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Abstract

Data association is a fundamental requirement of geometric estimation in robotics.
Identifying correspondences between measurements and models enables estimation
processes to incorporate more data, in general leading to better estimates. However,
sensor data is replete with noise and spurious measurements, making data associa-
tion considerably more challenging. This thesis addresses data association problems
that arise in realistic robotic perception, thus enabling robust geometric estimation.
The first contribution of this thesis is the introduction of a scalable algorithm that
efficiently identifies pairwise correspondences in high-outlier scenarios without ini-
tial data alignment. By modeling the pairwise association problem using a weighted
graph, large complete subgraphs of highly consistent associations can be found with-
out sacrificing information through thresholding, unlike previous methods. The sec-
ond contribution is the introduction of a novel representation for lines and planes
using the affine Grassmannian manifold. This thesis looks beyond points to higher-
order geometric abstractions and provides a means for robustly aligning line and plane
landmarks without an initial guess. When applied to lidar-based localization and loop
closure, which face challenges in registering sparse point clouds, higher accuracy and
success rates are achieved compared to typical representations. The third contribu-
tion of this thesis is to extend pairwise data association to multiway data association,
wherein multiple pairs of associations are jointly analyzed to improve their accuracy
and to ensure their consistency. By leveraging insights from the spectral graph clus-
tering literature, this thesis develops an algorithm that is computationally efficient
and provides accurate solutions with guaranteed global consistency. The final contri-
bution of this thesis is to develop a multiway association algorithm that is capable
of operating directly on pairwise affinities, unlike previous work which assumes the
availability of pairwise binary permutation matrices. By delaying pairwise decision
making until many pairwise affinities can be analyzed together, higher accuracy asso-
ciations can be made. Taken together, these contributions improve the robustness of
data association, allowing reliable geometric estimation in the presence of uncertainty.
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Chapter 1

Introduction

1.1 Overview

The widespread deployment of autonomous mobile robots remains a challenge, largely

due to uncertainty [1–3]. Uncertainty arises from multiple factors, including 1) sensor

limitations such as noise, narrow field of view, occlusions, and perceptual aliasing, 2)

navigation and localization errors, often in the form of inaccurate egomotion estima-

tion with respect to other robots and objects, and 3) dynamic environments, where the

misclassification of static and dynamic objects can lead to poor situational awareness

and mapping errors. Typically, uncertainty is accounted for in the context of esti-

mation theory by leveraging assumed-known measurement noise statistics to obtain

an optimal state estimate using the maximum-likelihood paradigm [4–7]. However,

these methods—typically relying on least squares estimation under the assumption

of Gaussian noise—are not robust to out-of-distribution measurements or long-tailed

events [8]. Indeed, sensor data gathered in the field is frequently contaminated with

spurious measurements, which are difficult to identify.

A central challenge caused by these uncertainties is data association [9–11], which

is the process of identifying correspondences between observation sets—either as raw

measurements or abstracted representations (e.g., keypoints, geometries, objects).

Successful data association is crucial for real-world estimation applications such as

localization [12], simultaneous localization and mapping (SLAM) [13, 14], multiview

15



Redwood Data [22]

(a)

City10000 Dataset [23]

(b)

PETS 09 Dataset [24]

(c)

Figure 1-1. Example estimation applications highlighting the importance of successful data asso-
ciation. When data association fails—sometimes even slightly, e.g., (c)—estimation quality suffers
significantly compared to results with known correspondences (bottom). (a) Indoor RGB-D re-
construction from point cloud fragments [22]. Each fragment pair must be correctly aligned using
point correspondences. (b) Multirobot loop closure detection between green and blue robot trajecto-
ries [23,25]. Even a handful of invalid loop closures can be disastrous for estimation. (c) Multi-object
tracking from a stationary camera [24,26]. Two pedestrians abruptly change motion profile, crossing
in front of each other and causing the tracker to associate measurements to the wrong existing track.

reconstruction [15], object pose estimation [16, 17], object tracking [18, 19], multi-

robot frame alignment [20], and collaborative mapping [21]. However, data associa-

tion performance can become severely degraded or costly in real-world settings due

to the aforementioned uncertainties, resulting in estimation failures, such as those

demonstrated in Fig. 1-1. Therefore, it is imperative that algorithms exist which are

robust—i.e., capable of detecting and rejecting measurements that are inconsistent

with or substantially deviate from the estimation model. This thesis provides data

association algorithms that are robust, scalable, and suitable for online use, enabling

the use of estimation algorithms for real-world and reliable robot systems.

Broadly, data association is the operation of associating measurements (either raw

or processed) to some process or model. For example, in the object tracking liter-

ature [27], data association typically refers to associating uncertain measurements

to known tracks. Similarly, in SLAM, data association often refers to relating sensor

observations with landmarks in the map [28]. In multirobot settings, data association

is necessary for aligning representations and coordinate frames [29]. Data association

16



can also be synonymous with information fusion [30, 31], where data from multiple

sensors is fused to provide a more complete description of a signal of interest [32],

often in a recursive Bayes filter framework [33]. In this thesis, data association is

defined as finding correspondences between two or more sets of objects, where these

sets are defined by the problem of interest. For example, in point cloud registration

a rigid-body transform is sought that best aligns two point clouds. To estimate the

alignment, correspondences between points of the two point clouds must be identified,

necessitating pairwise data association. When many sets of objects need to be asso-

ciated, such as in multi-view image matching [34] where the features of each image

form a set, multiway data association is used. Throughout this thesis we enforce that

correspondences should be one-to-one, i.e., an element of one set can only be matched

with one other element, and distinct, i.e., an element cannot be matched with another

element from the same set.

In practice, observations are “noisy” and “partial”, i.e., where an unknown number

of objects may not have a counterpart in one or more of the other sets. Some of these

objects may correspond to spurious measurements (e.g., noise from RGB-D sensor)

and any correspondence to them would constitute an outlier—similarly so with any

incorrect correspondence between valid objects. To deal with these robustness issues,

three main lines of work have emerged. First, robust model fitting in the presence of

spurious measurements can be posed as the maximum consensus problem [35]. Due

to its NP-hardness, approximate algorithms are instead employed, with the most

used algorithm being RANSAC [36], a non-deterministic heuristic that has a running

time exponentially proportional to the desired probability of success [37]. Second,

motivated by robust statistics and originating in the work of Huber [38] is the use

of robust loss functions, which are less sensitive to the deleterious effects of outliers,

but introduce a local iterative re-weighting procedure. While provably insensitive to

a bounded fraction of outliers [39], many of these so-called M-estimators introduce

non-convexity, thus increasing reliance on a good initial guess, and often preclude

the underlying optimization from admitting a tight convex relaxation [40]. A re-

lated method is graduated non-convexity (GNC) [41], a heuristic which can be used

17



to optimize non-convex cost functions [42]. Third, the robust selection of pairwise

correspondences can be formulated as the NP-hard quadratic assignment problem

(QAP) [43]. This class includes graph matching [44] and maximum clique [12, 45]

formulations, which are in general not scalable and so heuristic approximations are

frequently sought. Additional robustness can be gained by leveraging multiple pairs

of correspondences in a multiview matching [46] framework, often at the expense of

increased computational complexity. This class of approaches is explored in this the-

sis by leveraging graph-based representations for assignment problems. In contrast

to other works, continuous relaxations to the underlying NP-hard combinatorial op-

timizations are found that (1) have an empirically large basin of attraction and (2)

allow for weighted graphs, increasing the amount of information available and leading

to improved data association.

This thesis asserts that measurement consistency provides a rich signal for robust

data association, leading to successful geometric estimation. The classification of

correspondences are correct or incorrect is unobservable a priori, therefore correspon-

dences that are consistent with each other and with the estimation model should be

sought. Because data association tends to be the “hardest part” of many estimation

problems [47–49], this thesis presents algorithms that recover correspondences and

that can be coupled with geometric estimators to provide solutions even in the pres-

ence of many noisy and spurious measurements. The availability of such algorithms

enables the reliable deployment of autonomous systems, due to their reliance on data

association for navigation and situational awareness.

The conceptual and computational challenges that must be overcome to achieve

this goal are outlined in Section 1.2. Section 1.3 gives an overview of the technical

contributions. Finally, Section 1.4 presents the thesis structure.

1.2 Problem Statement

This thesis develops data association algorithms to address key challenges in deploying

mobile robots in uncertain environments. The following questions are investigated: (i)
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How to robustly identify pairwise correspondences in the presence of a large number

of incorrect options? (ii) How to best represent data from modern sensors (e.g., 3D

lidar, RGB-D) for reliable and efficient data association? (iii) How to ensure consistent

data association across multiple observations? (iv) How to utilize uncertain affinities

in consistent, multiway data association? The following sections provide motivation

and elaborate on these questions, while the technical problem formulations are left to

subsequent chapters.

1.2.1 Robust pairwise data association

Successful geometric estimation requires fitting data to some model. This is fun-

damentally challenging in the presence of many noisy measurements because it is

not immediately clear which measurements should be used or which measurements

correspond to which aspects of the model. For example, to enjoy the loop closing

benefits of SLAM, currently observed landmarks must be identified with previously

seen landmarks. Similarly, when aligning two point clouds, point correspondences

between the data and the model are necessary. Traditionally, this data association

task is accomplished using the Hungarian [50] algorithm for bipartite matching, which

requires each data point to have a descriptor that is used to score how similar two

data points are. However, descriptors may not be discriminative enough (e.g., learned

descriptors [51, 52] used in different settings than they were trained in), leading to

incorrect matches. Further, the Hungarian algorithm typically assumes that all data

should be matched, which is not necessarily true and is rarely known a priori. The

objective of this work is to enable robust pairwise data association without relying on

descriptors and even in the presence of noisy, spurious, and partially observed data.

1.2.2 Representations for data association

Modern sensors like 3D lidars or RGB-D cameras are ubiquitous in robotics because

they provide accurate depth sensing and typically cover a wide sensing area. How-

ever, they produce an enormous amount of data, with some spinning lidars producing
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approximately 5 million points per second1. While high-resolution 3D data is im-

mensely useful for perception and navigation, it is challenging to process, store, and

transfer due to memory, storage, and bandwidth limitations. Further, sensor pro-

cessing is complicated by various sensing patterns (e.g., spinning vs solid state vs

overlapping cells2), non-uniform sampling, and blind spots. To address these issues,

geometric primitives like lines and planes can be used to abstract raw sensor data into

more manageable measurements and maps [53–55]. These geometric primitives signif-

icantly reduce the size of the map required for navigation and improve the structural

understanding of the scene (e.g., instead of seeing thousands of co-planar points, you

see one wall). However, existing works tend to use heuristics for matching lines and

planes that are local and sensitive to viewing angle, thus limiting a SLAM system’s

ability to produce loop closures or a calibration system’s ability to register sensors

without providing a good initial guess. The objective of this work is to remove the re-

quirement of a good initial guess for matching lines and planes and to study the effect

that the mathematical representation of lines and planes has on data association.

1.2.3 Consistent multiway data association

Establishing correspondence between data points across multiple sets is a challenging

problem in robotic perception and computer vision and is commonly known as multi-

view or multiway matching [46]. Conceptually, the goal in this problem is to establish

correct associations between the sightings of objects across multiple “views”. Example

applications include feature matching across multiple frames [46,56,57], and associat-

ing landmarks across multiple maps for map fusion in single/multirobot SLAM [20].

In practice, data points are contaminated with noise and outliers, rendering classi-

cal assignment techniques (such as the Hungarian [50] or auction [58] algorithms)

ineffective as they cannot reject outliers and may produce inconsistent results. Tradi-

tional approaches to the multiway matching problem leverage redundant observations

1Velodyne VLS-128 can output 4.8M points per second and Ouster OS1 can output 5.2M points
per second

2Cepton introduced Micro Motion Technology®, which consists of an overlapping grid of forward-
facing lasers that randomly sample points within their cell.
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and attempt to synchronize all noisy pairwise associations via enforcing a cycle con-

sistency constraint. Cycle consistency serves two crucial purposes: 1) it provides a

natural mechanism for the discovery and correction of wrong (or missing) associations

obtained through pairwise matching; and 2) it establishes the equivalence of observa-

tion subsets, which is necessary for global fusion in applications such as map merging.

Synchronizing pairwise associations requires combinatorial optimization over an ex-

ponentially large search space. While many state-of-the-art synchronization methods

exist [46, 57, 59–66], solution strategies that are computationally tractable for real-

time applications remain an active area of research. Further, the rounding techniques

used by some relaxation-based methods may actually violate cycle consistency and

other important constraints (i.e., distinctness). The objective of this work is to ad-

dress these challenges by identifying novel optimization formulations and relaxations,

thus enabling real-time performance in robotics applications.

1.2.4 Data fusion from multiple views and sensing modalities

Multiway data association is often posed as the synchronization of pairwise correspon-

dences, known as permutation synchronization [46, 59–66]. The pairwise correspon-

dences are recovered from an initial data association process, which typically generate

binary pairwise matchings based on uncertain pairwise similarities (affinities). The

output of the pairwise data association is then improved and made consistent by joint

optimization. Methods that take this approach are effective at multiway matching

provided that binary matchings are available; however, their use of (partial) permuta-

tion matrices is akin to late fusion [67,68] and precludes them from using all available

information, i.e., multiway matching is performed after each pairwise affinity matrix

is pre-processed to create binary pairwise matches. The objective of this work is to

develop an algorithm that works directly on the pairwise affinities rather than the pre-

processed binary pairwise matches, enabling early fusion of data and an appropriate

way to mix the scores from multiple sensing modalities.
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1.3 Technical Contributions

This section gives an overview of the technical contributions of this thesis. Each

subsection highlights a contribution that addresses a problem described in Section 1.2.

These contributions utilize two key insights: data association can be made robust by

(1) leveraging measurement consistency and (2) by developing problem formulations

that make use of weighted information. Compared to the prior works that require an

initial guess or that ignore weighted information, these contributions enable robust

pairwise and multiway data association algorithms.

1.3.1 Contribution 1: Robust Pairwise, Global Data Associa-

tion using Graph-Theoretic Concepts

This contribution [69] addresses the problem of pairwise data association even in the

presence of extreme outlier regimes. Outlier associations arise due to noisy/bad mea-

surements, occlusions, and the weak discrimination ability of feature descriptors. The

key idea of this contribution is to identify the largest group of pairwise compatible

measurements by leveraging geometric consistency. A pair of associations are said

to be geometrically consistent if the distance between objects in the same set is in-

variant under rigid-body transformation. A graph-theoretic formulation is developed,

and since it results in a mixed-integer optimization, a continuous relaxation is pro-

posed which can be solved via a first-order gradient-based algorithm. The benefit of

the proposed algorithm is the ability to efficiently solve geometric data association

problems, enabling the use of non-minimal least squares solvers for robust estimation.

1.3.2 Contribution 2: Abstract Geometric Representations for

Global Data Association

This contribution [70, 71] addresses the shortcomings of existing work on matching

geometric primitives. Lines and planes can be used to abstract high-volume, raw point

cloud data, enabling much more lightweight maps in terms of memory and storage.
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However, existing works frequently use Euclidean distance between line or plane pairs,

using representations such as the centroid [72], which is not well-defined for infinite

lines and planes, or the “closest point” (CP) parameterization [54], which is heavily

dependent on the sensor pose. These deficiencies ultimately lead to data association

algorithms that require a good initial guess because of viewpoint sensitivity. The

key idea of this contribution is to leverage the proper geometric interpretation of

lines and planes as elements of the affine Grassmannian manifold. By utilizing the

natural metric associated with this manifold, we show that the distance between

lines and planes can be calculated in a way that is invariant to arbitrary rotation

and translation. The benefit of introducing this manifold view is the ability to use

our graph-theoretic framework for data association. Thus, lines and planes can be

associated across wide-baselines (e.g., in the case of place recognition or loop closure

detection) without any initial guess.

1.3.3 Contribution 3: Consistent Multiway Synchronization

of Pairwise Data Associations

This contribution [73] extends robust and consistent data association from pairwise

to multiway. In multirobot or multiview settings, it is crucial that correspondences

are cycle consistent, i.e., all robots or sensors agree on the a shared identity for

each object of interest. If cycle consistency is not properly satisfied, data fusion

can result in catastrophic merging, where unrelated objects, features, or landmarks

are collapsed into a single entity. The key idea of this contribution is to leverage

the natural graphical representation of the permutation synchronization problem. By

providing new insights into the connections between permutation synchronization and

spectral graph clustering, a multiway matching algorithm is developed that pushes

the boundaries of accuracy and speed.
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1.3.4 Contribution 4: Multiattribute, Multiway Fusion of Un-

certain Pairwise Affinities

This contribution [74] enhances the ability of multiway data association algorithms

by enabling direct processing of pairwise affinities without the need of a pairwise cor-

respondence selection step. Because sensors are noisy, perceive objects from different

perspectives, or utilize different modalities, different pairs of sensors may agree on

different correspondences leading to cycle consistency violations which must be rec-

tified. This work extends pairwise maximum-weight matching to the multiway case,

allowing the fusion of uncertain pairwise affinities, rather than focusing on binary per-

mutation synchronization as has been done in other work. The key idea of this work

is to formulate a mixed-integer quadratic program with a particular continuous relax-

ation that leads to guaranteed constraint satisfaction and an efficient gradient-based

algorithm. By processing affinities directly, this contribution enables the combination

of multiple attributes (e.g., features from different modalities) and avoids unnecessary

pre-processing of affinities into hard pairwise yes-no correspondences.

1.4 Thesis Structure

The rest of the thesis is structured as follows

• Chapter 2 provides an overview of the literature relevant to this thesis.

• Chapter 3 presents the framework for robust pairwise data association. Vali-

dation of the approach is performed on public datasets in the context of point

cloud registration. The content of this chapter is based on:

Parker C Lusk, Kaveh Fathian, and Jonathan P How. CLIPPER:

A graph-theoretic framework for robust data association. In IEEE

International Conference on Robotics and Automation (ICRA), pages

13828–13834, 2021. https://arxiv.org/abs/2011.10202
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• Chapter 4 presents the novel abstract geometric representation for pairwise data

association of lines and planes. The content of this chapter is based on:

Parker C Lusk and Jonathan P How. Global data association for slam

with 3d grassmannian manifold objects. In IEEE/RSJ International

Conference on Intelligent Robots and Systems (IROS), pages 4463–

4470, 2022. https://arxiv.org/pdf/2205.08556.pdf

Parker C Lusk, Devarth Parikh, and Jonathan P How. GraffMatch:

Global matching of 3d lines and planes for wide baseline lidar regis-

tration. IEEE Robotics and Automation Letters, 8(2):632–639, 2022.

https://arxiv.org/abs/2212.12745

• Chapter 5 presents the multiway fusion framework for data with multiple at-

tributes and uncertain pairwise affinities. The content of this chapter is based

on:

Kaveh Fathian, Kasra Khosoussi, Yulun Tian, Parker C Lusk, and

Jonathan P How. CLEAR: A consistent lifting, embedding, and align-

ment rectification algorithm for multiview data association. IEEE

Transactions on Robotics, 36(6):1686–1703, 2020

• Chapter 6 presents the multiway fusion framework for data with multiple at-

tributes and uncertain pairwise affinities. The content of this chapter is based

on:

Parker C Lusk, Kaveh Fathian, and Jonathan P How. Mixer: Mul-

tiattribute, multiway fusion of uncertain pairwise affinities. IEEE

Robotics and Automation Letters, 8(5):2462–2469, 2023. https://

arxiv.org/abs/2210.08360

• Chapter 7 summarizes the thesis contributions and describes future research

directions.
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Chapter 2

Related Work

This thesis is concerned with robustly establishing correspondences, thus enabling

reliable estimation of geometric quantities in robotic perception. In this chapter, an

overview of literature related to this goal is provided. Section 2.1 discusses geomet-

ric estimation and specifically focuses on approaches that aim to improve robustness

in the presence of spurious measurements. Section 2.2 provides an overview of ap-

proaches typically used for data association. Finally, Section 2.3 explores relevant

literature on object and map representations and their effects on data association.

2.1 Geometric Perception

Geometric perception is a fundamental task in robotics and computer vision appli-

cations. It is the problem of estimating unknown geometric variables (e.g., poses,

rotations, 3D structure) from sensor data (e.g., camera images, lidar scans, inertial

data, wheel odometry) [49]. In practice, many of the measurements used for esti-

mation are completely erroneous due to various sensing imperfections and are thus

called outliers. Estimation in the presence of outliers has been widely studied in the

statistical, robotics, and computer vision communities. In this section, three lead-

ing strategies to handling outliers are discussed: maximum consensus, M-estimation,

and graduated non-convexity. Additionally, the recent research theme of certifiable

perception is discussed in relation to robustness.
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Two major themes prevail when dealing with outliers: their effects are either

alleviated or they are rejected altogether. Often, these outlier management schemes

are performed in tandem with the estimation task, which can result in larger, more

expensive problems. Instead, this thesis focuses on adding robustness to the data

association step, rejecting outliers before data is processed by the estimator.

2.1.1 Robust Estimation

Maximum consensus [35] estimation is an NP-hard problem [75] that aims to estimate

model parameters which are consistent with as many inliers as possible, where the

inlier–outlier decision is governed by a pre-determined threshold. RANSAC [36] and

its variants are frequently used to approximately solve this problem; however, the

core hypothesize-and-verify heuristic has fundamental shortcomings. Namely, such

randomized methods tend to be computationally expensive in the presence of high

outlier proportions because the probability of selecting an outlier-free minimal sub-

set decreases exponentially with the number of outliers, resulting in an exponential

increase in the number of required iterations [76]. Approximate deterministic ap-

proaches have recently been presented for the general case in [77] and for point cloud

registration in [78]. A related approach in the context of planar SLAM is that of Car-

lone et al. [79], where a large set of consistent measurements are approximately sought

under a linear estimation model. Exact maximum consensus methods are commonly

based on branch-and-bound [80] or tree search [81], which limits the scalability of

such methods.

Another framework for robust model fitting is M-estimation, which supplants

the typical, yet highly-sensitive least-squares loss function with a robust alternative.

Commonly used loss functions include the convex Huber loss, which has a theoret-

ical breakdown point of 50% and has often been known to exhibit breakdown even

with less than 50% outliers in the data [82, 83]. Non-convex loss functions exhibit

increased robustness due to their redescending influence functions [84], such as the

Geman-McClure (GM) [85] loss used for camera localization in [86] or the truncated

least squares (TLS) loss used for multiple view geometry in [87], for point cloud reg-
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istration in [88], and for robust pose graph optimization in [89]. Other applications

of M-estimation in pose graph optimization include well-known techniques such as

switchable constraints [90], dynamic covariance scaling [91], and max-mixtures [92].

Wang and Singer [93] used an unsquared deviations loss function for robust rotation

synchronization. For point cloud registration, Fitzgibbon [94] incorporated the Hu-

ber loss function into the model fitting step of the local iterative closest point (ICP)

method [95,96] and a comparison of robust loss functions used in ICP was presented

by Babin et al. [97]. The principal strategy for solving these M-estimation problems is

through local search via iteratively re-weighted least squares (IRLS) [84]. Therefore,

the use of the more robust, but non-convex loss functions can unfortunately cause

the M-estimation to become (even more) sensitive to initial conditions.

An alternate strategy to solve non-convex M-estimation problems is to leverage

graduated non-convexity (GNC) [41], a heuristic in which a convex surrogate problem

is first solved, after which the problem is gradually made more non-convex—using

the previous solution as the initial guess—until arriving at the original non-convex

problem. In [98], this strategy was employed to solve the point cloud registration

problem with GM loss. Yang et al. [42] studied GNC in combination with TLS and

GM for variety of spatial perception problems and found TLS to be more robust,

generally up to 80% outliers, and have additionally applied GNC-TLS to point cloud

registration [99], shape reconstruction [100], and shape alignment [17].

2.1.2 Certifiable Perception

The success of TLS as a robust loss in spatial perception problems, but the local

and heuristic nature of GNC has led researchers to consider ways of globally solving

or certifying solutions to robust perception problems. Globally optimal estimation

algorithms have been developed in the setting of outlier-free geometric perception

using nonlinear least squares formulations (i.e., standard squared residual loss). These

algorithms typically relax the problem using Shor’s relaxation [101] and solve the

resulting convex semidefinite program (SDP) to compute a global solution and a

numerical certificate of optimality, typically based on the rank of the SDP solution.
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The certificate of optimality relies on a zero-duality gap and leads to a certifiable

algorithm [102]. See Carlone [49] for an excellent introduction and overview of robust

and certifiable geometric perception.

2.2 Data Association

2.2.1 Pairwise Correspondence

Associating elements from two sets based on inter-element similarity scores is tradi-

tionally formulated as a linear assignment problem (LAP) [103, 104], which can be

solved to global optimality in polynomial time using, e.g., the Hungarian (Kuhn-

Munkres) [50] algorithm or the auction algorithm [58]. The Hungarian algorithm

produces perfect matchings (one-to-one correspondence with all elements matched)

for balanced matching problems (same number of elements in both sets). Imperfect

(one-to-one correspondence, all items need not be matched) or unbalanced matching

problems can be reduced to perfect, balanced matching and solved with the Hun-

garian algorithm [105]. The case where an imperfect matching of any size is sought

that maximizes the possible benefit is called the maximum-weight matching (MWM)

problem [106].

Other approaches to solving the LAP for pairwise association include greedy tech-

niques, such as matching feature points between two views based on nearest neighbors.

Often smart heuristics are included to detect outlier correspondences, such as Lowe’s

ratio test [107] in feature-based image matching. These heuristics are frequently used

in practice because of their simplicity and speed, but can lead to severely sub-optimal

correspondence selection.

If elements have underlying structure (e.g., geometric structure of 3D point clouds)

that should be included in the association decision, the problem can be formulated

as a quadratic assignment problem (QAP) [43, 108, 109]. The QAP is equivalent to

the graph matching [110] problem. Unlike the LAP, the QAP (and its equivalent

graph matching formulation) is, in general, NP-hard [111]. Exact methods for solv-
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ing quadratic assignment use expensive branch and bound techniques [112, 113]. To

improve computational efficiency, approximate solutions based on relaxations of the

original problem are obtained, with examples including spectral relaxations [114],

dual decomposition [115], linear relaxations [116], convex relaxations [117–120], path

following [121–123], or alternating directions [124].

Consistency Graph Formulations

While the QAP considers pairwise similarity between associations, it does not guard

against selecting inconsistent associations. In contrast, consistency graph formula-

tions operate under the notion of identifying sets of pairwise correspondences that

are geometrically consistent. Each putative correspondence is represented as a node in

a graph and edges are formed between nodes depending on the pairwise consistency of

those correspondences. Finding the largest set of pairwise consistent correspondences

(i.e., connected nodes) then becomes a graph optimization problem. Most commonly,

the weighted consistency graph is thresholded to an unweighted graph and the largest

set of pairwise consistent correspondences is found by solving the NP-hard maximum

clique problem [125], which in general is very difficult to approximate [126].

One of the first instances of a consistency graph construction was given by Ambler

et al. [127] for model-based visual recognition of parts in an early computer-controlled

assembly system. By extracting discrete properties of part structures (e.g., an edge-

length could be long, medium, or short), initial correspondences can be made between

structures with the same property. If a pair of initial correspondences had the same

binary relation (e.g., a long edge followed by a short edge), then an edge would be

added between the nodes representing the correspondences and the largest set of

matching relational structures was found by solving the maximum clique problem.

Bolles [128] adopted this framework and extended its use to continuous similarities,

such as edge length or hole size, still creating unweighted edges based on a similarity

threshold and finding the maximum clique. More recently, Bailey et al. [12] used this

graph framework in 2D LiDAR scan matching and sought the correct data associa-

tion via the maximum common subgraph, which can be equivalently solved via the
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maximum clique problem. Enqvist et al. [129] developed a method for 3D-3D and

3D-2D registration by approximate vertex covering. Bustos et al. [130] proposed an

exact method for identifying the maximum clique in point cloud registration problems

based on branch and bound and graph coloring. Mangelson et al. [25] developed the

pairwise consistent measurement set maximization (PCM) algorithm for loop closure

filtering, where the graph encodes the consistency of loop closures in SLAM and the

maximum clique provides an estimate of the inlier set. Yang and Carlone [88] provide

an algorithm for robust point cloud registration, where estimation in extreme outlier

rates are feasible due to a maximum clique inlier selection step, which was further

explored and formalized in [99,131].

An alternate approach to mining pairwise-consistent correspondences from con-

sistency graphs was presented in parallel by Leordeanu and Hebert [114] and Olson

et al. [132]. In these works, the weighted consistency graph is used directly (i.e.,

without thresholding) to identify the densest edge-weighted subgraph, which can be

solved in polynomial time [133] using the max-flow, min-cut theorem. Note that the

key difference between the maximum clique problem and the dense edge-weighted

subgraph problem (apart from unweighted vs weighted) is the inclusion of the clique

constraint. Enforcing this constraint ensures that the selected correspondences are all

mutually pairwise consistent, and so excluding this constraint leads to poor perfor-

mance in high-outlier settings. Recent work continues to leverage these algorithms; for

example, in wide-disparity RGB-D image matching [134] and RADAR-based odom-

etry [135].

2.2.2 Multiway Correspondence

Pairwise data association is frequently used due to its simplicity, the availability of es-

tablished techniques, and the computational efficiency of those techniques. However,

pairwise data association is limited in its ability to exploit global structure or rela-

tionships among multiple sets of elements, and it can be sensitive to noise or outliers.

For example, in vision-based object tracking, frame-to-frame pairwise associations are

often utilized, but a single incorrect association will cause performance degradation
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in terms of localization accuracy and track ID switching. Instead, if data association

decisions can be delayed, a window of 𝑛 > 2 frames can be used to capture the global

structure of measurements using more sophisticated multiway association techniques

and noisy pairwise data associations can be corrected by ensuring cycle consistency

of associations. The tradeoff of including the additional information from many data

association pairs is an increase in computational complexity.

Multiway data association is predominately formulated as a permutation syn-

chronization problem [46], which is computationally challenging due to its binary

domain. With the exception of exact combinatorial methods [136, 137] that do not

scale well to large problems, and a recent deep leaning approach in [138], the major-

ity of permutation synchronization algorithms that aim to solve this computationally

challenging problem can be classified as (i) convex relaxation; (ii) spectral relaxation;

and (iii) graph clustering. Other approaches include filtering by cluster-consistency

statistics [65], message passing [66], and iteratively reweighted least squares [139].

Methods in the first category include [59], which proposes to solve a semidefinite

programming relaxation of the problem via ADMM [140]. A distributed variation of

this method with a similar formulation has been recently presented in [141]. Toward

the same goal, works such as [56,62,64] use low-rank matrix factorizations to improve

the computational complexity. Works such as [142] and [61] require full observability,

whereas methods such as [63,143] can perform in a partially observable setting, where

only a subset of overall items is observed at each view. The aforementioned algorithms

often return solutions that have the highest accuracy; however, due lifting to high

dimensional spaces, they are slow and not suitable for real-time applications.

Methods in the second category are based on a spectral relaxation of the problem,

with prominent works including [46] and [60]. The method proposed in [46] returns

consistent solutions from noisy pairwise associations using a spectral relaxation in

the fully observable setting. The work done by [60] proposes an eigendecomposition

approach that works in a partially observable setting, however cycle consistency is

lost in higher noise regimes. The recent work of [144] leverages a non-negative matrix

factorization approach to solve the problem. This method works in a partially observ-

33



able setting and preserves cycle consistency. Algorithms that use spectral relaxation

are relatively fast and return solutions that have comparably high accuracy.

Methods in the third category use a graph representation of the problem. In [145]

and [57], the authors have elegantly observed the equivalence relation between cycle

consistency and cluster structure of the association graph. This observation is used

to find approximate solutions to the problem based on existing graph clustering al-

gorithms. The work done in [145] has considered a constrained clustering approach

using a method similar to 𝑘-means. In [57], the existing density-based graph clus-

tering algorithm in [146] is leveraged to solve the problem. The method of Tron et

al. [57] is extended in [147] and applied to a multirobot feature matching problem.

Methods in this category could be very fast, though accuracy may be compromised.

With the exception of [56, 57], the aforementioned methods were originally de-

signed with permutation synchronization in mind, thus expecting binary associations

as input. This expectation requires additional front-end processing, where an initial

pairwise data association algorithm must produce hard association decisions, thus

reducing the amount of information available to the multiway association algorithm.

Lastly, note that when underlying structure is incorporated, the multiway data

association becomes a multi-graph matching problem [148–152] (equivalently, multi-

QAP), which is considerably more computationally challenging. In these works, ge-

ometrical information between the items in each view is incorporated into the prob-

lem. However, the additional complexity, in general, results in significantly slower

algorithms.

2.3 Map Representations and Abstractions for Data

Associations

Data association and registration algorithms are commonly referred to as either local

or global, depending on if an initial guess is required. Local methods, like ICP [95],

are often used in scan matching, where consecutive scans typically have small dis-
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placement between them. In contrast, global methods do not need an initial guess

to succeed and are often preferred in settings like loop closure detection because no

good initial guess exists. In point-based registration, global methods first generate

candidate point correspondences, typically based on local descriptors [51, 52, 153].

The set of putative correspondences are likely to contain incorrect matches, called

outliers, and so robust iterative estimation techniques like RANSAC [36] or gradu-

ated non-convexity [42,98,99] can be used to select a subset of correspondences that

best support the model. Consistency-graph-based approaches (see Section 2.2.1) pro-

vide an alternative technique that is both deterministic and extremely robust in the

presence of outliers.

Lines (e.g., poles) and planes commonly exist in man-made environments and have

recently been used as landmarks in LiDAR navigation. The benefits of using higher-

order geometric primitives include lower storage and processing requirements since

there are fewer line and plane objects than points [72, 154, 155], and more accurate

odometry because it is infeasible to get exact point-to-point correspondences from

sparse LiDAR point clouds [156]. Local methods for landmark-based registration rely

on identifying the closest landmarks between two scans, given an initial alignment

guess. Nearest neighbor search requires calculating distances between landmarks,

which is dependent on the landmark representation. The most common representa-

tions include vector form for lines, Hesse normal form for planes, and the so-called

“closest point” (CP) vector for both lines and planes [157]. The CP representation

compactly encodes position and vector orientation in a 3-vector, and the Euclidean

distance is often used to find similar landmarks [54, 156]. For lines in vector form

or planes in Hesse normal form, both the angle between vectors and the distance

between points is used [53]. If points are retained in one of the scans, then the point-

to-landmark RMSE can also be used [55]. Other methods [154, 155, 158] project the

centroids of the detected landmark onto the ground plane, creating 2D points. How-

ever, these methods assume the landmark (infinite line or plane) has a well-defined

centroid (which is not true for elements of infinite extent, and is extremely sensitive

to detection accuracy for elements of finite extent), the ground plane is known, and
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that 2D registration is sufficient.

Since descriptors for 3D lines and planes have not been thoroughly explored, most

global methods rely on a series of geometric tests to assign correspondences [159].

LiPMatch [160] adopts an interpretation tree for plane matching [161] in loop closure

detection, using unary and binary constraints between candidate plane matches to de-

termine the largest set of consistent matches. However, some of these constraints are

sensitive to viewpoint change (e.g., centroid, area). ClusterMatch [72, 162] matches

poles/lines and planes by iteratively searching for landmark pairs with similar pairwise

centroid distance until a large number of matches supports the resulting transforma-

tion. A critical drawback of these methods is that, although global methods, the

heuristic geometric tests that are used are often heavily view dependent.
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Chapter 3

Graph-Theoretic Framework for

Robust, Pairwise Data Association

3.1 Introduction

Data association is a fundamental requirement of geometric estimation in robotics.

Identifying correspondences between measurements and models enables estimation

processes to incorporate more data, in general leading to better estimates. However,

sensor data is replete with noise and spurious measurements, making data associa-

tion considerably more challenging. Further, while some estimation processes (e.g.,

ICP [95]) leverage an initial estimation guess to reduce the difficulty of data as-

sociation, high-quality initial guesses are frequently not available. Thus, putative

correspondences generated by the data association step are often contaminated with

incorrect matches. Additional effort is then required to identify which measurements

are useful, as even a small number of corrupted measurements can cause an estima-

tor to diverge [39]. Note that the difficulty of this requirement is in the meaning of

“useful”—in general, the classification of measurements and their correspondences as

inliers or outliers is unobservable.

Conventional methods employ consensus maximization [35] to reject outliers dur-

ing estimation, so that model parameters are sought that explain the largest subset

of the input data. However, this requires distinguishing between inliers and outliers
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via a pre-specified error threshold, which is difficult to determine in practice. In fact,

measurements which satisfy the error threshold may still be outliers in the sense that

they were actually generated from a different model [79]. Alternatively, estimation in

the presence of contaminated data can be performed via M-estimation [163]. In this

framework, the effects of outliers are discounted during estimation by minimizing a set

of robust loss functions defined over residuals, thereby using residuals as a means of

outlier detection. This technique has been successfully used in computer vision [164]

and robotics [165] settings with a moderate number of outliers. However, common

robust losses (e.g., the convex Huber loss) have low theoretical breakdown points and

often exhibit breakdown with data having a low proportion of outliers [82, 83, 89]; in

fact, even a single “bad” outlier can lead to estimator bias [89].

Rather than attempting to distinguish inliers from outliers, we instead aim to

select the largest set of mutually consistent correspondences, thus avoiding the un-

observable nature of inlier–outlier classification and also avoiding the necessity of an

initial estimation guess. By selecting good measurements before estimation, we focus

on making the data association stage more robust, thereby increasing the quality of

data before it is used for estimation. By substantially reducing the number of in-

correct correspondences in the data association module, classical robust estimation

techniques become applicable again, even when the input data is heavily contami-

nated with outliers. Additionally, by clipping outlier associations early in the data

processing pipeline, the computational burden of processing invalid measurements

during estimation is reduced.

We present a method for robust data association based on an edge-weighted graph,

where edge weights encode the pairwise consistency of potential associations. Using

this graph, we formulate consistent measurement selection as a novel combinatorial

optimization problem which seeks the densest edge-weighted clique (DEWC). Due

to the computational challenges associated with solving for the DEWC in practice,

we explore a continuous relaxation based on the maximum spectral radius clique

(MSRC). We find that the MSRC problem has an empirically large basin of attrac-

tion with respect to the global optima of the DEWC on a variety of relevant data
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Figure 3-1. Robust data association using CLIPPER on Stanford Bunny. Only 10 of 1000 blue
points in view 1 were seen in view 2 (discs), simulating a partial view with 1000 additional outlier
points (circles). (left) Putative associations between the two point clouds having 99% outlier associ-
ations, shown by magenta lines, and 1% inlier associations, shown by green lines. (right) CLIPPER
removes all outlier associations with 80% recall in 6ms.

association problems and has connections to spectral matching [114,132], while being

distinct in the fact that it enforces solutions to be complete subgraphs (i.e., cliques).

Taken together, the use of edge weights in the density objective allows for more ex-

pressive modelling of association consistency while the clique constraint ensures that

selected associations are jointly consistent, hence affording increased robustness.

To approach the non-convex MSRC problem, we introduce a convex semidefinite

relaxation following Shor’s relaxation [101], enabling recovery of the globally opti-

mal MSRC provided satisfaction of the rank constraint, notwithstanding the non-

convexity of the original MSRC problem. In practice, we find that the rank con-

straint is satisfied in most cases we consider and that the MSRC-SDR can be solved

in one second or less for problems with 100 or less putative associations. Finally, we

present a separate, computationally-efficient MSRC solver by leveraging a homotopy-

based [166], graduated projected gradient ascent framework. We find this first-order

method to perform well, solving problems with 8000 associations in one second or less

and frequently returning the globally optimal solution in the problems we consider.

This algorithmic framework, called CLIPPER (Consistent LInking, Pruning, and

Pairwise Error Rectification), outperforms the state-of-the-art in consistency graph

formulations. An example application of CLIPPER is shown in Fig. 3-1.
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The contributions of this chapter can be summarized as:

1. A novel DEWC formulation for pairwise data association that provides a high

degree of robustness to outlier associations as compared to existing pairwise

data association techniques.

2. The MSRC problem as a relaxation of the DEWC with an empirically large

basin of attraction to the DEWC and a connection to spectral matching.

3. A convex semidefinite relaxation of MSRC that empirically produces globally

optimal solutions.

4. A scalable, computationally efficient projected gradient ascent algorithm called

CLIPPER that is shown to outperform the state-of-the-art in pairwise data

association.

3.2 Background

3.2.1 Consistent Correspondence Selection

Data association is hard because the classification of correspondences as inliers or

outliers is unobservable. Instead, we aim to select the group of correspondences

that are most consistent with each other and the estimation model. To do so, we first

discuss the consistency graph and then present our problem formulation for consistent

correspondence selection.

Given two sets of data 𝒫 ,𝒬 and a set of putative associations 𝒜 ⊂ 𝒫 × 𝒬, the

data association problem can be viewed as a bipartite graph ℬ = (𝒫 ,𝒬,𝒜) where

𝒫 ,𝒬 are disjoint and independent sets of vertices and 𝒜 are the edges between 𝒫 and

𝒬. Defining 𝑢 := (𝑝, 𝑞) ∈ 𝒜, a pair of associations 𝑢𝑖, 𝑢𝑗 ∈ 𝒜 is called consistent if

the underlying data 𝑝𝑖, 𝑝𝑗 can be mapped into 𝑞𝑖, 𝑞𝑗 using a single mapping. However,

noise prevents a perfect mapping and so a consistency score 𝑠 : 𝒜 × 𝒜 → [0, 1] is

used, with 0 being inconsistent and 1 being fully consistent. The scoring function

typically relies on an invariant—that is, a property that does not change under the
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(a)

𝑢1𝒢

𝑢2

𝑢3 𝑢4

𝑢5

(b)

1

−𝜖
𝛿 := ‖𝑝𝑖 − 𝑝𝑗‖ − ‖𝑞𝑖 − 𝑞𝑗‖

𝑠(𝛿)

𝛿𝜖

(c)

𝑀 =

⎡⎢⎢⎢⎣
1 0.6 0.2 0.8 0.2
0.6 1 0 0.7 0.5
0.2 0 1 0 0.9
0.8 0.7 0 1 0
0.2 0.5 0.9 0 1

⎤⎥⎥⎥⎦

(d)

Figure 3-2. Consistency graph construction example for point cloud registration. (a) Putative
associations 𝑢1, . . . , 𝑢5 ∈ 𝒜 are given between red and blue point clouds. (b) The consistency
graph 𝒢 with vertices representing the associations and edges between two vertices indicating their
geometric consistency. In the noiseless case, any two associations 𝑢𝑖, 𝑢𝑗 mapping points 𝑝𝑖, 𝑝𝑗 to
𝑞𝑖, 𝑞𝑗 are consistent if 𝛿 = 0, where 𝛿 := ‖𝑝𝑖 − 𝑝𝑗‖ − ‖𝑞𝑖 − 𝑞𝑗‖. The correct associations are colored
green. (c) Edges of the consistency graph are weighted according to the pairwise consistency score
function 𝑠(𝛿). If 𝛿 > 𝜖 or if two associations start/end at the same point, the association pair is
deemed inconsistent. (d) The affinity matrix 𝑀 is the numerical representation of the consistency
graph 𝒢.

mapping (e.g., Euclidean distance under rigid-body transformation [69,131]), though

non-invariant properties have also been used (e.g., Euclidean distance under projective

transformation [114]). By scoring each of the
(︀|𝒜|

2

)︀
association pairs, a consistency

graph 𝒢 = (𝒜, ℰ) can be formed, with associations 𝒜 as the vertices and edges ℰ

weighted according to the pairwise consistency score 𝑠. Note that various problem-

specific constraints (i.e., element 𝑝 ∈ 𝒫 can only be matched to one element 𝑞 ∈ 𝒬)

can be enforced by removing certain edges in ℰ . These constraints are especially

important in the all-to-all hypothesis case, i.e., no prior information is available (e.g.,

no descriptor matching) and so every possible association is given in the putative

association set 𝒜.

Without loss of generality, we focus on consistency graph construction for the point

cloud registration problem. However, consistency graphs can be created for other

data association and geometric estimation problems (e.g., rotation averaging [131],

plane/line alignment [70, 71]). Point cloud registration is concerned with finding the
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rotation and translation that best align a point set to their corresponding points in

another set. Identifying correct point correspondences is the main challenge due to

noise and outliers. Outlier points are spurious measurements, typically generated due

to noisy sensing or partial observation, while outlier associations are correspondences

that incorrectly match two points from either set. Fig. 3-2 illustrates consistency

graph construction given a set of putative associations (i.e., the lines denoted with

𝑢𝑖) between blue and red point clouds (see Fig. 3-2a). Inlier points are denoted by

𝑎, 𝑏, 𝑐 ∈ 𝒫 in the blue point cloud and their transformed counterparts by 𝑎′, 𝑏′, 𝑐′ ∈ 𝒬

in the red point cloud. Points 𝑑′, 𝑒′ ∈ 𝒬 do not correspond to any blue point and

hence are considered as outliers. Thus, the associations denoted 𝑢1, 𝑢2, 𝑢4 ∈ 𝒜 are

inliers and 𝑢3, 𝑢5 ∈ 𝒜 are outliers.

To build the consistency graph (illustrated in Fig. 3-2b), the consistency score

function 𝑠 must be defined for point cloud registration problems. Because rigid-body

transformation (i.e., the unknown variable of the registration problem) is distance

preserving, the Euclidean distance between points in one set should be identical (in

the noiseless setting) to the Euclidean distance between their counterparts in the

other set. Thus, with 𝛿 := ‖𝑝𝑖 − 𝑝𝑗‖ − ‖𝑞𝑖 − 𝑞𝑗‖ for associations 𝑢𝑖, 𝑢𝑗 ∈ 𝒜 and slight

abuse of notation on the domain of 𝑠, we define

𝑠(𝛿) :=

⎧⎪⎨⎪⎩exp(−1
2
𝛿2

𝜎2 ) |𝛿| ≤ 𝜖

0 |𝛿| > 𝜖

, (3.1)

where the threshold 𝜖 is based on a bounded noise model with a noise radius of 𝜖/2

on point coordinates [99] and the parameter 𝜎 controls how consistent an association

pair with noisy underlying points is (see Fig. 3-2c). Note that consistency scores of

correct association pairs are higher, which will motivate our problem formulation in

Section 3.3.1.

Finally, the affinity matrix 𝑀 ∈ [0, 1]𝑚×𝑚 of the consistency graph in Fig. 3-2b is

shown in Fig. 3-2d. The affinity matrix is an 𝑚×𝑚 symmetric matrix, where 𝑚 := |𝒜|

is the number of putative associations. While the off-diagonal 𝑀𝑖𝑗 terms encode
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the pairwise consistency of associations 𝑢𝑖, 𝑢𝑗, the diagonal 𝑀𝑖𝑖 terms encode single

association consistency by measuring the similarity of points directly, for example, by

comparing descriptor similarity of points 𝑝𝑖, 𝑞𝑖. These terms 𝑀𝑖𝑖 are simply set to 1

when this information is unavailable.

3.3 Approach

3.3.1 Problem Formulation

Given a consistency graph 𝒢 and assuming that inlier associations 𝒜in ⊂ 𝒜, our goal

is to identify the subgraph 𝒞 ⊂ 𝒢 whose vertex set is equal to 𝒜in. Towards this goal,

we make two observations about the properties of 𝒞. First, because each (𝑝, 𝑞) ∈ 𝒜in is

such that 𝑝 can be mapped onto 𝑞 given a single mapping, then inlier associations are

mutually consistent, which forces 𝒞 to be a clique (each vertex is connected to every

other vertex). Second, under the assumption that noise and outliers are random and

unstructured, then 𝒞 is the “largest” (in some sense) clique in 𝒢 [114]. In particular,

we propose that 𝒞 can be identified as the densest-edge weighted clique (DEWC) via

the following optimization formulation

maximize
𝑢∈{0,1}𝑚

𝑢⊤𝑀𝑢

𝑢⊤𝑢

subject to 𝑢𝑖𝑢𝑗 = 0 if 𝑀𝑖𝑗 = 0, ∀𝑖,𝑗.
(3.2)

Here, the optimization variable 𝑢 is a binary vector with 1’s indicating selected as-

sociations and 0’s otherwise. Since 𝑢 is binary and the objective is to maximize, the

constraint 𝑢𝑖 𝑢𝑗 = 0 enforces the subgraph induced by 𝑢 to be a clique. The objec-

tive evaluates the density of the induced subgraph, which is defined as the total sum

of edge weights divided by the number of selected vertices. Thus, (3.2) shares the

objective function of the spectral matching technique [114], while enforcing mutual

consistency via the clique constraint.

When 𝑀 is binary (e.g., 𝑠(𝛿) := 1 for |𝛿| ≤ 𝜖, 0 otherwise and has 1’s on the diag-

onal), it is straightforward to show that (3.2) simplifies to the maximum clique (MC)
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problem

maximize
𝑢∈{0,1}𝑚

𝑚∑︁
𝑖=1

𝑢𝑖

subject to 𝑢𝑖𝑢𝑗 = 0 if 𝑀𝑖𝑗 = 0, ∀𝑖,𝑗.

(3.3)

This definition of 𝑠 corresponds to frequently used unweighted consistency graph

frameworks [12,99,129,131], which effectively ignore the consistency information cap-

tured by (3.1). This can be problematic in the case of competing cliques, e.g., if the

graph in Fig. 3-2b where unweighted, problem (3.3) cannot disambiguate between

{𝑢1, 𝑢2, 𝑢4} (correct) or {𝑢1, 𝑢3, 𝑢5}.

To highlight the importance of density in (3.2), consider the following affinity

matrix 𝑀 with two solution candidates 𝑢, 𝑢′

𝑀 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 0 0 0

1 1 0 0 0

0 0 1 0.2 0.2

0 0 0.2 1 0.2

0 0 0.2 0.2 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, 𝑢 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

1

0

0

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, 𝑢′ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

0

1

1

1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (3.4)

Both the MC objective (3.3) (with non-zero 𝑀𝑖𝑗 set to 1) and the unnormalized

objective of 𝑢⊤𝑀 𝑢 return 𝑢′ as the optimum solution. However, the block of 𝑀

corresponding to 𝑢′ has low pairwise consistency scores of 0.2. On the other hand,

the density objective (3.2) takes values of 2, 1.4 for 𝑢, 𝑢′, respectively, leading to

selection of the smaller, but more consistent subgraph. While this problem could

have been avoided by choosing a smaller 𝜖 in (3.1), a conservative threshold may lead

to rejecting correct associations (i.e., lower recall).

3.3.2 Non-Convex Continuous Relaxation

A core challenge in solving (3.2) is the combinatorial complexity of the problem due to

its binary domain. This makes it intractable to solve (3.2) to global optimality in real

time, even for small-sized problems (see Fig. 3-6). A standard approach is to relax the
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binary domain to the reals, which often facilitates faster optimization. This approach

is further motivated in our case due to the observation that the objective of (3.2) is the

Rayleigh quotient, whose maximizer over the reals is simply the principal eigenvector

of 𝑀 . Thus, we relax the binary domain and leverage the scaling invariance of the

Rayleigh quotient, yielding an optimization over the non-negative reals

maximize
𝑣∈R𝑚

+

𝑣⊤𝑀 𝑣

subject to 𝑣𝑖𝑣𝑗 = 0 if 𝑀𝑖𝑗 = 0, ∀𝑖,𝑗

‖𝑣‖22 ≤ 1,

(3.5)

which can be understood as a constrained eigenvalue problem. In fact, due to the

graph interpretation of 𝑀 , problem (3.5) seeks the maximum spectral radius clique

(MSRC) of 𝑀 . To recover a solution that is feasible with respect to (3.2), a rounding

step is required to project 𝑣 onto the binary domain. This projection can be performed

exactly by using Goldberg’s polynomial-time algorithm [133] to solve the densest

subgraph (DS) problem (e.g., (3.2) without clique constraints) on the clique induced

by the non-zero elements of 𝑣.

3.3.3 CLIPPER Algorithm

Optimizing for the MSRC (3.5) would simply be the principal eigenvector if the clique

constraints were omitted. Note that because 𝑀 ∈ [0, 1]𝑚×𝑚, by the Perron-Frobenius

theorem, the principal eigenvector 𝑣* ∈ [0, 1]𝑚, thus satisfying the non-negative real

constraint [114]. However, the inclusion of the clique constraints makes the problem

more challenging; therefore, we leverage the following penalty form

maximize
𝑣∈R𝑚

+

𝑣⊤𝑀𝑑 𝑣

subject to ‖𝑣‖22 ≤ 1,
(3.6)

where 𝑀𝑑 := 𝑀 − 𝑑𝐶 encodes the clique constraints using the penalty parameter

𝑑 > 0 and the matrix 𝐶 ∈ {0, 1}𝑚×𝑚 with 𝐶𝑖𝑗 := 1 if and only if 𝑀𝑖𝑗 = 0. Thus,
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when 𝐶𝑖𝑗 = 1, the joint selection of 𝑣𝑖, 𝑣𝑗 is penalized by the amount −2𝑑 𝑣𝑖𝑣𝑗. Hence,

as 𝑑 increases the entries of solution 𝑣 that violate the constraints are pushed to zero.

In fact, following the reasoning of [167] for binary 𝑀 (since 𝑀 can be rounded to a

binary matrix), when 𝑑 ≥ 𝑚, solutions of (3.5) are guaranteed to satisfy the clique

constraints. The intuition of the penalty parameter 𝑑 is that of other continuation

or homotopy approaches [166]: when 𝑑 = 0 the problem is easily solved and so

the solution can be used to warm start the next optimization and so on as 𝑑 is

incrementally increased. At each value of 𝑑, we optimize (3.5) using projected gradient

ascent (PGA).

Given a feasible solution 𝑣* to MSRC (3.5), let 𝒢|𝑣* ⊆ 𝒢 denote the (necessar-

ily complete) subgraph of 𝒢 induced by the non-zero elements of 𝑣*. As stated in

Section 3.3.2, 𝑣* ∈ R𝑚
+ can be rounded to a binary 𝑢* ∈ {0, 1}𝑚 by solving the DS

problem. Instead of solving for the DS exactly, we use a fast heuristic that can imme-

diately return a binary 𝑢* by selecting the 𝜔̂ := round(𝑣*⊤𝑀 𝑣*) largest elements of 𝑣*

as vertices of 𝒢|𝑢* ⊆ 𝒢|𝑣* ⊆ 𝒢. The justification follows from the facts that 𝑣*⊤𝑀 𝑣*

(i.e., the spectral radius of 𝒢|𝑣*), is a tight upper bound for the graph’s density [168]

and that nonzero elements of 𝑣*, (i.e., the principal eigenvector of 𝑀 |𝑣*) represent

centrality of their corresponding vertices, which is a measure of connectivity for a

vertex in the graph [169].

These steps, i.e., 1) obtaining a solution 𝑣* of (3.5) via repeated PGA and 2)

estimating the densest clique 𝒞 := 𝒢|𝑢* in 𝒢|𝑣* by selecting the vertices corresponding

to the 𝜔̂ largest elements of 𝑣*, constitute the CLIPPER algorithm, which is outlined

in Algorithm 1. The core PGA method (Lines 6–9) utilizes backtracking line search

for step size selection, followed by a projection onto the constraint manifold. Because

solutions 𝑣* ∈ R𝑚
+ lie on the boundary of ‖𝑣*‖ ≤ 1, the constraint manifold can

be reduced to R𝑚
+ ∩ 𝒮𝑚, where 𝒮𝑚 is the unit sphere. Once the inner PGA has

converged for a given value of 𝑑, the penalty is increased and the process repeats

until 𝒢|𝑣* satisfies the clique constraints given in 𝐶.

The update schedule chosen for 𝑑 is motivated by the desire to quickly, but care-

fully converge to a feasible solution. Focusing on elements of 𝑣 that contribute to
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Algorithm 1 CLIPPER
1: Input affinity matrix 𝑀 ∈ [0, 1]𝑚×𝑚 of consistency graph 𝒢
2: Output 𝒞 := 𝒢|𝑢* , dense clique of feasible subgraph 𝒢|𝑣* ⊆ 𝒢
3: 𝑣 ← 𝜆1(𝑀) % initialize with global solution to (3.6) with 𝑑 = 0
4: 𝑑← mean{[𝑀𝑣]/[𝐶𝑣] : [𝐶𝑣] > 0, [𝑣] > 0} % [·] element-wise
5: while clique constraints not satisfied do
6: while 𝑣 not converged do
7: 𝑣 ← 𝑣 + 𝛼∇𝑣𝐹 % 𝛼 via backtracking line search
8: 𝑣 ← max(𝑣/‖𝑣‖, 0) % project back onto R𝑚

+ ∩ 𝑆𝑚

9: 𝑑← 𝑑+mean{[𝑀𝑣]/[𝐶𝑣] : [𝐶𝑣] > 0, [𝑣] > 0}
10: 𝜔̂ ← round(𝑣*⊤𝑀 𝑣*) % estimate dense clique size
11: 𝒞 ← vertices corresponding to largest 𝜔̂ elements of 𝑣*

the violation of the clique constraints allows us to do so. The gradient of the ob-

jective (3.6) is ∇𝑣𝐹 = 2 (𝑀𝑣 − 𝑑𝐶𝑣). Observe that 𝐶𝑣 is always non-negative and

that non-zero entries [𝐶𝑣]𝑖 indicate the entries of 𝑣 that if increased would incur more

penalty—these are the potentially problematic entries of 𝑣. Note that all the entries

of 𝑣 are in [0, 1] and only the non-zero entries could contribute to clique constraint

violations. Thus, to precisely identify the problematic entries, we find entries satisfy-

ing [𝐶𝑣]𝑖 > 0, 𝑣𝑖 > 0. For each of those problematic entries 𝑣𝑖, we solve for the value

of 𝑑 that would cause ∇𝑣𝐹𝑖 ≥ 0 so that the step −∇𝑣𝐹 causes 𝑣𝑖 to diminish. The

set of values that have this property for problematic entries is (i.e., set ∇𝑣𝐹 = 0 and

solve for 𝑑)

𝒟 =

{︂
[𝑀𝑣]

[𝐶𝑣]
: [𝐶𝑣] > 0, [𝑣] > 0

}︂
, (3.7)

where the notation [·] indicates an element-wise operation. The number of entries

diminished to zero is controlled by taking the maximum, median, or minimum of this

set. We found that incrementing the penalty by the average of all such 𝑑’s (Lines 4,

10) produces solutions that balance convergence speed and accuracy.

3.3.4 Globally Optimal CLIPPER

Due to the non-convexity of (3.5), searching for the MSRC in a consistency graph

𝒢 by optimizing (3.5) may lead to local, suboptimal solutions. Thus, we transform

(3.5) into a convex semidefinite program (SDP) which has only one (global) solution
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by definition. The benefit is that if a rank condition on the SDP solution is satisfied,

then we have actually recovered the global optimum of (3.5). Observing that (3.5) is

a quadratically-constrained quadratic program, we utilize Shor’s relaxation [101,170],

which amounts to lifting the decision variable to 𝑋 = 𝑣𝑣⊤ and discarding the implied

rank-1 constraint, which is non-convex. Following these steps yields

maximize
𝑋∈D𝑚

Tr(𝑀𝑋)

subject to 𝑋𝑖𝑗 = 0 if 𝑀𝑖𝑗 = 0, ∀𝑖,𝑗

Tr(𝑍) ≤ 1,

(3.8)

where the doubly non-negative cone D𝑚 := {𝑋 ∈ S𝑚
+ |𝑋 ≥ 0} and S𝑚

+ is the positive

semidefinite cone. If the solution 𝑋* to (3.8) has rank 1, then 𝑣* can be recovered by

the principal eigenvector of 𝑋* and 𝑣* is the global optimum of (3.5).

3.3.5 Constructing The Consistency Graph for Common Robotics

Applications

CLIPPER can be applied to a broad array of data association problems found in

robotics. All that is required is to identify a geometric invariant in the data, i.e., a

quantity that is invariant under transformation. This invariant feature is then used

to score geometric consistency for which a consistency graph 𝒢 can be constructed

and CLIPPER can be used to quickly remove outlier associations. We briefly review

how to score geometric consistency for the application examples in Fig. 3-3.

Point Clouds In Section 3.2.1 we described how two points seen in each cloud

will have the same pairwise distance if the association is correct. This idea can be

extended to scaled point clouds by using three point correspondences to form triangles

for which correct associations will preserve the ratio of side lengths. This leads to a

tensor formulation which can be marginalized into an 𝑛× 𝑛 affinity matrix [172].

Line Clouds A line 𝑙 : (𝑝, 𝑣) is given by a point 𝑝 ∈ R3 and direction 𝑣 ∈ R3.

Given two sets of lines {𝑙1, . . . , 𝑙𝑛} and {𝑙′1, . . . , 𝑙′𝑚}, a simple invariant feature is

the angle between pairs of lines, resulting in a geometric consistency score defined
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(a) Scaled point cloud registration (b) Line cloud registration

(c) Plane registration (top-down view) (d) Planar patch registration

Figure 3-3. Applications were the CLIPPER framework is used for robust data association: (a)
noisy point cloud registration with unknown scale and outliers; (b) noisy line cloud registration;
(c) plane cloud registration for LiDAR sensor calibration in outdoor, urban environment (planes
indicated by colored points, sensor scans are correctly registered); (d) planar patch registration
(extracted from LiDAR scans of [171]). In (a), (b), (c) magenta and green lines indicate incorrect
and correct associations, respectively. Input associations can be generated from an external matching
procedure or an all-to-all hypothesis in the case of no prior information. Each setting generates a
consistency graph that CLIPPER operates on to identify which of the input associations are the
most geometrically consistent.

by 𝑠(|acos 𝑣⊤𝑖 𝑣𝑗 − acos 𝑣′⊤𝑖 𝑣′𝑗|). The point 𝑝 could also be incorporated to improve

precision.

Plane Clouds A plane 𝜋 : (𝑛, 𝑑) is given by its normal 𝑛 ∈ R3 and distance

from the origin 𝑑. An invariant feature of four planes is the four-way intersection

point. However, the requirement of choosing four plane correspondences increases

computational complexity. Instead, the simpler invariant of angle between normals

𝑛𝑖, 𝑛𝑗 can be used resulting in the same consistency score as for line clouds.

Patch Clouds A cloud of planar patches, e.g., extracted from LiDAR using [173],

49



additionally provides the centroid and area of each patch. Although neither the

centroid nor area are guaranteed to be invariant across views (e.g., partial view),

these values can be used to assign a similarity score to corresponding planar patches

by weighting the diagonal entries of the affinity matrix 𝑀 . Geometric consistency is

scored based on pairs of normals as with plane clouds.

3.4 Results

We evaluate our problem formulation and algorithms in the domain of point cloud

registration. We demonstrate that our framework enables extreme robustness, even

in the presence of many outliers and few inliers. Specifically, we find that corre-

spondences selected by the DEWC lead to the lowest registration error compared to

state-of-the-art formulations and that the CLIPPER algorithm produces solutions

that are near-optimal with respect to DEWC. In addition to its accuracy, CLIPPER

is computationally efficient and is shown to process as many as 8000 initial corre-

spondences in one second or less.

The DEWC (3.2) and MSRC (3.5) are solved using Gurobi 10.0.2 and the DS

is solved Goldberg’s polynomial-time algorithm [133], implemented in C++. These

global solutions are denoted as DEWC*, MSRC*, and DS*. The MSRC semidef-

inite relaxation (MSRC-SDR) (3.8) is solved using a custom C++ parser and op-

timized using SCS v3.0.0 [174]. In our experiments, we found that the the rank

constraint was always satisfied for MSRC-SDR, indicating that the global optimizer

of the MSRC (3.5) was found, and thus we denote its solutions as MSRC-SDR*. Two

variations of the DS are also compared against: spectral matching (SM) [114] and

single-cluster graph partitioning (SCGP) [132], both implemented in Python. We

use the open-source, optimized C++ code of TEASER++ [99] to test ROBIN* [131],

which solves the MC (3.3). TEASER++ first uses ROBIN* to reject outliers, followed

by a custom TLS-GNC estimator for robust registration—we denote TLS-GNC tests

without the maximum clique inlier selection stage as GNC. In the correspondence-

based tests, we use the RANSAC implementation of Open3D 0.17 using the default
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desired confidence of 99.9% and denote variants limited to 10K, 100K, and 1M iter-

ations. Fast global registration (FGR) [98] is also included. The C++ source code of

CLIPPER and MSRC-SDR can be found at https://github.com/mit-acl/clipper. All

experiments are run on a Linux computer with an Intel i9-7920X CPU with 64 GB

of RAM.

3.4.1 Stanford Bunny Dataset

The Stanford Bunny [175] model is randomly downsampled to 500 points and scaled

to fit within a [0, 1]3 cube to obtain a source point cloud. The target point cloud is

then created by adding bounded noise to each point. Following [99], bounded noise is

added by sampling 𝜂𝑖 ∼ 𝒩 (0, 𝛾2𝐼) and resampling if ‖𝜂𝑖‖ > 𝛽. We set 𝛾 = 0.01, with

𝛽 = 5.54𝛾 chosen so that P(‖𝜂𝑖‖2 > 𝛽2) ≤ 10−6. By adding noise, it is no longer clear

which points correspond between the source and target point clouds. To identify inlier

correspondences, the mutual nearest neighbor bounded by 𝛽 is found for each point

(when possible) in the source cloud. False correspondences are constructed by taking

the complement of the true correspondences, i.e., an all-to-all correspondence with the

ground truth correspondences removed. Putative correspondences are then simulated

by combining a fraction of ground truth correspondences with false correspondences

in accordance with the desired outlier rate. Finally, a random rigid-body transform

(𝑅, 𝑡) with 𝑅 ∈ SO(3) and 𝑡 ∈ R3 is applied to the target point cloud. At each desired

outlier rate, we perform 30 Monte Carlo trials.

We compare and evaluate data association strategies using precision 𝑝 and recall

𝑟, defined as

𝑝 =
# correctly selected

# selected
, 𝑟 =

# correctly selected
# correct

.

Further, we evaluate these algorithms and robust registration strategies in terms of

rotation and translation error, defined as

𝑟err = ‖Log(𝑅̂
⊤
𝑅)‖, 𝑡err = ‖𝑡− 𝑡̂‖.
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10 3

10 2

10 1

100
Tr

an
s. 

Er
ro

r [
m

]

80
10 1

100

101

102

R
ot

. E
rr

or
 [d

eg
]

90 92 94 95 96 97
Outlier Rate [%]

0.6

0.8

1.0

Pr
ec

is
io

n

80 85 90 95
Outlier Rate [%]

0.6

0.8

1.0

R
ec

al
l

10 3

10 2

10 1

100

R
un

tim
e 

[s
]

80 90 92 94 95 96 97
0

10

20

30

40

O
bj

ec
tiv

e A
bs

ol
ut

e 
D

iff
er

en
ce

 [%
]

Outlier Rate [%]

Figure 3-4. (1) DEWC*, MSRC* are better formulations (use weighted info), but are NP hard (2)
CLIPPER is a relaxation that finds solutions close to DEWC / MSRC, (3) An important observation
is that DS/SM/SCGP fail in high outlier regimes because of violation of clique constraint.

52



For the data association algorithms, the estimate (𝑅̂, 𝑡) is produced using Arun’s

(non-robust) least squares method [176].

Results. Because of the computationally intensive nature of DEWC*, we select

𝑚 = 100 putative correspondences in the manner explained above over a range of

high-outlier regimes. Note that at 97% outlier ratio only 3 inlier correspondences

remain—this is the minimum number of points for alignment. Registration error,

precision and recall, runtime, and suboptimality results are shown in Fig. 3-4. Pre-

cision and recall plots in Fig. 3-4 verify that the DEWC (3.2) formulation and its

relaxation MSRC (3.5) lead to robust data association, both yielding at least 98%

precision until 92% outliers. CLIPPER performs nearly as well, but with a runtime

that is 3 orders of magnitude faster. The effect of maintaining edge weights in the

consistency graph is highlighted here—in terms of precision, the next best algorithms

are SM, SCGP, and DS*. Finally, ROBIN* is the most sensitive to high outlier rates,

confirming that thresholding consistency scores leads to a information loss. Rotation

error is also shown in Fig. 3-4, where the “Ground Truth” uses all of the correct (noisy)

correspondences in Arun’s method and is included as an indication of the best achiev-

able estimation error. As implied by the precision results, DEWC*, MSRC-SDR*,

and CLIPPER achieve the best estimation error. Finally, the suboptimality of each

solution with respect to DEWC* is shown in Fig. 3-4, showing that (1) MSRC and

CLIPPER solutions are nearly optimal and (2) that the disregarding weighted con-

sistency information or clique constraints cause relatively higher suboptimallity.

3.4.2 3DMatch Dataset

The 3DMatch dataset [177] contains RGB-D scans of 8 indoor scenes, each scene bro-

ken into a number of fragments. On average, each scene has approximately 200±135

potential pairwise fragment registrations, as determined from the percent overlap.

The dataset provides 5000 randomly sampled keypoints and their associated 512-

dimensional FPFH [153] features. We randomly subselect 1000 of these keypoints,

making the problem more challenging as there are fewer correct correspondences while

being in high outlier regimes. Given a pair of fragments, we generate putative corre-
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Figure 3-5. Average registration error, precision, and recall of successful registrations (𝑡err ≤ 30 cm
and 𝑅err ≤ 15 deg) from the eight 3DMatch datasets. Not only does CLIPPER enable the most
successful registrations (cf. Table 3.1), but it also produces the lowest registration error. This is
due to its ability to achieve high precision, even in high outlier regimes. Because CLIPPER selects
a high-precision set of correspondences, GNC does little to improve its performance.

spondences by searching for 2 nearest mutual neighbors in descriptor space for each

keypoint of the target fragment. Following [99, 131, 177], we consider a registration

successful if its error with respect to ground truth is less than 15 deg and 30 cm.

Results. Algorithm success rates are given in Table 3.1 for each dataset, where

the input outlier rate and the average algorithm runtime is also shown. In addi-

tion to using Arun’s non-robust least squares method for registration, ROBIN* and

CLIPPER matches are also used for GNC-based registration. Note that ROBIN*+GNC

is effectively TEASER++ [99] and that the effect of GNC is far less significant on the

CLIPPER results. The average precision, recall, and registration error for successful

matches are shown for each algorithm in Fig. 3-5.
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Table 3.1. 3DMatch Registration Success Rates
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Outlier Rate [%] 99.0 98.7 99.0 99.0 99.2 99.3 99.2 99.1

RANSAC-10K 13.8 16.7 18.8 5.8 6.7 5.56 6.16 10.4 18.8

RANSAC-100K 29.4 46.8 38.9 24.8 22.1 38.9 17.5 16.9 179.9

RANSAC-1M 55.5 60.9 52.4 44.2 34.6 46.3 33.6 41.6 1786.6

FGR 50.4 57.7 44.2 43.4 31.7 38.8 24.7 44.2 12.1

GNC 56.7 49.4 45.7 47.3 43.3 46.3 26.3 50.6 352.6

SM 50.6 60.3 50.9 47.3 38.5 40.7 29.8 50.6 307.8

ROBIN* + LSq 65.6 62.2 48.6 57.5 47.1 51.9 29.1 54.5 279.1

ROBIN* + GNC 69.2 64.1 57.2 61.5 51.9 55.5 32.2 55.8 284.4

CLIPPER + LSq 77.4 74.4 68.3 69.0 64.4 70.4 45.2 55.8 141.2

CLIPPER + GNC 77.4 75.0 68.8 69.0 64.4 70.4 45.9 55.8 141.7
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Figure 3-6. Scalability results. MSRC*, DEWC*, MSRC-SDR, and DS* had to be early stopped,
indicated via the symbol .

3.4.3 Scalability Evaluation

Fig. 3-6 shows how the runtime of each algorithm scales with the number of putative

associations, which were generated in the same way as described in Section 3.4.1 for

an outlier ratio of 80% such that each algorithm had an average of 90% precision.

Runtime results are generated on a single CPU core and are averaged over 10 trials,

except for MSRC*, DEWC*, and MSRC-SDR*, which are averaged over two trials.

These results indicate that CLIPPER can process 8000 associations in one second or

less, achieving orders of magnitude faster performance compared to the state of the
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art.

3.5 Summary

This chapter presented CLIPPER, a graph-theoretic framework for robust data asso-

ciation using the notion of geometric consistency. The key observations of this chapter

are that (1) consistency-graph approaches allow for robust data association and (2)

using the weighted edges in the consistency graph is key to achieving a high degree

of robustness. CLIPPER was shown to consistently execute with low runtime and to

outperform the state of the art, especially in very high outlier regimes where only 3-5

inliers remain. These gains were found by implementing an efficient projected gradi-

ent descent algorithm and by formulating the data association problem on weighted

graphs rather than binary.
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Chapter 4

Abstract Geometric Representations

for Pairwise Data Association

4.1 Introduction

Estimating the rigid-body transformation between two sensors using their observa-

tions is a fundamental component of many mobile robotic systems. Wide-baseline

registration is particularly challenging since an odometry signal may not be accurate,

or even available, to use as an initial guess. This situation arises in core tasks such as

loop closure generation, multi-robot map merging, extrinsic calibration, and global

(re)localization. In these cases, the relative rotation and translation between sensors

can instead be accurately estimated by matching co-visible features and optimizing

for the best feature alignment.

In visual settings, appearance-based descriptors are commonly used for image

retrieval or place recognition [178–180]. However, appearance-based techniques are

often limited due to their sensitivity to illumination, weather, and viewpoint changes.

Working with 3D sensors can alleviate these issues because of the geometric nature

of the data [51, 181], but this requires storing and processing large point clouds,

which can hinder online operation. In the context of LiDAR-based navigation, us-

ing geometric landmarks such as lines and planes has resulted in storage-efficient

maps [72,154,155], better scene understanding [162,182], and low-drift odometry and
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mapping [53–55, 183]. However, existing geometric landmark matching techniques

tend to assume 2D motion only [72, 162], use local association strategies given an

initial guess from odometry [55,156], or use a series of heuristic checks [159–161] that

lead to low matching success rate.

Recent successes in consistency-graph-based data association (see Chapter 3) have

significantly increased the robustness of the correspondence selection process in spatial

perception problems by leveraging the notion of pairwise consistency. By matching

constellations of objects that have consistent pairwise distances across two views,

good correspondences can be identified even in the presence of many bad ones. Global

data association techniques do not require an initial registration guess, but rely on a

correctly defined pairwise distance that is invariant to transformation; for example,

the Euclidean distance between two rigidly-attached points does not change even as

those points are rotated and translated. Existing works frequently use Euclidean

distance between line or plane pairs, using representations such as the centroid [72],

which is not well-defined for infinite lines and planes, or the “closest point” (CP)

parameterization [54], which lacks the necessary translation invariance because of its

dependence on sensor origin.

Instead, this chapter represents line and plane landmarks naturally as elements of

a Grassmannian manifold, which is the space of all linear subspaces. In particular,

affine Grassmannian manifold is utilized, which allows for the representation of affine

subspaces (i.e., linear subspaces not necessarily containing the origin). Thus, invariant

distances between geometric primitives can easily be defined in a principled manner

using the Grassmannian metric, enabling the use of CLIPPER for robust, global

data association (cf. Chapter 3). Then, the rigid transformation between a pair of

candidate loop closure scans can be estimated by solving a line and plane registration

problem with known correspondences in the least-squares sense.

In summary, the main contributions presented in this chapter are:

1. the introduction of the affine Grassmannian for global data association of lines

and planes, leading to 3D registration without requiring an initial guess;
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Figure 4-1. Successful matching and alignment of line and plane landmarks from two LiDAR scans
180 deg and 14m apart, without an initial guess. Sensor origins are denoted by the coordinate axes
on top of the cars and scans are offset in the 𝑧 direction for visualization. Poles and planar patches
extracted from each LiDAR scan are represented as 3D affine Grassmannian elements. Using the
associated Riemannian metric allows for the evaluation of geometric consistency between landmark
pairs. Correspondences (shown with green lines connecting landmark centroids) are identified using
our GraffMatch algorithm and then used to estimate the rotation and translation between the two
sensors, yielding an alignment error of 0.8 deg and 12 cm.

2. a least squares estimator for rigid transformation using lines and planes instead

of points, leading to a more accurate estimate for rotation and translation;

3. experimental evaluation in the context of loop closure, using challenging scan

pairs of LiDAR datasets, showing superior recall and accuracy over the state-

of-the-art.

This is the first work using the affine Grassmannian manifold for data association,

which provides a unifying and principled framework for associating points, lines,

planes (or higher dimensional linear objects) in spatial and geometric perception

problems encountered in robotics.

4.2 Background

We briefly introduce the Grassmannian manifold, but a more comprehensive introduc-

tion is provided in [184]. The Grassmannian is the space of 𝑘-dimensional subspaces of

R𝑛, denoted Gr(𝑘, 𝑛). For example, Gr(1, 3) represent 3D lines containing the origin.
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Figure 4-2. (a) Example of points in Graff(0, 1) being embedded as lines in Gr(1, 2). The principal
angle between these two linear subspaces is 𝜃1. (b) When applied directly, 𝑑Graff is not invariant to
global translation 𝑠.

An element A ∈ Gr(𝑘, 𝑛) is represented by an orthonormal matrix 𝐴 ∈ R𝑛×𝑘 whose

columns form an orthonormal basis of A. Note that the choice of 𝐴 is not unique.

The geodesic distance between two subspaces A1 ∈ Gr(𝑘1, 𝑛) and A2 ∈ Gr(𝑘2, 𝑛) is

𝑑Gr(A1,A2) =

⎛⎝min(𝑘1,𝑘2)∑︁
𝑖=1

𝜃2𝑖

⎞⎠1/2

(4.1)

where 𝜃𝑖 are known as the principal angles [185]. These angles can be computed via

the singular value decomposition (SVD) of the corresponding orthonormal matrices

of A1 and A2,

𝐴⊤
1 𝐴2 = 𝑈 diag(cos 𝜃1, . . . , cos 𝜃min(𝑘1,𝑘2))𝑉

⊤. (4.2)

We are specifically interested in affine subspaces of R3, e.g., lines and planes

that may be at some distance away from the origin. In analogy to Gr(𝑘, 𝑛), the

set of 𝑘-dimensional affine subspaces constitute a smooth manifold called the affine

Grassmannian and denoted Graff(𝑘, 𝑛) [186]. We write an element of this manifold

as Y = A+ 𝑏 ∈ Graff(𝑘, 𝑛) with affine coordinates [𝐴, 𝑏] ∈ R𝑛×(𝑘+1), where 𝐴 ∈ R𝑛×𝑘

is an orthonormal matrix and 𝑏 ∈ R𝑛 is the displacement of A from the origin. We

emphasize that Graff(𝑘, 𝑛) ̸= Gr(𝑘, 𝑛) × R𝑛. Instead, an element Y ∈ Graff(𝑘, 𝑛) is
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treated as a higher-order subspace via the embedding

𝑗 : Graff(𝑘, 𝑛) →˓ Gr(𝑘 + 1, 𝑛+ 1),

A+ 𝑏 ↦→ span(A ∪ {𝑏+ 𝑒𝑛+1}), (4.3)

where 𝑒𝑛+1 = (0, . . . , 0, 1)⊤ ∈ R𝑛+1 (see [186, Theorem 1]). Fig. 4-2a shows an

example of two points Y1 and Y2 in R being embedded as different lines 𝑗(Y1) and

𝑗(Y2) in R2.

The Stiefel coordinates of Y ∈ Graff(𝑘, 𝑛),

𝑌 =

⎡⎣𝐴 𝑏0/
√︀
1 + ‖𝑏0‖2

0 1/
√︀

1 + ‖𝑏0‖2

⎤⎦ ∈ R(𝑛+1)×(𝑘+1), (4.4)

allow for the computation of distances between two affine subspaces using the Grass-

mannian metric,

𝑑Graff(Y1,Y2) = 𝑑Gr(𝑗(Y1), 𝑗(Y2)), (4.5)

with principal angles computed via the SVD of 𝑌 ⊤
1 𝑌2. The vector 𝑏0 ∈ R𝑛 is the

orthogonal displacement of A, which is the projection of 𝑏 onto the left nullspace of

𝐴 s.t. 𝐴⊤𝑏0 = 0.

For convenience, the line Yℓ ∈ Graff(1, 3) may also be represented in vector form

as ℓ = [𝐴; 𝑏] ∈ R6, and a plane Y𝜋 ∈ Graff(2, 3) may be represented in Hesse normal

form as 𝜋 = [𝑛; 𝑑] ∈ R4 where 𝑛 = ker𝐴⊤ and 𝑑 = ‖𝑏0‖. Under a rigid transformation

𝑇 = (𝑅, 𝑡) ∈ SE(3), the transformation law of lines and planes can be written

ℓ′ = 𝑓ℓ(ℓ, 𝑅, 𝑡) :=
[︁
𝑅𝐴 𝑅𝑏+ 𝑡

]︁⊤
(4.6)

𝜋′ = 𝑓𝜋(𝜋,𝑅, 𝑡) := 𝑇−⊤𝜋. (4.7)
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Figure 4-3. Construction of a consistency graph. Using 𝑑Graff , the distance between a line and
a plane in set 𝒮𝑖 ( ) is compared to the distance between the two corresponding landmarks in set
𝒮𝑗 ( ). The consistency of these two distances is evaluated using (4.8) and the edge (𝑢1, 𝑢2) is so
weighted.

4.3 Approach

Given a set 𝒮𝑖 = {Yℓ
1, . . . ,Yℓ

𝑙𝑖
,Y𝜋

1 , . . . ,Y𝜋
𝑝𝑖
} with 𝑙𝑖 lines and 𝑝𝑖 planes, we refer to land-

mark 𝑎 as 𝑠𝑖,𝑎 ∈ 𝒮𝑖. Our method is comprised of the following steps: (i) constructing

a consistency graph based on pairwise landmark distances, (ii) identifying landmark

correspondences via the densest fully-connected subgraph in the consistency graph,

and (iii) estimating a rigid transformation based on correspondences.

4.3.1 Consistency Graph Construction

A consistency graph for two sets 𝒮𝑖, 𝒮𝑗 is an undirected weighted graph 𝒢 = (𝒱 , ℰ , 𝑤)

with potential landmark correspondences 𝑠𝑖,𝑎 ↔ 𝑠𝑗,𝑏 as vertices, edges between con-

sistent correspondences, and a weighting function 𝑤 : ℰ → [0, 1] that evaluates the

strength of consistency. A pair of correspondences 𝑢1, 𝑢2 ∈ 𝒱 is consistent if the

distance between the underlying objects 𝑠𝑖,𝑎 ∈ 𝒮𝑖, 𝑠𝑗,𝑏 ∈ 𝒮𝑗 satisfies

𝑐𝑢1,𝑢2 = |𝑑(𝑠𝑖,𝑢𝑎
1
, 𝑠𝑖,𝑢𝑎

2
)− 𝑑(𝑠𝑗,𝑢𝑏

1
, 𝑠𝑗,𝑢𝑏

2
)| < 𝜖, (4.8)

for some distance function 𝑑. Note that the two distances in (4.8) are between land-

marks internal to sets 𝒮𝑖 and 𝒮𝑗, respectively. If a pair of correspondences are deemed

consistent, the corresponding edge is attributed the weight 𝑤(𝑢1, 𝑢2) := 𝑓(𝑐𝑢1,𝑢2), for

some choice of 𝑓 : R+ → [0, 1] that scores very consistent pairs close to 1. In this

chapter, we choose 𝑓(𝑐) := exp(−𝑐2/2𝜎2) for simplicity, though other appropriate

62



functions could be used. Given a consistency graph, correspondences are selected

that maximize consistency, further explained in Section 4.3.2.

The distance function 𝑑 must be carefully chosen to ensure accuracy of graph-

based data association. In particular, we desire (4.8) to hold when 𝑠𝑗,𝑢𝑏
1
, 𝑠𝑗,𝑢𝑏

2
are

the transformed versions of 𝑠𝑖,𝑢𝑎
1
, 𝑠𝑖,𝑢𝑎

2
, respectively. This invariance property leads to

subgraphs of the consistency graph that indicate a set of landmark matches.

Definition 4.3.1. A distance 𝑑 : 𝑋 × 𝑋 → R is invariant if 𝑑(𝑥1, 𝑥2) = 𝑑(𝑥′
1, 𝑥

′
2),

where 𝑥′
1, 𝑥

′
2 ∈ 𝑋 are the transformation of 𝑥1, 𝑥2 ∈ 𝑋 under 𝑇 ∈ SE(3), respectively.

We establish the invariance of the metric 𝑑Graff to rotation and, under careful

application, translation.

Proposition 4.3.1. For elements Y1 ∈ Graff(𝑘1, 3), Y2 ∈ Graff(𝑘2, 3) with affine

coordinates [𝐴1, 𝑏1] and [𝐴2, 𝑏2], the affine Grassmannian metric 𝑑Graff is invariant if

the affine components are first shifted to the origin, i.e., if both 𝑏1 and 𝑏2 are first

translated by −𝑏1.

Proof. Suppose Y1,Y2 are shifted by −𝑏1 such that 𝑏1 = 0. This implies that the or-

thogonal displacement of Y1 is 𝑏01 = 0 and the inner product of the Stiefel coordinates

of Y1,Y2 is

𝑌 ⊤
1 𝑌2 =

[︂
𝐴⊤

1 𝐴2
1
𝜂2

𝐴⊤
1 𝑏02

1
𝜂2

𝑏⊤01𝐴2
1

𝜂1𝜂2
(𝑏⊤01𝑏02+1)

]︂
=

[︂
𝐴⊤

1 𝐴2
1
𝜂2

𝐴⊤
1 𝑏02

0 1
𝜂1𝜂2

]︂
,

with 𝜂𝑖 :=
√︀
‖𝑏0𝑖‖2 + 1. Recall that computing 𝑑Graff(Y1,Y2) uses the SVD of 𝑌 ⊤

1 𝑌2.

Given 𝑇 = (𝑅, 𝑡) ∈ SE(3), let Ȳ1, Ȳ2 be the transformations of Y1,Y2, with affine

coordinates

Y𝑖 : [𝐴𝑖, 𝑏𝑖]
𝑇−−−−→ Ȳ𝑖 : [𝑅𝐴𝑖, 𝑅𝑏𝑖 + 𝑡].

Shifting Ȳ1, Ȳ2 by −𝑏̄1 := −(𝑅𝑏1+ 𝑡) leads to the affine coordinates Ȳ1 : [𝑅𝐴1, 0] and

Ȳ2 : [𝑅𝐴2, 𝑅𝑏2] so that

𝑌
⊤
1 𝑌 2 =

[︃
𝐴⊤

1 𝐴2
1
𝜂2

𝐴⊤
1 𝑏02

0
1

𝜂1𝜂2

]︃
= 𝑌 ⊤

1 𝑌 2,

implying that 𝑑Graff(Y1,Y2) is invariant to (𝑅, 𝑡).
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The intuition of Proposition 4.3.1 can be understood from Fig. 4-2. As Y1 and

Y2 are together translated further from the origin, the principal angle between 𝑗(Y1)

and 𝑗(Y2) decreases to zero in the limit. However, the distance between the affine

components of Y1 and Y2 remains the same, no matter the translation. By first

shifting the affine components, we remove the dependence of the absolute translation

in the computation of the principal angle, while maintaining the dependence on the

relative translation between Y1 and Y2.

A remaining challenge is to address the insensitivity of 𝑑Graff to the Euclidean

distance between landmarks’ affine components. The yellow curve (𝑠 = 0) in Fig. 4-

2b represents the principal angle between Y1,Y2 ∈ Graff(0, 1) after shifting them

as per Proposition 4.3.1, as a function of the relative translation between Y1 and

Y2. Observe that after a distance of approximately 2m, the curve quickly asymp-

totes towards 𝜋
2
. This nonlinearity leads to poor discrimination between pairs of

correspondences whose internal landmarks are far apart in the Euclidean sense. To

combat this when calculating pairwise affine Grassmannian distances, we first scale

the affine component of each Y𝑖 by a constant parameter 𝜌 so that the affine coor-

dinates of Y𝑖 become [𝐴𝑖, 𝑏𝑖/𝜌]. The choice of 𝜌 depends on the average Euclidean

distance between landmarks in the environment and its effect is to bring principal

angles into the linear regime. The selection of 𝜌 is discussed further in Section 4.4.2.

With Proposition 4.3.1 and the scaling parameter 𝜌 in hand, a consistency graph

between landmarks in 𝒮𝑖 and 𝒮𝑗 can be constructed. We establish initial corre-

spondences between each landmark in 𝒮𝑖 with each landmark of 𝒮𝑗 so long as the

landmarks are of the same dimensions 𝑘 (i.e., we do not allow lines to be associated

to planes). Given additional information such as color, scan intensity, planar patch

area, or pole radius, this initial set of correspondences could be refined, but would rely

on accurately segmenting lines and planes across potentially wide baselines. While

we restrict landmark correspondences to be of the same dimension, the machinery we

have developed allows for computing the consistency of two correspondences whose

internal pair of objects have differing dimension, thereby aiding in subgraph selection.

Fig. 4-3 illustrates evaluating the consistency of a correspondence pair using the affine
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Grassmannian.

4.3.2 Graph-based Global Data Association

Given a consistency graph, the task of matching objects from two scans is reduced to

identifying the densest clique of consistent correspondences, formalized as the problem

maximize
𝑢∈{0,1}𝑚

𝑢⊤𝑀 𝑢

𝑢⊤𝑢

subject to 𝑢𝑖 𝑢𝑗 = 0 if 𝑀(𝑖, 𝑗) = 0, ∀𝑖, 𝑗,
(4.9)

where 𝑀 ∈ [0, 1]𝑚×𝑚 is the weighted adjacency matrix (i.e., from 𝑤 as defined in

Section 4.3.1) with ones on the diagonal, and 𝑢 ∈ {0, 1}𝑚 indicates a consistent set

of correspondences. Note that we choose to maximize the density of correspondences

rather than the cardinality (i.e., maximum clique) as our previous work has found this

objective to produce more accurate results (see Section 3.4). Problem (4.9) is NP-

hard, therefore we solve a particular relaxation which yields high-accuracy solutions

via our efficient CLIPPER algorithm (see Chapter 3).

4.3.3 Transformation Estimation

Given pairwise correspondences between landmarks in 𝒮𝑖 and 𝒮𝑗, consider finding the

best rigid transformation to simultaneously align matched lines and planes by solving

the optimization problem

min
𝑅∈SO(3),

𝑡∈R3

𝑝∑︁
𝑖=1

‖𝜋′
𝑖 − 𝑓𝜋(𝜋𝑖, 𝑅, 𝑡)‖2 +

𝑙∑︁
𝑖=1

‖ℓ′𝑖 − 𝑓ℓ(ℓ𝑖, 𝑅, 𝑡)‖2. (4.10)

This problem can be solved in closed-form by first solving for the rotation via SVD,

then solving for the translation via least squares, similar to Arun’s method for point

cloud registration [176]. The benefit of using the line and plane geometry directly,

as opposed to a point parameterization, is twofold. First, it allows the use of the

full information present in the infinite plane or line, i.e., distance from origin as well
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as orientation. Second, it does not require assumptions about where the “centroid”

of the plane or line is, which is undefined for infinite planes and lines and requires

consistent segmentation of landmarks from point clouds. Together, these benefits

lead to a more accurate rigid transformation estimate when aligning line and plane

landmarks.

4.4 Results

We evaluate our method, called GraffMatch, using LiDAR scans from three datasets:

KITTI [187] sequences 00, 02, 05, 08; KITTI-360 [188] sequences 00, 04, 06, 09;

NCLT [189] sessions 2012-04-29, 2012-05-11, 2012-12-01. We include comparisons

with CPMatch [156], BruteForceRMSE [55], ClusterMatch [72], and LiPMatch [160],

all of which are used for geometric landmark registration in state-of-the-art pipelines.

CPMatch uses nearest neighbor search on CP vectors and BruteForceRMSE ex-

haustively calculates the point-to-line/plane RMSE between each potential landmark

match, followed by the selection of correspondences with low RMSE. ClusterMatch

creates putative correspondences using pairwise landmark centroid distances followed

by inlier validation, and LiPMatch uses an interpretation tree to find plane corre-

spondences with similar geometric properties. We also include comparisons using our

CLIPPER algorithm, using Euclidean distance of centroids and CP vectors to score

consistency, both of which lack the required invariance for lines and planes. The

algorithms are implemented1 using Python and C++ and executed on an i9-7920X

CPU with 64 GB RAM. The parameters used for GraffMatch (see (4.8)) are 𝜖 = 0.2

and 𝜎 = 0.05. In our comparisons, we show that GraffMatch successfully matches

more landmarks and is capable of producing more successful registrations.

4.4.1 Dataset Preparation

Motivated by place recognition and loop closure detection applications, we sample

poses along the ground-truth trajectory of each dataset sequence with a stride of 2m
1https://github.com/mit-acl/graffmatch
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to create places (i.e., a pose with the LiDAR scan at that pose), following [181]. For

each place 𝑝, true revisits are found by identifying any previously visited place 𝑝′

such that the path length between 𝑝 and 𝑝′ is greater than 50m and the Euclidean

distance between the places is less than 20m. Ground-truth landmark matches be-

tween revisited places are generated by aligning the landmarks using ground truth

and solving a linear-sum assignment problem based on 𝑑Graff distances. Valid place

pairs are selected as loop closures from revisits having more than 4 true landmark

matches and having registration error less than 5 deg and 1m using the true landmark

matches. This setup provides a scene matching dataset similar to 3DMatch [51], but

having line and plane landmarks instead of point features.

Lines are detected in point clouds by first selecting pole-like points found by

clustering the LiDAR range image, as in [190]. For KITTI, pole-like points are selected

using semantic information from SemanticKITTI [191]. These points are clustered

using DBSCAN [192] implemented in Open3D [193] and PCA is used to estimate

lines from pole-like clusters. Planar patches are extracted from the LiDAR scan

using our own implementation2 of [194]. Because planar patches are bounded, there

may be multiple planar patches that correspond to the same infinite plane, so we

merge planes that are similar. The statistics of correct line and plane landmark

matches in the dataset are shown in Fig. 4-4, separated into three cases according

to input inlier ratio (IIR), which is defined as the number of correct matches out of

the number of possible matches and indicates the difficulty of each place pair. Cases

1, 2, and 3 consist of place pairs with IIRs of 0.05+, 0.03 to 0.05, and 0 to 0.03,

respectively. These IIR ranges are chosen to expose the relationship between IIR and

sensor baseline distance and to ensure enough place pairs exist in each case.

4.4.2 Selection of Scaling Parameter

The scaling parameter 𝜌 (see Section 4.3.1) is chosen so that the pairwise affine

Grassmannian distance lies in the linear regime and is therefore more sensitive when

scoring consistencies. The Velodyne HDL-64E used in KITTI has a range up to
2https://github.com/plusk01/pointcloud-plane-segmentation
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Figure 4-4. Statistics of the 20k loop closures in the test dataset, divided into three cases according
to each loop closure’s input inlier ratio. The distance between sensor scans and input inlier ratio are
correlated, with the most difficult case (Case 3) having longer sensor baselines. On average, there
are more correct plane landmark matches than correct line landmark matches.

120m, with an average point range in the KITTI dataset of approximately 80m.

Additionally, the average Euclidean distance between landmark centroids in KITTI is

26± 16m, as shown in Fig. 4-5. Therefore, we select 𝜌 = 40 so that relative Euclidean

distances of 80m will be scaled to 2m, which is at the end of the linear regime

(see Fig. 4-2b). However, GraffMatch is not extremely sensitive to this choice and

yields similar matching results for a range of 𝜌 values while holding other parameters

constant, as shown in Fig. 4-5.

4.4.3 Evaluation Metrics

We evaluate both landmark matching ability and registration quality. Correctness of

landmark matching is evaluated via landmark-match recall (LMR) [52, 195], which

measures the percentage of place pairs that can be registered with high confidence

given landmark matches. LMR is defined as

LMR =
1

𝑁

𝑁∑︁
𝑠=1

1

⎛⎝⎡⎣ 1

|𝒞𝑠|
∑︁

(𝑖,𝑗)∈𝒞𝑠

1 (𝑑𝑖𝑗 < 𝜏𝑑)

⎤⎦ > 𝜏OIR

⎞⎠ , (4.11)

where 𝑁 is the number of place pairs, 𝒞𝑠 is a set of landmark correspondences between

place pair 𝑠, and 𝑑𝑖𝑗 is the 𝑑Graff distance between landmark matches after registering
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Figure 4-5. (left) Pairwise distances of landmark centroids in KITTI. The mean is 26± 16m. Using
this data, we choose the scaling parameter as 𝜌 = 40. (right) GraffMatch is not extremely sensitive
to this choice of scaling. Other values of 𝜌 yield similar matching results in KITTI, indicated by the
AUC.

landmarks using ground truth. The area under the LMR curve (AUC) using 𝜏𝑑 =

6deg, 𝜏OIR = 0.6 is used as a summary measure, with an AUC of 1 being ideal. The

inlier distance threshold 𝜏𝑑 controls how close two landmarks must be (after registering

the landmarks using the ground truth) to be considered an inlier correspondence. The

output inlier ratio (OIR) measures the precision of an algorithm’s correspondence

set 𝒞𝑠 and the threshold 𝜏OIR is used to examine the percentage of place pairs an

algorithm can recover with at least the specified OIR. Point-based registration works

have evaluated performance with an OIR threshold as low as 0.05 [52, 195], arguing

that RANSAC can be effective even with only a 5% inlier ratio, even though many

iterations would be required [195]. In contrast, we set 𝜏OIR ≫ 0.05 to emphasize the

robustness of GraffMatch and we do not use RANSAC for inlier refinement.

Registration quality is evaluated via rotation, translation error and registration

recall. Error is calculated with respect to the ground truth transformation (𝑅⋆, 𝑡⋆)

as arccos((Tr(𝑅̂
⊤
𝑅⋆) − 1)/2) and ‖𝑡̂ − 𝑡⋆‖. Registration recall is the percentage of

successfully registered place pairs (i.e., loop closures). A successful registration has

an estimation error within 5 deg and 1m to the ground truth transformation.

4.4.4 Landmark Matching and Registration Results

Data association is attempted on each place pair, after which the landmark matches

are used to estimate the relative rotation and translation. Fig. 4-6 plots algorithms’

LMR curves for the NCLT dataset. GraffMatch is able to match more than 80% of

place pairs with an OIR of 0.6 or more, while other methods are only able to match

less than 40% of place pairs for the same inlier regime. For correspondence sets having
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Figure 4-6. Landmark-match recall (LMR) curves for the NCLT datasets. (left) LMR varied over
𝜏OIR, indicating for each algorithm the percentage of place pairs having selected correspondences with
at least the given OIR. (right) The maximum distance a pair of ground-truth registered landmarks
can be while considered an inlier match.

such a high inlier ratio, additional methods like RANSAC could be used to further

refine the correspondence set if desired. However, we show that even without this

extra step, GraffMatch is able to successfully select the most correct correspondences.

Fig. 4-6 also includes line-only and plane-only variants of GraffMatch to highlight the

value of creating a consistency graph utilizing both landmark types. In the NCLT

dataset, there are fewer detected poles than planes, leading to a gap between the

line-only and plane-only variants; however, using both landmarks results in a greater

number of place pairs having a higher OIR. In the right of Fig. 4-6, we see how the

LMR curve changes with the inlier distance threshold 𝜏𝑑. By using 𝑑Graff for these

geometric landmarks, GraffMatch is able to achieve an LMR curve most similar to

the ground truth. Due to space limitations, the LMR curves for each dataset are not

shown, but the AUC for each dataset and case is listed in Table 4.1. In all datasets

and cases, GraffMatch successfully matches more landmarks and has higher regis-

tration recall than other methods. As expected, the local methods CPMatch and

BruteForceRMSE perform worse than global methods because of wide sensor base-

lines present in the datasets. However, with the exception of GraffMatch, the global

methods leverage landmark properties that are view dependent. ClusterMatch and

CLIPPER-R𝑛 use landmark centroids, which are not well-defined for infinite geome-

tries and may shift depending on the detection. Likewise, LiPMatch uses centroids as

well as properties such as the area and the extent of planar patches. CLIPPER-CP

uses CP vectors, which are not invariant to translation and cannot be shifted as in

Proposition 4.3.1 because the CP vector is undefined for landmarks at the origin.

71



These results underscore the importance of using view-independent geometric repre-

sentations for lines and planes, e.g., the affine Grassmannian mainfold used in the

GraffMatch framework.

Fig. 4-7 shows the alignment error of all attempted place pair registrations from

KITTI as a grid of density heatmaps, where columns correspond to algorithms and

rows (from top to bottom) correspond to Cases 1, 2, and 3. The first column shows

the alignment error using ground truth landmark matches with respect to ground

truth alignment, indicating the best achievable landmark-based registration without a

point-based refinement step (e.g., using ICP). GraffMatch is the only data association

method that consistently scores in the low-translation, low-rotation error regime.

Runtime statistics are shown in Fig. 4-8. Compared to CLIPPER-R𝑛, GraffMatch

incurs an additional 50ms on average due to the calculation of 𝑑Graff , but is still

capable of real-time at 10Hz LiDAR rate. GraffMatch runtime could be reduced by

encoding prior knowledge in the putative associations, e.g., ground planes should be

matched, or large planar patches are not likely to be matched to small patches.

4.4.5 Automatic LiDAR-LiDAR and Camera-Depth Calibra-

tion

High-quality extrinsic calibration is a crucial prerequisite for many autonomous sys-

tems. A cumbersome step in many calibration pipelines is to manually perform data

association, especially when multiple modalities like camera and LiDAR are present.

Using GraffMatch, geometric landmarks extracted from each modality can be matched

without requiring an initial registration guess. Fig. 4-9 shows two instances of extrin-

sic calibration using GraffMatch to globally match planes. In Fig 4-9a, many chess

boards are held in the field-of-view of the LiDARs and planes are extracted from the

two point clouds (red and blue). GraffMatch correctly matches 10 planes in 75ms

with calibration error of 1.1 deg and 8 cm. In Fig 4-9b, an example of multi-modal

calibration using is presented, where 3D planes are extracted from chess boards in

the image frame and matched to planes extracted from the depth sensor. GraffMatch
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Figure 4-8. Runtime statistics. GraffMatch is capable of running in real-time at the typical 10 Hz
LiDAR rate. The runtime of GraffMatch could be reduced using landmark descriptors to decrease
the number of putative associations.

correctly matches 7 planes in 23ms resulting in a calibration error of 0.9 deg and

5 cm.

4.5 Summary

We presented GraffMatch, a global method for matching 3D lines and planes from two

landmark sets and subsequently estimating the relative rotation and translation. The

main novelty of the GraffMatch algorithm is in the representation of lines and planes

as elements of the affine Grassmannian manifold. By representing these geometric

landmarks in this natural way (e.g., as affine subspaces), it is possible to leverage the

Grassmannian metric to calculate the distance between two landmarks. We prove

that the distance between two affine Grassmannian elements is invariant to both

rotation and translation if a shift operation is performed before applying the metric.

This invariance property enables the use of efficient and robust graph-theoretic data

association methods.

No initial alignment guess is required for GraffMatch, allowing registration in

settings where landmark sets have a large displacement or relative rotation due to

observing the landmarks from two different locations. We evaluate GraffMatch and

compare against state-of-the-art geometric landmark matching algorithms by gen-

erating a challenging dataset of LiDAR scan pairs with displacements up to 16m

and 180 deg, motivated by wide-baseline scan registration for loop closure. In this

evaluation, GraffMatch is able to correctly match the most landmarks and achieve
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Figure 4-9. Automatic extrinsic calibration using GraffMatch. (a) 3D planes are extracted from
two Ouster LiDAR scans, illustrated with red and blue point clouds. Plane-to-plane correspondences
are identified, allowing the sensors to be calibrated without an initial guess. (b) 3D plane detections
of calibration targets are extracted from depth sensor and from intrinsically-calibrated RGB sensor
using PnP. RGB and depth data collected from Intel D435i are arbitrarily transformed to simulate
uncalibrated sensors.
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the highest number of successful registrations. We also show the applicability of

GraffMatch for multi-modal extrinsic sensor calibration.

Currently, GraffMatch selects landmark correspondences from an initial set of cor-

respondences where any landmark could be matched to any landmark of the same

type. This can lead to a large number of initial associations to process, increasing

runtime and potentially introducing symmetries (i.e., multiple internal pairs of land-

marks with the same pairwise distance). A remedy would be to reduce the number

of initial associations by developing landmark descriptors from which to generate pu-

tative matches. Future research also includes estimating lines and planes directly

via subspace tracking methods and using manifold-based optimization techniques to

perform online bundle adjustment of affine Grassmannian landmarks within a SLAM

framework.

76



Chapter 5

Multiway Synchronization of Pairwise

Correspondences

5.1 Introduction

Data association across multiple views, known as multiview or multiway match-

ing [46], is a fundamental problem in robotic perception and computer vision. Con-

ceptually, the goal in this problem is to establish correct associations between the

sightings of “items” across multiple “views” (see Fig. 5-1). Examples include feature

matching across multiple frames [46,56,57], and associating landmarks across multi-

ple maps for map fusion in single/multi-robot simultaneous localization and mapping

(SLAM) [20].

The traditional approach treats the multi-view data association problem as a se-

quence of decoupled pairwise matching subproblems, each of which can be formulated

and solved, e.g., as a linear assignment problem [103]. Such techniques, however,

cannot leverage the redundancy in the observations and, furthermore, often result

in non-transitive (a.k.a., cycle inconsistent) associations; see Fig. 5-1. One can ad-

dress these issues by synchronizing all noisy pairwise associations via enforcing the

cycle consistency constraint. Cycle consistency serves two crucial purposes: 1) it

provides a natural mechanism for the discovery and correction of wrong (or missing)

associations obtained through pairwise matching; and 2) it establishes an equivalence
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View 𝑖

Figure 5-1. An illustrative example of cycle consistency for the association of images observed in
views 𝑖, 𝑗, 𝑘. Associations of “Eiffel tower” are cycle consistent. On the other hand, the “statue of
liberty” associations are inconsistent since the images matched between views 𝑖 and 𝑗 and views 𝑖
and 𝑘 are not matched between views 𝑗 and 𝑘 (i.e., violation of transitivity).

relation on the set of observations, which is necessary for global fusion in the so-called

clique-centric applications such as map merging (Section 5.3.6).

Synchronizing pairwise associations is a combinatorial optimization problem with

an exponentially large search space. This problem has been extensively studied in

recent years (see [46,56,57,61] and references therein). These efforts have resulted in

several algorithms that can improve the erroneous initial set of pairwise associations.

However, providing solutions that are computationally tractable for real-time appli-

cations remains a fundamental challenge. Further, the rounding techniques used by

some of relaxation-based methods may violate the cycle consistency and distinctness

constraints (distinctness implies that the items observed in each view are unique, and

thus must not be associated with each other).

This chapter aims to address these critical challenges via a novel spectral graph-

theoretic approach. Specifically, we leverage the natural graphical representation of

the problem and propose a spectral graph clustering technique uniquely tailored for

producing accurate solutions to the multiway data association problem in a computa-

tionally tractable manner. Our solutions, by construction, are guaranteed to satisfy

the cycle consistency and distinctness constraints under any noise regime. These

78



are demonstrated in our extensive empirical evaluations based on synthetic and real

datasets in the context of feature matching and map fusion in landmark-based SLAM.

The contributions of the work in this chapter provide new insights into the con-

nections between the multiway data association problem and the spectral graph clus-

tering literature. We leverage these insights to push the boundaries of accuracy and

speed—which are crucial for real-time robotics applications—to solve the multiway

data association problem. The main contributions of this work are as follows:

1. The first approach that formulates and solves the multiway association problem

using a normalized objective function. This normalization is crucial to recover

the correct solution when the association graph is a mixture of large and small

clusters (Remark 5.3.1).

2. We leverage the natural graphical structure of the problem to estimate the

unknown universe size1 from erroneous associations. Specifically, we prove that

our technique is guaranteed to recover the correct universe size under certain

bounded noise regimes (Proposition 2). Moreover, we empirically demonstrate

that the proposed approach is more robust to noise than the standard eigengap

heuristic [196] used in the spectral graph clustering literature (Remark 5.3.3).

3. We propose a projection (rounding) method that, by construction, is guaran-

teed to produce solutions that satisfy the cycle consistency and distinctness

constraints, whereas these constraints can be violated by some of the state-of-

the-art algorithms in high-noise regimes (Section 5.4.1).

In addition, we address an important subtlety regarding the choice of suitable metrics

for evaluating the performance of multiway matching algorithms in applications such

as map fusion (Section 5.3.6). Finally, we provide extensive numerical experiments

on both synthetic and real datasets in the context of feature matching and map

fusion (Sections 5.4.1 and 5.4.2). Our empirical results demonstrate the superior

performance of our algorithm in comparison to the state-of-the-art methods in terms

of both accuracy and speed.
1By definition, universe size is the total number of unique items in all views.
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Outline

The organization of this chapter is as follows. The notation and definitions are in-

troduced in Section 5.2.1, followed by the problem formulation in Section 5.3. The

CLEAR algorithm is presented in Section 5.3.3, followed by a numerical example in

Section 5.3.4. The theoretical justifications behind the algorithm are discussed in

Section 5.3.5 with proofs presented in the Appendix. Application domains for the

CLEAR algorithm are discussed in Section 5.3.6. CLEAR is benchmarked against

the state-of-the-art algorithms using synthetic data in Section 5.4.1. Finally, experi-

mental evaluations of CLEAR on real-world datasets are presented in Section 5.4.2.

5.2 Background

5.2.1 Notation and Definitions

We denote the set of natural numbers by N, integers by Z, N0 := {0} ∪N, and define

N𝑛 := {1, 2, · · · , 𝑛}. Scalars and vectors are denoted by lower case (e.g., 𝑎), matrices

by uppercase (e.g., 𝐴), and sets by script letters (e.g., 𝒜). Cardinality of set 𝒜 is

denoted by |𝒜|. The element on row 𝑖 and column 𝑗 of matrix 𝐴 is denoted by (𝐴)𝑖𝑗.

The Frobenius inner product is defined as ⟨𝐴,𝐵⟩ := tr(𝐴⊤𝐵), where 𝐴 and 𝐵 are

matrices of the same size. Finally, ‖ · ‖ denotes the (induced) 2-norm. Table 5.1 lists

the key variables used throughout this chapter.

5.2.2 Permutation Matrices

Matrix 𝑃 𝑖
𝑗 ∈ {0, 1}𝑚𝑖×𝑚𝑗 is said to be a partial permutation matrix if and only if each

row and column of 𝑃 𝑖
𝑗 at most contains a single 1 entry. Matrix 𝑃 is called a full

permutation matrix if and only if each row and column has exactly a single 1 entry.

We denote the space of all (partial or full) permutation matrices by P. Matrix 𝑃 𝑖 ∈ P

is said to be a lifting permutation matrix if and only if each row of 𝑃 𝑖 contains a

single 1 entry (however, column entries could be all zero). We denote the space of all

lifting permutation matrices by P𝐿. The aggregate association matrix consisting of

80



matrices 𝑃 𝑖
𝑗 ∈ {0, 1}𝑚𝑖×𝑚𝑗 , 𝑖, 𝑗 ∈ N𝑛, is defined as

𝑃 :=

⎡⎢⎢⎢⎢⎢⎢⎣
𝐼 𝑃 1

2 · · · 𝑃 1
𝑛

𝑃 2
1 𝐼 · · · 𝑃 2

𝑛
...

...
. . .

...

𝑃 𝑛
1 𝑃 𝑛

2 · · · 𝐼

⎤⎥⎥⎥⎥⎥⎥⎦ ∈ R𝑙×𝑙, (5.1)

where 𝐼 is the identity matrix with appropriate size, and 𝑙 :=
∑︀𝑛

𝑖=1 𝑚𝑖.

5.2.3 Graph Theory

We denote a graph with 𝑙 vertices by 𝒢 = (𝒱 , ℰ), where 𝒱 is the set of vertices, and

ℰ is the set of undirected edges. The adjacency matrix 𝐴 ∈ {0, 1}𝑙×𝑙 of 𝒢 is defined

by (𝐴)𝑖𝑗 = 𝑎𝑖𝑗, where 𝑎𝑖𝑗 = 1 if there is an edge between vertices 𝑣𝑖, 𝑣𝑗 ∈ 𝒱 , otherwise

𝑎𝑖𝑗 = 0. We assume 𝑎𝑖𝑖 = 0, i.e., graph has no self-loops. The degree of a vertex 𝑣𝑖 ∈ 𝒱

is defined as 𝑑𝑖 :=
∑︀𝑙

𝑗=1 𝑎𝑖𝑗, and the 𝑙 × 𝑙 degree matrix 𝐷 is defined as a diagonal

matrix with 𝑑1, . . . , 𝑑𝑙 on the diagonal. We define 𝐶 := 𝐷 + 𝐼, where 𝐼 is identity

matrix. If 𝑐𝑖’s denote the diagonal entries of 𝐶, then 𝐶− 1
2 is a diagonal matrix with

diagonal entries 1/
√
𝑐𝑖. The Laplacian matrix of 𝒢 is defined as 𝐿 := 𝐷−𝐴. A cluster

graph 𝒢 is a disjoint union of cliques (i.e., complete subgraphs). That is, 𝒢 can be

partitioned into subgraphs 𝒜1,𝒜2, . . . ,𝒜𝑚, where each 𝒜𝑖 is a complete graph and

there is no edge between any two 𝒜𝑖, 𝒜𝑗. The cliques in a cluster graph are called

clusters.

5.3 Approach

Simply put, the objective of this chapter is to reconstruct a set of cycle consistent

associations from a set of pairwise associations, which may contain error and lack

cycle consistency. This problem can be approached from either an optimization or

a graph-theoretic viewpoint. In what follows, we will first describe each formulation

separately, and then shed light on their connections.
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Table 5.1. Summary of important nomenclature used throughout this chapter.

Notation Domain Definition and properties

𝑛 N Total number of views

𝑚 N Size of universe; number of unique items; number of cliques in the
association graph

𝑚𝑖 N Number of items observed in view 𝑖

𝑙 N Total number of items observed across all views; 𝑙 :=
∑︀

𝑖 𝑚𝑖

~ - Accent used for variables corresponding to the noisy input

𝑃 𝑖
𝑗 {0, 1}𝑚𝑖×𝑚𝑗 Partial permutation matrix; association matrix between items at

views 𝑖 and 𝑗

𝑃 {0, 1}𝑙×𝑙 Aggregate association matrix consisting of 𝑃 𝑖
𝑗 ’s; see (5.1)

𝐴 {0, 1}𝑙×𝑙 Adjacency matrix of the association graph; 𝐴 = 𝑃 − 𝐼

𝐷 N𝑙×𝑙
0 Degree matrix of the association graph

𝐶 N𝑙×𝑙
0 Diagonal matrix with entries 𝑐𝑖 :=

∑︀
𝑗(𝑃 )𝑖𝑗 ; 𝐶 = 𝐷 + 𝐼

𝐿 Z𝑙×𝑙 Laplacian matrix of 𝒢; 𝐿 := 𝐷 −𝐴 = 𝐶 − 𝑃

𝐿nrm R𝑙×𝑙 Normalized Laplacian matrix; 𝐿nrm := 𝐶− 1
2 𝐿𝐶− 1

2

𝑃nrm R𝑙×𝑙 Normalized association matrix; 𝑃nrm := 𝐶− 1
2 𝑃 𝐶− 1

2

𝑃 𝑖 {0, 1}𝑚𝑖×𝑚 Lifting permutation matrix; association of items observed at views
𝑖 to items of the universe

𝑉 {0, 1}𝑙×𝑚 Aggregate lifting permutation matrix consisting of 𝑃 𝑖’s; see (5.3)

𝑈 R𝑙×𝑚 Normalized aggregate lifting permutation; 𝑈 := 𝐶− 1
2 𝑉 ; eigenvec-

tors associated to 𝑚 smallest eigenvalues of 𝐿nrm

𝑢𝑖 R𝑚 Row of 𝑈

𝑢′
𝑖 R𝑚 Pivot row of 𝑈

5.3.1 Optimization-Based Formulation

We consider 𝑛 views and assume that view 𝑖 contains 𝑚𝑖 items. Associations (or

matchings) between items in views 𝑖 and 𝑗 can be represented by a binary matrix

𝑃 𝑖
𝑗 ∈ {0, 1}𝑚𝑖×𝑚𝑗 , in which the one entries indicate the associations. An example of

pairwise associations among three views is shown in Fig. 5-2. A lifting permutation

represents the association between items observed in a view and the universe (which

by definition consists of all items). An example is provided in Fig. 5-3.
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Figure 5-2. Association of items labeled as A, B, C, D, E observed at three views.
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Figure 5-3. Lifting permutation matrices associating observations at views 𝑖, 𝑗, 𝑘 to the universe,
which consists of items labeled as A, B, C, D, E.

Definition 5.3.1 (Cycle consistency). Pairwise associations 𝑃 𝑖
𝑗 are cycle consistent

if and only if there exist lifting permutations 𝑃 𝑖 ∈ P𝐿 such that

𝑃 𝑖
𝑗 = 𝑃 𝑖 𝑃 𝑗⊤, ∀𝑖, 𝑗 ∈ N𝑛. (5.2)

The cycle consistency condition (5.2) can be presented more concisely as 𝑃 =

𝑉 𝑉 ⊤, where 𝑃 is the aggregate association matrix defined in (5.1), and

𝑉 :=
[︁
𝑃 1⊤ 𝑃 2⊤ · · · 𝑃 𝑛⊤

]︁⊤
∈ {0, 1}𝑙×𝑚, (5.3)

where 𝑙 :=
∑︀

𝑖 𝑚𝑖. Here, 𝑚 ∈ N𝑙 is the number of columns of lifting permutations

that is referred to as the size of universe.

Throughout this chapter, we use the notation ·̃ to distinguish the variables that

are associated with the noisy input. Therefore, 𝑃̃
𝑖

𝑗 ∈ {0, 1}𝑚𝑖×𝑚𝑗 denotes the noisy

association between items in views 𝑖 and 𝑗, where 𝑃̃
𝑖

𝑖 = 𝐼 by definition. Note that

𝑃̃
𝑖

𝑗’s can be erroneous and inconsistent. Let 𝑃̃ ∈ R𝑙×𝑙, defined via (5.1), denote the

noisy aggregate association matrix. Further, let 𝐶̃ be an 𝑙 × 𝑙 diagonal matrix with
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positive diagonal entries 𝑐̃1, . . . , 𝑐̃𝑙 defined as the sum of corresponding rows of 𝑃̃ , i.e.,

𝑐̃𝑖 :=
∑︀𝑙

𝑗=1 (𝑃̃ )𝑖𝑗. Using definitions above, we now formulate the main problem.

Problem 5.3.1. Given noisy associations 𝑃̃
𝑖

𝑗, find cycle consistent associations 𝑃 𝑖
𝑗

that solve the program

maximize
𝑃 𝑖
𝑗∈P

⟨𝑃nrm, 𝑃̃ nrm⟩

subject to 𝑃 = 𝑉 𝑉 ⊤,

(5.4)

where 𝑃nrm := 𝐶− 1
2 𝑃 𝐶− 1

2 , 𝑃̃ nrm := 𝐶̃
− 1

2 𝑃̃ 𝐶̃
− 1

2 .

In Problem 5.3.1, diagonal matrices 𝐶 and 𝐶̃ are used to normalize the aggregate

association matrices. The justification behind this normalization will be explained in

Remark 5.3.1 after the graph formulation of the problem is introduced. The constraint

𝑃 𝑖
𝑗 ∈ P enforces the permutation structure, preventing the rows and columns of 𝑃 𝑖

𝑗

from having more than a single one entry. This enforces the distinctness constraint,

which implies that items in the same view are unique, thus should not be associated

with each other. The constraint 𝑃 = 𝑉 𝑉 ⊤ imposes cycle consistency, capturing the

fact that correct associations should be transitive (i.e., if item 𝑖 is associated to item

𝑗, and item 𝑗 is associated to item 𝑘, then item 𝑖 must also be associated to item 𝑘).

5.3.2 Graph-Based Formulation

The problem of data association has a graph representation. This representation

provides the key insights that are leveraged by our algorithm to improve accuracy

and runtime. A set of pairwise associations 𝑃 𝑖
𝑗 can be represented as a colored graph,

where items in each view are denoted by vertices with identical color, and each nonzero

entry of 𝑃 𝑖
𝑗 represents an edge between the corresponding vertices (e.g., Fig. 5-2).

Formally, an association graph is defined as 𝒢 = (𝒱 , ℰ) with the coloring map 𝑔 :

𝒱 → N𝑛. The set of vertices 𝒱 consists of subsets 𝒱𝑖 corresponding to items in view 𝑖,

where 𝑔(𝑣𝑗) := 𝑖 for all 𝑣𝑗 ∈ 𝒱𝑖. The set of edges ℰ consists of subsets ℰ𝑖𝑗, 𝑖 ̸= 𝑗 ∈ N𝑛,

corresponding to associations, where {𝑣𝑟, 𝑣𝑠} ∈ ℰ𝑖𝑗 if and only if (𝑃 𝑖
𝑗 )𝑟𝑠 = 1.
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The variables 𝑃, 𝐶 and 𝑉 defined previously in the optimization formulation (5.4)

also have graph interpretations. Specifically, the adjacency matrix of the association

graph 𝒢 is given by 𝐴 = 𝑃 − 𝐼. Further, we have that 𝐶 = 𝐷 + 𝐼, where 𝐷 is the

degree matrix of the graph. To understand the graph interpretation of 𝑉 , we first note

the following relation between the cycle consistency and the graph representation.

Proposition 5.3.1. A set of pairwise associations is cycle consistent if and only if the

corresponding association graph is a cluster graph (i.e., a disjoint union of complete

subgraphs).

Proof of Proposition 5.3.1 is given in [57, Prop. 2] and hence omitted here. The

proof reveals the connection between the algebraic definition of cycle consistency, 𝑃 =

𝑉 𝑉 ⊤, and clusters of the association graph, denoted by 𝒜1, . . . ,𝒜𝑚. In particular,

row 𝑖 of the aggregate lifting permutation matrix 𝑉 ∈ {0, 1}𝑙×𝑚 represents vertex 𝑣𝑖

of the association graph. The one entries in 𝑗-th column of 𝑉 indicate the vertices

that belong to cluster 𝒜𝑗 of 𝒢. That is, if (𝑉 )𝑖𝑗 = (𝑉 )𝑘𝑗 = 1, then vertices 𝑣𝑖 and 𝑣𝑘

are connected by an edge and belong to cluster 𝒜𝑗. We will leverage this observation

in the theoretical analysis of the algorithm.

Given a noisy association graph 𝒢̃ with adjacency matrix 𝐴̃, degree matrix 𝐷̃, and

𝐶̃ = 𝐷̃ + 𝐼, the graph-based formulation of the multi-way association problem is as

follows.

Problem 5.3.2. Given the noisy association graph 𝒢̃, find undirected graph 𝒢 with

adjacency matrix 𝐴 that solves

maximize
𝐴

⟨𝐴nrm, 𝐴̃nrm⟩

subject to 𝒢 consists of clusters 𝒜1, . . . ,𝒜𝑚

𝑔(𝑣𝑖) ̸= 𝑔(𝑣𝑗), ∀𝑣𝑖, 𝑣𝑗 ∈ 𝒜𝑘

(5.5)

where 𝐴nrm := 𝐶− 1
2 𝐴𝐶− 1

2 and 𝐴̃nrm := 𝐶̃
− 1

2 𝐴̃ 𝐶̃
− 1

2 .

Note that Problems 5.3.1 and 5.3.2 are equivalent. As elaborated above, the

indices of the vertices belonging to clusters 𝒜1, . . . ,𝒜𝑚 uniquely determine 𝑉 in
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Figure 5-4. (Best viewed in color) Graph 𝒢1 indicates the association of two items labeled as A,
B, in six views identified by colors , , , , , . The incorrect association, which connects A
and B, is indicated by the red edge. If in (5.4) the unnormalized objective ⟨𝑃, 𝑃̃ ⟩ is used instead,
𝒢2 (and also 𝒢3) would be the optimal solution (with optimal values of 29). On the other hand, by
using the proposed normalized objective ⟨𝑃nrm, 𝑃̃ nrm⟩, the correct association graph 𝒢3 is the only
optimal solution (with optimal value of 1.79; the value for 𝒢2 is 1.43).

Problem 5.3.1. Further, since 𝐴 = 𝑃 − 𝐼, both objective functions have the same

optimizer. In (5.5), the first two constraints respectively correspond to the cycle

consistency and distinctness of associations, where the latter is achieved by the fact

that the colors of vertices in each cluster must be distinct.

Remark 5.3.1. The normalized objective function in (5.4) is a key distinction from

several state-of-the-art methods [46,60,144] that consider the unnormalized objective

⟨𝑃, 𝑃̃ ⟩. By weighting edges based on the degrees of their adjacent vertices, the normal-

ized objective provides a measure to “balance” the number of edges that are removed

from or added to the noisy association graph 𝒢̃ to obtain 𝒢. The unnormalized ob-

jective, on the other hand, is indifferent to the number of added edges. This can lead

to (undesired) optimal solutions that consist of many additional edges. This point

is illustrated in Fig. 5-4, where, in contrast to the normalized objective, the optimal

solution with an unnormalized objective could fail to recover the ground truth even in

a relatively low-noise regime.

We point out that the example shown in Fig. 5-4 is only one of countless scenarios

in which the optimal solution of an unnormalized objective could fail to recover the

desired association in a low-noise regime. Such examples can be constructed by

(wrongly) associating clusters with small and large number of vertices.
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5.3.3 The Consistent Lifting, Embedding, and Alignment Rec-

tification (CLEAR) Algorithm

In this section, we present a concise description of the CLEAR algorithm used for

solving the permutation synchronization problem, followed by a numerical example to

further illustrate the steps of the algorithm in the next section. Theoretical justifica-

tions of the algorithm will be discussed in Section 5.3.5. The pseudocode of CLEAR

is given in Algorithm 2, where each step is discussed in details below.

∙ Step 1: Let 𝒢̃ denote the association graph corresponding to a set of noisy pairwise

associations 𝑃̃
𝑖

𝑗. Define the normalized Laplacian of 𝒢̃ as

𝐿̃nrm := 𝐶̃
− 1

2 𝐿̃ 𝐶̃
− 1

2 , (5.6)

where 𝐿̃ = 𝐷̃ − 𝐴̃, 𝐶̃ := 𝐷̃ + 𝐼, and 𝐷̃, 𝐴̃ are respectively the degree and adjacency

matrix of 𝒢̃. Compute the eigenvalues and eigenvectors of 𝐿̃nrm.

To reduce the computational complexity, eigendecomposition of 𝐿̃nrm is done by

first finding the connected components of 𝒢̃ using the breadth-first search (BFS)

algorithm [197]. Eigenvalues of 𝐿̃nrm are then given as the disjoint union of each

component’s normalized Laplacian eigenvalues. Similarly, eigenvectors are given by

appropriately padding the eigenvectors of connected components with zeros.

We point out that if 𝐿̃nrm is not symmetric, its symmetric component (𝐿̃nrm +

𝐿̃
⊤
nrm)/2 should be used instead in the eigendecomposition (the skew-symmetric com-

ponent does not contribute to the optimal answer; see Remark 5.3.2). Note that the

symmetry implies that all eigenvalues and eigenvectors are real.

∙ Step 2: Obtain an estimate for the size of universe as

𝑚̂ := max {𝑚̃, 𝑚1, 𝑚2, . . . ,𝑚𝑛}, (5.7)

where 𝑚𝑖 is the number of items in view 𝑖, and 𝑚̃ is defined as

𝑚̃ :=
⃒⃒⃒
{𝜆 ∈ eig(𝐿̃nrm) : 𝜆 < 0.5}

⃒⃒⃒
, (5.8)
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Algorithm 2 CLEAR (pseudocode)

Input noisy pairwise associations 𝑃̃
𝑖

𝑗

Output cycle consistent associations 𝑃 𝑖
𝑗

∙ Step 1: Compute 𝐿̃nrm from (5.6) and find its eigendecomposition.
∙ Step 2: Estimate size of universe 𝑚̂ from (5.7).
∙ Step 3: Set 𝑈 as the 𝑚̂ first eigenvectors of 𝐿̃nrm.
∙ Step 4: Normalize rows of 𝑈 and chose 𝑚̂ most orthogonal rows as pivots. Find
lifting permutations 𝑃 𝑖 by assigning rows to pivots based on distance.
∙ Step 5: Set 𝑃 𝑖

𝑗 ← 𝑃 𝑖𝑃 𝑗⊤.

i.e., the number of eigenvalues of 𝐿̃nrm that are less than 0.5.

∙ Step 3: Define matrix 𝑈 ∈ R𝑙×𝑚 as the 𝑚̂ first eigenvectors of 𝐿̃nrm, that is, the

eigenvectors associated with the smallest eigenvalues.

∙ Step 4: Normalize rows of 𝑈 to have unit norm, i.e., the 𝑖-th row of 𝑈 , denoted by

𝑢𝑖, is replaced by 𝑢𝑖/‖𝑢𝑖‖. Choose the 𝑚̂ most orthogonal rows as pivots.

This can be done based on a greedy strategy where the first row of 𝑈 is chosen

as the first pivot. To find the remaining pivots, the row with the smallest inner

product magnitude with previously chosen pivots is picked consecutively. That is, if

𝑢′
𝑘 denotes the 𝑘-th pivot, 𝑢′

𝑘+1 is selected such that
∑︀𝑘

𝑖=1 |⟨𝑢′
𝑖, 𝑢

′
𝑘+1⟩| is minimized.

For each view 𝑖, define matrix 𝐹 𝑖 ∈ R𝑚𝑖×𝑚 by (𝐹 𝑖)𝑗𝑘 := ‖𝑢𝑗 − 𝑢′
𝑘‖2, where 𝑢𝑗

denotes the rows of 𝑈 associated to items in view 𝑖, and 𝑢′
𝑘 denotes the pivot rows.2

Solve a linear assignment problem based on 𝐹 𝑖 as the cost matrix to obtain a lifting

permutation 𝑃 𝑖 ∈ P𝐿 that associates the items in view 𝑖 (rows 𝑢𝑗) to the items of

the universe (pivot rows 𝑢′
𝑘). The Hungarian algorithm [103] can be used to solve

the linear assignment problem and find the optimal answer. However, to reduce the

computational complexity, faster (suboptimal) algorithms can be used instead while

the distinctness constraint is preserved by ensuring that each 𝑢′
𝑘 is associated to at

most one 𝑢𝑗, and each 𝑢𝑗 is associated to exactly one 𝑢′
𝑘.

∙ Step 5: Compute pairwise associations as 𝑃 𝑖
𝑗 = 𝑃 𝑖𝑃 𝑗⊤. From Definition 5.3.1,

pairwise associations are cycle consistent by construction.

2Specifically, 𝑢𝑗 denotes rows
∑︀𝑖−1

𝑘=1 𝑚𝑘 + 1 through
∑︀𝑖

𝑘=1 𝑚𝑘 of 𝑈 .
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Figure 5-5. The association graph corresponding to observations in six views distinguished by color.
View 1 is colored as , and views 2 through 6 are successively colored as , , , , . Vertices are
numbered from 1 to 7.

5.3.4 Numerical Example

An example is presented to illustrate the steps of the CLEAR algorithm and show

how pivot rows are chosen.

Example 5.3.1. In this example, we use the CLEAR algorithm to recover cycle-

consistent associations from the (noisy) association graph 𝒢̃ shown in Fig. 5-5. Note

that 𝒢̃ is identical to 𝒢1 in Fig. 5-4, where the correct associations and the labels 𝐴,𝐵

are unknown and should be recovered. The aggregate association matrix (which is

equal to the adjacency matrix plus identity) is given by

𝑃̃ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 1 0 0 0 0

0 1 0 1 1 1 1

1 0 1 1 0 0 0

0 1 1 1 1 1 1

0 1 0 1 1 1 1

0 1 0 1 1 1 1

0 1 0 1 1 1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (5.9)

The first two rows of 𝑃 correspond to items in view 1 and the remaining rows suc-

cessively correspond to views 2 through 6.

∙ Step 1: From (5.9), the Laplacian matrix is computed as 𝐿̃ = 𝐶̃ − 𝑃̃ , where 𝐶̃ =

diag(2, 5, 3, 6, 5, 5, 5) and diag creates a diagonal matrix from input arguments. The

normalized Laplacian matrix is given by 𝐿̃nrm = 𝐶̃
− 1

2 𝐿̃ 𝐶̃
− 1

2 , which has eigenvalues

{1.18, 1, 1, 1, 0.85, 0.17, 0}.
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Figure 5-6. Embedding of rows of matrix 𝑈 in Example 5.3.1.

∙ Step 2: The number of eigenvalues of 𝐿̃nrm that are less than 0.5 are two. Hence,

𝑚̃ = 2. The number of items in views is either two (for view 1) or one (for the rest

of views). Thus, the estimated size of universe is obtained as 𝑚̂ = 2.

∙ Step 3: Matrix 𝑈 consisting of the first two eigenvectors of 𝐿̃nrm is computed.

∙ Step 4: Rows of 𝑈 are normalized to obtain (up to two decimals)

𝑈 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

-0.94 0.34

0.47 0.88

-0.88 0.48

0.07 0.99

0.47 0.88

0.47 0.88

0.47 0.88

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (5.10)

Fig. 5-6 depicts rows of (5.10) as vectors, where the endpoint of each vector is colored

based on the view that it corresponds to, and the unit circle is drawn to indicate that

rows have unit norm. The pivots are chosen by taking the first row as the first pivot

𝑢′
1 = [−0.94, 0.34]. The second pivot is chosen as the row of 𝑈 that has the smallest

(absolute value of) inner product with 𝑢′
1, which gives 𝑢′

2 = [0.47, 0.88].

From (𝐹 𝑖)𝑗𝑘 := ‖𝑢𝑗 − 𝑢′
𝑘‖2, where 𝑢𝑗 are rows of 𝑈 that correspond to view 𝑖 and
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𝑢′
𝑘 are pivot rows we obtain

𝐹 1 =

⎡⎣ 0 2.28

2.28 0

⎤⎦ , 𝐹 2 =
[︁
0.02 1.97

]︁
, 𝐹 3 =

[︁
1.46 0.17

]︁
,

𝐹 4 =
[︁
2.28 0

]︁
, 𝐹 5 =

[︁
2.28 0

]︁
, 𝐹 6 =

[︁
2.28 0

]︁
.

By solving a linear assignment problem for each 𝐹 𝑖 as the cost matrix (which aims

to find the permutation matrix 𝑃 𝑖 such that ⟨𝑃 𝑖, 𝐹 𝑖⟩ is minimized) we obtain lifting

permutations

𝑃 1 =

⎡⎣1 0

0 1

⎤⎦ , 𝑃 2 =
[︁
1 0

]︁
, 𝑃 3 =

[︁
0 1

]︁
,

𝑃 4 =
[︁
0 1

]︁
, 𝑃 5 =

[︁
0 1

]︁
, 𝑃 6 =

[︁
0 1

]︁
.

∙ Step 5: Cycle-consistent pairwise associations are obtained by 𝑃 𝑖
𝑗 = 𝑃 𝑖𝑃 𝑗. Note

that these associations correspond to the graph 𝒢3 in Fig. 5-4.

5.3.5 Theoretical Justifications

In this section, the insights and theoretical justifications behind the steps of the

CLEAR algorithm are discussed.

The discrete and combinatorial nature of the multi-way data association problem

makes finding the optimal solution computationally prohibitive in practice. Hence,

similar to the state-of-the-art methods, the CLEAR algorithm aims to find a subop-

timal solution via a series of approximations of the original problem.

Step 1: Reformulation

Before proceeding with obtaining an approximate solution, we reformulate (5.4) to

obtain an equivalent problem. This equivalent problem, given in the following propo-

sition, is amenable to a relaxation, which grants us an approximate solution in a

computationally tractable manner.
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Proposition 5.3.2. Problem 5.3.1 is equivalent to

minimize
𝑈∈U

tr
(︀
𝑈⊤𝐿̃nrm 𝑈

)︀
, (5.11)

where U := {𝑈 : 𝑈 = 𝐶− 1
2𝑉, 𝑉 ∈ V}, V is defined as the set of all matrices of form

(5.3), and 𝑈⊤𝑈 = 𝐼.

Proof. Consider the optimization problem (5.4). Because the trace operator is invari-

ant under cyclic permutations3, we obtain

max
𝑃=𝑉 𝑉 ⊤

⟨𝑃nrm, 𝑃̃ nrm⟩ (5.12a)

= max
𝑃=𝑉 𝑉 ⊤

tr(𝑃⊤
nrm𝑃̃ nrm) (defn of inner product ⟨·, ·⟩) (5.12b)

= max
𝑉 ∈V

tr(𝐶− 1
2 𝑉 𝑉 ⊤𝐶− 1

2 𝑃̃ nrm) (since 𝑃nrm := 𝐶− 1
2 𝑃 𝐶− 1

2 and 𝑃 = 𝑉 𝑉 ⊤)

(5.12c)

= max
𝑉 ∈V

tr(𝑉 ⊤𝐶− 1
2 𝑃̃ nrm 𝐶− 1

2 𝑉 ). (from cyclic permutation) (5.12d)

As discussed in Section 5.3.2, in the graph formulation of the problem, 𝑉 corresponds

to partitions of the association graph 𝒢 into clusters 𝒜1, . . . ,𝒜𝑚, where (𝑉 )𝑖𝑗 = 1 if

and only if vertex 𝑣𝑖 ∈ 𝒜𝑗. This implies that
∑︀𝑙

𝑖=1 (𝑉 )𝑖𝑗 = |𝒜𝑗|, and diagonal entries

of 𝐶 are 𝑐𝑖 = |𝒜𝑗| for each vertex 𝑣𝑖 ∈ 𝒜𝑗. Consequently, 𝑉 ⊤𝐶−1𝑉 = 𝐼. Since solution

of (5.12d) is invariant to adding/subtracting a constant to the objective function, by

subtracting tr(𝑉 ⊤𝐶−1𝑉 ) = tr(𝐼) = 𝑙 from (5.12d) and defining 𝑈 := 𝐶− 1
2 𝑉 we obtain

3e.g., tr(𝐴𝐵𝐶) = tr(𝐵𝐶 𝐴) = tr(𝐶 𝐴𝐵).

92



the equivalent program

max
𝑉 ∈V

tr(𝑉 ⊤𝐶− 1
2 𝑃̃ nrm 𝐶− 1

2 𝑉 )− tr(𝑉 ⊤𝐶−1𝑉 ) (5.13a)

= max
𝑉 ∈V

tr(𝑉 ⊤𝐶− 1
2 𝑃̃ nrm 𝐶− 1

2 𝑉 )− tr(𝑉 ⊤𝐶− 1
2 𝐶− 1

2 𝑉 ) (𝐶−1 = 𝐶− 1
2 𝐶− 1

2 )

(5.13b)

= max
𝑈∈U

tr(𝑈⊤𝑃̃ nrm 𝑈)− tr(𝑈⊤𝑈) (replacing 𝑈 := 𝐶− 1
2 𝑉 )

(5.13c)

= max
𝑈∈U

tr(𝑈⊤𝐶̃
− 1

2 𝑃̃ 𝐶̃
− 1

2 𝑈)− tr(𝑈⊤𝐶̃
− 1

2 𝐶̃ 𝐶̃
− 1

2𝑈) (since 𝐶̃
− 1

2 𝐶̃ 𝐶̃
− 1

2 = 𝐼)

(5.13d)

= max
𝑈∈U

tr(𝑈⊤𝐶̃
− 1

2 (𝑃̃ − 𝐶̃) 𝐶̃
− 1

2 𝑈) (by factoring terms)

(5.13e)

= min
𝑈∈U

tr(𝑈⊤𝐶̃
− 1

2 𝐿̃ 𝐶̃
− 1

2 𝑈) (since 𝑃̃ − 𝐶̃ = −𝐿̃)

(5.13f)

= min
𝑈∈U

tr(𝑈⊤ 𝐿̃nrm 𝑈). (by defn of 𝐿̃nrm)

(5.13g)

From the definition 𝑈 := 𝐶− 1
2 𝑉 and since 𝑉 ⊤𝐶−1𝑉 = 𝐼, it follows that 𝑈⊤𝑈 = 𝐼.

Remark 5.3.2. The skew-symmetric part of 𝐿̃nrm does not affect the solution of

(5.11) since for all 𝑈 and any skew-symmetric matrix 𝐵, tr(𝑈⊤𝐵 𝑈) = 0. This

observation justifies using only the symmetric part of 𝐿̃nrm in step 1 of the CLEAR

algorithm.

Step 2: Estimating Universe Size

From (5.7) and (5.8), CLEAR obtains an estimate for the size of universe based

on the spectrum of 𝐿̃nrm. By definition, the size of universe is the total number

of unique items observed in all views (e.g., the size of universe in Fig. 5-3 is five),

which essentially determines the number of columns of 𝑈 in (5.11) (or equivalently

𝑉 in (5.4)). This approach is justified in the following analysis, which aims to show
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that, under certain bounded noise regimes, the estimated size 𝑚̂ is guaranteed to be

identical to its true value 𝑚. Let us denote the ground truth association graph by 𝒢.

Note that 𝒢 consists of 𝑚 clusters, each representing an item of the universe.

Lemma 5.3.1. If 𝐿nrm is the normalized Laplacian matrix of the cluster graph 𝒢,

then eig(𝐿nrm) consists of zeros and ones. Moreover, the multiplicity of the zero

eigenvalues is the number of clusters.

Proof. The spectrum of a complete graph with 𝑙𝑖 vertices and Laplacian 𝐿𝑖 ∈ R𝑙𝑖×𝑙𝑖

consists of eigenvalues 0 and 𝑙𝑖, with multiplicities 1 and 𝑙𝑖 − 1, respectively [198,

Chap. 1]. Since in this case the diagonal matrix 𝐶𝑖 = 𝐷𝑖 + 𝐼 has diagonal entries

𝑙𝑖, eigenvalues of the normalized Laplacian 𝐶
− 1

2
𝑖 𝐿𝑖 𝐶

− 1
2

𝑖 = 1
𝑙𝑖
𝐿𝑖 are 0 and 1, with

multiplicities 1 and 𝑙𝑖 − 1, respectively. By definition, a cluster graph is a disjoint

union of complete graphs. Since spectrum of a graph is the union of its connected

components’ spectra [198], the conclusion follows.

Lemma 5.3.1 implies that in the noiseless setting the number of zero eigenvalues

of 𝐿nrm is the size of universe, which is correctly recovered from (5.8) by counting

the eigenvalues that are less than 0.5. We now consider the noisy association graph

𝒢̃ with normalized Laplacian 𝐿̃nrm = 𝐿nrm +𝑁 , where 𝑁 is a symmetric matrix that

represents the noise. Here, the symmetry assumption follows from using only the

symmetric component of 𝐿̃nrm in the algorithm (see Remark 5.3.2).

Lemma 5.3.2. Consider the estimate 𝑚̃ obtained by (5.8) from 𝐿̃nrm = 𝐿nrm +𝑁 . If

‖𝑁‖ < 0.5, then 𝑚̃ = 𝑚.

Proof. Let 𝜆1 ≤ 𝜆2 ≤ · · · ≤ 𝜆𝑙 denote ordered eigenvalues of 𝐿nrm, where from

Lemma 5.3.1 we have 𝜆1 = 𝜆2 = · · · = 𝜆𝑚 = 0 and 𝜆𝑚+1 = 𝜆𝑚+2 = · · · = 𝜆𝑙 = 1.

If 𝜆̃1 ≤ 𝜆̃2 ≤ · · · ≤ 𝜆̃𝑙 are the ordered eigenvalues of 𝐿̃nrm = 𝐿nrm + 𝑁 , from the

Weyl’s eigenvalue theorem [199] we have |𝜆̃𝑖 − 𝜆𝑖| < ‖𝑁‖ for all 𝑖 ∈ N𝑙. This implies,

if ‖𝑁‖ < 0.5, that
⃒⃒⃒
{𝜆̃ : 𝜆 < 0.5}

⃒⃒⃒
= 𝑚, which shows the correct number of clusters

is recovered.
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Lemma 5.3.2 implies that, under a bounded noise regime, the estimated size of

universe is equal to the true value. In order to obtain a bound in terms of the

number of wrong associations for which 𝑚̃ = 𝑚 is guaranteed, let us consider a noise

model where 𝐶̃ = 𝐶. In this model, correct associations are potentially replaced

with wrong ones, however, the degrees of vertices in 𝒢 and 𝒢̃ remain the same. Let

𝐴̃ = 𝐴 + 𝐸, where 𝐴 and 𝐴̃ are respectively the adjacency matrices of 𝒢 and 𝒢̃,

and 𝐸 ∈ {−1, 0, 1}𝑙×𝑙 represents the noise. Further, let 𝑒max := max {𝑒1, 𝑒2, . . . , 𝑒𝑙},

where 𝑒𝑖 :=
∑︀𝑙

𝑗=1 |(𝐸)𝑖𝑗| denotes the number of wrong associations at vertex 𝑖 of the

graph 𝒢̃. Let 𝑐min > 0 denote the smallest diagonal entry of the 𝐶 matrix.

Proposition 5.3.3. Given 𝑒max, 𝑐min defined above and 𝑚̃ obtained from (5.8), if

𝑒max < 0.5 𝑐min, then 𝑚̃ = 𝑚.

Proof. We have

‖𝐿̃nrm − 𝐿nrm‖ = ‖𝐶̃
− 1

2 𝐿̃ 𝐶̃
− 1

2 − 𝐶− 1
2 𝐿𝐶− 1

2‖ (by defn of 𝐿̃nrm, 𝐿nrm) (5.14a)

= ‖𝐶− 1
2 (𝐿̃− 𝐿)𝐶− 1

2‖ (since by assumption 𝐶̃ = 𝐶)

(5.14b)

≤ ‖𝐶−1‖ ‖𝐿̃− 𝐿‖ (since 2-norm is submultiplicative)

(5.14c)

= ‖𝐶−1‖ ‖(𝐷̃ − 𝐴̃)− (𝐷 − 𝐴)‖ (since 𝐿 := 𝐷 − 𝐴) (5.14d)

= ‖𝐶−1‖ ‖𝐴̃− 𝐴‖ (since 𝐶̃ = 𝐶 and 𝐷 = 𝐶 − 𝐼)

(5.14e)

= ‖𝐶−1‖ ‖𝐸‖ (since 𝐸 := 𝐴̃− 𝐴) (5.14f)

≤ 1

𝑐min
‖𝐸‖ (since 𝐶 is diagonal) (5.14g)

≤ 𝑒max/𝑐min, (since ‖𝐸‖ ≤ 𝑒max) (5.14h)

where the last inequality follows from the Gershgorin circle theorem [199, Sec. 6.1].

The conclusion follows from Lemma 5.3.2 and observing that ‖𝐿̃nrm−𝐿nrm‖ = ‖𝑁‖ <

0.5 implies 𝑒max < 0.5 𝑐min.
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Proposition 5.3.3 implies that when the noise magnitude (in terms of the number of

mismatches) is sufficiently small, the estimated size of universe 𝑚̂ is equal to the true

value 𝑚. We point out that in practice the bound in Proposition 5.3.3 is conservative

and correct estimates may be obtained in larger noise regimes or for noise with a more

realistic model. In higher noise regimes where the estimate can have a large error,

taking the maximum in (5.7) ensures the distinctness constraint (which implies that

items in each view are unique), and therefore the estimated 𝑚 cannot be less than

the maximum number of items observed at a view.

The estimated value of 𝑚 obtained from (5.7) fixes the size of 𝑈 in (5.11) through-

out the algorithm. Since (as we will show) each iteration of the CLEAR algorithm

has a small execution time, instead of using a fixed value an alternative approach is

to consider multiple values for 𝑚̂ (e.g., by looping over all feasible 𝑚̂) and choosing

the solution that maximizes the objective in (5.4). In our empirical evaluations we

observed that this approach, which comes at the expense of a higher execution time,

does not notably improve the accuracy of the results. This empirical observation

hints that the estimated value of 𝑚̂ is often close to its optimal value, advocating the

proposed estimation approach.

Remark 5.3.3. In the spectral graph clustering methods, the “eigengap” heuristic is

often used to estimate the number of clusters [196]. In this approach, 𝑚̃ is chosen such

that |𝜆𝑚̃ − 𝜆𝑚̃+1| is maximized, where 𝜆𝑘’s are sorted eigenvalues of 𝐿sym := 𝐷− 1
2𝐿𝐷− 1

2 .

Unlike the normalized Laplacian 𝐿nrm proposed in this work (see Lemma 5.3.1), in

the noiseless setting, the nonzero eigenvalues of 𝐿sym depend on the size of clusters.

We believe that this can make the eigengap method more sensitive to noise. As we

will see in our empirical analysis in Section 5.4.1, the estimated universe size based

on the eigengap heuristic can deviate considerably from the true value in moderate

noise regimes, while our approach exhibits more robustness.

Step 3: Lifting and Relaxation

In order to solve (5.11) in a computationally tractable manner, the second approxi-

mation used in the CLEAR algorithm is to drop the discrete constraint 𝑈 ∈ U and
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allow 𝑈 to take values in R𝑙×𝑚. This leads to the relaxed problem

minimize
𝑈∈R𝑙×𝑚

tr
(︀
𝑈⊤𝐿̃nrm 𝑈

)︀
subject to 𝑈⊤ 𝑈 = 𝐼,

(5.15)

which is a generalized Rayleigh quotient problem. From the Rayleigh-Ritz theorem

[200, Sec 5.2.2], it follows that the solution of (5.15) is given by the eigenvectors

corresponding to the 𝑚-smallest eigenvalues of 𝐿̃nrm (note that 𝑚 is estimated in the

previous step).

We point out that the relaxation technique used here is similar to the relaxation

used to solve the normalized minimum-cut problem in the spectral graph clustering

literature [196]. This similarity is not surprising given the graph-theoretic interpreta-

tion of our problem discussed in Section 5.3.2. Nevertheless, note that spectral graph

clustering is based on 𝐿̃sym := 𝐷̃
− 1

2 𝐿̃𝐷̃
− 1

2 (or other normalized Laplacians) instead of

𝐿̃nrm.

Step 4: Projection and Embedding

In order to obtain an approximate solution for the original problem (5.11), the solution

𝑈* ∈ R𝑙×𝑚 obtained from solving (5.15) should be projected back to the discrete set U.

This step is critical for ensuring the cycle consistency and distinctness constraints. In

fact, as we will show in Section 5.4.1, the solutions returned by some state-of-the-art

methods could violate the cycle consistency or distinctness constraints in high-noise

regimes due to bad projections.

To project 𝑈* onto U, several approaches can be considered. Our approach is

inspired by the spectral graph clustering literature [196, 201, 202], where rows of 𝑈*

are normalized and embedded as points in R𝑚. These points are then grouped into

𝑚 disjoint sets based on their distance to cluster centers. Despite the aforementioned

similarity, a key difference in our setting is the existence of the distinctness constraint

(i.e., vertex coloring), which is not present in spectral graph clustering [202]. Hence,

the 𝑘-means algorithm commonly used for grouping the embedded points in general
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violates the distinctness constraint. Furthermore, compared to other projection tech-

niques that consider this constraint (e.g., methods in [144, 203]), our approach has a

lower complexity that leads to superior execution time.

Our approach is based on noting that rows of 𝑉 (defined in (5.3)) consist of

standard bases vectors which are orthogonal. Furthermore, as explained earlier, 𝑉

identifies graph clusters𝒜1,𝒜2, . . . ,𝒜𝑚, where vertices that belong to the same cluster

have identical rows in 𝑉 . Since 𝑈 := 𝐶− 1
2 𝑉 and 𝐶 is a diagonal matrix, it follows

that in the noiseless setting the set of normalized rows of 𝑈 consists exclusively of

𝑚 orthogonal vectors. Additionally, similar to 𝑉 , normalized rows of 𝑈 that are

identical correspond to vertices that belong to the same cluster.

In the noisy setting, from the Davis-Kahan theorem [204] the eigenspace of the

ground truth Laplacian matrix and its noisy version are “close” to each other (where

“closeness” can be quantified by the noise magnitude, cf. the discussion in [196,

Sec. 7]). Hence, in modest noise regimes, the rows of 𝑈* that belong to the same

clusters are expected to remain close (in terms of the Euclidean distance) and almost

perpendicular to other rows. This observation is leveraged by choosing 𝑚 rows of 𝑈*

that are most orthogonal to each other (called pivots) to represent the clusters. The

remaining rows are then associated to pivots (while preserving distinctness) based on

distance in order to identify which cluster they belong to.

If 𝑢𝑖 denotes the 𝑖-th row of 𝑈*, the problem of finding the 𝑚 most orthogonal

rows can be formulated as finding a subset 𝒮 of rows that solves

minimize
𝒮⊂N𝑙

∑︀
𝑖,𝑗∈𝒮 |⟨𝑢𝑖, 𝑢𝑗⟩|

subject to |𝒮| = 𝑚.
(5.16)

The greedy strategy explained in step 3 of the CLEAR algorithm can be leveraged

to efficiently find an approximate solution for (5.16).

After choosing the pivot rows, which are denoted by 𝑢′
𝑘 and represent clusters, the

remaining rows of 𝑈* are assigned to pivot rows through minimizing the within-cluster
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distances. This is formally stated as

minimize
𝒜1,...,𝒜𝑚

∑︀𝑚
𝑘=1

∑︀
𝑣𝑗∈𝒜𝑘

‖𝑢𝑗 − 𝑢′
𝑘‖2

subject to 𝑔(𝑣𝑖) ̸= 𝑔(𝑣𝑗), ∀𝑣𝑖, 𝑣𝑗 ∈ 𝒜𝑠.
(5.17)

The constraint in (5.17) enforces the distinctness constraint (i.e., items in a view

should not be in the same cluster). Let us define 𝐹 ∈ R𝑙×𝑚 such that (𝐹 )𝑗𝑘 :=

‖𝑢𝑗 − 𝑢′
𝑘‖2, and denote its row blocks by

𝐹 =
[︁
𝐹 1⊤ 𝐹 2⊤ · · · 𝐹 𝑛⊤

]︁⊤
, (5.18)

where the number of rows of block 𝐹 𝑖 is equal to the number of items at view 𝑖.

Using this notation, and since 𝑉 encapsulates both the distinctness constraint and

the cluster structure,4 (5.17) can be represented in matrix form as min
𝑉 ∈V
⟨𝑉, 𝐹 ⟩. Noting

that

min
𝑉 ∈V
⟨𝑉, 𝐹 ⟩ = min

𝑃 𝑖∈P𝐿

∑︀𝑛
𝑖=1⟨𝑃 𝑖, 𝐹 𝑖⟩ (5.19a)

=
∑︀𝑛

𝑖=1 min
𝑃 𝑖∈P𝐿

⟨𝑃 𝑖, 𝐹 𝑖⟩, (5.19b)

and since each subproblem in (5.19b) is a linear assignment problem [103], the optimal

solution can be obtained by, e.g., applying the Hungarian (Kuhn-Munkres) algorithm

on each block 𝐹 𝑖.

From the implementation point of view, as long as the lifting permutation struc-

ture of 𝑃 𝑖 is preserved, faster suboptimal methods can be used instead to solve (5.19b).

To improve the runtime, instead of the Hungarian algorithm CLEAR uses a subopti-

mal greedy strategy based on sorting, where the index of the smallest entries of 𝐹 𝑖 are

used to determine the index of one entries in 𝑃 𝑖. These indices are chosen with care

to ensure that 𝑃 𝑖 is a lifting permutation (i.e., each row has a single one entry and

each column has at most a single one entry). In our empirical evaluations we observed

that this suboptimal strategy performs as well as the optimal Hungarian algorithm

4If the 𝑗-th entry in column 𝑘 of 𝑉 is nonzero, then 𝑣𝑗 ∈ 𝒜𝑘.
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most of the time in term of accuracy, but has a considerable speed advantage.

Lastly, we emphasize that the proposed projection technique is based on the or-

thogonality property of the embedded rows. Hence, the results are not affected by

any transformation that preserves the orthogonality. This is particularly important

since solutions of (5.15) are only recovered up to an orthogonal transformation (i.e.,

if 𝑈* is a solution so is 𝑈*𝑅 for any orthogonal matrix 𝑅).

Computational Complexity

The computational complexity of CLEAR is determined by the eigendecomposition

algorithm (used for estimating the universe size and computing the eigenvectors of

𝐿̃nrm) and the linear assignment problem (used for the projection step). The time

complexity of the eigendecomposition and optimal linear assignment (e.g., Hungarian

algorithm) are respectively O(𝑙3) and O(𝑛𝑚3), where 𝑙 is the number of vertices in

the assignment graph, 𝑛 is the number of views, and 𝑚 is the size of universe.

In order to improve the speed and scalability of CLEAR, a breadth-first search

(BFS), which has the worst computational complexity of O(𝑙2), can be used to first

find the connected components of 𝒢̃. The spectrum (i.e., eigenvalues of normalized

Laplacian) of 𝒢̃ is then obtained by taking the disjoint union of components’ spectra

(similarly eigenvectors are given by zero padding the components’ eigenvectors) [198].

Through this approach, the complexity of the eigendecomposition is reduced to O(𝑙31),

where 𝑙1 is the number of vertices in the largest connected component of 𝒢̃. In practice,

often the association graph consists of many disjoint components (e.g., see examples in

Section 5.4.2), and the aforementioned procedure considerably improves the runtime

and scalability.

The second improvement in speed is achieved by replacing the Hungarian algo-

rithm with the suboptimal sorting strategy. This approach reduces the computational

complexity of the projection step to O(𝑛𝑚2 log(𝑚)).
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5.3.6 Applications: Edge-Centric vs. Clique-Centric

In this section, we divide the applications that benefit from solving the multi-view

matching problem into two categories, namely edge-centric and clique-centric. It will

become clear shortly that making this subtle distinction is crucial for choosing the

appropriate evaluation metric for each category.

In edge-centric applications, one ultimately seeks to establish associations between

pairs of views (and not all views). In graph terms, this corresponds to seeking individ-

ual edges of the association graph (hence the name). For example, using multi-view

matching algorithms to associate features between multiple images for estimating rel-

ative transformation between the corresponding pair of camera poses [56] belongs to

this category. The purpose of using multi-view matching techniques in such appli-

cations is to refine the initial noisy associations by incorporating information from

multiple views and enforcing cycle consistency. Based on this definition, even a cycle

inconsistent set of associations is still a feasible (although erroneous) solution in edge-

centric applications. As a result, computing standard metrics such as precision/recall

based on individual edges of the association graph is appropriate for evaluating the

performance of multi-view association algorithms in such applications.

In contrast, clique-centric applications ultimately seek to fuse information globally

(i.e., across all views) as prescribed by the cliques of the association graph. For ex-

ample, consider the map fusion problem that arises in single/multi-robot SLAM [20].

After identifying every sighting of each unique landmark in all maps (i.e., encoded

in the cliques of a cycle-consistent association graph) via multi-view matching tech-

niques, the corresponding measurements (across all maps) must be fused together in

the SLAM back-end to generate the global map. Note that such notion of global fu-

sion is well-defined only if association, as a binary relation on the set of observations,

is an equivalence relation.5 Therefore, unlike edge-centric applications, cycle consis-

tency of associations is a must in clique-centric applications where the observations in

each equivalence class are fused together. Cycle-inconsistent solutions must therefore

5This mainly refers to transitivity since for all practical purposes in robotics, associations are
always reflexive and symmetric.
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Figure 5-7. Evaluating the performance of cycle-inconsistent solutions (e.g., 𝒢1) for clique-centric
applications must be done after completing the connected components of the association graphs (i.e.,
for the transitive closure 𝒢2). Even a single incorrect edge (drawn in red) may have catastrophic
consequences in clique-centric applications.

be made cycle consistent before being used in such applications. An implicit and

natural way of doing this is via the so-called transitive closure of associations which

gives the smallest equivalence relation containing the original associations. In graph

terms, this is equivalent to completing each connected component of the association

graph into a clique. Thus evaluating such cycle-inconsistent solutions by computing

precision/recall based on individual edges can be highly misleading in the case of

clique-centric applications. In such cases, precision/recall must be computed after

completing the connected components of the association graph (i.e., for the transitive

closure).

Note that a single incorrect association only affects local (pairwise) fusions in

edge-centric applications, while it may have a catastrophic global impact in clique-

centric domains. This is illustrated in Fig. 5-7 using a simple example. Here the

association graph 𝒢1 contains only a single incorrect edge drawn in red. Although

𝒢1 has a high precision and a high recall for edge-centric applications, it is not cycle

consistent and thus does not immediately prescribe a valid solution to clique-centric

applications. As mentioned above, for such applications one must first compute the

transitive closure of 𝒢1. The transitive closure of 𝒢1 is given by 𝒢2 which performs

poorly in terms of precision. Note that each red edge in 𝒢2 indicates an incorrect

fusion of two observations.

Although CLEAR, by construction, always returns cycle-consistent solutions, as

we will see in the following sections several existing algorithms may violate cycle

consistency in noisy regimes. It is thus crucial to be aware of the distinction between
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local (pairwise) and global fusion in order to use the appropriate performance metric

in a particular application.

5.4 Results

5.4.1 Simulation Results

In this section, we use Monte Carlo analysis with synthetic data to compare CLEAR

with several state-of-the-art algorithms across different noise regimes. The aim of

these comparisons is to 1) analyze the accuracy of the returned solutions; 2) identify

algorithms that violate the cycle consistency or distinctness constraints in high-noise

regimes; and 3) evaluate the accuracy of the proposed technique for estimating the

universe size.

Algorithms used in our comparisons, which span across three aforementioned do-

mains, include: 1) MatchLift [59] and MatchALS [56] that are based on a convex

relaxation; 2) Spectral algorithm [46] extended for partial permutations by Zhou et

al. [56], MatchEig [60], and NMFSync [144] that are based on a spectral relaxation;

3) and QuickMatch [57] that is a graph clustering approach.

We consider scenarios with various number of views and observations across dif-

ferent mismatch percentage in the pairwise correspondences. The mismatch in cor-

respondences is introduced by randomly reassigning correct matches to wrong ones

according to a uniform distribution. In all comparisons, the universe is set to con-

tain 100 items, where this value is assumed to be unknown to algorithms and should

be estimated. For algorithms that require the knowledge of universe size (all except

QuickMatch), the same estimated value obtained for CLEAR from (5.7) is used.

We report the F1 score, which is commonly used in the literature and is defined

as 𝑓 := 2 𝑝 𝑟
𝑝+𝑟
∈ [0, 1], to evaluate the performance of the algorithms. Here, precision

𝑝 ∈ [0, 1] is defined as the number of correct associations divided by the total number

of associations in the output, and recall 𝑟 ∈ [0, 1] is the number of correct associations

in the output divided by the total number of associations in the ground truth. The
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Figure 5-8. (Best viewed in color) Comparison of the state-of-the-art algorithms with CLEAR
for uniformly sampled observations. Various number of views and observation ratios versus the
percentage of mismatch in the input are considered. The F1 score is reported in percentage in each
grid (the higher the better). These values are computed based on individual edges in the association
graph (i.e., for edge-centric applications); see Section 5.3.6.

best performance is achieved when 𝑓 = 1 (when 𝑝 = 𝑞 = 1) and the worst when 𝑓 = 0

(zero precision and/or zero recall).

In the first comparison, the algorithms are evaluated for different number of views

and percentage of mismatch in the input. The observation ratio is fixed at 0.5; i.e.,

in each view, 50 (out of 100) items of the universe are observed. These items are

sampled uniformly at random. For each number of views and mismatch percentage,

10 Monte Carlo simulations are generated and the average F1 score of the outputs

across these simulations is reported in the first row of Fig. 5-8 (in percentage). In

the second comparison (second row in Fig. 5-8), the number of views in all Monte

Carlo simulations is fixed at the value of 𝑛 = 10, and results for various observation

ratios of universe items and input mismatch percentage are reported. Similar to the

first comparison (first row in Fig. 5-8), each observation ratio indicates the number of

items that were observed (i.e., uniformly sampled at random) in a view. For example,

observation ratio of 0.2 indicates that each agent observed 20 (out of 100) items of

the universe.

Fig. 5-8 shows that for a fixed observation ratio, as the number of views increases,

the F1 score also increases. This indicates that the algorithms are able to leverage the

redundancy in observations with the help of the cycle consistency constraint. For the

same reason, for a fixed number of views, the F1 score improves as the observation
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Figure 5-9. (Best viewed in color) The average F1 score of the inconsistent algorithms after making
them cycle consistent by completing the graph’s connected components for clique-centric applications
(see Section 5.3.6).

ratio increases.

We also tested the returned solutions for cycle consistency (transitive associations)

and distinctness (two observations in a view cannot be associated to each other).

The results are displayed using colors in Fig. 5-8. In particular, here dark green

indicates that the (cycle consistent) ground truth was recovered in all Monte Carlo

iterations. Light green indicates that the returned solutions satisfied cycle consistency

and distinctness, but contained wrong associations in at least one of the simulations.

Furthermore, red indicates that, in at least one simulation, the output was not cycle

consistent, orange indicates violation of the distinctness constraint, and finally purple

indicates violation of both cycle consistency and distinctness constraints.

In addition, Fig. 5-8 demonstrates that the extended spectral algorithm, MatchEig,

and MatchALS may return results that violate the cycle consistency and/or distinct-

ness constraints in moderate to high noise regimes. Recall from Section 5.3.6 that

although a cycle-inconsistent solution may exhibit a high F1 score in terms of individ-

ual associations, in clique-centric applications its F1 score can dramatically decrease

after completing the connected components of the association graph (i.e., transitive

closure). This is demonstrated in Fig. 5-9 for MatchEIG and MatchALS algorithms

(compare Fig. 5-9 with Fig. 5-8). For example, the average F1 score of MatchEIG

with 10 views and under 15% mismatch drops from 0.93 (Fig. 5-8) to 0.08 (Fig. 5-9).

As discussed in Section 5.3.6, here the F1 score of 0.93 can be very misleading if the

solution obtained by the algorithm is going to be used for fusion in the context of

clique-centric applications.
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Figure 5-10. The average of estimated universe sizes in the Monte Carlo runs of Fig. 5-8 by CLEAR
and the eigengap method based on the symmetric Laplacian. The closer to 100, the better.

Among the algorithms that do not violate the consistency and distinctness con-

straints, on average, MatchLift, NMFSync, and CLEAR have the highest F1 scores.

The poor performance of QuickMatch is mainly due to the fact that this algorithm

was originally designed and tuned for matching image features based on weighted

associations, whereas in our setting the associations are binary. In conclusion, syn-

thetic comparisons demonstrate that CLEAR returns cycle consistent solutions with

high F1 scores. In the next section, we evaluate the runtime and scalability of the

algorithms in real-world examples, where the total number of observations can reach

several thousands.

Finally, we compare the estimated size of universe, obtained from (5.7), with

the eigengap method commonly used in the spectral graph clustering literature (see

Remark 5.3.3). The results are reported in Fig. 5-10. The number written inside each

square is the average of estimated universe sizes (rounded) in the Monte Carlo runs

of Fig. 5-8. The correct universe size is 100. According to the results depicted in

Fig. 5-10, although both techniques perform equally well under a high signal-to-noise

ratio (top two rows in each figure), the proposed approach is more robust to noise

and significantly outperforms the standard eigengap heuristic (bottom three rows in
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Wrong association Correct association

Figure 5-11. (Best viewed in color) An example of matched feature points across three images of
the CMU Hotel dataset. Input, obtained by matching features across image pairs independently,
contains error and is inconsistent. CLEAR returns cycle-consistent results and improves the precision
of the input.

each figure).

5.4.2 Experimental Results

To further evaluate the accuracy and speed of CLEAR in real-world robotics appli-

cations, we consider two scenarios, namely multi-image feature matching and map

fusion in landmark-based SLAM. Feature matching datasets have become standard

benchmarks for comparing the performance of multi-way data association algorithms.

Hence, we report the results on two publicly available standard benchmark datasets,

namely Graffiti6 and CMU Hotel.7 The aim of our experimental comparisons is to 1)

compare the runtime of algorithms; 2) evaluate the precision/recall for the returned

solutions.

CMU Dataset

The CMU hotel dataset consists of 101 images. The ground truth provided by this

dataset consists of 30 feature points per image and their correct associations. These

feature points are visible across all images, leading to a total of 3030 features across all

images. Due to the large ratio of the number of images (101 images) to the number

of feature points per image (30 features), this dataset represents scenarios where

observations have high redundancy. To obtain the input for algorithms, we compute

6http://www.robots.ox.ac.uk/~vgg/data/data-aff.html
7http://pages.cs.wisc.edu/~pachauri/perm-sync/
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Figure 5-12. Precision vs. rate (the inverse of execution time) in CMU Hotel dataset. The rate axis
has a logarithmic scale (CLEAR is about 3x faster than Spectral, 10x faster than NMFSync, 7500x
faster than MatchLift). The precision of the input (based on individual edges and for edge-centric
applications) is denoted by the orange line; see Section 5.3.6. Cycle-consistent/inconsistent outputs
are respectively denoted by and . The closer to the top-right corner, the better.

the SIFT descriptor [107] of each feature point using the VLFeat library8 [205]. The

standard vl_ubcmatch routine in VLFeat is used to match feature points across image

pairs based on the Euclidean distance between their descriptor vectors. By taking

this input (as a 3030× 3030 aggregate association matrix), each algorithm returns an

output which is then compared with the ground truth to evaluate its accuracy. We

further record the execution time of each algorithm. All results are based on Matlab

implementation of algorithms on a machine with an Intel Core i7-7700K CPU @

4.20GHz and 16GB RAM.

Fig. 5-11 shows an example of three images in the CMU hotel sequence, where

feature points and their associations across images are shown for the input and the

output of four algorithms. Note that the input associations, which are obtained by

matching features on image pairs, are cycle inconsistent and contain errors. The

output of the algorithms should ideally identify and remove these errors based on the

cycle consistency principle.

Fig. 5-12 reports the precision (i.e., number of correct matches divided by the

total number of returned matches) versus the rate of the solutions returned by algo-

rithms. The rate (i.e., the inverse of execution time) indicates the number of times

an algorithm can run in one second. Due to the large difference between the run-

8http://www.vlfeat.org/
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times of the algorithms, the rate axis is scaled logarithmically. The precision of the

input is indicated by the orange line on the plot and approximately has the value of

0.92. Note that this value is calculated based on individual edges and thus is only

meaningful for edge-centric applications; see Section 5.3.6. Solutions that were not

cycle consistent are colored in red. An ideal algorithm should have a high rate (i.e.,

small runtime) and a high precision output (i.e., based on individual edges and for

edge-centric applications). Among the cycle-consistent algorithms, QuickMatch is the

fastest, however, the returned solution does not improve the precision of the input.

CLEAR, Spectral, NMFSync, and MatchLift algorithms improve the precision, while

CLEAR has a higher rate: CLEAR is about 3x faster than Spectral, 10x faster than

NMFSync, 7500x faster than MatchLift.

The faster runtime of CLEAR is due to 1) the structure of the input association

graph, which consists of several disjoint connected components (this graph consists

of 81 connected components, where the largest component has 297 vertices). This

structure is exploited by the proposed eigendecomposition approach, which uses the

BFS algorithm to find the spectrum of the graph as the union of its connected compo-

nents’ spectra. 2) The projection technique, which uses a suboptimal sorting strategy

(instead of, e.g., the Hungarian algorithm) to improve the speed while ensuring con-

sistency and distinctness. More specifically, running CLEAR with the Hungarian

algorithm results in the same output (i.e., the same value for precision and recall),

however, the execution time increases from 0.5s to 0.7s.

Fig. 5-13 reports the precision and recall of returned solutions. An ideal solution

simultaneously has high precision and recall. The output of the Spectral algorithm has

the highest precision and lowest recall. On the other hand, the output of QuickMatch

has the highest recall and lowest precision. In comparison, the output of CLEAR

shows a balanced precision versus recall.

We note that the precision and recall of MatchEig after making its solution cy-

cle consistent by completing the association graph’s connected components (Sec-

tion 5.3.6) become 0.67 and 0.8, respectively. Similarly, MatchALS’s output after

completion takes the precision and recall of 0.73 and 0.76, respectively. This sharp
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Figure 5-13. Precision vs. recall in CMU Hotel dataset. Precision and recall of input (based on
individual edges and for edge-centric applications) are denoted by the orange lines; see Section 5.3.6.
The input has a precision of 0.92 and a recall of 0.67 as denoted by the orange lines. The closer to
the top-right corner, the better.

drop in precision underlines the importance of taking cycle consistency into account

in evaluating multi-view matching algorithms for clique-centric applications.

Graffiti Dataset

The Graffiti dataset consists of six images, each taken from a different viewpoint of a

textured planar wall. Due to the large difference between the viewpoints, this dataset

is particularly challenging for feature point detection/matching algorithms (thus, pair-

wise associations have a lower precision compared to the CMU hotel dataset). The

dataset provides ground truth homography transformations between the viewpoints.

We use the VLFeat library to extract the SIFT feature points for each image. To

obtain the ground truth associations, the provided homography matrices are used to

match the extracted features (correct matches must satisfy the planar homography

mapping [206, see (5.35)]). To make sure that ground truth associations are error-free,

we only take feature points and associations that are cycle consistent across all images

and discard the rest. These associations are further visually inspected to ascertain

that they do not contain mismatches. The number of feature points retained after

this process ranges from 313 to 657 per image. The total number of feature points

across all images is 3176. Unlike the CMU hotel dataset, the Graffiti dataset has a

small ratio of the number of images to the number of feature points per image. Thus,
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it represents scenarios where observations have little to no redundancy.

The precision and rate of algorithms is reported in Fig. 5-14. Among the cycle-

consistent algorithms, QuickMatch is the fastest, however, it does not improve the

precision of the input computed based on individual edges and for edge-centric ap-

plications (Section 5.3.6). CLEAR improves the precision and is considerably faster

compared to the other algorithms that improve the input’s precision: about 21x faster

than Spectral, 39x faster than NMFSync, 3800x faster than MatchLift.

In the Graffiti dataset, the input association graph consists of 1506 connected

components, where the largest component has 22 vertices. Running CLEAR with

the Hungarian algorithm results in an output with the same value for precision and

recall (up to three decimals), however, the execution time of the algorithm increases

considerably from 0.92s to 49.5s.

The precision and recall of returned solutions are reported in Fig. 5-15. Among

cycle-consistent algorithms, the Spectral algorithm has the highest precision and low-

est recall, while QuickMatch has the highest recall and lowest precision. In compar-

ison, CLEAR, MatchLift, and NMFSynch have a balanced precision versus recall.

The precision and recall of MatchEig after making its solution cycle consistent (for

clique-centric applications) become 0.53 and 0.69, respectively. Similarly, MatchALS’s

output after completion takes the precision and recall of 0.54 and 0.69, respectively.

Once again, the difference between these values and those reported in Fig. 5-15 high-

lights the importance of taking cycle consistency into account in evaluating multi-view

matching algorithms for clique-centric applications.

Forest Landmark-based SLAM Dataset

Map fusion is an important clique-centric application of the multi-view matching

problem in single/multi-robot SLAM [20]. The goal in this problem is to identify

unique landmarks across a given set of local maps (created by one or multiple robots)

in order to fuse the corresponding measurements in the landmark-based SLAM back-
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Figure 5-14. Precision vs. rate (the inverse of execution time) on the Graffiti dataset. The rate
axis has a logarithmic scale (CLEAR is about 21x faster than Spectral, 39x faster than NMFSync,
3800x faster than MatchLift). Precision of the input is denoted by the orange line. Cycle consistent
and inconsistent outputs are respectively denoted by and . The closer to the top-right corner,
the better.
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Figure 5-15. Precision vs. recall on Graffiti dataset. Precision and recall of input are denoted by
the orange lines. The closer to the top-right corner, the better.

end.9 In this section, we report the performance of CLEAR in the context of map

fusion based on a SLAM dataset collected in the forest at the NASA Langley Research

Center (LaRC) [207]. In this dataset, a single unmanned aerial vehicle equipped with

an inertial measurement unit (IMU) and a 2D LIDAR is tasked with autonomously

exploring an area under the tree canopy (Fig. 5-16). The exploration mission lasts

120 seconds. As the vehicle traverses the forest, it performs LIDAR-inertial odometry

by fusing IMU measurements with incremental motion estimates from the iterative

closest point algorithm at 40 Hz. In addition, the vehicle also uses a customized

detector to identify trees from the LIDAR scans at a rate of 1 Hz. The objective is
9Here, each local map represents a “view” in the multi-view matching problem. In practice, local

maps may represent one or multiple frames, and may be built by one or multiple robots.
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Figure 5-16. Single UAV autonomous exploration at NASA LaRC. The vehicle (highlighted in red)
performs landmark-based SLAM based on detected trees in order to estimate its position within the
forest.

to correctly match and fuse identical tree landmarks detected during the exploration,

and subsequently optimize the landmark positions and vehicle trajectory inside a

landmark-based SLAM framework.

To obtain the initial pairwise data association, we apply the correspondence graph

matching algorithm [12] that associates two sets of landmarks based on their local

configurations. Crucially, we note that this process does not use any global pose

estimates, and thus is not affected by drift in the LIDAR-inertial odometry. Due

to the presence of spurious detections and the lack of informative descriptors (e.g.,

SIFT), the initial data association matrix (of dimension 1091× 1091) contains many

mismatches and is not cycle consistent. We thus call CLEAR and other multi-view

matching algorithms to achieve cycle consistency. Recall from our discussion in Sec-

tion 5.3.6 that map fusion is inherently a clique-centric application. Therefore, we

make any inconsistent data associations cycle consistent by completing the connected

components in the association graph (Section 5.3.6). In addition, we also introduce

a baseline algorithm that directly completes the connected components in the input

associations.
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Since ground truth data association is not available, we adopt the following alter-

native performance metrics. A pair of associated trees is classified as either a definite

negative or a potential positive, based on whether their distance as estimated by the

LIDAR-inertial odometry is higher than a threshold of 2 m. We note that these def-

initions are precise assuming that the threshold value of 2 m accounts for the drift

in the LIDAR-inertial odometry.10 Since the number of definite negatives (denoted

by DN) is an underestimate of the true number of mismatches, and the number of

potential positives (denoted by PP) is an overestimate of the true number of correct

matches, we can further calculate an upper bound on the true precision as follows,

P̄ :=
PP

DN + PP
. (5.20)

We note that for landmark-based SLAM, the number of definite negatives (DN) is

particularly important, since it is well known that any false data association could

inflict catastrophic impact on the final solution. Therefore, an ideal data association

should contain no definite negatives, or equivalently achieve a value of 100% for P̄

(upper bound on precision).

Table 5.2. Cross-comparison of algorithms in terms of the number of definite nagatives (DN),
potential positives (PP), upper bound on precision (P̄), and runtime. The upper bound on precision
is computed from (5.20).

Algorithm DN PP P̄ (%) Runtime (s)

CLEAR 11 3393 99.677 0.084

MatchLift [59] 5 2394 99.792 124.7

MatchALS [56] (completed) 89 15230 99.419 4.580

QuickMatch [57] 897 15757 94.614 0.118

NMFSync [144] 290 3233 91.768 4.272

MatchEIG [60] (completed) 21415 20381 48.763 1.808

Baseline 26249 20487 43.836 N/A

10Since the vehicle is flying at a low speed (2 m/s) for a relative short amount of time 120 s, we
expect the estimation drift at any time is reasonably bounded.
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(a) Baseline (b) NMFSync (c) MatchALS (completed) (d) MatchLift

(e) MatchEIG (completed) (f) QuickMatch (g) CLEAR (h) CLEAR (post-
processed)

Figure 5-17. Output association of baseline (a) and each algorithm (b)-(g) in the landmark-based
SLAM dataset. Cycle-inconsistent solutions are completed due the clique-centric nature of the
problem (Section 5.3.6). Each black triangle represents a single tree observation. The LIDAR-
inertial odometry is shown in blue. Definite negatives identified using the odometry estimates are
highlighted as red edges. We note that the output of CLEAR (g) still contains a few mismatches,
but in practice, these can be filtered out by removing small clusters from the returned association,
as shown in (h).
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Figure 5-18. Precision upper bound P̄ vs. rate in the landmark-based SLAM dataset. The rate
axis has logarithmic scale. The closer to the top-right corner, the better. The solid orange line
corresponds to the precision of input data associations. The dashed orange line corresponds to the
precision of the baseline, obtained by completing the connected components in the input association
graph. Further quantitative results are reported in Table 5.2.

Fig. 5-17 visualizes the data associations returned by each algorithm in the world

frame. All definite negatives are highlighted in red. The solutions of MatchALS and

MatchEIG are not cycle consistent initially, and are made cycle consistent by com-
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pleting the connected components. The solution of the spectral algorithm is omitted,

as it contains significantly more mismatches due to its sensitivity in estimating the

universe size. Table 5.2 shows the complete set of quantitative results and Fig. 5-18

shows the precision and rate of each evaluated algorithm.

Due to the existence of mismatches in the input associations, the baseline al-

gorithm which directly completes the connected components yields more than 25000

definite negatives; see Fig. 5-17(a). In contrast, most other algorithms are able to sig-

nificantly reduce the number of definite negatives. Among these algorithms, CLEAR

and MatchLift nearly eliminate all definite negatives; see Table 5.2. However, Match-

Lift requires 124.7 s to converge while CLEAR only takes 0.084 s. The superior speed

of CLEAR thus makes the algorithm favorable for real-time SLAM applications. On

the other hand, we note that the output of CLEAR still contains a few definite nega-

tives; see Fig. 5-17(g). This is undesirable for landmark-based SLAM, as any incorrect

fusion of landmarks could inflict catastrophic impact on the final SLAM solution. In

practice, these mismatches can be filtered out by removing clusters of small size from

the returned solution. For example, Fig. 5-17(h) shows the resulting association after

removing clusters of size smaller than four from the output of CLEAR. After this

post-processing step, the final association is accurate and can be used by any SLAM

back-end to solve for the vehicle trajectory and landmark positions.

Fig. 5-19 demonstrates the results of landmark-based SLAM using the data as-

sociation returned by each algorithm. Prior to optimization, we apply the same

post-processing procedure described earlier, by removing clusters of size smaller than

four from each data association. Subsequently, we initialize a single tree for each re-

maining cluster in the fused map. All tree positions and vehicle poses are then jointly

optimized using g2o [208]. We note that Fig. 5-19 mainly provides a qualitative com-

parison of the trajectory estimates. Intuitively, we expect that SLAM trajectories

that are discontinuous are likely to be wrong due to false data associations. These in-

clude the trajectories optimized with the baseline, NMFSync, MatchALS, MatchEIG,

and QuickMatch. While CLEAR and MatchLift produce similar results, CLEAR is

more than 1000 times faster as indicated by the results in Table 5.2.
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Figure 5-19. Fused map after optimization with g2o. The solutions of MatchALS and MatchEIG
are made cycle consistent by completing each connected components in the induced association
graph. Each association is post-processed to remove any clusters of size smaller than four. Each
black triangle represents a single tree in the fused map. Trajectory estimates from EKF-based
LIDAR-inertial odometry and after landmark-based SLAM are shown in blue and red, respectively.

Finally, we note that some quantitative results presented in this section are differ-

ent from those obtained in earlier comparisons based on synthetic data. For example,

we observed that algorithms such as NMFSync perform better in simulation. A major

cause of this discrepancy is the noise model. In our synthetic data, the input is solely

corrupted by mismatches that reassign correct matches to wrong ones. In the forest
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dataset, however, the input is corrupted by both mismatches and a significant number

of missing correct associations, thus further reducing the signal-to-noise ratio.

5.5 Summary

Data association across multiple views is a fundamental problem in robotic appli-

cations. Traditionally, this problem is decomposed into a sequence of pairwise sub-

problems. Multi-view matching algorithms can leverage observation redundancy to

improve the accuracy of pairwise associations. However, the use of these algorithms

in robotic applications is often prohibited by their high computational complexity,

as well as critical issues such as inconsistency and high number of mismatches which

may have catastrophic consequences.

To address these critical challenges, we presented CLEAR, an algorithm that

leverages the natural graphical representation of the multi-view association problem.

CLEAR uses a spectral graph clustering technique, which is uniquely tailored to solve

this problem in a computationally efficient manner. Empirical results based on exten-

sive synthetic and experimental evaluations demonstrated that CLEAR outperforms

the state-of-the-art algorithms in terms of both accuracy and speed. This general

framework can provide significant improvements in the accuracy and efficiency of

data association in many applications that rely on pairwise matchings such as met-

ric/semantic SLAM, multi-object tracking, and multi-view point cloud registration.
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Chapter 6

Multiattribute, Multiway Fusion of

Uncertain Pairwise Affinities

6.1 Introduction

As explored in the previous chapter, multiway matching attempts to correct out-

liers by exploiting observation redundancy and enforcing cycle consistency—a prop-

erty stating that the composition of pairwise matchings over cycles must be identity.

Many state-of-the-art multiway matching algorithms do this by permutation synchro-

nization [46, 59–66, 73] of pairwise correspondences, which are improved and made

consistent by joint optimization. These methods are effective at multiway match-

ing when binary matchings are available; however, their use of (partial) permutation

matrices is akin to late fusion [67, 68] and precludes them from using all available

information, i.e., multiway matching is performed after each pairwise affinity matrix

is pre-processed to create binary pairwise matches.

In contrast, this chapter presents MIXER (Multiway affinity matrIX fusER), an

algorithm that produces cycle consistent multiway matches directly from noisy and

uncertain pairwise affinities, i.e., in an early fusion sense. Similar to the conclusions

of data fusion works in other contexts [67, 68], our experiments show that MIXER’s

early multiway fusion can yield a significant performance increase over existing late

fusion approaches. Specifically, direct access to affinities enables a key property of
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Attribute 1

Attribute ℓ

F

Object aFigure 6-1. Multiattribute, multiway fusion example of car detections from different images. Each
detection has SIFT, color, and bounding box attributes used to perform pairwise affinity scoring.
Pairwise affinities are frequently uncertain, due to noisy detections and scoring processes, and the
resulting multiway affinity matrix (graph representation, left) is inconsistent. Leveraging cycle con-
sistency, distinctness constraints, and three modes of association, MIXER achieves high accuracy
data fusion, correctly clustering identical cars (green clusters, right). If observations are too un-
certain, MIXER tends to sacrifice recall in favor of precision, illustrated in the case of car 11—the
detection in the yellow cluster is too ambiguous to be fused.

our optimization formulation of multiway fusion—three modes of association: non-

match, uncertain match, and match, corresponding to 0, 0.5, and 1 affinities, respec-

tively. These three modes also appear in a generalization of pairwise LAP called

maximum-weight matching (MWM) [105, 106], where affinities less than or equal to

a threshold (i.e., 0.5) will never be associated because they penalize the objective.

MIXER extends these ideas to the multiway case (see Remark 6.3.1), balancing the

three association modes in conjunction with cycle consistency and other problem con-

straints to achieve high accuracy in the presence of uncertain pairwise affinity scores.

An example of MIXER fusing together car observations is shown in Fig. 6-1.

The availability of three association modes is especially important when working

with data having multiple modalities or attributes (e.g., color, lidar reflectance, posi-

tion, bag-of-words vector [180], SIFT descriptors [107], bounding box [209], shape [210],

reID features [211], etc.). Because attributes may produce affinity scores in contention
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(e.g., an object viewed from different viewpoints may have the same color, but not

have bounding box overlap), the combined affinity becomes more uncertain, trend-

ing toward 0.5. This allows MIXER to defer to other pairwise affinities, and to the

problem constraints, before making a decision.

We formulate the early multiway fusion problem as a mixed-integer quadratic pro-

gram (MIQP). Since MIQPs are generally not scalable, we propose a novel continuous

relaxation leading to approximate solutions. The main contribution of the MIXER

algorithm over similar techniques is that its solutions are guaranteed to converge to

feasible (binary) solutions of the original MIQP. Thus, rounding/projecting results

to binary values—which is required when using other techniques and may lead to

infeasible solutions—is avoided. To solve the relaxed problem efficiently, we present a

projected gradient descent algorithm with backtracking line search. This polynomial-

time algorithm has worst-case cubic complexity in problem size (from matrix-vector

multiplies) at each iteration, and is guaranteed to converge to second-order stationary

points [212, Prop. 7].

MIXER is evaluated on synthetic and real-world datasets and compare the results

with state-of-the-art multiway data association algorithms. Our synthetic analysis

shows an empirically tight optimality gap of MIXER solutions with respect to the

global minimum of the MIQP, while achieving an average runtime of 8ms for problems

with 300 associations—four orders of magnitude faster than solving the MIQP with a

general-purpose solver. Our real-world evaluation considers nine multiway matching

benchmark datasets, showing that even in the single attribute early fusion setting,

MIXER is able to achieve high accuracy, superior to the state of the art. Finally,

we collect our own dataset of RGB images recorded in a parking lot and attempt

to fuse observations of cars seen from multiple viewpoints. Three complementary

attributes of cars are extracted (bounding box, color, and SIFT visual appearance)

and we show that MIXER significantly outperforms existing algorithms, increasing

F1 score over the next-best result by 32% while being 49x faster. In summary, the

main contributions of the work presented in this chapter are:

1. A principled formulation of multiway fusion as an MIQP that when approached
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in an early fusion framework leads to three states of association and a multiway

extension of the pairwise MWM problem.

2. A novel continuous relaxation of the multiway fusion MIQP leading to MIXER,

a polynomial-time algorithm based on projected gradient descent that converges

to stationary points.

3. Theoretical analysis of the continuous relaxation, showing that the MIXER

algorithm is guaranteed to converge to feasible, binary solutions of the original

MIQP.

4. Substantial accuracy and timing improvements over state-of-the-art multiway

maching algorithms on standard benchmarks and in a challenging, self-collected

RGB dataset with three distinct attributes.

6.2 Background

In this section, we formalize a principled framework to solve the multiway fusion

problem. Consider 𝑛 sets of data 𝒮𝑖, 𝑖 = 1, . . . , 𝑛, with cardinality |𝒮𝑖| = 𝑚𝑖 and

let 𝑚 =
∑︀𝑛

𝑖=1 𝑚𝑖. We define the universe as 𝒰 := ∪𝑖 𝒮𝑖, with |𝒰| = 𝑘 ≤ 𝑚 distinct

elements across all sets. For example, Fig. 6-2 shows 𝑛 = 3 images, each with 𝑚𝑖

car detections with bounding box attributes. These are denoted by 𝒮1 := {𝑎, 𝑏, 𝑐},

𝒮2 := {𝑑, 𝑒}, and 𝒮3 := {𝑓}. Assuming that we know observations 𝑎, 𝑑, 𝑓 and 𝑏, 𝑒

represent the same cars, the universe is 𝒰 := {𝑎, 𝑏, 𝑐} and has 𝑘 = 3 elements.

Given two sets 𝒮𝑖 and 𝒮𝑗, we define the pairwise affinity matrix between observa-

tions as

𝑆𝑖𝑗 :=

⎡⎢⎢⎢⎣
𝑠11 · · · 𝑠1𝑚𝑗

...
. . .

...

𝑠𝑚𝑖1 · · · 𝑠𝑚𝑖𝑚𝑗

⎤⎥⎥⎥⎦ ∈ [0, 1]𝑚𝑖×𝑚𝑗 , (6.1)

where 𝑠𝑎𝑏 ∈ [0, 1] denotes the similarity between elements 𝑎 ∈ 𝒮𝑖 and 𝑏 ∈ 𝒮𝑗. Scores

of 0, 0.5, and 1 correspond to maximum dissimilarity, maximum uncertainty/no pref-

erence, and maximum similarity, respectively. The multiway affinity matrix between
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𝑆 =
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Figure 6-2. Example with 𝑘 = 3 cars across 𝑛 = 3 images, with a total of 𝑚 = 6 observations.
Bounding box overlap (had they been drawn on the same image) gives the similarity score between
two cars. The multiway affinity matrix 𝑆 and its corresponding ground truth 𝐴* are shown.

all sets is defined as the symmetric matrix

𝑆 :=

⎡⎢⎢⎢⎣
𝑆11 · · · 𝑆1𝑛

...
. . .

...

𝑆𝑛1 · · · 𝑆𝑛𝑛

⎤⎥⎥⎥⎦ ∈ [0, 1]𝑚×𝑚, (6.2)

where, by definition, 𝑆𝑖𝑗 = 𝑆⊤
𝑗𝑖 . The example in Fig. 6-2 shows the multiway affinity

matrix 𝑆 (henceforth called the affinity matrix for simplicity), where 𝑚 = 6. Pairwise

association matrix blocks are separated by dashed lines.

Ground-truth association. The ground-truth pairwise affinity matrices take

values of 1 for identical objects and 0 otherwise. When affinity matrices are binary,

like in the ground truth case, we refer to them as association matrices. Furthermore,

the ground-truth multiway association matrix, denoted by 𝐴*, can be factorized as
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𝐴* = 𝑈𝑈⊤, with the universal association matrix 𝑈 is defined as

𝑈 :=
[︁
𝑈1 · · · 𝑈𝑛

]︁
∈ {0, 1}𝑚×𝑘. (6.3)

Matrices 𝑈𝑖 ∈ {0, 1}𝑚𝑖×𝑘 represent associations between elements of sets 𝑆𝑖 and 𝒰 .

Fig. 6-2 shows 𝐴* and 𝑈 for the corresponding example, with 𝑘 = 3 unique cars across

all images and where matrices 𝑈𝑖 are separated by dashed lines.

Constraints. Often, data association algorithms must meet certain constraints

imposed by the high-level task. The one-to-one constraint states that an object can

be associated with at most one other object. This constraint is satisfied if each row

of 𝑈 has a single 1 entry. The distinctness constraint states that objects within a

set are distinct and therefore should not be associated. This is satisfied if there is at

most a single 1 entry in each column of 𝑈𝑖. When the association problem is solved

across more than two sets, associations must be cycle consistent, that is, if 𝑎 ↔ 𝑏,

and 𝑏 ↔ 𝑐, then 𝑎 ↔ 𝑐, where 𝑎, 𝑏, 𝑐 are objects to be matched and ↔ indicates a

pairwise match. This condition is satisfied if the association matrix can be factorized

as 𝐴 = 𝑈𝑈⊤ [56]. These three constraints are crucial for detecting and correcting

erroneous similarity scores and associations, but increase the difficulty and complexity

of the data association procedure.

6.3 Approach

6.3.1 Optimization Formulation

Given noisy and potentially incorrect similarity scores, our goal is to rectify their

values to binary scores that respect the one-to-one, distinctness, and cycle consistency
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constraints. This goal can be formally stated as finding 𝑈 that solves the MIQP

minimize
𝑈∈{0,1}𝑚×𝑘

⃦⃦
𝑈 𝑈⊤ − 𝑆

⃦⃦2

𝐹
(cycle consistency)

subject to 𝑈 1𝑚 = 1𝑚 (one-to-one)

𝑈⊤
𝑖 1𝑚𝑖

≤ 1𝑚𝑖
(distinctness)

(6.4)

where ‖ · ‖𝐹 is the matrix Frobenius norm and 1 denotes the vector of all ones (with

size shown as subscript). When the universe size 𝑘 is known (or a good estimate

𝑘 is available), this can be used directly in (6.4) to determine the dimensions of 𝑈 .

However, 𝑘 is rarely known in practice and can be difficult to reliably estimate, so

instead we allow the algorithm to simultaneously estimate 𝑈 and 𝑘 by setting 𝑘 = 𝑚.

Then, a solution 𝑈 of (6.4) will have 𝑘 nonzero columns, giving an estimate of the

universe size.

Remark 6.3.1 (Multiway MWM). For 𝑛 = 2, problem (6.4) reduces to a linear

assignment problem (LAP). Replacing the affinity matrix by 𝑆 ← 1
2
(1− 𝑆), prob-

lem (6.4) returns a perfect matching and solutions are equivalent to Hungarian solu-

tions. With 𝑆 as specified in Sec. 6.2, (6.4) solves the MWM problem [106] and can

return imperfect matchings. This generalization of the LAP is often more natural for

data association since not all data should always be fused.

The traditional two-way maximum-weight matching (MWM) problem is often re-

duced so that a perfect matching exists [105] and is solved using the Hungarian al-

gorithm. This is done by setting any affinity below a threshold to 0 and then dis-

carding any match with 0 affinity in post-processing. Instead, (6.4) does not require

this explicit thresholding and extends to 𝑛 > 2, solving the multiway maximum-weight

matching problem by allowing the information from multiple pairs of views to inform

the final decision.

6.3.2 Equivalent Penalty Form

Before approaching a solution strategy for problem (6.4), we develop an equivalent

penalty form. This penalty form will be useful for analysis and will lead to insights
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that will be useful for designing the MIXER algorithm.

Equivalent problem. From the definition of Frobenius norm, the objective of (6.4)

can be expanded and simplified as

‖𝑈𝑈⊤ − 𝑆‖2𝐹 =
⟨︀
𝑈𝑈⊤ − 𝑆, 𝑈𝑈⊤ − 𝑆

⟩︀
= ‖𝑈𝑈⊤‖2𝐹 − 2

⟨︀
𝑈𝑈⊤, 𝑆

⟩︀
+ ‖𝑆‖2𝐹 , (6.5)

where
⟨︀
𝐴,𝐵

⟩︀
:= tr(𝐴⊤𝐵) =

∑︀
𝑖𝑗 𝐴𝑖𝑗𝐵𝑖𝑗 is the Frobenius inner product of matrices 𝐴

and 𝐵. Further, it holds that

‖𝑈𝑈⊤‖2𝐹 =
∑︁
𝑖,𝑗

(𝑈𝑈⊤)2𝑖𝑗 =
∑︁
𝑖,𝑗

(𝑈𝑈⊤)𝑖𝑗 =
⟨︀
𝑈𝑈⊤,1𝑚×𝑚

⟩︀
, (6.6)

where the second equality follows by noting that entries of 𝑈 are binary and therefore

equal to their square. Combining (6.5) and (6.6), the objective can be written as

‖𝑈𝑈⊤ − 𝑆‖2𝐹 =
⟨︀
𝑈𝑈⊤, 1𝑚×𝑚 − 2𝑆

⟩︀
+ ‖𝑆‖2𝐹 . (6.7)

Since 𝑆 is given and is a constant of the optimization problem, the term ‖𝑆‖2𝐹
does not affect the solution and can be omitted from the objective. Thus, defin-

ing 𝑆̄ := 1𝑚×𝑚 − 2𝑆, problem (6.4) is equivalent to the following problem

minimize
𝑈∈{0,1}𝑚×𝑚

⟨︀
𝑈𝑈⊤, 𝑆̄

⟩︀
(cycle consistency)

subject to 𝑈 1𝑚 = 1𝑚 (one-to-one constraint)

𝑈⊤
𝑖 1𝑚𝑖

≤ 1𝑚 (distinctness constraint)

(6.8)

Penalty functions. Next, we introduce the standard simplex and two penalty func-

tions, allowing the reformulation of the constraints of (6.8) into an equivalent problem.

With slight abuse of notation, the standard simplex defined for each row of a matrix

is

∆𝑚×𝑚 := {𝑈 ∈ R𝑚×𝑚
+ : 𝑈1𝑚 = 1𝑚}. (6.9)
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Observe that {0, 1}𝑚×𝑚 ⊂ ∆𝑚×𝑚 and that ∆𝑚×𝑚 captures the one-to-one constraint.

Using the standard simplex, we first show that a binary 𝑈 ∈ ∆𝑚×𝑚 must have or-

thogonal columns. This orthogonality property is implicit in the original formulation

and we explictly include it in the relaxation.

Lemma 6.3.1. A matrix 𝑈 ∈ ∆𝑚×𝑚 is binary if and only if the columns of 𝑈 are

orthogonal.

Proof. Suppose, by contradiction, two columns 𝑣 and 𝑤 of 𝑈 give
⟨︀
𝑣, 𝑤

⟩︀
̸= 0. Then,

since 𝑈 is binary, there exists at least one 𝑘 ∈ {1, . . . ,𝑚} such that 𝑣𝑘 = 1 and 𝑤𝑘 = 1.

This implies that there are at least two 1 entries in the 𝑘’th row of 𝑈 . Consequently,

the 𝑘-th row of vector 𝑈1𝑚 is strictly greater than 1, which violates the constraint

𝑈1𝑚 = 1𝑚.

Conversely, assume 𝑈 ∈ ∆𝑚×𝑚 has orthogonal columns. Without loss of general-

ity, we show that the first row of 𝑈 is binary and, by applying a similar argument to

other rows, we conclude that 𝑈 is binary. Denote the first row of 𝑈 by 𝑣1. Because

𝑈 ∈ ∆𝑚×𝑚, there exists 𝑖 ∈ {1, . . . ,𝑚} such that (𝑣1)𝑖 > 0. Let 𝑢𝑖 denote the 𝑖-th

column of 𝑈 . Orthogonality of columns implies that for all 𝑗 ̸= 𝑖,

0 = 𝑢⊤
𝑖 𝑢𝑗 =

𝑚∑︁
𝑘=1

(𝑢𝑖)𝑘(𝑢𝑗)𝑘

= (𝑢𝑖)1(𝑢𝑗)1 +
𝑚∑︁
𝑘=2

(𝑢𝑖)𝑘(𝑢𝑗)𝑘

= (𝑣1)𝑖(𝑣1)𝑗 +
𝑚∑︁
𝑘=2

(𝑢𝑖)𝑘(𝑢𝑗)𝑘.

(6.10)

Because 𝑈 is non-negative, for (6.10) to hold we must have (𝑣1)𝑖(𝑣1)𝑗 = 0 for all

𝑗 ̸= 𝑖. Since (𝑣1)𝑖 > 0, it follows that (𝑣1)𝑗 = 0 for all 𝑗 ̸= 𝑖. Further, since the sum

of the entries of 𝑣1 is equal to 1, we have that (𝑣1)𝑖 = 1 so that the first row of 𝑈 is

binary.

Because we seek binary 𝑈 ∈ ∆𝑚×𝑚, we introduce a penalty function corresponding
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to the column-wise orthogonality of 𝑈 , defined as

𝜑orth(𝑈) :=
⟨︀
𝑈⊤𝑈, 𝑃𝑜

⟩︀
, (6.11)

where 𝑃𝑜 := 1𝑚×𝑚−𝐼𝑚×𝑚. Note that by definition,
⟨︀
𝑈⊤𝑈, 𝑃𝑜

⟩︀
:=

∑︀
𝑖,𝑗 (𝑈

⊤𝑈)𝑖𝑗 (𝑃𝑜)𝑖𝑗 =∑︀
𝑖 ̸=𝑗 (𝑈

⊤𝑈)𝑖𝑗, which is the sum of non-diagonal entries. Therefore, 𝜑orth(𝑈) = 0 if

and only if the columns of 𝑈 are orthogonal.

The second penalty function corresponds to the distinctness constraint and is

defined as

𝜑dist(𝑈) :=
⟨︀
𝑈𝑈⊤, 𝑃𝑑

⟩︀
, (6.12)

where 𝑃𝑑 := blockdiag(𝑃𝑑1, . . . , 𝑃𝑑𝑛) and each 𝑚𝑖 × 𝑚𝑖 matrix 𝑃𝑑𝑖 := 2 (1𝑚𝑖×𝑚𝑖
−

𝐼𝑚𝑖×𝑚𝑖
) ensures that the 𝑚𝑖 observations of view 𝑖 are distinct.

Lemma 6.3.2. Given 𝑈 ∈ {0, 1}𝑚×𝑚 and 𝜑dist(𝑈) as defined, 𝜑dist(𝑈) = 0 if and

only if 𝑈⊤
𝑖 1𝑚𝑖

≤ 1𝑚.

Proof. Expanding 𝜑dist(𝑈) based on the 𝑛 matrix blocks in 𝑈 and 𝑃𝑑 gives

⟨︀
𝑈𝑈⊤, 𝑃𝑑

⟩︀
=

𝑛∑︁
𝑖=1

⟨︀
𝑈𝑖𝑈

⊤
𝑖 , 𝑃𝑑𝑖

⟩︀
=

𝑛∑︁
𝑖=1

⟨︀
𝑈𝑖𝑈

⊤
𝑖 , 1𝑚𝑖×𝑚𝑖

− 𝐼𝑚𝑖×𝑚𝑖

⟩︀
=

𝑛∑︁
𝑖=1

∑︁
𝑗 ̸=𝑟

(𝑈𝑖𝑈
⊤
𝑖 )𝑗𝑟.

(6.13)

Since 𝑈𝑖 is binary, the latter summation is zero if and only if all matrices 𝑈𝑖𝑈
⊤
𝑖 are

diagonal. Suppose
⟨︀
𝑈𝑈⊤, 𝑃𝑑

⟩︀
= 0 and, by contradiction, there exists 𝑈𝑖 for which

𝑈𝑖𝑈
⊤
𝑖 is non-diagonal. This implies 𝑈𝑖 has at least two non-orthogonal rows. From a

similar proof-by-contradiction argument used in the proof of Lemma 6.3.1 (based on

rows instead of columns), non-orthogonality implies that there exists 𝑘 such that the

𝑘-th elements of these two non-orthogonal rows are 1. Therefore, the 𝑘-th element of

𝑈⊤
𝑖 1𝑚𝑖

is strictly greater than 1, a contradiction. Now suppose 𝑈⊤
𝑖 1𝑚𝑖

≤ 1𝑚. Since

𝑈𝑖 is binary, this implies that if the 𝑘-th element of a row of 𝑈𝑖 is 1, then the 𝑘-th
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element of all other rows must be 0. Consequently, rows of 𝑈𝑖 are orthogonal, which

implies
∑︀

𝑗 ̸=𝑟 (𝑈𝑖𝑈
⊤
𝑖 )𝑗𝑟 = 0 and therefore

⟨︀
𝑈𝑈⊤, 𝑃𝑑

⟩︀
= 0.

Using the standard simplex (6.9) and the penalty functions (6.11), (6.12), problem

(6.8) can be equivalently expressed as

minimize
𝑈

⟨︀
𝑈𝑈⊤, 𝑆̄

⟩︀
(cycle consistency)

subject to 𝑈 ∈ ∆𝑚×𝑚 (one-to-one constraint)

𝑈 ∈ {0, 1}𝑚×𝑚 (binary constraint)

𝜑orth(𝑈) = 0 (orthogonality constraint)

𝜑dist(𝑈) = 0 (distinctness constraint)

(6.14)

6.3.3 Continuous Relaxation

Due to its binary domain, solving (6.14) to global optimality requires combinatorial

techniques that quickly become intractable as the problem size grows. To increase

scalability, the standard workaround is to relax the domain of the problem to the pos-

itive orthant. However, these solutions must be subsequently rounded (i.e., projected

back to binary values), which can be problematic since this may produce infeasible

solutions that violate the original constraints. A key novelty of our relaxation ap-

proach and algorithm is that solutions are guaranteed to converge to feasible, binary

solutions of the original problem (6.4), thereby obviating the potentially problematic

rounding step.

To proceed, we relax the binary constraint of problem (6.14) and include the

orthogonality and distinctness constraints into the objective, scaled by 𝑑 ≥ 0,

minimize
𝑈∈R𝑚×𝑚

+

𝐹 (𝑈) :=
⟨︀
𝑈𝑈⊤,1− 2𝑆

⟩︀
+ 𝑑

(︀
𝜑orth(𝑈) + 𝜑dist(𝑈)

)︀
subject to 𝑈1𝑚 = 1𝑚

. (6.15)

Because 𝜑orth ≥ 0 and 𝜑dist ≥ 0, the parameter 𝑑 must be non-negative so that any

constraint violation incurs a cost.
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The objective 𝐹 (𝑈) of problem (6.15) is nonconvex. Thus, convergence to a first-

order stationary point is not enough as critical points may either be local minima or

saddle points. Therefore, higher-order information must be used so that convergence

to second-order stationary points can be achieved, implying convergence to local

minima [212]. We leverage the generic algorithmic framework of [212] for escaping

strict saddle points in constrained optimization by searching for feasible directions in

the nullspace of the gradient that have negative curvature with respect to the Hessian

∇2𝐹 [212, Thm. 4]. Equipped with the ability to converge to second-order stationary

points, our main result concerning (6.15) is stated in the following theorem, where

solutions refer to (local) minima.

Theorem 6.3.1. For 𝑑 ≥ 𝑚+1, solutions 𝑈⋆ of problem (6.15) are feasible solutions

of problem (6.14). In particular, 𝑈⋆ is cycle consistent, distinct, and binary.

Proof. See Section 6.3.4.

For a comparison of our relaxation and its guarantees with existing approaches

having similar formulations, see Table 6.1. The closest formulations to (6.15) in

Table 6.1 are MatchDGD [63] and MatchRTR [64], both of which include a regu-

larizer that penalizes non-binary solutions, similar to the role of 𝜑orth. However,

inclusion of this regularizer does not guarantee that solutions will be binary. Thus,

a Hungarian-based rounding step is required, incurring additional computation and

potentially resulting in a solution that causes an increase in objective. Additionally,

MatchRTR [64] is not able to guarantee that solutions satisfy distinctness.

6.3.4 Theoretical Analysis

We present theoretical insights behind the relaxed problem (6.15) which lead to the

MIXER algorithm. Consider the relaxation in standard form [213] so that the con-
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straints are explicit and with 𝑆̄ := 1− 2𝑆, restated here for convenience

minimize
𝑈∈R𝑚×𝑚

+

𝐹 (𝑈) :=
⟨︀
𝑈𝑈⊤, 𝑆̄

⟩︀
+ 𝑑

(︀
𝜑orth(𝑈) + 𝜑dist(𝑈)

)︀
subject to 𝑈 ≥ 0𝑚×𝑚 (6.16)

𝑈1𝑚 − 1𝑚 = 0𝑚

The scalar 𝑑 ≥ 0 controls the strength of the penalty functions. Intuitively, increasing

𝑑 pushes solutions of (6.16) towards binary, distinct solutions. Because 𝜑orth(𝑈) ≥ 0

and 𝜑dist(𝑈) ≥ 0, 𝑑 is restricted to be non-negative so that constraint violation

penalizes the objective. In this appendix, we will show that using Algorithm 3,

once 𝑑 is larger than a finite value 𝜑orth(𝑈) = 𝜑dist(𝑈) = 0 so that local minima of

(6.16) are feasible solutions of problem (6.14).

The Lagrangian of (6.16) is

ℒ(𝑈 ;𝑌, 𝜆) := 𝐹 −
⟨︀
𝑌, 𝑈

⟩︀
−
⟨︀
𝜆, 𝑈1𝑚 − 1𝑚

⟩︀
, (6.17)

where 𝜆 ∈ R𝑚 and 𝑌 ∈ R𝑚×𝑚 are the Lagrange multipliers for the equality and

inequality constraints, respectively. From the first-order optimality conditions, sta-

tionary points 𝑈⋆ ∈ ∆𝑚×𝑚 of (6.16) must satisfy the KKT conditions

∇𝑈ℒ = ∇𝐹 (𝑈⋆)− 𝑌 ⋆ − 𝜆⋆1⊤
𝑚 = 0, (6.18a)

𝑈⋆1𝑚 − 1𝑚 = 0𝑚, (6.18b)

𝑈⋆
𝑖𝑗 ≥ 0, ∀𝑖𝑗, (6.18c)

𝑌 ⋆
𝑖𝑗 ≥ 0, ∀𝑖𝑗, (6.18d)

𝑌 ⋆
𝑖𝑗 𝑈

⋆
𝑖𝑗 = 0, ∀𝑖𝑗, (6.18e)

where ∇𝐹 (𝑈) = 2𝑆̄𝑈 + 2𝑑
(︀
𝑈𝑃𝑜 + 𝑃𝑑𝑈

)︀
.

We begin by analyzing gradient entries corresponding to non-zero entries of a

given stationary point.
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Lemma 6.3.3. At a stationary point 𝑈⋆ ∈ ∆𝑚×𝑚 of (6.16), entries 𝑈⋆
𝑖𝑗 ̸= 0 of the 𝑖-th

row have equal corresponding gradient entries ∇𝐹𝑖𝑗. In particular, ∇𝐹𝑖𝑗 =
∑︀𝑚

𝑘=1(∇𝐹 ⊙ 𝑈⋆)𝑖𝑘.

Proof. Considering the stationarity condition (6.18a), we can remove the dependence

on 𝑌 ⋆ by element-wise right multiplication of 𝑈⋆. Because of complementarity (6.18e),

we have

∇𝐹 ⊙ 𝑈⋆ − 𝜆⋆1⊤
𝑚 ⊙ 𝑈⋆ = 0, (6.19)

where ⊙ denotes the Haddamard product. Observing that (𝜆⋆1⊤
𝑚 ⊙ 𝑈⋆)1𝑚 = 𝜆⋆

because 𝑈⋆1𝑚 = 1𝑚, multiplying on the right by 1𝑚 and isolating 𝜆⋆ yields

𝜆⋆ = (∇𝐹 ⊙ 𝑈⋆)1𝑚 (6.20)

Our aim is to eliminate explicit dependence of 𝜆⋆ from (6.19). Substituting (6.20)

into (6.19) yields

∇𝐹 ⊙ 𝑈⋆ − (∇𝐹 ⊙ 𝑈⋆)1𝑚1
⊤
𝑚 ⊙ 𝑈⋆ = 0

(∇𝐹 − (∇𝐹 ⊙ 𝑈⋆)1𝑚×𝑚)⊙ 𝑈⋆ = 0,

which implies one of the following two cases⎧⎪⎨⎪⎩𝑈⋆
𝑖𝑗 = 0

𝑈⋆
𝑖𝑗 ̸= 0, (∇𝐹 − (∇𝐹 ⊙ 𝑈⋆)1𝑚×𝑚)𝑖𝑗 = 0

Through simplification, when 𝑈⋆
𝑖𝑗 ̸= 0 we have

∇𝐹𝑖𝑗 = ((∇𝐹 ⊙ 𝑈⋆)1𝑚×𝑚)𝑖𝑗

= (∇𝐹 ⊙ 𝑈⋆)𝑖:(1𝑚×𝑚):𝑗

=
∑︀𝑚

𝑘=1(∇𝐹 ⊙ 𝑈⋆)𝑖𝑘. (6.21)

Thus, on row 𝑖, for any 𝑗 such that 𝑈⋆
𝑖𝑗 ̸= 0 we have that the corresponding ∇𝐹𝑖𝑗

is equal to (6.21). Therefore, all ∇𝐹𝑖𝑗 corresponding to a non-zero 𝑈⋆
𝑖𝑗 on row 𝑖 are
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equal.

Next, we analyze non-binary stationary points 𝑈⋆ ∈ ∆𝑚×𝑚 of (6.16). From the

analysis that follows, we will conclude that non-binary stationary points are strict

saddle points, i.e., critical points where there is at least one direction along which the

curvature is strictly negative. Note that this definition includes local maxima. The

following proposition gives the necessary and sufficient conditions for identifying a

strict saddle point.

Proposition 6.3.1 ([212,213]). Given convex constraints 𝒞, a stationary point 𝑥⋆ ∈ 𝒞

is a strict saddle point of the nonlinear problem min𝑥∈𝒞 𝑓(𝑥) if it satisfies the first-

order necessary conditions and there are directions that are undecided to first order,

but have negative curvature (i.e., will decrease the objective). That is, the following

conditions must be satisfied

(i) ∇𝑓(𝑥⋆)⊤(𝑥− 𝑥⋆) ≥ 0, ∀𝑥 ∈ 𝒞,

(ii) ∃ 𝑦 ∈ 𝒞 such that ∇𝑓(𝑥⋆)⊤(𝑦 − 𝑥⋆) = 0

and (𝑦 − 𝑥⋆)⊤∇2𝑓(𝑥⋆)(𝑦 − 𝑥⋆) < 0.

To simplify the following analysis, we will use the vectorized form the objective in

(6.16). Let vecr : R𝑛×𝑚 → R𝑛𝑚 be the row-order vectorization operator that stacks

matrix rows into a single column. Let 𝑢 := vecr(𝑈), then the gradient of 𝐹 (𝑈) in

(6.16) can be expressed as the vectorization

∇𝐹v(𝑢) := 2(𝑆̄ ⊗ 𝐼)𝑢+ 2𝑑(𝐼 ⊗ 𝑃𝑜 + 𝑃𝑑 ⊗ 𝐼)𝑢, (6.22)

where ⊗ denotes the Kronecker product.

Lemma 6.3.4. For 𝑑 ≥ 𝑚+ 1, if a stationary point 𝑈⋆ ∈ ∆𝑚×𝑚 is non-binary, then

it is a strict saddle point.

Proof. Assume 𝑈⋆ has non-binary entries. Because
∑︀

𝑗 𝑈
⋆
𝑖𝑗 = 1 ∀𝑖, there must be at

least two non-zero elements 𝑎 and 𝑏 with 0 < 𝑎 ≤ 𝑏 < 1 in a single row. Without

loss of generality, assume that these two non-zero, non-binary elements occur in the
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first two columns of the first row of 𝑈⋆. Let 𝑢⋆ := vecr(𝑈⋆), thus 𝑢⋆ = [𝑎, 𝑏, . . . ]⊤.

Take 𝑦 = [𝑎 − 𝜖, 𝑏 + 𝜖, . . . ]⊤ with 𝜖 > 0 so that 0 ≤ 𝑎 − 𝜖 < 𝑏 + 𝜖 ≤ 1 and let

𝑣 := 𝑦 − 𝑢⋆ = [−𝜖, 𝜖, 0, . . . , 0]⊤.

From Lemma 6.3.3, we know that the entries of ∇𝐹v(𝑢
⋆) corresponding to 𝑎 and

𝑏 are equal; denote their value as 𝑐 so that ∇𝐹v(𝑢
⋆) = [𝑐, 𝑐, . . . ]⊤. Therefore

∇𝐹v(𝑢
⋆)⊤𝑣 = −𝑐𝜖+ 𝑐𝜖 = 0,

so there exists a 𝑦 suitable for condition (ii) of Proposition 6.3.1.

The curvature of 𝐹v in the direction of 𝑣 is given by

𝑣⊤∇2𝐹v(𝑢
⋆) 𝑣 = 2 𝑣⊤

[︀
𝑆̄ ⊗ 𝐼 + 𝑑(𝐼 ⊗ 𝑃𝑜 + 𝑃𝑑 ⊗ 𝐼)

]︀
𝑣.

Thus, to satisfy condition (ii) of Proposition 6.3.1, we must have

𝑑 𝑣⊤(𝐼 ⊗ 𝑃𝑜 + 𝑃𝑑 ⊗ 𝐼)𝑣 < −𝑣⊤(𝑆̄ ⊗ 𝐼)𝑣, (6.23)

We will treat each side separately. Let 𝑣1 denote the first row of 𝑈⋆. Then, the right

side can be simplified as

− 𝑣⊤(𝑆̄ ⊗ 𝐼)𝑣

= −

⎡⎢⎢⎢⎢⎢⎢⎣
𝑣1

0
...

0

⎤⎥⎥⎥⎥⎥⎥⎦

⊤ ⎡⎢⎢⎢⎣
𝑆̄11𝐼 · · · 𝑆̄1𝑚𝐼
...

. . .
...

𝑆̄𝑚1𝐼 · · · 𝑆̄𝑚𝑚𝐼

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎣

𝑣1

0
...

0

⎤⎥⎥⎥⎥⎥⎥⎦
= −𝑆̄11‖𝑣1‖2. (6.24)
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The left side can be simplified as

𝑑𝑣⊤(𝐼 ⊗ 𝑃𝑜 + 𝑃𝑑 ⊗ 𝐼)𝑣

= 𝑑

⎡⎢⎢⎢⎢⎢⎢⎣
𝑣1

0
...

0

⎤⎥⎥⎥⎥⎥⎥⎦

⊤ ⎡⎢⎢⎢⎢⎢⎢⎣
𝑃𝑜 2𝐼 2𝐼 · · ·

2𝐼 𝑃𝑜 2𝐼 · · ·

2𝐼 2𝐼 𝑃𝑜

...
...

. . .

⎤⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣
𝑣1

0
...

0

⎤⎥⎥⎥⎥⎥⎥⎦

= 𝑑 𝑣⊤1 𝑃𝑜 𝑣1 = 𝑑

⎡⎢⎢⎢⎢⎢⎢⎣
−𝜖

𝜖

0
...

⎤⎥⎥⎥⎥⎥⎥⎦

⊤ ⎡⎢⎢⎢⎢⎢⎢⎣
𝜖

−𝜖

0
...

⎤⎥⎥⎥⎥⎥⎥⎦
= −𝑑‖𝑣1‖2. (6.25)

Therefore, condition (6.23) is simplified as

−𝑑‖𝑣1‖2 < −𝑆̄11‖𝑣1‖2 =⇒ 𝑑 > 𝑆̄11.

Recall that |𝑆̄𝑖𝑗| ≤ 1 and 𝑑 ≥ 𝑚+ 1 by assumption. Hence,

𝑑 ≥ 𝑚+ 1 > 1 ≥ |𝑆̄11|,

showing that condition (ii) of Proposition 6.3.1 is satisfied.

Lemma 6.3.4 gives us the ability to detect if Algorithm 3 has converged to a strict

saddle point (or local maxima). If it has, then a second-order stationary point may be

found by escaping the saddle point. This is guaranteed using the generic framework

proposed in [212, Alg. 1], wherein a feasible search direction 𝑣 := 𝑦 − 𝑢⋆ is found by
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solving

minimize
𝑦∈Δ𝑚×𝑚

𝑞(𝑦;𝑢⋆) := (𝑦 − 𝑢⋆)⊤∇2𝐹v(𝑢
⋆)(𝑦 − 𝑢⋆)

subject to ∇𝐹v(𝑢
⋆)⊤(𝑦 − 𝑢⋆) = 0

. (6.26)

If 𝑞(𝑦;𝑢⋆) < 0 is found, then 𝑢⋆ is a strict saddle point and 𝐹 will be decreased by

taking a step in the direction of 𝑣; otherwise 𝑢⋆ is already at a feasible local minimum.

Lemma 6.3.5. For 𝑑 ≥ 𝑚 + 1, if a stationary point 𝑈⋆ ∈ ∆𝑚×𝑚 is binary, then

𝜑dist(𝑈
⋆) = 0, i.e., distinctness is satisfied.

Proof. Without loss of generality, consider a single view, i.e., 𝑛 = 1 and 𝑚 = 𝑚1.

Therefore (𝑃𝑑)𝑖𝑗 = 2(1− 𝛿𝑖𝑗), where 𝛿𝑖𝑗 = 1 for 𝑖 = 𝑗 and 0 otherwise.

By contradiction, suppose 𝑈⋆ ∈ ∆𝑚×𝑚 is a binary stationary point of (6.16), but

distinctness is violated. In particular and without loss of generality, assume that the

𝑘-th column of 𝑈⋆, denoted 𝑈⋆
:𝑘, is such that 𝑈⋆

:𝑘
⊤1𝑚 = 1 + 𝜌 > 1, where 𝜌 is the

number of excess entries in violation of distinctness (e.g., if there are 3 ones in a

column then 𝜌 = 2).

By stationarity (6.18a),

2𝑆̄𝑈⋆ + 2𝑑
(︀
𝑈⋆𝑃𝑜 + 𝑃𝑑𝑈

⋆
)︀
− 𝑌 ⋆ − 𝜆⋆1⊤

𝑚 = 0. (6.27)

Considering the first row of (6.27), by definition of matrix multiplication we have the

terms

2(𝑆̄𝑈⋆)1𝑗 = 2
𝑚∑︁
𝑖=1

𝑆̄1𝑖𝑈
⋆
𝑖𝑗 = 2𝛿𝑘𝑗

𝑚∑︁
𝑖=1

𝑆̄1𝑖,

2𝑑(𝑈⋆𝑃𝑜)1𝑗 = 2𝑑
𝑚∑︁
𝑖=1

𝑈1𝑖(𝑃𝑜)𝑖𝑗 = 2𝑑𝑈1𝑘(𝑃𝑜)𝑘𝑗

= 2𝑑(1− 𝛿𝑘𝑗),
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2𝑑(𝑃𝑑𝑈
⋆)1𝑗 = 2𝑑

𝑚∑︁
𝑖=1

(𝑃𝑑)1𝑖𝑈𝑖𝑗 = 4𝑑
𝑚∑︁
𝑖=1

(1− 𝛿1𝑖)𝑈𝑖𝑗

= 4𝑑
𝑚∑︁
𝑖=2

(1− 𝛿1𝑖)𝑈𝑖𝑗 = 4𝑑
𝑚∑︁
𝑖=2

𝑈𝑖𝑗

= 4𝑑𝜌𝛿𝑘𝑗,

so that the 𝑗-th entry in the first row of (6.27) can be written

2𝛿𝑘𝑗

𝑚∑︁
𝑖=1

𝑆̄1𝑖 + 2𝑑(1− 𝛿𝑘𝑗) + 4𝑑𝜌𝛿𝑘𝑗 = 𝑌 ⋆
1𝑗 + 𝜆⋆

1. (6.28)

Since 𝑈⋆
1𝑘 = 1 by assumption, 𝑌 ⋆

1𝑘 = 0 by complementarity (6.18e). Therefore, solving

(6.28) for 𝜆⋆
1 when 𝑗 = 𝑘 yields

𝜆⋆
1 = 2

𝑚∑︁
𝑖=1

𝑆̄1𝑖 + 4𝑑𝜌.

Then, when 𝑗 ̸= 𝑘, we can use 𝜆⋆
1 to solve for 𝑌 ⋆

1𝑗 as

𝑌 ⋆
1𝑗 = 2𝑑− 4𝑑𝜌− 2

𝑚∑︁
𝑖=1

𝑆̄1𝑖.

By dual feasibility (6.18d), 𝑌 ⋆
1𝑗 ≥ 0 so

𝑑(1− 2𝜌) ≥
𝑚∑︁
𝑖=1

𝑆̄1𝑖 ≥ −𝑚

would guarantee dual feasibility, where the lower bound −𝑚 is due to |𝑆̄𝑖𝑗| ≤ 1.

By assumption, 𝑑 ≥ 𝑚 + 1, and assuming the worst case where all entries violate

distinctness (i.e., 𝜌 = 𝑚− 1) gives the tightest bounds

𝑑(1− 2𝜌) ≥ (𝑚+ 1)(1− 2𝜌) ≥ 2(1−𝑚2) ≥ −𝑚,

implying that −2𝑚2 + 𝑚 + 2 ≥ 0 for dual feasibility (6.18d) to hold, which is a

contradiction for 𝑚 > 1.
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Given the characterization of non-binary and binary stationary points in Lemma 6.3.4

and Lemma 6.3.5, we now present our main result concerning (6.15) (which was re-

stated as (6.16)).

Theorem 6.3.1. For 𝑑 ≥ 𝑚+1, solutions 𝑈⋆ of problem (6.15) are feasible solutions

of problem (6.14). In particular, 𝑈⋆ is cycle consistent, distinct, and binary.

Proof. By direct consequence of Lemma 6.3.4, when 𝑑 ≥ 𝑚+1, non-binary solutions

are strict saddles. In this case, by solving (6.26) strict saddles can be escaped, ensuring

convergence to a second-order stationary point 𝑈⋆, i.e., a (local) minima [212, The-

orem 4]. By the contrapositive of Lemma 6.3.4, it follows that 𝑈⋆ is binary, and

therefore must be distinct due to Lemma 6.3.5. Since 𝑈⋆ is cycle consistent by con-

struction [56], the proof is complete.

6.3.5 MIXER Algorithm

We approach solving (6.15) by gradually increasing the scalar parameter 𝑑 ≥ 0. The

rationale is that the affinity 𝑆 is indicative of the true solution and so an initially small

𝑑 allows 𝑈 to be biased towards a good solution, while a large 𝑑 ultimately pushes 𝑈

towards a feasible solution. According to Theorem 6.3.1, the output of MIXER is a

cycle-consistent, distinct, and binary second-order (local) minimum of (6.14).

MIXER is summarized in Algorithm 3. The solution is initialized using the eigen-

vectors of the modified affinity matrix, 1− 2𝑆 (Line 3). The penalty weight 𝑑 is first

initialized (Line 4) to a value that causes approximately half of the elements of 𝑈

that violate distinctness or orthogonality to diminish towards zero in the first step (see

Section 6.4.2); note that [·] refers to an element-wise operation. For each value of 𝑑,

we solve (6.15) using projected gradient descent (PGD) with the projection ΠΔ onto

the convex constraint set. The projection operation can be efficiently implemented as

a non-iterative algorithm [214]. PGD over convex constraints is guaranteed to con-

verge to first-order stationary points [212, Prop. 7] and the DetectAndEscapeSaddle

framework of [212, Alg. 1] ensures convergence to second-order stationary points, i.e.,

feasible local minima (cf. Theorem 6.3.1). Note that in practice, we have found that
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Algorithm 3 MIXER
1: Input affinity matrix 𝑆 ∈ [0, 1]𝑚×𝑚, set cardinalities 𝑚𝑖 ∈ N𝑛 (if distinctness is required)
2: Output 𝑈 ∈ {0, 1}𝑚×𝑚

3: 𝑈 ← ΠΔ(eigvec(1− 2𝑆)) % initialize using eigenvectors
4: 𝑑← med{− [1−2𝑆]

[𝑈𝑃𝑜+𝑃𝑑𝑈 ] : [𝑈𝑃𝑜 + 𝑃𝑑𝑈 ] > 0, [𝑈 ] > 0}
5: while 𝑑 < 𝑚+ 1 do
6: while 𝑈 not converged do
7: ∇𝐹 = 2(1− 2𝑆)𝑈 + 2𝑑

(︀
𝑈𝑃𝑜 + 𝑃𝑑𝑈

)︀
8: 𝑈 ← ΠΔ(𝑈 − 𝛼∇𝐹 ) % 𝛼 via backtracking line search
9: 𝑈 ← DetectAndEscapeSaddle(𝑈)

10: 𝑑← 2𝑑
11: if 𝜑orth(𝑈) = 0 and 𝜑dist(𝑈) = 0 then return

adding a small (10−1) perturbation to 𝑃𝑜, 𝑃𝑑 is efficient to implement and avoids non-

binary saddles altogether. This is because non-binary saddles have strictly negative

curvature (cf. Lemma 6.3.4) so moving in random directions is likely to cause objec-

tive minimization. Additionally, we frequently observed that Algorithm 3 converges

to feasible solutions of (6.14) with a much smaller 𝑑 than required by Theorem 6.3.1,

and so early termination (Line 11) regularly occurs.

Computational complexity. Neglecting constant factors and replacing the

DetectAndEscapeSaddle routine with small gradient perturbations as described above,

the worst-case complexity of Algorithm 1 is bounded by 𝒪(𝑚3) per iteration, corre-

sponding to matrix multiplications. We observed that most of the runtime is spent

computing the matrix-vector products in ∇𝐹 and 𝐹 and by the 𝒪(𝑚2 log𝑚) projec-

tion onto the matrix simplex, ΠΔ. A numerical analysis of runtime for different size

problems is given in Section 6.4.3.

6.4 Results

We evaluate MIXER in three experiments. First, we use synthetic data to vali-

date that our MIQP problem formulation (6.4) enables high accuracy. We find that

MIXER achieves near-optimal performance compared to several existing state-of-the-

art multiway matching algorithms. Second, we compare MIXER with other algo-

rithms using standard multiway image feature matching benchmarks. Finally, we
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apply multiway fusion to a challenging robotics dataset collected as part of this work,

highlighting MIXER’s ability to use multiple attributes to improve the overall fusion

accuracy.

We report matching accuracy in terms of precision, recall, and the F1 score. Preci-

sion 𝑝 is the number of correct associations divided by the total number of associations

identified, recall 𝑟 is the number of correct associations identified divided by the total

number of associations in the ground truth, and the F1 score is defined as 2𝑝𝑟
𝑝+𝑟
∈ [0, 1],

which captures the balance between precision and recall.

We compare against several state-of-the-art multiway matching algorithms. Spec-

tral [46] and MatchEig [60] are based on spectral relaxation, CLEAR (see Chapter 5)

and QuickMatch [57] are based on graph clustering, FCC [65] is based on cluster-

consistency statistics, NMFSync [62] is based on matrix factorization, MatchALS [56]

is based on low-rank matrix recovery, and MatchLift [59] is based on convex relax-

ation. Except for MIXER, QuickMatch and FCC, algorithms require a universe size

estimate and we use CLEAR’s estimate as the typical spectral approach is typically

sensitive to noisy affinity matrices [56, 60,73]. For MatchALS, we scale this estimate

by 2 as suggested by the authors. As a baseline, we perform pairwise data association

using Hungarian with a minimum score threshold (0.35), as commonly done in the

tracking literature [209], demonstrating the type of noisy, cycle inconsistent results

that arise when naively fusing a set of pairwise associations. For algorithms that

do not guarantee cycle consistency (baseline, FCC, MatchEig, MatchALS), we post-

process their solutions by extracting connected components and completing them

into cliques (cf. [73, §VII]). This enforces cycle consistency, but exposes distinctness

violations—thus highlighting the importance of simultaneously satisfying both con-

straints during solution search. These completed results are denoted with a “(C)”. For

small problems, we globally solve the MIQP (6.4) to optimality using Gurobi 9.5.2,

referred to as MIXER*. All algorithms are implemented in MATLAB and executed

on an i7-6700 CPU with 32 GB RAM.
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6.4.1 Synthetic Dataset

We use Monte Carlo analysis with synthetic data to compare MIXER with several

state-of-the-art algorithms across different noise regimes. We aim to 1) validate our

formulation (6.4) for high-accuracy multiway fusion, 2) show the ability of MIXER

to obtain near-optimal and thus high-accuracy solutions, 3) show that early fusion

with MIXER achieves higher accuracy than late fusion with existing methods, and

4) show that MIXER provides a computationally scalable approach to approximately

solve (6.4). Noisy pairwise associations are synthetically generated by considering

𝑛 = 10 partial views of 𝑘 = 30 objects, e.g., 10 images each containing at most

30 objects. Twenty-five different noise regimes are considered, wherein the percent

mismatch (i.e., binary noise added to ground truth associations) and the probability

of observation (i.e., selection of random subsets of the universe) are varied. A noisy

association 𝑎𝑖𝑗𝑘𝑙 ∈ {0, 1} of objects 𝑘 and 𝑙 from views 𝑖 and 𝑗 is then made into an

affinity 𝑠𝑖𝑗𝑘𝑙 ∈ [0, 1] by adding uncertainty according to 𝑠(𝑎; 𝜃) = (1− 𝜃)𝑎+0.5𝜃, where

𝜃 is drawn from a standard uniform distribution. Each algorithm processes these

noisy pairwise affinities, allowing us to study the accuracy of each method as an early

fusion approach.

Fig. 6-3 shows average results over 10 Monte Carlo trials. While all algorithms

generally perform well in low noise regimes with perfect observability (top left squares

of Fig. 6-3), the performance of most algorithms quickly deteriorates as the probability

of observing objects decreases. MIXER is the exception, performing better than other

approaches on average, over the entire range of mismatch and partial observability.

The low observation redundancy regimes (bottom rows in Fig. 6-3) are especially

important because these settings occur when limited field-of-view sensors only see

portions of the universe; for example, in multirobot SLAM [20,215].

To assess how well our formulation (6.4) addresses the multiway fusion problem,

we compute the optimality gap of each algorithm’s solutions compared to MIXER*.

Fig. 6-4 plots the accuracy of each solution against the optimality gap (percent change

of objective value with respect to MIXER* solution), exposing the correlation be-
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Figure 6-4. F1, precision, and recall compared with optimality gaps relative to our MIQP formu-
lation (6.4). Each point corresponds to a solution of a synthetic problem having some observation
probability and mismatch percentage (e.g., see Fig. 6-3). As the optimality gap of a solution de-
creases, the accuracy increases, validating our multiway fusion formulation. MIXER solutions are
tightly grouped in the high-accuracy, near-optimal regime. The last plot visualizes each algorithm’s
average accuracy vs runtime, showing that MIXER is much more scalable than directly solving the
MIQP.

tween low optimality gap and high accuracy (𝐹1 and precision). MIXER solutions

are tightly grouped in this near-optimal, high-accuracy regime, showing that our algo-

rithm, although a local, first-order method, is frequently able to achieve good results.

Interestingly, we observe in the recall results of Fig. 6-4 that our formulation leads

MIXER to be conservative—it would rather not fuse objects if precision would be

sacrificed. This property allows further improvements to be made as more data is

collected.

Finally, Fig. 6-5 highlights that early fusion with MIXER outperforms both early

and late fusion of uncertain affinities compared to existing state-of-the-art algorithms.

In late fusion, pairwise affinities are first processed into hard matches before multiway

matching is performed, and in this setting, MIXER does not perform as well. The

principal reason is because MIXER is a multiway MWM formulation as discussed in

Remark 6.3.1—when pairwise associations are first made, a large amount of infor-
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mation is discarded, precluding MIXER from using it in combination with multiway

constraints.

6.4.2 Update Rule Analysis

We must increment the non-negative parameter 𝑑 until 𝑈 ∈ ∆𝑚×𝑚 is binary and

satisfies all the constraints of (6.14). Our strategy for incrementing 𝑑 is motivated

by the desire to quickly converge to a feasible solution. Focusing on the elements of

𝑈 that contribute to the violation of distinctness and orthogonality allows us to do

so. In what follows we refer to these two constraints together simply as the penalty

Φ(𝑈) := 𝜑orth(𝑈) + 𝜑dist(𝑈), with ∇Φ = 𝑈𝑃𝑜 + 𝑃𝑑𝑈 .

Observe that ∇Φ is always non-negative and that non-zero entries ∇Φ𝑖𝑗 indicate

the entries of 𝑈 that if increased would incur more penalty—these are the potentially

problematic entries of 𝑈 . Note that all the entries of 𝑈 are in [0, 1] and only the

non-zero entries could contribute to distinctness or orthogonality violations. Thus, to

precisely identify the problematic entries, we find entries satisfying ∇Φ𝑖𝑗 > 0, 𝑈𝑖𝑗 > 0.

For each of those problematic entries, we solve for the value of 𝑑 that would cause

∇𝐹𝑖𝑗 ≥ 0 so that the step −∇𝐹 causes 𝑈𝑖𝑗 to diminish. The set of values that have

this property for problematic entries is (i.e., set ∇𝐹 = 0 and solve for 𝑑)

𝒟 =

{︂
− [1− 2𝑆]

[∇Φ]
: [∇Φ] > 0, [𝑈 ] > 0

}︂
, (6.29)

144



where the notation [·] indicates an element-wise operation. The number of entries

diminished to zero is controlled by taking the maximum, median, or minimum of this

set.

We analyze ten different update rules for 𝑑 in Table 6.2. The value of 𝑑 chosen at

each outer iteration is given by the sequence under the “Update Rule” column. Our

study indicates that the best tradeoff between a low number of outer iterations and

high accuracy can be achieved by first selecting med𝒟 and then doubling the value

of 𝑑 each subsequent outer iteration. This method takes a principled approach to

selecting the first penalty value based on the problem data and initial guess, followed

by doubling the penalty weight to quickly lead to convergence to a feasible, binary

solution. Note that initializing 𝑑 too large leads to abysmal accuracy.

Table 6.2. Analysis of update rules for 𝑑 (Line 10) in Algorithm 3. Ten rules are evaluated on
the ten datasets of Table 6.3 and Table 6.4. We compare the average number of outer iterations
necessary until convergence and the average solution accuracy. F1 score is normalized according to
the maximum F1 across methods within a given dataset. The strategy that achieves the highest
accuracy begins with 𝑑 = 0 and slowly increments 𝑑 by 0.1 each outer iteration, but requires more
than 50 outer iterations on average. A better tradeoff between high accuracy and low iteration
count can be found by first selecting med𝒟 and then doubling the value of 𝑑 each subsequent outer
iteration.

Update Rule Num. Outer Iters. Normalized F1

𝑑𝑖 = 0,max𝒟, 2𝑑𝑖−1, . . . 2.9± 1.2 0.927± 0.050
𝑑𝑖 = 0,med𝒟, 2𝑑𝑖−1, . . . 3.7± 0.5 0.938± 0.050
𝑑𝑖 = 0,min𝒟, 2𝑑𝑖−1, . . . 6.1± 1.1 0.942± 0.040
𝑑𝑖 = max𝒟, 2𝑑𝑖−1, . . . 2.5± 1.3 0.917± 0.070
𝑑𝑖 = med𝒟, 2𝑑𝑖−1, . . . 4.8 ± 0.9 0.980 ± 0.030
𝑑𝑖 = min𝒟, 2𝑑𝑖−1, . . . 15.6± 1.2 0.936± 0.050
𝑑𝑖 = 0, 0.1, 2𝑑𝑖−1, . . . 8.0± 0.8 0.950± 0.040
𝑑𝑖 = 0, 0.1, 0.2, . . . 52.5± 28.4 0.988± 0.030
𝑑𝑖 = 1, 2𝑑𝑖−1, . . . 3.6± 2.2 0.944± 0.050
𝑑𝑖 = 10, 2𝑑𝑖−1, . . . 1.0± 0.0 0.238± 0.190

6.4.3 Timing Analysis

We compare the runtime of Algorithm 3 to existing algorithms. Runtime complexity

is driven by the problem size 𝑚, which is a function of the number of world objects 𝑘,

the number of views 𝑛, and the probability 𝑝 of a given view observing all 𝑘 objects.

Therefore, we generating synthetic data with nominal values of 𝑘 = 30, 𝑛 = 10, and
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Figure 6-6. Runtime comparison when operating on synthetic data with various problem sizes.
Problem size is a function of the number of world objects 𝑘, the number of views 𝑛, and the
probability 𝑝 of a given view observing all 𝑘 objects. Nominal values for these parameters are
𝑘 = 30, 𝑛 = 10, and 𝑝 = 0.5. Each subplot is generated by varying one of the parameters while
holding the other two constant. In general, MIXER achieves the highest accuracy (see Section 6.4)
while being faster than its closest competitors MatchLift and MatchALS (see Table 6.1). Although
other algorithms are faster than MIXER, they frequently fail to return accurate solutions in realistic
settings with a moderate number of world objects and low observation probability.

𝑝 = 0.5 and produce three plots in Fig. 6-6 corresponding to varying one parameter

while holding the other two at their nominal values. The nominal values are chosen

for consistency with the synthetic experiments in Section 6.4.1, with results in Fig. 6-

3 and Fig. 6-4. For all three plots in Fig. 6-6, we use a mismatch of 25% and the

runtime at each parameter setting is averaged over 10 trials.

Fig. 6-6 shows that in general the fastest algorithm is Spectral while the slow-

est is MatchLift. MIXER is faster than its most similar competitors, MatchLift and

MatchALS (see Table 6.1). Indeed, these competitors are the closest in terms of

accuracy (e.g., Table 6.4), but are considerably slower than MIXER. The remaining

algorithms (Spectral, MatchEig, NMFSync, CLEAR) perform well in terms of run-

time and obtain similar execution speeds to each other. Although these algorithms

are faster than MIXER, previous results (Figs. 6-3 and 6-4, Tables 6.3 and 6.4) indi-

cate that they are not able to achieve the high accuracy that MIXER does. The FCC

algorithm varies in runtime the most, with the largest change in runtime occurring

when a large number of distinct views (i.e., large 𝑛) exists in the dataset. In real-

istic scenarios with a moderate amount of world objects (e.g., using local submaps

to reduce the number of objects needed to be processed), there are frequently low

observation probabilities as robot sensors are noisy and field-of-view-limited so that

only a subset of the world objects are seen in each view. In this scenario (e.g., Sec-

tion 6.4.5), our unoptimized MATLAB implementation of MIXER achieves the best
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accuracy at runtimes on the order of a few hundred milliseconds.

6.4.4 Benchmark Datasets

We use the CMU Hotel1 and Affine Covariant Features2 benchmark datasets to

demonstrate multiway fusion with MIXER on real data and report results in Ta-

ble 6.3. These datasets consist of collections of images from different perspectives

and the goal is to extract features from each image, perform pairwise feature match-

ing, and then perform multiway fusion of features. Instead of standard pairwise SIFT

matching, which would cause late fusion since it makes hard decisions about pair-

wise association and thus limits the ability of multiway fusion to make fully-informed

decisions, we instead construct pairwise affinity matrices using k-nearest neighbors.

Pairwise affinities are created by finding the 10 closest SIFT matches (ℓ1 distance) for

each keypoint. The affinity score of the closest neighbor is set to 1, the other neigh-

bors set to 0.5, and the rest to 0. This makes use of all three states of association and

indicates that for the semi-close neighbors, there is some uncertainty as to whether

or not they should be matched, while for far away neighbors they are very likely to

be incorrect matches.

6.4.5 Car Fusion Dataset

In this section, we evaluate MIXER’s ability to fuse observation of objects seen from

multiple views. Multiway object fusion is a task that appears in settings like mul-

tirobot SLAM [20, 215] and multimodal object tracking [216]. We collect data by

teleoperating a Clearpath Jackal equipped with an RGB camera around a parking

lot as shown in Fig. 6-7. We select 𝑛 = 184 images from two separate traversals to

create large view changes and thus increase the difficulty. In total, there are 𝑘 = 22

distinct cars visible from 339 car detections, resulting in only 8% of the universe be-

ing observed in each image. Using these RGB images, the objective is to fuse cars

seen from different views using noisy, partial, and cropped detections (i.e., not every
1http://pages.cs.wisc.edu/~pachauri/perm-sync/
2https://www.robots.ox.ac.uk/~vgg/data/affine
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Table 6.3. Benchmark results on CMU Hotel and Affine Covariant Features datasets. F1 scores
are reported as percentages. Results that violate cycle consistency are indicated in red and are
completed to asses their true fusion accuracy. When fusing cycle inconsistent solutions, distinctness
is often violated and these results are indicated in orange. In every case, MatchLift is at least 1
order of magnitude slower than MIXER (see Fig. 6-4).

Algorithm Hotel Wall UBC Bikes Leuven Trees Graffiti Bark Boat

Baseline 89.2 49.0 71.1 52.4 68.9 44.0 40.9 39.4 47.6

Baseline (C) 16.8 2.2 5.9 1.4 4.9 1.5 0.3 10.7 0.9

Spectral 65.3 43.8 51.5 48.5 58.5 46.2 34.1 31.4 26.8

MatchEig 94.7 78.4 84.4 75.7 78.9 50.4 48.0 37.5 61.2

MatchEig (C) 27.2 16.1 10.8 1.9 4.1 1.6 0.3 4.0 1.1

NMFSync 89.7 39.4 63.2 58.4 59.5 33.5 29.3 18.9 44.1

QuickMatch 82.4 46.4 65.7 50.9 62.7 42.3 39.5 28.2 43.4

FCC 92.5 55.7 77.4 59.0 68.8 51.7 40.4 42.1 32.3

FCC (C) 92.8 46.3 70.8 52.8 58.5 41.0 32.4 30.2 29.9

CLEAR 76.9 40.9 47.8 40.3 53.1 26.1 28.1 25.8 38.9

MatchALS 95.4 71.4 77.1 71.1 73.9 50.8 46.7 38.4 58.7

MatchALS (C) 89.3 43.1 26.4 39.2 39.2 21.9 11.1 26.9 35.0

MatchLift 95.9 55.9 79.2 63.8 71.9 48.2 45.4 35.0 54.4

MIXER 97.0 56.4 77.7 67.5 74.2 51.0 43.3 40.0 59.2

car is seen in each frame, and some cars extend out of frame). Cars are detected

using YOLOv3 [217] and we extract three attributes from each detection: bounding

box, car color, and visual appearance. These three attributes have complementary

strengths. For example, bounding boxes are good for scoring consecutive detections,

but cannot be used over large time offsets; car color is a sensitive quantity to extract,

but is good for associating detections over large time offsets; visual appearance based

on the number of matching SIFT descriptors is typically robust to small/medium

view changes, but breaks down with large view changes. Thus, using these attributes

highlights the three-states-of-association feature of the formulation of problem (6.4),

which allows MIXER to achieve high accuracy. Ground truth associations are gener-

ated by manually annotating the detections.

Each attribute creates its own set of pairwise affinities, which will be combined to

create a multiway affinity matrix. Bounding box affinity is scored using intersection-

over-union (IoU) for consecutive detections, while non-consecutive detections take a

value of 0.5 as wide-baseline IoU scoring is inconclusive. Color affinity scores take

either 0, 0.5, or 1, with 0.5 being used if either car’s color could not be clearly as-
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Figure 6-7. Illustration of the parking lot dataset, with the paths of two robots (R1 and R2), from
start (S) to end (E). The robots observed 𝑘 = 22 cars, with 8 cars being covisible. Colors indicate
which robot saw which car.
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Figure 6-8. Multiway car fusion results, incrementally adding additional attribute affinities. Mixing
together attributes allows MIXER to increase in F1 score by more than 10%. In contrast, the
combination of additional uncertain information causes other methods to decrease in F1 accuracy.

certained. Visual similarity is scored based on the number of SIFT matches between

two cars. Common attribute affinity combination/fusion methods include (weighted)

averaging, non-maximum suppression, probabilistic ensembling [218], multi-layer per-

ceptrons [216], graph neural networks [219], or other learned fusion processes [220].

For simplicity, we adopt the weighted averaging approach, using a weights of 1, 0.5,

and 1 for bounding box overlap, color similarity, and appearance similarity, respec-

tively. Color receives less weight due to its lack of robustness.

We also report results for MatchALS𝛼=0.5 and MatchLift𝜆=0.5 with parameters

set so that the input affinity matrix is transformed to 1 − 2𝑆 like in MIXER (see

Table 6.1). In MatchALS and MatchLift, these parameters—and therefore the coef-

ficient scaling on 𝑆—are heuristically introduced to encourage sparsity, with default

values suggested by their authors of 𝛼 = 0.1 and 𝜆 =
√︁(︀

𝑛
2

)︀
/(2𝑛) ≈ 0.3, respec-
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Table 6.4. Multiway car fusion results. Objective values are listed except for solutions that violate
cycle consistency (red) or distinctness (orange).

Algorithm Precision Recall F1 Obj. (↓) Time [ms]

Baseline 44.9 14.8 22.3 – 1648

Baseline (C) 8.2 84.5 14.9 – 1650

Spectral 22.8 58.0 32.7 146.9 12

MatchEig 13.0 72.8 22.1 – 1079

MatchEig (C) 6.3 99.7 11.8 – 1083

NMFSync 15.7 58.6 24.7 151.5 35

QuickMatch 13.8 31.2 19.2 148.9 37

FCC 47.4 70.8 56.8 – 3269

FCC (C) 6.3 98.1 11.9 – 3272

CLEAR 19.0 66.4 29.6 150.6 63

MatchALS 7.5 94.9 13.9 – 542

MatchALS (C) 6.3 99.9 11.8 – 545

MatchLift 12.4 48.8 20.1 149.7 15 463

MatchALS𝛼=0.5 41.9 76.7 54.2 – 614

MatchALS𝛼=0.5 (C) 8.9 87.6 16.1 – 617

MatchLift𝜆=0.5 34.6 54.7 42.4 141.1 15 295

MIXER 79.4 70.6 74.8 135.7 312

tively. In contrast, the expression 1 − 2𝑆 arises naturally in our formulation due

to the Frobenius objective (6.4) and our insight is that it allows for three states

of association in multiway MWM (see Remark 6.3.1). Setting 𝛼 = 𝜆 = 0.5 allows

for a direct comparison of the relaxations and algorithms listed in Table 6.1 and,

as expected due to our insights, they provide an increase in accuracy. However, as

reported in Table 6.4, MIXER substantially outperforms existing algorithms. It is

followed by MatchLift𝜆=0.5, which lags by 32% in F1 accuracy and is 49x slower. Al-

though MatchALS𝛼=0.5 and MatchLift𝜆=0.5 also have three states of association, their

relaxations require rounding to binary matrices and search for solutions in association

space 𝐴 ∈ R𝑚×𝑚
+ , leading to sensitivity of the universe size estimate.

MIXER achieves the best objective and F1 accuracy in Table 6.4. This is consistent

with Fig. 6-4, which shows that MIXER attains near-optimal, high-accuracy solutions,

even in low-observation-probability settings. The relationship between near-optimal

and high accuracy solutions is due to our MIQP formulation (6.4), which allows for

three states of association and therefore a way to combine uncertain affinities from

multiple attributes, as shown in Fig. 6-8.
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6.5 Summary

We presented the MIXER algorithm for multiattribute, multiway fusion of uncertain

pairwise affinities. Our MIQP formulation leverages direct access to affinities and

allows three modes of association (non-match, undecided, and match) over the range 0

to 1. This feature led to the insight that our formulation is a multiway extension of the

maximum-weight matching problem (see Remark 6.3.1). Because of scalability issues

of solving MIQPs, we proposed a novel continuous relaxation in a projected gradient

descent scheme to converge to feasible, binary solutions of the original problem. The

guarantee of our algorithm to converge to binary points sets it apart from related

work, which relies on a final binarization step that can lead solutions to be infeasible.

Finally, our experimental evaluations in three datasets showed that MIXER frequently

achieves higher accuracy than the state of the art, especially in noisy regimes with low

observation redundancy. These properties and results establish MIXER as an effective

and scalable multiway fusion algorithm in the presence of uncertain affinities.

151



152



Chapter 7

Conclusion

7.1 Summary of Contributions

This thesis provides algorithms that enable robust data association for geometric

estimation problems that arise in robotic perception. Robust and reliable geomet-

ric estimation is a crucial prerequisite for deploying autonomous systems, and the

difficulty of robust estimation is largely due to the data association process, which

operates on noisy, imperfect measurements. To combat the ill-effects of uncertain

sensing on data association, this thesis asserts that measurement consistency provides

a powerful means of robustly identifying correspondences, which ultimately leads to

more successful geometric estimation. This conclusion was reached by investigating

the following questions: (i) How to robustly identify pairwise correspondences in the

presence of a large number of incorrect options? (ii) How to best represent data

from modern sensors (e.g., 3D lidar, RGB-D) for reliable and efficient data associ-

ation? (iii) How to ensure consistent data association across multiple observations?

(iv) How to utilize uncertain affinities in consistent, multiway data association?

Chapter 3 presented a graph-theoretic algorithm for robust pairwise data associa-

tion. The new approach, called CLIPPER (Consistent LInking, Pruning, and Pairwise

Error Rectification) leverages the notion of geometric consistency to transform the

pairwise assignment problem into a search for the largest set of mutually consistent

correspondences. Compared with existing consistency-graph approaches, CLIPPER
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does not threshold the naturally weighted graph representation of consistency into an

unweighted graph, thus is able to exploit the most information. Further, CLIPPER

enjoys scalability due to the first-order local search method it employs, which empir-

ically is shown to have a good basin of attraction with respect to the global solution.

In the experiments of chapter 3, CLIPPER consistently ran with low runtime and

was able to outperform the state of the art in data association precision/recall and

in overall estimation accuracy.

Chapter 4 presented GraffMatch, a global method for matching 3D lines and

planes from two landmark sets and subsequently estimating the relative rotation

and translation. The main novelty of GraffMatch is in the representation of lines

and planes as elements of the affine Grassmannian manifold. By representing these

geometric landmarks in this natural way (e.g., as affine subspaces), it is possible to

leverage the Grassmannian metric to calculate the distance between two landmarks.

We prove that the distance between two affine Grassmannian elements is invariant

to both rotation and translation if a shift operation is performed before applying the

metric. This invariance property enables the use of the efficient and robust graph-

theoretic data association method developed in Chapter 3. As a result, no initial

alignment guess is required for GraffMatch, allowing registration in settings where

landmark sets have a large displacement or relative rotation due to observing the

landmarks from two different locations.

Chapter 5 addressed computational complexity and accuracy challenges in mul-

tiway data association by presenting the CLEAR algorithm. CLEAR leverages the

natural graphical representation of the multiway association problem and uses a spec-

tral graph clustering technique that is uniquely tailored to solve this problem in a

computationally efficient manner. An important characteristic of the CLEAR algo-

rithm is that its solutions are cycle consistent, an important property in so-called

clique-centric applications that can help avoid catastrophic merging of incorrectly

associated objects. Empirical results based on extensive synthetic and experimen-

tal evaluations demonstrated that CLEAR outperforms state-of-the-art algorithms in

terms of both accuracy and speed. This general framework can provide significant
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improvements in the accuracy and efficiency of data association in many applica-

tions that rely on pairwise matchings such as metric/semantic SLAM, multi-object

tracking, and multi-view point cloud registration.

Chapter 6 extended the ideas of Chapter 5 by developing the MIXER algorithm,

which enables multiattribute, multiway fusion of uncertain pairwise affinities. Tra-

ditionally, multiway data association is formulated as a permutation synchronization

problem, which takes as input binary pairwise data associations. However, pairwise

data association typically begins with a similarity scoring process that generates con-

tinuous affinity matrices, not binary permutations. By requiring permutation matri-

ces, existing multiway algorithms lose access to the additional uncertainty information

encoded in the pairwise affinity matrices. The specific MIQP formulation presented

in Chapter 6 leverages direct access to affinities and allows three modes of association

(non-match, undecided, and match) over the range 0 to 1. This feature led to the

insight that the MIQP formulation is a multiway extension of the maximum-weight

matching problem (see Remark 6.3.1). Because of scalability issues of solving MIQPs,

a novel continuous relaxation is presented and a projected gradient descent scheme is

used to converge to feasible, binary solutions of the original problem. The guarantee

of MIXER to converge to binary points sets it apart from related work, which relies on

a final binarization step that can lead solutions to be infeasible. Finally, experimental

evaluations in three datasets showed that MIXER frequently achieves higher accuracy

than the state of the art, especially in noisy regimes with low observation redundancy.

These properties and results establish MIXER as an effective and scalable multiway

fusion algorithm in the presence of uncertain affinities.

Overall, the contributions of this thesis address key data association challenges

in the presence of degraded measurements and outlier associations, thus producing

more reliable geometric estimation. The core set of tools that were used to develop

these contributions were graph theory, non-convex optimization, continuous relax-

ation strategies, and geometric understanding.
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7.2 Future Directions

7.2.1 Learned-Invariants for Consistency Graph Construction

The work in Chapter 3 makes use of distances that are geometrically invariant to

rotation and translation. In 3D point cloud scenarios, the most obvious distance that

satisfies this property is the Euclidean metric. However, the robustness of CLIPPER

would make benefit data association of features across images, where the distances are

no longer strictly Euclidean due to the projective nature of image space. Although

a perspective projection invariant could be formulated, it would be very costly to

build the consistency matrix due to it requiring at least 5 points to compute, due

to evaluating
(︀
𝑛
5

)︀
pairs. Instead, it would be very useful to identify invariants from

a data-driven approach, allowing the invariance (or nearly-invariant) function to be

learned from the particular application.

7.2.2 Mapping Using the Affine Grassmannian Manifold

As Chapter 4 demonstrated, the correct representation of geometric primitives is

important. Future work should consider leveraging the affine Grassmannian repre-

sentation for line and plane objects during the mapping stage, not just for localization.

By building a Grassmannian observer [221], geometric landmarks could be refined in

an online manner as point measurements are made. This would have the benefit of

more stable landmarks (as opposed to one-shot detections) and potentially of more

computationally efficient landmark detection. Further, once landmarks are matched

using GraffMatch, the registration is currently accomplished via least squares align-

ment using point-normal-based representations. Instead, one could leverage the full

geometric description of landmarks in the minimization over poses, which would lead

to an intrinsic formulation of the optimization that could better exploit the geometry.
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7.2.3 Hybrid Data Association for Multiple Object Tracking

Most multi object tracking frameworks produce frame-to-frame associations of new

measurements and currently tracked objects. However, as discussed in Chapters 5

and 6, the use of many pairs of associations can improve data association overall.

Future work should consider a hybrid approach to data association in multi object

tracking, where data associations are made over a window of frames. Allowing a more

global view of the problem would ultimately lead to better tracking performance and

would add robustness in the presence of occlusions. Occlusions occur when an object

is momentarily not seen by the sensor. The work in [222] begins to approach this

problem, but the global consistency, accuracy, and runtime benefits of CLEAR or

MIXER could provide higher fidelity tracking in the presence of occlusions.
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