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Abstract

This thesis describes experiments on ultracold quantum gases. First, I discuss
quantum simulation involving mixtures of bosonic and fermionic atoms. Second, I
present work on creating and controlling ultracold dipolar molecules of 23Na40K.

The rich phase diagram of Bose-Fermi mixtures was studied with our system of
bosonic 23Na and fermionic 40K atoms. When the fermions were immersed as a minor-
ity species within a Bose-Einstein condensate, the system realized the canonical Bose
polaron quasiparticle, which is an important paradigm in condensed matter physics.
We investigated the strongly-coupled Bose polaron as it approached the quantum
critical regime of the Bose-Fermi mixture. Using radiofrequency spectroscopy, we
probed the binding energy and decay rate as a function of temperature. In particu-
lar, the decay rate was found to scale linearly with temperature near the Planckian
rate 𝑘B𝑇/ℎ̄ in the unitarity-limited regime, a hallmark of quantum critical behavior.

Bose-Fermi mixtures host a complex spectrum of collective excitations, which can
shed light on their properties such as collisional relaxation rates, equilibrium equa-
tions of state, and kinetic coefficients. We probed the low-lying collective modes of
a Bose-Fermi mixture across different interaction strengths and temperatures. The
spin-polarized fermions were observed to transition from ballistic to hydrodynamic
flow induced by interactions with the bosonic excitations. Our measurements estab-
lish Bose-Fermi mixtures as a fruitful arena to understand hydrodynamics of fermions,
with important connections to electron hydrodynamics in strongly-correlated 2D ma-
terials.

The second part of this thesis describes the creation and manipulation of ultra-
cold molecules in their ground state. Molecules have more tunable degrees of freedom
compared to atoms, paving the way for studies of quantum state-controlled chem-
istry, quantum information, and exotic phases of matter. We created loosely-bound
Feshbach molecules from ultracold atoms, then transferred those molecules to their
absolute electronic, vibrational, rotational, and hyperfine ground state by stimulated
Raman adiabatic passage. The rotational level structure, sample lifetimes, and coher-
ence properties were studied, culminating in a demonstration of second-scale nuclear
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spin coherence times in an ensemble of NaK.
Controlling the intermolecular interactions – which can be tunable, anisotropic,

and long range – is an outstanding challenge for our field. We induced strong dipolar
interactions via the technique of microwave dressing, an alternative to using static
electric fields to polarize the molecules. The origin of these dipolar collisions was the
resonant alignment of the approaching molecules’ dipoles along their intermolecular
axis, resulting in strong attraction. Our observations were explained by a conceptually
simple two-state picture based on the Condon approximation.

Thesis Supervisor: Martin W. Zwierlein
Title: Thomas A. Frank (1977) Professor of Physics
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Chapter 1

Introduction

One of the main challenges of modern physics is understanding the behavior of

strongly-correlated matter. Current knowledge of such systems is limited on multiple

fronts: experimentally, these materials are often difficult to create or control in labo-

ratory settings, and numerical simulations quickly become intractable as the number

of particles increases. In the spirit of Feynman, physicists can seek to emulate di-

verse behavior, from high-temperature superconductivity to the hydrodynamics of the

quark-gluon plasma, using analog quantum simulation [97]. This approach, combined

with powerful concept of universality, allows the modelling of complex phenomena

with tractable, tailored systems, which may differ in their microscopic Hamiltonians

but reflect the same physics across all energy scales.

In atomic, molecular, and optical (AMO) physics, researchers exercise quantum

control over pristine systems made of atoms, molecules, and electromagnetic fields.

When atoms are cooled to a millionth of a degree above absolute zero, their motion,

internal degrees of freedom, and interatomic interaction strength can be precisely

controlled. By providing a “bottom-up” approach to building many-body systems,

tabletop cold atom experiments have explored superfluidity, impurity physics, disor-

dered systems, and quantum criticality, all outstanding questions within the field of

condensed matter [25, 97].

A key feature of the ultracold atom platform lies in its tunability and versatility.

Experiments can control many relevant parameters to high degrees of precision, in-
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cluding both external degrees of freedom – density, temperature, and entropy – and

internal – the quantum state [25]. Crucially, interparticle interactions can often be

continuously tuned by external fields. This allows the study of many-body systems

across a huge range of parameter space.

The ability to manipulate and trap atoms with lasers deserves special attention.

Lasers within certain wavelength ranges can form trapping (or anti-trapping) poten-

tials for ultracold atoms, which must be confined and levitated against gravity for

the duration of most experiments. These "optical dipole traps" are workhorses of

ultracold experiments. Moreover, confined with a periodic potential generated by

laser light, atoms can form synthetic crystals with tunable geometry and interaction

strengths. This technology of “optical lattices” has led to seminal observations, such

as the superfluid-to-Mott insulator transition [104].

Despite the successes of atom-based quantum simulation, many key phenomena

in condensed matter physics remain out of reach for state-of-the-art cold atom sys-

tems that rely on atoms’ short-range, isotropic interactions. For example, magnetic

correlations in electronic materials are predicted to relate to unconventional super-

conductivity [146] and topological phases of matter that are beyond the conventional

paradigm of symmetry breaking [55]. Nonlocal spin-spin interactions are difficult to

be simulated by atoms that experience only contact interactions (or, in certain species,

relatively weak magnetic dipole interactions). Quantum simulation will benefit from

controlling particles that experience strong, anisotropic, long-range interactions.

These novel features can be accessed by adding tunable degrees of freedom at

the cost of experimental complexity. Molecules have rich internal structures com-

pared to atoms, possessing vibrational and rotational modes from their nuclei. This

imparts an electric dipole moment in heteronuclear diatomic molecules, which can

experience dipole-dipole interactions. Molecules therefore form excellent quantum

building blocks, with dense internal structure and the capability for tunable, long-

range, anisotropic interactions. The internal and external degrees of freedom offer a

powerful playground for precision measurement, quantum information, state-resolved

chemistry, and quantum simulation [47]. For these reasons, ultracold molecules lie at
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the frontier of AMO physics.

1.1 Thesis overview

This thesis describes my experimental work involving ultracold quantum gases

of atoms and molecules, as well as theory background to contextualize the work.

The contents can be split into two major themes: systems of interacting bosons and

fermions, and ultracold dipolar molecules.

Ch. 2 presents some relevant theory background for ultracold gases and two-body

scattering. It does not aim to be comprehensive, only to cover relevant physics results

that will be used in Ch. 3-6. Ch. 3 details our group’s study of the Bose polaron, a

quasiparticle formed by immersing fermionic 40K impurities into a 23Na Bose-Einstein

condensate. The low-lying collective dynamics of this Bose-Fermi mixture are covered

in Ch. 4. From mixtures of bosons and fermions, we turn our attention to forming

ground state molecules of NaK in Ch. 5, which discusses the molecule’s creation,

low-lying level structure, lifetime, and coherence properties. Ch. 6 presents results

on molecule-molecule interactions induced by the technique of microwave dressing.

Finally, promising future avenues of research will be discussed in Ch. 7.
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Chapter 2

A quantum toolkit of interacting

atoms and molecules

In this chapter I present background to contextualize the experimental work de-

scribed in the following chapters. The building blocks of our quantum toolkit are

ultracold bosons and fermions. I highlight key aspects of weakly interacting Bose-

Einstein condensates and Fermi gases, both of which play a part in our atomic mixture

experiments. From single species physics, I turn to interspecies interactions, which can

be continuously tuned in cold atom experiments via magnetic Feshbach resonances.

Finally, bound molecular states, created with these resonances, are discussed.

2.1 Bose-Einstein condensates

Bosonic atoms were the first to be brought into the ultracold regime. These neutral

atoms can be cooled into their lowest energy state, forming a coherent, macroscopic

population of atoms occupying the same quantum state – a Bose-Einstein condensate

(BEC) [189].

Degenerate quantum gases have properties quite different from previously-studied

quantum liquids such as 4He and 3He [20]. The history behind atomic BECs is rich,

starting in 1995 with experimental realizations by groups in MIT [67] and JILA [3].

Atoms were confined in magnetic traps and cooled to microkelvin and even nanokelvin
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temperatures, ultimately condensing into the BEC phase below the critical temper-

ature. The critical temperature is given by the criterion, 𝑛𝜆3dB ∼ 1, where 𝑛 is the

density, 𝜆dB =
√︁

2𝜋ℎ̄2/𝑚𝑘B𝑇 is the thermal de Broglie wavelength at temperature

𝑇 , and 𝑚 is the mass.

Here we present basic features of non-interacting and weakly-interacting Bose

gases relevant for our experiments. We focus especially on the case where atoms live in

a harmonic potential, a commonly used configuration in cold atom experiments [189].

The harmonic trap represents the potential created by optical lasers or magnetic

gradients. Many results will be quoted without proof; detailed derivations can be

found in Refs. [62, 189]. Condensate dynamics and low-lying collective excitations

will be discussed in further detail in Ch. 4.2.2.

First, we consider an ideal Bose gas with no interparticle interactions. The par-

ticles of mass 𝑚 are either existing in a homogeneous external potential 𝑉external = 0

of linear dimension 𝐿 or a harmonic potential 𝑉external(𝑟⃗) = 1
2
𝑚
∑︀

𝑥,𝑦,𝑧 𝜔
2
𝑖 𝑟

2
𝑖 . Non-

interacting bosons in thermal equilibrium have a mean occupation number

𝑓(𝜖) =
1

𝑒(𝜖−𝜇)/𝑘B𝑇 − 1
(2.1)

for a given energy 𝜖 of a single-particle state, temperature 𝑇 , and chemical potential

𝜇. At high temperatures, the occupation recovers the classical Maxwell-Boltzmann

distribution 𝑓(𝜖) = exp [−(𝜖− 𝜇)/𝑘B𝑇 ], and the mean occupation of any state is much

less than unity. The chemical potential at high 𝑇 is below zero. As the temperature

falls, the chemical potential increases, and the mean occupation per state rises. Yet

the chemical potential cannot exceed zero, otherwise the distribution for the lowest

energy state (Eq. 2.1) would be negative and therefore unphysical. Thus, the mean

occupation of any excited state is limited to (𝑒𝜖/𝑘B𝑇 − 1)−1. (Here, we took the lowest

energy state to have energy 𝜖0 = 0.) At the critical temperature 𝑇c, the excited states

have been saturated to their maximum capacity, causing the lowest energy state to

experience a dramatic increase in mean occupation number, 𝑁0. This is the BEC

phenomenon.
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BEC property
Critical temperature, harmonic gas 𝑘B𝑇c = ℎ̄𝜔̄(𝑁/𝜁(3))1/3

Reduced temperature, harmonic gas 𝑇/𝑇c =
𝑘B𝑇
ℎ̄𝜔̄

(𝜁(3)/𝑁)1/3

Critical temperature, homogenous gas 𝑘B𝑇c =
2𝜋ℎ̄2𝑛2/3

𝜁(3/2)2/3𝑚

Condensate fraction, homogeneous gas 𝑁c/𝑁 = 1− (𝑇/𝑇c)
3/2

Condensate fraction, harmonic gas 𝑁c/𝑁 = 1− (𝑇/𝑇c)
3

Table 2.1: Ideal BEC properties, with 𝜁 the Riemann-zeta function and 𝜔̄ the geo-
metric mean trapping frequency.

To determine this transition temperature, consider the number of excited state

particles 𝑁𝑒𝑥 =
∫︀∞
0
𝑑𝜖 𝑔(𝜖)𝑓(𝜖). The density of states 𝑔(𝜖) is the number of states

between 𝜖 and 𝜖+𝑑𝜖 and will depend on the external confining potential. 𝑇c is given by

setting the total particle number equal to the integral equation at 𝑇 = 𝑇c and 𝜇 = 0.

Values are given for both the homogeneous and harmonic conditions in Tab. 2.1.

Likewise, the fraction of condensed particles 𝑁0/𝑁 is given there. Finally, the ground

state density 𝑛(𝑟⃗) in a harmonic potential without interparticle interactions is given

by

𝑛(𝑟⃗) = 𝑁 |𝜑0(𝑟⃗)|2

=
𝑁

𝜋3/2𝑅𝑥𝑅𝑦𝑅𝑧

𝑒−𝑥2/𝑅2
𝑥−𝑦2/𝑅2

𝑦−𝑧2/𝑅2
𝑧 (2.2)

where the widths are given by 𝑅2
𝑖 = 2𝑘B𝑇/𝑚𝜔

2
𝑖 .

Next, results for weakly-interacting BECs at zero temperature will be presented.

We consider atomic interactions, which are crucial both for evaporative cooling to the

degenerate regime as well as determining properties of the ground state. Interactions

between ultracold bosons are characterized by the scattering length 𝑎𝑏𝑏, giving the

low-energy scattering cross section of 8𝜋𝑎2𝑏𝑏 for identical bosons. (This holds true for

two bosons with different momenta, interacting with direct and exchange scattering.

However, two condensate bosons with the same zero momentum will only have a

cross-section 4𝜋𝑎2𝑏𝑏 due to the absence of the exchange term.) Scattering at the

microscopic level will be considered in Sec. 2.3.1, but now we merely take the result

and apply it to the ground state energy of the BEC, providing the basis for the
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BEC property
Thomas-Fermi distribution, harmonic 15𝑁

8𝜋𝑥0𝑦0𝑧0
max

(︁
1−

∑︀
𝑖=𝑥,𝑦,𝑧 𝑟

2/𝑟2𝑖 , 0
)︁

Thomas-Fermi radius 𝑟𝑖 =
√︀

2𝜇/𝑚𝜔2

Chemical potential 𝜇 = 4𝜋ℎ̄2𝑎𝑛(𝑟⃗ = 0)/𝑚 = 𝑚𝜔2𝑟20/2

Condensate number 𝑁c =
(2𝜇)5/2

15ℎ̄2𝑚1/2𝜔̄3𝑎𝑏𝑏

Healing length 𝜉 = (8𝜋𝑎𝑏𝑏𝑛)
−1/2

Mean-field energy 𝑈mf =
4𝜋ℎ̄2𝑎𝑏𝑏𝑛

𝑚

Speed of sound 𝑐 =
√︁

4𝜋ℎ̄2𝑎𝑏𝑏𝑛/𝑚2

Table 2.2: Weakly-interacting BEC properties

mean-field description. This leads to the Gross-Pitaevskii equation, which captures

relevant BEC phenomena such as collective excitations, interference, and appearance

of vortices. The GP equation can be derived using a variational approach [189],

leading to

𝑖ℎ̄
𝑑𝜓

𝑑𝑡
=

(︂
− ℎ̄2

2𝑚
∇2 + 𝑉 +

4𝜋ℎ̄2𝑎𝑏𝑏
𝑚

|𝜓|2
)︂
𝜓 (2.3)

For large, harmonically-trapped clouds, the kinetic energy term in the GP equa-

tion can be neglected if it is much smaller than the interaction energy (requiring

ℎ̄𝜔<4𝜋ℎ̄2𝑎bb𝑛/𝑚.) This Thomas-Fermi approximation is used to obtain the ground-

state distribution, leading to the (time-independent) form (𝑉 (𝑟⃗)+ 4𝜋ℎ̄2𝑎𝑏𝑏
𝑚

𝑛(𝑟⃗))𝜓(𝑟⃗) =

𝜇𝜓(𝑟⃗). This has the solution 𝑛(𝑟⃗) = 𝑚(𝜇 − 𝑉 (𝑟⃗))/4𝜋ℎ̄2𝑎𝑏𝑏. Then, the distribution,

chemical potential, and condensate number have the form given in Tab. 2.2.

In the previous section we considered a condensate distribution in a potential that

varies smoothly in space. How does the density change when the external potential

is not smooth, or if the BEC is subjected to a local perturbation? In reality, there

is a finite length scale over which density changes. The healing length 𝜉 of a BEC

represents the distance over which the wavefunction grows from zero to its finite value.

𝜉 is obtained by equating the kinetic energy ℎ̄2/2𝑚𝜉2 to the mean-field energy.
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Figure 2-1: Cartoon of how ultracold
bosons (left) and ultracold fermions
with Fermi energy 𝐸𝐹 (right) occupy
energy levels.

..

EF

2.2 Ultracold degenerate Fermi gases

The majority of massive elementary particles obey fermionic rather than bosonic

statistics, in which two particles must be antisymmetric under exchange. As a conse-

quence of the antisymmetrization requirement, two identical fermions cannot occupy

the same quantum state. See Fig. 2-1 for an illustration. In cold atom experiments,

laser-cooling works equally well for bosons and fermions, but spin-polarized fermions

cannot be evaporatively cooled, as their scattering cross-section vanishes at low ener-

gies [see Sec. 2.3.1]. To reach quantum degeneracy, the vast majority of experiments

have relied on evaporative cooling involving rethermalizing collisions between parti-

cles. Therefore fermions must be evaporatively cooled by using a two-species mixture,

either of two different internal states of the same fermion isotope, or by using another

atomic species.

In this section we review the equilibrium properties of non-interacting fermions,

focusing on the case of homogeneous and harmonically-trapped gases. The Fermi

distribution is

𝑓 =
1

𝑒(𝜖−𝜇)/𝑘B𝑇 + 1
(2.4)

A consequence of the Pauli exclusion principle is that each state can only accommo-

date one fermion. Therefore, 𝑁 fermions fill up the allowed energy states up to the

chemical potential 𝜇. At 𝑇 = 0, 𝜇 = 𝜖𝐹 , where 𝜖𝐹 is the Fermi energy. A good ap-

proximation for the density distribution of a harmonically trapped cloud of fermions

is the Thomas–Fermi approximation, which we previously applied to bosons. The

properties of the gas at a point 𝑟⃗ are assumed to be those of a uniform gas having a

chemical potential equal to the local chemical potential 𝜇loc(𝑟⃗) = 𝜇(0) − 𝑉 (𝑟⃗). The

resulting distribution is given in Tab. 2.3.
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Fermi gas property
Local Fermi temperature 𝑘B𝑇𝐹 = ℎ̄(6𝜋2𝑛(𝑟⃗))1/3

Fermi temperature, harmonic 𝑘B𝑇𝐹 = (6𝑁)1/3ℎ̄𝜔̄

Thomas-Fermi distribution, harmonic 1
6𝜋2

(︀
2𝑚
ℎ̄2 (𝜇− 𝑉 (𝑟⃗))

)︀3/2
Table 2.3: Degenerate Fermi gas properties

2.3 Interactions between atoms

In the previous sections we introduced two key building blocks for our quantum

matter toolbox: ultracold bosons and fermions. But it is the the capability to tune

interactions between particles that gives ultracold gas experiments incredible versa-

tility. This section provides an overview for a workhorse of cold atom experiments,

magnetic Feshbach resonances, which can be used to continuously tune interparticle

interactions from attractive to repulsive. Most of the work in this thesis relied on

the capability to tune Na-K interactions with such a tool, and details related to these

two species can be found in Appendix A. A comprehensive review of general Feshbach

resonances can be found in [54]. We begin by reviewing basic concepts in quantum

scattering.

2.3.1 Ultracold scattering

In this section we develop the theoretical tools to understand ultracold two-particle

collisions. "Ultracold" defines a temperature regime in which scattering must be

treated quantum-mechanically. This section will be general for all low-energy quan-

tum scattering unless specified otherwise. A more comprehensive overview can be

found in basic quantum mechanics textbooks such as [205].

The basic problem in scattering entails calculating the scattering wavefunction

𝜓(𝑟⃗) for a particle approaching some scattering potential 𝑉 (𝑟⃗). This requires knowing

both the internal and external contributions to the two-body Hamiltonian. For two
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alkali atoms A and B, this is

ℋ = ℋinternal +ℋrel

= ℋinternal,A +ℋinternal,B − ℎ̄2

2𝜇
∇2 + 𝑉 (𝑟⃗) (2.5)

where 𝑟 is the relative coordinate, 𝜇 = 𝑚1𝑚2/(𝑚1 +𝑚2) is the two-particle reduced

mass, and 𝑉 is the two-body effective interaction.

Internal Hamiltonian for two 𝑆-alkali atoms

Often, cold atom experiments make use of interactions between two ground state

alkali atoms. The single-atom internal Hamiltonian, for an alkali atom A in the

ground electronic 𝑆 state, is the sum of the hyperfine interaction and the Zeeman

interaction.

ℋinternal,A = 𝐴ℎ𝑓IA · SA +
𝜇𝐵

ℎ̄
(𝑔𝑠SA + 𝑔𝐼IA) ·B (2.6)

where 𝜇𝐵 is the Bohr magneton, SA, IA are the electron and nuclear spin operators

with respective 𝑚𝑆,𝑚𝐼 projection quantum numbers, B is the magnetic field, 𝑔𝑆, 𝑔𝐼

are the electron spin and nuclear spin g-factors, and 𝐴ℎ𝑓 is the magnetic dipole

constant. Here we have neglected higher order hyperfine terms such as the electric

quadrupole term.

The internal Hamiltonian in regards to low-energy molecule-molecule scattering

will be discussed in Ch. 6, as molecules have more complex internal structure com-

pared to atoms.

External Hamiltonian

It is useful to separate out the external degrees of freedom from the internal ones. The

relative motion can be recast into the Schrödinger picture for two particles undergoing

a scattering event in the center of mass frame. The Schrödinger equation is

(︂
− ℎ̄2

2𝜇
∇2 + 𝑉 (𝑟⃗)

)︂
𝜓(𝑟⃗) = 𝐸𝜓(𝑟⃗) (2.7)
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where 𝐸 is the energy.

Often, the goal of the scattering problem is to calculate a differential cross section

that relates the initial approach to the outgoing scattering:

𝑑𝜎

𝑑Ω𝑘⃗′
(𝑘⃗, 𝑘⃗′) = |𝑓(𝑘⃗, 𝑘⃗′)|2 (2.8)

where 𝑘⃗, 𝑘⃗′ are the initial and outgoing wave vectors, respectively, Ω is the solid

angle, and 𝑓 is the scattering amplitude. The differential cross section corresponds

to the number of scattered particles detected at a given solid angle 𝑑Ω, per number

of injected particles per area. The observables in a typical ultracold experiment are

related to the scattering amplitude or total scattering cross-section,

𝜎(𝑘⃗) =

∫︁
𝑑Ω𝑘⃗′

𝑑𝜎

𝑑Ω𝑘⃗′
(2.9)

Bosonic and fermionic symmetries place additional constraints on the scattering am-

plitude:

𝑓𝐵,𝐹 (𝑘⃗, 𝑘⃗
′) =

1√
2

(︁
𝑓(𝑘⃗, 𝑘′)± 𝑓(𝑘⃗,−𝑘⃗′)

)︁
(2.10)

How are these quantities calculated for an arbitrary scattering potential 𝑉 (𝑟⃗)?

Assume the potential is short-ranged around 𝑟⃗ = 0 and falls off to zero some finite

distance. Let the free particle operator be defined as 𝐻0 = −ℎ̄2∇2/2𝜇. Then, the

solution to the Schrödinger equation at long range is just the free-particle solution,

with plane wave eigenfunctions |𝜑⟩ = |ℎ̄𝑘⃗⟩ ∝ 𝑒𝑖𝑘⃗𝑟⃗ and energies ℎ̄2𝑘2/2𝜇. We can use

a normalization convention such that the real space representation of the plane wave

is ⟨𝑥⃗|𝜑⟩ = (2𝜋ℎ̄)−3/2𝑒𝑖𝑘⃗·𝑥⃗.

For the full solution, we can try a trial wavefunction for the Schrödinger equation,

(𝐸 −𝐻0) |𝜓⟩ = 𝑉 |𝜓⟩, of the form

|𝜓⟩ = |𝜑⟩+ 1

𝐸 −𝐻0 + 𝑖𝜖
𝑉 |𝜓⟩ (2.11)

This is the famous Lippmann-Schwinger equation. The additional imaginary term in
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the denominator is included to avoid the pole at 𝐸 = 𝐻0, and is resolved by taking

the limit 𝜖→ 0 at the end of the calculation. Its sign is positive rather than negative

for the problem to obey causality.

The position representation of this equation is more illuminating. Take the inner

product with ⟨𝑥⃗| and insert a complete set of position-basis states to find

⟨𝑥⃗|𝜓⟩ = ⟨𝑥⃗|𝜑⟩+
∫︁
𝑑3𝑥′ ⟨𝑥⃗| 1

𝐸 −𝐻0 + 𝑖𝜖
|𝑥⃗ ′⟩ ⟨𝑥⃗|𝑉 |𝜑⟩ (2.12)

= (2𝜋ℎ̄)−3/2𝑒𝑖𝑘⃗·𝑥⃗ − 2𝜇

ℎ̄2

∫︁
𝑑3𝑥′

𝑒𝑖𝑘|𝑥⃗−𝑥⃗ ′|

4𝜋|𝑥⃗− 𝑥⃗ ′|
𝑉 (𝑥⃗ ′) ⟨𝑥⃗ ′|𝜓⟩ (2.13)

where the last line is obtained by insertion of a complete set of momentum states and

contour integration in the complex momentum plane. The interpretation is simple:

the first (plane wave) term is an incident particle with fixed momentum, while the

second term is the modification from the scattering potential. Furthermore, for the

condition |𝑥⃗| ≫ |𝑥⃗ ′|, i.e., far away from the potential’s range, the solution simplifies

even further

𝜓(𝑥⃗) =
1

(2𝜋ℎ̄)3/2

(︂
𝑒𝑖𝑘⃗·𝑥⃗ + 𝑓(𝑘⃗, 𝑘⃗′)

𝑒𝑖𝑘𝑟

𝑟

)︂
(2.14)

𝑓(𝑘⃗, 𝑘⃗′) = −2𝜇(2𝜋ℎ̄)3

4𝜋ℎ̄2
⟨ℎ̄𝑘⃗′|𝑉 |𝜓⟩ (2.15)

This approximation is appropriate when the potential is finite-ranged and the obser-

vation point is far outside the scattering region.

Isotropic potentials

In special cases, the scattering potential is isotropic and the scattering cross-section

is only a function of |⃗𝑘 − 𝑘⃗′| and not of the relative angle. For example, this occurs

for scattering between ground-state non-magnetic atoms or molecules in the absence

of external fields. A drastic simplification of the scattering amplitude is then possible

using the partial-wave expansion with the spherical wave basis of angular momentum

𝑙, as angular momentum is conserved and we can solve the scattering problem for each

partial wave separately. (The partial wave basis is also useful for certain non-isotropic
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potentials).

Choose 𝑘 to be aligned with the 𝑧-axis, without loss of generality. The plane

wave term and scattering amplitude of Eq. 2.14 can be decomposed into a sum

over partial waves: 𝑒𝑖𝑘𝑧 =
∑︀∞

𝑙=0(2𝑙 + 1)𝑖𝑙𝑗𝑙(𝑘𝑟)𝑃𝑙(cos(𝜃)) and 𝑓(𝑘⃗, 𝑘⃗′) = 𝑓(𝑘, 𝜃) =∑︀∞
𝑙=0(2𝑙+1)𝑃𝑙(cos(𝜃)𝑓𝑙. Here, 𝑃𝑙 is the Legendre polynomial, 𝑗𝑙 is the spherical Bessel

function, and all the scattering properties are contained in the complex numbers 𝑓𝑙.

For asymptotic behavior at long distances, 𝑓𝑙 can be computed by insertion of the

wavefunction into the Lippmann-Schwinger equation, or via the optical theorem [205].

The scattering amplitude has the form

𝑓(𝑘, 𝜃) =
∞∑︁
𝑙=0

(2𝑙 + 1)𝑃𝑙(cos(𝜃))
𝑒𝑖𝛿𝑙 sin 𝛿𝑙

𝑘
(2.16)

Here, 2𝛿𝑙 is the phase shift of the outgoing wave relative to the incoming and 𝜃 is

the angle between 𝑘⃗, 𝑘⃗′. The 𝑙-th partial wave component of the radial wavefunction

behaves as ∼ 𝑒2𝑖𝛿𝑙𝑒𝑖𝑘𝑟/𝑟 − (−1)𝑙𝑒−𝑖𝑘𝑟/𝑟, comprising a scattered portion with the ad-

ditional phase factor and the incoming wave with phase factor (−1)𝑙. In terms of the

phase shifts, the cross section has the form

𝜎 =
4𝜋

𝑘2

∑︁
𝑙

(2𝑙 + 1) sin2(𝛿𝑙) (2.17)

Actual calculations of the phase shift stem from solving the radial Schrödinger equa-

tion for each partial wave and taking the asymptotic limit 𝑟 → ∞.

In the above simplification of the scattering amplitude, we have made use of the

unitarity relation: probability with respect to flux is conserved, and there is no source

or sink of particles. This holds for each partial wave separately because of angular

momentum conservation. So the 𝑠-wave scattering cross section is maximally

4𝜋 sin2 𝛿0/𝑘
2 → 4𝜋/𝑘2 (2.18)

and so on for higher 𝑙: this upper boundary is termed the unitarity limit. Eq. 2.17

holds for distinguishable particles, but for identical bosons (fermions), only even (odd)
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partial waves contribute, and the total cross section in Eq. 2.17 must also be multiplied

by two to preserve unit probabilities.

Low-energy scattering produces additional simplifications – when the de Broglie

wavelength is comparable to or larger than the potential’s range, partial waves for

higher 𝑙 become unimportant. Conceptually, low energy colliders cannot penetrate

the centrifugal barrier for high 𝑙, whose height goes as ∼ 𝑙(𝑙 + 1)/𝑟2. Indeed, the

phase shift goes to zero as 𝛿𝑙 ∼ 𝑘2𝑙+1 for small 𝑘. This so-called threshold behavior

indicates that the 𝑠-wave cross section of Eq. 2.17 is constant for small 𝑘.

Relative potential for two 𝑆-alkali atoms

Cold atom experiments often need to consider collisions between two electronic ground

state atoms. Two alkali atoms in their ground 𝑆 states can have their collision de-

composed into a singlet S = 0 and triplet S = 1 portion, depending on whether their

valence electron spins are anti-aligned or aligned.

𝑉 (𝑟) =
∑︁
𝑆

|𝑆⟩𝑉𝑆(𝑟) ⟨𝑆| (2.19)

where 𝑉𝑆(𝑟) is the potential for total electron spin quantum number S = SA + SB.

Both the singlet 𝑉𝑠 and triplet 𝑉𝑡 potentials have associated s-wave scattering

lengths that dominate at low temperatures,

𝑎𝑠,𝑡 = − lim
𝑘→0

tan(𝛿𝑠,𝑡)

𝑘
(2.20)

where 𝛿𝑠/𝑡 are the 𝑠-wave phase shifts for scattering off of 𝑉𝑠/𝑡.

When two atoms are separated by a large distance, the asymptotic 𝑟 → ∞ limit

of the potential reduces to its famous van der Waals form, which is usually written

in terms of a 𝐶6 coefficient as 𝑉vdW = −𝐶6/𝑟
6. This potential has a range 𝑟0 =

(2𝜇𝐶6/ℎ̄
2)1/4/2. This range represents the distance below which the van der Waals

energy magnitude becomes large compared to the collision energy (for low-energy

collisions), and where the wavefunction of any partial wave starts to oscillate rapidly

in space. In contrast, for distances far above 𝑟0, the wavefunction oscillates with a

33



Interatomic distance Magnetic field

En
er

gy
open channel

closed channel

En
er

gy
Sc

at
te

rin
g 

le
ng

th

Ebinding

A B

C

Figure 2-2: Schematic of a Feshbach resonance showing how (A) entering scatterers
in the open channel are coupled to a bound molecular state that is energetically closed
at 𝑟 → ∞. The bound state has a binding energy 𝐸binding. (B) The relative energy
of the two channels is tuned by an external magnetic field. (C) At the Feshbach
resonance (vertical dashed line), the scattering length reaches its maximum absolute
value.

longer period determined by the relative de Broglie wavelength.

2.3.2 Magnetic Feshbach resonances

We have established notations and basic concepts for two alkali atoms scattering

at low energies. The properties of the internal states and 𝑉𝑠,𝑡(𝑟) determine the 𝑠-wave

scattering length 𝑎. Specifically, the presence of a bound molecular state within 𝑉𝑠,𝑡

can affect the value of 𝑎 if its energy is close to 𝐸 = 0, the threshold of the continuum

of free states. The bound state is a closed channel since it cannot be populated at

𝑟 → ∞ by energy conservation. This closed channel may have a different internal

structure than the open (entrance) channel, allowing an external field to tune the

two channels’ relative energy. At a special magnetic field 𝐵0, the closed channel is

tuned on resonance with the open channel – the Feshbach resonance. The channels

are illustrated in Fig. 2-2.

Phenomenological model for 𝑎

Here we discuss the scattering length in the special case of resonance scattering involv-

ing a single open channel and a single closed channel. Far away from any Feshbach

resonances, the open channel scattering length is 𝑎𝑏𝑔. Approaching the resonance at
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𝐵0, we define the magnetic moment difference Δ𝜇 between the entrance and closed

channels as −𝜕(𝐸 ′ − 𝐸)/𝜕𝐵. The 𝑠-wave scattering length near the resonance is

𝑎 = 𝑎𝑏𝑔

(︂
1− Δ𝐵

𝐵 −𝐵0

)︂
= 𝑎𝑏𝑔 −

𝑎𝑏𝑔
𝐵 −𝐵0

𝐶

Δ𝜇
(2.21)

Here, 𝐶 = Δ𝜇Δ𝐵 has units of energy, and corresponds to the coupling strength

between the open and closed channels. The results of the model can be derived by

considering two coupled spherical well potentials or by coupling a single bound state

to a continuum of plane wave states [54].

An important point is the zero crossing of the 𝑠-wave scattering length, occurring

at 𝐵=𝐵0 + Δ𝐵. There, the two scatterers have no 𝑠-wave contribution to their

interactions.

The energy of the bound molecular state, with respect to the threshold of two free

atoms at zero kinetic energy, is

𝐸𝑏 =
ℎ̄2

2𝜇𝑎2
(2.22)

for large positive values of 𝑎 near resonance. In this limit, 𝐸𝑏 depends quadratically

on the magnetic detuning 𝐵 − 𝐵0. Here the state can be described in terms of a

single effective molecular potential having scattering length 𝑎, and the wavefunction

extends to a size on the order of 𝑎. Broad Feshbach resonances are characterized

by having molecular binding energies that obey Eq. 2.22 for a large portion of their

width Δ𝐵. They occur when the bound state has the spin character of the open

channel (e.g., both incoming electron spins aligned to a triplet state, scattering off

a bound triplet electronic molecular state) for much of the width Δ𝐵, and they are

often termed open channel dominated.

By contrast, narrow Feshbach resonances are closed channel dominated, where

the bound state quickly has a different spin character away from 𝐵0, and the univer-

sal binding energy formula of Eq. 2.22 only applies for a tiny fraction of the width

near the resonance. These resonances need to be treated with a coupled channels

description [54].

To summarize, magnetic Feshbach resonances allow the tuning of two-body inter-
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atomic interactions in ultracold systems. At MIT, we use this important feature to

simulate interesting problems in condensed matter physics with mixtures of bosonic
23Na and fermionic 40K. The realization of the Bose polaron problem is discussed

in Ch. 3. There, interspecies interactions were tuned so that a background BEC of
23Na atoms dressed a 40K impurity into a quasiparticle, which has a distinct energy,

mass, and lifetime compared to a bare 40K impurity. Furthermore, we studied the

low-lying collective excitations of the Bose-Fermi mixture as a function of interaction

strength in Ch. 4. All work presented in this thesis relates in some way to Feshbach

resonances.

2.4 From mixtures to molecules

Not only can Feshbach resonances tune interactions in quantum mixtures, but

they can also be used to coherently form molecules. Cold molecules offer new op-

portunities for quantum simulation of many-body physics, precision measurements,

chemistry, and quantum computation. Thus far, the coldest attainable molecules and

the largest phase-space density of molecules have been created by Feshbach associa-

tion of ultracold atoms [174, 65, 224, 167, 183, 113, 202, 210, 249, 72]. These so-called

Feshbach molecules are formed by leveraging the Feshbach resonances discussed in the

previous section.

There are several methods to create Feshbach molecules, reviewed in [54]. Ramp-

ing an external magnetic field across a resonance takes advantage of the coupling

between the free atoms state and the bound state to adiabatically convert two atoms

into a dimer. Alternatively, modulation of the magnetic field near a resonance induces

a stimulated transition from two scattering atoms and the dimer. Another method

involves a radio-frequency transition, taking an initial hyperfine spin channel of one

atomic state into another spin channel that couples to a molecular state bound to

the other species (in our case, Na). We use this method of "rf association" most

commonly for our molecule studies.

Directly using Feshbach molecules for physics applications is often limited by
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their short lifetimes. Vibrational relaxation typically limits the lifetimes to 10’s of

ms or much lower, depending on densities [54]. Feshbach states are highly-excited

vibrational states, and a collision between a Feshbach molecule and an unpaired atom

or another molecule has a huge number of open channels to scatter into, leading to

high inelastic collision rates. For this and other reasons, the ultracold molecules

community has developed methods to work with more stable molecular states. At

MIT, we coherently transfer Feshbach molecules of 23Na40K into the absolute ground

state; this will be discussed further in Ch. 5. Interactions between these molecules

can be tuned, not (yet) by Feshbach resonances, but by turning on the long-range,

anisotropic dipole-dipole interaction, as we will see in Ch. 6. Quantum control over

ultracold molecules represents an exciting addition to the ultracold quantum toolbox

that our community uses.
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Chapter 3

Impurities interacting with a

Bose-Einstein condensate

In this chapter I discuss a paradigmatic problem in strongly-correlated systems:

the Bose polaron quasiparticle. In quantum many-body physics, strongly interact-

ing systems can often be described by a collection of weakly interacting quasipar-

ticles [180]. A famous example of such a quasiparticle is an electron propagating

through an ionic crystal [143]. The electron "impurity" becomes dressed by lattice

distortions – the bosonic bath of phonons – forming a quasiparticle, which Pekar

named the polaron [187, 188].

First, I present some historical background on the polaron concept, starting from

Landau and Pekar’s insight into self-trapping of an electron in an ionic crystal. I

discuss Fröhlich’s Hamiltonian [90], applicable to weak-coupling systems, and sketch

its derivation. A more recent theoretical framework, quantum criticality, will be

presented along with its implications on the existence of quasiparticles in general [203]

and for Bose polarons in particular.

Secondly, I present modern experimental techniques and results to realize the Bose

polaron using impurities in ultracold systems, focusing on rf spectroscopy. I describe

how our MIT experiment realizes Bose polarons with bosonic 23Na and fermionic
40K, measuring the energy, quasiparticle lifetime, and contact using rf ejection spec-

troscopy. Our research on the equilibrium polaron properties is contrasted with two
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previous studies on strong-coupling Bose polarons [123, 128], which used a different

spectroscopy method to determine excited polaron properties. Finally, I interpret

our finding of the quasiparticle decay rate, which was observed to scale linearly with

temperature ∼ 𝑘B𝑇/ℎ̄ at strong-coupling, in the framework of quantum criticality.

The research described in this chapter has resulted in the following publication:

Zoe Z. Yan, Yiqi Ni, Carsten Robens, Martin Zwierlein, Bose polarons near quan-

tum criticality, Science 368, 190 (2020).

3.1 Bose polarons in condensed matter

Here I present some theoretical framework of the Bose polaron as it was historically

developed to apply in condensed matter, starting from the idea’s conception [143], to

the commonly-used Fröhlich Hamiltonian [90]. The polaron’s history, beginning in

1933 with a seminal paper by Landau [143], reflects the development of quantum field

theory. Today, the Bose polaron problem continues to play a crucial role in diverse

areas of physics, including in colossal magnetoresistance, semiconductor quantum

dots, high-temperature superconductors, and 3He impurities in 4He superfluids [1]. As

this thesis does not claim to comprehensively cover polaron physics, a more detailed

review can be found in Ref. [1].

Self-trapping of an electron

In the solid state, polarons can be formed by electrons dressed by a cloud of phonons.

The polaron was the first example of propagating self-localized excitations in a quan-

tum field theory, and many theorists throughout history were inspired by and signif-

icantly contributed to its theory [1].

As anticipated by Landau [143], Pekar found that an electron in a solid can create

its own bound state by polarizing its environment [187, 188]. Under the continuum

assumption, where the polaron’s spatial extent is larger than the lattice constant and

its associated kinetic energy is low, ionic deformations smoothly follow the polaron’s

motion. This is the continuum or large polaron limit [1]. Then, the system’s ground
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Figure 3-1: Cartoon of a polaron in the
solid state: an electron impurity (blue)
in a crystal lattice of ions (red) causes
lattice distortions, or phonons, due to
electron-phonon coupling.

state is an electron, localized to and dressed by a phononic bath, with a negative

energy compared to the continuum energy– a bound "polaron" state.

Here I highlight the key points of Pekar’s derivation of the polaron binding en-

ergy [188]. Assume the electron possesses a stationary charge distribution 𝜌(r) =

𝑒|𝜑|2, with the electron charge 𝑒 and wavefunction 𝜑, inducing a polarization in its

surrounding dielectric medium. Then the electron experiences a field of potential

𝑉 = −𝑒2 𝜖− 1

𝜖

∫︁
𝑑r′

|𝜑(r′)|2

|r− r′|
(3.1)

where 𝜖 is the medium’s dielectric constant. The electron is assumed to be local-

ized, experiencing a potential well 𝑉 , and the energy thus obeys the correspond-

ing Schrödinger equation. Writing the Lagrangian action as a functional 𝑆[𝜑] =∫︀
𝑑𝑡
(︀
ℎ̄2(∇𝜑)2/2𝑚+ 𝑉 𝜑2/2

)︀
and minimizing, Pekar determined that the ground state

Bose polaron energy was

𝐸𝑝 = −0.164

(︂
𝜖− 1

𝜖

)︂2
𝑚𝑒4

ℎ̄2
(3.2)

The Pekar solution is valid only in the strong-coupling limit in which the dielectric

medium’s polarization is static, not dynamic. Electric charge must rearrange itself

quickly enough compared to the phonon timescale, requiring the electron kinetic

energy to exceed the phonon energy: ℎ̄2/𝑚𝜆2dB > ℎ̄𝜔phonon, where 𝜆dB and 𝑚 are
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the electron de Broglie wavelength and mass, respectively [90]. Most materials do

not meet this requirement, and the interaction parameter is typically less than half

the value necessary for Eq. 3.2 to hold [90]. Thus, although Landau’s and Pekar’s

formulation of the polaron was an important conceptual step, in reality it did not

directly apply to many materials in the solid state. A useful dynamical approach was

applied to the polaron problem by Fröhlich.

Fröhlich model for the weak-coupling polaron

The Fröhlich Hamiltonian [90] is one of the most commonly used models of the

electron-phonon impurity problem. Generically, it describes a large class of prob-

lems involving a single mobile impurity interacting with a reservoir of bosons. It can

be applied to the interaction between an impurity atom and Bogoliubov modes of

a BEC when quantum depletion of the BEC is small and finite-momentum phonon

scattering is neglected (see [108] for a review).

In this section, the Hamiltonian is discussed for the case of an impurity within

a weakly-interacting BEC. First, the BEC is described with standard Bogoliubov

theory, in which the relevant particles are the excitations of the Bose gas. Let the

boson field operator be 𝜑B = 𝐿−3/2
∑︀

k 𝑒
𝑖k·r𝑏̂k, where 𝐿→ ∞ is the system length and

the boson operators obey [𝑏̂k, 𝑏̂
†
k′ ] = 𝛿k,k′ . The operators 𝑎̂k, 𝑎̂†k respectively annihilate

and create Bogoliubov excitations with wave number 𝑘⃗. The boson operators and

excitation operators are related by the Bogoliubov transformation 𝑏̂k=cosh 𝜃k𝑎̂k −

sinh 𝜃k𝑎̂
†
−k. Here the parameters obey cosh 𝜃𝑘 =

√︁
ℎ̄2𝑘2/2𝑚B+𝑔BB𝑛0+ℎ̄𝜔𝑘

2𝜔𝑘
and sinh 𝜃𝑘 =√︁

ℎ̄2𝑘2/2𝑚B+𝑔BB𝑛0−ℎ̄𝜔𝑘

2𝜔𝑘
, where 𝑔BB = 4𝜋ℎ̄2𝑎BB/𝑚B, 𝑚B is the boson mass, 𝑎BB is the

Bose-Bose scattering length, and 𝑛0 is the BEC density.

The boson portion of the Hamiltonian expressed in terms of the Bogoliubov

phonons is ℋB =
∑︀

k ℎ̄𝜔𝑘𝑎̂
†
k𝑎̂k′ , where 𝜔𝑘 = 𝑐𝑘

√︀
1 + 𝜉2𝑘2/2, 𝜉 is the BEC healing

length, and 𝑐 is the speed of sound.

Secondly, an important portion of the Hamiltonian is the impurity-boson interac-
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tion term, with 𝜑I the impurity wavefunction.

ℋ𝐼𝐵 = 𝑔IB

∫︁
𝑑3r

𝐿3
𝜑†
I(r)𝜑I(r)

∑︁
k,k′

𝑒𝑖(k−k′)·r 𝑏̂†k𝑏̂k′ (3.3)

Here, 𝑔IB is the effective impurity-boson interaction strength. The state at k = 0 is

special: it represents the macroscopic BEC occupation with atom number 𝑁0 and

can be taken out of the sum over 𝑘, 𝑘′ states. Then, the impurity-boson Hamiltonian

is

ℋ𝐼𝐵 = 𝑔IB

∫︁
𝑑3r

𝐿3
𝜑†
I(r)𝜑I(r)

(︃
𝑁0 +

∑︁
k ̸=0

√︀
𝑁0𝑒

𝑖k·r 𝑏̂†k + h.c.+
∑︁

k,k′ ̸=0

𝑒𝑖(k−k′)·r 𝑏̂†k𝑏̂k′

)︃
(3.4)

In Fröhlich’s approximation the last term is neglected, keeping only the lowest order

in the bosonic operator; this is valid at low temperatures where the BEC density far

outweighs the density of excitations, 𝑛0 ≫ 𝑛𝑒𝑥. Additionally, the boson operators

may be rewritten in terms of excitation operators.

The final portion of the Hamiltonian is the impurity kinetic energy term. Then,

adding the bosonic, impurity, and Bose-impurity portions, and taking the continuum

limit, the Fröhlich Hamiltonian can be written [227, 108]

ℋF = 𝑔IB𝑛0 +

∫︁
𝑑3k

(︂
ℎ̄𝜔𝑘𝑎̂

†
k𝑎̂k +

∫︁
𝑑3r𝜑†

I(r)𝜑I(r)𝑉k𝑒
𝑖kr(𝑎̂k + 𝑎̂†−k)

)︂
−
∫︁
𝑑3r𝜑†

I(r)
ℎ̄2∇2

2𝑚I

𝜑I(r) (3.5)

where 𝑉k =
√
𝑛0

𝑔IB
(2𝜋)3/2

(︁
𝜉2𝑘2

2+𝜉2𝑘2

)︁1/4
and 𝑚I is the impurity mass.

The applicability of the Fröhlich model to Bose polarons comes under question at

strong interactions because of the relevance of multiphonon terms, but it is neverthe-

less a popular starting point for theoretical investigations [108].

Looking beyond the Fröhlich paradigm, the theoretical literature on Bose polarons

is vast. A comprehensive list of various approaches to the problem is beyond the

scope of this thesis and can be found in other reviews [1, 108]. However, we highlight

43



historical efforts by Lee, Low, and Pines [147] using a canonical transformation to

solve the variational problem based on Pekar, and Feynman’s path-integral-based

approach improving on Fröhlich’s solution [86]. More recent theoretical works have

studied the polaron ground state (at zero-temperature) in the context of impurities

in a BEC (see Sec. 3.3 for a short review).

3.2 Quasiparticles near quantum criticality

The polaron is one example of a quasiparticle – an emergent excitation of a many-

body system that has properties similar to those of a real particle. I now discuss in

brief the quasiparticle description of weakly-interacting matter, and its breakdown in

certain strongly-interacting systems.

Properties of the quasiparticle

Quasiparticles are particle-like excitations in condensed matter with well-defined

properties such as energy, momentum, and mass. Their existence allows the use

of powerful methods like mean-field theories to describe the system. Quasiparticles

were first formulated in the 1940’s and 1950’s, most famously in the context of Landau

Fermi liquid theory [190, 20], in which a nearly degenerate Fermi gas hosts weakly-

interacting, long-lived quasiparticle excitations in the form of holes and electrons near

the Fermi surface.

Formally, quasiparticles are identified as the poles of the single particle Green’s

function 𝐺 [95] in the complex frequency plane. In quantum many-body theory,

Green’s functions are correlation functions, describing how a wavefunction at posi-

tion and time (r, 𝑡) evolves into another wavefunction at (r′, 𝑡′). Knowing the Green’s

function enables the extraction of the density of states, relaxation times, and re-

sponse functions of the system under study. Functionally, they are solutions to the

inhomogeneous Schrödinger equation,

(︂
𝑖ℎ̄𝜕

𝜕𝑡
+

ℎ̄2

2𝑚𝐼

∇2

)︂
𝐺(r, r′, 𝑡, 𝑡′) = 𝛿(r− r′, 𝑡− 𝑡′) (3.6)
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whereas the retarded 𝐺𝑅 is non-zero only for 𝑡 > 𝑡′, such that we can calculate

the response of the system after it has been perturbed. Using Dyson’s formula, the

impurity Green’s function in the complex frequency plane 𝐺𝑅(𝜔,p) can be written

𝐺𝑅
𝐼 (𝜔,p) =

1

ℎ̄𝜔 − 𝑝2/2𝑚I − Σ(𝜔,p) + 𝑖0+
(3.7)

where Σ is the impurity self-energy [95]. A detailed description of Green’s functions

can be found for general many-body systems [95] and specifically for the Bose polaron

problem [198].

The impurity Green’s function encapsulates four properties that, together, char-

acterize the quasiparticle.

1. The binding energy 𝐸𝑝 is defined by the recursive dispersion 𝐸𝑝(𝑝) = 𝑝2

2𝑚I
+

ReΣ[𝐸𝑝(𝑝), 𝑝] [198]. The frequency 𝜔 = 𝐸𝑝/ℎ̄ corresponds to a pole so long as Σ has

no imaginary portion.

2. The residue 𝑍(𝑝) = lim𝜔→𝐸𝑝/ℎ̄(1−𝜕ReΣ[𝐸𝑝(𝑝), 𝑝]/𝜕𝜔)
−1 represents the quasipar-

ticle spectral weight.

3. The decay rate of the quasiparticle corresponds to the imaginary component of

the self-energy, 𝛾(𝑝) = −𝑍(𝑝)ImΣ[𝐸𝑝(𝑝), 𝑝].

4. The effective mass is given by the inverse slope of the dispersion relation, 1
𝑚* =

1
𝑝
𝜕𝐸
𝜕𝑝

, and reduces to the bare impurity mass 𝑚I in the absence of impurity-bath

coupling. This value can be lower or higher than 𝑚I.

Quasiparticles are well-defined as long as the decay rate is very low, or mathemat-

ically, as long as the poles of the Green’s function in the complex 𝜔 plane are close

to the real axis. The quasiparticle description is an essential foundation of condensed

matter, effectively describing thermodynamic and transport properties across many

metals and in liquid helium [20].

Quasiparticle breakdown near quantum criticality

The quasiparticle description of matter breaks down in certain strongly-interacting

systems, including in quantum-critical regions. Understanding many-body physics
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that is not amenable to the quasiparticle paradigm remains an outstanding challenge

for many-body quantum physics.

Many such systems are predicted to fall within the framework of quantum criti-

cality. Here, the properties of matter are controlled by a so-called quantum critical

point (QCP), a 𝑇 =0 quantum phase transition separating two or more phases [203]

(see Fig. 3-2A). A quantum phase transition leads to a qualitative change in the

ground state wavefunction upon tuning some parameter in the system’s Hamiltonian

(e.g., magnetic field, doping). It is distinct from a classical phase transition, which

is thermally driven (e.g., steam to liquid water). Commonly, quantum phase transi-

tions are second-order, meaning the transition is continuous in the tuning parameter

but its derivative is not continuous. In these cases, the length scale below which the

wavefunction ‘knows’ about the transition (typically an effective correlation length)

diverges as we approach the QCP [203]. Though the QCP lives at absolute zero tem-

perature, its influence extends over a wide region of finite, experimentally-accesible

temperatures: the quantum critical regime.

A hallmark of quantum criticality lies in the scaling of the system’s thermal equi-

libration time [203]

𝜏𝑒 = 𝐶𝑒
ℎ̄

𝑘B𝑇
(3.8)

where 𝐶𝑒 is a dimensionless universal number independent of the Hamiltonian’s mi-

croscopic form. Quantum critical systems have been described as "nearly perfect

fluids" because the equilibration time is as short as quantum mechanics allows [203].

When only one relaxation timescale is left, experiments that probe response functions

as a function of frequency 𝜔 and temperature 𝑇 can thus universally describe those re-

sponses by the dimensionless ℎ̄𝜔/𝑘B𝑇 , so long as they remain in the quantum-critical

regime.

It is illustrative to consider a few examples. A simple realization of quantum

criticality in ultracold gases is found in the non-interacting Fermi gas [177, 203]. The

quantum critical point separates the vacuum of fermions from the Fermi liquid phase.

More precisely, the vacuum phase has zero fermion density (𝑛F = 0) at negative
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chemical potential 𝜇F < 0, while the Fermi liquid phase supports positive density,

𝑛F ∼ 𝜇
3/2
F at 𝜇F > 0. The density in the region at non-zero temperature above this

quantum critical point, 𝑛F ∼ 1/𝜆3dB, corresponds to an interparticle distance on the

order of the de Broglie wavelength 𝜆dB, showing that quantum and thermal effects

are equally important [203].

As another example, the weakly interacting Bose gas can be discussed from the

viewpoint of quantum criticality [203]. Here, the quantum critical point at 𝑇 = 0

separates the boson vacuum (𝑛B = 0 at 𝜇B < 0) from the gas at finite density (𝑛B =

𝜇B/𝑔BB). The classical second-order phase transition of Bose-Einstein condensation

is a line in the 𝑇 -𝜇B plane terminating at the 𝑇 = 0 quantum critical point (see the

phase diagram of Fig. 3-2B).

T

order parameter

Phase A Phase B

quantum critical
point

quantum critical
regime

T

dilute classical
gas superfluid

μ = 0
quantum critical point

quantum critical
regime

μ

finite-temperature
phase transition

A B

Figure 3-2: (A) Phase diagram of a system with two quantum phases separated
by a zero-temperature QCP. A quantum-critical regime lies above the QCP at finite
temperatures. (B) Phase diagram of a dilute Bose gas with chemical potential 𝜇. The
solid line is the classical phase transition where the superfluid order disappears [203].

As a final example, a Bose-Fermi mixture contains several quantum (multi-)critical

points at zero temperature, leading to a complex quantum critical regime above zero

temperature. Most relevant to our experiment at MIT is the quantum phase tran-

sition from having a BEC but no impurities to having a BEC in the presence of

impurities. Ludwig et al. examined the phases of the Bose-Fermi mixture across dif-

ferent densities, chemical potentials, and Bose-Fermi interactions [157]. There, they

demonstrated the existence of this quantum phase transition and showed that it sep-

arates two distinct phases. The Bose-Fermi phase diagram for the fermion minority

limit is reproduced in Fig. 3-3.
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μB

BEC with minority fermions

Vacuum
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no fermions

0

Figure 3-3: Phase diagram of a Bose-
Fermi mixture, adapted from [157].
There are three different regimes of a
Bose-Fermi mixture at 𝑇 =0 as a func-
tion of fermion (boson) chemical poten-
tial 𝜇F(B) in the fermion minority limit.
See [157] for a quantitative description.

Here we point out that though the viewpoint of criticality relies on the thermo-

dynamic limit (high 𝑁 particle number), critical phenomena can still manifest in

impurity-bath problem, even down to the limit of a single impurity. We are inter-

ested in the class of quantum phase transitions where only the degrees of freedom of

a subsystem become critical. Impurity quantum phase transitions require the ther-

modynamic limit in the bath system, but are independent of possible bulk phase

transitions in the bath. An example includes the coupled Bose-Fermi mixture deep

in the Fermi impurity limit [157], which was discussed previously. Other examples

include the dissipative spin-boson model and the anisotropic Kondo models [234].
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Figure 3-4: Hypothesized phase dia-
gram of the hole-doped cuprate super-
conductors, with the underlying quan-
tum critical point (QCP) giving rise to
the strange metal phase. See [146] for a
review.

The cold atom platform is well positioned to study quantum critical systems, as

species composition, densities, interaction strengths, and confining geometries can be

precisely controlled [25]. Furthermore, these platforms could give insight to complex

phenomena in solids where quantum criticality might play a role. Famously, strange

metal behavior has been found in strongly correlated-electron materials, notably in

high-temperature cuprate superconductors [66, 146]. Strange metals demonstrate
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electrical resistivity proportional to 𝑇 and not 𝑇 2 as predicted by Fermi liquid theory.

The 𝑇 -linear behavior has become associated to the quantum critical regime of the

critical hole doping point (see Fig. 3-4). Already, cold atom experiments studying

transport in the Hubbard regime have discovered 𝑇 -linear behavior reminiscent of

these strange metals [34]. To the best of our knowledge, however, no one thus far

has undertaken a quantum simulation of the impurity problem with the cold atom

platform and demonstrated the signatures of quantum criticality therein. We will

now focus on the problem of an impurity in a bosonic bath, examining where the

quasiparticle picture breaks down.

3.3 Impurities in ultracold atoms

This section highlights the efforts of cold atom experiments to study the quantum

impurity problem, focusing on the polaron context.

The dressing of resonant impurities into quasiparticles in a cold atom environment

was first considered theoretically in the case of the Fermi polaron [53, 192, 161, 208]

– an atomic impurity embedded in a Fermi sea. This system was experimentally

probed in [207, 171, 138, 137, 51, 206, 245]. As a result, the understanding of the

imbalanced Fermi gas phase diagram and Fermi polaron ground state has been signifi-

cantly enriched. However, Bose polarons are more analogous to the generic solid-state

impurity problem, since the surrounding media of both systems share the same quan-

tum statistics (phonons or bosonic atoms), with both phonons and weakly-interacting

BEC’s having linear low-energy dispersion relations. In contrast to the Fermi case,

the bosonic bath does not suppress interactions beyond the two-body regime, giv-

ing rise to a vast array of interesting phenomena but also rendering the theoretical

description challenging.

The Bose polaron in cold atoms has been a subject of extensive theoretical re-

search. Impurities dressed by a Bose-Einstein condensate have been posited to form

the paradigmatic Bose polarons in a series of proposals [131, 61]. Predicting the Bose

polaron’s energy, residue, lifetime, and effective mass upon entering the regime of
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strong impurity-boson interactions has proven a challenge even at zero temperature.

Impurity self-localization was studied using mean-field approximations [131, 61, 35].

Within the paradigm of the Fröhlich Hamiltonian (see Sec. 3.1), the impurity-BEC

problem was approached using Feynman’s path-integral method [227], a diagram-

matic Monte Carlo calculation [233], a renormalization group approach [107, 109],

and a variational method based on Gaussian wavefunctions [213]. Beyond the Fröh-

lich approximation, efforts to solve the impurity-BEC problem include a diagram-

matic method with contributions from the lowest-order T-matrix [198], an equivalent

variational method [152] generalizing the Chevy ansatz [53], a quantum Monte Carlo

approach [7, 8], a coherent-state-based ansatz [214], a renormalization group approach

for strong-couplings [106, 110], and an extended Fröhlich model treating multiple im-

purities with the Lee-Low-Pines approximation [232].

These approaches, however, did not include three-body Efimov correlations. These

correlations were accounted for by a perturbative expansion in 𝑎 [56], and within a

variational approach that includes up to two Bogoliubov excitations [149]. Effects

of the closed-channel molecular dimer mediating the impurity-boson interaction were

considered in [215, 254]. Beyond treating a single impurity, two impurities have been

predicted to form a bound bipolaron state in a BEC [48, 42].

The complexity of describing the strongly-coupled Bose polaron increases further

at non-zero temperatures [150, 111, 80, 87]. Even for weak interactions, the decay rate

of polarons has been predicted to be strongly enhanced with increasing temperature,

achieving its maximal value near the BEC transition temperature of the host gas [150].

Near resonance, in the quantum critical regime of the boson-impurity mixture, the

very existence of a well-defined quasiparticle is in question [203, 157, 23].

On the experimental side, evidence of Bose polaronic phenomena was observed

in the expansion [184] and trapping [76] of fermions immersed in a BEC. In 1D, the

dynamics of impurities immersed in a BEC were studied, leading to measurements of

the effective mass [50]. In 3D, an analog to the hydrogen Lamb shift from impurity-

BEC coupling was investigated via motional Ramsey spectroscopy, where the BEC

induced a "phononic Lamb shift" on the impurity [200]. The continuum of excited
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states of impurities was probed spectroscopically on Bose-Fermi mixtures [242, 123]

and in a two-state mixture of bosons [128], yielding evidence for polaronic energy

shifts of such excitations. Specifically, in the works of [128, 123], Bose polaron energies

were quantified across different impurity-BEC interaction strengths via a technique

called rf injection spectroscopy, as we explain in the following section. However, many

open questions remained regarding the polaron properties at strong-coupling and the

dependency on BEC temperature.

3.3.1 Radiofrequency spectroscopy on polarons

In cold atom platforms, a common probe of many-body systems is radiofrequency

(rf) spectroscopy [114]. This technique typically uses rf waves to measure the energy

difference between two hyperfine states in an atom. Because the hyperfine splitting is

well-known in the absence of interparticle interactions (to a degree that a hyperfine

transition defines the SI unit of time, the second), deviations from the bare splitting

can be attributed to external effects, such as electric and magnetic fields or interpar-

ticle collisions.

Our many-body system of interest is an impurity atom interacting with host

bosons. Microscopically, interactions stem from collisions. A well-controlled rf spec-

troscopy experiment can map out the spectral response of the impurity-bath system

and detect deviations from the bare impurity spectral response due to impurity-bath

coupling. The spectral response encodes many quantities of interest – energy, relax-

ation times, correlators – and gives rise to macroscopic properties such as transport

coefficients.

Two variants of rf spectroscopy are commonly used in cold atom platforms: ejec-

tion (direct) and injection (indirect) spectroscopy. The former involves preparing the

system initially in an interacting state, the polaronic many-body state of interest.

Then an rf pulse transfers the impurity into a hyperfine state that does not interact

with the majority atoms (meaning the impurity-bath collision rate is negligible; see

Fig. 3-5). For injection spectroscopy, the scenario is reversed, with the initial state

noninteracting and the final state the polaronic state. More generally than the in-
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jection or ejection method, both initial and final states can interact with the bath.

However, in that case the absence of a clear baseline makes interpretation of the

spectral response difficult.

|↑)

|↓)

Impurity state
Noninteracting with bath

Impurity state
Interacting with bath

Bare hyperfine splitting

Ejection Injection

|↑)

|↓)

Figure 3-5: Schematic comparison of rf ejection and injection spectroscopy protocols.
Ejection starts with the initial many-body state, which is offset from the bare spin
state |↓⟩ by interactions, and transfers the system to a noninteracting final state |↑⟩.
The injection method transfers the initial noninteracting state (|↑⟩) into a continuum
of excited polaronic states (red dashed lines, not to scale), not solely to the equilibrium
state (black dashed line).

Experimentalists detect a signal proportion to the rf absorption cross section –

typically a change in atom number. An rf pulse changes its target’s internal state with-

out changing the momentum 𝑝. The rf transition rate of impurities can be computed

using the spectral function 𝐴(𝜔,p), the energy-dependent density distribution of the

many-body environment 𝑛(𝐸), and the noninteracting impurity energy 𝜖𝑝 = 𝑝2/2𝑚𝐼 .

The rate is expressed [212],

Γ(𝜔rf) =
∑︁
p

∫︁
𝑑𝐸 𝐴(𝐸/ℎ̄,p)𝑛(𝐸)𝛿(𝐸 − ℎ̄𝜔rf − 𝜖𝑝) (3.9)

The spectral function 𝐴 has a direct relationship to the retarded Green’s function

(see, for example, Refs. [198, 212]):

𝐴(𝜔,p) = −2Im𝐺𝑅
𝐼 (𝜔,p) (3.10)
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Rf spectroscopy can therefore reveal the characteristic properties of the quasiparticle,

as described in Sec. 3.2. The binding energy can be assigned as the rf frequency at

which the spectrum has its maximal response, corresponding to a pole in the Green’s

function. The decay rate is empirically determined as the spectral width.

With these features in mind, we can now examine the results of two pioneer-

ing injection spectroscopy studies of the Bose polaron across different interaction

strengths [123, 128]. Both experiments varied the impurity-bath coupling by tun-

ing the s-wave scattering length 𝑎; the interaction parameter is normalized by 𝑘𝑛 =

(6𝜋2𝑛bath)
1/3. By leveraging a Feshbach resonance, both attractive and repulsive in-

teractions were studied. Two distinct peaked features were seen, one at positive and

one at negative energies (see Fig. 3-6). The lowest-energy feature was interpreted as

an attractive polaron for 𝑎 < 0, where the impurity enhances the local density of

bosons around it. Its signal crossed into a molecular branch that begins at 1/𝑎 = 0,

corresponding to the pairing of an impurity and a host atom. However, whether the

attractive polaron evolves smoothly into the two-body molecular dimer or undergoes

a phase transition is still an open question. The upper energy branch at 𝑎 > 0 was

interpreted as the repulsive branch, where the impurity repels neighboring bosons.

This is only a metastable state, as the attractive polaron and molecular branches lie

at lower energies. The sharpness of the spectrum diminished approaching unitary

scattering, 1/𝑎 = 0, indicating a decrease in quasiparticle lifetime. Together, these

experiments were the first to observe signatures of the attractive and repulsive Bose

polaron by measuring the energy through rf injection spectroscopy.

However, the rf injection protocol cannot directly measure the binding energy by

assigning the peak of the spectra as 𝐸𝑝. Because this procedure does not resolve

momentum, injection into a final interacting state can populate states with finite

momentum (and thus costing a different amount of rf energy ℎ̄𝜔rf) at a higher rate

than the true ground state with 𝑝 = 0. Therefore, the binding energy can only be

assigned to the onset of the injection spectrum, a more empirically difficult deter-

mination; see Sec. 3.4.2 for details. For clearer understanding of equilibrium Bose

polaron properties, ejection spectroscopy is employed in our experiment at MIT.
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Figure 3-6: Spectral response of the excited Bose polaron continuum mea-
sured by rf injection spectroscopy, reproduced as a cartoon following the results
of [123, 128]. The maximum spectral response is shown versus the interaction parame-
ter, 1/𝑘𝑛𝑎. The attractive branch was measured to have negative energies. The deeply
bound attractive branch extends to 𝑎 > 0, where the molecular branch appears. The
metastable upper repulsive branch was measured to have positive energies [123, 128].

3.4 Realizing Bose polarons with ultracold bosonic

23Na and fermionic 40K

The following section details our experimental realization of the Bose polaron

system using ultracold K atoms immersed in a BEC of Na. Details involving sample

preparation and rf ejection spectroscopy are discussed.

3.4.1 Preparing high phase-space-density mixtures

To realize the Bose polaron system with ultracold Na and K atoms, we follow a

similar prescription as detailed in [241, 181]; we will only highlight any significant

differences in the following paragraphs.

We create a mixture of K impurities in a BEC of Na through a combination of laser-

cooling and evaporative cooling. After the Na and K magneto-optical traps (MOTs)

are sequentially loaded and pumping is completed, a triple-stage evaporation sequence

is commenced, starting with magnetic evaporation. Na and K atoms are respectively
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in their |𝐹 = 2,𝑚𝐹 = 2⟩ and |9/2, 9/2⟩ states. The MOT and magnetic gradient traps

share the same field coils in an anti-Helmholtz configuration, but the power supplies

are two independent units (both Lambda ES 30-500), to enable precharging and fast

current rampup of the latter trap. The atomic mixture collides for 8 s in a magnetic

quadrupole trap with vertical gradient 𝐵′
𝑧 ≈ 200G/cm.

To commence evaporative cooling, a microwave field is applied from an antenna

within the vacuum chamber, changing the Na spin state. The microwave frequency

is swept from 1860MHz to 1804MHz in 4 s, then to 1780MHz in the final 4s. Then,

when three-body inelastic collisions start to dominate, the gradient is relaxed to 13%

its peak value over 200ms. A second stage of evaporation occurs with the microwave

sweeping from 1774MHz to 1773.2MHz over 1 s. Halfway through this magnetic

evaporation stage, the optical dipole trap (ODT) at 1064 nm is linearly ramped up

from zero. The final decompression occurs over 200ms, after which approximately

80% of atoms are transferred into the ODT.

The ODT is generated by two crossed lasers in the 𝑥-𝑦 plane (Nufern NuAmp

40W and IPG YLR-300-LP). The Nufern is seeded by 95mW of light provided by

a Mephisto S. Optical trapping enables us to change both atomic species into a

lower-energy, high-field seeking state that would be antitrapped by the magnetic

quadrupole. When the ODT reaches its maximum intensity, we apply a 60Hz re-

trigger to synchronize all hardware. Then we adiabatically spinflip the Na from the

|𝐹 = 2,𝑚𝐹 = 2⟩ → |1, 1⟩ state over 20ms using the Landau-Zener approach, by ap-

plying a stationary microwave pulse at 1781.14MHz and ramping an 𝑥 bias field

through the resonance. A short optical pulse removes leftover |2, 2⟩ atoms. Im-

mediately thereafter, we spinflip the K from |9/2, 9/2⟩ → |9/2,−9/2⟩ using a pro-

grammable waveform generator to ouput a linear sweep from 1.56 - 1.36MHz over

50ms. The two resultant spin states are the lowest states in their respective hyper-

fine manifolds, and at microkelvin temperatures, a two-body collision is energetically

forbidden to populate any other final state, thus ensuring favorable evaporation given

adequate collision rates.

Both ODT intensities are decreased over 8 s in the final evaporation. We found
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that exponential ramps (with decay time constant of 1.5 s) empirically gave the highest

phase space density after evaporation.

The Bose polaron experiment starts with an ultracold gas of fermionic 40K atoms

immersed in a BEC of 23Na [184] at a temperature of 𝑇 ≈ 130 nK. Both species

are trapped in an optical dipole trap as ellipsoidal atom clouds in their respective

hyperfine ground states (|𝐹 =1,𝑚𝐹 =1⟩ for 23Na and |9/2,−9/2⟩ ≡ |↓⟩ for 40K).

Peak boson and fermion densities are 𝑛Na =6× 1013 cm−3 and 𝑛K =2× 1011 cm−3,

corresponding to an impurity concentration of 0.3%. The BEC is weakly interacting,

with an interboson scattering length of 𝑎BB=52 𝑎0 [230].

To create strongly-coupled Bose polarons in their attractive ground state, we ramp

the magnetic field close to an interspecies Feshbach resonance [184] (see Appendix A),

where impurities in the |↓⟩ state are strongly attracted to the sodium atoms with a

peak interaction strength of (𝑘𝑛𝑎)−1=−0.3. Here, 𝑘𝑛=(6𝜋2𝑛Na)
1/3=(1300 𝑎0)

−1 is

the inverse interboson distance, 𝑎 is the interspecies scattering length, and 𝑎0 is the

Bohr radius. For these near-resonant interactions, the thermal equilibration time set

by two-body collisions is near its unitarity-limited value of ℎ̄/𝐸𝑛≈ 4 µs, three orders

of magnitude faster than the lifetime of the gas mixture in this regime, limited by

three-body losses to about 4ms. Here, 𝐸𝑛= ℎ̄
2𝑘2𝑛/4𝑚r is the degeneracy energy scale,

and 𝑚r=𝑚K𝑚Na/(𝑚K +𝑚Na) is the reduced mass of the impurity-boson scattering

problem. By preparing the strongly interacting system within 2ms, we can study

Bose polarons in equilibrium before losses become significant. Fig. 3-8A depicts the

experimental setup.

3.4.2 Rf ejection spectroscopy on Bose polaron impurities

At the chosen magnetic field, impurities in the |↓⟩ state are strongly interacting

with the condensate, whereas they are non-interacting in the hyperfine state |↑⟩. This

provides us with the ideal conditions to perform rf ejection spectroscopy, whereby an

rf pulse transfers impurities from the interacting |↓⟩ state into the non-interacting

|↑⟩ state. We employ an rf pulse of Gaussian envelope (see Fig. 3-7) with a full-

width-half-maximum resolution of 6 kHz and measure the fraction of impurities 𝐼(𝜔)

56



transferred into the |↑⟩ state.
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Figure 3-7: Illustration of rf pulse ap-
plied for ejection spectroscopy. Rf is
applied near 24.5MHz (not shown to
scale in the green trace). The pulse
has a Gaussian envelope giving a peak
Rabi frequency of Ω𝑃 (=11.0 kHz on
the bare impurities at 93.2G) with a
standard deviation 𝜎 of 62.5𝜇s: Ω𝑅(𝑡) =
Ω𝑃 𝑒

−𝑡2/2𝜎2 . The pulse is truncated to
500𝜇s total duration.

Figure 3-8 displays the locally-resolved rf spectrum of strongly-coupled Bose po-

larons. As shown in Figure 3-8D, the rf transfer 𝐼(𝜔) is strongly spatially depen-

dent, and its maximum is shifted furthest from the bare atomic resonance for im-

purities deep inside the BEC (Fig. 3-8B). Here, the rf photon must supply a sig-

nificant additional amount of energy to transfer the bound impurity into the non-

interacting state. The central peak shift in Fig. 3-8C corresponds to an energy shift

of ℎ·32 kHz=0.82𝐸𝑛, indicating an impurity energy that is unitarity-limited, given

by the degeneracy energy scale 𝐸𝑛. For comparison, the mean-field energy experi-

enced by bosons in the BEC is only ≈ℎ×0.8 kHz. In addition to the strong shift, we

also observe long tails at higher frequencies in the rf transfer, a tell-tale sign of contact

interactions [21, 194, 31]. Quantifying these contact interactions will be discussed in

Sec. 3.6.1.

Comparison to injection spectroscopy

We benchmark our rf ejection spectra with the injection technique. As we will demon-

strate in the following, the two techniques lead to different spectral responses: the

former method excites the impurity into a continuum of states while the latter probes

the impurity’s ground state.

We compare the two methods at an interaction strength of −3900 𝑎0, as shown

in Fig. 3-9. The ejection spectrum, in blue, is identical to the spectrum shown in

Figure 3-8(D), taking only the contribution from the central axial position. The in-

jection method is performed with all other parameters (i.e. density, rf pulse profile)
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Figure 3-8: Locally-resolved radiofrequency (rf) ejection spectroscopy of
strongly-coupled Bose polarons. Shown are the data for a peak interaction
strength of (𝑘𝑛𝑎)−1=−0.3. (A) Illustration of impurities (blue) immersed in a Bose-
Einstein condensate (red), both trapped in a dual-color optical dipole trap. (B) In-
situ column densities of 40K impurities in the strongly-interacting spin state |↓⟩ (left)
immersed in a 23Na BEC (right), where the red ellipses mark the BEC’s Thomas-
Fermi boundary. (C) Impurities transferred into the non-interacting |↑⟩ state at
various rf frequencies, as indicated by the arrows. (D) Local rf transfer 𝐼(𝜔) of the
impurity column density as a function of axial position. The dashed vertical lines
mark the condensate’s axial Thomas-Fermi radius and the solid horizontal line at
𝜔/2𝜋=0kHz denotes the bare atomic transition. Figure reproduced from [247].

held constant compared to the ejection scenario. As shown in Fig. 3-9(B), in the

injection protocol, the maximum transfer of population occurs at a normalized en-

ergy of 0.2𝐸𝑛, much lower compared to the measured energy shift of 0.8𝐸𝑛 obtained

from ejection spectroscopy. Thus, assigning the spectral peak of 0.2𝐸𝑛 as the polaron

binding energy would be a significant under-prediction. It is the onset and not the

peak of the injection spectrum that encodes any meaning for the ground state po-

laron energy 𝐸𝑝 [246, 9]. Moreover, only the ejection method can recover additional

equilibrium quantities of the Bose polaron, including its lifetime and short-range cor-

relations, as the injection spectrum convolves the spectral response of a continuum
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of excited polaron states [9].
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Figure 3-9: Spectral response of 40K impurities using ejection and injection
spectroscopy. (A) The energy levels of the many-body system (left). The dashed
lines denote the impurity’s hyperfine energies and the solid lines denote the ground
state polaron energies. In the ejection technique, the polaron ground state is prepared
and ejected out (pictured on the bottom right as an absorption image of K in |↓⟩) via
an rf drive to the non-interacting state |↑⟩ (pictured on the top right.) The BEC’s
Thomas-Fermi radius is marked by the red line. (B) A comparison of the injection
and ejection lineshapes at 𝑎= − 3900 𝑎0, in red and blue respectively, with peak
interaction strength (𝑘n𝑎)

−1= − 0.3. The transfer from the initial to the final spin
state is shown as a function of normalized rf frequency. The dotted black line shows
the Gaussian response of the bare impurity state. Figure reproduced from [247].

3.4.3 Local analysis of boson density and reduced temperature

The following section details how the local boson density and 𝑇/𝑇𝑐 were derived

from images of the condensate. We interpret the spatially-resolved spectrum under

the assumption of the local density approximation (LDA) [133], giving access to the

rf spectrum of the impurity as a function of the condensate’s local chemical potential

𝜇(𝑧)=𝜇0 − 𝑉Na(𝑧) (see Sec. 3.4.3). Here, 𝜇0=4𝜋ℎ̄2𝑎BB𝑛Na/𝑚Na is the condensate’s
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chemical potential at its peak density, and 𝑉Na(𝑧) is the radially-centered trapping

potential along the axial direction. The in-situ local boson density 𝑛Na(r) – the sum

of the condensate density 𝑛𝑐(r) and the thermal density 𝑛𝑡(r) – has the following form

under LDA and the Thomas-Fermi limit [170]:

𝑛𝑐(r) =
15𝑁𝑐

8𝜋𝑅𝑥𝑅𝑦𝑅𝑧

max

(︂
1− 𝑥2

𝑅2
𝑥

− 𝑦2

𝑅2
𝑦

− 𝑧2

𝑅2
𝑧

, 0

)︂
(3.11)

𝑛𝑡(r) =
1

𝜆3dB
𝑔3/2

(︂
exp

(︀
− 𝛽

⃒⃒
𝜇0 −

1

2
𝑚Na

∑︁
𝑖=𝑥,𝑦,𝑧

𝜔2
𝑖 𝑟

2
𝑖

⃒⃒)︀)︂
(3.12)

where 𝜆dB =
√︁
2𝜋ℎ̄2/𝑚Na𝑘B𝑇 is the thermal de Broglie wavelength, 𝑔 the Poly-

logarithm function, 𝛽 ≡ 1/𝑘B𝑇 , and 𝜇0 the peak boson chemical potential. 𝑅𝑖 is

the Thomas-Fermi radius along the 𝑖th coordinate, defined by 𝜇0 = 𝑚𝜔2
𝑖𝑅

2
𝑖 /2. The

condensate number is 𝑁𝑐 =
8𝜋

15𝑔BB
𝜇0𝑅𝑥𝑅𝑦𝑅𝑧, where 𝑔BB = 4𝜋ℎ̄2𝑎BB/𝑚Na is the bose-

bose coupling constant. The condensate is assumed to only experience mean-field

repulsion, while the thermal atoms are an ideal gas confined in the external harmonic

trap and the mean-field repulsion of the condensate [170]. Experimental values of

𝜇0 are derived from the speed of the BEC’s hydrodynamic expansion after releasing

the cloud in time-of-flight [62]. Temperature is also measured in time-of-flight by

fitting the outer wings to the thermal density distribution. From the local density,

we compute the local critical temperature 𝑇C, where

𝑘B𝑇C(r) =
3.31ℎ̄2

𝑚Na

𝑛Na(r)
2/3 . (3.13)

3.5 Measurements of energy and quasiparticle life-

time

We now analyze the main results of the rf spectroscopy study: the Bose polaron’s

energy and inverse lifetime.

Fig.3-10A shows the rf spectrum as a function of 𝛽𝜇(𝑧), the chemical potential
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Figure 3-10: Rf ejection spectra of Bose polarons at various reduced tem-
peratures 𝑇/𝑇C. The peak interaction strength is (𝑘𝑛𝑎)

−1= − 0.3. (A) Color
density map of the rf transfer 𝐼(𝜔) as a function of the normalized local chemical po-
tential 𝛽𝜇(𝑧) and the local interaction strength (𝑘𝑛𝑎)

−1. The solid white line marks
the BEC phase transition at 𝛽𝜇=0. (B) Fraction of impurities transferred into the
non-interacting state |↑⟩ as a function of rf frequency (left) and of normalized fre-
quency, ℎ̄𝜔/𝐸𝑛 (right). The dashed black line marks the peak transfer location of the
impurities at the lowest 𝑇/𝑇C. The solid black lines show the rf spectrum of bare 40K
atoms, indicating the spectral resolution. Error bars reflect 1𝜎 statistical uncertainty.
Figure reproduced from [247].

normalized by 𝛽=1/𝑘B𝑇 . The interaction parameter (𝑘𝑛𝑎)
−1 also varies with the

local density 𝑛Na(𝑧) as indicated. A strong shift of the rf transfer for positive chemical

potentials is clearly visible. Fig.3-10B shows a selection of spectra, indicating the

temperature 𝑇 normalized by the local critical temperature 𝑇C(𝑧) for a homogeneous

gas. The absolute frequency of the spectral peak continuously decreases with higher

reduced temperatures (left panel). However, when normalized by the degeneracy

energy scale 𝐸𝑛, the spectral peak frequency in fact increases with temperature,

indicating a more strongly-bound impurity with increasing temperatures up to the

critical temperature 𝑇C (right panel).

To ensure that our polaron peak and width assignations were not affected by the

possible nonlinear response of 𝐼(𝜔), we measured the spectra at 𝑎= −3900 𝑎0 with

varying pulse powers, shown in Fig. 3-11 as color density plots of local impurity trans-

fer. Under the LDA, the spectra at the lowest reduced temperatures were extracted
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and their lineshapes were compared to one another in Fig. 3-12. There, the heights of

the two lower-power spectra have been scaled by constant factors. Neither the peak

position nor the width was affected beyond the experimental signal-to-noise limita-

tions, giving us confidence that the extracted energy and linewidth were not affected

by the nonlinear response.

A B C

I(ω)axial position (pixels) axial position (pixels) axial position (pixels)

Figure 3-11: Ejection spectra at 𝑎=−3900 𝑎0 obtained with Gaussian pulses of
varying peak powers, corresponding to (A) 𝜋, (B) 2𝜋, and (C) 3𝜋 transfer of the
bare impurities from the |↓⟩ to the |↑⟩ state. Vertical dashed lines indicate the BEC
Thomas-Fermi boundary.
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Figure 3-12: Lineshape versus rf power, testing the effect of possible nonlinear re-
sponse in our spectra. Rf spectra at 𝑎=−3900 𝑎0 and 𝑇/𝑇C≈ 0.1 are shown, obtained
from considering the central six pixels of the axial positions shown in Fig. 3-11. The
three powers are represented by green downward-facing triangles, red upward-facing
triangles, and blue circles, respectively. The heights of the 𝜋- and 2𝜋- spectra have
been scaled by constant factors to compare to the 3𝜋 lineshape. Figure reproduced
from [247].
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Bose polaron binding energy

The extracted quantities 𝐸𝑝 are summarized in Fig.3-13A, in which the peak frequency

shift 𝜔𝑝 is interpreted as the ground-state energy 𝐸𝑝=−ℎ̄𝜔𝑝 of the Bose polaron. We

observe a decrease of 𝐸𝑝 as a function of reduced temperature for the strong-coupling

impurity, for temperatures up to the BEC critical temperature. Stronger binding of

the impurity to the bosonic bath with increasing temperature has been predicted [111].

Additionally, a broadening of the spectral function underlying the rf spectrum may

contribute to the observed shift [245].
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Figure 3-13: Evolution of the Bose polaron as a function of the local reduced
temperature 𝑇/𝑇C. Shown are the data for various peak interaction strengths
(𝑘𝑛𝑎)

−1. (A) Energy of the Bose polaron. The shaded areas are a guide to the
eye and the blue dashed lines represent linear and quartic extrapolations to zero
temperature. The prediction of the lowest-order T-matrix calculation is represented
by open diamonds at 𝑇 =0. (B) The inverse lifetime of the Bose polaron, represented
by the half-width at half-maximum (Γ) of the local rf spectra. The grey shaded areas
indicate the spectral resolutions of the corresponding rf pulses. The dashed line is a
linear fit to the data below 𝑇C. Figure reproduced from [247].

Above 𝑇C the peak energy shift suddenly jumps to zero, despite the near-unitarity-

limited interactions. This behavior is expected when the temperature exceeds the

energy difference between the attractive and repulsive branches of the resonantly

interacting impurity, which occurs near the onset of quantum degeneracy [120, 88].

A similar jump in binding energy was recently observed for an impurity resonantly

interacting with a nearly degenerate Fermi gas [245]. At weaker attractive interaction,

we observe that the Bose polaron is less strongly bound to the bath, as expected [198,
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152] (see Fig.3-13A).

In the strongly interacting regime where |𝑘𝑛𝑎|≫ 1, our measurements probe a

regime where the binding energy is much larger than the condensate’s local mean-

field energy. In this regime, a universal description for the Bose polaron at low

temperatures emerges from a lowest order T-matrix and an equivalent variational

approach [198, 152]. See Appendix D for a detailed calculation. Here, the impurity

acquires an energy shift that is the sum of the individual and uncorrelated shifts from

each host boson:

𝐸𝑝 ≡ − ℎ̄
2𝜅2

2𝑚𝑟

= −2𝜋ℎ̄2𝑛Na

𝑚𝑟

𝑓(𝑖𝜅) (3.14)

where 𝑓(𝑖𝜅)=− 𝑎
1−𝜅𝑎

is the two-body scattering amplitude evaluated at imaginary

momentum 𝑖𝜅, as appropriate for a bound state. The equation implicitly gives 𝐸𝑝,

whose natural energy scale is confirmed as the degeneracy energy scale 𝐸𝑛 for an

effective particle of reduced mass 𝑚𝑟 and density 𝑛Na. In this scenario, 𝐸𝑝/𝐸𝑛 is a

universal function of (𝑘𝑛𝑎)−1 only. For weak attractive impurity-boson interactions

((𝑘𝑛𝑎)−1≪−1) one finds the mean-field result 𝐸𝑝 =2𝜋ℎ̄2𝑛Na𝑎/𝑚𝑟, whereas on the

molecular side of the Feshbach resonance in the limit (𝑘𝑛𝑎)
−1≫ 1, the polaron en-

ergy becomes equal to the energy of a two-body molecule of size 𝑎, 𝐸𝑝=− ℎ̄2

2𝑚𝑟𝑎2
. On

resonance, the approach yields 𝐸𝑝/𝐸𝑛=−0.71, which is similar to the result for the

unitary Fermi polaron, 𝐸𝑝/𝐸𝑛 =−0.61 [53, 58]. The Bose polaron is more strongly

bound than its fermionic counterpart owing to the lack of constraints imposed by

Pauli exclusion (see Appendix D). The polaron energies according to the T-matrix

approach for 𝑇 =0 are indicated as open diamonds in Fig. 3-13A. A linear extrap-

olation to zero temperature of our strong-coupling binding energy data appears to

agree well with this theory. Alternatively, assuming the increase in binding strength

with temperature results from coupling to the BEC’s finite temperature phonon bath,

one may attempt a 𝑇 4 fit to the data [150]. However, this quartic scaling is only pre-

dicted to hold at much lower temperatures and weaker interactions than our observed

strong-coupling results. Both the linear and quartic extrapolations exclude a simple

mean-field prediction that yields 𝐸𝑝/𝐸𝑛=−1.4 for (𝑘𝑛𝑎)
−1=−0.3.
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Quasiparticle lifetime

The binding energy alone does not reveal whether the impurities in the bosonic bath

form well-defined quasiparticles. This requires knowledge of the impurities’ spectral

width, a measure of the quasiparticle’s decay rate [207, 245, 256, 209]. Generally, the

width of an rf spectrum corresponds to the rate at which the coherent evolution of an

atomic spin is interrupted during the rf pulse. For quasiparticles, it is momentum-

changing collisions with host bosons that cause such decoherence, the same process

that limits the quasiparticle’s lifetime. The rf spectral width thus directly measures

the inverse lifetime of the quasiparticles [207, 245, 256, 209].

Fig. 3-13B shows that the strong-coupling impurity’s spectral width follows a

linear dependence with temperature, and strikingly at the Planckian scale: Γ=

8.1(5) 𝑘B𝑇/ℎ̄. Observing decay rates at this scale is consistent with quantum crit-

ical behavior [203]. The observed linear trend suggests a well-defined quasiparticle

with vanishing spectral width in the limit of zero temperature. However, near 𝑇C,

the rf spectral width increases significantly beyond the measured binding energy 𝐸𝑝,

signaling a breakdown of the quasiparticle picture.

We attribute both the linear temperature dependence at the Planck scale 𝑘B𝑇/ℎ̄

and the quasiparticle breakdown to the proximity of the Bose-Fermi mixture’s quan-

tum multi-critical points [157]: the impurity gas is close to the quantum phase tran-

sition between the vacuum of impurities, 𝑛𝐾 =0, and the phase at non-zero im-

purity density, 𝑛𝐾 > 0; interactions are tuned near the resonant point (𝑘𝑛𝑎)
−1→ 0;

and the host boson gas traverses its own quantum critical regime near the onset

of quantum degeneracy at 𝜇B → 0. Here, only one relevant energy scale remains

(𝑘B𝑇 ≈ 𝑘B𝑇C ≈ 0.55𝐸𝑛), because Efimov trimers are not expected to enter in the de-

scription of our system at quantum criticality, as their size is predicted to be orders of

magnitude larger than the interparticle spacing at our densities. Thus, the spectral

width also scales as 𝐸𝑛/ℎ̄ and no quasiparticles are predicted to persist [177, 203].

In this regime, the impurities have the shortest mean-free path possible with

contact interactions, i.e., one interboson distance. For all temperatures 𝑇 <𝑇C, the

scattering rate at the Planckian scale naturally emerges, assuming polarons scatter
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with thermal excitations of the saturated Bose gas, at density 𝑛th∼ 1/𝜆3B. Given a

unitarity-limited scattering cross section 𝜎coll ∼𝜆2rel and the most probable relative

scattering speed 𝑣rel ∝
√︁

𝑘B𝑇
𝑚𝑟

, we derive a rate

Γ=𝑛th 𝜎coll 𝑣rel ∼ (𝑚B/𝑚𝑟)
3/2 𝑘B𝑇/ℎ̄ (3.15)

Here, 𝜆𝐵/rel are the thermal de Broglie wavelengths at the boson and the reduced mass,

respectively. At weaker interaction strengths where 𝜎coll ∼ 𝑎2, the above relation for Γ

yields a non-universal rate Γ∝ 𝑎2𝑇 2 [150]. Experimentally, the spectral width drops

rapidly for the weaker interaction strengths probed here, down to our resolution limit,

prohibiting us from discerning the scaling with temperature (see Fig. 3-13B).

To conclude this section, we have performed the first measurement of the equi-

librium Bose polaron’s binding energy and decay rate. Below the superfluid critical

temperature, the inverse lifetimes increase linearly with temperature at the so-called

Planckian scale, consistent with quantum critical behavior. Close to the 𝑇𝑐, the

spectral width exceeds the impurity’s binding energy, indicating the failure of the

quasiparticle picture.

3.6 Short-range correlations of the Bose polaron

The following section discusses the Bose polaron’s contact, which quantifies the

short-range correlations of the system. We derive the relation between impurity

transfer and contact, and we present our experimental measurements of Bose polaron

contact.

3.6.1 Contact

The behavior of two distinguishable particles that interact with an 𝑠-wave scat-

tering length is set by universal relations that are general to any state of the system.

These relations are quantified by a parameter called the contact, which controls the

thermodynamics of the system as well as large-momentum, high-frequency portions
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of correlation functions [225, 226, 30, 29]. In the impurity limit, the physical picture

of contact tells us the density enhancement of bath atoms around a single impurity.

The extensive contact obeys the universal relation

𝐶 = lim
𝑘→∞

𝑛(𝑘)𝑘4 (3.16)

where 𝑘 is the wavevector.

We first note the relation between extensive 𝐶 and intensive contact C (R), where

R is the interparticle separation.

𝐶 =

∫︁
𝑑3RC (R) (3.17)

Tan showed that the intensive contact is related to the pairwise density correlator

between a two-component Fermi gas with scattering length 𝑎 [225]. The result also

holds for a Bose-Fermi mixture with scattering length 𝑎 and densities 𝑛B, 𝑛F. For any

small distance 𝑟, the correlation between the two states’ number densities diverges as

1/𝑟2 with a coefficient proportional to the contact:

⟨𝑛B(R+ r/2)𝑛F(R− r/2)⟩ = C (R)

16𝜋2

(︂
1

𝑟2
− 2

𝑎𝑟

)︂
(3.18)

For a single fermion impurity, replace 𝑛F with a Dirac Delta function. Then,

integrate both sides of equation 3.18 over all space. The right-hand-side intensive

contact becomes the extensive contact.

⟨
∫︁
𝑑3R𝑛B(R+ r/2)𝛿(R− r/2)⟩ = 𝐶

16𝜋2

(︂
1

𝑟2
− 2

𝑎𝑟

)︂
(3.19)

Upon changing variables R → R− r/2, we have

⟨𝑛B(r)⟩ =
𝐶

16𝜋2

(︂
1

𝑟2
− 2

𝑎𝑟

)︂
(3.20)

This is the expected boson density in a shell of distance 𝑟 away from the impurity.

To find the expected number of bosons within a distance 𝑏 around the impurity,
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integrate again.

∫︁ 𝑏

0

4𝜋𝑟2𝑑𝑟 ⟨𝑛B(𝑟)⟩ =
𝐶

4𝜋
(𝑏− 𝑏2/𝑎) (3.21)

At unitarity-limited scattering, the second term on the right-hand side drops out,

leaving only 𝐶𝑏/4𝜋.

Through the Hellmann-Feynman theorem, the contact is also equal to the change

in energy with the inverse impurity-bath scattering length: 𝐶
𝑘𝑛

=2𝜋 𝑑
𝑑(𝑘𝑛𝑎)−1

(︁
−𝐸𝑝

𝐸𝑛

)︁
[21,

194, 225, 257].

Relation to spectral response

Spectra obtained via rf ejection spectroscopy encode the wavefunction overlap be-

tween a interacting, dressed impurity and a non-interacting state. As such, they not

only contain information about the binding energy and lifetime of the impurity, but

also about the short-range correlations between the impurity and the surrounding

medium. Indeed, the final state of an ejection spectrum at high rf frequencies is a

free impurity with large momentum ℎ̄𝑘. Hence, high frequencies in ejection spec-

troscopy probe the initial wavefunction at short distances [21, 194, 30, 257]. This

leads to characteristic tails ∝𝜔−3/2 of the rf spectra, reflecting the two-body nature

of the wavefunction at short distances, as we will now derive.

The extensive contact for the Bose polaron can be obtained from the spectral

transfer ratio, 𝐼 =
𝑁↑

𝑁↓+𝑁↑
. The transfer rate in the limit of high frequencies is de-

rived from Fermi’s Golden Rule and Equation 3.16. We assume the rf drives the

particle from the initial many-body state into a noninteracting final state |↑ k⟩ with

wavevector k. The driving operator is 𝑉 (𝑡) = ℎ̄
2
Ω𝑅(𝑡)

∑︀
k 𝑑

†
k𝑐k+c.c., where 𝑑†k creates

an impurity in the noninteracting state and 𝑐k annihilates the impurity in the initial,

many-body state. We assume a sinusoidal drive whose amplitude (and thus Rabi

freq) varies with time and make the rotating wave approximation. This drive trans-

fers population out of the initial state |Ψ𝑀𝐵⟩ into a final state of two free particles
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with kinetic energies 𝜖𝑘1, 𝜖𝑘2. Fermi’s Golden Rule predicts the rate

lim
𝜔→∞

Γ(𝜔, 𝑡) = lim
𝜔→∞

2𝜋

ℎ̄

∑︁
k

| ⟨↑ k|𝑉 |Ψ𝑀𝐵⟩|2𝛿(ℎ̄𝜔 − 𝜖𝑘1 − 𝜖𝑘2)

= lim
𝜔→∞

2𝜋

ℎ̄

(︂
ℎ̄Ω𝑅(𝑡)

2

)︂2 ∫︁
𝑑𝑘3

(2𝜋)3
𝑛(𝑘)𝛿(ℎ̄𝜔 − 𝜖𝑘1 − 𝜖𝑘2)

=
𝜋ℎ̄Ω𝑅(𝑡)

2

2

∫︁
4𝜋𝑘2𝑑𝑘

(2𝜋)3
𝐶

𝑘4
𝛿(ℎ̄𝜔 − ℎ̄2𝑘2/(2𝑚𝑟))

=
Ω𝑅(𝑡)

2

8𝜋

√︂
ℎ̄

2𝑚𝑟

𝐶

𝜔3/2

Here, 𝑚𝑟 is reduced mass and 𝐶 has units of inverse length and is the extensive

contact from Section 3.6.1.

To derive rf lineshape in dimensionless units of transfer 𝐼, we assume linear re-

sponse. To take an explicit example, our pulse has a Gaussian envelope with peak

Rabi frequency of Ω𝑃 = 11.0 kHz and 𝑇 = 500𝜇s total duration with a standard

deviation of 62.5𝜇s: Ω𝑅(𝑡) = Ω𝑃 𝑒
−𝑡2/2𝜎2 . We integrate Γ(𝜔, 𝑡) from −𝑇/2 to 𝑇/2 to

obtain the population transfer.

𝐼(𝜔) =

∫︁ 𝑇/2

−𝑇/2

𝑑𝑡
Ω𝑅(𝑡)

2

8𝜋

√︂
ℎ̄

2𝑚𝑟

𝐶

𝜔3/2

=
Ω2

𝑃

8𝜋

√︂
ℎ̄

2𝑚𝑟

𝐶

𝜔3/2

∫︁ 𝑇/2

−𝑇/2

𝑑𝑡 𝑒−𝑡2/𝜎2

≈ Ω2
𝑃

8𝜋

√︂
ℎ̄

2𝑚𝑟

𝐶

𝜔3/2

√
𝜋𝜎

In the last step of the previous equation, we have approximated the integration limits

to go to infinite time, which is a good approximation given our duration of 500𝜇s

compared to 𝜎 = 62.5𝜇s (see Fig. 3-7 for an illustration of the applied rf pulse).

If we extract the contact prefactor, fitting 𝐼 with a 𝜔−3/2 slope, we will derive the
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a constant 𝐴 with units of kHz3/2.

𝐼 =
Ω2

𝑃

8𝜋

√︂
ℎ̄

2𝑚𝑟

𝐶

(2𝜋𝜈)3/2
√
𝜋𝜎 = 𝐴𝜈−3/2 (3.22)

Therefore, when using only SI units, C can be obtained in units of inverse meters,

𝐶 =
8𝜋𝐴(2𝜋1000)3/2

√
2𝑚𝑟√

𝜋𝜎Ω2
𝑃

√
ℎ̄

(3.23)

The contact can be normalized into the dimensionless quantity 𝐶/𝑘𝑛.

In the case that the final state interaction is not zero, the transfer rate must be

amended to include both the final state interaction 𝑎𝑓 with the majority species, as

well as the initial state interaction 𝑎𝑖 [30].

Γ(𝜔) =
Ω2

𝑅

√
ℎ̄(𝑎−1

𝑖 − 𝑎−1
𝑓 )2

8𝜋
√
2𝑚𝑟𝜔3/2(𝑎−2

𝑓 + 2𝑚𝑟𝜔/ℎ̄)
𝐶 (3.24)

3.6.2 Linear response of the experiment

To obtain the contact from our observed spectral lineshape, we require the rf

transfer to be in the linear response regime. Furthermore, the contact’s relation to

the spectral response (Eq. 3.22) is expected to only hold for the high momentum

wings of the cloud, ℎ̄𝜔 ≫ 𝐸𝑛. We extract the contact by fitting the high frequency

tail of the ejection spectra where the transfer is well within the linear response regime

(below 0.2) and the spectral response follows a 𝜔−3/2 dependence within our signal

to noise, as demonstrated in the main text. To confirm the that the response is

within the linear response regime, we measure the transfer as a function of the rf

pulse duration. We verify this linear behavior for various interaction strengths and

Rabi frequencies and show one example in Fig. 3-14.
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Figure 3-14: Time-resolved rf response of the impurity located at the trap center,
a test of linear response for the contact measurements. The interaction strength is
𝑎= − 840 𝑎0, and a rf pulse with constant power is employed with varying duration
at a detuning of 2𝜋×30 kHz above the atomic resonance. The dashed line is a linear
fit through the data. Figure reproduced from [247].

3.6.3 Experimental results

Here we present the experimental results of the Bose polaron’s contact. As derived

in Sec. 3.6.1 and Ref. [30], the high-frequency tail of the rf transfer 𝐼(𝜔) can be written:

𝐼(𝜔) =
𝜔→∞

Ω2
𝑃𝜎

8

√︂
ℎ̄

2𝜋𝑚r

𝐶

𝜔3/2
(3.25)

where 𝜎 is the Gaussian 𝑒−1/2 width of the rf pulse’s duration and Ω𝑃 the peak

Rabi frequency. Our spectra follow this behavior closely: when multiplied by 𝜔3/2,

they asymptote to plateaus that yield the contact’s value, shown for (𝑘𝑛𝑎)−1=−1 in

Fig. 3-15A and (𝑘𝑛𝑎)
−1=−0.3 in Fig. 3-15B, respectively. Fig. 3-15C summarizes our

measurements of the contact, normalized by 𝑘𝑛, as a function of 𝑇/𝑇C for various in-

teraction strengths. From weak to strong attractive interactions, the contact increases

monotonically. For the strongest interaction strength the normalized contact remains

approximately constant for all values 𝑇/𝑇C< 1. An abrupt drop of the normalized

contact is seen above the BEC transition temperature, though it remains non-zero.

This is expected for a Boltzmann gas with unitarity-limited interactions that has a

non-zero contact given by the inverse mean-free path, 𝑛𝜎coll ∝ 1/𝑇 , where 𝜎coll is the
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two-body cross section. Therefore 𝐶/𝑘𝑛 decreases as 𝑇C/𝑇 in the non-degenerate

regime [88, 245].

The low-temperature value of the normalized contact is close to what one finds for

the unitary Fermi polaron (𝐶/𝑘𝑛=4.3 [245]), the balanced unitary Fermi gas [153,

168, 46], and the near-unitary BEC [238]. Using the variational ansatz for the Bose

polaron’s energy (see Eq. 3.14), we obtain an expression for the normalized contact:

𝐶

𝑘𝑛
= 𝜋2 𝐸𝑝/𝐸𝑛

𝐸𝑛/𝐸𝑝 − 𝜋
4

1
𝑘𝑛𝑎

(3.26)

which yields 𝐶
𝑘𝑛

=𝜋2
(︁

𝐸𝑝

𝐸𝑛

)︁2
=5.0 on resonance. The contact can also be interpreted

in an intuitive picture [225]: it gives the number of bosons 𝑛B(𝑠) within a sphere of

radius 𝑠 around the impurity: 𝑛B(𝑠)=𝐶𝑠/4𝜋 for 𝑠≪𝑛
−1/3
Na and 𝑠≪|𝑎|, as derived

in Sec. 3.6.1. The measured near-unity value of 𝐶/4𝜋 in units of the interboson

spacing thus indicates that even for near-unitarity-limited interactions – on average

– only about one extra boson is in close proximity to the impurity. In this respect,

the resonant Bose polaron shares traits with a molecular dimer of a size given by

the interboson distance. Within the variational description, the localized part of the

polaron’s wavefunction is of identical form to that of a molecule, and away from

resonance where 𝑎> 0, the polaron smoothly evolves into a molecule of size 𝑎 [198,

152].

3.7 Summary and outlook

In conclusion, we have created Bose polarons near quantum criticality by immers-

ing atomic impurities in a Bose-Einstein condensate with near-resonant interactions.

Using locally-resolved radiofrequency spectroscopy, we probed the energy, spectral

width, and short-range correlations of the impurities as a function of temperature.

We found that the impurities formed well-defined quasiparticles with low decay rates

far below the BEC critical temperature. However, their inverse lifetime, given by their

spectral width, increased linearly with temperature at the Planckian scale 𝑘B𝑇/ℎ̄, a
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Figure 3-15: Contact of the Bose polaron. The low temperature rf transfer for
(A) (𝑘𝑛𝑎)

−1=−1 and (B) (𝑘𝑛𝑎)
−1=−0.3 multiplied by 𝐾𝜔3/2, with 𝐾 = 8

√
2𝜋𝑚𝑟

Ω2
𝑃 𝜎

√
ℎ̄
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𝑘𝑛

,
displays a plateau that yields the normalized contact 𝐶/𝑘𝑛. The contact is obtained
from fits in the frequency region indicated by the solid red line. (C) The contact,
normalized by 𝑘𝑛, as a function of the reduced temperature at various interaction
strengths. The open diamonds at 𝑇 =0 are the T-matrix predictions from Eq. 3.26.
Figure reproduced from [247].

hallmark of quantum critical behavior. Close to the BEC critical temperature, the

spectral width exceeded the binding energy of the impurities, signaling a breakdown

of the quasiparticle picture. This is in striking analogy to the strange metal phase of

the cuprate superconductors [146].

For future studies, it will be interesting to probe transport properties of the im-

purities and specifically investigate whether their resistivity scales linearly with tem-

perature, in even closer analogy to findings in the strange metal phase. Furthermore,

increasing the impurity concentration might allow the formation of bipolarons [42]

and the observation of phonon-induced superfluidity [81, 134].
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Chapter 4

Collective excitations of a Bose-Fermi

mixture

This chapter will discuss the observation of hydrodynamic flow of ultracold, spin-

polarized fermions induced by interactions with a Bose-Einstein condensate. The the-

ory of hydrodynamics has successfully described the collective behavior of diverse flu-

ids, from classical liquids to strongly-interacting quantum matter. Its central premise

is the notion of local equilibrium, whereby frequent interparticle collisions allow a

macroscopic description of collective behavior, on a scale far above typical interpar-

ticle distances. By contrast, collisionless or ballistic flow occurs when interparticle

scattering is too infrequent to establish local equilibrium. The precise control over

interactions in ultracold quantum gases make these systems an ideal test environment

to study the transition between the collisionless to hydrodynamic regime, which has

been theorized to play an important role for electron transport in strongly-interacting

systems [219, 116, 5].

First, I will define the two opposing regimes that define collective motion in many-

body systems. I provide background on realizations of both collisionless and hydro-

dynamic flow, in solid state and cold atom systems.

Focusing on ultracold atomic systems, I will introduce a commonly-used probe to

study excitations: collective oscillations. Collective oscillations reveal the low-lying

excitations of the ground state, extracting properties such as the equilibrium equation
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of state, collisional relaxation rates, and transport coefficients. Oscillation frequencies

are measured after perturbations of the trapping potential. These frequencies depend

on the interparticle interactions, and for a single-species gas with contact interactions,

have known analytical forms in the limit of small perturbations. These solutions

will be discussed for the collisionless and hydrodynamic regimes. The spectrum of

a weakly-interacting BEC will be derived for the trapping geometry used in our

MIT experiment, as a crucial background to interpreting our fermionic oscillation

measurements.

As the main result of this chapter, I describe how we implemented and detected

hydrodynamic flow in spin-polarized ultracold fermionic 40K. By themselves, the

fermions are collisionless. Immersed in a 23Na BEC background, these fermions cross

over to the hydrodynamic regime when Bose-Fermi interactions are raised, giving the

fermions the chance to scatter frequently with the bosons. They then inherit the

modes of the BEC, which obeys superfluid hydrodynamics.

As an outlook, in Section 4.4, I discuss the observation of a novel nonlinear exci-

tation in a Bose-Fermi mixture: Faraday resonances.

The research described in this chapter is the result of unpublished work by Zoe

Z. Yan, Yiqi Ni, Alex Chuang, Carsten Robens, and Martin Zwierlein.

4.1 Hydrodynamic versus collisionless regimes

The framework of hydrodynamic flow constitutes one of the most successful de-

scriptions of interacting materials. A fluid’s collective motion can be described in

this framework as long as the microscopic degrees of freedom remain in local ther-

mal equilibrium through frequent interparticle collisions. Ultracold atomic gases obey

hydrodynamics if the two-particle collision rate exceeds the frequency at which excita-

tions propagate in the system. The mean free path quantifies the effect of collisions as

the average distance a moving particle travels before colliding with another particle:

𝑙mf =
1

𝑛𝜎
(4.1)
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where 𝑛 is the particle density and 𝜎 is the total scattering cross section. When 𝑙mf

is much shorter than the system size, local thermal equilibrium is established. The

hydrodynamic condition also requires the collisional relaxation timescale 𝜏 ∼ 1/𝑛𝜎𝑣

to be significantly shorter than the inverse excitation frequency 1/𝜔ex, where 𝑣 is the

average relative velocity.

In contrast to hydrodynamic flow, if 𝜔ex𝜏≫ 1, the atoms remain in the so-called

collisionless regime, in which they follow ballistic motion. Here, the motion of one

particle does not affect another particle, and locally the ensemble cannot equilibrate.

Collective modes in the extreme collisionless or extreme hydrodynamic limit can be

studied, often with analytic results, using a variety of methods (see Sec. 4.2). However,

most realistic systems fall somewhere between the two regimes. For example, a zero-

temperature BEC obeys superfluid hydrodynamics [189], but at finite temperatures

the non-condensed portion of a bosonic gas can cause its motion to deviate from

pure hydrodynamic behavior. A key aspect of understanding a many-body system is

determining its position on the collisionless-hydrodynamic spectrum.

In the solid state, hydrodynamic flow is emerging as a paradigm of electron trans-

port that holds when simple Fermi liquid descriptions break down [116, 5, 156, 117].

Electron transport in metals is conventionally described as classical "billiard balls"

that propagate through the bulk and scatter with impurities, edges, or phonons. Such

scattering typically relaxes momentum in the electron gas. However, this semiclassical

picture of ballistic electrons does not apply for ultraclean materials with few defects, in

which electron-electron collisions provide the shortest scattering length. In such cases,

electrons resemble a classical fluid. Recent experiments in two-dimensional materials

have detected phenomena consistent with hydrodynamic electron flow, including in

negative vicinity resistance [14, 15, 32], superballistic transport [141], a size-dependent

electrical resistance [69, 166], violation of the Wiedemann-Franz law [60, 99], signa-

tures of Hall viscosity [115, 22], and a spatial Poiseuille flow profile [222]. For hydro-

dynamic flow demonstrated in the Fermi liquids, such as in the Fermi liquid regime of

graphene [14], conventional kinetic theory (and its hydrodynamic limit) is sufficient

to describe experiments [69, 117].
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Beyond electron fluidity, phonons have been shown to obey hydrodynamics in

liquid and solid helium via measurements of second sound, a mode that only ex-

ists in the superfluid hydrodynamic regime [20]. Electrons (near the Fermi surface)

and phonons are the two quasiparticle species that form the bedrock of convential

transport in condensed matter. A recent experiment has observed thermoelectric sig-

natures of electron-phonon fluidity, in which strongly-coupled electrons and phonons

have a total momentum that is long-lived [91]. There, the electron gas itself was

not hydrodynamic, but the electrons and phonons collectively obeyed hydrodynamics

when their fast collision rate dominated all timescales.

Interest in electron-phonon hydrodynamics has been stimulated by recent theoret-

ical works suggesting that hydrodynamic effects explain transport of unconventional

metals such as the high-𝑇𝑐 cuprates in their strange metal phase [68, 117]. Unlike

in Fermi liquids, the onset of hydrodynamics cannot be explained by a quasiparticle

model with conventional kinetic theory in quantum-critical systems where quasipar-

ticles do not persist, such as the strange metal regime [63, 116, 156, 117]. Future

experiments are needed to shed light on the nature of hydrodynamic flow in elec-

tron and phonon subsystems. Mixtures of ultracold fermions and bosons, which are

defect-free, have continuously tunable interactions, and can realize quantum-critical

systems [247], are thus primed to study the transition between collisionless to hydro-

dynamic flow that can be challenging for condensed matter theory.

4.2 Collective excitations in ultracold gases

This section will establish theory framework governing ultracold gases in the colli-

sionless and hydrodynamic regimes. Analytic solutions for low-energy excitations are

derived using a scaling formalism for the collisionless regime (with Boltzmann-Vlasov

equations) and for the hydrodynamic regime (using Gross-Pitaevskii equations). Past

experimental work using ultracold fermions and bosons confirming these theories will

be highlighted.
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4.2.1 Trapped gases in the collisionless regime

Many experiments of interest involve harmonically-trapped gases within the colli-

sionless regime, which will now be examined for two cases: a strictly non-interacting

gas, as well as a gas that experiences weak, mean-field interactions with a bath.

Ideal gases in harmonic traps

We start by deriving the equations describing the collective evolution of an ideal

gas [38]: for example, a single-component gas of ultracold fermionic atoms. The

particles experience a harmonic potential, 𝑉 ho = 𝑚
2

∑︀
𝑖 𝜔

2
𝑖 𝑟

2
𝑖 , with 𝑖 signifying the

dimensions. Let us consider the response of this trapped gas to a modulation of the

potential.

Newton’s laws are given by 𝑚𝑟𝑖 = −𝑚𝜔𝑖(𝑡)
2𝑟𝑖. This time evolution can be ap-

proached using a scaling transformation, 𝑢𝑖 = 𝛾𝑖(𝑡)𝑣𝑖− 𝑑𝛾𝑖(𝑡)
𝑑𝑡

𝑟𝑖 and 𝛾𝑖(𝑡) = 𝑟𝑖(𝑡)/𝑟𝑖(0).

Here, 𝑢 is the scaled velocity, 𝑣𝑖 = 𝑟𝑖, and 𝛾𝑖 is the scaling parameter. Then, Newton’s

laws require that the scaling parameters satisfy the equations,

𝛾𝑖(𝑡) + 𝜔2
𝑖 (𝑡)𝛾𝑖(𝑡)−

𝜔𝑖(0)
2

𝛾𝑖(𝑡)3
= 0 (4.2)

With sinusoidal modulation of the trapping potential, certain modulation fre-

quencies will resonantly drive the cloud, causing a dramatic response in the scaling

parameters. Take the case of a spherically symmetric harmonic trap 𝜔𝑖(0) = 𝜔0 for

simplicity. For low-energy oscillations and weak perturbations about the equilibrium

distribution 𝛾𝑖 = 1, one finds a resonance frequency at 2𝜔0. Here, "resonant" means

that the amplitude of the size oscillations will diverge in time for arbitrarily small

periodic drives. This resonance is also often called the "parametric" resonance in the

literature. Intuitively, if one "squeezes" the cloud twice per every cycle by modulat-

ing at twice the natural frequency, the gas particles will undergo resonant excitation,

much like a child on a swing being pushed toward the center every time she reaches a

local maximal height. Strictly speaking, this resonance at 2𝜔 is not considered a true

collective mode of the system, as it results from every particle performing its own
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motion [189]. In 3D, a parametric resonance from modulating one dimension would

not couple to the other axes. See Fig. 4-1a for a cartoon of driving the parametric

resonance in an ideal, collisionless gas.

Two-component gases in harmonic traps

Beyond ideal gases, I now consider weak interactions in the collisionless regime. Here,

kinetic theory is often employed to describe collective dynamics. Introduced by Boltz-

mann to describe a classical gas, the Boltzmann equation relates macroscopic long-

time Brownian motion of particles to microscopic two-body collisions.(︃
𝜕

𝜕𝑡
+ 𝑣⃗ · ∇𝑟⃗ +

𝐾⃗

𝑚
· ∇𝑣⃗

)︃
𝑓(𝑟⃗, 𝑣⃗, 𝑡) =

(︂
𝜕𝑓

𝜕𝑡

)︂
coll

(4.3)

The gas distribution 𝑓 has been spatially coarse-grained, parametrized by position 𝑟⃗,

velocity 𝑣⃗, and time 𝑡, and subjected to an external force 𝐾⃗. The right-hand-side is

the so-called collision integral representing binary collisions.

In its quantum formulation [20], the equation can be applied to particles or quasi-

particles so long as focus is restricted to regions of space larger than relevant length-

scales, i.e. the de Broglie wavelength or interparticle spacing. The collision cross-

section can be computed using Fermi’s golden rule, but is set to zero in the collisionless

gas case.

I consider the case of a trapped, collisionless gas immersed in a bath of another

species. The first species of atoms with mass 𝑚 and distribution function 𝑓 is sub-

jected to a force from an external harmonic trapping potential. Additionally, it feels

a mean-field potential from the other species with distribution 𝑓 ′. The interspecies

interaction, arising from s-wave scattering, has coupling strength 𝑔 = 2𝜋ℎ̄2𝑎/𝜇, where

𝜇≡𝑚𝑚′/(𝑚+𝑚′) is the reduced mass. The dynamics are captured by the Boltzmann-

Landau-Vlasov kinetic equation [162]

𝜕𝑓

𝜕𝑡
+ 𝑣⃗ · ∇𝑟⃗𝑓 − 1

𝑚
∇𝑟⃗𝑉

ho · ∇𝑣⃗𝑓 − 𝑔

𝑚
∇𝑟⃗ 𝑛

′ · ∇𝑣⃗𝑓 = 0 (4.4)

where 𝑛′(𝑟⃗, 𝑡) =
∫︀
𝑓 ′𝑑𝑣⃗ is the atomic density of the second species.
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Eq. 4.4 admits a scaling solution [162, 154] for the distribution 𝑓 and velocity 𝑣𝑖

𝑓(𝑟⃗, 𝑣⃗, 𝑡) = 𝑓0 (𝑟𝑖/𝛾𝑖(𝑡), 𝑢⃗(𝑟⃗, 𝑡))

𝑢𝑖(𝑟⃗, 𝑡) = 𝛾𝑖(𝑡)𝑣𝑖 −
𝑑𝛾𝑖(𝑡)

𝑑𝑡
𝑟𝑖 (4.5)

where 𝑓0 is the equilibrium distribution. By assuming equal density distributions of

the two species and substitution of the scaling ansatz into Eq. 4.4, one obtains the

differential equation for the time-evolution of the gas’s scaling parameters [162]:

𝛾𝑖(𝑡) + 𝜔2
𝑖 (𝑡)𝛾𝑖(𝑡)−

𝜔𝑖(0)
2

𝛾𝑖(𝑡)3
+

3

2
𝜒𝜔2

𝑖

(︃
1

𝛾3𝑖
− 1

𝛾𝑖
∏︀

𝑗 𝛾𝑗

)︃
= 0 (4.6)

where 𝜒 = 𝑔
4

∫︀
𝑑3𝑟 𝑛2(𝑟⃗)/(

∫︀
𝑑3𝑟 𝑉 ho(𝑟⃗)𝑛(𝑟⃗)) is the ratio between the interaction energy

and the oscillator energy. This result, which reduces to the ideal gas situation in the

absence of interspecies interaction, determines the evolution of atomic density and is

independent of the particles’ quantum statistics.

4.2.2 Hydrodynamic theory

In the opposite limit to the collisionless case, gases can behave as liquids in the

hydrodynamic regime. This arises when all particles have reached local thermal equi-

librium. Fundamentally, hydrodynamic flow is governed by conservation laws such

as conservation of momentum, charge, and energy. Moreover, particle densities are

assumed to be spatially continuous (described by fields) rather than discrete.

Both normal fluids and superfluids can exhibit hydrodynamic behavior [189]. Nor-

mal fluids obey collisional hydrodynamic flow when the mean free path is small com-

pared to the cloud size, 𝑙mf/𝑅 ≪ 1. For example, in a harmonically trapped thermal

Bose gas, this is equivalent to the condition 8𝜋𝑚B𝜔0(𝑁1/3𝑎)2𝑇𝑐

ℎ̄𝑇
≫ 1, where 𝑁 is the

atom number, 𝑚B is the boson mass, and 𝑇𝑐 is the critical temperature (see Ch. 11

of Ref. [189]). For typical experiments with thermal bosons (far from any interboson

scattering resonances), atom numbers need to be over ∼ 106 to satisfy the hydrody-

namic condition.
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Figure 4-1: The low-lying collective modes of a gas in a spherical harmonic trap of
frequency 𝜔 (purple lines), in the (a) collisionless and (b) hydrodynamic limits. The
dipole center-of-mass mode corresponds to a slosh along a trap axis without defor-
mation of the cloud shape, and is always at 𝜔 regardless of interparticle interactions.
It can be efficiently excited by shifting the trap position. The mode at 2𝜔 can be
excited via parametric excitation: modulating the trap intensity at 2𝜔. For the hy-
drodynamic gas with repulsive interactions, the quadrupole mode is an out-of-phase
oscillation at

√
2𝜔 corresponding to a superposition of right- and left-going surface

waves. The monopole mode (breathing/compression mode) is excited at
√
5𝜔 for an

in-phase oscillation; see Sec. 4.2.2 for a derivation. The particles move in the radial
direction and have local velocities proportional to the distance from the origin.

Let us now focus on the low-lying collective excitations of non-relativistic super-

fluids in the Thomas-Fermi limit. For weak oscillations of a BEC in a harmonic

trap, Ref. [221] derived a set of dispersion relations for the resonant energies based

on hydrodynamic relations and a sum rule approach. Motion is governed by the

time-dependent Gross-Pitaevskii equation, which was previously introduced in Ch 2:

𝑖ℎ̄
𝜕

𝜕𝑡
𝜑 =

(︂
− ℎ̄

2∇2

2𝑚
+ 𝑉 ho(𝑟⃗) + 𝑔BB|𝜑|2

)︂
𝜑 (4.7)

where 𝑔BB = 4𝜋ℎ̄2𝑎2BB/𝑚B is the Bose-Bose coupling.

The low-energy dynamics are determined by the hydrodynamic equations for the

density 𝑛𝐵 ≡ |𝜑|2, which arise from the GP equation [221]:

𝜕𝑛𝐵

𝜕𝑡
+∇ · (vB𝑛𝐵) = 0 (4.8)

𝑚B
𝜕v𝐵

𝜕𝑡
+∇

(︀
𝑉 ho − 𝜇+ 𝑔BB𝑛𝐵 +𝑚B𝑣

2
𝐵/2

)︀
= 0 (4.9)
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where vB is the velocity field and 𝜇 is the chemical potential. These equations gov-

ern the superfluid hydrodynamics of the BEC. Respectively, they are the continuity

equation for particles and the Euler equation for irrotational fluids [189]. Because

zero-temperature BECs are inviscid, there is no need to add viscosity terms (that are

present in, for example, the more general Navier-Stokes equations). I have dropped

the quantum pressure contribution to the energy (− ℎ̄2∇2𝜑
2𝑚

) in Eq. 4.9, which is typi-

cally much smaller than external and interparticle energies.

The ground state density for the GP equation is the known Thomas-Fermi form

when quantum pressure is neglected, 𝑛𝐵(𝑟⃗) = max
(︁

𝑚B

4𝜋ℎ̄2𝑎BB
(𝜇− 𝑉 (𝑟⃗)), 0

)︁
. Assume

an isotropic trap, 𝑉 ho(r)= 1
2
𝑚B𝑟

2𝜔2
0. Substituting the ground state solution into

Eq. 4.8 and 4.9, the hydrodynamic equations of motion simplify into [221]

𝜔2𝛿𝑛𝐵 = −1

2
𝜔2
0∇(𝑅2 − 𝑟2)∇𝛿𝑛𝐵 (4.10)

where 𝑅 =
√︀
2𝜇/𝑚𝜔2

0 is the Thomas-Fermi radius and 𝛿𝑛𝐵(𝑟⃗)𝑒
−𝑖𝜔𝑡 = 𝑛𝐵(𝑟⃗, 𝑡)−𝑛0

𝐵(𝑟⃗).

Stringari showed the solutions give the dispersion relation of the system’s normal

modes [221]

𝜔(𝑛, 𝑙) = 𝜔0(2𝑛
2 + 2𝑛𝑙 + 3𝑛+ 𝑙)1/2 (4.11)

Here, (𝑛, 𝑙) are the principal and angular momentum quantum numbers, respectively.

To compare to experimental results, the effect of quantum pressure can be "added

back" through a sum rule approach. The quadrupole mode (𝑛 = 0, 𝑙 = 2) becomes

𝜔𝑄 =
√
2𝜔0(1 + 𝐸𝑘/𝐸ℎ𝑜)

1/2, with 𝐸𝑘/𝐸ℎ𝑜 the ratio between kinetic and harmonic

potential energy expectation values. Thus the quadrupole mode has energy ≈
√
2𝜔0

for the Thomas-Fermi limit. In the same manner, the monopole (𝑛 = 1, 𝑙 = 0)

breathing or compression mode is 𝜔𝑀 = 𝜔0(5 − 𝐸𝑘/𝐸ℎ𝑜)
1/2 ≈

√
5𝜔0. See Fig. 4-1b

for illustrations of these modes in a isotropic harmonic trap.

For a time-varying trap, the spatial BEC distribution can be computed using a

scaling ansatz. Here I follow Ref. [49] to derive analytical results for the dilation of a

BEC in a time-dependent harmonic potential. This approach is used to analyze our

experimental results on the collective excitation of a BEC, explained in Sec. 4.3.3.
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Atoms are trapped by an anisotropic time-dependent harmonic potential

𝑉 ho(r, 𝑡)= 1
2
𝑚B(𝜔𝑥(𝑡)

2𝑥2 + 𝜔𝑦(𝑡)
2𝑦2 + 𝜔𝑧(𝑡)

2𝑧2), with 𝜔𝑖 the trapping frequencies.

As before, start with the time-dependent GP equation. First take the equilibrium

Thomas-Fermi condensate distribution for a static trap at 𝜔(𝑡 = 0). Introduce a

force on each particle 𝐹 (𝑟⃗, 𝑡) = −∇(𝑉 ho(𝑟⃗, 𝑡) + 𝑔BB𝑛𝐵(𝑟⃗, 𝑡)). Next, apply a scaling

ansatz to the BEC size, corresponding to dilating the equilibrium distribution 𝑛0
𝐵 by

dimensionless scaling parameters 𝑏𝑖:

𝑛𝐵(r, 𝑡) =
1

𝑏𝑥𝑏𝑦𝑏𝑧
𝑛0
𝐵(𝑟𝑖/𝑏𝑖) (4.12)

𝑣𝑏𝑖(r, 𝑡) =
1

𝑏𝑖

𝑑𝑏𝑖
𝑑𝑡
𝑟𝑖 (4.13)

Let us explicitly solve the hydrodynamic equations in the 𝑧-component using the

above ansatz. This is identical to applying Newton’s law to the particle trajectories.

𝑚B
𝑑𝑣𝑧
𝑑𝑡

+
𝑑

𝑑𝑧
(𝑉 ho + 𝑔BB𝑛𝐵 +𝑚B(𝑣

2
𝑥 + 𝑣2𝑦 + 𝑣2𝑧)/2) = 0

𝑚B
𝑑

𝑑𝑡

(︃
𝑏̇𝑧𝑧

𝑏𝑧

)︃
+

𝑑

𝑑𝑧

(︂
𝑚B𝜔

2
𝑧𝑧

2/2 +
𝑔BB𝑛

0
𝐵

𝑏𝑥𝑏𝑦𝑏𝑧
+𝑚B(𝑣

2
𝑥 + 𝑣2𝑦 + 𝑣2𝑧)/2

)︂
= 0(︃

− 𝑏̇
2
𝑧

𝑏2𝑧
+
𝑏̈𝑧
𝑏𝑧

)︃
𝑧 +

(︃
𝜔2
𝑧𝑧 +

𝑔BB

𝑚B𝑏𝑥𝑏𝑦𝑏𝑧

𝑑𝑛0
𝐵

𝑑𝑧
+

𝑑

𝑑𝑧

(︃
𝑧2

2𝑏2𝑧

(︂
𝑑𝑏𝑧
𝑑𝑧

)︂2
)︃)︃

= 0 (4.14)

The first and last terms on the left-hand side in Eq. 4.14 cancel. I now take the

spatial derivative of Thomas-Fermi equilibrium distribution,

𝑑𝑛0
𝐵

𝑑𝑧
= 𝑛0

𝐵 (⃗0)
𝑑

𝑑𝑧
(1− 𝑧2/𝑧2𝑇𝐹 ) = 𝑛0

𝐵 (⃗0)(−2𝑧/𝑧2𝑇𝐹 ) (4.15)

where 𝑧𝑇𝐹 is the condensate Thomas-Fermi radius in the 𝑧-direction. Substitution

into Eq. 4.14 gives

𝑏̈𝑧 + 𝜔2
𝑧𝑏𝑧 +

𝑔BB(−2𝑛0
𝐵 (⃗0))

𝑚B𝑏𝑥𝑏𝑦𝑧2𝑇𝐹

= 0 (4.16)

Next, rewrite the equilibrium condensate density as 𝑛0
𝐵 (⃗0) = 𝜇

𝑔BB
=

𝑚B𝜔
2
𝑧𝑧

2
𝑇𝐹 /2

𝑔BB
and
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substitute to derive a simple form for the 𝑧-scaling parameter:

𝑏̈𝑧 + 𝜔𝑧(𝑡)
2𝑏𝑧 −

𝜔𝑧(0)
2

𝑏𝑧
∏︀

𝑖=𝑥,𝑦,𝑧 𝑏𝑖
= 0 (4.17)

Naturally, this equation also holds for the 𝑥- and 𝑦-scaling parameters with appro-

priate substitutions. The initial conditions are 𝑏𝑖(0) = 1 and 𝑏̇𝑖(0) = 0 if the gas is at

rest.

In conclusion, I have derived Castin’s and Dum’s analytic solution (Eq. 4.17) to

the BEC size in a time-varying potential. This result is used in our experiment to

analyze experimental BEC collective modes, rather than solving a time-dependent

nonlinear Schrödinger equation for the BEC wavefunction.

4.2.3 Models for multi-component gases

A single-component gas can fall in the collisionless, hydrodynamic, or crossover

regime. What about the collective modes of a gas containing two or more components?

For a two-component Bose-Fermi mixture with contact interactions, there are two

interaction parameters to consider: 𝑎BB, 𝑎BF. The Bose-Bose scattering length 𝑎BB

can lead to hydrodynamic behavior of the bosons, as described in Sec. 4.2.2. However,

fermion intraspecies scattering is suppressed by Pauli blocking. Fermions must scatter

in 𝑝- or higher odd partial waves, which are suppressed by the centrifugal barriers

that far exceed the thermal energy scales 𝑘B𝑇 for ∼100 nK temperatures. Thus, at

low temperatures the fermions by themselves are collisionless.

What of the Bose-Fermi interactions? If 𝑎BF = 0, the fermions trivially remain

collisionless, but a high |𝑎BF| may force the species into local thermal equilibrium

with the bosons (see Fig. 4-2). Strong interspecies scattering also can change the

equilibrium density distribution; for example, repulsive interactions can cause phase

separation between the species. The density of particles also plays a role. A single

fermionic impurity may scatter with bosons down to 𝑇 = 0 (see Ch. 3 for a detailed

discussion), but for a Fermi sea at ultracold temperatures, Bose-Fermi scattering is

suppressed by Pauli blocking of the fermions, favoring the collisionless regime regard-
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Fermions only Fermions and bosons, ωτ >> 1 Fermions and bosons, ωτ << 1

Figure 4-2: Distinguishing different regimes in a Bose-Fermi mixture. (Left)
Spin-polarized ultracold fermions move independently without scattering off each
other. (Middle) Immersed in a BEC (red atoms), the fermions are still collisionless if
𝜔ex𝜏 ≫ 1, despite the bosons being hydrodynamic. (Right) When |𝑎| is sufficiently
high to establish local equilibrium between bosons and fermions, and 𝜔ex𝜏 ≪ 1, the
fermions cross over to the hydrodynamic regime.

ing interspecies interactions. The interplay of temperature, densities, and quantum

statistics makes the collective modes of Bose-Fermi mixtures very rich.

I now review various theoretical efforts to calculate the excitation spectrum of

Bose-Fermi mixtures. Theoretically, collective modes can be studied within the ran-

dom phase approximation (RPA) or its approximations– the sum-rule or scaling ap-

proach. The sum-rule approach was taken by [165, 16] for collective oscillations across

different Bose-Fermi interaction strengths. The principle is the same as the approach

in [221], presented in Sec. 4.2.2, and does not require knowledge of eigenstates beside

the ground state. To summarize the sum-rule approach, the oscillation frequencies

may be estimated by the ratio between certain energy-weighted moments of the dy-

namic structure factor [165, 16].

However, the sum-rule approach provides information only on a weighted aver-

age of multipole excitations, revealing nothing about specific eigenstates. Thus, the

random phase approximation (RPA) method was utilized by [253, 44, 217, 45] for

Bose-Fermi mixtures, giving access to wavefunction-dependent observables such as

the dynamic structure factor. In essence, the Landau picture of quasiparticles applies

86



here, where quasiparticle excitations are responsible for low-lying collective modes.

Small collective oscillations are the coherent superpositions of these particle-hole ex-

citations. The RPA equation is derived using equations of motion for particle-hole

excitation operators and solved numerically.

These methods apply only in the collisionless Bose-Fermi regime. A different

approach was taken by [154] for both collisionless and hydrodynamic behavior, em-

ploying a scaling ansatz similar to the one presented in Sec. 4.2.2 and developed by

[49] for bosons. [160] also applied a scaling method, applied to Bose-Fermi mixtures

in deformed traps.

Finally, another approach to solve for collective modes is to search directly for

solutions of coupled Boltzmann equations, linearized about equilibrium distributions

obtained within the mean-field approximation [11, 10]. The case has been exactly

solved in 1D systems [126].

4.2.4 Past experimental work in cold atoms

Low-lying collective excitations are excellent probes of interacting systems of ul-

tracold fermions and bosons. The high accuracy and precision of excitation frequency

measurements make them a well-established technique to determine collisional relax-

ation rates, equilibrium equations of state, and kinetic coefficients. Thus far, single

species experiments have found bosonic superfluids [127, 158, 220] to obey hydrody-

namic flow using motional excitation measurements. Harmonic trap potentials were

modulated, causing resonant shape oscillations in the BECs at certain frequencies.

These experiments were done in anisotropic magnetic traps, and their results agreed

with the mean-field results of Sec. 4.2.2. Additionally, thermal bosons can be tuned

from collisionless to the collisional hydrodynamic regime upon changing interaction

strength [89]. In contrast, spin-polarized fermions have vanishingly few collisions at

ultracold temperatures. Ref. [71] studied the suppression of collisions at low temper-

atures in 40K fermions. There, a spin-polarized sample interacting only through 𝑝-

waves exhibited a scattering cross-section ∝ 𝑇 2 in accordance with expected threshold

behavior. Therefore, spin-polarized ultracold fermions obey collisionless dynamics, as
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described in Sec. 4.2.1.

Excitations in two-component atomic gases are characterized by the interspecies

and intraspecies interactions. Interspecies interactions can bring both components

into thermal equilibrium, becoming hydrodynamic with respect to cross-component

collisions. For example, normal-state fermionic spin mixtures were found to obey

collisional hydrodynamics when in the strongly-interacting regime, through observa-

tion of anisotropic expansion [178, 199, 28] or frequency shifting of collective modes

[96, 2, 228]. Measurements of superfluid fermion hydrodynamics have also been made,

probing viscosity [43, 129], spin transport [218], first sound [186, 142], and second

sound [216].

Two-component Bose-Fermi mixtures have also been studied. Collisional hydro-

dynamic interactions between a spin-polarized Fermi gas and thermal bosons were ob-

served using center-of-mass oscillations [83]. Excitation experiments involving degen-

erate Bose-Fermi mixtures have probed the dipole [75], quadrupole [92], and breathing

modes [124]. Bose and Fermi superfluid mixtures have been realized, involving a BEC

and two-component fermionic spin mixtures, and dipole oscillations were found to de-

pend on the Bose-Fermi and Fermi-Fermi couplings [85, 70, 201, 243]. These studies

have all reported signatures of Bose-Fermi interactions on collective excitations.

4.3 Fermionic crossover from collisionless to hydro-

dynamic flow induced by bosons

In the MIT experiment, we studied the low-lying collective modes of fermionic 40K

atoms immersed in a Bose-Einstein condensate of 23Na atoms, by perturbation of the

atoms’ common trapping geometry. We observed the first experimental indication of

hydrodynamic flow of a spin-polarized Fermi gas, induced by collisions with a Bose

superfluid.

We measured this change by driving the dipole, quadrupole, and breathing os-

cillations in the mixture. The dipole or “sloshing" mode involve the center-of-mass
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oscillating at the trapping frequency. Collective excitations such as the quadrupole

and breathing modes are oscillations of the cloud’s shape. The energies and damp-

ing rates of these modes were determined across different Bose-Fermi interaction

strengths. We found clear evidence of the fermions’ crossover from the collisionless to

hydrodynamic regime upon inducing strong interactions, as the fermions inherit the

superfluid hydrodynamic modes of the bosons.

The experiment starts with an ultracold gas of fermionic 40K atoms immersed in

a BEC of 23Na at a temperature of 𝑇 ≈ 80 nK. Both species are trapped in a 1064 nm

optical dipole trap in their respective hyperfine ground states (|𝐹 =1,𝑚F=1⟩ for
23Na and |9/2,−9/2⟩ for 40K). Differential gravitational sag was cancelled between

the two species using a magnetic gradient (see Appendix C). The optical poten-

tial is approximately cylindrically symmetric with trap frequencies of 𝜔B
𝑥,𝑦,𝑧/2𝜋=

[103(3), 94(2), 12.2(0.3)]Hz and 𝜔F
𝑥,𝑦,𝑧/2𝜋= [125(2), 114(2), 15(1)]Hz for bosons and

fermions. We define the transverse (𝑥-𝑦) trapping frequency as 𝜔B
⊥=(𝜔B

𝑥𝜔
B
𝑦 )

1/2. See

Fig. 4-3a for a schematic of the trapping potential.

The typical peak number density ratio of fermions to bosons is 𝑛F

𝑛B
≈ 0.003−0.02,

and the fermions are nearly degenerate with 𝑇/𝑇F ranging from 0.6 to 2, where 𝑇F is

the Fermi temperature. The BEC is weakly interacting with a Bose-Bose scattering

length of 𝑎BB=52 𝑎0, where 𝑎0 is the Bohr radius. Our lowest temperatures are

𝑇/𝑇c≈ 0.3 with respect to the BEC critical temperature 𝑇c.

To create an interacting Bose-Fermi mixture, we ramp the magnetic field in be-

tween two interspecies Feshbach resonances (see Appendix A), allowing us to con-

tinuously tune the interspecies interaction strength 𝑎 from zero to near the unitarity

limit. (We sometimes normalize the scattering length 𝑎 by 𝑘𝑛=(6𝜋2𝑛B)
1/3, the in-

verse interboson distance.) Equivalently, this tunes the mean free path of the impurity

fermions, 𝑙mf = (4𝜋𝑎2𝑛B)
−1 compared to the system size 𝐿, approximated by the BEC

Thomas-Fermi radius. Approximating the cross-section as 4𝜋𝑎2 is valid as long as the

interaction strength is below the regime of unitarity-limited scattering, |𝑘𝑛𝑎| < 1.
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Figure 4-3: Dipole oscillations show-
ing the transition from collisionless
to hydrodynamic flow. (a) Illustra-
tion of a Fermi gas (blue circles) im-
mersed in a Bose-Einstein condensate
(red ellipse), both trapped in an op-
tical potential. Dipole oscillations are
induced upon the simultaneous switch-
ing on of a 850 nm trap (purple) and
turning off of the 𝑧-directional 1064 nm
trap (orange). (b) Oscillations of the
fermion 𝑦-center-of-mass at various in-
teraction strengths 𝑎 with the bosons,
equivalent to changing 𝐿/𝑙mf . Corre-
sponding power spectra are shown in
c. At the strongest interactions, the
fermions are “locked" to the BEC mo-
tion. The bottom trace shows a typical
BEC oscillation. Blue (red) lines fit the
fermion (BEC) oscillations, as described
in the text.

4.3.1 Dipole modes of fermionic impurities interacting with a

BEC

We first study dipole modes of the Bose-Fermi mixture as a function of interaction

strength. We induce a center-of-mass motion on both species by changing the optical

trapping potential, causing a global shift of the atoms in the 𝑦-direction (see Fig. 4-

3(a)). We adiabatically turn on a 𝑧-directional 850 nm beam that is displaced in the

𝑦-axis, let the distributions equilibrate, then suddenly turn off the parallel arm of the

crossed 1064 nm trap. The final trapping frequencies along the motional direction are

78 (130)Hz for the bosons (fermions). The system evolves for a variable evolution

time. Absorption images are then taken along the transverse 𝑥-direction of the cloud.

In the absence of interspecies interactions, the bosons and fermions are observed

to oscillate independently of each other at 𝜔B
𝑦 =78Hz and 𝜔F

𝑦 =130Hz, respectively.

This motion is shown as the top trace in Fig. 4-3(b). As interactions are progres-

sively increased, the bosons are unaffected whereas the fermion oscillations change

behavior, first showing significant damping, then changing their frequency of oscil-
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Figure 4-4: Frequencies and damping of the fermionic dipole mode versus
interaction. (a) The power spectral density of the dipole oscillation frequencies as
a function of 𝑘𝑛𝑎 (bottom) and the system size normalized by mean free path (top).
At weak interactions, the fermions oscillate at the collisionless dipole mode 𝜔F

𝑦 , but at
strong interactions their motion “locks" onto that of the boson center-of-mass mode
at 𝜔B

𝑦 . (b) The dampening of the collisionless fermion mode versus interaction. The
circles (diamonds) show the fermion decay coefficients Γ1(2) for the higher (lower)
frequency component. The shading indicates the typical range of decay rates Γ𝑏

(±1𝜎) for the boson oscillations.

lation (see bottom three traces of Fig. 4-3(b)). For 𝐿/𝑙mf >≈ 1, the fermion dipole

oscillation dramatically slows to 𝜔B
𝑦 . The measured fermion dipole mode frequencies

are summarized as a frequency spectrum in Fig. 4-3(a), which is reconstructed from

a least-squares spectral analysis of the center-of-mass time evolutions. Specifically,

we use the Lomb-Scargle periodogram, an estimate of the power spectral density of

data that are unevenly sampled in the time domain.

Coupled harmonic oscillator model

To extract the frequencies and decay rates of the dipole oscillations, we use an em-

pirical model of the boson and fermion centers-of-mass as two coupled harmonic
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oscillators [84, 83]:

𝑦B(𝑡) = −(𝜔B
𝑦 )

2𝑦B − 𝑁𝐵𝑚F

𝑁(𝑚F +𝑚B)
𝐾(𝑦̇B − 𝑦̇F)

𝑦F(𝑡) = −(𝜔F
𝑦 )

2𝑦F +
𝑁𝐵𝑚B

𝑁(𝑚F +𝑚B)
𝐾(𝑦̇B − 𝑦̇F) (4.18)

Here 𝑁 is total particle number, 𝑁B(F) is the number of bosons (fermions), 𝐾 is a

phenomenological Bose-Fermi coupling constant proportional to Γ𝑐, the drag coeffi-

cient,

Γ𝑐 = 𝑛̄𝜎𝑣𝑟𝑒𝑙 (4.19)

Here, 𝑛̄ is the mean overlap density, 𝑣rel =
√︀

8𝑘𝐵𝑇/𝜋𝜇 the average relative thermal

velocity between the species, and the cross-section is 𝜎=4𝜋𝑎2. For perfect spatial

overlap between the two clouds, K=4/3 [84].

For our data, appropriate for the limit of 𝑛B≫𝑛F, the boson center-of-mass is fitted

to a sinusoid with an exponentially-decaying envelope, with frequency 𝜔B and decay

rate ΓB as free parameters. ΓB is observed to be independent of 𝑎 (see the shaded

area of Fig. 4-4(b)). The fermion center-of-mass is fitted to 𝑦F(𝑡) = 𝐴1𝑒
−Γ1𝑡 sin(𝜔1𝑡+

𝜑1) + 𝐴2𝑒
−Γ2𝑡 sin(𝜔B𝑡 + 𝜑2). The oscillation has a higher frequency component (𝜔1)

and lower frequency component (fixed at 𝜔B), each with a corresponding amplitude

𝐴1/2 and decay Γ1/2, and phase offset 𝜑1/2. All fermion parameters are extracted by

least-squares fitting to the fermion center-of-mass, except 𝜔B.

The evolution of the fermion dipole oscillations is consistent with hydrodynamic

flow induced by interactions with bosons. The boson oscillations are observed to

have frequencies and decay rates that are independent of 𝑎; their typical decay rate

is shown as the shaded area of Fig. 4-4(b). As the interaction |𝑎| increases, the

mean free path 𝑙mf grows larger compared to the system size 𝐿 (the BEC’s Thomas-

Fermi radius in the 𝑦-direction). Then, the fermion response at the 𝜔F
𝑦 frequency

diminishes, reflected by both a decreasing amplitude 𝐴f,1 and increasing damping Γ

(see Fig. 4-4(b)). A separate frequency component arises around 𝜔B
𝑦 , becoming the

only steady-state response of the system. To within experimental error, the attractive
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and repulsive sides are indistinguishable in their frequency and decay responses.

We attribute this “locking" of the fermion dipole mode with the bare bosonic dipole

mode to interspecies collisions, forcing the fermions to be in local equilibrium with

the bosons and to inherit the bosonic collective modes. We do not observe a mean-

field shift at low interaction strengths. Such a shift would occur due to the additional

attractive or repulsive potential from the BEC. However, the average overlap of the

Fermi gas and BEC is low at weak interactions, preventing the observation of mean-

field shifts in the fermion dipole mode. What we observe is much more abrupt: above a

threshold interaction strength, the fermions stop oscillating at their collisionless dipole

mode resonance 𝜔F
𝑦 and instead oscillate at the boson’s dipole mode 𝜔B

𝑦 , suggesting

that Bose-Fermi interactions have brought the fermions out of the collisionless regime

and into the hydrodynamic regime.

4.3.2 Dipole modes of fermions interacting with thermal bosons

In the previous section we reported on the fermion dipole mode’s crossover to hy-

drodynamic behavior induced by coupling to a BEC. We repeat the dipole oscillation

experiment with thermal bosons and fermions. As in the case of the BEC, in the

absence of interactions, the fermions oscillate at their bare trapping frequency 𝜔F
𝑦 , as

shown in Fig. 4-5. Above a certain interaction strength, they are observed to lock to

the boson’s trapping frequency 𝜔B
𝑦 . Regardless of whether the bosons are thermal or

superfluid, this crossover of the fermions to the hydrodynamic regime occurs when

the mean free path is roughly the system size.

4.3.3 Transverse quadrupole and breathing modes

Although the fermions’ dipole mode locks to the bosons’ dipole mode at strong

coupling, the dipole oscillation does not distinguish whether the interactions origi-

nate from the superfluid (condensed) or the thermal bosons. The dipole mode for

both bosonic components is independent of the Bose-Bose collision properties, a con-

sequence of Kohn’s Theorem [77]. Therefore, both the superfluid portion, which is
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Figure 4-5: Dipole oscillation frequency spectogram of the fermions immersed in a
thermal Bose gas, as a function of interaction strength 𝑎. Peak boson densities are
2 × 1012/cm−3 for the attractive side and 8 × 1012/cm−3 for the repulsive side. The
crossover from the collisionless regime, where fermions oscillate at their natural trap
frequency, to the hydrodynamic regime, where fermions are locked to the boson dipole
mode, is seen for both attractive and repulsive interactions.

hydrodynamic, and the thermal portion, which is collisionless at the given 𝑎BB, have

dipole resonances at the same frequency: 𝜔B
𝑦 . In contrast to the dipole mode, collec-

tive modes that couple to local density can distinguish the superfluid from the normal

component.

To further explore the origin of hydrodynamic flow in the Fermi gas, we paramet-

rically excite low-lying quadrupolar and breathing modes as a function of interaction

strength and temperature. In a hydrodynamic gas, density fluctuations along one

axis couple to another, much like how squeezing a balloon along its equator causes

expansion along the orthogonal axis. The transverse quadrupole mode corresponds to

the two transverse axes compressing and expanding in an out-of-phase manner, while

the transverse breathing mode sees the two axes compressing in phase (see Fig. 4-

6(a)). For a hydrodynamic BEC with 𝑎BB> 0, repulsive interboson interactions cause

the quadrupolar mode to cost less energy than the breathing mode, resulting in two

resonances at
√
2𝜔⊥ and 2𝜔⊥ in the limit 𝜔⊥≫𝜔𝑧 [221]. However, for a collisionless

gas, motions along different axes are decoupled, and resonances for transverse modes

occur at 2𝜔𝑥 and 2𝜔𝑦. Therefore, in our system where
√
2𝜔⊥<𝜔𝑦 <𝜔⊥<𝜔𝑥, colli-
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sionless and hydrodynamic behavior can be discriminated by the measured resonance

frequencies.

Collective excitations are initiated by parametrically modulating the trapping

potential in the transverse direction at a variable frequency. A sinusoidal intensity

perturbation on the 𝑧-axis 1064 nm trap beam is applied with a modulation amplitude

of 20% and a variable drive frequency for 15 cycles. This method primarily excites the

transverse breathing mode. (The 850 nm optical trap is not used in these collective

excitation studies.) When a transverse collective resonance is excited, the cloud

expands in size along the 𝑦-direction.

Fig. 4-6(b) shows the spectrograms of the boson and fermion cloud sizes as a

function of drive frequency, for a selection of interactions.
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Figure 4-6: Collisionless to hydro-
dynamic flow in the transverse
quadrupole and breathing modes.
(a) Cartoons depicting the oscillations
of the cloud’s transverse (𝑥-𝑦) cross-
section. The boson quadrupole and
breathing modes lie at

√
2𝜔B

⊥ and 2𝜔B
⊥,

respectively, while the fermion collision-
less mode lies at 2𝜔F

𝑦 . (b) Spectrograms
of boson and fermion 𝑦-widths versus
𝑘𝑛𝑎, showing cloud width (circles) for
varying modulation frequency. The bo-
son dashed lines fit the power spectra
using the scaling ansatz [49], and the
dashed lines on the fermion traces fit
the data using a multiple Gaussian peak
function. (c) Color density plot sum-
marizing the fermions’ spectral response
with peak positions plotted as points.
For weak interactions, the resonance po-
sitions are linear in |𝑎| and qualitatively
agree with a mean-field prediction (solid
line). Horizontal dashed lines indicate
the bosons’ quadrupole, breathing, and
the bare fermion modes.
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BEC collective modes

First, we aim to understand the excitations in the boson spectra. The BEC is the

majority host component of the fermions, and because of the large density imbalance,

their spectra in Fig. 4-6(b) show no dependence on 𝑘𝑛𝑎. The two peaks correspond

to the hydrodynamic bosons’ transverse quadrupolar and breathing modes, which

are illustrated as red cartoons in Fig. 4-6(a). Our observations can be numerically

simulated as a function of driving frequency 𝜔 using the scaling ansatz of [49] (see

Sec. 4.2.2). The BEC size scaling parameters obey

𝑏̈𝑥(𝑡) =
𝜔2
𝑥

𝑏𝑥𝑏𝑥𝑏𝑦𝑏𝑧
− 𝜔2

𝑥

(︀
1 +

𝛼1

2
sin(𝜔𝑡+ 𝜑) +

𝛼2

2
sin(𝜔𝑡)

)︀
𝑏𝑧

𝑏̈𝑦(𝑡) =
𝜔2
𝑗 (0)

𝑏𝑗𝑏𝑥𝑏𝑦𝑏𝑧
− 𝜔2

𝑦(𝑡)
(︀
1 + 𝛼2 sin(𝜔𝑡)

)︀
𝑏𝑗

𝑏̈𝑧(𝑡) =
𝜔2
𝑗 (0)

𝑏𝑗𝑏𝑥𝑏𝑦𝑏𝑧
− 𝜔2

𝑧(𝑡)
(︀
1 + 𝛼1 sin(𝜔𝑡+ 𝜑)

)︀
(4.20)

with initial conditions 𝑏𝑖(0) = 1, 𝑏̇𝑖(0) = 0. Here, 𝛼1, 𝛼2 are the modulation inten-

sities of the 𝑦- and 𝑧- directional ODT’s, respectively, and 𝜑 is the relative phase

difference between the two beams’ drives. Solving these coupled equations using our

experimental parameters results in the spectrogram shown in Fig. 4-7(top figure) and

as the dashed lines of the boson traces in Fig. 4-6(b). These simulations reproduce

our observations quantitatively.

Fermion collective modes

Having understood the response of the majority bosons, we now turn to the fermion

collective modes. Fig. 4-6(b) shows spectrograms of the fermion cloud sizes as a

function of drive frequency, for a selection of interactions. The red dashed lines indi-

cate the position of the hydrodynamic bosons’ transverse quadrupolar and breathing

modes (see Sec. 4.3.3 for details). The dashed blue line denotes the collisionless

fermions’ transverse mode at 2𝜔F
𝑦 . Fermion collective oscillations are summarized in

Fig. 4-6(c), a color map representing the spectral responses of the widths, with white
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Figure 4-7: Calculated spectro-
grams of boson widths in the hy-
drodynamic regime with trap param-
eters specified in Sec. 4.3.3, modeled
by the scaling ansatz [49] detailed in
Sec. 4.2.2. (Top) Single-axis drive with
20% modulation. (Bottom) Both axes
driven 180∘ out-of-phase with 15% mod-
ulation. Lower and higher frequency
dashed lines indicate the linear-response
transverse quadrupole and breathing
frequencies, respectively. Deviations
from the peak spectral response are due
to strong driving and Fourier broaden-
ing.

points indicating peak positions.

Strikingly, the fermion collective oscillations greatly depend on the interaction

strength. The Fermi gas responds at its collisionless mode 2𝜔F
𝑦 only around zero in-

teraction. At weak attraction, e.g., 𝑘𝑛𝑎=− 0.05, the fermion mode shifts to higher fre-

quencies, while at weak repulsion it downshifts. In Fig. 4-6(c) we compare the fermion

peak positions (upward-facing triangles) to a prediction from a collisionless kinetic

model that assumes mean-field interaction between the bosons and fermions [154]. In

the impurity limit, this predicts a shift of the fermion collective resonance,

𝜔F′

𝑦 = 2𝜔F
𝑦

√︂
1− 𝑔BF𝛼𝐵

𝑔BB𝛼F

(4.21)

where 𝑔BF = 2𝜋ℎ̄2𝑎/𝜇, 𝑔BB = 4𝜋ℎ̄2𝑎BB/𝑚Na, and 𝛼B(F) is the boson (fermion) ac

polarizability. The result, shown as the solid line, predicts the direction of the fermion

collective mode shift for weak interaction strengths but overpredicts the shift value.

We hypothesize that the lack of quantitative agreement owes to the non-perfect spatial

overlap of the two species. The model fails to capture the trend of the mode locking
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to the BEC mode as 𝐿/𝑙mf increases beyond ≈ 1.

We find compelling proof that hydrodynamic flow in the Fermi gas arises from

coupling to the superfluid bosons at the strongest interactions |𝑘𝑛𝑎| ≥ 0.2. There, a

new mode appears in the fermion spectrograms at 2𝜔B
⊥, the superfluid boson breathing

mode, both for attractive and repulsive interactions. These peak positions are plotted

as diamonds in Fig. 4-6(c). We attribute this mode to strong interactions between the

two species, forcing the fermions into local equilibrium with the BEC. Furthermore,

the imprint of the BEC quadrupole mode can be seen (downward-facing triangles)

on the fermions at
√
2𝜔B

⊥. While collisionless thermal bosons will exhibit oscillations

at 2𝜔B
𝑦 (≈ 2𝜔B

⊥), only hydrodynamic bosons feature a resonance at
√
2𝜔B

⊥. No colli-

sionless mode lies in its vicinity. The appearance of the boson quadrupole mode in

the fermion spectrogram signifies hydrodynamic flow in the Fermi gas induced by the

BEC.

4.3.4 Temperature dependence of collective modes

Having established the existence of hydrodynamic collective modes in our Fermi

gas, we now study the evolution of the excitation spectra as a function of temperature.

The temperature dependence is of interest because the fermion impurities can serve

as a sensor of quantum behavior of the host Bose gas, which is not well understood

at finite temperatures [189]. Furthermore, when an impurity is dressed by bosons

to form a quasiparticle called the Bose polaron, the quasiparticle lifetime is thought

to be limited by incoherent scattering from the bosons [247]. However, whether the

normal or superfluid component dominates the scattering as 𝑇 varies is unknown. If

scattering from the normal component dominates and 𝑎BB can be neglected, increasing

temperatures for 𝑇 ≪𝑇c should lead to more Bose-Fermi collisions, as the collision

rate is proportional to 𝑎2𝑇 2 for weak interactions. For unitarity-limited scattering

(|𝑘𝑛𝑎|> 1), the collision rate is predicted to increase linearly in 𝑇 up to 𝑇c [247].

Studying the excitations of fermions immersed in a BEC as the bosons gradually

approaches 𝑇c could elucidate the finite-temperature behavior of the Bose polaron.

To study the collective excitation spectra versus temperature, we vary the evap-
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oration efficiency of the bosons, resulting in 𝑇/𝑇c ranging from 0.2 to 1.0. As before,

we parametrically excite the gas by modulating the trap intensity sinusoidally, with

varying frequency. The interspecies scattering length is fixed at −400𝑎0. In this case,

the 𝑧- and 𝑦-directional 1064 nm beams are both intensity-modulated 180∘ out of

phase, to better couple into the transverse quadrupole mode. The modulation depths

are both 15%. As before, we excite for 15 cycles. For increasing 𝑇/𝑇c, the fraction

of dilute thermal bosons grows relative to the dense condensate, causing a decrease

in the peak boson density. The resulting spectrograms for both species are shown in

Fig. 4-8(a), with peak frequencies summarized in Fig. 4-8(b).
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Figure 4-8: Temperature dependence of the boson and fermion col-
lective modes at 𝑎= − 400𝑎0. (a) Illustration of the boson hydrodynamic
quadrupole, collisionless parametric, and hydrodynamic breathing modes (red) and
the fermion collisionless mode (blue). (b) Spectrograms of the boson (left) and
fermion (right) widths, as a function of the bosons’ reduced temperature 𝑇/𝑇c. The
red and blue dashed lines mark the modes illustrated in (a) for the bosons and
fermions, respectively. Interaction strengths corresponding to the increasing 𝑇/𝑇c
are 𝑘𝑛𝑎=−(0.38, 0.35, 0.34, 0.27, 0.25, 0.08). The fermion spectrograms indicate hy-
drodynamic response at the bosons’ quadrupole and breathing mode frequencies for
the lowest temperatures. At 𝑇/𝑇c>0.5, the bosons become collisionless, exhibiting a
resonance at 2𝜔B

𝑦 . The fermions respond primarily at their collisionless resonance of
2𝜔F

𝑦 , but collisions with the thermal bosons cause a resonance at 2𝜔B
𝑦 . (c) Summary

of the extracted peak frequencies for bosons (left) and fermions (right), with color in-
dicating spectral response. Fermion frequencies match the observed boson modes for
both the superfluid-dominated (≤ 0.5𝑇c) and thermal-dominated responses (> 0.5𝑇c).

The boson spectra for low temperatures match the hydrodynamic predictions from

the scaling ansatz (see Fig. 4-7, top figure).
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The fermion excitation spectra are observed to probe the complex crossover of

modes in the Bose gas itself. At the coldest temperatures, both species respond at

the bosons’ transverse hydrodynamic modes,
√
2𝜔B

⊥ and 2𝜔B
⊥. The fermions remain

“locked" to the boson hydrodynamic modes. However, as the temperature is increased

beyond 𝑇/𝑇c> 0.5, the bosons begin to respond at the collisionless mode 2𝜔B
𝑦 (marked

by the middle dashed red line in Fig. 4-8(a)) and the hydrodynamic modes dramat-

ically diminish or disappear. We attribute the peaks at 2𝜔B
𝑦 to the thermal bosons.

These bosons are in the collisionless regime, being over an order of magnitude less

dense compared to the condensate bosons. Analogously, the fermions begin to re-

spond near their own collisionless frequency 2𝜔F
𝑦 at 𝑇/𝑇c> 0.3. We note the relative

frequency decrease of the fermion response for 𝑇/𝑇c> 0.3 compared to 2𝜔F
𝑦 , shown as

the blue dashed line in Fig. 4-8(b), and attribute the deviation to the anharmonici-

ties of the trap. (The same effect of anharmonicities can be seen in the decrease of

the boson mode frequencies near 2𝜔B
𝑦 ≈ 1.8𝜔B

⊥.) Despite the evidence of collisionless

fermionic behavior for 𝑇/𝑇c> 0.3, there, the fermions still exhibit a slight response at

the boson frequency 2𝜔B
𝑦 that is absent in the case without interparticle interactions.

Even though the bosons are themselves collisionless above 𝑇/𝑇c> 0.3, enough col-

lisions occur between the species that the fermions still demonstrate hydrodynamic

behavior with respect to the Bose gas.

We conclude that hydrodynamic flow can originate from fermion collisions with

both the normal and superfluid bosons. A detailed microscopic model would ideally

show how bosonic excitations couple to the impurities. The observation of boson-

induced hydrodynamic flow across a large range of temperatures below and at 𝑇c

highlights the rich interplay between interaction strength, collision rates, and degen-

eracy within a Bose-Fermi mixture.

4.4 Faraday modes of a Bose-Fermi mixture

The Bose-Fermi system introduced in Ch. 3 and this chapter has been studied

by our group using radiofrequency and spatial density excitations. Perhaps the most
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visually striking observation is the appearance of Faraday waves in the system, and

this section presents some preliminary results.

Pattern formation in driven systems has been the object of intense study in di-

verse fields ranging from nonlinear optics to biological media. In a seminal 1831

fluid mechanics experiment, Michael Faraday demonstrated how certain fluids form

standing waves on their surfaces when driven in a transverse direction at a particular

frequency. These waves, termed Faraday waves, arise from the parametric excitation

of collective modes in the fluid.

In the context of atomic gases, Faraday waves have been observed in elongated

BEC’s [82, 105, 173]. These experiments modulated weakly-interacting BECs along

the radial direction, inducing striated density patterns along the longitudinal direc-

tion. For a radial modulation around one or two times the trapping frequency, the

cloud density and thus speed of sound changes, leading to a parametric excitation of

"soundlike" modes in the longitudinal axis.

We observed the emergence of Faraday waves on an elongated Fermi gas, induced

by strong interactions with the background BEC. The system of spin-polarized 40K

minority fermions in a majority 23Na BEC is as described in Ch. 4.3. We modulate the

radial trapping potential at varying frequencies, for various Bose-Fermi interaction

strengths 𝑘𝑛𝑎, where 𝑘𝑛 =(6𝜋2𝑛B)
1/3 is the inverse interboson distance, and 𝑎 is the

interspecies scattering length. The BEC exhibits a Faraday resonance regardless of

the Fermi gas’s presence when we drive around 8 cycles at 2𝜔𝐵
𝑟 , or twice the boson

radial trap frequency. When interspecies interactions are weak, the fermions are not

excited by this drive, as it is off-resonant to any of its modes (see Sec. 4.2.1 for

a detailed overview of collisionless Fermi modes). However, when interactions are

tuned to the repulsive side, we begin to see the imprint of the boson density on the

fermions. Fig. 4-9 shows an example of an image of the overlapped Bose and Fermi

gases at 𝑎=500𝑎0. To our knowledge, this is the first observation of spatial patterns

analogous to Faraday modes in an ultracold Fermi gas.

Further work is necessary to characterize the onset of these patterns as a function

of interaction strength, relative species density, and temperature. Local analysis of
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K

Figure 4-9: Faraday waves in a
Bose-Fermi mixture (in-situ), showing
the longitudinal density pattern in the
BEC, with axial Thomas-Fermi radius
of ∼70𝜇m (top), and fermions (bottom)
at an interspecies interaction of 500𝑎0.
Bose-Fermi interactions cause the BEC
density striation to be imprinted on the
fermions.

the wave periodicity should reveal the local speed of sound in the condensate. It

will be interesting to compare those results to predictions from Bogoliubov theory,

and to study whether any deviations arise due to Bose-Fermi coupling. Furthermore,

these nonlinear excitations may shed light on the properties of the Bose polaron

quasiparticle (see Ch. 3 and Ref. [247]) and the relative contributions of the normal

and superfluid components to the collisions that limit the quasiparticle lifetime.

4.5 Summary and outlook

In conclusion, we have explored the transition from collisionless to hydrodynamic

flow in a spin-polarized Fermi gas. The onset of hydrodynamics was induced by strong

interaction with both the normal and superfluid components of the bosons. Cold atom

systems with tunable fluidity can thus shed light on the origin of hydrodynamics in

electron fluids. Furthermore, we investigated nonlinear Faraday oscillations within the

interacting Bose-Fermi mixture. As an outlook, induced fermion-fermion interactions

could arise within the hydrodynamic Bose-Fermi mixture due to phonon-mediated

interactions. This requires colder temperatures and higher fermion densities. Such

a system is promising for studies of 𝑝-wave superfluidity of fermions mediated by

bosons [134].
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Chapter 5

Creation and control of ultracold
23Na40K

While ultracold atomic gases have led to groundbreaking results in quantum sim-

ulation and metrology, extending such control to molecules has opened up new av-

enues of exploration. This chapter motivates why full quantum control over ultracold

molecules is desirable, highlighting recent experimental progress toward this goal. I

will describe our team’s creation of ultracold fermionic 23Na40K, starting with taming

the degrees of freedom at the single-molecule level. Details on molecular creation

are discussed in depth in Jee Woo Park’s thesis [181] and will not be repeated here

unless necessary. Spectroscopy on NaK’s low-lying rotational and hyperfine structure

is described. Additionally, molecular lifetimes and coherence properties are discussed.

The research described in this chapter has resulted in the following publications:

Sebastian Will, Jee Woo Park, Zoe Z. Yan, Huanqian Loh, Martin W. Zwierlein,

Coherent Microwave Control of Ultracold 23Na40K Molecules, Phys. Rev. Lett. 116,

225306 (2016).

Jee Woo Park, Zoe Z. Yan, Huanqian Loh, Sebastian Will, Martin W. Zwierlein,

Second-scale nuclear spin coherence time of ultracold 23Na40K molecules, Science 357,

372 (2017).
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5.1 Advantages of molecules

Molecule-based quantum simulation is primed to advance our understanding of

many-body physics. Despite the successes of atom-based quantum simulation, many

key phenomena in condensed matter remain out of reach for state-of-the-art cold

atom systems that rely on atoms’ short-range, isotropic interactions. Indeed, several

proposals for realizing novel paired superfluid phases [18, 59, 191], dipolar crystals [39,

195], quantum magnets [19, 101], and interacting spin systems [163] utilize particles

with long-ranged dipolar interactions. Polar diatomic molecules serve as an excellent

potential platform for these studies.

Moreover, atoms’ internal states are simplistic compared to those of molecules.

Ultracold polar molecules realize a quantum element that combines the long-range,

anisotropic dipole-dipole interaction with a vast array of internal states that span con-

venient frequencies (e.g. radiofrequency, microwave, infrared, visible, and ultraviolet

wavelengths). Beyond quantum simulation of many-body physics, molecules are ex-

pected to add richness to schemes for quantum computation, quantum state-controlled

chemistry, and probes of fundamental physics [26, 204, 6, 135]. I now examine the

justification for looking beyond cold atoms for these various applications.

5.1.1 Expanding the quantum toolbox beyond cold atoms

Novel phenomena can be accessed by adding degrees of freedom at the cost of

experimental complexity. Molecules have a rich internal structure due to vibrational

and rotational modes from their nuclei. This imparts an electric dipole moment in

heteronuclear diatomic molecules, which experience dipole-dipole interactions:

𝑉DDI(𝑑1, 𝑑2, 𝑅⃗) =
𝑑1 · 𝑑2 − 3(𝑑1 · 𝑅̂)(𝑑2 · 𝑅̂)

𝑅3
(5.1)

where 𝑑𝑖 is the dipole moment of molecule 𝑖, both molecules have body-frame electric

dipole moments of magnitude |𝑑0|, and they are separated by a relative coordinate 𝑅⃗

(see Fig. 5-1).
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..

R

d1
d2 Figure 5-1: Schematic of the elec-

tric dipole-dipole interaction between
two molecules with dipolar orientations
𝑑1, 𝑑2 and relative coordinate 𝑅⃗. Green
lines represent the local electric field
generated by each molecule.

Three defining characteristics make this interaction useful: one, it is anisotropic,

ranging from attractive to repulsive depending on orientation; two, it is long-ranged,

scaling with distance as 𝑅−3 compared to 𝑅−6 for ground state atoms at long dis-

tances; three, the laboratory-frame dipole moment can be tuned, from zero in the

absence of any symmetry-breaking external fields, to the “fully-polarized” value of 𝑑0

in large electric fields. These features make molecules an attractive quantum resource.

A basic primer on diatomic molecules

A full introduction of even the "simple" diatomic molecules is out of the scope of this

thesis; readers are referred to Refs. [119, 33] for details. I only highlight the basic

level structure of molecules essential for understanding experiments described in the

following chapters.

Diatomic molecules have the ability to vibrate and rotate, in addition to the

degrees of freedom that atoms possess. The wavefunction is a combination of elec-

tronic, vibrational, rotational, and nuclear spin degrees of freedom. Under the Born-

Oppenheimer approximation, the electrons’ and nuclei’s motions can be separated,

with the wavefunction written as a product of the electronic and nuclear portions,

|𝜓mol⟩ = |𝜓el⟩ |𝜓nuc⟩. The cross-terms ⟨𝜓el|ℋ |𝜓nuc⟩ are neglected, a good approxima-

tion for most molecules given the large separation of energy, time, and mass scales

between the electron and nucleus.

First, the Schrödinger equation can be solved for the electrons with the internu-

clear separation 𝑟⃗ as a parameter. Ab initio calculations are impossible for all but

the simplest dimers, so typically these potentials are semi-empirical, taking measured

energy differences from molecular spectroscopy experiments to produce the most accu-
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rate electronic potential energy surfaces. The electronic energy solutions as a function

of 𝑟⃗ are shown for NaK in Fig. 5-2. For each electronic state, the potential energy is

minimized at some equilibrium distance on the order of a few 𝑎0, where 𝑎0 is the Bohr

radius. The potential is approximately harmonic near the equilibrium, and falls to

zero at large internuclear separation as 𝑟−6 due to van der Waals interaction (when

magnetic dipolar interactions are absent). At short range there exists a steep repul-

sive wall, physically representing where the electron cores of the two atoms start to

overlap. The typical energy associated to electronic excitations is a few eV, given by

∼ 𝑒2/𝑎0, where 𝑒 is the electron charge.

To label electronic states, one must consider the symmetry of a molecule. An

atom with a single nucleus does not break the spherical symmetry for its electrons, so

electronic orbital angular momentum 𝐿 is a constant of motion (neglecting spin-orbit

couplings). However, in a diatomic molecule, the symmetry of the field is reduced

due to the two nuclei, and consequentially, only the component of electronic orbital

angular momentum about the internuclear axis is a constant of the motion. Greek

letters label this projection onto the internuclear axis: Σ,Π,Δ... representing the

quantum number Λ = 0, 1, 2....

For Σ states, the superscript +(−) denotes that the wavefunction is symmetric

(antisymmetric) with respect to reflection about any plane containing the internuclear

axis. As in atoms, 𝑆 denotes the total spin quantum number. Ω is the projection of

the total angular momentum along 𝑟⃗. A molecular state has the general form

2𝑆+1Λ
(+/−)
Ω (5.2)

By convention, the ground state of a molecule is labelled 𝑋; the state 1𝑋+ is identical

to 1Σ+ in NaK.

Molecules’ nuclei provide additional degrees of freedom beyond the electronic.

Once the electronic potentials are established, these can be used as effective poten-

tials to solve the nuclear Schrödinger equation, involving the vibration, rotation, and

nuclear spin of the nuclei. The relative vibration of the nuclei is quantized, with the
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Figure 5-2: Potential energy landscape
of a diatomic molecule as a function
of the separation between the two con-
stituents’ nuclei. Electronic energies
(black lines) form the largest scale, fol-
lowed by vibrational and rotational en-
ergies (blue and red lines, respectively,
not pictured to scale). Hyperfine ener-
gies are even smaller.

lowest-lying vibrational energy spacings in each electronic potential scaling as
√︀

𝑚𝑒

𝑚𝑟

𝑒2

𝑎0
,

where 𝑚𝑒 is the electron mass and 𝑚𝑟 is the two atoms’ reduced mass.

Next, the hierarchy of energy scales decreases to rotational excitations. Any given

vibrational state can rotate about the center of mass, and the quantum number R

represents the rotational angular momentum. For a rigid rotor molecule with no

electronic spin or orbital angular momentum, such as the singlet ground state of

NaK, the total electronic angular momentum 𝐽 is equivalent to R [33]. Rotational

energies scale as 𝑚𝑒𝑒2

𝑚𝑟𝑎0
, corresponding to splittings of order GHz. Finally, the smallest

energy scales are due to hyperfine splittings (if nuclear spin 𝐼 ̸= 0).

Many previous efforts toward ultracold molecules

Due to their complex internal structures, molecules are far more difficult to cool than

atoms. Only in the last decade have these molecules entered the ultracold regime [93],

defined as the temperature at which collisions must be treated quantum-mechanically.

Around the world, fewer than ten dipolar molecular species have been created

in their ground state in the ultracold regime. The vast majority use a "bottom-up"

approach of laser-cooling two atomic species, following the pioneering work done at

JILA [174] and Innsbruck [64]. Here, ultracold atoms are magnetically associated into

a loosely-bound dimer. Then, the dimer is coherently transferred into a longer-lived

ground molecular state using lasers [174, 65, 224, 167, 183, 113, 202, 210, 249]. The list
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of ultracold ground state molecules is likely to grow as experiments on heteronuclear

mixtures progress. This approach of making molecules, utilized by our MIT team,

thus far has created the highest phase-space densities of all molecular experiments [72],

but is limited to creating molecules out of species that are laser-coolable (with optical

cycling transitions).

Another approach is "top-down," directly cooling molecules to cold temperatures.

Buffer-gas cooling, Stark deceleration, Zeeman deceleration, magneto-optical trap-

ping with laser-cooling, and molasses-based approaches fall under this category (see

Ref. [93] for a detailed description and references therein). Current available methods

for direct cooling have thus far not achieved phase space densities close to degeneracy,

but the field is progressing rapidly.

5.1.2 Myriad applications of ultracold molecules

In this section we highlight a few specific applications of dipolar molecules. For

recent comprehensive reviews, refer to [93, 26, 135].

Realization of lattice spin models

Dipolar molecules in optical lattices are the ideal candidate to implement spin models

that underlie diverse condensed matter systems [19, 163, 39, 235, 237, 231, 101, 17,

159, 223, 250]. For example, the 𝑡-𝐽 model is an important limit of the Hubbard model

that represents hard-core electrons hopping on a lattice with tunneling amplitude 𝑡

and nearest-neighbor Heisenberg interaction 𝐽 . Thought to be a minimal model for

high-𝑇𝑐 superconductivity [146], an extended 𝑡-𝐽 model can be realized with dipolar

molecules occupying a single band of a 2D lattice [101], where two molecular states

act as pseudospins:

ℋ = ℋ0 + 𝑡
𝑁∑︁

𝑖<𝑗,𝑚

(𝑐†𝑖𝑚𝑐𝑗𝑚 + h.c.) +
1

2

𝑁∑︁
𝑖 ̸=𝑗

𝑅−3
𝑖𝑗

(︂
𝐽𝑧𝑆

𝑧
𝑖 𝑆

𝑧
𝑗 +

𝐽⊥
2
(𝑆+

𝑖 𝑆
−
𝑗 + 𝑆−

𝑖 𝑆
+
𝑗 )

)︂
(5.3)

Here, ℋ0 is the single-molecule Hamiltonian, 𝑡 is the intersite tunneling rate, 𝑐†𝑖𝑚
creates a molecule at site 𝑖, 𝑚 ∈ (↑, ↓) labels the spin, 𝑆𝑖 denotes the usual spin-1/2
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operator, and 𝐽⊥,𝑧 are the coupling constants. The experimentalist’s arsenal includes

electric fields, choice of internal states (rotational/hyperfine levels), and microwaves

to couple those states, leading to full and independent tunability of 𝑡, 𝐽𝑧, and 𝐽⊥ [101].

This tunability within the ultracold molecule platform is compelling in comparison

to competing platforms such as cold atoms, superconducting qubits, or trapped ions.

To be concrete, let us consider how this Hamiltonian acts on spins represented

by the two lowest rotational states in a molecule, with tunneling turned off (𝑡 = 0,

i.e., by high optical lattice intensities). Then, Eq. 5.3 represents the XXZ model for

quantum magnetism. Two spins in the same rotational state (with the same parity)

experience zero dipole-dipole interaction, due to selection rules. Two spins of oppo-

site parity, i.e., states |↓⟩ and |↑⟩, experience a strong dipole-dipole interaction whose

sign and magnitude depend on the exact choice of the rotationally excited state |↑⟩:

|𝐽,𝑚𝐽⟩ = |1,−1⟩ , |1, 0⟩, or |1, 1⟩, where 𝑚𝐽 is the projection of the rotational quan-

tum number 𝐽 on the quantization axis. 𝐽⊥ and 𝐽𝑧 are typically different because of

the anisotropy of the dipolar interaction; the strength of an electric field perpendicu-

lar to the lattice plane will smoothly tune the ratio between the coupling terms. Their

magnitudes, for dipolar molecules with typical lattice spacing, gives an exchange cou-

pling frequency of ∼ 1−10 kHz, very high compared to other relevant energy scales

of the system (temperature, spin decoherence) when the entropy per particle is low.

Compared to atom-based quantum simulation, where nearest-neighbor interactions

must be mediated by superexchange based on intersite tunneling, dipolar molecules

interact two to three orders of magnitude more strongly. Furthermore, superexchange

mediated by tunneling limits interactions to nearest-neighbor sites, but the dipolar

interaction extends beyond nearest neighbors, allowing long-range coherent spin dy-

namics to propagate. Thus, molecules are a better-suited platform to study quantum

magnetism under the anisotropic, tunable XXZ model.

Allowing molecules to tunnel would open the door to even richer phases. Unlike

in cold atoms, where the coupling depends on tunneling via superexchange (𝐽 ∼ 𝑡2),

a dipolar-molecule-based simulator can independently vary the 𝐽, 𝑡 terms. The ther-

modynamic phase diagram of the 2D 𝑡-𝐽 model is not resolved with classical com-
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puters, making quantum simulation an attractive option. Moreover, dynamical prop-

erties are even harder to compute numerically, compared to equilibrium properties,

and have been studied in recent years on cold atom platforms, revealing measure-

ments of spin and charge diffusion, optical conductivity, hole dynamics, and resistiv-

ity [176, 34, 4, 136]. With dipolar molecules, a greater array of strongly-correlated

phenomena should emerge, free of the limitations posed by atoms’ weak and isotropic

interactions.

Quantum information processing

Ultracold molecules have been proposed as a platform for quantum computation [73,

145, 252]. A quantum computer is theorized to be much faster at solving certain

tasks compared to classical computers. The quantum advantage lies in the qubit,

consisting of a superposition of two quantum states |↑⟩ , |↓⟩, which do not merely

have to take on values of 0 and 1 as a classical bit does. To implement operations in a

quantum computer, one needs a high-fidelity two-qubit operation whereby one qubit

coherently changes its state depending on its interaction with another qubit and that

qubit’s state. Several physical systems have been proposed as possible platforms for

quantum computing, including superconducting circuits, trapped ions, neutral atoms,

and quantum dots, among others.

Proposals involving dipolar molecules [73, 145, 252] would have qubit states be

opposite-parity states, i.e., states coupled by considerable electric dipole matrix el-

ements. Individual molecules would be held in some array (for instance, an optical

lattice). Electric field gradients, optical tweezers, and ac fields would allow individual

spectroscopic targeting of each site. Bits are coupled via the dipole-dipole interaction,

allowing gate operations (∼ kHz) much faster than typical decoherence timescales.

Quantum state-controlled chemistry

A new paradigm of quantum state-controlled chemistry is emerging with the ability

to bring molecules to the cold and ultracold regimes [139, 47, 197, 12]. Each step of a

complex chemical reaction, in principle, can be monitored when molecules’ external
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degrees of freedom and internal quantum states are controlled. Compared to atoms,

molecules have more "tuning knobs" for their external degrees of freedom; an electric

field changes how polar molecules collide. Internally, the array of quantum states

is vast, opening up more channels for chemistry to occur. In ultracold reactions

that only involve a few scattering partial waves, the rules of quantum mechanics

govern the entire process. First-principles understanding of fundamental reaction

processes in molecules would shed light on potential landscapes, intermediate states,

and internal/external energy distributions – possibilities that are coming within reach

for experiments [26].

One may expect chemical reactions to freeze out at ultracold temperatures, but

several theory works and experiments show that this is not the case. At high tem-

peratures, reaction rate constants Γ usually slow with decreasing temperature 𝑇 ,

governed by the empirical Arrhenius equation: Γ ∝ exp(−𝐸𝑎/𝑘𝐵𝑇 ), where 𝐸𝑎 is the

reaction’s activation energy. However, at sufficiently low temperatures, the de Broglie

wavelength of relative motion exceeds the interaction range, rendering rate constants

independent of energy and described instead by the Wigner threshold law [26]. The

seminal theoretical work of Ref. [13] showed that at zero temperature, a chemical

reaction (F+H2 → FH+H) proceeds rapidly with a constant value below 0.2K, due

to a near-threshold van der Waals resonance causing tunneling through the reaction

barrier.

Experimentally, ultracold state-controlled chemistry can be studied by manipulat-

ing the incoming reactants (both internal state and relative motion) and measuring

intermediate complexes or reaction products. Effects of quantum statistics on reaction

rates were detected [179] in ultracold fermionic KRb molecules. Recent work has di-

rectly observed intermediates and products of the KRb+KRb→ K2+Rb2 reaction via

ionization spectroscopy [122, 155]. External fields can manipulate the internal state

of the reactants as well as how they approach each other. An electric field applied

on polar molecules was seen to accelerate dipolar collisions [175, 112]. Magnetically

tunable Feshbach resonances between K atoms and NaK molecules were observed

in [249]. Broadly, ultracold chemistry opens new doors for controlling the pathways

113



and outcomes of reactions. Future goals may include the design or manipulation of

molecular reactions with targeted, applicable products [26].

5.1.3 Advantages of 23Na40K

Of the almost infinite molecules out there, why do we work with 23Na40K? To

create the highest phase-space density of ultracold molecules, it is favorable to choose

two species that are amenable to laser cooling, then associate two ultracold atoms

together, a process pioneered by the JILA [174] and Innsbruck [64] teams. This

technique, thus far, is the only successful method of obtaining quantum degenerate

ground state molecules [72]. NaK combines two alkali species with convenient laser-

cooling transitions, and reaching quantum degeneracy should be feasible in this case,

as well. Prospects for this will be discussed in the final chapter of this thesis.

Moreover, NaK has a strong body-frame electric dipole moment of 𝑑0 = 2.72

Debye. Of the bi-alkali diatomic molecules, only NaRb, LiK, LiRb, and LiCs have

greater dipole moments [93]. NaK is the fermionic bi-alkali with the largest dipole

moment that is chemically stable against two-body collisions in its absolute ground

state, in the absence of trapping light that can cause photochemistry [57].

The electric dipolar interaction strength can be compared to other relevant energy

scales like the Fermi energy 𝐸𝐹 . The two become equal for a fully polarized molecule

when

𝐸𝐷𝐷𝐼 =
𝑑20

4𝜋𝜖0𝑅3
≈ 𝐸𝐹 =

ℎ̄2

2𝑚NaK

(︂
6𝜋2

𝑅3

)︂2/3

(5.4)

This condition is fulfilled in NaK when𝑅, the intermolecular spacing, is approximately

1𝜇m and the density is ∼ 1012/cm3. This density is realistic for both bulk and lattice

experiments (where typical optical lattice spacings are ∼0.5 µm.) Thus, it is realistic

to be in a regime where dipolar interaction dominates the many-body physics.

To conclude this section, I have discussed the advantages of polar molecules and

provided basic background on diatomic level structure and the dipole-dipole interac-

tion, focusing on the molecule we create and control: NaK.
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5.2 Taming 23Na40K in the laboratory

This section will describe our team’s efforts to develop quantum control over ultra-

cold 23Na40K. Physics described here can mostly be understood at the single-particle

level; effects involving engineered molecular interactions will be deferred to Chapter 6.

First, the low-lying level structure is described, based on microwave spectroscopy.

Then, the ability to coherently control the quantum state is discussed. Finally, I will

describe our observation of long nuclear spin coherence times of two hyperfine states,

and its implications for molecules in quantum simulation and computation.

5.2.1 Creation of ultracold 23Na40K

As this creation of ground state NaK is detailed in Jee Woo Park’s thesis [181]

and the publications [182, 183], I will only describe the minimum information to

understand the following sections.

Molecule creation starts with preparing ultracold atomic mixtures. Following a

procedure similar to the one detailed in Chapter 3, we started with a nearly equal pop-

ulation of ∼ 105 Na and K atoms trapped in a crossed 1064 nm trap. The atoms were

in the |𝐹,𝑚𝐹 ⟩ = |1, 1⟩ and |9/2,−7/2⟩ states, respectively, where 𝑚𝐹 is the projection

of the total angular momentum 𝐹 on the quantization axis set by a magnetic field.

We created Feshbach molecules at ∼ 6 − 10% efficiency by radiofrequency injection

of the K into the |9/2,−9/2⟩ state at a magnetic field of 85.6G. A Landau-Zener rf

sweep lasting 1 ms was directed onto the mixture, with the frequency detuning linearly

varied over 10 kHz. The rf frequency was centered above the bare hyperfine transition

|9/2,−7/2⟩ → |9/2,−9/2⟩ by ∼ 80 kHz, the magnitude of the dimer binding energy.

Two Raman lasers at 567 nm and 804 nm coherently transferred the Feshbach

state into the rovibrational singlet ground state 𝑋1Σ+, |𝑣 = 0, 𝐽 =0⟩ via an excited

state with strong triplet-singlet mixing [182], in a process called STIRAP (Stimulated

Raman Adiabatic Passage). The one-way transfer efficiency was ∼75%. The process

is depicted in Fig. 5-3. Here, 𝑣, 𝐽 are the vibrational and rotational quantum numbers,

respectively (recall 𝐽 is equivalent to the rotational quantum number in the 𝑋1Σ+

115



.. Internuclear distance (Å)

(a)

3 4 5 6 7 8 9

-5000

0

5000

15000

B1Π

c3Σ+

X1Σ+

a3Σ+

Na K

32S + 42S

32S + 42P*

En
er

gy
 (1

03  c
m

-1
)

(b)

Na K

NaK Feshbach molecule

Figure 5-3: Creation of ground
state 23Na40K molecules. (a) Ultra-
cold mixtures of Na and K are as-
sociated into loosely-bound Feshbach
molecules, which are then transferred
into the absolute ground state via
the STIRAP process, depicted in (b).
The relevant molecular potentials are
shown for the transfer to the rovibra-
tional ground state |𝑣 = 0, 𝐽 = 0⟩ in
the 𝑋1Σ+ level. The Feshbach molec-
ular occupies the highest vibrational
|𝑣 = 19⟩ state of the 𝑎3Σ+ potential.
In the excited states, spin-orbit cou-
pling mixes the 𝑐3Σ+ |𝑣 = 35, 𝐽 = 1⟩
and 𝐵1Π |𝑣 = 12, 𝐽 = 1⟩ levels with
64% triplet and 36% singlet character
[182]. The red and blue curves rep-
resent the radial wavefunctions associ-
ated to each state. Reproduced from
[183].

ground state, see Sec. 5.1.1). The transfer was also hyperfine selective, with 𝑚𝐼Na
=

3/2,𝑚𝐼K = −4 the respective components of the nuclear spins of Na and K along the

magnetic field. Depending on initial atom preparation, we created 1000-3000 ground

state molecules at 𝑇 ≈ 600 nK.

5.2.2 Low-lying level structure

After creating the molecules, our first experimental step was to understand the

low-lying energy levels. In this section I describe the hyperfine and rotational struc-

ture of ground vibronic NaK molecules. Then, I discuss our microwave spectroscopy

experiment and compare our empirically determined microwave transitions with a

theoretical model. Many results from this section can also be found in Ref. [239].

Hyperfine structure in rotational ground state

In the electronic ground (spin-singlet) state, X1Σ+, the hyperfine structure arises

solely from the nuclear spins of 23Na and 40K, 𝐼Na=3/2 and 𝐼K=4, and their interplay
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Figure 5-4: Rotational excitations of 23Na40K molecules from the rovibra-
tional ground state, reproduced from [239]. 𝐽=0 is coupled to the excited 𝐽=1
states using microwave radiation with 𝜋, 𝜎± polarization. (a) Simplified schematic
omitting hyperfine interactions, such that 𝑚𝐽 is a good quantum number. (b) Spec-
trum of rotational transitions between the lowest hyperfine state of 𝐽=0 and 𝐽=1 at
𝐵 = 216.6 G and 𝐸 = 0. The position (height) of each vertical bar indicates the
transition frequency (strength) according to our theoretical model. The calculated
𝜋-transition strength is scaled up by 1.9, accounting for the radiation characteristics
of our antenna. During microwave exposure, the optical dipole trap is switched off to
avoid differential Stark shifts.

with the rotation of the molecule. This leads to (2𝐼Na+1)(2𝐼K+1) = 36 hyperfine

states in the rotational ground state 𝐽=0, and 108 states in the first rotationally

excited state 𝐽=1. For B> 2G and zero electric field, the hyperfine structure of the

rotational ground state 𝐽=0 is dominated by the Zeeman effect of the 23Na and 40K

nuclei; here, the states X1Σ+|𝑣=0, 𝐽=0,𝑚𝐽=0,𝑚𝐼Na
,𝑚𝐼K⟩ form a good basis. The

lowest energy hyperfine state is X1Σ+|𝑣=0, 𝐽=0,𝑚𝐽=0,𝑚𝐼Na
=3/2,𝑚𝐼K=−4⟩, abbre-

viated by |0, 0, 3/2,−4⟩ in the following.

Rotational transitions

The rotational energy of NaK in its vibronic ground state is given by ℎ̄2𝐽(𝐽 + 1)/2𝐼,

where 𝐼 is the moment of inertia. The quantity ℎ̄2/2𝐼 is quantified by the rotational
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constant 𝐵rot of 𝑣=0. Therefore, the frequencies of rotational transitions from 𝐽=0

to 𝐽=1 are approximately 2𝐵rot ≈ℎ× 5.643GHz.

Neglecting nuclear spins, the 𝐽=1 state splits into three sub-levels with 𝑚𝐽=0,±1,

giving rise to three electric dipole-allowed transitions from 𝐽=0 to 𝐽=1, as schemat-

ically shown in Fig. 5-4(a). However, hyperfine interactions strongly couple rotation

and nuclear spin, and additional states in the 𝐽=1 manifold with different nuclear

spin projections becoming accessible. The only quantum number that remains good

at all magnetic and electric fields is the projection of the total angular momentum

𝑚𝐹 = 𝑚𝐽+𝑚𝐼Na
+𝑚𝐼K . From the initial state, only those 𝐽=1 hyperfine states that

satisfy the selection rule Δ𝑚𝐹=0,±1 can be reached using 𝜋, 𝜎± polarization, respec-

tively.

Microwave spectroscopy on 𝐽 =1 states

This section discusses our microwave spectroscopy experiment to probe low-lying

levels in NaK and reconciles our observed transition frequencies with the molecular

Hamiltonian, which will be presented in Eq. 5.5.

To resolve the hyperfine structure of the first excited rotational state, we apply

a microwave field onto molecules initialized in the absolute ground hyperfine state.

This microwave can drive the electric dipole transition to hyperfine states in 𝐽 = 1.

The microwave includes all three polarization components, 𝜋, 𝜎+, 𝜎−, with respect to

the quantization axis, which is set by the external magnetic field. We detect loss of

𝐽 = 0 molecule number when microwave frequency addresses an allowed transition. A

spectrum is displayed in Fig. 5-4(b), showing the remaining population in the absolute

ground state after microwave exposure.

The spectra are described by a theoretical model of the excitations in 𝑣 = 0,

X1Σ+, given by the molecular Hamiltonian

𝐻mol = 𝐻rot +𝐻Z +𝐻S +𝐻hf (5.5)

Here, 𝐻rot = 𝐵rot𝐽(𝐽 + 1) is the rotational contribution discussed previously. The
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Figure 5-5: Rotational spec-
troscopy in magnetic and electric
fields, reproduced from [239]. (a)
Spectra versus B-field with no electric
field. Gray markers indicate the ob-
served transition frequencies; colored
lines show the calculated transition fre-
quencies for 𝜎− (blue), 𝜋 (green), and
𝜎+ (red) transitions using best-fit pa-
rameters. The vertical dashed line in-
dicates the spectrum of Fig. 5-4(b).
(b) Spectra versus E-field, with gray
markers showing observed transition
frequencies. A magnetic field of 85.6
G was applied in the same direction as
the electric field. The observed Stark
shift is used to calibrate the electric
field assuming a dipole moment of 𝑑0 =
2.72D. The inset shows the expected
Stark shift up to 5 kV/cm.

Zeeman term 𝐻Z = −𝜇N(𝑔rot𝑚𝐽 + 𝑔Na𝑚𝐼Na
+ 𝑔K𝑚𝐼K)𝐵 captures the effect caused of

the nuclear magnetic moments of 23Na and 40K and the weak rotational magnetic

moment 𝑔rot𝜇N, with 𝜇N the nuclear magneton. The dc Stark effect is 𝐻S = −𝑑0 · 𝐸⃗,

where 𝐸⃗ is the external electric field.

Hyperfine interactions cause 𝐻mol to have non-diagonal components our basis.

Two relevant hyperfine contributions are 𝐻eq = −
∑︀

𝑖=Na,K 𝑒(∇E)𝑖 · Q𝑖 and 𝐻ss =

𝑐4𝐼Na · 𝐼K. 𝐻eq describes the interaction of the intramolecular electric field gradient

(∇E)𝑖 at nucleus 𝑖 with the respective nuclear electric quadrupole moment 𝑒Q𝑖, where

𝑒 is the electron charge. 𝐻eq vanishes for 𝐽=0 but dominates for 𝐽=1. Matrix

elements of −𝑒(∇E)𝑖 ·Q𝑖 are proportional to the quadrupole coupling constant (𝑒𝑞𝑄)𝑖.

𝐻ss denotes the relatively weak scalar nuclear spin-spin interaction, present both

for 𝐽=0 and 𝐽=1. Matching observations from our spectroscopy experiment with

the model Hamiltonian produced tighter estimates for various molecular constants

including the 𝐵rot, (𝑒𝑞𝑄)K, (𝑒𝑞𝑄)Na, and the 𝑐4 coefficients; a summary may be found

in Table 1 of Ref. [239].

Additionally, we studied the dependency of energy levels with respect to tuning
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external fields. Spectra taken at various magnetic and electric fields show the evo-

lution with respect to the Zeeman and Stark terms in Fig. 5-5. For sufficiently high

electric fields 𝐸 ∼ 𝐵rot/𝑑0, only 𝑚𝐽 and not 𝐽 remains as a good quantum num-

ber and the spectrum simplifies significantly. This is a result of polarizing the NaK

wavefunction so that it aligns with 𝐸⃗.

To conclude this section, we performed microwave spectroscopy on the ground

and first excited rotational states of NaK, resulting in spectra that were accurately

modeled by the single-molecule Hamiltonian in Eq. 5.5.

5.3 Lifetime

To use molecules as a quantum resource, it is not sufficient to understand their

energy spectra. We also require long lifetimes of our molecular ensembles for many

purposes, e.g., simulation of many-body dynamics or performing sufficiently many

qubit gates for quantum computation. This section discusses measurements of bulk

NaK lifetimes in a harmonic optical potential.

The 𝐽=0 state lifetime is measured by creating ground state molecules trapped

by a 1064 nm laser, waiting for various hold times, reversing the STIRAP procedure,

and imaging the remnant atoms. Molecules that transfer into other quantum states

(via inelastic collisions and/or photon absorption) or leave the trap for any reason

would not be addressed by the reverse STIRAP procedure. Therefore, they would not

transfer to the free atom state and thus contribute to the loss signal. The molecule

population decays to half its original value in ∼ 3.2 s, as shown in Fig. 5-6(a).

We can also measure the excited rotational state lifetime by transferring the initial

population from 𝐽 = 0 to the lowest hyperfine state of 𝐽 = 1 using a microwave 𝜋-

pulse. After a wait time, the same 𝜋-pulse is applied to transfer remaining molecules

back to the ground state, where they are imaged as before. We observe collisional

lifetimes of 2.3 s, which is comparable to the ground state lifetime; both data sets

were taken for an initial peak density of 0.7 × 1011 cm−3 and a temperature of 400

nK. These data were first presented in Ref. [239].
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Figure 5-6: Collisional life-
times of NaK molecules in the
(a) 𝐽=0 ground hyperfine state
and (b) 𝐽=1 lowest hyperfine
state, adapted from [239]. (c)
shows the lifetime of a 50:50 mix-
ture of two 𝐽=0 hyperfine states.
Data points show the average of
typically three experimental runs;
the error bars denote the standard
deviation of the mean. The two-
body lifetimes for all three cases
are comparable, with half-lives of
roughly 3 s.

Intriguingly, a 50:50 mixture of two 𝐽=0 rotational states shows a similar lifetime

(Fig. 5-6(c)). This was measured by applying a resonant 𝜋/2-pulse on 𝐽=0 molecules

to create a superposition with the lowest 𝐽=1 hyperfine state, and waiting for trap

ac Stark shifts to cause global decoherence in the sample for 2ms (see next section).

Next, a downleg microwave 𝜋-pulse transfers the 𝐽=1 molecules into another hyperfine

state in 𝐽=0, the |0, 0, 3/2,−3⟩ state. The population is now a 50:50 decohered

mixture of the |0, 0, 3/2,−4⟩ and |0, 0, 3/2,−3⟩ states. Collisions then occur for a

variable hold time. Imaging and counting of |0, 0, 3/2,−4⟩ molecules are performed

as before. In a decohered mixture with distinguishable particles, 𝑠-wave collisions

can occur, rather than only 𝑝-wave collisions between identical fermions. The strong

dependence of lifetime on quantum statistics was previously studied in [179]. However,

our mixture of two 𝐽=0 states did not show greater inelastic collision rates to within

our experimental signal. Perhaps the mixture was not fully decohered at the local

(nearest neighbor molecule) level but only globally across the ensemble. Future work

is necessary to investigate 𝑠- and 𝑝-wave collisional lifetimes.

What is the origin of these lifetimes, which are far shorter than the background-

gas limited vacuum lifetimes ≫ 10 s for atoms at equivalent densities? Though NaK

is stable against two-body collisions in free space, the trapping light is predicted to
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photoexcite two NaK molecules in short range to highly excited complexes, which will

be lost with near-unit probability [57]. This light-assisted chemistry has been exper-

imentally detected and characterized in other bialkali species [102, 155]. Assuming

that the lifetime is limited by inelastic two-body collisions, we therefore model the

number density evolution of molecules as

𝑑𝑛(𝑡)

𝑑𝑡
= −𝛽𝑛(𝑡)2 (5.6)

where 𝑛 is the NaK density. The solution is 𝑛(𝑡) = 𝑛(0)/(1 + 𝛽𝑛(0)𝑡), where 𝛽 is the

rate coefficient. Fitting to our loss curves results in 𝛽 ≈ 2 × 10−11 cm3/s for typical

1064 nm trapping intensities of ∼ kW/cm2 [183, 239, 248].

The dependence of the |0, 0, 3/2,−4⟩ lifetime versus trap intensity was studied by

adiabatically ramping the dipole traps to various values. Results, shown in Fig. 5-7,

suggest a monotonic increase of loss rate with intensity. We will later make use of

..

Figure 5-7: Molecule loss
rate versus trap intensity.
The two-body collisional loss
rate 𝛽𝑛(0) of the absolute
ground state as a function of
the 1064 nm trap intensity. We
point out that there is a depen-
dency of the loss rate on ini-
tial density and temperature as
well as trap intensity.

this light-induced loss mechanism to measure dipolar collisions in Ch. 6. Ways to

mitigate this loss mechanism will be discussed in Ch. 7.

5.4 Coherence

One prerequisite for using molecules as a quantum resource entails the manip-

ulation of internal states with long coherence times. This allows high-resolution

spectroscopy, the ability to perform many gate operations for quantum information

purposes, and generally, a separation of timescales between interesting many-body
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physics and lossy processes. In this section I examine coherence between rotational

states and between hyperfine states through the techniques of Rabi and Ramsey spec-

troscopy. One limitation of coherence, differential light shifts, will be analyzed.

5.4.1 Rabi oscillations

We can coherently transfer population between the ground and excited rotational

states, as demonstrated by the Rabi oscillations depicted in Fig. 5-8. Here, a constant

microwave pulse was applied for a varied time, coupling the ground state to the lowest

energy hyperfine state of 𝐽=1, which is dominated by |1, 1, 3/2,−4⟩ character. After

the pulse, the number of remaining |0, 0, 3/2,−4⟩ molecules was counted.

We note that the observed Rabi rate of ∼ 4KHz is comparable to a typical Rabi

rate for an atomic hyperfine (magnetic dipole) transition. Yet the coupling here is

electric dipole-allowed and could theoretically be much stronger by the ratio of the

electric/magnetic dipole matrix elements, 𝑒𝑎0𝑐/ 𝑒ℎ̄
𝑚𝑒

= 1/𝛼, where 𝛼 is the fine struc-

ture constant. Constructing a microwave antenna with better impedance matching

should allow microwave Rabi rates on the 100 kHz-1MHz scale.
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Figure 5-8: Coherent microwave
transfer to the 𝐽=1 state, repro-
duced from [239]. High-contrast Rabi
oscillations between |0, 0, 3/2,−4⟩ and
the lowest energy hyperfine state of
𝐽=1 at B=85.6G and E=0.

5.4.2 Ac polarizability of 23Na40K and rotational coherence

In this section, we discuss the effect of light shifts on the level structure and

rotational coherence properties of NaK. We study the polarizability of the rotational

ground and first excited state due to the 1064 nm trap laser, and its dependence

on intensity and relative orientation of the quantization axis and laser polarization.

We point out that rotational coherences and anisotropic polarizabilities were studied

in KRb [172], CaF [41], and RbCs [24]. Recently, rotational coherence times were
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extended to over 10ms by using a magic dc field and polarization angle of 1550 nm

light in NaK by the Munich group [211].

..

Figure 5-9: Ac Stark shifts in
NaK. Depiction of trapping light en-
ergy (1064 nm / 9398 cm−1) relative to
relevant NaK potentials. For trapping
of the 𝑋1Σ+ state, the excited 1Σ+,1Π
potentials are most relevant [151].

Any experimentalist, particularly one working with molecules, views the opti-

cal trapping laser as both a blessing and curse. Clearly, optical dipole traps are

workhorses of AMO experiments, responsible for confining and levitating particles

against gravity due to the dipole force from the ac Stark shift. However, light causes

unwanted effects – decoherence and uncontrolled shifting of levels – due to intensity

gradients (beam inhomogeneity) and differential coupling of light to various molecular

states. Light can even cause loss through excitation of a single molecule, described by

the imaginary portion of the polarizability, or by aiding an inelastic binary molecular

collision [57] (see Sec. 5.3). Light-induced loss of molecules will be further discussed

in Chapter 6; for now we restrict our investigation to the real part of the ac polar-

izability, responsible for trapping and light shifts. Compared to atoms, molecules

have a far greater number of electric dipole-allowed optical transitions, increasing the

complexity of ac polarizability calculations and rendering light-induced decoherence

more problematic.

How does ac polarizability affect rotational coherence times? Consider the mi-

crowave transition between 𝐽 =0 and 𝐽 =1. The far-detuned ac Stark shift is pro-

portional to laser intensity by the polarizability 𝛼, but the polarizability generally
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differs between two rotational states, leading to a difference in trapping potentials

𝑈(𝑟)(see Fig. 5-10(B)). The microwave resonance between two states in 𝐽 =0, 1 will

therefore change over the spatial extent of the trap. One microwave field at a fixed

frequency is unable to uniformly interrogate the entire sample, leading to decoherence.

Figure 5-10: Schematic of the setup to study differential ac polarizabil-
ity (A), with molecules trapped in a crossed 1064 nm trap in the 𝑥-𝑦 plane, with
quantization defined by a magnetic field in 𝑧. The angle 𝜃 between the beam polar-
izations 𝜖 and 𝑧 will affect the first order differential ac Stark shift between rotational
states, shown in (B). Cartoons depict molecule wavefunctions in the |𝐽 =0,𝑚𝐽 =0⟩
and |1,±1⟩ states.

We describe this differential ac Stark shift with the Hamiltonian modified from

Eq. 5.5,

𝐻mol = 𝐻rot +𝐻Z +𝐻S +𝐻hf +𝐻pol(𝐼trap(𝑟⃗), 𝛼(𝜈, 𝜖⃗)) (5.7)

The 𝐻pol term of the Hamiltonian captures the ac polarizability as distinct from

the dc Stark response in 𝐻S. It is a function of trap intensity 𝐼trap(𝑟⃗), trap wave-

length 𝜈, and laser polarization 𝜖⃗. We introduce the reduced radial electronic po-

larizabilities 𝛼‖, 𝛼⊥, coming from contributions parallel and perpendicular to the in-

termolecular axis, which capture the average effect from all electronically excited po-

tentials 1Σ+,1Π [151]. For NaK, Ref. [151] calculated the values of 𝛼‖=1013.4 a.u. and

𝛼⊥=361.46 a.u. for a 1064 nm trap, where the atomic unit of polarizability is (𝑒𝑎0)2/𝐸ℎ,

with 𝑒 the electron charge and 𝐸ℎ the Hartree energy. (To change to S.I. units of

MHz/(W/ cm2), multiply by 4.68645×10−8.) We will use these values for the remain-

der of our calculations.
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How the molecules experience the ac Stark shift heavily depends on their orien-

tation with respect to the ac field. The 𝐽 = 0 state is spherical and its polarizability

for trap wavelength 𝜈 has no angular dependence:

𝛼|𝐽 =0,𝑚𝐽 =0⟩(𝜈) =
1

3
(𝛼‖(𝜈) + 2𝛼⊥(𝜈)) (5.8)

In contrast to the |0, 0⟩ state, 𝐽 =1 states have anisotropic wavefunctions. For ex-

ample, the |𝐽 =1,𝑚𝐽 =0⟩ corresponds to a 𝑝-orbital aligned along the 𝑧-axis, so its

polarizability in this hyperfine-free picture is largest when the ac field polarization 𝜖⃗

is parallel to 𝑧, the quantization axis set by either the magnetic or electric field. Let

𝜃 parametrize the angle between 𝜖⃗ and 𝑧. 𝐽 =1 polarizabilities can be modeled using

a 3×3 Hamiltonian in the |𝐽,𝑚𝐽⟩ = (|1, 0⟩ , |1,−1⟩ , |1, 1⟩) basis, neglecting hyperfine

couplings,

𝐻pol, J=1 =

⎛⎜⎜⎜⎝
−𝛼11𝐼trap + 𝐸1 −𝛼12𝐼trap −𝛼13𝐼trap

−𝛼12𝐼trap −𝛼22𝐼trap + 𝐸2 −𝛼23𝐼trap

−𝛼13𝐼trap −𝛼23𝐼trap −𝛼33𝐼trap + 𝐸3

⎞⎟⎟⎟⎠ (5.9)

where 𝛼𝑖𝑗 is a function of (𝛼‖, 𝛼⊥) and is given explicitly in Ref. [172], and 𝐸𝑖 is

the energy of the state for 𝐼trap=0. Using this formalism, the expected 𝐽 =0 → 1

transition energies can be estimated, and the three lowest rotational transitions from

|0, 0, 3/2,−4⟩ are shown in Fig. 5-11(A) as a function of 𝜃.

However, adding hyperfine couplings lifts the degeneracies between different nu-

clear spin states with the same projection 𝑚𝐽 . Though |𝐽,𝑚𝐽 ,𝑚𝐼Na
,𝑚𝐼K⟩ are strictly

not good quantum numbers for 𝐽 =1, we will still use these labels for a rotationally

state |𝑒⟩, where the labels denote the component maximized by |⟨𝑒 |𝐽,𝑚𝐽 𝑚𝐼Na
,𝑚𝐼K⟩ |2,

for the remainder of this section. Including 𝐻pol and hyperfine couplings into the

144-basis Hamiltonian of Eq. 5.7 results in the calculated transitions shown in Fig. 5-

11(B).

Theory calculations can be confirmed by spectroscopy. Resonances were detected

by exposing |0, 0, 3/2,−4⟩ molecules to a microwave 𝜋-pulse at various frequencies
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Figure 5-11: Energy shifts of the 𝐽 =0 → 1 transition due to the ac Stark
effect, at 𝐼 =4000W/cm2 and B =130G. (A) Calculated transition energies in the
simple 3× 3 basis for the 𝜎− (red), 𝜎+ (blue), and 𝜋 (green) transitions as a function
of the angle between the quantization axis and laser polarization axis. Dotted lines
show the bare transitions absent any trap light. (B) Including hyperfine structure,
the levels are further shifted and mixed due to nuclear electric quadrupole couplings.
Shadings represent additional shifts from intensity variations in the Gaussian trap.
Circles show observed transitions. At 𝜃 = 14∘, the lowest frequency transition to pre-
dominantly the |1, 1, 3/2,−4⟩ state has a magic condition. There, the three higher-
lying states predominantly have respective characters of |1, 0, 3/2,−2⟩ , |1, 0, 3/2,−4⟩ ,
and |1, 0, 3/2,−1⟩, not corresponding to the naive state-labelling of (A). This demon-
strates that the 3× 3 model is insufficient to explain the ac polarizability; hyperfine
interactions must be included.

near 2𝐵rot and imaging the remainder 𝐽 =0 molecules. Positions were determined

by fitting a Gaussian to the center of the absorption feature. Fig. 5-11(B) shows

the differential ac Stark shift as a function of the trap polarization angle, which was

experimentally varied by rotating a half-wave plate in the 1064 nm trap beam path.

Only the full 144-state model and not the naive 3 × 3 model captures the observed

transitions. We observed shifting and mixing of levels as a function of angle, and we

noted a "magic" condition for the lowest transition at around 14∘. Here, the ground

and excited rotational states should feel the same trapping potential.

We measured rotational coherence times as a function of angle with Ramsey spec-

troscopy to study the effect of the magic polarization angle. Starting with the sam-

ple in 𝐽 =0, we applied a 𝜋/2 pulse to create a nearly-equal superposition of the

|0, 0, 3/2,−4⟩ , and |1, 1, 3/2,−4⟩ state. After a varied hold time for field-free Ram-

sey precession, the pulse was repeated. Ground state molecules were imaged, and
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Figure 5-12: Ramsey spectroscopy
between 𝐽=0 and 𝐽=1 rotational
states. (A) Schematic of procedure,
with a 𝜋/2 MW pulse transferring the
ground state to a superposition state, a
varied Ramsey hold time 𝑇 , and the fi-
nal readout pulse. (B) A sample Ram-
sey evolution curve taken at 𝜃=20∘,
with the solid line fitted by Eq. 5.10.
(C) Coherence times for various angles.
At approximately 10 − 20∘, the differ-
ential polarizability vanishes, resulting
in a coherence time ∼ 3 times longer
than the worst-case scenario at 90∘.

their number evolution 𝑁(𝑇 ) is shown in Fig. 5-12(B). The coherence times 𝜏 *2 were

extracted by a least-squares fit to the form

𝑁(𝑇 ) = 𝑁0 + 𝐴 sin (𝜔𝑇 − 𝜑0) exp (−𝑇/𝜏 *2 ) (5.10)

where 𝑁0, 𝐴, and 𝜑0 are free fitting parameters. As expected from the differential

polarizability calculation, angles near 14∘ resulted in longer coherence times, ap-

proaching 0.3ms.

To conclude, we studied how differential light shifts affect the observed energy

splittings, and we moderately improved the rotational coherence times of |0, 0⟩ , |1, 0⟩

by choosing the "most magic" angle. However, further work is required to boost

coherence times beyond ∼ms scales, which is needed for schemes involving multiple

levels interacting via dipole-dipole interactions. An intriguing prospect that miti-

gates light-induced decoherence altogether is a repulsive box potential, discussed in

Chapter 7.
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Figure 5-13: Coherent Ramsey precession of nuclear spin states in 23Na40K.
(a) The ensemble was held in a ODT, and microwave fields were applied to coherently
couple two nuclear spin states |↓⟩=|𝑚𝐼Na

=3/2,𝑚𝐼K= − 4⟩ and |↑⟩=|3/2,−3⟩ in the
rotational ground state 𝐽=0. (b) Level scheme of the two-photon microwave coupling.
Ω1(2) and 𝜔1(2) correspond to the Rabi coupling and microwave frequency, respectively,
of the up-leg (down-leg) rotational transition. The ground and first excited rotational
states 𝐽=0 and 𝐽=1 are separated by ℎ × 5.643 GHz. Δ denotes the single-photon
detuning from the intermediate state, typically about ℎ× 12 kHz. The nuclear spins
|↓⟩ and |↑⟩ are separated by about ℎ × 21 kHz. (c) Evolution showing |↓⟩ number
versus precession time, upon applying the Ramsey sequence (see inset). The solid
line is a fit of the complete data set with a single oscillation frequency and phase.
Figure reproduced from [185].

5.4.3 Second-scale nuclear spin coherence times

This section details our team’s measurement of coherence between hyperfine levels

of NaK molecules within 𝐽 =0. Results of this section can also be found in Ref. [185].

Compared to rotational coherences, hyperfine coherences are expected to be longer

because these states have no electric dipole transition matrix element. We measured

hyperfine coherence times approaching one second, corresponding to sub-Hertz fre-

quency resolution.

We began with absolute ground state molecules at B= 85.6G and measured the

coherence between the initial, lowest hyperfine level |0, 0, 3/2,−4⟩ and the first excited
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hyperfine level |0, 0, 3/2,−3⟩, denoted by |↓⟩ and |↑⟩ in the following. A two-photon

microwave pulse was applied to prepare each of the molecules in a superposition of

these two levels, as shown in Fig. 5-13(b). For the coherent transfer between |↓⟩

and |↑⟩, a hyperfine level with mixed 𝑚𝐼K=− 4 and −3 character in the rotationally

excited 𝐽=1 state was used as an intermediate state.

Ramsey precession was initiated by applying a 𝜋/2-pulse near the microwave two-

photon resonance. Subsequently, the superposition state underwent field-free time

evolution with respect to the unperturbed resonance frequency 𝜔res. After a hold

time 𝑇 , we applied a second 𝜋/2-pulse and recorded the number of molecules in |↓⟩,

as shown in Fig. 5-13(c). By fitting the observed Ramsey precession with a model

that incorporates the decay of molecule number and coherence (see supplementary

materials of [185]), we extracted the molecule lifetime 𝑇1 and the coherence time 𝑇 *
2 .

At a molecular lifetime of 𝑇1=1.9(5) s, we observed a coherence time of 𝑇 *
2=0.7(3) s,

a thousand times longer than our rotational coherence times.

The oscillation frequency of the Ramsey precession is given by the difference of

the two-photon microwave drive, 𝜔1 − 𝜔2, and the unperturbed resonance frequency,

𝜔res. From this, we extracted the energy difference between |↓⟩ and |↑⟩ to be 𝜔res =

2𝜋 × 20.514(10) kHz at a magnetic field of 85.6 G, which allowed us to precisely

determine the weak nuclear spin-spin coupling constant of 23Na40K as 𝑐4=− 409(10)

Hz.

Utilizing the long coherence time between |↓⟩ and |↑⟩, we recorded high-resolution

Ramsey fringes in the frequency domain. These fringes can be a sensitive probe to

measure small variations in the resonance frequency due to trap ac Stark shifts and

molecular density, as shown in Fig. 5-14. The spectrum was measured by varying the

microwave drive frequency, 𝜔1 −𝜔2, while keeping the precession time 𝑇 between the

𝜋/2-pulses constant. The spacing between the Ramsey fringes is given by 2𝜋/𝑇 . By

varying trap intensities and monitoring the phase variation of the spectra, we detected

differential energy shifts between |↓⟩ and |↑⟩ with Hertz-precision. These differential

light shifts were consistent with being the bottleneck for our measured 𝑇 *
2 time.

However, our lack of observable density shifts show that interparticle interactions

130



do not yet play a role for these densities – perhaps unsurprising given that there is

no expected dipole-dipole coupling for these states, which are both in 𝐽=0.

Our observation of second-scale coherence times in trapped 23Na40K molecules

supports the use of molecules as a versatile quantum resource. Coherence times could

be even further enhanced by exploiting "magic" conditions of the trap wavelength,

intensity, polarization angle, or electric field that suppress differential light shifts [211].
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Figure 5-14: Hertz-level light shifts and absence of density-dependent clock
shift. A shift in the Ramsey fringes corresponds to a change in the resonance fre-
quency between |↓⟩ and |↑⟩. (A) Ramsey spectroscopy for various dipole trap laser
intensities. The intensity of the trap laser was varied during the free precession time
𝑇=112 ms. The solid lines show sine-fits, used to extract the phase of the Ramsey
fringes. For the fits, the oscillation frequency was set by the precession time, and
only the phase and the amplitude of the oscillations were taken as free parameters.
(B) Shift of the resonance frequency as a function of dipole trap intensity. A linear
fit (solid line) yields a slope of 50(10) mHz/(kW/cm2); the grey-shaded area reflects
the 95% confidence interval of the fit. (C) Ramsey spectroscopy for various molecule
densities at constant trap laser intensity of 31 kW/cm2. The average densities were
normalized with respect to 𝑛0 = 2.5 × 1010 cm−3. Solid lines show sine-fits. (D)
Shift of the resonance frequency as a function of molecular density. The grey-shaded
area reflects the 95% confidence interval of a linear fit. The fit is consistent with the
absence of a collisional shift. Data points in A and C correspond to the average of
two experimental runs, with error bars denoting the standard deviation of the mean.
Figure reproduced from [185].
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5.5 Summary

We created ultracold fermionic molecules of NaK in its absolute ground state.

Microwave spectroscopy revealed the structure of the lowest rotational and hyperfine

states. We demonstrated coherent control over rotational and spin degrees of freedom

using Rabi and Ramsey spectroscopy, culminating in the measurement of second-

scale nuclear spin coherence times. NaK molecules have sufficiently long lifetimes

and coherence times for many studies, but limiting factors include two-body inelastic

collisions and differential ac Stark shifts in the presence of trapping light.

To harness the full potential of ultracold molecules, these effects must be miti-

gated. Future studies of spin physics can take place in deep optical potentials with

no more than one molecule per site, thereby preventing tunneling and photoassisted

chemical reactions. Magic wavelength (or electric field) engineering will be required

to suppress decoherence between rotational levels. Studies with mobile molecules,

such as realizations of 𝑡-𝐽 models and exotic superfluids, may require electric-field

or microwave-shielding that prevents two molecules from entering short-range where

chemistry is allowed. Alternatively, molecules may be trapped in repulsive "box"

potentials, where species like NaK would not undergo inelastic two-body losses in the

absence of light. This prospect will be discussed in Ch. 7.

Above all, we would like to control the anisotropic dipole-dipole interaction be-

tween molecules. This current chapter has focused on single molecule physics and

interactions in the absence of external fields and laboratory-frame dipole moments.

Engineering dipolar interactions will be the subject of Ch. 6.
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Chapter 6

Strongly interacting dipolar molecules

of 23Na40K

Controlling the strong, long-range dipolar interactions is key to realizing the po-

tential of ultracold molecules. These interactions turn molecules into a promising

platform for simulating quantum many-body physics [163, 39, 195, 47, 93], pre-

cision measurements of fundamental constants [47, 140, 204], quantum computa-

tion [73, 145, 252], and quantum state-resolved chemistry [139, 47, 197, 12]. This

chapter will discuss how to engineer such long-range interactions in ensembles of

ultracold molecules. I then describe how the technique of microwave dressing was

implemented using NaK in the MIT experiment, resulting in observation of resonant

dipolar collisions. Work presented here has resulted in the following preprint,

Zoe Z. Yan, Jee Woo Park, Yiqi Ni, Huanqian Loh, Sebastian Will, Tijs Kar-

man, Martin Zwierlein, Resonant dipolar collisions of ultracold molecules induced by

microwave dressing, ArXiv: 2003.02830.

6.1 Dipolar collisions

This section develops the theoretical tools to understand dipolar collisions. A re-

view of the basic concepts in quantum scattering, focused on isotropic (e.g., contact)

interactions, can be found in Ch. 2.3.1. Here I focus on the dipole-dipole interac-
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tions, including how to induce a laboratory-frame dipole moment with an external

field. Past experimental realizations are highlighted. Finally, I describe theoretical

proposals involving microwave-induced dipolar interactions between molecules.

6.1.1 Ultracold dipole-dipole scattering

Consider the general case of two dipoles with respective dipole moments 𝑑1, 𝑑2,

separated by a relative coordinate 𝑅⃗. In contrast to contact interactions experienced

by alkali atoms and unpolarized molecules, dipole-dipole scattering is anisotropic and

falls off as 𝑅−3. The potential is given by

𝑉DDI(𝑑1, 𝑑2, 𝑅⃗) =
𝑑1 · 𝑑2 − 3(𝑑1 · 𝑅̂)(𝑑2 · 𝑅̂)

𝑅3
(6.1)

If both dipoles have the same magnitude and are polarized in the same direction 𝑧,

the dipole potential simplifies to

𝑉DDI(𝜃, 𝑅⃗) =
𝑑2

𝑅3
(1− 3 cos2 𝜃) (6.2)

where (𝜃, 𝜑) are the polar and azimuthal angles, respectively, between the intermolec-

ular axis and the 𝑧-axis. The long-range portion of this interaction is often written

in the form 𝑉DDI= − 𝐶3/𝑅
3, with the 𝐶3 coefficient dependent on the particular

molecular species.

Consider low-energy scattering between two particles in the same internal state. I

use the partial wave basis |𝐿,𝑚𝐿⟩ as introduced in Ch. 2.3.1 to describe the relative

collision angular momentum, quantized by 𝐿, and its projection on the quantization

axis 𝑧, 𝑚𝐿. Internal and external degrees of freedom are treated separately. Then,

the first order contribution to the dipolar interaction is

⟨𝜓internal,1 𝜓internal,2 ⊗ 𝐿,𝑚𝐿|𝑉DDI |𝜓internal,1 𝜓internal,2 ⊗ 𝐿′,𝑚′
𝐿⟩ (6.3)

where the internal quantum numbers of the wavefunctions of both particles are cap-

tured in 𝜓internal. If both dipoles are fully polarized in the 𝑧 direction with magnitude
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𝑑0, e.g., by a strong electric field, then 𝑉DDI reduces to its simple form in Eq. 6.2 and

is no longer a function of the internal wavefunctions. Then, the interaction simplifies:

⟨𝐿,𝑚𝐿|𝑉DDI |𝐿′,𝑚′
𝐿⟩=

𝑑20
𝑅3

∫︁
𝑑𝜃𝑑𝜑 sin 𝜃 𝑌 *

𝐿,𝑚𝐿
(𝜃, 𝜑)

(︂
−4

√︂
𝜋

5
𝑌2,0(𝜃, 𝜑)

)︂
𝑌𝐿′,𝑚′

𝐿
(𝜃, 𝜑)

=−2𝑑0
𝑅3

(−1)𝑚𝐿
√︀
(2𝐿+1)(2𝐿′+1)

⎛⎝ 𝐿 2 𝐿′

−𝑚𝐿 0 𝑚′
𝐿

⎞⎠⎛⎝𝐿 2 𝐿′

0 0 0

⎞⎠
(6.4)

In the first step the dipole-dipole interaction was written in terms of the unit-

normalized spherical harmonic 𝑌𝐿,𝑚𝐿
: 1−3 cos2 𝜃 = −4

√︀
𝜋
5
𝑌2,0. Secondly, the integral

product of three spherical harmonics was reduced in terms of Wigner 3-𝑗 symbols (in

parentheses), along with the identity 𝑌 *
𝐿,𝑚𝐿

= (−1)𝑚𝐿𝑌𝐿,−𝑚𝐿
. From this equation

and the Wigner 3-𝑗 selection rules, it is apparent the dipole-dipole interaction cou-

ples partial waves with the same parity and identical projections 𝑚𝐿 = 𝑚′
𝐿. Thus,

𝑚𝐿 remains a good quantum number but 𝐿 is not, unlike in the case of an isotropic

potential.

In general, for low energy dipolar scattering, only low 𝐿 are expected to contribute

to the cross section. Furthermore, identical bosons (fermions) only scatter in even

(odd) partial waves.

..

z

(a) (b)
Figure 6-1: Cartoon of the dipole-
dipole interaction showing repulsive
head-to-head (a) and attractive head-
to-tail (b) collisions of dipoles polar-
ized in 𝑧.

To develop a conceptual picture of dipolar scattering, picture two molecules po-

larized in the 𝑧-direction. Exactly how this is achieved will be discussed in Sec. 6.1.2.

The dipoles scatter differently than their spherically symmetric counterparts; the

centrifugal 𝑝-wave barrier (for fermions) becomes anisotropic. When dipoles collide

"head-to-head," corresponding to the projection angular momentum 𝑚𝐿 = ±1, they

experience repulsion. An𝑚𝐿 = 0 collision involves attractive "head-to-tail" scattering
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(see Fig. 6-1).

To conclude this section, dipolar collisions were treated in the limit of fully po-

larized molecules oriented in 𝑧. More generally, the internal states would be coupled

by 𝑉DDI, necessitating a calculation beyond the first order expression of Eq. 6.4, in-

volving off-diagonal terms in the two-molecule basis. Then, diagonalization of the

Hamiltonian would produce the adiabatic potentials. These can be used to calculate

scattering amplitudes and cross sections.

The case of dipolar interaction between molecules in electric fields will be consid-

ered next.

6.1.2 Using dc or ac fields to polarize molecules

Molecules require an external, symmetry-breaking field to be polarized in the

laboratory frame. Though they may possess a permanent dipole moment in the body

frame, this time-averages to zero in the laboratory. The following section will discuss

ways to polarize molecules, using either static or microwave fields. Molecules are

assumed to be in well-defined quantum states within the ground electronic state in

all cases. A external electric field (taken to be in 𝑧 for this section), whether static

or alternating, can mix opposite-parity states, which are odd and even 𝐽 rotational

states in the 1Σ+ level.
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Figure 6-2: Dc Stark shifts of molec-
ular energies from Eq. 6.7 showing
the states that adiabatically connect
to the 𝐽=0, 1, 2 rotational levels, com-
puted with 𝐽 up to 5.

Static electric fields

A common way to induce dipolar interactions in these systems is the application of
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static electric fields that align molecules in the laboratory frame. To acquire dipoles

on the order of the molecule’s body-frame moment 𝑑0 requires fields on the order of

𝐸 ∼ 𝐵rotℎ/𝑑0 where 𝐵rot is the rotational constant. These field values are on the

order of ∼ 1− 10kV/cm for typical bialkali species. To see why this is the case, it

is instructive to consider what quantum states have transition dipole moments, and

how an electric field mixes states to "construct" a wavefunction that orients in the

field direction.

Let us compute the expectation of the dipole operator 𝑑 = 𝑒𝑟⃗ explicitly. The

coordinate system will have the normal polar angles 𝜑, 𝜃, with the position unit vector

𝑟 = (sin 𝜃 cos𝜑, sin 𝜃 sin𝜑, cos 𝜃). We use the |𝐽,𝑚𝐽⟩ basis, where 𝐽 is the rotation

quantum number and 𝑚𝐽 is its projection on the quantization axis set by the electric

field. Then, two states with the same parity cannot have a dipole moment in the

laboratory frame, e.g.,

⟨00| 𝑑 |00⟩ = 𝑑0

∫︁
𝑑Ω 𝑌 *

00(𝜃, 𝜑)𝑟𝑌00(𝜃, 𝜑) = 0⃗ (6.5)

However, opposite parity (odd and even 𝐽) states will have a nonzero dipole matrix

element, e.g.,

⟨00| 𝑑 |10⟩ = 𝑑0

∫︁
𝑑Ω 𝑌 *

00(𝜃, 𝜑)𝑟𝑌10(𝜃, 𝜑) = 𝑑0(0, 0, 1/
√
3) (6.6)

The effect of an external field is to mix 𝐽 states with opposite parity such that

𝑚𝐽 becomes the only good quantum number in the limit of high fields.

What are the energy levels in an external dc field? Ignoring hyperfine interactions,

the Hamiltonian can be written

⟨𝐽,𝑚𝐽 |ℋ |𝐽 ′,𝑚′
𝐽⟩ = 𝐵rot 𝐽(𝐽 + 1)𝛿𝐽,𝐽 ′𝛿𝑚𝐽 ,𝑚

′
𝐽
− ⟨𝐽,𝑚𝐽 | 𝑑 · 𝐸⃗ |𝐽 ′,𝑚′

𝐽⟩ (6.7)

where the diagonal terms come from the rotational energy, and the off-diagonal terms

come from the dc Stark effect. If 𝐸⃗ is constant over the molecules and oriented in 𝑧,
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the Stark terms can be written

⟨𝐽,𝑚𝐽 |ℋ𝑠 |𝐽 ′,𝑚′
𝐽⟩ = 𝑑0|𝐸|

√︀
(2𝐽+1)(2𝐽 ′+1)(−1)𝑚𝐽

⎛⎝ 𝐽 1 𝐽 ′

−𝑚𝐽 0 𝑚′
𝐽

⎞⎠⎛⎝𝐽 1 𝐽 ′

0 0 0

⎞⎠
(6.8)

where the terms in parentheses are Wigner 3-𝑗 symbols. The Hamiltonian is diag-

onalized, and resulting energy levels are shown in Fig. 6-2 (with 𝐽 truncated at 5).

Shifts start out quadratic but quickly become linear once the electric field reaches

𝐸 ∼ 𝐵rotℎ/𝑑0. The induced dipole moment of a particular state is the derivative of

the energy with respect to field magnitude, −𝑑Energy
𝑑|𝐸| , and it saturates to the maximum

value of 𝑑0 in the linear Stark regime.

Microwave fields

This section demonstrates how dipoles can be induced by ac fields. The presence and

strength of static electric fields can be technically inconvenient in experiments due to

unwanted electric field gradients and polarization of optics elements. In an alternate

scheme, weak microwave electric fields that drive rotational transitions near resonance

can lead to dipole moments on the order of the maximum value 𝑑0. For example,

dressing between the ground and first excited rotational states of a diatomic molecule

yields dipole moments as large as the transition dipole moment for the electric dipole

transition, 𝑑0/
√
3, and thus dipolar interactions as large as 1/3 of the maximum

value at a given distance. (This is true in the two-level picture, neglecting all other

hyperfine states.)

Let us compute this explicitly by considering the interaction of a molecule and a

sinusoidal microwave field of frequency 𝜔. The total energy is described by

ℋ = ℋrot +ℋmw +ℋmol−mw (6.9)

= 𝐵rotℎ 𝐽(𝐽 + 1) + ℎ̄𝜔(𝑁̂ −𝑁0)− 𝑑 · 𝐸⃗(𝑡=0) cos(𝜔𝑡) (6.10)

where 𝑁̂ is the microwave photon number operator, 𝑁0 is a reference photon number,

and 𝐸⃗ is the electric field. The long-wavelength approximation is valid for microwaves

140



(whose wavelengths ∼ cm much exceed the ensemble size ∼ 100𝜇m.)

Neglecting hyperfine structure, there are four relevant levels in the 𝐽 = 0, 1 mani-

folds, pictured in Fig. 6-3(a). Consider when the ac field is 𝜋-polarized (electric field

parallel to quantization axis) with frequency 2𝐵rot. Then it will only resonantly ad-

dress the |𝐽 = 0,𝑚𝐽 = 0⟩ ⇐⇒ |10⟩ transition. The only non-diagonal terms of the

Hamiltonian involve the |00⟩ , |10⟩ terms, allowing us to consider a simple 2×2 Hamil-

tonian. In the well-known dressed picture, the dressed state |00, 𝑁0⟩ is the rotational

ground state with 𝑁0 photons, and |10, 𝑁0 − 1⟩ is the rotationally excited state with

one fewer photon. The dressed eigenstates are |±⟩ = (|00, 𝑁0⟩± |10, 𝑁0 − 1⟩)/
√
2. In

the laboratory frame, we consider one of the eigenstates, |𝜓⟩ = (|00⟩− 𝑒−𝑖𝜔𝑡 |10⟩)/
√
2

and explicitly calculate its expected dipole moment.

⟨𝜓| 𝑑 |𝜓⟩ = 1

2

(︀
⟨00| 𝑑 |00⟩+ ⟨10| 𝑑 |10⟩ − ⟨00| 𝑑 |10⟩ 𝑒−𝑖𝜔𝑡 − ⟨10| 𝑑 |00⟩ 𝑒𝑖𝜔𝑡

)︀
(6.11)

=
𝑑0√
3
(0, 0,− cos(𝜔𝑡)) (6.12)

This corresponds to a oscillating dipole in the laboratory frame aligned to the 𝑧-axis.

A similar calculation can be done for the 𝜎-polarized case, coupling to the |1,±1⟩

states, resulting in a rotating dipole in the 𝑥𝑦-plane, again with frequency 𝜔. The

time-evolution of these dipoles is pictured in Fig. 6-3(b).

.. time 

z

|1-1) |10) |11)

|00)

(a)

(b)

Figure 6-3: Time-evolution of
microwave-dressed dipoles. (a) The
simplified level diagram of the 𝐽 = 0, 1
rotational states with molecular wave-
functions pictured. (b) On-resonance
dressing for the 𝜋 (top row) or 𝜎 (bot-
tom row) transitions will induce an os-
cillating or rotating dipole moment, re-
spectively, in the laboratory frame.

As a final exercise, let us compute the first order dipole-dipole interaction for

two molecules in the |𝑖⟩ ≡ (|00⟩ − 𝑒−𝑖𝜔𝑡 |11⟩)/
√
2 superposition. This calculation will
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elucidate our experimental work presented in Sec. 6.2. Recall that the interaction

term is

⟨𝑖1, 𝑖2 ⊗ 𝐿,𝑚𝐿|𝑉DDI |𝑖1, 𝑖2 ⊗ 𝐿′,𝑚′
𝐿⟩ (6.13)

In the real-space representation, there are now three sets of angles: 𝜃1,2, 𝜑1,2 represent-

ing the polar and azimuthal angles of each molecule with respect to the quantization

axis |𝑧⟩, and the relative coordinates 𝜃, 𝜑. First, we compute the DDI expectation for

the internal portion of the wavefunctions. We can time-average by integrating out the

time-dependence, as no dynamics are fast enough to occur at microwave frequencies

of the ac field. Then, the only surviving terms are components in which molecule 1

(in the |00⟩ state) and molecule 2 (in the |11⟩ state) exchange a quantum of rotational

excitation, and vice versa. These components are calculated by integration over the

two molecules’ solid angles,

⟨𝑖1, 𝑖2|𝑉DDI |𝑖1, 𝑖2⟩ =
𝑑20
2𝑅3

∫︁ ∫︁
𝑑Ω1𝑑Ω2×

𝑌 *
0,0(𝜃1, 𝜑1)𝑌

*
11(𝜃2, 𝜑2) (𝑟1 · 𝑟2 − 3(𝑟1 · 𝑟)(𝑟2 · 𝑟))𝑌1,1(𝜃1, 𝜑1)𝑌00(𝜃2, 𝜑2)

=
𝑑20
𝑅3

(︂
1

6
− sin2 𝜃

4

)︂
(6.14)

To give a conceptual picture of this interaction term, consider this potential as a func-

tion of polar angle 𝜃, as plotted in Fig. 6-4. When the relative angle 𝜃 = 0, molecules

are always meeting in the parallel configuration, with head-to-head orientation; thus

𝑉DDI is positive and repulsive. At 𝜃 = 𝜋/2, sometimes they meet head-to-head,

sometimes head-to-tail, but on average the potential is attractive (negative).
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Figure 6-4: The first-order
dipole-dipole interaction between
two identical molecules in the
|𝑖⟩ = 1√

2
(|𝐽 = 0,𝑚𝐽 = 0⟩− 𝑒−𝑖𝜔𝑡 |1, 1⟩)

state, as calculated in Eq. 6.14. Car-
toons show the relative orientation for
polar angle 𝜃 between the two wave-
functions, with the arrows indicating
the dipole orientation.
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The final step would be to consider the collisional (external) degree of freedom by

"sandwiching" the expression 6.14 between ⟨𝐿,𝑚𝐿|...|𝐿,𝑚′
𝐿⟩,

⟨𝐿,𝑚𝐿, 𝑖1, 𝑖2|𝑉DDI |𝐿′,𝑚′
𝐿, 𝑖1, 𝑖2⟩ =

𝑑20
𝑅3

∫︁
𝑑𝜃𝑑𝜑 sin 𝜃𝑌 *

𝐿,𝑚𝐿
(𝜃, 𝜑)×√︂

𝜋

45
𝑌2,0(𝜃, 𝜑)𝑌𝐿′,𝑚′

𝐿
(𝜃, 𝜑)

=
𝑑0
6𝑅3

(−1)𝑚𝐿
√︀
(2𝐿+1)(2𝐿′+1)×⎛⎝ 𝐿 2 𝐿′

−𝑚𝐿 0 𝑚′
𝐿

⎞⎠⎛⎝𝐿 2 𝐿′

0 0 0

⎞⎠ (6.15)

Finally, a sum over partial waves with the appropriate symmetry conditions is needed.

To conclude, I have analyzed dipolar collisions in the cases of dc- and ac-field

polarized molecules, deriving explicit expressions for the expectation of dipolar inter-

action energy for certain cases.

6.1.3 Past work on ultracold molecular collisions

This section reviews the investigations into molecule-molecule collisions, in the

cases of unpolarized and polarized molecular ensembles.

Without an external symmetry-breaking field, unpolarized molecules collide with

isotropic, short-range interactions. Experimentally, ultracold collisions in unpolarized

molecules have been studied in 40K87Rb [174, 179], 23Na40K [183], 87Rb133Cs [224, 103],
23Na87Rb [251], 23Na6Li [202], 87Rb2 [78], and 40Ca19F [52]. These experiments were

performed with molecules populating the 1Σ ground state, with the exception of

metastable 3Σ for NaLi and Rb2 and ground state 2Σ for CaF. The proof of collisions

came from measured two-body loss rates, 𝛽, defined as the number of molecules

lost per unit time per initial density. These rates were all found within an order of

magnitude predicted by universal loss models [196, 125] in which two molecules have

unit probability of loss upon reaching short range.

Several two-body loss mechanisms must be considered, in principle. Molecules in

excited states can collide and relax into lower-lying states. Absolute ground state
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molecules can also undergo chemical reactions. With molecules formed by atomic

constituents𝐴 and𝐵, reactions can take one or more of the following forms, depending

on (energy, momentum) conservation laws:

𝐴𝐵 + 𝐴𝐵 →𝐴2 +𝐵2

𝐴𝐵 + 𝐴𝐵 →𝐴𝐵2 + 𝐴 or 𝐴2𝐵 +𝐵

𝐴𝐵 + 𝐴𝐵 (+ trap light) →Complex (A,A,B,B) (6.16)

The two-particle loss is dominated by chemical reactions, possibly aided by the pres-

ence of optical trap light [57]. Trap-induced loss was recently characterized in ground

state RbCs [102] and KRb [155] in the presence of 1064 nm light.

Collisions between dipolar molecules are especially important in order to make use

of molecule’s long-range, anisotropic interactions. Dipolar collisions with electrically

polarized molecules were first studied in the JILA group [175] by observation of an

increase in loss rate of fermionic KRb due to enhanced chemical reaction rates, with a

dipole moment of up to ∼ 0.2D induced by an electric field. Using a similar technique,

Ref. [112] reported inducing a dipole moment up to 0.7D in bosonic NaRb and studied

the temperature-dependent dipolar loss rates. Dipolar interactions in lattice-trapped

KRb molecules were realized in [244, 118] by resonantly coupling rotational states.

Another method of allowing dipolar collisions is the preparation of an incoherent

mixture of opposite-parity rotational states, realized in Ref. [103] using bosonic RbCs

molecules and equivalent to the interaction of two space-fixed dipoles at 0.5 D.

In these experiments, tunability of the dipolar interaction was limited by maxi-

mum experimental electric field strength, intrinsically small dipole moments, or the

initial state admixture. We extended the study of dipolar collisions to fermionic NaK

and demonstrated a highly flexible method to induce a significant fraction of NaK’s

body frame dipole moment of 2.7D: microwave dressing.
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6.1.4 The promise of microwave dressing

As the preceding sections have demonstrated how to induce dipole moments with

microwaves, I now review selected theoretical proposals involving such microwave

dressing schemes. Microwave dressing of molecules is a crucial component of several

proposals that require induced long-range dipole-dipole interactions. It can be used

to create exotic states of matter in bulk [39, 164, 37, 59, 148] and lattice quantum

gases [236, 101]. In addition, standing-wave microwave fields in resonant cavities

have been proposed to trap polar molecules [74, 79, 240]. Furthermore, engineering

repulsive interactions via microwave dressing can potentially shield molecules from

binary collisions [98, 39, 164, 100, 132, 144], which limit the lifetime of bulk molecular

gases both in chemically reactive [179, 251] and non-reactive species [224, 239, 185,

112, 103] in the presence of trapping light [57].

6.2 Resonant dipolar collisions of ultracold 23Na40K

In this section, I present the first experimental results of microwave dressing on

ultracold molecules and the observation of resonant dipolar collisions with cross sec-

tions exceeding three times the 𝑠-wave unitarity limit [248]. The origin of these

collisions is the resonant alignment of the approaching molecules’ dipoles along the

intermolecular axis, which leads to strong attraction. Microwave dressing enhances

the probability for two molecules to reach short-range, where they can undergo light-

assisted chemical reactions in the presence of the trapping laser [57]; while ultimately

this photoinduced loss can be eliminated by using repulsive box potentials [94, 169],

here the loss is employed as an efficient detector for the two-body collision cross sec-

tion. We explain our observations with both coupled-channels calculations as well as

a conceptually simple two-state picture based on the Condon approximation.
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6.2.1 Sample preparation of relevant 𝐽 = 0, 1 states

In the MIT experiment, we observe strong microwave-induced interactions be-

tween fermionic 23Na40K molecules. The microwaves address the transition between

the ground and the first excited rotational state. To start our experiment, we pre-

pare a molecular gas in the absolute electronic, vibrational, rotational and hyperfine

ground state, as described in Ch. 5 and Ref. [183, 182, 239]. In short, ultracold atomic

mixtures of 23Na and 40K are confined in an optical trap at 1064 nm and cooled to

a temperature of 𝑇 =560(80) nK. 23Na40K molecules are coherently associated from

this sample and initialized in the lowest vibrational, rotational and hyperfine state of

the ground electronic 𝑋1Σ+ manifold, with a peak density of 3.2(3)× 1010 cm−3.

Without any external electromagnetic fields, the dominant interaction is the back-

ground rotational van der Waals (vdW) interaction resulting from second-order dipo-

lar coupling to the first rotationally excited state [183]. A microwave field near the

resonance of the transition between the ground and first excited rotational state is

applied, thereby inducing a time-varying dipole moment in each molecule as explained

in the preceding section. Tuned to the transition between 𝐽 =0 and 𝐽 =1, a resonant

circularly polarized microwave field induces a dipole moment of 𝑑0/
√
6≈ 1.1D, rotat-

ing with the microwave electric field (see Sec. 6.1.2). We note the microwave antenna

produces radiation at all polarizations: 𝜋, 𝜎+, and 𝜎−.

6.2.2 Observation of Autler-Townes splitting

To demonstrate the presence of microwave dressing, we induce an Autler-Townes

splitting of the 𝐽 =0→ 𝐽 =1 transition. A microwave field with Rabi frequency

ΩR/2𝜋=7kHz is applied on resonance with the transition between |𝑔2⟩≡ |0, 0,−3, 3/2⟩

and |𝑓⟩, predominantly equal to |1, 0,−4, 3/2⟩, as shown in Fig. 6-5(b). This dressing

field induces a splitting of the excited state, which is probed by scanning the frequency

of a weaker microwave tuned near the |𝑔1⟩→ |𝑓⟩ transition. We observe an Autler-

Townes doublet as shown in Fig. 6-5(c), demonstrating that the |𝑔1⟩ state is only

depleted by the probe field when it is tuned to the dressed resonances. The appearance
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Figure 6-5: Microwave dressing in 23Na40K, reproduced from [248]. (a) Schematic
energy level diagram, labeled by rotational quantum numbers 𝐽,𝑚𝐽 and microwave
photon number 𝑁 . Hyperfine structure is omitted for simplicity. The rotational
ground state |𝐽 = 0,𝑚𝐽 =0⟩ is coupled by a 𝜎+-polarized microwave field to the lowest
energy state in the 𝐽=1 manifold, |1, 1⟩, resulting in dressed states |−⟩ , |+⟩. Higher-
lying “spectator" states (i.e., |1, 0⟩ and |1,−1⟩) are not coupled by the microwaves.
Molecular wavefunctions are depicted with color encoding the wavefunction’s phase.
(b) Level scheme with the relevant molecular states for Autler-Townes spectroscopy.
A microwave field with Rabi frequency ΩR/2𝜋=7kHz is used to address the |𝑔2⟩→ |𝑓⟩
transition. The weaker probe microwave field has a frequency detuning 𝛿𝑃 that is
scanned around the |𝑔1⟩→ |𝑓⟩ transition. (c) An Autler-Townes doublet is observed
when scanning the probe microwave. The solid line shows a double Lorentzian fitted
to the lineshape.

of the doublet is an unambiguous signature of dressing.

6.2.3 Microwave dressing: 2-body loss rate and collision cross-

section

In this section, the methods and main results of the microwave dressing experiment

are presented. We found that microwave dressing dramatically enhances molecular

interactions. Although 23Na40K should not experience two-body collisional loss in its

electronic and vibrational ground state, the trapping laser at 1064 nm leads to pho-

toinduced loss for two molecules at short range [57]. We employ this loss mechanism

as a probe for microwave-induced two-body collisions.

To start, the dressing microwave field was first applied with a frequency far below
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the lowest rotational resonance, the |𝑔1⟩→ |𝑓⟩ transition. Here, and for the remainder

of the chapter, |𝑓⟩ represents the lowest energy 𝐽 =1 state, which has predominantly

|1, 1,−4, 3/2⟩ character. More precisely, at B= 129G, 𝐼trap=4000W/cm2, and the

trap polarization angle ∼ 15∘ from the magnetic field, the state decomposition of |𝑓⟩

is |𝑓⟩≈ 0.74 |1, 1,−4, 3/2⟩+ 0.63 |1, 0, 3/2,−3⟩+ 0.12 |1, 0, 3/2,−4⟩.

The frequency was then swept adiabatically from the initial detuning 𝛿initial, where

the molecule in the lower dressed eigenstate |−⟩ has predominantly |𝑔1⟩ character, to

a detuning 𝛿final near or on the dressed resonance (see Fig. 6-6(a)). The field was

generated using a fixed microwave frequency source (Rohde and Schwarz, SMF100A)

at 𝜔MW =5.573 379GHz and a programmable radio-frequency source (Agilent 33250A

function generator) at 𝜔RF ≈ 70MHz. The two signals were mixed (Mini Circuits

mixer ZMX-7GHR), and the radio-frequency source was tuned so the higher-frequency

sideband 𝜔MW +𝜔RF was initially 𝛿initial away from the |𝑔1⟩ → |𝑓⟩ resonance, ending

at a detuning of 𝛿final after a linear sweep lasting 4 ms. 𝛿initial was typically 12 kHz

below 𝛿final. The carrier frequency and the lower sideband were more than 70MHz

detuned from any rotational transitions and were not expected to play any role in the

dynamics.

The radiation characteristics of the microwave antenna were empirically deter-

mined via microwave spectroscopy in a previous experiment [239]. Rotational transi-

tions were driven to multiple hyperfine states in 𝐽 =1, and the microwave absorption

features were scaled to match the line strengths determined by a theoretical model

of the single-molecule Hamiltonian [239]. The resulting radiation had an estimated

50% 𝜋, 25% 𝜎+, and 25% 𝜎− character.
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Figure 6-6: Observation of resonant dipolar collisions between dressed molecules,
reproduced from [248]. (a) Dressed energies as a function of the microwave frequency
detuning 𝛿 from the |𝑔1⟩→ |𝑓⟩ transition, at 129G. 𝛿 is swept from far-off-resonance
(typically 12 kHz below 𝛿final) to a final detuning at a rate of 3 kHzms−1 and held
for a varying hold time 𝑡. (b) Evolution of the molecule number under microwave
dressing with ΩR/2𝜋=1.7 kHz for 𝛿final= − 20,−5, and 0 kHz (in blue triangles, red
circles, and grey diamonds). A lifetime curve of |𝑔1⟩ taken without microwaves is
shown as open circles. Dashed lines are two-body decay fits. (c) Collision rates (left
axis) obtained from loss coefficients (right axis) of dressed molecules as a function of
𝛿final for ΩR/2𝜋=1.7 kHz (squares) and 2.4 kHz (diamonds). The black dot-dashed
line shows the universal 𝑝-wave loss at 560 nK [125], the green dotted line includes
the additional loss from first-order dipole-dipole interactions. The unitarity limit
for the loss rate from a single partial wave is shown as the black dashed line. The
blue dashed line shows the coupled-channels prediction, assuming pure 𝜎+ microwave
polarization, and the red line depicts the rate given by the Condon approximation.
Including all microwave polarizations, the Condon approximation increases to the red
dashed line.

Fig. 6-5(a) depicts the dressed eigenstate |−⟩, a superposition of the states |𝑔1⟩

and |𝑓⟩. The red-detuned microwaves avoided driving other hyperfine transitions

during the sweep (the “spectator" states of Fig. 6-5(a)); the next higher 𝐽 =1 state
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lies 27 kHz above the |𝑓⟩ state. The microwave field was held at its final detuning for

a varying amount of time, allowing collisions to occur, before the detuning was swept

back to 𝛿initial and the remaining |𝑔1⟩ molecules were imaged.

We observed the evolution of the molecule number in |𝑔1⟩ as a function of hold

time to extract the loss rate of the ensemble. The loss curves were fit to a two-body

decay model, where the Gaussian density 𝑛(𝑡) as a function of time obeys

𝑛(𝑡) = 𝑛0/(1 + 𝛽𝑛0𝑡) (6.17)

Here, 𝑛0 is the initial average molecule density and 𝛽 is the two-body loss coefficient.

This evolution is governed by solving the differential equation, 𝑑𝑛
𝑑𝑡

= −𝜅𝛾𝑛(𝑡)𝛾, where

𝜅𝛾 is the rate constant stemming from 𝛾-body collisions. To verify that two-body

loss more appropriately models the data compared to one- and three-body losses,

the lifetime curves were also fitted with solutions of the differential equations with

𝛾 = 1, 3. The reduced chi-squared goodness-of-fit for 𝛾 = 2 gave the best performance,

as shown in Fig. 6-7 for the case of 𝛿final = 2 kHz.

Figure 6-7: Comparison of 1-, 2-, and 3-body decay models for molecular lifetimes
during microwave dressing. Circles represent 𝐽 = 0 molecule numbers for 𝛿final =
2 kHz. The decay curves were determined via least-squares fitting with 𝛾 = 1, 2, 3
respectively. The reduced chi-squared is minimized for the two-body decay curve
given by Eq. 6.17.

The microwave dressing shortened the sample lifetime by orders of magnitude,

compared to the ∼3 s lifetime in the absence of microwaves (see [183, 239] and

Sec. 5.3). Examples for certain detunings are shown in Fig. 6-6(b). Since both
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molecules involved in the collision are lost, the loss rate is related to the two-body

scattering cross section 𝜎 by 𝛽 = 2 ⟨𝜎𝑣⟩, where ⟨. . . ⟩ denotes the ensemble average

and 𝑣 the relative velocity of colliding molecules. We therefore define a thermally

averaged scattering cross section 𝜎T = 𝛽/2 ⟨𝑣⟩, with ⟨𝑣⟩=
√︀

8𝑘B𝑇/𝜋𝜇 the average rel-

ative velocity and 𝜇=(𝑚Na +𝑚K)/2 the reduced mass.

Figure 6-6(c) shows the measured collision cross section (red data points, left

axis) and associated loss rate (right axis) as a function of microwave detuning. The

resonant scattering rate is an order of magnitude larger than rates found in previ-

ous experiments [175, 112, 103]. Away from resonance, the scattering cross section

is reduced but remains orders of magnitude larger than that of both the bare |𝑔1⟩

and |𝑓⟩ states in the absence of microwaves. The bare states feature loss rates of

only 𝛽(bare)=2×10−11 cm3s−1 [183, 239], close to the universal loss rate of 𝛽(universal)

=3×10−11 cm3s−1 [125], which reflects the loss when the molecules only experience

vdW interactions under 𝑝-wave collisions.

Comparison of loss rate to the unitarity limit

To emphasize how strongly microwave dressing can modify interactions, the compar-

ison to the 𝑠-wave unitarity limit is useful. A single partial wave contributes at most

the unitarity limit, 𝜎(unitarity) = 𝜆2dB/4, limited by the de Broglie wavelength 𝜆dB =√︁
2𝜋ℎ̄2/𝜇𝑘B𝑇 , corresponding to a loss rate 𝛽(unitarity) =2ℎ̄𝜆dB/𝜇=1.7× 10−9 cm3s−1.

For ultracold bosons that undergo only 𝑠-wave collisions, 𝜎(unitarity) and 𝛽(unitarity) are

upper limits to the collisional cross section and loss rate, respectively. For ultracold

fermions such as 23Na40K, one might expect the 𝑝-wave centrifugal barrier to prevent

molecules from reaching short-range and thus reduce losses, but the dipole-dipole

interaction suppresses this barrier. For dressing on a 𝜎+ resonance, the first-order

dipole-dipole interaction is attractive for 𝑀𝐿= ±1, where 𝑀𝐿 is the projection of the

molecules’ relative angular momentum, leading to a 𝑝-wave loss rate that is at most

twice the unitarity limit.
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6.2.4 Discussion of resonant collisions

Here, the origins of the dressing-induced collisions are explained. We first consider

a simple description where the molecules in the |−⟩ state only experience background

vdW interactions and the first-order dipole-dipole interaction, neglecting all “specta-

tor states" and the upper dressed state |+⟩. The first-order interaction was explicitly

calculated in Sec. 6.1.2. In this approximation, the molecular dipole moments always

align with the rotating electric field. The resulting loss curve, shown as the green

dotted line in Fig. 6-6(c), is comparable to the unitarity limit near resonance. Away

from resonance where |𝛿final|≫ΩR/2𝜋, microwave dressing induces a negligible dipole

moment and the first order approximation to the collision rate rapidly decreases to

the universal limit. This disagrees with the experimental loss rates, which remain an

order of magnitude higher than the bare rate without microwave dressing even for

detunings greater than Ω𝑅. Thus, the first order dipole-dipole effect is insufficient to

explain the enhanced collision rates.

Next, we also consider contributions from the upper dressed state |+⟩, restricting

the two-molecule basis to |−−⟩ and (|+−⟩ + |−+⟩)/
√
2, written as |−+⟩ for con-

venience in the remainder of the chapter. This approximation is valid at detunings

greater than Ω𝑅, when accounting for only 𝜎+ microwave polarization and neglect-

ing the presence of “spectator states” |𝐽 =1,𝑚𝐽 =0⟩ and |1,−1⟩. Neglecting these

spectators, the dipoles can only ever point in the direction of the rotating microwave

electric field, i.e., in the 𝑥-𝑦 plane, as they approach each other at close range. The

interactions will thus be repulsive if molecules meet along the 𝑧-direction (𝑀𝐿 =0)

and attractive if they meet in the 𝑥-𝑦 plane, i.e. for 𝑀𝐿 = ± 1 (see Fig. 6-4). One

might therefore expect a maximum 𝑝-wave cross section of at most twice the unitarity

limit corresponding to the two attractive 𝑀𝐿 = ± 1 channels for thermal energies far

greater than the barrier height.

The potential landscape of two scattering molecules in the approximation of the

two-molecule basis is shown in Fig. 6-8(a). For red detunings exceeding the Rabi

frequency, the adiabatic potential curves for 𝐿 = 1, 𝑀𝐿 = 1 display an avoided
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crossing between the incoming centrifugal potential ∼ℎ̄2/𝜇𝑅2, with negligible dipolar

interaction, and the attractive potential

𝑉∼−ℎ𝛿final−
𝑑20

12𝑅3
+
ℎ̄2

𝜇𝑅2
(6.18)

corresponding to the time-averaged dipolar attraction of two classical rotating dipoles

of strength 𝑑0/
√
6 approaching in the plane of rotation. The diabatic potentials cross

at the Condon point 𝑅C, and an effective Rabi coupling leads to a 𝑝-wave barrier

𝑉𝑏∼
ℎ̄2

𝜇𝑅2
C

∝ |𝛿final|2/3 (6.19)

Intuitively, the closer the microwaves are to resonance, the further down the barrier

is pulled compared to the field-free case. Incoming molecules can reach this barrier,

entering short range, leading to high scattering rates even for off-resonant dressing.

We have just considered a simplified two-level treatment involving |−⟩ and |+⟩.

However, a quantitative comparison to the data requires treating the “spectators”

|𝐽 =1,𝑚𝐽 =0⟩ and |1,−1⟩, as they are sufficiently close in energy (within 27 kHz).

These “spectators" enable the molecules to reorient so that their dipoles point head to

tail (see Fig. 6-8(b)), leading to resonant dipole-dipole interactions. This occurs when

the dipolar energy overcomes the energy difference between the dressed incoming state

and the state of attractively interacting molecules, or classically, when the electric

field applied by one molecule on the other exceeds the electric field of the applied

microwaves. Then, the relevant excited two-molecule state discussed previously for

Fig. 6-8(a) is no longer |−+⟩ in character, but rather ℛ̂ |00, 10⟩, corresponding to the

state with the dipole moments aligned with the intermolecular axis. This state will

be discussed in depth in Sec. 6.2.5. The excited and initial states are coupled by the

microwave field, leading to the blue adiabatic potential curve in Fig. 6-8(b).

Thus at short range the interaction between two microwave-dressed molecules in-

coming in the lowest internal state |−−⟩ will always be attractive regardless along

which direction the molecules meet, i.e., for all three 𝑀𝐿 components, giving a po-
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tential

𝑉∼−ℎ𝛿final−
2𝑑20
3𝑅3

(6.20)

This resonant dipolar collision leads to 𝑝-wave loss as high as three times the unitar-

ity limit. (The lowest adiabatic potential curve contains only a small barrier that is

well below the thermal kinetic energy of 12 kHz. Hence, 𝑀𝐿=0 collisions can occur

essentially without a barrier and add to the total cross section by about one addi-

tional unitarity-limited cross section, in contrast to expectations from only first-order

dipolar interactions.) Even faster losses require inclusion of higher partial waves,

𝐿> 1. Compared to the spectator-free case of Fig. 6-8(a), the barrier height is shifted

down and the Condon point is moved outwards. In this description, strong losses

(beyond the universal 𝑝-wave rate) will occur even at detunings much larger than Ω𝑅

– where there is almost no dressing and no admixture of the excited 𝐽 = 1 level in

the single-molecule eigenstate.
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Figure 6-8: Two-state picture of dipolar interactions between microwave-dressed
molecules, valid for detunings larger than the Rabi coupling, and shown here for
𝑀𝐿=1. Reproduced from [248]. (a) Interaction potentials for molecules in the
|−−⟩ and |−+⟩ states. An effective microwave Rabi coupling between the branches
causes an avoided crossing at 𝑅C. Excluding spectator states, the molecules remain
aligned with the microwave field. ΩMW is the effective Rabi frequency between the
two states, proportional to ΩR (see supplement of [248]). (b) The same as (a) but
including spectator states: the relevant excited potential comes from two molecules in
the ℛ̂ (|00⟩|10⟩+ |10⟩|00⟩) /

√
2 state (see Sec. 6.2.5), which represents the molecules

aligning at short range along the intermolecular axis 𝑅̂. Here, molecules experience
strong, resonant dipole-dipole interactions.

Full coupled-channels model of loss rates

For a full model of the observed loss curves we employ coupled-channel (c.c.) cal-

culations (see the dashed blue line of Fig. 6-6(c)). These were computed by Tijs

Karman, and a more complete description can be found in the supplement of [248].

The molecules are represented as rigid rotors with hyperfine structure that inter-

act through dipole-dipole interactions and undergo photoinduced loss at short range,

modeled by an absorbing boundary condition. 𝑆-matrices were calculated for both
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the long- and short-range product channels. Two types of lossy collisions were con-

sidered: inelastic scattering to other molecular levels (computed from the long-range

part), or flux reaching the absorbing boundary condition at 𝑅min = 50 𝑎0 (computed

from the short-range part). Collision cross-sections for both processes were computed

for many energies, between 1 nK and 10𝜇K. Thermal rate coefficients were then

calculated by averaging the cross sections over a Maxwell-Boltzmann distribution,

𝛽 =

√︃
8𝑘B𝑇

𝜋𝜇

1

(𝑘B𝑇 )2

∫︁ ∞

0

𝜎(𝐸) exp

(︂
− 𝐸

𝑘B𝑇

)︂
𝐸𝑑𝐸, (6.21)

where the temperature is 𝑇 = 560 nK.

The scattering calculations capture both the high loss rate on resonance, exceed-

ing three times the 𝑠-wave unitarity limit, and the slow decrease with detuning: even

at |𝛿final|≫ΩR/2𝜋≈ 2 kHz, the loss is significantly higher than the universal loss rate,

obtained without microwave dressing. However, the experimentally observed loss de-

creases even more slowly with detuning than for c.c. calculations that include only

𝜎+ polarization. We attribute this to the 𝜋 and 𝜎− components of the microwave

field (which together account for about 75% of the radiation amplitude for our an-

tenna). On the 𝜎+ resonance, these field components address far-detuned hyperfine

transitions, and their effect can be neglected. Away from resonance, however, these

field components should contribute comparably and hence double the effective Rabi

frequency.

To summarize the coupled-channels results, we have shown this calculation accu-

rately reproduces experimental losses, especially for small detunings.

6.2.5 Simplified two-state picture of losses

Without the full coupled-channels machinery, losses can be analytically derived in

a conceptually simple two-state picture. This section presents the theoretical basis for

using this picture and comparisons to experiment. At short 𝑅, where the dipole-dipole

interaction becomes larger than ℎ̄Ω and 𝑘B𝑇 , the molecular dipole moments quantize

along the intermolecular axis, and the microwaves resonantly drive a transition from
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the incoming two-molecule state |−−⟩ to an excited two-molecule state that is im-

mediately lost. Thus, the calculation of the loss rate reduces to a calculation of the

microwave coupling strength between the initial and final lossy state. For detunings

exceeding the Rabi frequency 𝛿 ≫ Ω, we employ the reflection approximation for the

Franck-Condon overlap [130, 40, 27] to estimate loss rates, with results that match

experimental observations. In this discussion, we neglect hyperfine interactions. A

more concise version of the following discussion can be found in the supplement of

[247].

A new basis for the two-molecule wavefunction

First, the two-state picture will be introduced, involving a more convenient basis of

eigenstates. Our original basis vectors are the two-molecule states, where a single

molecule is labeled by |𝐽,𝑀⟩:

|00, 00⟩ , |00, 1−1⟩ , |00, 10⟩ , |00, 1+1⟩ , |11, 1−1⟩ , |11, 10⟩ , |11, 1+1⟩ (6.22)

We consider only the resonant subspace where 𝐽 = 0 molecules have one more mi-

crowave photon than 𝐽 = 1 molecules. The microwave polarization is defined in the

laboratory frame with respect to the 𝑧 quantization axis. For the case of 𝜎+-polarized

microwaves, the states |10, 10⟩ , |10, 1−1⟩ and |1−1, 1−1⟩ are purely bystanders and do

not participate in the dynamics, and thus may be ignored. Furthermore, we implicitly

symmetrize the wavefunctions, i.e., |00, 11⟩ stands for (|00, 11⟩+ |11, 00⟩)/
√
2.

The dipolar interaction only couples the |00, 1𝑀⟩ states amongst each other. The

diagonal term arising from the dipole-dipole coupling was solved explicitly for the

|00, 11⟩ case in Sec. 6.1.2. The Hamiltonian is the sum of the dipole-dipole interaction,
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rotational energy, and microwave energy:⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 ℎ̄Ω√
2

0 0 0

0 1
3
𝑑20
𝑅3𝐶2,0(𝑅̂)− ℎ̄𝛿 1√

3

𝑑20
𝑅3𝐶2,1(𝑅̂)

√︁
2
3
𝑑20
𝑅3𝐶2,2(𝑅̂) ℎ̄Ω

2 0 0

0 − 1√
3

𝑑20
𝑅3𝐶2,−1(𝑅̂) −2

3
𝑑20
𝑅3𝐶2,0(𝑅̂)− ℎ̄𝛿 − 1√

3

𝑑20
𝑅3𝐶2,1(𝑅̂) 0 ℎ̄Ω

2 0

ℎ̄Ω√
2

√︁
2
3
𝑑20
𝑅3𝐶2,−2(𝑅̂) 1√

3

𝑑20
𝑅3𝐶2,−1(𝑅̂) 1

3
𝑑20
𝑅3𝐶2,0(𝑅̂)− ℎ̄𝛿 0 0 ℎ̄Ω√

2

0 ℎ̄Ω
2 0 0 −2ℎ̄𝛿 0 0

0 0 ℎ̄Ω
2 0 0 −2ℎ̄𝛿 0

0 0 0 ℎ̄Ω√
2

0 0 −2ℎ̄𝛿

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(6.23)

with 𝐶ℓ,𝑚(𝑅̂) the Racah-normalized spherical harmonics. Note that 𝑅̂ = (cos𝜑 sin 𝜃,

sin𝜑 sin 𝜃, cos 𝜃), where 𝜃/𝜑 are the polar/azimuthal angles of the intermolecular axis

with respect to the lab frame.

The microwave polarization can be reduced to three independent components,

𝑒±, 𝑒0. In the following we assume the microwave field has only 𝜎+ polarization along

𝑒+.

To find a basis that is "more diagonal" in the dipole-dipole interaction, consider

linear combinations of the states |00, 1𝑀⟩. For each of these three states, one may

define a unit vector that represents the orientation of the transition dipole matrix

element shared by the two molecules: ⟨00| 𝑑 |1𝑀⟩ ∝ 𝑒𝑀 . These three unit vectors

span 3D space and thus we can construct a two-molecule state |00, 1𝑣⟩ whose dipole

moment orientation 𝑣 is orthogonal to the internuclear axis 𝑅̂. This orthogonality

condition restricts 𝑣 to lie in a plane. To choose a single 𝑣, consider the subspace

spanned by the spectators {|00, 1−1⟩ , |00, 10⟩}; one such orthogonal vector 𝑒+ × 𝑅̂,

exists in this subspace and is also perpendicular to the microwave polarization.

We rotate the spectator subspace {|00, 1−1⟩ , |00, 10⟩} to make one of the resulting

basis states |00, 1𝑣⟩. What is the effect of this basis rotation on the other original

vectors? Each of the original spectator states |00, 1−1⟩ , |00, 10⟩ was coupled with

equal Rabi rate (Ω/2) to |11, 1−1⟩ , |11, 10⟩, respectively. Thus, when we simultane-

ously rotate the excited spectator subspace {|11, 1−1⟩ , |11, 10⟩}, no additional Rabi
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couplings are introduced. There naturally arises another vector 𝑤̂, orthogonal to both

𝑣 and the internuclear axis.

In the new basis {|00, 00⟩ , |00, 1𝑣⟩ , |00, 1𝑤̂⟩ , |00, 1𝑒⟩ , |11, 1𝑣⟩ , |11, 1𝑤̂⟩ , |11, 1𝑒⟩}
the Hamiltonian becomes⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 ℎ̄Ω√
2

0 0 0

0
𝑑20
3𝑅3 − ℎ̄𝛿 0 0 ℎ̄Ω

2 0 0

0 0 − 2𝑑20
3𝑅3+

𝑑20
2𝑅3 sin

2 𝜃−ℎ̄𝛿
𝑑20
2𝑅3 sin 𝜃𝑒

𝑖𝜑
√
1+ cos2 𝜃 0 ℎ̄Ω

2 0

ℎ̄Ω√
2

0
𝑑20
2𝑅3 sin 𝜃𝑒

−𝑖𝜑
√
1+ cos2 𝜃

𝑑20
3𝑅3−

𝑑20
2𝑅3 sin

2 𝜃 − ℎ̄𝛿 0 0 ℎ̄Ω√
2

0 ℎ̄Ω
2 0 0 −2ℎ̄𝛿 0 0

0 0 ℎ̄Ω
2 0 0 −2ℎ̄𝛿 0

0 0 0 ℎ̄Ω√
2

0 0 −2ℎ̄𝛿

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(6.24)

In the limit of |𝛿| ≫ Ω and for short distances, the eigenvalues are are −2𝛿 (with

multiplicity 3), 0, 𝑑0/3𝑅3 − ℎ̄𝛿 (multiplicity 2), and −2𝑑0/3𝑅
3 − ℎ̄𝛿. We highlight in

particular the eigenvalues 0 and −2𝑑0/3𝑅
3 − ℎ̄𝛿, corresponding to the ground state

|00, 00⟩ and the state whose dipole moment points in 𝑅̂, respectively. These two

states are pictured in Fig. 6-8(b) (with the centrifugal potential also included there).

Therefore, the eigenstates of the dipole-dipole interaction are more simply de-

scribed in the body-fixed frame rather than the space-fixed (laboratory) frame.

Formally, the rotated eigenbasis can also be obtained using Wigner matrices. We

stress the following discussion produces identical results to what was derived previ-

ously. Let ℛ̂ represent the rotation operator that transforms from the body-fixed to

the space-fixed frame by angle Ω⃗. The rotation acts on the dipole operator of the

laboratory frame, in which the microwave polarization 𝜎 is defined,

ℛ̂†𝑑𝜎ℛ̂ =
∑︁
𝜅

𝐷(1)*
𝜎,𝜅 (Ω⃗)𝑑𝜅. (6.25)

where 𝐷(𝐽)
𝑀 ′,𝑀 is a Wigner D-matrix of rank 𝐽 . The matrix subscripts are projection

indices denoting components of angular momentum 𝐽 . For more details on frame
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rotations, refer to Appendix F. Then, three of the bi-molecule eigenstates can be

written:

ℛ̂|00, 1𝐾⟩+ |1𝐾, 00⟩√
2

√︂
2𝐽 + 1

4𝜋
𝐷

(𝐽)*
𝑀,𝐾(Ω⃗) (6.26)

The good quantum numbers are the total angular momentum 𝐽 , its space-fixed pro-

jection quantum number 𝑀 , and the body-referred projection 𝐾. These eigenstates

are convenient to work with, as they are eigenvectors of 𝑉DDI with eigenvalues 1
3
𝑑20𝑅

−3

for 𝐾 = ±1 and −2
3
𝑑20𝑅

−3 for 𝐾 = 0, corresponding to the solutions of Eq. 6.24.

The 𝐾 = 0 case represents the eigenvector described previously whose dipole

moment points along the intermolecular axis, and the 𝐾 = ±1 eigenvectors are

orthogonal to it.

The relevant potential curves are pictured in Fig. 6-9, which is a cartoon repre-

senting the situation of Fig. 6-8(b) for the 𝐾 = 0 case. Here, the two-molecule ground

state, |𝑔⟩ = |00, 00⟩|𝐿𝑀𝐿⟩, experiences essentially no dipole-dipole interactions, and

its potential is given by the centrifugal term and the background vdW interaction.

The excited 𝐾 = 0 state, |𝑓, 𝐽𝑀⟩ = ℛ̂ |00,10⟩+|10,00⟩√
2

√︁
2𝐽+1
4𝜋

𝐷
(𝐽)*
𝑀,0 (Ω⃗), experiences at-

tractive resonant dipole-dipole interactions. It crosses the ground state potential at

the Condon point

𝑅C =

(︂
2𝑑20
3ℎ̄𝛿

)︂1/3

(6.27)

neglecting the contribution of the ground state potential, which does not change

significantly in the relevant region. Finally, the ground and excited states are coupled

by the microwave field

⟨𝑓, 𝐽𝑀 |𝐻̂MW|𝑔⟩|𝐿𝑀𝐿⟩ =
ℎ̄Ω

√
3

2𝑑0
⟨𝑓, 𝐽𝑀 |𝑑𝜎|𝑔⟩|𝐿𝑀𝐿⟩

=
ℎ̄Ω√
2

√︂
2𝐿+ 1

2𝐽 + 1
⟨𝐿𝑀𝐿1𝜎|𝐽𝑀⟩⟨𝐿010|𝐽0⟩, (6.28)

where 𝜎 = +1, 0, or −1 for 𝜎+, 𝜋, or 𝜎− polarized microwaves.
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Figure 6-9: Cartoon of the approximation method [130, 40, 27] for the Franck-
Condon factor. The dashed red line shows the incoming state wavefunction, |Ψ𝑖⟩.
The ground and excited potentials are depicted as black dashed lines, with their
slopes highlighted at the Condon point. Using the slope values and |Ψ𝑖(𝑅C)⟩, the
Franck-Condon factor can be estimated by Eq. 6.35.

Approximation method for the Franck-Condon factor

With the convenient molecular basis established for our two relevant ground and ex-

cited states, we now turn to computing the loss rate using the reflection approximation

for the Franck-Condon factor [130, 40, 27].

The Condon approximation was first employed to calculate rate coefficients in

binary collisions of cold atoms due to the trapping laser [130]. It assumes losses occur

with unit probability on the attractive excited state potential, where the molecules can

reach short range, and that non-adiabatic transitions to the excited state occur only

at the Condon point. The approximation lies in the ability to estimate the ground-to-

excited Franck-Condon factor without knowing the eigenstates of the excited state.

All that is required is the ground state wavefunction and the slope difference between

the ground and excited wavefunctions at 𝑅C.

The molecular loss rate is given by

𝛽 =
2𝜋ℎ̄

𝜇

∑︁
𝐿,𝑀𝐿,𝐽,𝑀

⟨
1

𝑘
|𝑆𝑓,𝐽𝑀 ;𝑔,𝐿𝑀𝐿

|2
⟩
, (6.29)

where 𝑘 is the incoming wavenumber, the angular brackets indicate an ensemble
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average, and the squared 𝑆-matrix element is given by

|𝑆𝑖;𝑗|2 = 4𝜋2|⟨Ψ𝑖|𝐻̂MW|Ψ𝑗⟩|2, (6.30)

where |Ψ𝑖⟩ denotes an energy-normalized scattering state in channel 𝑖. The angular

part of the matrix element above is given in Eq. (6.28). The square of Eq. (6.28)

summed over 𝐽 , 𝑀 , and 𝑀𝐿 amounts to Ω2/2, regardless of the polarization of the

microwave field, 𝜎. Hence, we obtain for the loss rate coefficient

𝛽 =
4𝜋3Ω2ℎ̄

𝜇

∑︁
𝐿

⟨
1

𝑘
|⟨𝜓𝑒|𝜓𝑔⟩|2

⟩
. (6.31)

The Franck-Condon factor can be computed in the reflection approximation [130, 40,

27]. The full derivation can be found in Appendix B of [130]; here we merely sketch

it. For a generic two-state system in the presence of a light field, the ground and ex-

cited state wavefunctions can be written |𝜓𝑔/𝑒⟩ =
√︁

2𝜇
𝜋ℎ̄2 𝛼𝑔/𝑒(𝑅,𝐸(𝑒)) sin(𝛽𝑔/𝑒(𝑅,𝐸(𝑒)).

Here, 𝛽𝑔/𝑒 is the phase of the ground/excited wavefunction, 𝛼𝑔/𝑒 is the amplitude, and

the excited state energies are given by the potential differences at the Condon point,

𝐸𝑒 = 𝐸 + 𝑉𝑒(𝑅𝐶) − 𝑉𝑔(𝑅𝐶). The ground state phase and amplitude can be exactly

solved in the asymptotic limit; the excited state values are obtained through a WKB

approximation [130]. The Franck-Condon factor is, by definition, the norm-squared

wavefunction overlap:

|⟨𝜓𝑒|𝜓𝑔⟩|2 =
2𝜇

𝜋ℎ̄2

⃒⃒⃒⃒∫︁ ∞

0

𝑑𝑅𝛼𝑔𝛼𝑒 sin 𝛽𝑔 sin 𝛽𝑒

⃒⃒⃒⃒2
≈ 2𝜇

𝜋ℎ̄2
1

4

⃒⃒⃒⃒∫︁ ∞

0

𝑑𝑅𝛼𝑔𝛼𝑒 cos(𝛽𝑔 − 𝛽𝑒)

⃒⃒⃒⃒2
(6.32)

where the rapidly oscillating phase sum term is neglected in the last line. The phase

difference 𝛽𝑔 − 𝛽𝑒 is Taylor-expanded about the Condon point 𝑅𝐶 to quadratic order

in the position 𝑅. Then the integral term in the first line of Eq. 6.32 becomes√︃
𝜋ℎ̄2

2𝜇𝐷𝐶

𝛼𝑔(𝑅𝐶 , 𝐸) sin(𝛽𝑔(𝑅𝐶 , 𝐸)) (6.33)
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where 𝐷𝐶 is the difference in potential slope at the Condon point,

𝐷C =

⃒⃒⃒⃒
d (𝑉𝑔 − 𝑉𝑒)

dR

⃒⃒⃒⃒
𝑅C

(6.34)

Upon rewriting in terms of the ground state wavefunction, the simple formula for the

reflection approximation is attained:

|⟨𝜓𝑒|𝜓𝑔⟩|2 =
|𝜓𝑔(𝑅C)|2

𝐷C

(6.35)

Analytic result for loss rate from the Franck-Condon factor

At long range, the energy-normalized ground state radial wavefunction is given by

𝜓𝑔(𝑅) = 𝑅 𝑗𝑙(𝑘𝑅)

√︂
2𝜇𝑘

𝜋
(6.36)

where 𝑗𝑙 is the spherical Bessel function of the first kind. For our excited potential

and incoming potential, the slope difference at 𝑅𝐶 is 𝐷𝐶 = 2𝑑20𝑅
−4
C , where we have

neglected the background vdW interaction and the difference in centrifugal kinetic en-

ergy. Combining the result with the reflection approximation, we obtain the analytic

loss rate

𝛽 = 4𝜋2ℎ̄Ω2
R𝑅

6
C⟨𝑗𝑙(𝑘𝑅C)

2⟩/𝑑20

=
16𝜋2

9ℎ̄

Ω2
R

𝛿2
𝑑20 ⟨𝑗𝑙(𝑘𝑅C)

2⟩ (6.37)

This expression does not include the universal 𝑝-wave loss, which has to be added

on. The resulting approximation is shown as the solid red line in Fig. 6-6(c). The

Condon approximation is also adjusted to take into account the 𝜋 and 𝜎− components

of the microwave field, resulting in the red dashed line in Fig. 6-6(c). The adjusted

Condon approximation matches the experiment at higher detunings.

In summary, the two-state picture at high detunings can produce an accurate an-

alytic estimate for observed loss rates using the Condon approximation. This picture
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explains why losses are significantly greater than the background universal 𝑝-wave

rate even at large detunings, where there is almost no excited state character in

the dressed molecular states. This perspective of a resonant microwave transition

from the incoming channel to a lossy excited channel is a powerful tool for treating

microwave-induced dipolar collisions in general.

6.2.6 Influence of hyperfine structure on collisions

Here we consider how the dressing-induced collisions are affected by hyperfine

interactions that shift the “spectator states” relative to the state used for microwave

dressing. Recall that the maximum strength of resonant dipolar interactions is given

by the full transition dipole matrix element of the dressed transition. This requires

reorientation of the molecules along their intermolecular axis and thus inclusion of the

relevant |𝐽,𝑚𝐽⟩ states, typically split by the hyperfine interaction. Hence, resonant

interactions take full effect when the dipole-dipole interaction is large compared to

the hyperfine splittings.

Though here the microwave dressing was on the lowest 𝐽 =1 state, the choice to

dress on a higher hyperfine state would affect the induced collision rates. Potential

curves for dressing on states higher than |𝑓⟩ exhibit many crossings rather than

approaching an isolated attractive resonant dipole-dipole potential (see supplement

of [248]), leading to slower scattering rates for reaching short range (Fig. 6-10(a)).

Additionally, nonadiabatic transitions into lower-lying hyperfine states may increase

the inelastic losses of the reflected flux to hyperfine states other than the initial

channel, compared to the case of dressing on |𝑓⟩ (Fig. 6-10(b)).

6.3 Summary and outlook

In conclusion, we realized strong dipolar interactions via the technique of mi-

crowave dressing, an alternative to using static fields to polarize the molecules. The

observed dipolar collision cross-sections were in agreement with calculations from a

coupled-channels model and a two-state description using the Condon approximation.
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Figure 6-10: Hyperfine-state-dependent interactions, calculated at 129G. Repro-
duced from [248]. (a) The short-range loss, which occurs when the incoming molecules
reach the absorptive boundary condition that models photoinduced loss, is strongest
for the lowest hyperfine state |𝑓⟩, whereas excited hyperfine states have larger inelas-
tic loss (shown in (b)) due to transitions to different field-dressed levels and hyperfine
states. The single-channel unitarity limit is shown as the dotted line.

The characteristic range 𝑅C where the resonant dipolar collision occurs is directly con-

trolled by the microwave detuning. This range can easily reach the typical spacing

in optical lattices, ∼ 500 nm, enabling dipolar exchange energies to dominate over

all other relevant energy scales in the system. Therefore, state-dependent resonant

dipolar interactions induced by microwave dressing will enrich applications of polar

molecules in quantum computation and simulation of many-body physics.

Here we observed dressing through collisional losses, but under appropriate condi-

tions (e.g., molecules trapped in a repulsive optical “box" potential) the short-range

photo-induced losses should not occur. In such situations, microwave and electric

field dressing can lead to strong elastic scattering, offering a powerful technique to

tune intermolecular interactions. Prospects for such a "box" potential will be dis-

cussed in Ch. 7. Understanding and harnessing dipolar interactions in ultracold polar
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molecules will be crucial for the creation of novel phases of matter, including topo-

logical superfluidity [59].

166



Chapter 7

Conclusion and outlook

The quantum toolbox of ultracold atoms and molecules continues to grow in scope

and versatility as researchers endeavor to bring various degrees of freedom under con-

trol. On the atomic end, this thesis has presented our group’s work on realizing the

Bose polaron quasiparticle using an ultracold Bose-Fermi mixture. We detected a lin-

ear dependence of inverse quasiparticle lifetime on temperature at the Planckian scale,

a signature of quantum criticality. This result is one example of ultracold mixtures

elucidating the physics of correlated systems through quantum simulation. Addition-

ally, we have probed the collective modes of the fermionic impurities immersed in a

BEC and studied the onset of hydrodynamic flow induced in fermions by coupling

to the bosonic excitations. The transition from ballistic to hydrodynamic flow is an

important but poorly understood phenomenon in novel electronic systems.

For molecules, which are increasingly considered a frontier of the field, control over

the numerous degrees of freedom has not yet reached the extent to which cold atoms

can be manipulated. This thesis has summarized our work with ultracold dipolar NaK

molecules, focusing on tuning their dipole-dipole interactions via microwave dressing.

We demonstrated strong, resonant dipolar coupling between molecules, a prerequisite

for creating exotic superfluid phases or for fast gates between polar molecule qubits

for quantum information. Bit by bit, we and other groups around the world hope to

sufficiently tame molecules for studies in quantum simulation, chemistry, and precision

measurement, to the degree that our field already enjoys for cold atoms. Now I discuss
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some promising directions for near-term research on both fronts.

In this outlook chapter, I discuss a problem that bridges two seemingly disparate

topics: Bose polarons and ground state molecules. There are prospects of direct

conversion to ground state NaK molecules from fermionic K impurities immersed

in a Na BEC with attractive interactions, presented in Sec. 7.1. Additionally, the

feasibility of confining molecules in a repulsive "box" potential will be discussed in

Section 7.2. Such a trap avoids the fast light-assisted two-body loss that currently

limits our molecule lifetimes in an attractive optical potential [57]. Therefore, repul-

sive trapping could pave the way toward realizing degenerate, long-lived dipolar gases

of NaK in our system.

7.1 From Bose polarons to ground state molecules

At first glance, the many-body physics of the Bose polaron is distinct from the

two-body physics of a molecule. However, there is a rich interplay between the two

frameworks in the vicinity of a Feshbach resonance. Prospects for future work include

studying the relationship between a Bose polaron quasiparticle and a molecular dimer

formed by mixtures of bosonic 23Na and 40K atoms. Our motivation is twofold.

First of all, the phase diagram of the Bose-Fermi mixture is not well understood,

and in particular, understanding the Bose polaron impurity problem is an ongoing

effort for theory [227, 198, 56, 108, 233, 7, 8, 109, 214, 150, 111, 254, 80, 87] and

experiment [200, 50, 123, 128, 247]. Secondly, we would like to explore whether

molecule formation of ground state 23Na40K can be made more efficient.

We consider the phase diagram of an impurity immersed in a bosonic bath with

strong interactions. As discussed in Ch. 3, the character of the ground state of this sys-

tem depends on the sign and strength of the interactions, parameterized by 𝑘𝑎, where

𝑘 is the boson wave-vector and 𝑎 is the s-wave scattering length. For 1/𝑘𝑎<0, the

attractive polaron is the ground state. Far on the repulsive side 1/𝑘𝑎≫0, the ground

state comprises the impurity pairing with a single boson to form a molecule. There

also exists a metastable repulsive polaron branch. Fig. 7-1 shows the energy across
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Figure 7-1: Cartoon of Bose po-
laron and molecule energies as a
function of interaction strength. The
attractive polaron has been predicted
to smoothly cross over into the molec-
ular dimer state [198, 152].

interaction strengths. Open questions include the nature of the evolution between

the polaron and molecule, the similarity between the attractive polaron and molecule

wavefunctions, and the continuity of parameters such as quasiparticle residue 𝑍 and

contact 𝐶 as interactions are tuned across the regions. In short, we would like to

understand the crossover or transition between the attractive polaron and molecule.

This question has been studied theoretically for the Fermi polaron, an impurity in-

teracting with a Fermi sea. There is a predicted first-order transition between the

attractive Fermi polaron and a bosonic molecule formed by a majority and minor-

ity fermion [192, 193, 36]. But unlike the case of the Fermi polaron to molecule

transition, the Bose polaron quasiparticle does not change its quantum statistics (the

polaron and the molecule both inherit the quantum statistics of the impurity, which

is fermionic in the case of 40K). The evolution from polaron to molecule has been pre-

dicted to be a smooth crossover [198, 152]. To our knowledge, these predictions have

not been verified experimentally by measurements of spectral functions or derived

quantities. Such a verification would benchmark theory and elucidate the connection

between many-body and few-body physics in Bose-Fermi mixtures.

Additionally, probing the evolution between polarons and molecules can pave the

way for a novel method to create ground state molecules. Currently, ground state

molecules are reached by first forming a loosely bound Feshbach molecule in an ex-

cited vibrational state. Formation of Feshbach molecules from free atoms is limited

by poor overlap in phase space between the two constituents; two atoms need to be

roughly a distance 𝑎 apart or closer, the typical size of a Feshbach dimer. However,

attractive polarons may provide a better starting condition for molecule creation.
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Our measurements of short-range correlations [247] suggest that at strong-coupling,

the attractive Bose polaron is an impurity with an enhanced local density of bosons

around itself. Of course, the attractive polaron is not a two-body bound state. How-

ever, there could be a high Franck-Condon factor between an attractive polaron and

a Feshbach molecule, enough such that direct photoassociation to a much "smaller"

molecule is possible. In certain cases, a direct two-photon transfer to the absolute

ground state (via STIRAP, see Ch. 5) may be possible.

7.2 Dipolar gases in a homogeneous potential

It could be beneficial to trap molecules in a homogeneous "box" potential for both

pragmatic and physics reasons, which I will now explore.

First of all, a homogeneous potential may increase the molecular conversion effi-

ciency, bringing the samples into quantum degeneracy. Thus far, most bulk molecular

experiments have been performed in inhomogeneous traps (often generated by optical

Gaussian potentials). When atoms of different species are magneto-associated into

Feshbach molecules, a bottleneck arises from the spatial overlap between the two sam-

ples. Particularly for a Bose-Fermi mixture in a harmonic trap, the Fermi gas extends

much further than the condensed bosons, which populate only the center of the trap

up to the Thomas-Fermi radius. Therefore, only 10-30% of Na and K atoms trans-

fer into molecules, the single least efficient step in the molecule formation, and this

problem is quite general for other bialkali molecule experiments in the bulk. Previous

studies have shown that the conversion efficiency in the bulk increases as a function

of increasing phase-space density [121]. A pair of atoms must be sufficiently close

in phase space for the association process (B-field sweep or rf injection) to transfer

it to a molecule– their relative momentum must be small compared to ℎ̄/Δ𝑟, where

Δ𝑟 is the atoms’ separation. For a condensate (every atom in the same phase) and

a Fermi gas (all occupying different phase space states) in a box potential, relative

distance and relative momentum between the species are constant, on average, over

the entire sample. Therefore, optimizing for best conversion locally is identical to a
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global optimization, and theoretically an ultracold mixture of equal densities should

approach 100% conversion into dimers. Furthermore, densities should be lower than

peak densities in harmonic traps, causing a reduction of three-body inelastic colli-

sion rates that limit Feshbach molecule formation and lifetime. For these reasons we

believe a box potential will enhance our molecular signal.

A second reason to pursue a homogeneous potential is for ease of interpreting

thermodynamic quantities of interest. In a harmonic trap, the varying density leads to

spatially varying energy and length scales. Local density approximations in harmonic

traps can help extract quantities of interest, but this sometimes breaks down, i.e., at

the edges of the BEC where density changes drastically over a small spatial region.

This poses a problem for studies of critical phenomena in which the correlation length

diverges. Furthermore, in a gas with changing density, a large region of the phase

diagram is occupied simultaneously, potentially obscuring interesting phases that arise

in a narrow parameter regime. Additionally, in a box potential, global probes such

as radiofrequency pulses address all molecules instead of a subset, and responses are

recorded with a higher signal-to-noise ratio. Thus, a box potential presents advantages

beyond molecular formation efficiency.

Given the advantages of a homogeneous potential, how does one construct such

a "box"? In cold atoms, a recent advance has been the realization of uniform box

potentials for bosonic [94] and fermionic [169] species. Confinement in three dimen-

sions is provided by blue-detuned laser light shaped into sharp barriers. Care must

be taken in choosing a wavelength that does not stimulate molecular transitions to

higher-lying electronic and vibrational states. However, it must be noted that photon-

induced losses on single molecules will be a surface effect in blue-detuned box traps,

not a bulk effect as in red-detuned bulk traps, potentially mitigating overall loss rates.

To prevent atoms from "falling down" to the bottom of the box, a magnetic

gradient potential levitates atoms against gravity. Fortunately for our experiment,

simultaneous levitation of 23Na and 40K should be possible due to the coincidence

that the gravitational force −𝑚𝑔 can be almost canceled by a single gradient value

for the two lowest-energy spin states, Na |𝐹 = 1,𝑚𝐹 = 1⟩ and K |9/2,−9/2⟩, which
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Figure 7-2: A homogeneous sam-
ple of molecules trapped in a re-
pulsive blue-detuned box poten-
tial, avoiding the two-body photo-
assisted losses experienced in red-
detuned bulk traps.

are stable against two-body collisions at working magnetic fields. This simultaneous

levitation is, in general, not possible for two arbitrary species. An illustration of NaK

molecules trapped in the box is shown in Fig. 7-2.

In conclusion, work in the near term will involve novel ways of creating and trap-

ping molecules. Rich prospects lie ahead for experiments with ultracold quantum

mixtures and dipolar molecules.
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Appendix A

Feshbach resonance landscape

between 40K and 23Na

To tune interactions between the species, we make use of the Feshbach resonances

between 23Na and 40K, shown in Fig. A-1. Our group’s previous measurement of the

interspecies resonances using Feshbach loss spectroscopy was reported in Ref. [184].

Another study on NaK was done by [255]. For this study we refined the location of

the resonances and zero-crossing of the scattering length using a technique based on

interspecies thermalization (similar to the method in Ref. [178]). We focus exclusively

on Na in the |𝐹,𝑚𝐹 ⟩ ≡ |1, 1⟩ state’s interaction with one of the two lowest K hyperfine

states, |9/2,−7/2⟩ and |9/2,−9/2⟩.

We start with a near-balanced thermal mixture of bosons and fermions prepared

in their lowest hyperfine states. They are trapped in a 1064 nm optical dipole trap

(crossed beams in the 𝑥-𝑦 plane). The magnetic field is adiabatically ramped to

80.3G in 20-40ms. We knew this field to be near a zero-crossing of the scattering

length, 𝑎 ≈ 0. Then, depending on which K state to be studied, we could perform

a Landau-Zener rotation to the |9/2,−7/2⟩ state. We quickly change the field (in

<1ms) to a varied final value, where we study thermalization. A 𝑥-directional beam

at 790 nm is applied at an intensity high enough to dominate the trapping in the

𝑦- and 𝑧-directions. Then, the system thermalizes for a fixed amount of time. All

dipole traps are suddenly turned off, and the atoms are allowed to freely expand for
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Figure A-1: Feshbach resonance landscape between 23Na and 40K. The s-wave
scattering lengths versus magnetic field for two K spin states |𝐹,𝑚𝐹 ⟩ = |9/2,−9/2⟩ ≡
|↓⟩ and |9/2,−7/2⟩ ≡ |↑⟩ and Na in the |1, 1⟩ 𝑠𝑡𝑎𝑡𝑒. Markers denote the magnetic
fields where we perform rf spectrsocopy for various 𝑎 for the Bose polaron study
described in Ch. 3

∼ 3-10ms. If the K was in the |9/2,−7/2⟩ state, a second Landau-Zener brings it

back to the lowest hyperfine state for imaging. The spatial profile of the K cloud

is analyzed, giving the ratio 𝜎𝑦/𝜎𝑥, where 𝜎𝑖 is the Gaussian width of the column

density in the 𝑖th direction.

The thermalization reveals the scattering length’s local minima and maxima as

a function of magnetic field. In the absence of interactions, the K width scales in

time-of-flight as

𝜎2
𝑖 (𝑡) = 𝜎2

𝑖 (𝑡)(1 + 𝜔2
𝑖 𝑡

2) (A.1)

where 𝑡 is the flight time and 𝜔𝑖 is the trap frequency. As 𝜔𝑥 ≪ 𝜔𝑦, the ratio 𝜎𝑦/𝜎𝑥

is larger than unity for times much greater than the inverse trap frequency. However,

when there are Na-K two-body collisions, momentum can be redistributed among

all three directions (with total kinetic energy and momentum conserved). The two-

body scattering rate is 𝑛𝜎el𝑣rel, where 𝑛 is the density overlap, 𝜎el=4𝜋𝑎2/(1 + 𝑘2𝑎2)

is the elastic scattering cross section, and 𝑣rel is the mean relative velocity. The

thermalization rate is the elastic two-body scattering rate up to a factor of order

unity. Typically it takes three scattering events to rethermalize, so the thermalization

rate ∼ 𝑛⟨𝜎el𝑣rel⟩/3, where brackets indicate a thermal average. Thus, at a Feshbach

resonance where |𝑎| is maximized, cross-dimensional rethermalization occurs most
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𝐵0 (G) Δ𝐵 (G)
K |9/2,−7/2⟩
81.65 0.30
90.40 6.50
110.30 17.05
K |9/2,−9/2⟩
78.35 5.80
89.80 9.55

Table A.1: NaK Feshbach resonances and widths from [229] involving Na in the
|𝐹,𝑚𝐹 ⟩ = |1, 1⟩ state and the specified K state.

quickly, and the spatial anisotropy is minimized. In contrast, this rethermalization

does not occur when 𝑎 = 0, and the anisotropy is maximized. The positions of the

local maxima and minima of 𝜎𝑦/𝜎𝑥 therefore correspond to experimentally determined

zero-crossings and Feshbach resonances, respectively.

The results of the cross-dimensional thermalization study are shown in Fig. A-2.

We have fit a phenomenological model as the solid line,

𝑎 = 𝑎𝑏𝑔
∏︁
𝑖

(︂
1 +

Δ𝐵𝑖

𝐵 −𝐵𝑖

)︂
(A.2)

We compared our empirical data with theoretical calculations from Eberhard Tie-

mann [229], based on numerically solving a coupled-channels Schrodinger equation

with singlet and triplet potential energy curves given by previous experimental mea-

surements. Details on the theory calculation can be found in [255]. Our empirical

resonances and zero-crossings are consistent with the calculated measurements given

in Tab. A.1. These calculated measurements were used in all reported scattering

lengths of this thesis, along with 𝑎𝑏𝑔 = −730 𝑎0.
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Figure A-2: Feshbach resonance and zero-crossing positions extracted from
cross-dimensional thermalization measurements. Blue circles show measure-
ments tailored for finding resonance positions, and green show the equivalent for
zero-crossings. Reported error bounds are fit errors from a phenomenological model,
not estimates of uncertainty.
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Appendix B

40K laser system and flux diagnostics

This appendix includes the detailed schematics of the potassium laser system

and the absorption characterization of the potassium flux. Details on the source

diode laser (DL PRO), frequency locking, slowing light, imaging, and optical pumping

setup can be found in Cheng Hsun Wu’s thesis [241]. Compared to the setup shown

therein, we now directly increase the source diode laser’s power via a tapered amplifier

(TA) with optical isolation (ISO), and split the source into two separate frequency

components, the main MOT light and the repumper (shown in Fig. B-1). These two

components seed the MOT and repumper TA’s directly (not pictured). A portion of

those TA outputs go into the slowing, optical pumping, and imaging paths, as shown

in [241]. The remainder is used for magneto-optical trapping via a home-built 2 x 6

fiber manifold, shown in Fig. B-2.

Flux diagnostics

When the atom number in the 40K MOT is unsatisfactory, a characterization of

atom flux at the slower may be beneficial. We utilize the more common isotope 39K,

the same isotope used for the frequency locking, to characterize flux via spectroscopy.

Sending in a 1mm diameter beam into the chamber, directly after the atom shut-

ter [241], we are able to measure the following absorption feature in Fig. B-3. Care

must be taken so the power is below saturation. Moreover, stabilization of light by a
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Figure B-1: Schematic of the fre-
quency shifters for the MOT and re-
pumper components for 40K laser cool-
ing.

servo is desirable to increase signal-to-noise.
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Figure B-2: Schematic of fiber mani-
fold for 40K light, taking inputs from the
MOT and repumper tapered amplifiers
and outputs into each of the six laser
cooling beams on the experiment. Each
fiber incoupler has a half- and quarter-
waveplate (not pictured) for matching
to the polarization-maintaining fiber’s
slow axis.
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Figure B-3: Absorption signal of 39K
at 15% maximum. The two features are
dominated by the 𝐹 = 1 → 𝐹 ′ = 0, 1, 2
and 𝐹 = 2 → 𝐹 ′ = 1, 2, 3 optical tran-
sitions.
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Appendix C

Magnetic field gradient control

This appendix describes the magnetic field gradient control system we installed in

the apparatus. Many applications require the use of a 𝑧-directional B-field gradient

to levitate atoms against gravity. For a dual-species experiment, this requirement is

even more important as the two species have different masses and different responses

to optical potentials (absent the usage of a magic-wavelength trap). To increase the

density overlap between 23Na and 40K, we desired this degree of freedom.

The gradient coils are an anti-Helmholtz pair described in Cheng Hsun Wu’s thesis

[241] and are distinct from the main coils that generate a high gradient for magnetic

evaporation (the "magnetic trap coils," which are utilized later to also generate a

Feshbach field with the current in the Helmholtz configuration). Since the original

construction of the machine, one of the main coils had become clogged, preventing

water cooling, necessitating a cannibalization of one of the original gradient coil pairs

into the magnetic trap coils. For years we were without a secondary gradient coil that

could be applied simultaneously with our Feshbach field, until we decided to recover

the gradient by using one of the clogged coils.

The schematic is shown in Fig. C-1. For power, we use a current-controlled Delta

SM100-15. The IGBT gates the power, and a flyback diode in parallel protects the

power supply. Later, a 0.25-Ohm 1000W resistor was added in parallel to the coil, in

series to the flyback diode, for faster current switch-off. However, empirically we did

not find a huge difference for the B-field decay time on the atoms, suggesting that
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Figure C-1: Schematic of magnetic gradient coil (A) Circuit diagram. (B)
IGBT control electronics circuit diagram, based on a design from Airlia Shaffer-Moag
and Cedric Wilson.

eddy currents (perhaps within the chamber or the gaskets) dominate the decay time.

We calibrated the gradient by levitating Na |1, 1⟩ against gravity in the absence

of any other trapping potentials, but with a background Feshbach field. The atoms

levitated when the gradient satisfied the condition 𝑚𝑔/(0.5𝜇𝐵), and we determined

the gradient value per current to be 0.22G/cm/A. A similar study in the absence of

any other external fields showed that the "zero" of the coil pair is unfortunately dis-

placed from the magnetic trap center. Because of this, our Feshbach field calibrations

slightly shift depending on what value we use for the gradient coils. To maximize

the overlap between our two most commonly used states, Na |𝐹 = 1,𝑚𝐹 = 1⟩ and

K|9/2,−9/2⟩, requires 𝑑𝐵
𝑑𝑧

= 12G/cm in a 1064 nm trap with a 𝑧-trapping frequency

of ∼ 2𝜋(100)Hz. We confirmed this empirically by minimizing the lifetime of the K

atoms at strong interactions with the Na atoms as a function of gradient value. At

the best overlap gradient value, the K atoms underwent the fastest inelastic 3-body

losses with Na atoms.
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Appendix D

Bose polaron properties within the

variational approach

In the following section, we calculate the Bose polaron’s energy, residue, and con-

tact at 𝑇 = 0 from a simple variational ansatz, the results of which were compared

to experiment in Ch. 3. We find a negative-energy attractive polaron branch that

evolves across the Feshbach resonance into a diatomic molecule on the repulsive scat-

tering side. A more concise version of this appendix can be found in the supplement

of Ref. [247].

The variational ansatz was originally introduced by Chevy for the description of

the Fermi polaron [53]. An equivalent ansatz was first employed for Bose polarons in

Ref. [152]. This turns out to be identical to what is obtained from the lowest-order

T-matrix calculation in the same limit [198].

Here, we consider a single impurity immersed in a BEC. The impurity-boson

coupling is modeled by a contact interaction, characterized by the s-wave scattering

length 𝑎. We write a trial wavefunction and minimize the system’s energy, obtaining

the Bose polaron’s dispersion. The impurity-boson interaction is treated beyond the

mean-field approximation by the variational method, which is therefore applicable

to the strong-coupling regime. We work in the limit of zero boson-boson interaction,

justified a posteriori as we find that the boson chemical potential is much smaller than

the polaron energy 𝐸p. In this limit, the linear portion of the Bogoliubov spectrum
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for the bosons at low momenta is not relevant for the energy of the polaron, and we

can simply work with a free-particle dispersion. (The variational case generalized to

weakly repulsive BEC’s was considered in [152].)

The Hamiltonian describing the impurity interacting with the Bose gas is

𝐻 =
∑︁
k

(︁
𝜖B,k𝑎

†
k𝑎k + 𝜖I,k𝑐

†
k𝑐k

)︁
+
𝑔0
𝑉

∑︁
kk′q

𝑎†k+q𝑐
†
k′−q𝑐k′𝑎k. (D.1)

Here, 𝜖B,k = ℎ̄2𝑘2/2𝑚B and 𝜖I,k = ℎ̄2𝑘2/2𝑚I are the boson and impurity free dis-

persions, 𝑚B and 𝑚I the boson and impurity mass, respectively, 𝑎†k and 𝑐†k are the

boson and impurity creation operators, and 𝑉 the quantization volume. 𝑔0 is the bare

impurity-boson coupling constant, related to the impurity-boson scattering length 𝑎

via the Lippmann-Schwinger equation

1

𝑔0
=

𝑚𝑟

2𝜋ℎ̄2𝑎
− 1

𝑉

∑︁
k

1

𝜖B,k + 𝜖I,k

=
𝑚𝑟

2𝜋ℎ̄2𝑎
− 1

𝑉

∑︁
k

2𝑚𝑟

𝑘2
(D.2)

where 𝑚𝑟 is the reduced mass.

The variational wavefunction is a superposition of the unscattered impurity at rest

|0⟩𝐼 , immersed in the Bose condensate, and the impurity scattered into momentum

state −k, having ejected one boson out of the condensate into momentum k:

|Ψ⟩ = 𝜑0 |0⟩I ⊗ |𝛼⟩B +
√︀
𝑁B

∑︁
k ̸=0

𝜑k𝑎
†
k |−k⟩I ⊗ |𝛼⟩B . (D.3)

Here, the wavefunction has total momentum 𝑞 = 0, though this ansatz can be general-

ized to have finite total momentum. The condensate is taken to be in a coherent state

|𝛼⟩B. The factor
√
𝑁B, where 𝑁B is the average boson number, originates from the

destruction operator 𝑎0 acting on the condensate, giving 𝛼=
√
𝑁B. The expectation
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values of the kinetic and potential energies are

⟨𝐻0⟩ = 𝑁B

∑︁
k

|𝜑k|2 (𝜖B,k + 𝜖I,k) (D.4)

⟨𝑉 ⟩ = 𝑔0 𝑛B

(︃
|𝜑0|2 +

∑︁
k ̸=0

(𝜑0𝜑
*
k + 𝜑*

0𝜑k) +
∑︁

k,k′ ̸=0

𝜑k𝜑
*
k′

)︃
(D.5)

with 𝑛B = 𝑁B/𝑉 the boson density. To find the local minimum of total expected

energy ⟨𝐻0 + 𝑉 ⟩, we minimize ⟨𝐻0 + 𝑉 ⟩ − 𝐸p with respect to all components of

𝜑 (i.e., 𝜑*
0, 𝜑

*
k), where the Lagrange multiplier 𝐸p is associated with the polaron’s

energy. Under the normalization constraint ⟨Ψ|Ψ⟩ = 1, this yields the following set

of equations:

𝑔0𝑛B𝜒 = 𝐸p𝜑0 (D.6)

𝑔0
1

𝑉
𝜒 = (𝐸p − 𝜖B,k − 𝜖I,k)𝜑k (D.7)

with 𝜒 = 𝜑0 +
∑︀

k 𝜑k. One obtains for the coefficients 𝜑k:

𝜑k =
1

𝑁B

𝐸p

𝐸p − 𝜖B,k − 𝜖I,k
𝜑0, (D.8)

and for the polaron energy 𝐸p, after eliminating 𝑔0 in favor of the scattering length

𝑎:

𝐸p =
𝑛B

𝑚𝑟

2𝜋ℎ̄2𝑎
− 1

𝑉

∑︀
k

(︁
1

𝐸p−𝜖B,k−𝜖I,k
+ 1

𝜖B,k+𝜖I,k

)︁ (D.9)

Noting that 1
𝑉

∑︀
k

(︁
1

𝐸p−𝜖B,k−𝜖I,k
+ 1

𝜖B,k+𝜖I,k

)︁
= 𝑚𝑟𝜅

2𝜋ℎ̄2 , where we have set 𝐸p≡− ℎ̄2𝜅2

2𝑚𝑟
, one

obtains a cubic equation for the polaron energy (given in Ch. 3):

𝐸p ≡ − ℎ̄
2𝜅2

2𝑚𝑟

= −2𝜋ℎ̄2𝑛B

𝑚𝑟

𝑓(𝑖𝜅) (D.10)

where 𝑓(𝑖𝜅) = − 𝑎
1−𝜅𝑎

is the two-body scattering amplitude at imaginary momentum

𝑖𝜅. The solution on the attractive side (𝑎<0) is purely real and negative – the attrac-

tive polaron branch. This branch smoothly continues onto the repulsive side. On that
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side, another, higher-energy solution is complex with a positive real part, suggesting

a limited lifetime for a positive-energy polaron. The metastable repulsive branch has

been detected with two injection spectroscopy experiments [123, 128] and will not be

discussed further here.

For nonzero total momentum, the polaron dispersion relation can be written

as [152]

𝐸p(𝑞) = 𝐸p(0) +
ℎ̄2𝑞2

2𝑚eff

+𝒪(𝑞4) (D.11)

for small 𝑞, where 𝐸p(0) is the binding energy, sometimes called the self-energy, and

the prefactor of the quadratic term given by the effective mass 𝑚eff . For the rest of

this section, we will use 𝐸p to exclusively denote the binding energy.

Fig. D-1 compares the variational binding energy of the Bose polaron with that

of the Fermi polaron [53] – an impurity immersed in a Fermi sea of the same density.

Energies are plotted as a function of the dimensionless interaction parameter 1/𝑘𝑛𝑎,

where 𝑘𝑛 is the wavevector of the majority component. The difference in energies is

generally less than ∼ 0.2𝐸𝑛 for all interaction strengths, where 𝐸𝑛= ℎ̄
2𝑘2𝑛/4𝑚r is the

degeneracy energy scale. The Fermi polaron is less strongly bound due to the spread

of relative momenta in the initial state and Pauli blocking of final scattering states.

Also shown are comparisons of the attractive Bose polaron branch to two limiting

cases: the mean-field limit and the molecular dimer. Deep on the attractive side

1/𝑘𝑛𝑎 → −∞, perturbation theory gives the analytic mean-field result of 𝐸mf ≡
2𝜋ℎ̄2𝑛B𝑎

𝑚𝑟
(see black dashed line of Fig. D-1), which agrees with the variational energy for

weak attractions. In the opposite repulsive limit, a single impurity and a single boson

pair to form a molecule with energy −ℎ̄2/2𝑚𝑟𝑎
2 (see orange dashed line of Fig. D-1).

This also agrees with the variational energy for 1/𝑘𝑛𝑎 → ∞. At least within the

variational approximation, the attractive polaron’s energy smoothly crosses over into

the molecular branch.

Not only does the variational calculation yield the polaron energy, but it also

produces other quasiparticle properties: the residue and contact. The normalization

condition |𝜑0|2+𝑁B

∑︀
k ̸=0 |𝜑k|2 = 1 yields the quasiparticle weight (residue) in this
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Figure D-1: Binding energy of the Bose and Fermi polaron from the variational
ansatz (solid blue and red line, respectively). For comparison, the bare molecular
energy is shown (dashed, yellow) as well as the mean-field result (black, dotted).
Figure reproduced from the supplement of [247].

approximation:

𝑍 ≡ |𝜑0|2 =
1

1 + 1
8𝜋

𝜅3

𝑛B

=
1

1 + 1
2

(︁
1− 𝐸p

𝐸mf

)︁ (D.12)

𝑍 is thus simply related to the ratio of 𝐸p and the mean-field result. On resonance

with 1/𝑘𝑛𝑎 = 0, where 1/𝐸mf = 0, this approach yields a quasiparticle weight of

𝑍 = 2/3, as seen in Fig. D-2.

The contact 𝐶 ≡ 8𝜋𝑚𝑟

ℎ̄2
𝜕𝐸p

𝜕(−𝑎−1)
directly follows from the 𝑎-dependence of 𝐸p as

𝐶

𝑘𝑛
= 𝜋2

𝐸p

𝐸𝑛

𝐸𝑛

𝐸p
− 𝜋

4
1

𝑘𝑛𝑎

(D.13)

The momentum distribution of the polaron is given by a delta-function centered at

k = 0, of weight 𝑍, plus a contribution 𝑛𝑘 = 𝑁B |𝜑𝑘|2 from impurity-boson scattering:

𝑛𝑘 =
𝑍

𝑁B

𝐸2
p

(𝐸p − 𝜖B,k − 𝜖I,k)
2

=
𝑍

𝑁B

1(︀
1 + 𝑘2

𝜅2

)︀2 (D.14)

This component of the momentum distribution has the same dependence on momen-

tum as that of a Feshbach molecule of spatial size 1/𝜅, with the length scale set by the
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Figure D-2: The residue (left) and contact (right, blue curve) of the Bose polaron,
within the variational ansatz. The contact for a bare molecule is shown as the dashed
black line. Figure reproduced from the supplement of [247].

polaron energy. In real space, the wavefunction of the polaron thus is a superposition

of a delocalized wave of weight 𝑍 and a part that is localized, of the form 1
𝑟
exp(−𝜅𝑟).

The contact 𝐶 governs the high-momentum tails of the momentum distribution

according to 𝑛𝑘 → 𝐶/𝑉
𝑘4

(see Ch. 3.6.1). From this limiting behavior, we obtain a

relation between the contact, the quasiparticle weight and the polaron energy (see

Fig. D-2), valid within this variational approach:

𝐶

𝑘𝑛
=

3𝜋2

2
𝑍

(︂
𝐸p

𝐸𝑛

)︂2

(D.15)
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Appendix E

Electric field control

Here we include the schematic for an updated electrode to provide static electric

fields to the molecules. For the studies of Stark shifts presented in Ch. 5, we used

two identical indium-tin-oxide (ITO)-coated plates positioned outside the ultrahigh

vacuum chamber, separated by 9.5 cm. However, gradients over our molecule sample

limited our trap lifetimes at fields above ∼ 0.7 kV/cm. Furthermore, STIRAP reso-

nances were observed to be shifted (∼ 100 kHz) after extended application of voltage

to the electrodes, a possible side effect of polarizing the viewports. A UV lamp was

installed above the top electrode to deionize the glass.

We replaced the top electrode with the following design, shown in Fig. E-1. Each

segment is controlled by a high-voltage operational amplifier Matsusada AMS-10B2-

LCN1, connected by CN-40-AHVP high voltage cable. Extensions for the leads were

created with high voltage wire from Accuglass. Kapton tape covered any exposed

wires to prevent arcing.
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0.5’’

Figure E-1: Design for top electrode placed above the bucket window. The disk was
provided by Delta Technologies (unpolished float glass, 0.036 inch ITO-coating on one
surface.) White portions were stripped away of their coating by Potomac Photonics.
I drilled a 0.5 inch diameter in the center with a diamond-coated hole saw to allow
for optical access. Five leads (not pictured) were attached with copper busbars and
silver epoxy to the five segments for independent voltage control.
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Appendix F

Rotations and Euler Angles

It is often convenient to consider rotation from one set of axes to another, as in

Ch. 6. Consider a coordinate transformation that takes the axes (𝑥, 𝑦, 𝑧) into another

set of axes (𝑋, 𝑌, 𝑍), which share the same origin. This change can be obtained by

three successive rotations about the Euler angles 𝛼, 𝛽, 𝛾, and the rotation operator

can be written,

ℛ(𝛼, 𝛽, 𝛾) = ℛ𝑍(𝛾)ℛ𝑁(𝛽)ℛ𝑧(𝛼) (F.1)

where 𝑁 denotes the nodal line – the intersection between the two planes 𝑥𝑦 and 𝑋𝑌 ,

shown in Fig. F-1. Equivalently, this rotation operator can be written ℛ(𝛼, 𝛽, 𝛾) =

ℛ𝑧(𝛼)ℛ𝑦(𝛽)ℛ𝑧(𝛾). (See, for example, [33] for a more complete description of Euler

angles).

For example, our original frame might represent the laboratory frame, and the final

.. X

Y

Z

x

y

z

Figure F-1: Rotating between two
frames (𝑥, 𝑦, 𝑧) and (𝑋, 𝑌, 𝑍) using Eu-
ler angles 𝛼, 𝛽, 𝛾.
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𝑋, 𝑌, 𝑍 axes can represent the principal axes of an interaction tensor. In its principal

axis system, let 𝜌𝐽,𝑀 denote an irreducible spherical tensor. Upon a rotation given

by ℛ, the irreducible spherical tensor component 𝑇𝐽,𝑀 transforms into 𝜌𝐽,𝑀 , which is

a linear combination of the (2𝐽 + 1) components 𝑇𝐽,𝑀 ′ :

𝜌𝐽,𝑀 = ℛ(𝛼, 𝛽, 𝛾)𝑇𝐽,𝑀ℛ−1(𝛼, 𝛽, 𝛾) =
∑︁
𝑀 ′

𝐷
(𝐽)
𝑀 ′,𝑀(𝛼, 𝛽, 𝛾)𝑇𝐽,𝑀 ′ (F.2)

Here, 𝐷(𝐽)
𝑀 ′,𝑀 is a Wigner D-matrix of rank 𝐽 . Its subscripts are projection indices

denoting components of angular momentum 𝐽 .

The rotational part of a diatomic molecule’s wavefunction can be written (see

Ch. 5 of Ref. [33])

|𝐽,𝐾,𝑀⟩ =
√︂

2𝐽 + 1

8𝜋2
𝐷

(𝐽)*
𝑀,𝐾(Ω⃗) (F.3)

where 𝐾 is the projection of the angular momentum 𝐽 on the internuclear axis.
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