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Abstract

This thesis presents a study of many-spin dynamics using a Nuclear Magnetic Reso-
nance (NMR) simulator. A novel correlation metric was designed and experimentally
measured in a solid state spin chain system to investigate the dynamics of quan-
tum information transport. By using control techniques to tune the parameters of
the system interactions, the effects of disorder and interaction on the dynamics were
investigated experimentally. It was shown that in the absence disorder can quench
the spread of quantum information; while with weak interaction and disorder, quan-
tum information can spread, albeit slowly. Having found a connection between the
correlation metric and the recently proposed out-of-time ordered commutator, the
correlation metric was used to experimentally probe a transition between ergodic and
prethermal dynamics. Future experiments using out-of-time ordered commutators as
a tool to probe many-body localization transition are discussed.
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Chapter 1

Introduction

This thesis is about nuclear magnetic resonance (NMR) studies of localization and
out-of-time ordered correlations in spin chains. This chapter will focus on the basics
of solid state NMR, with emphasis on multi-pulse techniques and multiple quantum
coherence (MQC). Chapter 2 will be on spin localization in quasi-one dimensional
systems, in particular how one can use NMR techniques to experimentally charac-
terize the spread of quantum information. Chapter 3 will be on out-of-time ordered
(OTO) commutators in quantum Ising chains. Chapter 4 will present experimental
measurements of of OTO commutators in dipolar chains, with applications to prether-
malization and scrambling. Chapter 5 proposes experiments to observe signatures of
many-body localization to ergodic transition in three dimensions, as well as prether-
malization due to weak integrability breaking. Some preliminary experimental data

will be provided.

1.1 Solid State Nuclear Magnetic Resonance

In a crystal lattice, nuclear spins are strongly coupled to each other via magnetic

dipole-dipole interactions given by the Hamiltonian [3, 134, 103]

v | = = 35 - Tk S - Tk
Hap =Y o | S = i (1.1)
Jk jk

i<k
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where 1v; is the gyromagnetic ratio of the j-th spin, S = /2 is the spin-1/2 angular
momentum operator, and 7 is the vector between the j-th to k-th spins. In the
presence of a strong magnetic field the dipolar Hamiltonian is truncated to the secular
dipolar Hamiltonian where only interactions that commute with the magnetic field
survive. When the magetic field is along the z-axis, the secular dipolar Hamiltonian

in the rotating frame is given by [3, 134, 103]

—3cos(8;x)% . .- . )
Heip, = hzmk T I3] (259S% — S15% — Sigk (1.2)
Jj<k
where 6, is the angle between the vector 7, and the magnetic field z-axis. When
another spin 1/2 specie I is present in the system, there will be a heteronuclear

interaction between the S and [ spins given by

3cos(01)” i &
His=hY 7 —S;Jz (1.3)

.13
= 27|

1.1.1 Equilibrium State

In thermal equilibrium the density matrix of the spins is given by the Boltzman
distribution [3, 134]: peq = Z-leAlmur s SgJ"H‘“Pz), where wy; = v is the Larmor
frequency, 8 = (kgT)~! is the inverse temperature, and Z = Tr [e‘ﬂ(“L 25 Sg*”"ipz)] is
the partition function. Even in a high magnetic field of 7 Tesla, the room temperature
thermal energy kg7 is many orders of magnitude larger than Awy, which is itself is
many orders of magnitude larger than the energy scales of Hg;,,. Thus the equilibrium

density matrix can be well approximated as
L
~(L—ey S)/2F (1.4)
j=1

where L is the number of spins and € < 1. Since 1 does not evolve under unitatry

evolution, only the deviation from 1 contribute to the measured NMR signal.

20



1.1.2 Spin Manipulation and Detection

Coherent manipulation of the spins is accomplished by applying radio-frequency (rf)
pulses on resonance with w;. In practice the sample is placed in the center of a
solenoid coil oriented perpendicularly to the external magnetic field, a strong rf pulse
is sent into the coil which creates a time-dependent field across the sample. In the
rotating frame during the pulse, the spins see a static magnetic field pointing in the
x-y plane and are collectively rotated according to the right-hand rule (for negative
gryomagnetic ratio) or the left-hand rule (for positive gyromagnetic ratio). In the
laboratory frame, the Hamiltonian for a on-resonance rf pulse along the x axis is
given by Hy(t) = Q3 , S7 cos(wrt — ¢), where Q the amplitude and ¢ is the phase.
In the rotating frame, after making the rotating-wave approximation [31], the rf

Hamiltonian is static for the duration of the pulse and is given by
Hrot _ Q Sj S]' .
= | D Sicos(¢) = Y S)sin(e)
J J

Hence by changing ¢ one can change the pulse direction in the rotating frame. If a
pulse is applied for a time t,, corresponding to Qt,, = 7/2, then the pulse is referred
to as a m/2-pulse. § = Qt,, is also called the flip angle. In reality, the pulses in the
rotating frame are never in perfect square form. Each pulse always has a leading and
a trailing transient, as it takes a finite time to switch on and off the amplifier. The
effect of this particular pulse imperfection in multi-pulse NMR experiments can be

minimized by “symmetrizing” the sequence (see [54] and also Appendix A).

The total magnetization of the spins is detected inductively. First a 7/2 pulse is
applied to bring the z magnetization into the x-y plane. As the spins precess due to the
external magnetic field and create a changing flux, a current is induced in the solenoid
by Faraday’s law of induction [134]. This current is then amplified and digitized to
give the measured signal. NMR measurements are ensemble measurements, where

only total magnetization of the spin ensemble can be measured.

21



1.2 Hamiltonian Engineering and Multi-pulse Tech-

niques

The strong dipolar coupling is responsible for the large linewidth observed in the
free-induction decay (FID) spectrum in solid state systems. In order to increase
the resolution (narrow the linewidth), it is necessary to decouple the spins from
their dipolar interactions. In solid state NMR, the two most common approaches
to homonuclear decoupling are Magic angle spinning (MAS) [10, 11] and multi-pulse
sequences [141, 55, 54, 103]. MAS relies on the fact that the angular dependence of the
secular Hamiltonian averages to zero when the sample is rotated at the magic angle
fm = arccos(1/+/3) [10, 11]. On the other hand, multi-pulse decoupling relies on the
fact that Haipx + Haipy + Haipz = 0. Thus by switching the secular Hamiltonian evenly
between x, y, and z one can effectively decouple the dipolar interactions. The most

famous multi-pulse sequence is the Waugh-Huber-Haebelrn (WHH4) sequence [141]:
T—X—T—-yYy—-21T—-y—T—-X—-7

where 7 is a delay, x(y) represent a 7/2 pulse along the x(y) direction, and {X,y} =
{—=x,—y}. For the moment assume the pulses are infinitely short so the rotation
of the spins is instantaneous. While in the rotating frame the Hamiltonian during
the delays is always Hgip,, in the interaction frame given by the pulses however, the
Hamiltonian is evenly toggled between Hyip,, Haipy, and Hgipx. Thus over one cycle
the Hamiltonian is averaged to zero to leading order. Higher order terms depend on
nested commutators involving Haipz, Haipy, and Hgipx; these terms can be made small
by decreasing the cycle time of the pulse sequence. Unsurprisingly, the interaction
frame given by the pulses is also called the toggling frame. Notice that the effect
of the pulses over one cycle is identity, so the rotating frame and toggling frame
coincides when the system is observed in “windows” in sync with the pulse sequence,
i.e., stroboscopically. The property U(t.) = 1 can be taken as definition of a cycle.

Because of the periodicity of the multi-pulse sequence, the dynamics of the system

22



is governed by a Floquet Hamiltonian. While conceptually simple, the performance
of multi-pulse methods depends on many factors such as pulse imperfections and
higher order corrections to the average Hamiltonian, and many techniques have been
developed to compensate for these effects [54]. The general approach to analyze
multi-pulse NMR 1is given by average Hamiltonian theory (AHT), which provides
a systematic procedure to obtain a time-independent Hamiltonian to describe the
dynamics observed stroboscopically [54]. For a description of AHT see Appendix A.

‘WHH4 is one of the pioneering discoveries that started the development of high
resolution solid state NMR using multi-pulse methods, many subsequent pulse se-
quences such as MREVS [102, 121], BR24 [22], and CORY48 [32] have been invented

to further improve the resolution.

1.2.1 Hamiltonian Engineering

Not only can multi-pulse sequence be used to accomplish homonuclear decoupling, it
can also be used to do Hamiltonian engineering. Denote a generic 4-pulse sequence
as P(m,ny, T2, Ny, T3, N3, T4, Ny, T5 ), Where n; represents the direction of the j-th 7/2
pulse, and 7;’s the delays interleaving the pulses. The 7/2 pulses have a width ¢,
of typically 1 ps. 7; starts and/or ends at the midpoints of the pulses. Consider a

16-pulse sequence given by

' / ’ < ! g <z Y ! = ! ! ! =y v
P(lex77"27Y7 27’37)’77'2,)(»7'1)13(7'1:)(» T27y727-37YvT’_HxaTl)P(Tlvxa T2, Y, 2T37y77-'27x*7-1)P(717x77—27Yy2T37y77—27xa7-1)

(1.5)

where the delays are given by

n=7(1+3c—v+w), =r(1+3b—-—u+v), 73=7(1-3a+u~—w),
n=17(1-3c—v+w), T=7(1-3b—u+v), 75=7(1+3a+u—w),
In the experiments 7 is typically 4 us. The cycle time t., defined as the total time of
the sequence, is given by t. = 247. u, v, w, a, b and ¢ are dimensionless adjustable

parameters, they are restricted such that none of the inter-pulse spacings becomes
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negative.

Using the sequence given by Eq.(1.5), the secular dipolar Hamiltonian Hg;, =
3 2jk Jin(251S% — SISk —§ISE)+3" h;SI can be engineered into an average Hamil-

tonian (or Floquet Hamiltonian) with tunable interactions given by

Hy = %Z Jiw [(u — w)SISE + (v — u)IS'ZS;c +(w— v)Sﬁ:Sf]jLZ hj(aSi%—bSi—i-ch),
Jj<k J

(1.6)
with null correction in first order (with finite pulse width) thanks to the sequence
being symmetric (see Appendix). Thus the leading correction is of second order. The
sequence given by Eq.(1.5) allows one to tune the relative strength of each terms in
Hy, thereby allowing one to explore different phases of the Hamiltonian. Furthermore,
by properly adjusting the delays and phases in sequence, one can invert the sign of
Hy. As it will be shown later, time reversal is critical to the measurement scheme of

multiple quantum coherence intensities and out-of-time ordered commutators.

In addition, a uniform transverse field can be introduced into Eq.(1.6) in two
ways. One strategy is to simply apply pulses off-resonance, so that the resulting H,
contains the term cAw )’ ; S7, where Aw is the resonance offset. This approach is
easy to implement, but it cannot achieve independent control over the disordered and
uniform fields, and it can result in lower-quality pulses. We use a second approach
which is based on phase-shifting the entire pulse sequence. Consider rotating the n-th
cycle of the pulse sequence by (n—1)¢ around the 2 axis, which can be accomplished
by phase shifting all the pulse directions n; in the n-th cycle by (n — 1)¢. The

evolution operator for each cycle is given by

U1 — e—iHotc
U‘2 — e~1¢Ze—1,Hotcez¢Z
U3 — e~2z¢Z6—zHot662wa

Un — e—i(n—1)¢)Ze-iH0tcei(n—l)q§Z
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where Z = > ; S7. The total evolution operator over n cycles is given by the product:

U(nt) = UpUy_y - - - UsUpUy = e~"9% [i¢% gmHote]"

o pminZ p=i(Ho— £ Z)nT _ emindZ g=ithntc (1.7)

where the total Hamiltonian is given by Hy = H + bZ, with b = —¢/t.. The rotation
approach also generates an extra term e~**%Z, this term can be eliminated by appro-
priately changing the phase of the encoding pulse (see section on MQC measurements)
or the readout pulse. The advantage of this method is allowing one to independently
tune the disordered field by adjusting ¢, and the uniform field by varying b.

Notice that multi-pulse techniques can be applied more broadly to engineer desired
Hamiltonians Hy., using only collective rotations of the spins applied to the naturally
occurring Hamiltonian, H,,;. The engineered Hamiltonian is obtained by piece-wise
constant evolution under rotated versions of the natural Hamiltonian under the con-
dition », RkatRZ = Hy.,, where R, are collective rotations of all the spins, which
achieves the desired operator to first order in a Magnus expansion. Symmetrization
of the sequence can further cancel out the lowest order correction [54].

Using only collective pulses limits which Hamiltonians can be engineered, due to
symmetries of the natural Hamiltonian and the action of collective operators. For typ-
ical two-body interactions of spin-1/2, an efficient tool to predict which Hamiltonian

are accessible is to use spherical tensors [4].

1.2.2 TUniversal Decoupling and Refocusing Sequences

Interestingly, there are universal pulse sequences which can time reverse any time
reversable Hamiltonian [94, 95]. NMR observations of dipolar echoes using such
a universal sequence have been made in water and adamantane at zero field [96].
To see how this is possible, first consider what Hamiltonian can be decoupled by
collective rotations. One can in general write the interaction Hamiltonian between
two spins as (S, S, S.)D(S. S, S.)%, where D is a 3 by 3 real matrix, and

D can be different for other pairs of spins. A collective rotation on the S spins is
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equivalent to an orthogonal transformation of the D matrix: D — D’ = ADAT. Since
orthogonal transformations preserve the trace, the minimal requirement to decouple a
Hamiltonian, i.e., D — 0, is for D to be traceless [30]. The secular dipolar interaction

is such a Hamiltonian where D is diagonal with elements (1 1 —2).

It turns out that Tr(D) = 0 is sufficient to find a universal decoupling sequence.

Consider a three pulse subcycle P; given by

2 2
(5, (), (3),
3 111 3 111 3 111
2m

where (%), ,, is a 27/3 pulse along the 2 + y + z direction. In the toggling frame, P;

cyclically permutes the diagonal elements as well as the off diagonal elements of D.
Since Tr(D) = 0, P; refocuses the diagonal elements of D. In order to refocus the off
diagonal elements, one can interleave 7 pulses in between multiple P; subcycles and

symmetrize the sequence to obtain
P37TZ.P37TyP37rIP3}537r_$1537r_y1537r_z]53 (1.8)

The sequence given by Eq. (1.8) is a universal decoupling sequence capable of decou-
pling any Hamiltonian satisfying Tr(D) = 0 to leading order. It will be interesting to
investigate how well the above sequence perform with realistic experimental imper-

fections, such as finite pulse widths, flip angle errors, and pulse transients.

To make a universal refocusing sequence to reverse any Hamiltonian, start from

the decoupling sequence given in Eq. (1.8) and perturb the delays to obtain
P:;P37['yP37TIP3p37T_zP37T_yp3Pé
where Pj is given by

(5) GG, t9

To leading order, Eq.(1.9) can reverse any Hamiltonian with Tr(D) = 0 by making
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D — —kD, where k = 1/11 is the theoretical maximum scaling factor obtainable
when both one-body and two-body interactions are present [94]. However when only
one-body or two-body interactions are present, larger scaling factors are achievable.
Remarkably, work by [94, 95] provides a group theory approach to systematically con-
struct universal decoupling and refocusing sequences, with bounds on scaling factors.
More recently a numerical recipe for finding universal decoupling sequences is given

by [30].

1.3 Multiple Quantum Coherence (MQC)

Multiple quantum coherence is a technique used to study the many-spin dynamics
in NMR system [17, 24]. Mathematically, MQC can be understood as a Fourier de-
composition of a many-spin operator O with respect to another operator P satisfying
e~2mP — 41, where m is an integer. For simplicity consider the experimentally
relevant case where P = ; S; - n is the generator of global spin rotation around the

n-axis. Any traceless many-spin operator O can be decomposed as

q=L
0=>"0, (1.10)
qg=—L
where L is the total number of spins in the system, and O, satisfies following two

equivalent relations:
e 0, =0, [P,0,] = q0,. (1.11)

From the first relation it is evident that O, = (’)iq. What do each multiple quantum
component (J, mean physically? Consider for a moment that P = ZJ. S7, then O,
are the terms in O that satisfy ¢ = n, — n_, where ny is the number of Si =

57 +1iS) operators. For example let O = 515252 + S152

57, then the multiple quantum
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components of this operator are given by
1 1 1
Op = E(SES.%SS - 515259, Os1 = 5—-5:1&53 Oi2 = i£(5i5i53)~
i

For a given O, each multiple quantum component O, can be formally written as

1 2w

0= i dfe e~ 0P 0eiP. (1.12)

which indicates that the multiple quantum components O, come from the Fourier
decomposition of O with respect to P. In addition, it can also be shown that O,

obey the following orthogonality condition:

1 m 2 : /9! N ; 0! ol
Tr(0,0,) = yPe /0 de’ /0 dfel+a ) Ty (e~ PP 0P =0 P (')

27 2m
— LQ dg/ / dgei(q9+q/9')Tr(e—i(e—el)Poei(e—G')PO)
472 J, 0
1 2w 27 ) " ) ,
=— [ do / doe 70N " e 00T (0,0)
42 J, 0 p

= Z 5q16q/(_l)TI'(OlO) o8 5q(;q,)
l

Using the fact that the maximum ¢ allowed is equal to the total number of spins L,

one can rewrite Eq. (1.12) as a discrete Fourier transform:

1= - p
Oy =57 mz::() e e 0T (1.13)

Notice that there is a slight complication with this equation at ¢ = L, namely the
RHS actually gives Oy, + O_p instead of O;. This is because O, transforms the
same way at ¢ = L and thus cannot be separated. In order the separate O one

needs an extra transformation given by ie'i‘g_f(OL + (’)WL)e"g_g =0, —-0_;.

An alternative way to find O, is to use the second relationship in Eq. (1.11).

Starting from [P,O] = >_ 4904, by repeatedly commuting both sides with P one can
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generate a linear system in O,:
[P,O] = 40,
q
[P7 [P7 OH = ZQQOq
q

[P7 [P7 [P7 O”] = ZqBOq

lp7[P7[P7[P7"'[Pjo]v"']”]:ZQ2LOQ'

Using O;t = 0,+0_,, one can rewrite the above into two linear systems of equations:

[P, O] 1 2 3 ---| o7
PP PO | [1F 2t 3 ) Oy 1
[P, [P, [P, [P, [P, O]]]] 15 25 35 .| ]
i : 1 | | oz]
- [P,[P,0]] 1 [z 22 32 ...] Jor]
(P, [P, [P, [P, O] 2t fof i
[P,[P,[P,[P,[P,[P,Olll 16 96 36 .|| :
. _ _ o

The constant matrices are in the form of Vandermondes matrix, and can be exactly
inverted. Thus, by calculating nested commutators of © and P one can find all the
multiple quantum components O,. In practice, it is more efficient to use Eq. (1.15)
than Eq. (1.12) for finding multiple quantum components. This is because when

mmnP

P is sparse, computing nested commutator is faster than computing e~ 0t EE

Eq. (1.15) will also be useful later for finding higher order corrections in prethermal

Hamiltonians.
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1.3.1 Measuring MQC Intensities

The rotation properties of MQC (first relation in Eq. (1.11)) can instead be used
to detect MQC intensities experimentally. Quantum coherences in the n-basis are
classified based on their response to rotations around the n axis: A state of coherence
order g, when rotated around the axis n by an angle o, will pick up a phase equal to gy,
i.e, e‘i"’zi S'j‘pqei‘" =Sk = e~“%p,. This property is often used in NMR experiments
to select a particular coherence order, by a procedure called phase cycling [21] that

amounts to averaging measurements done with phase-shifted pulse sequences.

To see this, consider expanding the density matrix as a sum of quantum coher-
ences: p= > o Pg- 1f one wish, for example, to keep only the even order coherences,
one can measure p + p., where p, is the density matrix rotated around n by 7. In p,,
all odd order coherences pick up a minus sign and exactly cancel their counterparts
when added to p, leaving only pgceven- Notice that quantum coherences are defined
with respect to a given axis of rotation. Different axes of rotation give rise to different

sets of quantum coherences.

Let O = p, the MQC intensity of order ¢ is defined as I, = Tr[p,p_,|, that
is, I, can be understood as the weight of the ¢-th order coherence in the density
matrix. MQC intensities are an incomplete measure of many-spin correlations since
a signal in I, indicates there are at least |g| spins present in the correlations. On
the other hand, a correlation with m spins can in principle give rise to all I, with

q=-m,—m-+1,--- ,m.

MQC intensities can be measured in four steps. The schematic of a conventional
MQC experiment is shown in Fig. 1-1B. During preparation, the system initially at
Peq is driven to evolve under a many-body Hamiltonian H, thereby generating many-
spin correlations. An encoding pulse, described by the unitary operator e *Z, tags
the quantum coherences according to their coherence orders. The refocusing step
implements the time-reversed evolution to bring the system back into magnetization,
which can then be detected by a 7/2 pulse. In our system, the sign of the Hamiltonian

can be inverted by adjusting parameters in the pulse sequence (see section 1.2.1). The
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overall signal of the MQC experiment can be expressed as

S, = Tr[Ule 2 U peqUTe*2 U Z]

o Tr[e "% 6pe'?? 6p] = Z e Tr[5p0p—_g) = Z ¢, (1.16)
a q

where 8p o UZU' ox UpeqUT—1/2F and we have used the identity Tr[0p,0p,] = 1,04
in the second to last step. To extract the intensities I,, we perform a series of MQC
experiments as we vary ¢ from 0 to 27 in steps of §;, where M is the maximum
coherence order to be measured. By performing a discrete Fourier transform (DFT)

with respect to ¢, the MQC intensities can be found

2M
Tyioe % € T H Sy, (1.17)
m=1

where S, is the signal of the m-th MQC experiment with ¢ = mn /M. Notice that

the encoding pulse e=*#Z is not implemented by a physical pulse, but rather by phase

shifting all the pulses in the preparation step. However, a encoding pulse e~ is

i (1)_Y, and the (%)

5 pulse

implemented by two physical pulse: ¢=%X = (%)

Y -Y

is phase shifted along with all the pulses in the preparation sequence during encoding.

B Preparation Evolution Mixing Detection

Figure 1-1: Naturally occurring spin chain sample and experimental tech-
nique. A Fluorapatite crystal structure, showing the Fluorine and Phosphorus spins
in the unit cell. B NMR scheme for the generation and detection of MQC. In the
inset (C) an exemplary pulse sequence for the generation of the double-quantum
Hamiltonian.
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1.3.2 Phenomenological Models of MQC Intensities

Finding I, exactly in dynamic systems with large number of spins is not practical,
as the dimension of matrices increases exponentially with system size. However,
phenomenological models have been developed to explain MQC intensity distributions

observed in experiments with large number of spins.

According to the phenomenological model [17], at a given time the correlations
in the system have spread to at most [ spins, and within this cluster of ! spins all
possible types of correlations are equally likely. One can then use a distribution to
describe all the spin correlations. For example the probability of finding a k-spin
correlation is proportional to 3* (,lc), since each of the k spins can be either S, S, or
S, and there are (,lc) way to choose k spins. The distribution function can be written

as

pe(l) = 413_10 ] <llg) (1.18)

From this distribution one can calculate the first moment, or the average number of
correlated spins: 22:1 kpr, = 31/4.

If the phenomenological model is valid, what experimental signature can one ex-
pect from the distribution given by Eq. (1.18)? Let P = .57 and assuming all
correlations are equally likely, one can expect the MQC intensity I, from [ spins to

have the following form:

l ny +n_
I 2l—n+—-n_ +
o 3 (L))

Ny—nN_=q

Recall that I, comes from spin correlations satisfying ¢ = n, — n_. For a given

l

ny +n_ there are (n+ i

) combinations, and for each combination there are ("f,:"*)
permutations. In addition, there are { — n, — n_ remaining spins that can be either
S, or I giving an addition factor of 2/~"+~"-. By summing over all possibilities I,

can be written as

;oL i gl-a-2n- ) 1 (20 + 1)
N A (-g-2m ) (gt no)in ! NI+ 1T+ 1 +q)

(1.19)
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where I'(n) = (n — 1)! is the gamma function. Notice that I, is a even function of g,
as expected from the definition /;, « Tr(O,0_,). The normalization constant A/ can

be determined from

I, =) " Tr(0,0-,) =03

where ||O| = /Tr(OOY) is the Frobenius norm of @. For simplicity let [|O] be
unity. If the Hamiltonian has no particular symmetry and all coherence orders can
be excited, then g take all integer values from —! to { giving a normalization factor of
N = 4! If the Hamiltonian and initial state are such that only even ¢ or odd ¢ can
be exicited, then the normalization factor is ' = 4!/2. In the limit { > 1, the MQC

distribution can be well approximated by a Gaussian function. !

The Gaussian distribution is often used as a starting point to analyze observed I,
from MQC experiments on 3-dimensional spin netowrks such as CaF, and Adaman-
taine [27, 107, 17] where the phenomological model is expected to be valid. However
it has been pointed out that in some cases an exponential distribution is a better
fit to the experimental data [87]. Never mind the exact MQC distribution, one can
always use the second moment Zq ¢*I, to characterize the spread of a discrete MQC
spectrum [,. The second moment is a measure of the average number of correlated
spins in the system. In a pioneering work the width of the MQC distribution is used
to distinguish between localized and delocalized dynamics in adamantane [6, 7]. In
Chapter 4, it will be shown that the second moment of the MQC distribution is the

out-of-time ordered commutator for a system at effectively infinite temperature.

'For an alternative derivation of Eq. (1.19), start by writing O = 3, Oy |)(k], where |j), |k)
are eigenvectors of P and O;k = (j| O k). For P =%, S3, each |j) is a tensor product of a string
of [t) and |]) states. Under rotation by P: e *¢F 0P = 3~ | Ojke“iuvh_zkrk— ¢ |5)k|, where j
and k4 are the number of |1) and |]) in |j) and (k| respectively. Using ji +j- = ky + k- =1, it
can be shown that e F Q¢'¢F = P O,,e~ 0+ =k | 5% k|, here the phase acquired eil/+—k+)9 ig
the coherence between |j} and |k). Since only terms satisfying j, — k4 = ¢ contribute to O, and I,.
Eq. (1.19) is recovered by summing over all possibilities: >, _, _, (Ji) (ki) = Z;Jr:o (Ji)( L)

q+i+
r(2i+1)
FUFi—qT(+i5a)"
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1.3.3 MQC Intensities for Random Matrices

Intuitively, one expects the phenomenological model to be accurate for random ma-
trices. In order to numerically assess the validity of Eq. (1.19) for random Hermitian
matrices, consider a random Hermitian matrix drawn from either a Gaussian orthogo-
nal ensemble (GOE): Ogog, or a Gaussian unitary ensemble (GUE): Ogug. Ogog are
real symmetric random matrices and are thus time-reversal invariant. Let 5G0E/GUE

be the normalized traceless part of Ogog/guE:

Ogor/cur — Tr(Ogor/cur)1/2"
|Ocor/cue — Tr(Ogor/que)1/28||

EGOE/GUE = I

so that ||5GOE/GUEH = 1. Fig. 1-2 shows the MQC intensities encoded along the
z-axis for 5G0E/GUE averaged over 10 disorder realizations for L = 10 spins. Both
EGOE/GUE are drawn from distribution of unit variance. The red circles in Fig. 1-
2 corresponds to Eq. (1.19). Interestingly the phenomelogical model gives almost

perfect agreement to the MQC intensities for random matrices.

1.3.4 MQC Intensities for Chaotic Hamiltonian

One immediate question is whether MQC intensities will follow Eq. (1.19) for generic
interacting many—bbdy systems. At first sight the answer seems to be no. Consider for
instance the MQC intensities for operator Si(t) = e~*tSie'!* encoded with respect
to some P, with [P, H] # 0 and [S?, H| # 0. This time-dependent operator, how-

ever, will never evolve into a random matrix, regardless of how long ¢ is. Since time

0.15 0.15
0.10 0.10
0.05 0.05
0.00 0.00
0 2 4 6 8 10 0 2 4 6 8 10

Figure 1-2: Comparison of MQC intensities given by Eq.(1.19) and that of
random matrices Left: MQC intensities averaged over 10 realizations of random
matrices drawn from GOE. Right: same as left except drawn from GUE. Red circles
are from Eq.(1.19).
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evolution is an unitary transformation, the eigenvalues of S¥(t) stays +1/2 indepen-
dent of ¢, and thus can never exhibit level repulsion as required in random matrices
[111]. Interestingly, numeric simulations show that certain interacting 1-dimensional
Hamiltonians still follows Eq. (1.19) at large ¢. Consider for example the Ising model

with both transverse and longitudianl fields [79]:

Higiog = Z alolt + gol + hol) (1.20)

J

where 7% are the Pauli matrices at the j-th site. This model is known to be
ergodic, or quantum chaotic, for generic values of g and h. Following [79, 80], let g =
0.9045 and h = 0.8090 and use periodic boundary conditions (PBC). Fig. 1-3 shows
the MQC intensities encoded along the z-axis for the operators o}(t), 3_; 0(t), and
>_;0l01*!(t) at t = 10°. Good agreements are found between the exactly calculated
MQC spectrum with the phenomenological model given by Eq. (1.19), even though

the operators are not random matrices.

According to the eigenstate thermalization hypothesis (ETH), generic many-body
eigenstates are thermal, where the local reduced density operator can be described
by a thermal equilibrium distribution with inverse temperature depending only on
the energy of the eigenstate [123, 138, 61]. Systems satisfying ETH exhibit quan-
tum ergodicity, where individual eigenstates can “sample” all accessible Hilbert space
evenly. Consider the density matrix of a single eigenstate [1): p = |[VX¥|. If |¢) is
ergodic, one expects p to contain evenly all possible types of spin correlations, Fig. 1-4

shows the MQC intensites encoded along z-axis averaged over all 2~ eigenstates. The

0.15/ 0.15f

0.10: 0.10,
0.05 i 0.05!
0.00- - 0.004 ] 111 [ PR -
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10

Figure 1-3: MQC intensities of local operators in chaotic Ising model Cal-
culated MQC intensities encoded along z-axis for o (t)(left), >_. o7(t)(middle), and
S ododt(t)(right) at ¢t = 10°. Red circles are predictions of Eq. (1.19).

o R et 1
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results are in good agreement with Eq. (1.19). Ref. [80] shows that in this model,
all eigenstates tends to be thermal as system size is increased, indicating ETH in the
strong sense: every eigenstate in a quantum ergodic system is thermal.

Notice that the operators chosen for Fig. 1-3 and the encoding axis (3_;57) do
not have any overlap with the chaotic Ising Hamiltonian. From numerics it is found

that when significant overlap is present the phenomenological model is not valid.

0.2

=]

=

0.10

)

s

1 |
|

0.05¢

0.00}

0 2 4 6 8 10

Figure 1-4: MQC intensities of all eigenstates in chaotic Ising model Calcu-
lated MQC intensities encoded along z-axis averaged over all 2~ eigenstates, the error
bars correspond to the standard deviation. Red circles are from Eq. (1.19).

1.4 Flurapatite Crystals, a Quasi-one dimensional
spin system

The system used in the experiment for this thesis is a single crystal of fluorapatite
(FAp) shown in Figure 1-1(A). Fluorapatite is a hexagonal mineral with space group
P63/m, with the '°F spin-1/2 nuclei forming linear chains along the c-axis. Each
fluorine spin in the chain is surrounded by three 3!'P spin-1/2 nuclei. The sample
is placed at room temperature inside an NMR superconducting magnet producing a

uniform B = 7 T field. The total Hamiltonian of the system is given by
Htat:WFZSE+WPZS:+HF+HP+HFP (1.21)
k K

The first two terms represent the Zeeman interactions of the F(S) and P(s) spins,
respectively, with frequencies wr = ypB = (27)282.37 MHz and wp = 7pB =
(2m)121.51 MHz, where yg/p are the gyromagnetic ratios. The other three terms
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represent the secular magnetic dipole-dipole interaction among the spins, given by

1 . . : K
Hp =5 > Jh(2818k—s1Sk -8k Z 2st—sasy—syst) (1.22)

<k )\<n

and the heteronuclear interaction between the F' and P spins,
Hin = 3 JEESES (1.23)

where SJ (s?) represents the n component of a Fluorine (Phosphorus) spin Pauli
operator on site j. The maximum values of the couplings (for the closest spins) are
given respectively by J¥ = —32.76 krad s™!, J¥ = 1.21 krad s~} and Jf¥ = 6.13
krad s~! when crystal is oriented with its c-axis parallel to the external magnetic
field. In this orientation, the coupling of fluorine spins to the closest off-chain fluorine
spin is &~ 40 times weaker, while in-chain, next-nearest neighbor couplings are 8 times
weaker. Previous studies on these crystals have indeed observed dynamics consistent
with spin chain models, and the system has been proposed as solid-state realizations
of quantum wires [23, 25, 119]. This approximation of the experimental system to
a 1D, shortrange system, although not perfect has been shown to reliably describe
experiments for relevant time-scales [127, 151]. The approximation breaks down at
longer time, with a convergence of various effects: long-range in-chain and cross chain
couplings, as well as pulse errors in the sequences used for Hamiltonian engineering.
In addition, the system also undergoes spin relaxation, although on a much longer

time-scale (77 = 0.8 s for our sample).
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Chapter 2

Localization in spin chains

2.1 Introduction

Anderson first demonstrated that single particle wave functions can become exponen-
tially localized in the presence of disorder [9]. Whether this localization [143, 20, 124]
survives in the presence of interactions (many-body localization, MBL) has received
much attention in recent years [15, 14, 109, 136, 130, 28]. Numerical evidence in
spin chains indicates that the system may be in the MBL or ergodic phase depend-
ing on the relative strength of interaction and disorder [112, 132, 97]. MBL can be
distinguished from its noninteracting counterpart (Anderson Localization, AL) via
the dynamics of entanglement entropy [67, 13, 131, 65]. Entanglement entropy is
however difficult to evaluate experimentally, and so far has only been measured on
systems with small number of particles [70]. One way to circumvent this challenge,
is to measure entanglement witnesses such as the quantum fisher information (QFTI),
which can serve as a lower bound for entanglement entropy [136] for pure states.

A remarkable feature about the MBL phase is that it is predicted to persist at
high and even infinite temperature [111], where states are highly mixed and there is
little to no entanglement present. How does one characterize the MBL phase experi-
mentally in such a system? Here we introduce a novel metric capable of distinguishing
MBL from AL in the non-equilibrium dynamics of highly mixed states, and provide

both numerical and experimental evidence in support of the metric. Our approach
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Spin chain in a random field

Many-Body
Localization

Initial Icl erturatlon

|t

Spread of correlations

~log(t)

Anderson Localization

>

Figure 2-1: Quantum many-body correlations grow from an initial localized state
(top) but are restricted to a finite size by disorder (bottom). The average correlation
length L., which measures the spread of the correlations, is observed to saturate at
the localization length £ in the case of AL, but grows logarithmically with time in
the MBL regime.

requires no local control of the system, and relies only on collective rotations and mea-
surements, in contrast to recently proposed metrics [50] that also detect the spread of
correlations but require single-spin addressability. The experimental system is com-
posed of nuclear spins in a natural crystal coupled by the magnetic dipolar interaction.
While the system is a 3D, open quantum system with long-range interactions, it has
been shown that on timescales of relevance to the experiments it can mapped with
high-fidelity to an ensemble of 1D, nearest-neighbor coupled spin chains [151, 23]. We
exploit Hamiltonian engineering techniques to selectively introduce and tune both the
strength of the interaction and the degree of disorder in the system, and measure the

growth of many-spin correlations in both the AL and MBL regimes.

2.2 Average Correlation Length

We consider a linear chain of L spins initially at equilibrium at high temperature (3 —
0 ) in a strong magnetic field aligned along the 2 direction. Under these conditions,
the thermal equilibrium state of the system can be expressed as peq = (1—€ 3, 57)/2"
(with S the spin-1/2 operator) to first order in € = fw; < 1, where wy, is the spin

Zeeman energy and A = 1. Any spin-spin interactions are assumed to be negligible
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compared to the Zeeman energy, so that the initial interaction Hamiltonian commutes

with the thermal equilibrium state.

If the effective interaction Hamiltonian H of the system is changed suddenly (a
rapid quench), the system is no longer in equilibrium and evolves into a many-body
correlated state. The presence of disorder hinders the growth of correlations and can
give rise to localized states, characterized by an exponentially decreasing probability
of correlations outside a typical localization length, £, as shown in Figure 2-1. Inspired
by this picture, we define a metric of localization that measures the average length over
which correlations have developed. We can generically write the high-temperature

time-evolved density matrix as

L Gk

o(0) = 5r — S D BB, (21)

k=1 s=1

where B}, are operators composed of tensor products of £ Pauli matrices and L — k
identity operatofs. Here (j is the number of configurations with exactly k£ non-identity

Pauli operators.

To quantify localization we define the average correlation length

L
Le=Y kf, (2.2)
k=1
where f, = g’; 1[163]? is the contribution of all possible spin correlations with Ham-

ming weight & (with Zle fe=1).

In the initial equilibrium state p., there are no spin correlations and L, = 1. In
the absence of disorder, we expect L. to grow and eventually saturate at a value
dependent on L. In the presence of disorder, if the system is noninteracting, AL leads
to a coherent suppression of many-spin correlations and L. is bound by the localization
length £. When interactions are present, disorder is unable to completely suppress
the correlation growth. The slow growth of L. in the presence of interactions is the

key feature that enables L, to distinguish between AL and MBL for mixed states.
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Consider an effective spin Hamiltonian (following the quench) of the form

-1 I-1
_utv i+l VU [ G+l
H="22Y gsisit+ 22y gsis)
Jj=1 j=1

L L-1
+g) hiSI—v) JSISIH, (2.3)
j=1 j=1

The first two terms represent an integrable Hamiltonian, as via a Jordan-Wigner
transformation [71] they map to a free fermionic Hamiltonian. The third term corre-
sponds to on-site disorder, and the last term introduces interactions between fermions.
Tuning the relative strength of these parameters allows us to explore different physical
regimes. Figure 2-2 shows that the entropy S = —Tr[py log p1], where p; is the re-
duced density matrix of the left half of the chain, displays a characteristic logarithmic
growth in time [13] when the system enters the MBL phase, and saturates when the
system is non-interacting. The figure also shows that for the initial equilibrium state
Peq> L. also saturate at long times when the system is noninteracting and increases
logarithmically when a weak interaction is introduced. This suggests that L. can
be used as an alternative to entanglement entropy to distinguish MBL from AL for

mixed states.
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Figure 2-2: Simulations of spin correlation and entanglement entropy. We
compare the entropy of the reduced half chain (dotted lines, right axis) with the
correlation length L. (solid lines, left axis) and the approximate L. obtained from
measuring the MQC (dotted lines). Simulations were performed for L = 8 and with
a uniform random noise gh;/u € [—8,8] for 960 realizations. The similar behavior
(including logarithmic growth) confirm that the chosen metric is as good an indicator
of MBL as the more commonly used entanglement entropy. Here we show a scaled
representation of the entanglement entropy, renormalized to vary between 0 and 1, in
order to account the mixed initial state of the system.
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2.2.1 Average Correlation Distance

In the main text we focused on the average correlation length as the chosen metric to
experimentally detect the MBL phase. Here we introduce a second metric, that we
call the average correlation distance that can serve the same purpose and it is
even more closely related to the notion of localization length. We will then compare

these two metrics to known measures of localization in Sec. 2.7.

In Eq. (1) we decomposed the time-dependent density matrix using operators B;
composed of tensor products of k¥ Pauli matrices and L — k identity operators. An

alternative decomposition is

L L+1—-k &

o) =2~ SEY D D DA (2.4)

k=1 j=1 r=1

where A’ ., | represents an operator composed of tensor products of Pauli matrices
where the two farthest nonidentity operators are located at sites j and j + & — 1; for

each k there are & such configurations labeled by r.

We can then define the average correlation distance over which spin correla-

tions have established in the system:
L
D.=_ kd;. (2.5)
k=1

Here dy, = ZLH % a aj ;1x_1)” is the contribution of all possible spin correlations
over distance k, and satisfies the normalization Zi:l di = 1. D, is a measure of how

far information has spread within the system.

We expect D, to have a qualitatively similar behavior to L., as indeed it is even
more closely related to the notion of localization length. However, measuring d; and
D, is challenging, since for a generic many-body spin Hamiltonian the number of con-
figurations &, is exponential in k and L. In addition, we cannot rely on the measurable
MQC intensities to extract di. Indeed, since collective rotations cannot distinguish

correlations such as S1S5? and S1S2 it is impossible to separate their contributions

=T
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into dy and ds, even if they can be correctly classified when measuring f;. We find
however that for noninteracting systems, and for simple initial states such as peq, all
many-spin correlations are in the form A, = By, ~ Si( f:]ﬂ:f S1)Sy71) where the
end spins S, are either S; or S,. Then, in these systems a spin correlation established
over distance k corresponds to a correlation amongst k spins, thus the average dis-
tance D, can be alternatively understood as the average number of correlated spins,
that is, the average correlation length L.. While for noninteracting systems, fx = di
and consequently L. = D,, for interacting systems the two metrics are different, but
they are equally good correlation metrics in distinguishing MBL from AL. Finally, we
remark that in higher dimensions, D, is not unique since there are different ways to

label the spins, thus making L. a more versatile correlation metric than D, in more

than 1 dimensions.

2.3 Experimental Results

Measuring L. for a generic many-body state is challenging, since it is usually diffi-
cult to directly measure many-body correlations to determine f;, and the number of
configurations (; is exponential in k£ and L. Here we show how to extract L. in our
experiments, with a method that can be extended to other systems.

While the high-temperature thermal equilibrium state does not evolve under this
natural dipolar Hamiltonian, we can quench the system to a different effective Hamil-
tonian of the form of Equation (2.3) by periodically applying a radiofrequency pulse
sequence in resonance with the F spins. This method (called Coherent Averaging [54])
has been long used in the NMR literature for spectroscopy and condensed matter
studies. Here we further push these techniques to engineer a broad class of Floquet
(periodic) Hamiltonians with tunable disorder and interactions. In addition, we are
also able to reverse the arrow of time, a tool that allows measuring out-of-time or-
dered correlations (OTOC). The experimentally adjustable parameters u, v, and g
allow us to explore various regimes of interest. The Experimental Method section

shows the pulse sequence used to implement this effective Hamiltonian.
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In order to calculate the correlation length L. we need to find the coefficients f,
which we can determine experimentally by borrowing from well-known NMR tech-
niques that approximate the number of correlated spins by their quantum coherence
number [106]. Multiple quantum coherence (MQC) intensities of order g describe the
contribution of terms |m,)(m/| in the density matrix such that m, —m] = q, with m,
the collective S, eigenvalue (typically a = z). MQC intensities I, can be measured
by relying on their distinct behavior under collective rotations [106, 17, 120]. The
distribution of I, has been traditionally used to approximate the average number of
correlated spins, or cluster size, in 3-D spin networks [18, 108, 7]. While this ap-
proximation fails in 1-D systems, we find instead a practical experimental protocol to
eractly measure L. for noninteracting systems. The protocol still yields a very good

approximation for disordered interacting (MBL) systems.

We first note that in non-interacting systems, for simple initial states such as peq
the number of configurations is simply (, o« L — k: All many-spin correlations are
of the form By ~ S¢([1/2277 SL)SE+~!, where the end spins S, are either S, or S,.
This structure is key to extracting the fi coeflicients, as correlations with different
k will respond differently when rotated around an appropriate axis. In our MQC
protocol, we first decompose p(t) into four orthogonal sectors using time-reversal and
phase cycling [21] and then measure the MQC intensities encoded in the z axis for
each ;" sector, Ig. The resulting MQC intensities can be related to fx in Eq. (2.2) by
a linear transformation, f,=>_ ik M,g) ]g , and from the extracted f, we can calculate
L.. While this protocol was designed for the Hamiltonian we investigated, similar

strategies will be available for other integrable Hamiltonians, with a proper choice of

the axes along which the MQC are measured.

As long as the interaction term is not too large (and disorder large enough) we
expect that the evolved density matrix state will still mostly contain the simpler
many-spin correlations described above, thus allowing to extract an approximate L..
The validity of this argument can be seen from the simulation results shown in Fig. 2-
2, where the approximated L. (calculated from the MQC) continues to closely track

the exact L. and the entanglement entropy in the MBL phase.
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Combining Hamiltonian engineering with MQC readout, we can explore the behav-
ior of both noninteracting and interacting models in the presence of disorder. Fig. 2-3
shows the experimentally extracted L. for our interacting model, as compared to the
non-interacting case.

The figure also shows the behavior of L. as the strength of the interactions (v in
Eq. 2.3) are varied, for a fixed disorder strength. The experiments clearly reveal the
emergence of slow growth in L. when interactions are added, the hallmark feature of

MBL [13, 115]. For the noninteracting Hamiltonian (v = 0), in the absence of disorder
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Figure 2-3: Experimental measurements of spin correlations in interacting
spin chains. We plot in log-linear scale the measured L. dynamics in the presence of
disorder and for varying interaction strengths v. Data are for u = 0.24 and g = 0.12.
After an initial growth of correlations, L. saturates for the non-interacting systems,
while it shows a slow growth in the presence of interactions, thus indicating many-
body localization. In contrast, the integrable case (gray, v = 0, g = 0) shows more
pronounced growth, although it is still limited by experimental imperfections.

we expect L. to increase linearly, consistent with the Lieb-Robinson bound for short-
ranged Hamiltonians [92]. In the thermodynamic limit L — oo and at large times
uJt > 1, L. grows with a velocity V = 2u.J/m. In the presence of disorder, instead,
we expect L. to initially increase, as spins correlate within the localization length,
and to saturate at long times due to AL. This experimental evidence proves that
our Hamiltonian engineering technique can indeed introduce disorder in the system
evolution.

Figure 2-4 illustrates the change in L. as a function of disorder strength for the
non-interacting case. Increasing disorder is clearly seen to result in a saturation of L.,

consistent with Anderson Localization. The lines are numerical simulations using 6
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(solid), 10 (dotted) and 20 (dashed) spins respectively, demonstrating that our exper-
imental results are indeed consistent with theoretical predictions. The discrepancies
seen at higher L, are likely due to experimental errors.

Control imperfection and decoherence due to the open system dynamics can pref-
erentially affect the higher quantum coherences of large spin correlations, leading to
an apparent saturation of L.. The same experimental imperfections make it even
more difficult to observe the ergodic phase, where interactions dominate disorder.
High-fidelity experimental control of complex many-body states is key for any exper-
imental metric of complexity. In some cases, it is still possible to distinguish between
the saturation of L. due to experimental limitations at long time and its quenching
due to increasing disorder using additional symmetry properties of the MQCs.

Note that in the experiments we can probe this dynamics only for relatively short
times, where the physical system is a good approximation to the ideal model [151].
Indeed, while the chain lengths are much longer than explored on these timescales,
we have a 3-D crystal where each spin chain interacts with 6 surrounding chains and
the couplings are long-range, < 1/r®. Thus, we kept the experimental time short to
minimize these effects, as well as pulse imperfections that can lead to unwanted terms
in the engineered Hamiltonian (the time is also much shorter than the relaxation time

T, ~ 0.8 s and the P dynamics).

Time (ms)

sl 0 85 D7 0
B g} Jores /S
£ 3.0b *0-06 s
s | =012
- % R AR B
= 25} «0.18 Frg
2 - o
® 20 L B
9
o 15
o

1.0

0 2 4 6 8

Time (J t)

Figure 2-4: Experimental spin correlations in noninteracting spin chains.
Correlation length L, for various strength o< g of disordered transverse fields, with
u = 0.24 and v = 0 (see Eq. 2.3). Errorbars are determined from the noise in the
free induction decay, the solid lines are guides to the eye. The lines are numerical
simulations using 6 (solid), 10 (dotted) and 20 (dashed) spins respectively, averaged
over 126 disorder realizations.
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We can obtain a more intuitive understanding of why our experimental method
for extracting the correlation length from MQC works in a quite robust way. In the
integrable case, where both the initial state and the Hamiltonian can be mapped into
free fermions, only a restricted set of operators B}, appear in the dynamics and we
can exactly measure their contribution to L. via the MQC. This method can still be
applied to MBL systems due to their emergent integrability characterized by a com-
plete set of local integrals of motions (LIOM) [131, 65]. While the number of possible
configurations (. in these LIOMs is exponential, only a fraction of them (correspond-
ing to small k) have significant weights — a consequence of area law entanglement
in MBL systems [37, 16]. Then, when applied to MBL systems, the MQC method
approximately counts the L. of these interacting LIOMs, while still exhibiting the
same logarithmic growth as entanglement entropy. We can further Aunderstand our
measurement in terms of out-of-time ordered correlations [64, 47, 90]. As explained
in Chapter 1, in order to extract the MQC intensities we effectively measure the

quantities

Sy(t) =Tr [Peqq)f(t)ﬁ’eq(b(t)] ) (2.6)
with ®(t) = U(t)e i S Ut (1),

While we can only measure OTOC for collective operators on the whole system, such
as @, these OTOC still give some information about the spreading or localization
of correlations, since peq is a sum of local operators. The information is made more
accurate as we consider an average of several OTOC for different ®(0) operators,
even if we cannot measure a whole basis of a subsystem as required to extract the
entropy [62, 64, 43]. It will be interesting to experimentally measure other OTOC in
our system, as OTOC has been studied in the context of information scrambling in

black holes [139, 146].

In our experimental analysis, we mapped the physical system to the simple,
nearest-neighbor 1D spin chain model. This allowed us to analyze the data with

a well-known model, that furthermore leads to analytical solutions at least for the
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non-interacting case. However, it would be interesting to further analyze if the dis-
crepancies from the ideal model, and in particular long-range interactions, give rise
to further, interesting properties when exploring the systems for times where the
approximation is no-longer as good. For example, the expected slow growth of en-
tanglement in long-range coupling systems is expected to exhibit a power-law [115],
instead of a logarithmic growth, while the question of whether localization can be

seen in long-range, higher-dimensional systems is still open.

2.4 Fermionic Solution to Noninteracting Systems

In order to show how fx and L. can be extracted from MQC intensities, we need
to first present a microscopic description of the spin-correlations generated by the
Hamiltonian. In the main text, we introduce the generic (Floquet) Hamiltonian that

we can experimentally generate with our control (see Eq. (3)),

L-1 L L
1 .y o ) .
H=3 > (SIS — SISIT +bY ST+ g RS
i=1 j= j=
1<
+3 > vJ(SLSI + SISIT — 2857t (2.7)

We can rewrite the spin Hamiltonian H in terms of fermion operators using a Jordan-

Wigner transformation [71]: ¢; = o* [],_, 0, where o are the usual Pauli operators:

wy Lt b L L9 L
=~—Z— +1+(‘J+1c, +22(20 c;— 1)+ 52 (2c cj —
J=1 = j=1
L-1 L-1
vJ vJ
- (chejur +cb1e) = T (2cfe; — 1)(2¢t, 10551 — 1). (2.8)
j=1 j=1

In particular, this makes it apparent that only the last term of the equation corre-
sponds to interactions. Note that we consider the case b = () in the main text.

The dynamics of the noninteracting Hamiltonian (ignoring the 3, S7S7*! term)

H=uJY (S35 + 828 )+ v 3o (S185 + S2.81 )+ 3 ki ST+, SI can

49



be solved by mapping the system into a chain of spinless fermions [71, 44, 23]. The
initial state is given by the equilibrium state at high temperature; since the dominant
component of the Hamiltonian is the Zeeman interaction, H; = wyZ, with Z =

- S7. the thermal equilibrium state can be well approximated by peq ~ e 8“0Z ~
iz P q

1
P22

5p(t) ox UpeqUT — 1/2F evolves as

(1 — €Z), with € = fwy. The time-dependent component of the density matrix

1

0P =2 (ST D 2 [ pun(t) (SS7 + SS)) = man() (8155 - 5)5))
2

Jk>j

+uin(t) (SISE + SISE) + xn(t) (S35 — 52551 TT S

j<i<k

= Z 2MJ]Si + Z 2k—j+l [_ (/,L + n)JkS:]zSI; - (H - n)JkS;SII;
J

Jk>j
+(v +)3S55% + (v = 0558] T St (2.9)
j<i<k
where p is real and symmetric, whereas y, 7, v are real and antisymmetric; they
correspond to the four possible ways to correlate spins in the noninteracting system

as shown above. In terms of these matrices fi, can be expressed as

fi = Lo, fr>1 = 2(fk-1 + Xe—1 + Th—1 + P—1), (2.10)

where [ = Z]. ,uﬁj + and similar expressions hold for x, n, and v. Once f; is
found, the correlation length can be calculated as L. = >, kf;. Notice that in the
noninteracting system the average correlation length is exactly equal to the average
correlation distance, i.e., fy = dy and L. = D,.. Analytical expressions for these two
quantities can be obtained in some limiting cases. For instance, let u =1, v = g = 0,
and consider the double quantum Hamiltonian: Hyq = J ) ].(SiSf“l + 5787 +
b, Si. We can rewrite Hy, in terms of fermion operators using the Jordan-Wigner

transformation,

b
He= = D 2(Cledon + ) + 3 D (eley = el

J J
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where the fermion operators satisfy {cj-,ck} =k, {¢j o6} = {c},cL} = 0. Next we
perform a modified Fourier transformation given by c;. = (—1)! LLH >, sin (ﬁ’%) dfl,

and write the Hamiltonian in momentum space as

1 b —iJ,/2 d
He= 530 () d) ! ;
; i/2 —b ) \dl

where g = L+ 1 —g¢, and J, = Jcos (qu—l) Instead of using a Bogoliubov transfor-

mation to diagonalize the matrix, we use Heisenberg’s equation of motion to directly

obtain the dynamics of each pair of modes,

dg(t
;’( ') - exp[—i(bo. + Jyoy /2] |
cos(wqt) — 1 cos by sin(wgt) — sin 8, sin(wgt) dg
sin 6, sin(wgt) cos(wyt) + ¢ cos O, sin(wgyt) d};

where w, = ,/b% 4 J2/4, cosf, = b/w,, and sinf, = J,/2w,. Note that d, represents
a fermion operator in momentum space, it is not to be confused with dj, in Eq. (2.5).
In the thermodynamic limit (L — o00), the correlation length in the absence of any

transverse field (b = 0) can be expressed as

Le = i kfe = 1+ PTG + TET)] = LR ()T, (2.11)

k=1

where 7, is the k-th Bessel function of the first kind. At long times Jt > 1, L. has
the asymptotic form L. ~ 2.Jt/7. This shows that the average spread of correlations
in the noninteracting spin chain has a light-cone like behavior. When b # 0, L. cannot

be expressed analytically. In the regime J <« b, we can approximate L. as a series
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expansion in powers of J/b. The first two terms are given by

F 1 b P JA J4N Pt
L.=1+ i [— —JO ( ) Jo ( ) cos (2bt -+ —S—b) + 7 (—) sin (2bt + ﬁ)
g4 S % Jo1 It g
(% () + % (7)) -5 9(%) 2 (5)] o (%)

(2.12)
which has the asymptotic behavior L. ~ 1§;fb| [Jz + 0 (b4)] at long timescales. In
Fig. 2-5 we show the dynamics of L. in the presence of either disorder or uniform
transverse field for different system sizes. It is clear that in the case of disordered
fields, AL causes L. to saturate at the localization length £, which is independent of
L if ¢ « L (Fig. 2-5.A). On the other hand, L. does not saturate with transverse
field, but instead grows with a reduced velocity (Fig. 2-5.B). Notice that for short
times, the oscillations induced by transverse field lead to an api)arent localization
in the system. Later it will be shown how symmetries of the MQC can be used to

distinguish AL from the apparent saturation seen at short times in the fixed field

case.
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Figure 2-5: Simulation of L. for noninteracting systems. (A) The dynamics
of L. under disordered field at long times; and (B) its behavior under uniform (solid
lines) and disordered (dashed lines) fields at short times for different system sizes.
With disordered fields, AL causes L. to saturate at a value independent of L. With
uniform field, L. increases faster for larger L, indicating that the system is delocalized
in the thermodynamic limit. For the disorder fields in both A and B we considered
6400/ L disorder realizations. The disorder was drawn from a uniform distribution
€ [—4J,4J]. The uniform field strength was .J.
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2.5 Experimental Methods

The system used in the experiment was a single crystal of fluorapatite (FAp). The
properties of the sample has already been described in Chapter 1. The pulse sequence
used to do Hamiltonian engineering is based on a slight modification of the sequence
provided in Chapter 1. Using the same notation, our 16-pulse sequence used for the

experiments in this Chapter can be expressed as

P(r,%x,7,¥, 273, ¥, T2, X, 7)) P(74, X, 72, ¥, 273, ¥, 72, X, T1) P(11, X, 72, ¥, 273, §, 72, X, Ta) P (74, X, 72, ¥, 273, ¥, 72, X, T1)

(2.13)

where the delays are given by

=7(1+3¢g—v+w), T=701-—u+v),

=r(l+u—-w), 7u=71-39—v+w)
Taking into account of finite pulse width, Hj is given by

ZJJ;C [(u— w)SIS* + (v — u)S]S + (w —v) S]S'k -I-gZh SI

]<k
and H; = 0. Restricting to only nearest-neighbor (NN) terms and setting w = —v
leads to Eq. (3) in the main text. In addition, by properly modifying the timing and
the phases of the pulses, it is also possible to engineering — H, that is, to invert the
arrow of time. In our experiments, we make —Hj (with w = —v) by incrementing all
phases in the pulse sequence by 7/2, changing v to —v and g to —g, while keeping u
the same. A uniform transverse field is introduced into the system via the sequence
rotating method introduced in Chapter 1. The uniform transverse field can also be

reversed by rotating the sequence in the opposite direction.

The method to measure MQC intensities used in this Chapter has already been
described in Chapter 1. Here we note that the schemes for measuring MQC intensities

amounts to the detection of out-of-time order correlation (OTOC) [47, 43]. Indeed,
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consider the operators V = Z = .57 and W = & = ¢~**Z. The signal S, cor-
responds to measuring the OTOC, Sy(t) = (W (t)"'VI(0)W (¢)V (0)), for a system at
infinite temperature [43, 90]. While we cannot measure a full basis for a subsystem
of the Hilbert space (which has been shown to yield the second Rényi entropy [43]),
as we have shown in the main text we can use the measured OTOC’s to extract an
equivalent metric of the the many-body localized phase. We expect that our metric

could be of interest in studying many-body phase transitions or chaotic systems.

2.6 Extracting L. from MQC

Thanks to the structure of the density matrix shown in Eq. (3.2), we can design a
protocol for extracting the average correlation length for the non-interacting system,
and to extract a close approximation in the case of interactions (see Fig. 2-6). The
first step is to extract signal separately from each of the four sectors, jtx, X, 7, and
Uk, defined in Eq. (2.10). We use time reversal of the evolution Floquet Hamiltonian

to measure p(t) and p(—t). Since p(—t) = p*(t), we can thus obtain the real and

imaginary parts of p from p(t) + p(—t).
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Figure 2-6: Experimental scheme for extracting the correlation length from
measurements of the MQC. For one measurement of L., we perform four MQC
experiments according to the above to obtain Sy, Sap, Sis, and Sy,. The MQC
intensities for each sector of the density matrix are obtained by first taking the ap-
propriate linear combinations of S;, and Fourier transforming with respect to ¢. The
Hamiltonian / in the diagram is engineered using the pulse sequence Eq. (2.13), a
schematic of the sequence is shown in Fig. 1-1.C.

The real part, Re[p|, only contains correlations with an even number of S, and S,
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operators, i.e, operators such as B oc ¢ [[3_}, | S¥Si £ S [[i i, SESJ. The imag-

inary part, instead, Im[p], is composed of B(™ operators with S, S, operators (and
vice-versa) as end spins. We can then further subdivide Re[p] and Im[p] using phase
cycling [21]. We note that S... 57+ S} ... S and S%...S) — S;...S] are invariant
under rotations around z whereas S;...S;—Sy...Sy,and S;...S,+S,... S, pick up
a minus sign when rotated by 7/2. Thus, by measuring Re[p] & U(n/2)Re[p]U (7/2)"
(and similarly for the imaginary part) we can finally find the contributions from the

four sectors.

Next we measure the MQC intensities encoded in the x axis for each of these four
sectors. For the non-interacting system, the MQC intensities encoded along the z

axis for each sector (labeled by the superscript) can be written as

51' | 1 k+1 1 k-1
po_ 14l - _
i = 2 Ho+ Z 2k+1 \ k+1-g + k=1 | k—1-gq Hi
k=1 2 2
e 1 [k+1 1 [k—1)]_
a 2k+1 | k41-q * 2k—1 | k—1-¢ Mk
k=1 2 2
(2.14)
X — 1 k V2
Iq - 2k—1 k—q Xk
k=1 2
v 1 k ~
Iq = 2k-1 k—q Vk
k=1 2

I# and I} are defined for k£ — g € odd, whereas IX and I} are defined for k — ¢ € even.
These expressions amount to a linear transformation f, = ij M ,gg)lg , where M)
are constant matrices calculated from the inverse of Eq. (2.14). Notice that the MQC
spectrum is symmetric, I, = I_,, and satisfies the normalization condition Zq I,=1.
All experimental data presented in the main text have been normalized accordingly.

By inverting Eq. (2.14) we can extract fix, Xk, 7k, and 7, from measured MQC
intensities and find f; using Eq. (2.10).

In the case of the double quantum Hamiltonian, Hyq = J Zj(SiSiH + 57 gty 4
9>, h;SI + b3, 57, there is a symmetry given by [} (—)’S], Hag] = 0. For peq
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this symmetry leads t0 fikcodd = Xkcodd = Tkeceven = Vkeceven = 0. This simplifies the
MQC experiments considerably, and we can extract all the non-vanishing coefficients

by decomposing the density matrix into two sectors instead of four

) 1 kE+1 1 k—1
ptx . Pl - 1 _
Iqéodd 9 Ho + Z 2k+1 | k+1-¢ + 2k=1 | k-1-¢ Hx
k=2747"' 2 2
1 [k+1 1 (k-1
n+v  _ 7
Iquven - . 123 W k+1—q + 2_k;—1 k—1—gq Tk
=1,9, 2 2
(2.15)
btx 1 k v
Iquven = Z ok—1 | x_g Xk
k=24, =
1 k
n+v  __
lqcoda = Z 21 | kg |
k=1,3,-- 2

When disorder is absent, it can be explicitly shown that all remaining Y and conse-

quently 7 g‘;§8n vanish.

2.6.1 Verifying Disorder in the System

This feature can be used to distinguish between the saturation of L. due to experi-
mental limitations at long time and its quenching due to disorder. In particular, we
can show that L. saturation at the intermediate times of interest in this work is due to
the controlled insertion of disorder and not simply to experimental imperfections. To
that end, we can use properties of the MQC intensities to discriminate between disor-
der and a uniform transverse field (Fig. 2-5), which would mimic many experimental
imperfections associated e.g. with collective pulse errors.

In Fig. 2-7.A we shows that L. saturates at lower values as we increase the disorder
strength. On these timescales, however, L. shows an apparent saturating behavior
for both disordered or transverse fields (Fig. 2-7.C). As shown above, I/CY,, vanishes
when disorder is absent, while it is still non-zero for the disordered case. This can

clearly be seen in the experimental data when comparing the MQC data from this

sector in Fig. 2-7.B and D. This indicates that the behavior of L. in Fig. 2-7.B is not
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due to disorder, and we expect L. to resume linear growth at long times. Conversely,
we can use this experimental evidence to prove that our Hamiltonian engineering
technique can indeed introduce disorder in the system evolution. Thus [ﬁ,‘;ﬁen can be

used as a litmus test for disorder in experiments.
While the methods presented in this section are exact for extracting L. and D,

for noninteracting systems, it works surprisingly well as an approximation for MBL

systems. See Fig. 2-8.D for comparison between exact L. and approximated L. using
Eq. (2.14) and Eq. (2.10).
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Figure 2-7: Experimental measurement of L, and MQC intensities for non-
interacting systems. Experimentally measured L. and MQC intensities in the g+ x
sector for the double quantum Hamiltonian Hy, with different strength of disorder
(A, B) and transverse uniform field (C, D) . In the absence of any disorder, it can be

shown I)¢Xe, = 0 based on symmetry arguments. Due to the structure of Eq. 2.15,

it is sufficient to measure just Sy, and Sy, to exactly find L..

2.7 Comparison with Known Metrics of Localization

The many-body localized phase can be identified by the behavior of the entanglement

entropy (EE) calculated on a subsystem. This metric has been used extensively
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in numerical studies to gather evidence that spin chains may be in the many-body
localized (MBL) or ergodic phase depending on the relative strength of interaction and
disorder [112, 132, 97]. Unfortunately, this quantity is typically challenging to measure
experimentally, and other metrics have been proposed to analyze the dynamics of out-
of-equilibrium systems.

The metric we introduced in the main text directly aims at evaluating the spread
of correlations, its saturation due to Anderson localization, and its slow, logarithmic
growth in the presence of interaction (MBL). Here we compare our metric with other
proposed metrics, to evaluate its robustness and put our work in context. In addition,
we show the behavior of well-known metrics of MBL for our physical systems, compare
them to the proposed metrics and establish approximate relationships and bounds

between them.

Previous works have used the Hamming distance to quantify localization for pure
states [136, 57|, but this metric shows quantitatively similar dynamics in both AL and
MBL. Out-of-time ordered correlations (OTOC) between spatially separated local
observables have been proposed as a metric to distinguish AL and MBL [64], and
recently measured in some systems [47, 90]. However, OTOC of local operators and
other correlation metrics such the QFI are difficult to measure in large many-body
systems, as they require the ability to address a subset of the total system. While
the QFI has been linked to the experimentally accessible dynamic susceptibility [58],

this relationship is valid only for systems at thermal equilibrium.

In [130], particle imbalance between odd and even sites was measured in a disor-
dered 1-D fermionic optical lattice, whereas in [28], imbalance between left and right
halves was measured in a disordered 2-D bosonic optical lattice. In both cases a
vanishing imbalance, characteristic of nonergodic behavior in MBL systems, was ob-
served for strong disorder. While able to clearly distinguish between ergodic and
MBL dynamics, particle imbalance cannot distinguish between AL and MBL, as
AL and MBL will both show non-vanishing particle imbalance. In other cold atom
works [84, 114, localization was detected by measuring the atomic quasimomentum

distribution, which however cannot directly distinguish between AL and MBL.
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More recently, signatures of MBL were observed in a chain of 10 ions interacting
via long-range Ising couplings [136]. They reported a slow growth of quantum Fisher
information (QFI) consistent with slow spreading of correlations in MBL systems.
While QFI is useful as an entanglement witness for pure states, it is hard to measure
in mixed states (see however a recent breakthrough [58]). All of these cold atom
experiments relies on single site addressability, which is not readily available in solid-
state systems. Our approach requires no local control of the system, and relies only on
collective rotations and measurements, in contrast to recently proposed metrics [50]
that also detect the spread of correlations but require single-spin addressability.

MQC have also been used in nuclear spin systems [6, 7] and trapped ions [47],
and they’ve been shown to relate to an entanglement witness for pure states [46].
However, in NMR studies, the MQC behavior (localization under decoherence and
no disorder) and its analysis relied on assumptions on the MQC distributions that
is only verified for 3D systems. The results for the trapped ion system are instead
valid for pure state systems. Our methods can instead be applied to 1D systems
(which makes for an easier comparison to numerical and analytical studies) and at
high temperature (where other metrics fail).

Our work is thus an unique addition to the previous studies as it can distinguish
between AL and MBL for mixed states at high temperature, while requires no local

control on the system.

2.7.1 Entanglement/Rényi Entropy and Mutual Information

In our experiments we engineered the Hamiltonian H = uJ Zj(SiSfl + 8787 +
vJ Zj(SiSZH + 878 — §isit) 4+ >, h;SI and showed how it leads to an MBL
state. Indeed, our collective control prevented us from engineering Hamiltonians
more commonly found in the literature. As this Hamiltonian has not been studied
previously, here we show that its interacting version does indeed support MBL by
calculating the bipartite entanglement entropy for an L = 8 chain averaged over 10°
disorder realizations (Fig. 2-8.A). We use the initial pure product state | 111 --- 11),

and calculate the entropy S = —Tr[pg log pr|, where pg is the reduced density matrix
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of the right half of the chain. We observe a logarithmic growth of entanglement in

the presence of weak interactions, a defining feature that separates MBL from AL.

We next consider the entanglement entropy in our high-temperature system. As
the largest component of the Hamiltonian is the Zeeman interaction, Hz = wyZ, with
wo = (27)283 MHz, the thermal equilibrium state can be well approximated by peq =
e PH ~ ¢=Bw0Z 1In the experimental conditions, € = Bwg = vrB/kpT =~ 4.6 x 107°
and we have so far considered an expansion to first order in €, peq = 3r (1 — €Z).
Since the entropy of the reduced density matrix is zero to first order in €, we consider

the expansion up to second order,
Peq = 27F[(1 — €L /8)1 — eZ + €2Z2%/2)

To second order in ¢, the entropy of the reduced density matrix of the right half of

the chain is

Sn = ~Tulpnlog(on)] = 5 ( Liog(®) - 5z TH6AR0)] )

where pg(t) = Tr[U(¢t)ZU(t)!]. Thus for high temperatures, entanglement entropy
is well approximated by the second Rényi entropy, Séz). In Fig. 2 of the main text we

oL+4

plot 1 — 275 8Tr[dp%(¢)] = 2 [Sk — Llog(2)] + 1.

In order to avoid the large constant term in this expression, we can calculate
instead the mutual information (MI) Z, defined as Z = S;, + Sg — Srur [53]. ML is a
measure of the total correlations, both quantum and classical, in the system. Notice
that MI reduces to twice the bipartite entanglement entropy for pure states, since

Srur = 0 and Sp = Sk for pure states. For peq, MI can be approximated as

I~ % (% — 2732 [Tr(6p2) + Tr(ép%)]) (2.16)

Interestingly, Z also saturates for noninteracting systems and increases logarithmically
when interactions is added (see Fig. 2-8.B), with a similar behavior as Sg. A recent

theoretical work studying MI in the context of MBL can be found in [33]. Strictly
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Figure 2-8: Different correlation metrics used to distinguish MBL from AL.
For pure states, the bipartite entanglement entropy is used (A). For peq, the mutual
information (B), correlation distance (C), and correlation length (D) can be used.
In D, the dashed lines corresponding to the approximated L. extracted from MQC
intensities. All plots are for L = 8 with open boundary conditions, the disorder h; is
drawn uniformly from [-W, W] with W = 8 and 960 realizations. The entanglement
entropy in (A) was rescaled as described above. In (B) we plot Z in units of €, where
the mutual information was calculated assuming € = 107°.

speaking peq should also include a term linear in dipolar interaction, i.e., € Hg;,. While
this term is larger than €2Z?/2, it does not contribute to mutual information or
entanglement entropy to lowest order.

Next we show the dynamics of D, in Fig. 2-8.C, and compare L. with the approx-
imated L. (using the MQC method explained in sections 2.6) in Fig. 2-8.D. These
correlation metrics all display logarithmic growth in the MBL phase, and thus can
be applied analogously as entanglement entropy in distinguishing MBL from AL for

highly mixed interacting systems.

2.7.2 Relation between Our Metrics and Mutual Information
and Entanglement /Rényi Entropy

As shown in Fig. 2 of the main text, L. and a rescaled Entanglement Entropy show a

very similar behavior, suggestive of a direct relationship. Here we argue that D., L.,
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Sgr, and T are closely related when considering highly mixed states such as peq. We
show this relationship using D., but a similar argument also holds for L.. Since the
total weight of all correlations sums to one, we can rewrite the last term in Eq. (2.16)

as

L/2 L €k+1 J

Tr(6p2) + Tr(6p%) = 23L L 1- Z Z Z (2.17)

J=1 k=L/2+1 7=1

The LHS of Eq. (2.17) represents the total weight of correlations contained in the left
and right halves of the chain. It is different from one by the amount corresponding
to the correlations across the middle of the chain. This difference is the last term
inside the bracket on the RHS. If we approximate the weights of local correlations as

averages of bulk weights, i.e., Zf2=1[a2/2,L/2+1] LD P (a7, 5.1 /242)° = 125, and

etc., we can place a lower bound on this difference as

L/2 L Ekt1-j L/2+1

2 k—1 k—1 D.—1
X > > (6] ZZf_—de ) deZL_ldk:L_l

J=1 k=L/2+1 r=1 k=2 k=L/2+2 k=1

(2.18)

2

The approximation 5’; a’ = becomes exact for a translationally in-
r=112L/2,L/2+k

L m
variant system, which is a good approximation for a large system with weak disorder.
Similarly, the inequality in the last step of Eq. (2.18) becomes tighter for larger sys-
tems. Even in the presence of strong disorder, the approximation is still valid upon
averaging over many disorder realizations. Substituting Eq. (2.18) into Eq. (2.16) we

obtain a lower bound on the mutual information in terms of the average correlation

distance:
2L
I>—~ (D.—1 2.19
With a similar reasoning, we can obtain 7 > = 1)( —1). In order to relate L.

and D, to entanglement entropy, we first note that S; ~ Sg after disorder averaging.
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This allows us to write
L €2 A
St 5 (og( ) 8) + 5

Using Eq. (2.18), we can place a lower bound on the time-dependent part of the

entanglement entropy as

2

(Do—1)< 5§, — & (1og(2) - Es‘) (2.20)

L
16(L - 1)

Similarly for the second order Rényi entropy: S( )= L 5 10g(2) — T /2 Tr(6p3 ), the

time-dependent component has a lower bound given by

L (D —n<s®- L(log@)—%)

Beyond the bounds described above, we can obtain explicit expressions for the
second order Rényi entropy (or other entanglement metrics) that can be related to
measurable quantities in our system. Consider for example the state expansion in
terms of the B operators, as in Eq. (1) of the main text. Taking the partial trace
of these traceless operators, we obtain the Rényi entropy for the left half of the spin

chain:
L/2 ¢F

‘ L 2/4
Sf) = El 231{/2 Z Z bs

where (F counts only the configurations in the left half of the chain. We note that

most generally, for k > 1, we have (¢ = Lﬁ;’jjlck, where (; are all the k-spin

configurations in the whole chain.

Given the symmetry of the system, we expect that for a translationally invariant
system, b} do not depend on the first spin position, and thus we have Eg’f (b3)? =
(CE/¢h) fr- While this is not exactly true for finite systems with open boundaries

(and generally in the presence of disorder), we can still extract an approximated
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Rényi entropy:

L €2/4 f 1L/2—k+1 L
(2 1
S = 5 log(2) — 5372 +2 E T 1l fx (2.21)

This approximated Rényi entropy also shows a distinctive logarithmic growth for the
MBL state and can be measured experimentally with our MQC intensity protocol. It
is thus an equivalent metric to L., however we prefer to still refer to L. since it has

a simpler physical interpretation.

2.8 Conclusion

In conclusion, we introduced a novel metric for localization, able to distinguish be-
tween many-body and single-particle localization. The correlation metric can be
measured experimentally, with the only requirement of collective rotations and mea-
surements, by extending MQC techniques developed in NMR that can as well be
applied to many other physical systems [47]. We also reveal an interesting relation-
ship between the protocol for measufing the correlation length and the measurement
of OTOC, thus further confirming its ability to measure the logarithmic growth of
entanglement associated with MBL. Thanks to our control techniques, we were able
to explore a broad range of interesting behaviors in this solid-state spin system. In
particular, we observed, for the first time, many-body localization in a natural spin
system associated with a single crystal at high temperature. We note that while we
interpreted our results mostly based on a simplified model (1D, nearest-neighbour
couplings), the real system is more complex due to long-range interactions and a
3D structure. It will be thus interesting to use the tools developed in this work
to study subtler properties of localization when these effects are highlighted by the

experimental scheme.
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Chapter 3

Out—of-Time Ordered Correlations

3.1 Introduction

Out-of-time ordered correlations (OTOC) was first studied in the context of supercon-
ductivity [89, 81, 82]. More recently, OTOC have been proposed as a tool to diagnose
chaos and scrambling in quantum many-body systems [101, 100, 63, 125]. Semiclas-
sically, chaos is defined as ultrasensitivity in the trajectory due to perturbations in

the initial condition. This can be expressed quantitatively as

{a(t), p(0)} ~ g—jj(% ~ Mt (3)

where Ay is called the Lyaponov exponent. A quantum mechanical measure of the

same effect is captured by the OTO commutator [81, 101]
C@t) = (W @), V1)

which is evaluated with respect to a thermal distribution with temperature 7' = '
() = Tr(e=#H.) Te(e M),
When W (t), V are local operators with unit norm, the OTO commutator between
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Figure 3-1: OTO Commutator Illustration of OTO commutator dynamics between
spatially separated local operators. Information about V' is felt by W only after a
time ¢, at which V(t) overlaps with W. and the commutator —[W(t), V]? increases.

the two can be written as
C(t) = (|[W(t),V]]’) =1 - Re(W(H)VW(t)V)

where the term F = (W (¢)VW (¢)V) in the last expression is the OTOC. Physically,
both OTO commutator and correlation describes how local perturbation in one part
of the system is “felt” by another part at time ¢. As shown in Fig 3-1, W(0) and
V are spatially separated and thus commute at t = 0. As W(t) = e *H'W(0)e'
evolves in time, W(0) starts to correlate with nearby spins and these correlations
eventually spread to V resulting in an increase of C' (or a decrease in F'). Information
scrambling refers to the scenario where local information is completely transformed

into many-body correlations in the system, and thus becoming effectively hidden to

any local measurements [139)].

This thesis focuses on the study of OTO commutators between sum of local op-
erators, as they can be experimentally measured using only collective controls in
the NMR system. However collective operators do not “wash away” the interesting

features in the OTO commutator otherwise shown with local operators.
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3.2 Relating OTO Commutator with L,

Since OTO commutator gives information about the spatial extent of many-spin cor-
relations, it is natural to ask whether it can be related to the correlation length L.
introduced in the last Chapter. For noninteracting systems this is indeed possible
and the relationship has a particularly simple form. The main idea, which will be
described in detail in later sections, is that the OTO commutator can be related to
the second moment of MQC intensities via —Tr[W (t), V]* = >°_¢°I,(t). When the
Hamiltonian can be mapped into noninteracting fermions, the MQC intensities can be
exactly computed in some cases. Given the initial state 5p(0) = L™/* 3. 07, or any
operator which can be expressed as sum of bilinear fermion terms, the time-dependent

density operator can be written as

op = Zu“a] + Z (1 + n)jkcioh — (= n)uolok + (v + X)jkolok + (v = X)jxoloy
Jk>j

(3.2)

where p is a real and symmetric matrix, whereas x, 7, v are real and antisymmetric
matrices. Recall from last Chapter these four L x L matrices describe the four possible
ways spinS can correlate in noninteracting systems. The normalization dp translates
to 1 = Tr[up® + xx¥ +nn' + vvT]. In terms of these matrices, it can be shown that

the MQC intensities encoded along x are given by

O1yql _ 1 k+1 1 k—1
Iy = T“0+ ; ok+1 k+1 k+1-g Z('“ 77)JJ+k + k-1-g Z TR JJ+k
= J
1 k L
+ ; 21 | kg (Xk + I/k) (33)
= 2
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where fiy = ,ufj +#»> and similar expressions are defined for y, 1, and v. Calculating

the second moment leads to

2L+iLTr[Z( ), X|* = fio + Z (k+1) Z(M = 0)jje + (k= 1) Z(H + 77>§j+k + 2k(Xx + k)

k=1 J J
(3.4)

where Z =}, 5], and X = 3, SJ. Similarly for the MQC intensities encoded in the

y-axis
Sl - 1 [k+1 k—1 2
Ig’ = T + ’2— k+1— Z(H + n)]]+k + k—1—q Z(,U, o 77)jj+k
k=1 2 J
1 _ _
+ praw (Xx + k) (3.5)
k=1 2

calculating the second moment leads to

s T2 Y P = ot S | 1) ot )+ (- 1) (1= + 2k + )

(3.6)

If one takes the average of the two commutator norms in Eq.3.4 and 3.6, one obtain

(Te[Z(2), XP? + Te[Z(2), YI?) = fio + 2 > k(s + T + Xk + 7)
k=1

2L+3L

=L.-1+f (37)

where L, = ), _, kfy is the correlation length and f; represents the weight of all
k-spin correlations: fi = fig, fi>1 = 2(fik—1 + Tk—1 + Xs—1 + Vk—1). Here one sees that
the commutator norm between Z(t) and X or Y has a simple physical picture, it is
related to the average number of correlated spins in Z(¢). Depending on the dynamics
of Z(t), the commutator norm (and OTOC) can grow indefinitely with time in the

thermodynamic limit.
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3.3 OTO Commutator in Ising Chains

Now equipped with exact solution to some OTO commutators in noninteracting sys-
tems, one can see how OTO commutator behaves in simple many-body models. Con-

sider the transverse field Ising model (TFI) given by the Hamiltonian [129]
Hypr— Y oloit +gy ol (3.8)
J J

The TFI model is perhaps the simplest model exhibiting a quantum phase transition
(QPT) [129]. In particular, the ground state in TFI has a symmetry breaking QPT
in the thermodynamic limit (system size — infinity), where the ground state |GS)
goes from a paramagnet |11 --- 1) for ¢ > 1 to a ferromagnet pointing either along
the |[«—< --- <) or the | >— --- —) direction for ¢ < 1, thus breaking the so-called
Z, symmetry in the Hamiltonian, described by a 7 rotation around the z axis [129].

In the symmetry breaking phase, the ground state of the system has less symme-
try than the Hamiltonian. The phase transition is associated with a gap closing in
the excitation spectrum, and is known to take place at only zero temperature for 1
dimensional systems. One question one can ask is whether this critical behavior at
ge. = 1 can be observed in out-of-equilibrium or high temperature settings. If so, what

observable can one measure to diagnose this critical behavior?

Consider the following OTO commutator norm for the TFI model

Cyx = QL;iL—Tr[Z(t),X]Q (3.9)
In the limit of g — 0, the Ising Hamiltonian reduces to a sum of mutually commut-
ing terms which all commutes with X. Since Czx = Cxz, the OTO commutator
will approach 1 in this limit. Now consider the limit where g — oco. Z(t) now is
approaching an integral of motion so Czx again approaches 1. In the regimes of
small and large g, one expects Czx to grow linearly, albeit slowly, consistent with

the linear growth of L, showed in the previous Chapter for noninteracting systems

without any disorder. It is interesting to ask what happens to Czx when g = 1.
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Figure 3-2: OTO commutator Cyxz for TFI model Left: Cxz as a function of
g for different times while keeping L = 96 fixed. Right: Cxz as a function of g for
different system sizes while keeping ¢t = 8 fixed.

As shown in Fig. 3-2, the OTO commutator Czx actually grows the fastest at the
critical point. Most interestingly, Czx appears to become increasing nonanalytic at
g = 1, suggested by the “sharpening” of the peak in the case where ¢ is fixed and L
is increased (Fig. 3-2(left)), as well as the case where L is fixed and ¢ is increased
(Fig. 3-2(right)). While this critical behavior is not expected to be related to the
ground state properties of the system (since the OTO commutator is calculated for

infinite temperature), it is related to the gap closing in the TFI spectrum.

3.3.1 TFI Diagonalization

It is instructive to briefly go over the diagonalization for the TFI Hamiltonian. After
a Jordan-Wigner transformation, the TFI Hamiltonian is written in terms of free

fermion operators:

L
Hrpr = Z [C;Cj+1 Je c;ch + c}c}ﬂ +Cj116 + Q(C;Cj - CJCD]
=1

where PBC is used and the boundary term discarded !. The fermion operators can
be written in terms of their Fourier transform: c¢; = ﬁ >, € Wy, where g = 221,

When L is odd, m takes on integer values given by m = —£5%,... [0,..- £51. When

L is even, m = —% + 1, ,%. In the momentum basis the fermion Hamiltonian

1The boundary conditions will not affect the results of this analysis in the thermodynamic limit.
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becomes block diagonal,

g+ cosq —ising Cq
Hrypr = Z (cfl c_q) ;

q ising —g —cosq c

and each block can be readily diagonalized via Bogoliubov transformation. The ex-

citation spectrum is given by

wq = V/(cos g + g)? + sin g2 (3.10)

3.3.2 Translationally Invariant Integrals of Motion in TFI

To see why OTO commutator Cx grows the fastest, consider transforming Hrygy into
an effective Hamiltonian Heg = U HrpU' consisting of only translationally invariant

integral of motions:

He=> opHE (3.11)
k
where each integral of motion is given by Hég) =2, d]T~dJ-+;c + dj. +xd; and satisfies
H, HE =0, Te(HGHE) o 0y (3.12)

d; are real space fermion operators in the transformed frame defined by U. Using the
fact that Hé? is translationally invariant and that Hrtpr and Heg must have the same
spectrum, it follows that in the thermodynamic limit L — co the coefficients oy are

given by the Fourier coefficients of the excitation spectrum:

1 2m 1 27
=5 wg cos(kf) df = — v/ (cos 0 + g)? + sin 62 cos(k) d6 (3.13)
T Jo

(e73
2r Jo

Interestingly, for all values of g except for 0 and 1, the coefficients ) decrease ex-
ponentially in & making H.g short-ranged. In the limit ¢ = 0, ax = o, making
Heg trivially localized. Indeed when g = 0 only the Ising terms are present in Hrrr;

these terms are local and mutually commute, thus cannot propagate any correlation
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Figure 3-3: |ax| as a function of k for different g The interaction range, described
by a4, goes down exponentially as a function of k for all values of g except for g =1
and g = 0.

beyond NN. The case ¢ = 1 is much more interesting. The spectrum wy can close its
gap and the coffiencients oy shows power-law instead of exponential decay in k. The

results are summarized in the following:

= 0o,k g=>0

ok § o (—1)ke g#1 (3.14)
. _
= Tk2—1/9) g=1

where ¢ is a constant depending on g. Eq. (3.14) provides a simple explanation to
why correlation spreads the fastest at the critical point, namely H.g is long ranged
at ¢ = 1 and is short ranged for any other values of g. It is important to note that
Cxz always spreads linearly in time in the thermodynamic limit regardless of g. So
long ranged «y translate to a larger speed while short ranged «; translate to lower
speeds. To check Eq.( 3.14), oy is calculated numerically and presented in Fig. 3-3.
The same results can be obtained directly by Fourier transforming the diagonalized

version of Hrpr =3, wy(dld, — dyd}) using d, = 3. e"¥d;.
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Lastly, it is worth noting that it is always possible to transform free fermion
Hamiltonian into a sum of translationally invariant, mutually commuting, integrals

of motion.

3.3.3 Additional OTO Commutator in Ising Chains

OTO correlations and commutators were also studied recently in [93], and critical be-
haviors at nonzero temperature were also observed. In this section OTO commutator
where both operators are bilinear in fermions are investigated at nonzero temperature.

The results are given below

1 ) 1 1 — cos 28
g2 A s =Y T

I j - 1 + sech Buw,
_iq;fg‘,zm - %ZTI—J:—E?B%
- Lz, 2, - —}Z‘H—?W
AT~ L

where w, is given in Eq. (3.10), cosf, = ﬁ—:;ﬂ, and sinf, = S—E}ﬂ 7d are integrals of
motion obtained by transforming the fermion operators d:;dq which diagonalizes Htpr
back into the spin picture, Z = }_; o, and Z(t) = lim,_,o0 1 fOT Z(t) dt. Notice that
all the commutators are time-independent by construction, and the infinite temper-
ature expectation value is twice as the ground state expectation value. In addition,
each commutator is bounded even in the thermodynamic limit. This is because the
corresponding MQC intensities, whose second moments equal to the commutators,
are restricted to coherence orders of 0 and £2. So the maximum value attainable for

these commutators is 4.

It is interesting to see how these commutators look as a function of g. By going

to the continuum limit and replacing the sum with an integral, it can be shown that
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the commutators have the following expectation values in the zero temperature limit
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It is interesting to see that when both operators can be represented by free fermions,
the commutator saturates to a constant value for g < 1 and decreases as g=2 or g~*

for g > 1.
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Chapter 4

OTO Commutator in Dipolar Chains

Having build up some intuition on OTO commutator in Ising chains, it is time to move
on the dipolar chains whose Hamiltonian can be experimentally realized using multi-
pulse techniques described in Chapter 1. While some similarities with the Ising model

exist, dipolar chains are fundamentally different as they are not exactly solvable.

4.1 Introduction

The dynamics of many-body quantum systems can display a multitude of inter-
esting phenomena, ranging from thermalization [74, 85] to many-body localization
(MBL) [15, 14, 109, 130, 136, 28, 142, 98], discrete time crystals [76, 75, 39, 105,
128, 145, 148, 29, 60], and dynamical phase transitions [149, 147, 59, 153, 45, 72|.
Recently, there has been increased interests in systems exhibiting nonergodic dynam-
ics in the absence of any disorder or incommensurate fields, such as quasi-MBL in
translationally invariant systems [144] and disorder free localization [113, 135, 104].
Another intriguing possibility is prethermalization, where nonintegrable quantum sys-
tems may fail to thermalize on practically accessible timescales [19, 52, 42, 40, 2, 110],
yielding an emergent integral of motion.

Here we study thermalization and prethermalization by measuring out-of-time-
ordered (OTO) commutators [89, 81, 82, 48, 91, 88|, which are powerful indicators of

information scrambling, but are typically difficult to observe experimentally.
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4.2 NMR Experiments Measuring OTO Commuta-

tors

We exploit Hamiltonian engineering techniques to investigate the onset of prether-
malization in a nuclear spin system in a natural crystal. We can reach both phases
by manipulating the relative strengths of the dipolar interactions among spins and
the transverse magnetic field. After a quench, we experimentally measure OTO com-
mutators using multiple quantum coherence (MQC) [106, 49, 142]. In the low field
regime, the system is thermal and the commutator keeps increasing in the observed
timescale. In the high field regime, instead, an emergent conserved quantity arises
due to prethermalization and the OTO commutator involving such prethermal con-
served quantity saturates after a short time. We further support the interpretation
of our experimental results by constructing the prethermal Hamiltonian perturba-
tively [41, 2]. We numerically observe the divergence of the perturbation series below
a certain transverse field threshold, indicating the breakdown of prethermal dynamics

and the onset of thermal regime.

We work with nuclear spins in fluorapatite (FAp) [34], an experimental system
recently used to show MBL [142]. The '°F spins-1/2 form linear chains in the crystal
and are coupled by the magnetic dipolar interaction. A single crystal is placed in a
large (7T) magnetic field at room temperature. The *F spins are initially at thermal
equilibrium with respect to the Zeeman energy and commute with the secular dipolar
Hamiltonian Haip, = Y, 4o, Jjk [SIS% — 3(S1S% + S75F)], where Jy. o< J|j — k|,
Here SJ (a = x,y,z2) are spin-1/2 operators of the j-th °F spin In the timescales
we explore, the system can be approximately treated as an ensemble of identical
spin chains [23, 151, 119], since the interchain coupling is ~ 40 times weaker than
the intrachain coupling. The coupling to 3!P spins in the lattice is refocused by
the applied control, and the spin-lattice relaxation effects are negligible (77 =~ 0.8s).
The dynamics of the 1°F spins are thus well approximated by a 1D closed quantum

system with dipolar couplings. While the corresponding 1D, nearest-neighbor XXZ

Hamiltonian is integrable [5, 133, 140|, the Hamiltonian we consider can lead to
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Figure 4-1: (a) Distinct behavior for transverse (Y) and longitudinal (Z) magneti-
zation: (Y (¢)Y) at g/J = 0.25 shows a fast decay as a function of time, indicating
thermalization and erasure of initial memory. (Z(t)Z) at g/J = 1 shows instead
slow nonergodic dynamics with periodic oscillations. In the opposite regimes (dashed
lines) both correlations quickly decay to zero. (b) Cyz with respect to transverse
field strength for Jt = 1.9 (purple dashed line), Jt = 3.8 (dots), Jt = 5.7 (green
dashed line) and Jt = 7.6 (solid line). (c) Cyz as a function of normalized time, for
g = 0.25 (solid), g = 0.5 (dashed) and g = 1 (dots). Here and in the rest of the paper,
errorbars are determined from the noise in the free induction decay (see Supplemen-
tary Information for details on the experimental scheme). In all experiments we set
u = 0.2 and a cycle time 7, = 96us, which corresponds to an effective J7, = 0.62, with
J = —uJyy being the engineered nearest-neighbor coupling strength, given the nat-
ural Jyn = —33 krad/s neighbor coupling strength in fluorapatite. Figure prepared
by Pai Peng.

diffusive [137, 152] and chaotic behavior [73] in 3D. In the presence of a transverse
field, the system is known to show a quantum phase transition [69].

In order to experimentally introduce quenches and time reversal, we modulate
Hy;p, with periodic sequences of strong rf pulse [55] to dynamically engineer an effec-

tive (Floquet) transverse field dipolar Hamiltonian ':

o =u3_ S35 - 3155+ 5288 |+, (4.1)
Jk>j J

where both v and ¢ are under experimental control (for details see Experimental

Method section). Whereas for either g =0 or u =0 the magnetizations Y = 3, 5]

and Z = Y i S7 are exactly conserved, respectively, for finite values their dynamics

is quite different [see Fig. 4-1(a)]. Indeed, Hrpi, can be mapped to a prethermal

Hamiltonian only at high field. As shown in Ref. [1], a prethermal regime exists for

Hamiltonians that can be divided into two parts H = Hy+€eH,, with H, having integer

!Note that the form of this Hamiltonian is reminiscent of a spin-locking dipolar interaction in
NMR [134]
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eigenvalues, e??™Ho = 1. For sufficiently small €, H can be approximately transformed
to a prethermal Hamiltonian H,. through a local unitary R, i.e. RH Rt = Hye +V,
where V is exponentially small in € and R = 1 + O(e) [2, 38]. As the prethermal
Hamiltonian conserves Hy, R'HoR is a conserved quantity in the original frame up
to an exponentially long time ¢, after which the small correction V' thermalizes
the system. In the transverse field dipolar model with g > J, we can identify the
dominant part with the field, Hy = Z, and the perturbation with the dipolar inter-
action. Then, in the prethermal regime we expect an emergent conserved quantity,

Zpre, related to Z by a local unitary transformation R, Z;. = R'ZR.

To investigate the presence of this emergent constant of motion we experimentally
analyze the properties of OTO commutators, defined as Cyw (t) = ([V (t), W]V (t), W]1)s,
where V(t) = U(¢)VU(¢t)!, with U(t) = e"*H* and H the system Hamiltonian. Here
()5 = Tr(e=BH .} /Tr(e~PH) denotes the ensemble average at the inverse temperature
3. The OTO commutator contains a term with an unconventional temporal order,
the OTO correlator F(t) = (VI(t)WiV(¢t)W)s, which can provide a more accurate
description of information scrambling than, e.g., Loschmidt echoes [117, 139, 56, 122,
150, 8, 51, 116]. We exploit our ability to engineer a time reversal of the Hamiltonian
in Eq. (4.1) to measure the OTO commutator of extensive observables [86], as we

explain in the following.

In room temperature NMR experiments, the initial state for a chain of L spins
is described by the density matrix p(0) ~ (1 — €Z)/2%, with ¢ ~ 107°. Since the
identity operator does not contribute to any measurable signal, we only care about
the difference p(0) — 1/2% « ép = 2Z/+/L, which has been normalized such that
Tr(6p?) /2L = 1. MQC experiments [106, 17, 120] measure the overlap of the time-
evolved density matrix, 6p(t) = U(t)6p(0)U'(t), with itself after a collective rotation.

The overall measured signal can be expressed as
Sy = 27 Tr[e "5 p(t)e*Om5p(t)] (4.2)

where O, = >, n-S; is the collective spin magnetization along n. Taking a discrete
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Fourier transform of S, with respect to ¢ yields the MQC intensities: Sy = »° e™?1,.
Expanding S, in powers of ¢, it can be shown that the commutator norm between
dp(t) and O, is given by Tr([0p(t), On)?) /2L = — >, @*1,. Since 6p(0) is usually the

collective spin magnetization pointing in some direction, O,y, we can write

Coy0,(t) = IO (1), Oul Yoo = 341, (13)

Eq. (4.3) is the central idea of our experiments: by measuring the second moment of
the MQC intensities encoded in dp(t) along O,, one can obtain the OTO commutator
between O,/ (t) and O, as if the system were at infinite temperature 2. rEq. (4.3)
was first derived in Ref. [77] for NMR systems. When applied to pure states dynam-
ics, it relates the second moment of the MQC distribution to the quantum Fisher

information [49].

To study the system dynamics after a quench to Hamiltonian (4.1), we measure the
OTO commutator Cyz = 4L7Y{|[Y (t), Z]|?)g=0 for various transverse field strengths
and times [see Fig. 4-1]. First note that in the limit ¢ — oo, Z would become a
conserved quantity thus making Cyz constant. For large but finite transverse field,
we observe that C'yz stops growing at an early time, revealing that Z is approaching
the emergent conserved quantity, as also revealed by the two point correlator (Z(t)Z)
[Fig. 4-1(a)]. For small transverse field, instead, C'y7 keeps increasing, suggesting that
the system is thermal [Fig. 4-1(c)]. Notice that in the limit of exactly no transverse
field, Y is a conserved quantity thus making Cyz constant. However, as long as a
small field is introduced the system becomes thermal, as indicated by the decay of

(Y(t)Y) in Fig. 4-1(a) and further demonstrated below.

To gain further insight into the differences between the thermalizing and prether-
mal regimes, we measure Czz and Cyvy, as shown in Fig. 4-2(a). Because these OTO
commutators fluctuate significantly in time, we average it at six different times. As

g increases, Z(t) approaches the prethermal conserved quantity Z.e, which itself

2Notice that exchanging O, and O, will result in a different MQC distribution I,, however its
second moment remains the same.
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Figure 4-2: (a) Averaged Cyy (dashed) and C7z (solid) with respect to transverse

field strength. (b) Tr(Z*) (dashed) and (|[2 , Z(0)]|*) (solid) versus transverse field
strength. The inset shows the standard deviation. The time average is taken over
the values Jt = 3.77,5.02,6.28, 7.54, 8.80, 10.05, with the longest time corresponding
to 16 cycles. Figure prepared by Pai Peng.

approaches Z, and Cyz gets smaller. This behavior is only observed for OTO com-
mutators involving at least one operator that overlaps with the emergent conserved
quantity, while other commutators, such as Cyy, keep growing as if the system were
thermal, regardless of the transverse field strength (with the exception of exactly zero
field, g = 0).

We can further analyze another quantity that has recently been proposed for de-
tecting the MBL to ergodic phase transition [26], the time-averaged operator Z =
$-1

pre ;‘”QZ (t)dt, where ty, is the timescale over which the prethermal conserved

quantity is present. While we cannot experimentally measure Z, we can approxi-
mate it with a discrete time average, Z = 22;1 Z(t,)/N, by independently vary-
ing the forward and backward evolution times in the MQC protocol (see Experi-
mental Method section). In the limit ¢, — o0, Z becomes an exact integral of
motion. Even for finite-time averaging, Z (and its approximation z ) captures the
essential features of the conserved quantity Z,.. Indeed, we can generally write
Z(t) = Zpre + U(t)(Z — R'ZR)U(t)": then, in the prethermal regime, the second
term is small, yielding Z ~ Z,re after time average (see Extended Data section for
a comparison between Z and Z). Figure 4-2(b) shows that Tr(Z2)/Tr(Z(0)%) ap-
proaches unity as g increases, because the time-varying part of Z is very small for

large g. Furthermore, 4/L{| [Z , Z(0)]|*) 5=o approaches zero at large g, suggesting that
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Mmoo Z = Z.

4.3 Emergent Conserved Quantity

To further demonstrate that a conserved quantity emerges for large g, we simulate Z

at large times (¢t = 10°) and decompose it according to the Hamming weight [142]

Z(t =10%) = V2I-2[ i Y;: b3 (t)Bs, (4.4)
k=1 s=1

where B; are operators composed of tensor products of k Pauli matrices and L — k
identity operators, and ¢, o 3% x (ﬁ) labels the number of configurations with &
non-identity Pauli operatofs. We define the Hamming weight of k-spin correlations as
fr = 3% [b3]2, satisfying 37, fr = 1. Figure 4-4(b) shows that for small transverse
field fj is approximately proportional to (i, suggesting that all possible operators B;
have the same weight, in agreement with the eigenvalue thermalization hypothesis [61,
123, 35, 138]. The result is qualitatively different for g > 1, where a significant one-
body term, f, exists even at very late times (Jt = 10%), signifying the failure of
thermalization and the emergence of the conserved quantity Z,... We thus study f;
as a function of time. For small fields, g/J < 0.5, the contribution of f, in Z(t)
quickly relaxes from 1 to zero, as shown in Fig. 4-4(c). For large g/J, instead, f;
reaches a non-zero, quasi-equilibrium value, signaling the prethermal phase. We do
not see the final thermalizing stage in the numerics, possibly because small systems,
L = 13, do not fully thermalize [99]. Interestingly, as shown in Fig. 4-3the numerically
calculated —4/L{ Einf, Sa]z} 5=0, With Ziy¢ being the infinite time average of Z(t) and
S, being either X, Y, or Z, shows size-independent behavior (up to L = 14) for large
g. This tantalizingly suggests that Z,,. may be exactly conserved, i.e., n* = oo [42].
On the other hand while Y is conserved at exactly zero field (¢ = 0), as soon as
a small transverse field is introduced the contribution of f; to Y (¢) decays to zero
[Fig. 4-4(d)]. This indicates that the slow dynamics observed for Y (¢) at small g

is not protected by any prethermal conserved quantity, and will thus thermalize on
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Figure 4-3: Numerically simulated OTO commutator involving Zinf The com-
mutators between Z;,; and Z (left), Y (middle), X (right) are calculated as a function
of g for system sizes L =8, 10, 12, 14. For large g, the commutator show little to no
dependence on L.

timescales much shorter than ¢y.. The quantitative difference between f, for Y(t)
and Z(t) can be approximately observed by measuring the two-point correlations
ATr(Z(t)Z)/2L and 4Tr(Y (t)Y)/2L L. As shown in Figure 4-1(a), in the small field
regime 4Tr(Y (t)Y) /2L L decreases rapidly as a function of time, suggesting that f;(t)
of Y (t) is not a (prethermal) conserved quantity ®. In stark contrast, 4Tr(Z(t)Z) /25 L
shows a slow decay with periodic oscillations as a function time, suggesting that f;(t)

of Z(t) is mostly conserved, consistent with prethermalization at large g/J *.

We will further validate our experimental results numerically, by constructing the
prethermal Hamiltonian and verifying the emergence of a conserved quantity at high
field, while in the low field regime the dynamics is consistent with thermalization.
We demonstrate the value of OTO commutators in investigating non-equilibrium
quantum thermodynamics, while also providing a method to experimentélly measure
OTO commutators that could be extended to other experimental platforms. Similar
techniques could be used for example to explore other many-body phenomena, such
as localization, dynamics phase transition and information scrambling, paving the
way to more comprehensive understanding of out-of-equilibrium quantum many-body

systems.

3We further numerically demonstrate in the next section that H is unlikely to be in a prethermal
regime with respect to NN Ising interactions ) j S{,Sg“, the dominant term in Hryp;p for small

values of g.
4taking the average over time, also shows that Z ~ Z in the prethermal regime
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Figure 4-4: (a) Eigenvalue difference r with respect to maximum order n,, for different
values of g/J. r shows a convergence, up to a maximum field value g/J = 0.5. (b)
Decomposition of Z(t) (obtained by exact diagonalization) at ¢ = 10° according to
the operator Hamming weight: f; is the contribution of all possible spin correlations
with Hamming weight k. For small fields, g/.J = 0.05 (dashed line), the result follows
closely the distribution (triangles) obtained randomly sampling all possible operators.
For large fields, g/J = 5 (solid line) there is a significant contribution of single-body
terms, related to the quasi-conserved quantity Z. In the inset: f; as a function of g.
fi for Z(t) (c) and Y(¢) (d) as a function of normalized time, showing the nonthermal
behavior of Z at large g/.J, while Y is always thermal even for small g/J. The system
size is L = 12 for (a) and 13 for (b—d). Figure prepared by Pai Peng

4.4 Prethermalization

To support our interpretation of the experimental results, we explicitly construct the
prethermal Hamiltonian, showing that indeed Z,. ~ Z is an emergent constant of

motion. The prethermal Hamiltonian can be expanded in powers of € = J/g

nM

Hye=2+» €h™, (4.5)
n=1

and numerically evaluated up to max order n;. It has been shown [2] that for generic
many-body systems the series in Eq. (4.8) might not converge as ny; — oo, but there
exists an optimal order n*, so that Hp. is most similar to H when truncating the
series at n*. If the system Hamiltonian does indeed support a prethermal phase,
we expect its eigenvalues E,, to be close to the prethermal Hamiltonian ones, EF.
We thus calculate the eigenvalue difference r = mean,,(E,, — E2*°)/L (where m
labels the eigenvalues in ascending order), expecting 7 to converge to zero only in the
prethermal phase. Figure 4-4(a) shows r as a function of maximum truncation order

nyy for different values of e.
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4.4.1 Constructing the Prethermal Hamiltonian

In this section the mathematical framework for prethermalization in time-independent
systems is reviewed. The derivations are based on Abanin et al. [2], but uses a different
approach to calculate the higher order correlations to the prethermal Hamiltonian.
In prethermal systems, certain observables can exhibit slow, nonergodic, dynamics
even in the absence of any disorder. The reason for this is that the prethermal
Hamiltonian has a emergent symmetry given by [Hpre, D] = 0 which is preserved for
an exponentially long prethermal time. Thus, any operator that overlaps with D’
will have slow dynamics due to the emergent symmetry. The exponential timescale
for tyre has been proved rigorously for both time-dependent and independent systems

in [2].

To begin, it is useful to divide the transverse field dipolar Hamiltonian into two

parts: Hrpip = Hy + Hyp, where
) . 1. .
Hy=Y S, Hy=u) Jy [s;s; - 5(5;5;; + S;;Sf)] (4.6)
J dik>j

where € is a small parameter. The idea is to perform an unitary transformation to

bring the Hamiltonian into the following form
UHU' = Hy+D+V = Hpe +V (4.7)

where [D, Ho] = 0, [V, Hye] # 0, and Hye = Hy+ D. If V is zero, then U'H, U
is an exact conserved quantity. Any operators not orthogonal to Ut Hy, U will have
some finite component conserved up to infinite times, and the prethermal time ¢y
is infinity. If however V' is nonzero but exponentially small compared to Hpy., then

U THp,eU is an emergent symmetry conserved only up to ¢.

In order to calculate the prethermal effective Hamiltonian Hp., let U = €5 and

84



expand S, D, and V in powers of ¢:
S:ZEij, D:Zeij, V———Zejvj
j=1 j=1 j=1

Once D; are found the prethermal effective Hamiltonian up to nps-th order is given

by

nnm
Hpre = HO-I-ZGij (48)
j=1
It is not known whether the series in Eq.(4.8) will converge for any € when ny — oo.

When the series does converge then prethermal Hamiltonian is an exact symmetry.

It is instructive to see how to solve this perturbation series iteratively. Using the

Baker-Campbell-Hausdorff formula
1 1 1
e*He % = H + [S, H] + ;[S,[S, H]| + (S, S, S, H]}] + 5[, [S, [, [S, H])J] + -+

on the LHS of Eq.(4.7) and collect terms with same order of ¢, it can be shown that

the equations up to € are given by

Dy + Vi = [S1, Ho| + Hy
1
Dy + Vo =[Sy, Ho| + [S1, Hi] + 5[31, [S1, Ho]

Dy + Vi = [Ss, Ho) + [Sy, 1] + %([51, (S, Holl + 1 > 2) + %[Sl, 1Sy, B3]
+ 5181, (81, (51, Holl
Dy+Vy= {547 HO] + [53, Hl] =+ %([Sla [537 HOH +1¢ 3) -+ %[‘927 [527 HO”

+ 58185, Hill + 16 2)+ 5[5, 51,151, Holll + 1 4+ 2)

1
2
1

+ [517[517[517H1]]]+ 517[517[517[‘917]{0””

1
6 51
D5 + Vs = [Ss, Ho) + [Ss, H1] + %([51, [Sa, Hol] + 1 > 4) + %([527 [S3, Hol] +2 ¢ 3)

+ %([51, (S, ) 41 3) + %[32, (S, H]] + é—([sz, (S, [S1, ]| + 1 > 2)
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({S% [517 [Sla HO]]] +1& 3) ([52’ [Sla [Sl’ Hl]” +16 2)

HO:I»—A

_4([517 (51, [S1, [S2, Holll] + 1 + 2) +54 [51, [S1, [S1, [S1, Hill]]

l\D

120 [Sl’ [Sl’ [Sla [Sla [Sl; HO]]H]

where ¢ <> j indicates permutation of S; and Sy, in the commutators. Starting at first
order in e, all terms on the RHS besides [S;, Hy|, call it hj, are split into two parts,
the part that commutes with Hj is stored in D;. \S; is then chosen such that [S;, Hy)
exactly cancels the other part that does not commute with Hy, this automatically
makes V; = 0. The iteration is repeated in the next order.

Since H, satisfies ™™ o 1, one can use the same approach for calculating
MQC components described in Chapter 1 to systematically find D; and S;. At each
order, decompose h; to its MQC components: h; = Eq hjq, where [Hy, hj,] = qhj,,
and find them using Eq.(1.15). In terms of hj,, D, and S; can be written as

D; = hjo, Sj = Z q_l(hjq — hj(—q)) (4.9)

g>0
The MQC components hj, are referred to as generalized ladder operators in [93]. The
problem of finding prethermal Hamiltonian is intimately related to finding the slowest

operators, or the operators that best commutes with the Hamiltonian [78, 93].

4.4.2 No Prethermalization for Small ¢

Here we explore whether the Hamiltonian in Eq.(1) can be prethermal for small values
of g. In the main text, it is shown that a prethermal Hamiltonian cannot be generated
using Hy = Z for small g. Another possible prethermal generator is Hy = 3~ 25757,

Following the method given in the previous section, we construct the prethermal
Hamilontian order by order, and calculate the mean eigenvalue difference between
the prethermal Hamiltonian and the original Hamiltonian. The eigenvalue difference

r stops decreasing after np; > 2 even for moderate transverse field strength [Fig.
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Figure 4-5: (a) Eigenvalue difference, r with respect to maximum order, nys, for
varying values of g/J. r fails to decrease after second order. The system size is
b=11,

1(c)], while for large transverse field it diverges as expected. The prethermalization
theory fails to apply to small field regime because even with only dipolar interaction
||Ho|| = || H1]|, thus the series expansion does not converge.

For large g, r = 0 appears to converge up to the largest numerically accessible
order, suggesting that Hp. is similar to H and there exists an approximately con-
served quantity Z,.. For small g however, r diverges, indicating that a prethermal

Hamiltonian that conserves Z cannot be found. The transition happens at around

g/d = 0.5

4.5 Experimental Methods

The pulse sequence used in this Chapter is based on modifying the general 16-pulse

sequence described in Chapter 1.

4.5.1 Hamiltonian Engineering

Using the forward sequence

P(11,%, 7. ¥, 210, ¥, 70, %, T ) P(10, %, 72, ¥, 270, ¥. 72, X, 1) P(71, X, 72, ¥, 27, ¥, 72. X, 1) P (71, X, 72, 7, 27, §, 72, X, 1)
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and the backward sequence
P(73,¥,73,%, 270, X, T3, ¥, 73) P(T3, ¥, T3, X, 274, X, 73, ¥, 3) P73, ¥, 73, %, 274, %, 73, 7, 73) P73, ¥, 73, X, 274, %, T3, ¥, T3)
with the delays are given by
n=1l—u), =714+2u), =71+u), 74=71(1-2u)
we can engineer a dipolar Hamiltonian along the y direction with opposite sign:
Hy=+u)_ Ji [sgs;; - %(S;sj; + 8i8H|,
i<k

and H; = 0 (the first order can always be set to zero by a proper symmetrization
of the sequence). The average Hamiltonian corresponding to the forward sequence
is presented as Eq.(1) in section. As described in Chapter 1, a uniform transverse
field can be introduced in Hy by phase shifting the pulse sequences. The strength of
the field is controlled by the angle of rotation and the cycle time 7, of the sequence,

where as sign of the field is controlled by the direction of the rotation.

4.5.2 Measuring OTO Commutators Involving Integrals of Mo-

tion

We are interested in measuring the OTO commutator Co, o0 = —4L™{[Oint, O']?) =0,
where the integral of motion Oyt is given by the infinite time average of operator O(t):
Ot = lim, o0 £ [ dtO(t). This commutator can be found by measuring the MQC
intensities with different forward and backward evolution times. The measured signal

in MQC experiments is given by

Se(t1,t2) = 27 Tr[e 7 O(t1)e"* O(ty)] = Z eI, (t, o)

q
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where ¢; and ¢, are now independent. Integrate both sides with respect to ¢; and ¢,

and take the infinite limit gives

2_LTr[e_i¢O/Oinfeid’ol(’)mf Ze Wt lim —— / / I,(t1,t2)dt dty

T1,72—00 T1To

expand both sides with respect to ¢ and equate terms in ¢? gives

C(’)inf(’)’ = "4[/; <[ 1nfa >/3 (e Zq lim / / tl, tg)dtldtz
71,

T2—00 T1To

In the experiments we can only measure [,(¢1, t2) at discrete time points. If we replace

the integrals by discrete sums we can measure

Coor = —4L7 YO, O') Z e ZZ[ (FAL, kAL)

where O = L >_; O(jAt) is a discrete time average of O(t). O can be used as an

approximation for the integral of motion Ojys.

4.6 Extended Data and Numerical Simulations

4.6.1 Experimental Data for C';, with Disorder

Here the OTO commutator C'z, is measured with disorder introduced into the Hamil-
tonian, the goal is to that the transition observed is robust to perturbations. The
modified dipolar Hamiltonian is given by Hmroip = Hroip + AD_; hi(S1 + S))/ V2.
As shown in Fig. 4-6, the transition appears to stay around g/J = 0.5, but the over-
all value is smaller than the case without disorder. This suggests that the observed

transition has a certain degree of robustness to random perturbation.
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Figure 4-6: Experimentally measured Cz, with disordered field introduced in the
z + y direction. In the data A = 0.08

4.6.2 Experimental Data for Cyy(t) and Czz(t)

Here we show the experimentally measured Cyy (t) and Czz(t) at six different times,

whose averaged value is presented in Fig. 1(c) in the main text.

(a)

—Jt=5.0 ——Jt=8.8

0 ' Jt=6.3 —— Jt=10.1
0.5 1.0
glJ

— Jt=3.8 — Jt=7.5
— Jt=5.0 — Ji=8.8
Jt=6.3 — Jt=10.1

05 1.0
ald

Figure 4-7: Experimentally measured Cyy(t) (a) and Czz(t) (b) versus transverse
field at different times. Figure prepared by Pai Peng
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4.6.3 Experimental Data for Tr(Z(¢)Z) and Tr(Y ()Y)

The extended data for Tr(Z(t)Z) and Tr(Y (¢)Y) is shown in Fig. 4-8. The Tr(Z(t)2)
exhibits oscillations on top of a decay. After averaging over one oscillation period,
Tr(Z(t)Z) can be fitted to an exponential function Ae~7’!; where 7 is the dimen-
sionless decay rate. Figure 4-8(c) shows the decay rate y of Tr(Z(¢)Z) can be ap-
proximated by an exponential function of field strength J/g, i.e. v = e’ + v,
where 7, is a trivial decay in the experiments that is independent of g. This expo-
nentially slow decay agrees with the theory for Floquet prethermalization [42, 40, 2|.
Tr(Y(t)Y) shows exponential decay at small g/J [Fig. 4-8(b)|, whose decay rate is
shown in Fig. 4-8(d). The scaling for the decay rate of Tr(Y (#)Y’) cannot be extracted

due to limited data points.

Tr(X(t)x)

0.025

(c) 0.070{ (d)
0.020 . 0.060] I

0.015 ﬁ 0.050 I

Decay rate of Tr(Z(t)Z)
of
3

0.010
0.0 0.5 1.0 15 0.1 0.2 03 0.4
J Jt

Figure  4-8 Experimentally measured Tr(Z(t)Z) (a) and
Tr(Y(2)Y) (b)  versus  time, with ~ transverse  field  strength
g/J={0.16,0.25,0.33,0.41,0.49, 0.58, 0.66,0.82,0.99, 1.2, 1.3}. Blue color repre-
sents larger field while red color represents smaller field. (c) Red markers show
the decay rate of Tr(Z(¢)Z) as a function of field strength J/g. The error bar
includes only fitting uncertainty, not including the uncertainty of the raw data. The
decay rate can be fitted to an exponential function (blue curve). (d) Decay rate of
Tr(Y(t)Y) as a function of field strength J/g. For J/g > 0.41, Tr(Y (t)Y) cannot be
fitted to an exponential function. Figure and fit done by Pai Peng
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4.6.4 Numerical Results

In this section we show the numerical results of OTO commutators using exact diago-
nalization (Fig. 4-9). System size L = 12 and open boundary condition are used here.
In comparison with Fig. 4-1 in the main text (reproduced here in (e)-(h) in Fig. 4-
9), the numerical and experimental results show quantitatively similar behavior. The
difference is mainly due to experimental imperfections and decoherence, as well as the
finite size effect in simulation and finite MQC encodings in experiments. In Fig. Fig.
4-9d, we calculated Z;,; exactly by taking the diagonal ensemble in the eigenbasis:
Zint = 3, Znn |n){n|, where |n) is an eigenvector of the Hamiltonian. The measured

data in Fig. 4-9(h) overestimates Fig. 4-9(d) due to finite discrete averaging.

| — <IZZO)>
05 1.0

R
{ —<zzonr>

0.5 1.0
alJ

Figure 4-9: (a) Cyz with respect to transverse field strength for Jt = 1.9 (purple
dashed line), J¢ = 3.8 (dots), Jt = 5.7 (green dashed line) and Jt = 7.6 (solid
line). (b) Cyz as a function of normalized time, for g = 0.25 (solid), g = 0.5
(dashed) and g = 1 (dots). (c) Averaged Cyy (dashed) and Cyzz (solid) with
respect to transverse field strength. The time average is taken over the values
Jt = 3.77,5.02,6.28,7.54,8.80,10.05.The inset shows the standard deviation. (d)
Tr(Z?) (dashed) and (|[Z, Z(0)]|?) (solid) versus transverse field strength. The aver-
age is taken by keeping only the diagonal matrix elements of Z in the eigenbasis of
H. (e)-(h) are the copy of Fig.(4-1) for comparison. Figure prepared by Pai Peng.
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4.7 Conclusion

In conclusion, we studied the out-of-equilibrium dynamics of the transverse field dipo-
lar interaction in a solid-state NMR quantum simulator. Using MQC techniques, we
measured OTO commutators to reveal a distinct dynamics in the high and low field
regimes, and identified them as prethermal and thermal phases. In the prethermal
regime, when one of the OTO operators is the emergent quasi-conserved quantity, the
OTO commutator saturates at an early time, while it keeps increasing in the thermal
regime, with a transition at about g/J = 0.5 5.

It is natural to wonder if this critical point has the same origin as the one found
in Hypr described in the last Chapter, namely that Hrpi, can be transformed into
a H.g with long ranged interactions at the critical point. This is difficult to detect
numerically because the prethermal expansion for Hryp;, is perturbative, and thus

cannot be applied when g is comparable to J.

Swe note that this value does not corresponds to the critical point of the equilibrium quantum

phase transition [69]
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Chapter 5

Future Directions

One immediate application based on the techniques developed in the previous two
chapters is to experimentally explore the MBL-ergodic phase transition in one and
more dimensions. Since OTO commutators can reveal information about the spatial
extent of correlations, and the MBL-ergodic transition is marked by a divergence in
the spatial extent of integrals of motion, by measuring OTO commutators of integrals
of motion one can experimentally probe the MBL-ergodic phase transition. Since this
approach does not rely on individual control over the spins, it can be extended to
3-dimensional systems, where the existence and stability of a MBL phase is still an

open question.

5.1 OTO Commutator in Disordered Heisenberg Chain

The Hensenberg chain in a disordered field is perhaps the most studied model for
MBL-ergodic phase transition [15, 14, 109, 111, 68, 112]. The model is described by

the Hamiltonian:
H=JY8;-Sj1+>» h;S., (5.1)
j j

where h; is a random variable with zero mean and a variance of W. The critical

disorder strength for the MBL-ergodic transition for this model is predicted to be
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around W,/J =~ 3.5. For W/.J > 3.5 [111, 112], the model is in the fully many-body

localized (fMBL) phase, where the Hamiltonian can be expressed as

H = Z Hij + ijkTgTZk + Z ijngTjTi + .- (5.2)
J Jk gkl

where 77 are the integrals of motions (l-bits) satisfying [/, 7%] = 0. In addition the

21Tz
coupling between the l-bits are exponentially small in distance: Hj; o exp (:@),
where ¢ is the characteristic length of the l-bit [65, 66, 131]. In the fMBL phase 77
have strong overlaps with local physical spins (p-bits). The exponential “dressing” of
the I-bits in terms of the p-bits have been verified numerically in a number papers [26],
it is precisely this exponential dressing that is responsible for the logarithmic growth
in entanglement entropy. In the fMBL phase £ is expected to be independent of L

for large L. In approaching the transition from MBL side, £ is expected to diverge,

as the 1-bits becomes more nonlocal.

While the l-bits are attractive from a theoretical point of view, they are difficult
to measure experimentally. Numerical constructions of l-bits are also highly nontriv-
ial [126, 118, 68]. A promising alternative to l-bits is using infinite time averaged

local operators [26], such as

T

S = tim = [ emiHtsicHtg = 37 (80 k) () (5.3)
T—00 T 0 n

where |n) is an eigenstate of H and (S7),, = (n|S?|n). It follows that [?i,‘s"’j] =0
and [?i, H] = 0, however unlike the 1-bits gi does not satisfy a Pauli algebra. In
order to probe the structure of _.S_'i across the MBL-ergodic transition, one can study

the behavior of the following commutator as a function of the disorder strength.

-1 _
Cz.z, = mTr[Zs, Z)? (5.4)

where Z; = }..(—)’S] is the total staggered magnetization and Z, is the infinite
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time averaged operator of Z, . The way to measure these kinds of commutators
in the NMR system have been described in Chapter 3. It is useful to first examine
the behavior of Cz ; in the limits of weak and large disorder. In the fMBL phase,
Z, has a big overlap with Z, and the commutator between them is small, so one
expects Cz ; to approach zero in the limit of infinite disorder. On the other hand,
deep in the ergodic phase the system loses memory of its initial conditions and one
expects Z; — 0 in the thermodynamic limit. So in the limit of zero disorder Cz.z.
also approaches zero. Going back to large but finite disorder, Z, contains correlations
with nearby spins. These correlations give finite contributions to C'z_; . Since these
contributions depends on the spatial extent of Z,, it follows that C3z.7, should only
depend on the disorder strength and not on L for large enough L. To check these
claims, C'z 7 is calculated for the disordered Heisenberg chain in the M, = 0 sector.
As shown in Fig. 5-1, Cz_z indeed appears to be independent of L deep in the MBL
phase. In the ergodic phase, C;_, goes down with increasing system size, suggesting
that C'z_; might be zero below W, in the thermodynamic limit. The most interesting
feature appears near the region where C';_, appears to be diverging, this divergence

can be attributed to the divergence of the localization length &.

Coop is a potential experimental probe to diagnose the elusive ergodic-MBL phase
transition in any dimensions with short or long ranged interactions, as long as the
mechanism for MBL is based on l-bits. In FaP NMR experiments it is difficult to map
out this transition because of a lack of strong intrinsic disorder. One can always use
the pulse sequences to engineer the interaction to be small compared to the disorder,
however this requires running the experiments at longer timescales to observe the
“peak” feature in Cpp. At longer timescales experimental imperfections start to

matter, and the fidelity of the MQC intensities is reduced.

It will be interesting to look for 3 dimensional spin systems with strong disorder,
such as lithium fluoride (LiF). Measuring Cpe in such a system will enable one to

study the MBL-ergodic transition in 3 dimensions. Unlike in 1-dimensional spin sys-

!The staggered magnetization is needed here since the unstaggered total magnetization Z =
>_;S? commutes with the Hamiltonian.
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Figure 5-1: Commutator norm between Z, and Z, as function of disorder
C3.z. calculated via exact diagonalization in the M. = 0 sector and averaged over
996 disorder realizations for L = 6 and L = 8, 336 realizations for L = 10 and L = 12,
and finally 108 realizations for L = 14.

tems, correlations grows much faster in 3-dimensional systems, so the thermodynamic

limit is effectively reached within reasonable experimental time.

5.2 Numerically Constructing l-bits from Eigenstates

The construction of l-bits is highly nontrivial [126, 118, 68|, and most of the previous
constructions have been based on perturbation methods. One annoying feature in
perturbative approaches are the occurrence of resonances, which can make the per-
turbation series diverge. At each order in perturbation series, resonant blocks in the
Hamiltonian must be isolated and separately diagonalized [126, 68]. From the view
of perturbation theory, the stability of MBL phase hinges on the nonproliferation of
resonances. It is natural to ask whether an exact construction of I-bit is possible.
Such a solution will be useful to determine the stability of MBL phase in long-ranged

and higher dimensional systems. So far, a rigorous proof of MBL exits only for 1D
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with short ranged interactions.

As shown in previous chapters, the commutator norm can provide information
about the spatial extent of operators. Consider the commutator between a l-bit in

the disordered Heisenberg model in Eq. and X =} 0:

-1

CTX = mTI’[TZ, X]2 (55)

If 7, is local, one expects the above commutator to be on the order of O(L~!). On the
other hand, if 7, is highly nonlocal the commutator should be on the order of O(1).

Therefore in order for 7, be a l-bit, it should minimize the commutator in Eq (5.5).

Consider expanding 7, in the eigenbasis of the Hamiltonian:
=2 ali}i] (5.6)
J

where |j) is an eigenstate, and a; is a string of 2 numbers with half of them being 1
and the other half being —1. This is because 7, like the local operator ¢, only has

eigenvalues 1 and —1. Substituting 7, into Eq. (5.5) one arrives at

1

Cox = ooy > (1 - aja) X5, (5.7)
jk
where X, = (j|X|k). Intuitively, one should have a; = ax when X7 is large in

order to minimize C'. However this is still a hard problem to tackle, instead one can

explicitly force the l-bit to be local with a support at o by maximizing the quantity

1 1 : .
S TE(m:0%) = 57 3 a5 (jlotls) (5:8)
J

In order to choose a string of a; to maximize the above equation, first sort the diagonal
matrix elements (j|o¥|j) in ascending order, then choose —1 for the first half of the
corresponding a; and +1 for the second half. Any other configuration leads to less

overlap.
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Another choice for 1-bits is to maximize the overlap with the noninteracting l-bits:
—TI' z 2L Z a] ]‘Tklj (59)

where 7, are the noninteracting I-bits obtained by diagonalizing the free fermion part

of the Hamiltonian.

5.2.1 C(,z in Noninteracting Disordered Systems

It is instructive to first look at the behavior for Eq. (5.5) in noninteracting disordered
systems. In one dimension, all states are Anderson localized for any disorder strength.
Therefore one expect the size of 7, to be independent of L and Eq. (5.5) to scale as
O(L™'). However, for weak disorder the localization length & can be quite large,
so for smaller systems one observes larger than O(L~!) values in Eq. (5.5) due to
finite size effects. As shown in Fig. 5-2, this apparent delocalization to localization
transition goes away for noninteracting systems when L becomes larger than the
typical £ of the I-bits. The Hamiltonian used for the noninteracting model is Huy, =
>0, 518t 4+ SISt + 57 h;SI, where the disorder h; is drawn uniformly between
—W and W, and J = 1. |

It is also instructive to look at C, x for noninteracting 1-dimensional systems which
have delocalization-to-localization transition. Such systems can be realized using
quasi-periodic [12] or correlated disordered fields [36]. As a demonstration, consider
the Aubry-Andre model given by Haa = >, S1SIH1+S7SIT1+A 37 cos(2mwj) S [12],
where w = v/2 or any irrational number. The Hpaa model has a transition at A = 1,
where the integral of motions go from being extended (A < 1) to being l-bits (A > 1).
As shown in Fig. 5-3, this transition can be captured by C, x averaged‘over all integral

of motions
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Figure 5-2: Commutator norm between l-bits and X as function of disorder
Each commutator norm is averaged over all I-bits and 100 disorder realizations. OBC
is used. The apparent delocalization to localization transition gradually goes away as
the system size is increased.

5.2.2 (,z in Interacting Disordered Systems

According to MBL phenomenology, the integrals of motions should show a transition
from extended to localized around the critical disorder strength W, ~ 3.5. Further-
more, one expects C,x to reflect this behavior since the commutator is a measure of
the characteristic size of 7,. However, as shown in Fig. 5-4(left) the commutator C;x
shows an initial increase before decreasing as a function of disorder. In the limit of
weak disorder, C;, actually goes down as one increases the system size, suggesting
that 7, is becoming more local. This inconsistency is due to the fact that the construc-
tion of 7, based on maximizing Eq. (5.9) is not quite correct. Namely while all the 77
are mutually commuting, they are not mutually orthogonal, e.g., Tr(7/7%) # 2%4y.
When the 77 are not mutually orthogonal, the many-body Hamiltonian cannot be ex-
pressed using solely 7/ and products of 7. Interestingly, deep in the MBL phase, the

constructed 7/ are actually mutually orthogonal, or very close to being mutually or-
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Figure 5-3: Commutator norm between l-bits and X in Aubry-Andre model
The commutator is calculated using one disorder realization. The frequency is w = /2

thogonal. To check this, the quantity D = 27 (%) - > i<k Te(miTF) is plotted against
disorder for different system sizes in Fig. 5-4(right). For large disorder strength, the
overlap between any two distinct 1-bit is nearly always zero, indicating that the MBL
Hamiltonian can be written in the form given by Eq. (5.2). However notice that D
starts to diverge for larger disorder strength with increasing system size. This sug-
gests that for large enough system sizes one may not always get mutually commuting

I-bits constructed from Eq. (5.9) even at large disorder.

A consistent construction of mutually commuting integral of motions valid for all
disorder strength is an interesting and challenging problem. This section attempted
a nonperturbative construction of I-bits directly from eigenstates, but is unable to
keep them mutually commuting in the ergodic phase or near the phase transition.
Further direction might explore how to combine nonperturbative construction using

eigenstates and perturbative approaches based on operators.
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Figure 5-4: C,x and D for disordered Heisenberg model. C;x is averaged over
all 1-bits constructed from Eq. (5.9) and over 250 disorder realizations, while for D
500 disorder realizations are used.

5.3 Prethermalization from Breaking Integrability

As shown in Chapter 2 and 3, noninteracting 1 dimensional systems are integrable
with an extensive set of IOMs’ thus they cannot thermalize or scramble. As a result
of their integrability, OTO commutators involving local operators such as o, saturate
as a function of time.

One interesting question is whether this saturating behavior in the OTO com-
mutators for integrable systems will survive under a weak integrability breaking
perturbation. Intuitively, one expects the OTO commutators to remain constant
for intermediate timescales when the perturbation is weak. This “prethermalization
plateau” will cease to exist at long time scales when the system realizes it is no longer
integrable [83].

To look for this prethermalization plateau, one can focus on the most “nonin-
teracting” model achievable in spin chain NMR: the double quantum Hamiltonian
Haq = X<k Jie(SISE — S;'S;‘), which can be implemented straightforwardly using
multi-pulse techniques. Hy, is noninteracting in the limit of only NN couplings, so
couplings due to NNN and beyond can be considered as interactions which breaks the

integrability of He,. Indeed, earlier experiments have already looked at the timescale

103



at which H,, starts to show integrability breaking [151].

Here integrability breaking perturbation in the form of a disordered field Hpery =
9>, hi(S1 + SI)/v2 is introduced into the system. In the integrable limit, OTO
commutator —Tr[Z(t), Z] comes from only the +2 order MQC intensity and shows
strong oscillations in time. In order to observe integrability breaking, one can focus on
the growth of the second moment using only the odd coherence orders, as they should
all be zero in the integrable case. Fig. 5-5 is the measurement results. One see that
in the absence of any perturbation the odd coherence orders are indeed very small.
When perturbation is introduced, however, the odd coherence orders start to grow.
It is not clear that a prethermal plateau can be identified from the measurements, as
all curves, except for the two lowest ones, appears to start growing around the same
timescale.

We remark that prethermalization in weakly broken integrable systems is different
from the prethermalization studied in Chapter 4. In weakly broken integrable systems,
prethermalization plateau is expected to survive up to a timescale on the order of |g|~!
to g~2 [83], where g is strength of the integrability breaking perturbation. While in
prethermal systems with emergent conserved quantities, the prethermal plateau is

predicted to persist up to exponentially long timescale.
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Figure 5-5: Odd coherence order contribution to Czz for the disordered
double quantum model Czz(odd) shows a slow growth reminiscent of MBL, but
it is happening for very small values of disorder.
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Appendix A

Average Hamiltonian Theory

In the main paper we have used a broad range of Hamiltonians to explore different
behaviors of the spin chains, ranging from integrable, to single particle and many-body
localized. These Hamiltonians were obtained stroboscopically (Floquet Hamiltonians)
by applying periodic rf pulse trains to the natural dipolar Hamiltonian that describes
the system. We used Average Hamiltonian Theory (AHT [55]) as the basis for our
Hamiltonian engineering method, to design the control sequences and determine the
approximation errors.

To see how repeatedly applying a periodic pulse sequence modifies the dynamics
of the system, we write the total Hamiltonian as H = Hg, + Hext, Where Hg, =
32 ek Jin(2518% — S1S% — S1Sy) + 37, h;SY is the system Hamiltonian, and Hex(t)
is the external Hamiltonian due to the rf-pulses. The density matrix p evolves under
the total Hamiltonian according to p = —i[H,p]. Consider an interaction frame
defined by p' = Uy pUy, where Uyg(t) = T exp [—i fot Hext(t’)dt'] and 7 is the time
§y4r

where H' = Uy HainUys. Since Uy is periodic, H' is also periodic with the same period
P

ordering operator. In this toggling frame, p’ evolves according to p' = —i[H

t.. The evolution operator over one period can be written as U(t.) = exp|—iHFt.],
where Hp is called the Floquet Hamiltonian (or in the language of NMR the Average
Hamiltonian). Note that if the pulse sequence satisfies the condition U(t.) = 1,
the dynamics of p and p’ are identical when the system is viewed stroboscopically,

i.e., at integer multiples of ¢t.. The system evolves as if under a time-independent
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Hamiltonian Hp. To calculate Hr we employ the Magnus expansion as is usual in
AHT: Hp = Hy + H; + - - -. The first two terms are given by
—1

1 te te t2
Hy = ”/ H'(t)dt, H,= —/ dt?/ di[H'(t), H'(t1)].
tc 0 2tc 0 0

The zeroth order of the average Hamiltonian H is often a good approximation to the
Floquet Hamiltonian Hy, as the first order can be set to zero by simple symmetrization
of the pulse sequence.

In fact it can be shown that all odd order correction can be made to be zero if the
toggling frame Hamiltonian satisfies the property H'(t) = H'(t. — t) [54]. Sequences

satisfying this property are referred to as symmetric sequences.
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