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Abstract. We define Hecke correspondences and Hecke operators on unitary RZ spaces
and study their basic geometric properties, including a commutativity conjecture on Hecke
operators. Then we formulate the arithmetic fundamental lemma conjecture for the spherical
Hecke algebra. We also formulate a conjecture on the abundance of spherical Hecke functions
with identically vanishing first derivative of orbital integrals. We prove these conjectures for
the case U(1) x U(2).

1. Introduction

In the relative trace formula approach of Jacquet and Rallis to the Gan—Gross—
Prasad conjecture, the Jacquet-Rallis fundamental lemma (FL) conjecture plays a
key role [15]. It states an identity of the following form. Let p be an odd prime
number. Let Fy be a finite extension of Q, and let '/ F be an unramified quadratic
extension. Let Wy be a split F'/ Fp-hermitian space of dimension n + 1 and let Wg
be the perp-space of a vector ug € Wy of unit length. Then the following identity
holds for all matching regular semi-simple elements y € GL,(F) x GL,4+1(F)
and g € U(WQ)(Fo) x U(Wo)(Fp),

Orb(g, 1s, k) = () Orb(y, Lgn, k). (1.0.1)

Here on the RHS, there appears the weighted orbital integral of the charac-
teristic function of the natural hyperspecial compact subgroup K" x K’ of
GL,(F) x GL,41(F); on the LHS there appears the orbital integral of the char-
acteristic function of the natural hyperspecial compact subgroup K° x K of
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2 C.Lietal.

U(Wg)(Fo) x U(Wy) (Fp). The first factor on the RHS is the natural transfer factor,
cf. [31]; both sides only depend on the orbits of y, resp. g, under natural group
actions.

The FL conjecture was proved for F' with large residue characteristic by Yun
and Gordon [37], and is now proved completely: the proof by Beuzart-Plessis [2]
is local; the proof in [42] (for p > n + 1) is global.

In fact, an identity of this form is true for the whole spherical Hecke algebra,
and is due to Leslie [20]. Let 9" € Hgn, g be an arbitrary element in the spherical
Hecke algebra for GL,(F) x GL,1(F). Then the following identity holds for
all matching regular semi-simple elements y € GL,(F) x GL,1(F) and g €
U(Wo) (Fo) x U(Wo) (Fo),

Orb(g. ¢) = w(y) Orb(y, ¢"). (1.0.2)

Here on the LHS appears the orbital integral of the image ¢ of ¢’ under the base
change homomorphism from the spherical Hecke algebra of GL,, (F) x GL,,41(F)
to the spherical Hecke algebra of U(WS)(FO) x U(Wp)(Fp). The second factor
on the RHS is the weighted orbital integral of ¢’. The method of proof of [20] is
ultimately global.

The third author proposed a relative trace formula approach to the arithmetic
Gan—Gross—Prasad conjecture. In this context, he formulated the arithmetic fun-
damental lemma (AFL) conjecture [40]. The AFL relates the special value of the
derivative of an orbital integral to an arithmetic intersection number on a Rapoport-
Zink formal moduli space (RZ space) of p-divisible groups attached to a uni-
tary group. The AFL conjecture is an identity of the following form. Let Wy be
a non-split F'/Fp-hermitian space of dimension n + 1 and let Wlb be the perp-
space of a vector u; € Wj of unit length. Then the following identity holds
for all matching regular semi-simple elements y € GL,(F) x GL,4+(F) and
g € UW))(Fo) x U(W1)(Fo),

2(gA, An;, ., - logg = —w(y)d0rb(y, 1). (1.0.3)

Here the second factor on the RHS is the special value of the derivative of the
weighted orbital integral of the unit element in the spherical Hecke algebra H g, g+
On the LHS appears the intersection number of the diagonal cycle A of the product
RZ-space N, nt1 = Ny X Ny4q with its translate under the automorphism of
Np.nt1 induced by g. Here, for any n, A, is the moduli space of framed basic
principally polarized p-divisible groups with action of OF of signature (1, n — 1).

The AFL conjecture is now known to hold for any odd prime p, cf. Zhang [42],
Mihatsch—Zhang [26], Zhang [43]. These proofs are global in nature. Local proofs
of the AFL are known for n = 1,2 (Zhang [40]), and for minuscule elements
(He-Li-Zhu [14]).

The aim of the present paper is to propose a variant of the AFL conjecture in
the spirit of Leslie’s result on the FL, where the unit element in the spherical Hecke
algebra is replaced by an arbitrary element ¢’ € Hg» xs. The proposed formula
takes the following form,

2(gA, Ty(A))N, .1 - logg = —w(y)d0rb(y, ¢"). (1.0.4)
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The new feature compared to the AFL conjecture (1.0.3) for the unit element is the
appearance of the Hecke operator T, on the LHS, and the definition of such Hecke
operators is one of the main issues of the present paper, see below.

The AFL conjecture comes, as usual, in a homogeneous version (as stated above)
and an inhomogeneous version. However, in contrast to the case of the unit element,
these two versions are not equivalent: the homogeneous version implies the inho-
mogeneous version but not conversely. It is conceivable that the inhomogeneous
version is easier to prove in some cases.

As evidence for this conjecture, we prove it in the case n = 1 (in this case,
the homogeneous version and the inhomogeneous version are easily seen to be
equivalent).

Theorem 1.0.1. The AFL formula (1.0.4) holds for n = 1.

The proof is local, by explicit calculation of both sides of the formula and
resembles the proof of the AFL in cases of low rank in [40]. On the geometric
side we exploit the fact that, in the particular case n = 1, the Hecke operators are
induced by explicit geometric correspondences which are finite and flat. Another
ingredient is the theory of quasi-canonical divisors on A3 in the sense of [17]. On
the analytic side, we also give a purely local proof of the FL for the whole Hecke
algebra (Leslie’s theorem) in this case.

Our definition of Hecke operators (in K-theory) is based on the fact that there is
a presentation of the spherical Hecke algebra of the unitary group as a polynomial
algebra. The basis elements of this presentation can be chosen to be decomposed into
a product (i.e., convolution) of intertwining Hecke functions. Here an intertwining
Hecke function in the Iwahori Hecke algebra for a fixed Iwahori subgroup is a
function of the form 1 g+ for parahoric subgroups K, K’ stabilizing a facet in the
alcove in the Bruhat-Tits building corresponding to the Iwahori subgroup!. For
these elements it is possible to define integral models of Hecke correspondences.
Indeed, we can naturally define a geometric correspondence between two RZ spaces
for parahorics K, K’ as above, a diagram of RZ spaces at parahoric levels K, K’,
KNK/,

Nknk

y K (1.0.5)

Nk Nk

In fact, for our purposes, it suffices to consider intertwining Hecke correspon-
dences of the form 1g g+ and 15/, where K’ is a maximal parahoric and K is the
hyperspecial vertex in the fixed alcove defining the spherical Hecke algebra. Hecke
operators for general elements in the spherical Hecke algebra, in the sense of maps
on K-groups, are then defined in three steps. The basis elements, also called atomic
elements, can be written in the form ¢x' = vol(K') '1gx * 1x/x, where K’ is a
maximal parahoric subgroup corresponding to a vertex in the fixed alcove, and this

I The terminology “intertwining Hecke function" is borrowed from [24, Definition B.2.3]
where a special case is considered.
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defines the corresponding Hecke operator. For a monomial in the atomic elements,
the corresponding Hecke operator is defined as a product of atomic Hecke opera-
tors. The general case is obtained by linear combinations. However, at this point
arises a highly non-trivial problem: the definition of monomial Hecke operators
presupposes that the Hecke operators corresponding to different ¢ g commute. We
conjecture that this is indeed true but at the moment our formulation of the AFL
formula (1.0.4) is contingent on the solution of this conjecture. More precisely,
without this conjecture, the formulation of the AFL conjecture becomes somewhat
awkward (cf. Remark 6.1.5), unless ¢ is a power of an atomic element (but even
this instance of the AFL formula may be interesting to prove).

The idea of defining Hecke operators as linear combinations of products of
certain distinguished Hecke operators also appears in the work of Li-Mihatsch on
the linear ATC [23]. In their case, the projection maps 71 and > are finite and flat,
and the same is true for compositions of distinguished Hecke correspondences.
This implies that their Hecke operators are induced by explicit geometric Hecke
correspondences. This also allows them to pass to the generic fiber to prove the
necessary commutativity statement in their context.

In our case the projection maps w1 and 7 are usually not flat and the compo-
sition of such correspondences, in the sense of maps on K-groups, is not induced
by the composition of geometric correspondences. This discrepancy between com-
positions of geometric correspondences and K-group correspondences would dis-
appear if instead of usual (classical) formal schemes we had used derived formal
schemes in the definition of geometric correspondences. In this sense, our defini-
tion of Hecke operators is a “shadow” of a more sophisticated definition (which
remains to be developed). By avoiding derived schemes, we forgo the possibility
of defining our Hecke operators in terms of geometric Hecke correspondences.?
However, it is unclear to us whether such a more sophisticated definition can be
helpful in resolving the commutativity conjecture mentioned above. Relatedly, it
seems that the more sophisticated definition of Hecke correspondences transfers to
the global context of integral models of Shimura varieties for GU(1, n — 1) but the
relation to the classical Hecke correspondences in the generic fiber is unclear.

Let us compare our construction of Hecke operators with variants in the litera-
ture; indeed, the construction of integral Hecke correspondences and their induced
Hecke operators on cohomology, resp. cycle groups, resp. K-groups is a well-
known problem in various contexts. An example, in the context of integral models
of Shimura varieties, occurs in the proof of the Eichler-Shimura congruence rela-
tion, comp. Faltings—Chai [9] and Biiltel-Wedhorn [4], Koskivirta [16], Lee [19],
Wedhorn [35]. Specifically, in the case of the Siegel moduli space with hyperspecial
level at p, one considers simply the space of all isogenies of p-power degree and
then isolates inside it a subspace that can be analyzed for the purpose at hand (note
that the space of all isogenies of p-power degree is an unwieldy object that is hard
to control). In the function field context, the problem of defining integral Hecke

2t may be possible, at least as far as defining and calculating intersection multiplicities is
concerned, to replace derived formal schemes by their underlying classical formal scheme,
equipped with a suitable element in the derived category of coherent sheaves.
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operators (in cohomology) is addressed by Lafforgue [18] by using his excursion
operators (see loc. cit., Prop. 6.2); in this context, he also solves a commutativity
problem (see loc. cit., Lem. 10.1, equ. (10.4)). Let us also mention the recent paper
by Fakhrudin—Pilloni [8], in which they aim to define Hecke operators for automor-
phic vector bundles on p-integral models of Shimura varieties with hyperspecial
level at p. Translated to our language of RZ spaces, they consider correspondences
given by diagrams (1.0.5), where K and K’ are hyperspecial and conjugate under
an auxiliary group (in their case, a group of unitary or symplectic similitudes). It
should be pointed out that such diagrams exist only rarely: in the case of the sym-
plectic group, there is precisely one such diagram (K is the stabilizer of a selfdual
lattice and K’ is the stabilizer of a lattice selfdual up to a scalar), and similarly in
the case of unitary groups considered here in the even rank case when K is the
stabilizer of a selfdual lattice and K’ is the stabilizer of a lattice selfdual up to
a scalar; in the case of the general linear group, all pairs K, K’ of hyperspecial
subgroups corresponding to vertices in a fixed alcove give such diagrams. On the
other hand, in [28, Sect. 7] Pilloni defines more general automorphic vector bun-
dle Hecke operators for GSp, in a way somewhat similar to ours, via intertwining
Hecke operators. It is interesting to note that in the context of [8], there is also a
commutativity conjecture of Hecke operators [8, Rem. 7.6]; however, there seems
to be no direct relation to our conjecture above (but maybe a solution to one of the
problems can give indications for a solution to the other problem). We also note
that a function field analog has been considered by Yun and the third author (cf. [38,
Prop. 5.10] and [39, Prop. 3.14]), where they consider the moduli space of GL;-
shtukas (with an arbitrary number of legs) and construct Hecke correspondences
for a natural basis (as a vector space) of the spherical Hecke algebra. They show a
commutativity statement using crucially an equidimensionality result (cf. [38, Lem.
5.9] and [39, Lem. 3.13]), which is in turn proved via constructions closely related
to the Geometric Satake isomorphism. Another attempt at defining integral Hecke
correspondences occurs for RZ spaces in [32, Chap. 4]. That definition suffers from
several drawbacks, the most serious being that the projection morphisms may not
be proper and not surjective, cf. [32, remark after Prop. 4.44].

Why is it of interest to extend the AFL conjecture from the unit element to
all elements in the spherical Hecke algebra? The reason that in the proof of the
global Gan—Gross—Prasad conjecture (e.g., [3,41]) one only considers the FL for
the unit element is the density theorem of Ramakrishnan [29]. It allows one to
avoid the Jacquet—Rallis fundamental lemma for the full spherical Hecke algebra
at inert places. However, such a density result is not available for the orthogonal
group, in which case we need necessarily to consider the full Hecke algebra. It
should be pointed out, however, that at present we do not have a formulation of an
FL conjecture or an AFL conjecture in the case of the orthogonal group. Another
motivation comes from the consideration of the p-adic height pairing of arithmetic
diagonal cycles, as in on-going work of Disegni and the third author [6]. Here
it is necessary to consider all Hecke correspondences at p-adic places. This is
one of the reasons, why in [6] it is assumed that all p-adic places are split in the
quadratic extension of global fields F'/ Fp. When there are inert p-adic places, it will
be necessary to consider Hecke correspondences at inert places and the situation
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of the present paper becomes relevant. One may even need to consider the more
complicated case of the Iwahori level Hecke algebra. In fact, in Disegni’s work on
the p-adic Gross—Zagier formula for Shimura curves in the inert case [5], a crucial
ingredient are Hecke correspondences for arbitrarily deep level.

One spin-off of the consideration of the AFL conjecture for the spherical Hecke
algebra is that it naturally leads to the following question, also partly motivated by
Disegni’s work. Namely, one may ask whether a function in the spherical Hecke
algebra is determined by its first derivatives of orbital integrals over regular semi-
simple elements. To put this into context, it should be pointed out that a function
in the spherical Hecke algebra is determined by its orbital integrals over regular
semi-simple elements, cf. Proposition 8.1.1. Experimental evidence points to the
fact that these two questions have quite distinct answers. Indeed, we conjecture
that there is an abundance of functions with vanishing first derivatives of orbital
integrals, in the following precise form.

Let G;s, w, denote the open subset of GL,, (F') X GL,,+1 (F) consisting of regular
semisimple elements matching with elements in the non-quasi-split unitary group

U(W))(Fo) x U(Wy)(Fo).
Conjecture 1.0.2. The map
d0rb : HK’DXK/ — COO(G;SYWI)

has a large kernel, in the sense that the kernel generates the whole ring Hyn , g+ as
an ideal (note that this kernel is only a vector subspace rather than an ideal). Sim-
ilarly, the map defined by the intersection numbers, Int : Hgv, g — C "C’(G;S’Wl ),
has a large kernel.

The conjecture is somewhat speculative and we give several weaker variants of
it. We confirm this conjecture in the case n = 1.

Theorem 1.0.3. Conjecture 1.0.2 holds when n = 1.

However, even without spin-offs, the arithmetic fundamental lemma for the
entire spherical Hecke algebra is an interesting problem of its own, which may
turn out to be quite difficult. Its solution might yield additional insight into the
nature of Rapoport-Zink spaces and their special cycles. It might also be a good
testing ground for applying derived algebraic geometry in an unequal characteristic
situation, after its success in the equal characteristic counterpart, comp. [10]. It
would also be interesting to consider Hecke correspondences for other RZ spaces.

Since the arithmetic fundamental lemma for the entire spherical Hecke algebra
seems so difficult, it may be instructive to prove it in special cases. We already
mentioned its inhomogeneous version. Another possible simplification may occur
for Hecke functions of the form ¢’ = 1g» ® f’, where f’' € Hgs. Yet another
simplification may occur for atomic elements. The statement for Hecke functions
¢’ with base change of the form ¢ = f ® 1k, resp. ¢ = 1> ® f/, where f € Hg,
resp. f' € Hg» is an atomic element, are of key importance in our paper [21].

We note that our procedure is based on integral models of Hecke correspon-
dences for certain elements that are not contained in the spherical Hecke algebra
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(the function 1k g is usually not spherical). Now 1k g+ is contained in the Iwahori
Hecke algebra (corresponding to a fixed chamber containing the facets correspond-
ing to K and K'), and it would be interesting to see how large a subalgebra they
generate, in order to define the LHS of (1.0.4) for a wider class of functions ¢.
On the other hand, at this moment we do not know natural candidates of smooth
transfers (in the sense of Jacquet—Rallis) for functions not in the spherical Hecke
algebra, so we have no immediate use for Arithmetic Transfer conjectures for all
integral Hecke correspondences that we construct in this way.

In view of the global nature of the proof of Leslie’s theorem and of the various
FL statements for full Hecke algebras in the Langlands program, it is natural to
speculate that a proof of our AFL conjecture would necessarily require a global
input. It seems that the most promising approach is to study the global p-adic
height pairing of Nekovaf, which satisfies a “modularity” condition, in the sense
that the action of the Hecke algebra on this height pairing factors through an action
on automorphic forms. One may leverage this modularity to deduce a version of
the (global) relative trace formula identities for the full Hecke algebra, from the
a priori weaker result for a partial Hecke algebra (i.e., locally the unit element at
inert place and arbitrary at split places). One may then hope to deduce from such
global identities the AFL identity (1.0.4). The aforementioned work of Disegni and
the third author on p-adic height pairings [6] involves the projection to the ordinary
part; this is an obstacle to pushing through this proof strategy.

The layout of the paper is as follows. After a notation section, we recall in
Sect. 3 the set-up and review the formulation of the Jacquet—Rallis transfer and
Fundamental Lemma for the full spherical Hecke algebra. In Sect. 4 we define
atomic Hecke functions and exhibit the spherical Hecke algebra as the polynomial
algebra of the atomic elements. In Sect. 5 we define various Rapoport—Zink spaces
with certain parahoric levels, and use them to define Hecke correspondences. We
then formulate the commutativity conjecture. In Sect. 6 we state the AFL conjecture
for the spherical Hecke algebra, and in Sect. 7 we prove it in the case U(1) x U(2).
In Sect. 8 we formulate a conjecture on the abundance of spherical Hecke functions
with identically vanishing first derivative of orbital integrals. In Sect. 9 we collect
a few facts on the general theory of correspondences.

We thank Tony Feng, Benjamin Howard and Andreas Mihatsch for their help.
We thank SLMath for its hospitality to all three of us during the Spring 2023
semester on “Algebraic cycles, L-values, and Euler systems" when part of this
work was done. We also thank the referee for his excellent work.

2. Notations

Let p > 2 be a prime. Let Fp be a finite extension of Q,, with ring of integers
OF,, residue field k = F, of size ¢, and uniformizer @ . Let F' be the unramified
quadratic extension of Fp, with ring of integers Or and residue field kr. Let o
be the nontrivial Galois automorphism of F/Fy. Fix § € O ; such that o (§) =
—45. Let val : F — Z U {oo} be the valuation on F. Let | - |[r : F — R
(resp. | - | : Fo — Rxp) be the normalized absolute value on F (resp. Fp). Let
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n=nFr/F : FO>< — {£1} be the quadratic character associated to F/Fy. We let
7 : F* — {%1} be the unique unramified quadratic character extending n. Let F
be the completion of the maximal unramified extension of F, and O its ring of
integers, and k its residue field.

A F/Fp-hermitian space W is called split if there exists a Witt basis; otherwise
W is called non-split. Equivalently, W is split i n/, ((—1) "7 det(W)) = 1.
For a vector u € W we denote by (u) (resp. (u) r) the Op-submodule (resp. the
F-submodule) generated by u.

For an algebraic variety X over Fy, we use the notation C§° (X)) for C§° (X (Fp)).

3. FL for the full spherical Hecke algebra

In this section we review the formulation of the Jacquet—Rallis transfer and Fun-
damental Lemma for the full spherical Hecke algebra.

3.1. Groups

We recall the group-theoretic setup of [30, Sect. 2] in both homogeneous and
inhomogeneous settings. Let n > 1. In the homogeneous setting, set

G’ :=Resp/F,(GL, x GLy41), (3.1.1)

areductive algebraic group over F. Let W be a F'/ Fy-hermitian space of dimension
n + 1. Fix u € W a non-isotropic vector (the special vector), and let W® = (u)*.
Set

Gw = UW") x U(W), (3.1.2)

a reductive algebraic group over Fj. We have the notion of a regular semi-simple
element, for y € G'(Fy) and for g € Gy (Fp). The notions of regular semi-simple
elements are with respect to the action of the reductive algebraic group over Fy,

Hl/,z = H{ x Hj :=Resp,r,(GL,) x (GL, x GL;1)

on G’, resp., of Hj» = U(Wb) X U(Wb) on Gw. The sets of regular semi-simple
elements are denoted by G’ (Fy)s and Gy (Fo)rs respectively. We choose a basis
of W by first choosing a basis of W and then adding the special vector as the last
basis vector. This then gives an identification of Gy (F) with G’ (Fp), and defines
the notion of matching y <> g between regular semi-simple elements of Gy (Fp)
and G'(Fy), cf. 30, Sect. 2].

In the inhomogeneous setting, recall the symmetric space

S=35811:={g €Resp/r, GLy41 | 88 = 1,41} 3.1.3)

1

and the map r : Resg/r, GL;+1 — S givenby g — y = gg*, which induces an

isomorphism

(Resp/ry GL;41)/GL;41 = S.
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We have the notion of a regular semi-simple element, for y € S(Fpy) and for
g € U(W)(Fp) and, after the choice of a basis of W as above, the notion of
matching y <> g. The notions of regular semi-simple elements are with respect
to the conjugation actions of H' := GL, on S, resp., of H := U(W") on U(W).
The sets of regular semi-simple elements are denoted by S(Foy)rs and U(W)(Fp)rs
respectively.

3.2. Orbital integrals

We recall the orbital integrals in both homogeneous and inhomogeneous settings,
following [30, Sect. 5]. In the homogeneous setting, for y € G'(Fp)ys, a function
¢’ € C§°(G") and a complex parameter s € C, we define

Orb(y, ¢', s) = f <p/(h1_1yh2)|deth1 [en(det ho) dhy dha, (3.2.1)
H] 5(Fo)

where we use the normalized Haar measures on H 1’ (Fp) and Hz’(Fo) (such that the

obvious hyperspecial maximal compact open groups have measure one) and the

product Haar measure on H{’Z(Fo) = H{(Fy) x H;(Fy). We further define the

value and derivative at s = 0,

d
Orb(y, ¢') := Orb(y, ¢’,0) and dO0rb(y, ¢') = o OOrb(y, ¢, s).
S ls=
(3.2.2)

The integral defining Orb(y, ¢, s) is absolutely convergent, and (upon introducing
a suitable transfer factor) Orb(y, ¢’) and dO0rb(y, ¢’) depend only on the orbit of
y.

Now we turn to the inhomogeneous setting. For y € S(Fp)ys, a function ¢ €
CZ°(S), and a complex parameter s € C, we introduce the weighted orbital integral

Orb(y, ¢', s) == / ¢/(h_1yh)|det h|°n(deth) dh, (3.2.3)
H'(Fo)

as well as the value and derivative at s = 0,

d
Orb(y, ¢') := Orb(y, ¢, 0) and 8Orb(y, ¢') := e OOrb(V, ¢’ s).
S ls=

As in the homogeneous setting, the integral defining Orb(y, ¢’, s) is absolutely
convergent, and (upon introducing a suitable transfer factor) Orb(y, ¢’) and
90rb(y, ¢") depend only on the orbit of y.

There are also corresponding orbital integrals on the unitary side. In the homo-
geneous setting, for g € Gw (Fp)rs and a function ¢ € CSO(GW), we define

Orb(g, ¢) := / (p(hl_lyhz) dhy dhs. 3.2.4)
Hj 2(Fp)

When W is split, we normalized the Haar measure on U(W") such that the hyper-
special maximal compact subgroups get measure one, and take the product Haar
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measure on Hj »(Fp). In the inhomogeneous setting, we set for g € U(Fp),s and a
function ¢ € C°(U(W)),

Orb(g, ¢) := / ¢ (h~'gh)dh. (3.2.5)

U(Fo)

3.3. Matching and transfer

Let Wy, W1 be representatives of the two isomorphism classes of F/ Fy-hermitian
spaces of dimension n + 1. We assume Wy to be split. Take the special vectors
uo € Wy and u; € Wj to have the same norm (not necessarily a unit). We also
choose bases of Wy and W as above. Then matching defines bijections of regular
semisimple orbits

[Gw, (Fo)],, LI [Gw, (Fo)],, — [G'(Fo)],, (3.3.1)

in the homogeneous setting, and

[UWo) (Fo) |, LITUWD (Fo) ], — [S(Fo)] (3.3.2)

in the inhomogeneous setting, cf. [30, Sects. 2.1, 2.2].

Then associated to a transfer factor wg : G’ (Fy)rs — C* we have the notion
of transfer between functions ¢’ € C2°(G’) and pairs of functions (fo, f1) €
CX(Gw,) x CX(Gw,) ([31, Definition 2.2]). We will always use the transfer
factor given by [31, (5.2)] (extrapolated in the obvious way from odd » to even n).
Similarly, for a transfer factor wg : S(Fp)rs — C* we have the notion of transfer
between functions ¢’ € C2°(S) and pairs of functions (fp, f1) € CZ°(U(Wp)) x
C°(U(W1)) ([31, Definition 2.4]) We will always use the transfer factor given by
[31, (5.5)] (again extrapolated to all n).

3.4. Satake isomorphism and base change

Let K' = K, = GL,(OF). We denote by Hg' = Q[K,\GL,(F)/K,] the Hecke
algebra with coefficients in Q of GL,,. Haar measures are chosen such that maximal
compact subgroups have measure one.

We first recall the Satake isomorphism for GL,, over F. Let T € GL,, be the
diagonal torus. The cocharacter group X, (7T) is a free abelian group generated by
{1, ..., wa}, where u; is the injection in the i-th factor. For u € X, (T'), denote
by [] the corresponding element in the group algebra C[X,(T)]. For 1 <i <n,
define

xi = il € CIX(T)]. (3.4.1)

We identify C[ X, (T)] with C[T (F)/T (OF)] by sending A € X, (T) to the mono-
mial diagonal matrix @*. Let o; be the degree i elementary symmetric polynomial
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in {xl, e Xn}, which corresponds to the sum of the elements in the S,-orbit of
a9 T(OF). Then the Satake transform gives an isomorphism of algebras

Sat : Hg' ®9 C — Cloy, ..., 01,01 = C[T(F)/T(Op)1>. (3.4.2)

i(n—i)/2

It sends the minuscule function IK, (i 0n=iy gr 10 G o;i = q'"o;. Note

that since the modulus function § 123 takes values in QQ, the homomorphism (3.4.2)
is defined over Q.

Next we recall the Satake isomorphism for the unramified unitary group.
Let now Wy be a split F/Fy-hermitian space of dimension n. Let m = |[n/2].
We choose a basis of Wy such that the hermitian form is given by the antidi-
agonal unit matrix. Let & C W)y be the standard lattice, which is self-dual,
and let K C U(Wy)(Fp) be its stabilizer. Let Hx = Q[K\U(Wy)(Fp)/K] be
the Hecke algebra with coefficients in Q of U(Wjp). We recall the Satake iso-
morphism for U(W;). Let A be the maximal split diagonal torus in U(Wp).

With the chosen basis, we can identify A with the torus consisting of diago-

nal elements of the form diag(xy, ..., Xy, ly—om, x,;l, ol xl_l) in U(Wp). For
1 <s <m,letvy = g — pp+1—s € X«(A) be the cocharacter of A sending x to
diag(1,...,xs=x,..., L, Li—om, 1, ... xpqp1—s =x" 1, ..., 1).Forl <s <m
we define

ys 1= [vs] + [—vs] € C[X.(A)].

Let s be the degree s elementary symmetric polynomial in {y1, ..., y;;}. Then the
Satake transform gives an isomorphism of algebras

Sat : Hg ®g C —> Clsy, ..., 5m] = C[A(F)/A(Or)I"",  (3.4.3)
where W, >~ (Z/27)" x S,;, is the Weyl group of A(Fp) in U(Wy) (Fp). In particular,
‘Hk is a polynomial algebra. Analogous to the case of GL, (over F'), the modulus

1
function 8; takes values in @, hence the homomorphism (3.4.3) is defined over Q.
We have an algebra homomorphism, called the base change homomorphism,
BC: Hg — Hg, ¢ +— BC(¢). (3.4.4)
The homomorphism BC is characterized by the identity
trace I1(¢") = trace 7 (BC(¢)),

where IT denotes the base change of 7, for all unramified representations 7 of
U(Wo).

An alternative description is in terms of a morphism of the Langlands dual tori
A—>T. More precisely, we may identify T with (C*)", sending the character
Wi € X*(T) X.(T) of T to the i-th coordinate a; on (C*)". We may identify A
as the subtorus (C")!it of T = (C*)", where (C™")"™it denotes the space of unitary
parameters in C",

(€M — {q = (@, ..., an) € C" | djons1_i = 1 Vi,

] (3.4.5)
and o4 = lifn =2m + 1},
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such that the character v; € X *(Z) = X4(A) of A corresponds to the i-th coor-
dinate «;. In particular, the element y; = [vs] + [—vs] € C[X(A)] = C[X*(A)]

—~ -~ A

corresponds to oy + ;! as regular functions on A. The morphism A — T is then
the natural inclusion

be: (CMMit s (X",
and the base change homomorphism is characterized by
Sat(¢") (be(a)) = Sat(BC(¢)) ().
We denote by the same symbol the induced homomorphism,
BC: Qlo1,02, ..., 051,01 — QI81,...,5u].

We obtain a commutative diagram

Hg _Sat_ Qlo1, 02, ...,04-1, a,f]
BCJ/ lBC (3.4.6)
Hk S Qlst1, ... 5m]-
For example, we have
st = {3

3.5. Some explicit examples

In this subsection we make a digression to give some examples of Satake transforms

and the base change homomorphism. Most of it will not be used later. We use for W)

the Hermitian form on the standard vector space given by an anti-diagonal matrix.
For even ¢ with 0 < ¢ < n, we introduce the functions

U= 1, e ey € Hi. (3.5.1)

Note that these functions form a polynomial basis of Hg. We wish to determine
their Satake transforms.

We recall some results from [24]. The Langlands dual group of U(Wj) is the
semi-direct product GL,,(C) x Gal(F/ Fy). Let A’ be the maximal torus containing
A.Let A C GL,, (C) be the diagonal torus in the dual group of GL,,. Let x (o s)
be the restriction of the character of A*Std ® A*StdY to A’ x {0} C GL,(C) x
Gal(F/Fy), viewed as an element in Z[X*(A")] = Z[X+(A")]. Then X(pns) €
C[X (AN = C[X (AW = C[sy, ..., 5m]. Here we refer to loc. cit. for the
definition of the semi-direct product (defining the L-group of U(W;)) and of the
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action of o on the representation space. Then [24, Lem. B.2] (the latter is also [36,
Lem. 9.2.4])

ZB:Z%)] (m N (Sj_ 2])) Sg_2j, neven

X(on,s) = )
S (" iy e mow
Set
[nlg = i , [nlg! = [nlgln — 11 -+ - [1g, |:”:| :[n—]q!
- m], ~ Tmlgln — mly!

The Satake transforms of f 251 1 < s < m, are determined by the following
identity in Cl[s1, ..., sy, cf. [24, Lem. 2.6],

S

_ n—2i i

4" X () = _§0 [ o ]q Sat(f2h), 1<s<m.
1=

For completeness we also recall [24, Lem. B.1.3, B.1.4]:

X Pnm) + Xy X (Pnm—i) (A + A7), n even
i+1 —i
Zlmzo X (On,m—i) G ) )L:])L )7 n odd,

as an identity of finite Laurent series in A.

[T+ 4y =

=1

Example 3.5.1. Taking s = 1 we obtain

n on 4 [7—2 21y _ gn—1) 81, neven,
M_ant(f )+[ 0 quat(f ) =4 {51+1,nodd.

Therefore

51, n even,

Sat(f[zl) = —[n]—q +qn_1 {51 + 1, n odd.

Taking s = 2 we obtain

[’;] Sat( 1) + [" i 2] Sat( 1) + [n 0 4} Sat( )

_ 202 52 +m, n even,
57 + 8§51 + m, n odd.

We also describe some explicit functions ¢! such that BC(¢/"l) = fU/] for
even 1. For ¢/ € Hgr, we view ¢/ (a1, ..., an), where (a1, ..., a,) € (C?)™ a5
a symmetric polynomial in o; + o, Ufor 1 <i < m, then the resulting polynomial
is nothing but BC(¢’). For example,

-1 —1
oaar, .= Y =y (ita aj+a; )
1<i<j<n 1<i<j<m

+ Z aiai_l(+ Z (ot,~+al._l) if n is odd).

1<i<m 1<i<m
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Thus

sy +m, n even,

BC(o2) = {52 + 51 +m, nodd.

In general, for 1 < s < m, we have

BC(oy) = X(pn,s)'

Thus {Sat( f [2s])} can be written as linear combination of {BC(oy)} given by

Sat(£10) (6], o - o0 - 1
sa(sh | [, 707, 0 g"~'-BC(oy)
sacrh) \[al, 3, 0], )\ BCew

3.6. The fundamental lemma, homogeneous version

We apply the preceding considerations to a split space Wy of dimension n + 1 and
to Wg = (uo)*, where the special vector ug € & has unit length. We denote by K"
the stabilizer of the selfdual lattice E” := Wg N E. The Haar measures are chosen so
that hyperspecial maximal open subgroups have measure one. The Hecke algebra
Hgo g for U(Wg ) x U(Wy) can be identified with the tensor product of algebras
H x> ® Hk - The analogous facts hold for the triple (GL,,, GL,+1, GL, x GL,41)

and the standard open compact subgroups (K'*, K’, K’* x K’). We use the same
symbol BC for the analogous algebra homomorphisms. More precisely, we have

BC, : Hxv» — Hgv», BC,41: Hxr — Hk,
BC =BC, ® BCp41 : Hgr» ®g Hx' — Hyg» @ Hk-
We have the following fundamental lemma for the spherical Hecke algebra in
the Jacquet-Rallis case. In it, we let W be the non-split space of dimension n + 1
and Wlb = (u 1)J-, where the special vector «1 has unit length. Also, we have chosen

bases of Wy and W as usual.

Theorem 3.6.1. (FL for the spherical Hecke algebra (homogeneous version)
(Leslie [20])) Let ¢' € Hgn» ® Hg. Then

(BC(¢"),0) € C°(Gw,) x C(Gwy)

is a transfer of ¢'. m|
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3.7. The fundamental lemma, inhomogeneous version

Recall the action of GL,, on S = §,, cf. (3.1.3) (except that here n replaces n + 1).
Let

Hiey, = C(Sa(Fo))*r.

Note that this is a module over the Hecke algebra Hg; = Hg; (GL,). We obtain a
map

aCt:HK'/I —>HK3 s f/l—> f/*IK& . 3.7.1)

Here 1 denotes the characteristic function of Kg = K, - 1.

There is an alternative description. Let r : G’ — S, be the map g — gz~ .

We also have the map induced by integration on the fibers

r« t Hgy — 'HKg , 3.7.2)
which sends £’ to f'? defined by

FigEh= [ fehan
GL, (Fo)
Here we choose the Haar measure on GL,, (Fp) such that vol(GL,(OF,)) = 1. Then
it is easy to check that the two maps (3.7.1) and (3.7.2) coincide, cf. [20, Lem. 3.3].
Using a theorem of Offen [27], Leslie shows that both maps factor through
the base change homomorphism BC = BC,, : Hkg; (GL,) — Hk and induce an
isomorphism with the Hecke algebra for the quasi-split unitary group,

BCs, : Hg; — Hg, (3.7.3)
cf. [20, Cor. 3.5]. We thus have the following commutative diagram,
HK;’,
BC,
T (3.7.4)
HKén BCS” HK ’

For the inhomogeneous FL we need a twist by the algebra automorphism
ny : Mg, — Hg; defined by f +— f7, where 7(g) = (=1)vdet®) is our
fixed extension of the character n. In terms of the Satake isomorphism (3.4.2),
this automorphism translates to the map x; +— —x;. In particular, this shows that
the map npy is an algebra homomorphism. Via the Satake isomorphism we see
that the involution 1y descends to H g, which we also denote by 17,. We have a
commutative diagram

nNH
Hg; —— Hk;,

Bcnl \LBCn

Hi —" Hy.
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Leti > 0. We introduce the n'-twisted version of (3.7.3) by
BC?:, =13 0 BCs, Hy;, —> Hk, (3.7.5)

where né_[ is the i-fold iterate of the automorphism 177¢. To have a diagram similar
to (3.7.4), we introduce the ni -twist of r:

i

reo=ryon. (3.7.6)
Explicitly, we have
e = [ i e dh. (377
GL, (Fo)
Then we have a commutative diagram
Hg;
; BC,
r (3.7.8)
HK/ - HK .

There is then the following inhomogeneous version of the fundamental lemma
for the spherical Hecke algebra in the Jacquet-Rallis case. Here we recall that Wy
denotes the split hermitian space of dimension n + 1 and W; the non-split space
(therefore there is a shift of dimensions compared to above).

Theorem 3.7.1. (FL for the spherical Hecke algebra (inhomogeneous version)
(Leslie [20])) Let ¢' € Hy; . Then’
n+1
(BCY  (¢).0) € CZUWp)) x CZ(UWY)
is a transfer of ¢'. O

The inhomogeneous version is equivalent to the special case of the homoge-
neous version when the factor on H, is the identity 1 K- To see this, we compare
orbital integrals: the homogeneous version defined by (3.2.1) and the inhomoge-
neous one defined by (3.2.3). The following easy lemma is a combination of [30,
Lem. 5.7] and [31, Lem. 14.7 (iii)].

Lemma 3.7.2. Let ¢’ € Hyg» @ Hg' be of the form 1gn» ® f' with f' € Hgr. Then
we have, for y € S,11(Fo)s with y = r(g) = gg~ ' with g € GL,11(F),

Orb((1, 8), 1x» ® f',s) =77"(g) Orb(y, (1), 25).
Moreover, for g = (g1, g2) € G'(Fy)rs and y = r(gflgz) € S(Fy)rs, we have

w6 (8) Orb(g, 1xn ® ') = ws(y) Ob(y, rl (f),

3 Note that in [20], the twist " is erroneously omitted.
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and when Orb(g, 1x» @ f') = 0, we have

w6 (8)20rb(g, 1xn @ f') = 2ws(¥)d0rb(y, rll (f)).

Proof. By definition of the orbital integral (3.2.1), we have
Orb((l,g),tp’,S)zf ¢ (hy ' hh, byt ghl)|det hy[yn(ho) dhy dhly dh,
HY ,(Fo)

where hy € H{(Fy) = GL,_1(F) and hy = (h}, h%) € H)(Fy) = GL,(Fp) X
GL,+1(Fp). Here | - | is the normalized absolute value on F. Also n(hy) =
0"~ (det h)n" (det h). Replacing ki by hhy, we have

Orb((1,8).¢'.5) = / o' (hy ! hT (hz)’ gh”)ldet(h h)En(ho) dhy dhly dhyy.
Hi ,(Fo)
Now we specialize to ¢’ = 1x» ® f’. Then the above equation simplifies to
Orb((1, g), ¢/, s) = f /() ™" gh%)|det(h)) |7 n(ha) dh’y dhy.
H;(Fo)

Here we have used |a|F = |a|fFO fora € FOX and this results in the extra factor 2 in
the exponent. To apply the definition of r; , we rewrite it as
Orb((1, ), ¢, s)

=17 "(g) f'((y) ™" gh%)|det(h) |7 n(hy)TT" ()~ gh%) dh'y dhyy.
Hj (Fo)

We integrate over h’z/ € GL,+1(Fp) to obtain

Orb((1,8).¢'s) =7 "(g)/ " )V* ") (87 Hy) Idet () 3 o () dhy.
2 0

A direct comparison with (3.2.3) completes the proof of the first identity.

For the other identities, we compare the transfer factors on G’ and S. In fact, by
their definitions in [31, Sect. 2.4] and noting that 7] is of order two by our choice,
we see that

we(g) =gy 'g2) " ws(rgy 'g2)).

Note that our n + 1 corresponds to n in loc. cit. The desired identities follow
immediately. o
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4. An alternative basis of H g
4.1. An alternative basis of Hx

We again denote by Wy a split Hermitian space of dimension n. Let m = [n/2].
Fix B¢ a self-dual lattice in Wj and let K = Ky be the stabilizer of E(. Recall that
a vertex lattice in Wy is a lattice A such that A € AY C @~ 'A. Here AV is the
dual lattice of A. The dimension ¢t = AY/A is called the type of A. It is an even
integer with 0 < ¢ < n. We fix a maximal chain of vertex lattices

EoDE2D--D Ewn,» 4.1.1)

where E; is atype vertex lattice, forevery eveninteger 0 < ¢t < n.Let K, C U(Wp)
be the stabilizer of E;, a special maximal parahoric subgroup. Set

o = 1k, k, € HIKAUWo)/ K1), (4.1.2)

which will be called the intertwining function for the level K;, K, . (See [24, Defi-
nition B.2.3] for the special case t = t' = 2m.) Note that 1, K, is the characteristic
function of a subset of U(Wj) that is not a subgroup, unless K; = K.

Note that a function ¢ € C2°(K\G/K') induces a natural map C°(G/K) —
CS°(G/K') which determines the function uniquely. Explicitly, a given ¢ sends
f € CX(G/K) to #(K)f * ¢ which lies in C°(G/K') (the volume factor is
inserted to be compatible with the “moduli interpretation” below). Similarly, a
correspondence between the two sets G/K and G /K’ also induces a natural map
CX®(G/K) = CX(G/K'). In this way we will freely switch between functions
and correspondences. We can identify the function ¢[; 1 in terms of “Hecke cor-
respondences of moduli spaces of vertex lattices", as follows. Let

N = NE;/]O = {A C Wy | A is a vertex lattice of type ?}.

Note that there is the diagonal action of U(Wy) on NI/ x N1 Then H(K,\U(Wo)/K,')
can be identified with the space of functions on NI') x NIl which are invariant under
U(Wy) and have compact support modulo this action.

We also introduce

{((Ar, Ap) e NFT NIV Ay c ApYif e <t

N[z,t’] _ N[t,t'] _ )
Wo {(Ar, Ay) e NFT NPT [ Ay c A} ifr <7

We obtain a diagram,

N1

SN e

Nl NI,
or, equivalently, the map

7 Nl NU e NI
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Then

@1, = Tx(Charge))- 4.1.4)

Note that ¢, ;1 does not lie in the spherical Hecke algebra. To obtain functions
in Hg, we use convolution.

Definition 4.1.1. The atomic function associated to an eveninteger with) <t <n
is the following element in the spherical Hecke algebra,

@1 = vol(Ko) ~! vol(K,) " gjo.1 * 9.0 = vol(K) Mk, k, * 1k,x, € He,
(4.1.5)

where we recall that vol(Kg) = 1.
Consider the composite of correspondences,
T<; =Twp, < := NI o NIM0)
={(Ao, Ar, Ap) € NI 5 NI 5 NIOT| A, @ Ag N AY).

We obtain a diagram with a cartesian square,

NI0.1 N0l (4.1.6)

NIO] Nl NIo1,
Consider
w:T< — NIOT 5 NIO1,
Then, just as in (4.1.4),
¢ = mi(charr_,). 4.1.7)

Remark 4.1.2. As is well-known, the spherical Hecke algebra is commutative. In
particular, ¢; * ¢ = ¢@; * ¢p. Comparing the supports of these two functions, we
get the equality of the following two subsets of N[O x N[0,

We say that two selfdual lattices A1 and A, are related by a correspondence of
type 7, denoted A| <=" A, if there exists a vertex lattice M of type ¢ contained
in A1 N Az. In other words, (A1, Az) € 7 (T<;). The two sets in question are

{(A1, A2) | 3A € N with A <= A and A <" A,}. wis)
{(A1, A2) | 3A € N with A} =" A and A <" A,}. o

Here is an elementary proof of the equality of these two sets that was indicated
to us by B. Howard. It is based on Gelfand’s trick of proving the commutativity
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of the Hecke algebra by constructing an anti-automorphism of U(W;) inducing
the identity on K\U(Wj)/K. Fix a basis of Wy such that the hermitian form is
given by the antidiagonal unit matrix J, and let E¢ be the standard lattice. Define
the anti-automorphism t of U(Wy) by 7(g) = Jo (g~ 1 J. Then 7 induces the
identity on A(Fp) and hence induces the identity on Hg (Cartan decomposition).
On the other hand, one easily checks that under the identification K\U(Wj)/K =
U(Wo)\(N® x NI the map 7 is given by (Ag, A)) +— (0(Af), 0(Ag)). It
follows that for any (Ao, A6) e NI x NI there exists y € U(Wy)(Fp) such
that (0 (A(), 0 (Ag)) = ¥ (Ao, Ap). Let us now check the claim. By symmetry, it
suffices to show that the first of the two sets in (4.1.8) is contained in the second.
Let (Aq, Ay) be in the first set, i.e., there is A € NI with A; <= ! A and
A <" Ay Let (6(A2),0(A))) = v (A1, Ap). Then 0(A;) <= ' y A and
y A PN o (A1). It follows that (A1, A»2) is in the second set, with intermediary
lattice A’ = o (y A).

Besides T<;, we also consider
T, = Twys = {(Ao, Ap) € NIU x NI | Ag 0 Af is a vertex lattice of type 7}
= {(Ao, As, AY) € N s NUT 5 NIOT | A, = Ag N Ap),
with its natural map
w:T; - NIOT 5 NIOT,

Recall fI'1:=1, 2 g2y, - cf. (3.5.1). Then

1 = . (chary,). (4.1.9)

Proposition 4.1.3. The spherical Hecke algebra H is a polynomial algebra in the
atomic functions @;, as t runs through all even integers 0 <t < n,

HK = Q[‘PZy @49 AR ] (ﬂ2m]~

More precisely, the elements {¢;}0<i<n.1=0 mod 2 are expressed as a linear com-
bination of {f [t]}0<,5n,,zo mod 2 by an upper-triangular matrix with all diagonal
entries equal to one.

Proof. From the “moduli interpretation”, we can partition T <; into a disjoint union

TST = ]—[ T[Stt] N

1'<t,
=0 mod 2

where
T = {(Ag, As, A)) € T<; | Ag N A has type ¢'}.
It follows that

o= m@ nft (4.1.10)

1'<t,
/=0 mod 2
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where m(¢', t) is the number of vertex lattices of type ¢ contained in a given vertex
lattice of type ¢/,

m(t', 1) = #{A, e NIV A, © Ay).

That is, m(¢’, t) equals the (constant) degree of the fiber of the natural projection
map NIE2T — NI Clearly

m(t, 1) = 1.

This shows that the basis {¢r}o<:<n.r=0 mod 2 differs from {f[t]}0<t§n,t£0 mod 2 by
an upper-triangular matrix with all diagonal entries equal to one. This implies the
desired assertion. O

Remark 4.1.4. One can determine the coefficients m(¢', r) explicitly. See [24, Lem.
B.2.4] for the formula expressing ¢, ,, in terms of the £,

Definition 4.1.5. We call an element ¢ € H g monomial if it can be expressed as a
monomial in the atomic functions {2, ¢4, . .., ¢2,,} (in a necessarily unique way).

It is clear that an arbitrary element ¢ € Hg can be expressed as a linear
combination of monomial elements (in a unique way).

4.2. The product situation

We also apply the preceding considerations to a product situation. Let Wy be a split
space of dimension n + 1, and let Wg = (u)*, where the special vector u € Wy has

unit length. Then Wg @ W is also a split space. We fix a maximal chain of vertex
lattices in Wy as in (4.1.1) (where n is replaced by n + 1 = dim W)

EBoDE2D--D Eowun, “4.2.1)

. "
and a maximal chain in W,

b —D —=b
03523"'352”’)’

[1]

(4.2.2)

where E? is a type ¢ vertex lattice in Wg , for every even integer 0 < ¢t < n. Here
m = |(n+1)/2] andm” = |n/2]. We assume that the self-dual lattice E( contains
the special vector uq, and that E(b) is related by Eg = E(b) & (up). Note that we only
assume that ug € Eg, while other lattices E; (r > 0) may not contain ug. Then the
different choices of E? may yield different parahoric subgroups K tb , but the resulting
atomic function ¢, is independent of the choices. The Hecke algebra H o, r for

U( Wg) x U(Wp) can be identified with the tensor product of algebras H x> @ Hy .
By an atomic element in H g, x We mean a pure tensor § = ¢’ ® @, where either
" is atomic and ¢ is the unit element, or ¢ is atomic and ¢” is the unit element. A
monomial element in H s ¢ is defined to be a product of atomic elements. This
presentation is unique. Any element in H g» . ¢ is a linear combination of monomial
elements in a unique way.
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Let ¢; ; = ¢r ® @y be an atomic function. Hence either 7 = 0 or #’ = 0. Then
Gt = Tox (Char’ﬂ‘wg‘gxﬂl‘wo_s,/)- (4.2.3)
Here we use the diagram

T » IXTWO,SI"

w),<
/ \ (4.2.4)
[0] [0] [0] [0]
ng xNWO ng xNWO,

and the corresponding map

a: T

[0] [0] [0] [0]
x Twy. <t = (NWS x Ny ) x (ng x Ny

Wy, <t
The following lemma holds for all functions ¢ € C2°(Gw,) (and is used earlier in
the definition of transfer). We include a proof for the special case of functions in
the Hecke algebra, in order to illustrate the idea that will be used in the proof of
Proposition 6.1.1.

Lemma 4.2.1. Let ¢ € Hg» @H k. Then Orb(g, @) is finite for every g € Gw (F)ys.

Proof. Tt suffices to consider monomial functions and elements of the form (1, g)
with g € U(Wy)s. We can bound ¢ by a constant multiple of a function of the
following form

Py = 1U(Wg)nw*N Endo, () ® lywy)nm -~ Endo ;- (Eo)

for some large integer N, and hence it suffices to consider such functions ® . In
terms of lattice counting, we need to show the finiteness of pairs of self-dual lattices

(Ab, A), (A/b,A/)

suchthat A = A°® (u), A’ = A" @® (u),and A> C @ VA”,and A c o NgA'.
Note that A” (resp. A”) is determined by A (resp. A’). The self-duality also implies
A’ > @VA”and A D wNgA'.

We claim that @ ® 2N gi=1y € A and P~ DNgly e A forevery i > 1.
To show the claim, it suffices to show

(1) uedn,
(2) w@DNgi=ly e A = w@=DNgiy ¢ A foreveryi > 1,
(3) w@® ONgly ¢ A = w?Ngiu € A foreveryi > 1.
Ad (1): clear.
Ad 2): if w@=2DNgi=ly ¢ A’ then, from A D w™NgA’, it follows that
N g(ar Q=N gi=lyy — rQi=DNgiyy c A
Ad (3): if w ®=DNgly e A then, from A” € @ N A", it follows that A’ > w ¥ A
and hence @™ (w @~ DNgiy) = w2 Ngiu e A

From the claim it follows that A contains the lattice @ @* =N (u, gu, ..., g"u),
which has full rank by the regular semisimplicity of g, cf. [30, Sect. 2.4]. This shows
the finiteness of possible A, and hence of A’. This completes the proof. O
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5. RZ spaces and their Hecke correspondences

In this section we define various Rapoport—Zink spaces (RZ spaces) with certain
parahoric levels, and use them to define Hecke correspondences.

5.1. Rapoport-Zink spaces N, of self-dual level

Let S be a Spf O F-scheme. Consider a triple (X, ¢, 1) where

(i) X is aformal w-divisible O g,-module over S of relative height 2n and dimen-
sion n,

(ii) ¢ : O — End(X) is an action of O extending the O f,-action and satisfying
the Kottwitz condition of signature (1, n — 1): foralla € O, the characteristic
polynomial of ¢(a) on Lie X is equal to (T — a)(T — o (a))*~' € Os[T],

(iii) A : X — XY is a principal polarization on X whose Rosati involution induces
the automorphism o on OF via .

Up to OF-linear quasi-isogeny compatible with polarizations, there is a unique
such basic triple (X, ix, Ax) over S = Speck. Let N, = N/, be the (relative)
unitary Rapoport—Zink space of self-dual level, which is a formal scheme over
Spf O representing the functor sending each § to the set of isomorphism classes
of tuples (X, ¢, A, p), where the framing p : X xg S—>X X Speck S isan Op-linear
quasi-isogeny of height 0 such that p*((Ax)5) = Ag. Here S'::S,; is the special
fiber.

The Rapoport-Zink space N, is formally locally of finite type and formally
smooth of relative dimension n — 1 over Spf O ([32], [25, Prop. 1.3]).

5.2. The hermitian space V,,

Letn > 1 be an integer. Let E be the formal O g-module of relative height 2 and
dimension 1 over Spec k. Then D:= End"OF(J (E) := Endo Fo (E) ® Q is the quater-
nion division algebra over Fj. We fix an Fp-embedding (g : F — D, which makes
[E into a formal Or-module of relative height 1. We fix an O, -linear principal
polarization Ag : E = EV. Then (E, tg, Ag) is a hermitian Of-module of sig-
nature (1, 0). We have ] >~ Spf O 7 and there is a unique lifting (the canonical
lifting) £ of the formal O p-module [E over Spf O ., equipped with its O p-action t¢,
its framing pg : & S E, and its principal polarization Ag lifting p¢ (Ag). Define
E to be the same O Fo,-module as [E but with Op-action given by tF-=tE o 0, and
Af:=AEg, and similarly define € and A &

Denote by V =V, = Hom"OF (E,X) the space of special quasi-
homomorphisms. Then V carries a F'/ Fy-hermitian form: for x, y € V, the pairing
(x,y) € F is given by the composition

_ Vo_y AR _
ES x5 x L E 2 E) e Bnd), (B) = i(F) = F.
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The hermitian space V is the unique (up to isomorphism) non-degenerate non-split
F/ Fy-hermitian space of dimension n. The unitary group U(V)(Fp) acts on the
framing hermitian O p-module (X, tx, Ax) (via the identification in [17, Lem. 3.9])
and hence acts on the Rapoport-Zink space NV, via g(X, t, A, p) = (X, (, A, go p)
for g € U(V)(Fp).

To a non-zero u € V, there is the associated special divisor Z(u) on N,.
It is the closed formal subscheme of N, of points (X, ¢, A, p) where the quasi-
homomorphism u : E — X lifts to a homomorphism £ — X, cf. [17]. More
generally, for any finitely generated subgroup L C V, there is the associated spe-
cial cycle Z(L), the locus where the quasi-homomorphisms u : E — X lift to
homomorphisms £ — X, forallu € L.

5.3. RZ spaces N,l"

Let r be an even integer with 0 < r < n. Now we consider triples (Y, ty, Ay)
as in Sect. 5.1 (with Y instead of X), except that we replace the condition on
the polarization to be principal by the condition that the polarization is of degree
qz’ and satisfies ker(Ay) C Y[w]. Again, we fix a framing object (X;, tx,, Ax,)
over Spec k (which is again unique up to O p-linear quasi-isogeny compatible with
polarizations). We define the RZ-space N,E'] as the space of tuples (Y, ty, Ay, py),
where py is a framing with (X, 1x,, Ax,). It is an RZ space of level equal to the
stabilizer of a vertex lattice of type 7. Note that V") = A/,. The Rapoport—Zink
space N,[t] is formally locally of finite type and regular of dimension n with semi-
stable reduction over Spf O [12,32].

5.4. RZ spaces NI
Let 7, ¢’ be even integers. We introduce the RZ-space J\/',[t’t/]. Let first ¢/ < t. We
fix a Op,-linear isogeny of degree ¢'~" with kernel killed by @,

e Xe = Xy, (5.4.1)
such that (p*(kxt,) = Ax,. Then /\/,5“'] classifies triples
(X1, 01, A1, o), (X2, 12, 42, 02), 9 2 X1 — X)),

where (X1, 1, A1, p1) € N and (X2, 02, A2, p2) € N1, and where ¢ is an
isogeny lifting ¢; : X, — X,/. Then ¢ is uniquely determined, is of degree g’ ~* ’
and satisfies ker ¢ C X[ ]; also, ¢ preserves the polarizations.

When ¢t < t’, we define ./\/n[[’t/] to be the transpose ’./\/',El/’t] of./\/,y/’t], ie., N,El’t/]
classifies triples

(X1, 01, A1, 1), (X2, 02, A2, p2), @ : X2 — X1),

where (X1, 1, 21, p1) € N and (X2, 02, A2, p2) € N1, and where ¢ is an
isogeny lifting ¢y, : X — X;. Only the cases (7,¢') = (0,¢") and (7, ¢") = (¢,0)
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will be effectively used in this paper. We view N,y" Tasa correspondence via the
two natural projections, which is analogous to the corresponding diagram (4.1.3)
of lattice correspondences,

Nn[t,t/ ]
% X (5.4.2)
N NI,

The two projection maps are both proper (representable by a projective morphism).

Note that N, ,Et’t/] is an RZ space of level equal to the joint stabilizer of two vertex
lattices of type z, ¢’. It is formally locally of finite type and regular of dimension n
with semi-stable reduction over Spf O [12,32]).

5.5. The Hecke correspondence T~
Define 7,=' by
((Yory  dy. py). (X1t A p1)s (X2, 10, 20, 02). 00 0 Y — Xi i = 1,2)

such that (Y, X;, ¢;) € J\/'n[t’o]. In other words, 7:15’ is the composition of corre-
spondences,

T= = N0 o ArI0,

cf. Sect. 9.2. Explicitly, this means that we obtain the following diagram with a
cartesian square in the middle,

Ao N (5.5.1)

N N N

Note that all formal schemes in the lower two rows are regular and the maps are
relatively representable by morphisms of projective schemes. Using the calculus in
the “Appendix”, we may therefore define for closed formal subschemes A C N, ,,[O],
resp. B C N}

10,1]
T = WD KA — kN O W),

B,— 0 B NIO(B)  Ar10 6-2:2)
T, = WG st KEOGT) — kA 0GP,
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This defines the map
[0,¢] <
TA = TN A= o TAT KAW,) > KT DWW, (5.5.3)

Recall here that N, = ./\/,EO].
We state the following conjecture. Note that this conjecture is empty forn = 2
and n = 3.

Conjecture 5.5.1. Let t # t'. Then for any closed formal subscheme A of N,
we have an equality of the two closed formal subschemes T<'(T<''(A)) and
T=U(T="(A)) of N,,.. Furthermore, the two maps

TV W oTd: KAW,) — K77 T @),
T, W o Th: KAW,) — K77 T,

are identical modulo torsion.

Remark 5.5.2. The conjectured equality 7=/ (7='"(A)) = T='(T<'(A)) is analo-
gous to the identity of the two subsets (4.1.8) of NI? x NIl in Remark 4.1.2.

For an atomic function ¢; (cf. Definition 4.1.1) with 0 < ¢ < n, we define the
corresponding Hecke operator as

TA =T KA, — KT D).

The homomorphisms obtained in this way will be called atomic Hecke operators.
By Proposition 4.1.3, atomic functions form a basis of the spherical Hecke algebra
(as a polynomial algebra). Following [11, Lem. 1.4], we introduce

K7 (N)g = ®acn, KAV @ Q,

where A runs through all closed formal subschemes defined by radical ideal sheaves.
Then we obtain for every ¢ an endomorphism Ty, of K?(N,)g by mapping an
element (y4)4 to (Bp) g, where

Be= Y. va

(AIT=!(A)=B)

Here, the notation means that the radical of the ideal defining the closed formal
subscheme 7='(A) coincides with the ideal sheaf of B.

Denoting by H x the non-commutative polynomial algebra over QQ in the indeter-
minates X1, ..., X,,, we therefore obtain by taking compositions a homomorphism
of algebras

T: Hg — End(K° (N;)q). (5.5.4)

Explicitly, if ¢ = @%@ *- - -*x@, isamonomial in the atomic Hecke functions ¢ =

T<i,0T<p30...07<;, (A) T (A)
g0,1,<p2=g0,2,...,g0,=g0,r,then'ﬂ‘£=’]I‘ll 2= o---oT " OTét,'

These endomorphisms of K (N,)q will be called monomial Hecke Bperators.
Conjecture 5.5.1 implies that this homomorphism factors through a homomor-
phism of the Hecke algebra,

T: Hg — End(K° (N;)q). (5.5.5)
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Remark 5.5.3. Let n > 3. Then in general
(7—511 ° Tgtz ©0...0 Tgt,)* #* (Tstl)* o (Tstz)* ©...0 (Tgt,.)*-

In other words, the composed correspondence (defined by iterated fiber products)
does not induce the composition of induced correspondences. This is why we do not
define Ty, 4p, +...x¢, as the map induced by the composed geometric correspondence
T="0T=20...07=".To see the difficulty, consider the r-fold iterate T} for some
t > O and for variable . By [13, Thm. 1.2], the fiber dimension of the map ./\/n[o"] —
/\/',EO] is positive, and hence so is the fiber dimension d of 7,=' — /\/',EO]. But
then the fiber dimension of the r-fold composition of geometric correspondences
T<oT=o...0T=< — N,lol is equal to rd and hence, for rd > n, has irreducible
components contained in the special fiber which have dimension larger than the
dimension of the generic fiber. Hence the resulting formal scheme is not flat over
O and the induced map on K-groups is not equal to the r-fold composition of the
endomorphism (7 ='),.

This problem would disappear, if we had defined the Hecke correspondences as
derived formal schemes. Indeed, the map Ty, xg, ...x¢, 1S induced by the composition
of derived geometric correspondences ’Z;ért o ’]:jfrtz 0--:0 ’Z:ért’" ,cf.Remark 9.2.2. As
the argument above shows, this composition of derived geometric correspondences
is not in general a classical formal scheme in our case. Note that, even if we had
defined our Hecke operators in terms of derived formal schemes, this does not
seem to help in proving Conjecture 5.5.1. Indeed, the only potential argument we
see to prove this commutativity is to relate our Hecke operators to classical Hecke
operators in the generic fiber, where the desired commutativity holds, and use some
density argument to extend the commutativity integrally. However, derived schemes
seem unsuitable for such density arguments.

Remark 5.5.4. It is conceivable that (7="), = T;, even when the fiber dimension
is positive, i.e., when the maps from 7=’ to ,, are not flat. Even so, we prefer to
write T; as a product of intertwining Hecke operators. Our definition is tentative
and only a proof of the AFL for the full Hecke algebra in higher dimension will
decide which definition is “the right one”.

Remark 5.5.5. The argument above uses the fiber dimension of the natural maps
m: N MO resp. 7 MO 0 A9 In [13], the natural maps
e NI AT o arbitrary ¢’ # t are considered (in loc. cit. arbitrary affine
Deligne-Lusztig varieties are considered at the point set level). More precisely,
consider the fiber of m over an arbitrary point in /\/,?/](12) (this fiber is the set of
k-points of a projective scheme over k). Then, for n > 2, such a fiber always has
strictly positive dimension, unless 1 = 0 and # = 2, in which case the fibers are
finite, cf. [13, Thm. 1.2]. Hence the morphism 7 is non-flat in all cases outside the
case (r =0, t' = 2). Indeed, both morphisms 7 and 7’ are relatively representable
by projective morphisms which are finite in the generic fiber. If flatness held, then
all fibers in the special fiber would be finite as well, a contradiction.



28 C.Lietal.

Example 5.5.6. Let n = 2. In this case, N, can be identified with the Lubin-Tate
space M, for n = 2 via the Serre construction, cf. [17]. Here M> parametrizes
triples (Y, p), where Y is a strict formal O g,-module of dimension one and height
2, and where p is a framing with a fixed Lubin-Tate module Y over k. Also, there is
a natural identification of Nz[z] with MV;. Indeed, let (Y, ty, Ay, py) be an object of

./\fzm. Then the inclusion ker Ay C Y[w] is an equality and hence Ay = @A
for a unique principal polarization A; associating to (Y, ty, Ay, py) the object
(Y, ty, A, py) of N> defines the desired isomorphism. Under this identification,
NZ[Z’O] is isomorphic to M 1, the 'y (p)-level covering of M, (generalized from
Q) to arbitrary Fp). Here M r, parametrizes isogenies o : ¥ — Y’ of degree g
withker o C Y[z ] whichlifta givenisogeny Y — Y. Note that M r, (k) consists
of a single point. Indeed, any two isogenies Y — Y as above differ by a quasi-
isogeny of degree 0. But such a quasi-isogeny is automatically an automorphism:
denoting by D the quaternion division algebra over Fj, we have

Aut(Y) = 0 = {x € D | Nm(x) € O} } = {x € End’(Y) | deg(x) = 0}.

In this case, all maps to A5 in the diagram (5.5.1) are finite and flat, and
hence so are the corresponding maps for the iterated correspondences (7 =2)" =
T=20T=%0...0T=2 Inthis case, Conjecture 5.5.1 is empty, we have (7<3); =
(/\/2[2’0])>,< o (N2[0’2])* and the Hecke operators are induced by geometric Hecke
correspondences, i.e., T} = ((752)’)*, cf. Lemma 9.2.1.

Remark 5.5.7. Li—-Mihatsch [23] consider a situation related to the Linear ATC/AFL
for Lubin-Tate space. They also define Hecke operators by first constructing these
for distinguished generators of the Hecke algebra, and then by composition (instead
of maps of K-groups, they consider maps of cycle groups). In their case both pro-
jection maps to N, are finite and flat, and the same is true for the composition
of these distinguished geometric correspondences. Hence their compositions of
distinguished Hecke operators are induced by compositions of geometric corre-
spondences. In their case, the analogue of Conjecture 5.5.1 follows by a density
argument for the Hecke correspondences from the classical definition of Hecke cor-
respondences in the generic fiber, which implies the commutativity in the generic
fiber.

Remark 5.5.8. Fix an even t with 0 < ¢t < n. Since N,E’ lis regular for all ¢/, the
diagram (5.4.2) defines a Hecke. operator le[r]K[[_[,] S correspondln'g Fo the
element IK[,]K[,,,/] * lK[,g,]K[,] in the Hecke algebra H 1. When ¢ > 0, it is not
clear what subalgebra these elements generate. It is also not clear what the relations
are among these elements.

5.6. Hecke correspondences for the product

Let
N1 = Nu Xspr oy N1
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We replace the diagram (5.4.2) by the following diagram, in which the top is defined
by the fact that the square is cartesian,

<t,<t
7;1,n+l
0 0,1 0 ’,0
M ) N A
-/vn,n+1 Mgt] X N,[t_'_]l Nn,n+l-

We use this diagram to define the Hecke operator T, when ¢ € H o, g is atomic.
In this case + = 0 or ' = 0 and hence the lower oblique arrows are the identity
in one factor; we define Ty = T o ’]I‘+ as in (5.5.3). More precisely, for closed

formal subschemes A of N, 41, resp. B of AV, 1o M1 we obtain

n+1°
[0.7] 10,1/
TS‘J’»: KA(Nn1n+l) — K(N XA/‘)H»I )(A)(N[t N[+l)
/ [£,0] ,0]
TE = KEWIT x M) — kN DB A L, (560
TA: KAW e > KT D).

After this, assuming the obvious analogue of Conjecture 5.5.1 for NV, ,,+1, we define
']I‘;} for monomial elements by iterated compositions, and for general elements
¢ € Hgv g as linear combinations.

6. AFL conjectures for the Hecke algebra

In this section, we formulate the AFL conjecture in its homogeneous version and in
its inhomogeneous version. We consider the arithmetic diagonal cycle A C N, ;41.

6.1. Statement of the AFL for Hecke correspondences (homogeneous version)

Let Wy be a split hermitian space of dimension n + 1 and W; its nonsplit form.
Also, let u; € W; of unit norm for i = 0, 1. We identify W; with V,,; | defined in
Sect. 5.2 in such a way that u; € W is mapped to the element ug € V, | which
corresponds to the map [E — X defined by the product decomposition X = X" x [E.
Then we may identify U(Wl) (resp. U(Wy)) with U(V,) (resp. U(V,4+1)). Then
Gw, (Fp) acts on N, x A, 4+ via this identification.

For each monomial element ¢ € Hg» ® Hg (cf. Definition 4.1.5), we con-
sider the corresponding geometric correspondence 7, with its two projections
w1, w2 Ty — Ny i1 (recall that in general the Hecke operator corresponding
to ¢ is not induced by 7,,). Note that 7, depends on the order of the product decom-
position of ¢ into atomic elements. Let g € Gw, (Fp), and consider the image gA
under the induced automorphism of NV, ,,41.
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Proposition 6.1.1. Let ¢ € Hy» @ Hi be a monomial element. Let g € Gw, (Fo)rs
be regular semisimple. Then the intersection

gANTH(A) = my(my ' (gA) x7, 7171 (A))

is a proper scheme, i.e., its ideal of definition contains an ideal of definition of
Ny.n+1, and the underlying reduced scheme is proper over Speck.

Proof. The proof is based on the same idea as that of Lemma 4.2.1. It suffices to
consider elements of the form (1, g) with g € U(Wj). Introduce the locus 7y
of points ((X*, X), (X", X")) in Ny nt1 X Ny 1 such that the universal quasi-
isogenies f”: X” — X" and f : X — X’ defined by the framings, are isogenies
after being multiplied by @ (here we have suppressed all auxiliary structures
from the notation). It is well-known that 7 is a closed formal subscheme, cf. [32,
Sect. 2]. Then there exists N such that im(7,) C 7Zy. It suffices to prove that
(A x (1 x g)A) N 7Ty is a proper scheme.

The two projection maps from 7y to N, 41 are both proper. Therefore it
suffices to show that the image of the intersection under the first projection
map is a proper scheme. Let (X", X), resp. (X”, X’), be points in A such that
(X", X), (X", gX")) lies in (A x (1 x g)A) N Ty. Then X = X’ x € and
X' = X" x &, and the natural quasi-isogenies flb X" > X"and fr: X — gX’
have the property that oV flb, @ f, are isogenies. Consider the quasi-isogeny
fi = (f],idg) : X = X'. Then & f; is an isogeny.

Recall the element uy € V corresponding to u; € Wi, i.e., the natural element
corresponding to the product decomposition X = X° x E. Let Z(uo) be the asso-
ciated special divisor on N4, cf. Sect. 5.2. From X’ € Z(uo) and the isogeny
@ f,, it follows that X € Z(w " gugp). From the isogeny @ f; it follows that
X' € Z(@w* gup). Then inductively we see that X lies on the intersection of the
special divisors Z(ug), Z(nguo), Z(w3Ng2uo), ....In particular, X lies on the
special cycle

Z(@® DN g, guo, ..., g"uo)).

It is known that this special cycle is a proper scheme, cf. [25, Proof of Lem. 6.1].
This shows that the image (X°, X) of the intersection under the first projection map
is a proper scheme. The proof is complete. O

We introduce the intersection number

Int(g, @) := (A, T, (AN, 01 &8 € Gwy(Fodis. @ € Hyoyeg (6.1.1)

Here the RHS is defined by linearity from the case of monomial ¢. For monomial
@, it is defined as follows. Consider the cup product

K8 Noni1) x KON, 1) — K8ATT@NG L.

On the other hand, there is the composition of maps

KAL) B K (gANT,(A) S 7.
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Here the first map is the natural map from K -theory to K’-theory (sending a complex
C of locally free sheaves on a formal scheme X whose cohomology sheaves have
formal support in a formal closed subset ¥ of X (i.e., which are annihilated by
some power of the ideal sheaf of Y) to the alternating sum of the classes in K'(Y)
of the cohomology sheaves of C); the second map is given by the Euler-Poincaré
characteristic (defined since gA N 7,(A) is a proper scheme).

Combining these two maps defines the pairing

(, >/\/;1,,,+1 : KgA(Mz,n—H) X K%(A)(Mz,n—ﬁ—l) — Z.
Tensoring with Q, we obtain the pairing

(Nt KEA WD X K S W) — Q. (6.1.2)

Consider the element [gA] € K8 A(J\/'n,nH ), namely the structure sheaf Oga,
considered as an element in K'(gA) = K¢ A(./\/;,,,,Jrl). Similarly, consider the
element [A] € KA(N,L,,_H) and its image Tﬁ([A]) € K%(A)(Nn,nﬂ)(@ under the

map TS : K&Nopns1) = KZe™ (N, 1+1)g. Then the RHS of (6.1.1) is defined
as ([gA], T ([AD)A; .-

Remark 6.1.2. Let ¢ be a monomial element. If Conjecture 5.5.1 holds true, then
the quantity Int(g, ¢) does not depend on the order in which the monomial element
@ is written as a product of atomic elements. This independence is all that matters
in the formulation of the AFL conjecture. Then Int(g, ¢) defines a linear functional

HK’XK — Q
Remark 6.1.3. Let h € U(W})(Fp) x U(W})(Fp). Denote by

By KA(/\/n,n—H) g Kh(A)(Nn,n+1)a resp.
hoe: KN g1) = KON )

its action on the K-group. Then £, o ']I‘ﬁ = 'H‘Z(A) o hy. If h is a diagonal element
induced by an element in U(Wlb)(Fo), then hA = A. It follows that for Ay, hy €
UW)(Fo),
Int(g, ¢) = (gA, T (A)) = (ghi A, T (h2A))

= (gh1 A, T (A))

= (hy'ghi A, TS (A))

= Int(hglghl, ®).
Therefore the function g € Gw, (Fo)rs — Int(g, ¢) depends only on the orbit of g.

Conjecture 6.1.4. (AFL for the spherical Hecke algebra, homogeneous version.)
Let ¢' € Hgn @ Hgr, and let ¢ = BC(¢') € Hg» ® Hi. Then

21Int(g, ) - logg = —w(y)d0rb (v, ¢'),

whenever y € G'(Fy)ys is matched with g € Gy, (F)rs.
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In §7 we prove the conjecture when n = 1, cf. Theorem 8.2.3.

Remark 6.1.5. To ensure that the LHS is well-defined, we are implicitly using the
commutativity conjecture, Conjecture 5.5.1 (for the product \V;, 11, cf. Sect. 5.6) or
its weakened version, cf. Remark 6.1.2. However, one may bypass this by interpret-
ing Conjecture 6.1.4 as saying that the AFL identity holds for any representative
@ € Hg of ¢ in the noncommutative polynomial algebra corresponding to the
polynomial basis given by the atomic generators, cf. (5.5.4).

6.2. The inhomogeneous version of the AFL

This is the special case when ¢ = 1x» ® f. Moreover we choose ¢’ = 1g» ® f'
for f' € Hg with BC,,1(f’) = f. In this case it is more elegant to formulate the
analytic side in terms of the symmetric space S,+1. In fact, by Lemma 3.7.2 we
have for y = (y1, y2) € G'(Fo)ss,

w0 (B0 (y. 1n ® f') = 2ws(r (v ¥2)80b(r (v ' y2). 1l (£1).

By Remark 6.1.3, it suffices to consider the regular semi-simple elements of the
form (1, g), with g € U(W1)(Fp)rs.
Recall from (3.7.3) and (3.7.5) the isomorphism

7]71
BCS}1+1
Then the inhomogeneous version AFL is as follows. We emphasize that this con-

jecture is only a special case of Conjecture 6.1.4.

: HK,S —> Hk.

Conjecture 6.2.1. (AFL for the spherical Hecke algebra H g, inhomogeneous ver-
sion.) Let f € Hg. Then

Int((1, g), 1> ® f) -logg = —w(y)30rb (y, BCY )~ (f)),
whenever g € U(W))yg is matched with y € S, 4+1(Fo)rs.

Remark 6.2.2. There is also the special case of the AFL conjecture 6.1.4 when the
second factor of ¢ € Hyv ® Hg is the unit element. It is not clear to us how to
simplify the analytic side in this case.

7. The casen =1

In this section we provide evidence to Conjecture 6.1.4 by proving the case n = 1.
We also give a direct (local) proof of the FL for the full spherical Hecke algebra
in this case (cf. Sect. 3.6). We use the following notation. Let G’ = GL;(F) and
K’ = GL,(OF). We write @ ™™ for the diagonal matrix in G’ with entries @™
and @™ . Also, G = U(Wp), where we use the Hermitian form on the standard
2-dimensional vector space given by the Hermitian matrix

<—JE ﬁ) . €€ O0f\OR2. (7.0.1)

We let K = G N M3(OF) be the natural hyperspecial maximal compact subgroup.
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7.1. Base change homomorphism
In this subsection we explicate the base change homomorphism
BC: Hg — Hk,

as well as an auxiliary map and its factorization (3.7.8), which we record here for
later use,

Hg

ni R\

i (7.1.1)
HK,S = HK.

n
BC}

Our goal is to compute the isomorphism BC'; explicitly in terms a certain basis
of Hg. We will use freely statements from Sect. 3.
Set
f‘l;‘l = IMZ(OF)Uodet=m ’ m z 0
The Satake isomorphism H g =~ C[X, Y]" for GL,(F) is explicitly given by
Xm+] _ Ym+]
Sat(f)) = ¢" ————. 7.1.2
(fm) =4 X —7 (7.1.2)
Here and below we use X = x1, Y = xp for x, x» in Sect. 3.
Similarly, setting
Jm = lg-mpy05)nG>
the Satake isomorphism for the unitary group is explicitly given by
X @m+1)/2 _ y@m+1)/2

Sat(fm) = qm X1/2 o Y1/2 )

(7.1.3)

where XY = 1. Note that, despite the fractional exponents, the last expression is a
polynomial of X and ¥ = X!

m
Sat(fn) = g™ Z ' (7.1.4)
i=—m
Set
¢m = le(’"f’”)K = fm — fm—l- (7.1.5)

Here, and the sequel, we set f,, = 0 form < 0, and similarly for f,,. Then we have
a basis of Hk given by ¢,,,, m > 0. In terms of the functions introduced in Sects. 3
and 4, we have ¢ = fI?1, cf. (3.5.1), hence ¢; = @2 — (g + 1), cf. (4.1.10).

The base change homomorphism is then the natural quotient map defined by
setting XY = 1:

BC: CIX, Y1V - Cix, x "W ~cCx+x 1. (7.1.6)
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Next we describe explicitly the other two maps in the diagram (7.1.1). Consider
the Cartan decomposition for the symmetric space S,

sy =[] k- (w_m wm).

m>0

The subset indexed by m = 0is K, = K'- 1 = K’ N S3(Fp). We denote the
complete set of representatives of K’-orbits on S (Fp),

wm
tn = (w’" ) , m=>0. (7.1.7)
Therefore, we have a basis of H K given by

o =1k, . m>0. (7.1.8)

Recall the map ry from (3.7.7). Note that a basis of Hg is given by
leK/w(m,())K/,j S Z, m 2 0

Lemma 7.1.1. (i) The map r): Hgr — Hiy sends lyjgimmog to
(=" > em—i@], where

1, i=0,
“SVgU+q Y. i>o0.

(ii) The map r, sends f, to (—1)™ Z;":O(ZT:_(; q7)¢).
(iii) We have BC(@),) = ¢, where

G = (D" (@, + 20,1 + - +200) € H (7.1.9)

Proof. We first show part (ii). We need to compute the integral

g = /

GL2 (Fo

: T (gh)ii(gh) dh.

Since the determinant of any element in the support of f, has valuation m, the
integral is equal to

AT = (—1)” / £ (gh) dh.

GL2(Fo)

It suffices to determine its value at elements of the form #,, cf. (7.1.7). By Iwasawa

1
All elements in this K'-coset are mapped into a single K’-orbit in S5 (Fy) with

representative
N | _
lu\ (lu _(lu—u
1 1 a 1 ’

m—i
decomposition, every element in GL;(F) lies in in some K’ (1 u) (zzr o i).
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This last element is K’-equivalent (in S2(Fp)) tO fmax({—v(u—m),0} (recall that we are
assuming that the residue characteristic is odd). Therefore it suffices to compute

the integral for g = (1 “ , where u € F~ lies in the purely imaginary part and

1
has valuation v(u) < 0.
We use the Iwasawa decomposition GLy(Fp) = AN Ko, where A denotes
the diagonal torus, N the subgroup of upper triangular unipotent matrices, and
Ko = GL2(0f,). Accordingly we write an element in GL2(Fp) as h =

(x y) (1 i) k. The Haar measure on GL,(Fp) is then given by d*xd*ydz,

where the multiplicative (resp. additive) Haar measure on FOX (resp. Fp) is nor-
malized such that Vol(O;O) = 1 (resp. vol(Of,) = 1). Then the condition
gh € M>(OF), v(det(gh)) = m is equivalent to

x,y € Oy, v(xy)=m, xz€ Opf, yucOf

(note that x, y, z € Fp and u € F7). It follows that

| f,:,((1 ”{)h)dh=f / [, sy
GL2(Fp) —v()<v(y)<m Jv(x)=m—v(y) zE%OFO

This triple integral is equal to
lu i
f 1 mdh= Y 4.
GLa (Fp) 1 :
2170 0<i<m+v(u)

We thus obtain the value of r; ( fn) at the element #, in (7.1.7),

o d0<t<m,
@) = (—1)" {Eo«m a0t

A comparison with (7.1.8) yields

AU =ED") | Dod | v
i=0 \ j=0

/!
m

This shows part (ii). To show part (i), by 1x/mog =
from part (ii) that

— fr._5» we deduce

m
rd(grmmog) =rd(fr, — foa) = Zemfﬂﬂ,{-
—

It remains to show part (iii). From the explicit formulas of Satake transforms
(7.1.2) and (7.1.3), we see that the map BC in (7.1.6) sends f,, + ¢ f,,_; to fi. It
follows that

BC(fy, +(q =V fpy = fm2) =¢m, m=>0. (7.1.10)
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From part (ii) we have
Py + @ =Dyt = fn2) = &p-

By the commutative diagram (7.1.1), we see that BCZ sends (,ZJ;” to ¢y, as desired.
O

Remark 7.1.2. The explicit description above gives a direct proof of (3.7.3) in the
case n = 2.

7.2. Orbital integrals on the unitary group

We now consider the orbital integrals of elements in H g . Recall from (7.1.5) that
¢m denotes 1y, mn-m g, Where, we recall, K denotes the hyperspecial subgroup
of U(Wy). Now we make a change of Hermitian form for Wy from (7.0.1) to the
identity matrix. This is for the convenience of orbit comparison in (3.3.2). We define
the invariants map on the orbits of G (Fp) by

ab
g = <c d> — (a,d, bc), (7.2.1)
(note that (a, d, bc) are not independent).

Proposition 7.2.1. Let m > 1. Then for g = <i b

d) € G(Fp) regular semisimple,

we have

_ L vl —aa)=—-2m
Ol‘b(gv ¢m) = {07 v(l o aa) 7& —om. (722)
Proof. We have, since we use the Hermitian form on Wy given by the identity
matrix,

aa =dd =1 —bb, a¢=bd #0. (7.2.3)

The invariants are a, d and bc = (1 — aa)d/a. Since the group H = U (Fp) is
compact and lies in K, the orbital integral is either 1 or 0, depending on whether g
lies in the support of ¢, or not. We note that the support of ¢, is the set of matrices
g € G(Fp) such that @™ g € M>(OF) and such that there exists at least one entry
of g with valuation exactly —m. With the help of the above identities, it is easy to
see that the support condition amounts to a, b, ¢, d all having valuation equal to
—m. O
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7.3. Orbital integrals on the symmetric space S»

Recall that the inhomogeneous orbital integral is defined by (3.2.3). We also recall
from [31, Sect. 15.1] the structure of regular semisimple sets on the symmetric
space S(Fp) = S2(Fp). We write an element as

y = (‘C’ Z) e S(Fy). (7.3.1)

Then y is regular semi-simple if and only if bc # 0, in which case we may write
y as

b
sz(a’b):=<1_aN E—ibg)
(1 =Na)/b —ab/ (71.3.2)

N (1 _b/E) (_(1 —aNa)/b Z) € S(Fo)is, a€F~ Fl, beF*.

Similarly to the unitary group case, we define the invariant map on the orbits of
S(Fo),

y = <z 2) — (a,d, be), (7.3.3)

(again, (a, d, bc) are not independent, cf. (7.2.1)). Then an orbit of y € S(Fp)rs
matches an orbit of g € G(Fp)s if and only if they have the same invariants. In
particular, an element y € S(Fp);s matches an element in the quasi-split (resp.
non-quasi-split) unitary group if and only if v(1 — aa) is even (resp. v(1 — aa) is
odd).

We now consider the orbital integral of elements in H g . Since F'/ F{ is unram-
ified, we may assume that, up to conjugation by H = GL;(Fp), for a regular
semisimple y as in (7.3.1) that the entry c is a unit.

Proposition 7.3.1. Lety = (i fl) € S2(Fy) be regular semisimple with v(c) = 0.

When m > 1, we have

( 1)m m5(1+,’7(1 7@6)(]7('0(17&6)4»2171)5)

e , v(l—aa) > —2m
Orb(7, ¢ 8) = (=1)™mq™, v(l —aa) = —2m
0, v(l —aa) < —2m. (7.3.4)

When m = 0, we have

Zfilo_aa)(—l)"q’”, v(l —aa) >0

0, v(l —aa) < 0. (7:3.5)

Orb(y, ¢y, 5) = {

Proof. Lety = (CCI 2) € S>(Fp) be regular semisimple. Then we have

l—aa=1—dd=ch=b¢+#0. (7.3.6)
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Assumem > (. We first consider those orbits y suchthata € Of.Thend € Of
-1
and b¢ € Op. Then the condition for h~'yh = <cah h d b) to be in supp(g,,) is

that either 1~ or ch lies in & ™" 0; . It follows that v(h) € {—m, v(bc) +m} and
Orb(y, ¢}, 5) = (=1)"g"™ (1 + n(be)g~VEIT2ms), (7.3.7)

Next we consider the orbits with a ¢ Op. Then aa, dd and cb = b¢ all have
equal valuations. If v(a) = —m, then v(b) = 2v(a) = —2m (note that we have
assumed v(c) = 0). The condition for 4 - y € K’ - 1, is

v(h™b) = —m, v(ch) = v(h) = —m,
or equivalently
—m <vh) <m+vb) =—m.
Therefore the orbital integral is equal to
Orb(y, ¢,,, s) = (—1)"g™". (7.3.8)

If —m < v(a) < 0, then v(b) = 2v(a) # —2m. A similar argument shows that
v(h) € {—m, m 4+ v(b)} and

Orb()/, §0,/nv S) — (_])mqms(] + n(bé)q*(v(b5)+2m)s)' (739)

‘We have thus proved (7.3.4).
Assume m = 0. If v(a) > 0, then

v(bc)
Orb(y, ¢f,5) = y_ (=Dig™". (7.3.10)
i=0

The case v(a) < 0 is similar to the m > 0 case.
Finally note that v(b) = v(bc) = v(1 — aa). The proof is complete. O

Proposition 7.3.2. (i) The functions ¢, € Hg and ¢, € H K} are transfers of
each other.

(ii) Let y = € $2(Fo)s with v(c) = 0. Assume v(1 — aa) odd (so that y

ab
cd
matches an element in U(W1)(Foy)rs). When m > 1, we have

} 1, v(1 —aa) > 0
d0rb(y, ¢,,) = logq {0 vﬁl - aﬁi <0.

When m = 0, we have

» v(l—aa)+1 1—aa) >0
90rb(y. ¢o) =logq {0 o 321 —Zg; <0
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Proof. When m > 0, we have the value at s = 0,

1+ n(l —aa), v(1 —aa) > —2m,
Orb(y, ‘P;/n) =(=D"11, v(l —aa) = —2m, (7.3.11)
0, v(l —aa) < —2m,

and, when v(1 — aa) is odd, we have the first derivative at s = 0,

v(l —aa) +2m, v(l — aa) > —2m
d0rb(y, ¢,,) = (—=1)" loggq {O( : UE1 - aE; < —2m.

When m = 0, we have the value at s = 0,

1, vl —aa) >0

0, v(1 —aa) <0, (7.3.12)

Orb(y, ¢p) = (=" {

and, when v(1 — aa) is odd, we have the first derivative at s = 0,

v(l—aa)+1 1—ad) >0
d0Ib(y, ¢f) = (—1)" logq {0—2 : zgl - zgi 20

Hence, when v(1 — aa) = —2m, we have Orb(y, @,,) = Orb(y, ¢),,) = 1 (cf.
the definition of @, in (7.1.9)). When v(1 —aa) = —2(m —i) > —2m is even, we
have from (7.3.11) and (7.3.12)

Orb(y, @) =2 —4+4+ -+ (=)'"'4+ (-1)2=0,

It follows from a comparison with Proposition 7.2.1 that ¢,, € H(U(V)) and
@, € H(S2) are transfers of each other. This proves part (i).

It remains to compute the first derivative d0rb(y, @,) when v(l —aa) > —2m
is odd. It suffices to consider the case when v(l — aa) = v(bc) is positive. Set
v(l —aa) = —2(m — i) + 1. Then d0rb(y, ¢,,) equals log g times

(v(be) + 2m) — 2(w(be) +2m — 1)) + -+ + (=1)""12(v(be) + 2)
+ (=)™ (v(bc) + 1)
=C2m—=2m—=1) =+ =D"'Qm—i+1)=2(m —i))
+o (=D 2 -
=2-242— -+ (=D)" 24 (1"
=1.

The proof is complete. O

Remark 7.3.3. Part (i) gives a direct proof in the case n = 1 of the FL for the full
spherical Hecke algebra, cf. §3.6 and §3.7.
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7.4. Intersection numbers

In this subsection, we often write N1, or simply A/, for N2[0]. Note that A/ =~
Spf(W[[¢]]) has only one point. Recall the Hecke operator Té)‘z: KAWN) —

K72 (N). Tt is defined as T, = T4, = TN~ o T4+ where

[0,2]
TA’+ — (N[O,Z])*: KA(NZ[O]) — KN (A)(NZD])’

7.4.1

T8 = W2, kBN — kNI W, D
cf. (5.5.3). We may identify N2[2] with A/ (cf. Remark 5.5.6), and then both Hecke
operators in (7.4.1) are induced by the same geometric correspondence 7r, —
N x N and its transpose, i.€., we can write

Ter = Try o' Tr,. (7.4.2)

The notation 7, is a reminder of the fact that 7t is the analogue of the I'o(p)-
covering of the modular curve in the present context, cf. Remark 5.5.6.

Since the projection morphisms from the composition 7<» of the geometric
correspondences A2 and N2 to A/ are finite and flat, we have T<> = (7<2),
cf. Lemma 9.2.1 (we are leaving out the support A from the notation). A similar
reasoning shows that Tw’z" = ((7<2)"™)x, where (7<2)™ = T<p o -+- 0 T<3 is the
m-fold iterated composition of 7> with itself (which again maps by finite flat
morphisms to A101).

At this point we use the local intersection calculus developed in [23, Sect. 5]
(the role of the regular local formal scheme M in loc. cit. is played here by \).

We consider the natural morphism (7<) — N x . Since (7<3)™ is finite and
flat over /N, this morphism is finite with image of codimension one. We associate
to it an element of the group Z' (A x N) of cycles of codimension one (namely
D ZeW s A o, (Oa,ymIZ] € ZY N x N), cf. [23, Def. 5.1]). We use the
same notation (7<3)™ for this one-cycle. Since N x N is regular, we may regard
(7<2)™ as an effective Cartier divisor on N x A By the flatness of (7<2)" over N,
it is in fact a relative Cartier divisor, i.e., it is at every point defined by one equation
in W[z, £']] which is neither a unit nor divisible by p.

Both projection maps to AV are finite, hence (7<2)™ is an element of the ring of
correspondences Corr (), and from the definition of the ring structure on Corr (N),
it follows that (7<2)™ is the m-th power of the correspondence 7<», cf. [23, Def.
5.6]. We obtain a homomorphism of Q-algebras,

Hg — Corr(NV x N)q, Zamgp'z” — Zam('ffz)m.

We denote the image of ¢ under this map by 7. Note that the unit element ¢ = 1
is mapped to 73 = Aprx s (the diagonal in A/ x A), which we denote by 7p.
To simplify the notation, we write 77 for 7, (not to be confused with the divisor
associated to the unit element). Also, for ¢,, = 1g, m,-m g, We use the notation
Ty, for Ty, . Hence 7§ = T is the unit element in Corr(N x N)q.
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Lemma 7.4.1. There is the relation of Cartier divisors on N x N,
T° =T — (¢ + D7,
and the recursive relation

Topsy = Ti 0T =T + 2977 +¢* T2, m=> 1.

m

Proof. This follows from the relations in the Hecke algebra:

dr=02—(q+1), 026m=bmi1+2qPm + ¢*bm_1,m > 1.

The first identity is mentioned below (7.1.5). The second identity follows from
this, after expressing ¢, in terms of f,, as in (7.1.5) and applying the Satake
isomorphism, cf. (7.1.4). O

Recall the action of Corr(N) on Z! (W), cf. [23, Def. 5.7]
Z—TxZ. (7.4.3)

Hence we obtain an action of Hg on Z! N )Q-

For a non-zero u € V, we let Z(u) be the associated special divisor and
Zw)° = Zu) — Z(w 'u) the difference divisor, cf. [34]. Both are effective
Cartier divisors on N. Recall the special vector uy € Vs, cf. Sect. 6.1. It is of
valuation zero (i.e., its length is a unit), and Z(u¢)°® = Z(uo).

Proposition 7.4.2. Let m > 0. Then there is an equality of Cartier divisors on N,
T+ Z(ug) = Z(@"up)°.
(For m > 1, both sides have degree g*™~(q + 1) over Spf Og.)

Proof. By Lemma 7.4.1, this identity is equivalent to the conjunction of the fol-
lowing identities.

(1) 71 % Z(ug) = Z(@wuo)® + (g + 1) Z(uo).
2) TixZ(@"ug)° = Z(@" ' uo)°+2¢ Z(@"u0)°+¢* Z(@" 'ug)°, m = 1.

We first recall the theory of quasi-canonical divisors for NV, cf. [17]. Recall
the framing object X = E x E (note that in loc. cit. the order of the factors is
reversed, which results in slightly different formulas below). Then uy = incl; €
V2 = Homg, (I_E, X). Let u; = incly o IT, where IT is a fixed uniformizer of the
quaternion algebra D = End(IE)?, comp. Example 5.5.6. Then V = (uo) p S (u1)r
with val(u1) = 1.

The quasi-canonical divisor of level s is given as follows. Let F5/O pgbea
quasi-canonical lift of level s of E in the sense of Gross. Here forany n, O , denotes
the ring of integers in the abelian extension of F corresponding to the subgroup
(OF,+w@" OF)* of the group of units. Let X ) = 0r®o Fo F; (Serre construction).
Then in [17, Sect. 6], X® is completed to an object (X(S), Lxe), Ay, Px)) of
N(OFy), and it is proved that the corresponding morphism Spf O — N is
a closed embedding defining a Cartier divisor Z;, the quasi-canonical divisor of
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level s. Then Z(ug) = Z¢ and Z(u;) = 21 and Z(wug) = 2o + 2, cf. [17,
Prop. 8.1]. The last identity can also be written as Z(wuo)’ = Z,. More generally,
Z(@™ug)’ = Zp and Z(w™u1)’ = Z3 41, cf. loc. cit.

Let us now prove (1). Note that 7, N nl_l(Z(uo)) C N x N is the locus of
isogenies X(© — Y of degree ¢. Recall the isogeny of quasi-canonical lifts 1/ :
Fo — Fi,cf. [17, Lem. 6.2] (it depends on the choice of IT). By the functoriality
of the Serre construction, it defines the isogeny X© — X1 over Z(u;). Hence
we obtain a closed embedding ¢: Z(u1) C T, N nl_l(Z(uo)). Since mp ot is
the natural embedding of Z(u1) in NV, we obtain an inequality of Cartier divisors,
Z(u1) < [Tr,]* Z(uo). Since both these Cartier divisors map with degree g + 1
to Spf O, they are equal, i.e.,

Try % Z(uo) = Z(uy). (7.4.4)

Similarly, 7r, N7, ' (Z(u1)) parametrizes isogenies X (1) — Y. The isogeny of
quasi-canonical lifts ¥ » : 1 — F> (defined in an analogous way to v : Fo —
Fs for any s in [17, Sect. 6]), defines the isogeny X ép)f 0 — X@_ This defines
a closed embedding 2, = Z(wug)® C 7r, * Z(u1).

On the other hand, consider the natural isogeny X ég)f 05, ™ XM Ttinduces a

unique isogeny XV — X é?))f 0.  suchthat the composition is equal to & : X -
F,1

X We obtain a closed embedding of Spf O » f.p into Try N7y Y(Z(u))), which is
mapped under 7> onto Z(ug), with degree [O 3 P O] = q + 1. Altogether we
obtain an inequality of Cartier divisors, Z(wuo)°® + (¢ + 1) Z(ug) < Try * Z(u1).
Since both divisors have degree (¢ + 1)> over Spf O ; » We obtain the equality of
divisors

Try * Z(uy) = Z(wug)® + (g + 1) Z(uo). (7.4.5)
Taking both identities (7.4.4) and (7.4.5) together, we obtain

Ti % Z(uo) = Try * Z(u1) = Z(wuo)® + (¢ + 1) Z(uo),

which proves (1).
To prove (2), we see by the same argument that

Try * Z(@"u0)° = Z(@"u1)° + ¢ Z(@"'u1)°
and
Try * Z(@"u1)° = Z(@"u0)° + g Z(@ " u)°.
Thus
Ti# Z(@"u0)° = Z(@" ' uo)° + 29 Z(@"u0)° + ¢* Z(@" ' up)°.,

as desired. O
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Let Z and Z’ be formal schemes finite over a closed formal subscheme of
codimension one in N, with classes [Z] € KZ(N), resp. [Z2'] € KZ'(N). Let
T — N x N be a correspondence. Assume that Z N7 (Z2’) is an artinian scheme
(with support in the unique point of M;eq). Then, by [23, Cor. 5.5], we have

Here on the LHS appears the intersection product in K-theory (comp. (6.1.2)),
and on the RHS appears the intersection number of properly intersecting cycles of
codimension one on NV, cf. [23, Rem. 5.3].

We now return to the AFL. Recall that A C A x N is the graph of the closed
immersion A; <> A3. Under the identification A7 x N3 >~ N, we can identify A
with Z(ug).

Corollary 7.4.3. Let m > 1. Then for all g € U(V3) regular semisimple,
Int(g, ¢m) = (gA, (T,)« (M) = 1.
Proof. By A = Z(up) and Proposition 7.4.2, we have by (7.4.6)
Int(g, ¢m) = (gA, T, * A) 71y = (Z2(g - uo), Z(wmuo)o>zl(/\f)
= (2(g - u0), Z@"u0)) 71y — (Z(g - u0). Z(@" ' u0)) 217

It remains to compute (Z(g - uo), Z(@™uo))) z1nr) for all m > 0. We can use
[17]. The fundamental matrix of the lattice (g - ug, @™ ug) for the obvious basis is

A= ( 1 @ (g - uo, Mo))

@™ (ug, g - o) @

and of the lattice (g - ug, @™ ug) is

A ( ! wml(g'uo,uo)>

@ uo, g - uo) w2

Note that the valuation of g -u is zero and the space V is non-split (hence val(det A)
is odd). It follows that (g - ug, ug) is a unit, and the fundamental invariants of A
(resp. A’) are (0, val(det A)) (resp. (0, val(det A) — 2)). Then by [17] we obtain

1(det(A)) + 1
<Z(g ' MO)’ Z(wmuo))>zl(/\/') = M

2
and
- val(det(A)) — 1
(Z(g - u0). 2@ 'uo))) z1ny = —
The assertion follows. -

Remark 7.4.4. Note that T<; is the composition of intertwining Hecke correspon-
dences T;r and T, which correspond to elements in the Iwahori Hecke algebra.
One may try to generalize the result above from the spherical Hecke algebra to the
Iwahori Hecke algebra; we have not done so.
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7.5. Comparison

Theorem 7.5.1. Conjecture 6.1.4 holds when n = 1, namely AFL holds for the full
Hecke algebra whenn = 1.

Proof. Whenn = 1, the Hecke algebra H g is trivial. Hence it suffices to show the
inhomogeneous AFL conjecture 6.2.1. We show the identity for f running through
the basis ¢, of Hg.

By Lemma 7.1.1 (iii), we have (BCZ)’1 (Pm) =@, € HK& and hence we need
to show that for matching g and y,

Int(g, ¢m) - logg = —w(y)d0rdb(y, G,,).

Whenm > 1, this follows from directly comparing Proposition 7.3.2 (for orbital
integrals) and Corollary 7.4.3 (for intersection numbers). More precisely, without

loss of generality, we let y = € S (Fp)rs with v(c) = 0. Then it matches an

a b)
cd
elementin U (V) if and only if v(bc) = v(1 —aa) is odd (in particular v(a) > 0).
Recall from [31, Sect. 2.4] that the transfer factor is defined as

(,()(]/) — (_l)v(det(e,ye))’

0b
1d
v(b) = v(1 — aa) is odd, the transfer factor is w(y) = (—1)*® = —1 and hence,
by Proposition 7.3.2, (ii),

where e = (0, 1)’ and hence det(e, ye) = det( ) = —b. Therefore, when

—w(y)d0rb(y, @) = logq.
On the other hand, by Corollary 7.4.3 we have
Int(g, ¢m) =1

for all g € U(V3)ys, which proves the desired identity.

The case m = 0 is the AFL (for the unit element in Hecke algebra) proved in
[40]. We can also see this directly by using the facts proved in this section. The
proof of Corollary 7.4.3 shows

Int(g, ¢o) = (A, A) 21a) = (Z(g - u0). Z(0)) 21n)
_ val(det(A)) + 1
-2

_ 1 (g'M01u0)
A= ((uo,g~uo) 1 )

Note that v(det(A)) = v(l — aa), in terms of the matrix form g = (Z fl) €

where

U (V3)s using the basis {ug, u1}.
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On the other hand, by Proposition 7.3.2 (ii), for y = <Z Z) € S2(Fo)rs We

have
v(l—aa)+1

- ,v(l —aa) >0
o, g =toza {2 U D20

Matching g and y have the same a. The computation of the transfer factor is the
same as in the case m > 1. It follows that
val(l —aa) + 1

> .

The proof is complete. O

Int(g, ¢o) - logg = —w(y)d0rb(y, @) =

Remark 7.5.2. The RZ space N3 is isomorphic to the Lubin-Tate deformation space
in height two, cf. Remark 5.5.6. It is therefore natural to expect that the AFL
for the full Hecke algebra is related to the linear AFL for the Hecke algebra of
GL; considered by Li [22]. We do not see an immediate passage between the two
statements.

8. Base-point freeness

In this section, we comment on how much information on an element of the Hecke
algebra is contained in either side of the AFL, i.e., in the functionals on the Hecke
algebra defined by the derivative of orbital integrals, resp. by the intersection num-
bers. It turns out that there is a surprising contrast between the functional defined
by orbital integrals and that defined by the derivative of orbital integrals.

8.1. Orbital integrals

For orbital integrals, there is the following fact.

Proposition 8.1.1. The map
Orb : Hgnyxr — CF(Gry)
is injective.

Proof. We use a theorem of Beuzart-Plessis [1, Cor. 4.5.1]: Forany f' € CX(G'),
the orbital integral Orb(—, ') vanishes at all regular semisimple elements if and
only if In(f") =0 forall TI € ®emp(G'(Fp)). Here ®iemp(G’(Fo)) denotes the
set of irreducible tempered admissible representations of G'(Fp), and Iy (f) is the
local relative character associated to the local Rankin—Selberg period integral and
the local Flicker—Rallis period integral.

Let f' € Hg»n, g withidentically vanishing orbital integrals. Then by the above
quoted theorem, Ity (f’) = Oforall IT as above. In particular, Iy (') = Oforall IT €

d>{‘ermp(G’ (Fp)), the set of tempered unramified representations. However, for I1 €
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<I>;‘ermp(G’(Fo)),wehave In(f) = an(f)In(g/).Here Aty : Hgny g — Cisthe
algebra homomorphism associated to IT or, equivalently, the evaluation of Sat( f”)
at the Satake parameter of IT. Note that I;(1g/) # 0 for IT € CID{‘gmp(G’(Fo)).
Hence Ay (f’) = Oforall IT € CDECrmp(G/(Fo)). It follows that f" = 0 by the Satake
isomorphism. O

8.2. Derivative of orbital integrals

Let G, w, denote the open subset of G/, consisting of regular semisimple elements
matching with elements in the non-quasi-split unitary group G, .

Conjecture 8.2.1. The map
d0rb : HK”’XK’ — COO(G;S,WI)

has a large kernel, in the sense that the kernel generates the whole ring Hy' as an
ideal (note that this kernel is only a vector subspace rather than an ideal). Similarly,
the map defined by the intersection numbers, Int : Hg», g — C "O(G;S,Wl ), has a
large kernel.

Remark 8.2.2. A weaker conjecture would be that “the kernel is not contained in any
maximal ideal of H corresponding to a tempered representation”. Here a C-point «
of Spec Hg- is called tempered if, in terms of the coordinates in Sect. 3.4, we have
|ai| = 1 for all i. There might be some other ways to formulate the smallness of
the image. On the other hand, the image should not be too small, although we do
not have a precise conjecture. In general it is unclear to us how to characterize the
image.

Theorem 8.2.3. Conjecture 8.2.1 holds when n = 1.

Proof. When n = 1, the factors Hg» and Hg» are trivial. We note that the orbital
integral map dOrb factors through the base change homomorphism BC. We now
identify the set of orbits in G/ with the set of orbits in Sys. The induced map

d0rbg : Hx — C°°(G;S’Wl) (8.2.1)
can be written in terms of
90rbg (—, @) := ws(—)d0rb(—, (BCZ)_I(@), ¢ € Hg.

Then the assertion is equivalent to the statement that the kernel of 9O0rbg generates
the whole ring Hx as an ideal. We use the explicit results in Proposition 7.3.2,
which shows that the image is exactly two dimensional, spanned by the image of
¢o and any one of the ¢,,,, m > 1. In particular, the kernel of dOrbg is spanned by
the set {¢,, — @1 | m > 2}. Equivalently it remains to show that the elements of
this set have no common zero. From (7.1.4), we have form > 2

m m—1
Sat(gm —¢) =¢" Y X' —¢"" Y X' —g(X+1+XH+1.

i=—m i=—(m—1)
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It is straightforward to check that these Laurent polynomials have no common zero
in X € C*. Indeed, already these Laurent polynomials for m = 2 and m = 3
have no common zero. To see this, we can write these Laurent polynomials as
polynomials P, resp. P3, of degree 2, resp. 3,in C[X], where X| = X4+X~!.Long
division shows that these polynomials are coprime, hence there are polynomials
Ry, Rz € C[X ] with PRy + P3R3 = 1. Rewriting this identity in terms of x+!
shows that the Laurent polynomials for m = 2, 3 have no common zero. The proof
is complete. O

Remark 8.2.4. A similar result in the setting of the linear AFL (for GL; rather than
U») could be deduced from the result of Q. Li [22, Prop. 7.6].
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9. Appendix: Correspondences for formal schemes and maps on K-groups

In this appendix, we explain the calculus of correspondences that we use, comp. also
[42, App. B]. Let Obea strictly henselian DVR. We consider locally noetherian
formal schemes, locally formally of finite type over O. For such a formal scheme
X and a closed formal subscheme A of X, we denote by K4 (X) the Grothendieck
group of finite complexes of locally free modules over the structure sheaf which are
formally acyclic outside A, comp. [11]. Recall from [41, App. B] that this means
that the cohomology sheaves of C are annihilated by a power of the ideal sheaf of
A, locally on X'. We similarly have the Grothendieck group K’(A) formed by finite
complexes of coherent modules on A.
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9.1. Induced map on K-groups

Let X and Y be formal O-schemes as above. Let 7 — X x o Y be a geometric
correspondence, i.e., a formal scheme as specified above, with a morphism of
formal schemes as indicated. We also simply write 7 for this correspondence and
denote by py, resp. py, the maps to X, resp. ). We assume that ) is regular and
that py is a proper morphism. Then 7 defines a map on K-groups with supports,

T KAX) - KT W), x> Rpy (p(). 9.1.1)

Here T (A) = py( p/}l (A)),i.e., T (A) is the image of the closed formal subscheme

p;(l (A) of T under the proper morphism py. This image is by definition the closed
formal subscheme of ) defined by the kernel ideal of the map Oy — py .(O71).
Note here that by the properness of py, the target of this map is a coherent Oy)-
module. We note that K4 (X') only depends on the radical of the ideal sheaf defining
the closed formal subscheme A. Let us explain the construction of the map. The
map is the composition of the maps

Pl KAX) = KPX(T), py . KA D(T) » KT ). 9.1.2)

For the first map, let x € K4 (X) be represented by a finite complex C of locally
free O y-modules formally acyclic outside A. Then its base change to 7 is a finite
complex of locally free O7-modules which is formally acyclic outside p}l (A), cf.
[11, Sect. 1.5]. The image p’.(x) is defined to be the class of this complex. The

second map is the composition of three maps. First, the natural map K” () (T) —>
K’ (p/{,l (A)), sending a complex C which is formally acyclic outside a closed
subset to the alternating sum of the classes in K’ of the cohomology sheaves of
C. Second, the full direct image map K/(p;(l(A)) — K'(py(7T(A))), defined
by the properness of py. Third, the identification K'(7(A)) = K7 ()) by the
regularity of ), cf. [11, Lem. 1.9].

9.2. Composition
Recall the composition of geometric correspondences. Let 7 — X x5 ) and

S—> YVx o Z be geometric correspondences as above. The composition! = SoT
of these correspondences 7 and S is defined by the following diagram with cartesian

square,
u
N
T S
pPX 9z
ry ay
X Yy Z.
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In other words, the projections for I/ are ry = py o qSJ andrz =gz o p’y.

Assume now that Y and Z are regular and the morphisms py, and gz proper,
so that also r z is proper. Let A be a closed formal subscheme of X'. Then the three
maps are defined,

T4 KA — KTWQ), STW: kTW (@) — k1M (2),
Ur: KAx) - K4 (2).

Lemma 9.2.1. Assume that the maps py and qy are tor-independent, i.e.,
Tor?y (O1,0s) =0,V > 0, ¢f [33, Def. 36.22.2]. Then

UL = ST o TA: KA(X) - KYN(2).
Proof. We need to show that

Rqz «(RpY (a5 (P (X)) = Rqz . (43 (Rpy . (p (X)))).

Here qi",(pr,*(p} (x))) makes sense as an element in K (S) since, by the regu-
larity of )/, the complex Rpy ,(p? (x)) can be interpreted as an element in K ().
It therefore suffices to prove the equality of elements in K'(S),

RpY (4% (P (X)) = g3 (Rpy «(p (x))).

This follows from base change for the cartesian square, again representing
Rpy «(p%(x)) by a finite complex of locally free Oy-modules, cf. [33, Lem.
36.22.5]. O

Remark 9.2.2. We use this lemma only in the case when one of the two morphisms

py and gy is flat. In general, the identity Up = 83— ) o7 does not hold. However,
it does always hold in the context of derived formal schemes. Indeed, in this context,
the base change formula used above always holds, comp. [7, part III, ch. 3, Prop.
2.2.2].

References

[1] Beuzart-Plessis, R.: Comparison of local relative characters and the Ichino-Ikeda con-
jecture for unitary groups. J. Inst. Math. Jussieu 20, 1-52 (2020)

[2] Beuzart-Plessis, R.: A new proof of Jacquet-Rallis’s fundamental lemma. Duke Math.
J.170(12), 28052814 (2021)

[3] Beuzart-Plessis, R., Liu, Y., Zhang, W., Zhu, X.: Isolation of cuspidal spectrum, with
application to the Gan—Gross—Prasad conjecture. Ann. Math. (2) 194(2), 519-584
(2021)

[4] Biiltel, O., Wedhorn, T.: Congruence relations for Shimura varieties associated to some
unitary groups. J. Inst. Math. Jussieu 5(2), 229-261 (2006)

[5] Disegni, D.: The p-adic Gross-Zagier formula on Shimura curves. Compos. Math.
153(10), 1987-2074 (2017)

[6] Disegni, D., Zhang, W.: Gan—Gross—Prasad cycles and derivatives of p-adic L-
functions. In preparation



50

C.Lietal.

(7]

(8]

(9]

[10]
(1]
(12]
[13]
[14]

[15]

[16]
[17]
[18]
[19]
[20]
[21]
[22]

(23]
[24]

[25]
[26]
[27]
(28]
[29]

(30]

Gaitsgory, D., Rosenblyum, N.: A study in derived algebraic geometry, I. Correspon-
dences and duality. Mathematical Surveys and Monographs, vol. 221, p. xi+533. Amer-
ican Mathematical Society, Providence (2017)

Fakhruddin, N., Pilloni, V.: Hecke operators and the coherent cohomology of Shimura
varieties. J. Inst. Math. Jussieu 22(1), 1-69 (2023)

Faltings, G., Chai, C.-L.: Degeneration of abelian varieties. With an appendix by David
Mumford. Ergebnisse der Mathematik und ihrer Grenzgebiete (3) 22, xii+316 pp.
Springer, Berlin (1990)

Feng, T., Yun, Z., Zhang, W.: Higher theta series for unitary groups over function fields.
Ann. Sci. ENS. To appear. arXiv:2110.07001

Gillet, H., Soulé, C.: Intersection theory using Adams operations. Invent. Math. 90(2),
243-277 (1987)

Gortz, U.: On the flatness of models of certain Shimura varieties of PEL-type. Math.
Ann. 321(3), 689-727 (2001)

Gortz, U., He, X., Rapoport, M.: Extremal cases of Rapoport-Zink spaces. J. Inst. Math.
Jussieu 21(5), 1727-1782 (2022)

He, X., Li, C., Zhu, Y.: Fine Deligne-Lusztig varieties and arithmetic fundamental
lemmas. Forum Math. Sigma 7, e47 (2019)

Jacquet, H., Rallis, S.: On the Gross-Prasad Conjecture for Unitary Groups. On Certain
L-functions. Clay Math. Proc., vol. 13, pp. 205-264. American Mathematical Society,
Providence (2011)

Koskivirta, J.-S.: Congruence relations for Shimura varieties associated with GU (n —
1, 1). Canad. J. Math. 66(6), 1305-1326 (2014)

Kudla, S.S., Rapoport, M.: Special cycles on unitary Shimura varieties I. Unramified
local theory. Invent. Math. 184(3), 629-682 (2011)

Lafforgue, V.: Chtoukas pour les groupes réductifs et paramétrisation de Langlands
globale. JAMS 31(3), 719-891 (2018)

Lee, S.Y.: Eichler—Shimura Relations for Shimura Varieties of Hodge Type.
arXiv:2006.11745

Leslie, S.: A fundamental lemma for the Hecke algebra: the Jacquet-Rallis case. J.
Number Theory 243, 475-494 (2023)

Li, C., Rapoport, M., Zhang, W. Quasi-Canonical AFL and Arithmetic Transfer Con-
jectures at Parahoric Levels. arXiv:2404.02214

Li, Q.: An intersection formula for CM cycles on Lubin-Tate spaces. Duke Math. J.
171(9), 1923-2011 (2022)

Li, Q., Mihatsch, A.: On the Linear AFL: The Non-basic Case. arXiv:2208.10144
Liu, Y., Tian, Y., Xiao, L., Zhang, W., Zhu, X.: On the Beilinson-Bloch-Kato conjecture
for Rankin-Selberg motives. Invent. Math. 228(1), 107-375 (2022)

Mihatsch, A.: Relative unitary RZ-spaces and the arithmetic fundamental lemma. J.
Inst. Math. Jussieu 21(1), 241-301 (2022)

Mihatsch, A., Zhang, W.: On the Arithmetic Fundamental Lemma conjecture over a
general p-adic field. JEMS. To appear. arXiv:2104.02779

Offen, O.: Relative spherical functions on p-adic symmetric spaces (three cases). Pac.
J. Math. 215(1), 97-149 (2004)

Pilloni, V.: Higher coherent cohomology and p-adic modular forms of singular weights.
Duke Math. J. 169(9), 1647-1807 (2020)

Ramakrishnan, D.: A mild Tchebotarev theorem for GL(n). J. Number Theory 146,
519-533 (2015)

Rapoport, M., Smithling, B., Zhang, W.: On the arithmetic transfer conjecture for exotic
smooth formal moduli spaces. Duke Math. J. 166(12), 2183-2336 (2017)


http://arxiv.org/abs/2110.07001
http://arxiv.org/abs/2006.11745
http://arxiv.org/abs/2404.02214
http://arxiv.org/abs/2208.10144
http://arxiv.org/abs/2104.02779

Arithmetic fundamental lemma 51

(31]
(32]

(33]
[34]

(35]
(36]
(37]
(38]
(39]

[40]
(41]

[42]

[43]

Rapoport, M., Smithling, B., Zhang, W.: Regular formal moduli spaces and arithmetic
transfer conjectures. Math. Ann. 370(3—4), 1079-1175 (2018)

Rapoport, M., Zink, T.: Period Spaces for p-Divisible Groups. Annals of Mathematics
Studies, vol. 141. Princeton University Press, Princeton (1996)

The Stacks Project Authors. Stacks Project. http://stacks.math.columbia.edu
Terstiege, U.: On the regularity of special difference divisors. C. R. Math. Acad. Sci.
Paris 351(3-4), 107-109 (2013)

Wedhorn, T.: Congruence relations on some Shimura varieties. J. Reine Angew. Math.
524, 43-71 (2000)

Xiao, L., Zhu, X.: Cycles on Shimura Varieties via Geometric Satake. Examples.
Addendum to arXiv:1707.05700

Yun, Z.: The fundamental lemma of Jacquet and Rallis, With an appendix by Julia
Gordon. Duke Math. J. 156(2), 167-227 (2011)

Yun, Z., Zhang, W.: Shtukas and the Taylor expansion of L-functions. Ann. Math.
186(3), 767-911 (2017)

Yun, Z., Zhang, W.: Shtukas and the Taylor expansion of L-functions (II). Ann. Math.
189(2), 393-526 (2019)

Zhang, W.: On arithmetic fundamental lemmas. Invent. Math. 188(1), 197-252 (2012)
Zhang, W.: Fourier transform and the global Gan—Gross—Prasad conjecture for unitary
groups. Ann. Math. (2) 180(3), 971-1049 (2014)

Zhang, W.: Weil representation and arithmetic fundamental lemma. Ann. Math. (2)
193(3), 863-978 (2021)

Zhang, Z.: Maximal Parahoric Arithmetic Transfers, Resolutions and Modularity. Duke
Math. J. To appear. arXiv:2112.11994

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in
published maps and institutional affiliations.


http://stacks.math.columbia.edu
http://arxiv.org/abs/1707.05700
http://arxiv.org/abs/2112.11994

