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ABSTRACT

The application of many-body approximation techniques to study

quantum mechanical non-linear systems is discussed. General methods

of calculation are developed first by studying the example of an

anharmonic oscillator. Using time-dependent variational method, the

ground state energy and a few excited state energies are obtained.

The second method used is the Kerman-Klein method based on studying

the matrix elements of the equations of motion. Systematic and self-

consistent calculational schemes are developed. The results in both

these approximations are shown to agree well with the exact results.

The time-dependent variational method is extended to study a

system of one fermion coupled to an oscillator from a meson field theore-

tical point of view. Next, a system of two fermions coupled to an

oscillator is studied to find ways to calculate the two-nucleon inter-

action. These variation calculations are shown to agree well with the

exact results. The perturbation results are shown to be far inadequate.
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CHAPTER 1

INTRODUCTION

As first proposed by Yukawa, the nucleon-nucleon interaction is

described as the exchange of quanta associated with the meson field.

Numerous calculations have been made to derive the potential due to

the two-body interaction of the nucleons using the perturbation theory

in an expansion in the coupling constant. There is also the so-called

static approximation in which the nuclear recoil is neglected. It has

been found that, in the perturbation theory, the resulting two-nucleon

potential has a strong singularity. The situation becomes worse by

including the higher terms in the expansion. The renormalization

process, introduced to remove these infinities, still does not able

us to calculate the renormalized mass, charge and coupling constant.

These renormalized quantities are identified with the physically

observed ones and the experimental values are borrowed. There is no

information obtained regarding the dynamics of the meson since the

meson is treated to have a constant mass in deriving the two-nucleon

potential.

If we can derive the two-nucleon potential, we should then be

interested in the effective two-body interactions in many-nucleon

systems to gain insights into its properties 17] . But, till now, most

of the nuclear structure calculations are based on phenomenological

potentials. The phenomenological potentials still do not give the



correct mean binding energy per nucleon. The other calculations are

based on direct two-nucleon interactions without any reference to the

dynamics of the meson. The retardation effect in the two-body inter-

action is neglected by considering only the dynamics of the two

nucleons. As mentioned earlier, the attempts to include the dynamics

of the meson introduces singularity problems in the perturbation

theory. The important higher order terms are usually neglected in such

cass.

The correct way to find the characteristics of a many-nucleon

system consists of two phases. First we have to deduce the two-nucleon

interaction from the dynamical equations of motion of a coupled meson-

nucleon system. The interaction potential should then be used to

calculate the properties of the many-body systems. Because of the

problems posed by the perturbation theory, it is desirable to use some

non-perturbative approximation techniques.

In this work, we attempt to find ways to derive the two-nucleon

potential from a meson field theoretical point of view in a variational

scheme. We will not be concerned with the full field theoretical problem.

Instead, we solve a non-linear system of fermions interacting with a

quantum mechanical oscillator by using the many-body variational

approximation technique. In such a system, the basic features of the

field theory problem are still present but with reduced complexity. It

is also possible to find exact solutions by diagonalizing the hamilto-

nian in a suitable basis so that the results of the approximate

solutions can be tested for their accuracy.
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Coming back to the variational approximation technique, we

adopt a method based on the time-dependent Hartree-Fock approximation

for the nuclear many-body systems. It has been shown by Kerman and

Koonin [2] that the time-dependent variation associated with the

Schrodinger equation can be cast into a canonical Hamiltonian formula-

tion. The Schrodinger equation is transcribed into equations for

classical fields and their conjugate momenta. This method enables us

to obtain the ground state energy as well as the energies of the Tow-

lying excited states. The variation parameters introduced in the

oscillator part of the trial wavefunction will ensure that the mass

of the meson (i.e., the frequency of the quanta of the oscillator)

is not kept constant. Thus we will be studying the dynamics of the

meson also. Specifically, we expect to extract such information as

the exchange energy, the binding energy and the role of the meson.

We also attempt to apply another approximation method which is

an equations-of-motion method of generalized Hartree-Fock approximation

due to Kerman and Klein[3J . Here, we study the matrix elements of

the equations of motion and of the commutation relations. The method

is developed for general non-linear systems by studying the anharmonic

oscillator. The approximation involved is the truncation of the

intermediate states, after a finite number of terms, in the sum

decomposition of the matrix elements of the dynamical variables with

non-linear powers. The dynamics of a non-linear system can be studied

in a systematic way.
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In Chapter 2, the two approximation techniques are illustrated

by studying a quantum mechanical anharmonic oscillator which is one of

the simplest non-linear systems. With this example, systematic calcula-

tional schemes are developed for later application to the system

consisting of fermions coupled to oscillators. Another motivation to

consider the particular example of the anharmonic oscillator is that it

nas received quite an amount of attention in the context of the non-

perturbative methods in quantum field theory [4] . All the approximate

results are compared with the exact solutions.

Chapter 3 deals with a system of one fermion coupled to an

oscillator. The time-dependent variational method of Chapter 1 is

extended to include the fermion nature of the system. The results of

this discussion will also be useful in calculating the binding energy

of the two-fermion system.

In Chapter 4, we treat the system of two fermions interacting

through an oscillator in the time-dependent variational scheme. The

ground state energy and the energies of the low-lying excited states

are calculated and compared to the exact solutions. The binding

energy is this approximation is compared to the interaction potential

anergy found by the ordinary perturbation theory.

Chapter 5 presents some comments on the two-fermion interaction

and approximation techniques that were used.
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CHAPTER 2

THE ANHARMONIC OSCILLATOR

In this chapter, we discuss the application of the two

different nuclear many-body approximation techniques, mentioned in the

Introduction, to general quantum mechanical non-linear systems. For

clarity, we study the simple case of an anharmonic oscillator with

quartic interaction and described by the hamiltonian

H = + Tr 2  +d deL b* + J NE v 1)

Complete calculational schemes are developed, in the two approximation

schemes, to obtain the energy eigenvalues and the matrix elements of

the dynamical variables

2.1 TIME-DEPENDENT VARIATION

The general time-dependent variational principle associated

with the Schrodinger equation can be cast into hamiltonian formulation

as discussed by Kerman and Koonin [2]. The quantal equation for the

evolution of the system is transcribed into equations for classical

fields and their conjugate momenta. This helps us to use all the

approximation methods available to classical problems.

Consider a quantum system, say, a many-body system, described

by a time-dependent wavefunction ¥(™t) where the generalized

coordinate may denote such variables as spatial position, spin. The
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evolution of B(r;t) is given by the time-dependent Schrodinger

equation:

i ¥ [)2)to A

where H is the hamiltonian defining the system.

To express the Schrodinger equation in terms of a variational

principle, a time-dependent lagrangian, which is a functional of ¥

and P* , is defined as

gre, #]= [ar Foo (if -H) Bo
[ar PPR - RP, TY]

where # is defined to be the real hamiltonian:

UH [®, 3%] = {ar BEE) H BFE) (2.5)

The action S corresponding to the lagrangian Z for evolution

between times t, and +, is
La

S = ) at (Tar i 5*% - #[%,7%]) (2.6)

The equations of motion, obtained by requiring S to be stationary

with respect to the variations of ¥ and * between t, and t, , are

given by

A PH = SH [sx

i DF = FUP (2.7)

where 8/54 denotes a functional derivative.

To obtain a classical interpretation of the equations (2.7) in



12

terms of field coordinates and momenta, define the multi-coordinate

fields &amp; and TT by

- I that

P= [ZR TP

ve,"n
Vv maw -— NE (+i)

3I TT =z Imp

(3)

(2.9)

The equations (2.7) become

5 = OSH/sm

TT = -§% sx
(2.10a)

(2.10b)

Thus, the Schrodinger equation is transformed into a classical

equation for a field and its conjugate momentum. The lagrangian is

L [2m]= [drs - H[s,m] (2.11)

We can now attempt to find approximate solutions by parametrizing the

wavefunction in terms of several time-dependent parameters and determine

their time evolution. With such a parametrized wavefunction, we

perform a variational calculation, in the next two sections, to obtain

the energies of the ground state and a few low-lying excited states of

the anharmonic oscillator.

2.1.1 The Ground State Energy

For the hamiltonian given by (2.1), we choose a trial wave-

function in the form of a gaussian wavepacket described by
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"- ($=P)*]Y (4,t) = N exp I Zz (2.12)

Here, N is the normalization constant and &lt;p (center of the wave-

packet) and G (width of the wavepacket) are the variation parameters.

To begin with, Tet us take only &lt; to be time-dependent keeping

= independent of time. As noted earlier, the parametrized wave-

function (dt) must also be complex and so we define

© —&gt; OP+iP

Substituting this in (2.12) and discarding the unnecessary real factor,

we get the trial wavefunction to be

P= N -(b-p)* |.

Using the normalization relation, [ow dé= 1 ry

(2.13)

the normalized

trial wavefunction is given by

_ \ y, —~($¢-0)* s —- ))= (nas) ext] 46° +iP(4-® (2.14)

Notice that this wavefunction, representing a minimum uncertainty

wavepacket, happens to be an eigenfunction of the harmonic oscillator

and hence seems to be the best choice for the anharmonic oscillator.

Before finding the classical hamiltonian, let us identify the

canonical variables that are implicit in (2.14). Consider



14

LP (1%) 3D = Jae B* (2%)
”

-

2g (2.15)

which indicates that @ is the canonical coordinate and P its

conjugate momentum. The classical hamiltonian corresponding to (2.1)

is obtained by evaluating &lt;®|H|P &gt;. Thus

H= [B*nT ds
J 4~~ 2 NGtr2aLaqQz+\ &amp;Lo? +Loe?

3 25% I—F2AQEGE +
2
[ o 16)

In order to find the ground state energy, we minimize ¥ with respect

to the parameters P , @ and G and obtain the minimum values PF. , @,

and &amp;, as follows.

wo —————
DP

2K
— =)
oP

J——

dH
a - ©

CL—

P,=0

P =0

326 +6H—1 =0

(2.17a)

(2.17b)

(2.17¢)

Substituting these minimum values in eq (2.16), we obtain the ground

state energy as

E, = -— \sai TEE +2
~~ L A
x, 3 AGA

AGH

(2.18)
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Treating G also to be time-dependent and complex, i.e., putting G—&gt;

G+al, the trial wavefunction (2.12), after discarding the unnecessary

real factor, becomes

Vv, -(-0)* | . -o) + 1.1 +- | 2.19Y= Ga) Yer]GE + 4P(4-¢) 2G (2.19)
Notice that the normalization constant is also time-dependent.

[t can easily be shown that the lagrang. an 1S

which indicates that ¢ and G to be canonical coordinates and P and

" their respective conjugate momenta. Here the classical hamiltonian

H is given by

 YU = 1 p2 4.)

 ad

yRrtal p24rt gr +! 204

2 AGY+3A0*Gat +
f

dpe
¢ 52 (2.20)

The variation of 9 with respect to these new parameters gives the

minimum value of T to be zero and the rest of the parameters still

have the same minimum values as given by eqs (2.17). The ground state

energy is again given by eq (2.18). This additional time-dependent

parameter will, however, contribute to the information regarding the

excited states of the system. The discussion regarding the excited

states will be the topic of the next section.

2.1.2 Near Equilibrium Dynamics

Ag a function of the variation parameters, the hamiltonian
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has an absolute minimum at the ground state. The small amplitude

motion of the system about this minimum can be described by a

linearized version of the equations of motion which represent a set of

coupled harmonic oscillators. The normal modes of this set will

correspond to the Random Phase Approximation (RPA) solutions.

"he near equilibrium motion is investigated

P=P.+ §¢
P="P +58P

G= G,+5G

by assuming

(2. 71)

 DP = rn +6r

with Jo, §pP., 5G and OM small and time-dependent. As the

ground state wavefunction may be chosen to have no dependence on time,

(2.21) represents a time-dependent canonical transformation to the

new variables &amp;¢@ , Pp, 8G and SOI. Inserting eq (2.21) in eq

(2.20), the hamiltonian becomes

= E, + Lepr+rLory 4 (1+32G2) 602
L(+a2r624 27)56™ + © (594)+0(69256)

+ © (52862) + O(56G3) +O(5G*) (2.22)

where eqs (2.17) and (2.18) have been used. Neglecting the third-

and fourth-order terms in eq (2.22), the linearized equations of motion

which follow from the Hamilton's equations, are

i .
x 8® = &amp;F \

’ r~
zy 3)
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4d (se) - 5 (2.23)

d —tn Gr) = — (ir 126.74 Z) sa

Because of the one-dimensional nature of the system under consideration,

the linearized equations of motion (2.23) turned out to be those of two

separate harmonic oscillators. The solutions of eq (2.23) for the case

of harmonic time dependence for 8p, &amp;¢, &amp;I and 3G are the RPA

eigenfrequencies. The frequencies are

Ww, = (1+3262)"

3 \ ¥2(rare +2Wy, =

(2.24a)

(2.24b)

These frequencies are, in the RPA treatment, usually identified with

the energies of some "collective" excited states of the system.

In Table ®,3), the ground state energy Eo, the two excited

state energies E,= E,+ WwW, and E,=E.+W, for several different

values of are given. In a later section, we will compare these

values with the exact values of the energies and examine which excited

states correspond to E, and €,
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2.2 THE KERMAN-KLEIN METHOD

In this section, we discuss another approximation method

developed by Kerman and Klein [3 ] in the context of nuclear many-body

systems. The method consists of studying the matrix elements of the

equations of motion and of the commutation relations. The approximation

involved is the truncation of the intermediate states, after a finite

number of terms, in the sum decomposition of the matrix elements of

the dynamical variables with non-linear powers. This truncation results

in solving, in a self-consistent manner, a closed set of non-linear

equations of the matrix elements of the dynamical variables.

2.2.1 Equations of Motion and Commutation Relations

Let us denote the exact eigenstates of the hamiltonian (2g
2.1) by [n&gt; with n=0.1.2.......

i.e.. Hind = E In (2.25)

where E, is the energy of the th eigenstate. The Heisenberg

equations of motion for this system are

[&amp;, H] = 4717

(mr, H] = -4+ (¥+ 2&amp;3)

(2.26a)

(2.26b)

and the commutation relation is

[&amp;,Tm)= 4 PNtd)
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We now take matrix elements of these relations between the

a2igenstates of KH defined in eq (2.25). Therefore, eqs(2.26) become

Wow, NR = 4 SnlTTlwd (2.28a)

Winn, ANTONY =~ Un) dimd +2 dn]d3]m&gt;)  (2.28b)

where Wun = E.-En

climinating w,.,,the two equations of motion combine to

Lo\TT WD2 op (n) bl mS2A don pl Zl dB a ee
dE. O

form

(2.79)

Similarly, from eq (2.27), we obatain

&lt;A ETIwS — In|Tdlm&gt; = 4 Sma (2.30)

2.2.2 The Approximations

Before going into the approximation scheme, wenote the following.

rom the definite parities of the eigenstates of H . we have

(| dw = 0

ln | Tm = 0 Eryx

From the invariance under time reversal, we have

 NMdIm&gt;= dnd] n&gt;
njrrlwmS = = dmmind

Im-vn] even
(2.31)

(2.32)

In order to solve eqs (2.29) and (2.30), we have to expand the

matrix element &lt;nl43Im&gt; in a complete set of eigenstates of H as

Follows.
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dn] $3) mS = Z 2 nlpdvldls&gt;(s|lm&gt;(&gt; 3) 3

This will generate an infinite number of non-linear equations in

nlimp and {n|T|m&gt; . If we assume that the sum (2.33) is satu-

rated by a suitable finite number of states, the problem will be

reduced to a closed set of equations. The basis for this assumption is

that {m| ¢Im&gt; and nim) decrease rapidly with increasing |m=-nl

For example, consider the matrix element d{olé3|&gt; which can be written
«

lo! B11&gt; = Lold|D&gt; i] #lo&gt;&lt;lold] 1D +Lol $l DG d]25 L411

+ Clold|1&gt;Lilbla la] d)&gt; +o (2.34)

The matrix elements Lol®] 1) and {dle are of the same order, but

Ola) is a small term. In the case of a harmonic oscillator, all

the matrix elements except &lt;e|l#|*&gt; and &lt;!l%|2&gt; will be zero. Thus,

the most significant contribution comes from the first two terms in

eq (2.34)

2.2.3 Calculational Scheme

Starting from the ground state |o&gt; and going up in energy, we

can build an approximation scheme up to the desired accuracy. As seen

from eq (2.34) and the subsequent discussion, the lowest or the first

order of approximation involves considering only the states 10), 1), 12&gt;

From the parity considerations, two more successive states must be

included for each further order of approximation.
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1.€. First order: lo), iY, ]2&gt;

Second order: [oY, |), 12&gt;,13&gt;,14&gt;
4 th order: Loy, &gt;, le), 5 12)-10, 123)

Thus, in the A th order of approximation, there are (20+1) states and

2 (h+1) matrix elements. However, from eqs (2.29) and (2.30), we see

that there are more than 24(4+1) equations available. One should be

careful to omit such equations which involve the matrix elements in the

boundary region since a part of the most significant terms will appear

in the next order of approximation. The condition &lt;niH|wm)&gt;=p, for

nw, can be used as a self-consistency check.

The numerical technique used to solve these non-linear equations

is the standard iteration process based on the Gauss elimination method.

This technique is briefly described in Appendix (A). Since this process

depends sensitively on the initial values of the variables, some

approximate solutions of the non-linear equations must be found. In

the first order of approximation, the initial values are taken to be

the solutions of eqs (2.29) and (2.30) in the harmonic oscillator limit

i.e., in the limit A =0. If A is large, one can obtain an approximate

solution by neglecting the terms small compared to the A -term in

eq (2.29). In the next order, all the quantities that were found in

the previous order are used as the initial values. The rest of the

dominant matrix elements are found by solving the egs (2.29) and 2.30)

neglecting the matrix elements for which [m=—=n] is greater than 2.

These approximate values are used as the initial values and the

iteration process is carried out.
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Table (1) gives the matrix elements calculated in various orders

of approximations for A =1.0 showing the fast convergence of the

method.

1S

In each order of approximation, the energy eigenvalues are found

follows. The ground state energy is

E = ol Hlo&gt;
—- I ¢oim2)os +4 lol d2]oy +4 A oleh op
= + 2 lmir&gt; rime) + 4 3 ol diroridloy

+5 Z 22 loldr&gt;Lrldis&gt; s| $l E&gt; &amp;Idlo&gt; (2.35)
The energy of the mth state, using eq (2.28a), is given by

=, = EE, + Loltr|&gt;
fold | n&gt;

E.= E, + + L&amp;T
 il $Ind&gt;

Ew can also be found by evaluating

E. =dn|H|n&gt;

(2.36a)

(2.36b)

(2.37)

which serves as a self-consistency check to the values obtained by using

eqs (2.36).

The numerical results for the energies calculated for different

values of A , in various orders of approximation, are shown in Table

(4,2). The rapid convergence of the energies justify, once again, the

assumptions made regarding the matrix elements.
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2.3 COMPARISON OF APPROXIMATE RESULTS TO THE EXACT CALCULATIONS

2.3.1 Exact Calculations

The method for exact calculations, developed within the frame-

work of the harmonic oscillator representation, is elementary in

principle [5] . The hamiltonian (2.1) is written in a suitable

Heisenberg harmonic oscillator representation. We introduce a basis

by defining

[

Ho = z T + Lo L

(20) is an exact &lt;= th eigenstate of Hp , then

"44‘| H, | &gt; = E.” 0 2 an

(2.38)

(2.39)

[In this representation, the eigenvalue equation for the hamiltonian

(2.1) is

r LPI H|pY”
~

 wm

where E is the eigenvalue of H

~
P 21 \

~~ (2.40)

To obtain the eigenvalues of H , we have to diagonalize

the matrix H’= {2IHIW) with a suitable &amp; . The numerical method

of diagonalization is briefly described in Appendix (B ). The size of

the matrix KH’ , i.e., the number of basis states of Ho spanning the

subspace, to be considered depends on the number of energy eigenvalues

of KH we are interested in and on the value of the anharmonicity A.

As the value of A increases, we have to include more and more higher

basis states. The exactness of the energy eigenvalues are ensured by
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performing the diagonalization process in several steps. At each step,

the size of the matrix H’ is increased by including a finite number

of next higher basis states. The process is continued till we are

assured of the convergence of the desired energy eigenvalues.

2.3.2 Comparison of the Approximate Calculations

Table ( 2 ) shows the ground state energy, for various values

of A, calculated by the time-dependent variation and the Kerman-Klein

methods and compared to the exact results. Similarly, Table (34,3)

lists the energies of the first two excited states.

Compared to the exact values, the RPA solutions in the TDV

correspond very closely to the first two excited states. The ground

state energies also come close to the exact values. The converged

anergy values of the Kerman-Klein calculations are almost exact.

Another noticeable feature is the identical results in the case

of the TDV and first order Kerman-Klein calculations. To understand

this, consider the following discussion of the first order Kerman-

Klein calculation with only three states, viz, lo)», |i) and 2).

From eqs (2.29) and (2.30), we obtain

Using

ITS24 LldId&gt; 2+ A Col dl Slo| 31S = [®)

lolTT'&gt;= _ —

2Lo|®|&gt;

(2.43), eq (2.42) becomes

(2.42)

(2.43)
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Aol #3] (olalid? + lel dt 1 =0

[Nn the first order of approximation,

(2.44)

Lo $3) 1&gt; = Lol 61D + Lol #11) Old)" (2.45)

By considering only the states ley, [1&gt; and [2&gt;, we are essentially

working in a harmonic oscillator basis in which case {nll m&gt; is

nonvanishing only when m=n+4j., It is well known that, for a harmonic

oscillator,

In] #ln+&gt; = Vnti Lela

Therefore, eq (2.45) becomes

\

fl d3 11&gt; = 3¢] 11d? (2.47)

Using this value in eq (2.44), we obtain

3A elehiSE + hl bid — L - Oo (2.48)

The ground state energy is

cs HL bt + BAGSEo = S20181157 + 2 loli» * eo] &gt; (2.49)

Jsing eqs (2.28), the frequency wp is given by

Wy = [1+ 3A lol d11&gt;%] v2 (2.50)

If we replace (o]¢&gt;by » the equations (2.48), (2.49) and

(2.50) are identical respectively to (2.17c), (2.18) and (2.24a) of the

TDV calculations. Extending this, we can conclude that

® =0 = lo) #le&gt;

This should not be surprising since the trial wavefunction “V in

2.14) represents the ground state of a harmonic oscillator.
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CHAPTER 3

A SYSTEM OF ONE FERMION (ORBIT) COUPLED TO AN OSCILLATOR

After gaining the experience, in the previous chapter, of

applying the many-body approximation techniques to simple quantum

mechanical non-linear systems, we now proceed to extend the application

of the time-dependent variational method to the case of relativistic

fermions coupled to oscillators. Though the ultimate aim is to solve

the two-fermion problem, let us begin with a system of one fermion

interacting with an oscillator. This less difficult case will contri-

bute to the development of general methods to be employed to the

general fermion systems. This example is also necessary to find the

binding energy of the two-fermion system.

3.1 THE MODEL

In field theory, a fermion field interacting with a neutral

scalar boson field through a Yukawa coupling is described by the

hamiltonian

H= WIE VHPM)V+ Lami + Lup+Lpte?47 VVé (3.1)

in the standard notations.

We consider a model system consisting of relativistic fermions coupled

to oscillators instead of the bosons. The quanta of the oscillator

can be imagined to be mesons. Such a simplified system will reduce the

complexity of the field theory problem without the loss of the basic
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features. Only in this case, the results of the approximate calcula-

tions can be tested against the exact solutions.

The model system of fermions coupled to an oscillator through a

fukawa coupling can be represented by the hamiltonian

“ -

¥
'Ai F1EaYiE-

He = WT (ioV+EM)

iS the hamiltonian for the free fermion with mass ™

Hee = + mi 4 pt

is the hamiltonian for the free oscillator, and

Hr= 9 Vo

(2.2a)

(3 2b)

(3.2¢)

(3.2d)

's the interaction hamiltonian (with a coupling constant 4).

Consider now only one massless fermion with a fixed momentum

(energy) Kk interacting with the oscillator described by Has . When

the interaction is not present, the fermion has the energy eigenvalues

to be Xx k as shown in figure (1 ). We will always refer to the state

with the lowest energy, i.e., the energy —k , as the ground state of

the system. Since the absence of a particle in the negative energy

orbit is equivalent to the presence of an anti-particle, we shall use

a new terminology to refer to these fermions and anti-fermions. We call

the system as just 'one-orbit' coupled to an oscillator. In this new

terminology, a fermion refers to a particle occupying the positive-
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energy orbit. Similarly, in the next chapter, we will call the two-

fermion case as the two-orbit case. We remind that the state with the

lowest energy will be the ground state of the system.

Let [o&gt; denote the state in which no particle is present (total

number of particles is zero). VY in (3.2b) corresponds to the

following operators:

A which destroys a particle in the positive-energy state,

b which destroys a particle in the negative-evergy state.

The state b 16&gt;is the lowest energy statein the absence of the inter-

action and thus corresponds to the vacuum. The state at 10&gt; is the

particle state with a positive energy which is the result of a particle-

hole excitation. With these definitions, it is obvious that

aod =0 ’ bled=0

[hese creation and destruction operators obey the following usual

anticommutation relations.

$a,at] =1
$a,b'} =0

a,b l=o0 )

Sb, bt = 1
$0,b%=0 \

/ hm

q. =
= - a  J

With these relations, the hamiltonian for one-orbit coupled to an

oscillator, corresponding to (3.2a), can be written as

H= K{ara- b"b) tint +L 2a? + g9(atb+ bTa)&amp; (3. 1°

Here, H is written in a representation in which the free hamiltonians

are diagonal, i.e., when &amp; is diagonal. A simple canonical trans-
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formation will bring H to the more conventional representation in

which B is diagonal. In the next section, a variational calculation

is carried out with the hamiltonian in (3.4).

3.2 TIME-DEPENDENT VARIATION

We choose a product of a free orbit wavefunction and a gaussian

wavepacket representing the free oscillator as the trial wavefunction.

As mentioned in the previous section, when the interaction is absent,

the eigenstates of the fermion are the ground state b&gt; and the

particle-hole state at lop. When the interaction is present, we must

take into account such particle-hole excitation and hence the orbit

part of the trial wavefunction is taken to be a combination of b'lo&gt;

and atlo&gt; (like a Slater determinant). Thus the trial wavefunction

is written as

 HP = Nuwarley + vb" 10&gt;] exp [= (¢-¢)?] (. 5)2

where N is the normalization constant and WW, 4%, @ and W are the

variation parameters which are treated as time-independent. After

finding the ground state energy, 4» will be made time-dependent so that

RPA frequencies can be found.

Jsing the normalization condition

N= as (8)
and choose U?+40%={

(y*z dt =41 | we obtain

(.2 6)

(: 7)
The classical hamiltonian is given by
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A= &lt;P IH|D&gt;
le ’

wW-U2) + 4 Lue (0% 5) +2gune (° R) 7 a L

3.2.1 The Ground State Energy

The minimization of ¥ is performed by introducing a Lagrange

multiplier A multiplied by (W+4Yas follows.

H-2= k(nto) +» +L (prs) +2aUe
A (U4 42) \"9)* -

where the condition (3.7) has been used in the LHS.

The minimization equations are

okYi 2kWw +2830» -2AU = 0

-—— O

Wo. we 29 Al Ay —  oO

on_
 ww Salft nd

mm oO

(3.10a)

(3.10b)

(3.10c)

(3.10d)

From eq (3.710d), it follows that

(1) = Ad (3.11)

fo find the other parameters, we combine eqs(3.10a) and (3.10b) to form

2k UA = gp (UP-4%2) { cb.7)
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Since U*443%=1, eq (3.12) can easily be solved to get

nk = IE work?+ ?= |
S—

_ kor= [1% ier |

(3.13a)

(3.13b)

We also obtain

A= + J+ 29% (3.13c¢)
which corresponds to the single particle Fermi energy. With these

values, the hamiltonian (eq (3.8)) can be rewritten as

H = + JKZ+3202 + + Mo ++ pent Lo
; 14)

The first term shows that the orbit has now acquired an effetive mass

m= a0 . The minimum values of &lt;p , after minimizing H# in eq (3.14)

ire

(1)

( .v)

(D_—-

®= — +L (Hoge)
(3.15a)

(3.15b)

Using the relations (3.13), the minimum values of AL.and.4%canbe

written as

, V, ne V,
— A M yz kk?uw = +[4 (i 5) ve s|4(17 LE) (3.15c¢)

In order to know which of these two values is relevant, we have to

carry out the second-derivative minimum test. It is found that the

two minimum values of © fall into two different regions as



32

indicated below.

(1) o_o
1 ve: _u oe

when 45 Sk

(11)
os (2-1) ACES) Y,

_ pour] 2

vex [r(1Fke)] when Z &gt; k
The ground state energy, evaluated by using eq (3.14), is

1)

(11)

E. a LA

\ 92% | J LE,= mah tarsi

yg I
Ra ibk (3.16a)

when 42 &gt;Kk (3.1.16b)

It is clear that, in the weak coupling limit Plu &lt;k , the

ground state energy is just the sum of the free energy of the orbit

and the free energy of the oscillator. In the strong coupling Tlimit

#/p&gt; &gt;, the dominant term is (-3 i) when k=1. It is also
clear that the negative sign in the first term in eq (3.16) gives the

lowest energy. In a later section, we will see how these results can

be improved

3.2.2 Near Equilibrium Dynamics

To investigate the small amplitude motion about the equilibrium

ground state, we consider a modified version of the trial wavefunction
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given by (3.5). The oscillator part of the wavefunction is taken to be

the one similar to (2.14). We start with the new trial wavefunction

P= (9)% [uatios +4105] exp[~ L(4-0)*+iP@-@)] (3.17)
where UL , 4, @ and P are time-dependent and w is kept independent

of time. MW and 1” must also be complex. Following the procedure

of Chapter 2, the lagrangian is given by

$= &lt;B|(i%)|2&gt;-H
= 4(WX¥XA+ 0X) + PO -4L

nhere the classical hamiltonian is given by

H= LdDIHID&gt;
| ————k(W*m- B¥L) +3 P+ Lp (e*+35) +2

 UX e+ 0%)co

—
ak

(3.18)

( .19)

Compare this to eq (3.8).

The normalization condition now becomes

wu +r r= 4 (3.20)

When # is minimized with respect to the variation parameters, we obtain

the same minimization equations as in the time-independent case, i.e.,

eqs (3.10) and an additional condition that P=0. The minimum values

of 4 and 4” are found to be real and the ground state energy is once

again given by eq (3.16).

To start the RPA analysis, we make the following expansion about

the equilibrium (ground state).
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Mh= Abot+SU

® = P+6

Ne= UX +5u*

U¥= A * * 450%

P = P,+&amp;pP
(3.21)

These are just the canonical transformations to the new variables

Su, sux, §4-, §L¥, E¢ and SP which are small and time-

dependent. When these transformations are inserted in eq (3.19), the

hamiltonian becomes

Ho= BE, + AU Su¥ + AUFTU + A Up SUF + UX SAF

+ kSuXEu —K SUX +3, SUX + op, SVU

+ L5P2+ LutSpt +3UX S05 + FU, EUSP

+ JU suse + 9uU, Bo¥ Sp

J suXsUse + 9 sU*¥Su se (2.2)

where the minization equations (3.10) and the fact that A, and 4; are

real have been used. This expression, as remarked in Chapter 2, should

represent a system of coupled oscillators when the third order terms

are neglected. This can be achieved by eliminating the terms linear

in &amp;-variables using the time-dependent normalization condition (3.20).

Inserting (3.21) in (3.20), we obtain

U. SUX+UXsU+ LB, 60 + uXs0= -SUTEU —-5 1” V4)

(3.23)

where the relation UFU +UX,=1 has been used.

With the help of eas (3.22) and (3.23), the hamiltonian can be

rewritten as
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H= €, + (k-2) swam — (J+) 4% + 30, 5u*SV

tg, SuXEU + Lgpr 4 1 prsor
4LFUXSEDEP +IUISUSE + USV EP +31, 508

upon the neglect of the third-order terms.

of motion are

The Hamilton's equations

4(sp) = —M280 —- gu, SUX —3UXEU- GU, BUX glS-

4 (59)= ry

A d % - * So rr — {9 é&gt; &amp; 9; 0 (2.24)

rd -i (5U) = (k-2) su +9¢P, 54 + FV, 8c© o

{ ( + u 0 &amp;

| d Q—~ (e+) 54&gt; + a A WU + 9 U,S@

These equations of motion are solved, in the normal mode analysis,

by assuming a harmonic time dependence of the § -variables. The

eaigenfrequencies are

"W) oe PD,

w,? uo + [Ww + a (K+ 3°97) |

+L
YSle aaa] = 1692 [Har + (agar|b

(3.25a)

(3.25b)
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Notice that, when % =0,

 Ww, = HK, 2k

The frequency J corresponds to the first excited state of the free

oscillator and 2k corresponds to the particle-hole excited state of

the free fermion.

The zero frequency w, occurs because of the fact that the

symmetry is broken if we interchange AL and 4»
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3.2.3 A Modified Trial Wavefunction

As already noted in Section (3.2.1), the choice of the trial

wavefunction P as in (3.5) does not yield any interaction energy in

the weak coupling region. The ground state wavefunction may not just

be a product of the wavefunctions of the free hamiltonians. This is

possibly best remedied by introducing a orbit-oscillator cross term in

the trial wavefunction. An appealing form of this cross term is

suggested following certain observations noted below.

Consider the hamiltonians Hy of the oscillator (3.2¢) and Hr

of the interaction (3.2d) which form parts of the full hamiltonian H

of the entire system.

HoetHr=2m+Lp24?+aTy4 (5.27)

This expression can be written as a hamiltonian for an oscillator

displaced in space by 2 gv .

Hosthr=1104Lut(4-2,90)12(Fw)(3.28)

If In) is the nth eigenstate of Hos , then the eigenstates of the

displaced one (3.28) are given by o- iE) EY J

With this observation in mind, we choose a new trial wavefunction

JS

P, — aL Vy I (3.29)
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where ¥ is as in (3.5) and Y is an arbitrary variable. The trans-

formation from ¥ to B is unitary since TW commutes with WW and

+ It follows that

{Py | Py = 4

In the present example of one orbit coupled to an oscillator, the

hamiltonian of which is

H = k(ata- bb) ++ M+ Lud? + 9 (at b+ a) ¢ (2 50)

“he new trial wavefunction can be taken as

AY (ath bra)
Y, 1 é ¥

where &lt;P is given by eq (3.5). For mathematical convenience, which

will become clear later, put += Xs. The normalized trial wave-

function now is

- OC + +-i == T(atb+ya)
—P= pW [ua10&gt;+461]exp[=2(¢-¢)7)

(3.32)
where &amp; is an additional variational parameter available to us

To reduce the complexity, we will perform only a stationary

variational calculation and will be interested in obtaining the ground

state energy. The extension to the time-dependent case is quite

straightforward. The expectation value of the hamiltonian is

 = {¥|H|BD

+ -4 &amp; (ath +a) ED1% T(a*b+b a) Ho=&lt;{P|e vo
(3.33)
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To evaluate the above integral, the following relation is very helpful.

.* AS Hp RS _ Had hk= Air [s,H]+62)[s,[s,H]]+
y (A)ni [5.[s, 50s, Hl] + (3.34)

The expectation value of the term (ata- bth) in H is calculated as

follows. Take == (a*b + bra) and A=&amp;T. Using the fact that
TT commutes with a, a, b , bY, perform first the integration in

the orbit space to get

-. = {Py (ata - bt) | Bu

(us 42) ey ex -26-0%e 20 "ewe -4)] dg
(3.35)

By a Fourier transformation, the integral in (3.35) can be transformed

into momentum space and can easily be evaluated to obatain

H } = - A?) c= (3.36)
Since Tr commutes with a. at. b . bY. it is easy to see that

H, = 2 By |T3BD=1pmdd = Lw (3.37)

To evaluate the rest of the integrals in H , consider any

function of ¢ , say, f(b). Any function § (¢-2) can be expanded

in a Taylor series which becomes exactly equal to the expansion (3.34)

since =4 %4. Therefore.

pl ATE 214) p—4i2T = f£(4-2) (3.38)
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Hy=4 w* Lo,|$1DD
Lop CF] (4-2 (atbtira))2 | BD
Louk ep? 4 Lm? 2ut co tr rgd 2 WE ute (3.39)

Hy = § {Py| (ath Fa)&amp;|B,D

9 {P| (@tb+ bra) [db -(atb+ura)] [BD
} MA—£0—

—
pee (2.40)

Collecting the various terms from eqs (3.36 - 3.40), the expectation

value ‘Hof the hamiltonian is

= 2 12 x? Kd " 2B= k(up)e + (e+ ) +Lw o
+23 wie) wp — [aol _ pro?q No we (1% - +55) (3.41)

Minimization:

Instead of writing the equations minimizing 4€ with respect to

all the parameters at the same time, we proceed, equivalently, stepwise

so that we do not miss any interesting features of the intermediate

structuresofthehamiltonian. As usual, introducing a Lagrange

multiplier A in eq (3.41), we have
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2 v2 — otH-2= k(M*= 02) e t (2+ £5) +L reer

~2(3- Huw _ [ge— PIXZ\ ro ¢ I= Fos) = Aiud) (3.42)

Minimizing with respect to W and 4», we obtain

SA = wn +; ME) Vv =A U =04 AK e”" wu as- Nwou

oH ~o? 2 et _ _SO = 3k eo RE (E Hp IAA =0

(3.43a)

(3.43b)

These two equations can be manipulated to give

? o= ay = :" (3 HE) (u*- 2)

A =f x2 e- 2" + (3- Pe) ot Vs

( s5.44)

(3.45)

By comparing these equations with (3.12) and (3.13c), we notice that

the effect of the unitary transformation (3.32) in the trial wavefunction

is to introduce a transformation

kK —&gt; ke=™"

—- Mellma Nora

Zgs (3.44) and (3.45) can be easily solved to get

— 2

ut = Lis re | veil g kea A ’ 21’ A | (3.46)

Thus. inserting (3.46) in (3.41),#becomes
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 HU = +| ke?" : ’[es (5-1) er] “+(2 4L2)4 Zw

wor — (fe. pI?
Nw 2w (3.47)

Jbviously, the negative sign in the first term gives the lowest

energy. We also notice that the orbit has acquired an effective mass
2m= (3- M2)

Ne

Continuing the minimization process, now with respect to

optain

(3- te)an we 7
¥ lke 2% 3 = v?|

+ Mio=0

cf

(3.48)

Again, there are two solutions to

(i)

(11)

44

P= 1 I ( 2 4 A(3- Wg) [5+ ve

(3.49)

49h)2s

Exactly in which cases these two solutions are valid is determined by

conducting the second-derivative minimum test. Of course, for such a

test, the minimum values of of and @ must be found first.

Substituting the solutions of ¢p given by (3.49), we obtain (taking

only the negative sign of the first term in (3.47))
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Case (i) when ¢=0:

he wert (2045) (2-1) (3.50a)

Case (ii) when ¢=0:

§ -—- |z eet9- (1-127) (3.50b)

+ 22) _ (to pI(2 aw Jo He)

Compared to eqs (3.16), these equations show the appearance of new terms

due to the interaction part of the hamiltonian. We are now left with

the last set of variational parameters to be minimized. We discuss the

cases &lt;P =0 and P+#0 separately.

Case (i) when ¢p =0:

In this case, 4€ given by (3.50a) has to be minimized. The

minimum value of ww is determined bv

of _ 1 _ pm + JL ge Hr,
2 Ww a aw: 2 is 2wz

(,) 2 A sax ig — ME(1l+2x2)=©

(3.51a)

(3.51b)

The minimum value of A is determined by

on _ 2k eX 4 pred - 3 = 0
ox Ww ST

? x  ~~ -
of©2) AJ + MP=

(3.52a)

(3.52b)
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The transcendental equations (3.51b) and (3.52b) can be solved by

numerical techniques only. From eq (3.52b), we obtain

Tw __e*”kx 3 + (2*- 8p kx? e=%*) "| (2.33)

Substituting this value in eq (3.51b), after some algebra, we get

2

[ie neat—Lge) o** (&amp; phot+L g2pt kort) 0%
— ee :9 2 2 ) e?¥ — Priiot

all pr kt o4 (+22)? = ) (3.24)

This is an equation in o? and hence when searching for solutions by

numerical method one need not consider the negative solutions of «¢

Once the positive solutions of o? are found, we retain only the positive

root of ol to maintain the transformation (3.32) in the trial wave-

function unaltered. Even in the positive range, o? has many solutions

because of the presence of the exponential terms. For each value of

x , there corresponds two solutions to Jw (eq(3.53)). Of course,

only the real solutions of J must be retained.

Case (ii) when &lt;p#0:
In this case, ¥. given by eq(3.50b) has to be minimized. The

minimum value of W@W is determined by
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ok
ow _ mrkige ttlor

— 20%

. peZy
1= ( ay= = () (3 .55 )

J ut Kio e” 2 14 (ww &gt;— me) (ave — Mra)? = 0 (3.56)

The minimum value of &amp;« is determined byv

2¥ pak: gm 2% 2ptkeof 2” (3.57)
wT Gh ea) TE-re)y C °ST Tw &amp;

Therefore, we get

2
(1) e = 2% =0 which is an irrelevant solution

¢

(ii)
14

fr)
+ 2c

—— 3
fw = +L (1+ 2 2)

0 (3.58)

(2.59)

Inserting eq (3.59) in eq (3.56), after some algebra, we get

16 4 2ol 4 -2x*u (\+2x2)4 © + pé (+222)?

— 16 94 x4 = O (3.50)

The structure of eq(3.60) is similar to that of eq (3.54) and the

discussion regarding the solutions of eq (3.54) is relevant here also.
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The ground state energy of the system is determined by eq (3.50)

and, of course, there are two values corresponding to the two solutions

of @ . The following systematic procedure must be adopted to ensure

that the solution we obtain, indeed, corresponds to the lowest energy.

(1) Find the minimum values of w and o so that « and fA are

positive real for both the cases of ¢p =0 and #0.

(2) If there are several relevant solutions in each case, retain only

those which satisfy the second-derivative minimum test.

(3) After the previous step, if there are still more than one solution,

find the energy using the expressions appropriate to the two solutions

of (0 . The lowest of all the values is taken to be the ground state

energy.

To know the modifications of results brought about by the new

trial wavefunction, let us compare eqs (3.50) with (3.16). The energy

corresponding to the solution @=0 now has an additional term depending

on the coupling constant. This means that, in eq (3.50a), there is a

contribution from the interaction to the ground state energy. Another

change that has occurred is in the value of @ which now varies with g .

Some numerical results are given in Table (4) and, in the next section,

we will compare them to the exact solutions.
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3.3 COMPARISONOFAPPROXIMATERESULTSTO THE EXACT CALCULATIONS

3.3.1 Exact Calculations

To find the exact energy eigenvalues of the system, the

hamiltonian (3.4), i.e.,

Th+bta)d 3.61)H =k(ata-btb) + LT +L wd + 2 (a b+ kta) (

is written in a representation in which the free hamiltonians of the

orbit and oscillator are diagonal. Then the entire hamiltonian matrix

is diagonalized by numerical methods. Let

P= atl» Uw + bFlo&gt; Ve)
be the eigenfunction of H. TU(%) and V(&amp;) are some functions of

which will later be expanded in a suitable basis representation.

The eigenvalue equation

HP=Ebp
jvec

k allo) U@) -k b¥ 1p V(®) +L (m4 we) oN1OU®) + b&gt; VE)]
2 4 b¥ 10&gt; U4) ¢ + gatle&gt;V(e) ¢

— £ [21&gt; U@ + Hop vd ] (3 -3)

Multiplying eq (3.63) on the left first by &lt;e|la and then by &lt;elb, we

get the following two equations.

K U@) +(3 m+ Luz eV) +34 Ve = ET)
(3.64a)
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—kV(@) +(3 TLE) V(O +94 UW EVE) (3.60)
We now expand TU(#) and V(%) in a harmonic oscillator basis (speci-

fically the eigenfunctions of the free oscillator part of the hamil-

tonian).

a, !  a

£ oD
1% Uld)= I Cn IW

V(¢) = 2 Am [&gt;

(+ T+ Lud?) [n&gt; = Ea ln&gt;

(3.65a)

(3.65b)

(3.66)

s. =(n+1) nw

Therefore, the eigenvalue equations (3.64) become

(kt En) Cn + 3 Z du {nl @Im&gt; = E Cn

Cit En)dm+ 3 3 Co &lt;mlbln&gt;=Edm
(3.67a)

(3.67b)

The coefficients of the ¢'s and d's in the LHS of eq (3.67) are

the elements of the matrix representing the hamiltonian of the system.

This matrix is diagonalized following the method indicated in Section

(2.3.1) and Appendix (8B) to obtain the eigenvalues of the hamiltonian.

3.3.2 Comparison of the Approximate Calculations

Numerical calculations were performed for the case when k=]).¢

and p=0.). The ground state energy, for various values of the
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coupling constant 3 , were obtained in the variational scheme using

both the trial wavefunctions P and By . These values are listed

in Table (4) along with the exact values.

It is clear that the results with the modified trial wavefunction

~,, (Section 3.2.3) are certainly better and closer to the exact

values for all values of &amp; . However, for very large values of GF

the two approximate calculations tend to give almost same values for

the ground state energy.

The behaviour of the values of WwW and ¢o&lt;X in the modified

trial wavefunction is also noteworthy. From Section (3.2.3), it is

easy to get that of=0 and w=p for §=0. For smaller values of

 4% » o is non-zero and (J deviates substantially from M as

can be seen from Table (5). At large values of 9 , ok becomes:

very small and ww tends towards MA . As remarked in Section (3.2.3),

oX has several solutions. In the numerical calculations, it was

found that, for very large values of § , had two solutions which

satisfied the minimum conditions. One of the values is very small and

the other value is very large and always the small values of &amp;« gave the

lowest value for the ground state energy. This fact can be proved

analytically also as discussed below.

For very large values of 9 , it is found that @+#o0 is the

correct solution. Therefore, to find &amp; and w , we have to consider

the minimization equations (3.59) and (3.60).
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 bp 14 «t ~

= _M? +o?Ww Lt ( )

y  Yr

(+202) 4 pb (+2x2)¥ |p gans=

(3 59)

(3.60)

Small &amp;X :

When o{ is small, e—2" 7) , (It 2002)A 4

Therefore, eq (3.60) becomes

[6 (n4— 34) ott + ne =0
We can neglect M* compared to 44 in the first term and hence we

obtain

 ~J # 3/2
~ (3.68)

and from (3.59)

 ) = Rr (23, ph23 (pon 7 5

Large &lt;
2

When &amp;« is large, eg 2% a 0

Thus, eq (3.60) becomes

+2 ot? nv 26X%*

Jt pb v8 — 13%?=0p

Fhe solution of which is

of = 3 [3s
and from (3.59)

= (Lr 29 )w 29 3 toon

(3.69)

(3.70)

(3.71)

We notice that ¢J has the same value in both the cases. The

ground state energy (eq (3.50b) is
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I - 26% | " :)E, = T(E e (20) = L (2) +L (u +5

For smal]

~0or large

 -~y

-Pr

oS

RE
oy

- +bom TER) td (wrt) eon

= -t BL (ern)e, = — 4 LI o+ pp (rsd (3.72b)

Thus, we see that the small value of « always gives the lowest value

for the ground state energy
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CHAPTER 4

TWO-ORBIT INTERACTION

We now come to the more interesting case of two-orbit interaction

treated from a meson field theoretical point of view. It should be

remembered that meson, in this work, refers to quanta of an oscillator.

The theory and the mathematical techniques developed in the previous

chapters are employed, in a straightforward manner, to carry out

approximate calculations for the system of two orbits corresponding to

two relativistic fermions interacting with an oscillator. We will be

interested, specifically, in the role of the meson, the binding energy

of the system and how the exchange energy is manifested.

Consider two orbits with fixed energies K, and K, interacting

with an oscillator through a Yukawa type of coupling. It should be

remembered that the word orbit is being used to refer to fermions and

anti-fermions which can exist in the positive and negative energy

levels when the interaction is absent (figure (2 )). The ground state

corresponds to case when both the negative energy orbits are filled.

Now, there is the possibility of such excitations as one-particle-

one-hole excitation and two-particle - two-hole excitations.

As in the case of one-orbit, let 0) denote the state in which

no particles are present. We define the following creation and destru-

ction operators.

2 destroys a particle in the state with positive energy K,,
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b, destroys a particle in the state with negative energy -,.

at, bt are the corresponding creation operators.

The operators 4, b, and ar, bl are defined in the same manner

for the states with energy + k,.

Naturally, by bt 10&gt; is the ground state and atatiois the two-
particle - two-hole excited state. All these definitions refer to

the system in the absence of the interaction. The hamiltonian of the

system of two orbits interacting through an oscillator can now written

IS

H = k, (a}a,- bth) +k, (ata, -btb,) +4n?
(oth +b, + OF b, + bla) +

A

(1 1)

4.1 TIME DEPENDENT VARIATION

To begin with, let us choose a product of the free orbit wave-

function and a gaussian wavepacket as the trial wavefunction. That

means we are extending the wavefunction 9 in (3.5) to include two

orbits. The trial wavefunction is

YN (%) a [(n, af+ ar, bf) (u,0t +456) o&gt;|

x exp [- 9 (6-9)| (4 2)

 Pp is normalized when  (ur+ 4x2) (unl2+u2) = 1
The choice

 Le + 1.2 = { (4.3)

takes care of the number operator to give the correct number of particles.
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4.1.1 The Ground State Energy

Let us first carry out a stationary variational calculation

with the variation parameters Ww, , A, , YU, ,4,, ¢P and w which

are assumed to be independent of time. The expectation value of the

hamiltonian is

 UH = &lt;P HDS

ke (u2- 2) + ke (02-00) + Lp 4)
A 29 (1, 4, + U, A.) eo

Introducing the Lagrange multipliers 4, and

(4.4)

A, to minimize 4 , the

hamiltonian becomes

2

1 x, -A, = Kk (ur - 0) + ka (W-02) + G +2)
+opror 4 2 gu, ut u, 4.)

Aur+ur) —a, (ut +u,*)ca (4 5)

where eq (4.3) has been used.

Minimizing with respect to u, , 4, , 4, , {, , we obtain

on K0 KU +2%0MN,—3A, WU = 0)

2% | gk +P UL A =0
4,

or +9%
ZU, = Rk, FF Lu ,s -3A . U, ==0

(4.6a)

(4.6b)

(4.6¢)
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Hr
 = —akMs,+39 4, — =2 ¢ 2 JA =s,&gt; U 2 V2 O (4 °.d)» \

Combining (4.6a) with (4.6b) and (4.6¢) with (4.6d), we get

2k, mu, = 3 (U2 02) (4.7a)

2 k, U, A, = Gp (ut - ,%) (4.7b)

Jsing eq (4.3), these two equations can easily be solved to get

1 || Vk2+92 "37i
» pret fiets] (4.8a)

Kawrt= 2) + —m/———
1 Z  Jktgrgr

——

ke ]cuted pe (4.8b)

Also, we obtain

A= J kP+eer y A= Jk rit (4.9)

inserting eqs (4.8) in (4.4), the hamiltonian becomes

ry +4= JERE + (Err

dl (ut BY) 4 por

4

(4..0)

Notice the appearance of the effective mass of the orbits with

single particle energy A,and A, . Only the negative signs of 2, and

A, in (4.10) give the minimum eneray.
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Minimizing # in (4.10) with respect to @ and J , we obtain

~
pe
—Na

¢p 3% = 0
2% - \ WE +922 kot +9ep?

ar._LM5
AN 4 4m

(4.12) immediately gives

2 — [+

(4.11)

(4.12)

(4.13)

“rom eq (4.11), it is clear that ¢p has two solutions:

(1)

($4)
w=0
a solution of

| ee + ee |=pi VK +9: Kt +atez 1

(4.14a)

(4.14b)

The second derivative minimum tests for these extremum values show that

the minimum values of @ are as follows

(1) co boven
fk. ~ when  og Kk

ua ke, +X¥,

(i) w +n (solution of eq (4.14b)) when

With the use of eas (4.13) and (4.10), the around

arw=Kalle+K2

state enerqy is

given bv

E, = \ k? + qglepr ——— \kr+9%?; 1+ L pw + 1 uzep2 (4.15)

corresoonding to the two solutions of » , the ground state energy is
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E,=—ki—k, +1

C, = — Jkirerer — Jki4q9toz

2 k ik,
when = &lt;£ ork, (4.16a)

+L p+ ultra

when awe 7 .SL+k rR

(4.16b)

A Special Case: When Ki, = Kg

then Ky=K, 2K , eq ( 4.14b) can be easily solved to obtain

the minimum value of @ ac

J_. 4 9+ k=)= wD viva viv( MmaLo9
2 _D (4.17)

Thus, the ground state energy is

h
— - ( -2kt  Hw when

2 ) _ 2 pt23 rip * i whenML

ZzdK
kin=&gt;

(4.18)

4.1.2 Near Equilibrium Dynamics

By treating the variation parameters WU, , 44, U, , Y, and P

as time-dependent, the small oscillations around the ground state are

studied as usual. When Cp is time-dependent, we must start with the

following trial wavefunction.

P= (¥) a Ln ou bh) (4.0514 0,57)10)|
exp [= 804-0)+iP(b-0)|(4.79)
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With Wu, , 4% , U, and 4, being complex, the langrangian is

} - (BLT -U

A (ud, + 48, * 13, ) +i (ux, + NT +P -4¢ (4.20)

whe»:go:|

N= LBlHID&gt;
w——
—— k, (m*u,— FAL) + le, (UXu,- Vx4,)

- 2+ = (w +12) tre + Lb p2

(uxn,+ xu) + (u.¥ 1, ru) |p (4.21)
_

is the classical hamiltonian. The methods of the previous section

will help us to find the minimum values of the variation parameters

and the ground state energy. The pattern of the results is similar

to the one-orbit case (Chapter 3). It is found that wu , 4, ,M, , U,

are real when ¥ is minimized and hence the ground state energy is

as given in the stationary variational case.

By expanding the variation parameters about the equilibrium

values, the RPA frequencies can be found. The calculations have to be

performed following exactly the same method used in the one-orbit case

(Section 3.2.2). The only difference in this case is that there are two

additional parameters MU, and A}, . Instead of repeating the already

familiar method of Section (3.2.2), we merely give the final result.
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The RPA frequencies are

a

i1)

WJ, »
/

solutions of

(0, 12) (w 2-422) (w2- 42,2)
+292 [wp — 2 (HA)(wF-45202)~4wg%q2] =p

(4.22)

(4.23)

where

A= ki +92cp? AZ = ko? + gre?

dhen 4=¢p , we get

w, = 0

WwW, = Mo 2k, , 2k,

As in the case of one-orbit,¥ in (4.2 ) is not a proper

choice. This inference is drawn by examining the ground state energy

given by eq (4.16). For the weak coupling, there is no contribution

to total energy from the interaction. Moreover, we have not gained

any information about the exchange effect of the interaction between

the two fermions.
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4.1.3 Variation with the Modified Trial Wavefunction

[n order to improve the results of the last section, we follow

the example of the one-orbit case and try a new wavefunction of the

type given in (3.29).

Yh,= €°
AY TT 2 ZK,

Vv (4.24)

in the present case,

Jv= ab,t+bra, + ab,+bla, (4.25)

As we shall see later, this transformation introduces the important

exchange effect which could obviously be not present in the one-orbit

case. The new trial wavefunction is

P, = -4=.
0 'G [Cat bot stan) +a, + bia)

[af +4, bF) (4 a + 45, bt) 10&gt;]

(WYh exp @ (4-07] (4.26)

We just carry out a stationary variational calculation here. The

expectation value of the hamiltonian (4.1) is

H= {(b| H| Py
and
ap— ( sO| e t&amp;TYY H pm ETV | BD (4.27)

where YP is given by eq (4.2).

The integrals in eq (4.27) can be evaluated by following the methods

used in Section (3.2.3). Thus, we obtain
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4, = {Bulk (afa,- bf pe) BD
K | (wt - 02) em 0? (4.28a)

H, = {| k.(ata,- bT be) | Ty
K, (U2-0.2) e~%x* (4.28b)

H, = {Py | +3)

1 (4 "“7¢c)ov mE.&amp;

Before evaluating the expectation value of L pz¢?, consider the following.

Jb 2e242)TMJv (4x
onparm
A

|—— mz (4 - Pot

1a} 2

+) rad] { (4.284)¢ &amp; - 2% [@te ofa)+ (a7,
: Vo

+ + iWe now get a cross term between (ab, + bay) and (47h, +b, a) which

appears only because we are considering more than one orbit. Similar

affect is introduced in the interaction term also.

He = (| £0 $2] DB, N
|

(4 28e)
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He = &lt;2) 3(atb tba +01,+ea)&amp;|20)

¢ FU A, + Uy YO— 3(2 4 8 Yar, Uy Ua) Ww

Collecting all the terms in (4 28), the expectation value of the

(4.28f)

hamiltonian becomes

U = K, (md- 4) o = ** op k, (U3 - 432) p~X?

1 1 1 3,(wt £2) +1wv

F(A argu)+2-H0,0)
(4.29)

2-924) - hi ) =“or convenience, we put 2 (nw Z)z A ’ (3 = G

The term 4 AU A, U4; in the hamiltonian can be interpreted as an

equivalent of Hartree-Fock exchange term. Let us minimize # first

with respect to MW 's and #'s (after introducing the usual Lagrange

multipliers A, and A,)

2% ~o(2
I

DH wt24, - —k, e » 4 +3G Qu, +4AU U, -U, —A UY, =0

(4.30a)

(4.30b)

2H — 2kge~%*y, HGP, FEAURDL,9A U,= (4.30c)
oM,
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bys
au, = 2k. ex" — Uy, =M, 3G +A) 2 2 @ u, 4-A Uu, 4, u, yl 2

Though these equations cannot be solved without resorting to numerical

methods, it is useful to bring them to some simplified form. Thus,

from eq (4.30), we get

1) ] Zn —
ao

joo
L221 ee —2 EB Ga nay Th

Ur = 1 = 1 21x
21Y 2¢ A)? |Er+(Ge+ 2A UU[e; (

(4.31a)

(4.31b)

where we have put  k, eo? = E, y Ki e-% = t,

Inserting eq (4.31) in (4.29), the hamiltonian becomes (after some

algebra)

N= + [e+ (ao + 2AU, 0)"] Va +[E2+(aq +2Auu)i]"

fw + £2) + ra (1-4u4 2 U,) (4.32)

Thus, in the hamiltonian, we have the single particle energy for

each orbit, the energy of the meson, and the interaction energy

which now includes an exchanage-type term

Continuing the minimization process, we find
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2 = 0WM. We + 26 (wb+ UL)DCO (4.33a)

oR _[1 _ pw 2 of = (hi) + (3 - HE) Cervo
+ pie== (un, VEU,es 2 2) @ = ~

J (4.33b)

2

2% = - 2k, (mi-v2)xe = ¥ —- ik; (un 2-2) oe=*"

1 ‘Mi _ 3 BUD) - 2M Au ru) =me Loam WO)=2Gu, +.) =0
(4.33c)

In order to find the ground state energy, the seven simultaneous equa-

tions (4.30, 4.33) must be solved. This can be done only by numerical

method which depends very sensitively on the initial values of the

variational parameters supplied for the iteration process.

Let us consider a special case when Kk =K,=1.0.

In this case U =u, and AY, = Abe

Let U =u, = WU and WW,=4, = 4+

From eqs (4.30), we obtain

and

2 uy ==" — Ge("io Vr) —2AUL(n*~ 492) = 0

from eq (4.30a), we have

mze + 4G&amp;GUAyr 0

(4.34)

(4.25)

In eqs (4.34) and (4.35), ¢p can be eliminated to get
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UA= 0

3
gt

“~ 8

Jue Ar=1 |U=1 A=0

2 G2
2 Y-V ) =( —- pr) = 0

(4.36)

(4.27)

The solution to eq (4.37) is

aWr= L mm——re J2 Goe | oi = TXLl i+ e ®t

(8H) |
In (4.36), only the solution ( w=0, 4=1) corresponds to the ground

state energy.

The corresponding solutions of p are

(i) = (4.38a)

(ii) ee= _ 26
pz j ( e2G? | (4.38b)

In each of these two cases, o&amp; and @W have to be found separately

from eq (4.33).

case (i) when @ =0.

We have to solve

2

3 - me) 5 2 pel)+ (! =) + (1: Pp 0

em XP i mtet3_\_(+e 2) =0

(4.39a)

(4.39b)
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The ground state energy is

Eo.
=n

-9 oe a) t ol+ 2 (ar
iH

2) (4.39¢)

case (ii) when &lt;p £0.
We have to solve

JP-8) rw Ew2
+ xX« G o-2%*

(2&amp;2ne — A)? -
0

so + GRE =

Io (-p*A+26G2)
C

(4.40a)

(4.40b)

The ground state energy is

2 2E, = 2lut2)gm Cy (+E)4Araw)—gG2UL
(4.40c)

The eqs (4.39) and (4.40) are solved by the standard iteration

process based on Gauss elimination method (see Appendix (A )). Care

must be taken to supply appropriate initial values to the variables.

[n the next section, we will list the ground state energy for various

values of the coupling constant % and compare them to the exact values

and the values obtained by using P
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4.2 COMPARISONOFAPPROXIMATERESULTSTOTHEEXACTCALCULATIONS

The exact values of the energy eigenvalues can be calculated by

the method described in Section (3.3.1). In this section, we compare

exact ground state energy to the approximate ones for various values

of 9 . Also, we calculate the interaction potential energy in the

second order perturbation theory and compare it to the binding energy

calculated by the exact and the variational methods.

1.2.1 The Ground State Energy

For ky=K=1 and P=0:1, the ground state energy was calculated

by the variational method using the two trial wavefunctions ¥ and Py

and are listed in Table (©) along with the exact values. Because of

the limitation of the computer storage, the exact values could not be

obtained for very large values of % . Again, we find that the calcu-

lations with yu give more accurate results. However, as§moves

towards larger values, both the wavefunctions give almost the same

results. The parameter of appearing in the wavefunction Fy tends

towards zero as 4 becomes very high. In this limit, « approaches

the value of WW

4.2.2 The Interaction Potential Energy

Using the ground state energies of the one-orbit and the two-

orbit systems, the binding energy of the two-orbit system can be

calculated in the exact and the variational methods. Let the ground

state energy of the two-orbit system be denoted by E,, . Fiqures (3)
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show the various possible configurations in the two-orbit case. To

calculate the binding energy of the two-orbit, we have to find the

interaction energy required to bring together two one-orbit systems

to form a two-orbit system. As shown in figure (3e), the one-orbit

system is equivalent to one-hole configuration of the two-orbit case.

[f we take all the energies with respect to the ground state energy

of the two-orbit (figure(3a)), we have to consider the two-hole

configuration (figure ( 3% )) to find the binding energy.

Let E,.ybe the one-hole energy and E,_ the two-hole energy.

[f E, is the energy of the ground state of one-orbit (chapter 3),

tron
Ei-n = Ey -Ey

E,-n = 4p -Ey

The binding energy Eg is

= -_— E on — 2 (En) (4.41)

We now calculate the interaction potential energy by the

perturbation method. Consider the hamiltonian of the two-orbit given

H = He + Hoe+HIT

He = k, (ata, - bit b)) +k, (ata, - bt ba)

Hoe = Lots 1 pzd?

Hr = 3 (atv, + bra, + afb,+bita,)¢
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Treating Hyp as the perturbation, the unperturbed eigenstates and the

energy eigenvalues are as given below.

Ground State: [Nod

Eigenstate: b,* bJ 10) WV, Energy: — Ik, =k, +1 1

where \, is the ground state of the unperturbed oscillator.

Excited States: INWD&gt;
Let P| n=bz... denote the excited states of the unperturbed

sscillator with energy En = (0+ WH

i genstates:

ot blIo) Wn
at blo) Vu
ar af [o&gt; VW,

Energy: Ew.
k,-k, + Ew

—k, +X. + En

K,+WK.+E. N= 1 2,3, 0-00

The eigenstates listed above form the complete set of the unperturbed

hamiltonian of the two-orbit.

In the first order perturbation, there is no contribution for

the interaction energy becasue of the presence of the linear power of

4 . However. in the second order.

=... 5 [Quinn]
" Ey, — En,

tr)
re , +H)z kr!CWEr — (4.42)
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Table (g)shows the interaction potential energy calculated

by all the methods mentioned above for various values of &amp; . We

notice that the variational calculation with PB gives quite close

results when compared to the exact case. The perturbation results do

not match well with both the exact and the variational calculations

axpecially for large values of 4g
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CHAPTER 5

SUMMARY

In this work, we have explored ways to solve the problem of

two-nucleon interaction from a meson field theoretical point of view.

This was achieved by applying a time-dependent variational method to

a system of two fermions interacting with an oscillator.

We first developed the calculational schemes for quantum

mechanical non-linear systems in the two many-body approximation

techniques by working the example of an anharmonic oscillator. By

choosing a gaussian wavepacket as the trial wavefunction, the energy

of the ground state and the excited states were found in the time-

dependent variational method. These approximate solutions were found

to match well with the exact values. The frequencies of the smali

oscillations (RPA) about the equilibrium ground state correspond to the

first two excited states. We also showed that the equations-of-motion

method of Kerman and Klein can be used as a practical tool to study

quantum mechanical non-linear systems. The rapid convergence of the

values of the matrix elements and the energy eigenvalues justified the

assumptions regarding the magnitudes of the matrix elements. We also

found that the first-order Kerman-Klein calculations gave results

identical to those of the time-dependent variation. These two approxi-

mation techniques can easily be extended to two-dimensional systems such

as the coupled anharmonic oscillators. In the TDV, we then have to take
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a product of two gaussian wavepackets as the trial wavefunction.

Similarly, in the Kerman-Klein method, we can find the energies by

designating the eigenstates by two quantum numbers for the two oscillaotrs.

The application of the time-dependent variational method to the

system of one orbit coupled to an oscillator is quite straightforward

as discussed in Chapter 3. The trial wavefunction¥is just a

product of the wavefunctions of the free hamiltonians. The energy

values, when compared to the exact values, showed the need of a better

wavefunction. The modified wavefunction consisted of a unitary trans-

formation on the old trial wavefunction and gave better results. This

was natural since the modified wavefunction B, had a fermion-oscillator

cross term as it should be. The ground state energy values with Wy

are very close to the exact ones. Also the frequency of the quanta of

the oscillator (mesons) varies with the coupling constant 4 and hence it

is a manifestation of the dynamics of the meson involved. However, at

very large values of 4 , the new trial wavefunction J, tends towards

the old one i.e., YP a product of the wavefunctions of the free hamil-

tonians.

In the case of the two-orbit system coupled to an oscillator, we

could extend the calculational scheme of the one-orbit system to

include two orbits. The results were similar in pattern to those of

the one-orbit system. However, in the two-orbit system, the variational

calculations with the modified wavefunction ¥) clearly indicated the
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appearance of the exchange interaction term. The frequency of the

'meson' which varies with the value of the coupling constant demon-

strates the involvement of the dynamics of the meson. The binding

energy calculated by the variational method agrees with the exact

ones (with the limited number of values we could obtain). However, the

perturbation results are substantially away from the variational

results. This indicates the need for higher order perturbation

calculations.

The method of the Kerman-Klein calculations for the example of

the anharmonic oscillator is quite general. It can be extended to the

Ewo-orbit system by designating the eigenstates by the quantum numbers

corresponding to the fermion state and oscillator state. We noticed

that, in the case of the anharmonic oscillator, the TDV and the first-

order Kerman-Klein calculations gave identical results. For the two-

orbit system, it will not be hard to obtain results identical to those

of the TDV method with the trial wavefunction &amp; . Thus, by working

with higher states ('multi-meson’ states) we can improve the first-

order Kerman-Klein calculations in a systematic and self-consistent

manner. It will be interesting to compare such results to the TDV

calculations with the modified trial wavefunction Pu.

Thus we have shown ways to apply the variational method to the

two-body interaction of the nucleons from a meson field theoretical

point of view. The possible extension of this work lies in introducing
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boson field instead of the oscillator and studying the full field

theoretical problem. After that, one can introduce more fermions and

study the properties of the many-particle systems.
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APPENDIX

A. Solution of a Set of Simultaneous Non-linear Equations

Here we briefly describe the numerical method to solve the set

of non-linear equations encountered in the Kerman-Klein calculations.

at

(2), ?n) -N J A, (A.1)

be the given set of non-linear equations to be solved. These equations

are supposed to contain at least one coupling parameter, say,» . Let

us suppose that for some value A=p,0or in certain approximation limit,

the approximate solutions ( 2.2.

ha: &amp;

A (22, 22°) = -C,

, 22) are known. Then we

(A.2)

“rom (A.1) and (A.2), we obtain

24 °
Z (3%) = =2D; 82 =

a=, cay nw

(£.3)

where 822-2;
These corrections Se; can be found by the standard Gauss elimination

process. Then
Zz; = 2 +8

will be the initial values for the next order of approximation. This

iteration process is continued till convergence is achieved. One must
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be cautious to choos initi 5e proper initial values z; and the increment 32°

for the iteration process.

fhis program can also be used to solved the non-linear equations

of the variational calculations of Sections (3.2.3) and (4.1.3).

B. Diagonalization of a symmetric matrix

This brief discussion is about finding the energy eigenvalues of

a symmetric real matrix of the kind that appears in the exact calcula-

tions of all the systems we considered.

The method due to Jacobi consists of finding the eigenvalues of

a real symmetric matrix by a similarity transformation. For any

symmetric matrix A , an orthogonal matrix S can be found with the

property:
&gt; 4 A { iJ

The elements Dik of © have the form

Dix = €i din

where &amp;, are the eigenvalues of the matrix.

The fundamental approach of Jacobi method is to annihilate, in

turn, the off-diagonal elements of A by ‘elementary’ orthogonal

transformations. For a particular off-diagonal element of A , namely

Aya » the transformation is

R pp = wse Req = Sing
Rayey = (pS&amp;
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where &amp; is taken to be a convenient function of the off-diagonal

elements. Then the transformation B=RTAR jis carried out. This

process is carried out, in turn, for every off-diagonal term. This

process is called one cycle. The iteration process is continued

in cycles with a new threshold for the off-diagonal elements till

the desired accuracy is achieved. For details. of this procedure,

see reference [6].
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Matrix
Element

lol &amp;|1&gt;

li bl2&gt;

[able 1:

First
Order

Second
Order

|

b

Third
Order

0.59108 0.59534 0.59534

0.83591 0.77109 0.77099

Anharmonic Oscillator:
Matrix Elements for A=1.0
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0.1

1.0

10.0

EE—

Kerman-Klein Method
Exact TOV First

Order

0.517520

0.624016

Second
Order

0.517364

0.620925

0.517520

0.624016

1.02352

0.517365

0.620932

1.009211.009134 1.02352

Table 2: Ground State Energy of
the Anharmonic Oscillator

Third
Order

0.517365

0.620927

1.00917
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i A——————

Kerman-Klein Method

0.1

1.0

10.0

Exact

1.583603

2.025944|
3.506699

fable

TV First
Order

Second |
Order

1.585443

2.055143

3.624767

1.585443

2.055143

3.624767

1.583614

2.026069

3.507371

[

3a: First Excited State Energy
of the Anharmonic Oscillator

Third
Order

1.583613

2.025966

3.506741

Kerman-Klein Method

0.1

1.0

10.0

tXxact

2.708621

3.698415

6.733807

|

Table 3b:

DV First
Order

Second |
Order

2.524061

3.831162

6.98515

2.653367

3.486271

6.226008

2.708543

3.696452

6.725769

Second Excited State Energy
of the Anharmonic Oscillator

—

Third
Order

2.708631

3.698444

6.733833
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Variation

fl

q
2
L_
WAL

0.03162

0.07071

0.1 |

0.12247 |
0.14142 |

0.2236 |

0.3162 |

0.1

0.5

1.0

1.5

2.0

5.0

10.0

0.5 ?50
EE ———

Table 4:

Exact
A,

Using
al

Using
Tn

-0.952436

-0.963652

-0.98439

-1.04721

-1.207021

-0.95244

-0.96365

-0.9864

.1.04884

-0.95

-0.95 |

-0.95

-1.0333

-1.19998

-2.54985 -2.55088

-4.99913 -4.99938

-12.47 -12.47004

One-orbit coupled to an Oscillator
Ground State Energy (k =1.0, MH =0.1)
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2
n&gt;

0.1

0.5

1.0

1.5

2.0

5.0

10.0

25.0

fable 5:

x w

0.04796

0.12308

0.16876

0.23

0.16327

0.0722

0.0504

0.0317

0.09544

0.07451

0.05894

0.04132

0.06937

0.0979

0.0995

0.09992

One-orbit
Minimum values of of , w

(mh=0.1)
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elitlu

Variation

0.03162 !

0.07071 |

0.1

0.14142 |
0.2236

© 7B

x
2

0.1

0.5

1.0

2.0

5.0

Exact

-1.955009

-1.98716

-2.45666

Using
22

-1.95

-1.95

-2.45

-4.,19993

-10.0494

| Using
Fu

-1.95499

-1.98376

-2.45478

-4.20152

-10.04965

-~

 i——~mm

lable 6: Two-orbit
Ground State Energy ( Ki =K,=1.0, w=0.1)
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Mo
nz

0.0

0.1

0.5

1.0

2.0

5.0

100.0

Of

0.0

0.05

0.156

0.085

0.057

0.035

0.008

A)

0.1

0.09055

0.04276

0.0864

0.0968

0.0995

0.099998
dl

Table 7: Two-orbit
Minimum values of o, w
(M=o0e1)
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Variation
2

4.
n&gt;

0.1

0.5

1.0

 7? 0

5.0

-0.00013 |
0.00986 |
-0.43386

Exact Using | UsingP ,,

0.0 -0.00012

-0.00646

-0.436

-1.73748

0.0

-0.5

-1.74997

-4 9443 -4 89789

Perturbation

-0.00476

-0.02381

-0.04762

-0.09524

-0.23808
A

Table 8: Binding Energy of the Two-orbit System
( K = K,=1.0, M-=0.1)


