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Abstract

We lay down the foundations of the theory of Poisson vertex algebras aimed at its
applications to integrability of Hamiltonian partial differential equations. Such an equation
is called integrable if it can be included in an infinite hierarchy of compatible Hamiltonian
equations, which admit an infinite sequence of linearly independent integrals of motion in
involution. The construction of a hierarchy and its integrals of motion is achieved by making
use of the so called Lenard scheme. We find simple conditions which guarantee that the
scheme produces an infinite sequence of closed 1-forms w;, j € Z, of the variational complex
Q. If these forms are exact, i.e. w; are variational derivatives of some local functionals
f hj, then the latter are integrals of motion in involution of the hierarchy formed by the
corresponding Hamiltonian vector fields. We show that the complex € is exact, provided
that the algebra of functions V is “normal”; in particular, for arbitrary V), any closed form
in  becomes exact if we add to V a finite number of antiderivatives. We demonstrate
on the examples of the KAV, HD and CNW hierarchies how the Lenard scheme works.
We also discover a new integrable hierarchy, which we call the CNW hierarchy of HD type.
Developing the ideas of Dorfman, we extend the Lenard scheme to arbitrary Dirac structures,
and demonstrate its applicability on the examples of the NLS, pKdV and KN hierarchies.

Keywords and phrases: evolution equation, evolutionary vector field, local functional, integral
of motion, integrable hierarchy, normal algebra of differential functions, Lie conformal algebra, Poisson
vertex algebra, compatible A\-brackets, Lenard scheme, Beltrami A-bracket, variational derivative, Fréchet
derivative, variational complex, Dirac structure, compatible Dirac structures.
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0 Introduction.

An evolution equation is a system of partial differential equations of the form

du; .
(0.1) CZ = P(u,u’,u”,...), iel={1,....0} (¢ may be infinite) ,

where u; = w;(t,z) are functions on a l-dimensional manifold M, depending on time ¢ and
x € M, and P; are differentiable functions in u = (u;);es and a finite number of its derivatives

u = (8uz) "n__ (82ui)

— oz JieD — \0x2 Jier

One usually views w;, u;, u, ... as generators of the algebra of polynomials
(0.2) R=C[u"|icl,nez,],

equipped with the derivation 0, defined by 8(u(n)) = uE"H), n € Z,. An algebra of differential

i
functions V is an extension of the algebra R, endowed with commuting derivations ﬁ, 1€
Uy

I, n € Z,, extending the usual partial derivatives in R, and such that, given f € V), % =0
u;

for all but finitely many ¢ € I and n € Z. Then 0 extends to a derivation of V by

(0.3) o= u"Y 0

(n)
i€l neZy Ou,

An element of V/9V is called a local functional, and the image of f € V in V/9V is de-
noted by [ f, the reason being that in the variational calculus local functionals are of the form
f (W, u',...)dx, and taking V/9V provides the universal space for which integration by parts
holds. A local functional [ f is called an integral of motion of (0.1), or is said to be conserved
by the evolution equation (0.1), if its evolution in time along (0.1) is constant, namely

(0.4) /Z_J; ~0.

The element f, defined modulo OV, is then called a conserved density. By the chain rule,
equation (0.4) is equivalent to

(0.5) [Xp(f) =0,
where, for P = (P;);e; € VY, Xp is the following derivation of V:
n 0
(0.6) Xp=> (0 Pi)m-
nel 7
el

Note that [0, Xp] = 0. A derivation of the algebra V with this property is called an evolutionary
vector field. Tt is easy to see that all of these are of the form (0.6) for some P € V.

Here and further V¢ denotes the space of all £ x 1 column vectors with entries in V. Also,
VP will be used to denote the subspace of £ x 1 column vectors with only finitely many non-zero
entries. Though, in this paper we do not consider any example with infinite ¢, we still use this
distinction as a book-keeping device.



We have the usual pairing V¥ x V¢ — V, defined by F-P = > icr FiP;. Note that integrating
by parts transforms (0.5) to
of

9 op—0p
ou ’

of _ (of 0
where 5= (W)z‘el € Vo and

(0.7) o _ 5 (o2

5Ui neZy au(n)

is the variational derivative of f by w;.
Given a sequence of commuting evolutionary vector fields, i.e. a sequence P* € V!, n =

0,1,2,..., such that the corresponding evolutionary vector fields commute (compatibility con-
dition):
(0.8) [Xpm,Xpn] =0, foralm,neZy,

one considers a hierarchy of evolution equations

d
(0.9) dTu = P"(u,u',u",...), ne€Z,y,

where C‘l% = (j;‘; )ieI € V¥ and u; = u;(t1,ta,...). If the evolutionary vector fields Xpn, n € Z ,
span an infinite-dimensional vector space, then each of the equations of the hierarchy (0.9) (and

the whole hierarchy) is called integrable. For example, the hierarchy of linear evolution equations

du; ()
a, i

(0.10) iel,neZy,
is integrable. Note that the compatibility condition (0.8) can be equivalently expressed by the
following identities:

dpP™ dpPm c7
= —, mn .
dt, — dtm "
Note also that the problem of classification of integrable evolution equations is equivalent to the
problem of classification of maximal infinite-dimensional abelian subalgebras of the Lie algebra
of evolutionary vector fields.

Remark 0.1. The above setup can be generalized to the case of any finite-dimensional manifold
M, replacing 0 by partial derivatives 0; = ai and V/0V by V/ > .(0;V). However, we shall be

i
concerned only with the 1-dimensional case.

A special case of an evolution equation is a system of equations of the form

du oh
A1 — =H(0)—
(011) = HO)s
where H(9) = (Hij(u, v/, .. .; 8))2 e 18 an ¢ x ¢ matrix, whose entries are finite order differential

operators in 9 with coefficients in V, and [h € V/9V is a local functional (note that, since, in



view of (0.3), < 5u; 00 = 0for all i € I, the RHS is well defined). In this case one considers the
“local” bracket [FT] (1,7 €I):

(0.12) {ui(z),u;(y)} = Hji(u(y),u'(y),...;0,)0(x —y), z,yeM,

where 6(x — y) is the d-function: [, f(x)0(x —y)dx = f(y). This bracket extends, by the
Leibniz rule and bilinearity, to arbitrary f,g € V:

(013) U)o} = Y gf 7 a0 (o). )
= T

Using bilinearity and integration by parts, equation (0.13) suggests a way to define a bracket
on the space of local functionals V/0V. Indeed we have

Z// 5u2 5% ul($)’uj(y)}dxdy

{fA4f )dx fﬂ4g )dy}

i,J€1
_ / df(y)
- ge:[/ 5“) ),U (y)7 7ay) 5U2 dya

where, for the last identity, we performed integration by parts. Hence, given two local func-
tionals [f, [g € V/OV, we define their bracket associated to the operator H(d), as the local
functional

(0.14) {J1. ]9} —/Z adesog = [ 5 (H0)5).
i,j€l ‘

Likewise, given a local functional [ f € V/9V and a function g € V, we can define their bracket,
which will now be an element of V, by the formula

99 of
(0.15) {[f.9} = > o O Hjilu, s 0) <o
— Ou: Uj
i,jel j
nely

Of course, by integration by parts, we get that the brackets (0.14) and (0.15) are compatible in

the sense that
JU gy =AJ1 g}

We can then rewrite the evolution equation (0.11), using the above notation, in the Hamiltonian
form:

(0.16) % — {[h,u}.

Here and further, for u = (u;)ier € V*, {[h,u} stands for ({fh,ui})iej e V.

The bracket (0.13) is called a Poisson bracket if the bracket (0.14) on V/0V satisfies the
Lie algebra axioms (this is the basic integrability conditions of the evolution equation (0.11)).
The skew-commutativity of the bracket (0.14) simply means that the differential operator H(0)



is skew-adjoint. The Jacobi identity is more involved, but can be easily understood using the
language of A-brackets, which, we believe, greatly simplifies the theory. The idea is to apply
the Fourier transform F(z,y) — [,, dzeM*=Y) F(x,y) to both sides of (0.13). Denoting

{FWhra@)} = [, {f (), 9(y)}dx,
a straightforward calculation gives the following important formula [DK]:
9y of
(0'17) {f)xg} = Z (n )(8 +A)" {u28+)\u]}—>( a-=N" o (m)
ijel 3% ou,
m,nely
where {u;\u;} = Hj;(u, v, ...;\), and {u;94 \u;j}—. means that 0 is moved to the right.

In terms of the A-bracket (0.17), the bracket (0.14) on the space of local functionals V/9V
becomes

(0.18) {[f.J9} = [{hatoo-

Likewise the bracket (0.15) between a local functional [f € V/9V and a function g € V can be
expressed as

{ff>g} = {f)\gH)\:(]a

so that the evolution equation (0.11) becomes

(0.19) d“ = {hu}],_,-

It is easy to see that the A\-bracket (0.17) satisfies the following sesquilinearity properties

(0.20) {0fxg} = =M fagh, {1299} = (0 + N{fag},

and the following left and right Leibniz rules:

(0.21) {fagh} = {fagth + g{fan}, {forh} = {frxroht—g + {orroh}t— f
Furthermore, the skew-commutativity of the bracket (0.14) is equivalent to
(0.22) {Ngt =—{g-0-1S},

where now 0 is moved to the left, and the Jacobi identity is equivalent to
(0.23) {A{guh}} — {9 {fah}} = {{hgtrrph}-

A commutative associative unital differential algebra V), endowed with a A-bracket V@V —
C[A\] ® V, denoted by a ® b — {ayb}, is called a Poisson vertex algebra (PVA) if it satisfies all
the identities (0.20)—(0.23). If the A-bracket (0.17) defines a PVA structure on V, we say that
H(0) = (Hij(u,u’,...;(?))i’je[ in (0.12) is a Hamiltonian operator, and that equation (0.11)
(or, equivalently, (0.19)) is a system of Hamiltonian equations associated to the Hamiltonian
operator H(0).



It follows from (0.17) that

{fh,} = {h)\'}|)\:0 = XH(@)éh/(Su for fh € V/@V

It is easy to check that, provided that Jacobi identity (0.23) holds, the map [f — X H(8)Sf /6u
defines a homorphism of the Lie algebra V/9V of local functionals (with the bracket (0.18)) to
the Lie algebra of evolutionary vector fields. Recall that, by definition, a local functional [ f is
an integral of motion of the Hamiltonian equation (0.16) if

(0.24) [ 4 =Un s =o.

By the above observation this implies that the corresponding evolutionary vector fields X z7(9)5n/5u
and Xy (g)sf/5u commute:

(0.25) (X H(0)h/5u> XH(@)5/6u) = 0

In fact, we will see in Section 1.6, that in many cases this is a necessary and sufficient condition
for the commutativity relation (0.24).

The basic problem in the theory of Hamiltonian equations is to establish “integrability”.
A system of Hamiltonian equations du/dt = {[h,u} = H(d)6h/du, is said to be integrable
if, first, [h lies in an infinite-dimensional abelian subalgebra of the Lie algebra (V/0V,{, }),
in other words, if there exists an infinite sequence of linearly independent local functionals
[ho = [h, [h1, [he,--- € V/OV, commuting with respect to the Lie bracket (0.18) on V/9V,
and, second, if the evolutionary vector fields X H(p)%m SPaN an infinite-dimensional vector

space. By the above observations, if such a sequence f h,, exists, the corresponding Hamiltonian

equations
du ohy,
T {fhn,u} = H(a)—éu , ne€”Zy,

form a hierarchy of compatible Hamiltonian equations. Thus, if the center of the Lie algebra
V/0V with bracket (0.18) is finite-dimensional, then we get a hierarchy of integrable evolution
equations. (Note that the hierarchy (0.10) of all linear evolution equations is not Hamiltonian,
but its part with n odd is.)

The problem of classification of integrable Hamiltonian equations consists of two parts. The
first one is to classify all A-brackets on V, making it a PVA. The second one is to classify all
maximal infinite-dimensional abelian subalgebras in the Lie algebra V/0V with bracket (0.18).

What apparently complicates the problem is the possibility of having the same evolution
equation (0.19) in two different Hamiltonian forms:

(0.26) CCZZ_? = {Shyubolamg = {Jhoyuly ]y

where {- -}i, i = 0,1, are two linearly independent A-brackets on V and [h;, i = 0,1, are some
local functionals. However, this disadvantage happens to be the main source of integrability in
the Hamiltonian approach, as can be seen by utilizing the so called Lenard scheme [M], [O],
[D]. Under some mild conditions, this scheme works, provided that the two A-brackets form a
bi-Hamiltonian pair, meaning that any their linear combination makes V a PVA. Namely, the



scheme generates a sequence of local functionals [h,, n € Z,, extending the given first two
terms, such that for each n € Z we have

(0.27) {hnsryutolisg = {Shnyuby |y

In this case all f hyn, € V/OV,n € Z,, pairwise commute with respect to both brackets
{-,-}i, 7 = 0,1, on V/OV, and hence they are integrals of motion in involution for the evo-
lution equation (0.26).

In Section 2 we provide some conditions, which garantee that the Lenard scheme works. As
applications, we discuss in detail the example of the KdV and the dispersionless KdV hierarchies,
based on the Gardner-Faddeev-Zakharov and the Virasoro-Magri PVA. In particular, we prove
that the polynomials in » form a maximal abelian subspace of integrals of motion for the
dispersionless KdV, and derive from this that the infinite-dimensional space of integrals of
motion for the KAV hierarchy, obtained via the Lenard scheme, is maximal abelian as well. In
fact, due to the presence of a parameter in the Virasoro-Magri A-bracket (the central charge),
we have a triple of compatible A\-brackets. This allows one to choose another bi-Hamiltonian
pair, which leads to the so called HD integrable hierarchy, which we discuss as well. We also
discuss the example of the coupled non-linear wave (CNW) system of Ito, based on the PVA
corresponding to the Virasoro Lie algebra acting on functions on the circle. Here again, due to
the presence of a parameter in the A-brackets, we can make another choice of a bi-Hamiltonian
pair, leading us to a new hierarchy, which we call the CNW hierarchy of HD type.

Another important class of Hamiltonian equations is provided by symplectic operators. Let
S5(0) = (Sij(u, ;.. ';8))i,j61 be a matrix differential operator with finitely many non-zero
entries. The operator S(0) is called symplectic if it is skew-adjoint and it satisfies the following
analogue of the Jacobi identity (i,j,k € I):

(0.28) {wi x Ski () } p = {0 SN} + {95 (V) xppun}p = 0.

Here {- -} p is called the Beltrami A-bracket, which we define by {u;\u;} = 0;; and extended
to V®V — C[\| ® V using (0.20) and (0.21).

In the symplectic case there is again a Lie algebra bracket, similar to (0.18), but it is defined
only on the following subspace of V/9V of Hamiltonian functionals:

Fs = {ff(%esw)vf}.

It is given by the following formula (cf. (0.15)):

_ [ of _
(0.29) {[f, [a}s = /5u P, where 5 = S(Q)P.
Consider an evolution equation of the form
du
. — =P
(0.30) - p,

where P € V' is such that S(9)P = 2 for some [h € Fg. A local functional [f € Fg is
called an integral of motion of the evolution equation (0.30) if { [h, [ f}s = 0, and equation

8



(0.30) is called integrable if it admits infinitely many linearly independent commuting integrals
of motion [h,,n € Z, commuting with [h = [hg, and the corresponding evolutionary vector
fields Xpn commute and span an infinite-dimensional vector space. Thus, classification of
integrable Hamiltonian equations associated to the symplectic operator S(9) reduces to the
classification of infinite-dimensional maximal abelian subspaces of the Lie algebra Fg. Based
on the above definitions, the theory proceeds in the same way as in the Hamiltonian case,
including the Lenard scheme. Following Dorfman [D], we establis in Section 4 integrability of
the potential KAV equation and the Krichever-Novikov equation, using this scheme.

In fact, there is a more general setup, in terms of Dirac structures, introduced by Dorf-
man [D], which embraces both the Hamiltonian and the symplectic setup. A Dirac struc-
ture involves two matrix differential operators H(0) = (Hi-(u,u’,...;ﬁ))ijel and S(9) =

(Si'(u,u’, e ;8))2.’].61, and the corresponding Hamiltonian equations are of the form % = P,

where P € V! is such that

(0.31) S()P = H(@)g—z ,

for some [h € Fp g, the corresponding Lie algebra of Hamiltonian functionals, defined by

_ of
(0.32) Fus = {[fev/ov ( H(0)%- s@V'},
with the Lie algebra bracket
) )
(0.33) {[f. [9}s = % - P, where H(@)é = S(0)P.

Under a suitable integrability condition, expressed in terms of the so-called Courant-Dorfman
product, (0.33) is well defined and it satisfies the Lie algebra axioms.

We develop further the theory of the Lenard scheme for Dirac structures, initiated by
Dorfman [D], and, using this, complete the proof of integrability of the non-linear Schrodinger
system, sketched in [D].

Applying the Lenard scheme at the level of generality of an arbitrary algebra of differen-
tial functions V requires understanding of the exactness of the variational complex Q(V) =
@k€Z+ QF(V) at k = 0 and 1. We prove in Section 3 that, adding finitely many antiderivatives
to V, one can make any closed k-cocycle exact for any k > 1, and, after adding a constant, for
k = 0 (which seems to be a new result).

The contents of the paper is as follows. In Sections 1.1 and 1.2 we introduce the notion
of an algebra V of differential functions and its normality property. The main results here are
Propositions 1.5 and 1.9. They provide for a normal V (in fact any V after adding a finite
number of antiderivatives) algorithms for computing, for a given f € V such that g—i = 0,
an element g € V such that f = dg+const., and for a given F € V®¢ which is closed, i.e.
such that Dp(0) = D}.(0), where Dp(0) is the Fréchet derivative (defined in Section 1.2), an
element f € V such that g—i = F. These results are important for the proof of integrability of
Hamiltonian equations, discussed in Sections 2 and 4.

In Sections 1.3 and 1.7 we give several equivalent definitions of a Poisson vertex algebra
(PVA) and we explain how to introduce a structure of a PVA in an algebra V of differential



functions or its quotient (Theorems 1.15 and 1.21, Propositions 1.16 and 1.37). In particular,
we show that an equivalent notion is that of a Hamiltonian operator. In Section 1.5 we show
how to construct Hamiltonian equations and their integrals of motion in the PVA language. In
Section 1.6 we explain how to compute the center of a PVA. In Section 1.4 we introduce the
Beltrami A-bracket (which, unlike the Poisson A-bracket, is commutative, rather than skew-
commutative), and interpret the basic operators of the variational calculus, like the variational
derivative and the Fréchet derivative, in terms of this A-bracket. Other applications of the
Beltrami A-bracket appear in Section 3.

In Section 2.1 we introduce the notion of compatible PVA structures on an algebra V of
differential functions and develop in this language the well-known Lenard scheme of integrability
of Hamiltonian evolution equations [M], [O], [D]. The new results here are Propositions 2.9,
2.10 and 2.13, and Corollary 2.12, which provide sufficient conditions for the Lenard scheme to
work.

In Section 2.2, using the Lenard scheme, we discuss in detail the integrability of the KdV
hierarchy, which includes the classical KdV equation
2—1; = 3uv +cu”, ceC.

The new result here is Theorem 2.15 on the maximality of the sequence of integrals of motion of
the KAV hierarchy. We discuss the integrability of the HD hierarchy, which includes the Harry
Dim equation

%%:a%mﬂ%+ammﬂﬁ,aec,
in Section 2.3, and that of the CNW hierarchy, which includes the CNW system of Ito (¢ € C):
{ &= ey + 3uu + oo
@ = Y(w) ’

in Section 2.4. In Section 2.5 we prove integrability of the CNW hierarchy of HD type, which
seems to be new. The simplest non-trivial equation of this hierarchy is (¢ € C):

{ U= 9(1) +co*(L)

i = —0(%)

In Sections 3.1 and 3.2 we introduce, following Gelfand and Dorfman [GD2], the variational
complex Q(V) as the reduction of the de Rham g-complex Q(V) by the action of 9, i.e. Q(V) =
Q(V)/0Q(V). Our main new result on exactness of the complexes (V) and Q(V) provided
that V is normal, is Theorem 3.2, proved in Section 3.3. Another version of the exactness
theorem, which is Theorem 3.5, is well known (see e.g. [D], [Di]). However it is not always
applicable, whereas Theorem 3.2 works for any V, provided that we add to V a finite number
of antiderivatives.

In Sections 3.4 and 3.5, following [DSK], we link the variational complex (V) to the Lie
conformal algebra cohomology, developed in [BKV], via the Beltrami A-bracket, which leads
to an explicit construction of (V). As an application, we give a classification of symplectic
differential operators and find simple formulas for the well-known Sokolov and Dorfman sym-
plectic operators [S], [D], [W]. In Section 3.6 we explore an alternative way of understanding

10



the variational complex, via the projection operators Py of QF onto a subspace complementary
to OOk,

In Sections 4.1-4.3 we define the Dirac structures and the corresponding evolution equations.
In Sections 4.4 and 4.5 we introduce the notion of compatible Dirac structures and discuss the
corresponding Lenard scheme of integrability. The exposition of these sections follows closely
the book of Dorfman [D], except for Proposition 4.16 and Corollary 4.17, guaranteeing that the
Lenard scheme works, which seem to be new results.

In Section 4.6 we prove integrability of the non-linear Schrodinger (NLS) system

g—? = v+ 2v(u? +0v?)
h —u" = 2u(u® +v?)

using a compatible pair of Dirac structures and the results of Section 4.5.

In Section 4.7 we prove that the graph of a Hamiltonian differential operator is a Dirac
structure (see Theorem 4.21), and a similar result on the bi-Hamltonian structure vs. a pair of
compatible Dirac structures (see Proposition 4.24), which allows us to derive the key property
of a bi-Hamiltonian structure, stated in Theorem 2.7 in Section 2.1.

Likewise, in Section 4.8 we relate the symplectic differential operators to Dirac structures
and prove Dorfman’s criteria of compatibility of a pair of symplectic operators [D]. In Sections
4.9 and 4.10 we derive the integrability of the potential KdV equation (¢ € C)

du

E — 3(?/6/)2_’_0,1///7

and of the Krichiver-Nivikov equation

du 4 3 (u")?
a - T2 W

The latter uses the compatibility of the Sokolov and Dorfman symplectic operators.

In this paper we are considering only the translation invariant case, when functions f € V
do not depend explicitly on . The general case amounts to adding a% in the definition (0.3)
of 0.

Many important integrable hierarchies, like the KP, the Toda lattice, and the Drinfeld-
Sokolov, are not treated in this paper. We are planning to fill in these gaps in future publications.

1 Poisson vertex algebras and Hamiltonian operators.

1.1 Algebras of differential functions. By a differential algebra we shall mean a unital
commutative associative algebra over C with a derivation 0. Recall that 01 = 0. One of the
most important examples is the algebra of differential polynomials in ¢ variables

R=Cu™|ic{l, . }=IneZ,],

(n—l—l)

where 0 is the derivation of the algebra R, defined by 8(u§n)) =u

Definition 1.1. An algebra of differential functions V in a set of variables {u;};er is an ex-
tension of the algebra of polynomials R = (C[ul(n) |i € I,n € Z], endowed with linear maps

11



9
8ul(-n)
V), extending the usual partial derivatives in R, and such that, given f € V), ﬁ f =0 for all

I

: V=V, for all i € [ and n € Z,, which are commuting derivations of the product in

but finitely many ¢ € I and n € Z,. Unless otherwise specified, we shall assume that V is an
integral domain.

Typical examples of algebras of differential functions that we will consider are: the algebra
of differential polynomials itself, R = (C[uz(-n) |i € I,n € Z4], any localization of it by some
element f € R, or, more generally, by some multiplicative subset S C R, such as the whole field
of fractions @ = (C(ul(") |i € I,n € Zy), or any algebraic extension of the algebra R or of the
field @ obtained by adding a solution of certain polynomial equation. An example of the latter
type, which we will consider in Section 2.3, is V = C[\/ﬂil,u’,u”, ...], obtained by starting
from the algebra of differential polynomials R = C[u™ |n € Z,], adding the square root of the
element u, and localizing by +/u.

On any algebra of differential functions ¥V we have a well defined derivation 0 : V — V,
extending the usual derivation of R (defined above), given by

(1.1) o=Y  u"v 0

(n)
iel,nely du,

Moreover we have the usual commutation rule

(1.2) [aui”)’a] - au;—” ,

where the RHS is considered to be zero if n = 0. These commutation relations imply the
following lemma, which will be used throughout the paper.

Lemma 1.2. Let Di(2) = 3_,c7, z"ﬁ. Then for every h(\) = SN _ b A" € CIN| @V and
f €V the following identity holds:

(1.3) Di(2)(h(0)f) = (Di(2)(1(9))) f + h(z + 0)(Di(2) ) ,

where D;(z) (h(@)) is the differential operator obtained by applying D;(z) to the coefficients of
h(0).

Proof. In the case h(\) = A, equation (1.3) means (1.2). It follows that
Di(2) 00" = (24 0)" 0o Di(z) forevery neZ,.
The general case follows. O

As before, we denote by V¥ C V" the subspace of all ' = (F});e; with finitely many
non-zero entries (r may be infinite), and introduce a pairing V" x V" — V /9

(1.4) (P,F) — [P-F,

where, as before, [ denotes the canonical map V — V/9V.

12



Recall the definition (0.7) of the variational derivative 2 50 V= V@, Tt follows immediately
from (1.2) that

(1.5) %oa_o iel,

i.e. JV C Ker %. In fact, we are going to prove that, under some assumptions on )V, apart
from constant functions, there is nothing else in Ker %.
First, we make some preliminary observations. Given f eV, we say that it has differential

order n, and we write ord (f) = n, if af (m) =0 for all j € I and

m > n. In other words, the space of functlons of differential order at most n is

0
(1.6) V, = {feV‘—f:OforalljeI,m>n}.
8u§m)
Clearly ord (f) = n if and only if f € V,,\V,—1. We also denote by C C V the space of constant
functions f, namely such that - y =0 for all 2 € I and m € Z,, or, equivalently, such that

( m

Jdf = 0 (this equivalence is 1mmed1ate by (1.1)). We will also let C(u;) C Vy the subspace of
functions f depending only on wu;, namely such that ST = =0 unless j =4 and n = 0.

J
We can refine filtration (1.6) as follows. For ¢ € [ and n € Z, we let

of

(1.7) Vi = n | — =
{ 8u§. n)

—Ofora11j>z} C V.

In particular, V, ; = V,. We also let V,, g = V,_1 forn > 1, and Vpo = C.
It is clear by the definition (1.1) of O that if f = dg # 0 and g € V,,;\Vni—1, then
f € Vnt1,i\Vn+1,i-1, and in fact f has the form

(1.8) f= 3 hyu 3o
7<i 7>t
where h; € V,,; for all j € I, r € V,,;, and h; # 0. In particular, it immediately follows that

(1.9) cnoy = 0.

Proposition 1.3. (a) The pairing (1.4) is non-degenerate, namely [P -F = 0 for every
F e V¥ if and only if P = 0.

(b) Moreover, let I be an ideal of V" containing a non-zero element F which is not a zero
divisor. If [P-F =0 for every F in the ideal I, then P = 0.

Proof. We can assume, without loss of generality, that » = 1. Suppose that P # 0 is such that
[P-F =0 for every F € V. In this case, letting F' = 1, we have that P € 9V has the form

(1.8). But then it is easy to see that ugnH)P does not have this form, so that fugnH)P # 0.
This proves (a). The argument for (b) is the same, by replacing P by PF. O

13



We let g be the Lie algebra of all derivations of V of the form

(1.10) X= > hm n, hin €V.

i€l neZ i

By (1.1), 9 is an element of g, and we denote by g the centralizer of 9 in g. Elements X € g?

are called evolutionary vector fields. For X € g? we have X(ul(")) = X(0"u;) = 0" X (u;), so

that X =3"c/ ez, X(ul(-n))8 ?n) is completely determined by its values X (u;) = P;, i € I. We
b /LLZ

thus have a vector space isomorphism V¢ ~ g2 given by
0
14 _ ) _ . 0
(1.11) Vis P = (P,)Z.QHXP—' > (3"H)W€g :
i€l neZq i

The ¢-tuple P is called the characteristic of the evolutionary vector field Xp.

1.2 Normal algebras of differential functions.

Definition 1.4. We call an algebra of differential functions normal if o (n) (V ) =V, for all

i€I,n€Zy. Given f € V,;, we denote by [ du f € V,,; a preimage of f under the map

9 _ This antiderivative is defined up to adding elements from V,, ;1.
6uz(-n ’

Clearly any algebra of differential functions can be embedded in a normal one.

We will discuss in Section 3 the exactness of the variational complex 2. In this language,
Propositions 1.5 and 1.9 below provide algorithms to find, for a “closed” element in V, a
preimage of 9 (up to adding a constant), and, for a “closed” element in Q', a preimage of %.

Proposition 1.5. Let V be a normal algebra of differential functions. Then
0

1.12 Ker — = .

(1.12) er = Co oV

In fact, given f € V,; such that =0, we have » (n) € Vp—1,4, and letting

In—14 = /duE"‘”i €Vn—1i,
3 8u§n) 3

we have f — Ogn—1; € Vpi—1. This allows one to compute an element g € V such that f =
0g+const. by induction on the pair (n,i) in the lexicographic order.

Proof. Equality (1.12) is a special case of exactness of the variational complex, which will be
established in Theorem 3.2. Hence if f € Ker 6 N Vi, we have f = 0g+c for some g € Vy,—1;
and ¢ € C. By equation (1.8), » (n) € V1, for every ¢ € I. The rest immediately follows by

the definition (1.1) of 0. O

Ezample 1.6. In general (1.12) does not hold. For example, in the non-normal algebra V =
Clu®!, o/, u”,...] the element L is in Ker %, but not in 9V. But in a normal extension of V
this element can be written as Jlog u.

14



In order to state the next proposition we need to introduce the Fréchet derivative.

Definition 1.7. The Fréchet derivative Dy of f € V is defined as the following differential
operator from V¢ to V:

0
DiOP = Xp(f) = Y Lo,
iel,neZ u;

One can think of D;(0)P as the differential of the function f(u) in the usual sense, that is,
up to higher order in P,

fut P~y S AWpe _pa)p,

(n)
jeInez, du,

hence the name Fréchet derivative.
More generally, for any collection F' = (f,)aca of elements of V (where A is an index set),
the corresponding Fréchet derivative is the map Dp : V¢ — VA given by

(1.13) (Dr(P))a = Dy, (O)P (= Xp(fa)), a € A.

Its adjoint with respect to the pairing (1.4) is the linear map D},(9) : V&AL P given by

(1.14) (Dp@)G), = 3 (—a)"(aFa Ga) . i€l

(n)
acA, nel 8“1

On the other hand, if F has only finitely many non-zero entries, namely F € V&A ¢ VA it is
clear from the definition (1.14) that D7}, can be extended to a map YA = V& In particular,
for I € V¥, both Dp(9) and D% (0) are maps from V¢ to V¢,

The following lemma will be useful in computations with Fréchet derivatives.

Lemma 1.8. (a) Both the Fréchet deriwative Dp(0) and the adjoint operator D7}.(0) are
linear in F € VA

(b) Let M be an Ax B matriz with entries in V. We have, for F' € VB, G € V¥4 and P € V",

Dup(d)P = F3(Du,s(0)P) + > Mag(Dr, (9)P)
BeEB BeB
= (Dm(9)P) - F+ M - (Dp(9)P) ,

and
Diyp(@G= > D (0)(FsGa)+ Y Di,(0)(MapGa)
acA,BeB acA,BEB
= D3(0)(G" ® F) + Dy(0)(G"M) .
(c) Let F € VA G € VA and P € V'. We have

Dop(0)P = d(Dr(0)P) , Djr(9)G = ~Dp(9)(0G)
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Proof. Part (a) is obvious. For part (b) the first equation follows immediately from the definition
(1.13) of the Fréchet derivative, while the second equation can be derived taking the adjoint
operator. Part (c) can be easily proved using equation (1.2). O

We have the following formula for the commutator of evolutionary vector fields in terms of
Fréchet derivatives:

(1.15) [(Xp, Xl = Xpg@)P-Dp0)Q-

Elements of the form % € V¥ are called ezact. An element F € V& is called closed if its
Fréchet derivative is a self-adjoint differential operator:

(1.16) D3(9) = Dp(d).

It is well known and not hard to check, applying Lemma 1.2 twice, that any exact element in
V& is closed:

(1.17) D3, (0) = Dg_f(a) for every [f e V/OV.

If V is normal, the converse holds. In fact, the next proposition provides an algorithm for
constructing f € V such that 6f = F, provided that F'is closed, by induction on the following
filtration of V¥¢. Given a trlple (n, i,7) withn € Z, and i,j € I, the subspace (V@Z) i; C Yot

n,e,

consists of elements F € V¢ such that Fj, € Vn,i for every k € I and j is the maximal index

such that Fj € V,, \V,,i—1. We also let (V) = (V¥ and (V) = (V¥

nvovj n—1 Z .7 n,z,O n,i—l,Z’

Proposition 1.9. Let V be a normal algebra of differential functions. Then F € V¢ is closed
if and only if it is exact, i.e. F = g—]ur for some f € V. In fact, if F € (VW)”” 1s closed, then
there are two cases: -

(a) if n is even, we have j < i and o ) € V2,5, and letting

n n/2) OF;
(1.18) Frag = (—1)2 / dul™/? / au™? au(j € Vojais

n)

we have F — —6f§j’j € (VW)

77/72'7]-—1’

(b) if n is odd, we have j < i cmd (n) € Vin-1)/2,i> and letting

n n n— OF;;
(1.19) frig = (-1 )( +1)/2/du§( R /duz('( 2 au(i) € Vint1)/25 >

7

Ofn.ig ol
we have F — 221 € (Y )n,z’,j—l'

(Note that fr;; in (1.18) is defined up to adding an arbitrary element g € Vij2,i such that
% € Vnj2,j—1, and similarly for fn;; in (1.19).) Equations (1.18) and (1.19) allow one
to compute an element f € V such that F = g—i by induction on the triple (n,i,j) in the
lexicographic order.
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Proof. The first statement of the proposition is a special case of the exactness of the complex
of variational calculus, which will be established in Theorem 3.2. Hence there exists f € V,
defined up to adding elements from 9V, such that F' = %~

Lemma 1.10. (a) Up to adding elements from OV, f can be chosen such that f € Vi, p\Vim k-1
and %}?) € Vi k\Vim—1 for some m € Zy and k € I.

(b) If f is chosen as in part (a), let (n,i,j) be the maximal triple (with respect to the lexico-
graphic order) such that

0% f

(1.20) PPN
i j

# 0 for somepeZ, .

Then, there are two possibilities:

A n=2m,j<i<k;
B.n=2m-1i>j=k.

In both cases the only p € Z for which (1.20) holds is p = m.

(c) G (VEBZ)MJ.\(V@Z)MJ._P where (n,i,j) is as in (b).

Proof. For (a) it suffices to notice that, if f € V,;, x\Vm k1 is such that ) € V-1, then

m—1) O
f—@/du,(c 2 é};) € V-1,
Ouy,

and after finitely many such steps we arrive at the f that we want.

Let (n,i,7) be as in (b). Notice that, since condition (1.20) is symmetric in ¢ and j, we
necessarily have i > j. Since f € Vy, 1, it is clear that (n,4,j) < (2m,k, k). Moreover, since, by
(a), o (m) € Vi k\Vm—1, it easily follows that (n,7,7) > (2m — 1,k + 1, k) in the lexicographic

order. These two inequalities immediately imply that either A. or B. occurs. In order to prove
(c) we consider the two cases A. and B. separately. In case A. condition (1.20) exactly means

that:

1. o

. Bu;:”) € Vim,i—1 for every h > j, so that 5 - € Vom,i—1;

2. aua({n) € Vm Z\le 1, SO that G Vom Z\VQmZ 1;
J

3. 85;{,1) € Vi for every h < j, so that % € Vom,i-
By definition, the above conditions imply that g—]ur € (VW) i Case B. is treated in a similar
way. ]
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Returning to the proof of Proposition 1.9, let ' = g—i, where f € V is chosen as in Lemma
1.10(a). We then have

8u(-n) a au("’ % a 8u(-n) < ) 8u(-m) +(=9) 8u(-m_1) o > =1 8u(-n_m)8u(-m) ’
7 7 7 9 7 7 J

where, for the last equality, we used the commutation relation (1.2) and Lemma 1.10(b)-(c).
The rest follows easily. O

In Section 3 we shall prove exactness of the whole complex € in two different contexts.
First, under the assumption that ) is normal, and second, under an assumption involving the
degree evolutionary vector field:

(121) A= wsh

1<i<e
nely

for which we are going to need the following commutation rules:

9 o 9 5
PO R S W R Pl R

K3 K3

(1.22) IA = AD,

Using this, one finds a simpler formula (if applicable) for the preimages of the variational
derivative, given by the following well-known result.

Proposition 1.11. Let V be an algebra of differential functions and suppose that F € VO is
closed, namely (1.16) holds. Then, if f € A~ (u - F), we have

(1.23) %—FieKer(A—kl),forallieI,

where u- F =3 . 1 u F.

Proof. We have, for i € I,

SF) = Y CswE) =R Y (o ()

ou; (n)
! jelneZy du,

= F+ > (n)ﬁnuj:(A+1)E.

In the third equality we used the assumption that F' is closed, i.e. it satisfies (1.16), while in
the last equality we used definition (1.21) of the degree evolutionary vector field. If we then
substitute u - F' = Af in the LHS and use the last equation in (1.22), we immediately get
(1.23). O

Ezample 1.12. Consider the closed element ' = (uj, —uf, —u}) € R3 5 ,, where R is the algebra
of differential polynomials in g, ug, us. Since Ker (A + 1) =0 in R, we can apply Proposition
1.11 to find that f = A~ (uyul — uguly — ugu}) = 3 (uruly — uguly — ugu}) satisfies F = 2L,

18



On the other hand, consider the localization V by wuy4 of the algebra of differential polynomials
in ui, ug, us, uy and the following closed element F € (V4)272,2:

-2,/ =3,/ ../ =2, 1 -3 / -2,/ -3 / —=3(,/\2
Fy =g uy, Fo =2uyuyuy —uy “uy , Fy = 2uy "uiuy —uy “uy, Fiy = —uy"uiug —uy”(uy)?) .

In this case A(u - F) = 0, hence formula (1.23) is not applicable, but we still can use the

algorithm provided by Proposition 1.9, to find f = fa22 + f1,4,3, where fa29 = %uzl(ué)Q and

—2 /
fia3 = uy “ujus.

1.3 Poisson vertex algebras.

Definition 1.13. Let V be a C[0]-module. A A\-bracket on V is a C-linear map V@V — C[\|®V,
denoted by f ® g — {frg}, which is sesquilinear, namely one has (f,g,h € V)

(1.24) {0fag} = =M g}, {09} = (0 + M{fag}-

If, moreover, V is a commutative associative unital differential algebra with a derivation 0, a
A-bracket on V is defined to obey, in addition, the left Leibniz rule

(1.25) {fragh} = {frgth +{fah}g,

and the right Leibniz rule

(1.26) {forn} = {faroht—g +{grroh}—f -

One writes {fag} = Zne& %( fn)9), where the C-bilinear products f,)g are called the
n-th products on V (n € Z, ), and f(,,)g = 0 for n sufficiently large. In (1.26) and further
on, the arrow on the right means that A\ + 9 should be moved to the right (for example,

A40)™
{rroh}=9 = Tz, (Fuh) “5g).
An important property of a A-bracket {. .} is commutativity (resp. skew-commutativity):

(1.27) {onf} = Af-a-ag} (resp. = —{f-r-ag})-

Here and further the arrow on the left means that —\ — 0 is moved to the left, i.e. {f_\_g9} =
Zn€Z+ %(f(n)g) = eaﬁ{f_Ag}. In case there is no arrow, it is assumed to be to the left.

Another important property of a A-bracket {- -} is the Jacobi identity:

(1.28) {f{guh}} = {gu{fah}} = {{Hhatrrph}-

Definition 1.14. A Poisson vertex algebra (PVA) is a differential algebra V with a A-bracket
{'x}:V®V = C[]A®V (cf. Definition 1.13) satisfying skew-commutativity (1.27) and Jacobi
identity (1.28). A Lie conformal algebra is a C[0]-module, endowed with a A-bracket, satisfying
the same two properties [K].

We next want to explain how to extend an arbitrary “non-linear” A-bracket on a set of
variables {u;};c; with value in some algebra V of differential functions, to a Poisson vertex
algebra structure on V.
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Theorem 1.15. Let V be an algebra of differential functions, which is an extension of the
algebra of differential polynomials R = (C[ul(") |i € I,n € Zy]. For each pair i,j € I, choose
{uMuj} € (C[)\] V.

(a) Formula

0 0
(1.29) hat = 5 20t 0y fuss o) (A — o2
2. 5w )
z,]eé J i
m,nesliy

defines a A-bracket on V (cf. Definition 1.13), which extends the given A-brackets on the
generators u;, © € I.

(b) The A-bracket (1.29) on V satisfies the commutativity (resp. skew-commutativity) condi-
tion (1.27), provided that the same holds on generators:

(1.30) {uizuj} = £ Au;_,_yui}, foralli,jel.

(¢c) Assuming that the skew-commutativity condition (1.30) holds, the A-bracket (1.29) satis-
fies the Jacobi identity (1.28) (thus making V a PVA), provided that the Jacobi identity
holds on any triple of generators:

(1.31) {uix{ujuuk}} - {uj“{u,-)\uk}} = {{ui,\uj})\+uuk}, foralli,jkel.

Proof. First, notice that the sum in equation (1.29) is finite (cf. Definition 1.1), so that (1.29)

gives a well defined C-linear map {- -} : V®V — C[]\]®@ V. Moreover, for f = u;, g = u;j, i,j €

I, such map clearly reduces to the given polynomials {u; \u;} € C[A] ® V. More generally, for
(n)

f= ul(-m), g =u; ", equation (1.29) reduces to

(1.32) {ud™ ™} = (=N (A + 8){uiru;} -

7

It is also useful to rewrite equation (1.29) in the following equivalent forms, which can be
checked directly:

9y n m_ Of
(1.33)  {fg}= Z —y AT auy) = Z {uirto 93— (A = 0)" —.

jelnezy OU; icl,meZy u;

or, using (1.32), in the following further form:

a4 Of (m) (n)y 09
(1.34) {frg} = E edax — ) {u;™ \us
b ( 8u§’”)> 7 ol
mnely

where the parentheses indicate that 0 in the exponent is acting only on %, but % acts on \.
>

Here and further we use the following identity for f(A) € V[A], coming from Taylor’s formula:
O+ Nu = (ea%u)f()\) .
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We start by proving the sesquilinearity relations (1.24). For the first one we have, by the
second identity in (1.33) and the commutativity relation (1.2):

0
a0t = 3 {wriog)-(-A-0)"(=0f)
icl,meZy du;
= 2: {uirto 9}~ (=A—0) < (iln‘+a éﬂ)
iel,meZy O O
of
= = Z {uirxto gt (=A—=0)™ o (m) —M/Fagts
i€l meZ aul

where, as in (1.2), we replace % by zero for m = 0. Similarly, for the first sesquilinearity
T

condition, we can use the first i(fentity in (1.33) and (1.2) to get:

o = X (00) 0+ )
jelneZy Ou ]
0 0
= Y (oo @)oo
jelneZy a ] a ]
= 040 Y B o fau) = 3+ )l
jelneZ, 9U;

In order to complete the proof of part (a) we are left to prove the left and right Leibniz rules
(1.25) and (1.26). For both we use that the partial derivatives —2 y are derivations of the

(m
product in V. For the left Leibniz rule, we use the first identity in (1.33) to get:

(o} = 32 (h="5 0= )+ 0" (g} = hiag) + 9(Aah)

(n)
jelnen, Ou; j

and similarly, for the right Leibniz rule, we can use the second identity in (1.33) to get:

oy = 3 o)A =0y (2o 99 p) = {frioh)g + {aroh)—f
i€l meZ, Ou, du;

We next prove part (b). With the notation introduced in equation (1.27) we have, by (1.29):

0 0

(1.35) A{g-s-of} =T {g_sf} = ' Z —(f oy (FAF )™ {uy_y puit— (A= 0)" ?n) ‘
el Oy ou;
7‘7.]61 K3 j

m,n€li

It immediately follows from (1.30) that {u;_, yui}F = te9ax ({u,-Auj}F>, for arbitrary
F € V. Equation (1.35) then gives

0
Ag-r-af}t = =+ Z )‘ + 0) {uirrouj - (=A - 8)7”% = +{fag},
i,j€I j auz
m nEZ+
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thus proving (skew-)commutativity.

We are left to prove part (c). First, observe that, since, by (1.31), Jacobi identity holds on
any triple of generators w;, u;, ug, applying (—=A)™(—pu)" (A + p+ 0)P to both sides of (1.31) and
using sesquilinearity, Jacobi identity holds on any triple of elements of type ul(-m) for i € I and
m € Zy:

(136) ™ ™ Ll fud” a3V = ™ Ay )

We have to prove that for every f,g,h € V Jacobi identity (1.28) holds as well. We will study
separately each term in equation (1.28). For the first term in the LHS of (1.28) we have, by the
first identity in (1.33), combined with sesquilinearity (1.24) and the left Leibniz rule (1.25):

(Pdgahy = 3 {fA Hguul}}
k

kEI,peZ+

(1.37) - {fA }{guukw > I adenu)

kel,peZ. kel,peZ. uk

The fist term in the RHS of (1.37) can be rewritten, using again the first identity in (1.33), as

0%h ®)
(1.38) ) A ™ He '}
kel au(q 8 (P
P,qELy

Notice that this expression is unchanged if we switch f with g and A\ with u, therefore it does
not give any contribution to the LHS of (1.28). For the second term in the RHS of (1.37),
we apply twice the second identity in (1.33), combined with sesquilinearity (1.24) and the left
Leibniz rule (1.25), to get:

A N PRI

kel peZ, Uk

- ¥ %(eai 3f)>{ui N 99 )l 3}

i,4,k€l Ouy, oul™ augn)
m7n7p€Z+
Oh a4 Of 94 Og m o)
(1.39) - (edax L) (e — {u; 7 aus” puy
i,j,Z:keI aul(gp)< augm))( 5u§-n)> i kU
mm,pEZ+
Oh ( 54 Of (m) 54 Jg " @
+ e’ dx ui™ 5 (% =) Wl uPy
7]22]961 au;(g)< 8%(7”)){ < 8u§"))} i kU
mn,peZJr

Furthermore, if we use again both identities (1.33) and sesquilinearity (1.24), we get the fol-
lowing identity for the last term in the RHS of (1.39),

Oh (pa Of Ny (m) (oL 4P (n) 9y

1.40 E . :E ) Y3 f—>+.

( ) i,j,keéaul(gp) (e “° 8u§m)){uz /\< 8 ul )}{ Uk }jemeifa Atpu+0 1 {anug_n)}
m7n7p€ +
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The second term in the LHS of (1.28) is the same as the first term, after exchanging f with ¢
and A with pu. Therefore, combining the results from equations (1.37)-(1.40), we get that the
LHS of (1.28) is

{fA{guh}} - {gu{fAh}}
= 30 (e E D) F ) ) = (0 ™ 2 )

i.jker Ouy, 8“1('m) §
m,n,pELy
m of
(141) + > {ul Aﬂwh}ﬁ{fx }— S >A+u+ah}ﬁ{gum}.
jelneZy ] icl,meZy du,

We finally use (1.36), and then the first equation in (1.33), to rewrite the first term in the RHS
of (1.41) to get:

— ddA of 3% Jg (m
{Fdguh} =g frh}} = JZI (e augm>)(e ol L) (™ sl } a1}
mnEZ+
m of
(1.42) + {ul modf - {u{™ Wy gu—r— .
j612n22+ A+p+0 { )\ ] } ie]%:ez+ A+p+0 { ,u,auf )}

We next look at the RHS of equation (1.28) with v in place of A\ + p. By the first identity in
(1.33), combined with sesquilinearity (1.24), and using the right Leibniz rule (1.26), we get:

Uhahht = 3 {a Dy )= Y {8i?n)u+ah} {2y

JjeIneZ JEINEZ j

(1.43) + Z (28— % VU aulyn)
U

jEI,n€Z+

We then expand { f>\u } using the second identity in (1.33) combined with sesquilinearity
(1.24), and then apply the right Leibniz rule (1.26), to rewrite the last term in the RHS of
(1.43) as

> (EU )

JEINET, §
o ST
mn€eZ

(1.44) = Z (ead% 99 >(ea%e % >{{u ug-n)},,h}

mlg : é ) 8u§-n) 8“,
a4 g a4 Of (m)  (n)
+ E e - 68dk—m vrolp {ug aug T}
m’ﬁ%( N (45 ot} v
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Furthermore, the last term in the RHS of equation (1.44) can be rewritten, using equation
(1.33) combined with sesquilinearity (1.24), as

S (OB ) vean} )

ijel au§“ ¢
m,nel4
_ a4 Of 89 (m) . .
_i’jel{<€a ax —8u£m)) 1/+8h}_) aujn U; U j } ZEIZﬂ;Zi(ea a o (m )IH—ah}_){ui A g}
mnel4

of - o )
(1.45) :EIE;Z { u(m) v+0 h}_) <—{U,( ) Av—0g} = —'61222 {m V40 h}_){g VoA uz( )} )
el,nely i il nels ;

For the last equality, we used that, by part (b), the A-bracket (1.29) satisfies the skew-
commutativity (1.27). We can then put together equations (1.43)-(1.45) with v = X + p,
to get the following expression for the RHS of equation (1.28),

54 89 d 8f m n
Hhohauht= > (e duw) (eadkmﬁ{ug 3™} xiph}
j i

ijel
m,nely
dg (n) of (m)
(1.46) + Z {W )\+M+6h}_){f)\uj I Z {ﬁ At+p+0 h} {guuw; "}
jEInEZ, auj i€l neZ aui

To conclude, we notice that the first term in the RHS of (1.42) coincides with the first term in
the RHS of (1.46). Moreover, it is not hard to check, using (1.33) and the fact that ( y and

% commute, that the second and third terms in the RHS of (1.42) coincide, respectlvely7

8u

with the second and third terms in the RHS of (1.46). O

Theorem 1.15(a) says that in order to define a A-bracket on an algebra of differential

functions V extending R = (C[ |z € I, n € Z4|, one only needs to define for any pair i,j € I
the A-bracket

(1.47) {uiyuj} = Hji(A) € VAL

In particular A-brackets on V are in one-to-one correspondence with ¢ x ¢-matrices H(\) =
(Hij()\))i,jel with entries H;;(\) = Zivzo H;j., A" in V[A], or, equivalently, with the corre-
sponding matrix valued differential operators H(9) = (HZ](8))” ot V&L — Y We shall
denote by {- -}m the A-bracket on V corresponding to the operator H () via equation (1.47).

Proposition 1.16. Let H(0) = (H;;(9)) be an ¢ x £ matriz valued differential operator.

i,j€l
(a) The \-bracket {--}m satisfies the (skew-)commutativity condition (1.27) if and only if
the differential operator H(0) is self (skew-)adjoint, meaning that

N
(1.48) H;5(0) == > (=0)" 0 Hjjn = +H;;(9).
n=0
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(b) If H(O) is skew-adjoint, the following conditions are equivalent:
(1) the A-bracket { -} defines a PVA structure on V),
(ii) the following identity holds for everyi,j k € I:

3 <8H’”§ Qs (1) (3 4 oy Hya(n) - f’f—“(we))"%(m)

(149) hel,neZy aug ) U’;Ln)
nOHji(A)
= Y HuM+p+0)(-A—p-0) i,
ou
hel,neZ4 h

(iii) the following identity holds for every F,G € V®:
H(0)Dg(0)H(0)F + H((‘))Dg(a)F(a)G — H(0)Dp(0)H(0)G
(150)  +H@)DpO)H(O)G = Diroy (@) HO)F — Digioyr (0)HO)G
Proof. Equation (1.30) is the same as equation (1.48), if we use the identification (1.47). Hence
part (a) follows from Theorem 1.15(b). Next, equation (1.31) is easily translated, using the
identification (1.47) and formula (1.29), into equation (1.49). Hence, the equivalence of (i)
and (ii) follows immediately from Theorem 1.15(c). We are thus left to prove that, if H(0) is

skew-adjoint, then conditions (ii) and (iii) are equivalent. Written out explicitly, using formulas
for the Fréchet derivatives in Section 1.2, equation (1.50) becomes (k € I):

E:Iﬂxm<;f)GW @ﬂ%)+«@w<ﬁﬁﬁﬁﬂﬁﬁao

i,5,hel J augn)
nely
(1.51) o (8 Hjh(a)Gh) +(-9) (ﬁ(f@) (Hjh(a)Gh>>)
7 (2
. O(Hyn(9)G . O(Hyn (O)F,
_ ((8 H,-j(E?)Fj> ( kh((n)) h) (8 Hij(ﬁ)Gj) ( kh((n)) h)>'
ij.hel Ou; O,
neZy

We then use Lemma 1.2 to check that the second term in the LHS of (1.51) is

(1.52) S Hu(0)(-0) ((aHﬂ’g()@ )Fh)c + 2 (w006, )>,
ij.hel Ou;" Ou;”
nely

the first term in the RHS of (1.51) is

(1.53) 3 GWH@Q%F)(agj‘ >+-§: Hign (0 (jGﬁ<ﬁnﬂﬂmF)>,

i,7,hel i i,7,hel )
nel4 nel4

and the second term in the RHS of (1.51) is

(1.54) - Ej(aq% )(mﬂh ) N Hu(d) (;Eg@“ (@G»).

(n)
1,7,h€l 0 i,7,hel 7
nel4 nel4
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We then notice that the second term in (1.53) cancels with the first term in the LHS of (1.51),
the second term in (1.54) cancels with the third term in the LHS of (1.51) and, finally, the second
term in (1.52) cancels with the last term in the LHS of (1.51), since H(9) is skew-adjoint. In
conclusion equation (1.51) becomes

3 <(8“Hij(a)Fj> <wch> ~(0"Hy(0)6;) (%Fh»

i,j,hel 8uz('n)
(1.55) €l SH (0
5 oo (6 (2225
i,j,hel du,
TLEZ+

Since the above equation holds for every F, G € V¥, we can replace 0 acting on F; by A and 9
acting on G; by p and write it as an identity between polynomials in A and p. Hence (1.55) is
equivalent to (1.49). O

Definition 1.17. A matrix valued differential operator H(0) = (H; (8))” ¢ Which is skew-
adjoint and satisfies one of the three equivalent conditions (i)—(iii) of Proposition 1.16(b), is
called a Hamiltonian operator.

Ezample 1.18. The Gardner-Faddeev-Zakharov (GFZ) PVA structure on R = Clu,u/,u”,...]
is defined by

(1.56) {upu} = A1

(further on we shall usually drop 1). In fact, one can replace A in the RHS of (1.56) by any
odd polynomial P(A\) € C[)\], and still get a PVA structure on R. Indeed, the bracket (1.56)
is skew-commutative and it satisfies the Jacobi identity for the triple w,u, u, since each triple
commutator in the Jacobi identity is zero.

Ezample 1.19. The Virasoro-Magri PVA on R = Clu,u/,u”,...], with central charge ¢ € C, is
defined by
(1.57) {upu} = (0 + 2\)u + Nc.

It is easily seen that the bracket (1.57) is skew-commutative and it satisfies the Jacobi identity
for the triple u, u, u.

Ezample 1.20. Let g be a Lie algebra with a symmetric invariant bilinear form (.|.), and let
p be an element of g. Let {u;};c; be a basis for g. The affine PVA associated to the triple
(g,(-|*),p) is the algebra R = (C[ul(") |i € I,n € Z4] together with the following A-bracket

(1.58) {axb} = [a,b] + (p|[a,b]) + A(alb), a,b € g.
Note that, taking in the RHS of (1.58) any of the three summands, or, more generally, any

linear combination of them, endows R with a PVA structure.

Note that Example 1.18 is a special case of Example 1.20, when g = Cu is the 1-dimensional
abelian Lie algebra and (u|u) = 1.

The following theorem further generalizes the results from Theorem 1.15, as it allows us to
consider not only extensions of R, but also quotients of such extensions by ideals.

26



Theorem 1.21. Let V be an algebra of differential functions, which is an extension of the
algebra of differential polynomials R = (C[ul(-n) |i € I,n € Zy]. For each pair i,j € I, let
{uizu;} = Hji(A) € CI\] ®V, and consider the induced \-bracket on V defined by formula
(1.29). Suppose that J C V is a subspace such that 0J C J, J -V C J {J,V} C C[]\ ®
J, {V\J} C C[]A\] ® J, and consider the quotient space V/J with the induced action of O, the
mduced commutative associative product and the induced \-bracket.

(a) The \-bracket on V/J satisfies the commutativity (resp. skew-commutativity) condition
(1.27), provided that

(1.59) {UMUJ'} F <_{uj_>\_au,-} S (C[)\] ®J, foralli,jel.

(b) Furthermore, assuming that the skew-commutativity condition (1.59) holds, the \-bracket
on V/J satisfies the Jacobi identity (1.28), thus making V/J a PVA, provided that

(160) {ul)\{ujuuk}}_{u]u{ul)\uk}}_{{ul)\u]})\+uuk} € (C[A,,LL]@J , Joralli, g,k €.

Proof. By the assumptions on J, it is clear that the action of 9, the commutative associative
product and the A-bracket are well defined on the quotient space V/J. It is not hard to check,
using equation (1.35) and the assumption (1.59), that {fyg} F— {g-r_of} € C[\]J for all
fyg € V, thus proving part (a). Similarly, if we compare equations (1.41) and (1.46) and use

the assumptions (1.59) and (1.60), we get that { fx{g.h}} —{g.{/rh}}—{{rg}rtpuh} € CIA, u]J
for all f,g,h € V, thus proving part (b). O

Ezample 1.22. Let A be a Lie conformal algebra with a central element K such that 0K = 0.
Then V¥(A) = S(A)/(K — k1), k € C, carries the usual structure of a unital commutative
associative differential algebra endowed with the A-bracket, extending that from A by the left
and right Leibniz rules, making it a PVA. This generalization of Examples 1.18, 1.19, 1.20, may
be viewed as a PVA analogue of the Lie-Kirillov-Kostant Poisson algebra S(g), associated to a
Lie algebra g.

1.4 The Beltrami \-bracket. All the examples of A\-brackets in the previous section were
skew-commutative. In this section we introduce a commutative A-bracket, called the Beltrami
A-bracket, which is important in the calculus of variations.

Definition 1.23. The Beltrami A-bracket is defined on the generators by,
(1.61) {uiujyp =65, i,je€l.

By Theorem 1.15, this extends to a well defined commutative A-bracket on any algebra of
differential functions V, given by the following formula,

Jg

(1.62) RIVES (=™ A+ —
2 U o

m,n€l

27



Both the variational derivative % and the Fréchet derivative D (0) have nice interpretation
in terms of this A-bracket. Indeed we have

of
(1.63) S~ {huitglimg» DEN)y = {ujpFil g -
Moreover the whole A-bracket { fAui} p can be interpreted in terms of the well-known higher
order Euler operators EZ-(m) = nez, () (~1)ron—m 29

m auE") :

{fruity = Z )‘nEz'(n)f'

neZly

The Beltrami A-bracket does not satisfy the Jacobi identity (1.28). Indeed, when restricted
to the subalgebra of functions, depending only on u;,7 € I , the Beltrami A-bracket becomes the
bracket: {f,g}p = > ;s g—i: g—fi, which does not satisfy the Jacobi identity. The latter bracket
is one of the well-known Beltrami operations in classical differential geometry, hence our name
“Beltrami A-bracket”.

On the other hand we have the following two identities for the triple A-brackets, which can
be easily checked using (1.62) together with the sesquilinearity and the Leibniz rules:

(1.64) {uix{fugtste = {fufuirgtBts = {{virf}Bri 9B
(1.65) {Mowuitsts +{gu{ it = {glry,wils-

Both Propositions 1.5 and 1.9 can be nicely reformulated in terms of the Beltrami A\-bracket.
Namely, equation (1.12) states that f € 9V + C if and only if {fkui}B‘)\:o =0, foralli € I,
where the only if part is immediate from sesquilinearity (1.24). Similarly, Proposition 1.9 states
that F' = {f,\ui}3|>\:0 for some f € Vif and only if {u;, F;} p = {Fj,u;} B, for all i,j € I. Again
the only if part follows immediately by identity (1.65) with g = u; and A = 0.

Even though the Beltrami A-bracket does not make V into a PVA, it has the following nice
interpretation in the theory of Lie conformal algebras. Consider the Lie conformal algebra
A = @®;crC[O]u; with the zero A-bracket. Then V is a representation of the Lie conformal
algebra A given by

(1.66) uinf = {uirf}s-

This is indeed a representation due to equation (1.64) with f = u;, g € V. We will see in Section
3 that, in fact, the whole variational complex can be nicely interpreted as the Lie conformal
algebra cohomology complex for the Lie conformal algebra A and its module V.

1.5 Hamiltonian operators and Hamiltonian equations. Lie conformal algebras, and,
in particular, Poisson vertex algebras, provide a very convenient framework for systems of
Hamiltonian equations associated to a Hamiltonian operator. This is based on the following
observation:

Proposition 1.24. Let V be a C[0]-module endowed with a A\-bracket { x}: V®V — C[]A\|®V,
and consider the bracket on V obtained by setting A = 0:

(1.67) {9y ={frg}r=0, frg€V.
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(a) The bracket (1.67) induces a well defined bracket on the quotient space V/OV.

(b) If the A-bracket on V satisfies the Lie conformal algebra axioms (1.27) and (1.28), then
the bracket (1.67) induces a structure of a Lie algebra on V/0V, and a structure of left
V/9V-module on V.

(c) If V is a PVA, the corresponding Lie algebra V/OV acts on V (via (1.67)) by derivations
of the commutative associative product on V, commuting with the derivation O, and this
defines a Lie algebra homomorphism from V/0V to the Lie algebra of derivations of V.

Proof. Part (a) is clear from the sesquilinearity conditions (1.24) for the A-bracket. Clearly,
the bracket (1.67) on V satisfies the Jacobi identity for Lie algebras (due to the Jacobi identity
(1.28) for Lie conformal algebras with A = u = 0). Moreover, the skew-commutativity of the
bracket on V/9V induced by (1.67) follows from the skew-commutativity (1.27) of the A\-bracket.
Furthermore, it is immediate to check that, letting { [h, u} = {hyu}|r=o for [h = h+0V € V/OV
and u € V, we get a well-defined left V/0V-module structure on V, proving (b). Claim (c) follows
from the left Leibniz rule and the Jacobi identity with A = p = 0. O

Proposition 1.24 motivates the following definition and justifies the subsequent remarks.

Definition 1.25. (a) Elements of V/0V are called local functionals. Given f € V, its image
in V/9V is denoted by [f.

(b) Given a local functional [h € V/9V, the corresponding Hamiltonian equation is

du
(1.68) 7 = (haudheo = {[hu}
and {[h,-} is the corresponding Hamiltonian vector field.

(c) A local functional [f € V/9V is called an integral of motion of equation (1.68) if % =0
mod JV, or, equivalently, if
{/h.[f}=0.

(d) The local functionals [h,, n € Z, are in involution if { [hy,, [hn} = 0 for all m,n € Z,.
The corresponding hierarchy of Hamiltonian equations is

du

g = Umulbheo = {[hn,u}, n €y,

(Then all [h,’s are integrals of motion of each of the equations of the hierarchy.)

From now on we restrict ourselves to the case in which the PVA V is an algebra of dif-
ferential functions in the variables {u;}ier (cf. Definition 1.1). In this case, by Theorem
1.15, the A-bracket {-) -}y is uniquely defined by the corresponding Hamiltonian operator
H(0) = (H; -(8))2”.6] (cf. equation (1.47)), and the A-bracket of any two elements f,g € V can

be computed using formula (1.29). In this case the Hamiltonian vector field { f h, } is equal to
the evolutionary vector field X H(o)2 (defined by (0.6)) and the Hamiltonian equation (1.68)
has the form ’

du oh
(1.69) - =HO)=.
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where g—z = (f—qﬁ_)i cr € V@ is the variational derivative of h (defined by (0.7)). Moreover, the

corresponding Lie algebra structure of V/9V is given by
_ [ 9y ofy _ 09 . o Of
(1.70) Ut Joy = / Su (H(a)du) N Z;j/ du; Hﬂ(a)éui )

Remark 1.26. Since [h+— X H(9)%: is a Lie algebra homomorphism, local functionals in invo-

lution correspond to commuting evolutionary vector fields. If a sequence [h, € V/JV is such
that ?—u” € V¥ span infinite-dimensional subspace and dim Ker H (0) < oo, then the vector

fields X H(p)tin SPAN AN infinite-dimensional space as well.
du

Definition 1.27. The Hamiltonian equation (1.68) is called integrable if there exists an infinite
sequence of local functionals [h,, including [k, which span an infinite-dimensional abelian
subspace in the Lie algebra V/0V (with Lie bracket (1.67)), and such that the evolutionary
vector fields X H(9)%hn SPAN a0 infinite-dimensional space (they commute by Remark 1.26).

1.6 Center of the Lie algebra V/9V. Consider a Hamiltonian operator H(9) = (H; (8))Z jer”

V& VE where V is an algebra of differential functions extending R = (C[ul(") liel,neZyl,
and consider the corresponding PVA structure on V, defined by equations (1.29) and (1.47).
Recall that two local functionals [f and [g are said to be in involution if { 1. [ g} =0. We
have, in fact, three different “compatibility conditions” for the local functionals [ f, [¢ € V/9V
or the corresponding Hamiltonian vector fields X H(9)3 X H()%2> namely:

i) {Jf Jg} =0,

(i) [X 50 ] =0,

Su

H(@)%’XH(a)
(iii) f[XH(a)%’XH(a)g—g] (h) =0 for every h € V.

By definition the action of the Hamiltonian vector field X H(9)2L On V is given by
du

XH(@)%(h) - Z (8”Hij(a) 5f>ﬂ = {J/.h},

ijel % 8“1('”)

hence condition (ii) above is equivalent to saying that { [f, [ g} is in the kernel of the rep-
resentation of the Lie algebra V/0V on the space V (see Proposition 1.24(b)), namely to the
equation H(@)%{ff, [g} =0, while condition (iii) is equivalent to saying that { [ f, [¢} lies
in the center of the Lie algebra V/0V. In particular, we always have the implications (i) =
(il) = (iii). The opposite implications, in general, are not true. To understand when they
hold, we need to study the kernel of the representation of the Lie algebra V/9V on the space V
and the center of the Lie algebra V/9dV. Clearly the former is always contained in the latter,
and we want to understand when they are both zero.

Lemma 1.28. Let i € I and let f € V be a non-zero element such that

(1.71) urfedy ,  foreveryn € Z, .
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Then ord (f) = 1, and in fact f = 0a(u;), for some a(u;) € C(u;) C V. In particular, if ¢ > 2
and condition (1.71) holds for every i € I and n € Zy, then f = 0.

Proof. Let f € V\{0} satisfy (1.71) for some i € I. If we let n =0 in (1.71) we get that f = g
for some g € V. Let N = ord (g) (so that ord (f) = N +1).

Let us consider first the case N = 0, namely g € V3. For £ = 1 we have i = 1 and f = dg
with g € Vo = C(u1), which is what we wanted. For ¢ > 2, we have from condition (1.71) that,
for every n € Z,, there exists g, € Vy such that

ulnag = agny
and, if we apply %, j € I, to both sides of the above equation, we get, using (1.2), that
J

Jg ogn .
1.72 n_J - 270 I.

Using that au au = a‘z %u , 1,7 € I, we get from (1.72) that

o (7 5) = 5 ()
au] YOu;)  Oui \t Ouy
which gives E?ng = 0 for every j € I different from i. Hence g € C(u;), as we wanted.
Next, we will prove that, for N > 1, no element f € V of differential order NV + 1, satisfying

condition (1.71) for every n € Z, can exist. By assumption (1.71), for every n > 1 there exists
an element g, € V of differential order N such that

(1.73) u;0g = Ogp, .

If we apply W to both sides of the above equaiton we get, using (1.2), that

agn ag
= uy ,n>1,
8u§-N) Z?ug.N)

which is equivalent to saying, after performing integration in u§-N), j € I, that the elements
gn € R are of the form
n = u?g +Tn
for some 7, € Vy_1. Substituting back in equation (1.73) we thus get
uidg = d(ujg+ry) ,

which immediately gives

1
(1.74) ulgul, = o 187‘n+1 €V,

for every n € Z,. Suppose first that NV = 1. Then ord (¢) = 1 and equation (1.74) with n =0
implies that gu, € 0V. But this is is not possible since gu}, as function of u},...,u}, is not
linear, namely gu; does not have the form (1.8) with NV = 0. Next, suppose, by induction, that
no element in Vy exists which satisfies condition (1.71) for every n € Z,, and let f € Vny11\Vn,
be as above. Then equation (1.74) exactly says that gu, which has differential order N, also
satisfies assumption (1.71), thus contradicting the inductive assumption. O
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Remark 1.29. Consider the pairing V x V — V/9V given by (1.4) with » = 1. Lemma 1.28 can
then be stated in terms of the following orthogonality condition:

(1.75) (Cluil) ™ € AC(uy)

and the above inclusion becomes an equality under the additional assumption that 8%1_ : Cu;) —
C(u;) is surjective.

Lemma 1.28 will be useful in Section 2.2 to prove that the integrals of motion of the KdV
hierarchy span a maximal abelian subalgebra of the Lie algebra R/OR, where R = Clu™ |n €
Z4], with Lie bracket (1.70) with H(9) = 0 (cf. Theorem 2.15). An analogous result will be
needed to prove that the integrals of motion of the “linear” KdV hierarchy span a maximal
abelian subalgebra. This is given by the following

Lemma 1.30. Let i € I and let Of € JV be an element such that

(1.76) ul@”)af € oV , foreveryn€Zy.

(2n+1)

Then Of is a C-linear combination of the monomials u; ,n € Zy. In particular, if £ > 2

and condition (1.76) holds for every i € I, then Of = 0.

Proof. We start by observing that, under the assumption (1.76), f must be a function only of
u; and its derivatives, namely % =0, for all j # i,n € Z,. In other words, we reduce the
u .

statement to the case £ = 1. Indeed suppose, by contradiction, that, for some j # i and some
N >0, we have % # 0 and 8fn) = (Ofor all n > N. As a consequence of (1.76) we get that
J

8u§

Ou;
J p=0

0 (n) gy _ al 9\ of  (2n+1)\ 0
j

Here we are using the fact that, in any algebra of differential functions V, 9V C Ker %. If we

then take n large enough (such that 2n > ord (f) > N), by looking at the terms of highest
differential order, the above equation has the form

of
N4+1 (2n+N+1)
(1) PG

5

+r =20,

where r € Vo, n. If we then apply W to both sides, we get % = 0, contradicting
ui u

J
our original assumption.

Next, we consider the case £ = 1. We need to prove that if f € V is such that
(1.77) FuPrt) e 9y | for all n € Z

then Of € Spany{u®™tV) m e 7, }.

It is clear from (1.77), that f has even differential order. Indeed, if ord (f) = 2n + 1 is odd,
u"*1) f is not of the form (1.8) and hence it cannot be in 9V, contradicting (1.77). We thus
let ord (f) = 2N and we will prove the statement by induction on N > 0.

32



Let us consider first the case N = 0, namely f = f(u) € Vo = C(u). If welet n =1 in
(1.77), we have u" f(u) € 9V, so that

]

%(umf) _ ﬁu/// —83(f(u)) =0.

du

Expanding 9° ( f (u)) and looking at the coefficient of v”, it follows that ZlﬂTJ; = 0, namely
Of = au’ for some « € C, as we wanted.

Next, let N > 1. Condition (1.77) says that u'f € 9V, hence, by (1.8), f must have the
form

(1.78) f=au®) b,

where a,b € Voy_1. We want to prove that, necessarily, a € C and b € Von_o (so that, using
the inductive assumption, we can conclude that df € Spang{u/, u® . ,u(2N+1)}). Condition
(1.77) with n = N gives u®N*D f € 9V. Using (1.78) and integrating by parts we have

1
5(00) (@) + (@b)u®N) € oy .
In particular the LHS of (1.79) must have the form (1.8). It follows that the coefficients of

(u(2N))3 and (u(zN))2 in (1.79) must vanish, namely

da 1 ob
JuN-1) =0, 50

(1.79)

(1.80) =0.

27T guEND

The first of the above equations says that a € Von_o. It follows that da, viewed as a function
of u®N=1 ig linear, and therefore, by the second equation in (1.80), it follows that b, viewed
as a function of u2N=1 has degree at most 2, namely

(1.81) b=a+ Bu(2N—1) + %’Y(U@N_l))2, _%&L — G+ ,Yu(2N—1) 7

where a, 3,7 € Vay_2. Next, let us apply condition (1.77) with n = N — 1, namely wEN-Df e
0V. By equation (1.78) and integration by parts, this condition gives

—%(aa) (uN=1D)? L puPN-D ¢ gy,

which, by (1.81), is equivalent to

(1.82) au®N=1 4 2ﬂ(u(2N_1))2 + g’y(u(zN_l))?’ € oV.
To conclude we observe that the LHS of (1.82), being in 0V, must have the form (1.8), and this
is possible only if # =~ = 0, which is exactly what we wanted. O

Remark 1.31. Lemma 1.30 can be stated, equivalently, in terms of the pairing V x V — V/9V

given by f,g — [ fg, as an orthogonality condition similar to (1.75). Let E = Spang{1; ul(-zn)

Z4}. Then:

,nE

(1.83) Et = 0FE
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We next use Lemma 1.28 and Lemma 1.30 to study the center of the Lie algebra V/0V.

Corollary 1.32. (a) If¢ > 2, the center of the Lie algebra V /OV with Lie bracket (1.70) coin-
cides with the kernel of the Lie algebra representation of V/OV onV defined in Proposition
1.24(b), namely it consists of the local functionals [f € V/OV such that

of _

(1.84) HO)3 =

0.

In particular, the “compatibility conditions” (ii) and (iii) above are equivalent.

(b) If £ =1, the center of the Lie algebra V/OV with Lie bracket (1.70) consists of the local
functionals [ f € V/OV such that

o _

- au' , where a € C.
ou

Proof. Suppose that the local functional [f is in the center of the Lie algebra V/9)V. Then
necessarily, for every ¢ € I and n € Z,

[ (S m@5h) = sy <o

(1.85) H()

n+1
Jjel
[ (S mi@5h) = Corgirn )} = o.
jel J

We can thus apply Lemma 1.28 and Lemma 1.30 to deduce that, if ¢ > 2, then (1.84) holds,
while, if / = 1, then

0
(1.86) H((‘))% € dC(u) N Spanc{u(2”+1) in€eZy} = {o|aeC}.
To conclude we just notice that, integrating by parts, [ g—zu/ = [0g = 0 for every g € V, so
that, if condition (1.85) holds, then [ f lies in the center of the Lie algebra V/9V. O

In conclusion of this section, we discuss two examples: in Proposition 1.33 we consider the
GFZ PVA from Example 1.18, for which the center of the Lie algebra R/OR is strictly bigger
than the kernel of the representation of R/OR on R, and in Example 1.35, we discuss a simple
case in which the “compatibility conditions” (ii) and (iii) hold, but (i) fails.

Proposition 1.33. Consider the Hamiltonian operator H(d) = 8 on R = Clu™ |n € Z,], so
that the corresponding Lie algebra structure on R/OR is given by the bracket

_ [dg,0f
{ffvfg}_ 5u65u’
and the representation of the Lie algebra R/OR on the space R is given by
6f\ Og
_ _ n+12J
(.9} = Xygelo) = 3 (0 5u)au<n)'

nely
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(a) The kernel of the Lie algebra representation of R/OR on R is two-dimensional, spanned

by
1, Ju € R/OR.

(b) The center of the Lie algebra R/OR is three-dimensional, spanned by

[1, fu, [u* € R/OR.

(¢c) The “compatibility” conditions (i), (it) and (i) for the local functionals [ f, [g € R/OR
are equivalent.

Proof. A local functional [f is in the kernel of the representation of R/OR on R if and only if
Gg—i = 0, which is equivalent to saying that [ f € Spanc{[1, [u}. For the last assertion we use
the fact that Ker % = C + JR (see Proposition 1.5). Similarly, by Corollary 1.32(b), a local
functional [f € R/OR is in the center of the Lie bracket if and only if 8% € Cu/, which, by
the same argument as before, is equivalent to saying that [f € Spanc{ [1, [u, [u?}.
We are left to prove part (c). We already remarked that (i) implies (ii), which implies (iii),

and we only need to prove that (iii) implies (i). Recall that condition (iii) is equivalent to saying
that { If.J g} lies in the center of the Lie algebra R/OR. Hence, by part (b) we have

(1.87) /598 € Spanc{[1, [u, fu2} C R/OR.
On the other hand, R admits the decomposition
(1.88) R=Clu®R?,

where R? C R is the ideal (of the commutative associative product) generated by the elements
u™, n > 1, and clearly R C R?. Hence, by (1.87), we get

dg 0 f P _
Lol & R? 0 (Clu) + OR) = O,
which implies [ 99 86f =0, as we wanted. O

Remark 1.34. By the same argument as in the proof of Proposition 1.33, it is not hard to show
that, if V = R and H(0) = (Hij((?))”e[ R®" — R is an injective Hamiltonian operator (or,

more generally, if Ker H(9)NIm % = 0), then the commutativity condition of Hamiltonian vec-

tor fields [X H(®)2L X H(0)%2 | =0, is equivalent to the following condition for the corresponding
du du

local functionals [ f, [g € R/OR:

(1.89) {Jf Ja} e CJ1.

Moreover equation (1.89) is clearly equivalent to { [ f, [g} = 0 if the operator H(d) does not
have a constant term (by taking the image of both sides of equation (1.89) via the quotient
map R/OR — [C).
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Ezample 1.35. Take R = C[p™, ¢, 2(") |n € Z,], and define the A-bracket on R by letting z
to be central and

{pag} = 2= —~{ap} , {pap} = —{arg} =0.

Let H(O) be the corresponding Hamiltonian operator. In this example we have ¢ = 3, therefore
by Corollary 1.32(a) we know that the kernel of the representation of R/OR on R and the center
of the Lie algebra R/OR coincide. In particular conditions (ii) and (iii) above are equivalent.
Next, take the local functionals [p, [¢ € R/OR. By the above definition of the A-bracket on
R we have {[p, [¢} = [z # 0, namely condition (i) fails, but [z is in the center of the Lie
algebra R/OR, namely condition (iii) holds.

1.7 Poisson vertex algebras and Lie algebras. In this section we shall prove a converse
statement to Proposition 1.24(b). In order to do so, we will need the following simple lemma:

Lemma 1.36. Let V be an algebra of differential functions in the variables {u;}icr.

(a) If P € V' is such that fP% =0 for every [f € V/OV, then P =0 if { > 2, and P € Cu)

if € =1.
(b) If H(Q) = (H,--((‘)))Me] and n € Z are such that H(G)g—i € Vu® for every [f € V/0V,
then H = 0.
n+1 n
Proof. Note that %%T = 6; uy, and %((_;) (ugn))2) = mugzn)' Hence, part (a) is an

immediate corollary of Lemmas 1.28 and 1.30. For part (b), suppose that H;;(0) = Zivzo hijnO"

is a differential operator such that h;;ny # 0. Let then h = —(_?M (ug-M))2, so that % =
5k,ju§-2M). If M is sufficiently large, we have W(H@)%)i = hijn # 0. O
U

Proposition 1.37. Let V be an algebra of differential functions in the variables {u;}icr, en-
dowed with a \-bracket {- »-}. Suppose that the bracket on V/IV induced by (1.67) is a Lie
algebra bracket. Then the A-bracket satisfies skew-commutativity (1.27) and Jacobi identity
(1.28), thus making V into a PVA.

Proof. Recall that the A\-bracket on V is given by (1.29), hence, the induced bracket on V/9V
is given by (1.70) where Hj;(0) = {uijpu;}—. Integrating by parts, the skew-symmetry of this
bracket reads 5 5f
g *
a(H(a)JrH (a))E =0,

for every [f, [g € V/OV. By Lemma 1.36(a), it follows that (H(9) + H*(@))% c V& for
every [f € V/0V. Hence, by Lemma 1.36(b), we have H*(9) = —H(9). Recalling (1.48), this
identity can be equivalently written in terms of the A-bracket as {u;yu;} = —{u;_,_4u;}, which
implies the skew-symmetry of the A-bracket by Theorem 1.15(b).

Next, let us prove the Jacobi identity for the A-bracket, which, by Theorem 1.15, reduces
to checking (1.31). We will use the Jacobi identity for the Lie bracket:

(1.90) {[£ASg. I0Yy = {Ja. S £ [}y ={{[ f. Ja}, [h}.
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Recalling that the bracket (1.70) is the same as (1.29) with A\ = 0, we have

oh ) d
(Urtemt = 3 [ (G (G @) (o)
BRI N
B 9%h . LAY of
(1.91) N ij%él/m(a Hy (8)5u ><8 Hﬂ(a)&u)
m,nel4
0g of
0"Hgp(0)=—— ) (0" H;i(0) = ) .
+Z]%‘;ZEI auq 8 (’” ! )5%)( . )&“)
m,neliy

Note that the first term in the RHS is symmetric in f and g, hence it cancels out in the LHS
of (1.90). By Lemma 1.2, the last term in the RHS of (1.91) is

n aH‘]P(a) 59 m 5f
(1.92) > / << o7 50 ) | O H(9) 5
iipael E?uq du; P i
mnely
0 dyg ” of
a0(5mi) (rmioih))
Integrating by parts, we can replace ZnEZ+ a(f;) 0" by the variational derivative 6‘2“&—}2. Hence

the LHS of (1.90) reads,

5 [ (0 ) ) (2L i)

1,7,p,q€1
m€Z+

o (532 o 2)) (2 ) o )

Similarly, the RHS of (1.90) reads
,7,p,q€1

[ fmworcor((5igie) (o)
neZy

0g (OH;;(0) 6 o 0 0
(1.94) +—g< il )—f> + < f)(H;;-(a)—g> :
duj \ gyl dug du" Oui du;
where in the last term we used Lemma 1.2. The third term in (1.93) is equal to the first term

n (1.94), due to (1.17). Similarly, the last term in (1.93) is equal to the last term in (1.94), due
to skew-adjointness of H(9). Hence, the Jacobi identity (1.90) is equivalent to the following
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relation

Sh ((OHep() 69\ (onrr v 8L\ (OHai(D) 8\ (o rr o 99
/ 5—%<<—82§”) sur) (005 ) = (S ) (st )

—Hy;(9)(—0)" <5% (823’29 %))) = 0.
j

Since this equation holds for every [f, [g, [h € V/OV, we conclude, using Lemma 1.36, that

4,J,p,q€1
TLEZ+

OHgp (1) n OHgi(A) n
2 (%ma) 1,3 — 22 4 oy ()
jelnez, \ Ou; Ou;
OH i (A .
—Hyi A+ p+0) (=X —p— 8)”%) =0, foralli,p,qgel,
Ou;

where we replaced 0 acting on % by A, and O acting on g—z by p. The latter equation is the
same as (1.31), due to equation (1.29). O

A more difficult proof of this proposition, in terms of Hamiltonian operators, is given in [O].

2 Compatible PVA structures and the Lenard scheme of integrability.

2.1 Compatible PVA structures. In this section we discuss a method, known as the Lenard
scheme of integrability, based on a bi-Hamiltonian pair (H, K), to construct an infinite sequence
of local functionals [h,, € V/OV, n € Z., which are pairwise in involution with respect to both
Hamiltonian operators H(0) and K(9) (cf. Definition 1.25(d)). This scheme will produce an
infinite hierarchy of integrable Hamiltonian equations

du

(2.1) i

= {hnAU}H|,\:0 ( = {hn+1,\u}K|,\:0) ; n€ly,
such that the local functionals f hn, n € Z, are integrals of motion of every evolution equation
in the hierarchy.

Definition 2.1. Several A-brackets {.).},, n = 1,2,..., N, on a differential algebra V are
called compatible if any C-linear combination {. .} = zr]:fzo cn{ - x . }n of them makes it a PVA.
If V is an algebra of differential functions, and H,(9), n = 1,2,..., N, are the corresponding
to the compatible A-brackets Hamiltonian operators, defined by (1.47), we say that they are
compatible as well. A bi-Hamiltonian pair (H, K) is a pair of compatible Hamiltonian operators

H(9),K(0).

Ezample 2.2. (cf. Examples 1.18 and 1.19) Let R = Clu,u/,u”,...]. The A-brackets
{upuly = (0420w, {uyu}e =X, {uyu}sz = A3,

are compatible. The corresponding Hamiltonian operators, defined by (1.47), are:

H(0) =u' +2ud, Hy(0)=0, H3(0)=0.
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Ezample 2.3. (cf. Example 1.20) Let g be a Lie algebra with a non-degenerate symmetric
bilinear form (.|.), let {u;};c; be an orthonormal basis of g and [u;,u;] = >, cfjuk Let

R= (C[ul(-n)\z' € I,n € Z}. The following A-brackets on R are compatible:

{uinu} = Zcfjuk, {uiu}" = Noij . {uiujte = cfj, kel.
k

The corresponding Hamiltonian operators, H', H” and H*, k € I, are given by:

H[;(0) == chup, H0) =650, HED)=—c.

kel
Definition 2.4. Let V be an algebra of differential functions and let H(9) = (H;;(9))
K(9) = (Ki'(a))i,ja’
collection {F"}o<p<n C V¥ such that

i,je€l’
be any two differential operators on V. An (H, K)-sequence is a

(2.2) K@)F"™ = H@O)F", 0<n<N-1.

If N = oo, we say that {F"},cz, is an infinite (H, K)-sequence.

Remark 2.5. Equation (2.2) for an infinite (H, K)-sequence can be rewritten using the gener-
ating series F'(2) =3, c;, F"27", as follows:

(2.3) (H(9) — 2K (0))F(2) = —2K(9)F".

Assuming that

(2.4) K(O)F°=0,

and taking the pairing of both sides of (2.3) with F'(z), we get the equation

(2.5) F(z)- (H(0)— 2K(0))F(z) =0.

Note that for a skew-adjoint differential operator M (9), we have [F - M(J)F = 0 for every
F € V¥, Therefore, if both operators H () and K (0) are skew-adjoint, the LHS of the equation
(2.5) is a total derivative, hence we can reduce its order. If, in addition, £ = 1 and K(9) is a
differential operator of order 1, this produces a recursive formula for the sequence F™, n > 1.
Explicitly, for K(9) = 0(k) + 2k0, where k € V, equation (2.5) becomes
I I
0 pn+1) _ — 41—
(2.6) O(kFPF™Y) = < > FTTH(O)F™ - 3 > o(kprtimmE™)
m=0 m=1

Notice that the RHS is a total derivative (since H(9) is skew-adjoint), so that, given F sat-
isfying (2.4), the above equation defines recursively F"*! up to adding a constant multiple of
(kFO)~L

Note that in the special case in which F™ = %2 for some [hy € V/OV, equation (2.2) can

u

be written in terms of the A-brackets associated to the operators H(0) and K (9) (cf. (1.47)):

{hniiauti|\_g = {Pnaubn|,_,-
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Lemma 2.6. Suppose that the operators H(0), K(0), acting on YV, are skew-adjoint. Then
any (H, K)-sequence {F"}o<pn<n satisfies the orthogonality relations:

(2.7) [F™ - H@)F" = [F" - K@F"=0, 0<mn<N.

Proof. If m = n, (2.7) clearly holds, since both H(0) and K (0) are skew-adjoint operators. We
may assume, without loss of generality, that m < n (hence n > 1), and we prove equation (2.7)
by induction on n — m. By (2.2) and the inductive assumption we have

[F™ - K(QQ)F"= [F™ - H@O)F" =0,
and similarly, since H(0) is skew-adjoint,
[F™ HQO)F"=—[F" - H@O)F" =~ [F"- K(Q)F"" =0.
O

The key result for the Lenard scheme of integrability is contained in the following theorem,
which will be proved in Section 4.

Theorem 2.7. LetV be an algebra of differential functions in the variables {u;}icr, and suppose
that H(0) = (Hi-((‘)))i’jel and K(0) = (Ki-(ﬁ))i’jel form a bi-Hamiltonian pair. Assume
moreover that K (0) is non-degenerate, in the sense that K(0)M(0)K (9) = 0 implies M (9) =0
for any skew-adjoint differential operator M (0) of the form Dp(0) — Dj(0), F € VO Let
{F"}yeo... v C V(N > 1, and it can be infinite) be an (H, K)-sequence, and assume that
FO = %, F' = 55%, for two local functionals fho, fhl € V/0V. Then all the elements of the
sequence F™, n=0,--- ,N, are closed, i.e. (1.16) holds for F' = F™.

Proof. This theorem is a corollary of the results in Section 4, see Remark 4.26. O

Remark 2.8. If £ = 1, the non-degeneracy condition for the differential operator K(9) in Theo-
rem 2.7, i.e. that K(9)M(0)K (0) = 0 implies M (9) = 0, holds automatically unless K(9) = 0.
It is because the ring of differential operators has no zero divisors when ¢ = 1. For general
¢ a sufficient condition of non-degenaracy of K (0) is non-vanishing of the determinant of its
principal symbol.

Theorem 2.7 provides a way to construct an infinite hierarchy of Hamiltonian equations,
Cﬁi—i = {[hn,u}m, and the associated infinite sequence of integrals of motion [h,, n € Z;. In
order to do this, we need to solve two problems. First, given a bi-Hamiltonian pair H(9), K (0)
acting on V¥, we need to find an infinite (H, K )-sequence {F"},ez ., such that FO, F! € Im %.
Second, given an element F' € V¥ which is closed, we want to prove, that it is also “exact”, i.e.
that F' = g—Z for some local functional [h € V/9V, and we want to find an explicit formula for
the local functional [h € V/9V. Then, if we have F" = ‘?—; for all n € Z, by Lemma 2.6, the
corresponding local functionals f h, are pairwise in involution with respect to the Lie brackets
associated to both Hamiltonian operators H(0) and K (0):

(2.8) {fhm,fhn}H:{fhm,fhn}K:O, for all m,n € Z, .

The solution to the second problem is given by Propositions 1.9 and 1.11. We shall discuss,
in Propositions 2.9 and 2.10, a solution to the first problem: we find sufficient conditions for
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the existence of an infinite (H, K)-sequence {F"},¢cz. , and we describe a practical method to
construct inductively the whole sequence.
Let V be an algebra of differential functions. Given a subset U C V¢, let

Ut ={PeV'|[F-P=0, foral FeU} C V',
and similarly, given a subset U C V¥, let
Ut = {FeV¥|[F - P=0, foral PeU} C V*.

Proposition 2.9. Let H(0) = (Hi-(a))ijel, K(0) = (Ki»(a))ijg,
on V¥, and let {F"}o<n<n be a finite (H, K)-sequence satisfying the following condition:

be skew-adjoint operators

(2.9) (Spanc{F"}o<n<n)” C Im K(9).

Then it can be extended to an infinite (H, K)-sequence {F"}pcz. .
In particular, letting U = SpanC{F" | n e Z+} c VO and U’ = SpanC{F" | n > 1} c VoL,
we have:

(2.10) UcU, HOU = K@U, Ut clIm K(9).

Proof. We prove, by induction on n > N + 1, that F" € V% exists such that K(9)F" =
H(9)F"~!. Indeed, by the inductive assumption {F*}g<r<n_1 is an (H, K)-sequence, therefore
by Lemma 2.6 H(9)F"~! L F™ for every m € {0,...,N}, and hence by assumption (2.9)
H(O)F" ! € Im K(9), as we wanted. The second part of the proposition is obvious. O

Proposition 2.10. Let V be an algebra of differential functions in the variables {u;}c; and
let H(D), K(9), be skew-adjoint operators on V. Suppose that U,U' C V¥ are subspaces
satisfying conditions (2.10). Then:

(a) Ker K(9) C (HO)U)",

(b) for every FO € (H((‘))U)l there exists an infinite (H, K )-sequence {F"}nez. . and this
(H, K)-sequence is such that Spanc{F"}necz. C (H(@)U)l,

(c) if F° € Ker K(0) and {F"}nez, , {G"}nez, are two infinite (H, K)-sequences, then they
are “compatible”, in the sense that

(2.11) [F™-HO)G" = [F"-K(Q)G" =0, foral mmné€Zy.

Proof. Since K () is skew-adjoint, we clearly have Im K(0) C (Ker K (8))l. Hence, from
H(Q)U = K(0)U' C Im K(9) C (Ker K(9))", it follows that Ker K(9) C (H()U)". For part
(b), we first observe that, if {F"}o<,<n is any (H, K)-sequence starting at F° € (H((‘))U)l,
then F™ € (H(@)U)J' for every n € {0,..., N}. Indeed, let 1 < n < N and suppose by induction
that F"~! ¢ (H(@)U)J'. If G € U, by assumption (2.10) we have that H(0)G = K(9)G; for
some G € U’ C U. Hence
JF"-H)G = [F" -K(0)Gi=—-[Gi-K(Q)F"
= —[Gy-H@)F"'=[F"' H)G =0,
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hence F" € (H(0)U )l, as claimed. Next, we need to prove the existence of an infinite (H, K)-
sequence starting at F°. Suppose, by induction on N > 0, that there exists an (H, K)-sequence
{F"}o<n<n. By the above observation, F'N € (H(@)U)J', or equivalently H(9)FN ¢ U™, so
that, by the third condition in (2.10), there exists FV 1 € V& such that H(0)FN = K(9)FN+L,
as we wanted. We are left to prove part (c). We will prove equation (2.11) by induction on
m € Zi. For m = 0 we have [F' - K(0)G" = —[G" - K(0)F° = 0, and [F?- H(9)G" =
fFO - K(0)G" =0, for every n € Z,. We then let m > 1 and we use inductive assumption
to get, for every n € Z,

[F™ K()G" =~ [G"-K@Q)F™ =~ [G"-H@O)F" ' = [F™!'. H(O)G" =0,

and similarly
[F™ H(Q)G" = [F™ K()G"" =0.

O

Remark 2.11. If H(9) and K () are pseudodifferential operators on V¢, i.e. the corresponding
A-brackets on V are “non-local”, then the statements of Propositions 2.9 and 2.10 should be
modified to make sure that the elements F'*, n > 0, belong to the domains of the operators
H(0) and K (0). In Proposition 2.9 we then need the further assumption

(2.12) (Span(c{H((‘?)F"}OSHSN)l C DomH (0) .
Similarly, in Proposition 2.10 we need the further assumption
(2.13) (H(0)U)* € DomH (9).

By Proposition 2.9, a sufficient condition for the existence of an infinite (H, K )-sequence
{F"}nez, , is the existence of a finite (H, K')-sequence {F" }g<,<y satisfying condition (2.9). By
Proposition 2.10, if a finite (H, K )-sequence satisfying condition (2.9) exists, then any element
F0 € Ker K(0) can be extended to an infinite (H, K)-sequence {F"},¢z, . Therefore, in some
sense, the best place to look for the starting point of an infinite (H, K)-sequences is Ker K(0).

Moreover, by part (c) of Proposition 2.10, the infinite (H, K )-sequences starting in Ker K (0)
are especially nice since they are compatible with any other infinite (H, K)-sequence. Notice
that the space Ker K(0) is related to the center of the Lie algebra V/0V with Lie bracket
{-, - }k. Indeed, if F¥ = 65% belongs to Ker K(9), then the local functional [hy € V/9V is
central with respect to the Lie bracket {-, -}, and the converse is almost true (cf. Corollary
1.32). Proposition 2.10(c) says that, if F* € Ker K (), then the corresponding infinite (H, K)-
sequence {F"},cz, is “central” among all the other infinite (H, K')-sequences, in the sense of
the compatibility condition (2.11).

We conclude this section with the following result, which incorporates the results of Theorem
2.7 and Propositions 1.9, 2.9 and 2.10. It will be used in the following Sections 2.2 and 2.3 to
implement the Lenard scheme of integrability in some explicit examples.

Corollary 2.12. Let V be a normal algebra of differential functions. Let H(9), K(9) be a
bi-Hamiltonian pair acting on VO, with K(0) non-degenerate. Let Jho, [h1 € V/OV satisfy
the following conditions:
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(i) H(0)% = K (0)%

ou ?
1
(ii) (Span(c dho 8 ) C Im K().

Then there exists an infinite sequence of local functionals f hp, n € Z4, which are pairwise in
involution with respect to the Lie brackets associated to both H(0) and K(0), i.e. (2.8) holds.
Such hierarchy of compatible Hamiltonian functionals can be constructed, recursively, using
Proposition 1.9 and the following equations:

Sho o OB

(2.14) HO)SE = KO)=%, nel..

Proof. By the conditions (i) and (ii), the elements %, %} form a finite (H, K)-sequence
satisfying condition (2.9). Hence, by Proposition 2.9, they can be extended to an infinite
(H, K)-sequence {F"},¢cz, such that F° = % and F! = 56%. Since, by assumption, (H, K)
form a bi-Hamiltonian pair and K is non-degenerate, we can apply Theorem 2.7 to deduce that
every element F™, n € Z,, is closed. Hence we can apply Proposition 1.9 to conclude that F™
is exact, namely there is h,, € V such that " = ‘Sgl—u”. O

Proposition 2.13. Let V be a normal algebra of differential polynomials in one variable w. Let
K(0) = 0 and let H(0) be a Hamiltonian operator forming a bi-Hamiltonian pair with 0. Then
there exists [hy € V/OV such that

(2.15) H()1 =05

Furthermore, we can extend [ho = [u and [hy to an infinite sequence [hy, n € Z., satisfying
(2.14).

Proof. First, notice that, since H(9) is a skew-adjoint operator, [H(9)1 = 0, namely there
exists F' € V such that H(0)1 = 0F. Next, the condition that the Hamiltonian operators H (9)
and K = 0 form a bi-Hamiltonian pair reads

{uxH (1)} e = {un HN) } e = {H N appte} e -

Using equation (1.29) and letting A = 0 we then get

0H(0 0H(0

Z W((n))’un—l—l _ Z (_M o a)n au((n)) —-0.
nely nely

Since H(0) = OF, using the commutation rule (1.2), we obtain, after simple algebraic manip-

ulations, that 4(0 + p)(Dp(u) — Dp(—p — 9)) = 0. This implies that Dp(9) is a self-adjoint

differential operator, i.e. F' € V is closed. By Proposition 1.9, F' is a variational derivative.

Thus, all the assumptions of Corollary 2.12 hold, which proves the proposition. O
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2.2 The KdV hierarchy. Let R = Clu,u/,u”,...] with the following two compatible \-
brackets (see Example 2.2):

{uxuyy = {uauh + {uruls = (0 +20)u +cX?,
(2.16) {U)\U}K = {U)\u}g = )\,

where ¢ € C, so that the corresponding Hamiltonian operators are:
(2.17) H(O) = +2ud +cd®, K(@O)=0.

We shall use the Lenard scheme discussed in the previous Section, to construct an infinite
hierarchy of integrable Hamiltonian equations, which includes the classical KdV-equation

du

— = 3uu + .
it +

(2.18)

By Proposition 2.13, we conclude that there exists a sequence of local functionals [h, €
R/OR, n € Z, where hy = u, which are in involution with respect to both Lie brackets {-, -}
and {-, -}k, and such that the corresponding variational derivatives F" = %, n € Zy form
an infinite (H, K)-sequence (cf. Definition 2.4).

In fact, we can compute the whole hierarchy of Hamiltonian functionals [h,, n € Zi,
iteratively as follows: assuming we computed [h,, n € Zi, we can find [h,41 by solving
equation (2.14). Clearly F" = % is defined by equation (2.14) uniquely up to an additive
constant. To compute it explicitly we have to find a preimage of H(9)F"~! under the operator
9, which is easy to do, inductively on the differential order of H(9)F"~!. Similarly, Jhy, s
defined uniquely up to adding arbitrary linear combinations of [1 and [u, and to compute it
explicitly we can use Proposition 1.11, since Ker (A 4+ 1) = 0. For example, for the first few
terms of the hierarchy we have:

1 3 1 1
F'=1, hg=u; Fl=u, h1:§u2; F2:§u2+cu", h2:§u3+§cuu”;
5 5 5 5 5 1
(2.19) F3 = §u3 + beun” + ic(u')2 +cu® | hy = guA‘ + gcuzu” + écuu'2 - 562uu(4) :

By Corollary 2.12 the local functionals f hn, n € Z,, are in involution with respect to both
Lie brackets associated to H(9) and K (), i.e. (2.8) holds. Hence, if we let [h_1 = [1, we have
an increasing filtration of abelian subalgebras of R/OR with Lie bracket {-, -}k (or {-, -} m),
9tcHlchHlcHn?c..., where H? = Span(c{fhk}zz_l. Notice that the space $H does not
depend on the choice of the local functionals f hn, n € Z4, solving equation (2.14). We also
denote Hc = U,,ez, 97 = Spanc{[hn}pZ_;.

The local functionals [h,, n > 0 are integrals dof motion of the léierarchy of evolution

equations (2.1). The 0 and the 1% equations are dto = 0 and 37“1 = 3, and they say that

u(z,to, t1,...) = u(x+t1,ta,...), the 2° equation is the classical KdV equation (2.18) provided
that ¢ # 0 (then ¢ can be made equal 1 by rescaling), and the 3" equation is the simplest higher

KdV equation:

d 15
L P + 10cu'u” + Seun” + Ful® ,
dts 2

provided again that ¢ # 0 (it can be made equal to 1 by rescaling).
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Remark 2.14. Equation (2.6) for k = 1/2 gives an explicit recursion formula for the sequence
FO =1, F', F? ..., which in this case reads

+1 _ —m (52 - - +1-
(2.200 ™ = Y (aF" (OPF™) = S(OF" ) (OF™) 4 uk” mF’”) -5 > FmE,

up to adding an arbitrary constant. This gives an alternative way to compute the F™’s.

If we put ¢ = 0in the KdV hierarchy (2.19) we get the so called dispersionless KdV hierarchy.
We denote in this case F' and [, in place of F™ and [h,. The recursion relation (2.14) for
the elements F' = ‘?—” n ez, is

w )
—ntl / —=n
oF = (W +2uw)F , neZy,

so if we put, as before, = 1, it is immediate to find an explicit solution by induction:

(2.21) = wu" [Ton = (

2n — 1)1
qu , N E Ly,

where (2n — 1)!l:=1-3---(2n — 1). The corresponding dispersionless KdV hierarchy is

du (-1

As before, we denote [ h_y = [1, and we have a uniquely defined increasing filtration of abelian
subalgebras, with respect to the Lie bracket {-, -} (or {-, -}y with ¢ = 0): H5 € HJ C H} C
-+ C 9o, where H = Spanc{fﬁk}zz_l and o = Uff:_l 97-

Finally, as ¢ — oo the KdV hierarchy turns into the linear KdV hierarchy, corresponding
to the pair H(9) = 9%, K(9) = 8. We denote in this case £ and [h,, in place of F™ and [h,,.
The Lenard recursion relation (2.2) becomes F" ™ = @3F" n > 1, and a solution of such
recursion relation, such that all £ are in the image of %, is obtained starting with F! = u.
In this case, F"*! is defined by F™ uniquely up to adding an arbitrary constant, while Jhyin
is defined uniquely up to adding an arbitrary linear combination of [1 and [u. An explicit
solution is given by

(2.22) Fr = = e = EL o2 ez,

giving the linear KdV hierarchy

d
au L ent)

, ne€Zy.
dt,, *

By Theorem 2.7, the local functionals [h,, n > 1, are in involution with respect to both the
Lie brackets {-, -} and {-, -} . If we let [h_; = [1 and [hy = [u, we thus get, as before, a
uniquely defined increasing filtration of abelian subalgebras, with respect to both {-, -} x and
{, }u: f,);ol C 5320 C S§C1>O C -+ C $Ho, where 9 = Spanc{fﬁk}zz_l and Hoo = U;L’O:_l no.
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Theorem 2.15. The spaces 9. = Span(c{fhn};o:_l, c# 0, H = Span(c{fﬁn}zo:_l, and
oo = Spanc{fﬁn}zo:_l, defined by (2.19), (2.21) and (2.22) respectively, are mazimal abelian
subalgebras of the Lie algebra R/OR with the bracket

(2.23) (f, g} = 59 gf (¢f. (1.60)).

Moreover, the local functionals [hn, n > —1 (resp. [hn, n > —1, and [h,,n > —1), form a
maximal linearly independent set of integrals of motion of the KdV (resp. dispersionless KdV,
or linear KdV) hierarchy.

Proof. We consider first the case of the dispersionless KdV hierarchy f h,, n > 1. Notice that,
by (2.21), we have $9 = C[u] C R/OR. Let [f € R/OR be a local functional commuting with
all elements f hyn, n > 1. We have

/u gi n+1{fff"+1}—0 for every n € Z. .
Hence by Lemma 1.28 we get that 8% € OC[u], namely (since Ker (9) = C) gi € Clu]. On the
other hand Clu] = %((C[u]), so that we can find a(u) € C[u] such that % = 6a(u) . Equivalently,
f—oa(u) € Ker (%) = C+ OR (see Proposition 1.5), so that f € OR + Clu ] as we wanted.
Next, we consider the linear KdV hierarchy [h,,n > —1. Let [f € R/OR be a local
M&”—u“ = u@) | such that

functional commuting with all elements f h,,, n > —1, namely, since
0
u(zn)ﬁé—f € OR, foreveryn e Zy.
u

By Lemma 1.30 this is possible if and only if 8% € dSpang{u® | n € Z, }, which is equivalent
to saying that [f € Spanc{[1, [u, fuu(Q")}, as we wanted.

We finally prove the general case, for arbitrary value of the central charge ¢ € C, by reducing
it to the case ¢ = 0. According to the decomposition (1.88), the elements F™, n € Z, defined
by the recurrence formula (2.20), can be written, for arbitrary ¢ € C, in the form

(2.24) F" = F'+G",

where F'" € Clu] is given by (2.21) and G" € R?. Likewise, the local functionals [h, € R/OR
in (2.19) admit a decomposition

(2.25) By = hy + 7y,

where h,, € Clu], is given by (2.21), and r,, € R?. Indeed, let 7y : R — C[u] be the projection
defined by the decomposition (1.88). We need to prove that mo(F™) = F" and mg(hn) = hn
for every n € Z,. If we take the image under my of both sides of equation (2.20), we get the
following recurrence relation for the elements mo(F™) € Clul:

n

1
Fn+1 Z U7TO Fn m (Fm) - 5 Z 7T0(Fn+1_m)7T()(Fm) )

m=1
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Since in the above equation the central charge ¢ does not appear anywhere, its solution mo(F") €
Clu] is the same for every value of ¢, in particular it is the same as the solution for ¢ = 0, i.e.
mo(F™) = F". Furthermore, by Proposition 1.11, a representative for the local functional
[hn € R/OR can be obtained by taking h,, = A~} (uF"), where by A~! we mean the inverse of
A, restricted to the space of differential polynomials with zero constant term. Therefore such
hy, clearly has a decomposition as in (2.25) since A~ (uEF") = hy, € Clu], while A~ (uG) € R?
for every G € R?.

The basic idea to reduce to the case ¢ = 0 is to consider the change of variable x +— /e
in u = u(z) and take the limit ¢ — 0. In order to formalize this idea, we define the map
e : C[]A] ® R — Cle, \] ® R given by

T (F(\u,/,u”,.0)) = Flehu, e, e®u”,...).

Clearly, we have induced maps m. both on the space of differential polynomials, 7. : R —
Cle] ® R, defined by the natural embedding R C C[A\] ® R, and on the space of local functionals
m= : R/OR — Cle] ® R/OR ~ (Cle] ® R)/0(Cle] ® R), defined by 7.([f) := [mef. The
decomposition (2.25) can then be restated by saying that

(226) Wa(hn) = Bn + ETemn

where h,, is given by (2.21) and 7., € Clg] ® R.
It is clear by the definition of 7. that %7‘(’5 = 5”775%, so that %775 = 715%. In particular,
recalling the definition (2.23) of the Lie bracket on R/OR, we have

(2.27) {fﬂ'afafﬂag} = E_lﬂa{fﬁfg}’

for every f,g € R. Let then [f € R/OR, for some f € R, be a local functional commuting with
all [hy, n € Z4, and assume, by contradiction, that [f & Span(c{ J hn}zo:_l. Notice that, by
the decomposition (2.25) and by equation (2.21), we can subtract from f an appropriate linear
combination of the elements h,,, so that, without loss of generality, f € R? and Jf#0. In
other words, we have

(2.28) mef = e (f+ere).

where k£ > 1 and f € R? is such that i f # 0. By equation (2.27) and by the assumption on
[f, we have { [m.f, [m.h,} = 0 for all n € Z,, namely

(2.29) {wef,\wehn}‘)\zo € Cle]®OR, forall ne€Z, .

On the other hand, by the decompositions (2.26) and (2.28), the minimal power of £ appearing
in the LHS of (2.29) is €, and looking at the coefficient of ¥ we get that

{fABnHA:O € OR, forall ne€Z, ,

namely {ff, fl_zn} = 0 for all n € Z,. By the maximality of g, it follows that ff € 9o,
namely f € Clu] + OR, contradicting the assumption that f € R?\OR.

Finally, all local functionals f h,, are linearly independent. Indeed, since ?—u” = F™, it suffices
to show that the elements F™, n € Z, are linearly independent in R = C[u™ |n € Z,]. For
¢ = 0 (respectively ¢ = oo) this is clear from the explicit expression of ' in (2.21) (resp.
F" in (2.22)). For ¢ € C\{0}, it follows by the decomposition (1.88) and by the fact that
m(F") =F" €Clu], n € Z,. O
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In view of Remark 1.26, the proof of Theorem 2.15 shows that the KdV hierarchy is inte-
grable.

The following result shows that the only hierarchy that can be obtained using the bi-
Hamiltonian pair (H = 8%, K = ) is [h,, defined in (2.22), for any choice of [ho, [h1. We
believe that the same should be true for all values of c.

Proposition 2.16. All the solutions [ f, [g € R/OR of the following equation

of _ 209

— =0"—.

ou ou

are obtained by taking linear combinations of the pairs [hni1, [hn, n >0, defined in (2.22).
Proof. Let N = max{ord (f),ord (¢)+1}, sothat f = f(u,«’,...,u™), g = g(u, o, ..., uN=1).
By induction, we only need to show that

(2.31) f= y(u(N))2 +fi, g= —7(1L(N_1))2 +g1 mod IR,

for some v € C and f1,91 € R such that ord(f;) < N —1,ord(g1) < N — 2. We start by
observing that, if ¢ € R has ord (¢) < N —1, then there exists ¢ € R with ord (1)) < N —1 such
that ¢pu™) = ¢ mod AR. Indeed, in general we have ¢ = > k>0 Dk (u(N_l))k with ord (¢y) <
N —2, and we can then take 1) = =3, %H(&bk)(u(]v_l))kﬂ. Therefore, since f and g are
defined modulo OR, we can assume, without loss of generality, that f, as a polynomial in u("),

and g, as a polynomial in w1 do not have any linear term. Under this assumption, claim
(2.31) reduces to saying that

(2.30)

82 82
(2.32) ! s =——19
ou) OuN-1)
By assumption ord (f) < N, hence we can use the commutation rule (1.2) and the definition
(0.7) of the variational derivative to get

e C.

(2.33) e = E o = (1) aff]{)z,

and similarly, since ord (g) < N — 1, we have

(2:34) augN)82§_Z - g(_l)n(‘)ugman”aié) :(_1)N_1%’
au<2i—1>82§_i - ]::_01(—1)"8”(2%_1) n+zai<gn> =0T +1)8au?;f’1)2-

The first identity in (2.33) and the first identity in (2.34), combined with assumption (2.30),
give
0? 0?
(2.35) S99
Ou) OuN-1)
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while the second identities in (2.33) and (2.34) give

o*f 9%g
2.36 NO——5 =—-(N+1) 00—
(2.36) duV)? ( ) ouN-1)2
Clearly, equations (2.35) and (2.36) imply (2.32), thus completing the proof. O

2.3 The Harry Dym (HD) hierarchy. We can generalize the arguments of Section 2.2 to
the case in which we take { ) } 7 and { ) } k¥ to be two arbitrary linearly independent linear com-
binations of the A-brackets { ) },,, n = 1,2,3, in Example 2.2. Namely, in terms of Hamiltonian
operators, we take

(2.37) H(0) = oq (v + 2ud) + 20 + a30®, K(0) = f (v + 2ud) + 520 + B30,

acting on V, a certain algebra of differential functions extending R = C[u(™ |n € Z,], which
will be specified later.

Clearly, if we rescale H(J) or K(J) by a constant factor v € C\{0}, we still get a bi-
Hamiltonian pair and the theory of integrability does not change: any (H, K') sequence {F" }o<p<n
(cf. Definition 2.4) can be rescaled to the (yvH, K)-sequence {y"F" }o<p<n, or to the (H,vK)-
sequence {7 "F"}o<p<n. The corresponding local functionals [h,, n € Z., satisfying F" =
‘Sgl—u", can be rescaled accordingly. Furthermore, if (H,K) is a bi-Hamiltonian pair, so is

(H+aK, K) for any o € C. It is immediate to check that, if {F"}o<p<n is an (H, K')-sequence,

then
Fg:kz_o (Z)JF“"“, 0<n<N,

defines an (H + oK, K)-sequence. In particular, if { [y, }nez, is an infinite hierarchy of local
functionals satisfying equation (2.14), hence in involution with respect to both Lie brackets
{-,}g and {-, -}k (or any linear combination of them), then [ha, = > p_o (7)) [hy—k, n €
Z, defines an infinite hierarchy of local functionals satisfying (2.14) with H replaced by H +
aK, hence still in involution with respect to both the Lie brackets {-,-}x and {-,-}x. The
corresponding increasing filtration of abelian subalgebras, §° C ' C $H? C ...V/9V, given
by HV = Span(c{ i ha,n}o <n<n- 18 independent of a. In conclusion, from the point of view
of integrability and of the Lenard scheme as discussed in Section 2.1, nothing changes if we
replace the bi-Hamiltonian pair (H, K) by any pair of type («K + fH,vK), with «, 3,7 € C
and 0,7 # 0. Namely the integrability depends only on the flag of Hamiltonian operators
CK c CH +CK.

We next observe that, in order to apply successfully the Lenard scheme of integrability, we
must have B3 = 0. Indeed, suppose by contradiction that G3 # 0. By the above observations
we can assume, after replacing H with H — %K , that ag = 0. In order to apply the Lenard
scheme, we need to find a sequence F™, n € Z,, solving equations (2.2). By looking at the
differential order of the various terms in equation (2.2), unless F™ € C, we get that ord (F"™) +
3 = ord (F™ ') + 1, namely the differential order of F" decreases by 2 at each step, which is
impossible since differential orders are non-negative integers, unless F" € C for n >> 0, i.e. the
Lenard scheme fails.
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Let then K(9) = f1(u + 2ud) + (20. If B; = 0, we may assume that K(9) = 9 and
H(0) = ay (v + 2ud) + a38?, which gives the KdV, the dispersionless KdV or the linear KdV
hierarchies, if ajag # 0, a3 # 0 and ag = 0, or a1 = 0 and ag # 0 respectively. These cases
were studied in detail Section 2.2. In this section we consider the remaining case, when (31 # 0.
Then we may assume that H(0) = ad + 303, K(9) = v/ + 2ud + 0, for a, 3,7 € C, and «, 3
not both zero.

As a last observation, we note that the case v # 0 can be reduced to the case v = 0 with
the change of variable

(2.38) ul—>u—%, u™ =™ on>1,
in the polynomial algebra R = C[u(® |n € Z.], or in an algebra of differential functions V
extending R. Indeed, it is immediate to check that (2.38) defines an algebra automorphism
¢ of R commuting with the action of 9, hence the operator H(0) commutes with ¢, while
eK ()™t = + 2uo.

We thus arrive at the following one-parameter family (parametrized by P') of bi-Hamiltonian
pairs:

(2.39) H(0) = ad + p0° , K(9)=u+2ud,

where a, § € C are not both zero. We want to apply the Lenard scheme of integrability, namely
Corollary 2.12, to construct an infinite hierarchy of local functionals [h,, n € Z., which are
pairwise in involution with respect to the Lie brackets {-, -}y and {-, -}k (thus defining an
infinite hierarchy of integrable Hamiltonian equations (2.1)).

As we pointed out in Section 2.1, the best place to look for the starting point F© of an
infinite (H, K)-sequence {F"},c7. is the kernel of the operator K(9). Namely we want to find
solutions of the equation

(2.40) KO)F° = (v +2ud)F° = 0.

If we write K(9) = 2ul/29 o ul/?, we immediately see that, up to a constant factor, the only
solution of equation (2.40) is F = 1/\/u. Therefore, if we want to have a non-zero kernel of the
operator K (), we are forced to enlarge the algebra R = Clu™ |n € Z,] to a bigger algebra of
differential functions V, which includes 1/y/u. The smallest such algebra (which is invariant by
the action of 0) is

(2.41) V=Clu*z,d/,v",...] O R.

The degree evolutionary vector field A is diagonalizable on the algebra V with eigenvalues
in 1Z. If we let U = u%(C[uil,u’,u”,...] C V, the operator A is diagonalizable on U with
eigenvalues in Z+3, so that both A and A+1 are invertible. We also have K (9) ™1 (H(0)U) C U.
We then let

N

(2.42) FO =y 2,

and we look for F'! € V such that K(0)F' = H(9)F°. By the definition (2.39) of the operators
H(0) and K (9), the equation for F'! is

230(u2F') = (ad + B0°)u" 2,
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which, by the identities WO = %Gu_l and u"20%u"2 = 28(u_%82u_%), gives, up to
adding elements of (Cu_%,
1 1 _3 _5,9 _1

(2.43) F = o 2 4 [fu" 107U 1.

Clearly F°, F! € U4, and it is not hard to show that both F° and F! are in the image of the
variational derivative %. In fact we can use Proposition 1.11 to compute preimages hg, h1 € U
explicitly. Since FY (respectively F'), is homogeneous of degree —% (resp. —%), we have
= %, n = 0,1, where

1
(2.44) ho = 2u2 , h = —Eau_% - 251[%8211_% .

We finally observe that the orthogonality condition (ii) of Corollary 2.12 holds. Indeed we have
(SpanC{FO, Fl})l C ((Cu_%)J' =420V =Im K(0).

We can therefore apply Corollary 2.12 to conclude that there exists an infinite sequence of local
functionals f hp, n € Z,, with h,, in some normal extension of V', which are in involution with
respect to both Lie brackets {-, -}y and {-, -}k, and such that the corresponding variational
derivatives F" = %, n € Z4 form an (H, K)-sequence. In fact, we can compute the whole
hierarchy of Hamiltonian functionals [h,, n € Z., iteratively by solving equation (2.14). Since
K(0)"'(H(9)U) C U, we can choose all elements h,, in U C V.

In the special case a = 1, 3 = 0, we have a closed formula for the whole sequence F", n € Z.,

and the corresponding local functionals f hp, n € Z,, which can be easily proved by induction:

(271—1)!! o1 - (2n—3)!! —n+l

n __ n—
(245) Ty TR s T o T

’I’LGZ+

For arbitrary «, 5 € C, the first two terms of the sequence are given by (2.42), (2.43) and (2.44),
but already the explicit computation of the next term, namely F2, and the corresponding local
functional [hs, is quite challenging if we try to use the equation K (0)F? = H(d)F*.

Remark 2.17. Equation (2.6) for k = u gives an explicit recursion formula for the sequence

FO = u_%, F' F? ..., which in this case reads
1 1</l 1
PPl = SumE Y (S T 4 GE T (GPF™) — SA(0F ) (0F™))
m=0
1 1«
(2.46) —5us Zl pri-mpm.
m=

up to adding a constant multiple of u~2. Tt is clear from this recursive formula that F™ has

degree —2”2“ for every n € Z,, so that, by Proposition 1.11, we have F" = ‘Sgl—u", where

2
2n —1

(2.47) hn, = uF", neZy.
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We can use equations (2.46) and (2.47) to compute F? and hs. Recalling that F° and F! are
given by (2.42) and (2.43) respectively, we have, after some lengthy algebraic manipulations,

r 3 5 9 1
(2.48) 2 —au"? + T2 affu 102 4 —jﬂzu_%(?‘lu_% )
1 5 1
hey = 16 a?u"2 — 8 afu 19201 — —62u_284u_%.

The local functionals [h,,, n > 0, are integrals of motion of the integrable hierarchy of evolution
equations, called the Harry Dym hierarchy:

d
(2.49) U (a4 BVF", neZ.,.

dty,
The first three equations of the hierarchy are then obtained by (2.42), (2.43) and (2.48) respec-
tively. The first equation for o = 0, = 1 is the classical Harry Dym equation:

du 1

E = 83 (’U,_i) .

Remark 2.18. As in the case of the KdV hierarchy, we point out that the abelian subalgebras
Nag = { fhy, n € Z+} C V/0V are infinite-dimensional for every «, € C. Indeed, since
‘Sgl—u" = F™, it suffices to show that F", n € Z,, are linearly independent in V. Since the
operators H(J) and K (9) in (2.39) have degree 0 and 1 respectively, then, by the recursive
formula (2.2), F" has degree —n — % Therefore, to prove that they are linearly independent it
suffices to show that they are non-zero. It is clear from the definition (2.39) and some obvious
differential order consideration, that Ker H(J) = C. In particular F" is in Ker H(9) if and
only if F™ = 0. But then we use equation (2.2) and induction to deduce that, if F"~1 # 0, then
F"1 ¢ Ker H(O), so that F™ # 0. Hence, in view of Remark 1.26, the Harry Dim hierarchy is

integrable.

2.4 The coupled non-linear wave (CNW) system. Let V = C[u(™, v |n € Z,] be the
algebra of differential polynomials in the indeterminates (u,v). Then the formulas

(2.50) {uyuyg = 0+ 2 )u+c\® | {oywlg =0,
{upvtg = @+ Nv, {vyulg = v,

and

(2.51) {uAu}K = {U)\U}K = A s {U)\U}K = {U)\U}K = O,

define a compatible pair of A-brackets on V for any ¢ € C. Indeed, formulas (2.50) define
a structure of a Lie conformal algebra on C[0]u @ C[0]v @ C, corresponding to the formal
distribution Lie algebra, which is the semi-direct sum of the Virasoro algebra and its abelian
ideal, defined by the action of the former on Laurent polynomials C[t,t~!]. Moreover, adding
a constant multiple of X in the first line of (2.50) corresponds to adding a trivial 2-cocycle [K].
The claim now follows from Theorem 1.15(c) or Example 1.22.
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The Hamiltonian operators (on V¥2) corresponding to the A-brackets {- -}y and {- )}k
are

[ D +2ud+u 0D (0 0
o = (P 0) g (20)),
Sho 0 Shy 1
Let hg = v, hy = u € V. We have F? = <65,%>: <1>,F1: <65,§L1>: <0>,
v v
and H(O)F' = K(0)F! = (8) Moreover, obviously (CFY @ (CFl)l = Im (0). Hence

conditions (i) and (ii) of Corollary 2.12 hold, and the sequence [hg, [h; can be extended to an
infinite sequence [h,, € V/OV, n € Z., satisfying (2.14). Thus, we get an infinite hierarchy of
Hamiltonian evolution equations (n € Z;):

d u Shn Ohn41

i) =m0 (6 )=xo( ¥ ).
for which all [h,, are integrals of motion for both brackets {-, -} and {-, -} x on V/9V, defined
as in (1.67). One easily computes the whole hieararchy of Hamiltonian functionals [h, and

their variational derivatives F™ € V2 by induction on n, starting with the given [hg and [h,
as we did for KAV and HD in Sections 2.2 and 2.3. For example, we have:

F0:<(1)>,h0:v;F1:<(1)>,h1:u;
2 u Lo 2
Fz( >,h2:§(u +v%);

3 < cu + %u2 + %02

_1 "o ,3 2
" ) , h3—2(cuu +u’ 4 uv®),

and the first four equations of the hierarchy are:
d (u d [ u d (u u
T =0 [T =0 [T = / )
dto v dty v dts v v
d (w4 3uu + v
dts \ v ) A(uv) '
The last equation is called the CNW system [I], [D]. It is easy to see by induction that the
first coordinate of F € V2 has total degree n — 1 if n > 1. It follows that the F, and hence

the [h,,, are linearly independent for all n € Z,. Thus, in view of Remark 1.26, the CNW
hierarchy is integrable.

2.5 The CNW of HD type hierarchy. Recall that the three compatible Hamiltonian
operators H,(0), n = 1,2, 3, from Example 2.2 were used to construct, in Section 2.2, the KdV
hierarchy, and, in Section 2.3, the HD hierarchy. Here we describe an analogous picture for an
algebra of differential functions V in two variables u and v.
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We have three compatible A-brackets in two variables, {-  -},, n = 1,2, 3, defined as follows:

{upupr = (O + 2 N)u, {vavh =0, {uyv}i =@+ Nv, {vu} = v,
{wauts = {vavke = A, {wv}s = {vaup =0,
{U)\u}g = )\3 N {’U)\’U}g = {U)\’U}g = {U)\u}g =0.

The corresponding Hamiltonian operators H,(9) : V2 — V2 n = 1,2,3, are given by the
following differential operators:

u' 4+ 2ud o o 0 2?0
Hl(a)‘( v +vd 0 ) ’ HQ(a)‘(o a) ’ H?’(a)_( 0 0)"
It is clear from the discussion at the beginning of Section 2.4 that the above operators are
all compatible, namely any linear combination of them is again a Hamiltonian operator. The
CNW system is constructed using the bi-Hamilonian pair H = Hy + cHs, K = Hs, and it can
be viewed as the analogue, in two variables, of the KdV hierarchy. It is therefore natural to look

for a two-variable analogue of the HD hierarchy, which should be associated to the 1-parameter
family (parametrized by P') of bi-Hamiltonian pairs H = aHs + 3H3, K = Hy, namely

[ a0+ B0 0 [ W+ 200 vwo
(2.53) o) = (0 0) L we = ().

with a, 3 € C. Note that, using arguments similar to those at the beginning Section 2.3, any
other bi-Hamiltonian pair (H, K') obtained with linear combinations of the operators Hy, Ho, H3
can be reduced, from the point of view of finding integrable systems, either to (2.52) or to (2.53).

We next apply the Lenard scheme of integrability to construct an infinite hierarchy of
integrable Hamiltonian equations associated to the Hamiltonian operators H(0) and K(9) in
(2.53), which we can call the “CNW of HD type” hierarchy.

First, by Remark 2.8, the operator K (0) is non-degenerate. According to Proposition 2.10
and the subsequent discussion, the best place to look for the starting point of an integrable
hierarchy is the kernel of K (0). All the solutions of K(0)F = 0 are linear combinations of the
following two elements:

1
(2.54) F0:<$> , F1:< vu>ev@2.
T2

To make sense of them, we choose an algebra of differential functions ¥V which contains %, for
example we can take

(2.55) V = Clu, vt/ o', u” 0", ..

Note that FO and F'!' are the variational derivatives, respectively, of

(2.56) Tho=[v ,  [h=[Z€cV/oV.
v

Moreover, we clearly have H(9)FY = 0, so that condition (i) of Corollary 2.12 holds trivially.
Next we want to check condition (ii) of Corollary 2.12, namely

(2.57) (Spanc{F°, Fl})l C Im K(9).

o4



Let P = < z > € (SpanC{FO,Fl})J'. Since [P - F? = 0, we have that ¢ = d(vf) for some
feVv. Letr= %(p— u'f —2udf), so that

(W f+2udf +or
p= (")

In order to prove that P € Im K (0) we only have to check that r» € 9V. Since P L F', we have
1 U U
_ 1 _ / _
0= [P -F _f;(ua—l-Zu@a—l—w) - U28(va) = / <r—|—8(;a)) ,

so that r € 9V, as we wanted. This proves (2.57).

According to the above observations all the assumption of Corollary 2.12 hold. Hence there
exists an infinite sequence of local functionals [h, € V/0V, n € Z,, with h,, in some normal
extension of V, which are in involution with respect to both Lie brackets {-, -}y and {-, -}k,
and such that the corresponding variational derivatives F™ € V92 n € Z,, form an (H, K)-
sequence. In fact, we can compute the whole sequence of Hamiltonian functionals [hy,, n € Z,
iteratively by solving equation (2.14). The corresponding hierarchy of evolution equations is
given by (2.1), namely

(2.58) { fir = (a0 + BO%) %5z

ji—i; = a@?—v’l
Is the above hierarchy integrable? According to Definition 1.27, in order to establish inte-
grability, it suffices to prove that the elements K(9)F™, n € Z, span an infinite-dimensional
subspace of V2, and since dim Ker K(9) = 2 < oo, it suffices to prove that the F"’s are linearly
independent.

As for the HD hierarchy, we observe that H(0) and K () in (2.53) are homogenous of degree
0 and 1 respectively. Hence, by the recursive formula (2.14), we can choose F" € V®2 n € Z .,
homogeneous of total degree —n. Two claims follow from this observation. First, we can choose
the f hy in V, due to Proposition 1.11. Second, to prove linear independence, we only have to
check that the F"™’s are not zero.

We consider separately the two cases o = 0 and a # 0. For o = 0 we can compute explicitly

0
§ﬁ(”/)2 R and F" = 0 for all
27 o4 v3
n > 3. In particular the F™’s span a finite-dimensional space and the Lenard scheme fails.

If « # 0 we may rescale so that « is replaced by 1 and we let ¢ = g We want to prove
that, in this case, F™* # 0 for every m > 0, namely integrability holds. Notice first that
Ker (9) = Ker (0 + ¢0?) = C. In particular, since each component of F™ has degree —n, if, for
n >0, F* # 0, then necessarily (H(0)F™); # 0, i = 1,2. Moreover, we have by the expression
(2.53) of K(0), that, for n € Z,,

the whole sequence: F? and F! are as in (2.54), F? =

(2.59) (K(9)F")2 = O(vFY'),
while, if F* = 0, then

(2.60) (K(3)F™); = vdFY .
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Suppose that FJ' # 0 for some n > 1. It follows that (H(9)F™)2 # 0 and hence, by the recursive
formula (2.2) and equation (2.59), that Fi"*1 # 0. On the other hand, if F}' = 0 and FJ* # 0
for some n > 1, namely (H(0)F™)s = 0 and (H(0)F™); # 0, we have, by the recursive formula
(2.2) and equations (2.59) and (2.60), that F/"™' =0 and Fy"! # 0. In conclusion, F™ # 0 for
every n € Z,, thus, in view of Remark 1.26, proving integrability of the hierarchy (2.58).

We can compute explicitly the first few terms of the hierarchy. The first two Hamiltonian
functionals f ho, f hy are given by (2.56), the corresponding variational derivatives F°, F'' are
n (2.54), the 0-th evolution equation is trivial and the 1-st is

d (u _ [ (0+c®) ()

i \o )T —am)” )
We call this equation the CNW system of HD type. We next compute F? by solving the
equation H(9)F' = K(0)F?. The result is

F? = i
- §u__li+§c( DT
2 vt 2 02 27 vt v3

which is the variational derivative of the Hamiltonian functional

w2 11 1 ()2
hy= | —=— - ,
Jho / 508 T2y 1293

The corresponding evolution equation is

d < u ) —(0+ )%
P = 72 " .
o\ o )= Logs - g 3 - oz)

3 The variational complex.

3.1 g-complex and its reduction. Given a Lie algebra g, we can extend it to a Lie super-
algebra g containing g as even subalgebra as follows:

(3.1) g = g[¢] @ CI; = g ® g§ © CO,

where ¢ is an odd indeterminate such that €2 = 0. A g-complez is a Z-graded vector space
Q= @,cz, Q" with a representation of gon Q, m: g — EndQ, such that, for a € g, the
endomorphisms m(a), m(a), 7(0¢) have degrees 0, —1 and +1, respectively.

Given an element d € g, we can consider its centralizer g% = {a € g| [8 a] =0} C g, and
the corresponding superalgebra =g’ g% (C@g C g. Notice that g2 = ga Let Q be a
g-complex. Clearly 7(9)Q = Dz, m(9)"* € Q is a graded submodule with respect to the
action of g. We can thus take the corresponding quotient gZ-module § = @n€Z+ Q" where

Q" = Q" /n(9)Q", which is called the reduced (by 9) g°-complex.
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3.2 The basic and the reduced de Rham complexes Q and Q over V. As in Section
1, welet R = (C[ul(") |i € I,n € Z+] be the C-algebra of differential polynomials in the variables
ui, 1 € {1,...,0} =1, and we let V be an algebra of differential functions extending R. Again,
as in Section 1, we denote by g the Lie algebra of all vector fields of the form (1.10).

The basic de Rham complex Q@ = Q(V) is defined as the free commutative superalgebra over
(n)

i

(3.2) o= Z e 5u2(71?11) A A 5u(mk) e

11T i 11T

V with odd generators du; ', i € I,n € Z,. In other words Q) consists of finite sums of the form

i1, sip€l
miy, M€l
and it has a~(super)com1~nutative product given by the wedge product A. We have a natural
Z-grading Q2 = P keZ, OF defined by letting elements in V have degree 0, while the generators
5u§n) have degree 1. The space QF is a free module over V with basis given by the elements
5%(::11) AR 5“1(':%)7 with (mq,41) > -+ > (mg, i) (with respect to the lexicographic order).

In particular Q° = V and Q! = b, €lnez, Véul(-n). Notice that there is a V-linear pairing

Q! x g — V defined on generators by (5u§m), au(?.”)) = 0i jOm,n, and extended to Q! x g by
V-bilinearity. ’

Furthermore, we want to define a representation 7 : g — Der Q of the Lie algebra g on the
space  given by derivations of the wedge product in €2, which makes Q into a g-complex. We

let § be an odd derivation of degree 1 of Q, such that §f = Zie[,n€Z+ %&Lgn) for f € V, and

(5((5u§")) = 0. Tt is immediate to check that 6> = 0 and that, for @ € QF as in (3.2), we have

o
3.3 w) = Zliviy g () g (ma) s (m)
(TL) J 11 Tk
Jjeln€Zy i1, i€l 8“]

mi, e mE €L

For X € g we define the contraction operator vx : Q — Q, as an odd derivation of Q of degree
-1, such that tx(f) =0 for f € V, and LX(5uZ(-")) = X(ugn)). If X € gisasin (1.10) and & € QF
is as in (3.2), we have

k
T
(3.4) @) = > S b SulTA T AU
i 7"'7‘ I =1
oy ety

In particular, for f € ¥V we have

(3.5) vx(6f) = X(f).

It is easy to check that the operators tx, X € g, form an abelian (purely odd) subalgebra of
the Lie superalgebra Der 2, namely

(3.6) [tx,ty] =tx oty +iyoirx =0.

The Lie derivative along X € g is the even derivation Ly of Q of degree 0, defined by Cartan’s
formula:

(3.7) LX:[é,LX]:éoLx—I-LXO(S.
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In particular, for f € V = Q0 we have, by (3.5), Lx(f) = tx(0f) = X(f). Moreover, it
immediately follows by the fact that 6> = 0 that

(3.8) [0,Lx]=00Lxy —Lxod=0.
We next want to prove the following:
(39) [Lx,Ly] :LXOLy—LyOLX :L[X,Y]-

It is clear by degree considerations that both sides of (3.9) act as zero on Q° = V. Moreover, it
follows by (3.5) that [tx, Ly](6f) = txduy0f —wyduxdf = X(Y(f)) - Y(X(f)) = [X,Y](f) =
vx,y)(6f) for every f € V. Equation (3.9) then follows by the fact that both sides are even

derivations of the wedge product in . Finally, as an immediate consequence of equations (3.8)
and (3.9), we get that

(3.10) [Lx,Ly]=LxoLy—LyoLx=Lixy]-

We then let m(0¢) = 0, m(X) = Lx, m(X§{) = 1x, for X € g, and equations (3.6), (3.7), (3.8),
(3.9) and (3.10) exactly mean that 7 : g — Der () is a Lie superalgebra homomorphism. Hence
the basic de Rham complex 2 is a g-complex.

Remark 3.1. To each differential k-form @ € QF we can associate a V-multilinear skew-symmetric
map @:g Xx...xg— V by letting
—_—

k
(m1) (mi) (0 3 Hk
mi m
5“1'1 A"'/\5Uikk <8u§?1)7” 8 ) UESkSIgn L erjar5m7'7nar7

and extending it by V-linearity in each argument. We can then identify the complex QF with
the space of such maps Homy( /\@g, V). The action of the differential § on & € QF is then given
by the usual formula for the Lie algebra cohomology differential:

(3.11) 0O(X1, . X)) = Y (D)X (@(Xy, -7, X))
1<i<k+1

i J
+Z H—]w XlaX] le'T"T'ka‘-i-l)a

1<j

the corresponding formula for the contraction operator ¢x is
(312) (LX(D)(XM s >Xk—l) = (’D(Xv X, >Xk—l) iftk>1,

and that for the Lie derivative Ly is

k
(3.13) (Lx®)(X1, .., Xp) = X(@(X1, ., Xp) = D 0(Xy, -, [X, X, o, X))

r=1
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As in Section 1, we denote by g the subalgebra of g consisting of evolutionary vector fields,
namely the centralizer of 0 € g, given by (1.1). By an abuse of notation we also denote by 9
the Lie derivative Ly : QF — QF. Since d commutes with §, we may consider the corresponding
reduced g?-complex Q = Q/90) = Drez, QF. This is known as the reduced de Rham complex
Q = Q(V), or the complex of variational calculus, or the variational complex.

Elements w € QF = QF / OO are called local k-forms. In particular Q0 = V/0V is the space
of local functionals (cf. Definition 1.25). By an abuse of notation, we denote by ¢ and, for
X € g%, by 1x, Lx, the maps induced on the quotient space Q¥ by the corresponding maps on
QF. In particular Ly acts as zero on the whole complex 2. The contraction operators induce
an Q0-valued pairing between Q' and g?:

(3.14) (X,w) = (W, X) = ix(w), for Xeg’ wel.

We have the following identity, valid in any g-complex, which can be easily checked using
equations (3.7) and (3.9):

x,y] = Lxty — Lytx + dtytx — tyixo .
In particular, for w € Q' and X,Y € g7, we get the following identity, which will be used later:
(3.15) (w,[X,Y]) =Lx(w,Y)— Ly (w, X) — tytxdw.
Another useful form of the above identity is, for w € Q',

(3.16) (w,[X,Y]) = Lx(w,Y)— (Lxw,Y).

3.3 Cohomology of Q and Q. In this section we compute the cohomology of the complexes
Q and Q under two different assumptions on the algebra of differential functions V. In Theorem
3.2 we assume that V is normal, while in Theorem 3.5 we assume that the degree evolutionary
vector field A is diagonalizable on V.

We first need to extend filtration (1.7) of V to the whole complex Q. For n € Z, and i € I,
we let

(3.17) Of, = {oeat

Lo =1 o CuzO,forall(m,j)>(n,i)},
ECD) ou (™)
J J

k

n
and Ql&o = 0y 0C. Clearly Q%i = Vn,i- Note that, Qfm consists of finite sums of the form

where the inequality is understood in the lexicographic order. We let Q 0= QZ—LZ forn > 1,

(3.18) o= 3 Frmeme sy AL AU e ey

11Tk ik Q1 tg
i1, k€l mayer €Ly
(n,0)>(m1,d1)> > (g i)

Given i € I, n € Z,, we have ¢ 2 (Qﬁ Z) C Qfl_il, L 2 (Qﬁ Z) C Qf” and (5(@5”) C Q]Ztl
au.n b b aun b b b b
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Explicitly, if @ is as in (3.18), we have

~\ mi---m (mz) (myg) k—1
Lau?_") (w) B i1, i e[zl: EZL fllllk *ou i2 A /\5qu ’ EQHZ ’
T 11, 50k PR ARy (O™ +
(n,0)=(m1,i1)>>(mp,ik)
Ofii iy o (1) ()
~N iy my (g A
(3.19)L6u(9(7l) (@) = L EIZI: . ou — W Oy AN Nouy €y
z 1550k s ML, M + Z
(n,i)Z(ml,i1)>~~~>(mk,ik)
Ofifin * o (m) \ 5 () () Gkl
~N i1-++1 m mi m Sk
(@) = > > ot O A A A G e R

i1, i€l My, mp €Ly jEIMEZ U
(n,i)>(ma,i1)>>(mg,ik) (n,i)>(m,j)

Suppose next that the algebra of differential functlons V is normal. Recall that this means that,
for f € Vi, there exists g € V,,;, denoted by [ du f such that

= f; the antiderivative

Z

f du f is defined up to adding elements from Ker o (n) = Vy,i—1. Now we introduce “local”

homotopy operators h, ; : Qf” — Qfl_zl by the followmg formula

~N m -m (ma2) (my) k—1
(3.20)  hn(@) = > (feul™ £y sul™ Ao A dul™) e O

11 Tk 192 n,g
i1, in€l,ma e My €Ly
(nyi)=(m1,i1)>->(mp,ix)

where @ is as in (3.18). The element (3.20) is defined up to adding elements from be Zl - It is
easy to check that

(3.21) t oo (hni(@) =0 , L o (hy;(@) =1t 0 (@).

Bu(.n) au(.n) Bu(.n)
Theorem 3.2. Let V be a normal algebra of differential functions.

(a) For @ € Q we have hy, j(60) + dhy(0) —@ € Qfm—l'

meaaz%&
(c) H*(Q,8) = 6;.C.

Proof. Clearly all three elements hy, ;(6@), dhy, (@) and @ lie in Qfm Hence, to prove (a) we
just have to check the following two identities:

Lo (P i(6@) + 0 (@) — @ € Q1) = 0,

Bu(.n)
L_o_(hni(60) + 8hni(@) — & € Q) = 0.
out™

7

This is a straightforward computation using (3.19), (3.20) and (3.21). Part (b) immediately
follows from (a) by induction on the lexicographic order. We next claim that

(3.22) H*09) =0, forallk>0.
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Indeed, if 6(0w) = 0, then 6& = 0 since § and 0 commute and Ker d|gi1 = 0 for £ > 0. Hence,
by (b), @ = 67, where 7 € ¥~ if k > 1, and & € C if k = 0. In both cases we have & € 5(9€),
thus proving (3.22). Next, consider the following short exact sequence of complexes:

0— 00— Q- Q=0/00 — 0.
This leads to the long exact sequence in cohomology
By part (b) and equation (3.22), we get H*(Q,68) ~ H*(Q,6), for all k € Z, proving (c). O

Remark 3.3. It follows from the proof of Theorem 3.2 that, for any algebra of differential
functions V, given a closed k-cocycle, we can write it as dw, where w is a k — l-cocyle with
coefficients in an extension V of V obtained by adding finitely many antiderivatives.

Remark 3.4. Theorem 3.2 holds in the more general setup of [DSK] where an algebra of dif-
ferential functions is defined as a differential algebra V with commuting partial derivatives

ﬁ, i € I,n € Z,, such that all but finitely many of them annihilate any given element of V),
u;

and the commutation relations (1.2) hold. In this case, in parts (b) and (c) of this theorem,
one should replace C by C/(C N IV).

We next construct a “global” homotopy operator, different from (3.20), based on the as-
sumption that the degree evolutionary vector field A, defined by (1.21), is diagonalizable on
V.

Let V = P, Vla] be the eigenspace decomposition of V with respect to the diagonalizable
operator A. Then the Lie derivative La is diagonalizable on QF for every k € Z;. In fact,
we have the eigenspace decomposition Q% = @ Q¥ + k], where QF[a + k] is the linear
span of elements of the form f5ul(-:nl) AR 5ul(-;n’“) with f € V]a]. We define the operator
La-1: QF — QF letting it act as zero on the subspace QF[0] = Ker LA|Qk, and as the inverse
of La on Q’;O =@, ok QF[o + k]. Equivalently, L1 is uniquely defined by the following
equations:

(3.23) LaoLat = LaaoLay = T—m),

where 7y : QF — QF denotes the projection onto Q¥[0]. We also notice that ¢ preserves the
degree of a differential form @, hence it commutes with both La and La-1. Moreover, since
A is an evolutionary vector field, the total derivative 0 commutes with ta, La and La-1.

In particular, we have an induced eigenspace decomposition for A on the reduced complex,
OF = D, QFla + k).

Theorem 3.5. Let V be an algebra of differential functions, and assume that the degree evo-
lutionary vector field A is diagonalizable on V. Consider the map h = La-1 0t : QF —
OF=1 k> 0. It satisfies the following equation:

(3.24) h(6D) + 0h(@) =& — ml, @ € Q.

Hence
HF(Q) ~ Ker (6: QF[0] — QFF[0]) /6Q571[0] , for allk € Z. .

In particular, if V[0] = C and A does not have negative integer eigenvalues on V, we have
HFE(Q) ~ 0k,0C.
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Proof. Equation (3.24) is immediate from the definition of &, the fact that § commutes with
La-1 and equations (3.7) and (3.23). For the second statement of the theorem, we notice
that, since 0 and La commute, we have the corresponding A-eigenspace decomposition in the

cohomology:
EB H(Qa + &)

and we only need to show that H*(Q[a + k]) = 0 when o + k # 0. For this, let w € QFla + K],
with o + k # 0, be such that dw = 0, and let w € QFla + kj be a representative of w, so that
6& = 01 for some 7 € Q¥ + k. Since & commutes with h, by (3.24) we have

= h(0&) 4 6h(©) = Oh(7) + 6h(®) = 6h(®) mod HQ.

Hence w € Im §, as we wanted. O

3.4 The variational complex as a Lie conformal algebra cohomology complex.
Let us review, following [BKV], the definition of the basic and reduced cohomology complexes
associated to a Lie conformal algebra A and an A-module M. A k-cochain of A with coefficients
in M is a C-linear map

5. A®F — MM, ], a1 ®--@ap— Y, (a1,. .., a),
satisfying the following two conditions:
LA (@r, o, 0a4, .. a) = —XNida, o, (a1, ... ay) for all i,
2. 7 is skew-symmetric with respect to simultaneous permutations of the a;’s and the A;’s.

We let T* (A, M) be the space of all k-cochains, and I'(4, M) = Di>o I'*(A, M). The differential
d of a k-cochain 7 is defined by the following formula (cf. (3.11)):

(325) (55/)>‘17'“7)\k+1 (al, ce ,ak+1) e Z ( 1)2"‘1&@)\15/ i (al’ - y ak_"_l)
1<i<k+1 AL, Akl

i
+Z Z+j i g ([ai)\iajLah """ ) ak+1) .
i<j )\—1—)\]7)\17 ,,,,,, Akt 1

One checks that 6 maps T¥(A, M) to TF+t1(A, M), and that 62 = 0. The space I'(A, M) with
the differential d is called the basic cohomology complex associated to A and M.
Define the structure of a C[9]-module on I'(A, M) by letting

(326) (67)/\1,-..)% (a17 s aak) = (8 + AL+t Ak)/s/)\l,...,)\k (ab cee ,CLk) .

One checks that 6 and § commute, and therefore (A, M) C T'(A, M) is a subcomplex, and
we can consider the reduced cohomology complex T'(A, M) = T'(A, M)/OT (A, M).

For us, the interesting example is A = @,.; C[0]u;, with the zero M-bracket, and M =V,
where V is an algebra of differential functions in the variables u;, i € I, and the representation
of A on M is given by the Beltrami A-bracket, as in (1.66). In this case we consider the subspace
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Lin = @k€Z+ flrfm C f(A, V), where fﬁn consists of k-cochains 4 with finite support, namely
such that 7y, ... z, (4, ,u;,) = 0 for all but finitely many choices of the indices ;, ..., € I.
Clearly, I'g, is a subcomplex of I'(4,V), and it is a C[d]-submodule. Hence, we can consider
the associated reduced complex I'g, = Iy, / Ols,. The following theorem was proved in [DSK]
(the first part of Theorem 4.6), in the case when I is finite. However the proof is the same for

arbitrary I.

Theorem 3.6. The map ¢ : fﬁn — Q, given by

(3.27) o) = o > el A A sl
i1, i €1
my, M €Ly
where fi"2 " €V is the coefficient of A" -+ ™ in Ay, (i - uiy ), is bijective, and it

commutes with the actions of 8 and d. Hence it induces isomorphisms of complezes Q) —— f‘ﬁn
and Q@ — L.

3.5 The variational complex as a complex of poly-\-brackets or poly-differential
operators. Consider, as in Section 3.4, the Lie conformal algebra A = @, ; C[0]u;, with trivial
A-bracket, and recall the Beltrami A-bracket (1.62) on an algebra of differential functions V.
Recall from [DSK] that, for k > 1, a k-A-bracket on A with coefficients in V is, by definition, a
C-linear map c: A®* — C[\1,..., \e—1] ® V, denoted by

a1 ® - @ag — {ary, k1), ke,
satisfying the following conditions:
Bl. {a1y, ---(0a;)y, - "ak—l/\k,lak}c = —Ni{aiy, "'ak—l,\k,lak}w for1 <i<k-—1;
B2. {a1y, -+ -ak-1y, ,(Oar)te = (A1 + -+ A1 + {1y, - ak—1y,_ Ak }es

B3. c¢is skew-symmetric with respect to simultaneous permutations of the a;’s and the \;’s in
the sense that, for every permutation o of the indices {1,...,k}, we have:
aa(k)}

{arn, -~ ag—1y,_,ak}e = sign(o){as() Ug(k—1)

Ao (1) Ao(k—1) ¢ AR AL '

The notation in the RHS means that A\ is replaced by M o= — Z;:ll Aj — 0, if it occurs,
and 0 is moved to the left.

We let C° = V/9V and, for k > 1, we denote by C* the space of all k-\-brackets on A with
coefficients in V. For example, C'! is the space of all C[d]-module homomorphisms ¢ : A — V
(which in turn is isomorphic to V*). We let C' = @k€Z+ C*, the space of all poly A\-brackets.

We also consider the subspace Cg, = @k€Z+ an C C, where an = (Y and, for k > 1, an
consists of k-A-brackets ¢ with finite support, namely such that {u;, A Wiy Wi, }e =0 for
all but finitely many choices of the indices i;,...,4; € I. For example, C’én ~ VoL,

We next define, following [DSK], a differential d on the space C' of poly A-brackets such that
d(C*) c C**! and d? = 0, thus making C' a cohomology complex, and such that Cs, C C is a
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subcomplex. The difference with [DSK] is that here we use the Beltrami A-bracket in place of
the equivalent language of left modules defined by the Beltrami A-bracket.
For [feC0=CQ =V/0V, welet d[ f € C! be the following C[d]-module homomorphism:

(3.28) (@f 1) (@) (= a,[,) = {a-af}s.

For ¢ € CF, with k > 1, we let de € C**! be the following k + 1-A-bracket:

k . 7
{aiy, -~ akr Oks1tde = Z(—l)”l{ami{aul S ak}\kak—l—l}c}B
=1

(3.29) D any - anoy, ), ,\1+...+>\kak+1}B
For example, for a 1-cocycle, namely a C[d]-module homomorphism ¢: A — V), we have

(3.30) {axb}age = {axc(b)} B — {c(a)Ab}B
We define, for k > 1, a C-linear map % : T* — CF, as follows. Given g € I'*, we define
PE(F) 0 A®F = C[A1, ..., 1] @V, by:

(3.31) {a1>\1 . ak_lkkflak}d}k(’y) = ﬁ/A17m7>\k71’)\£ (al, . 7ak) ,

where, as before, )\L = - 25;11 Aj — 0, and 0 is moved to the left. The following theorem is a
special case of Theorem 1.5 from [DSK].

Theorem 3.7. The identity map on V/OV and the maps ¥, k > 1, induce isomorphisms of
cohomology complexes T' = C and Cfn = Cin-

Due to Theorems 3.6 and 3.7, we can identify the variational complex 2 with the complex
of poly-A-brackets Cg,. Explicitly, we have:

Corollary 3.8. Let k> 1 and let & € QF be as in (3.2), where we assume that the coefficients
mi-mp

f“Zk are skew-symmetric with respect to simultaneous permutations of the lower and upper

indices. Let p*(@) be the k-A-bracket defined by

(3.32) {uiul s uikfl)\k,luik }pk(@) = k! Z /\71711 te A;nf{l(—Al—' . '—/\k_l—a)mk Zblzkmk s

mi, mEpEL4

and extended to A%k by sesquilinearity. Then, the identity map on V/OV and the maps p* :
OF — CF, k> 1 factor through an isomorphism of complexes: p:  — Cin-

Proof. Tt follows immediately from the definitions (3.27) of ¢ and (3.31) of ¥*. O

Next, for Xp € g2, P € V!, we define, the contraction operator LXp : C’lﬂfn — C’gn_l, k>1,
making p an isomorphism of g?-complexes. For ¢ € Cén, we let

(3.33) ixp(0) = [ Pie(u;) € V/OV =C°.

el
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For c € Cf'-fn with k > 2, we let

(3.34) {agn, -+ ar—1y, 1ak}LX © = Z{ui8a2>\2“‘ak—l)\kflak}cﬁpia
el

where, as usual, the arrow in the RHS means that 0 is moved to the right. The following
proposition is a more precise form of the second part of Theorem 4.6 from [DSK].

Proposition 3.9. The contraction operators vx, defined by (3.33) and (3.34) endow the coho-
mology complex Cfgp, with a g9-structure, and the isomorphism of complexes p : § — Chin (de-
fined in Corollary 3.8) is an isomorphism of g°-compleves, namely pF~1(1x, (w)) = tx,(p*(W))
for allw € QF and Xp € ¢°.

Proof. If @ € QF is as in (3.2), with fml’ kak skew-symmetric with respect to simultaneous

permutations of lower and upper mdlces we have,

de@) =k > (X @Ry )oul A A sul™
12,..,ik €1 i1€l,mEZ4
me,...,mg €L

Hence, applying equation (3.32), we get

{Uig)q Cr Wiy, Wik }pkfl(bxp(tb))

SN (R 0 R).
ml,--:,m}cEZJﬁ
1€

On the other hand, by (3.32) and (3.34), we have

{uiz)\Q Cr Uy )\kiluik}l,xp (pF (@) — Z{uhauiz)\g T Uiy, Wik }pk(d)) Py
i1el
=k > AP AN (A = N — ) (f{??f;,;m’“ (amlpil)) :
mi, mE €L

1€l

O

The space C* of k-A-brackets, for k£ > 1, can be equivalently described in terms of maps
S (VHE=L — V& of differential type, namely of the form:
(335) S(Pl,--- 7Pk_1)ik — Z fml,' Mg — 1(8m1P1) (amk 1Pk 1)

01, Tk —1,0k k-1
m17"'7mk71€Z+
i1yt —1 €1

where f; " e 'kaf 4, €V is non-zero only for finitely many choices of the upper and lower indices.
Indeed, glven a k-A-bracket ¢ € C*, the corresponding map of differential type is (3.35), where

my,,Me—1 - : mi1 k-1 i . i s
fil,"',ik—l,ik is the coefficient of Aj A7 in {u“)\1 Wiy, Ui, }e. It is easy to see that

this gives a bijective correspondence between the space C* of k-A-brackets and the space of
maps S : (V)F~1 — V& of differential type which are skew-symmetric, namely such that

(3.36) JSPTD, L FeED) P = sign(a) [S(P',..., PMPE,
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for every P',... P¥ € V! and every permutation o.
An equivalent language is that of skew-symmetric poly-differential operators. Recall from
[DSK] that a k-differential operator is a C-linear map S : (V*)¥ — V/9V, of the form

(3.37) S(P,...  PF) = ) FRT (@M P - (0™ P
ny, - N €Ly
i1, i €L

The operator S is called skew-symmetric if
/S(Pl, . ’Pk) = sign(o')/S(Pa(l)’ o ’Pa(k)) ’

for every P!, ..., Pk € V! and every permutation o. Given a k-A-bracket ¢ € C* we associate
to it the following k-differential operator:

(3.38) S(P',---, Py = R A N Ol D RN (S AV

11, U—1/" U’
N, g 1€L4+
i1, ik €L

where sz 1“:2“;; is as in (3.35). It is easy to see that the skew-symmetry property of the
k-A-bracket is translated to the skew-symmetry of the k-differential operator. Conversely, inte-
grating by parts, any k-differential operator can be written in the form (3.38). Thus we have
a surjective map from the space of k-symbols to the space XF of skew-symmetric k-differential
operators. By Proposition 1.3, the k-differential operator S can be written uniquely in the form
(3.38), hence this map is an isomorphism.

The differential, the contraction operators, and the Lie derivatives for the variational com-
plex Q have an especially nice form when written in terms of poly-differential operators. The

following result was obtained in [DSK, Section 4.5].

Theorem 3.10. The variational complex (2 = @kem QF.8) is isomorphic to the complex of
poly-differential operators (3 = @kem ¥*. d), where

k+1
(3.39) (dS)(PY,--- , P*H1) = 3 (1) (XpuS) (P, -5, PR,

s=1

In this formula, if S is as in (3.37), XpS denotes the k-differential operator obtained from S
by replacing the coefficients fi77 " by Xp(fi2 7 "*).

i1, i1,k
Furthermore, the g?-structure on Q is translated to the following g°-structure on X:

(3.40) (1x,, S)(P%,--- . PF) = S(P'.P? ... P"),
k
(3.41) (LxoS)(P',---, PY) = (X@S)(P',--- , PF)+ > _S(P', -+, Xps(Q),--- , P¥).

s=1

Equation (3.39) is similar to formula (4.9) in [D].

66



We can write explicitly the bijection between the spaces 2 and X, which gives the isomor-
phism of g?-complexes. If w € QF, the corresponding k-differential operator in S,, € X¥ is given
by

(3.42) Su,(P,--- ,P*) = ux | Clx,w € Qv.

P

This is clear by applying (3.40) iteratively. Due to the identification (3.42) of Q with X, we can
think of an element w € QF as a map w : A¥g? — QO, given by

(3.43) o.)(Xl,"' ,Xk) = lx, T lxaw € QO.

Clearly, ¥X° = V/9V. Moreover, for k > 1, using the bijections between the space ¥¥ of
k-differential operators and the space of maps (V/)F~1 — V& of differential type, we get that
¥~ Y& and %2 is naturally identified with the space of skew-adjoint differential operators
S V! — VY With these identifications, d, txp and Lyx,, for P € VE are as follows. For
[f€X?=V/0V we have

(49) () =L eV i (J1) =0, Ly, ([F) = [Xp(H) € V/oV.

For F € £! = V¥ we have

(3.45) d(F) = Dp(9) = Dp(0) € 2%, ix,(F) = [ X, PFi € V[0V,

(3.46) 1x,(dF) = Dp(0)P — D(0)P € V¥ | d(i1x,F) = D5(0)P + D5(9)F € Vo |
(3.47) Lx,(F)=Dp(9)P+ D3(9)F € V®*,

where Dp(0) is the Fréchet derivative (1.13). Finally, a skew-adjoint operator S(0) = (5;;(9))i jer
€ %2 is closed if and only if the following equation holds (cf. (0.28)):

(3.48) {u, m Skj()\)}B - {u]' by Skl(,u)}B = {SZ]()\) A i uk}B .

Definition 3.11. A matrix valued differential operator S(9) : V¢ — V& is called symplectic
if it is skew-adjoint and satisfies equation (3.48).

Propositions 1.5 and 1.9 provide a description of the kernel and the image of the variational
derivative for normal V', based on Theorem 3.2, namely the exactness of the variational complex
at k = 0 and 1. The next corollary of this theorem provides a description of symplectic
operators, and it is based on the exactness of the variational complex at k = 2.

Proposition 3.12. If V is a normal algebra of differential functions, then any symplectic
differential operator is of the form: Sp(9) = Dp(9) — Di(9), for some F € V. Moreover,
Sp=Sq if and only if ' — G = % for some f € V.

Example 3.13. The simplest symplectic differential operators in the case £ = 1 are:

S%u(n)(a) = 9" for n odd , Sy (0) = u’ + 2ud, S%u,z(a) =" +2u/0.
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Ezample 3.14. Let V be the localization of the algebra of differential polynomials Clu, v/, - -]

at «'. Then, for F = —% € V, the corresponding symplectic operator

1 1
is the Sokolov symplectic operator. For G = —0? (%) € V), the corresponding symplectic
operator

1 1

is the Dorfman symplectic operator. As we will see in Section 4, these operators play an
important role in the integrability of the Krichever-Novikov equation.

3.6 Projection operators. Another way to understand the variational complex uses projec-
tion operators Py, k > 1, of QF onto its subspace complementary to 9. We can then identify
the space of local k-forms QF with the image of Py, in QF.

For i € I we define the operators I; : QF — QF-1 | € Zy, as

(3.49) L= ) (=0)" 01 000

nely
and, for k > 1, we let P, : QF — QF be given by

(_1)k+1

(3.50) Pul(@) =

el

This formula expresses the fact that, integrating by parts, one can bring any differential form
w € Q'i uniquely in the image of P*. The projection operators P* on the space of differential
forms 2 are analogous to the projection operators on the space of polyvectors, introduced in
[B].

The following theorem shows that Py is a projection operator onto a subspace Im (Pp) C QF
complementary to 9QF, for k > 1.

Theorem 3.15. Let k > 1.
(i) 1;00 =0 for alli € I. In particular Py o0 = 0.
(i) If & € QF, then Pr(@) — & € 9QF.

(iii) Ker Py, = 9Ok and P2 = Py.

Proof. By (1.2) and (3.9) we have that |

to be zero for n = 0. It follows that

Ii °d= Z (_a)n © La/é)u(.n) °d= Z(_a)n © La/ﬁu(.nil) o Z (_8)”+1 © La/au(.") = O’

TLGZ+ 77/21 TLEZ+

8] where the RHS is stipulated

Lojoul™ 91 T Lo auinb>
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thus proving (i). Notice that, if © € QOF we have

(3.51) ST su A Lo o) (@) = ki

ieI,TLGZ+

On the other hand, since & commutes with ¢ and it is a derivation of the wedge product in €,
we have that

(3.52) Z 5u(n /\La/a m (@) = Z ou; A (— 6/8%@)(@) mod 90QF .

i€l ,nel i€l nel

Part (ii) is then an immediate consequence of equations (3.51) and (3.52). Finally, (iii) follows
from (i) and (ii). O

Let @ =3 4. el fg” kakéu(ml) "'/\5u( ®) e QF, where the coefficients fg” ka’“ ey
mi,....,mp €L

are skew-symmetric with respect to exchanging simultaneously the lower and the upper indices.
We have

(3.53) P@ = Y (o <fm1 m’“&u(ml)/\---/\éu(m’“’l)) A b, .

i1 g1
i1...0 €]
m1..mpEL4

We associate to the RHS of (3.53) the following map S : (V*)¥=1 — V& of differential type
(defined in Section 3.5):

(3.54) S, PF Y = ) (—a)mk(fg“%mk(amlpl) (&1 ph- 1)).

k-1
i1...0—1€1
mi..mp€L4

It is immediate to check that S is skew-symmetric in the sense of (3.36). Hence, using the
projection operators, we get a more direct identification of the spaces QF and XF.

For example, if & = > .0/ ez, f[‘éugn) € O, the corresponding element in Q! is Py (@) =
Yoiel (zn€Z+(—8)" fZ”) du;. Therefore the projection operator gives an explicit identification
of V¥ with Q!, which, to F € V¥, associates

(3.55) wp =Y Fiou; € PH(Q) ="
el

As pointed out in the previous section, the space of skew-symmetric maps of differential type
S (VHE=L — Y& ig canonically identified with the space X* of skew-symmetric k-differential
operators S : (VY)* — V/9V. In view of Remark 3.1, the differential § on X* is given by
formula (3.11), where & € QF is replaced by S € ¥* and X; € g?. Using formula (1.15) for
the commutator of evolutionary vector fields, it is straightforward to rewrite ¢ on ¥ in the
form (3.39) (cf. [D], p.61). Likewise, it is immediate to derive (3.40) and (3.41) from (3.12) and
(3.13) respectively.
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Remark 3.16. We can use the isomorphism g2 ~ V! to conclude that the space of local k-forms
QF can be identified with the subspace of Homc (A*~1g?, Q') consisting of skew-symmetric (in
the sense of (3.36)) linear maps S : A*~1g? — Q! acting by differential operators (in the sense of
(3.35)). In order to find the expression of the map S : A¥~1g? — Q! corresponding to w € QF,
we notice that equation (3.54) can be equivalently written as > ,.; S(P',..., P*"1)6u; =
%prl ClX e, w. We thus conclude that the map S : AF1g? — Q! corresponding to w € QF
is given by

1
(3.56) St Xi AN AN Xy T X @

Remark 3.17. Via the identifications g? ~ V¢ and Q' ~ V¥ the pairing (3.14) between g°
and Q! becomes (1.4). Since, by Proposition 1.3, this pairing is non-degenerate, we get the
embedding Q' «— Homc(g?,V/0V), discussed in Section 3.5, which associates to w € Q' the

corresponding map of differential type S : g? — V/9V. However, this embedding is not an
isomorphism. For example the linear map ¢ € Home(g?,V/dV) given by ¢(Xp) = St g—i%',
is not in the image of Q'. This is the same as saying that there is no element F € V®¢ such
that [F-P = [>,0P,/0u;, for all P € V¢, Indeed, by taking Pj = 0; j, we get that F; € 0V
for all 4, and by taking P; = ,-Ju,(CN), N > 1, we get that fﬂulgN) =0forall ke I,N >1. By
Lemma 1.30 this is possible only for ' = 0, which is a contradiction.

4 Dirac structures and the corresponding Hamiltonian equations.

4.1 Derived brackets and the Courant-Dorfman product.

Definition 4.1. Let L be a Lie superalgebra with the bracket [-, -]. Given an odd derivation
d: L — L such that d> = 0, the corresponding derived bracket on L is defined by the following
formula:

(4.1) [a,8la = (=1)" 77 [d(a), 8],
where p(a) € Z/27 denotes the parity of a € L.

This construction goes back to Koszul [KS]. It is not hard to check that the derived bracket
satisfies the Jacobi identity with respect to the opposite parity on L, namely

(4.2) [a, [b, Jala — (=1) PO, [a, 4]y = [la,U]a, cla -

However, the derived bracket on L with the opposite parity does not define a Lie superalgebra
structure since, in general, skew-commutativity fails.

The relevant special case for us of the above construction is the following. Consider the
space Q = Q(V) with the parity induced by its Z,-grading and let L = Endc(Q) be the Lie
superalgebra of endomorphisms of the superspace €. Then d = ad § is an odd derivation of L
satisfying d> = 0, and we can consider the corresponding derived bracket [-, -]; on L.

Note that we have a natural embedding of Q' @& g — L obtained by & — @A, X — tx.
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Proposition 4.2. (a) The image of Q' ® g in L is closed under the derived bracket |-, -4,
and we have

(4.3) @oX)o(@Y)=(Lx(7) — (o)) ®[X,Y],
for every X,Y € g and &,7 € Q.
(b) The bracket (4.3) induces a well-defined bracket on Q' @ g°.

Proof. First notice that, since 4 is an odd derivation of the wedge product, we have d(ON) =
[6,0A] = 6(@)A for every @ € Q) and, by equation (3.7), we have d(i,) = [§,tx] = Lx for
every X € g. Hence we have, by the definition (4.1) of the derived bracket, that

WA, A, = [6(@)A, QA =0 WA, 1x]y = [0(@)A, 1x] = —ix (0@)A,
[Lx,cfj/\]d = [Lx,@/\] = Lx(@)/\, [Lx,Zy]d = [Lx,Ly] = UXx)Y]-

In the last identity we used equation (3.9). Equation (4.3) follows from the above relations,
proving (a). For part (b), we just notice that Q' @ g € Q! @ g is a subalgebra with respect to

the bracket (4.3), and Q' @ g° ¢ Q' @ g? is an ideal in this subalgebra. O

4.2 Definition of a Dirac structure. Dirac structures were introduced independently by
Courant and Dorfman (see [D]), as a generalization of the notions of Hamiltonian and symplectic
operators. We will discuss their relation to these operators in Sections 4.7 and 4.8.

Let V be an algebra of differential functions. Recall from Proposition 1.3 and equation
(3.14) that we have a non-degenerate pairing g x Q' — V/9V, given by

(Xp,wp) = (wp, Xp) = txp(wp) =Y [PiF;.
el

We extend it to a symmetric Q0-valued bilinear form (, ) : (Q' @ g?) x (Q' @ g?) — Q0 =V/oV
by letting Q' and g? be isotropic subspaces, i.e. (w,n) = (X,Y) =0, forallw,n € Q', X, Y € g°.
In view of Proposition 4.2(b), we define the Courant-Dorfman product on Q' @ g? (with even
parity) by

(4.4) (weX)o(m®dY) = (Lx(n) —y(dw)) & [X,Y].

By (4.2) and Proposition 4.2, this product satisfies the left Jacobi identity [A, [B, C]|—[B, [A, C]]
= [[A, B],C), for all A, B,C € Q'@ g2, but it is not skew-commutative.

Definition 4.3. A Dirac structure is a subspace £ C Q' @ g which is maximal isotropic with
respect to the bilinear form (, ),

(4.5) L=Lr={AcQ' ®g’|(A,B)=0, forall Be L},
and which is closed with respect to the Courant-Dorfman product,

(4.6) ABel = AoBelL.
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Remark 4.4. Tt is clear that condition (4.6) can be equivalently expressed, using the first con-
dition (4.5), by the relation

(4.7 (AoB,C)=0, forall A,B,C € L.

Proposition 4.5. Assuming (4.5), condition (4.7) is equivalent to the following “integrability
condition” for a Dirac structure:

(4.8) (LX1WQ,X3)+(LXQW3,X1)+(LXSW1,X2) =0, forallw ®&X1,ws®Xo,ws®X3€L.

Proof. In order to derive (4.8) from (4.7) we notice that, for A = w1 ® X1, B =ws ® Xy, C' =
w3 ® X3 € Q' @ g%, we have

(4.9) (Ao B,C) = (Lx, (w2), X3) — (tx,(0wr), X3) + (w3, [ X1, X2]) .
The second term in the right hand side of (4.9) is
—(1x,(0w1), X3) = (tx5(0w1), Xo) = (Lx,wi, X2) — Lx, (tx5(w1)) .
Similarly, the last term in the right hand side of (4.9) can be rewritten as
(w3, [X1, X2]) = —t1x,,x11w3 = tx, (Lx,(w3)) — Lix, (tx, (w3)) = (Lx,ws, X1) — Lx, (ex, (w3)) -
We can thus put the above equations together to get

(A o B,C) = (LX1w2,X3) + (LX2w3,X1) + (Lxgwl,Xg)
—Lx, (w1, X3) + (w3, X1)) .

On the other hand, by the assumption A, B,C € £ = L+, we have (A4, C) = 0, which precisely
means that (w1, X3) + (w3, X1) = 0. This proves the equivalence of (4.7) and (4.8), assuming
(4.5). O

Remark 4.6. Define the following important subalgebras of a Dirac structure L:

KeriL={wa0eL|lweQ'}, KerL={0®XeL|Xeg},
sSL={6(ffHeXeL|[feq’ X ecg’}.

Note that the Courant-Dorfman product on KeriL is zero, and on 0£ D KersL is as follows:
(4.10) b([fHHeX)o(0(fg)@Y)=0[X(g9)® [X,Y].

Consequently, (6([f)® X) o (6(fg)®Y) € KeroL if [X(g) = 0.
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4.3 Hamiltonian functionals and Hamiltonian vector fields. Let £ C Q! @ g2 be a
Dirac structure. We say that [h € 00 is a Hamiltonian functional, associated to a Hamiltonian
vector field X, if

S(fhyeXecl.

We denote by F(£) C Q0 the subspace of all Hamiltonian functionals, and by H (L) C g the
subspace of all Hamiltonian vector fields, i.e.

FL) = {fheao(a(fh)@Xecfor someXEga},
H(L) = {X e g° ‘ 5(fh)® X € L for some [h € V/av} .
Lemma 4.7. H(L) C g2 is a Lie subalgebra, and F(L) C Q0 is an H(L)-submodule of the

g?-module Q° with action given by Lie derivatives.

Proof. Tt is immediate from (4.10) and the fact that, by definition, a Dirac structure £ is closed
under the Courant-Dorfman product. O

Lemma 4.8. Let X, Y € H(L) be two Hamiltonian vector fields associated to the same Hamil-
tonian functional [f € F(L), i.e. 5([f)® X, 6([f)@Y € L. Then

JX(9)=[Y(9),
for every Hamiltonian functional [ g € F(L).

Proof. By assumption 6([f) ® X, 06([f)®Y € L, and §([g) ® Z € L for some Z € g?. In
particular, they are pairwise orthogonal with respect to the bilinear form (, ):

OUhHeX.ifgez)=06(HeY.ifgez)=0,
which means that [X(g) = —[Z(f) = [Y(g). O

Lemma 4.8 guarantees that the action of the Lie algebra H(L) on F(L), given by Lemma
4.7, induces a well-defined bracket

{7}E : f(ﬁ))(f(ﬁ) - f(ﬁ)a
called the Lie bracket of Hamiltonian functionals, given by
(4.11) {[1.19} = IX(9), fo(/HeXeL.
Proposition 4.9. The bracket {, } defines a structure of a Lie algebra on F(L).

Proof. Skew-commutativity of {, }, follows by the fact that £ C Q' @ g? is an isotropic
subspace. Indeed, if 6([f)® X, 6([g) ®Y € L, we have

{I1.09} +{sa. 11},
= [X(9)+ [Y()) =0/ e X, 6(fg9) oY) =0.
Suppose now 6([f;) ® X; € L, i =1,2,3. We have

{2 l8s) ), = 1K) = (L0 £2). X0).

Hence Jacobi identity for {, }, immediately follows from the integrability condition (4.8). [
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Let £ ¢ Q' @ g2 be a Dirac structure, and let Jh € 0% be a Hamiltonian functional
associated to the Hamiltonian vector field X € g2, ie. §( [h) ® X € L. The corresponding
Hamiltonian evolution equation is, by definition,

(4.12) & X(u).

An integral of motion for the evolution equation (4.12) is, by definition, a Hamiltonian functional
[ f € F(L) such that {fh’ff}£<: fX(f)) = 0.

Remark 4.10. One can think about the RHS of (4.12) as {fh,f}ﬁ, but for a general Dirac

structure such a notation can be misleading since, for f € V, the “bracket” {[h, f}, depends
on the particular choice of the Hamiltonian vector field X associated to f h. In other words, the
analogue of Lemma 4.8 fails (it only holds under the sign of integration). On the other hand, as
we will see in Section 4.7, if £ is the graph of a Hamiltonian map H : Q' — g2, then to every
Hamiltonian functional [h € F(L) there is a unique Hamiltonian vector field X = H (6([h))
associated to it, hence the notation { [h, f}, makes sense.

Definition 4.11. Given an element 6([h) ® X € L, the evolution equation (4.12) is called
integrable (with respect to the Dirac structure £) if there exists an infinite sequence ([ hy,) @
X, € L, including the element §( [h) @ X, such that all [h, are integrals of motion for all
evolution equations

(4.13) = Xa(w).

all evolutionary vector fields commute, i.e. [X,,, X,,] = 0 for all m,n € Z,, and the integrals
of motion f hn, respectively the vector fields X,, span an infinite-dimensional subspace in
00, respectively in g?. In this case the hierarchy (4.13) of evolution equations is also called
integrable. It follows from the definition of a Dirac structure that the above sequence § ( i hn) ®
X, n >0, spans an isotropic subspace of £ with zero Courant-Dorfman product.

4.4 Pairs of compatible Dirac structures. The notion of compatibility of Dirac struc-
tures was introduced by Gelfand and Dorfman [GD1],[D].
Given two Dirac structures £ and L', we define the relation N o C a? @ g2 by

(4.14) Nep = {X@X’ega@ga‘neBXGE,nEBX'EE' for somenEQl},
and the adjoint relation N ., C Ol o Qb by
(4.15) Nip ={wad e Qe (w,X)=(,X') foral X & X' € N o/}

Definition 4.12. Two Dirac structures £, £ C Q' @ g% are said to be compatible if for all
X, X\ VY€ g2 ww,w e suchthat X X, Y@Y € Npp,wdow, o duw’ € N s
we have

(4.16) (w, [X,Y]) — (W, [X,Y]) = (, [ X, Y]) + (", [X,Y]) = 0.

Note, of course, that X & X' € N ¢ if and only if X' & X € Ng/ 2, hence (£, L') is a pair
of compatible Dirac structures if and only if (£, £) are compatible.
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4.5 Lenard scheme of integrability for a pair of Dirac structures. Recall that we
think of w € QF as a k-linear skew-symmetric function w(X7y,--- , X}), defined by (3.43). The
following theorem is due to Dorfman [D].

Theorem 4.13. Let (L,L') be a pair of compatible Dirac structures. Suppose that Xg is
a Hamiltonian vector field with respect to both L and L', that is, there exists functionals
[ ho, [ h1 € Q0 such that §([ho) & Xo € L and §([h1) & Xo € L. Assume moreover that:

(i) if w € Q' is such that Sw(X',Y') =0 for all X',Y' € ma(Nz rr) (where 7o : g% @ g% — g?
denotes projection on the second factor), then dw = 0;

(ii) there exists a sequence of 1-forms w, € QY. n = 0,1,...,N +1 (N > 0, and it can be
infinite), and of evolutionary vector fields X, € g°,n = 0,1,..., N (starting with the
given Xg), such that wo = 6([ho), w1 = 6([h1) and

W ®Xp €L, W1 ® X, €L, 0<n<N.

Then:
(a) wp @ wpt1 ENZ,L’ forallm=0,...,N+1;
(b) wy, is closed for alln=0,...,N +1, i.e. dw, =0.
Proof. By definition of N 0 and N, Lo (a) is equivalent to saying that, for 0 <n < N,
(wn, X) = (wnt1, X)),

for all X, X’ € g9 such that n® X € £, n® X’ € L', for some n € Q'. By assumption (ii) we
have w, ® X, € L, wp11 ® X,, € L', hence, since £ and L' are isotropic, we get

(me) = —(T],Xn) = (Wn-i-l,X,),

as we wanted. We next prove (b) by induction on n > 0. By assumption w,, = ([ f,) for
n = 0,1. Furthermore £, £ is a pair of compatible Dirac structures, namely (4.16) holds. In
particular, since by (a) w, ® wpt1, Wnt1 B wWnio € NZD, we have, by Definition 4.12, that

(4.17) (wn, [X,Y]) = (wnt1, [ X, Y']) = (wni1, (X, Y]) 4+ (wngo, [X',Y]) =0,

forall X® X', Y@&Y' € N . Using equation (3.15) and recalling the notation (3.43), equation
(4.17) can be written as follows:

— Ben)(X, V) + (B )X, Y7) 4 (1) (X1, ¥) — (B 2) (X1, Y)
(4.18) + Lx(wn,Y) — Ly (wn, X) — Lx(wn+1,Y") + Ly (wny1, X)
— Lx/(wp+1,Y) + Ly (wpt1, X') + Lxr(wnt2,Y') — Lyr(wpt2, X') =0.
Since wy, @ Wni1, Wnil D wpio € NZ,E’ and X & X', Y @Y’ € Nz, we have

(WTHX) - (Wn+l7X/)7 (U.)n+1,X) - (wn+27X/)7

((A)n, Y) - (wn+l7 Y/) 5 (Wn—i-la Y) - (Wn+27 Y/) 5
hence the last eight terms in the LHS of (4.18) cancel. Moreover, by the inductive assumption
wy, and wy41 are closed, so that equation (4.18) reduces to (dwy,+2)(X’,Y’) = 0, which, by
assumption (i), gives dw,42 = 0. O
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Remark 4.14. Let (£, L) be a pair of compatible Dirac structures. Suppose that 71(£) = Q.
In this case ma(N £/) = ma(L'). Hence the non-degeneracy condition (i) of Theorem 4.13 reads:
if dw(X',Y") =0 for every X', Y’ € ma(L'), then dw = 0.

The following definition and proposition are a generalization, in the context of Dirac struc-
tures, of Definition 2.4, Lemma 2.6 and Proposition 2.9.

Definition 4.15. Let £ and £’ be two subspaces of Q' & ga. Two sequences {wy, }n=0,... N+1 C
Q' and {X,, }no... v C g° form an (L, £')-sequence if

Wn®Xp €L and w1 B X, €L forn=0,---,N.

Proposition 4.16. Let £ and L' be isotropic subspaces of Q'@g?, and suppose that {wn }n=0, Nt+1
C QY and {Xp}n=0... v C g7 form an (L, L')-sequence.

(a) Then we have: (wp, Xp) =0 for allm=20,--- ,N+1 andn=20,--- N.

(b) Suppose in addition that

(4.19) (Spanc{wn}osnen+1)” C m(L) | (Spanc{Xnlocnen) C m(L),

where w1 and s denote projections on Q' and g° respectively, and the orthogonal com-
plement is with respect to the pairing of Q' and g?. Then we can extend this sequence to
an infinite (L, L")-sequence {wp }nez, , {Xn}nez, -

Proof. Since £ and L' are isotropic, we have

(Wn, Xp)=0foralln=0,--- N, (wn,Xn) =—(wp, Xp) forall myn=20,--- ,N,
(Wnt1, Xp)=0foralln=0,--- N, (wnt1,Xpn) = —(wnt1,Xp) for all myn =0,--- ,N.

From the above relations we get
(Wma Xn) = (Wm—l—la Xn—l) s

hence part (a) follows by an easy induction argument, as in the proof of Lemma 2.6. We then
have, by (a),
1L
wnt1 € (Spanc{Xn}to<n<n) ™,
so that, using the second inclusion in (4.19), we find Xy € ga such that wy41 ® Xyy1 € L.
On the other hand, we also have

1
Xn+1 € (Spanc{wnocnen+1)™,

and using the first inclusion in (4.19) we find an element wy 2 € Q' such that wy 2®X 11 € L,
and (b) follows by induction. O

Corollary 4.17. Let V be a normal algebra of differential functions, and let (L, L") be a pair
of compatible Dirac structures, which is non-degenerate in the sense of condition (i) of The-
orem 4.13. Let, for some N > 0, {wn}n=0.. n+1 C Q' and {X,}n=o.. N C g% be such that
wo = 0([ho), w1 = 6([h1) € 0, w, X, € L, wpni1 ® X, € L foralln =0,--- ,N, and

76



conditions (4.19) hold. Then there exist a sequence of Hamiltonian functionals {[hn}nez,
such that 6([hy) = wy for n = 0,--- N + 1, and a sequence of Hamiltonian vector fields
{Xn}nez, extending the given one for n < N, such that 6([h,)® Xy, € L, 6([hpi1) B X, € L.
Furthermore,

(4.20) {fhm,fhn}ﬁ - {fhm, fhn}y —0, foralmneZ,.

Namely the Hamiltonian functionals [ h,,n € Zy, are integrals of motion for all the vector
fields X,, € g%, m € Z, and these vector fields are Hamiltonian with respect to both £ and L'
Finally, all vector fields X,,, m € Z., commute, provided that Kero£L N Kery L' = 0.

Proof. Proposition 4.16 guarantees the existence of an infinite (£, £')-sequence {wy,, Xy }nez, ,
extending the given one. By Theorem 4.13, all elements w,, € Q! are closed, hence, by Theorem
3.2, they are exact, namely w,, = 6([ f,). Finally, equation (4.20) follows by Proposition 4.16.
The last claim of the Corollary follows from Remark 4.6. O

4.6 The non-linear Schrédinger (NLS) hierarchy. Let V = C[u(™, v |n € Z,]. Con-
sider the following pair of subspaces of Q' @ g2 ~ V2 @ V2

(b (e 1))

u

where f, g are arbitrary elements of V for £’, while for £ they are such that %, f+Tag ev.
Proposition 4.18. (a) (£,L') is a compatible pair of Dirac structures.

(b) Condition (i) of Theorem 4.13 holds.

(c) Let hg = 0, hy = $(u® +v?) €V, let FO,F' € V2 be their variational derivatives, and

let PV = < _u” > € V2~ g% Then
F'eoP’er, FloaP e,

namely {FO, Fl} and {P°} form an (L,L')-sequence, i.e. condition (ii) of Theorem 4.13
holds (for N =0).

(d) The orthogonality conditions (4.19) hold (for N =0), namely
(CF'® CFY)" cm(L), (CPY)" cm(L).
1 0

V®2 V2 which is a Hamiltonian operator. We next prove that £ is a Dirac structure. In
particular, we start by showing that £ C V®2 @ V? is a maximal isotropic subspace. Namely,

Proof. Clearly, £’ is a Dirac structure, since it is the graph of the operator H = < 0 —1 > :
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given B € V92 @ V2, we want to prove that (4, B) = 0 for all A € £ if and only if B € £. An
arbitrary element of £ has the form

A:<@>@ aa<i>_4vg

(f+ag) + 4dug ’

and we can always write B € V®2 @ V? in the form

= (1)()

Clearly, B € L if and only if the following conditions hold:

u

ISHISSSHIS)

(4.21) b—a=0redV, c:8<%>—4vr, d:8<a+ar>—|—4ur

u

On the other hand, the equation (A, B) = 0 gives

/(ic—l—md—k <8 <i> —4vg> 4 <3 <f—i—7(9g> +4ug> 9) =0,
v u v v u u

which, after integration by parts, becomes

[i(5e2-10)- () o o-0-2)sa(2a(2)) o

Since the above equation holds for every f, g, we get the two identities:
d 1 b
(4.22) 5+———a(9)——a< ) 0,
vou v \v

) w-0-o(7)+o(5o(5)) =0

The second equation, in particular, implies that b — a = 0r € 9V, which is the first condition
n (4.21). Equations (4.21) and (4.22) then become

c 1_./a
(4.24) =20 (;) Y dr =0,
(4.25) w21y <§> =0,
u u u

which are the same as the second and third conditions in (4.21). This proves that £ is a maximal
isotropic subspace of V&2 @ V2.

In order to show that L is a Dirac structure, we are left to prove that it is closed under the
Courant-Dorfman product (4.4). Let A and B be two elements in £; they can be written in

the form

(426) A = FarP, F_<a+%ab> , P= 8<%>_4vb :8F+4<_U>b,
u 8(%3*’>+4ub u

427) B = GaQ, G:<C+%ad>, Q- {OREL :8G+4<_U>d.
n o(£21) + dud u



z

Let Ao B=H&® R, with H = < w > € V92 and R € V2. In order to prove that Ao B € L,

we need to show that
(4.28) uw —vz =0r € 0V, R:8H+4<_uv>r,

for some r € V. By formula (4.4) for the Courant-Dorfman product and using equations (1.15),
(3.46) and (3.47), we have:
(4.29) H = Dg(9)P+ Dp(9)G — Drp(9)Q + Dp(9)Q,
(4.30) R = Dg(0)P —Dp(0)Q.
Using the formula for P in (4.26) we get, using Lemma 1.8,
bc—ad+bdd—dob >

(4.31) Dp(0)G+ Dr(0)Q =4 < ad™be

v

Hence, the vector H € V®2 in (4.29) becomes

P bc—ad+bdd—dob
(4.32) H= ( ) = Dg(9)P — Dp(0)Q + 4 < ad=be >

w
v

With similar computations involving Lemma 1.8 we also get

DOP ¢ (patdh | gp)
4.33 D (0)P = v b U )
(4.33) c(0) ( DC(B)P—ZBDd(é))P N c—;zad (02 — 4ub)
and

Da(0)Q  a (3@ + 4ud)
4.34 Dr(9)Q = v y o :
( ) F( )Q ( Da(a)Q‘;@Db(a)Q o a—qi;?b (8% o 4?}d)

Putting together equations (4.32), (4.33) and (4.34), we get, after a straightforward computa-
tion, that

uw —vz =0 <Dd(8)P — Dy(0)Q + w> ;

namely the first condition in (4.28) holds with

cOb — add

uv

(4.35) r = Dy(0)P — Dy(0)Q +

Next, let us compute the vector R € V? defined in (4.30). Using the last formulas in (4.26) and
(4.27), and Lemma 1.8, we get, after a straightforward computation,

(4.36) R = 8(Dg(8)P—DF(a)Q)+4< N ) (Dd(a)P—Db(a)Q)+4< poetdd _ goatob )

% — o<
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Puttin together (4.32), (4.35) and (4.36), we get

—v baﬂ _ daa-‘r@b bc—ad+-b0d—dob add—cdb
R—@H—4< u >'I":4< duag—bagu —48 adqibc —4 cabgaad .

v

It is immediate to check that the RHS above is zero, thus proving the second condition in (4.28).

In order to complete the proof of part (a), we are left to show that £ and £ are compatible,
namely that they satisfy the integrability condition (4.16). By the definition (4.14), the relation
Ne.r CV?2@V? consists of elements of type P @ P’, where P is as in (4.26) and P’ = JF, with

J = < (1) _01 > Moreover, it is not hard to check that the adjoint relation N} ,, C Vo2 g YP2

consists of elements of type F @ F’, where again F' is as in (4.26) and F/ = —JOF +4 < z ) b.
Therefore, the integrability condition (4.16) reads as follows:

(4.37) (H,[P,Q]) — (H',[P,Q") — (H',[P",Q]) + (H",[F,Q']) = 0,
where
(4.38) P:8F+4J<Z>b ., P =JF |, F:<a§ab>,

toln &

(4.39) Q:@G+4J<Zj>d, Q =JG G:(C

8d>7

f
(4.40) HZ( f+0g ) ) H'Z—J5H+4<Z>g, H”z—J@H’+4<Z>h,

u

IS

and where f,g,h € V are related by the following identity
f+09 _

u

(4.41) Lon+Ltol 4 1s 0.
uv v v u

In (4.37) [+, -] denotes the bracket of V? ~ g2 namely (cf. (1.15)), [P, Q] = Dg(9)P — Dp(9)Q,
and (-,-) denotes the usual pairing V¥2 x V2 — V/9V. Notice that, by construction, we have
(4.42) FoP,GopQ, HoJH' , H o JH" € L.
Since L is closed under the Courant Dorfman product, we have that

(F&P)o(Ga Q)= (Da(d)P — Dp(9)Q + Dp(9)G + Dr(0)Q) & [P,Q] € L.
Hence, since H & JH' € £ and £ is a maximal isotropic subspace of V¥2 @ V2, it follows that

(H,[P,Q]) = —(Dg(d)P —Dp(0)Q+ Dp(9)G + Dr(9)Q, JH')
(4.43) = (H',JDg(0)P — JDp(0)Q + JD5(0)G + JD5H()Q) .

In the last identity we used the fact that J : V92 — V? is a skew-adjoint operator. Recalling
the identities (4.38) and (4.39), and using Lemma 1.8, we also have

(4.44) (H',[P",Q]) = (H' Dqg(0)JF — JDp(9)Q),
(4.45) (H',[P,Q)) = (H',JDc()P — Dp(d)JG).
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Furthermore, using the fact that J is skew-adjoint, we can easily get
(4.46) (H",[P', Q") = (Dp(0)JG — Dg(0)JF, JH").

We can then put together equations (4.43), (4.44), (4.45) and (4.46), to rewrite the integrability
condition (4.37) as follows

(4.47) (H', Dp()JG—Dq(8)JF+.J Dp(9)G+JDin(0)Q)+(Dp (8)JG—Dg(9)JF, JH") = 0.

Since H' & JH"” € L and L is maximal isotropic, in order to prove equation (4.47) it suffices to
show that

(4.48)  (Dp(0)JG — Dg(0)JF) & (Dp(0)JG — Dg(d)JF + JDp(0)G + JDE(0)Q) € L,

whenever F'@® P, G® Q € L. We start by proving that Dp(0)JG — Dg(0)JF € 7m1(L). Indeed,
it follows by a straightforward computation involving Lemma 1.8, that

Da(9)JG—De(9)JF
Dp(9)JG — Dg(0)JF = < Da(a)JG—Dc(a)JFJr;(Db(a)JG—Dd(6)JF) ) ;

u

z

namely the RHS has the form < o ) € m1 (L), with

(4.49) 2= Dy(9)JG — D(8)JF ,  w= Dy(d)JG — Dy(d)JF.
In order to prove (4.48) we are thus left to prove the following identity:

Dp(8)JG — Do(9)JF + JDp(0)G + JD3(d)Q = (Dp(9)JG — D (d)JF)
(4.50) 4T ( z > (Dy(9)JG — Da(0)JF) .

Using equations (4.38)-(4.39) and Lemma 1.8, it is not hard to check that

(4.51) Dp(9)JG d(Dp(9)JG) + 47 < g ) Dy(8)JG — 4Gb,

(4.52) D(d)JF = 9(Dg(d)JF) +4J < jj > Dy(8)JF — AFd.

Hence, using (4.51) and (4.52), equation (4.50) becomes
(4.53) JDH(0)G + JDR(0)Q +4Fd —4Gb = 0.

Equation (4.53) can be now checked directly using equation (4.31). This completes the proof
of part (a).

Let us next prove part (b). From the expression of £ and £’ and from the definition (4.14)
of Nz s, it follows that mo(Ny £/) consists of elements of the form

_[+9g
(4.54) ( I >€V2,

v
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where f,g are such that %, f+Tag € V. Suppose now that M(9J) is a 2 x 2 matrix valued
differential operator such that

(4.55) JP-M(O)Q =0,

for all P,Q € mo(N /). Recall that P € mo(Ng £/) is an arbitrary element of the form (4.54).
Therefore, if (4.55) holds for every such P, we deduce, by Proposition 1.3, that M (0)Q =

const. Z . Since this has to be true for every @ of the form (4.54), we conclude, by a simple

differential order consideration, that M (J) = 0, thus proving (b).

0 > &) < —uv > is the element of £ correspond-

For part (c), we just notice that FO@ P = < 0

ing f=0and g = i, while F' @ P? = < Z > & < —uv ) if the element of £ corresponding to

f=wuand g=w.
We are left to prove part (d). The first orthogonality condition is trivial, since (L") = V2.

Z//Z > € (CP%*, then

fF-Pozf(w—z):O,

For the second one we have that, if F' = <

namely w — z € 0V, which exactly means that F' € m;(L). O

Corollary 4.17 allows us to extend the (£, £')-sequence {F°, F''} | {P°} to an infinite (£, £')-
sequence {F"},cz., {P"}nez,. Moreover, by Proposition 4.18, all elements F" € Yol ~
QY n € Z,, are closed, hence, since V is normal and by Theorem 3.2, they are exact: F™ =

Shy
( S > for some h,, € V, for every n € Z,. This gives us an infinite hierarchy of Hamiltonian

v
equations (n € Z,):

du
(4.56) (%):m,

for which all [h,,, m € Z4, are integrals of motion. It is easy to compute the first few integrals
of motion and evolutionary vector fields of the hierarchy:

_ o_(0 o_ [ —v
o () ()

_ 1.y 2 1_ [ U 1_ u
h1—2(u+v),F—<U>,P— o)
o, 9 v 9 V" + 2v(u? + v?)
hy = g(uv —uv), F°= < ! , P7= _u//_2u(u2+v2) )
Loz 2 2, 2\2 3 [ —u"—2u(u?®+0v?)
h3—§(u +v (W +0v%)?), F° = o 2 4 0?) )

p3 _ —u" = 20(u(u? 4 v?)) — dv(ve — uv')
[ N L 28(v(u2 + vz)) + du(vu’ —wd') )7

Lo 1,1 3,1 3,/ 4_ _v///_za(v(u2+v2)) + du(vu’ — uv')
h4—§(uv vu') 4+ 2(vu —u'), Fr= W+ 20(u(u? + 02)) + do(vd — ) )
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Therefore the first three equations of the hierarchy (4.56) are:

d ((uw) [ —v d ((uw) [ d ((u) V" + 2v(u? 4 v?)
aw(0)-(0) & (0)-(0) & () - (L2ts)
The third equation is called the NLS system. The first four integrals of motion are h,, n =
1,2,3,4, written above. It is not hard to see by induction on n that the 1-forms F", n > 1,
have differential order n — 1, hence they, and consequently the h,, are linearly independent.
Finally, Kero£' = 0, hence all evolutionary vector fields Xp» commute, and they are linearly
independent for n > 1 since the F"’s are. Thus the NLS system (and the whole NLS hierarchy)

is integrable.
In fact, using the conditions F™ @ P™ € £ and F"*' @ P" € [/, it is not hard to find a
recursive formula for F" and P", n € Z,. We have

In _ Jn41409n+1
Fn = < fn'ﬁ}agn > ’ Pn = fnfl » 2 0’
u

(2

and the elements f,, g, € V are given by the recursive equations: fo =0, gy = %, and

frt1 v0 <f"+7uag"> + duvgy, ,

Ogni1 = —ud <&> —vd <M> .
v U

4.7 The Hamiltonian case. In Section 1.3 we gave a definition of a Hamiltonian operator
in relation to Poisson vertex algebras (see Definition 1.17). As we shall see in Theorem 4.21,
the following definition is equivalent to it in the case of differential operators.

Definition 4.19. A Hamiltonian operator is a linear map H : Q' — g2 such that its graph
GH)={wad Hw)|lweM}c O @®g?,
is a Dirac structure.

In the case of the Dirac structure given by the graph G(H) of the Hamiltonian operator H,
the corresponding space of Hamiltonian functionals F(G(H)) is the whole space Q°, while the
space of Hamiltonian vector fields H(G(H)) is the Lie subalgebra H(6Q") C g°. Hence, by the
discussion in Section 4.3, the space Q° = V/9V acquires a structure of a Lie algebra with the
bracket

(457) Ut Sayy = JHE( 1)) = (HG([1)-5(f9)) €.

and the evolution equation associated to a Hamiltonian functional [h € 00 takes the form

(4.58) %= HE(m)).

Notice that, in the special case of a Hamiltonian operator H : Q! = V& — g% = V! given by a
matrix valued differential operator H(0) = (H;;(0))i jer, the above formula (4.57) for the Lie
bracket reduces to equation (1.70), and the evolution equation (4.58) reduces to (1.69). This
coincidence is not surprising, as will be clear from Theorem 4.21.
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Proposition 4.20. Let H : Q' — g7 be a linear map, and let G(H) = {w & H(w)|w € Q'} C
Ol @ g9 be its graph.

(a) The space G(H) C Q' @ g° is isotropic with respect to the bilinear form (, ), i.e. G(H) C
G(H)*, if and only if it is maximal isotropic, i.e. G(H)* = G(H), which in turn is
equivalent to saying that H is skew-adjoint:

(4.59) (w,H(n)) = —(n, Hw)), for allw,n € Q".

(b) A skew-adjoint operator H : Q' — g2 is a Hamiltonian operator if and only if one of the
following equivalent conditions holds:

i) for every wi,ws,ws € O, we have
Y

(4.60) (LH (w2, H(w3)) + (Lp(w)ws, H(w1)) + (Lp(e)wi, H(w2)) = 0,

(ii) for every w,n € Q' we have
(4.61) H( Ly (0) = ey (0)) = [H(w), Hn)]

Proof. Equation (4.59) is equivalent to (w @ H(w),n ® H(n)) = 0 for every w,n € Q', which
in turn is equivalent to G(H) C G(H)*. On the other hand, if H is skew-adjoint, we have
(we X,n® H(n)) = (n,X — H(w)), and this is zero for every n € Q! if and only if X = H(w).
Hence G(H)* C G(H), thus proving (a). For part (b), we notice that equation (4.60) is the same
as the integrability condition (4.8) for the Dirac structure G(H). Hence, by Remark 4.4, H is a
Hamiltonian operator if and only if (i) holds. Moreover, by definition of the Courant-Dorfman
product, we have

(we Hw) o (1 H) = (Luw)®) = ey () © [Hw), H@)]

and this element lies in G(H) if and only if (4.61) holds. O

Theorem 4.21. Let H : Q' = V¥ — g9 = V! be a matriz valued differential operator, i.e.

H= (Hij(ﬁ))mel. Then Definitions 1.17 and 4.19 of a Hamiltonian operator are equivalent.

Proof. Due to Propositions 1.16 and 4.20, the only thing to check is that equation (4.61) reduces,

if H is a differential operator, to equation (1.50). Let w = wr, n = wg for F,G € V¥, be as in
(3.55). Equation (4.61) then reads

(4.62) H (L) (©6) = b1y (0wr) ) = [H(wr), H(wa)]

Using equation (3.47) for Lx,(wr), the element in V¥ corresponding to Ly, (wg) € Q' is
Dg(0)H(0)F —|—DE(6) 7(0)G. Similarly, using equation (3.46), the element in V&€ corresponding
t0 L (wg) (Swr) € Q' is Dp(9)H(0)G — D3(0)H (9)G. Furthermore, recalling the correspon-
dence (1.11) and formula (1.15), the element in V¢ corresponding to [H(wr), H(wg)] € g7 is
D 9)c(0)H(O)F — D9 (9)H(0)G. Putting together the above observations, we can rewrite
equation (4.62) as (1.50), and vice versa. O
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Next, we discuss how the notion of compatibility of Dirac structures is translated in the
case of Hamiltonian operators. First we recall the definition of the Schouten bracket [D].

Definition 4.22. If H, K : Q' — g9 are skew-adjoint (with respect to (,)) operators, their
Schouten bracket is a tri-linear map [H, K]sp : Q' x Q! x Q! — QO given by (cf. equation
(4.60))

(4.63) [H, K]sp(wi,ws2,ws) = (w1, H(Lg(u)w3)) + (w1, K(Lg,)ws)) + (cycl. perm.).
We have the following corollary of Proposition 4.20(b):

Corollary 4.23. A linear map H : Q' — g2 is a Hamiltonian operator if and only if it is
skew-adjoint and [H, H]sp = 0.

Proposition 4.24. Let H, K : Q' — g2 be Hamiltonian operators. Their graphs G(H) and
G(K) are compatible Dirac structures (see Definition 4.12) if and only if we have

[H,K|sp(wy,w2,ws3) = 0,

for all wy,ws,w3 € Q, such that K(w2) € Im (H), H(wy) € Im (K).
Proof. For the Dirac structures G(H) and G(K), we have
(4.64) Nomgu) = {Hm) & Kn) [ne '} c o’ g
The adjoint relation is, by the non-degeneracy of (, ),

./\/'E(H)Q(K) ={wed ‘ Hw)=K()} C Qe Q.
Then by Definition 2.1 G(H) and G(K) are compatible if for all w,w’,w” € Q! such that
(4.65) Hw)=KW), HW)=K(W",
and for all n,0 € Q!, we have

(w, [H(n), H®)]) — (', [H(n), K(0)])

4.66
o — (W, [E(n), H®))) + (", [K(n), K(8)]) = 0.

We next use equation (3.16) to rewrite (4.66) as follows:

(Lumyw, HO)) = (L', K(0)) = (Lrpw', HO)) + (Lggw”, K(0))

4.67
e L) (w, H(0)) + L) (W', K(0)) + L) (&', HO)) — Ly (0", K () = 0.

By (4.65) and skew-adjointness of H and K, the last four terms in the LHS of (4.67) cancel.
Moreover, by assumption, [H, H|sp = [K, K]sp = 0, so that equation (4.67) becomes

(1, H(Lp(w)0)) + (w, H(Lgym)) + (0, K(Lgyw"))
+ (0, H(Lgye')) + (0, K (L)) + (@', K(Lg@gyn)) = 0.

If we then use again (4.65), the above identity becomes [H, K|sp(n,w’,8) = 0. O
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Remark 4.25. Let H, K : Q' — g2 be Hamiltonian operators. It is clear from Definition 4.22
that the Schouten bracket [H, K]gp is linear in each factor. Hence the following conditions are
equivalent:

(i) any linear combination «H + K is a Hamiltonian operator,
(ii) the sum H + K is a Hamiltonian operator,
(iii) [H,K]sp = 0.

When the above equivalent conditions hold we say that (H, K) form a bi- Hamiltonian pair (cf.
Definition 2.1). It follows from Proposition 4.24 that if (H, K) form a bi-Hamiltonian pair, then
the graphs G(H) and G(K) are compatible Dirac structures.

Remark 4.26. Theorems 4.13 and 4.21 and Remark 4.25 imply Theorem 2.7. Indeed, due
to Theorem 4.21 and Remark 4.25, if (H,K) form a bi-Hamiltonian pair (as in Definition
2.1), the corresponding graphs G(H) and G(K) are compatible Dirac structures. In order to
apply Theorem 4.13, we need to check that assumptions (i) and (ii) of this theorem hold. For
condition (i), by formula (4.64) we have that ma(Ngm) g(r)) = Im (K) C g?. Hence condition
(i) of Theorem 4.13 becomes the following: if F' € V¥ is such that

(4.68) [(K(0)G?) - (Dp(9) — D3(0)) (K(9)G) = 0, for all G, G? € V¥,

then Dp(0) — D3(9) = 0. For this we used the identifications Q! ~ V®¢ and g ~ V', and
formula (3.45). Using the fact that K is skew-adjoint, equation (4.68) becomes

JG* - (K(9)(Dr(9) — D}:(9)) K(9))G" = 0.

Hence, recalling that the pairing (-, -) is non-degenerate, we see that condition (i) of Theorem
4.13 is exactly the non-degeneracy assumption for K in Theorem 2.7. Next, suppose, as in
Theorem 2.7, that {F"},—.. v C VP is an (H, K)-sequence, and that FV = 55%, Fl =
%. Then we have wpr @ Xg@gypn € G(H) and, since H(9)F" = K(0)F™!, we also have
wpnt1 © X gy € G(K), which is condition (ii) of Theorem 4.13. Then, by Theorem 4.13(b),

all the elements wpn, n =0,--- , N, are closed, thus proving Theorem 2.7.

Remark 4.27. Let H(9) be a Hamiltonian differential operator, and let [h € V/9V be a local
functional, and consider the corresponding Hamiltonian evolution equation (4.12), where X =
X H(9) 2 This equation is integrable with respect to the Dirac structure G(H) if and only if it
is integrable in the sense of Definition 1.27.

4.8 The symplectic case. In Section 3.5 we gave a definition of a symplectic operator as
a closed 2-form in the variational complex. As we shall see in Theorem 4.30, the following
definition is equivalent to it in the case of differential operators.

Definition 4.28. A symplectic operator is a linear map S : g2 — Q! such that its graph
GS)={S(X)aX|Xecg?tcUag’,

is a Dirac structure.
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In the case of a Dirac structure given by the graph G(S) of a symplectic operator S, the
corresponding space of Hamiltonian functionals is F(G(S)) = 6~1(S(g?)), while the space of
Hamiltonian vector fields is H(G(S)) = S~1(6Q2°). Hence, by the discussion in Section 4.3, the
space 6~1(S(g?)) C V/OV acquires a structure of a Lie algebra with the bracket

(4.69) {[f, [a}s = [X(9), where X € g7 is s.t. S(X) =4([f).

Moreover, given a Hamiltonian vector field X € H(G(S)) associated to a Hamiltonian functional
[h € F(G(9)), i.e. such that S(X) = 6([h), the corresponding evolution equation is (4.12).

Proposition 4.29. Let S : g2 — Q! be a linear map, and let Gg(s {S )eX|X € ga} C
QO @ g9 be its graph.

(a) The space G(S) C Q' @ g2 is isotropic with respect to the bilinear form (), i.e. G(S) C
G(S)*, if and only if it is mazimal isotropic, i.e. G(S)+ = G(S), which in turn is equivalent
to saying that S is skew-adjoint:

(4.70) (8(X),Y)=—(5(Y),Y), for all X,Y € ¢°.

(b) A skew-adjoint operator S : g? — Q' is a symplectic operator if and only if one of the
following equivalent conditions holds:
(i) for every X1, X, X3 € g%, we have
(A71)  (Lx,S(Xa), Xs) + (Lx, S(Xs), X1) + (L, S(X1), X2) = 0,
(ii) for every X,Y € g2 we have
(4.72) Lx(5(Y)) —w(6S(X)) = S([X,Y]).
Proof. The proof is the same as that of Proposition 4.20. O

Theorem 4.30. Let S : g7 = V! — Q' = V¥ be a differential operator, S = (5:5(0))

NI
Then Definitions 3.11 and 4.28 of a symplectic operator are equivalent.

Proof. In view of Proposition 4.29, we only have to check that, if S = (5;;(0))i jer : VAR VA
is a skew-adjoint matrix valued differential operator, then equation (4.72) reduces to equation
(3.48). Let X = Xp, Y = Xg, with P,Q € V*. We can use equations (1.15), (3.46) and (3.47)
to rewrite equation (4.72) as follows:

Ds(9)@(0)P + Dp(9)(S(9)Q) — Ds(a)p(9)Q + D (5)p(9)Q = S(9)(Dg(9)P — Dp(9)Q) -
Written out explicitly, the above equation reads (for k € I):

s (M0 ) o (2 (s,00)

i,j€l,nEL oul” aul(en)
0(Sy:(0)P, 0(S;;(0)P;
(4.73) 560)F) g;((nf )(a"Qz) +(=0)" <7( (;uﬁ,g J)QZ))
B Qi ., > ( oP; ., )
= Ski(0 O"P; | — Si;(0 0
i7jejzm:ez+ ( k ( )<au§ ) k]( ) aug n) Q )
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We next use Lemma 1.2 to rewrite, in the LHS of (4.73), the first term as

1) 5 ( <8Ski(a) Qi) (07P,) + Si(d) (;ﬁf) (8"Pj>>) :

(n)
i,jel,neZy 8uj

the third term as
0Sk;(0) OP;
(4.75) - <¥P> 9"Qi +Sk‘(3)<— 9"Qi ;
2 G n)ae) ssuo (o)

and the last term as

(4.76) > oy (@(asﬂfﬁ)zﬁj) + 20 (s;z<a>@i>> .
i,jel,nel duy; duy,

The first term in the RHS of (4.73) cancels with the second term in (4.74), and similarly the
second term in the RHS of (4.73) cancels with the second term in (4.75). Furthermore, by
the skew-adjointness assumption on S, the second term in the LHS of (4.73) cancels with the
second term in (4.76). Hence, equation (4.73) can be rewritten as

S (£ (n) - (22120)(ra) - cora(Z42n)) -

(n)
i€l nel du; U du,

Since the above identity holds for every P,Q € V!, we can replace 0 acting on P by A and 0
acting on @ by u. We thus get that (4.72) is equivalent to the following equation (for i, 7,k € I):

OSki . 0SKEi(N) 5, 0855 (A
(4.77) Z k(g;))\ — kj(fl) ),u +(-A—pu—20) ](El)) =0.

To conclude, we just notice that, by the Definition 1.23 of the Beltrami A-bracket, equation
(4.77) is the same as equation (3.48). O

Next, we study how the notion of compatibility of Dirac structures is translated in the case
of symplectic operators. Let S : V! — V& and T : V¥ — V¢ be symplectic operators, and
consider the corresponding Dirac structures G(S) and G(T'). Recalling the definition (4.14), we
have

(4.78) NQ(S),Q(T) = {X o X € ga S ga | S(X) = T(X/)} ,

and, similarly, recalling (4.15), we have

(4.79)  Ngsygm = {wew' € Qe Q| (w,X) = (', X'), forall X ® X' € Ng(s)g(1)} -
We also consider the space

(4.80) Mgsygm) = {S(X)BT(X)| X eg?} cQ'aql,

It is immediate to check that Mg s g(1) C /\/5( 9).6(T) for every pair of symplectic operators S
and T, while the opposite inclusion is not necessarily true.
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Definition 4.31. A pair (S,7T) of symplectic operators is called strong, if

(4.81) Ng(S),g(T) = Mg(s).g(r) -

Proposition 4.32. (c¢f. [D]) Let (S,T') be a strong pair of symplectic operators. The following
three conditions are equivalent:

(i) G(S),G(T) are compatible Dirac structures,

(ii) for every X, X' Y,Y" € g2 satisfying S(X) = T(X"), S(Y) = T(Y"), there exists Z € g°
such that

(4.82) Lx'S(Y)—LxSY')=5(2) |, LxT(Y)—-LxT(Y')=T(Z2).
(iii) for X1, X}, Xo, X4, X3, X} € g2 such that S(X;) = T(X]), i =1,2,3, we have
(4.83) (LXlS(X2),X§) + (ins(Xg),Xg) + (cycl. perm.) = 0.

Proof. Recall Definition 4.12. By (4.78) and assumption (4.81), G(S) and G(T') are compatible
Dirac structures if and only if we have

(4'84) (S(Z,)7 [X7 Y]) - (5(2)7 [X7 Y/]) - (5(2)7 [ley]) + (T(Z)7 [X/7Y/]) = 07
for every X, X',Y,Y', Z, 7' € g? such that
(4.85) S(X)=T(Xx") , SY)=T®") |, S(Z)=T(2").

Using identity (3.16), we can rewrite equation (4.84) as follows:

(4.86) —(LxS(Z2"),Y) + (LxS(2),Y") + (Lx'S(2),Y) — (LxT(Z),Y")
Lx(8(2"),Y) = Lx(S(2),Y'") = Lx/(S(2),Y) + Lx/(T(2),Y') = 0.

By equations (4.85) and the skew-adjointness of the operators S and T', we have (S(Z’),Y) =

(S(Z),Y") and (S(Z2),Y) = (T(Z),Y’), hence the last four terms in the LHS of (4.86) cancel.

Equation (4.86) then reads

(4.87) (Lx/S(Z)— LxS(Z"),Y) = (LxT(Z) — LxT(Z'),Y").

Since the above equation holds for every Y, Y’ € g? such that S(Y) = T(Y’), by assumption
(4.81), it is equivalent to saying that there exists an element W € g such that Ly/S(Z) —
LxS(Z") = S(W), Lx/T(Z) — LxT(Z") = T(W). If we replace Z by Y and W by Z, these
equations are the same as (4.82). This proves the equivalence of conditions (i) and (ii). Next,
we prove that equation (4.87) is equivalent to condition (iii). Since S and T are symplectic
operators, we have, by the integrability condition (4.71), that

(LxS(Z'),Y) = —(LzS(Y),X)— (LyS(X),Z"),
(LxT(2),Y") = —(LzT(Y"),X") - (LyT(X'),2).

Using the above identities, equation (4.87) becomes

(LzS(Y),X) + (LyS(X),Z') 4+ (Lx:S(Z),Y) + (LxT(Z"),Y’)
+(LzT(Y"),X') + (Ly'T(X'), Z) = 0,

which is the same as equation (4.83) for X; = X, Xy = Z, X3 =Y, and similarly for X/, i =
1,2,3. O
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Definition 4.33. A strong pair (S,7") of symplectic operators which satisfies one of the equiv-
alent conditions (i)—(iii) of Proposition 4.32 is called a bi-symplectic pair.

In view of Proposition 4.32, we get the following corollaries of Theorem 4.13, Proposition
4.16 and Corollary 4.17, which translate the Lenard scheme of integrability in the symplectic

case.

Theorem 4.34. Let V be an algebra of differential functions in the variables {u;}icr, and let
5(9), T(9) be two symplectic operators given by differential operators: V¢ — V. Suppose
moreover that {P"}o<n<n C V' is an (S, T)-sequence, namely

(a)

(b)

(¢)

S(@)P" =T(@)P", n=0,...,N—1.
If the orthogonality condition
(Spanc{P"Yonen) ™ C Im S(0)
hods, then we can extend the sequence { P"}o<n<n to an infinite (S, T')-sequence {P" }nez, -

Suppose in addition that (S,T) is a bi-symplectic pair, and that it satisfies the following
non-degeneracy condition: if, for some F € V¥, Q- (DF(8) - D}}(@))P = 0 for all
P,Q € V' such that T(9)P, T(9)Q € Im(S(0)), then Dp(d) — D(0) = 0. Suppose,
moreover, that

(5th 5fh1
0 __ 0 _

for some local functionals [ho, [h1 € V/OV. Then all elements F" = S(O)P", n € Zy,
are closed, namely Dpn(0) = D3n(0). In particular, if the algebra V is normal, then they
are all ezact, namely there exist local functionals [h, € VOV such that

6 hn
 du ]

F" = S(9)P"

n€Z+

These local functionals are in involution with respect to both Lie brackets associated to S
and T (cf. (4.11)):

{fhm,fhn}sz{fhm,fhn}Tzo, for allm,n € Z, .

Suppose, in addition, that Ker (S) N Ker (T)) = 0. Then the evolutionary vector fields
Xpn, n € Zy, commute, hence the equations of the hierarchy

du "
dTn:P,TlGZ+,

are compatible, and the local functionals in involution [h, are their integrals of mo-
tion. Thus, this hierarchy is integrable, provided that the set {F"},ez, spans an infinite-
dimensional space.
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4.9 The potential KAV hierarchy. Let V = Clu,u/,u”,...], and consider the following
pair of differential operators on V (¢ € C):

(4.88) S@) =0 , T =u"+2u'8+cd =2u)"?00 (u)/? + cd*.
Proposition 4.35. (a) (S,T) form a bi-symplectic pair (cf. Definition 4.33).
(b) The pair (S,T) satisfies the following non-degeneracy condition (cf. Theorem 4.34(b)): if
(4.89) [Q-M(@O)P =0,

where M (0) is a differential operator, for all P,Q € V such that T(0)P, T'(0)Q € Im S(9),
then M(0) = 0.

Proof. We already know, from Example 3.13, that S(9) and T'(9) are symplectic operators.
We want to prove that the pair (5,7) is strong (cf. Definition 4.31). Let F' & G € NS(S)

namely

(4.90) fFP:fGQ,
whenever
(4.91) OP = c*Q +20(u'Q) — u"

We need to prove that F'& G € Mgs) g(T), namely that there exists R € V such that
(4.92) F=0R |, G=cPR+2WOR+u'R.

Equation (4.91) implies that «”/Q € 9V, namely Q = %8 f for some f € V. Hence, all pairs
(P, Q) solving (4.91) are of the form

of u/
(4.93) P=c?(S5)+2m0f —f . Q=T
for some f € V such that
(4.94) af ed"V.

Equation (4.90), combined with (4.93), gives, after integration by parts, that

(4.95) [i{eo(ZF) vo(lr) + m-o(S)} = 0.

Note that the space of elements f € V satisfying condition (4.94) contains the ideal generated
by (u”)?. Hence, we can use Proposition 1.3(b) to conclude, from (4.95), that

(1.96) D(ZE) o)+ F=0(S),

u// u// u//

It immediately follows from (4.96) that F' = R for some R € V. If we combine this fact with
equation (4.96), we easily get that F' and G have the form (4.92).
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In order to prove part (a) we are left to prove that the pair (S,T) satisfies condition (ii) in
Proposition 4.32. Let Py, P, Qo, Q1 € V be such that

(4.97) S@OP =T@OP ,  S©)Qo=TO)Q.
According to condition (ii), we need to find R € V such that

Lxp, (S(9)Qo) — Lxp, (S(0)Q1) = S(O)R,
Lxp, (T(9)Qo) — Lxp, (T(0)Q1) = T(A)R.

Using (3.47) the above equations can be rewritten as follows

Ds(9)Q0(9)P1 = Ds(9)q, (9)Fo + D, (9)5(9)Q0 — D, (9)S(9)Q1 = S(O) R,

) D oen @ Py — Droyo, (0P + D ()T(D)Qo — D ()T(2)Q1 = T(O)R.

In order to check these equations we use the fact that the pairs (Py, P;) and (Qq, Q1) are of
the form (4.93), and Lemma 1.8. A long but straightforward computation, which is left to the
reader, shows that equations (4.98) hold for

R = Dq,(0)P1 — Dg,(0)Po + P10Q1 — Q10P; .

Let us next prove part (b). Recall from the above discussion that @) € V is such that
T(0)Q € Im S(9) if and only if Q = #Gf for some f € V satisfying condition (4.94) (in
particular, for every element of the ideal of V generated by (u”)?). By Proposition 1.3(b),
condition (4.89) implies that M (8)% = 0, for every f € V satisfying (4.94), and this of course
implies that M (9) = 0, as we wanted. O

Let P° = 1, P! = «/. We clearly have S(9)P! = T(9)P", namely {PY, P'} is an (S, T)-
sequence. Moreover, we have (SpanC{PO,Pl})J‘ C (P%t = 9V = Im S(9), namely the or-
thogonality condition in Theorem 4.34(a) holds. We also have S(9)P" = %, S(@)Pt = 55%,
for [hg = 0 and [hy = —% (W )2. Hence, all the assumptions of Theorem 4.34 hold, and we
can extend {P°, P'} to an infinite sequence {P"},cz, , such that S(0)P" = T(0)P"~! = ?—u”,
for some local functionals [h, € V/OV. This gives us an infinite hierarchy of Hamiltonian
equations associated to both symplectic operators S(9) and T'(0) (n € Z4):

du n
(4.99) pri P,
for which all local functionals [h,,, m € Zy are integrals of motion.

It is easy to compute the first few terms of the sequence {P", [hy}nez, . In fact the whole

sequence P n € Z., can be obtained inductively by P? = 1 and the recursive equation

(4.100) OP™" ! = ¢33 P" + 20/ OP™ + " P"
while the local functionals f hn, n € Z,, are obtained by solving the variational problem

Shy, .
E — 8P .

92



We then get

1 3 & 1
Plz / _ = 2 P2: moo2 2 h :/ SN2 TN\
u'y fh= =3 @) "+ S, ha= [ (S-S,
1
P3202U(5)+5CU/U///+gC(U//)2+g(U/)3, j‘hgz/(_502(u///)2_’_gcu/(u//)2_g(u/)4>

The corresponding Hamiltonian equations are as follows:

j_z — j_;; — " + g(u/)2 7 j_;; — 2u® 4+ 5eu/u" + gc(u//)2 + 5(u/)37
The second evolution equation above is known as the potential KdV-equation.

We claim that (4.99) is an integrable hierarchy of evolution equations and hence, in par-
ticular, the potential KdV equation is integrable (see Definition 4.11). First, the elements
F" = 0P", n > 1, are linearly independent, since, by the recurrence formula (4.100), the high-
est degree term (in w,u’,...) in P™ is obtained by putting ¢ = 0. In this case the recurrence
equation (4.100) can be solved explicitly:

(2n — 1!

n _
Peeo = n!

(u')",
and the corresponding integrable hierarchy

du n
E—(U)

may be called the dispersionless pKdV hierarchy. We thus get P" = P ,+ terms of lower
degree. The linear independence of the F™’s follows immediately. Finally the evolutionary
vector fields P™ commute since Ker (S(9)) NKer (T(9)) = 0.

4.10 The KN hierarchy. Let V be an algebra of differential functions in one variable in
which «/ is invertible, for example V = C[u, (v/)*,u”,...]. Consider the following pair of
differential operators on V (c € C):

S0) =@ o)t  TO)=0d0 W) 9o ().
Recall from Example 3.14 that S(9) and T'(0) are symplectic operators.

Proposition 4.36. (S,T) form a bi-symplectic pair, and the non-degeneracy condition of
Proposition 4.35(b) holds.

Proof. The proof is similar to the proof of Proposition 4.35 and it is left to the reader. O

As usual, in order to find an integrable hierarchy, it is convenient to start from the kernel
of S(9). Let then P® =, so that S(9)P° = 0. We have the following identities, which can be
checked directly,

8(%8(181/)) - %(% ((Z///))j) = i(‘?(ﬂ _ §(u”)2> _ u® B 4u u3 +g(u”)?, |

u u' 2 (u/)2
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These identities can be rewritten in the form T(9)PY = S(9)P! = 55%, where P! = v —

%(1‘;—/,)2 and fhl = %f% In particular, {P", P'} is an (S, T)-sequence. Moreover, we

have (SpanC{PO,Pl})J‘ C (Pt = L9V = Im S(9), hence the orthogonality condition in
Theorem 4.34(a) holds. Therefore all the assumptions of Theorem 4.34 hold, and we can
extend {P°, P'} to an infinite sequence {P"},ez,, such that S(9)P" = T(9)P" ! = ?—u”,
for some local functionals [h, € V/OV. This gives us an infinite hierarchy of Hamiltonian
equations associated to both symplectic operators S(0) and T'(9) for which all local functionals

[Py, m € Z are integrals of motion. The 1-st equation of the hierarchy, associated to Pl is

du " 3(u”)2
— = -
dtl 2 u ’

which is known as the Krichever-Novikov (KN) equation.

To prove integrability of the KN equation (and of the whole hierarchy C%L = P™), it suffices to
show that the elements F = S(9)P"™, n > 1, are linearly independent. For this, we notice that,
by the recurrence relation S(9)P"t! = T'(9)P™, the elements P" have the form P" = u(2"+1) 4
terms of lower differential order. The linear independence of P™, n > 0, and hence of F™, n > 1,
follows immediately. Finally the evolutionary vector fields P commute since Ker (S (8)) = Cu/,
and therefore Ker (5(9)) NKer (T(9)) = 0.
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