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ABSTRACT
The recently-emerging field of higher order MDS codes has sought

to unify a number of concepts in coding theory. Such areas captured

by higher order MDS codes include maximally recoverable (MR)

tensor codes, codes with optimal list-decoding guarantees, and

codes with constrained generator matrices (as in the GM-MDS

theorem).

By proving these equivalences, Brakensiek-Gopi-Makam showed

the existence of optimally list-decodable Reed-Solomon codes over

exponential sized fields. Building on this, recent breakthroughs

by Guo-Zhang and Alrabiah-Guruswami-Li have shown that ran-

domly punctured Reed-Solomon codes achieve list-decoding capac-

ity (which is a relaxation of optimal list-decodability) over linear

size fields. We extend these works by developing a formal theory

of relaxed higher order MDS codes. In particular, we show that

there are two inequivalent relaxations which we call lower and

upper relaxations. The lower relaxation is equivalent to relaxed

optimal list-decodable codes and the upper relaxation is equivalent

to relaxed MR tensor codes with a single parity check per column.

We then generalize the techniques of Guo-Zhang and Alrabiah-

Guruswami-Li to show that both these relaxations can be con-

structed over constant size fields by randomly puncturing suitable

algebraic-geometric codes. For this, we crucially use the general-

ized GM-MDS theorem for polynomial codes recently proved by

Brakensiek-Dhar-Gopi. We obtain the following corollaries from

our main result:

Randomly punctured algebraic-geometric codes of rate 𝑅 are list-

decodable up to radius
𝐿

𝐿+1
(1 − 𝑅 − 𝜖) with list size 𝐿 over fields of

size exp(𝑂 (𝐿/𝜖)). In particular, they achieve list-decoding capacity

with list size𝑂 (1/𝜖) and field size exp(𝑂 (1/𝜖2)). Prior to this work,
AG codes were not even known to achieve list-decoding capacity.
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By randomly puncturing algebraic-geometric codes, we can con-

struct relaxed MR tensor codes with a single parity check per col-

umn over constant-sized fields, whereas (non-relaxed) MR tensor

codes require exponential field size.
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1 INTRODUCTION
MDS (maximumdistance separable) codesmeet the Singleton bound

[35], which is the optimal rate-distance tradeoff for codes over large

alphabet. It states that an (𝑛, 𝑘)-code has distance 𝑑 ≤ 𝑛 − 𝑘 + 1.

Reed-Solomon codes [31] are a simple and explicit construction of

linear MDS codes over fields of linear size (i.e., 𝑞 = 𝑂 (𝑛)). Due to
their optimality, MDS codes are extensively used in practice such as

in communication, data storage, cryptography etc.. An (𝑛, 𝑘)-code
is MDS iff any 𝑘 columns of its generator matrix are linearly inde-

pendent.
1
Higher order MDS codes were recently introduced by

Brakensiek-Gopi-Makam ([6]) as a natural generalization of MDS

codes.

Definition 1.1. An (𝑛, 𝑘)-code with generator matrix 𝑉𝑘×𝑛 is
order-ℓ higher order MDS, denoted by MDS(ℓ), if for every ℓ sub-
sets 𝐴1, 𝐴2, . . . , 𝐴ℓ ⊂ [𝑛], we have dim(𝑉𝐴1

∩ 𝑉𝐴2
∩ · · · ∩ 𝑉𝐴ℓ

) =

dim(𝑊𝐴1
∩𝑊𝐴2

∩ · · · ∩𝑊𝐴ℓ
) where𝑊𝑘×𝑛 is a generic 𝑘 × 𝑛 matrix.

Here𝑉𝐴 is the span of the columns indexed by𝐴. In other words,

ℓ subspaces spanned by subsets of columns should intersect as

minimally as possible. When ℓ ≤ 2, MDS(1) and MDS(2) codes
are equivalent to MDS codes ([6]). Higher order MDS codes have

1
In this paper, we will only focus on linear codes. Unless explicitly mentioned, all

codes are linear.
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since been shown to be equivalent to many concepts independently

studied in coding theory ([7]). These include maximally recoverable

(MR) tensor codes, codes with optimal list-decoding guarantees,

and codes with constrained generator matrices (as in the GM-MDS

theorem). We refer the reader to [7] for a detailed survey of these

connections. [7] showed that random Reed-Solomon codes over

exponentially large fields are higher order MDS codes with high

probability. A major challenge is to give (explicit) constructions of

higher order MDS codes over small fields. But in a recent work,

[4] showed that even MDS(3) codes of constant rate require ex-
ponential field size, in sharp contrast to MDS codes (or MDS(2)
codes) for which we have explicit constructions over linear size

fields (for example Reed-Solomon codes). Therefore, it is natural

to look for some kind of relaxation of higher order MDS codes

which would allow for constructions over small fields. In this work,

we introduce two ways to relax higher order MDS codes called

lower and upper relaxation (these are defined in Section 3). We

then establish equivalences between these relaxations and suitable

relaxations of optimal list-decodable codes and MR tensor codes. In

particular, the lower relaxation is equivalent to relaxed version of

optimal list-decodable codes and the upper relaxation is equivalent

to the relaxation of MR tensor codes with a single parity check per

column. Finally we show that one can indeed construct such (upper

and lower) relaxed higher order MDS codes over small fields. We

start by briefly defining some of these concepts and discuss prior

work along the way.

Optimal List-decodable Codes (LD-MDS(≤ 𝐿)). List-decoding is

an important concept in coding theory which allows for correction

beyond half the minimum distance [13, 39]. An (𝑛, 𝑘) code 𝐶 is

(𝜌, 𝐿)-list decodable if any Hamming ball of radius 𝜌𝑛 contains at

most 𝐿 codewords. The generalized Singleton bound due to [16, 32,

34] generalizes the well-known Singleton bound to the setting of

list-decoding. The generalized Singleton bound states that for every

(𝑛, 𝑘) code 𝐶 that is (𝜌, 𝐿)-list decodable, we have

𝜌 ≤ 𝐿

𝐿 + 1

(1 − 𝑘/𝑛). (1)

Note that when 𝐿 = 1, we recover the Singleton bound. The

same bound also holds for average-radius list-decoding which is a

strengthening of list-decoding. An (𝑛, 𝑘)-code 𝐶 is (𝜌, 𝐿)-average-
radius list-decodable if for any 𝑦 ∈ F𝑛 and any 𝐿 + 1 codewords

𝑐0, 𝑐1, . . . , 𝑐𝐿 ∈ 𝐶 , we have that 1

𝐿+1

∑𝐿
𝑖=0

wt(𝑦 − 𝑐𝑖 ) ≤ 𝜌𝑛. We now

define the notion of optimal list-decodable codes.

Definition 1.2. We say that 𝐶 is LD-MDS(𝐿) if it is (𝜌, 𝐿)-
average-radius list-decodable with radius 𝜌 = 𝐿

𝐿+1
(1−𝑘/𝑛), matching

the generalized Singleton bound (1).

A code is LD-MDS(≤ 𝐿) if it is LD-MDS(ℓ) for all list sizes ℓ ≤ 𝐿.

Wewould like to have explicit constructions of LD-MDS(≤ 𝐿) codes
over small alphabets. [7] showed that random Reed-Solomon codes

over exponentially large fields are LD-MDS(≤ 𝐿), i.e., optimally list-

decodable for all list sizes𝐿, proving a conjecture of [34].Meanwhile,

as discussed before, [4] showed that even LD-MDS(≤ 2) codes of
constant rate, i.e., optimally list-decodable with list size 2, require

exponential field size. Thus it is natural to look at relaxations of

optimal list-decodability if we want constructions over small fields.

A natural relaxation is to ask that a rate 𝑅 code is (𝜌, 𝐿)-average-
radius list-decodable for

𝜌 =
𝐿

𝐿 + 1

(1 − 𝑅 − 𝜖) (2)

for some 𝜖 > 0. We call such codes relaxed LD-MDS codes (see
Section 3 for a formal definition) and denote them by rLD-MDS.

We show that these relaxed LD-MDS codes are equivalent to the

lower relaxation of higher order MDS codes.

Guo-Zhang ([21]) were the first to observe that such a relax-

ation leads to much improved constructions. They showed that

random Reed-Solomon codes over fields of size 𝑂𝐿,𝜖 (𝑛2) are re-

laxed LD-MDS codes with 𝜌 given by (2).
2
Alrabiah-Guruswami-Li

([2]) further improved the field size to 𝑂𝐿,𝜖 (𝑛) for random Reed-

Solomon codes. They also showed that random linear codes achieve

the same relaxed list-decoding radius in (2) with exp(𝑂 (𝐿/𝜖)) field
size. In subsequent work [1], they also showed a lower bound that

any (not necessarily linear) code which achieves the bound in (2)

must have field size at least exp(Ω𝐿,𝑅 (1/𝜖)). For average-radius
list-decoding, they obtain a better lower bound of exp(Ω𝑅 (1/𝜖))
independent of list size 𝐿 ≥ 2.

One can further relax the list-decodability requirement to get

what is known as list-decoding capacity achieving codes. Note that
as 𝐿 → ∞, the list-decoding radius 𝜌 → 1 − 𝑅 where 𝑅 = 𝑘/𝑛
is the rate of the code, i.e., any non-trivial list-decoding cannot

be done beyond 𝜌 = 1 − 𝑅. This is the called the list-decoding
capacity. We say that a code family achieves list-decoding capacity

if for every 𝜖 > 0 and 𝑅 ∈ (0, 1), there exists a code 𝐶 from this

family of rate 𝑅 which is (𝜌, 𝐿)-list decodable with 𝜌 = 1−𝑅−𝜖 and
𝐿 = 𝑂𝜖 (1).3 In addition, we would also want the alphabet size of the
code to be as small as possible. Random codes of rate 𝑅 are (1−𝑅 −
𝜖,𝑂 (1/𝜖))-list-decodable (with alphabet size 2

𝑂 (1/𝜖 )
, see [23]), this

was recently shown to hold for random linear codes as well (with

larger alphabet size 2
𝑂 (1/𝜖2 )

) in [2]. There is a long line of work

trying to construct explicit code families achieving list-decoding

capacity. After an initial breakthrough by [30], [22] constructed

the first known family of codes achieving list-decoding capacity

called Folded Reed-Solomon codes. Though the initial list size and

alphabet size were of the form 𝑛𝑂𝜖 (1)
, later works have reduced

the alphabet size and list size to exp(𝑝𝑜𝑙𝑦 (1/𝜖)) [12, 20, 24–26, 28].
See [20] for an explicit construction matching these bounds. They

obtain this code by starting with an AG code over F𝑞𝑚 evaluated

only on points of F𝑞 . Then they take a subcode of this by restricting

the messages to a BTT evasive subspace (where BTT stands for

Block Triangular Toeplitz). Similar to folded Reed-Solomon codes,

their code is not linear over F𝑞𝑚 which is the alphabet–it is only

linear over the base field F𝑞 . They also give an efficient list-decoding

algorithm. [26] give a randomized construction of codes achieving

list-decoding capacity with alphabet size exp(𝑂̃ (1/𝜖2)) and a much

better list size of𝑂 (1/𝜖). They obtain this by folding AG codes using

automorphisms of the underlying function field. The message space

is also restricted to a hierarchical subspace-evasive set (of which

we don’t have explicit constructions, so they give a psuedorandom

2
Here random Reed-Solomon codes over F𝑞 refers to choosing the 𝑛 evaluation points

at random from F𝑞 . Alternatively, one can think of it as the code of length 𝑛 obtained

by randomly puncturing Reed-Solomon code of length 𝑞 evaluated at all points of F𝑞 .
3
In some works, even getting 𝐿 = 𝑛𝑂𝜖 (1)

is considered enough.
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construction) to obtain the list size of 𝑂 (1/𝜖). In particular, their

codes are non-linear because of this restriction. But they give an

efficient list-decoding algorithm for their codes.

We show that by simple random puncturing of an AG code, we

can achieve relaxed LD-MDS codes over constant size fields. In

fact, the field size is also nearly optimal and matches the lower

bound shown in [1]. This result can be thought of as a partial

derandomization of random linear codes which achieve the same

bounds.

Theorem 1.3. (Informal - See Theorem 4.22 and Corollary 4.23) By
randomly puncturing suitable AG codes, with high probability, we get
a code of rate 𝑅 which is (𝜌, 𝐿)-list-decodable with 𝜌 = 𝐿

𝐿+1
(1−𝑅−𝜖)

(as in (2)) over fields of size exp(𝑂 (𝐿/𝜖)). The same result also holds
for the stronger average-radius list-decoding.

We summarize the prior results and our work in Table 1.

Maximally Recoverable Tensor Codes. An (𝑚,𝑛, 𝑎, 𝑏)-tensor code
is a linear code formed by the tensor product of two codes, an

(𝑛, 𝑛 − 𝑏)-code 𝐶𝑟𝑜𝑤 (called the row code) and an (𝑚,𝑚 − 𝑎)-code
𝐶𝑐𝑜𝑙 (called the column code), i.e., 𝐶 = 𝐶𝑐𝑜𝑙 ⊗ 𝐶𝑟𝑜𝑤 . Equivalently,

the codewords of 𝐶 are𝑚 × 𝑛 matrices whose rows belong 𝐶𝑟𝑜𝑤
and columns belong to 𝐶𝑐𝑜𝑙 . Such a code satisfies ‘𝑎’ parity checks

per column and ‘𝑏’ parity checks per row. Tensor codes have good

locality, which means that we can recover an erased symbol by

reading a small number of remaining symbols (called a repair group).

They also have good availability which means that there are two

such disjoint repair groups, one along the row and one along the

column. Thus tensor codes are well-suited in coding for distributed

storage. For example, Facebook’s (nowMeta) f4 storage architecture

uses an (𝑚 = 3, 𝑛 = 14, 𝑎 = 1, 𝑏 = 4) tensor code to store data.

An (𝑚,𝑛, 𝑎, 𝑏)-tensor code is called maximally recoverable (MR)

if it can recover from any erasure pattern that is information theo-

retically possible to recover from (for that particular field charac-

teristic). Thus MR tensor codes are optimal codes in terms of their

ability to recover from erasure patterns. The notion of maximal

recoverability is introduced by [9, 19] to design optimal codes for

distributed storage. Because of their optimality, MR codes are being

used in large scale distributed storage s such as in Microsoft’s data

centers [27]. MR tensor codes were first studied in the work of

[17], with special emphasis on the case of 𝑎 = 1. When 𝑎 = 1, the

column code is a simple parity check code. In this case, [17] give

an explicit condition called regularity to check when an erasure

pattern is correctable.
4
[6] showed that an (𝑚,𝑛, 𝑎 = 1, 𝑏)-tensor

code being MR is equivalent to the row code 𝐶𝑟𝑜𝑤 being higher

order MDS of order𝑚, i.e., MDS(𝑚). Thus MR tensor codes in the

regime of 𝑎 = 1 are exactly equivalent to higher order MDS codes.

In distributed storage applications, having small field size is

extremely important as encoding and decoding involves finite field

arithmetic. Therefore constructions of MR tensor codes over small

fields is a very important problem. Unfortunately, recent lower

bounds due to [4] imply that MR tensor codes with 𝑎 = 1 and just

three rows (i.e.,𝑚 = 3) already require exponential field size. Thus

it is again natural to look for relaxations of MR tensor codes and

hope that we can construct them over smaller fields. In fact, there

is a very natural relaxation for MR tensor codes. We say that an

4
Giving such a condition for general 𝑎,𝑏 is still open.

(𝑚,𝑛, 𝑎, 𝑏)-tensor code is (𝑎′, 𝑏′)-relaxed MR if it can correct every

erasure pattern that an (𝑚,𝑛, 𝑎′, 𝑏′)-MR tensor code can correct

(here 𝑎′ ≤ 𝑎 and 𝑏′ ≤ 𝑏). In this work, since we are focusing only on

MR tensor codes with 𝑎 = 1, we will also only look at (𝑎′ = 1, 𝑏′)-
relaxed MR tensor codes. We show that such codes are equivalent to

the upper relaxation of higher order MDS codes. We then show that

one can indeed construct such codes over small fields by randomly

puncturing Reed-Solomon codes or AG codes. Our main result is

as follows:

Theorem 1.4. (Informal) Let 𝐶𝑐𝑜𝑙 be a simple (𝑚,𝑚 − 1)-parity
check code where𝑚 is some fixed constant and let𝐶𝑟𝑜𝑤 be an (𝑛, 𝑛−𝑏)
code sampled as follows for the two different regimes.

(1) Row code has constant rate 𝑅 ∈ (0, 1), i.e., 𝑏 = (1 − 𝑅)𝑛: In
this case, setting 𝐶𝑟𝑜𝑤 to be a randomly punctured AG code
over an alphabet of size exp(𝑂 (𝑚/𝜖)) will make 𝐶𝑐𝑜𝑙 ⊗𝐶𝑟𝑜𝑤
into an (1, (1 − 𝜖)𝑏)-relaxed (𝑚,𝑛, 1, 𝑏)-MR tensor code with
high probability. (Theorem 4.24)

(2) Row code has small codimension, i.e., 𝑏 ≪ 𝑛: In this case,
setting 𝐶𝑟𝑜𝑤 to be a randomly punctured Reed-Solomon code
over an alphabet of constant size 𝑛𝑂 (𝑚/𝜖 ) will make 𝐶𝑐𝑜𝑙 ⊗
𝐶𝑟𝑜𝑤 into an (1, (1 − 𝜖)𝑏)-relaxed (𝑚,𝑛, 1, 𝑏)-MR tensor code
with high probability. (Corollary 4.15)

The lower bounds from [4] imply that in regime (1) of Theorem

1.3, (non-relaxed) MR tensor codes require fields of size exp(Ω(𝑛)),
whereas the theorem gives constant field size. While in regime (2)

of Theorem 1.3, (non-relaxed) MR tensor codes require fields of size

𝑛Ω (𝑏 )
, whereas the theorem gives polynomial field size independent

of codimension 𝑏.

1.1 Technical Overview
We now give an overview of the main techniques needed to prove

our main results. We start with motivating the relaxed notions of

higher order MDS codes we use to abstract the important properties

of our constructions. Then, we discuss how to adapt the state-of-the-

art techniques for constructing list-decoding capacity-achieving

codes to build more general techniques for constructing relaxed

higher order MDS codes.

1.1.1 Relaxed Higher OrderMDSCodes. As established in [7], there
is an equivalence between higher order MDS codes, codes with

optimal average-case list decoding guarantees, and maximally re-

coverable tensor codes (in the 𝑎 = 1 regime). Thus, in a theory

of relaxed higher order MDS codes, one would hope that natural

relaxations of each of these quantities is also equivalent. However,

such an equivalence is not possible (see discussion in Section 3.1.3).

Instead, we define two relaxations of Definition 1.1, which we call

the “lower” and “upper” relaxations of higher order MDS codes.

Consider a 𝑘 × 𝑛 matrix 𝑉 . Informally, we say that 𝑉 is the 𝑑-
dimensional lower relaxation of an MDS(ℓ) code, which we denote

by rMDS𝑑 (ℓ), if it behaves like a (𝑛, 𝑘 − 𝑑)-MDS(ℓ) code. Likewise
we say that 𝑉 is a 𝑑-dimensional upper relaxation of an MDS(ℓ)
code, which we denote by rMDS

𝑑 (ℓ), if it behaves like a (𝑛, 𝑘 + 𝑑)-
MDS(ℓ) code. The precise definition of “behaves like” requires a bit

of care.
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Table 1: Summary of results on nearly optimal list-decodable codes. Here 𝑅 is the rate and 𝑛 is the length of the code.

Code Family List Size Radius (𝜌) Field Size Construction Reference
Random non-linear code 𝑂 (1/𝜖) 1 − 𝑅 − 𝜖 exp(𝑂 (1/𝜖)) randomized [13, 39]

Random linear code 𝐿 𝐿
𝐿+1

(1 − 𝑅 − 𝜖) exp(𝑂 (𝐿/𝜖)) randomized [2]

Random Reed-Solomon 𝐿 𝐿
𝐿+1

(1 − 𝑅 − 𝜖) exp(𝑂 (𝐿/𝜖)) · 𝑛 randomized [2]

Folded AG subcode + hierarchi-

cal evasive sets (non-linear code)

𝑂 (1/𝜖) 1 − 𝑅 − 𝜖 exp(𝑂̃ (1/𝜖2)) randomized [26]

AG codes with subfield evalua-

tion + BTT evasive subspace

exp(𝑝𝑜𝑙𝑦 (1/𝜖)) 1 − 𝑅 − 𝜖 exp(𝑂̃ (1/𝜖2)) explicit [20]

Random AG code 𝐿 𝐿
𝐿+1

(1 − 𝑅 − 𝜖) exp(𝑂 (𝐿/𝜖)) randomized Theorem 4.22

As observed in [6, 37], computing the intersections of spaces is

closely related to the following block matrix (see Proposition 2.1).

G𝐴1,...,𝐴ℓ
[𝑉 ] :=

©­­­­«
𝐼𝑘 𝑉 |𝐴1

𝐼𝑘 𝑉 |𝐴2

.

.

.
. . .

𝐼𝑘 𝑉 |𝐴ℓ

ª®®®®¬
.

We suppress the sets 𝐴𝑖 in the notation if it is clear from context

what they are. In fact, an alternative definition of a higher order

MDS code is that rank G[𝑉 ] is always equal to rank G[𝑊 ], where
𝑊 is a generic 𝑘 × 𝑛 matrix (see Corollary 2.2). Further, one need

not check this rank equality for all𝐴1, . . . , 𝐴ℓ , but rather only needs

to check when G[𝑊 ] has full column rank (Corollary 2.7) or full

row rank (Proposition 2.9). These alternative definitions of higher

order MDS codes lead to our definitions of relaxed MDS codes.

• We say that a 𝑘 ×𝑛 matrix𝑉 is a lower relaxation of a higher

order MDS code if G𝐴1,...,𝐴ℓ
[𝑉 ] has full column rank when-

everG𝐴1,...,𝐴ℓ
[𝑊 ] has full column rank, where𝑊 is a generic

(𝑘 − 𝑑) × 𝑛 matrix. (Definition 3.1)

• We say that a 𝑘 × 𝑛 matrix 𝑉 is an upper relaxation of a

higher order MDS code if G𝐴1,...,𝐴ℓ
[𝑉 ] has full row rank

whenever G𝐴1,...,𝐴ℓ
[𝑊 ] has full row rank, where 𝑊 is a

generic (𝑘 + 𝑑) × 𝑛 matrix. (Definition 3.4)

In the process of building the theory of these two relaxations, we

prove two equivalence theorems: Theorem 3.11 and Theorem 3.15.

Theorem 3.11 shows that a code 𝐶 is rLD-MDS if and only if its

dual code 𝐶⊥
is a lower relaxed higher order MDS code. This is a

direct generalization of the equivalence theorem of [7]. Likewise,

Theorem 3.15 shows that, if 𝐶′
is the dual of a code with a single

parity check involving all coordinates, 𝐶′ ⊗ 𝐶 is an relaxed MR

tensor code if and only if 𝐶 is an upper relaxed higher order MDS

code. This generalized an equivalence theorem of [6].

The proofs of these equivalences are relatively straightforward,

and mostly mimic arguments in [6] and [7]. However, some care

is needed in the proofs as we can no longer assume that the ma-

trix 𝑉 is MDS. The main utility of these equivalencies is that the

notions of rLD-MDS and rMR can be checked using the relatively

simple matrix conditions used to check the lower and upper MDS

conditions–see Corollary 3.12 and Definition 2.8, respectively. This

simplicity helps in proving our main results.

1.1.2 Constructions Using Punctured Codes Coming from Polynomi-
als and Varieties. The GM-MDS theorem [29, 40] using the equiva-

lence in [7] shows that generic Reed-Solomon (RS) codes are higher

order MDS codes (and hence LD-MDS as well). Using this insight

[21] and [2] showed that a randomly punctured RS code can achieve

list decoding capacity over a linear sized field.

The key idea in [21] was that the average list decoding condition

was equivalent to checking the rank of a ‘Reduced intersection ma-

trix’𝑀 . As [7] showed that RS codes achieve list decoding capacity,

it was known that𝑀 had the right rank for a generic RS code. List

decoding close to capacity was then shown to translate to a lower

rank condition on𝑀 . If an RS code was randomly initialized then𝑀

not having the right rank would need many ‘faults’ (as generically

𝑀 had a much higher rank). This lead to a significant advantage in

calculating the failure probability and [21] showed that randomly

punctured RS codes achieve list decoding capacity over quadratic

sized fields. [2] improved this analysis at a few key technical points

to get linear field sizes.

Our main result vastly generalizes this and gives results for both

the upper and lower relaxations (giving us close to capacity list

decodable and relaxed MR-tensor codes). To initialize the [2, 21]

strategy we need the GM-MDS theorem to hold in a more general

setting. In the paper [3], it was shown that the GM-MDS theorem

holds for any code where the points are generically from an irre-

ducible variety which contains no hyperplanes through the origin

(a particular example would be anything generated by linearly in-

dependent polynomials). Using the relaxations discussed earlier we

get two matrix conditions for the two relaxations. They generically

have much higher rank by the generalized GM-MDS theorem and

we are able to follow the argument of [21] and [2] using simple

theorems from algebraic geometry (for instance using Bezout’s

theorem instead of Schwartz-Zippel [33, 41]).

Note, the argument of [21] and [2] cannot be applied directly

to the setting of AG codes. Their arguments use the fact that Reed

Solomon and Random linear codes are images of polynomial maps.

A failure to achieve list decoding capacity implied certain matrices

having low rankwhich gave an algebraic condition on the generator

matrix of a code. Substituting the polynomial maps generating the

code then allows us to use Schwartz-Zippel to control the number

of failures caused by bad columns. AG codes cannot be represented

as an image of polynomial maps so we use an algebraic geometric

perspective to adapt the arguments of [21] and [2].We use facts

proven using the Reimann-Roch theorem (which is also needed

to prove classical distance bounds for AG codes) to show that the

743



AG Codes Achieve List Decoding Capacity over Constant-Sized Fields STOC ’24, June 24–28, 2024, Vancouver, BC, Canada

columns of an AG code can be treated as points on an irreducible

variety of controllable degree. We can then use Bezout’s theorem to

control the number of bad columns causing an algebraic condition

for list-decoding to vanish. This perspective gives us a general

statement which works for any code whose columns are sampled

from an irreducible variety and recovers the statement for random

Reed Solomon and random linear codes from [2].

1.2 Open Problems
We conclude the introduction with a few open problems.

• One question that remains open is if we can achieve (even

existentially) the parameters of the random non-linear code

for getting 𝜖-close to list-decoding capacity, i.e., a field size

of exp(𝑂 (1/𝜖)) and list size of 𝑂 (1/𝜖), with a linear code.

This will match the known lower bound of exp(Ω(1/𝜖))
on the field size required to even get polynomial list size

[13, 39]. We note that this question is closely related to the

current gap in the optimal field size for (𝑛, 𝑘)-MDS(𝐿) codes
whose currently field size lower/upper bounds are of the

form exp(Ω(𝑛)) and exp(𝑂 (𝑛𝐿)), respectively, in the regime

that 𝑘/𝑛 converges to a constant 𝑅 ∈ (0, 1) [4, 6].
• Do random puncturings of Reed-Solomon or AG codes have

efficient list decoding algorithms up to list decoding capac-

ity? As discussed in [7], current hardness results for list de-

coding do not apply to randomly punctured Reed-Solomon

or AG codes.

• Can we generalize the results in this paper to the duals

of punctured AG codes? In particular, does the dual of a

punctured AG code achieve list decoding capacity over small

fields? Does the dual of a punctured AG code give relaxed

MR tensor code with suitable parameters over small fields?

Though the generalized GM-MDS theorem of [3] applies

to duals of polynomial codes, there are further technical

difficulties in generalizing the approach in this paper.

• The upper relaxation of a higher order MDS code corre-

sponds to a relaxed MR(𝑎, 𝑏) code in the 𝑎 = 1 case. To what

extent canwe generalize these results for larger𝑎? Seemingly

a road block is a combinatorial characterization of which pat-

terns are correctable by an MR(𝑚,𝑛, 𝑎, 𝑏) tensor code when
𝑎, 𝑏 ≥ 2. See [3] for further discussion. But a more approach-

able open problem is to show that if 𝐶𝑟𝑜𝑤 and 𝐶𝑐𝑜𝑙 are both

random linear codes of constant rate, then 𝐶𝑐𝑜𝑙 ⊗ 𝐶𝑟𝑜𝑤 is a

((1 − 𝜖)𝑎, (1 − 𝜖)𝑏)-relaxed (𝑚,𝑛, 𝑎, 𝑏)-MR tensor code over

small fields, maybe even fields of size exp(𝑂𝜖 (1)) indepen-
dent of𝑚,𝑛, 𝑎, 𝑏.

1.3 Organization
In Section 2 we go over essential background on higher order MDS

codes. In Section 3, we define various relaxations of higher order

MDS codes and show that some of these are equivalent. In Section 4

we show that randomly-punctured algebraic-geometry codes satisfy

these relaxed notions over small fields.

2 PRELIMINARIES
In this section, we discuss various background material needed to

prove our main results.

2.1 Notation
Given a matrix 𝑀 ∈ F𝑚×𝑛

, we say that 𝑀 has full row rank if

rank𝑀 =𝑚 and that𝑀 has full column rank if rank𝑀 = 𝑛. When

discussing the properties of higher order MDS codes and their

relaxations, we need to consider the ranks of various block matrices

(e.g., [6]). Here, we introduce some succinct notation to discuss

these matrices. Given a matrix𝑉 ∈ F𝑘×𝑛 and sets 𝐴1, . . . , 𝐴ℓ ⊆ [𝑛],
we define the following (affine) operators:

G𝐴1,...,𝐴ℓ
[𝑉 ] :=

©­­­­«
𝐼𝑘 𝑉 |𝐴1

𝐼𝑘 𝑉 |𝐴2

.

.

.
. . .

𝐼𝑘 𝑉 |𝐴ℓ

ª®®®®¬
, (3)

and

H𝐴1,...,𝐴ℓ
[𝑉 ] :=

©­­­­­­­«

𝐼𝑛 |𝐴1

𝐼𝑛 |𝐴2

· · · 𝐼𝑛 |𝐴ℓ

𝑉 |
𝐴1

𝑉 |
𝐴2

. . .

𝑉 |
𝐴ℓ

ª®®®®®®®¬
, (4)

where 𝐴𝑖 := [𝑛] \𝐴𝑖 .

2.2 Properties of Higher Order MDS Codes
The proofs and more detailed discussion is in the full version [5].

Proposition 2.1 ([37], as stated in [3]). Let𝑉 be a 𝑘×𝑛-matrix.
For any 𝐴1, . . . , 𝐴ℓ ⊆ [𝑛], we have that

dim(𝑉𝐴1
∩ · · · ∩𝑉𝐴ℓ

) = 𝑘 +
ℓ∑︁

𝑖=1

dim(𝑉𝐴𝑖
) − rank G𝐴1,...,𝐴ℓ

[𝑉 ] .

(5)

We note the following corollary.

Corollary 2.2. Let 𝑉 be a 𝑘 × 𝑛-matrix and𝑊 a generic 𝑘 × 𝑛-
matrix. For all ℓ ≥ 2, we have that 𝑉 is MDS(ℓ) if and only if for all
𝐴1, . . . , 𝐴ℓ ⊆ [𝑛],

rank G𝐴1,...,𝐴ℓ
[𝑉 ] = rank G𝐴1,...,𝐴ℓ

[𝑊 ] . (6)

We now state what we believe is a novel adaptation of Propo-

sition 2.1 for parity-check matrices. Note that this formula also

relates the rank of G(𝐺) to the rank ofH(𝐺⊥).

Lemma 2.3. Let 𝐶 be an (𝑛, 𝑘)-code (not necessarily MDS) with
generator matrix𝐺 and parity-check matrix 𝐻 . For any𝐴1, . . . , 𝐴ℓ ⊆
[𝑛], we have that

dim(𝐻𝐴1
∩ · · · ∩𝐻𝐴ℓ

) = 𝑛 − 𝑘 +
ℓ∑︁

𝑖=1

rank(𝐺 |
𝐴𝑖
)

− rankH𝐴1,...,𝐴ℓ
[𝐺] . (7)

2.2.1 Null Intersection. An important structural property of higher

order MDS codes is characterizing when the intersection of spaces

is the null space.

Definition 2.4 ([6]). We say that 𝐴1, . . . , 𝐴ℓ ⊆ [𝑛] have the 𝑘-
dimensional null intersection property if for any generic 𝑘 × 𝑛 matrix
𝑊 , we have that𝑊𝐴1

∩ · · · ∩𝑊𝐴ℓ
= 0.
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Combinatorial characterizations of the null intersection property

were found in [6, 7].

Proposition 2.5 ([7]). The sets 𝐴1, . . . , 𝐴ℓ ⊆ [𝑛] with |𝐴𝑖 | ≤ 𝑘

have the 𝑘-dimensional null intersection property if and only if for
all 𝑖 ∈ [𝑛] and for all partitions 𝑃1 ∪ · · · ∪ 𝑃𝑠 = [ℓ], we have that

𝑠∑︁
𝑖=1

������⋂𝑗∈𝑃𝑖 𝐴 𝑗

������ ≤ (𝑠 − 1)𝑘 (8)

We note that it suffices to verify Definition 1.1 for𝐴1, . . . , 𝐴ℓ has

the 𝑘-dimensional null intersection property.

Proposition 2.6 ([6]). For ℓ ≥ 2, a generator matrix 𝑉 ∈ F𝑘×𝑛

with every column nonzero is MDS(ℓ) if and only if for all𝐴1, . . . , 𝐴ℓ

⊆ [𝑛] with the 𝑘-dimensional null intersection property and |𝐴𝑖 | ≤ 𝑘

we have 𝑉𝐴1
∩ · · · ∩𝑉𝐴ℓ

= 0.

We also note the following simple observation will help motivate

the lower relaxation of higher order MDS codes.

Corollary 2.7. Let 𝑉 be a 𝑘 × 𝑛-matrix and𝑊 a generic 𝑘 × 𝑛-
matrix. For all ℓ ≥ 2, we have that 𝑉 is MDS(ℓ) if and only if for all
𝐴1, . . . , 𝐴ℓ ⊆ [𝑛], such that G𝐴1,...,𝐴ℓ

[𝑊 ] has full column rank, we
have that (6) holds.

2.2.2 Saturation. As noted, the null intersection property is closely
related to G having full column rank. We now consider the “dual”

situation in which G has full row rank. We call this the saturation
property. This property is useful for motivating the upper relaxation

of higher order MDS codes.

Definition 2.8. Let𝑉 ∈ F𝑘×𝑛 . We say that 𝐴1, . . . , 𝐴ℓ ⊆ [𝑛] are
𝑉 -saturated if

rank G𝐴1,...,𝐴ℓ
[𝑉 ] = ℓ𝑘,

i.e., G𝐴1,...,𝐴ℓ
[𝑉 ] has full row rank. We say the sets have the 𝑘-

dimensional saturation property if they are 𝑊 -saturated, where
𝑊 is a 𝑘 × 𝑛 generic matrix.

By Proposition 2.1, we have that 𝐴1, . . . , 𝐴ℓ are 𝑉 -saturated if

and only if

dim(𝑉𝐴1
∩ · · · ∩𝑉𝐴ℓ

) =
ℓ∑︁

𝑖=1

dim(𝑉𝐴𝑖
) − (ℓ − 1)𝑘. (9)

We note that Proposition 2.6 for null intersection has a analogous

result for saturation.

Proposition 2.9. For ℓ ≥ 2, a generator matrix 𝑉 ∈ F𝑘×𝑛 is
MDS(ℓ) if and only if for all 𝐴1, . . . , 𝐴ℓ ⊆ [𝑛] with the 𝑘-dimension
saturation property we have that 𝐴1, . . . , 𝐴ℓ are 𝑉 -saturated.

2.2.3 MR Tensor Codes. Let E𝑚,𝑛

𝑎,𝑏,𝑝
be the set of all subsets 𝐸 ⊆

[𝑚] × [𝑛] which are correctable by a (𝑚,𝑛, 𝑎, 𝑏)-MR-tensor code

over a field of characteristic 𝑝 . If the base field is clear from context,

we drop mention of 𝑝 . It is easy to see that this family is monotone

in 𝑎 and 𝑏: for all 𝑎′ ≤ 𝑎 and 𝑏′ ≤ 𝑏, we have that E𝑚,𝑛

𝑎′,𝑏′
⊆ E𝑚,𝑛

𝑎,𝑏
.

We also let P𝑚,𝑛

𝑎,𝑏
⊂ E𝑚,𝑛

𝑎,𝑏
be the set of maximal patterns. In

particular, if 𝑚 ≥ 𝑎 and 𝑛 ≥ 𝑏, then P𝑚,𝑛

𝑎,𝑏
= {𝐸 ∈ E𝑚,𝑛

𝑎,𝑏
: |𝐸 | =

𝑏𝑚 + 𝑎𝑛 − 𝑎𝑏}. We recall the regularity theorem of [18].

Theorem 2.10 ([17]). For 𝐸 ⊆ [𝑚] × [𝑛], we have that 𝐸 ∈ E𝑚,𝑛

𝑎,𝑏

only if for all 𝑆 ⊆ [𝑚] with |𝑆 | ≥ 𝑎 and 𝑇 ⊆ [𝑛] with |𝑇 | ≥ 𝑏, we
have that

|𝐸 ∩ (𝑆 ×𝑇 ) | ≥ 𝑏 |𝑆 | + 𝑎 |𝑇 | − 𝑎𝑏.

Further, this description of E𝑚,𝑛

𝑎,𝑏
is complete if 𝑎 = 1.

The following restate some results in [6], their proofs are in our

full version [5]. Correctable erasure patterns in the case of 𝑎 = 1

are related to sets with the saturation property.

Proposition 2.11. Let 𝐶1 be a (𝑚,𝑚 − 𝑎)-code with generator
matrix𝑈 . Likewise, let𝐶2 be an (𝑛, 𝑛−𝑏)-code with generator matrix
𝑉 . Let 𝐸 ⊆ [𝑚] × [𝑛]. Also let 𝐴1, . . . , 𝐴𝑚 ⊆ [𝑛] such that 𝐸 =⋃𝑚

𝑖=1
{𝑖} ×𝐴𝑖 the following are equivalent:

(a) 𝐸 is a correctable pattern.
(b)

∑
(𝑖, 𝑗 ) ∈𝐸 ⟨𝑈𝑖 ⊗ 𝑉𝑗 ⟩ = F𝑚−𝑎 ⊗ F𝑛−𝑏 .

(c) If 𝑎 = 1 and 𝐶1 is MDS, rank G𝐴1,...,𝐴𝑚
[𝑉 ] = 𝑚(𝑛 − 𝑏), i.e.,

𝐴1, . . . , 𝐴𝑚 are 𝑉 -saturated.

Remark 2.1. Likewise, from the results of [6], one can prove that
the vectors {𝑈𝑖 ⊗ 𝑉𝑗 : (𝑖, 𝑗) ∈ 𝐸} are independent if and only if
𝐺𝐴1,...,𝐴𝑚

[𝑉 ] has full column rank, i.e., 𝑉𝐴1
∩ . . . ∩ 𝑉𝐴ℓ

= 0 and
dim𝑉𝐴𝑖

= |𝐴𝑖 | for all 𝑖 ∈ [𝑚].
Thus, sets with the null intersection property are related to inde-

pendent sets in the tensor product matroid, i.e., 𝐴1, 𝐴2, . . . , 𝐴𝑚 have
𝑘-dimensional null-intersection property if generically {𝑈𝑖 ⊗ 𝑉𝑗 :

𝑗 ∈ 𝐴𝑖 } are independent in F𝑚−1 ⊗ F𝑘 . Likewise, sets with the sat-
uration property are related to spanning sets in the tensor product
matroid, i.e., 𝐴1, 𝐴2, . . . , 𝐴𝑚 have 𝑘-dimensional saturation property
if to {𝑈𝑖 ⊗ 𝑉𝑗 : 𝑗 ∈ 𝐴𝑖 } span F𝑚−1 ⊗ F𝑘 .

Lemma 2.12 (Implicit in [6]). Let𝐶1 ⊆ F𝑚 and𝐶2 ⊆ F𝑛 be codes
with distance at least 𝑎 + 1 and 𝑏 + 1 respectively. Then, there exists a
set P𝑚,𝑛

𝑎,𝑏
⊆ E𝑚,𝑛

𝑎,𝑏
such that𝐶1 ⊗𝐶2 is (𝑎, 𝑏)-MR if and only if for all

𝑃 ∈ P𝑚,𝑛

𝑎,𝑏
we have that 𝐶1 ⊗ 𝐶2 can correct erasure pattern 𝑃 and

|P𝑚,𝑛

𝑎,𝑏
| ≤ min

[
2
𝑚𝑛,

(
𝑛

≤ 𝑏 (𝑚 − 𝑎)

) (
𝑏𝑚(𝑚 − 𝑎)

≤ 𝑏 (𝑎 + 1) (𝑚 − 𝑎)

)
,(

𝑚

≤ 𝑎(𝑛 − 𝑏)

) (
𝑎𝑛(𝑛 − 𝑏)

≤ 𝑎(𝑏 + 1) (𝑛 − 𝑏)

)]
.

3 RELAXED HIGHER ORDER MDS CODES
In this section, we define lower and upper relaxations of higher

order MDS codes. We then show that lower relaxation is equivalent

(up to duality) to relaxed version of optimal list-decodable codes

(LD-MDS), and upper relaxation is equivalent to relaxed version of

MR tensor codes (with single column parity check).

3.1 Lower and Upper Relaxations of Higher
Order MDS Codes

As discussed in Section 2, there are many equivalent criteria for

checking if a code is a higher order MDS code, including Corol-

lary 2.7 and Proposition 2.9. Each of these criteria is a logical con-

junction of many algebraic conditions (e.g., a matrix is of a specific

rank, etc.). As such, these formulations of a higher order MDS code
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can be relaxed by only imposing that a (suitable) subset of the alge-

braic conditions hold. The precise relaxation needs to be carefully

chosen so that many “natural” properties of higher order MDS

codes continue to hold in these relaxed versions.

More precisely, our lower relaxation (Definition 3.1) relaxes

Corollary 2.7 so that our code looks like a higher order MDS code

of smaller rate; while our upper relaxation (Definition 3.4) relaxes

Proposition 2.9 to look like a higher order MDS code of larger rate.

3.1.1 Lower Relaxation. The lower relaxation checks the condition

of Corollary 2.7 on a smaller number of families of sets.

Definition 3.1 (Lower Relaxation). Let ℓ ≥ 2 and 𝑛 ≥ 𝑘 ≥
𝑑 ≥ 0. Let𝑊 be a (𝑘 − 𝑑) × 𝑛 generic matrix. We say that a (𝑛, 𝑘)-
code𝐶 with generator matrix𝐺 is rMDS𝑑 (ℓ) if G𝐴1,...,𝐴ℓ

[𝐺] has full
column rank whenever G𝐴1,...,𝐴ℓ

[𝑊 ] has full column rank.

We now note an equivalent definition, whose equivalence we

prove in the full version [5] of this paper.

Proposition 3.2. Let ℓ ≥ 2 and 𝑛 ≥ 𝑘 ≥ 𝑑 ≥ 0. We say that a
(𝑛, 𝑘)-code 𝐶 with generator matrix 𝐺 is rMDS𝑑 (ℓ) if and only if (1)
every column of 𝐺 is nonzero and (2) for all 𝐴1, . . . , 𝐴ℓ ⊆ [𝑛] of size
at most 𝑘 − 𝑑 with the 𝑘 − 𝑑-dimensional null intersection property
we have that 𝐺𝐴1

∩ · · · ∩𝐺𝐴ℓ
= 0.

We now state a few basic properties of this relaxation, many of

which are analogous to results in [6, 32]. These are proved in our

full version [5].

Proposition 3.3. Let 𝐶 be an (𝑛, 𝑘)-code with generator matrix
𝐺 . Let ℓ ≥ 2.

(a) 𝐶 is rMDS0 (ℓ) if and only if 𝐶 is MDS(ℓ).
(b) If 𝐶 is rMDS𝑑 (ℓ), then 𝐶 is rMDS𝑑 ′ (ℓ) for all 𝑑′ ∈ {𝑑 +

1, . . . , 𝑘}.
(c) If𝐶 is rMDS𝑑 (ℓ), then𝐶 is rMDS𝑑 (ℓ′) for all ℓ′ ∈ {2, . . . , ℓ −

1}.
(d) 𝐶 is rMDS𝑑 (2) if and only if every 𝑘 − 𝑑 columns of 𝐺 are

linearly independent.

3.1.2 Upper Relaxation. We now define the upper relaxation of a

higher order MDS code based on the saturation property (Defini-

tion 2.8).

Definition 3.4 (Upper Relaxation). Let ℓ ≥ 2. We say that a
(𝑛, 𝑘)-code𝐶 with generatormatrix𝐺 is rMDS

𝑑 (ℓ) with 0 ≤ 𝑑 ≤ 𝑛−𝑘
if for all 𝐴1, . . . , 𝐴ℓ ⊆ [𝑛] with the 𝑘 + 𝑑-dimensional saturation
property, we have that 𝐴1, . . . , 𝐴ℓ are 𝐺-saturated.

We note that unlike the lower relaxation, some columns of 𝐺

may equal zero. The following properties are proved in our full

version [5].

Proposition 3.5. Let 𝐶 be an (𝑛, 𝑘)-code with generator matrix
𝐺 . Let ℓ ≥ 2.

(a) 𝐶 is rMDS
0 (ℓ) if and only if 𝐶 is MDS(ℓ).

(b) If 𝐶 is rMDS
𝑑 (ℓ), then 𝐶 is rMDS

𝑑 ′ (ℓ) for all 𝑑′ ≥ 𝑑 + 1.
(c) If𝐶 is rMDS

𝑑 (ℓ), then𝐶 is rMDS
𝑑 (ℓ′) for all ℓ′ ∈ {2, . . . , ℓ −

1}.
(d) 𝐶 is rMDS

𝑑 (2) if and only if every 𝑘 + 𝑑 columns of 𝐺 span
F𝑘 .

3.1.3 Comparison Between Relaxations. A natural question is if the

distinction between upper and lower relaxations is truly necessary.

Note that one cannot directly compare the upper and lower relax-

ations: if 𝐶 is an (𝑛, 𝑘)-code. There are 𝑘 + 1 values of 𝑑 for which

one can ask whether𝐶 is an rMDS𝑑 (ℓ) code, but there are 𝑛 −𝑘 + 1

values of 𝑑 for which one can ask whether 𝐶 is an rMDS
𝑑 (ℓ) code.

For this comparison to “type check” we need to compare whether

𝐶 is rMDS𝑑 (ℓ) with whether the dual code 𝐶⊥
is rMDS

𝑑 (ℓ). From
this perspective, these notions are equivalent for ℓ = 2, but not

necessarily for large ℓ . We first demonstrate the equivalence part

of this statement.

Proposition 3.6. Let 𝐶 be an (𝑛, 𝑘)-code. We have that 𝐶 is
rMDS𝑑 (2) if and only if 𝐶⊥ is rMDS

𝑑 (2).

However, for larger ℓ this equivalence breaks down.

Proposition 3.7. The following statements hold.
(a) There exists an rMDS𝑑 (4) code 𝐶 such that 𝐶⊥ fails to be

rMDS
𝑑 (4).

(b) There exists an rMDS
𝑑 (4) code 𝐶 such that 𝐶⊥ fails to be

rMDS𝑑 (4).

Proof. These equivalences break down due to counterexamples

appeared in [6, Appendix B.3]. □

3.2 Relaxed LD-MDS Codes
To understand codes achieving a list-decoding capacity over small

fields, Guo and Zhang [21] used a relaxed Singleton bound. We

abstract that into a definition.

Definition 3.8 (Relaxed LD-MDS Codes). Given 𝑑 ≥ 0, let
𝜌𝑛,𝑘,𝑑 (𝐿) := 𝐿

𝐿+1

𝑛−𝑘−𝑑
𝑛 . We say that a (𝑛, 𝑘)-code𝐶 is rLD-MDS𝑑 (𝐿)

if it is (𝜌𝑛,𝑘,𝑑 (𝐿), 𝐿) average-radius list-decodable. We say a code is
rLD-MDS𝑑 (≤ 𝐿) if it is rLD-MDS𝑑 (ℓ) for all ℓ ∈ {1, . . . , 𝐿}.

Note that rLD-MDS0 (𝐿) coincides with LD-MDS(𝐿). However,
when 𝑑 ≥ 1, a rLD-MDS𝑑 (1) code may not be MDS. However, we

can prove such a code has large distance (analogous to a result of

[32]).

Proposition 3.9. Let 𝐶 be an (𝑛, 𝑘)-code. Then, 𝐶 is
rLD-MDS𝑑 (1) if and only if its distance is at least 𝑛 − 𝑘 − 𝑑 + 1.

As a corollary, we have that rLD-MDS𝑑 (1) is dual to rMDS𝑑 (2).

Corollary 3.10. Let𝐶 be an (𝑛, 𝑘)-code. Then,𝐶 is rLD-MDS𝑑 (1)
if and only if 𝐶⊥ is rMDS𝑑 (2).

We now generalize this duality for all values of 𝐿. In particular,

our result is a generalization to relaxed higher order MDS codes of

the main theorem from [7] that LD-MDS(≤ 𝐿) is dual toMDS(𝐿+1).

Theorem 3.11. Let𝐶 be an (𝑛, 𝑘)-code. For any 𝑑 ∈ {0, . . . , 𝑛−𝑘},
we have that𝐶 is rLD-MDS𝑑 (≤ 𝐿) if and only if𝐶⊥ is rMDS𝑑 (𝐿+1).

The follow corollary will be useful for analyzing the list decoding

properties of algebraic-geometry codes. This result is essentially

equivalent to Lemma 3.5 of [21].

Corollary 3.12. Let 𝐶 be a (𝑛, 𝑘)-code. We have that 𝐶 is
LD-MDS𝑑 (≤ 𝐿) if and only if for all ℓ ∈ {2, . . . , 𝐿 + 1}, and for all
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𝐴1, . . . 𝐴ℓ ⊆ [𝑛] with the 𝑛 − 𝑘 − 𝑑-dimensional null intersection
property we have that

rankH𝐴1,...,𝐴ℓ
[𝐺] = 𝑛 + (ℓ − 1)𝑘. (10)

For applications to list decoding, we need to understand how

(10) changes when some columns of 𝐺 are deleted.

Proposition 3.13. Let 𝐶 be a (𝑛, 𝑘)-code with generator matrix
𝐺 . Let 𝐴1, . . . 𝐴ℓ ⊆ [𝑛]. For all 𝐵 ⊆ 𝐴1 ∪ · · ·𝐴ℓ , we have that

rankH𝐴1,...,𝐴ℓ
[𝐺] ≥ |𝐵 | + rankH𝐴1\𝐵,...,𝐴ℓ \𝐵 [𝐺 |

𝐵
] . (11)

3.3 Relaxed MR Tensor Codes
Definition 3.14 (Relaxed MR Tensor Codes). Let 0 ≤ 𝑎′ ≤

𝑎 ≤ 𝑚 and 0 ≤ 𝑏′ ≤ 𝑏 ≤ 𝑛. Let 𝐶𝑐𝑜𝑙 be a (𝑚,𝑚 − 𝑎)-code and 𝐶𝑟𝑜𝑤
be a (𝑛, 𝑛 − 𝑏)-code. We say that 𝐶𝑐𝑜𝑙 ⊗ 𝐶𝑟𝑜𝑤 is a (𝑎′, 𝑏′)-relaxed
(𝑚,𝑛, 𝑎, 𝑏)-MR tensor code if 𝐶𝑐𝑜𝑙 ⊗ 𝐶𝑟𝑜𝑤 can correct any erasure
pattern 𝐸 ∈ E𝑚,𝑛

𝑎′,𝑏′
.

Unlike for MR-tensor codes, 𝐶𝑐𝑜𝑙 and 𝐶𝑟𝑜𝑤 need not be MDS

codes. We show for 𝑎 = 1 this condition can be made equivalent to

a suitable upper relaxation of a higher order MDS code.

Theorem 3.15. Let 𝐶 be an (𝑛, 𝑛 − 𝑏)-code. Let 𝑑 ∈ {0, 1, . . . , 𝑏}.
Let 𝐶′ be any (𝑚,𝑚 − 1)-MDS-code. The following are equivalent

(a) 𝐶 is MDS
𝑑 (𝑚).

(b) 𝐶′ ⊗ 𝐶 is (1, 𝑏 − 𝑑)-rMR(𝑚,𝑛, 1, 𝑏).
We first observe the following corollary of Proposition 2.11

Proposition 3.16. Consider 𝐸 ⊆ [𝑚]× [𝑛]. Let𝐴1, . . . , 𝐴𝑚 ⊆ [𝑛]
be such that 𝐸 =

⋃𝑚
𝑖=1

{𝑖} ×𝐴𝑖 . The following are equivalent.
(1) 𝐸 ∈ E𝑚,𝑛

1,𝑏
.

(2) 𝐴1, . . . , 𝐴𝑚 have the (𝑛 − 𝑏)-dimensional saturation property.

Proof. Apply Proposition 2.11 (a) and (c) with for a generic

(𝑛 − 𝑏) × 𝑛 matrix𝑊 . □

Proof of Theorem 3.15. Consider 𝐸 ⊆ [𝑚] × [𝑛]. Let 𝐴1, . . . ,

𝐴𝑚 ⊆ [𝑛] be such that 𝐸 =
⋃𝑚

𝑖=1
{𝑖} × 𝐴𝑖 . Let 𝐺 be a generator

matrix for 𝐶 .

By Proposition 2.11, we have that 𝐸 is correctable for𝐶′⊗𝐶 if and

only if𝐴1, . . . , 𝐴𝑚 is𝐺-saturated. By Proposition 3.16, we have that

𝐶′⊗𝐶 corrects every pattern in E𝑚,𝑛

1,𝑏
if and only if every𝐴1, . . . , 𝐴𝑚

with the 𝑛 − 𝑏-dimensional saturation property is 𝐺-saturated. □

The following lemma is useful in proving that relaxed MR tensor

codes exist over small fields.

Lemma 3.17. Let 𝐸 ∈ E𝑚,𝑛

𝑎,𝑏
. Pick 𝐴 ⊆ [𝑚] and 𝐵 ⊆ [𝑛]. Let 𝐸′ =

𝐸 ∪𝐴× [𝑛] ∪ [𝑚] ×𝐵. Then, 𝐸′ ∈ E𝑚,𝑛

𝑎′,𝑏′
, where 𝑎′ = min(𝑎 + |𝐴|,𝑚)

and 𝑏′ = min(𝑏 + |𝐵 |, 𝑛).
As a corollary, we get the following fact about the saturation

property.

Corollary 3.18. Let𝐴1, . . . , 𝐴𝑚 ⊆ [𝑛] have the𝑘+𝑑-dimensional
saturation property. Then, for any 𝐵 ⊆ [𝑛] of size at most 𝑑 , we have
that 𝐴1 \ 𝐵, . . . , 𝐴𝑚 \ 𝐵 have the 𝑘-dimensional saturation property.

Proof. Let 𝐸 =
⋃𝑚

𝑖=1
{𝑖} × 𝐴𝑖 and 𝐸′ =

⋃𝑚
𝑖=1

{𝑖} × (𝐴𝑖 ∪ 𝐵). By
Proposition 3.16, it suffices to prove that if 𝐸 ∈ E𝑚,𝑛

1,𝑛−𝑘−𝑑 then

𝐸′ ∈ E𝑚,𝑛

1,𝑛−𝑘 . This follows form Lemma 3.17. □

4 CONSTRUCTIONS FROM RANDOMLY
PUNCTURED ALGEBRAIC CODES

In this section, we will show that by randomly puncturing algebraic

codes (such as Reed-Solomon codes or AG codes or even random

linear codes), we can construct both upper and lower relaxed higher

order MDS codes over small fields. We first recall some standard

facts from algebraic geometry similar to [3].

4.1 Algebraic Preliminaries
Let F be an algebraically closed field. An ideal 𝐼 ⊂ F[𝑥1, . . . , 𝑥𝑘 ] is
a subset of polynomials closed under addition and multiplication

with arbitrary polynomials in F[𝑥1, . . . , 𝑥𝑘 ]. The set of common

zeros of a collection of polynomials in F[𝑥1, 𝑥2, . . . , 𝑥𝑘 ] is called a

variety. The variety𝑉 (𝐼 ) denotes the common zeros of polynomials

in an ideal 𝐼 . The set of all polynomials vanishing on a subset

𝑉 ⊂ F𝑘 is an ideal in F[𝑥1, 𝑥2, . . . , 𝑥𝑘 ] and is denoted by 𝐼 (𝑉 ).
An ideal 𝐼 ⊆ F[𝑥1, . . . , 𝑥𝑘 ] is said to be radical if 𝑓 𝑟 ∈ 𝐼 for any

𝑟 implies 𝑓 ∈ 𝐼 . By Hilbert’s Nullstellensatz, there is a one-to-

one correspondence between radical ideals and varieties, i.e., for a

variety 𝑋 , 𝐼 (𝑋 ) is a radical ideal and 𝑉 (𝐼 (𝑋 )) = 𝑋 . An irreducible

variety 𝑋 is a variety for which 𝐼 (𝑋 ) is a prime ideal.

A Zariski open set over a variety 𝑋 is a set of the form 𝑈𝑓 =

{𝑥 |𝑓 (𝑥) ≠ 0, 𝑥 ∈ 𝑋 }, where 𝑓 ∈ F[𝑥1, . . . , 𝑥𝑘 ]. The Zariski topology
over a variety 𝑋 is generated by the Zariski open sets over 𝑋 . Note

that 𝑋 is irreducible if and only if no subset of 𝑋 can be partitioned

into two non-empty Zariski open sets. If𝑈𝑓 is Zariski dense in 𝑋 ,

then we say that 𝑓 is generically non-vanishing. For irreducible 𝑋 ,

it is equivalent check that 𝑓 is nonzero for one point of 𝑋 or that

𝑓 ∉ 𝐼 (𝑋 ). We now state some simple facts about varieties.

Lemma 4.1 (Product of varieties (See 9.4.E in [38])). If 𝑋1 ⊆
F𝑘1 and 𝑋2 ⊆ F𝑘2 are two varieties then 𝑋1 × 𝑋2 ⊆ F𝑘1+𝑘2 is also a
variety. Furthermore, if 𝑋1 and 𝑋2 are irreducible then so is 𝑋1 × 𝑋2.

A non-empty variety𝑋 is said to have dimension 𝑟 if intersecting

𝑋 with 𝑟 generic hyperplanes gives a finite set of points. If we count

the number of points projectively, that is take F𝑛𝑞 as a subset of PF𝑛𝑞
and consider hyperplanes in projective space, then this number

of points is generically constant and is said to be the degree of

𝑋 . Bezout’s theorem for curves states two irreducible curves of

degree 𝑑1 and 𝑑2 intersect in at most 𝑑1𝑑2 points. The following is

a generalization to varieties.

Lemma 4.2 (Bezout’s theorem (see 18.6.K in [38])). If 𝑋 is an
irreducible curve of degree 𝑑1 cut out by 𝐼 and 𝑓 is a polynomial of
degree 𝑑2 not vanishing on it then the 𝑓 has at most 𝑑1𝑑2 zeros on 𝑋 .

In general, if 𝑋 is an irreducible variety of degree 𝑑1 and 𝑓 is a
polynomial of degree 𝑑2 not vanishing on it then {𝑥 |𝑓 (𝑥) = 0} ∩ 𝑋

has degree at most 𝑑1𝑑2.

4.2 Generalized GM-MDS Theorem for
Polynomial Codes

We will be crucially using the generalized GM-MDS theorem for

polynomial codes due to Brakensiek-Dhar-Gopi ([3]). We first give

the relevant definitions from their work.

Definition 4.3 (MDS(ℓ) property for varieties, [3]). For an
algebraic closed F, we say a variety 𝑋 ⊆ F𝑘 satisfies the MDS(ℓ)
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property if and only if for every 𝑘 × 𝑛 matrix 𝑉 with columns of 𝑉
initialized from 𝑋 , 𝑉 is generically a [𝑛, 𝑘]-MDS(ℓ) code.

Concretely this means for every 𝐴1, . . . , 𝐴ℓ ⊆ [𝑛] with |𝐴𝑖 | ≤ 𝑘

and |𝐴1 | + . . . + |𝐴ℓ | = (ℓ − 1)𝑘 satisfies𝑊𝐴1
∩ . . . ∩𝑊𝐴ℓ

= 0 (equiv-
alently 𝐴1, . . . , 𝐴ℓ satisfies the 𝑘-dimensional null intersection prop-
erty) if and only if 𝑑𝑒𝑡 (G𝐴1,...,𝐴ℓ

(𝑉 )) is generically non-vanishing on
𝑋 (ℓ−1)𝑘 , where𝑊 is a 𝑘 × 𝑘 (ℓ − 1)𝑘 generic matrix (that is a matrix
whose every entry is an independent formal variable).

Since MDS(2) is equivalent to the usual MDS condition, we call

an MDS(2) variety just an MDS variety. We will use the following

simple characterization of MDS varieties.

Proposition 4.4 (MDS varieties are not contained in hy-

per-planes passing through the origin (Theorem 6.3 in [3])).

A variety 𝑋 ⊆ F𝑘 is MDS if and only if each of its irreducible compo-
nents is not contained in any hyper-plane passing through the origin.
In particular, an irreducible variety is MDS if and only if it is not
contained in any hyperplane passing through the origin.

Definition 4.5 (LD-MDS(≤ ℓ) property for varieties, [3]).

For an algebraic closed F, we say a variety 𝑋 ⊆ F𝑘 satisfies the
LD-MDS(≤ ℓ) property if and only if for ever 𝑘 × 𝑛 matrix 𝑉 with
columns of𝑉 initialized from 𝑋 , the dual of𝑉 is generically a [𝑛, 𝑛 −
𝑘]-MDS(ℓ + 1) code.

Concretely this means for any𝐴1, . . . , 𝐴ℓ+1 ⊆ [𝑛] with |𝐴𝑖 | ≤ 𝑛−𝑘
and |𝐴1 | + . . . + |𝐴ℓ+1 | = ℓ (𝑛 − 𝑘), satisfies𝑊𝐴1

∩ . . . ∩𝑊𝐴ℓ+1
= 0 if

and only if det(G𝐴1,...,𝐴ℓ
(𝑊 ⊥)) is generically non-vanishing on 𝑋𝑛

where𝑊 is a 𝑛 − 𝑘 × 𝑛 generic matrix (that is a matrix whose every
entry is an independent formal variable).

The original GM-MDS theorem first conjectured by [11] and

proved independently by [29, 40] is equivalent to saying that generic

Reed-Solomon codes are higher order MDS for all ℓ , which was

shown in [7]. We can now restate the original GM-MDS theorem

as follows.

Theorem 4.6 (GM-MDS [7, 11, 29, 40]). The curve 𝑋 =

{(1, 𝑡, 𝑡2, . . . , 𝑡𝑘−1) : 𝑡 ∈ F} is MDS(ℓ) and LD-MDS(≤ ℓ) for all
ℓ ≥ 1.

[3] generalized the GM-MDS theorem for any irreducible MDS

variety𝑋 , i.e., as long as𝑋 is not contained in a hyperplane through

the origin.

Theorem 4.7 (Generalized GM-MDS [3] (Theorems 6.4 and

6.5 in [3])). For an an algebraic closed F, if an irreducible 𝑋 is MDS

(i.e., 𝑋 is not contained in a hyperplane through the origin) then it is
MDS(ℓ) for all ℓ ≥ 1 and also LD-MDS(≤ ℓ) for all ℓ ≥ 1.

4.3 Adapting Previous Works
Extending the argument of [21] and [2], we want to prove that

random puncturing of AG codes give us codes which satisfy relaxed

versions of the higher order MDS property (as seen earlier the lower

relaxation gives us list decoding and upper relaxation imply results

for MR tensor codes). The main theorems we want to prove are the

following. For the proof of the following theorems (Theorem 4.8

and Theorem 4.9), we may refer to our full version [5].

Theorem 4.8 (Lower Relaxation). Let𝑋 ⊆ F
𝑘

𝑞 be an irreducible
MDS variety and 𝑆 be a set of points on 𝑋 ∩F𝑘𝑞 . Let𝐺 be 𝑘 ×𝑛 matrix

with columns initialized uniformly at random from 𝑆 . Then 𝐺 is
rLD-MDS𝑟 (≤ 𝐿) (equivalently 𝐺⊥ is a rMDS𝑟 (𝐿 + 1)-code) with
probability at least

1 − 2
(𝐿+1)𝑛

(
𝑛

𝑟/2

)
2
𝑟 (𝐿+1)/2

(
𝑃𝑞 (𝑋, 𝐿)

|𝑆 |

)𝑟/2

,

when repeated columns are allowed in 𝐺 , or

1 − 2
(𝐿+1)𝑛

(
𝑛

𝑟/2

)
2
𝑟 (𝐿+1)/2

(
𝑃𝑞 (𝑋, 𝐿)
|𝑆 | − 𝑛

)𝑟/2

,

when repeated columns are not allowed in 𝐺 , where 𝑃𝑞 (𝑋, 𝐿) is the
maximum number of zeros a degree 𝐿 polynomial generically non-
vanishing on 𝑋 can have over 𝑋 ∩ F𝑘𝑞 .

Theorem 4.9 (Upper Relaxation). Let 𝑋 ⊆ F
𝑘

𝑞 be an irreducible
MDS variety and 𝑆 be a set of points on 𝑋 ∩F𝑘𝑞 . Let𝐺 be 𝑘 ×𝑛 matrix
with columns initialized uniformly at random from 𝑆 and 𝐶 be the
code spanned by it. 𝐶 is rMDS

𝑟 (𝐿) with probability at least

1 −𝐶𝑛,𝑘,𝑟,𝐿

(
𝑛

𝑟/2

)
2
𝑟𝐿/2

(
𝑃𝑞 (𝑋, 𝐿 − 1)

|𝑆 |

)𝑟/2

,

when repeated columns are allowed in 𝐺 , or

1 −𝐶𝑛,𝑘,𝑟,𝐿

(
𝑛

𝑟/2

)
2
𝑟𝐿/2

(
𝑃𝑞 (𝑋, 𝐿 − 1)

|𝑆 | − 𝑛

)𝑟/2

,

when repeated columns are not allowed in 𝐺 , where 𝑃𝑞 (𝑋, ℓ) is the
maximum number of zeros a degree ℓ polynomial generically non-
vanishing on 𝑋 can have over 𝑋 ∩ F𝑘𝑞 and

𝐶𝑛,𝑘,𝑟,𝐿 = min

[
2
𝐿𝑛,

(
(𝑛 − 𝑘 − 𝑟 )𝐿(𝐿 − 1)
≤ 2(𝑛 − 𝑘 − 𝑟 ) (𝐿 − 1)

) (
𝑛

≤ (𝑛 − 𝑘 − 𝑟 ) (𝐿 − 1)

)
+
(

𝑛

𝑘 + 𝑟

)]
.

Note that𝐶 beingMDS
𝑟 (𝐿) is equivalent to𝐶′⊗𝐶 being a (1, 𝑛−𝑘−𝑟 )-

rMR(𝐿, 𝑛, 1, 𝑛 − 𝑘) code where 𝐶′ is a fixed (𝐿, 𝐿 − 1) parity check
code.

Note when puncturing a code (that is 𝐺 does not have repeated

columns), for the theorems to make sense, we need |𝑋 ∩ F𝑘𝑞 | ≫ 𝑛,

i.e., there should sufficiently many F𝑞 rational points on the variety

𝑋 . For our applications to Reed-Solomon codes (which recovers the

result of [2]) and AG codes, 𝑋 will be a curve (that is a dimension

1 irreducible variety). In this case, we have 𝑃𝑞 (𝑋, ℓ) ≤ deg(𝑋 )ℓ by
Bezout’s Theorem (Lemma 4.2). Another application would be to

take𝑋 = F𝑞
𝑘
which would give 𝑃𝑞 (F

𝑘

𝑞 , ℓ) ≤ ℓ𝑞𝑘−1
by the Schwartz-

Zippel lemma. In general one could use Bezout’s Theorem and

explicit Lang-Weil bounds (like the ones here [8, 36]) to bound this

for general varieties.

We now recover the Reed-Solomon and Random linear codes

result of [2] (we get a slight improvement because in our argument

we allowed for constructing the generator matrix of the code with

replacement). The proofs can be found in the full version [5].

Corollary 4.10 (punctured RS codes are relaxed LD-MDS

over linear field sizes). For any 𝜖 > 0, a [𝑞, 𝑘] Reed-Solomon
code for 𝑞 ≥ 𝑛 + 𝑘2

10𝐿/𝜖 on random puncturing to a [𝑛, 𝑘] code will
be rLD-MDS𝜖𝑛 (≤ 𝐿) with probability at least 1 − 2

−𝐿𝑛 .
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With a similar calculation we get a slight improvement if we

allow the generator to have repeated columns.

Corollary 4.11 (Random RS codes are relaxed LD-MDS over

linear field sizes). For any 𝜖 > 0, a [𝑛, 𝑘] Reed-Solomon code
with generator𝐺 for 𝑞 ≥ 𝑘2

10𝐿/𝜖 with each column of𝐺 initialized
randomly as (1, 𝛼, . . . , 𝛼𝑘−1) with 𝛼 ∈ F𝑞 will be rLD-MDS𝜖𝑛 (≤ 𝐿)
with probability at least 1 − 2

−𝐿𝑛 .

Corollary 4.12 (random linear codes are relaxed LD-MDS

over constant field sizes). For any 𝜖 > 0, rate 𝑅 > 0, 𝑞 ≥ 2
10𝐿/𝜖 ,

and 𝑛 large enough, a random linear code will be rLD-MDS𝜖𝑛 (≤ 𝐿)
with probability at least 1 − 2

−𝐿𝑛 .

We use similar calculations as above but with Theorem 4.9 and

Lemma 2.12 to prove the following two corollaries. This extends

the results of [2, 21] to the relaxed MR setting (via Theorem 3.15).

Corollary 4.13 (punctured RS codes give relaxed MR codes

over linear field sizes (constant rate setting)). For any 𝜖 > 0,
a [𝑞, 𝑘] Reed-Solomon for 𝑞 ≥ 𝑘2

10𝐿/𝜖 + 𝑛 on random puncturing to
a [𝑛, 𝑘] code will be rMDS

𝜖𝑛 (𝐿) with probability at least 1 − 2
−𝐿𝑛 .

If we allow repetitions in the generator matrix then a [𝑛, 𝑘] Reed-
Solomon code with generator 𝐺 for a field size greater than 𝑘2

10𝐿/𝜖

with each column of 𝐺 initialized randomly as (1, 𝛼, . . . , 𝛼𝑘−1) with
𝛼 ∈ F𝑞 will be rMDS

𝜖𝑛 (𝐿) with probability at least 1 − 2
−𝐿𝑛 .

Corollary 4.14 (random linear codes give relaxedMR codes

over constant field sizes (constant rate setting)). For any
𝜖 > 0, a random linear code for 𝑞 ≥ 2

10𝐿/𝜖 will be rMDS
𝜖𝑛 (𝐿) with

probability at least 1 − 2
−𝐿𝑛 .

Unlike the LD-MDS setting, the relaxed MR setting also makes

sense for constant/very low co-dimension codes (we skip stating the

versions for𝐺 with repeated columns as we do not get significant

savings here).

Corollary 4.15 (punctured RS codes give relaxed MR codes

over polynomial field sizes (low co-dimension setting)). For
any 𝜖 > 0 and 𝑘 = 𝑛 − 𝑏, a [𝑞, 𝑘] Reed-Solomon for 𝑞 ≫𝐿,𝑏

𝑘𝑛4(𝐿−1)/𝜖 , on random puncturing to a [𝑛, 𝑘] code will be rMDS
𝑏𝜖 (𝐿)

(leading to a (1, (1 − 𝜖)𝑏)-rMR(𝐿, 𝑛, 1, 𝑏) code) with probability at
least 1 − 𝑛−𝐿 .

The striking feature about the above bound is how the exponent

does not depend on 𝑏 but only on 𝜖 and 𝐿. By a similar calculation

one can show that in this setting random linear codes can shave

off a linear factor.

Corollary 4.16 (random linear codes give relaxedMR codes

over polynomial field sizes(constant rate setting)). For any
𝜖 > 0 and 𝑘 = 𝑛 − 𝑏, a random linear code for 𝑞 ≫𝐿,𝑏 𝑛4(𝐿−1)/𝜖 will
be rMDS

𝜖𝑏 (𝐿) with probability at least 1 − 𝑛−𝐿 .

4.4 Application to AG Codes
We first define evaluation codes. Algebraic geometric codes are

instances of this.

Definition 4.17 (Evaluation codes). Let 𝐹 = {𝑓1, . . . , 𝑓𝑘 } be a
set of rational functions in F𝑞 (𝑥1, 𝑥2, . . . , 𝑥𝑟 ) and 𝑃 = (𝑝1, . . . , 𝑝𝑛) ∈
F𝑟𝑞 such that the functions in 𝐹 do not have a pole over the points in

𝑃 . (In other words substituting any point in 𝑃 in any function in 𝐹

gives us an element in F𝑞 .)
We define the Eval(𝐹, 𝑃) evaluation code as the image of a linear

map from the F𝑘𝑞 to F𝑛𝑞 where we map (𝑦1, . . . , 𝑦𝑘 ) to (
∑𝑘
𝑖=1

𝑦𝑖 𝑓𝑖 (𝑝1),
. . . ,

∑𝑘
𝑖=1

𝑦𝑖 𝑓𝑖 (𝑝𝑛)).

Reed Solomon andGabidulin (c.f., [14]) codes are exampleswhere

𝐹 are monomials in one variable.

A simple corollary of Theorem 4.7 will imply that a large family

of evaluation codes can attain list decoding capacity: if 𝑝1, . . . , 𝑝𝑛
are chosen generically over a MDS irreducible variety 𝑋 and the

𝑓1, . . . , 𝑓𝑘 are chosen to be linearly independent rational functions

over 𝑋 .

Corollary 4.18. Let 𝑋 be an irreducible variety cut out by the
prime ideal 𝐼 ⊆ F𝑞 [𝑥1, . . . , 𝑥𝑟 ]. If 𝐹 = {𝑓1, . . . , 𝑓𝑘 } are linearly inde-
pendent elements in the fraction field of F𝑞 [𝑥1, . . . , 𝑥𝑟 ]/𝐼 then for
all integers 𝑛 > 0, Eval(𝐹, (𝑝1, . . . , 𝑝𝑛)) is [𝑛, 𝑘] − MDS(ℓ) and
[𝑛, 𝑘] − LD-MDS(≤ ℓ) for a generic choice of 𝑝1, . . . , 𝑝𝑛 in 𝑋𝑛 .

In other words the tuple of points 𝑝1, . . . , 𝑝𝑛 ∈ 𝑋 for which
Eval(𝐹, (𝑝1, . . . , 𝑝𝑛)) is not MDS(ℓ) and LD-MDS(≤ ℓ) is cut out
by a non-vanishing ideal over 𝑋𝑛 .

Algebraic-Geometric codes are evaluations codes where 𝐹 is

chosen to be the spanning set of rational functions on an irreducible

(projective) curve 𝑋 with some constraints on the multiplicity of

poles and zeros on a fixed finite subset of 𝑋 .

To state our theorems we will give a brief description. More

details can be found in the following survey [10]. Here we will be

interested in projective irreducible curves 𝐶 . Projective curves are

cut out by ideals of homogeneous polynomials in a finite number

of variables and are irreducible if the ideal is prime. PF
𝑛

𝑞 is the

𝑛 dimensional projective space and corresponds to the 0 ideal in

𝑛 + 1 variables. If we remove any transverse hyperplane from an

irreducible projective curve, we will get an irreducible affine curve

so Theorem 4.7 still applies.

We assume 𝐶 is irreducible throughout for convenience. If 𝐶 is

cut out by an ideal of homogeneous polynomials in F𝑞 [𝑥1, . . . , 𝑥𝑛]
then rational functions on𝐶 are ratios of homogeneous polynomials

of the same degree such that in its reduced form the denominator is

non-vanishing on𝐶 . A homogeneous polynomial 𝑓 can be assigned

a multiplicity of vanishing on a point. 𝑓 is said to vanish on 𝑥 with

multiplicity mult(𝑓 , 𝑥) = 𝑛 if all Hasse derivatives of 𝑓 of order

at most 𝑛 vanish on 𝑥 . Each rational function 𝑓 /𝑔 where 𝑓 and 𝑔

are homogeneous polynomials can now be assigned multiplicity

mult(𝑓 , 𝑥) − mult(𝑔, 𝑥) at 𝑥 .
A divisor is a finite formal sum of points on 𝐶 with integer

coefficients. A divisor 𝐷 is said to be 𝐷 ≥ 0 if it has only non-

negative coefficients. The degree of a divisor is simply the sum of

its coefficients.

Given a rational function 𝑟 we define div(𝑟 ) to be the divisor∑
𝑥∈𝐶 mult(𝑟, 𝑥)𝑥 . Such divisors are always degree 0 (geometrically

speaking a rational function has the same number of poles and

zeros).

Let 𝐷 =
∑𝑡
𝑖=1

𝑛𝑖𝑝𝑖 be a divisor where 𝑝1, . . . , 𝑝𝑛 are F𝑞 points

on 𝐶 . L(𝐷) is defined as a F𝑞 vector space of rational functions 𝑟

which satisfy div(𝑟 ) + 𝐷 ≥ 0.
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We are now ready to define AG codes (more details can be found

in this survey [10]).

Definition 4.19 (Algebraic Geometry codes). Let 𝐶 be a
projective irreducible curve and 𝐷 =

∑𝑡
𝑖=1

𝑛𝑖𝑝𝑖 be a divisor where
𝑝1, . . . , 𝑝𝑛 are F𝑞 points on 𝐶 . Given a set 𝑆 of F𝑞 points disjoint
from the support of 𝐷 , we define AG(𝐶, 𝐷, 𝑆) to be evaluation code
Eval(L(𝐷), 𝑆).

We note that by Corollary 4.18 Eval(L(𝐷), 𝑆) up to a generic

choice of 𝑆 will be MDS. Hence by Corollary 4.18 over the algebraic

closure for a generic choice of 𝑆 algebraic-geometric codes will be

MDS(ℓ) and LD-MDS(ℓ). But we want to work with constant sized

fields over which generic arguments will not naively apply. We

remedy this in the next subsection.

Every projective curve 𝐶 has an invariant associated to it called

its genus 𝑔. Algebraically, it can be defined as one minus the con-

stant term of the Hilbert polynomial of the curve (geometrically

for complex projective curves it counts the number of ‘holes’). The

main theorem about AG codes in the literature is the following.

Theorem 4.20 (Theorem 21 from [10]). For a projective curve
𝐶 of genus 𝑔, let 𝐷 be a divisor of F𝑞 points of degree 𝑑 and 𝑆 a set
of F𝑞 points disjoint from the support of 𝐷 such that 𝑑 < |𝑆 | = 𝑛.
AG(𝐶, 𝐷, 𝑆) will be a [𝑛, 𝑘 = dimF𝑞 L(𝐷)] code with the following
properties,

(1) 𝑘 ≥ 𝑑 + 1 − 𝑔,
(2) if 2𝑔 − 2 < 𝑑 then 𝑘 = 𝑑 + 1 − 𝑔,
(3) the minimum distance of the code is at least 𝑛 − 𝑑 .

To prove our theorems about punctured AG codes we need two

more algebraic geometric preliminaries and a few lemmas.

First we need the fact that for a divisor 𝐷 of large enough degree

the evaluation L(𝐷) over a generic point gives us a closed embed-

ding of the curve in projective space (for experts we want L(𝐷) to
be very ample).

Lemma 4.21 (See 15.3.F, 18.4.1, 18.6.I, and 19.2.D in [38]). Given
a projective irreducible curve 𝐶 of genus 𝑔 and a divisor 𝐷 of degree
𝑑 on it, if 𝑑 ≥ 2𝑔 + 1 then image of evaluating L(𝐷) on points in 𝐶

defines an irreducible projective curve 𝐶′ of degree 𝑑 in P𝐹
𝑑−𝑔
𝑞 .

The above lemma allows us to treat the columns of an AG code

as points in an irreducible projective curve allowing us to apply

Theorem 4.7. We get a point in 𝑑 − 𝑔 projective space because our

space of functions is 𝑑 − 𝑔 + 1 dimensional by Theorem 4.20.

Next we apply a union bound for a particular family of curves

to prove our list decoding theorem. First we define and state the

properties of the AG code we will use.

The Garcia-Stichtenoth Tower. We briefly summarize some facts,

more details can be found in [15]. Let 𝑝 be a prime power and

𝑞 = 𝑝2
. We define a series of curves using the relations,

𝑥
𝑝

𝑖+1
+ 𝑥𝑖+1 =

𝑥
𝑝

𝑖

𝑥
𝑝−1

𝑖
+ 1

, 𝑖 = 1, . . . , 𝑡 − 1.

We let the projectivized curve be 𝐺𝑝,𝑡 . There is only one F𝑞
point at infinity. The affine curve has 𝑁𝑞 (𝐺𝑝,𝑡 ) = 𝑝𝑡−1 (𝑝2 − 𝑝), F𝑞

rational points. The genus 𝑔(𝐺𝑝,𝑡 ) is

(𝑝𝑡/2 − 1)2
if 𝑡 is even,

(𝑝 (𝑡+1)/2 − 1) (𝑝 (𝑡−1)/2 + 1) if 𝑡 is odd.

We will use the bound 𝑝𝑡 + 𝑝 (𝑡+1)/2 − 𝑝 (𝑡−1)/2 − 1 ≥ 𝑔(𝐺𝑝,𝑡 ) ≥
𝑝𝑡 − 2𝑝𝑡/2 + 1.

Consider the divisor 𝑠𝑃∞ with 𝑠 ≥ 2𝑔 + 1. By Theorem 4.20,

L(𝑠𝑃∞) is 𝑠−𝑔(𝐺𝑝,𝑡 )+1 dimensional. We use the 𝑁𝑞 (𝐺𝑝,𝑡 ) F𝑞 ratio-

nal points as evaluation points. Therefore,𝐺𝑝,𝑒 with the divisor 𝑠𝑃∞
defines a [𝑁𝑞 (𝐺𝑝,𝑡 ), 𝑠−𝑔(𝐺𝑝,𝑡 ) +1] code with distance 𝑁𝑞 (𝐺𝑝,𝑡 ) −𝑠 .
We call this code 𝐺𝑆 (𝑝, 𝑡, 𝑠). We also note by Lemma 4.21 the

columns of the generating matrix of this code are coming from

an irreducible projective curve of degree 𝑠 . By Corollary 4.18 this

curve is MDS because the functions being evaluated are linearly

independent.

Theorem 4.22. Let 𝜖 > 0, 𝑅 ∈ (0, 1) be rational numbers. If

𝑝 ≥ 1 + 4/𝑅 + 12𝑒𝐿𝜖−1
2

5(𝐿+2)/𝜖 , (do not allow repetitions in 𝐺)

𝑝 ≥ 1 + 12𝑒𝐿𝜖−1
2

5(𝐿+2)/𝜖 , (allow repetitions in 𝐺)

then for any large enough 𝑛 > 0, such that there exists an integer 𝑡
satisfying 𝑅𝑛/2 ≥ 𝑝𝑡 ≥ 𝑅𝑛/4, a [𝑛, 𝑛𝑅] code whose generator matrix
is constructed by sampling the columns of the generator of𝐺𝑆 (𝑝, 𝑡, 𝑠)
with 𝑠 = 𝑅𝑛 + 𝑔(𝐺𝑝,𝑡 ) − 1 will give a rLD-MDS𝜖𝑛 (≤ 𝐿)− code over
a field of size 𝑝2 with probability at least at least 1 − 1/2

𝐿𝑛 .

We note the theorem is only meaningful if an infinite sequence

of such 𝑛 can be found. That is true and easy to check. We also

note that consecutive such values of 𝑛 are at most a 𝑝 multiplicative

factor apart from each other.

By choosing the right list size we now show that punctured AG

codes can achieve list decoding capacity.

Corollary 4.23. Let 𝜖, 𝑅 ∈ (0, 1) be rationals. Let 𝐿 = ⌈2 1−𝑅
𝜖 ⌉

and 𝑝 be a prime such that

log
2
𝑝 ≫𝑅 1/𝜖2,

any large enough 𝑛 > 0, such that there exists an integer 𝑡 satisfying
𝑅𝑛/2 ≥ 𝑝𝑡 ≥ 𝑅𝑛/4, a random puncturing of 𝐺𝑆 (𝑝, 𝑡, 𝑠) with 𝑠 =

𝑅𝑛+𝑔(𝐺𝑝,𝑡 ) −1 will give a (1−𝑅−𝜖, 𝐿) average-radius list-decodable
[𝑛, 𝑛𝑅]-code over a field of size 𝑝2 with probability at least 1− 1/2

𝐿𝑛 .

Proof. Apply the previous theorem for 𝜖/2 and list size 𝐿 =

⌈2 1−𝑅
𝜖 ⌉. □

A similar calculation now applies to the upper MDS relaxation

(or equivalently the relaxed MR tensor code setting).

Theorem 4.24. Let 𝜖 > 0, 𝑅 ∈ (0, 1) be rational numbers. If

𝑝 ≥ 1 + 4/𝑅 + 12𝑒 (𝐿 − 1)𝜖−1
2

5(𝐿+1)/𝜖 ,

then for any large enough 𝑛 > 0, such that there exists an integer 𝑡
satisfying 𝑅𝑛/2 ≥ 𝑝𝑡 ≥ 𝑅𝑛/4 and 𝑠 = 𝑅𝑛 + 𝑔(𝐺𝑝,𝑡 ) − 1 a random
puncturing of 𝐺𝑆 (𝑝, 𝑡, 𝑠) will give a rMDS

𝜖𝑛 (𝐿) − [𝑛, 𝑛𝑅]-code over
a field of size 𝑝2 with probability at least 1 − 1/2

𝐿𝑛 .

We note that we can not prove a similar result in the constant

co-dimension setting. This is because we need 𝑅𝑛/𝑝𝑡 to be bounded
away from 0 which is not possible if 𝑝 is already polynomial in 𝑛.
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