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Abstract

In this work we revisit two classic high-dimensional online learning problems, namely
linear regression and contextual bandits, from the perspective of adversarial robustness.
Existing works in algorithmic robust statistics make strong distributional assumptions
that ensure that the input data is evenly spread out or comes from a nice generative
model. Is it possible to achieve strong robustness guarantees even without distributional
assumptions altogether, where the sequence of tasks we are asked to solve is adaptively
and adversarially chosen?

We answer this question in the affirmative for both linear regression and contextual
bandits. In fact our algorithms succeed where conventional methods fail. In particular
we show strong lower bounds against Huber regression and more generally any convex
M -estimator. Our approach is based on a novel alternating minimization scheme that
interleaves ordinary least-squares with a simple convex program that finds the optimal
reweighting of the distribution under a spectral constraint. Our results obtain essen-
tially optimal dependence on the contamination level η, reach the optimal breakdown
point, and naturally apply to infinite dimensional settings where the feature vectors are
represented implicitly via a kernel map.
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1 Introduction

1.1 Background

The field of robust statistics was founded over five decades ago by John Tukey [Tuk60, Tuk75], Peter
Huber [Hub64] and others and seeks to design estimators that are provably robust to some fraction
of their data being adversarially corrupted. However these estimators are generally not efficiently
computable in high-dimensional settings [Ber06, HM13]. After a decades long lull we have recently
seen considerable progress in algorithmic robust statistics [DKK+19a, LRV16, DKK+17, CSV17,
KKM18, DKK+19b, HL18, KSS18, BK20, Kan20, DHKK20]. The first works [DKK+19a, LRV16]
focused on robust parameter estimation tasks, like robust mean estimation. The key insight from
these works is that uncorrupted data often enjoys various spectral regularity properties, and this
makes it possible to efficiently search for low-dimensional projections that can be used to identify
corrupted data.

Since then many of these ideas have found a number of exciting further applications, such as
performing robust regression [KKM18, BP20, ZJS20, CAT+20] or minimizing a strongly convex
function when your gradients can be adversarially corrupted [DKK+19b]. However, what these
works all share in common is that they are based on assumptions that the uncorrupted data is
somehow evenly spread out. These assumptions can either come about by explicitly assuming a
generative model, like a Gaussian [DKK+19a] or a mixture of Gaussians [BK20, Kan20, DHKK20],
or through a deterministic condition like hypercontractivity [KKM18] or certifiable sub-Guassianity
[HL18, KSS18].

Still, there is a widespread need for provably robust learning algorithms even in settings where
these types of “evenly spread out” assumptions are just not appropriate. This is particularly the
case in the context of online prediction [CBL06] which operates in a setting where the input data
is ever-changing and potentially even adversarially chosen. This flexibility allows it to capture
challenging dynamic settings, as arise in reinforcement learning, where our learning algorithm
interacts with the world around it and its decisions may in turn influence the next prediction task
it is expected to solve. In this work we take an important first step towards answering a much
broader question:

Are there provably robust learning algorithms that can tolerate adversarial corruptions
even for challenging high-dimensional and distribution-free online prediction tasks?

We will work in the Huber contamination model [Hub64]. We will study two classic online learning
problems: online linear regression with squared loss and linear contextual bandits. In unsupervised
learning settings, the Huber contamination model posits that each random sample we get has an η
probability of coming from an arbitrary noise distribution chosen by an adversary instead of from
our model. In our setting we will allow the feedback in each round to be arbitrarily corrupted with
η probability, and otherwise is subject to the usual stochastic noise.

It turns out that for our problems the key challenge is to disentangle the effect of the dynamic
range of predictions vs. the effect of the noise level on the overall regret guarantee. In particular,
consider the basic linear regression problem where (xt)

T
t=1 is the input sequence of covariate vectors1

and our goal is to robustly predict the response yt. Without adversarial corruptions, we assume
the responses are generated according to the following well-specified model:

yt = 〈w∗, xt〉+ ξt
1In this paper, we will study the general case where these vectors are chosen adversarially and adaptively and the

predictions are made online, but the importance of distinguishing dynamic range vs. noise level we discuss is relevant
already in the basic (offline) setting.
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(a) When σ2 is comparable to R2, many lines (range
depicted in green), including the one found by ordi-
nary least squares (orange), fit the data equally well
(although the fit is not that good to begin with).

(b) When σ2 is much smaller than R2, then ordi-
nary least squares (orange) fails, but in principle it
should be possible to do much better even in high-
dimensions.

Figure 1: Datasets with equal contamination rates but different levels of noise σ. The corruptions
are located in the upper left and bottom right parts of both figures. The goal in robust regression
is to achieve low square loss on the uncorrupted points. We depict in orange the ordinary least
squares estimator and in green the range of linear predictors that would perform comparably to
what our algorithms can achieve.

where w∗ is unknown and ξt is the noise, and our goal is to predict the clean, noiseless response
〈w∗, xt〉 accurately. This problem is straightforward to solve with variants of Ordinary Least
Squares [AW01, Vov01] even in the online setting. Now, consider what happens when we allow
a random η fraction of the responses yt to be adversarially corrupted, and our goal is to predict the
clean/uncorrupted responses 〈w∗, xt〉 accurately. Let R be the dynamic range of the true optimal
predictions, so |〈w∗, xt〉| ≤ R, and let σ2 be the variance of ξt. When σ2 is comparable to R2, then
the problem is relatively easy as there is (information-theoretically) not much that can be learned
about w∗ in the first place. See the left panel of Figure 1 for an illustration.

In contrast we will be interested in the setting where σ2 is much smaller than R2, depicted in
the right panel of Figure 1. It turns out that existing approaches break down in the sense that they
pay an extra factor of R or R2 in the clean prediction error (resp. clean regret). Moreover getting
around this dependence is a serious obstacle for the usual techniques: we show that regression using
any convex surrogate (including Huber loss and L1 loss) must pay this price (see Theorem 9.1).
Thus our main question is:

Is it algorithmically possible, in the presence of adversarial corruptions, to achieve av-
erage clean prediction error (resp. average clean regret) that is independent of R?

We answer this question in the affirmative for both online regression with squared loss and linear
contextual bandits. Our algorithms succeed where convex surrogates fail, and are based on a novel
alternating minimization scheme that interleaves OLS with carefully designed reweighting schemes
found through SDPs.

Finally we emphasize that the issue of R2 vs. σ2 dependence is quite relevant in modern
reinforcement learning. In particular, there are many sequential tasks where at each step the
variance in the losses/rewards is much smaller than the dynamic range. This can happen naturally

2



when there are some catastrophic states that we must avoid, but at no point is the outcome of
playing an action in a given state all that uncertain – e.g. when manipulating a robotic arm, some
actions can require the application of orders of magnitude more torque. Thus our work may be
viewed as a stepping stone towards achieving stronger and more meaningful robustness guarantees
in reinforcement learning more broadly.

1.2 Our Results

In this section, we present our main results for both linear regression and contextual bandits in the
Huber contamination model. We go on to discuss related work (e.g. robust linear regression under
distributional assumptions) in Section 3 below.

Distribution-free offline linear regression with Huber contamination. We begin by dis-
cussing our results in the simplest setting we consider, which is the classical offline linear regression
model with a Huber contamination adversary. In the clean version of this model, an arbitrary set
of covariates x1, . . . , xn is fixed and clean responses are generated by

yt = 〈w∗, xt〉+ ξt (1)

for some mean zero noise ξt; for example, if ξt ∼ N(0, σ2) then yt ∼ N(〈w∗, xt〉, σ2). In the
Huber contamination model, we relax the assumptions to a total variation distance ball around the
generative model. In particular, using the coupling interpretation of total variation distance, this
translates into the assumption that with probability 1−η the response yt is generated by (1) above,
and with probability η the response yt is sampled from an adversarially chosen noise distribution,
which we allow to depend on all other randomness in the problem. In this setting, we obtain the
following strong result (and for a fairly simple algorithm, see Technical Overview):

Theorem 1.1 (Informal version of Theorem 5.13 and Theorem 6.9). Suppose that η < 0.499 is an
upper bound on the contamination level, and suppose for some σ ≥ 0 that for all 1 ≤ t ≤ n, ‖xt‖ ≤ 1
and the noise ξt is conditionally mean-zero and σ2-subgaussian. Suppose also that ‖w∗‖ ≤ R. Then
if η = 0 or n & log(min(n, d))/η, there exists a polynomial time algorithm outputting w satisfying
the clean squared loss guarantee√√√√ 1

n

n∑
t=1

〈w∗ − w, xt〉2 . ησ
√

log(1/η) + η1/8R1/2σ1/2(η
√

log(1/η))1/4 8

√
log(min(n, d))

n

+ η1/4R
4

√
log(min(n, d))

n
+ min

{
σ
√
d/n, (Rσ)1/2 4

√
1/n

}
with high probability.

Note that all but the first term are o(1) as n→∞. On the other hand, when η = 0 only the last
term remains and our result simplifies to standard (minimax optimal) guarantees for Ordinary Least
Squares and Ridge regression, see e.g. [Kee10, RH17, SSBD14]. Our result obtains the optimal
dependence on η up to the

√
log(1/η) factor, because the information-theoretic lower bound is

Ω(ησ):

Proposition 1.2. For any 0 ≤ η < 1/2, any algorithm for Huber-contaminated regression with
Gaussian noise must incur clean square loss 1

n

∑n
t=1〈w∗ − w, xt〉2 at least Ω(η2σ2).
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This follows by embedding the 1-dimensional robust mean estimation problem in a straightfor-
ward way — see Example 4.2.

We also show the other aspects of the bound (lower bound on n, and the presence of additional
“middle terms”) are required — see Example 5.9. Our results generalize naturally to the setting
with heavy-tailed noise, even without second moments, and achieve the optimal dependence on η
in those settings too. We defer the detailed statement of these variants to Section 5.

Impossibility of strengthening the adversary. Before proceeding to the more sophisticated
online settings we consider, we emphasize the impossibility of strengthening the adversary even
in the basic model above. First, we consider the version of this problem where the adversary
is allowed to corrupt an arbitrary η fraction of responses, as opposed to corrupting responses in
random locations. In this case, the problem is trivially impossible even in 1-dimension. If 1 − η
fraction of xi are zero and η fraction are 1, w∗ = ±R, and the adversary corrupts an arbitrary η
fraction of responses, it’s information-theoretically impossible to tell if w∗ = R or w∗ = −R. Thus,
we have the following lower bound:

Proposition 1.3 (Impossibility with adversarial corruption locations). In the linear regression
model where an adversary corrupts an arbitrary η fraction of responses yt, any algorithm must
suffer clean squared loss 1

n

∑n
t=1〈w∗ − w, xt〉2 at least Ω(ηR2).

We note variants of this example have already appeared previously in the literature, see e.g.
Lemma 6.1 in [KKM18] or Theorem D.1 in [CAT+20]. Similarly, we can consider a strengthened
adversary which still corrupts in random locations, but is allowed to change the covariate xt as well
as the response yt. For essentially the same reason (the adversary can change covariates xt from 0
to 1 and label them with negated responses yt = ∓R), it again becomes impossible to tell whether
w∗ = R or w∗ = −R and so we have a strong impossibility result:

Proposition 1.4 (Impossibility with corrupted covariates). In the linear regression model where
an adversary corrupts an random η fraction of covariate and response pairs (xt, yt), any algorithm
must suffer clean squared loss 1

n

∑n
t=1〈w∗ − w, xt〉2 at least Ω(ηR2).

Finally, we consider the “breakdown point” assumption η < 1/2. (We wrote η < 0.499 above
only to simplify the statement.) If η = 1/2, a special case of our model is a balanced mixture of
linear regressions where half of the responses are generated according to linear model 〈w1, xt〉+ ξt
and the other half are generated according to a different linear model 〈w2, xt〉+ ξt. By symmetry,
it’s impossible to know which of w1, w2 is the ground truth linear model, so a clean loss guarantee
as in Theorem 1.1 is information-theoretically impossible. In fact, in this setting even list recovery,
i.e. outputting both w1 and w2, is computationally hard [YCS14] and this holds even if σ = 0.

Online linear regression with Huber contamination. Next, we consider an online version
of the linear regression model from before. In this case, the algorithm faces two additional compli-
cations compared to before:

1. (Online prediction.) The algorithm is forced to output a prediction ŷt given only xt and the
information from previous rounds (x1, y1), . . . , (xt−1, yt−1), instead of being able to predict
based on all of the data.

2. (Adaptive covariates.) Instead of having the covariates x1, . . . , xT fixed in advance, i.e. chosen
obliviously, the covariate xt is chosen adaptively by the adversary, based on all information
from rounds 1 to t− 1. In particular, the algorithm’s choices may affect the future inputs it
receives.
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Nevertheless, we are able to give a version of our algorithm which deals with both of these issues.
The statement below is for the finite-dimensional setting, but we also give a version of the result
with no dependence on d (Theorem 7.4), appropriate for the setting of kernel regression. As above,
it has an optimal dependence on η up to the log factor. In all online settings, we use T for the
total number of rounds/covariates to distinguish from the offline setting where we use n.

Theorem 1.5 (Robust online regression, informal version of Theorem 7.2). In the setting of Huber-
Contaminated Online Regression (see Definition 1) with subgaussian noise, ‖xt‖ ≤ 1 for all t and
‖w∗‖ ≤ R, for any fixed η < 0.499, there exists an algorithm which runs in time poly(n, d) and
outputs online predictions ŷt which satisfy the following clean square loss regret bound with high
probability:

RegHSq(T ) =
T∑
t=1

(〈w∗, xt〉 − ŷt)2 . σ2η2 log(1/η)T + poly(R, σ, d, η) · o(T ).

Online contextual bandits with Huber contamination. Finally, by combining our online
linear regression result with a recent reduction from the contextual bandits literature ([FR20],
see Appendix A), we obtain a result for contextual bandits with adaptive contexts and Huber-
contaminated losses/rewards. We note that other reductions can probably be applied in the special
case of stochastic contexts, e.g. [SLX20], but for simplicity we only state a result in the more
general setting with adaptive contexts. First, we describe the interaction model for each round t:

1. Nature chooses context zt = (zta)a∈A, possibly adversarially based on the transcript from
previous rounds. Here A with K , |A| is the space of possible actions.

2. Learner chooses action at from A.

3. A Ber(η) coin γt is flipped to decide whether this round is corrupted.

4. If γt = 0, i.e. the round is not corrupted, the learner sees loss `∗t (at) , 〈zta, w∗〉+ ξt where ξt
is mean-zero noise.

5. If γt = 1, i.e. the round is corrupted, the learner sees an arbitrary loss `t(at) chosen by an
adversary based on zt, at, and the transcript from the previous rounds.

In this model, the goal is to minimize the clean regret, that is, to compete with the best policy π
in hindsight as measured by the true uncorrupted losses. We obtain the following guarantee.

Theorem 1.6 (Robust contextual bandits, informal version of Theorems 8.1 and 8.2). In the
setting of Huber-Contaminated Contextual Bandits (see Definition 2) with σ2-subgussian noise ξt,
for any fixed η < 0.499, there is an algorithm which runs in polynomial time and selects actions at
which satisfy the following clean regret bound with high probability:

RegHCB(T ) = sup
π

E

[
T∑
t=1

(`∗t (at)− `∗t (π(zt)))

]
.
(
ση
√
K log(1/η)

)
T + poly(R,K, η, σ) · o(T )

where the supremum ranges over all (non-adaptive) policies π, see Preliminaries.
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An impossibility result: failure of convex M-estimators. It may appear surprising that
our algorithms for dealing with Huber contamination, even in the simplest linear regression setting,
do not use an established approach like Huber regression or L1/LAD (Least Absolute Deviation)
regression — classical approaches which have been studied for decades, and in the case of LAD,
even as far back as the 1700s [Bos57]. This is because there are fundamental reasons that neither
of these approaches can match our strong guarantees in the distribution-free setting. In fact, we
prove a lower bound showing the failure of any M -estimator based on a convex loss function:

Theorem 1.7 (Lower bound against convex M -estimators, informal version of Theorem 9.1).
There is an instance of Huber-contaminated linear regression where the covariates xt are drawn
i.i.d. from a distribution, for which no vector w obtained by minimizing a convex loss with respect
to the Huber-contaminated distribution over (x, y)’s can achieve square loss better than Ω(η3Rσ)
on the true distribution.

1.3 Roadmap

In Section 2, we give an overview of the main techniques in our approach. In Section 3, we discuss
related work in more detail. In Section 4 we record some useful technical facts we use from the
literature and state slightly more general versions of the models which we consider. In Section 5,
we give an alternating minimization algorithm for solving the offline case of Huber-contaminated
linear regression. In Section 6, we give a sum-of-squares algorithm to handle the case of high
contamination rate; combined with the result of the previous section, we obtain Theorem 1.1. In
Section 7, we give a generic recipe for converting our fixed-design guarantees into online ones,
thereby proving Theorem 1.5. In Section 8 we apply the reduction of [FR20] to our regression
results to obtain our main result for contextual bandits, Theorem 1.6. Lastly, in Section 9, we
prove our lower bound, Theorem 1.7. In Appendix A we verify that the reduction in [FR20] applies
to our Huber-contaminated setting.

2 Technical Overview

By a slight modification of the proof of Theorem 5 in [FR20], we can reduce the problem of achieving
low clean regret in the contextual bandits setting of Definition 2 to that of producing an oracle for
Hubert-contaminated online regression which gets low clean square loss regret. In this section, we
overview the main ingredients for producing such an oracle.

There are two main steps: 1) designing an algorithm for fixed-design Huber-contaminated
regression that achieves low square loss, and 2) a generic online-to-offline reduction based on cutting
plane methods/online gradient descent.

2.1 Huber-Contaminated Fixed-Design Regression

We start with the offline/fixed-design setting, where we are given an arbitrary fixed set of covariates
x1, . . . , xn ∈ Rd and for the indices t for which yt was not corrupted, yt = 〈w∗, xt〉 + ξt for some
independent noise ξt ∼ D. The exact assumption on the noise is not so important for the argument,
since our algorithm is robust to Huber contamination: given an analysis for bounded noise, all the
other versions of the results follow more or less by a straightforward truncation argument, treating
heavy-tail events as outliers.

6



Spectrally Regularized Alternating Minimization. Similar to existing approaches in the
robust statistics literature, our starting point is to formulate an optimization problem that searches
for a regressor w and a “structured” subset S ⊂ [n] of size (1−O(η))n over which the clean square
loss of w is minimized, i.e.

w, S = argmin
w,S:

S large and “structured”

1

n

∑
t∈S

(yt − 〈w, xt〉)2. (2)

The subset S should satisfy certain structural properties that the set of uncorrupted points S∗ ⊆ [n]
would collectively satisfy and that can be used to certify that the regressor we use is close to
w∗. Before we describe how the structural property that we use fundamentally differs from the
ones exploited in prior works on robust regression, we first discuss our approach to optimizing
the nonconvex objective (2). What we do is use a version of a standard heuristic, alternating
minimization:

• Given a candidate regressor w, we consider the optimization problem

min
S

1

n

∑
t∈S

(yt − 〈w, xt〉)2.

We relax the set of (1−O(η))n-sized “structured” subsets S to the set of [0, 1]-valued “struc-
tured” weights {at}t∈[n] over the dataset satisfying

∑
t at = 1−O(η), and it will be apparent

from our definition of “structured” below that this can be formulated as a basic SDP.

• Given a candidate set of weights {at}t∈[n], we solve the convex optimization problem

min
w

1

n

∑
t∈S

at(yt − 〈w, xt〉)2.

By repeatedly alternating between these two steps, we arrive at an approximate first-order station-
ary point (w, {at}): more precisely, one for which {at} is optimal given w and for which

1

n

∑
t∈[n]

at(yt − 〈w, xt〉)〈xt, v − w〉 ≤ o(1) (3)

for all v of bounded norm (Lemma 5.7). Of course, this stationary point does not have to be a global
optimum of the objective function. Nevertheless, our analysis shows that any stationary point of
our objective has strong statistical guarantees (Section 5.4). To show this, we can decompose
the left-hand side of (3) for the choice v = w∗ into two quantities: 1) the contribution from the
uncorrupted points, indexed by some subset T ⊂ [n], and 2) the contribution from the corrupted
ones, indexed by [n]\T .

In 1), we can pull out the contribution from the quantity 1
n

∑
t∈T 〈xt, w∗−w〉2, which corresponds

to the clean square loss achieved by the regressor w we have found and turns out to be the dominant
term. To upper bound the rest of 1) and 2), the key technical challenge is respectively to control
the error incurred from failing to place nonzero weight at on some of the points t ∈ T , and from
placing nonzero weight at on some of the points t 6∈ T . To bound both sources of error, we end up
needing to control the quantity

1

n

∑
t∈T

(1− at)〈xt, w∗ − w〉2. (4)

7



The way in which we do so marks the key distinction between our approach and that of previous
works on robust regression.

In prior works (see Section 3 below), this is the place where one could insist that the weights
{at} are structured in the sense that along every univariate projection, the empirical moments of
the dataset reweighted by {at} are k-hypercontractive for some k ≥ 4, in which case we could
use Holder’s to upper bound (4). This is not applicable in the general case, where x1, . . . , xn are
arbitrary bounded vectors, so a reweighting with hypercontractive empirical moments may not even
exist. Instead, our approach is to insist that {at} must sub-sample the empirical covariance, i.e.
that

1

n

∑
t∈[n]

atxtx
>
t � (1− η)

1

n

∑
t∈[n]

xtx
>
t − o(1) · Id (5)

The intuition for this constraint is that because the points that get corrupted in the Huber
contamination setting form a random subset of the data, the ideal reweighting {a∗t } given by
placing uniform mass on the true set of uncorrupted points would satisfy this constraint with high
probability by standard matrix concentration. So for any {at} which sub-samples the empirical
covariance, ignoring the low-order term in (5), we can thus upper bound the quantity (4) by
η
∑

t∈[n]〈w∗ − w, xt〉2. This is negligible compared to the aforementioned dominant term, allowing
us to complete the proof that (3) suffices to ensure that w incurs low clean square loss.

Optimal breakdown point via Sum of Squares. It turns out that the above approach fails
for η larger than 1/3. Consider a scenario where 1/3 of the data has been corrupted to come from
a different linear model; in this case, there is a spurious local minima in which one takes w in (2)
to be the linear model generating the corrupted data and S to consist of the corrupted data and a
random half of the uncorrupted data (see Remark 5.3 for further details).

To circumvent this issue, we appeal to a different algorithm when 1/3 ≤ η < 1/2. Our starting
point is the observation that another way of circumventing the nonconvexity of (2) is by considering
the natural degree-4 sum-of-squares (SoS) relaxation of (2). It turns out that an analysis similar
to the one for our alternating minimization algorithm suffices to show that the pseudoexpectation
one gets out of solving this relaxation achieves low clean square loss. At a high level, the reason is
that one can extract from the former analysis a simple proof in the degree-4 SoS proof system that
for w and S satisfying the constraints imposed by the SoS program and optimizing the objective
of (2), w achieves low clean square loss. The key difference that allows us to circumvent the bad
loss landscape of (2) when η is large is that the SoS relaxation is guaranteed to produce a lower
bound on the original (unrelaxed) problem (2), whereas the objective value achieved by an arbitrary
stationary point need not.

Other extensions. Using existing generalization bounds [SST10], we give natural and fairly
sharp versions of our results for the stochastic/random-design setting. The analysis we outlined
works with heavy-tailed noise in Lq for any q > 1 and achieves the optimal dependence on η in this
setting. If we only use the estimator described above, the sample complexity of our estimator with
small confidence parameter δ is not as good with heavy-tailed noise as with subgaussian noise; we
show how to improve the sample complexity when q ≥ 2 by combining our estimator with a simple
median-of-means approach from the heavy-tailed regression literature [HS16, M+15].

2.2 Online-to-Offline Reduction

We now explain how to use the guarantee of the previous section to get an algorithm for online
regression. At a high level, the idea is to use the fixed-design guarantee above to design a separation
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oracle between whatever bad predictor we might be using at a particular time step, and the small
ball B of good predictors w around w∗, any of which would incur sufficiently low regret over any
possible sequence of samples. This reduction has a similar spirit to the “halving” algorithm from
online learning [SS+11], and efficient variants for halfspace learning based on the ellipsoid algorithm
[YJY09, TK08].

Concretely, suppose inductively we have seen samples (x1, y1), . . . , (xn, yn) thus far and have
used some vector w to predict in the lastm steps where we were given (xn−m+1, yn−m+1), . . . , (xn, yn).
Let Σ be the average of xix

T
i over the last m steps. One of two things could be true.

It could be that in these last m steps, w actually performed well, that is, ‖w − w∗‖2Σ is small,
either because w ∈ B or because xn−m+1, . . . , xn mostly lie in the slab of space where w and w∗

yield similar predictions. Either way, because the prediction error under w has been small so far,
there is no need to update to a new predictor just yet.

Alternatively, if ‖w − w∗‖2Σ is large, then the gradient of the function w 7→ ‖w − w∗‖2Σ would
give a separating hyperplane between w and B. Of course, the issue with this is that we don’t
know w∗. To get around this, recall from the fixed-design guarantee that if we ran the alternating
minimization algorithm above on the data (xn−m+1, yn−m+1), . . . , (xn, yn) (assuming m is large
enough that things concentrate sufficiently well), then the resulting vector w̃ is close to w∗ under
‖·‖Σ. So to check whether ‖w−w∗‖2Σ is large, by triangle inequality we can simply check whether
‖w − w̃‖2Σ is large! If so, the gradient of w 7→ ‖w − w̃‖2Σ gives us a separating hyperplane that we
can actually compute.

To summarize, the contrapositive of this tells us that if we don’t form a separating hyperplane in
a given step, then we know ‖w−w∗‖2Σ is small and we are content to continue using w. Conversely,
if we do form a separating hyperplane, we know we won’t cut B. This is because every point in B
is, by design, close to w∗ under any norm ‖·‖Σ defined by the empirical covariance Σ of a sequence
of samples.

With these two facts in hand, we can safely run a cutting plane algorithm like ellipsoid or
Vaidya’s method to update our predictor every time we find a separating hyperplane and ensure that
after a bounded number of updates, we find a predictor that will achieve low regret on subsequent
steps.

Handling the high-dimensional case. The above approach does not work when the dimension
is unbounded, e.g. in kernelized settings, because the guarantees of cutting plane methods are
inherently dimension-dependent. We now describe an alternative approach based on wrapping
online gradient descent around our guarantee for Huber-contaminated fixed-design regression.

Instead of using Vaidya’s algorithm to update the vector w that we predict with whenever the
separation oracle returns ∇ϕt(w), we can imagine updating w by simply stepping in the direction
of −∇ϕt(w). The key challenge is to bound the number of times V we get a hyperplane from
the separation oracle and have to make such a step, because as long as we don’t receive any new
hyperplanes, the predictions we make will incur low square loss. For this, we can appeal to the the
fundamental regret bound for online gradient descent [Zin03]. Specifically, if we receive a sequence
of convex losses ϕ1, . . . , ϕV and play a sequence of inputs w1, ..., wV where wt+1 is given by taking a
gradient step with respect to ϕt from wt, then the cumulative loss

∑
ϕt(wt) incurred only exceeds∑

ϕt(w
∗) for any single move w∗ by an O(

√
V ) term (see Theorem 7.3). But because the separation

oracle is called only when ϕt(wt) ≈ ϕt−ϕt(w∗) is large, this immediately implies that V is bounded.
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2.3 Lower Bound for Convex Losses

At a high level, the intuition for why convex losses fails is this: in order for the algorithm to be
robust to outliers, the loss needs to look roughly like the L1 loss (e.g. the Huber loss looks like
the L1 loss except in a ball near the origin). However, the L1 loss E[|Y − 〈w,X〉|] is much less
sensitive to making errors for X lying in rare areas of the space than the usual L2/squared loss

E[(Y − 〈w,X〉)2]. In order to take advantage of this, we construct a 1-dimensional example with
1 − Θ(η/R) fraction of the covariate distribution a delta mass at 1/R and the remainder a delta
mass at −1. For simplicity, we take the noise variance σ = 1. By having the adversary corrupt
the response for the much more common portion of the data at 1/R, the L1 regression is tricked
into making an order ηR error on the rare portion of the data, which causes a squared loss of
Ω((η/R)η2R2) = Ω(η3R). By appropriately generalizing this argument, we rule out the success of
all convex losses.

3 Related Work

Robust regression, when both the covariates and responses are corrupted As discussed
in Section 1, our work is closely tied to the long line of recent work on designing efficient algorithms
for robust statistics in high dimensions. We refer to [Li18, Ste18, DK19] for comprehensive surveys
of this literature and focus here on the results related to regression [KKM18, BP20, ZJS20, PJL20,
DKK+19b, PSB+20, DKS19, CAT+20]. These works are for the stochastic setting where the
covariates are drawn i.i.d. from some distribution Dx but work in a corruption model where the
adversary can arbitrarily alter any η fraction of the responses and the corresponding covariates.
All of these results operate under the assumption that the underlying distribution Dx is either
Gaussian or at least 4-hypercontractive. This is not merely an issue of convenience: in the absence
of such assumptions, it is impossible to do anything even in one dimension under this corruption
model. We recall the following example from the Results section above:

Example 3.1. Let d = 1 and ε = 0, and suppose w∗ = R. Suppose the distribution over covariates
is Ber(η), i.e. it has 1−η mass at 0 and η mass at 1. Suppose the adversary corrupts an η fraction
of the pairs (0, 0) to be (1,−R). Then it is impossible for the learner to distinguish whether w∗ = R
or w∗ = −R.

We note that variants of this example have already appeared previously in the literature, see e.g.
Lemma 6.1 in [KKM18] or Theorem D.1 in [CAT+20]. This does not contradict prior results which
make distributional assumptions, because they consider the case where η is small: when η = o(1),
Ber(η) is no longer O(1)-hypercontractive as its fourth moment is ηR4 while the square of its second
moment is η2R4. In summary: when there exist rare features in the data, or when the corruption
fraction η is large, it is simply not information-theoretically possible to handle corruption in the
covariates.

We also note that the work of [PJL20] shows that, at least in some cases, the covariate corruption
can be handled separately from the response corruption by first running a standard filtering method
on the covariates, and second running a method robust to response outliers (in their case, Huber
regression) on the remaining data. This suggests that handling covariate corruption (when it is
possible) and response corruption may be largely orthogonal problems. Finally, one commonality
with our work and much of the previous literature is the use of Sum of Squares programming (for us,
only needed near the breakdown point 1/2); however, we use a fairly simple degree-4 SoS program,
as opposed to prior work (e.g. [KKM18, BP20]) where the SoS degree and sample complexity need
to be large in order to take advantage of stronger regularity assumptions.
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Robust regression, when just the responses are corrupted A milder corruption model
which has received significant attention in the statistics literature is the setting where a fraction,
either randomly or adversarily chosen, of the responses are corrupted, while the covariates are
left intact. One popular approach for regression in this setting is M-estimation [L+17, ZBFL18],
originally introduced by Huber [Hub64], in which one minimizes a loss function with suitable
robustness properties. Common choices of loss function include the L1 loss and the Huber loss. In
addition to the earlier asymptotic results for this approach [BJK78, Hub73, Pol91], by now numerous
works have obtained non-asymptotic guarantees for M-estimation under a variety of models for
how the responses are corrupted, but predominantly under the assumption that the design is
sub-Gaussian or similarly structured [KP18, DT19, SF20, dNS20]. Notably, in [DT19, SF20] it
was shown that in the setting of sparse linear regression with Huber-contaminated responses, M-
estimation with (`1-regularized) Huber loss is nearly minimax-optimal when the noise distribution
D and the covariates are i.i.d. Gaussian.

One exception, and perhaps the result closest in spirit to our results for regression, is that of
[Chi20]. One consequence of the results in this work is that in the random-design setting of Defini-
tion 1, that is when the covariates are drawn i.i.d. from some distribution Dx, then if the function
class (equivalently, covariate distribution) is hypercontractive in the sense that for any w ∈ W,

EDx [〈w − w∗, x〉p]2/p ≤ EDx [〈w − w∗, x〉2] for some p > 2, and if the noise distribution D satisfies
suitable conditions, then M-estimation with Huber loss achieves the information-theoretically opti-
mal error of Θ(σ2η2) in squared loss. It is also possible to modify their proof to show that the same
algorithm would yield the information-theoretically optimal error of Θ(ση) in a different metric,
the L1 loss, without the hypercontractivity condition. An L1 guarantee is much weaker than the
usual L2 (i.e. squared loss) guarantee: for example, it is too weak to give anything interesting for
the contextual bandits application.

In fact, as we show in Theorem 9.1, M-estimation with Huber loss, and more generally mini-
mization of any convex surrogate loss, will not achieve squared loss Θ(σ2η2) in general when the
function class/covariate distribution fails to satisfy this hypercontractivity condition. Instead, we
show such estimators must pay squared loss at least Ω(σRη3). We also mention that to our knowl-
edge, the only work that has explicitly considered online regression with corruptions is [PF20],
where they considered Gaussian covariates and a random fraction of responses are corrupted by an
oblivious shift. Additionally, another notable line of work to mention in the literature on regres-
sion with contaminated responses stems from using hard thresholding [BJK15, BJKK17, SBRJ19],
though these works work also make strong regularity assumptions on the covariates.

Lastly, we mention that in the context of classification, there have been a number of recent
works giving new algorithmic results for corruption models where the binary labels are corrupted
by some process that is halfway between purely stochastic and purely adversarial. For instance,
[DGT19, CKMY20, DKTZ20] focus on the Massart noise model which can essentially be viewed
as a setting where an adversary can only control a random fraction of the labels, but can change
them in an arbitrary way. This can be thought of as the classification version of the Huber-
contaminated regression problem that we consider in the present work, and the former two results
work in the setting without distributional assumptions. We also note that the recent work of
[DKK+20] considers the stronger model of Tsybakov noise and obtains polynomial-time algorithms
under distributional assumptions.

Robustness for bandits There have been a number of notions of robustness proposed in the
bandits literature. A classic notion is that of adversarial bandits, a setting where one would like
to prove regret bounds even when the rewards are chosen adversarially [ACBFS02]. Many papers
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have worked to identify ways of interpolating between fully adversarial rewards and stochastically
generated ones, including the line of work on “best of both worlds” results [BS12, SS14, AC16, SL17]
as well as an interesting model of bandits with adversarial corruptions introduced by [LMPL18] and
subsequently studied by [GKT19]. The latter is a setting of multi-armed bandits where rewards are
generated stochastically but then perturbed by an adaptive adversary with a fixed budget of how
much he can move the rewards in any given sample path. We stress that the setting of adversarial
bandits is orthogonal to the thrust of the present work, where the goal is to get small clean regret.
For example, while the adversarial nature of the rewards makes the former quite challenging, it is
still possible to achieve sublinear regret for adversarial bandits, whereas in our setting, one cannot
do better than Ω(η2σ2T ).

Other notions of robustness that have been considered include the standard notion of mis-
specification (e.g. [FR20, NO20]) as in Definition 2, as well as the notion of heavy-tailed reward
distributions [BCBL13]. The setting of Huber-contaminated rewards that we study was previously
studied in the multi-armed case by [KPK19, ABM19]. [KPK19] also studied Huber-contaminated
linear contextual bandits when the contexts are Gaussian or collectively satisfy some RSC-like con-
dition. Even in this distribution-specific setting, their analysis loses a factor of R. A recent work
[AGKS21] also studied the Gaussian context case of Huber-contaminated linear contextual bandits
and improved over [KPK19]; however their result also suffers from a dependence on R. Lastly, we
mention the work of [SS14, ZS19] who considered a different corruption model for the multi-armed
case where the contaminations cannot reduce the “gap,” i.e. the difference between the reward of
the best arm and that of any other arm, by more than a constant factor in any time step.

4 Preliminaries

4.1 Formal Description of Models

For technical reasons which will appear naturally in the analysis, it is useful for us to consider
the general misspecified model where ε ≥ 0 is a misspecification parameter that accommodates
deviation between the true prediction rule and the best linear model. However, the reader should
feel free to consider the usual well-specified setting ε = 0 when reading the results.

Robust Offline Regression. Our analysis in the oblivious setting allows the corruption adver-
sary to depend arbitrarily on the randomness in the problem, as in e.g. [Chi20]. This is different
from in the online setting, where it’s important that all of the randomness respects the filtration
corresponding to time. To be clear, we define the offline model explicitly here.

1. Covariates x1, . . . , xn are arbitrary fixed vectors in the unit ball of Rd, i.e. they are chosen
obliviously.

2. For every t from 1 to n, a Ber(η) coin is flipped to determine if round t is corrupted or not.
Let a∗t be the indicator for whether round t was uncorrupted, i.e. a∗t = 1 when the round is
not corrupted and this occurs with probability 1− η.

3. For every uncorrupted round, we observe yt given by

yt = y∗t + ξt, y∗t = 〈w∗, xt〉+ εt

where w∗ is the true regressor and ‖w∗‖ ≤ R, and ξt is independently sampled from the noise
distribution D and |εt| ≤ ε is the misspecification. The misspecification εt can be chosen in a
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completely adversarial fashion: formally, it is a random variable depending arbitrarily on all
other randomness in the setup (e.g. it can depend arbitrarily on the noise and the coin flips
from all rounds).

4. For every corrupted round, yt is chosen freely by the adversary. Again, we assume nothing
about yt – it can depend arbitrarily on all other randomness in the problem.

Robust Online Regression. We begin by introducing the setup for the online linear regression
problem, which is closely related to the linear contextual bandits problem we introduce later. Online
regression itself is one of the fundamental problems in online learning that has been extensively
studied in the uncontaminated setting, see e.g. [Vov01, AW01, CBL06].

Definition 1 (Huber-Contaminated Online Regression). Fix Huber contamination rate η ∈ (0, 1/2),
misspecification bound ε, noise distribution D, and unknown weight vector w∗. In each round
t ∈ [T ]:

1. Nature chooses input xt ∈ Rd, possibly adversarially based on the transcript from previous
rounds.

2. Learner chooses prediction ŷt.

3. A Ber(η) coin is flipped to decide whether this round is corrupted.

4. If the round is not corrupted, sample ξt independently from D. The learner sees yt , y∗t + ξt,
where y∗t , 〈w∗, xt〉+ εt for some quantity εt(xt) satisfying |εt(xt)| ≤ ε.

5. If the round is corrupted, the learner sees an arbitrary yt chosen by an adversary based on xt
and the transcript from the previous rounds.

The goal of the learner, given any xt in round t (and the transcript from the previous rounds),
is to choose a prediction ŷt such that with high probability over the choice of Ber(η) coins, and for
any (possibly adaptively chosen) sequence of feature vectors {x1, . . . , xT } in the above model, the
quantity

RegHSq(T ) =

T∑
t=1

(ŷt − y∗t )2. (6)

is small. We say that A achieves clean square loss regret RegHSq(T ). Note that RegHSq is a
random variable depending on the randomness of the Ber(η) coins, the randomness of the noise ξt,
any stochasticity in the choice of the inputs xt, and the randomness of the learner and adversary.
We will establish high-probability bounds on this random variable.

Remark 4.1 (Clean vs Dirty Loss). It is very important to note that the goal for robust statistics
is to minimize the clean square loss

∑T
t=1(ŷt − y∗t )2 and not the “dirty” square loss

∑T
t=1(ŷt − yt)2

where yt is potentially corrupted. If our goal was to try to fit the corruptions, as in agnostic
learning, then using Ordinary Least Squares would be a good approach for this regression problem.

On the other hand, there is no importance difference between optimizing the noisy clean square
loss

∑T
t=1(ŷt − (y∗t + ξt))

2 and the clean square loss as defined above. Because the noise is by

definition independent of ŷt, y
∗
t , we know that in expectation E[

∑T
t=1(ŷt−(y∗t +ξt))

2] = E[
∑T

t=1(ŷt−
y∗t )

2] + σ2T and so the additive term coming from the noise doesn’t depend on the prediction
sequence ŷt.
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Connection to robust mean estimation Note that regression with Huber contaminations is
at least as hard as the problem of mean estimation under Huber contaminations, implying that
achieving sublinear regret for Huber-contaminated online regression is impossible:

Example 4.2. Let d = 1 and ε = 0, and suppose w∗ = R and D = N (0, σ2). Suppose we
only ever see xt = 1, so that we always have y∗t = R. Then each uncorrupted yt is simply an
independent draw from N (R, σ2), so the question of producing a good predictor ŷ in this special
case is equivalent to that of estimating the mean of a univariate Gaussian with variance σ2 under
the Huber contamination model. It is known that one cannot do this to error better than Ω(ησ)
(see [DKK+18]). More generally, if we only assume D has hypercontractive moments up to degree
k, one can devise distributions D for which one cannot do better than error Ω(η1−1/kσ) (see e.g.
Fact 2 from [HL19]).

Robust Contextual Bandits. We study the following robust version of contextual bandits, first
introduced in [KPK19]. We first state the general form of the contextual bandits model (for an
abstract regression function f), then specialize to the linear case.

Definition 2 (Huber-Contaminated Contextual Bandits). Let Z be an arbitrary state space, and let
A be an action space of size K. Fix Huber contamination rate η ∈ (0, 1/2), misspecification rate ε,
and unknown function f : Z ×A → R. Ahead of time, an oblivious adversary chooses distributions

P`∗t [·|zt] over loss functions `∗t : A → [0, R] for all possible contexts zt and all time steps t ∈ [T ].
We assume the conditional means of the loss distributions are realized up to misspecification ε by
f , i.e. for all t, z, a,

E
`∗t

[`∗t (a)|zt = z] = f(z, a) + εt(z, a), |εt(z, a)| ≤ ε. (7)

Let ξt be the random variable which, conditioned on zt = z, takes on the value

ξt , `∗t (a)− f(z, a)− εt(z, a),

and define noise parameter σ by σ2 , supz,t E[ξ2
t |zt = z]. In each round t ∈ [T ]:

1. Nature chooses zt, possibly adversarially based on the transcript from previous rounds.

2. Learner chooses action at ∈ A.

3. A Ber(η) coin γt is flipped to decide whether this round is corrupted.

4. If γt = 0, i.e. the round is not corrupted, the learner sees loss `∗t (at), where `∗t is drawn
independently from the distribution P`∗t [·|zt].

5. If γt = 1, i.e. the round is corrupted, the learner sees an arbitrary loss `t(at) chosen by an
adversary based on zt, at, and the transcript from the previous rounds.

The goal of the learner in the adversarial setting is to compete with the best policy in hindsight
as measured by the clean losses `∗t incurred in every round, that is to select a sequence of actions
a1, . . . , aT for which

R̃egHCB(T ) = sup
π

E

[
T∑
t=1

(`∗t (at)− `∗t (π(zt)))

]
, (8)

is small, where the supremum ranges over all (non-adaptive) policies π : X → A and the expectation
is over the randomness of the Ber(η) coins, the randomness of the rewards, any stochasticity in the
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choice of contexts, and the randomness of the learner. We say that such a learner achieves clean

pseudo-regret R̃egHCB(T ).
In the special case where ε = 0, we will consider the quantity

RegHCB(T ) =
T∑
t=1

(`∗t (at)− `∗t (π∗(zt)))

where π∗(z) , arg maxa f(z, a). Note that this is a random variable in the same things defining
the expectation in (8). We say that a learner achieves clean regret RegHCB(T ). We will establish
high-probability bounds on RegHCB.

Definition 3 (Huber-Contaminated Linear Contextual Bandits). This is the special case of Defi-
nition 2 where the regression function f : X ×A → R is linear in the following sense. The context
space X is a Hilbert space and each context is of the form zt = (zt1, . . . , ztK), i.e. there is a separate
context vector for each arm. Then we assume that

f(z, a) = 〈zta, w∗〉

for some vector w∗ ∈ Rd.

Without adversarial corruptions this is the familiar linear contextual bandits problem, which
has a wide range of applications precisely because in many settings the context is an important
component of the prediction task. For example, in online advertising the choice of which ad to
display ought to depend on information about the webpage that the ad will be displayed on as
well as any information we have about the user we are displaying it to, which can be encoded
as a high-dimensional vector. In healthcare, when we want to choose between various treatment
options again we want to adapt to the relevant context such as the patient history. For additional
applications, see the survey [BR19].

However in many of these settings it is natural to imagine that some of the feedback we receive
departs in arbitrary ways from the model. This could happen in online advertising due to clickfraud,
particularly when malware takes over a user’s account. It could happen in healthcare in the context
of drug trials, particularly ones that measure some real valued variable, when there are testing
errors or confounding variables that are difficult to model. For all these and many more reasons it
is natural to wonder if there could be algorithms for contextual bandits with stronger robustness
guarantees.

Remark 4.3. We note that in some papers on contextual bandits, the range of the loss functions is
normalized to [0, 1] for convenience. The scale-invariant quantity which we want to avoid depen-
dence on is the ratio R/σ.

Remark 4.4. As we will rely on a formal connection between contextual bandits and online regression
illuminated in [FR20], it will be helpful to situate our definitions in their context. In particular,
when η = 0, Definition 2 specializes to Assumption 4 of [FR20], and an algorithm for Definition 1
achieving clean square loss regret at most RegHSq(T ) would satisfy Assumption 2b of [FR20] in the
realizable case with ε-misspecification.

Model Assumptions. We adopt the following standard normalization convention for the covari-
ates and weight vector.

Assumption 1. In the regression setting (Definition 1), for any round t, ‖xt‖ ≤ 1 almost surely,
‖w∗‖ ≤ R. Correspondingly, in the contextual bandits setting (Definition 3) we assume ‖zta‖ ≤ 1
for all a and ‖w∗‖ ≤ R.
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To simplify the statement of bounds we assume in all statements that ε, σ = O(R). The last
assumption can be removed at the cost of longer Theorem statements (e.g. writing R+σ instead of
R); this scaling captures the interesting setting for the bounds, because if ε� R then the responses
are arbitrary, and if σ � R then no interesting robustness guarantee is possible, as explained earlier
— the trivial guarantee of Ordinary Least Squares in this setting is already close to optimal.

We now formally describe the (weak) assumptions on the noise under which we can perform
our analysis.

Definition 4 (Weak Lq Space). Suppose X is a real-valued random variable and q ≥ 1. We define
the weak Lq or Lq,∞ quasinorm of ξ to be

‖X‖q,∞ , sup
λ>0

λ ·
∣∣∣P[|X| > λ]1/q

∣∣∣
so that P[|X| > λ] ≤ ‖X‖qq,∞/λq. When q =∞, we define ‖X‖∞,∞ = inf{λ > 0 : P[|X| ≥ λ] = 0}
to be the same as the L∞ norm. We say that X is in weak Lq or Lq,∞ space if ‖X‖q,∞ <∞.

From Markov’s inequality, one has that P[|X| > λ] ≤ E[|X|q]/λq which shows that ‖X‖q,∞ ≤
‖X‖q.

Assumption 2. We assume the noise ξ ∼ D is mean zero and that for some q > 1,

σq , ‖ξ‖q,∞ <∞.

4.2 Technical Preliminaries

Here we collect miscellaneous technical facts that will be useful in later sections. Throughout this
paper we use standard notation for inequalities up to constants; for example, a . b and a = O(b)
both denote an inequality true up to an absolute constant, and occasionally we use C > 0 to denote
a universal constant which can change from line to line. Given a matrix M , we let ‖M‖ denote the
operator norm of M . Given a positive semidefinite matrix Σ, we define the Mahalanobis norm by

‖x‖2Σ := ‖Σ1/2x‖2 = 〈x,Σx〉.

Concentration of measure. We use some concentration inequalities which we state here. We
use standard martingale terminology, see e.g. [Dur19]; in particular, we say that a sequence of
random variables X1, . . . , Xt adapted to a filtration Ft form a martingale difference sequence if

E[Xt|Ft−1] = 0 for all t. We say a mean-zero random variable X is σ2-subgaussian if logE[eλX ] ≤
λ2σ2/2 for all λ ∈ R; recall that if |X| ≤ K then X is O(K2)-subgaussian [Ver18].

Fact 4.5 (Azuma-Hoeffding inequality). Suppose that X1, . . . , Xn is a martingale difference se-
quence and |Xi| ≤Mi almost surely. Then

P

[
1

n

n∑
i=1

Xi ≥ t

]
≤ exp

(
−Ω

(
nt2

1
n

∑
iM

2
i

))

Fact 4.6 (Bernstein’s inequality). For X1, ..., Xn independent and mean-zero, if |Xi| ≤ M for all
i, then for all t > 0,

P

[
1

n

n∑
i=1

Xi ≥ t

]
≤ exp

(
−Ω

(
nt2

1
n

∑
E[X2

i ] +Mt

))
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We will use the following general version of the Azuma-Hoeffding inequality, which applies to
martingales in Euclidean space of arbitrary dimension with subgaussian step sizes. (Note: this
result is false if we consider martingales with steps that are general subgaussian vectors, which can
make steps of size

√
d in dimension d.) This result follows from the same proof as Equation 5.18

in [KS91], with some small differences: there they consider bounded variation processes instead
of discrete-time martingales. In the bounded step size case, optimal constants were obtained in
[Pin94]. For completeness, we prove Theorem 4.7 in the Appendix.

Theorem 4.7 (Subgaussian-step vector Azuma-Hoeffding, cf. Equation 5.18 in [KS91]). Sup-
pose that X1, . . . , Xn are random vectors in Euclidean space with ‖Xt‖ ≤ 1 almost surely for
all t, and ξ1, . . . , ξn are random variables such that almost surely, the law of ξt conditional on
X1, . . . , Xt, ξ1, . . . , ξt−1 is mean-zero and σ2-subgaussian. Then

P

[∥∥∥∥∥ 1

n

n∑
i=1

ξiXi

∥∥∥∥∥ ≥ u
]
≤ 2 exp

(
−Ω

(
nu2

σ2

))
.

Matrix concentration. A key ingredient in our argument is concentration for matrix martin-
gales. See [Tro12, Tro11] for background on matrix concentration; for infinite dimensional settings
we use a version of matrix concentration which depends on effective dimension [HKZ+12, Min17].
To briefly recall, a matrix martingale Y1, . . . ,Yn adapted to a filtration Ft with difference sequence
Xt is an Ft-adapted process satisfying Yt =

∑t
s=1 Xs and E[Xt|Ft−1] = 0. We also recall that

for a function f : R → R and symmetric matrix M with eigendecomposition M =
∑

i λiρiρ
T
i , the

notation f(M) corresponds to applying f to the spectrum, i.e. f(M) =
∑

i f(λi)ρiρ
T
i .

Theorem 4.8 (Matrix Freedman Inequality, [Min17]). Suppose Y1, ...,Yn ∈ Rd×d is a symmet-
ric matrix martingale adapted to filtration Ft, whose associated difference sequence {Xt} satisfies
‖Xt‖ ≤ 1 almost surely for all t. Let W =

∑
t E[X2

t |Ft−1], then for any t ≥ 1
6(1 +

√
1 + 36σ2

n)

P[‖Yn‖ ≥ t and ‖W‖ ≤ σ2
n] ≤ 50d1(t) · exp

(
−t2/2
σ2
n + t/3

)
where

d1(t) = Tr f(tE[W]/σ2
n)

and f(x) = min(1, x).

Corollary 4.9. In the same setting as Theorem 4.8, suppose that for some σ ≤ 1, E[X2
t |Ft−1] � σ2

almost surely. Then for any u ≥ 1/18n+ σ
√

1/n

P[‖(1/n) ·Yn‖ ≥ u] ≤ 50d2(u) · exp

(
−nu2/2

σ2 + u/3

)
where

d2(u) = Tr f(uE[W]/σ2)

and f(x) = min(1, x) as in Theorem 4.8.

Proof. Apply Theorem 4.8 with t = nu and σ2
n = nσ2, noting that d2(u) = d1(nu); in this

statement, we only strengthened the assumed lower bound on t.
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Truncation Lemma. In our algorithm and analysis, we handle heavy-tailed noise using a trun-
cation argument; this somewhat parallels the use of truncation arguments in large deviation theory,
see e.g. [FN71]. The following Lemma shows that random variables with tail bounds behave rea-
sonably under truncation, in the sense that their means do not move drastically.

Lemma 4.10. Suppose that X is a mean-zero random variable and σq , ‖X‖q,∞ <∞. Then for
any s > 0,

|E[X 1[|X| < s]]| ≤ q

q − 1
· σ

q
q

sk−1
.

Proof. We know
0 = E[X] = E[X 1[|X| < s]] + E[X 1[|X| ≥ s]]

so using the identity E[Z] =
∫∞

0 P[Z > y]dy for nonnegative random variable Z (Lemma 1.2.1 of
[Ver18]), we have

|E[X 1[|X| < s]]| = |E[X 1[|X| ≥ s]]| ≤ E[|X|1[|X| ≥ s)]]

=

∫ ∞
0

P[|X|1[|X| ≥ s] > y]dy

= sP[|X| ≥ s] +

∫ ∞
s

P[|X| > y]dy

≤ σqq
sq−1

+

∫ ∞
s

σqq
yk
dy

= σqq

(
1

sq−1
+

1

(q − 1)sq−1

)
=

q

q − 1
· σ

q
q

sk−1

where in the last inequality, we used the definition of Lq,∞.

5 Alternating Minimization for Offline Regression

In this section, we prove our main results for regression in the usual offline setting. After giving
some setup and stating the main offline result in Section 5.1, in Section 5.2 we give a full description
of our alternating minimization-based algorithm. In Section 5.3 we show that it converges to an
approximate stationary point. In Section 5.4 we show that this suffices to obtain our claimed error
guarantees, and also give improved rates in the case of subgaussian noise. In Section 5.5 we show
how our fixed-design guarantee can yield strong results in the stochastic setting often considered
in statistical learning. Finally, in Section 5.6, we give improved rates when the noise is in Lq for
q ≥ 2 by boosting via a high-dimensional median.

5.1 Setup and Main Result

We will state and prove results for two closely related settings: (1) the usual setting in linear regres-
sion where the covariates xt are fixed arbitrary vectors (i.e. chosen obliviously), and (2) the model
which is relevant for our online applications, where the covariates xt are generated sequentially
and adaptively, so they can depend on e.g. the realization of the noise in previous rounds. The
second setting is the proper offline version of the Huber-Contaminated Online Regression Problem
as defined in Definition 1.

We briefly recall some of the relevant notation. Let a∗t be the indicator for whether round t was
uncorrupted, i.e. a∗t = 1 when the round is not corrupted and this occurs with probability 1 − η.
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Recall from (6) that for every t ∈ [n] corresponding to a round which is not corrupted, we observe
yt given by

yt = y∗t + ξt, y∗t = 〈w∗, xt〉+ εt

where w∗ is the true regressor and ‖w∗‖ ≤ R, and ξt is independently sampled from the noise
distribution D, and |εt| ≤ ε is the misspecification. On the other hand, on corrupted rounds yt is
chosen freely by the adversary. For convenience, define

Σn ,
1

n

n∑
t=1

xtx
>
t

Let u∗ be the best norm R linear predictor of the uncorrupted and unnoised data, that is,

u∗ , arg min
u:‖u‖≤R

1

n

∑
t

(y∗t − 〈u, xt〉)2 (9)

and let δt , y∗t − 〈u∗, xt〉. By definition of u∗, we have that

1

n

∑
t

δ2
t ≤

1

n

∑
t

ε2t ≤ ε2 (10)

almost surely; in fact, the conclusion of (10) is all we need about the misspecification model and
w∗, εt play no further role in this section.

Our goal will be to output ŵ such that the MSE (Mean Squared Error) with respect to the true
responses is as small as possible; since u∗ is the optimal linear predictor, this is the same (by the
Pythagorean Theorem) as asking for ‖ŵ − u∗‖2Σn

is small. When there is no misspecification, this
is equivalent to recovering w∗ up to small error in Σn norm. When there is misspecification, it is
easy to see that if ‖ŵ− u∗‖ is small, then ‖ŵ−w∗‖Σn is also small, up to an extra O(ε) term from
the triangle inequality. The algorithm achieving our goal is SCRAM (SpeCtrally Regularized
Alternating Minimization, defined in Algorithm 1 and analyzed in Theorem 5.1).

In the following Theorem, the constants in the guarantee must deteriorate slightly as we ap-
proach the breakdown point η = 1/3 of this estimator, so we introduce a parameter β which tracks
the distance to 1/3; as long as we are strictly bounded away from this point, β is a Θ(1) quantity
and can be ignored. As explained in Remark 5.3, this breakdown point is optimal for SCRAM,
but in Section 6 we will give a more powerful version of this estimator based on sum-of-squares
programming which achieves optimal breakdown point 1/2.

Theorem 5.1. Suppose that η < 1/3 is an upper bound on the contamination level, define

β , (1/3− η)2 (11)

and suppose for some q ∈ (1,∞], σq ≥ 0 and all t that

‖ξt‖q,∞ ≤ σq

in the sense of Assumption 2. Then provided

η · n & log(min(n, d)/δ),
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we can take α = Θ

(√
η log(d/δ)

n

)
and η = η + Θ(η

√
β) such that the output w of SCRAM with

poly(R/σ, log(2/δ), d, n) many steps satisfies for oblivious covariates the bound

β1+1/q‖u∗ − w‖Σn .
q

q − 1
η1−1/qσq + η1/2ε+ η1/8R1/2(ε+

q

q − 1
η1/2−1/qσq)

1/2 8

√
log(min(n, d)/δ)

n

+ η1/4R
4

√
log(min(n, d)/δ)

n
+ η−1/q min

{
σ

√
d+ log(2/δ)

n
, (Rσ)1/2 4

√
log(2/δ)

n

}

with probability at least 1− δ. In the more general case of adaptive covariates, it satisfies the bound

β1+1/q‖u∗ − w‖Σn .
q

q − 1
η1−1/qσq + η1/2ε+ η1/8R1/2(ε+

q

q − 1
η1/2−1/qσq)

1/2 8

√
log(min(n, d)/δ)

n

+ η1/4R
4

√
log(min(n, d)/δ)

n
+ η−1/q(Rσ)1/2 4

√
log(2/δ)

n

i.e. the same bound except the last term was changed.

Remark 5.2 (Oracle Inequality Interpretation). As mentioned before, the only guarantee on the
misspecification we need is (10). This means that for any ε2 ≥ 1

n

∑
t δ

2
t , i.e. any ε > 0 such that

(10) is true almost surely, we have

1

n

∑
t

(y∗t − 〈ŵ, xt〉)2 . ε2 + ‖u∗ − ŵ‖2Σn

which combined with Theorem 5.1 makes formal that 〈ŵ, xt〉 is the best linear model of y∗t up to a
small error term. This kind of bound for an estimator in the presence of misspecification is known
as an oracle inequality [Tsy08], since ŵ competes with the oracle fit u∗.

Remark 5.3 (Breakdown point and landscape). The breakdown point of η = 1/3 is optimal for this
estimator based on local search. This breakdown point is optimal even if X ∼ N(0, I) and the
true generative model is a noiseless mixture of two linear regressions w1 6= w2 with corresponding
weights 1/3, 2/3, so we view w1 as contamination. In this setting σq = 0 so an estimator achieving
the optimal O(σq) rate gets error o(1). However, the pair (w1, a1) is a bad local minimum where
the weight vector a1 keeps all of the data points from w1 and keeps each point labeled by w2

with probability 1/2. In Section 6 we show how to overcome the bad landscape for η ∈ [1/3, 1/2),
achieving the optimal O(σq) error guarantee, using more powerful optimization tools (the Sum of
Squares hierarchy) and a new analysis.

Remark 5.4 (Small η regime). If the true contamination level is very small, e.g. η = 0, then
applying Theorem 5.1 with a larger value of η will optimize the upper bound.

When the noise is Lq for q ≥ 2, we show how to improve the last term on the right-hand
side of Theorem 5.1 to avoid an η−1/q dependence in the last term on the right-hand side, see
Theorem 5.18.

5.2 Algorithm Specification

The algorithm used in Theorem 5.1 is based upon finding first-order stationary points of the fol-
lowing nonconvex problem.
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Program 1. Define variables w, a1, . . . , an and consider the optimization problem with parameters
η, α,R ≥ 0 given by

min
w

min
a1,...,an

1

n

n∑
t=1

at(yt − 〈w, xt〉)2

s.t. 0 ≤ at ≤ 1 ∀t ∈ [n]∑
t

at ≥ (1− η − α)n

1

n

∑
t

(1− at)xtx>t � ηΣn + α · Id

‖w‖ ≤ R

where ‖w‖ denotes the Euclidean norm of w.

The overall objective

L(w, a) :=
1

n

∑
t

at(yt − 〈w, xt〉)2

is biconvex, i.e. convex individually in the variables a and the variables w, but not jointly convex.
Since it is a nonconvex problem, we cannot guarantee to find the true global minimum of this
optimization problem. One of the most common heuristics for biconvex problems is to perform
alternating minimization, which will output an approximate first order stationary point. Fortu-
nately, we prove in our setting that this suffices and all approximate first order stationary points
satisfy the desired statistical guarantee. As one half of the alternating minimization procedure, we
observe that minimizing a for fixed w is a simple SDP (semidefinite program):

Program 2. For fixed vector w, define variables a1, . . . , an and define the optimization problem
SDPw with additional parameters η, α ≥ 0 given by

min
a1,...,an

1

n

n∑
t=1

at(yt − 〈w, xt〉)2

s.t. 0 ≤ at ≤ 1 ∀t ∈ [n]∑
t

at ≥ (1− η − α)n

1

n

∑
t

(1− at)xtx>t � ηΣn + α · Id.

Note that this corresponds to Program 1 for a fixed choice of w.

5.3 Optimization Analysis

For the analysis we need the following simple Taylor expansion inequality used to analyze gradient
descent on smooth functions:

Lemma 5.5 (Standard, see e.g. [Bub14]). Suppose that f : Rd → R is L-smooth in the sense that
‖∇2f‖OP ≤ 2L. Then

f(y) ≤ f(x) + 〈∇f(x), y − x〉+ L‖y − x‖2.

From this we get the following Descent Lemma on the ball:
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Algorithm 1: SCRAM(D, εOPT)

Input: Dataset D = {(x1, y1), . . . , (xn, yn)}
Output: Approximate first-order critical point of Program 1 (see Lemma 5.7)

1 Let w(1) = 0.
2 for s = 1 to ∞ do

3 Let a(s) be the minimizer of Program 2 with w = w(s).

4 Let w(s+1) be the minimizer of L(w, a(s)) =
∑

t a
(s)
t (yt − 〈w, xt〉)2 over all w with

‖w‖ ≤ R.

5 if L(w(s+1), a(s)) > L(w(s), a(s)) + εOPT then

6 Return w(s), a(s).

Lemma 5.6. Suppose that f is L-smooth and x, y are vectors in Rd such that ‖x‖, ‖y‖ ≤ R and
〈∇f(x), x − y〉 ≥ ∆ > 0. Then there exists a point z which is a convex combination of x, y such
that

f(z) ≤ f(x)− ∆2

16LR2
.

Proof. We consider points of the form zλ := (1 − λ)x + λy which by convexity lie in the radius R
ball. Observe by Lemma 5.5 that

f(zλ) ≤ f(x)− λ∆ + 4LR2λ2

since ‖x− xλ‖ ≤ λ‖x‖+ λ‖y‖ ≤ 2λR. The upper bound is optimized by λ = ∆
8LR2 and plugging in

gives the result.

Lemma 5.7. SCRAM with εOPT = ε2grad/4R
2 outputs vector w and weights a1, . . . , an satisfying

the constraints of Program 1 such that:

1. (Partial optimality) The variables a are global minimizers of SDPw (Program 2).

2. (First order stationarity)

1

n

∑
t

at(yt − 〈w, xt〉)〈xt, v − w〉 ≤ εgrad (12)

for all v with ‖v‖ ≤ R.

Furthermore, the expected number of iterations in the main loop is at most O((R2 + σ2)R2/ε2grad).

Proof. By definition a(s) is the minimizer of the SDPw(s) so the first property is satisfied by
construction. We now prove the second property. Observe that the objective L(w, a(s)) is 1-smooth
in w and

∇wL(w, a(s)) = − 2

n

∑
t

(yt − 〈w, xt〉)xt. (13)

Therefore by Lemma 5.6 and the fact that w(s+1) is the optimizer for fixed a(s), we know that if
there exists v with 〈∇wL(w(s), a(s)), w(s) − v〉 ≥ ∆ > 0

L(w(s+1), a(s)) ≤ L(w(s), a(s))− ∆2

16R2
.
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By the contrapositive, if the decrease in objective value when moving from w(s) to w(s+1) is less
than εOPT, then it implies that

〈∇wL(w(s), a(s)), w(s) − v〉 ≤ 4R
√
εOPT

for all v in the unit ball. Hence by (13) taking εOPT = ε2grad/4R
2 gives the stated guarantee.

Finally, we bound the number of iterations needed. Every time the loop is repeated, the objec-
tive value L(w, a) decreases by at least εOPT and clearly L(w, a) ≥ 0. Therefore the total number
of iterations can be upper bounded by L(0, a(1))/εOPT. By considering the (possibly suboptimal
solution) at = a∗t to the first SDP, we see that the expected value of L(0, a(1)) is at most R2 + σ2.
Therefore the expected total number of iterations is at most (R2 + σ2)/εOPT.

5.4 All Stationary Points are Good

It remains to show why condition (12) implies the desired error guarantee. To establish the general
guarantee of Theorem 5.1, it’s sufficient to reduce to the case where the noise ξt is bounded,
unless we care about the precise sample complexity. For this reason, we start with this setting
(Section 5.4.1), show how to reduce the Lq,∞ setting of Theorem 5.1 to the bounded case, and then
discuss how to tailor the analysis to get refined guarantees for subgaussian noise in Section 5.4.2.
Later in Section 5.6, we give an improved version of Theorem 5.1 when the noise {ξt} is Lq for
q ≥ 2, see Theorem 5.18.

5.4.1 Bounded Noise Analysis

In the bounded case we establish the following result:

Theorem 5.8 (SCRAM Guarantee with Bounded Noise). Suppose that η < 1/3, define β as in
(11), and suppose for some σ ≥ 0 that for all t,

|ξt| ≤ σ (14)

almost surely. Then if η = 0 or
n & log(min(n, d)/δ)/η, (15)

taking α = Θ

(√
η log(min(n,d)/δ)

n

)
and η = η, the output w of SCRAM with poly(R/σ, log(2/δ), d, n)

many steps satisfies for oblivious covariates the bound

β‖u∗ − w‖Σn . ησ + η1/2ε+ η1/8R1/2(η1/2σ + ε)1/2 8

√
log(min(n, d)/δ)

n
+ η1/4R

4

√
log(min(n, d)/δ)

n

+ min

{
σ

√
d+ log(2/δ)

n
, (Rσ)1/2 4

√
log(2/δ)

n

}

with probability at least 1− δ. In the more general case of adaptive covariates, it satisfies the bound

β‖u∗ − w‖Σn . ησ + η1/2ε+ η1/8R1/2(η1/2σ + ε)1/2 8

√
log(min(n, d)/δ)

n
+ η1/4R

4

√
log(min(n, d)/δ)

n

+ (Rσ)1/2 4

√
log(2/δ)

n
,

i.e. the same bound except the second line was changed.
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Example 5.9 (Lower bound when σ = ε = 0). Consider the special case with σ = ε = 0 with
oblivious contexts. Observe that when σ = ε = 0 the only nonzero term in the upper bound is

η1/4R 4

√
log(n/δ)

n . Now consider the setting where the clean regression model with d = n is given

by Y ∗ = w∗ ∈ Rn, and we consider the η-contaminated version of this model with δ = 1/n and
η = log(n/δ)/n,. The number of contaminated coordinates of Y will be close to ηn = Θ(log(n/δ)),
and for each of those coordinates i, the algorithm observes no information about w∗i . Considering
letting w∗ = ±Rej for an arbitrary j ∈ [n], then the probability coordinate j is missed is Θ(η) =
Θ(log(n/δ)/n) = ω(δ) and on this event the algorithm must pay a cost in squared loss ‖u∗ −w‖2Σn

of R2/n = 1
log(n/δ)R

2η1/2
√

log(n/δ)
n , matching the upper bound up to the log factor.

This example also shows the necessity of (15) when η 6= 0: without this lower bound, we could
take η = 1/n1+γ for some γ > 0, δ = 0.1/n1+γ and we would conclude by the same argument that
R2/n . R2η1/2

√
log(n/δ)/n = Θ(R2

√
log(n)/n1+γ/2) which is false.

Given this result, Theorem 5.1 follows by slightly increasing the value of η, so that heavy tail
events are counted as contamination; we have to be slightly careful when the noise is asymmetric,
because truncating can also induce also a small amount of misspecification, but it does not affect
the final bound.

Proof of Theorem 5.1. We prove this Theorem by reducing to Theorem 5.8. We consider the effect
of treating all clean responses with |ξ| ≥ Mσq for some M ≥ 1 as contamination, increasing the
effective η to η = η +

√
βη/2 and making the noise bounded. Recall from the definition that

P[|ξ| ≥Mσq] ≤
1

M q

so by solving β1/2η/2 ≥ 1/M q we find that setting

M = (β1/2η)−1/q

ensures the total contamination level is at most η +
√
βη/2 = η as desired. Applying Lemma 4.10

shows that this reduction this causes an additional misspecification cost of

qσq
(q − 1)M q−1

=
q

q − 1
σ(β1/2η)1−1/q.

Now plugging into the conclusion of Theorem 5.8 with σ∞ = Mσ, η, and ε′ = ε+Θ( q
q−1σ(β1/2η)1−1/q)

gives, as long as
η · n & log(min(n, d)/δ)

a bound of the form

β‖u∗ − w‖Σn . ηMσ + η1/2ε′ + η1/8R1/2(η1/2σM + ε′)1/2 8

√
log(min(n, d)/δ)

n
+ η1/4R

4

√
log(min(n, d)/δ)

n

+M min

{
σ

√
d+ log(2/δ)

n
, (Rσ)1/2 4

√
log(2/δ)

n

}

where the first term is bounded as

ηMσ . β−1/2qη1−1/qσq
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the second term is bounded as

η1/2ε′ . η1/2ε+
q

q − 1
β−1/2qη3/2−1/qσq

and the third term is bounded by observing

η1/2σM + ε′ . β−1/2qη1/2−1/qσq + ε+
q

q − 1
β−1/2qη1−1/qσq . ε+

q

q − 1
β−1/2qη1/2−1/qσq

and the last term is bounded by plugging in M . Combining these bounds and upper bounding
gives

β1+1/q‖u∗ − w‖Σn .
q

q − 1
η1−1/qσq + η1/2ε+ η1/8R1/2(ε+

q

q − 1
η1/2−1/qσq)

1/2 8

√
log(min(n, d)/δ)

n

+ η1/4R
4

√
log(min(n, d)/δ)

n
+ η−1/q min

{
σ

√
d+ log(2/δ)

n
, (Rσ)1/2 4

√
log(2/δ)

n

}

which is the result in the oblivious setting. Dropping one of the terms in the min gives the adaptive
setting result.

We will now prove Theorem 5.8, so for the remainder of this section we proceed under assump-
tion (14). In Lemma 5.11 we establish deterministic regularity conditions which hold with high
probability. First, in Lemma 5.10 we prove a version of a standard maximal inequality used in
the analysis of Ordinary Least Squares (see e.g. [RH17]), which shows that the norm of the noise
vector shrinks when projecting onto a lower-dimensional subspace.

Lemma 5.10. Suppose that ξ1, . . . , ξn is a martingale difference sequence with |ξt| ≤ σ almost
surely for all t. Suppose that V is a subspace of dimension d, PV : n×n is the projection map onto
V , and ξ = (ξ1, . . . , ξn). Then

‖PV ξ‖ . σ
√
d+ log(2/δ)

with probability at least 1− δ.

Proof. For v ∈ V with ‖v‖ = 1, define Zv = 〈v, ξ〉 =
∑

i viξi which is a martingale. Since
|viξi| ≤ σM |vi| almost surely and

∑
i v

2
i = 1, it follows from Azuma-Hoeffding inequality (Fact 4.5)

that

P[|Zv| ≥ t] ≤ exp

(
−Ct

2

σ2

)
By a well-known chaining argument over the sphere (Exercise 4.4.2 of [Ver18]), we can upper bound

‖PV ξ‖ = max
‖v‖=1

Zv ≤ 2 max
v∈N

Zv

where N is a 1/2-net of the unit sphere in V . Standard covering number bounds (e.g. Corollary
4.2.13 of [Ver18]) let us take |N | ≤ 6d. Therefore by the union bound

P
[

max
‖v‖=1

Zv ≥ t
]
≤ 6d exp

(
−Ct

2

σ2

)
.

Taking t = Θ(σ
√

(d+ log(2/δ)) gives the result.

25



Lemma 5.11. For any α ∈ (0, η), suppose

n &
η log(min(n, d)/δ)

α2
(16)

For any sequence of x1, ..., xn chosen during the process in Definition 1, we have that with probability
at least 1−δ over the randomness of the Ber(η) coins generating a∗1, ..., a

∗
n, the following event holds.

Let Σ′ , 1
n

∑
t a
∗
txtx

>
t . Then:

1. 1
n

∑n
t=1 a

∗
t ≥ 1− η − α.

2.
∣∣ 1
n

∑n
t=1 a

∗
t ξt〈xt, v〉

∣∣ ≤ σλ‖v‖Σ′ + σλ′‖v‖ for all v where:

(a) In the special case of obliviously chosen covariates xt: λ , Θ

(√
d+log(2/δ)

n

)
and λ′ , 0.

(b) In the general case of adaptive chosen covariates xt: λ , 0 and λ′ , Θ

(√
log(2/δ)

n

)
3. Σ′ � (1− η)Σn − α · Id.

Proof. We start with part 1. We have E[ 1
n

∑n
t=1 a

∗
t ] = 1− η and using that the variance of Ber(p)

is p(1− p) we have V[a∗t ] ≤ η. Then by Bernstein’s inequality (Fact 4.6) we know that

P[
1

n

n∑
t=1

a∗t ≥ 1− η − α] ≤ exp

(
− Cnα2

1
n

∑
V[a∗t ] + α

)
≤ exp

(
−Cnα

2

η + α

)
so we find 1

n

∑n
t=1 a

′
t ≥ 1− η − α with probability 1− δ, provided n = Ω

( η
α2 log(1/δ)

)
.

For part 2 (a), let T ⊆ [n] denote the set of indices t for which a∗t = 1; we now treat x and T
as fixed and consider only ξ.

1

n

n∑
t=1

a∗t ξt〈xt, v〉 =
1

n
〈(X ′)T ξ, v〉 =

1

n
〈PV ξ, (X ′)v〉 ≤

1√
n
‖PV ξ‖‖v‖Σ′

where X ′ : n × d has rows a∗1x1, . . . , a
∗
nxn, PV is the projection onto subspace V and V is the

column span of X ′, the last step applies Cauchy-Schwarz and the definition of Σ′. Finally, the
result follows by bounding PV ξ using Lemma 5.10.

For part 2(b), observe by Cauchy-Schwarz

1

n

n∑
t=1

a∗t ξt〈xt, v〉 =

〈
1

n

n∑
t=1

a∗t ξtxt, v

〉
≤

∥∥∥∥∥ 1

n

n∑
t=1

a∗t ξtxt

∥∥∥∥∥ ‖v‖
and the sum inside the absolute value is a vector-valued martingale with step size at most σ, so
the result follows from Theorem 4.7.

We now show part 3. We can apply the matrix Freedman inequality in the form of Corollary 4.9
to the matrix martingale difference sequence

(a∗1 − (1− η)) · x1x
>
1 , (a

∗
2 − (1− η)) · x2x

>
2 , . . . , (a

∗
t − (1− η)) · xtx>t ,

which satisfies E[(a∗t − (1− η))2(xtx
T
t )2|Ft−1] � η to get

P

[∥∥∥∥∥ 1

n

n∑
t=1

a∗t · xtx>t −
(1− η)

n

n∑
t=1

xtx
>
t

∥∥∥∥∥ ≥ α
]
≤ d2(α) exp

(
−Cnα2

η + α

)
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where the probability is over the randomness of the martingale, and from Corollary 4.9 we recall
f(x) = min(1, x) hence

d2(α) = Tr f(α
∑
t

E[(a∗t − (1− η))2(xtx
T
t )2]/η) ≤ Tr f(α

∑
t

E[xtx
T
t ]) ≤ min{d, αn}.

Using that α < η < 1 by assumption, we conclude that as long as n = Ω(η log(min(n,d)/δ)
α2 ), then

1

n

n∑
t=1

a∗txtx
>
t � (1− η)Σn − α · Id,

from which part 3 follows.

We are now ready to prove Theorem 5.8. We present the deterministic argument in Lemma 5.12
below, then show how combining it with the previous Lemma establishes the result.

Lemma 5.12. Suppose that:

1. x1, . . . , xn ∈ Rd, a∗1, . . . , a∗n ∈ {0, 1}, and for t = 1, . . . , n we have a sequence y∗t such that
u∗, δt defined by (9) satisfies (10).

2. y1, . . . , yn ∈ R satisfy
yt = y∗t + ξt

whenever a∗t = 1 and |ξt| ≤ σ as in (14).

3. The conclusions of Theorem 5.8 are satisfied with parameters η, λ, λ′, α. The parameter β is
defined in terms of η by (11).

4. w ∈ Rd and a1, . . . , an ∈ [0, 1] are feasible for Program 1 and satisfy the conclusion of
Lemma 5.7, i.e. partial optimality and εgrad-approximate first order stationarity.

Then, the following conclusion holds:

β‖u∗ − w‖Σn . ησ + η1/2ε+ σλ+

(
ε
1/2
grad + (Rσλ′)1/2 + (R2α)1/4

(√
η1/2σ + ε+ (R2α)1/4

))
.

Proof of Theorem 5.8. Let w and a1, . . . , an be given by Lemma 5.7. Let T denote the subset of
t ∈ [n] for which a∗t = 1, i.e. T is the set of rounds which are uncorrupted. We apply the first order
optimality condition (12) with v = u∗ to get that

1

n

∑
t

at(yt − 〈w, xt〉)〈xt, u∗ − w〉 ≤ εgrad. (17)

We will lower bound the left-hand side of (17) by considering the contribution from T and
[n] \ T .
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Contribution from T . For the former, we have

1

n

∑
t∈T

at(yt − 〈w, xt〉)〈xt, u∗ − w〉

=
1

n

∑
t∈T

at(δt + ξt + 〈u∗ − w, xt〉)〈xt, u∗ − w〉

=
1

n

∑
t∈T

[
at〈xt, u∗ − w〉2︸ ︷︷ ︸

1

+ ξt〈xt, u∗ − w〉︸ ︷︷ ︸
2

− (1− at)ξt〈xt, u∗ − w〉︸ ︷︷ ︸
3

+ atδt〈xt, u∗ − w〉︸ ︷︷ ︸
4

]
. (18)

We control all four terms separately, 1 being the dominant term. Define Σ′ as in Lemma 5.11.
For 1 , we write at = 1− (1− at) and use Lemma 5.11 to get

1

n

∑
t∈T

at〈xt, u∗ − w〉2 =
1

n

∑
t∈T
〈xt, u∗ − w〉2 −

1

n

∑
t∈T

(1− at)〈xt, u∗ − w〉2

= ‖u∗ − w‖2Σ′ −
1

n

∑
t∈T

(1− at)〈xt, u∗ − w〉2

≥ (1− η)‖u∗ − w‖2Σn
− 1

n

∑
t∈T

(1− at)〈xt, u∗ − w〉2 −O(αR2)

≥ (1− 2η)‖u∗ − w‖2Σn
−O(αR2),

where in the last step we expanded the sum from i ∈ T to i ∈ [n] and then used the last constraint
in Program 2.

For 2 , note that

1

n

∑
t∈T

ξt〈xt, u∗ − w〉 ≤ O
(
‖u∗ − w‖Σnσλ+Rσλ′

)
by Part 2 of Lemma 5.11, the fact that Σ′ � Σn, and ‖u∗ − w‖ ≤ 2R.

For 3 , we have that

1

n

∑
t∈T

(1− at)ξt〈xt, u∗ − w〉 ≤

(
1

n

∑
t∈T

(1− at)〈xt, u∗ − w〉2
)1/2(

1

n

∑
t∈T

(1− at)ξ2
t

)1/2

. (19)

By the last constraint in Program 2, we can upper bound the first factor on the right-hand side

by
√
η‖u∗ − w‖2Σn

+ α‖u∗ − w‖22 ≤ η1/2‖u∗ − w‖Σn +
√
αR. For the second factor, we can upper

bound it by Holder’s inequality as (recalling α ≤ η) we have(
1

n

∑
t∈T

(1− at)ξ2
t

)1/2

≤ √ησ (20)

so overall we get a bound on (19) of
(
η1/2‖u∗ − w‖Σn +

√
αR
)
· η1/2σ.

Finally, for 4 , note that first-order optimality of u∗ implies that 1
n

∑
t δt〈xt, u∗ − w〉 = 0. So
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we can write

1

n

∑
t∈T

atδt〈xt, u∗ − w〉

=
1

n

∑
t∈[n]

(1− at)δt〈xt, u∗ − w〉 −
1

n

∑
t6∈T

atδt〈xt, u∗ − w〉.

≤

 1

n

∑
t∈[n]

(1− at)2〈xt, u∗ − w〉2
1/2 1

n

∑
t∈[n]

δ2
t

1/2

+

 1

n

∑
t6∈T

a2
t 〈xt, u∗ − w〉2

1/2 1

n

∑
t6∈T

δ2
t

1/2

≤

 1

n

∑
t∈[n]

δ2
t

1/2

·
(
η1/2‖u∗ − w‖Σn +

(
η‖u∗ − w‖2Σn

+ α‖u∗ − w‖22
)1/2)

,

where in the last step we used the fact that (1− at)2 ≤ 1− at and a2
t ≤ 1 by the first constraint in

Program 2, as well as the third constraint in Program 2 and Part 3.
Using (10) to upper bound the first parenthesized term, we conclude that

1

n

∑
t∈T

atδt〈xt, u∗ − w〉 ≤ O(ε · (η1/2‖u∗ − w‖Σn +
√
αR)).

Having controlled 1 , 2 , 3 , 4 , from (18) we can therefore lower bound 1
n

∑
t∈T at(yt−〈w, xt〉)〈xt, u∗−

w〉 by

(1− 2η)‖u∗ − w‖2Σn

−O

(
‖u∗ − w‖Σn

(
σλ+ ησ + εη1/2

)
+ αR2 +Rσλ′ +

√
αRη1/2σ

)
. (21)

Contribution from [n] \ T . It remains to control the contribution to the left-hand side of (17)
coming from the corrupted summands indexed by [n]\T , which we do by upper bounding the term
in absolute value. By Cauchy-Schwarz and a2

t ≤ at,∣∣∣∣∣∣ 1n
∑
t6∈T

at(yt − 〈w, xt〉)〈xt, u∗ − w〉

∣∣∣∣∣∣ ≤
 1

n

∑
t6∈T

at(yt − 〈w, xt〉)2

1/2 1

n

∑
t6∈T

at〈xt, u∗ − w〉2
1/2

≤

 1

n

∑
t6∈T

at(yt − 〈w, xt〉)2

1/2 (
η1/2‖u∗ − w‖Σn +

√
αR
)
(22)

where in the second step we used the fact that at ∈ [0, 1] along with Part 3 of Lemma 5.11. As for
the first factor on the right-hand side, by the fact that {at} were chosen in Program 2 to minimize
1
n

∑
t∈[n] at(yt − 〈w, xt〉)2, we have that

1

n

∑
t∈[n]

at(yt − 〈w, xt〉)2 ≤ 1

n

∑
t∈[n]

a∗t (yt − 〈w, xt〉)2 =
1

n

∑
t∈T

(yt − 〈w, xt〉)2,
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hence rearranging gives

1

n

∑
t6∈T

at(yt − 〈w, xt〉)2

≤ 1

n

∑
t∈T

(yt − 〈w, xt〉)2 − 1

n

n∑
t∈T

at(yt − 〈w, xt〉)2

=
1

n

∑
t∈T

(1− at)(yt − 〈w, xt〉)2

=
1

n

∑
t∈T

(1− at)(〈u∗ − w, xt〉+ δt + ξt)
2

≤ 2 + 1/β

n

∑
t∈T

(1− at)ξ2
t +

2 + 1/β

n

∑
t∈T

(1− at)δ2
t +

1 + 2β

n

∑
t∈T

(1− at)〈u∗ − w, xt〉2

where in the second-to-last step we used Cauchy-Schwarz to show

(a+ b+ c)2 ≤ (2 + 1/β)(a2 + b2 + c2β) = (2 + 1/β)(a2 + b2) + (1 + 2β)c2.

We continue and see

1

n

∑
t6∈T

at(yt − 〈w, xt〉)2 ≤ (1 + 2β)η‖u∗ − w‖2Σn
+O

(
1

β
ησ2 +

1

β
ε2 + αR2

)
where in the last step we used Holder’s inequality and (14), (10), and the last constraint in Pro-
gram 2 with ‖u∗ − w‖ ≤ 2R.

So by (22) we can upper bound 1
n

∑
t6∈T at(yt − 〈w, xt〉)〈xt, u∗ − w〉 by(

(1 + 2β)1/2η1/2‖u∗ − w‖Σn +O
(
β−1/2η1/2σ + β−1/2ε+ α1/2R

))(
η1/2‖u∗ − w‖Σn +

√
αR
)

= (1 + 2β)1/2η‖u∗ − w‖2Σn
+O(β−1/2ησ + β−1/2η1/2ε+ α1/2η1/2R)‖u∗ − w‖Σn + E , (23)

where
E ,
√
αR ·O(β−1/2(η1/2σ + ε) +

√
αR)

captures all the error terms that vanish as α→ 0.

Combining. Putting the bounds on 1
n

∑
t∈T at(yt − 〈w, xt〉)〈xt, u∗ − w〉 and 1

n

∑
t6∈T at(yt −

〈w, xt〉)〈xt, u∗ − w〉 by (21) and (23) together with (12), we conclude that

(1− 3η −
√

2β · η))‖u∗ − w‖2Σn
≤ O

(
β−1/2ησ + β−1/2η1/2ε+ α1/2R+ σλ

)
‖u∗ − w‖Σn + E ′,

where E ′ , εgrad + Rσλ′ +O(E). We do case analysis based on which of the two terms on the rhs
of the above bound dominates:

1. In the first case, the first term is at least as large as E ′. Then the bound simplifies to

(1− 3η −
√

2β · η)‖u∗ − w‖Σn . β−1/2ησ + β−1/2η1/2ε+ α1/2R+ σλ

2. Otherwise, E ′ is larger than the first term. Then taking a square root the bound can be
simplified to

(1− 3η −
√

2β · η)‖u∗ − w‖Σn . ε
1/2
grad + (Rσλ′)1/2 + E1/2.
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In either case, since α1/2R = O(E1/2) we see the inequality

(1− 3η −
√

2β · η)‖u∗ − w‖Σn . β−1/2ησ + β−1/2η1/2ε+ σλ+ ε
1/2
grad + (Rσλ′)1/2 + E1/2

holds. Since β = (1/3− η)2 and η < 1/3 we know

(1− 3η −
√

2βη) ≥ 3
√
β −

√
2β = Θ(

√
β)

so we get a final bound of

‖u∗ − w‖Σn

. β−1ησ + β−1η1/2ε+ β−1/2σλ+ β−1/2(ε
1/2
grad + (Rσλ′)1/2 + E1/2)

. β−1ησ + β−1η1/2ε+ β−1/2σλ+ β−1/2(ε
1/2
grad + (Rσλ′)1/2 + (R2α)1/4(β−1/4

√
η1/2σ + ε+ (R2α)1/4)).

Using β < 1 to upper bound all of the powers of β by β−1 gives the result.

Now combining our claims proves Theorem 5.8:

Proof of Theorem 5.8. Oblivious covariates. By Lemma 5.12 and Lemma 5.11 we know the
output w of Lemma 5.7 with εgrad = O(σ2λ2) = O(σ2 d+log(2/δ)

n ) satisfies

β‖u∗ − w‖Σn . ησ + η1/2ε+ σ

√
d+ log(2/δ)

n
+ (R2α)1/4(

√
η1/2σ + ε+ (R2α)1/4)

with probability at least 1− δ, as long as α < η and (16) holds:

n &
η log(min(n, d)/δ)

α2
.

Based on this we take α = Θ

(√
η log(min(n,d)/δ)

n

)
and require

n & log(min(n, d)/δ)/η

so that α < η. Then we can write the error bound as

β‖u∗ − w‖Σn . ησ + η1/2ε+ η1/8R1/2 8

√
(η1/2σ + ε)4 log(min(n, d)/δ)

n

+ η1/4R
4

√
log(min(n, d)/δ)

n
+ σ

√
d+ log(2/δ)

n
.

Adaptive covariates. The only change is that the term σλ disappears and the term

(Rσλ′)1/2 = (Rσ)1/2 4

√
log(2/δ)

n

appears, which gives

β‖u∗ − w‖Σn . ησ + η1/2ε+ η1/8R1/2 8

√
(η1/2σ + ε)4 log(min(n, d)/δ)

n

+ η1/4R
4

√
log(min(n, d)/δ)

n
+ (Rσ)1/2 4

√
log(2/δ)

n
.

Since this bound also applies in the special case of oblivious covariates, we get the stated result.
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5.4.2 Subgaussian noise

In this section we consider the case where the noise is subgaussian. Subgaussian random variables
are in Lq for every q, so we could analyze them using our previous result (taking q = log(1/η)),
but since subgaussian noise behaves similar to bounded noise, we can optimize the argument by
avoiding truncation. This yields the following result, which in the uncontaminated η = 0 setting
with oblivious covariates, recovers the same (minimax optimal) rate achieved by Ordinary Least
Squares/Ridge Regression and gracefully degrades with increasing η.

Theorem 5.13 (SCRAM Guarantee with Subgaussian Noise). Suppose that η < 1/3 is an upper
bound on the contamination level, define β as in (11), and suppose for some σ ≥ 0 that for all t
the noise ξt is σ2-subgaussian. Then if η = 0 or

n & log(min(n, d)/δ)/η,

α = Θ

(√
η log(d/δ)

n

)
and η = η, the output w of SCRAM with poly(R/σ, log(2/δ), d, n) many

steps satisfies for oblivious covariates the bound

β‖u∗ − w‖Σn . cδ,η,nησ + η1/2ε+ η1/8R1/2(
√
cδ,η,nησ + ε)1/2 8

√
log(min(n, d)/δ)

n

+ η1/4R
4

√
log(min(n, d)/δ)

n
+ min

{
σ

√
d+ log(2/δ)

n
, (Rσ)1/2 4

√
log(2/δ)

n

}
with probability at least 1− δ, where

cδ,η,n ,
√

log(1/η) exp

(
max

(
1,

log log(1/δ) · log(1/η)

2 log(n)

))
(24)

captures a logarithmic term which is O(
√

log(1/η)) assuming log n ≥ (1/100) log log(1/δ) log(1/η).
In the more general case of adaptive covariates, SCRAM satisfies the bound

β‖u∗ − w‖Σn . cδ,η,nησ + η1/2ε+ η1/8R1/2(
√
cδ,η,nησ + ε)1/2 8

√
log(min(n, d)/δ)

n

+ η1/4R
4

√
log(min(n, d)/δ)

n
+ (Rσ)1/2 4

√
log(2/δ)

n

i.e. the same bound except the last term was changed.

Proof. The proof is the same as Theorem 5.8 with a few modifications which we describe now. The
main difference is in the use of Holder’s inequality to bound terms including noise, e.g. (20). In
this case, since ξt is no longer bounded we use for q = min(2 log(n)/ log log(1/δ), log(1/η)) that by
Holder’s inequality(

1

n

∑
t∈T

(1− at)ξ2
t

)1/2

≤

(
1

n

∑
t∈T

(1− at)

)1/2p(
1

n

∑
t∈T

ξ2q
t

)1/2q

. η1/2−1/2qσ
√
q

where 1/p + 1/q = 1 and we used Lemma 5.14 below. Plugging in the value of q gives an upper
bound of

ση1/2
√

log(1/η) · exp

(
max

(
1,

log log(1/δ) · log(1/η)

4 log(n)

))
.

The other change is that in Lemma 5.11, we can use the subgaussian property to establish Part 2
without needing boundedness of the noise: we use the generalization of the vector Azuma-Hoeffding
inequality to the subgaussian step size setting, Theorem 4.7.
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The following Lemma 5.14 gives a fairly sharp upper deviation bound for power sums of sub-
gaussian random variables. This result is not so easy to prove directly, but follows from the main
result of [L+97].

Lemma 5.14. Suppose that Z1, . . . , Zn are independent σ2-subgaussian random variables. Then(
1

n

∑
i

|Zi|p
)1/p

. σ
√
p

with probability at least 1− δ, provided n ≥ log(2/δ)p/2.

Proof. We rescale so that σ = 1. In this proof we use the notation ‖X‖q = E[|X|q]1/q for the
function space Lp norm.

Define S =
∑

i |Zi|p. By Markov’s inequality, P[S ≥ t] = P[Sq ≥ tq] ≤ ‖S‖
q
q

tq for any q ≥ 1. By
Theorem 1 and Corollary 1 of [L+97], for q ≤ n we have

‖S‖q . sup

{
(q/s)(n/q)1/s max

i
‖Zpi ‖s : 1 ≤ s ≤ q

}
.

We observe from standard subgaussian moment bounds [RH17, Ver18] that

‖Zpi ‖s = ‖Zi‖psp . (esp)p/2

so

‖S‖q . (ep)p/2q sup
{

(n/q)1/ssp/2−1 : 1 ≤ s ≤ q
}

= (ep)p/2q sup {exp((1/s) log(n/q) + (p/2− 1) log(s) : 1 ≤ s ≤ q} .

We consider the optimization over s inside the exponential. The unique critical point is when
−s−2 log(n/q) + (p/2 − 1)/s = 0, i.e. s = log(n/q)/(p/2 − 1). Since the function goes to infinity
as s → 0 and s → ∞, that critical point must be a minimum. It suffices therefore to consider the
boundary points. This shows

‖S‖q . (ep)p/2
(
n+ n1/qqp/2−1/q

)
. (ep)p/2

(
n+ n1/qqp/2

)
using maxq≥1 q

−1/q = 1. Now taking t = e‖S‖q and q = log(1/δ) shows

S ≤ e‖S‖q . (ep)p/2n(1 + n1/ log(1/δ)−1 log(1/δ)p/2)

with probability at least 1− δ. In particular, if n ≥ log(1/δ)p/2 then

S . (ep)p/2n(1 + e(p/2) log log(1/δ)/ log(1/δ)) ≤ eppp/2n

as claimed.
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5.5 Stochastic Setting and Generalization Bounds

Finally, we note that while the guarantees in this section so far have been in the usual fixed design
setting, from these guarantees we also obtain strong results in the stochastic (or random design)
setting often considered in statistical learning. We first review the setup. We assume there exists
a joint distribution Dx,y∗ over clean examples (x, y∗) and clean training data (x1, y

∗
1), . . . , (xn, y

∗
n)

are sampled identically from this distribution. We define the population loss to be the error of w
on a fresh clean example (x, y∗) in squared loss,

L(w) = E
x,y∼Dx,y∗

[(y∗ − 〈w, x〉)2],

and our goal is to find a near minimizer of the population loss, i.e. compute ŵ from training data
such that ‖ŵ‖ ≤ R and the gap in population loss L(ŵ)− L(u∗) is as small as possible, where we
define

u∗ , arg min
‖u‖≤R

L(u)

to be the optimal predictor of norm at most R. Concretely, the gap in loss can be rewritten in a
more convenient form in the following way

L(ŵ)− L(u∗) = E[(y∗ − 〈u∗, x〉+ 〈u∗ − w, x〉)2]− E[(〈u∗ − w, x〉)2]

= E[〈ŵ − u∗, x〉2] + 2E[(y∗ − 〈u∗, x〉)〈u∗ − w, x〉)]
= ‖ŵ − u∗‖2Σ∗ + 2E[(y∗ − 〈u∗, x〉)〈u∗ − w, x〉)]

where Σ∗ = EDx [xxT ] is the second moment matrix, i.e. covariance matrix if x is mean zero, and the
second term on the rhs is O(ε‖u∗ −w‖Σ∗) under (25), showing that as ε→ 0, the slightly different
goals of minimizing ‖u∗−w‖Σ∗ and minimizing the suboptimality in population loss become exactly
equivalent. As before, we assume that the conditional law of y∗ given x is

y∗ = 〈w∗, x〉+ εx + ξ (25)

where ‖w∗‖ ≤ R, |εx| ≤ ε is misspecification, and ξ is noise independent of x, εx. If ε = 0 then we
can take u∗ = w∗, otherwise we always have ‖u∗ − w∗‖Σ ≤ 2ε since |〈w∗, x〉 − E[y∗|x]| ≤ ε and u∗

is only closer in average squared loss.
We will use the following Lemma to relate the error when measured according to the population

second moment matrix Σ∗ and the random matrix Σn: this “localized” generalization bound follows
from the main result of [SST10], which builds upon the local Rademacher complexity framework
of [BBM+05]; it gives tighter results than e.g. naively applying matrix concentration because it
focuses in on the behavior of the bottom singular value. We note that the general connection
between generalization theory and the bottom singular value of the empirical covariance matrix is
well known and has been used in other contexts, see e.g. [KM15].

Lemma 5.15 (Consequence of Theorem 1 of [SST10]). Suppose w∗ is any fixed vector with ‖w∗‖ ≤
R. Suppose that x1, . . . , xn are iid copies of a random variable x with Σ∗ = E[xxT ] and ‖x‖ ≤ 1
almost surely. Uniformly over all w with ‖w‖ ≤ R and with probability at least 1 − δ, where
Σn = 1

n

∑n
i=1 xix

T
i is the empirical second moment matrix, the following holds:

‖w − w∗‖2Σ∗ − ‖w − w∗‖2Σn
. R‖w − w∗‖Σn

√
log3(n) + log(1/δ)

n
+
R2(log3(n) + log(1/δ))

n
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and as a consequence

‖w − w∗‖Σ∗ . ‖w − w∗‖Σn +R

√
log3(n) + log(1/δ)

n
.

Proof. We explain how this follows from Theorem 1 of [SST10], which requires us to interpret the
gap ‖w−w∗‖2Σ∗ − ‖w−w∗‖2Σn

as the generalization gap in a statistical learning problem; we refer
the reader there for a detailed explanation of the setup. We now describe the new learning problem,
which is not the same as the one considered outside the proof of this Lemma, as it has no noise,
contamination, or misspecification. In this problem, x is defined as in the theorem statement,
and the label y = 〈w∗, x〉. The population loss is E[`(y − 〈w, x〉)] = 〈w∗ − w,Σ(w∗ − w)〉 where
`(e) = e2 is the squared loss which is 1-smooth, and the empirical loss is 1

n

∑n
i=1 `(yi − 〈w, x〉) =

〈w∗ − w,Σn(w∗ − w)〉. We observe that the loss `(yi − 〈w, x〉) is upper bounded by 4R2 almost
surely, and finally we use (see [SST10]) that the Rademacher complexity Rn of the function class
{x 7→ 〈w, x〉 : ‖w‖ ≤ R} is O(R

√
1/n) where n is the number of samples. Plugging all of this

information into Theorem 1 of [SST10] gives

‖w−w∗‖2Σ∗−‖w−w∗‖2Σn
. ‖w−w∗‖Σn

(
R log1.5(n)

√
1

n
+R

√
log(1/δ)

n

)
+log3(n)

R2

n
+
R2 log(1/δ)

n

and up to constants this is equivalent to the first stated bound. The second (weaker) bound follows
by adding ‖w − w∗‖2Σn

to the right hand side and taking a square root.

Given this result, we can immediately obtain versions of all of the previous results for the
stochastic setting (e.g. Theorem 5.1, Theorem 5.13, Theorem 5.8). We describe a more involved
application below in Section 5.6, where we obtain improved results for learning in the stochastic
setting by using this generalization bound combined with the generalized median of [M+15].

We note that in the case where the contexts are chosen stochastically, [SLX20] recently showed
that a modified version of the reduction from [FR20] can reduce from stochastic contextual bandits
to offline regression with stochastic contexts. It should be possible to combine this reduction with
our results; however, we omit the details since we will give an algorithm for the more general online
setting anyway.

5.6 Heavy-Tailed Setting Using Geometric Median

In this section, we focus on the setting where the noise {ξt} is in Lq with q ≥ 2 and obtain improved
sample complexity guarantees. In this context, there is a fairly general way to boost the success
probability of algorithms by using the geometric median [M+15] or a related high-dimensional
median of [HS16]; in the context of (uncontaminated) ridge regression itself, this kind of estimator
was considered in [HS16], see Theorem 21 there. To take advantage of the geometric median,
we start by establishing improved guarantees for our algorithm, but which hold with only a fixed
probability of success.

Lemma 5.16. Suppose that η < 1/3 is an upper bound on the contamination level, define β as in
(11), and suppose for some q ∈ [2,∞], σq ≥ 0 and all t that

‖ξt‖q , E[|ξ|q]1/q ≤ σq.

Then provided η = 0 or
n & log(min(n, d))/η,
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we can take α = Θ

(√
η log(d)

n

)
and η = η + Θ(η

√
β) such that the output w of SCRAM with

poly(R/σ, d, n) many steps satisfies for oblivious covariates the bound

β1+1/q‖u∗ − w‖Σn . η1−1/qσq + η1/2ε+ η1/8R1/2(ε+ η1/2−1/qσq)
1/2 8

√
log(min(n, d))

n
(26)

+ η1/4R
4

√
log(min(n, d))

n
+ min

{
σ

√
d

n
, (Rσ)1/2 4

√
1

n

}
with probability at least 0.99. In the more general case of adaptive covariates, it satisfies the bound

β1+1/q‖u∗ − w‖Σn . η1−1/qσq + η1/2ε+ η1/8R1/2(ε+ η1/2−1/qσq)
1/2 8

√
log(min(n, d))

n

+ η1/4R
4

√
log(min(n, d))

n
+ (Rσ)1/2 4

√
1

n

i.e. the same bound except the last term was changed.

Proof. The proof is the same as Theorem 5.1 except that we change the analysis of Part 2 in
Lemma 5.11 to improve the final term in our bound. First, we observe that truncating the noise
ξi and recentering (the first part of the proof of Theorem 5.1) can only make the Lq norm of |ξi|
larger by a factor of 2 (see the proof of Lemma 2.6.8 in [Ver18]); in what follows, we let ξi denote
the possibly truncated and recentered noise and use this fact. Now we consider the application of
Theorem 5.8 in the proof of Theorem 5.1 and show how in Part 2 of Lema 5.11 we can replace
the infinity norm of the noise by the smaller quantity σq. Specifically this occurs in Part 2 of
Lemma 5.11.

For Part 2 (a), we replace Lemma 5.10 by the following argument based on Chebyshev’s inequal-

ity. Let ξ = (ξ1, . . . , ξn) be the vector of (truncated) noise and observe that
√
E[ξ2

i ] ≤ E[|ξi|q]1/q =

O(σq) by Jensen to see

P[‖PV ξ‖ ≥ s] ≤
E[‖PV ξ‖2]

s2
≤
〈PV P TV , σ2

qI〉
s2

≤
2dσ2

q

s2
.

Similarly for Part 2 (b), we use Chebyshev’s inequality and the fact that

E[‖
∑
i

ξixi‖2] =
∑
i

E[ξ2
i ]‖xi‖2 ≤ 2nσ2

q .

to get that ‖ 1
n

∑
i ξixi‖ = O(σq/

√
δn) with probability at least 1− δ.

Taking the union bound and using these estimates in the analysis, otherwise unchanged from
the proof of Theorem 5.1, gives the result.

Given this result, we run the algorithm multiple times, and take the geometric median, as
described in SCRAM-GM. We recall the key guarantee for geometric median from [M+15] in its
contrapositive form, which informally says that if a 1 − α > 1/2 proportion of points cluster near
each other, then the geometric median will successfully return a point close to this cluster.

Lemma 5.17 (Lemma 2.1 (a) of [M+15]). Suppose x1, . . . , xn are points in a d-dimensional Eu-

clidean space with norm ‖ · ‖. Suppose z ∈ Rd, r > 0, α ∈ (0, 1/2), let Cα , (1 − α)
√

1
1−2α , and

let

y = arg min
y

n∑
i=1

‖y − xi‖,
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Algorithm 2: SCRAM-GM(xt, yt, δ, η, α)

Input: Input data (xt, yt)
n
t=1.

Output: Predictor ŵ.
1 Shuffle the data and split into two equal sized groups C1, C2 and split C1 into

k , Θ(log(1/δ)) equal-size buckets B1, . . . , Bk.
2 Run SCRAM with parameters η, α on each bucket to get predictors w1, . . . , wk.
3 Return the geometric median

ŵ = arg min
y

k∑
i=1

‖y − wi‖ΣC2

where ΣC2 , 1
|C2|

∑
t∈C2

xtx
T
t .

be the geometric median. If
#{i : ‖xj − z‖ > r} ≤ αn

then ‖y − z‖ ≤ Cαr.

Theorem 5.18. Suppose that η < 1/3 is an upper bound on the contamination level, define β as
in (11), and suppose for some q ∈ [2,∞], σq ≥ 0 and all t that

‖ξt‖q , E[|ξ|q]1/q ≤ σq.

Then provided η = 0 or
η · n & log(min(n, d)),

we can take α = Θ

(√
η log(d) log(1/δ)

n

)
and η = η+Θ(η

√
β) such that the output w of SCRAM-GM

satisfies

β1+1/q‖w∗ − w‖Σ∗ . η1−1/qσq + ε+ η1/8R1/2(ε+ η1/2−1/qσq)
1/2 8

√
log(min(n, d)) log(1/δ)

n

+ η1/4R
4

√
log(min(n, d)) log(1/δ)

n
+ min

{
σ

√
d log(1/δ)

n
, (Rσ)1/2 4

√
log(1/δ)

n

}

+R

√
log3(n) log(1/δ)

n

with probability at least 1− δ.

Proof. Combining Lemma 5.16 and Lemma 5.15 gives

‖wi − w∗‖Σ∗ ≤ r , C(r0 +R

√
log3(n) log(1/δ)

n
)

with probability at least 0.98, where r0 is the right hand side of (26) plus ε (to replace u∗ by w∗)
and C is an absolute constant. Hence by applying Lemma 5.16, independence, and Hoeffding’s
inequality we see that

#{i : β1+1/q‖wi − w∗‖Σ∗ ≤ r} ≥ 0.97k

37



with probability at least 1− δ where r is the right hand side of (26), including the constant factor.
We condition on this event in what follows.

Note that by Bernstein’s inequality, for any particular w∣∣∣‖w − w∗‖2ΣC2
− ‖w − w∗‖2Σ∗

∣∣∣ . ‖w − w∗‖Σ∗R√ log(1/δ)

n
+
R2 log(1/δ)

n

with probability 1− δ, where we used that E[〈w−w∗, X〉4] ≤ 4R2 E[〈w−w∗, X〉2] to upper bound
the variance term. Note that R

√
log(1/δ)/n = O(r). Hence union bounding over w1, . . . , wk we

find with probability at least 1− δ

#{i : β1+1/q‖wi − w∗‖ΣC2
= O(r)} ≥ 0.97k

which by Lemma 5.17 gives the result in the norm ‖ · ‖ΣC2
and combined with Lemma 5.15 gives

the desired result in ‖ · ‖Σ∗ .

6 Optimal Breakdown Point via Sum of Squares Programming

As previously explained, the breakdown point for the estimator SCRAM is at η = 1/3, because
when η ≥ 1/3 the landscape of its objective exhibits bad local minima. Remarkably, if we instead use
the natural degree-4 Sum of Squares relaxation of our original combinatorial optimization problem,
it maintains the same statistical guarantees as SCRAM (including the optimal η dependence)
while also managing to escape the bad local minima of the nonconvex problem and achieve optimal
breakdown point η = 1/2.

As we will see in the analysis, the fundamental fact we use which is true for the SoS relaxation
(Program 3) and not true for an arbitrary stationary point or local minima of Program 1 is that the
SoS relaxation always computes a lower bound on the original (unrelaxed) problem (2), allowing
us to compare objective values with the ground truth pair (a∗, u∗).

In Section 6.1, we provide some preliminaries on sum-of-squares, and in Section 6.2 we provide
the main guarantees for our sum-of-squares-based algorithm.

6.1 Preliminaries: Sum of Squares and Semidefinite Programming

Pseudoexpectations: The sum of squares SDP hierarchy is a series of increasingly tight SDP
relaxations for solving polynomial systems P , {pi(x) ≥ 0}Ni=1. Although it is in general NP-hard
to solve polynomial systems, the level-` SoS SDP attempts to approximately solve P with increasing
accuracy as ` increases by adding more constraints to the SDP. This improvement in approximation
naturally comes at the expense of increasing runtime and space.

In particular, one can think of the SoS SDP as outputting a ”distribution” µ over solutions to
P. However, there are two important caveats. Firstly, one can only access the degree-` moments of
the ”distribution” and secondly there may be no true distribution with the corresponding degree `
moments. Thus we refer to µ as a pseudodistribution.

Definition 5. A degree ` pseudoexpectation Ẽ : R[x]≤` → R satisfying P is a linear functional over
polynomials of degree at most ` satisfying

1. (Normalization) Ẽ[1] = 1,

2. (Constraints of P) Ẽ
[
p(x)a2(x)

]
≥ 0 for all p ∈ P and polynomials a with deg(a2 · p) ≤ `,

3. (Non-negativity on square polynomials)Ẽ
[
q(x)2

]
≥ 0 whenever deg(q2) ≤ `.
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For any fixed ` ∈ N, given a polynomial system,one can efficiently compute a degree ` pseudo-
expectation in polynomial time.

Fact 6.1. ([Nes00], [Par00], [Las01], [Sho87]). For any n, ` ∈ Z+, let Ẽζ be degree ` pseudoexpec-
tation satisfying a polynomial system P. Then the following set has a nO(`)-time weak separation
oracle (in the sense of [GLS81]):

{Ẽζ(1, x1, x2, ..., xn)⊗`| degree ` pseudoexpectations Ẽζ satisfying P}

Using this separation oracle, the ellipsoid algorithm finds a degree ` pseudoexpectation in time
nO(`), which we call the degree ` sum-of-squares algorithm.

To reason about the properties of pseudo-expectations, we turn to the dual object of sum-of-
squares proofs.

Sum-of-Squares Proofs For any nonnegative polynomial p(x) : Rd → R, one could hope to
prove its nonnegativity by writing p(x) as a sum of squares of polynomials p(x) =

∑m
i=1 qi(x)2 for

a collection of polynomials {qi(x)}mi=1. Unfortunately, there exist nonnegative polynomials with
no sum of squares proof even for d = 2. Nevertheless, there is a generous class of nonnegative
polynomials that admit a proof of positivity via a proof in the form of a sum of squares. The key
insight of the sum of squares algorithm, is that these sum of squares proofs of nonnegativity can
be found efficiently provided the degree of the proof is not too large.

Definition 6. (Sum of Squares Proof) Let A be a collection of polynomial inequalities {pi(x) ≥
0}mi=1. A sum of squares proof that a polynomial q(x) ≥ 0 for any x satisfying the inequalities in A
takes on the form 1 +

∑
k∈[m′]

b2k(x)

 · q(x) =
∑
j∈[m′′]

s2
j (x) +

∑
i∈[m]

a2
i (x) · pi(x)

where {sj(x)}j∈[m′′], {ai(x)}i∈[m], {bk(x)}i∈[m′] are real polynomials. If such an expression were true,
then q(x) ≥ 0 for any x satisfying A. We call these identities sum of squares proofs, and the degree
of the proof is the largest degree of the involved polynomials max{deg(s2

j ),deg(a2
i pi)}i,j. Naturally,

one can capture polynomial equalities in A with pairs of inequalities. We denote a degree ` sum of
squares proof of the positivity of q(x) from A as A `

x {q(x) ≥ 0} where the superscript over the
turnstile denote the formal variable over which the proof is conducted. This is often unambiguous
and we drop the superscript unless otherwise specified.

Sum of squares proofs can also be strung together and composed according to the following
convenient rules.

Fact 6.2. For polynomial systems A and B, if A d
x {p(x) ≥ 0} and B

d′
x {q(x) ≥ 0} then

A ∪ B
max(d,d′)

x {p(x) + q(x) ≥ 0}. Also A ∪ B
dd′
x {p(x)q(x) ≥ 0}

Sum of squares proofs yield a framework to reason about the properties of pseudo-expectations,
that are returned by the SoS SDP hierarchy.

Fact 6.3. (Informal Soundness) If A r
x {q(x) ≥ 0} and Ẽ is a degree-` pseudoexpectation operator

for the polynomial system defined by A, then Ẽ[q(x)] ≥ 0.

The following fact about pseudoexpectations will be particularly useful:
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Lemma 6.4. For any psd matrix Σ which induces a norm ‖·‖Σ, any vector w∗, and any degree-2
pseudoexpectation Ẽ[·] over Rd-valued variable w, we have that

‖Ẽ[w]− w∗‖2Σ ≤ Ẽ[‖w − w∗‖2Σ]. (27)

Proof. By the dual definition of L2 norm, the left-hand side of (27) can be written as

sup
v∈Sd−1

〈Σv, Ẽ[w]− w∗〉2.

For any v ∈ Sd−1,〈
Σv, Ẽ[w]− w∗

〉2
=
(
Ẽ[〈Σv, w − w∗〉]

)2 ≤ Ẽ[〈Σv, w − w∗〉2] ≤ Ẽ[‖w − w∗‖2Σ],

where the first inequality follows by the pseudoexpectation version of SoS Cauchy-Schwarz (see
e.g. Lemma A.5 of [BKS14]). Therefore, taking the maximum over all v ∈ Sd−1 proves the
inequality.

Useful SoS Inequalities Here we present some useful inequalities captured by the sum of squares
proof system.

Fact 6.5. (Cauchy Schwarz) Let x1, .., xn, y1, ..., yn be indeterminates, than

4

(∑
i≤n

xiyi
)2 ≤ (∑

i≤n
x2
i

)(∑
i≤n

y2
i

)
.

Fact 6.6. (Triangle Inequality) Let x, y be n-length vectors of indeterminates, then

2 ‖x+ y‖2 ≤ 2‖x‖2 + 2‖y‖2.

Fact 6.7. (Pseudoexpectation Cauchy Schwarz). Let f(x) and g(x) be degree at most ` ≤ D
2

polynomial in indeterminate x, then

Ẽ[f(x)g(x)]2 ≤ Ẽ[f(x)2]Ẽ[g(x)2].

Fact 6.8. (Spectral Bounds) Let A ∈ Rd×d be a positive semidefinite matrix with λmax and λmin
being the largest and smallest eigenvalues of A respectively. Let Ẽ be a pseudoexpectation with
degree greater than or equal to 2 over indeterminates v = (v1, ..., vd). Then we have

2 〈A, vv
T 〉 ≤ λmax‖v‖2

and

2 〈A, vv
T 〉 ≥ λmin‖v‖2.

6.2 SoS Algorithm and Analysis

In this section we state the main guarantee for our algorithm when η is large, as well as the result
of combining this guarantee with the ones in Section 5 to obtain a guarantee for the full range of
possible η.

As in Section 5, the constants in our result must deteriorate slightly as we approach the (optimal)
breakdown point η = 1/2, so we introduce a parameter ρ which tracks the distance to 1/2; as long
as we are strictly bounded away from this point, ρ is upper bounded by a constant and can be
ignored.

We first state a result for bounded noise.
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Theorem 6.9. Suppose that the contamination rate is η ∈ (0.3, 1/2), define 0 < ρ < 1 by η = 1
2+2ρ2

,
and suppose

n & log(min(n, d)/δ). (28)

If the noise {ξt} satisfies |ξt| ≤ σ for all t with probability 1, then there is a poly(n, d) algorithm
which takes as input (x1, y1), ..., (xn, yn) and, with probability at least 1 − δ, outputs a vector w̃
which satisfies

ρ2‖w̃−w∗‖Σn . σ+ ε+ ρR
4

√
log(min(n, d)/δ)

n
+ min

{
σ

√
d+ log(1/δ)

n
, (Rσ)1/2ρ · 4

√
log(1/δ)

n

}
for oblivious covariates and

ρ2‖w̃ − w∗‖Σn . σ + ε+ ρR
4

√
log(min(n, d)/δ)

n
+ (Rσ)1/2ρ · 4

√
log(1/δ)

n

for the more general case of adaptive covariates.

By a simple truncation argument, we can also obtain versions of this result for weakly Lq and
subgaussian noise. For brevity, we only state the latter:

Theorem 6.10. Let η, ρ, n satisfy the hypotheses of Theorem 6.9. If the noise {ξt} is σ2-subgaussian,
then there is a poly(n, d) algorithm which takes as input (x1, y1), ..., (xn, yn) and outputs a vector
w̃ which satisfies

ρ2‖w̃ − w∗‖Σn . σ
√

log(1/ρ) + ε+ ρR
4

√
log(min(n, d)/δ)

n
+ σ

√
d+ log(1/δ)

n

for oblivious covariates and

ρ2‖w̃ − w∗‖Σn . σ
√

log(1/ρ) + ε+ ρR
4

√
log(min(n, d)/δ)

n
+ (Rσ)1/2ρ · 4

√
log(1/δ)

n

for the more general case of adaptive covariates.

Proof. For any δ′, we know that each of the ξt satisfy |ξt| . σ
√

log(1/δ′) individually with prob-
ability 1 − δ′. If we treat indices t for which this does not hold as corruptions and take δ′ to be
1/4−η/2, then we can take the the corruption level in Theorem 6.9 to be 1/4 +η/2 and the bound

on the noise to be σ

√
log
(

4
1−2η

)
. Note that for η ∈ (1/4, 1/4), the ρ corresponding to the new

corruption level 1/4+η/2 is within a constant factor of ρ. Also note that
√

log(1/δ′) = O(log(1/ρ)).
The result then follows by Theorem 6.9.

We now state the full guarantee obtained by combining the above with the results of Section 5.
For brevity, we will only state the subgaussian case:

Theorem 6.11. Let 0 ≤ η < 1/2, and define ρ > 0 by η = 1
2+2ρ2

, and suppose n satisfies

n & log(min(n, d)/δ). If the noise {ξt} is σ2-subgaussian, then there is a poly(n, d) algorithm
which takes as input (x1, y1), . . . , (xn, yn) and, with probability at least 1 − δ, outputs a vector w
which satisfies

min(1, ρ2)‖u∗ − w‖Σn . cδ,η,nησ + η1/2ρ2ε+ η1/8R1/2(
√
cδ,η,nησ + ε)1/2 8

√
log(min(n, d)/δ)

n

+ η1/4R
4

√
log(min(n, d)/δ)

n
+ min

{
σ

√
d+ log(2/δ)

n
, (Rσ)1/2 4

√
log(2/δ)

n

}
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for oblivious covariates, where cδ,η,n is defined in (24). In the more general case of adaptive covari-
ates, w satisfies

min(1, ρ2) · ‖u∗ − w‖Σn . cδ,η,nησ + η1/2ρ2ε+ η1/8R1/2(
√
cδ,η,nησ + ε)1/2 8

√
log(min(n, d)/δ)

n

+ η1/4R
4

√
log(min(n, d)/δ)

n
+ (Rσ)1/2 4

√
log(2/δ)

n
, (29)

i.e. the same bound except the last term was changed. Recall that u∗ here is the best norm-R linear
predictor of the uncorrupted and unnoised data, that is,

u∗ , arg min
u:‖u‖≤R

1

n

∑
t

(y∗t − 〈u, xt〉)2.

Proof. If 0 ≤ η < 0.3, apply Theorem 5.13, noting that the parameter β in that theorem is an
absolute constant for this range of η. Otherwise, apply Theorem 6.10, noting that η = Θ(1) in this
case, and that ‖u∗ − w‖Σn and ‖w∗ − w‖Σn differ by O(ε).

6.2.1 Sum-of-Squares Program and Feasibility

Algorithm 3: SoSRegression(D)

Input: Dataset D = {(x1, y1), . . . , (xn, yn)}
Output: Vector w̃ for which ‖w̃ − w∗‖Σn is small (see Theorem 6.9)

1 Let Ẽ[·] be the pseudoexpectation optimizing Program 2.

2 return Ẽ[w].

We will condition on the events of Lemma 5.11. Now consider the following set of polynomial
constraints.

Program 3. Let α > 0 be a parameters to be tuned later. The program variables are {at}t∈[n]

and w, and the constraints are

1. (Norm bound)
∑d

i=1w
2
i ≤ R2.

2. (Booleanity) a2
t = at for all t ∈ [n].

3. (Large fraction of inliers) 1
n

∑n
t=1 at ≥ 1− η − α.

4. (Outliers sub-sample the empirical covariance2)

1

n

n∑
t=1

(1− at)xtx>t � ηΣn + α · Id.

The program objective is to minimize

min Ẽ

[
n∑
t=1

at(yt − 〈w, xt〉)2

]
over degree-4 SoS-pseudoexpectations satisfying the above constraints.

2One can use matrix inequalities in SoS: see e.g. Section 7.1 in [HL18].
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We first show that conditioned on the events of Lemma 5.11 holding, there always exists a
feasible solution to the above polynomial system.

Lemma 6.12 (Satisfiability). For any δ > 0, if n satisfies the bound in (28), then for any sequence
of x1, ..., xn chosen during the process in Definition 1, we have that with probability at least 1 − δ
over the randomness of the Ber(η) coins generating a∗1, ..., a

∗
n and over the randomness of ξ1, ..., ξn,

the choice of at = a∗t and

v = arg min
‖v‖≤R

n∑
t=1

at(yt − 〈v, xt〉)2 (30)

is a feasible solution to Program 3. As a consequence, for any ‖v‖ ≤ R the objective value of
Program 3 is at most

1

n

n∑
t=1

a∗t (yt − 〈v, xt〉)2.

Proof. Clearly Constraints 1 and 2 are satisfied. Part 1 of Lemma 5.11 implies that Constraint 3
is satisfied with probability 1 − δ/3. Part 3 of Lemma 5.11 implies that Constraint 4 is satisfied
with probability at least 1− δ/3. Finally, the first-order stationarity condition is satisfied because
v is the optimizer of (30).

To get the consequence, we use that such an upper bound holds with v the minimizer of (30)
by feasibility of (a∗, v), and then use the fact that it is the minimizer to extend to conclusion to all
(not necessarily first-order stationary) v.

6.2.2 Bounding Clean Square Loss

We now proceed to the sum-of-squares proof that the constraints of Program 3 imply a bound on
the clean square loss achieved by w, under the degree-4 SoS proof system.

Let v∗ be defined as

v∗ , arg min
v:‖v‖≤R

1

n

n∑
t=1

a∗t (y
∗
t − 〈v, xt〉)2. (31)

The following Lemma is needed only for the misspecified setting: if ε = 0 we will trivially have
v∗ = w∗. In the misspecified setting v∗ will naturally appear in the analysis, instead of w∗, because
it gives the optimal bounded norm linear function approximating the true regression function
xt 7→ 〈w∗, xt〉+ εt. We define Σ′n , 1

n

∑
a∗t · xtx>t .

Lemma 6.13. For v∗ as defined above, we have ‖v∗ − w∗‖2Σ′n = O(ε2) and also, if we define

ε′t , y∗t − 〈v∗, xt〉,

then for all w with ‖w‖ ≤ R we have:

n∑
t=1

a∗t ε
′
t〈w − v∗, xt〉 ≤ 0 (32)

Proof. Since ∇v(y∗t −〈v∗, xt〉)2 = −2(y∗t −〈v∗, xt〉)xt, we see that the first order optimality condition
for (31) implies for any w with ‖w‖ ≤ R we have

−2

n

n∑
t=1

a∗t ε
′
t〈w − v∗, xt〉 ≥ 0
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which gives (32).
It remains to upper bound ‖v∗ − w∗‖2Σ′ . By writing it out, we see

‖v∗ − w∗‖2Σ∗t =
1

n

n∑
t=1

a∗t 〈v∗ − w∗, xt〉2 =
1

n

n∑
t=1

a∗t (y
∗
t − εt − 〈v∗, xt〉)2 ≤ 2

n

n∑
t=1

a∗t (ε
2
t + (ε′t)

2) ≤ 2ε2

where in the second-to-last step we used (a+ b)2 ≤ 2a2 + 2b2 and in the last step we used that v∗

minimizes (31).

We can now prove Theorem 6.9.

Proof of Theorem 6.9. Let Ẽ[·] be the pseudo-expectation optimizing the objective in Program 3,
and define w̃ , Ẽ[w]. By part 3 of Lemma 5.11 and Constraint 1, we have that

(1− η)‖w̃ − w∗‖2Σn
≤ ‖w̃ − w∗‖2Σ′n + α‖w̃ − w∗‖2 ≤ Ẽ[‖w − v∗‖2Σ′n ] + αR2 + 2ε2,

where Σ′n , 1
n

∑
a∗t · xtx>t and ‖·‖Σ′n is the induced norm, and in the last step we used the first

part of Lemma 6.13, Lemma 6.4, and Constraint 1.
We can further bound

Ẽ[‖w − v∗‖2Σ′n ]

=
1

n

n∑
t=1

a∗t Ẽ[〈w − v∗, xt〉2]

=
1

n

n∑
t=1

a∗t Ẽ
[
(yt − 〈w, xt〉)− (yt − 〈v∗, xt〉)2

]
=

1

n

n∑
t=1

a∗t
[
Ẽ
[
(yt − 〈w, xt〉)2

]
− (yt − 〈v∗, xt〉)2

]
+

2

n

n∑
t=1

a∗t (yt − 〈v∗, xt〉) ·
〈
Ẽ[w]− v∗, xt

〉
=

1

n

n∑
t=1

a∗t
[
Ẽ
[
(yt − 〈w, xt〉)2

]
− (yt − 〈v∗, xt〉)2

]
︸ ︷︷ ︸

1

+

〈
Ẽ[w]− v∗, 2

n

n∑
t=1

a∗t (ξt + ε′t)xt

〉
︸ ︷︷ ︸

2

where in the fourth step we used the identity (a−b)2 = a2−b2−2b(a−b) and ε′t := yt−ξt−〈v∗, xt〉
as defined in Lemma 6.13.

Because of Lemma 6.13 and ‖Ẽ[w]‖2 ≤ R2 from Constraint 1 we know that

〈Ẽ[w]− v∗, 2

n

n∑
t=1

a∗t ε
′
txt〉 ≤ 0

so we can drop this term from 2 . Then by part 2 of Lemma 5.11, together with Cauchy-Schwarz,

2 ≤ 2σ
(
λ
∥∥Ẽ[w]− v∗

∥∥
Σ′n

+ λ′
∥∥Ẽ[w]− v∗

∥∥) ≤ O (∥∥Ẽ[w]− v∗
∥∥

Σ′n
σλ+Rσλ′

)
.

It remains to upper bound 1 , and this is the bulk of the analysis. Concretely, we need to show
that the constraints of the program SoS-imply an upper bound on the quantity 1

n

∑n
t=1 a

∗
t (yt −

〈w, xt〉)2 − 1
n

∑n
t=1 a

∗
t (yt − 〈w∗, xt〉2) of c‖w− v∗‖2Σ′n +O(·) with c ∈ [0, 1), so that we can solve for
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an upper bound on ‖w − v∗‖2Σ′n . We do so in Lemma 6.14 below and get c = (1+ρ2)η
1−η . Choosing ρ

to be the solution to η = 1
2+2ρ2

and observing that

1

1− c
=

1− η
1− (2 + ρ2)η

=
1 + 2ρ2

ρ2
= 2 + 1/ρ2,

we get that ∥∥Ẽ[w]− v∗
∥∥2

Σ′n
≤ O(1/ρ2) ·

(∥∥Ẽ[w]− v∗
∥∥

Σ′n
σλ+ E

)
for E , Rσλ′+ σ2+ε2

ρ2
+αR2. We do case analysis based on which of the two terms on the right-hand

side dominates:

1. If the former dominates, then the bound simplifies to∥∥Ẽ[w]− v∗
∥∥

Σ′n
. σλ/ρ2

2. Otherwise, if E dominates, then after taking a square root, the bound can be rewritten as

∥∥Ẽ[w]− v∗
∥∥

Σ′n
. ρ−1 ·

(
(Rσλ′)1/2 +

σ + ε

ρ
+ α1/2R

)
In either case, we conclude that

∥∥Ẽ[w]− v∗
∥∥

Σ′n
. σλ/ρ2 + ρ−1 ·

(
(Rσλ′)1/2 +

σ + ε

ρ
+ α1/2R

)
.

If the covariates are adaptively chosen, we get

∥∥Ẽ[w]− v∗
∥∥

Σ′n
.
R1/2σ1/2

ρ
· 4

√
log(1/δ)

n
+
σ + ε

ρ2
+
α1/2R

ρ
.

If the covariates are obliviously chosen, then we could also obtain

∥∥Ẽ[w]− v∗
∥∥

Σ′n
.

σ

ρ2
·
√
d+ log(1/δ)

n
+
σ + ε

ρ2
+
α1/2R

ρ
.

Plugging in α = Θ
(√

η log(min(n, d)/δ)n
)

as in Section 5 completes the proof.

Lemma 6.14. Conditioned on the four parts of Lemma 5.11 holding, we have for any ρ ∈ (0, 1]
that

Ẽ

[
1

n

n∑
t=1

a∗t (yt − 〈w, xt〉)2

]
≤ 1

n

n∑
t=1

a∗t (yt − 〈v∗, xt〉)2 +
(1 + 2ρ2)η

1− η
‖v∗ − w‖2Σ′n+

O

(
σ2 + ε2

ρ2
+ αR2

)
(33)

as long as Ẽ[·] is a SoS degree-4 pseudoexpectation satisfying the constraints of the program.
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Proof. Let * denote the quantity inside the pseudoexpectation on the left-hand side of (33). Then
in the SoS degree-4 proof system we can show the following bound

* =
1

n

n∑
t=1

a∗tat(yt − 〈w, xt〉)2 +
1

n

n∑
t=1

a∗t (1− at)(yt − 〈w, xt〉)2

≤ 1

n

n∑
t=1

at(yt − 〈w, xt〉)2 +
1

n

n∑
t=1

a∗t (1− at)(yt − 〈w, xt〉)2

=
1

n

n∑
t=1

at(yt − 〈w, xt〉)2 +
1

n

n∑
t=1

a∗t (1− at)(yt − ε′t − 〈v∗, xt〉+ 〈v∗ − w, xt〉+ ε′t)
2

≤ 1

n

n∑
t=1

at(yt − 〈w, xt〉)2 +
2 + 1/ρ2

n

n∑
t=1

a∗t (1− at)(yt − ε′t − 〈v∗, xt〉)2

+
1 + 2ρ2

n

n∑
t=1

a∗t (1− at)〈v∗ − w, xt〉2 +
2 + 1/ρ2

n

n∑
t=1

a∗t (1− at)(ε′t)2

≤ 1

n

n∑
t=1

at(yt − 〈w, xt〉)2 +
2 + 1/ρ2

n

n∑
t=1

a∗t (1− at)ξ2
t +

1 + 2ρ2

n

n∑
t=1

a∗t (1− at)〈v∗ − w, xt〉2 + (2 + 1/ρ2)ε2

where in the second step we use Constraint 2 to get a∗tat ≤ at, in the fourth step we use the SOS
Cauchy-Schwartz inequality to show (a+b+c)2 = (ρa/ρ+b+ρc/ρ)2 ≤ (1+2ρ2)(a2/ρ2 +b2 +c2/ρ2),
and in the fifth step we used that

∑n
t=1 a

∗
t (ε
′
t)

2 ≤
∑n

t=1 a
∗
t ε

2
t ≤ ε2 by construction (see (31)).

Therefore, we can upper bound Ẽ[ * ] by

Ẽ

[
1

n

n∑
t=1

at(yt − 〈w, xt〉)2

]
︸ ︷︷ ︸

I

+
2 + 1/ρ2

n

n∑
t=1

a∗t (1− Ẽ[at])ξ
2
t︸ ︷︷ ︸

II

+

Ẽ

[
1 + 2ρ2

n

n∑
t=1

a∗t (1− at)〈v∗ − w, xt〉2
]

︸ ︷︷ ︸
III

+(2 + 1/ρ2)ε2.

From the last part of Lemma 6.12, we know I ≤ 1
n

∑n
t=1 a

∗
t (yt − 〈v∗, xt〉)2. And as we are in the

bounded noise setting, we can upper bound II by (2 + 1/ρ2) · σ2(η + α) ≤ O(σ2/ρ2), where in the
last inequality we used that η is upper and lower bounded by absolute constants by assumption.
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Finally, to bound III , we can finally apply Constraint 4. We get that

1 + 2ρ2

n

n∑
t=1

a∗t (1− at)〈v∗ − w, xt〉2 ≤
1 + 2ρ2

n

n∑
t=1

(1− at)〈v∗ − w, xt〉2

≤ (1 + 2ρ2)η

n

n∑
t=1

〈v∗ − w, xt〉2 + 3α‖v∗ − w‖22

≤ (1 + 2ρ2)η

(1− η)n

n∑
t=1

a∗t 〈v∗ − w, xt〉2 +
3ηαR2

1− η
+ 3αR2

=
(1 + 2ρ2)η

(1− η)
‖v∗ − w‖2Σ′n +O(αR2),

where the second step follows by Constraint 4 and ρ ≤ 1, the third step follows by part 3 of
Lemma 5.11 which we are conditioning on in this section, and the fourth step uses the definition
of Σ′n together with the assumption that η is at least some absolute constant.

7 Online Regression

7.1 Cutting Plane Algorithm

In this section we leverage the guarantees of Section 5 to design an efficient algorithm for Huber-
contaminated online regression. For brevity, in this section we restrict our attention to the case of
sub-Gaussian noise, though our techniques extend easily to handle k-hypercontractive noise.

The basic trick we use is to combine the offline regression oracle with a cutting plane method,
so that we can keep efficiently cutting down the space of linear predictors until we find one near
w∗. Essentially, the algorithm collects a large batch of samples, compares it’s current performance
on this batch to the optimal robust regression result in hindsight (estimated by SCRAM), and if
it finds its performance is poor it cuts out a large set of possible predictors and updates to use a
new predictor.

The algorithm, which we will refer to as AMCutter, can be based upon any central cutting-
plane optimization method like ellipsoid or Vaidya’s algorithm; here we use Vaidya’s algorithm since
it is oracle-efficient. More specifically, we recall the following guarantee for Vaidya’s algorithm:

Theorem 7.1 ([Vai89], see e.g. Section 2.3 of [Bub14]). Suppose that K is an (unknown) convex
body in Rd which contains a Euclidean ball of radius r > 0 and is contained in a Euclidean ball
centered at the origin of radius R > 0. There exists an algorithm which, given access to a separation
oracle for K, finds a point x ∈ K, runs in time poly(log(R/r), d), and makes O(d log(Rd/r)) calls
to the separation oracle.

Now we describe the algorithm. C0 and N0 are constants to be determined later. Separa-
tionOracle (see Algorithm 4) implements the separation oracle (which is also where most of the
interaction with Nature occurs). Here the input w lies in W = {w : ‖w‖ ≤ R} and Nature’s inputs
are xt with ‖xt‖ ≤ 1. Finally, we note that if SeparationOracle gets to the final round T of the
online regression problem, then it may not return to Vaidya’s algorithm (so step 2 of AMCutter
is never reached), but as we will see, even if this happens the algorithm still achieves the correct
regret bound.
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Algorithm 4: SeparationOracle(w, xt, C0, D)

Input: Vector w ∈ W
Output: Separating hyperplane between w and the target region {w′ : ‖w′ − w∗‖ ≤ r}, if

w lies outside
1 D ← ∅.
2 for each new point xt input by Nature do
3 Predict ŷt = 〈w, xt〉 and observe yt.
4 Append (xt, yt) to D.
5 vt ← SCRAM(D).

6 Σt ← 1
|D|
∑

(xt,yt)∈D xtx
>
t . Define ϕt(u) , ‖u− vt‖2Σt

.

7 if |D| ≥ N0 and ϕt(w) ≥ C0 then
// intersect current feasible region with {u : 〈u− w,∇ϕt(w)〉 < 0}

8 return separating hyperplane given by ∇ϕt(w) .

Algorithm 5: AMCutter(r,R,N0, C0, T )

Input: Radius r of target ball around w∗, parameter R from Assumption 1, parameters
N0, C0 to be tuned, number of rounds T

Output: Sequence of predictions ŷ1, . . . , ŷT
1 Let w be the output of running Vaidya’s algorithm [Vai89] with SeparationOracle

defined above and parameters r,R, and let ŷ1, ..., ŷt1 be the predictions made in the
course of running SeparationOracle.

2 for t1 + 1 ≤ t ≤ T do
3 Given new point xt input by Nature, predict ŷt = 〈w, xt〉.
4 return ŷ1, . . . , ŷT .

As far as the choice of constants, based on (29) and Theorem 6.11 we will leave N0 to be
optimized later and take

C0 , 4Rr + max(1, 1/ρ4) ·O

c2
δ/T,η,N0

η2σ2 + ρ4ε2 + η1/4R(
√
cδ/T,η,N0

ησ + ε) 4

√
log(T/δ)

N0

+η1/2R2

√
log(T/δ)

N0
+Rσ

√
log(T/δ)

N0

 ,

where δ > 0 is the desired overall probability of success. With this choice of parameters we can
guarantee with probability at least 1− δ:

1. At every step where |D| ≥ N0 in SeparationOracle, the guarantee (29) is satisfied by
the vector vt output by SCRAM, by applying Theorem 6.11 and the union bound over all
rounds. In particular, by triangle inequality, we have ‖w∗ − vt‖2Σn

≤ C0 − 4Rr

2. If w lies outside the ball of radius r around w∗, the result of SeparationOracle is a valid
separating hyperplane between w and the ball. By convexity of ϕ, to see that the ball of
radius r around w∗ is never cut, we just need to show that all w′ with ‖w′ − w∗‖ ≤ r satisfy
ϕt(w

′) ≤ C0. For w∗ we have the stronger guarantee ϕt(w
∗) . C0 − 4Rr, just from the
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guarantee of step 1. For other w′ in the ball of radius r, we deduce the claim by triangle
inequality from the guarantee for w∗, using that

ϕt(w
′)− ϕt(w∗) ≤ 〈∇ϕt(w′), w′ − w∗〉 = 2〈Σt(w

′ − vt), w′ − w∗〉 ≤ 4R‖w′ − w∗‖ ≤ 4Rr

where the first inequality is by convexity, and the second inequality uses that ‖Σ̂t‖ ≤ 1 and
that the diameter of W is at most 2R.

Recall that the separation oracle can only be called I = O(d log(R/r)) many times, since this is the
oracle complexity guarantee from Theorem 7.1: after this many rounds the algorithm is guaranteed
to return or query a point in the ball of radius r around w∗. Let Di be the collected dataset D built
during the i-th invocation of the oracle. Since we know by the triangle inequality and AM-GM that

‖w − w∗‖2Σt
≤ 2‖w − vt‖2Σt

+ 2‖vt − w∗‖2Σt

it follows that after |Di| gets to size N0 and up to the step before returning a hyperplane, we are
guaranteed that ‖w − w∗‖2Σt

≤ 4C0. For all of the steps before |Di| gets to size N0, the error
incurred per step is trivially upper bounded by 4R2. It follows that the regret incurred per call of
the separation is upper bounded by max{4N0R

2, 4|Di|C0 + 4R2}. Hence, the total regret incurred
in step 1 of AMCutter is upper bounded by

I∑
i=1

(4N0R
2 + 4|Di|C0) ≤ 4N0IR

2 + 4C0T = O
(
N0dR

2 log(R/r) + C0T
)

(34)

using that the total number of oracle calls is I = O(d log(R/r)), and
∑

i |Di| ≤ T . If t1 is the time
step at which the algorithm enters step 2, then the total regret in step 2 of AMCutter is upper
bounded by

T∑
t=t1

(〈w∗, xt〉+ εt − 〈w, xt〉)2 ≤
T∑
t=t1

(r + |εt|)2 ≤ 2T (r2 + ε2) (35)

where in the last step we used the basic inequality (a+ b)2 ≤ 2a2 + 2b2. In particular, the leading
term in the regret is O(kσ2η2−2/kT ) as expected. We formalize this in the following Theorem.

Theorem 7.2. For the Huber-Contaminated Online Regression problem with η ≤ η < 1/2 and
η = 1

2+2ρ2
, Algorithm AMCutter with parameters R and r , 1/T satisfies the following regret

guarantee:

T∑
t=1

(y∗t − ŷt)2 .
(
η2 log(1/η)σ2ρ−4 + ε2

)
T + η1/4Rρ−4

(
η1/2 4

√
log(1/η) · σ + ε

)
4
√

log T · d1/6T 5/6

+
(
η1/2R2 +Rσ

)
· ρ−4d1/3T 2/3

√
log T + d1/3R2 log(RT )T 2/3 (36)

with probability 1− 1/poly(T ) over the randomness of the coin flips. In particular, for sufficiently
large T , this quantity is dominated by (η2 log(1/η)σ2ρ−4 + ε2)T .

Proof. From the above (34) and (35), we see that the total regret is upper bounded by

O
(
N0dR

2 log(R/r) + C0T
)

+ 2T (r2 + ε2).

so by taking N0 = d−2/3T 2/3 and r = 1/T , we get the claimed regret bound upon noting that
c1/10T,η,d−2/3T 2/3 = O(

√
log(1/η)).
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Algorithm 6: AM-GD(R,N0, C1, γ, T )

Input: Parameter R from Assumption 1, number of rounds T , parameters r,N0, C1, γ to
be tuned

Output: Sequence of predictions ŷ1, . . . , ŷT (via interaction with Nature)
1 Let w1 = 0.
2 while there are more inputs do

3 Let gs be the output of SeparationOracle run with parameters r , 0, R, C1 and
input ws

4 Let ws+1 = ws − γ√
T
gs.

5 Set s← s+ 1.

7.2 Gradient Descent Algorithm

For the high-dimensional setting, cutting planes don’t work because their guarantees are dimension-
dependent. Fortunately, we can fix this by using gradient descent instead. We recall the following
guarantee for online gradient descent from [Zin03].

Theorem 7.3 ([Zin03, Haz19]). Suppose that f1, . . . , fT is a sequence of convex functions such that
‖∇ft(w)‖ ≤ G for any w with ‖w‖ ≤ R. Let w1 = 0 and suppose that

wt+1 , ΠR

(
wt −

2R

G
√
T
∇ft(wt)

)
where ΠR(x) , x

max(R,‖x‖) is the projection onto the Euclidean ball of norm R. Then for any w∗

with ‖w∗‖ ≤ R,

T∑
t=1

ft(wt)−
T∑
t=1

ft(w
∗) ≤

T∑
t=1

〈∇ft(wt), wt − w∗〉 ≤ 3RG
√
T .

We now discuss parameter selection: we define

C0 , max(1, 1/ρ4) ·O

c2
δ/T,η,N0

η2σ2 + ηρ4ε2 + η1/4R(
√
cδ/T,η,N0

ησ + ε) 4

√
log(N0T/δ)

N0

+η1/2R2

√
log(N0T/δ)

N0
+Rσ

√
log(2T/δ)

N0


where δ > 0 is the overall acceptable probability of failure, based upon the right-hand side of (29)
and take C1 , 2C0.

Theorem 7.4. For the Huber-Contaminated Online Regression problem with η ≤ η < 1/2 and
η = 1

2+2ρ2
, Algorithm AM-GD with parameters R and γ = Θ(1) satisfies the following regret

guarantee:

T∑
t=1

(y∗t − ŷt)2 .
(
η2 log(1/η)σ2ρ−4 + ε2

)
T + η1/4Rρ−4

(
η1/2 4

√
log(1/η) · σ + ε

)
4
√

log T · T 9/10

+
(
η1/2R2ρ−4

√
log T +Rρ−4σ

√
log T +R2/η

)
· T 4/5 (37)
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with probability 1− 1/poly(T ) over the randomness of the coin flips. In particular, for sufficiently
large T , this quantity is dominated by (ηε2 + kσ2η2−2/k)T .

Note that in (37) there is a term R2T 4/5/η which increases as η → 0. As discussed previously,
for very small contamination rate η one can simply apply the above Theorem with slightly larger
η to get meaningful bounds.

Proof. As in the proof of Theorem 7.2, we first bound the regret incurred in a single call of Sepa-
rationOracle by 4N0R

2 + 8|Di|C0 where Di is the dataset D collected in call i. It follows then
that if V is the total number of calls made to SeparationOracle then the total clean regret is
upper bounded by O(N0R

2V + TC0) where we used that
∑

i |Di| ≤ T . On the other hand, we
know from Theorem 7.3 that if we define ϕi to be the function whose gradient is returned at the
end of Algorithm SeparationOracle, then

C0V = (C1 − C0)V ≤
V∑
s=1

(ϕi(ws)− ϕi(w∗)) ≤ 6R2
√
V

since ‖∇ϕi(w′)‖ ≤ ‖Σt(w
′ − vt)‖ ≤ 2R and using the corresponding choice of γ. Therefore V =

O(R4/C2
0 ). Hence the clean regret is upper bounded by O(N0R

6/C2
0 + TC0).

Finally, it remains to choose N0. At this point the optimal choice for N0 is given by equalizing
N0 and the terms involving N0 but not η in C3

0T/R
6. Since the leading order term in C0 of this

kind is of order N
−1/2
0 we can roughly minimize by taking N0 = T 2/5. In this case,

N0R
6

C2
0

.
N0R

6

max(1, 1/ρ4) · ηR4 log(T )/N0
≤ max(1, 1/ρ4) · (R2/η) · T 4/5,

so the claimed bound follows.

8 Putting Everything Together

In this section we record consequences of applying our results on Huber-contaminated online re-
gression to the reduction of [FR20] (see Appendix A).

The first consequence is the following pseudo-regret/regret bound for Huber-contaminated con-
textual bandits in the finite-dimensional case.

Theorem 8.1 (Main, formal version of Theorem 1.6). For the Huber-Contaminated Contextual
Bandits problem with contamination rate 0 ≤ η < 1/2 and corresponding parameter ρ given by
η = 1

2+2ρ2
, σ2-subgaussian noise {ξt}, misspecification rate ε, range parameter R, noise parameter

σ, action space of size K, and d-dimensional contexts, then there is a poly(n, d)-time algorithm

which achieves clean pseudo-regret R̃egHCB(T ) at most

O(
√
K)
(

(η
√

log(1/η)σρ−2 + ε)T + η1/8R1/2ρ−2
(
η1/4 8

√
log(1/η) · σ1/2 + ε1/2

)
8
√

log T · d1/12T 11/12

+
(
η1/4R+R1/2σ1/2

)
· ρ−2d1/6T 5/6

√
log T + d1/6R

√
log(RT )T 5/6

)
.

In particular, for sufficiently large T , this quantity is dominated by
(
η
√

log(1/η)σρ−2 + ε
)√

KT .
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In the special case where ε = 0, there is a poly(n, d)-time algorithm which achieves clean regret
RegHCB(T ) at most

O(
√
K)
(
η
√

log(1/η)σρ−2T + η1/8R1/2ρ−2
(
η1/4 8

√
log(1/η) · σ1/2

)
8
√

log T · d1/12T 11/12

+
(
η1/4R+R1/2σ1/2

)
· ρ−2d1/6T 5/6

√
log T + d1/6R

√
log(RT )T 5/6

)
.

with probability 1−1/poly(T ). For sufficiently large T , this is dominated by η
√

log(1/η)σρ−2
√
KT .

Proof. For the first part of the theorem, we can apply Theorem 7.2 with failure probability T−1/3

to get that the clean square loss regret incurred by AMCutter is given by (36) with probability
at least 1 − T and is otherwise upper bounded by R2T . So the expectation of this quantity is at
most the quantity in (36) plus R2T 1/3, which is dominated by the d1/3R2 log(RT )T 2/3 term in (36).
The result then follows from applying the clean pseudo-regret bound of Theorem A.1 and using the
elementary fact that for positive numbers {ai}i∈[s], (

∑s
i=1 ai)

1/2 ≤
∑s

i=1

√
ai.

For the second part of the theorem, we can directly apply the high-probability guarantee The-
orem 7.2 together with the high-probability guarantee of Theorem A.3 and a union bound.

Theorem 8.2 (High-dimensional variant of Theorem 8.1). Let η, ρ, ε, R, σ,K be the same as in
Theorem 8.1, but now we make no assumptions on the dimension of the context space X . There

exists an algorithm which runs in polynomial time and achieves clean pseudo-regret R̃egHCB(T ) at
most

O(
√
K) ·

((
η
√

log(1/η)σρ−2 + ε
)
T + η1/8R1/2ρ−2

(
η1/4 8

√
log(1/η) · σ1/2 + ε1/2

)
8
√

log T · T 19/20

+
(
η1/4Rρ−2 4

√
log T +R1/2ρ−2σ1/2 4

√
log T +R/

√
η
)
· T 9/10

)
.

In particular, for sufficiently large T , this quantity is dominated by
(
η
√

log(1/η)σρ−2 + ε
)√

KT .

When ε = 0, we can similarly achieve a bound on the clean regret RegHCB(T ) with high probability.

Proof. The proof is identical to Theorem 8.1, except that we replaced the use of Theorem 7.2 by
Theorem 7.4 and AMCutter by AM-GD.

9 Lower Bound Against Convex Surrogates

We exhibit an Ω(η3σR) lower bound against regression using convex losses. This lower bound
captures natural approaches like Huber regression, L1/LAD regression, and OLS. By rescaling, we
can assume σ = 1 without loss of generality, which we do in the statement of the result below; also,
just for this example we scale (without loss of generality) so that ‖w∗‖ ≤ 1 and ‖xt‖ ≤ R, because
this makes the equations slightly cleaner.

Theorem 9.1. For any convex loss h(·), there exists a distribution over covariates x ∼ Dx with
support in [−R,R] and true regressor ` ∈ [−1, 1] such that the following is true. Let y ∼ ` · x + ζ
with noise ζ ∼ N (0, 1), and let C denote the joint distribution over (x, y). Furthermore, let ŷ
denote the Huber contaminated labels drawn y ∼ (1 − η)(` · x + ζ) + ηQ where Q is an arbitrary
distribution with support in [−R,R] for R ≥ 1

η and η ∈ [0, 1
2). Let H be the joint distribution of

the contaminated data (x, ŷ). For any b ∈ [0, 1], let w := argmin`∈[−b,b] E(x,ŷ)∼H[h(y − ` · x)] be the
minimizer of the loss on contaminated data. Then the clean square loss of w is lower bounded as

E(x,y)∼C [(y − w · x)2] ≥ min
(
η3R
40 ,

(1−b)2R2

2

)
.
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Proof. First, we consider the case where the constraint parameter b is less than 1. In this case, we
can just consider a simple clean example, e.g. the covariate distribution x = 0 with probability 1/2
and x = R with probability 1/2, and take ` = 1. If b < 1 then the best predictor in [−b, b] makes
squared loss at least (1− b)2R2/2, which proves the second lower bound.

We now consider the more interesting case where b = 1. Our hard instance is constructed as
follows. Let Dx , m1δ(1) + (1 −m1)δ(−R) where δ(·) is the dirac delta and m1 = 1 − η

10R . Let
the true regressor ` = 0 so that the uncorrupted y ∼ N (0, 1) for all x ∈ [−R,R]. Let the corrupted
labels be ŷ defined as follows

ŷ =

{
(1− η)N (0, 1) + ηδ(R+ 1) x = 1

N (0, 1) x = −R

Let h′(·) be the right derivative of h(·), which is well defined because every convex function on an
open convex domain is semi-differentiable. Let g(v) , −Ey∼N (0,1)[h

′(y − v)]. By convexity of h(·)
we have the right derivative evaluated at w is greater than or equal to zero.

lim
ε→0

E(x,y)∼H[h(y − (v + ε) · x)]− E(x,y)∼H[h(y − v · x)]

ε

∣∣∣
v=w

= (1− η)m1 · g(w)− h′(R+ 1− w)η ·m1 + (1−m1)Rg(−Rw) ≥ 0

Rearranging we obtain

g(w) ≥ h′(R+ 1− w)η ·m1 − (1−m1)Rg(−Rw)

(1− η)m1
(38)

Let g−1(·) denote the left inverse of g(·). Note that h(·) is convex implies −h′(·) is monotonically
decreasing implies g(·) is monotonically increasing implies g−1(·) is monotonically increasing. Thus,
applying g−1(·) to both sides of (38) we obtain

w ≥ g−1
(h′(R+ 1− w)η ·m1 − (1−m1)Rg(−Rw)

(1− η)m1

)
(39)

To lower bound w it suffices to lower bound the argument of g−1(·). We obtain,

h′(R+ 1− w)η ·m1 − (1−m1)R · g(−Rw)

(1− η)m1
≥ h′(R)η ·m1 + h′(R)R(1−m1)

(1− η)m1

Where we lower bounded the first term in the numerator using the fact that h′(·) is monotonically
increasing and w ∈ [−1, 1] to conclude h′(R+1−w) ≥ h′(R). We lower bounded the second term in
the numerator using the fact that g(·) is monotonically increasing and that h′(R) ≥ max[−R,R] |h′(x)|
(monotonicity of h′(·)) to conclude g(−Rw) ≥ g(−R) ≥ −h′(R). Further lower bounding, we obtain

=
h′(R)(ηm1 − (1−m1)R)

(1− η)m1
=
h′(R)(η(1− η

10R)− η
10)

(1− η)m1
≥ h′(R)η

2(1− η)m1
≥ h′(R)η

2

Where in the first inequality we use that R ≥ 1
η . Substituting this lower bound into (39) we obtain

w ≥ g−1
(h′(R)η

2

)
. Once again using the fact that h′(R) ≥ max[−R,R] |h′(x)| we observe that

g(ρ)− g(g−1(0)) ≤ (ρ− g−1(0))h′(R)√
2π
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for any ρ ≥ g−1(0). This follows by the definition of g(·) and the fact that the mode of the standard

gaussian is 1√
2π

. Setting ρ = g−1(h
′(R)η

2 ) we obtain

h′(R)η

2
= g(g−1(

h′(R)η

2
))− g(g−1(0)) ≤

(g−1(h
′(R)η

2 )− g−1(0))h′(R)
√

2π

which implies

w ≥ g−1(
h′(R)η

2
) ≥ η + g−1(0) (40)

We then have two possibilities.
Case 1: Either g−1(0) ≥ −η2 in which case the loss is lower bounded by

E(x,y)∼C [(y − w · x)2] ≥ E(x,y)∼C [(y − w · x)2|x = −R]PDx(x = −R) = (1−m1)R2(w)2

≥ (1−m1)R2(η + g−1(0))2 ≥ η3R

40

Where in the first inequality we use the law of total expectation, and in the second inequality we
used (40) and g−1(0) ≥ −η2 . This is the desired lower bound.
Case 2: In the other case we have g−1(0) ≤ −η2 . Then we flip the sign of the corruptions placed
by the adversary. Let the corrupted distribution be

ŷ =

{
(1− η)N (0, 1) + ηδ(−R− 1) x = 1

N (0, 1) x = −R

Then working through the same calculations flipping signs at the right places we obtain

w ≤ g−1
(
− h′(R)η

2

)
. Once again, using that

g(ρ)− g(g−1(0)) ≥ (ρ− g−1(0))h′(R)√
2π

for any ρ ≤ g−1(0), and setting ρ = g−1
(
− h′(R)η

2

)
we obtain

−h
′(R)η

2
= g(g−1(−h

′(R)η

2
))− g(g−1(0)) ≥

(g−1
(
− h′(R)η

2

)
− g−1(0))h′(R)

√
2π

Rearranging we obtain

w ≤ g−1
(
− h′(R)η

2

)
≤ g−1(0)− η ≤ −3η

2

Where the last inequality follows by g−1(0) ≤ −η2 . The loss is then lower bounded by

E(x,y)∼C [(y − w · x)2] ≥ E(x,y)∼C [(y − w · x)2|x = −R]PDx(x = −R) ≥ (1−m1)R2(w)2 ≥ 9η3R

40

where in the last inequality we use w ≤ −3η
2 . This is our desired lower bound.
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A Reduction from Contextual Bandits to Online Regression

In this section we verify that the reduction given in [FR20], specifically the proof of Theorem 5
in their paper, also applies to our Huber-contaminated setting as well. Formally, we show the
following:

Theorem A.1 (Bandits to Regression Reduction). Given any oracle O for Huber-contaminated
online regression achieving clean square loss regret RegHSq(T ) in the sense of Definition 1, we
can produce a learner for Huber-contaminated contextual bandits in the sense of Definition 2 that

achieves clean pseudo-regret O
(√

KT · RegHSq(T ) + ε
√
KT

)
.

We will use the SquareCB algorithm from [FR20], which draws upon ideas from [AL99], and
which we repeat here for completeness:

Algorithm 7: SquareCB(A, γ, µ)

Input: Online regression oracle O, learning rate γ > 0, exploration parameter µ > 0
Output: Sequence of actions, in the setting of Definition 2

1 for t ∈ [T ] do
2 Get context zt from Nature.

3 For every a ∈ A, use regression oracle O to compute prediction ŷt,a , ŷt(zt, a).

4 Define bt , arg mina∈A ŷt,a.
5 For a 6= bt, define pt,a = 1

µ+γ(ŷt,a−ŷt,bt ) and let pt,bt = 1−
∑

a6=bt pt,a. The numbers

{pt,a}a define a distribution pt over actions.
6 Sample at from pt and observe loss `, and update O with example ((xt, at), `).

Proof of Theorem A.1. Fix any policy π : X → A and consider the learner given by SquareCB
(Algorithm 7) above for a regression oracle O achieving square loss RegHSq(T ), which is some
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random variable depending on the interactions with Nature. Recall that for this choice of learner,
RegHCB(T ) is the supremum of

E

[
T∑
t=1

(`∗t (at)− `∗t (π(zt)))

]
over all such π. Define the filtration

Ft−1 , σ((z1, a1, `
∗
1(a1), `1(a1), γ1), . . . , (zt−1, at−1, `

∗
t−1(at−1), `t−1(at−1), γt−1), (zt, γt)).

We can write the sum of conditional expectations of immediate regrets incurred by π as

T∑
t=1

E[(`∗t (at)− `∗t (π(zt))) | Ft−1] ≤
T∑
t=1

E[(f(zt, at)− f(zt, π(zt))) | Ft−1] + 2εT

≤
T∑
t=1

E[(f(zt, at)− f(zt, πf (zt))) | Ft−1] + 2εT

=
T∑
t=1

∑
a∈A

pt,a(f(zt, a)− f(zt, πf (zt))) + 2εT. (41)

where recall from Definition 2 that πf (z) , arg maxa f(z, a), and pt,a is defined in Step 5 of
SquareCB

The following lemma is a key ingredient in the reduction of [FR20]:

Lemma A.2 (Lemma 3, [FR20]). For any collection of numbers {ŷa}a∈A ∈ [−R,R]K , let p be the
corresponding probability distribution computed in Step 5. For any collection of numbers {fa}a∈A ∈
{−R,R}K , if we define a∗ , arg maxa fa, we have that∑

a∈A
pa

[
(fa − fa∗)−

γ

4
(ŷa − fa)2

]
≤ 2K

γ

Applying Lemma A.2, we can upper bound (41) by

γ

4

T∑
t=1

E[(ŷt(zt, at)− f(zt, at))
2 | Ft−1] +

2KT

γ
+ 2εT.

By this and law of total expectation, the pseudo-regret incurred by policy π can be upper bounded
by

γ

4
E
[
(ŷt(zt, at)− f(zt, at))

2
]

+
2KT

γ
+ 2εT. (42)

To bound the prediction error in (42), using the identity b2 ≤ (a+ b)2 − 2ab, we can upper bound
(ŷt(zt, at)− f(zt, at))

2 by

(ŷt(zt, at)− `∗t (at))2 − 2(f(zt, at)− `∗t (at))(ŷt(zt, at)− f(zt, at)). (43)

Recall from (7) that the misspecification adversary is oblivious, that is, conditioned on Ft−1,
f(zt, at) − `∗t (at) is equal to −εt(zt, at). Putting this and (43) together and applying law of to-
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tal expectation, we can bound the expectation of the prediction error in (42) by

E
[
(ŷt(zt, at)− f(zt, at))

2
]

≤ E[RegHSq(T )] + 2E

[
T∑
t=1

E[εt(zt, at)(ŷt(zt, at)− f(zt, at)) | Ft−1]

]

≤ E[RegHSq(T )] + 2E

[
T∑
t=1

ε2t (zt, at) +
1

4

T∑
t=1

E[(ŷt(zt, at)− f(zt, at))
2 | Ft−1]

]

≤ E[RegHSq(T )] + 2ε2T +
1

2

T∑
t=1

E[(ŷt(zt, at)− f(zt, at))
2],

which upon rearranging gives

E
[
(ŷt(zt, at)− f(zt, at))

2
]
≤ 2E[RegHSq(T )] + 4ε2T.

Substituting this into (42), and taking γ = 2
√
KT/(E[RegHSq(T )] + 2ε2T ) and µ = K, we conclude

that the pseudo-regret incurred by π is upper bounded by

γ

2
(E[RegHSq(T )] + 2ε2T ) +

2KT

γ
+ 2εT ≤ 2

√
KT · E[RegHSq(T )] + 5ε

√
KT

as desired.

In the special case where ε = 0, [FR20] also gives a high-probability bound on the regret (see
their Theorem 1). By adapting their argument, we can show an analogous statement in this setting:

Theorem A.3 (Bandits to Regression Reduction). Fix any δ > 0. Given any oracle O for Huber-
contaminated online regression achieving clean square loss regret RegHSq(T ) in the sense of Def-
inition 1 with ε = 0, we can produce a learner for Huber-contaminated contextual bandits in the
sense of Definition 2 that with probability at least 1 − δ achieves achieves clean regret at most

4
√
KT · RegHSq(T ) + 8

√
KT log(2/δ).

B Proof of Theorem 4.7

In this section we give a self-contained proof of Theorem 4.7, largely following the proof of Equation
5.18 in [KS91].

First, we recall the statement. Suppose that X1, . . . , Xn are random vectors in Rd with ‖Xt‖ ≤ 1
for all t, and ξ1, . . . , ξn are random variables such that almost surely, the law of ξt conditional on
X1, . . . , Xt, ξ1, . . . , ξt−1 is mean-zero and σ2-subgaussian. Then

P

[∥∥∥∥∥ 1

n

n∑
i=1

ξiXi

∥∥∥∥∥ ≥ s
]
≤ 2 exp

(
−ns2

2πσ2

)
.

Proof of Theorem 4.7. Without loss of generality, we rescale so that σ = 1. The key observation is
that for any a ∈ Rd and λ ∈ R,

Fa , E[eλ
∑

i ξi〈Xi,a〉−λ2
∑

i〈Xi,a〉2/2] ≤ 1. (44)
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The proof of (44) follows by an inductive argument. Let Ft be the filtration generated byX1, . . . , Xt, ξ1, . . . , ξt−1.
Then the first step of the induction is to observe

E[eλ
∑n

i=1 ξi〈Xi,a〉−λ2
∑n

i=1〈Xi,a〉2/2 | Fn] = eλ
∑n−1

i=1 ξi〈Xi,a〉−λ2
∑n−1

i=1 〈Xi,a〉2/2 E[eλξn〈Xn,a〉−λ2〈Xn,a〉2/2 | Fn]

≤ eλ
∑n−1

i=1 ξi〈Xi,a〉−λ2
∑n−1

i=1 〈Xi,a〉2/2

by the conditional subgaussian assumption on ξn. Iterating this argument shows (44).
From here the argument follows [KS91]. We let Z ∼ N(0, Id×d) be a Gaussian vector indepen-

dent of everything else, and letting γ = λ
√
π/2 we have

E[eλ‖
∑n

i=1 ξiXi‖] ≤ E[eγ EZ [‖〈Z,
∑n

i=1 ξiXi〉|]+[γ2/2](n−EZ [
∑

i〈Xi,Z〉2]))]

≤ enγ2/2 E[eγ‖〈Z,
∑n

i=1 ξiXi〉|−
∑

i〈Xi,Z〉2)]

where in the first inequality we used E[|〈Z, u〉|] =
√

2/π‖u‖ and EZ [
∑

i〈Xi, Z〉2] =
∑

i ‖Xi‖2 ≤ n
almost surely, and the second step is Jensen’s inequality. Using the inequality e|x| ≤ ex + e−x gives

E[eγ‖〈Z,
∑n

i=1 ξiXi〉|−(γ2/2)
∑

i〈Xi,Z〉2)] ≤ E
Z

[FZ + F−Z ] ≤ 2

by (44). This shows eλ‖
∑n

i=1 ξiXi‖ ≤ 2enλ
2π/2 hence

P[eλ‖
∑n

i=1 ξiXi‖ ≥ eλs] ≤ 2enλ
2π/2−λs

and taking λ = s/nπ makes the rhs e−s
2/2nπ which is equivalent to the result.
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