 =

⎧⎨⎩ 𝜋
𝑏 ||𝜔||

2, 𝜔 ∈ [−𝑏, 𝑏]

0, |𝜔| ≥ 𝑏

⎫⎬⎭ (C.1)

This situation ins less trivial in higher dimensions. Moreover, 𝜔 ∈ 𝐿𝑛
2 (-∞, ∞) is white over the frequency

range -b ≤ 𝜔<b if

̂︀𝑤(𝑗𝜔) ̂︀𝑤(𝑗𝜔)* =

⎧⎨⎩ 𝜋
𝑏𝑛 ||𝜔||

2𝐼, 𝜔 ∈ [−𝑏, 𝑏]

0, |𝜔| ≥ 𝑏

⎫⎬⎭ (C.2)

This is not possible since the left hand side is a rank one matrix. To overcome this problem, the following

class of white signals is defined.

Definition C.1.1. In the class of 𝑊𝑤ℎ𝑖𝑡𝑒 = { 𝜔 : 𝜔 ={𝜔1,...,𝜔𝑁}, 𝜔𝑖 ∈ 𝐿𝑛
2 (-∞, ∞)}, each family satisfies

1

𝑁

∞∑︁
𝑖=1

( ̂︀𝑤(𝑗𝜔) =
⎧⎨⎩ 𝜋

𝑏𝑛 ||𝜔||
2𝐼, 𝜔 ∈ [−𝑏, 𝑏]

0, |𝜔| ≥ 𝑏

⎫⎬⎭ (C.3)

where 𝑐 = 𝜋
(𝑏𝑛𝑁)

1
𝑁

∑︀∞
𝑖=1 |𝜔𝑖||2

This means that each family in the class has an average spectrum which is flat over the bandwidth [-b,b].

The energy is concentrated to the interval [-b,b] with equal distribution between the components of the

signals and there is no cross correlation between the components. Note that it is possible to find n signals

𝜔1, ..., 𝜔𝑛 such that the average satisfies the property (C.2). If if we let 𝜔1 = 𝜔𝑖, where 𝑒𝑖 is the 𝑖𝑡ℎ unit
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vector and 𝜔 is a scalar signal satisfying condition in (C.1).

The next proposition gives an exact characterization of the class ||𝑊𝑤ℎ𝑖𝑡𝑒||.

Proposition 1. The IQCs defined by the multipliers

𝜓𝑤ℎ𝑖𝑡𝑒 = 𝜓 ∈ 𝑆𝑛𝑥𝑛
∞ :

∫︁ 𝑏

−𝑏

(𝑡𝑟(𝜓(𝑗𝜔))𝑑𝜔 ≥ 0 (C.4)

gives an exact characterization of 𝑊𝑤ℎ𝑖𝑡𝑒.

Proof. Is is necessary to prove two things

1. For every 𝜓 ∈ 𝜓𝑤ℎ𝑖𝑡𝑒, the following holds

1

𝑁

∞∑︁
𝑖=1

∫︁ ∞

−∞
̂︀𝑤*𝜓̂︁𝑤𝑖

*
𝑑𝜔 ≥ 0, (C.5)

for any family w=𝜔1,...,𝜔𝑁 ∈ 𝑊𝑤ℎ𝑖𝑡𝑒

2. if 𝜔1,...,𝜔𝑁 ∈ 𝐿𝑛
2 (-∞,∞) violates (C.2), then there exists 𝜓 ∈ 𝜓𝑤ℎ𝑖𝑡𝑒 such that

1

𝑁

∞∑︁
𝑖=1

∫︁ ∞

−∞
̂︀𝑤*𝜓̂︁𝑤𝑖

*
𝑑𝜔 < 0, (C.6)

To prove (1) we just note that

1

𝑁

∞∑︁
𝑖=1

∫︁ ∞

−∞
̂︀𝑤*𝜓̂︁𝑤𝑖

*
𝑑𝜔 =

∫︁ ∞

−∞
𝑡𝑟(𝜓

𝑁∑︁
𝑖=1

̂︀𝑤 ̂︀𝑤*)𝑑𝜔 =
𝜋

𝑏𝑁
(
1

𝑁

𝑁∑︁
𝑖=1

||𝜔𝑖||2)
∫︁ 𝑏

−𝑏

𝑡𝑟(𝜓)𝑑𝜔 ≥ 0. (C.7)

For the proof of (2) we define the function

𝑍0(𝜔) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
𝑏𝐼, 𝜔 ≥ 𝑏

𝜔𝐼, |𝜔| ≤ 𝑏

𝑏𝐼, |𝜔| < −𝑏

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (C.8)

This is a function of bounded variation and it belongs to the dual space of 𝑆𝑛𝑥𝑛
∞ in terms of the Stieltjes

integral

< 𝜓,𝑍0 >=

∫︁ ∞

−∞
(𝑡𝑟(𝜓(𝑗𝜔))𝑑𝑍0(𝜔)). (C.9)
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We note that

< 𝜓,𝑍0 >=

∫︁ 𝑏

−𝑏

(𝑡𝑟(𝜓(𝑗𝜔))𝑑𝜔(𝜔)) ≥ 0. (C.10)

which shows that 𝜓𝑤ℎ𝑖𝑡𝑒 is the half space 𝜓𝑤ℎ𝑖𝑡𝑒= 𝜓 ∈ 𝑆𝑛𝑥𝑛
∞ <𝜓, 𝑍0> 0. Now let 𝜔1,...,𝜔𝑁 ∈ 𝐿𝑛

2 (-∞, ∞) be

a set of signals that does not satisfy condition (C.2) and define

𝑍(𝜔) =
1

𝑁

𝑁∑︁
𝑖=1

∫︁ 𝜔

0

̂︀𝑤*̂︁𝑤𝑖
*
𝑑𝑣, (C.11)

This is a function of bounded variation that is different from 𝑍0 and it thus defines another half space. It

follows that there exists 𝜓 ∈ 𝜓𝑤ℎ𝑖𝑡𝑒 such that < 𝜓,𝑍 > 0.
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