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This paper contains a brief survey of the main project management

models currently available with a discussion of appropriate solution

techniques. The survey begins with the simple time oriented network

model that allows the calculation of minimum project length. It is then

assumed that each task requires a known amount of a limited resource and

the effect of this on project length is examined. Time-cost trade-off

models are then introduced. This is followed by an introduction of the

usefulness of Markov analysis for the calculation of expected project

length in decision networks with probabilistic branches. These models

are appropriate in a research or design environment in which the outcomes

of a task, and therefore its successive tasks, are not known with cer-

tainty. It will be shown that these models are not only useful for de-

cision-making, but also that they are useful in specifying what informa-

tion should be collected for the decision-maker and in placing a value

on that information.

There is another level on which this discussion should be useful.

The models that relate job time and cost would allow the efficient cen-

tralization of trade-offs that involve these dimensions. In theory, if

these were the only relevant dimensions, we could achieve a globally

optimal solution. The concept of an explicit trade-off between various

dimensions such as time and performance, performance and quality or weight

and quality is an idea that might eventually be extended to multi-

dimensional global trade-off models. In many instances these pairwise
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trade-off models may exist for individual sub-systems perhaps imbedded

in a simulation model of that system. What is suggested here is that we

bring these models explicitly into the information system and wherever

possible include information from the complete project. An example of

this might be the implementation of a global weight-cost trade-off model

that would show that it is cheaper to buy weight reduction in the landing

gear than in the engines, and therefore the weight and budget constraints

of both groups should be adjusted. Although we discuss trade-offs and

centralization in the time-cost dimension it should be remembered that

the basic concepts have more general application.

The Structure of Project Scheduling Models

The presentation of planning models will be structured according to

the types of constraints found in these models. These include the pos-

sibility of "time," "resource," and "interdependency" constraints. A

time constraint may take the form of an explicit restriction that a task

must start on a particular day or that it cannot begin before a given

day. More common would be a constraint that the task cannot begin until

some other job (a predecessor) is finished. Figure 1 shows twelve tasks,

S - S „^related by constraints of the second kind, that is "precedence"

constraints. The graphical notation
(
S„ i ^ S^ '\ implies that S is an

immediate predecessor of Sq and therefore that S- could not be started

until S is completed [11]
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An alternate graphical notation in common use, usually associated

with P. E. R. T. , techniques [9] represents the tasks as lines rather than

nodes and immediate predecessor relations by connection of lines (nodes)

rather than by directed lines.

S. S

In addition to the precedence relations, the tasks may be related

by mutual dependence on a limited resource. If for example in our sample

proiect one individual were required to do both tasks S^ and S^, even
3 5

though no precedence constraint exists between them, he would be forced

to do them serially. He could perform S„ and then Sr or S and then S3

but not both of them together. For problems of practical interest the

number of feasible sequences is large and the problem of finding a "best"

sequence is a difficult combinatorial problem.

Finally the tasks may be related by the technical nature of the pro-

ject. It is conceivable that there are several methods of performing

some task. This could involve the use of different materials, different

production processes and perhaps the performance of the task on regular

time "in-house," or on a sub-contract basis. We will indicate this mu-

tually exclusive type of interdependency graphically with a decision node

where S. , and S. „ are two
1,1 1,2

methods of performing task S.
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BASIC C.P.M. GRAPH

160,3

FIGURE 1
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Also we may wish to add interdependency constraints that relate decision

jobs at different decision nodes. For example, if we subcontract task S.,

then we should also subcontract job S . Finally we will illustrate our
q

graphical notation for a probabilistic decision node. To show that job

S. may be followed by either S or S with probabilities p , p , we show
1 -' ^ m n '^ *^m' ^n'

p + p = 1
'^m ^n

We will now briefly present project planning models that are composed of

various combinations of these constraints.

Simple Time Constraints

The basic PERT [9] or CPM [11] model is simply a set of tasks, S.,

related by precedence constraints.

If we define

w. = start time of task S.
1 1

t. = duration of task S.
1 1

then it is possible to show the precedence relationship
(
S. \

*~i ^.

w. + t . < w
1 1 — m
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The minimum length of the project in Figure 1 may be now determined

by the following linear programming formulation, with one constraint for

each immediate predecessor relationship.

Minimize w „

subject to

Time Constraints "i "*"
'^i ^ ^9

w + t < w
1 1 - 3

"2 +
'^Z - "4

^11 + ^11 - "12

w. >
1 —

We do not suggest this method for calculating the minimum project length

(critical path length) since the usual longest path algorithm [11] is more

efficient and also provides information on "earliest" and "latest" start

times for each task in the network. Here we define "early" start time,

E.S... the earliest time task S. can begin if all immediate predecessors
1 1

of S. start at their early start time. Late start, L.S.., is defined as
1 1

the last day on which job S. can begin and still not delay the finish of

the project beyond its due date, D.D. In Figure 2 we show ES
.

, LS
.

, and

slack = LS . - ES . for all tasks in our sample problem, given an early

start for the first job of day 1, and a due date, DD = 98.
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E.S. - L.S. CALCULATION

E.S. Slack

FIGURE 2





Models with Time and Resource Constraints

Many interesting sequencing problems may be described by time and

resource constraints. Among these are models of interest in project

scheduling, job-shop scheduling and assembly-line balancing problems.

Each of these has been formulated as an integer linear programming prob-

lem, but because of the high number of constraints involved and the size

of practical problems, it is not recommended as a solution technique.

For example, Wiest [16] estimates that a project with 55 jobs using 4 re-

sources over a time span of 30 days would have 5,275 equations and 1,650

variables. The essential problem is that the level of resource is con-

strained by period and the tasks, given the usual time constraints , may

shift through time. Thus in a programming formulation it is necessary

to include the possibility that each job could begin on many days and to

write constraints that prohibit the total amount of each resource used

in any day to be lower than or equal to the resource limit. As a result

of the difficulty of this combinatorial problem, the problem is solved in

practice by heuristic methods. We will discuss briefly three of these.

The method of Levy, Thompson and Wiest [12] concentrates on reducing

the peak usage of the project resource. The jobs from all projects to be

simultaneously scheduled are scheduled at Early Start and then the daily

demand for each resource is plotted. For the first resource an initial

trigger level is set, one unit below the maximum usage. It is assumed that

the resources are ordered based on some priority system, perhaps daily
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cost per unit. Then all the jobs contributing to the particular peak and

in addition having enough slack so that they may be scheduled beyond the

peak are listed. Then one of the jobs is chosen probabilistically, the

probabilistic weight being proportional to the job's slack time, and the

Job is shifted a random amount within the slack, forward. The resource

peak again is calculated and a lower trigger level is set. This process

continues for the first resource until no further improvement is realized.

Then freezing the lowest feasible limit for the resource, the procedure

is repeated for the second resource and so on through all resources. Now

the jobs from each project are segregated and again an attempt is made to

shift them and reduce the aggregate trigger levle for all projects. Fi-

nally, when no further improvement is possible, the final schedule and

trigger levels are stored and the process is completely repeated. Due to

the probabilistic element in the decision rule, a new schedule will result.

After several repetitions, the best schedule of those generated can be

chosen.

The next heuristic to be discussed will be scheduling to meet stated

resource constraints. The early solutions to problems of this type were

obtained with Gantt charts and their use in job-shop scheduling continues.

Tlie resource constraint in the job-shop problem will be the limit on ma-

chine availability, and the time constraints are provided by technological

ordering of overations on a particular work order.

Several heuristic approaches have been suggested for solving the

fixed resource problem in the project scheduling context. None of the

approaches guarantees an optimal solution, nor consistently outperforms

the others. Representative of one approach is an article by Kelley [17].

The routine may be summarized as follows:
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1. Technologically order the jobs, calculate early start, late

start, and slack. Within the technological ordering, reorder by slack,

lowest slack first.

2. Start with the first activity and continue down the list.

(a) Find the early start of the activity.

(b) Schedule the activity at early start if sufficient resources

are available. If resources are not available, two alterna-

tive routines are suggested, cl, c2

.

(cl)Serial Method: Begin the job at the earliest time that re-

sources are available to work it for one day. The job may

be split if necessary.

(c2)Parallel Method: Find the set of all jobs causing the re-

source violation and rank them by total slack. Delay a suf-

ficient number of jobs with the highest slack so that those

remaining on the list can be scheduled.

3. Repeat step 2 for all jobs.

4. Repeat the whole routine with various orderings of the technolog-

ical list.

In addition to the possibility of allowing job-splits, Kelley suggests

that we also allow resource limits to be violated by small amounts. The

basic heuristic in the original job ordering and in the parallel loading

technique is the use of job slack as a criterion for shifting jobs for-

ward. This is a reasonable approach similar to that used by Levy [12],

A second approach, detailed in Moder and Philips [18] uses Maximum

Remaining Path Length, or equivalently Late Start, as a basis for ordering
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jobs. The routine uses a list of unscheduled jobs, whose predecessors

have all been scheduled, ordered by Late Start and an ordered list of

finish times of scheduled jobs. Thus, the routine steps through time

to only those days when a change of resource usage is possible. On such

a day it examines the list of available jobs, and schedules them in order

of increasing Late Start. When the resources are exhausted the routine

moves to the day of the next job completion and continues the scheduling

process. As implied at the beginning of this section, examples can be

constructed to favor or penalize either approach.

In figure 3 the heuristic of Moder and Philips is illustrated,

first using an Early Start ordered list, then a Late Start ordered list

as suggested by the authors. An examination of the resulting schedules

shows that for this problem the Late Start heuristic is superior.
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Models with Time and Interdependency Constraints

The models we will discuss in this category are usually termed

"time-cost" trade-off models. Some of the tasks in the project may be

performed in several ways, such that the cost of a job increases with de-

creasing job time. It is usual to impose a due date, DD, and impose a

penalty ($p per day) for exceeding the due date, and it is also possible

to include a reward ($r per day) for completion before the due date. The

problem then is to find the optimal way to perform each job so as to min-

imize the total of job and completion costs, Kelley and Walker [9] make

the assumption that there :.s a linear relation between time, t., and cost,

c, for task S, with lower and upper bound on t. of L. and U. as illus-
1 1 111

trated in Figure 4.

b.

cost slope a.

FIGURE A
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Thus , if there are N jobs in the project, we have the following general

linear programming statement of the problem:

N
Minimize ^ (b. - .t.) - r(w^ ) + p(w„ )

. ,111 F F
1=1

subject to the following general types of constraints.

Precedence

w. + t . < w
1 1 — m

Task Length

t. < U.
1 — 1

t. > L.
1 — 1

Due Date

Wp - Wp + Wp" = DD

t^, w., Wp , Wp" 1

where a. = the slope of the cost curve

w = the early start of S , an artificial finish job
F r

w = the number of days by which the project due date is ex-

ceeded

w = the number of days before the due date that the project

is completed

Again, linear programming is not the preferred method of solving this

problem, but rather, a network flow algorithm has been derived for this

purpose [8]

.
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In some instances it may be unrealistic to observe a continuous re-

lationship between time and cost for a task in a project. For example,

if a job may only be performed by an eight-man crew on regular time, or

by an eight-man crew on regular time plus two hours overtime, there are

two discrete ways to perform the job (two mutually exclusive alternatives)

The problem of discrete alternatives in time-cost trade-off problems is

called Decision CPM and is described in references [2, 3 , 4],

An integer programming formulation of this problem for the network

of Figure 5 is now given.

Minimize 180d^ , + lOOd^ „ + 260do ^/,1 I , 2. o,l

+ 150do o + 150w^"^ - 25w^ + k
o , Z r r

Subject to the following constraints

Precedence

w^ + t^ < W3

-M(l-dg^^) +wg^^+ tg^^ <Wg

(where M is a large positive number).

Interdependency

^,1^^^7,2 = 1

etc.

and

^8,1 ^^^8,2 = ^

^8,l-*^7,2
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DECISION C.P.M,

100

Late penalty p = $150

Early premium r = 25

INTERDEPENDENCY

^7.1 °^ ^7,2

^8.1 "'^ ^8.2

FIGURE 5

^,2 °"^>' ^^ ^8,1
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Due Date

'12 - "12"" ^ ^12' = °°

w. > d. . integer (0,1)

where the integer variables

( 1 if task S. . is performed
d. . = ) ij '^

< otherwise

Note that the effect of -M(l - d ) is to effectively remove the prece-
0,1

dence constraint between S^ ^ and S if S is not performed.
o , J- y o , 1

In the past several years, some government agencies have changed

their contracting procedure from predominantly cost plus fixed fee to

incentive fee contracts. The contracts are written so that the maximum

fee obtainable increases as performance on the contract increases. Per-

formance is measured by the number of points awarded for successfully

passing quality tests, meeting specified due dates within the project and

achieving required operating characteristics. The percent of the maximum

fee that is actually paid decreases with increasing cost of the project.

A sample cost structure is shown in Figure 6.

A manufacturer faced with a time-cost trade-off problem within an

incentive contract lias an especially difficult problem. If a task is

"crashed" or performed in less than the usual time, it is possible that

extra points would be earned as a result of meeting a particular due date,

but at the same time, the increase in project cost will cause all points

to be devalued.
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RELATION BETWEEN POINT PERFORMANCE

AND PERCENT MAXIMUM FEE OBTAINED

100

Percent Maximum
Fee Paid

M
Point Performance

RELATION BETWEEN MAXIMUM OBTAINABLE FEE

AND COST PERFORMANCE

High

Maximum Fee

Low
Low High

Project Cost

FIGURE 6
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The following integer linear programming formulation [2], which is

an extension of the Decision CPM model, was applied to a NASA project by

R. Smylie [14].

Maximize

^ r .w, - p .w.

i=S
m

Subject to the following constraints.

Time as above

Interdependence as above

Due Date

w.-w.+w.~ = DD. i^^S

Budget n k(i)
^ ^ c. d. <

i=l j=l ^J ^J
-

where

S = the set of all milestones that are rewarded (r. points)
m 1

or penalized (p points)

k(i) = the number of discrete alternatives for job S.

B = a budget limit on the project.

It is interesting to note in this formulation that the budget con-

straint B applies not by period, but over the life of the project, in

much the same way as an aircraft weight constraint applies across the

complete airplane.
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The formulation maximizes the number of performance points obtained

subject to cost limits on the whole project. Initially the problem is

solved without a budget constraint to determine the maximum available

points and the cost associated with this solution. B is then set one

unit below the cost found above, and the problem is resolved. The routine

is applied iterattvely until the minimum cost, minimum point solution is

reached.

For each solution the combination of performance points obtained

and budget cost will allow a total fee to be calculated. Figure 7 shows

a series of liiich points with the optimal solution marked.

optimal
solution

Fee

BUDGET
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Although we have formulated these time-cost trade-off models as in-

teger programming problems, current algorithms will not allow them to be

solved efficiently in that way. Several tree-search algorithms [4] have

been developed and tested for problems of this type. Each routine begins

with a "reduced" decision network which is simply the original network

with all non-decision jobs eliminated and replaced with maximal timespan

between each pair of decision jobs and between decision jobs and the start

and finish nodes of the network. In this reduced network the Early Start

time of all decision jobs will be the same as the Early Start times of jobs

in the original network, and an optimal solution to one is an optimal solu-

tion to the other. Figure 8 shows the decision network of Figure 5

in reduced form. The tree search method, or branch and bound technique,

essentially enumerates all potential solutions which are proven to be sub-

optimal or infeasible.

The method is applied to our sample problem in Figure 9, with a due

date of day 97. Before any decisions are made, it is obvious from the

reduced network that the minimum total job cost for any solution would

be C^ „ + Cq „ = $2A0. In the first level of the tree we assume the
1,2. o »

2

choice of S and S . The choice of S^ , gives a minimum path length
0,1 'J > 2 o>l

of 96 days and a minimum job cost of C „ + C . The overall minimum and
1,1 «,1

for this solution is

C^ ^ + Co , + (w,^ - DD)(r) = 100 + 260 + (96 - 97)25 = $335.
/,2 Ojl l'^
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REDUCED NETWORK

FIGURE 8
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Similarly for the choice of S. „ our absolute minimiam is
0,/

140 + 100 + (97-97)25 = $240.

At this point the solution with S„ „ seems to be preferable and so

the solution is extended. The combination S„ „ and S-, „ is infeasible
0,2 / ,2

given the original interdependence constraint, and therefore we need only

evaluate S„ plus S^ ^. The cost of this solution is
o,z /,i

180 + 140 + (97-97)25 = $320.

Since this complete solution is cheaper than the lower bound on all solu-

tions that contain S^ , the optimal solution to the problem is the choice

of S and S^ „. Computational experience with algorithms of the type

illustrated here shows that they are efficient for decision network prob-

lens. For problems with fifteen decision nodes, three alternatives at

each node, times in the range of 5-50 seconds are usual. [4]

In many instances a large project may be simply a collection of rel-

atively independent subprojects. Experience has shown that there is an

exponential growth of solution time with increases in the number of deci-

sion nodes. Therefore it is faster to solve a number of small problems

and combine these solutions in a master problem, rather than attempt to

solve the large problem uirectly. This decomposition strategy is similar to the

decomposition principle for large linear programs. We define a subpro-

ject here as a collection of decision nodes in a network that have a sin-

gle starting point and a single finish.
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BRMCH AND BOUND METHOD

MPL = 84
MJC = 240
MTC = -85

MPL =97
MJC = 320[

MTC = 320\

M.P.L. = Minimum Project Length

M.J.C. = Minimum Job Cost

M.T.C. = M.P.L. + M.J.C.

Infeasible

FIGURE 9
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Due to the interaction between subprojects and the rest of the project,

it is not possible to solve for a single solution in each subproject and

then use these solutions to obtain an overall optimum. A subproject would

not ordinarily have an independent criterion function. Instead, the cri-

terion function is concerned with the whole project's completion date, and

the effect of a subproject solution upon that date is not known until de-

cisions are made for all other parts of the network. The approach used

is based on the observation that the set of all feasible solutions to a

subproject has all the characteristics of a decision node. That is, each

undominated feasible solution has a time, a cost, a set of predecessors

and a set of successors, and only one such solution may be accepted in

the final solution to the complete project.

The procedure then is to solve each subnetwork for the set of all

undominated solutions, then replace the subnetwork with a decision node

in which each alternative is an undominated solution of the subnetwork.

The project network then contains substantially fewer decision nodes and

may be more easily solved. The example in Figure 10 illustrates the

potential usefulness of this method. [4]
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A

15 nodes 15 nodes 15 nodes

Solution Times

VJith Decomposition

A 3.8 seconds

B 13.3 seconds

C 3.4 seconds

Master
Problem ^'^ seconds

Total

Without Decomposition

A,B,C 163 seconds

22.3 seconds

FIGURE 10
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Probabilistic Network Models

Many design tasks are not well-defined sequential processes, as we

might expect in a repetitive production process. As a project develops

from a general problem statement to a final set of blueprints, the de-

sign of any subsystem will be subjected to a series of tests for weight,

stress, cost or reliability, as we discussed in our introduction. If a

constraint is violated, then it may be necessary to redesign some aspect

of the subsystem. Tnus , the sequence of tasks is not at all certain but

depends on probabilistic design and research outcomes. We will now in-

troduce a graphical model for displaying these problems, then show how we

may mathematically solve for the expected duration (critical path length)

for such a process.

In Figure 11a we have a set of tasks S^ - S, , each with known per-
il o

formance times and known probabilities of being succeeded by other tasks

in the set. These relations may be represented by the following transi-

tion matrix, which again shows the probability of going to every job from

every job. Job S, is omitted here since we know that both jobs S^ and

S„ lead directly to it and that it will be performed exactly one time.





-28-

PROBABILISTIC NETWORKS

(a)

and t„ = days

t2 = 6

^5
= 2

^6
= °

t3_3 = 6.79

(b)

FIGURE 11
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Transition
Probability P =

Matrix
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We define the fundamental matrix N as N = (I - Q) where I is an

n X n identity matrix and the symbol ( ) implies that we take the

inverse of the matrix I - Q. The elements of the matrix N, that is, n. .,

will be the average number of times state S. is visited, given that the

process begins in state S.. Furthermore, we may define the matrix

B = N'R

where R is the n x m partition of the transition matrix. The elements of

B, that is, b.., give the probability that the system will end in absorb-

ing state S., given that it begins in state S..

We will now compute and interpret the matrix N and B for our problem.

I-Q = 4

5

3 4

1 -.6

.5 1

-.7

5

Oi

I

-.31

3 1.61 1.225 .367
I

N = 4 ' 1.02 2.04 .612
I

5 ' .714 1.43 1.43

= N-R

r
1

1.61
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Thus , if we begin the process at task S , we will perform

S„ 1.61 times an ayerage,

S, 1.225 times, and

S .367 times.

Given the task time spent on each of these activities, we would expect to

spend

(1.61)(3) + (1.225)(1) + (.367)(2) = 6.79 days

on tasks S , S, and S . Note that the network can be redrawn as in Figure

lib. The probabilities Po_c -i » ^7_s 9 ^^^ taken directly from the B ma-

trix. Note that this Markov decomposition is quite parallel to the decom-

position of decision networks Chat we discussed earlier. It is also inter-

esting to note that the concepts of reduction apply here as well. Task S,

could possibly represent a complex deterministic network with critical

path length t,. One point of caution is necessary. The time we have cal-

culated for t in this problem is an average time to exit, independent

of whether the exit is to S^ or S„. For some decomposition problems it

will be useful to calculate an expected time based on the task to which

we exit [15]

.

Implications for the Design of Information and Control Systems

In tlie discussion to this point we have centered on the possibility

that the planning models allow some centralization of decision-making in

project organizations. For example, the slack in the project could be

distributed among tasks on the critical path so that each sub-group has
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a clear time constraint on the finish of their activity. While the project

is being planned, staffing decsiion could be made so as to balance the cost

of extra people against the cost of the project running over the due date.

Similarly, in the control of the project, if a sub-group is about to violate

a time constraint, the models might be used to evaluate the effect of this

slippage, and if necessary, find the cheapest way to recover the lost time.

As has been suggested, the structure the models provide allows a more effi-

cient processing of information on relevant dimensions to the management

hierarchy.

Even if the models are not used formally in a decision system, they

may be conceptually useful in the design of information collection pro-

cedures to support management decisions. Specifically, it is possible

to infer from the models the level of aggregation of data that will be

useful for certain decisions, and also they allow an estimate to be made

of the value of information and the allowable period between the collec-

tion of updated information. Finally, the models give important insight

into methods of decomposing problems into either independent sub-problems,

or into sub-problems whose interdependence with the complete problem is

well-defined.

In the solution procedure for Decision C.P.M. problems, the first

step is to eliminate all non-decision jobs and replace them by the maximal

distance between decision jobs. For our purpose, that is for planning or

control decisions in the time-cost dimensions, the reduced network is ex-

actly equivalent to the orignal netowrk. Not only is the reduced network

a more efficient base for our branch and bound algorithms, but it would
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also be more comprehensible for a manager making trade-off decisions. The

essence of this point is that for many decisions it is enough to report

that summary piece of information, the length of the critical path.

We will now consider the determination of the value of information

and the question of optimal periods between collection of the information.

As we have stated, the need for a time-cost trade-off decision would be

signalled by the violation of a time constraint by some sub-group in the

project. There is obvious advantage to receiving this information early

in that the number of alternatives available to ease the problem will be

greater. This implies that for tasks on or near the critical path we

should have frequent information on their progress. For areas of the net-

work with substantial slack it may only be necessary to report major mile-

stones. The design of an optimal control scheme would be a difficult

task, but at least our knowledge of simple project models gives insight

into the general characteristics of such a scheme. It should be noted

that the same type of comment might be made about tasks that use critical

resources and those that don't.

The concept of decomposition, the factoring of large problems into a

series of small problems, also has implications for the design of information

systems. In an actual decision network [14], it was found that relatively

few of the sub-projects could actually influence the length of the critical

path. The others had so much slack that it was possible to treat them as

independent projects with no due date penalty. This would allow the complete

decentralization of decision-making to the organization unit responsible for

the sub-unit. This implies that information for control of the sub-project
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could be collected and reported locally.

We have confined this discussion to the dimensions that are of pri-

mary interest in this paper, time and cost. However, to return to the

introductory comments, if models can be made of trade-offs in other dimen-

sions, then the concepts of aggregation, value of information and decompo-

sition will be useful in introducing those models into a control system.

For example, in a weight-cost trade-off model a sub-group might only have

to report the most favorable marginal trade-off available to them. In a

reliability-cost trade-off model we might find that a sub-system is com-

pletely independent. Until such systems are available, management will

have to use their judgement to combine the qunatifiable dimensions of time

and cost will less structured dimensions of their problems.
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