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Abstract

We derive rigorously, for both R? and [—L, L]*?2, the cubic nonlinear Schrédinger equation
in a suitable scaling limit from the two-dimensional many-body Bose systems with short-scale
repulsive pair interactions. We first prove convergence of the solution of the BBGKY hierarchy,
corresponding to the many-body systems, to a solution of the infinite Gross-Pitaevskii hierarchy,
corresponding to the cubic NLS; and then we prove uniqueness for the infinite hierarchy, which
requires number-theoretical techniques in the periodic case.

1 Introduction

Bose-Einstein condensation is an usual state of matter near absolute zero, where the particles
(bosons) are so supercooled that they all fall into the ground state and exhibit quantum mechanical
behavior macroscopically—as described by the cubic nonlinear Schrodinger (or, Gross-Pitaevskii)
equation [I4] 25]. Experimental physicists have used Bose-Einstein condensates to make atom
lasers and to convert light to matter and back, suggesting potential applications that include
more accurate measurements via interferometry as well as quantum information processing. The
fragility of this state of matter makes it all the more important to develop the rigorous theory.

We consider an N-boson system described on the Hilbert space L2(AY), the subspace of
L?(A") consisting of permutation symmetric functions, by the Hamiltonian

N N
1
HNZ E —ij—f'ﬁ E N2BV(N6($i—$j)). (11)
j=1 i<j

The goal of this paper is to investigate this system when A = [—L, L]*?, that is the particles are
confined in a finite square (L is fixed), and in this case we impose periodic boundary conditions
at the boundary of the square. A easier problem is to consider the situations A = R2, that is
the particles can move on the full two-dimensional space and for completeness we will consider
this case as well. In ([I.]), we assume the interaction potential V' to be positive, and sufficiently
regular, and we will consider 0 < g < 1.

We are interested in the dynamics governed by the N-particle Schrodinger equation

10N = HNYn e (1.2)

with an asymptotically factorized initial data 1n o = ¢y € L2(AY). Here asymptotic factoriza-
tion means factorization of the marginal densities associated with the N-particle wave function
¥y in the limit N — oo.
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Recall that, for k =1,..., N, the k-particle density matrix associated with an N-particle wave
function v is defined as the non-negative trace class operator ”y](\l,c)t on L?(A*) with kernel given
by

& _
V& (xi X)) = /dXN—k U (X, XN 1) UN (X, XN 1)

where we use the notation xj, = (21,...,7%),%}, = (z,...,2}) € A*, xn_p = (Tp41,...,7N) €

AN=F_ In other words, 71(\;6) is defined by taking the partial trace of the orthogonal projection

v~ = [N ){¥n| over the last N — k particles. Our main result is the following theorem.

Theorem 1.1. Suppose that A = R? or A = [-L, L]*2, for some L > 0. Assume moreover that
V e W2%°(A), V >0 and that 0 < 8 < 3/4. Consider a family {{)x}nen such that

o {¢Yn}nen has bounded energy per particle:

1
sup N<1/}N5HN1/}N><005 (13)
NeN

o {n}nen exhibits asymptotic factorization: there exists ¢ € L*(A) such that
Tr ’yj(\})—|<p><<p| —0 as N —o0. (1.4)

Here ”y](\}) is the one-particle density associated with ¥y .

Denote by Yy, = e Nty the solution to the N-particle Schrédinger equation (I.2) with initial
data YN and let 71(\% be the k-particle marginal associated with Yy . Then we have, for every
teRand k> 1,
Tr |y = e (@l =0 as N —oo (1.5)
where @, is the solution to the cubic nonlinear Schriodinger equation
10 = — Ay + bolpe]* (1.6)
with by = [, dzV (x) and pi—o = .

Remark. The condition 0 < 8 < 3/4, which is only used in the proof of Proposition Bl can
be relaxed to 0 < < 1; this follows from the observation that, for £ = 2, (8]) holds for all
0 < 8 < 1 (this is clear from the proof of Proposition [B]). The inequality 31 for & > 2, on
the other hand, is only needed to obtain the a-priori bounds (&) which, however, can also be
proven using a modification of the energy estimate (B.I]) with appropriate space-cutoffs (in the

same spirit as in [12, Proposition 7.1, Theorem 7.3]); to keep our discussion as simple as possible,
we will only discuss the case 0 < 5 < 3/4.

The main idea in the proof of this theorem is to study the time-evolution of the marginal
densities {*yj(\?)t}szl in the limit N — oco. Starting from the Schrédinger equation (I2)) it is simple
to verify that the marginal densities satisfy a hierarchy of N coupled equations, commonly known
as the BBGKY hierarchy

k
o (K k 1 k
Zat”Yz(v,)t = Z [—Aja%(v,)t} + ~ Z [NQﬁV(Nﬁ(xi - Ij)),’yj(vﬂ
= i<j
(1.7)
N-ky 2677 ( B (k+1)
+— > Trep {N V(N (zj — 2r41))s Y }

j=1
where Tri41 denotes the partial trace over the (k + 1)-th particle. If we fix k¥ > 1, and we let
N — oo, we obtain, formally, the infinite hierarchy of equations

k k
iaﬂgz?t = Z [—Amé’i?t} +bo ZTkarl {5(%‘ - $k+1)77§>§;1)] - (1.8)

Jj=1 Jj=1



Here we used the fact that, at least formally, in the limit N — oo (for fixed k > 1) the second
term on the r.h.s. of (7)) vanishes (because of the prefactor 1/N), and, in the third term on the
r.hs. of (L7), (N — k)/N — 1 and N?PV(NP(x; — x;)) — bod(z; — ) (with by = [, V(z)dx).
The infinite hierarchy (LL8]) can be written in integral form as

A, — (1 —zboZ/ dsUW (t — 5)B; paryEED (1.9)

where we defined i
u(k)(t)f-y(k) — eitzj' 1A fy th] 1A (110)

and Bj ;41 denotes the collision operator
Bj,k+1’7(k+1) = Tri4q [5(%‘ - $k+1)a’7(k+l)} : (1.11)

In terms of kernels, B; 41 (which maps (k + 1)-particle operators into k-particle operators) acts
as follows:

(Bj,kﬂ”y(kﬂ)) (xk;x%) = /d“’kﬂ (0(z; — wrg1) — 0(ay — 2psr)) Y (30, g1 X, T -

(1.12)
It is simple to check that the factorized densities ”yéo)t = |¢) (pe|®F, for k > 1, are a solution

to the infinite hierarchy (L9)) if ¢; solves the nonlinear Schrodinger equation (EEI) Therefore,
to prove Theorem [[LT] we need to identify the limit of I'ny ; = {7](\1;1}{5:1 as the unique solution
to (L); if we can prove, namely, that every limit point of I'n (with respect to an appropriate
weak topology) solves (L)) and that the solution to (L) is unique, the claim (IF]) follows by a
compactness argument.

This strategy was introduced in this context by Spohn, who applied it in [29] to obtain a
rigorous derivation of the nonlinear Hartree equation

iO0upr = — Ay + (Vx| )pr

for the time evolution of an initially factorized N-particle wave function 1y = ©®V with respect
to the mean-field Hamiltonian

ZA+ ZV

i<J

with bounded potential V' € L°°(RY). In [13], Erdés and Yau extended the result of Spohn
to mean-field models with Coulomb interaction V' (x) = +1/|x| (partial results for the Coulomb
potential have also been obtained in [3]). In [9], this strategy was applied to the study of systems
of gravitating particles with relativistic dispersions (modeling boson stars).

More recently, models with N-dependent potentials Viy approaching a delta-function as N —
oo have been studied. Consider the time evolution ¥y ; = e~ Hn.styn of a factorized initial data
Yy = ¢®N € L2(R3N) (only asymptotic factorization in the sense of (I4) is actually needed)
with respect to the Hamiltonian

N N
1
Hyp= § —A;+ ~ § :N3BV(Nﬁ(xi — ;)
7j=1 1<J

for 0 < g < 1. It follows from [8] 10, 1T, [12] that, if *yj(\f)t denotes the k-particle marginal associated
with 1, one has, for every ¢t € R and k € N,

(k)

TN = o) (o ®



as N — oo, where ; solves the nonlinear Schrodinger equation
iOypr = —Apr + ol (1.13)

with coupling constant o = [V (z)dz if 0 < 8 < 1, and o = 8mag if 3 = 1. Here ay denotes the
scattering length of the potential V'; the emergence of the scattering length in the case g =1 is
a consequence of the singular correlation structure developed by the solution to the N-particle
Schrodinger equation. In [IL 2], one-dimensional models with Hamiltonian

Hypg=Y» —Aj+ % > NOV(NP(a; - x7)) (1.14)

j=1 i<j

acting on L?(RY) have been considered; for such models it was shown that the time evolu-
tion of factorized initial data can be described in terms of the one-dimensional cubic nonlinear
Schrédinger equation with coupling constant in front of the nonlinearity given by [ V(z)dz; in
this case, the correlations developed by the solution of the N-particle Schrédinger equation do
not play an important role.

Also in the-two dimensional problem discussed in the present paper, the correlations among
the particles do not affect the macroscopic dynamics of the system (this explains why the coupling
constant in front of the nonlinearity in ([LL6]) is just the integral of the potential). On the contrary,
the correlation structure would be very important in the study of two-dimensional systems in
the Gross-Pitaevskii scaling limit (where the scattering length of the interaction potential is
exponentially small in the number of particles). In [23], Lieb, Seiringer, and Yngvason proved
that, in this limit, the ground state energy per particle can be obtained by the minimization
of the so called Gross-Pitaevskii energy functional. In [22], it was then shown by Lieb and
Seiringer that the ground state vector, in the Gross-Pitaevskii limit, exhibits complete Bose
Einstein condensation. In order to prove these two results, it was very important to identify the
short scale correlation structure in the ground state wave function (the energy of factorized wave
functions, with absolutely no correlations, is too large by a factor of N). Unfortunately, we are
not yet able to study the dynamics of Bose-Einstein condensates in the two-dimensional Gross-
Pitaevskii scaling limit; nevertheless, since the infinite hierarchy which is expected to describe the
time-evolution of the limiting densities {yg’j)t} k>1 is still given by (2.9) (with a different coupling
constant), our proof of the uniqueness of the solution of the infinite hierarchy (see Theorem [T.1]
and Theorem [T4)) can also be applied to the Gross-Pitaevskii scaling limit (but, of course, in
order to use Theorems [1] and [T-4] to prove a statement similar to (LH) in the Gross-Pitaevkii

scaling, one would need to show strong bounds like (5I]) on the limiting densities {'yéf?t}kzl).

As mentioned above, the main novelty of the present paper is that we can handle systems
defined on a square with periodic boundary conditions. The major difficulty in extending the
derivation of the cubic nonlinear Schrédinger equations (II3) to systems defined on a periodic
domain is proving the uniqueness of the infinite hierarchy. The proof of the uniqueness given in [10]
is based on a diagrammatic expansion of the solution of the infinite hierarchy in terms of Feynman
graphs; the value of every Feynman graph was then expressed in terms of a Fourier integral, and
the main part of the analysis was devoted to the control of these integrals. For systems defined
on a periodic domain, these integrals would be replaced by sums, and the analysis would be more
involved; it is not yet clear if, in the case of systems defined on finite volumes, this approach can
be used to prove the uniqueness of the infinite hierarchy.

Here we follow a different approach, first proposed in [21] by Klainerman and Machedon for
three-dimensional systems on R®. This approach still employs the expansion introduced in [10],
but it then makes use of a space-time estimate for the free Schrédinger evolution of the densities,
a simpler approach than the analysis of the contributions to the expansion in [I0]. Moreover this
approach is more suitable for certain multilinear periodic estimates first introduced by Bourgain
in [5] for the study of well-posedness for the periodic Schrédinger equations.



With their argument Klainerman and Machedon obtain uniqueness of the infinite hierarchy in
a class of densities satisfying certain space-time estimates. Unfortunately, in the three-dimensional

setting, it is not clear if limit points I'og + = {yg’j)t} x>1 of the sequence of marginal densities I'y ¢+ =

{'YJ(\;C)t};cvﬂ satisfy these space-time estimates; for this reason, the method of Klainerman and
Machedon cannot be used, in three dimensions, for deriving the nonlinear Schrédinger equation
(CI3). In two dimensions, however, we are able to prove (see Theorem [£.2) that the limiting
densities do indeed satisfy the space-time estimates needed as input for the analysis of Klainerman
and Machedon.

Thus, to conclude the proof of (L5, we only have to extend their analysis to two-dimensional
systems. This is not so difficult in the case A = R? (see Section [T1]), but it requires more care
in the case A = [—L, L]*? (see Section [[.2). In fact, as mentioned above, for systems defined on
a square, we need to use techniques from analytic number theory as in the work of Bourgain [5];
a similar approach was used also in [7]. The necessary number theory techniques come from [4];
see also [19, § 23.1] and [20].

We should immediately remark that if we consider irrational tori, or other general non-square
boxes, the argument we present here is not enough to obtain uniqueness. This is because the
number of lattice points on a sphere is precisely approximated by the Gauss lemma, but the
number of lattice points on ellipsoids has no such precise approximation (see [4] and [19]). We
also remark that if one considers a three-dimensional box A = [—L, L]*3, then the fundamental
estimates we prove in Section seem not to be available since too much regularity is lost. Such
a loss of regularity is in line with a conjecture made by Bourgain in [5] about certain periodic
Strichartz-type estimates.

Finally we note that with our arguments we could prove Theorem [[1] also in the one-
dimensional case when A = R, a result already obtained by [3], and when A = [-L, L].

2 Proof of Theorem [1.1]

The strategy for the proof of Theorem [[T] is the same as the one used in [II]. For completeness,
we repeat here the main steps.

We start by introducing an appropriate topology on density matrices. Let Kj = KC(L%(A¥))
be the space of compact operators on L?(AF), equipped with the operator norm topology, and let
Li = LY(L%(A%)) be the space of trace class operators on L?(AF) equipped with the trace norm.

It is well known that E,lc = Kj. Since K} is separable, there exists a sequence {Ji(k)}izl € Ky,

with [|J®|| < 1 for all i > 1, dense in the unit ball of K. On L1 = £1(L2(A*)), we define the
metric ng by

(™, 7 ®) =32
i=1

e 7 (7(’“) - W(’“))‘ : (2.1)

The topology induced by the metric 7 and the weak* topology are equivalent on the unit ball
of L} (see [28], Theorem 3.16) and hence on any ball of finite radius as well. In other words, a
uniformly bounded sequence ’yj(\?) € L} converges to B e L} with respect to the weak* topology,
if and only if nk(%(\f),w(k)) — 0 as N — oco.

For fixed T > 0, let C([0,T7], £}.) be the space of functions of ¢ € [0, T] with values in £} which
are continuous with respect to the metric 7. On C([0,T], £;) we define the metric

(Y P (), 7% (1)) = Sup (Y (1), 5% (1)) . (2.2)

Finally, we denote by Tproa the topology on the space @, C([0,T7], L) given by the product of
the topologies generated by the metrics 7, on C([0,T], L}.).



Proof of Theorem[I.1l. The proof is divided in five steps.

Step 1. Approximation of the initial wave function. Since the a-priori bounds that we are
going to use are based on energy estimates, we need the expectation of H% at time ¢ = 0 to be of
the order N*, for all k > 1. To this end, we approximate the initial N-particle wave functions,
by cutting off its high energy part. Let

Ty = xX(kHN /N)n
Ix(kHx/N)in|l

Then, for all x > 0 small enough, there exists a constant C > 0 (of course, depending on k) such
that

(2.3)

(bn, Hiow) < CF NF (2.4)
for all N € N, and k > 1. Moreover, using the assumption (3], it is simple to check that

e — ¥nell = Iy — ¥nll < Cr (2.5)

uniformly in N. Finally, one can prove that, for every fixed x > 0 small enough,
F = e el®F as N — oo (2.6)

in the trace norm-topology. The proof of [24)), (23], and ([26) can be found in [I2] Proposition

9.1]. Next, in Steps 2-4, we will prove the statement of Theorem [Tl for the initial data ¢ with
an arbitrary but fixed £ > 0. Then, using (Z.3]), we will show in Step 5 how to obtain a proof of

(T3 letting k — 0.

Step 2. Compactness. We fix T > 0 and work in the time-interval ¢ € [0,T] (negative times
can be handled similarly). In Theorem[4.I]we prove that, for any fixed £ > 0, the sequence I'y ¢ =
{%(\f)t}évzl € @y.>1 C([0,T], L) is compact with respect to the product topology Tproa generated

by the metrics 7. Moreover, we prove that for an arbitrary limit point I'es s = {vgg?t}kzl of the

(k)

sequence FN ts Yoo ¢ 1S Symmetric w.r.t. permutations, 7( ) >0, and Tr ”y( ) <1 for every k > 1.

In Theorem we also prove that an arbitrary limit point I'ee ; = {7£?t}k21 satisfies the
a-priori estimates

c* (2.7)

gha) g (k+1)‘
H JkE1Yo0t | Lo pk e pny =

forall k >1,5=1,...,k, and for all ¢ € [0,T]. Here we used the notation

B

S(ka H a/2 1_ Am})aﬂ (28)

and the collision operator Bj j41 is defined in (II2]). Note that, with a slight abuse of notation, we
identify, in (Z7), the operator S(kvo‘)Bj_’kH”yéf:;l) with its kernel (S(k*o‘)Bj,kH*y((ﬁIl)) (xK; X},)-

Step 3. Convergence. In Theorem [6.I, we show that an arbitrary limit point I'e: =

{yf,fj?t}kzl € @,-,C([0,T],L;) of the sequence Ty is a solution to the infinite hierarchy of
equations B

)

B = u® (1) —zboz / dstU®)(t — 8)B; g1y D (2.9)

with initial data 7 = |¢){(p|®*. Here the free evolution U¥)(t) is defined in (LIO) and the
map Bjep in amb



Note that the infinite hierarchy (Z9) has a factorized solution. In fact, it is simple to check
that the family {”ylgk)}kzl with %(k) = |pi){p:|®¥ for all k > 1 is a solution to ([ZJ) (with the

correct initial data) provided that ¢; solves the nonlinear Schrédinger equation

i0pr = —Apy + bolei]* ot -

Step 4. Uniqueness. In Theorem [Z1] (for the case A = R?) and in Theorem [Z4] (for the case
A = [—L, L]*?), we prove that the solution to the infinite hierarchy (Z3) is unique in the space
of densities satisfying the a-priori estimates (277)). More precisely, we prove that, given a family
[ = {y®};>1 € @, L, there exists at most one solution T'y = {’yt(k)}kzl €@, C([0,1],L})
of (29) such that B
k

HS(k,a)B_ (k+1)
J L2(AFxAk) —

k4+1Y00,t

forall k> 1 and ¢t € [0,T].

Step 5. Conclusion of the proof. Combining the results of Step 2-Step 4, we immediately
obtain that, for every fixed k > 0, ﬁ(:?](\l,c)t, loe) (0| %) — 0 as N — oo for every fixed k > 1. In
particular this implies that, for every fixed k > 0, t € [0,T] and k > 1,

~(k
AN = e e ©F (2.10)

with respect to the weak* topology of £;. To prove that also ”y](\l,c_)t, that is the k-particle
marginal density associated with the original initial wave functions 1y, converges to the pro-
jection |p:){w¢|®% as N — oo, we observe that, for any fixed ¢ > 0 and for every compact
operator J¥) € K}, we can find, by (Z3)), a sufficiently small x > 0 such that

k) ~(k ~
Te S (4 = 78%0)| < 17PN v — ol < Cx < ¢/2,
uniformly in N € N. For this fixed value of £ > 0 we obtain, from (2I0), that
T 70 (54, = letel® ) | < 2/2

for all N large enough. This proves that, for arbitrary € > 0 and J*) € K}, there exists Ny > 0
such that

k
Te S (4§ = o) ()| <=

for all N > Ny. This proves that, for every fixed ¢t € [0,7], and k > 1, ”y](\lf)t — | (@i ®F as
N — oo, with respect to the weak* topology of L. Since, however, the limiting density is an
orthogonal projection, the convergence in the weak® topology is equivalent to the convergence in
the trace norm topology. This concludes the proof of Theorem [l [l

3 Energy Estimates and A-Priori Bounds on I'y, = {?ﬁi}ﬁzl

Proposition 3.1. Suppose that the Hamiltonian Hy is defined as in (L)), with 0 < < 3/4.
Then there exists a constant C' > 0, and, for every k > 0, there exists No = No(k) such that

(W, (Hy + N)Fyp) > CENF(y, (1= Ayy) ... (1= Ay, ) ) (3.1)
for all N > Ny, and all ¢ € L2(AY).



Proof. We proceed by a two-step induction over k > 0. For &k = 0 the statement is trivial and
for £ = 1 it follows from the positivity of the potential. Suppose the claim holds for all k£ < n.
We prove it holds for £ = n 4 2. In fact, from the induction assumption, and using the notation
S; = (1—A,,)"?, we find

(i, (Hy + N)"2) > C"N™ (¢, (Hy + N)ST ... SE(Hy + N)p). (3.2)

Now, writing Hy + N = hy + hs, with

hy = ZN: S?  and  hy= ijsf + ZN:NM*V(N%Q —z;))
Jj=k+1 j=1 1<j
it follows that
(¥,(Hn + N)""24))
> C"N"™ (¢, h1S? ... S%h1))
+OPN™ (1, h1SE ... S2hath) + (1, haS? ... S2hy 1))
> CUNT(N = ) (N = n = 1) {4, S7... 52, 0) + C'N"(N = m) (w0, 5183 .82 ) O

N
N —
+ C"N"%N% Z ((w,S%... S2 L V(NP(z; — 2;))b) + complex conjugate)
i<j
Because of the permutation symmetry of ¢, we obtain
(W,(Hy + N)" )
Z Cm+2Nn+2<1/}, S12 o SZ+21/)> 4 Cn+1Nn+1<1/}, SilS22 o 8721+11/)>
+C"N" IN?(N —=n)> (N —n—1) (¢, 8] ... S2 V(NP (212 — Tnys))¥h) +c.c.)  (3.4)
+CPN" IN?P(N —n)2(n+1) (¢, SF...S2 V(NP (21 — Zny2))¥) + c.c.)
+C"N" 'N*(N —=n)(n+ )n ((¢, 87 ... S2 V(NP (21 — 22))¢) + c.c.)
The last three terms are the errors we need to control. First of all, we remark that the first

error term is positive, and thus can be neglected (because we assumed V > 0). In fact, since
V(NP (2pi2 — Tny3)) commutes with all derivatives Si,...,S,, we have

($,5F ... Sp 1 VIN (4o — Tpga) )W) = /dx V(N (22 = 2043)[(S1 - - Spa9h) (x)> > 0.
As for the second error term on the r.h.s. of [B.4]), we bound it from below by

C"N"IN#(N —n)*(n+1) (¢, 57 ... Sp 1 VN (21 — 2ps2)9) + c.c.)

> — C(n)N" N2 |(h, Spy1 ... 5281 [S1, V(NP (21 — &ng2)] Sz . . Snat))|
> — C(n)N" N3 |, Spyr ... 5281 (VV)(NP (21 — 2ps2) So. .. Snia )]
> — C(n)N" N3P (), Spgr ... 8251 [(VV)(NP (21 — 2pg2))| S152 - . - Sny19)

+<1/), SnJrl SN SQ |(VV)(NB(I1 - In+2))| SQ HEN Sn+11/)>)
(3.5)

for a constant C(n) independent of N. Using that
W,V (@) < CIVIp (. (1 - A)p)
for every p > 1 (see Lemma[A.T]) we find
C"N" 'N?P(N —n)*(n+1) ((1, 57 ... 52 V(NP (z1 — 2pp2))h) + c.c.)

> — C(n)N" NNy, ST Sh o) = =Cn) N"HHH(p, ST S0 09)
(3.6)



for arbitrary e > 0. The last term on the r.h.s. of (3.4), on the other hand, can be controlled by

C"N" 'N?(N —n)(n+ Dn (¢, S ... 52 V(NP (z1 — 22))) + c.c.)

> — C(n)N"N* [(), Spy1 ... 8251 [S152, V(NP (21 — 2n42))] S2. .. Snp1 )|
— C(n)N" N | (1), Spy1 ... 8287 (VV)(N?(z1 — 22)) S5 .. Sp1t))]

— C(n)N"N3F (1), Spy1 ... 9281 (VV)(NP (21 — 22)) S2... Spp1 )|

(3.7)

Y

The second term is bounded by

—C(n)N" N |(1h, Spy1 ... 5281 (VV)(NP (21 — 22)) S ... Sny19))|
> —C(n)N"N* (o (1h, Spy1 ... 51 [(VV)(NP (21 — 32))| S1-.. Snsa®h)
+a W, Spgr .. S |[(VV)(NP (21 — 22))| S2... Sns1tp))  (3.8)
— C(n)N" N7 (a(yp, ST ... St ¢) +a ' N72F4e(yp S ... S2 1)
— C(n)N"N?PTe(ap, ST S2. 1)

VANV

where, in the last inequality we optimized the choice of «, by putting = N~P. The first term
on the r.h.s. of (B1), on the other hand, is controlled by
—C()N" N3 |(1h, Spy1 ... 82T (VV)(N? (21 — 22)) S5 .. Sn1¥))|
> — C(n)N"N® (o (1h, Spy1 ... S2SF |(VV)(NP (21 — 22))| S1S2 . . . Sny1t)
+o ' (WY, Spgr .. S5 [(VV) (NP (21 — 22))| S3... Sus19))  (3.9)
— C(n)N"N (o, S{S3 ... 8% 0) + o \N T2, 57 52,14)

>
> = C(n)N" 72, S183 .. Sh 1) = ()N P22y, SF ... S} 10)

where we chose a = N~2+8+¢ for some ¢ > 0. Inserting (3.8) and (3.9) on the r.h.s. of [B.7), we
find

C"N" 'N?(N —n)(n+ Dn (¥, S ... S2 V(NP (z1 — 22))) + c.c.)
> — C()N"N?+(p, 82... 52, 1) (3.10)
— C(n)N"H724e(y, 153 . 'S’r27,+1¢> — C(n)N™275(yp, 57 ... 5721+1¢>
Inserting (3.0) and (BI0) on the r.h.s. of B4, we see that, for 5 < 3/4 (choosing € > 0 small

enough) all error terms can be controlled by the two positive contributions, and the proposition
follows. O

From these energy estimates, we immediately obtain strong a-priori bounds on the marginal

densities %(\;C)t

Corollary 3.2. Let @ZN,t = e_iHNti/;N be the solution of the N -particle Schrodinger equation with

initial wave function ¥y, as defined in Z3) (for a fized k > 0), and let %(\I;)t denote its k-particle
marginal. Then there exists a constant C' > 0 (depending on k) and, for every k > 1, an integer
No(k) such that

Tr(1—Ay)...(1—Ay) Ay, < CF (3.11)

for all N > No(k).

Proof. We have
Tr (1—Ar)...(1— Ap)AN, = (v, S3...SF dne)
1~ ~ 1~ ~
< W(@/JN,taHz]%wN,t) = W<¢N7H§]¢N> <c*
where in the first inequality we used Proposition 3], and in the last inequality we used ([Z.4). O

(3.12)



4 Compactness of the sequence I'y; = {7](51}?:

Theorem 4.1. Suppose that zZN is defined as in (Z.3), let {bvNﬂg ZHNth and denote by v(k)
the k-particle marginal density associated with ’lZN7t. Then the sequence of marginal densities
'yt = {%(\;C)t}ivzl € @,~,C([0,T),L}) is compact with respect to the product topology Tprod
~ (k)

oo,t

generated by the metrics Ny, (defined in Section[2). For any limit point T'eoy = {yé’j?t}kzl, ~

18 symmetric w.r.t. permutations, ”y( ) >0, and

Ty, <1 (4.1)

0o,t

for every k > 1.

Proof. By a Cantor diagonal argument it is enough to prove the compactness of %(\I;)t for fixed

k > 1 with respect to the metric 7. To this end, we show the equicontinuity of vj(\l,c)t with respect

to the metric 7. It is enough to prove (see Lemma 6.2 in [I1]) that, for every observable .J*)
from a dense subset of K, and for every € > 0, there exists a § = 6(J*), &) > 0 such that

sup [Tr @) (54, - 34.) | < = (4.2)
N>1 ’ ’

for all t,s € [0,T] with |t — s| < §. We are going to prove ([&2) for all J*¥) € K4 such that
|l7®) || < oo, where we defined the norm

1790 = s / dpe T10+ 2720+ G (|79uc

j=1

’f( pk;pk)D. (4.3)

Here J®) (pr; p),) denotes the kernel of the compact operator .J (%) in momentum space. It is
simple to check that the subset of K, consisting of all J*) with || J*)|| < co is dense.

Fix now € > 0 and J® € K}, with [|J®)|| < co. Then, rewriting the BBGKY hierarchy (I7)
in integral form and multiplying it with J(*) we obtain that, for any r < ¢,

k t
Tr J® (%(5,1 —%(vk,)r) ‘ < Z / ds

3 S [ PO =) 5

i<j

kY o [t
+N25(1—N>Z/ ds
j=1""

ERAIENETA|

Te SO [V(N (2 - 210)) 58] |
(4.4)
It is simple to prove that

~(k
Tr SB[, 70| < 20l Ay, < 21

To bound the last term on the r.h.s. of @), we observe that, using the notation S; = (1—A;)/2,

10



we have
Wt 2 [y ;- s 32|

— N8

Tr JPV (N (2 — xkﬂ))%(v V= T JOFTEIV (N (@) — wi11))
< Nzﬁ‘Tf S-_lsk_ﬁl‘](k)s’sk-i-ls 1Sk+1V( Bz — $k+1))5k_i15‘_15‘5k+171\7 s 's; Sk+1
— Tr 8781 S8 Sk SN Y S5 Sk 1S STV NG (7 — w41)) ST S
< N28 (HSjSkJrlz](k)Sflsﬁlu + "SflS;le(k)SjSkJrlH)
<[ S7 VOV @y = ) ST SEL | supTr S7E A

< g™,
(4.5)

where, in the last inequality we used (2.7) and the fact that, by Lemma [A]
1571952V (21 — 22)S3 " ST < C Vs -

The second term on the r.h.s. of [@4]) can be handled similarly. This implies (@2)). The proof of

the fact that *yéo)t is symmetric w.r.t. permutations, that it is non-negative and with Tr ”y( ) <1
can be found in [11 Theorem 6.1]. O

5 A-Priori Estimate on the Limit Points [',; = {fygj?t}kzl

Since the a-priori estimates (811 on 7](\,)15 hold uniformly in N, we can extract estimates on the
limit points {%g?t}kzl-
Proposition 5.1. Suppose that I'sc s = {’yéﬁ?t}@l € @B, C(0,T],L}) is a limit point of the

sequence fMt = {%(\f)t}ivzl with respect to the product topology Tproq. Then there exists C' > 0
(depending on k) such that

Tr(1 - Ay) ... (1 - A, < CF (5.1)
for all k > 1.

Proof. The bound (G1)) follows from the a-priori bound 27) by taking the limit N — oo. The
details of the proof can be found in [I0]. O

In order to apply the technique of Klainerman and Machedon (see [21]) to prove the uniqueness
of the infinite hierarchy, we need different a-priori bounds on the limiting density. These are
provided by the following proposition.

Theorem 5.2. Suppose that T'sor = {yffj?t}kzl € @y>1 C([0,T, L) s a limit point of the

sequence fN,t = {%(\f)t}g:l with respect to the product topology Tprod. Then, for every a < 1, there
exists C' > 0 (depending on k) such that

HS koc)B (k+1)

3.k Voot c* (5.2)

L2(AkxAR) —

for all k > 1 and all t € [0,T]. Here S = H?Zl(l — Ay (1 - AI;)O‘/Q.

11



Proof. By (&), it is enough to prove that

Hs(k,a)Bijw(kH)

00,t

<CTr(1—Ay)...(1-A (k+1) 5.3
Lea ) ( 1) ( k1) Voot (5.3)

We only consider k = 1 and j = 1 (the argument for k > 2 is similar). Moreover, we focus on
A = R?; the case A = [—L, L]*? can be handled similarly (sums are going to replace integrals
over momenta). Switching to Fourier space we have

—

Bl,wfj?t(p i) = /dxl dz} gl p =iz P’ /d:zggdaj’2 0(x1 — w2)0(xa — xé)’yg?t(xl, To; Xy, xh)
= /dqd/@/da:lda:zda:’ld:z/2 P I P pig(wz—m) pin(ee—r3) ’yg?t(xl,xg;x/l,xé)
= /dqdﬂ 32 (p— a,q + ki K)
(5.4)

Thus

—

(S“va)Bng?t) (pip)) = (1 +p*)*2 (1 + (p))*)*/? /dqdﬂ 32 p—a,q+ 0, k) (5.5)
and

v

2
= [ dpdy’ dg;dgedridrs (1 + p?)*(1 )2)e
N /pp qrdgsdrdss (14221 + (7)?)
() (2)

X Yoot (P — q1,q1 + k1P K1) Yoot (P — G2, G2 + Ko; P, ko)
(5.6)

Using the decomposition

32, (p1, pa; Dy ) = > A ¥ (p1,p2) B (01, P5) (5.7)
J

for an orthonormal family {¢;}, we arrive at (notice that A; > 0 for all j, and 3>, A; < 1, because
7 +1) is a non-negative trace-class operator with trace lesser or equal to one by Theorem A.I):

02

2
= Aidi | dpdp’ dgidgedrides (1 + p2)* (1 2\«
L2(AxA) ; J/p p' dgidgedradrs (1+p7)" (1 + (p')7)

(5.8)
xYi(p—qi,q1 + Hl)@j(p/, k1) Vi(p — 42, 2 + K2) ¥, (p', K2)
Next we use that
(L+72°2 <O ((L+ (=)D + (L (@ + k0D + (14 6D)2)
and that, analogously,
(L+52)°2 <O ((1+ (0= )22 + (L4 (a2 + 12))™2 + (14 65)/2)
to estimate
(1+p*)*<C ((1 +—a)?)P+ (1 + (@ +r)D)P+ 1+ Hf)“/z)) 659)
5.9

(14 0= @)D + (4 (@2 +12))™ + (1 + 13)72).

When we insert this bound in (&.8]), we obtain 9 different contributions. We show, for example,
how to control the first contribution (where we replace the factor (1 + p?)® on the r.h.s. of (5.8)

12



by (14 (p—q1)?)*?>(1 + (p — ¢2)?)*/?). To this end we use a weighted Schwarz inequality, and
we get
/dp dp’ dgrdgzdradrs (14 (p — q1)*)*(1+ (p — 02))** (1 + (0')*)°
xYi(p—qi,q1 + Hl)@j(plv k1) i(p — g2, @2 + K2) Ui (P, K2)
< [ by dandandiadis (14 ()%)°

( (1+@-—q)*)0+ (g +r1)°)
I+ —a))' 1+ (g2 + k2)
(14 (p— q2)*)(1 + (g2 + K2)?
(I+@—a))' 1+ (1 + k1

(1 + K3)

2)(1 + K2
(1+ x2)
2)(1+k3)

) [Vi(p—q1,q1 + r)l” i (v, 52)|2

3 6i(p — a2 a2 + ) |¢j(p’,m>|2>

(5.10)

We consider the first term in the parenthesis; the second one can be handled similarly. Performing
the integration over g2 we find

/dp dp’ dg1dgadridrs (1 + (p/)2)°‘

(14 (p—q)*) A+ (q1 + £1)?) (A + K3)
(14— q2)>)' (1 + (g2 + K2)?)(1 + &7)

< /dp dp’ dq1dridrs (1 + (p')Q)O‘

y (1+(p—q)*)A+ (g +r1)*) (1 +K3)
(14 (p+ k2)?)1—)/2(1 + K2)

2
[Vi(p—q1, 1 + H1)|2 [Vi(p', K2)|

[vi(p—aqi,q1 + H1)|2 Vi (0, H2)|2
(5.11)

where we used that

Ik ! < c
PO =)Wt (@2 r2)?) ~ (F (p+ r2)?) 07

for all & < 1. From (&I1)), we obtain (shifting the integration variables appropriately)

/dp dp’ dg1dgadridrs (1 + (p/)2)°‘

(14 (p—q)*) A+ (¢ +£1)*) (A + K3)
(14— aq2)>) (1 + (g2 + r2)?) (1 + &7

< /dpdp' dqidr1dks

A+p)(+a0)A+r5)A+ (p)H)"
(L4 (p+ g1 + k2 — £1)2) 72 (1 + k7)

< Co ([ amapalt+ s+ 2D 1030122 ) ( [ it + 200+ 2) oo, )

) |¢j(p—Q1,Q1+/€1)|2 |1/)i(p/752)|2

i (P, q0)” [, k)|

where we put

Cy = su /dH ! <
" rer) AR F (P =R

for all & < 1. The second term in the parenthesis on the r.h.s. of (5I0) can be bounded similarly.
Also the other eight contributions arising from (5.9 can be controlled in a similar way. Therefore,

o
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from (5.]), and recalling (5.7]) we obtain that
154 By ZilEaaen) < C DN ( / dprdp(1+p7) (1 +p3) wj(pl,pz)F)
2%

x (/ dp1dpa (14 p?)(1 + p2) |¢i(plap2)|2)

2
<C (/dpldpz(l +p7)(1 +p%)’7(p1,p2;p1,p2)>

¢ (Tf (1-A)(01 - A2)7(2)>2

6 Convergence to the infinite hierarchy

Theorem 6.1. Suppose that 1/)N is defined as in M) let 1/1Nt =e ZHN%/)N and denote by

VJ(v)t the k-particle marginal density associated with th Suppose that I'ng; = {%ot};pl €

@kZI C([0,T1,L}) is a limit point of FN,t = {”YN,t}kzl with respect to the product topology Tprod
defined in Section[2d Then T'oo s is a solution to the infinite hierarchy

’yéo?t U (t) —ibo Z/ dstU® (t — ) Try41 [5(%— — Thy1), ’yé]jﬁl)} (6.1)

with initial data "y( ) = = |p)(@|®*. Here UF)(t) denotes the free evolution of k particles defined

in (LI0).

Proof. Fix k > 1. Passing to an appropriate subsequence, we can assume that, for every J*) € Ky,

sup Tr J® (%(\]f)t vgz)t) -0 as N — o0. (6.2)
t€(0,T)

We will prove (G.I]) by testing the limit point against a certain class of observables, dense in K.
More precisely, it is enough to show that, for an arbitrary J*) € K, with [|J®)] < oo,

Tr J Py = Tr T ) ] > (6.3)
and
Te JWy P, = Tr JWU® ()7 ¢ —zbOZ/ dsTe JOU® (¢ — s) [5@ — pt1), 75)’;4;1)} .
(6.4)

Fix now J®) € K} such that ||J*)|| < oo (recall the definition of the norm [|.|| from (E3).
Eq. (63) follows immediately from ([6.2]). To prove (6.4), we use the BBGKY hierarchy (1),

rewritten in integral form as

Tr J0 5, = Tr J® 49 __Z/ ds Tr JPUB (& — 5)[N*V (N (z; — 7)), AN 4]

1<J

k t
-i(1- %) > [ as IO ¢ = )NV - ). 7).
j=1"0
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Since, by (6.2]), the term on the Lh.s. of (GH) and the first term on the r.h.s. of (@A) converge
to the term on the Lh.s. of (64) and, respectively, to the first term on the r.h.s. of ([€4]) (using
the assumption that [|J*)|| < oo), and since the second term on the r.h.s. of ([6.35) vanishes as
N — oo (by a simple computation similar to (£H)), it is enough to prove that the last term on
the r.h.s. of (G.5]) converges, as N — oo, to the last term on the r.h.s. of (64]). The contribution
proportional to k/N in the last term on the r.h.s. of (X)) can be shown to vanish as N — oo
(again, with an argument similar to [@H)). Moreover, the two terms arising from the commutator
can be handled similarly. Therefore, we have to prove that, for fixed T, k and J*),

sup
s<t<T

Tes MU (¢ = 5) (NPV (N (1) = 21 ALY = bod(a; =z &) | =0 (6.6)

as N — oo. To this end, we choose a probability measure h € L*(A) with h > 0 and [h =1, and
for arbitrary o > 0 we define h,(x) = a~2h(x/a). Then we observe that

TeJOUE) (1 — s) (NQﬁV(Nﬁ(xj — z)AN Y — bod(z; — ka)%ggD) ’

< ‘TY I, (N?PV (NP (2 — wr41)) — bod () — g1)) Ty s

+ bO‘TY I, (0 — wa41) = halwj — 2x41)) AN L (6.7)
=+ bo|Tr Js@t ho(z; — Tri1) (71(\?:1) - ”Ygf),tl)) ’

+ bO‘TY TE, (ha(aj — zpp1) — 0(aj — wppr)) 7 EED

where we introduced the notation Jt(k) = U ()J*). The first term on the r.h.s. of the last
equation converges to zero as N — oo, by Lemma [A2] and by the a-priori bounds (3.I1). The
second and fourth term on the r.h.s. of the last equation converge to zero, as a — 0, uniformly
in N (again by Lemma[A.2] once combined with (3I1]) and once with (G.I))). The third term on
the r.h.s. of the last equation converges to zero as N — oo, for every fixed a. Thus, taking first
the limit N — oo, and then letting o — 0, we obtain (6.6). To prove that the third term on the
r.h.s. of (67) converges to zero as N — oo, for every fixed a > 0, note that, for arbitrary € > 0,

T I, ha ;= wasa) (G017 = E0) |

k 1 ~(k
< |Te I, ho (2 — wpp1) ——— (”y](v,l’l) - v&’é,t”) ’ (6.8)

1+ 55k+1

Skl [~(k+1)
) he (2 — EDf+ ( ( _ (k+1)) ‘
+ ‘ S—t (J:] xk-{-l) 1+ ESk+1 ’YN,s Voo,s

The first term converges to zero, as N — oo by (6.2)), for every fixed ¢ > 0 (because the operator

Js(ﬁ)tha(fﬂj — 2p41)(1 + €Sky1) "1 is compact for every € > 0). The second term on the r.h.s. of
[E8) converges to zero as ¢ — 0, uniformly in N (making use of (311 and (51)). O

7 Uniqueness of the solution to the infinite hierarchy

7.1 The case A = R?
In this subsection we assume that A = R2.

Theorem 7.1. Fiz o > 1/2, T > 0 and I = {y®}1>1 € @ LL. There exists at most one
solution 'y = {%(k)}kzl € @y>1 C([0,T], L) to the infinite hierarchy

k t
W =U® ()P —iby 3 / dsUP) (t — §)Bj pyry Y (7.1)
=170
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with I'i—g = I' and such that

HS (k) g k+w§k+1)‘

L2(R2k xR2k) —

for all k > 1. Here the map B;;, B4 for j=1,...,k has been defined in (I.13), the free evolution
&) (t) in (TI0), and S*) = H (1=A, )O‘/Q(I—AIQ)O‘/Q.

A solution to ([TI]) can be expanded in a Duhamel type series

k k
”Yt():u( ()+Zﬁmt+§nt (7.2)
where
ftm =1 Sm—1
nffh = Z Z / dsy .. / dsmu(k)(t — Sl)thkHu(kﬂ)(Sl — ).
e (7.3)
X B gl T () )
and
k k+n—1 o
5 k Z Z / dsi .. / ds, U® (t — Sl)le,k+1U(k+l)(81 — ). Bam,k+m7§f+")
Ji=1 Jn=1 0
(7.4)

To prove the uniqueness of the solution it is enough to show that the error term §(k) (all other

terms 77( ) only depend on the initial data) converges to zero, as the order n of the expansion tends
to 1nﬁn1ty, for small but fixed time ¢ > 0 (uniqueness for all times follows then by repeating the
argument). To this end, we follow the technique developed, in the three dimensional setting, by
Klainerman and Machedon; see [2I]. This method relies on two ingredients; the first ingredient
is an expansion of the error term (T4]) in a sum of less than C™ contributions, obtained by
an appropriate recombination of the terms associated with different indices ji,...,7, in (Z4)
(originally, the sums over ji,...,j, involve factorially many summands). This reorganization of
the terms in (Z4) was first introduced in [I0], and can be interpreted as an expansion in Feynman
diagrams. The second ingredient, which was the main novelty of [21], is a space-time estimate,
which is then applied recursively to show that all the terms in the expansion are bounded. The
expansion used by Klainerman and Machedon (see Section 3 of [21], or the diagrammatic expansion
developed in [10], Section 9) can be used with no changes also in the two-dimensional setting we
are considering here. Therefore, to complete the proof of Theorem [[Il we only have to show
the following proposition, which replaces, in the argument of Klainerman and Machedon, the
space-time estimate given by [21I] Theorem 1.3].

Proposition 7.2. Let S*) = H?Zl(l —Ag,)*%(1 —ACE;)O‘/2 and let UF) (t) be the free evolution
of k-particle defined in (I.I0). Then, for every a > 1/2 and for every j = 1,...,k, we have

Hs(k,a)Bjkau(kH) (th(ml) ‘ (7.5)

<C HS(kJrl a (k+1)‘

L2 (RxR2F xR2%) L2(R2k x R2F) ’

Remark. Note that in [21], the operator S**) is replaced by R*) = H?:l |V, ||V, but
this difference does not affect the rest of the argument. In the two-dimensional setting, the proof
of the uniqueness is clearly simpler than in the three dimensional setting because the singularity
of the delta-function is less critical.
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Proof. We can apply the same ideas used by Klainerman and Machedon. We set j = 1, and note
that, in Fourier space,

(S By e U0 ()74 ) (7 pis o)

=[Ja+p)*?0+ (pg-)?)m/dqdq’ S(r+ Pl + Ipr — g+ 1> = Iprl* = 1d'1?)
j=1
x YED (1 — g+ ¢ pay o Pl DY Dl )
(7.6)

Therefore
HS(k,a)Bj pp U D () (D) ’

L2 (RxR2k xR2k)
— [ ardpuapt,| [ dadd o6 +paf + lpr -+ P~ 94~ 0 P)

k
2
< [T+ + @))% D (01 — g+ ¢ 2, s G P - DR 0)

Jj=1
(7.7)
With a weighted Schwarz inequality, we obtain
(k) 12 (k+1) ()~ (1)
HS Bjpntd &)y ‘ L2( RxR2k R2k)
1 2 _ N2 el 12 (]2
(1+(p1 —q+ ")) (1+ @)1+ (¢)%)
< ([ dadd 55+ Ipul? + o1~ a+ ' = 0GP = I )
k k
x (14 (1 — g+ )M+ + (@) [[a+p) [T+ ))?
j=2 j=1
x Y (01— g+ ¢ 2Dk DY - ,pﬁwq’)lz)
< Hs(k-i-l,a),y(k-i-l)‘
- L2(R2k x R2k)
14+02)28 2 _ N2 1l 12 (2
% sup /dqd p (L4 p1)* (7 + [P /+2|111 q+2qa| |pk/|2 alq %)
7.p4.P} 1+ (1—q+¢))0+¢)*1+(¢)?)
(7.8)
and the proposition follows from Lemma [7.3 O

Lemma 7.3. For all @ > 1/2, we have

(1+p))e6(r+lp+a—d*+q*-1d?)
I = sup/ dgdg’ < 00. 7.9
I (N R oy ey G ey (79)

Proof. From
A+p)* <A+ p+a-d))"+ 0+ + 1+ ()"
and using the invariance of the integral with respect to the shift ¢ — p + ¢ — ¢’, we obtain
1
(1+¢*)*(1+(¢)?)*
1 (7.10)
1+¢*)*(1+(¢))"

I< 2sup/ dgdq' 5 (r+Ip+q—¢|? + lal> = |d?)
R2 xR2

+sup/ dgdq' S (t—[p+q—d)*+a* +|d')
R2 xRR2 (

=L+1D

17



To bound the first term on the r.h.s., we fix ¢ and rotate ¢’ = (¢, ¢) so that ¢'- (p+q) = ¢||p+ql.
Then

T+p+e—d)V+ - @)V =1+0@+0’+ - 2p+dda

and
e 1
I = sup/ dg; =
|p+q|1+q) / 7—+(+)2+2 2
L () + (T
/ /oo ad, (7.11)
> SUP 12\
Ip+tJ|1+Q) —0o (14(92)?)
because
up [l oot [
up [ ————————— <0 n — <
pe2) [P —q|(1+¢*)* Coo (1 +22)
for all & > 1/2. The second term on the r.h.s. of (ZI0) can be bounded similarly. O

7.2 The case A = [-L, L]*?

Theorem 7.4. Fira >1/2,T > 0, and consider initial data T' = {y*)};>, € @ Li. Then there
exists at most one solution I'y = {% }k>1 € @y>1 C([0,T], L) of the infinite (Gross-Pitaevskii)
hierarchy on the domain A = [—L, L]*?:

=U®(t) —zboz / dstU®) (t — 5)Bj 1y (7.12)

with I'i—g = I and such that

HS(k,a B; k+1”Ysk+1) ’

L2(AkxAR) —

for all k > 1. Here the map Bj 41, for j =1,...,k, is the collision operator defined in (I12),
the free evolution UF) (t) in (TI0), and SH*) = H?Zl(l — A1 - Az;)o‘/z.

The proof follows the general outline of Klainerman and Machedon’s in [2I]. The main novelty
is the use of some number-theoretic estimates, like the Gauss lemma [4 19, 20], that were first
used in a PDE context in [5] (see also [7]). After a Duhamel expansion argument as in the previous
subsection, we need to show the following:

Proposition 7.5. Let I'y = {%gk)} = {UP) (t)y B} satisfy the homogeneous infinite hierarchy.
Then for every a > 1/2 and for every j =1,...,k, we have

1S5 B o ad B ()T Loy pr e ary < CIISEFLA BT o sty s pery,- (7.13)

Proof. Without loss of generality we set j = 1 (which will be suppressed in the sequel), and
A = [—1,1]*2. We also assume that o = 1, but one can easily see that the argument also works
as long as a > 1/2. We use the same initial approach as Klainerman and Machedon and observe
that, by Plancherel’s theorem, equation (T.I3)) is equivalent to:

IS DY) L2 myez e xzany < CUSEHDATETD L2 gorsny wgasn), (7.14)
where
n1 — N1 — Mgy e s DGy y)
Ll fl(r e, my) = ) Y 4( kil k1 (7.15)

Mgy MhH1 e S nk+1><nk+1><ni’c+1>
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and
6(...) =68(1+ |n1 — npgr — Ny |? + g 2 — na[? — nf ), (7.16)
and (n) := (14 |n|?)/2.
Then by Cauchy-Schwarz,

1L [f]? < Z Z o(- |f ny — Nk+1 — n;c+15"'1n;c+1)|2

Mgy Th+1
7.17)
(n1)” (
X a(.
2 2 e Pl PO
If the second factor on the right-hand side of (I is bounded, then:
TR [ 1172 o2 z2e ony < C° / SN0 F (= st — gy )T
nk+1 Nk+1 (7.18)
< || f -
Hence (I4) and the proposition follow from Lemma
O
Lemma 7.6. For all T € R and p € Z2,
S 2 2 ]2) ()2
S~ Brtlp—nmP P P, 719)

{p —n—m)*(n)*(m)?

n,meZ?
Proof. Since ([T.19) is not symmetric with respect to n and m, we consider the two cases, [n| < |m/|
and |n| 2 |m].
7.2.1 Case I: [n| < |m|
We decompose the sum in [C.19) as follows:

DTGl = )0 > D Sy = > Y #8S, (7.20)
n,mez? 1>5>0 |n|~27 |m|~21 i>5>0 |n|~2i
In|<|m|
where S; is defined to be, for fixed n:
Sp = Spirpi=1{ml~2":|p—n—m|*+n* — |m|* = —7}. (7.21)

In order to compute #5;, we fix mg € S; and count the number of ¢ € Z? such that mq+£ € S;.
By definition, two equations must be satisfied for mg and mgy + £ to be in S;:

—7=p—n—mo*+ |n|* — |mo|?, (7.22)
and

—7=[p—n—(mo+ 0>+ n*—|mo + £
=lp—n—mol> +|¢|* =2 (p —n—mg) + |nf?

7.23
—|m0|2—|€|2—2€-m0 ( )
= lp—n—mol* =2~ (p—n) +[n|* — Jmo*.
Subtracting the first equation from the second gives the following linear equation for ¢:
L-(p—n)=0. (7.24)
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The continuous counterpart of this equation is, for x = (z,y):

x-(p—n)=0.

(7.25)

And |mygl, |mo + £| ~ 2¢ imply that |[¢| < 2¢. Thus #5, is the number of lattice points on T' (the
line defined by (7.25))) inside D (the disc of radius 2! centered at the origin). (See Figure [Il)

#S) = #{} +1 <20

ol

Figure 1: The graph of T', a level set of the linear equation ([7.25)).

(7.26)

Case IA: If |n| < |m| < |p|, then |p—n —m| ~ |p|, and we can cancel (p)? with (p —n —m)?

and control the left-hand side of (ZI9]) by a convergent series as follows:

Be = 4) ()
> S
2 TP S 2 |mZ
In|<|m|<]p]|

S ID IR P

Jj= O\n|~2J 1=7+1

<ZZ 2221

Jj= 0\n|~2ﬂ i=j+1

> 1 1
22w

(7.27)

Case IB: If |p| < |n| < |m|, then we cancel (p)? with (n)? and estimate, for some small,
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positive e:

S(x * %) (p)? O (% * %)
2 P S 2 2 =P

p—n
[p|<In|<|m] <

(7.28)

We borrowed an € power of m in order to make the first (two-dimensional) sum converge, since
2+ ¢ > 2. The second sum is really one-dimensional due to the restriction, hence converges
because 2 — e > 1.

Subcase IC1: If |n| < |p| < |m| and |p — m| > |n|, then for some ¢ > 0:

O(x * *)(p)? (5 % %)
|n<<§§m| (p = n—m)*{n)*(m)* = Z Z
[p—m|>|n]|

SZZ p— m*;: (ny2te (7.29)

1 O (% * *)
S 2 G o s <

Again the first sum in the last step is two-dimensional; and the second is one-dimensional due to
the restriction. (To see this, one just needs to follow the argument presented above, replacing m
by p—m.)

Subcase IC2: If |n| < |p| < |m| and |p — m| < |nl, then we use the fact that (n)=27¢ <
{p —m)~2*¢ and proceed like the previous case:

S(x * *)(p)? ( % *)
|n<<§5ml (p—n—m)*(n)*(m)> ™ Z Z
[p—m|<|n|

SZZ ***2+8

e (7.30)
5;; p— m*z*: (n)2+e
1 O (% * *)
S 2 G 2 G <

Subcase IC3: If |n| < |p| < |m| and [p — m| ~ |n|, then we use the change of variables
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z :=m 4+ n in the third step below:

S(x * %) (p)? O (% * %)
e TP S 2 X T m
[p—m|~|n]

—22 n2—z—n2—|—7'
D I I

2 §=0 |n|~2) (7.31)
- 8(lp — 2> + [n[* — |z —n[> + 1)
sy >y Mol

z j=0 |n|~2i

oo

27
< Z _ Z 2+s ZO 2(2—¢)j
<Z —22+5 < oo.

For the fourth step, we used |p — z| = |p —n —m| < |[p —m| + |n| < 2|n| in order to take an (n)®
and combine it with (p — z)2. And for the penultimate step, we counted the number of n’s in the
support of this delta function (similar to the result for #S5; in (7.26)): approximately 27.

7.2.2 Case II: |n| 2 |m|
We decompose the sums from in the following way:

Z O (% * *) Z Z Zé*** Z Z#S’c,

n mGZQ J2i20 |m|~2% |n|~27 j2i2>0 |m|~2?
n|2m|
where _
Se=Smjrp={nl~2":p—n— m|2 + |n|2 - |m|2 =—7}. (7.32)

In order to compute #S., we fix an ng € S. and count the ¢ € Z2 such that ng + ¢ € S, also.
Because ng + £ € S, this equation must be satisfied:

—7=p—(no+ ) —m|* + ng + £|* — |m|?

=|p—no—m|*=20-(p—2n9 —m) + 2|£* + |no|® — |m|?. (7.33)
Then we subtract from this the equation that ngy must satisfy:
=7 = |p—no —mf* +[nof* — m|*.
We arrive at the following equation for ¢:
10> + £ (=p+2ng +m) = 0. (7.34)
Considering x € R? instead of £ € Z?, we examine f defined by:
Fx) =[x +x- (=p+2n9 +m). (7.35)

For fixed p, ng, m, the graph of f is a paraboloid, whose level sets contain the solutions of (Z34)),
i.e., the lattice points. We are interested in the level set of f at height 0, which is either empty or
a circle T satisfying the following equation (here we write x = (z,y) € R? and p—2ng—m = (a, b)

and complete the square):
2 2 2 2
a b a®+b
(o) (o) - a0

22




An example of T is depicted in Figure2] along with a disc D := D(0,27) centered at the origin
representing the allowed range of |¢|, which comes from the facts that |ng| ~ 27 ~ |ng + £|.

The goal is to count the number of lattice points £ on 7" and inside D. In examining different
combinations of the parameters involved (p,ng, m), there are two difficulties, which are handled
as in [7]. When [p| is small, T is contained in D, and we must count all of the lattice points on
T. This requires a number-theoretic estimate depending on the radius of T, from [4]. But this
estimate would blow up for |p| large (e.g., case IIA), so there we must use the fact that the arc of
T contained in D is relatively short and hence has only a few lattice points on it.

T

VAR

(@2, bl2)

Figure 2: For R large enough, the arc T'N D contains only 2 lattice points (Case ITA).

Case IIA: If |n| > |m| and |p| > 2%, then there are at most two lattice points on the arc
~:=T N D. The proof follows from Lemma 4.4 in [7] and requires v to satisfy:

Iy < RY3. (7.37)

To see that |p| = 2% is sufficient to obtain this bound, we use a small-angle approximation for
the left-hand side of (T37T) (the arclength is comparable to the diameter of D) to get:

| ~ 27 < |p|'/®
<lp—m— 2| (7.38)
~ Rl/?)'

Then we can compute:

B % #)(p)?
2 G n— P S 2 2 Gy

n,mez? i<J \m|~21
[n>[m|
Ip| 227

[e%S)

— (7.39)

= ZZ > g

§=0 =0 |m|~2i

Z

g 1

J
2j

A

< 0.

<.
I
o
[\

23



(a/2,b/2) X
R

Figure 3: For R small compared to 2/, T N D is the whole circle (Case I1IB).

Case IIB: If |n| > |m| and |p| < 237, then because p is small, the arc v is at least a large
arc (perhaps the whole circle, as depicted in FigureB)). So we bound the number of lattice points
above by the number of lattice points on the whole circle T', using the Gauss lemma (see also [4]):

#{0) < R = (|p—m — 2no[?)""?
< ((233')2)5/2 (7.40)
~ 23j6'

Subcase IIB1: If |p| > |n|, then we use |p —n —m| ~ |p| for the first step and (.40) for the
second:

3(x * *)(p)* #8S.
2 T m e S 2 2 T
239> |p|>|n|>|m|

i<j |m|~21 (741)

Subcase IIB2: If |p| < |n|, and if |p — n — m| 2 |m|, then we can do a change of variables,
z :=p—n —m, and we obtain the bound:

S(* * %) (p)? 5(n w %)
|n§m| {p —n —m)*(n)*(m)? & zn: ; (p—m — n)2(m)?
|P77‘lpf‘§r‘b|nz||m\ (7.42)
Oz +lp = m — 2> — m[> + 7) _#5.
- ; |mzf,:z {2)*(m)? . sz Imz~2i (z)2(m)?’
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where B B
Se=Smrrp =1z ~2" 2P+ p—m—z|> — |m|* = —7}. (7.43)

By using the same arguments as above we deduce that if [p| > 23* then we would obtain a bound
as in (Z39). On the other hand, in this case, |p| < 2%%, so we obtain

#gc 5 253k

which gives us an estimate similar to the one in ([Z39).
Subcase IIB3: If |p| < |n|, and if |[p — n —m| < |m/|, then we can do a change of variables
z :=n + m, and proceed:

S(x x %) (p)? 5x k)
ngm {p—n—m)*(n)*(m)? : zn: zm: (p—m —n)2(m)?

IpI<In
[p—n—m|<L|m]|

1p = 212 + |2 = mf? = |mf? + 7)
S22 o= 2 (m)? (7.44)

oy y ool s mP 4 )
Sl (p— 227 (m)?

1 o(...
S (p— z)2+e ) <m(>2)s < o0

m

In the last step, the sum in m is one-dimensional due to the restraint, and (p — z)=¢ > (m)~¢
allowed the borrowing to make the two-dimensional sum in z converge.

Case IIC: |n| ~ |m]

Subcase IIC1: If |n| ~ |m| < 2% < |p|, then we use the fact that |[p — n —m| ~ [p| and
cancel (p)? with (p —n —m)? to estimate like ITA:

8 # ) (p)? #S.
n,%ZQ <p - m>2<n>2<m>2 /S ; |mz~21 <n>2<m>2
In|~|m|

<Y % (7.45)

i~ |m|~27
o0

< Z 27% < 0.
1=0

Subcase IIC2: If |n| ~ |m| < |p| < 237, then we use |[p — n — m| ~ |p| for the initial
cancellation and use the full-circle bound on the number of lattice points, (7.40), like IIB:

5(x * %)(p)? 48,
n,gejzz (p = n —m)*n)*(m)* . ; Imz~2i (n)?(m)?
In|~|m]

23j5

52 Z 3o (7.46)

i~vg |m|~21

o 23ja

’S Z 22j )
j=0

Subcase IIC3: If |p| < |n| ~ |m|, then we cancel (p)? with (n)? and then use the change of
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variables z := n + m in order to bound it:

B % 1) (p)?
D e TR e
[n|~[m|

(1 +Ip—n—m[>+n* — |m[?)
<
DD D Dl e
i~j |m|~2t [n|~20 (747)
o(t + Ip — 2>+ |z —m[> — |m[?)
I Pl et
inj |ml~2i || <2
#S — 1
NZ Z 2 € N 21
=0

=0 |m|~ 21

Here we used the definition, which, we already noticed, defines a line segment:
S = Seirpi={lm|~2:|p—z> +|z —m|* — |m|* = -7},
This concludes the proof of (Z.19), which is the case k = 1; the proof for k > 1 is similar. O

A Sobolev and Poincaré type inequalities

The following lemma is a simple application of Sobolev inequalities.

Lemma A.1. For every 1 < p < oo there exists a constant C, such that

0, V()] = ' [asvilvor?

for every v € L2(A). Moreover

[, V(@1 = z2)¥)| < ClIV 1, (1= Aq) (1 = Az)e))
for all ¢ € L2(A x A,dx1das).

To compare the potential N2V (NPz) with the limiting é-function, we use the following
Poincaré type inequality.

Lemma A.2. Suppose that h € L*(A) is a probability measure such that [, da (1+z%)'/? h(z) <
oo; let ho(x) = a=2h(z/a). Then, for every 0 < k < 1, there exists C > 0 such that

< Cp||VHp<wa (1 - A)¢>

Tr J® (ho(x; — zs1) — 0(xj — 2p41)) Y5 | < Ca TP Tr | S;Sk41v T Spy 1 S;

for all non-negative y*+t1) ¢ Ellc+1

Proof. We prove the lemma in the case k = 1. For & > 1 the proof is analogous. We decompose
Y@ =37 Ajlp) (5] for @; € L2(A?), and for eigenvalues A; > 0. Then we have

Tr JM (ha(z1 — 22) — 6(21 — 22)) 7(2) - Z Aji{es J(l)(ha(xl — x2) = 0(z1 — 22))p5)

(A1)
- Z)\ (Y5, (ha(x1 — x2) — 021 — 22))05)

where we defined 1; = (J) ® 1)p;. Next, switching to Fourier space, we observe that
(¥js(ha(r1 — 22) — 6(21 — 22)) ;)
= /dpldpzdmd%dﬂc @(Plapz)@j (q1,q2) V(z) (eim'(m_ql) - 1) d(pr+p2—q1 —q2)
(A.2)
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and thus, taking absolute value, we have, for arbitrary 0 < x < 1,
]<wj,<ha<:c1 —x2) — (21 — 22))p5)

<a” (/ dz V(:E)Iébl“) /dpldp2dQIdQ2 1 — a1 |"10; (01, p2)||B; (a1, 42)[0(p1 + P2 — q1 — go)
(A.3)

Estimating |p1 — ¢1|" < |p1|"™ 4 |q1|™ we have to control two terms. We show how to control the
term containing |p1|* (the term with |g;|® can be bounded similarly):

/ dp1dpadardas |1 |71 (b1, p2) 1|35 (a1, 42)16(o1 + P2 — a1 — 2)

< /dpldp2le1dQQ d(p1+p2—a1 —q2)

(L+p) 21+ p3)' /2 -~ (1+g3) (1 +¢})'/?
(1+q2) / (1+q )1/2 |1/)J(p17p2)|( )(1 H)/2(14_ )1/2|@J(q17QQ)|

+p2)(1 +
< 5/dp1dp2dq1dq2 %
2 1

(1+¢3)(1+4q7)
(1+p})- >(1+

105 (p1, p2)?6(p1 + P2 — @1 — q2) (A.4)

+67! /dpldPdethZ )I% (q1,32)]*6(p1 + p2 — @1 — q2)

<¢J75152¢J>Sup/ (1 - ) )1+ ¢%)

1
(1+ (g —p)?)=9(1 4 p?)

+671 (gaj,Snggaj sup/ D

for arbitrary § > 0. Since

1
sup/dp =
geA (14 (g—p)?)3=(1+p?)

for all 0 < k < 1, from (AT) and [A3]) we obtain that

< 0

’Tr JM (ha(:vl — 29)—0(z1 — 9@))7(2)‘
< Ca” (5Tr JW 252 jMA~ @) 4 51Ty S125’22”y(2))
< Car (6TrSl_lJ(l)SfJ(l)Sl_l51527(2)5251 ot ﬂsfs%(?)) (A.5)
< Car (SIS D8 817D +671) TrsEs3y )
< Ca”||lJM | TrS7 57

where, in the last inequality we chose § = [|JM) |~ O
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