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ABSTRACT KEYWORDS

The sparse Mixture-of-Experts (Sparse-MoE) framework efficiently
scales up model capacity in various domains, such as natural lan-
guage processing and vision. Sparse-MoEs select a subset of the
“experts” (thus, only a portion of the overall network) for each in-
put sample using a sparse, trainable gate. Existing sparse gates are
prone to convergence and performance issues when training with
first-order optimization methods. In this paper, we introduce two
improvements to current MoE approaches. First, we propose a new
sparse gate: COMET, which relies on a novel tree-based mecha-
nism. COMET is differentiable, can exploit sparsity to speed up
computation, and outperforms state-of-the-art gates. Second, due
to the challenging combinatorial nature of sparse expert selection,
first-order methods are typically prone to low-quality solutions. To
deal with this challenge, we propose a novel, permutation-based
local search method that can complement first-order methods in
training any sparse gate, e.g., Hash routing, Top-k, DSelect-k, and
COMET. We show that local search can help networks escape bad
initializations or solutions. We performed large-scale experiments
on various domains, including recommender systems, vision, and
natural language processing. On standard vision and recommender
systems benchmarks, COMET+ (COMET with local search) achieves
up to 13% improvement in ROC AUC over popular gates, e.g., Hash
routing and Top-k, and up to 9% over prior differentiable gates e.g.,
DSelect-k. When Top-k and Hash gates are combined with local
search, we see up to 100X reduction in the budget needed for hyper-
parameter tuning. Moreover, for language modeling, our approach
improves over the state-of-the-art MoEBERT model for distilling
BERT on 5/7 GLUE benchmarks as well as SQuAD dataset.

CCS CONCEPTS

+ Computing methodologies — Neural networks; Ensemble
methods; Natural language processing.
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1 INTRODUCTION

The Sparse Mixture of Experts (Sparse-MoE) framework has led
to state-of-the-art performance in various applications such as
natural language processing (NLP) [2, 10, 11, 42, 49], vision [40,
46], time-series analysis [22], multi-task learning [17, 28, 32], and
multimodal learning [35]. Sparse-MoE consists of a set of trainable
experts (neural networks) and a trainable sparse gate. The sparse
gate in Sparse-MoE selects an appropriate subset of experts on a
per-sample basis, which allows for faster computation [42] and
enhances interpretability [11, 22].

The literature on Sparse-MoE has traditionally focused on Top-
k gating, which selects k out of n experts using a Top-k opera-
tion [11, 42, 49]. Top-k gating is simple and efficient because it
allows sparse training. However, as highlighted by prior literature
[11, 17, 49], the non-continuous nature of Top-k makes it suscepti-
ble to stability and convergence issues. Alternative gating strategies
exist in the literature, based on reinforcement learning [4] or post-
processing via linear assignment [7, 30]. However, these strategies
also face challenges in terms of efficiency and interpretability; see
related work in Section 2 for more details. Random routing strate-
gies [39, 50] alternatively bypass learning of the gating function
altogether. Although computationally efficient, these strategies lead
to performance degradation [7]. Recent work [17] demonstrates
that differentiable gating in Sparse-MoE can improve stability and
performance compared to popular non-differentiable gates. How-
ever, it suffers from expert collapse in some cases as we observed
in our experiments.

In this paper, we propose two new approaches for improving
routing in Sparse-MoE. First, we introduce a novel differentiable
sparse gate COMET! that improves over existing state-of-the-art

L COMET: This stands for Cardinality cOnstrained Mixture of Experts with Trees.
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sparse gates [11, 17, 39, 42, 49]. Second, we argue that the combina-
torial nature of expert selection in Sparse-MoE presents a serious
challenge for first-order methods. In particular, the performance
of these methods is highly dependent on initialization, and they
can get stuck in low-quality routing solutions. Thus, we propose
a new permutation-based local search method for Sparse-MoEs,
which can help first-order methods escape low-quality initializa-
tions or solutions. Our local search approach is general and can be
applied to any sparse gate, including Top-k [42], Hash routing [39],
DSelect-k [17], and our proposed gate COMET.

COMET. Our proposed COMET gate is the first decision-tree-
based selection mechanism for sparse expert selection — decision
trees naturally perform per-sample routing (i.e., each sample fol-
lows a root-to-leaf path). Our gate has several advantages: (i) it is
differentiable and can be optimized using first-order optimization
methods e.g., stochastic gradient descent; (ii) it allows (partially)
conditional training, i.e., dense-to-sparse training; (iii) it enforces a
cardinality constraint, i.e., selects (at most) k out of the n experts;
(iv) it has superior predictive performance over state-of-the-art
gates such as Hash routing, Top-k, and DSelect-k.

Local Search. The learning problem underlying Sparse-MoEs is of
combinatorial nature, which poses additional challenges compared
to non-MoE machine learning models. Popularly used optimization
methods, such as SGD, may lead to low-quality solutions in Sparse-
MoE, as we demonstrate in our numerical experiments in Section 5.
To this end, we propose a permutation-based local search method,
which can help first-order methods escape bad initializations and
lead to better sample routing for any sparse gate e.g., Top-k, Hash
routing, DSelect-k and even COMET. To the best of our knowledge,
we are the first to explore local search methods in the context
of Sparse-MoE. We provide empirical evidence through ablation
studies and large-scale experiments to demonstrate permutation-
based local search (i) pushes learning towards better gate/expert
initializations in early optimization stages (see Section 4.4); (ii)
effectively reduces the budget needed for hyperparameter tuning
by up to 100x for some popular gates e.g., Hash Routing and Top-
k (see Section 5.1.3); (iii) leads to SOTA performance in terms of
prediction and expert selection when combined with COMET, across
various applications (see Section 5).

Contributions. As discussed earlier, it is well-known in the
literature that popular sparse gates are challenging to train and
may suffer from stability and performance issues. In this context,
our contributions can be summarized as follows:

e We propose COMET, a novel tree-based sparse gate that simulta-
neously has the following desirable properties: (a) differentiable,
(b) allows (partially) conditional training i.e., dense-to-sparse
training, and sparse inference, (c) satisfies per-sample cardinality
constraint (selects at most k out of the n experts per-sample,
where k is a user-specified parameter).

Popular first-order methods used to optimize Sparse-MoEs are
heavily influenced by expert and gate initializations, and may
get stuck in low-quality solutions. Hence, we introduce a novel
permutation-based local search method that can complement
first-order methods by helping them escape bad initializations or
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solutions. Our local search method is general and can be applied
to any gate, e.g., Hash routing, Top-k, and COMET.

e We perform extensive experiments on recommender systems,
vision and natural language processing tasks to highlight that
COMET and permutation-based local search can give boosts in
predictive performance and reduce hyperparameter tuning.

2 RELATED WORK

Sparse-Mixture-of-Experts. The MoE framework was introduced
by [24], and since then has been extensively studied — see e.g.,
[23, 25, 26]. More recently, [42] proposed a Sparse-MoE framework,
based on the Top-k gate, and showed good performance on natural
language processing tasks. It was further improved upon by [11, 47,
49]. However, Top-k gate does not optimize the core expert selection
problem as pointed out by [7]. Additionally, as highlighted by prior
literature [11, 17, 49], the non-continuous nature of Top-k makes it
vulnerable to training stability and convergence issues.

With BASE Layers, [7, 30] formulate Sparse-MoE as an assign-
ment problem where they post-process the gate output for balanced
expert selection. [4] formulates the expert selection as a reinforce-
ment learning problem. Others [39, 50] proposed random routing
strategies that do not learn the gating function during training.
These methods are also promising as they have been shown to out-
perform models that learn routing through Top-k, e.g., in Switch
Transformers [11]. Lastly, [17] introduced DSelect-k, a differen-
tiable gate based on binary encodings, which improves over Top-k
in terms of stability and statistical performance.

Conditional Computation. In addition to the Sparse-MoE frame-
work, there are other related works that also study conditional com-
putation, i.e., the setup where only some parts of neural network are
activated based on the input — see e.g., [4, 5, 20, 44]. These works
rely on heuristics where the training and inference models are dif-
ferent. More recently, [16] introduced conditional computation in
differentiable (a.k.a. soft) trees [12, 16, 18, 19, 21, 24]. Their proposal
allows routing samples through small parts of the tree; thus allow-
ing for conditional computation with customized algorithms. Our
work builds upon this approach to solve the cardinality-constrained
expert selection problem in Sparse-MoE. Note that [16] does not
address sparse expert selection in Sparse-MoE.

Local Search and Permutation Learning. There is an extensive
optimization literature on local search, e.g., [3, 15]. However, such
methods have not been used in Sparse-MoE. Here, we survey permu-
tation learning methods that are most relevant to our proposal. This
work uses differentiable relaxations of permutation via Sinkhorn
operators [1, 33]. These earlier works use these relaxations in other
contexts e.g., ranking in [1] and sorting in [33]. We use permutation
learning as a local search to complement first-order optimization
methods to improve sample routing in Sparse-MoE.

3 LEARNING SPARSE MIXTURE OF EXPERTS
WITH DECISION TREES

Problem Setup of Sparse-MoE. We first review the Sparse-MoE
objective. We assume that the task has an input space X € R? and
an output space Y C RY. Denote the n-dimensional simplex by
Ap ={w € R" : ¥ic[nywi = 1,w > 0}. In the MoE framework,
the prediction function has two components: (i) a set of n experts
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(parametrized by neural networks) f; : X — R¥ for any i € [n] :=
{1,2,...,n}, and (ii) a gate g : X — A, that outputs weights in
the probability simplex. Given a sample x € X, the corresponding
output of the MoE is a convex combination of the experts with
weights g(x): Xien) fi(x)g(x)i.

The goal of Sparse-MoE paradigm is to develop a gate that selects
a convex combination of at most k out of the n experts. The output
of the gate can be thought of as a probability vector g with at most
k nonzero entries, where g(-); is the weight assigned to the expert
fi- The underlying optimization problem (also in [17]) is:

min — tly, {(x)g(x); |, 1a
ﬁ,...,fmgN(x,yZ)eo (y Z figl )l) (1a)
s.t. ”g(x)“O < k’ g(x) € An, Vx e X. (lb)

llg(-)|l, denotes the number of nonzero entries in the vector g(-),
£(-,+) is the associated loss function such that £ : ¥ x X — R, and
N denotes the size of training samples D = {(x;,y;) € X X J/}fil.

The cardinality constraint in (1b) ensures that the gate selects
at most k experts. Some popular gates e.g., Top-k impose exact
cardinality constraint instead of an inequality constraint in (1b).
However, the inequality constraint can allow for sparser expert
selection as observed in prior work [17] and in our experiments
(Section 5). Problem (1) is a combinatorial optimization problem that
is not amenable to stochastic gradient descent due to the cardinality
constraint in (1b). In the next sections, we discuss our formulation
that ensures the cardinality constraint and the simplex constraints
are satisfied despite optimization with gradient-based methods.

The rest of this section is organized as follows. In Section 3.1, we
discuss a high-level overview of our novel tree-based framework,
which equivalently sets up the cardinality-constrained objective in
problem (1) as a weighted sum of decision trees. Next in Section
3.2, we provide background on a single decision tree that selects a
single expert per-sample while (i) allowing for smooth optimization,
and (ii) conditional computation support — routing samples to a
single leaf. Later in Section 3.3, we dive deeper into our novel tree-
based framework that combines such trees to satisfy the cardinality
constraint for k > 1 without violating the simplex constraint. We
additionally highlight important aspects regarding leaf parameter-
ization and regularization. Next, in Section 3.4, we discuss how
our method handles settings where experts are non-powers of 2.
We then discuss in Section 3.5 an implementation of COMET for
numerically stable training.

3.1 Sparse-MoE with k decision trees

The cardinality constrained MoE objective (1) can be formulated
equivalently using a set of decision trees. Classical decision trees
are naturally suited to route each sample to a single leaf with a
chain of hierarchical decisions. In the case of k = 1, we propose
a single decision tree to route samples, where each leaf node is
associated with an expert. In cases where k > 1, we instantiate
k different decision trees and combine their output in a way that
enforces the cardinality and simplex constraints in (1b).

Given that classical decision trees are not amenable to differen-
tiable training with first-order methods, we use a variant [16] of
differentiable (a.k.a. soft) decision trees [16, 18, 19, 24, 27]. We build
upon this work to solve the cardinality-constrained problem (1).
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Figure 1: COMET for 8 experts. Note z4(wq - x) denotes the
binary state {0, 1} for h(wq - x) achieved due to smooth-step
activation function and entropic regularization.

We first provide a summary of a single soft tree (with conditional
computation support) in Section 3.2. This serves as a building block
for selecting a single expert per-sample.

3.2 Preliminaries: Differential Decision Tree
with Conditional Computation

In this section, we provide a brief summary of a variant [16] of
a differentiable (a.k.a. soft) tree [18, 21, 24, 26, 27], which we use
to enable single-expert selection in Sparse-MoEs. We extend it in
the next section to solve the cardinality constrained problem for a
general case k > 1.

Differentiable decision trees are similar to classical decision trees
with hyperplane splits [34]. However, they route each sample to
left and right with different proportions, i.e., each sample reaches
all leaves. Traditionally, differentiable decision trees have been una-
menable to conditional computation as they cannot route a sample
exclusively to the left or to the right. Recent work [16] introduced
a variant of the differentiable tree model that supports conditional
computation. Here, we discuss a brief summary of this variant.

We denote a single tree by v : X — Ay, which maps an input
sample x € X to a probability vector v over A,. Here, n corresponds
to the number of root-to-leaf paths (also equal to number of experts
in the MoE paradigm). Let v be a binary tree with depth d — note our
framework can naturally support cases where number of experts
is non-powers of 2, see Section 3.4 for more details. Let 7 and £
denote sets of the internal (split) nodes and the leaves of the tree,
respectively. For any node q € 7 U £, we define T(q) as its set of
ancestors. Let {x — g} denote that a sample x € R? reaches gq.

Sample Routing. Following prior work [16, 18, 27], we will dis-
cuss sample routing using a probabilistic model. While sample
routing is discussed using probability, differentiable trees are deter-
ministic. Differentiable trees are based on hyperplane splits [34],
where a linear combination of the features is used in making rout-
ing decisions. In particular, we assign a trainable weight vector
wq € R? with each internal node, which parameterizes the node’s
hyperplane split. Let & : R — [0, 1] be an activation function. Given
a sample x € RP, the probability that internal node g routes x to
the left is defined by h(wg - x).
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Now we summarize how to model the probability that x reaches
a certain leaf ] [16]. Let [l v q] (resp. [q  []) denote the event that
leaf I belongs to the left (resp. right) subtree of node ¢ € 7. The prob-
ability that x reaches [ is given by: Pr({x — I}) = [I4e7(1) rq,1(),
where r4 ;(x) is the probability of node g routing x towards the
subtree containing leaf [, i.e., rg j(x) := h(wgq - x)l[l 4] (1= h(wg -
x))1a ™11 Note that the vector v(x) given by

v(x) = [Pr({x = I1}),--- . Pr(fx = [n})] € Ap, ()

defines a per-sample distribution over the n leaves (or experts).

Next, we discuss how the split probabilities {h(wg - x), 1~ h(wg -
x)} can achieve binary state with a particular choice of activation
function h — this is crucial for achieving sparse expert selection
(and conditional computation) in the Sparse-MoE paradigm.

Smooth-Step Activation Function. The common choice for acti-
vation function h in soft tree literature is a logistic function[12, 18,
26, 27]. However, it can not perform hard routing i.e., output exact
zeros. This implies that any sample x will reach every node in the
tree with a positive probability, leading to a dense v. [16] proposed
a smooth-step activation function for a variant of soft trees — see
Appendix A for details. Despite being continuously differentiable,
smooth-step activation function can produce a sparse v (after an
initial warm-up period of soft routing) for hard routing. This is
crucial for a sparse expert selection in Sparse-MoE paradigm. Addi-
tionally, this choice of activation function also allows for (partially)
conditional training with customized sparse backpropagation al-
gorithms in soft trees (as shown in [16]), which is an important
consideration for training large-scale Sparse-MoE models.

For cardinality-constrained Sparse-MoE learning with trees (not
studied in [16]), the goal for each tree is to perform hard routing
for all samples. Therefore, we add additional regularization on
{h(wgq - x),1 = h(wgq - x)} to encourage convergence of v to a one-
hot state (discussed in more detail in Section 3.3).

3.3 Cardinality constraint with k trees

Next, we discuss how to achieve the cardinality constraint (k >
1) in Sparse-MoE with decision trees in the presence of simplex
constraint. This key ideas are given as follows:

e We consider k decision trees, where each tree j selects a single
expert via V) (.) as defined in (2).

o With the experts selected as above, we need to decide the rela-
tive weights assigned to each expert. We use auxiliary functions
aY) (), where agj) is a linear function ﬁgj) - x of the input. ocl.o)
reflects a linear weighting function (in the log space) for i-th
expert (or leaf) in j-th tree.

See Figure 1 as an example. Next, we define the prediction function

for Sparse-MoE with k decision trees to form COMET.

COMET Prediction with k Out of n Experts. The prediction func-
tion for Sparse-MoE with k > 1 is a weighted sum of the predictions
of i-th expert (or leaf) across k trees. To this end, we define the
weight for i-th expert as follows
oy exp(ay) ()0 (x)

A

(x;a,0); = ‘ . 3)
s 5 expla? ()0 (x)
je[k]i€[n]
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where U?) (x) is the probability that a sample x will reach expert f;
in the j-th tree. Using (3), the prediction function for Sparse-MoE
with k > 1is given by § = ¥;¢[n] fi(x)g(x; @, v);.

We present the following proposition (proof in Appendix B):

ProposITION 3.1. For any a, ifv(j) outputs a binary vector for
every j, the function g(x; a,v) satisfies the cardinality and simplex
constraints in (1b).

Accelerating Convergence ofv(j) to One-Hot Encoding with En-
tropic Regularization. In the Sparse-MoE setup, the goal is to achieve
a one-hot vector state for v0/) quickly — this ensures the cardinality
constraint (i.e., to select at most k experts) is respected by the k
trees. To encourage faster convergence towards a one-hot vector,

we add a per-tree entropy regularizer, 1Q(vY) (x)) to the loss ob-

jective, where Q¥ (x)) = - Yieln] Ulg) (x) log(vi(i) (x)). Entropy

regularizers are used in [17, 33] to get binary representations.

Dense-to-Sparse Learning. COMET supports conditional training
only partially. At the start of training, it uses all the available experts
as oY) is completely dense, so conditional training is not possible.
As training proceeds, v becomes sparser due to smooth-step
function and entropic regularization, eventually achieving binary
state. From this stage onwards, the gate satisfies the cardinality
constraint per-sample, i.e, each sample gets routed to at most k
experts. Hence, sparse training can proceed to refine the solution
quality. Empirically, we observe that a small number of epochs are
sufficient for the optimizer to reach the sparse training phase.

3.4 Non-powers of 2

Typically, in Sparse-MoE, each expert is assigned to a separate ma-
chine for efficiency [11, 49]. This may mean that the number of
experts could be defined by the number of machines — machines
may not necessarily be available in powers of 2. Our gate naturally
handles cases where the number of experts are not chosen to be
powers of 2. We propose merging child nodes at the leaf level. In
such instances, we have imperfect binary decision trees (Fig. 4 in
Appendix) with n nodes, with 29 — n nodes in the (d — 1)-th level,
and 2n — 29 nodes in the d-th level. Additional details are in Ap-
pendix C. In contrast to other differentiable gates (e.g., DSelect-k
[17]), our proposed gate COMET does not require any additional
regularization to encourage the simplex constraint in (1b).

3.5 Stable numerical implementation

Next, we discuss a stable numerical implementation of COMET gate.
COMET introduces additional exponential functions in the expert
weights (or leaf nodes of the decision trees) — see (3). More exponen-
tial functions are known to cause instabilities in Sparse-MoE models.
For example, [49] introduced router z-loss in Switch Transformers
to encourage smaller logits. However, this may have a performance
tradeoff. In our implementation of COMET, we can mitigate insta-
bility issues arising from additional exponential functions using
the following approach: (i) convert root-to-leaf probabilities to the

log-space, log vl.(])(x), (ii) compute aio) + log vgj) (x), (iii) subtract
the maximum, i.e., maxi,j(aio) + log vl.U) (x)) from each element,

(iv) apply a two-way softmax operation to get g(x).
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4 LOCAL SEARCH

Expert selection is a challenging combinatorial problem that is
known to be NP-hard. Although first-order heuristics can usually
provide fast solutions, they rely heavily on initialization and are
sometimes prone to arriving at low-quality solutions. To this end,
we propose a permutation-based local search method that com-
plements first-order methods in optimizing Sparse-MoEs. In both
large-scale experiments and ablation studies, we see that the incor-
poration of local search can improve the performance of any gating
method and can significantly reduce the number of tuning trials.

Our approach derives inspiration from the local search methods
commonly used along with the first-order methods to help escape
local minima in sparse linear models[3, 15]. We note that this is the
first attempt in the literature to incorporate local search methods in
the context of Sparse-MoE. Moreover, unlike common local search
methods in literature, our proposed search method is differentiable.
We want to highlight that our local search method is useful for any
existing sparse gate, e.g., Hash routing, Top-k, and our proposed
COMET. We hypothesize that our permutation-based approach can
help navigate the optimization loss surface for various gates.

The rest of the section is organized as follows. In section 4.1, we
formulate a refined cardinality-constrained Sparse-MoE objective
with additional binary variables to add support for permutation-
based local search. Then, in section 4.2, we provide background on
permutation and its differentiable relaxation. Next in section 4.3,
we outline our differentiable optimization approach for the refined
Sparse-MoE objective and some additional practical considerations
for computational efficiency. Later, in Section 4.4, we provide an
ablation study to support our hypothesis that the local search can
help escape bad initializations.

4.1 Permutation-based Local Search

In this section, we formulate a refined objective for the cardinality-
constrained Sparse-MoE objective that adds support for permutation-
based local search.

Let us denote by S, the set of all permutations of the set [n].
Given any permutation o € Sy, we permute the n experts ac-
cordingly and assign i-th weight g(x); to o (i)-th expert instead of
i-th expert. With this permutation, the prediction for Sparse-MoE
could be written as: § = Yi¢[n] f5(s)(X)g(x);. We note that due
to symmetry between experts and weights, permuting the experts
is essentially same as permuting the weights. To see this, we can
write Sien] for (i) (9()i = Zjein] f7()9(x) 51, where o~ is
the inverse map of o, which is also a permutation.

For a permutation ¢, we can define a corresponding permutation
matrix P?, by setting P°[i, j] = 1{o(j) = i}, where 1{-} is an indi-
cator function. Then it is easy to see that 3’ ;c(p fj(x)g(x)g_lo) =
Yje[n] [j(x)(P?g(x));. The refined Sparse-MoE problem is

min ~ = ly ¥ fi)(Pg(x))i), (4a)
fir-ofngsP N (x,y)eD ( i€[n] ' '

s.t. llg(x)llo < k, g(x) € Ap, Vx € X, (4b)

Pe P, (4c)

where Plocal js a localized set of permutations in the full set of

permutations, which we denote by #,. For example, one may only

836

KDD ’°23, August 6-10, 2023, Long Beach, CA, USA

allow for Plocal = ¢,  which only allows interchanging (swapping)
two columns similar to “swap” operations shown to be useful in
the sparse regression literature [15]. Besides optimizing the gates
and experts, formulation (4) performs local search by optimizing
over the permutation matrix. Specifically, the goal of local search
here is to find a permutation P that leads to a better solution, i.e.,
one with a lower objective. Intuitively, if SGD is stuck at a low-
quality solution, the permutation may be able to escape the solution
by a better reordering of the experts. Standard local search, e.g.,
bruteforce search may be computationally expensive. Therefore, we
resort to a differentiable method that can be optimized efficiently.

4.2 Preliminaries: Permutation and a
differentiable relaxation

In this section, we briefly summarize how the permutation learn-
ing problem is parameterized and later optimized. To parametrize
the permutation matrix in the problem, a natural consideration
is through the linear assignment problem [29]. To illustrate this,
consider n people are to complete n tasks and a matrix U € R’;é",
the goal is to assign each task to one person so as to maximize the
utility given that the utility of assigning task j to person i is Uj;.

This leads to the following optimization problem
M(U) =argmax(P, U}F = Z Z PijUij.

Pep, i€[n] jeln]

®)

The operator M here is called the Matching operator, which maps
a nonnegative matrix U to a permutation matrix P.
Problem (5) is a combinatorial optimization problem, which ad-
mits the following linear relaxation [6]:
> X PiUij,
i€[n]je[n]

max (P,U)p := (6)

Be
where B,, denotes the set of double stochastic matrices B, = {B €
R . Zie[n] Bij =1, Zje[n] Bij = 1,B;j € [0,1]}, which is a
convex hull of the set of permutation matrices $y,.

However, this is still not a differentiable parametrization as prob-
lem (6) might end up with multiple solutions. To this end, Mena
et al. [33] proposes a smooth version? of the permutation learning
objective in (6):

S(U/r) = argmax(B,U)r — 7
BeB,

>, BijlogBij, ™)
i,jeln]

and solves it using Sinkhorn operator S(-) [1], defined by the fol-
lowing recursion:

S°(U) = exp(U), (8a)
S"(U) = Teol (Trow (ST (U))), (8b)
SU) = lim §"(U), (80)

where Tyow(U) = U @ (U1,11), and 7,;(U) = U @ (1,11 U) are
the row and column-wise normalization operators of a matrix, with
@ denoting the element-wise division and 1, a column vector of
ones. The sinkhorn procedure in (8) allows differentiable training
with first-order methods, making it appealing as a local search
method for Sparse-MoE.

2Note that (7) is an entropy-regularized version of (6). Since the entropy term is
strictly concave, problem (7) has a unique minimizer and thus the parametrization is
differentiable.
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As shown in [33], M(U) can be obtained as lim;_,o+ S(U/7), and
thus lim; 0+ 00 S"(U/7). In practice, we set a max number of
iterations R for normalization in (8b) as well as a small positive num-
ber r > 0, and use SR(U/7) to approximate the limit (8c). In this
way, we are able to parametrize the permutation matrix P in (4) as
a differentiable function S®(U/7) of learnable matrix U. However,
additional considerations are needed to ensure that a hard permuta-
tion matrix can be achieved quickly in a few epochs — this is impor-
tant in Sparse-MoE paradigm for computational reasons and a well-
defined measure of sparsity. We discuss these in the next section.

4.3 Practical considerations for optimization

Next, we discuss some empirical considerations for the end-to-end
learning approach that are important for Sparse-MoE.

Need for a hard permutation matrix. We would like to have a hard
permutation matrix at inference time and ideally during the course
of training, for exact sparsity and computational efficiency consid-
erations. First, the gate does not perform sparse inference if the
learnt permutation matrix is not a hard matrix. For example, even
if g(-) is sparse, the refined weights P - g(-) are not a sparse vector if
P is not a binary matrix. This would result in a dense mixture of ex-
perts. Second, some sparse gates perform dense-to sparse-training
(partially conditional training), e.g., DSelect-k, COMET, or variants
of Top-k [37]. If the learnt permutation matrix is not hard, then
sparse training cannot proceed in the later stages of optimization.
To this end, we employ a two-stage optimization approach: (i) in
the first stage, we simultaneously train the network (experts and
gates) and the permutation for a small number of epochs. (ii) In the
second phase, the permutation matrix is fixed and only the remain-
ing network (experts and gate) is trained. Therefore, local search is
only used in the early stages of training. Empirically, we observe
that a small number of epochs (1 — 10) is sufficient to learn a good
permutation in the first stage and improve solution quality. Since
local search is restricted to the first stage, the computational effi-
ciency of gates that perform dense-to-sparse training is not affected
by much — please refer to Appendex D.3 for additional discussion.

In the two-stage approach outlined above, there is a transition
from a soft to a hard matrix between the two stages. As we men-
tioned earlier, we use SX(U/7) to approximate M(U) as a limit of
R — 0,7 — 0. In practice, the transition could be not continuous,
as this approximation does not always reach a hard permutation
matrix given that R is finite and 7 is nonzero. Therefore, at the tran-
sition point, we propose to convert the “soft” permutation matrix
SR(U /) to a hard one via the linear assignment problem given
in (5), by invoking U as SR (U/z). In addition, empirically, small R
can lead to numerical instabilities for small  [33]. Therefore, to
decrease deviance of SR (U/r) from the closest hard permutation
matrix, we introduce two schedulers on R and 7 that increase R for
decreased 7: (i) Ramp up (linearly) R from 20 to 150, (ii) Ramp down
(linearly in log-scale) 7 from 1073 to 1077,

Although the above schedulers decrease the deviance between
soft and its closest hard permutation matrix at the transition point,
the method still appears to suffer from pseudo-convergence. In par-
ticular, we observed, some row-columns can converge to fractional
entries i.e., a 2x2 sub-block having all entries with 0.5. Therefore,
we introduce small separate row-wise and column-wise entropic
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regularizations to mitigate such degenerate cases:
{ Dien)(QSRU/1)) + QTrow(SR(U/7)):)), where { > 0.

Implicit localization. In the spirit of common local search ap-
proaches, a potential optimization approach could alternate be-
tween optimization of network (experts and gates) and permuta-
tion matrix. However, this is unnecessary because the differentiable
relaxation of permutation is also amenable to first-order methods.
Therefore, our approach jointly optimizes both the network and
the permutation matrix. We noted earlier that the search space
for permutation is “localized” out of the full set of permutation
matrices Pp,. This localization is implicitly imposed through the
smooth optimization of the permutation matrix via Sinkhorn. The
permutation matrix learning relies on the initialization for U and
at each gradient step the U is naturally expected to not deviate
drastically from U1 Since the permutation matrix is updated
for a limited number of steps in first stage, intuitively it cannot
deviate significantly from the initial permutation matrix. This also
defines an implicit neighborhood.

4.4 Ablation study for local search

In this section, we provide an ablation study to provide evidence
that the permutation-based local search can complement first-order
optimization methods for routing in Sparse-MoE. The study high-
lights that local search can improve solution quality through escape
out of bad initializations in the first stages of optimization for differ-
ent types of routing strategies: (a) fixed gates, (b) trainable gates. We
perform this study on a subsampled (200k) MovieLens dataset and
use the same MoE architecture with 16 experts as the one described
in Supplement. We trained models for only 10 epochs without/with
local search, where in the latter case we fixed the number of epochs
for permutation learning to 5 epochs and { = 107°. We used a batch
size of 512 and learning rate of 2.5 X 10>, We repeat the training
with 100 different random initializations and compute averages
along with their standard errors.

Fixed Gates. In fixed gating strategies e.g., random hash routing
(Hash-r), the samples are pre-assigned to experts. For example, in
natural language processing tasks, tokens or words in vocabulary
are clustered randomly [39] before training begins into groups and
each group of words are assigned to a random expert in the set of
experts. In our experiments on recommender systems, we randomly
pre-assigned samples to experts based on user index for Hash-r (and
Hash-r+). 1t is possible that the same group of users could be better
aligned with another expert based on expert and user embedding
initializations. Permutation-based local search can potentially find
better assignment of each group to a more suited expert. We provide
empirical evidence to demonstrate that local search indeed can find
better loss. We report the average out-of-sample loss achieved by
both Hash-r and Hash-r+ in Table 1. Learning permutation appears
to help map each pre-assigned cluster of users to a more suitable ex-
pert based on expert initialization for second stage of optimization.

Trainable Gates. For trainable gates, we also study the effect of
local search on non-differentiable (Top-k) and differentiable gates
(COMET). We fixed k = 2 for both types of gates and followed the
same training protocol for 10 epochs. For COMET (and COMET+),
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Table 1: Test loss (x1072) achieved for different gates with-
out and with (marked with +) local search in early stages
of optimization. Asterisk(”) indicates statistical significance
(p-value<0.05) over the corresponding gate without permu-
tation with a one-sided unpaired t-test.

Strategy Smoothness Gate Test Loss |
Pre-assigned | - Hash-r 57.434 +0.025
Hash-r+ *57.000 + 0.037
. . Top-k 53.345 +0.033
rainable Non-differentiable Top-k+ | *53.140 +0.031
Differentiable COMET 52.034 £ 0.007
COMET+ | *52.017 +0.005

we fixed y = 0.01 (for smooth-step) and A = 1 (for entropic regular-
ization). For Top-k+and COMET+, we fixed the number of epochs
for permutation learning as 5. We repeated this exercise for 100
different random initializations of the experts and gates. We report
the average out-of-sample objective achieved by both types of gates
in Table 1. We can observe that local search appears to complement
first-order optimization methods by learning better initializations
in the first stage of Sparse-MoE optimization for later learning.

The practical significance of local search achieving a better test
objective across many initializations for various gates can be seen
in terms of reducing hyperparameter tuning overhead as discussed
in Section 5.1.3.

5 EXPERIMENTS

We study the performance of COMET and COMET+ in recommender
systems and image datasets in Section 5.1 and COMET-BERT in nat-
ural language processing tasks in 5.2. We also study the effect of
local search for various gates. We denote our methods in italics. Sup-
plement containing more details is available at https://github.com/
mazumder-lab/COMET/blob/main/COMET-Supplement.pdf.

5.1 Experiments on Recommender Systems
and Image Datasets

We study the performance of COMET and COMET+ in recommender
systems and image datasets. We compare with state-of-the-art gates
and baselines including Softmax, Top-k, DSelect-k and Hash rout-
ing (Hash-r) on recommender systems (MovieLens [14], Jester[13],
Books [48]) and image datasets (Digits [8, 36], MultiMNIST [41],
MultiFashionMNIST [17], CelebA[31]). We also include an abla-
tion study in Section 5.1.2 that shows that COMET achieves good
performance with much less trials than existing popular gates e.g.,
Hash routing and Top-k. Additionally, in Section 5.1.3, we show
that Hash-r+,Top-k+, and COMET+ with local search can potentially
achieve good performance with much less trials than Hash-r, Top-k
and COMET respectively.

Implementation. We provide an open-source implementation of
COMET and COMET+: https://github.com/mazumder-lab/COMET.

Experimental Setup. Although our exposition in Section 3 was for
a single-task setting, the same gate can also be used in multi-task
learning — multi-task requires multi-gate MoE architecture [32],
where each task has a separate trainable gate, but tasks have to
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select from a common set of experts. We briefly summarize the key
aspects for each dataset. For MovieLens/Books/Jester we have two
tasks: classification task predicts whether user watches/read/rates
a particular movie/book/joke, regression problem predicts user’s
rating. Loss is the convex combination of the two binary cross-
entropy (for classification) and mean squared error (for regression)
with task weights: {a, 1 — a}. We separately present results for two
different o’s: a € {0.1, 0.9}. For MultiMNIST/MultiFashionMNIST,
there are two multi-class classification tasks, which are equally
weighted. For CelebA, there are 10 binary classification problems,
which are equally weighted. Lastly, for Digits dataset, we have a

Table 2: Tess Loss (x1072) and actual no. of experts per sam-
ple (k,) at inference for COMET, COMET+ and benchmark
gates across various recommender system datasets. Aster-
isk(*) indicates statistical significance (p-value<0.05) over

the best existing gate, using a one-sided unpaired t-test.

Dataset n Model Test Loss | kql
Softmax 244.47 +£0.14 9.00 £ 0.00
Hash-r 247.43 +£0.14 1.00 + 0.00
Books
(@=0.1) 9 Hash-r+ 247.33£0.23 1.00 + 0.00
Top-k 247.87 £ 0.17 4.00 £ 0.00
Top-k+ 247.88 £ 0.14 4.00 £ 0.00
DSelect-k 246.43 + 0.36 1.09 + 0.00
COMET *240.79 £ 0.14 2.81+0.11
COMET+ 240.82 +£0.19 3.03 £0.08
Softmax 73.88 £0.02 9.00 £ 0.00
Hash-r 75.02 £ 0.03 1.00 £+ 0.00
Books
(@ =0.9) 9 Hash-r+ 75.06 £ 0.03 1.00 £+ 0.00
Top-k 74.78 £ 0.03 4.00 £ 0.00
Top-k+ 74.86 £ 0.03 4.00 £ 0.00
DSelect-k 75.98 £0.13 1.07 £ 0.00
COMET 73.62 £ 0.03 2.94+0.10
COMET+ *73.55 + 0.02 3.15+0.08
Softmax 42.26 £ 0.01 16.00 £ 0.00
MovieLens Hash-r 46.91 £ 0.02 1.00 + 0.00
(a=0.9) 16 Hash-r+ 46.84 +0.03 1.00 + 0.00
: Top-k 41.83 +£0.02 2.00 £ 0.00
Top-k+ 41.74 +£0.02 2.00 £ 0.00
DSelect-k 40.82 +0.02 1.94 + 0.06
COMET 40.76 £ 0.02 1.76 = 0.06
COMET+ *40.69 + 0.02 1.66 = 0.06
Softmax 75.52 £0.02 16.00 = 0.00
MovieLens Hash-r 79.41 £0.02 1.00 + 0.00
(a=0.1) 16 Hash-r+ 78.92 £0.05 1.00 + 0.00
Top-k 76.52 £ 0.04 2.00 £ 0.00
Top-k+ 75.12 £ 0.04 2.00 £ 0.00
DSelect-k 73.91 £0.05 1.94 +0.03
COMET 73.91 £ 0.04 1.94 +0.03
COMET+ *73.67 +0.04 1.98 +0.03
Softmax 68.17 £ 0.03 16.00 + 0.00
Hash-r 67.47 £ 0.01 1.00 + 0.00
Jester
(@=0.1) 16 Top-k 68.38 £ 0.05 2.00 = 0.00
Top-k+ 68.00 + 0.07 2.00 £ 0.00
DSelect-k 67.06 £ 0.03 1.96 + 0.02
COMET 67.12 +0.04 1.98 +£0.02
COMET+ *66.91 + 0.03 2.00 +0.00
Softmax 21.936 = 0.002 16.00 £ 0.00
Jester Hash-r 22.083 + 0.004 1.00 + 0.00
(@ =0.9) 16 Top-k 21.958 + 0.007 2.00 +0.00
Top-k+ 21.961 + 0.006 2.00 +0.00
DSelect-k 21.930 + 0.005 2.00 +0.00
COMET 21.946 + 0.005 2.00 +0.00
COMET+ *21.906 + 0.005 2.00 +0.00
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multi-class single-task classification cross-entropy objective. Full
details about datasets and MoE architectures are in Supplement.

We used Adam for optimization, and we tuned the key hy-
perparameters using random grid search. Note that for Hash-r+,
COMET+ and Top-k+, we only allocate a very small portion of the
epochs (1-10) for permutation learning. Full details about the hy-
perparameter tuning are given in Supplement.

5.1.1 Performance of COMET and COMET+. In Tables 2 and 3,
we report the (average) test loss and the average number of se-
lected experts per sample across multiple recommender and vision
datasets. The results indicate that COMET and COMET+ lead on
many datasets, outperforming popular state-of-the-art gating meth-
ods e.g., Hash-r, Top-k and DSelect-k in test loss. Our proposed
gate COMET can outperform standard routing techniques (without
local search). Even without local search, COMET is getting rela-
tively good solutions. We hypothesize that the good performance of
COMET is due to a combination of factors including differentiability,
and k-decision trees formulation. With local search, COMET+ can
sometimes further enhance solution quality. We also provide task-
specific metrics (AUC/Accuracy/MSE) in Tables 7 in Appendix E.
We observe COMET+ can improve AUC by up to 13% over Hash
routing and Top-k, and 9% over DSelect-k. We observe that Top-k
gate does not uniformly outperform the Softmax across multiple
datasets. However, Top-k+ significantly improves the performance
of Top-k across multiple datasets. In fact with the permutation
module, Top-k+ outperforms Softmax in all cases, so sparsity in
gating seems to be beneficial on all these datasets.

Inference Sparsity. We see that COMET and COMET+ can some-
times lead to a smaller number of experts selected than that for

Table 3: Tess Loss (x1072) and actual no. of experts per sam-
ple (k,) at inference for COMET, COMET+ and benchmark
gates across various image datasets. Asterisk(*) indicates
statistical significance (p-value<0.05) over the best existing
gate, using a one-sided unpaired t-test.

Dataset n Model Test Loss | ka l
Softmax 34.21 £ 0.09 5.00 £ 0.00
Top-k 33.82 +0.09 2.00 £0.00
MultiFashionMNIST 5 Top-k+ *33.62 +0.08 2.00 +0.00
DSelect-k 35.49 £ 0.10 1.00 £ 0.00
COMET 33.70 £ 0.09 1.49 £0.07
COMET+ *33.67 £ 0.09 1.54 £0.07
Softmax 35.10 £ 0.32 6.00 £ 0.00
Top-k 34.48 +0.24 2.00 £ 0.00
CelebA 6 Top-k+ 34.54 +0.23 2.00 £ 0.00
DSelect-k 35.39+0.12 1.00 + 0.00
COMET 33.96 £ 0.15 1.00 £ 0.08
COMET+ *33.93 +£0.16 1.00 £ 0.08
Softmax 17.48 +0.07 8.00 £ 0.00
Top-k 17.46 +0.09 2.00 +£0.00
Digits 8 Top-k+ 17.29 +0.08 2.00 +£0.00
DSelect-k 17.18 £ 0.06 1.15 + 0.06
COMET 17.19 + 0.06 1.07 + 0.04
COMET+ 17.08 +0.09 1.06 + 0.04
Softmax 6.88 +0.06 16.00 + 0.00
Top-k 6.84 +0.05 4.00 £ 0.00
MultiMNIST 16 Top-k+ 6.70 £ 0.08 4.00 +£0.00
DSelect-k 6.64 +0.07 3.40 £ 0.09
COMET 6.48 +0.07 3.49 £ 0.09
COMET+ 6.49 + 0.06 3.53 £0.08
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Top-k. This leads to smaller number of FLOPs at inference time (see
Appendix D.2). For some settings, DSelect-k appears to arrive at a
sparser selection than COMET+; however, in these cases, DSelect-k
loses significantly in terms of performance. We observed expert
collapsing in DSelect-k in such cases.

Timing Discussion. For cost complexity of COMET, please see
Appendix D.1. Additionally, we discuss the computational aspects
of the local search in Appendix D.3.

5.1.2  Reducing Hyperparameter Search with COMET. Here, we
study how our differentiable COMET gate (that performs dense-to-
sparse training) can be beneficial in terms of hyperparameter tuning
over popular gates such as Hash routing and Top-k. We perform a
large set of tuning trials and perform a bootstrapping procedure
(discussed in Appendix F) to see whether COMET helps in reducing
the hyperparameter tuning overload. COMET can achieve the same
level of performance as popular gates with much lesser number of
hyperparameter trials. This indicates that COMET is not too heavily
dependent on a very restricted set of hyperparameter values. We
visualize this for various datasets in Fig. 2. We see tuning reduction
by a factor of 5x—100x for COMET over popular gates.

5.1.3  Effect of Local Search on Hyperparameter Tuning. Here, we
study how local search can be beneficial in terms of hyperparameter
tuning. We study this effect for Hash-r, Top-k and COMET. We
visualize this in Fig. 3 for MovieLens for both Hash-r+, Top-k+and
COMET+. We observe that we can achieve comparable performance
with much smaller number of trials. We see tuning reduction by a
factor of 3x—100x for Hash-r+, 20X—100x for Top-k+ and 2X—5x%
for COMET+. This suggests that permutation-based local search
helps escape out of bad initializations. Such favorable properties of

Books Jester
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S
% 0.680
@
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— Topk . — Hashr
— COpMET 06 — Topk
0.178 0.62 —— COMET
80.176 001
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Figure 2: Sensitivity of COMET to hyperparameter tuning.
COMET can achieve the same level of performance as pop-
ular gates (e.g., Hash-r and Top-k) with significantly lesser
number of hyperparameter trials. We see tuning reduction
by 5x—100x for COMET over Top-k and Hash routing.
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local search in terms of reducing the hyperparameter tuning load
for existing gates can be beneficial for Large Language Models.

5.2 Experiments on NLP Tasks

In this section, we consider a setting where a pretrained large model
(non-MoE based) needs to be distilled for a more efficient inference
while preserving or improving the best performance. Following
[51], we study a distillation setting, where BERT [9] is distilled
into its Sparse-MoE based variant. Specifically, the FFN layers are
replaced with MoE layers — this can result in a ~2x smaller number
of (effective) parameters with per-sample sparse routing (for k = 1),
thus allowing for more efficient inference.

Following [51], we use an importance-weight guided distillation
strategy: (i) Finetune BERT on a downstream task. (ii) Compute im-
portance weights in FFN layers to construct an MoE-based variant
of BERT. (iii) Distill BERT into MoE-based variant on the down-
stream task with a layer-wise discrepancy loss. [51] used Hash
routing in their MoOEBERT model. We propose COMET-BERT (MoE
based BERT model with COMET/ COMET+ gating) and evaluate the
performance on the GLUE benchmarks [43] and SQuAD benchmark
[38]. More details about the benchmarks are given in Supplement.

MovieLens (a = 0.1) MovieLens (a = 0.9)

—— Hash-r
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7 7
e 2
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0 50 100 150 200 250 0 50 100 150 200 250
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Figure 3: Effect of local search on hyperparameter tuning.
Comparison of Hash-r+ vs Hash-r, Top-k+ vs Top-k and
COMET+ vs COMET on MovieLens with two different task
weight settings. Local search appears to achieve the same
level of performance with much lesser number of hyperpa-
rameter trials. We see tuning reduction by a factor of 3x-100x
for Hash-r+, 20x—100X for Top-k+ and 2x—5x for COMET+.
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Implementation. We implemented COMET-BERT in HuggingFace
[45] and adapted the codebase of [51]. Unlike Hash routing, our
gates can also cater to k > 1. However, for consistent comparison
in terms of inference, we set k = 1. Tuning details are outlined in
Supplement. Code for COMET-BERT is available at https://github.
com/mazumder-lab/COMET-BERT.

Results. We report the performance metrics in Table 4 for 7 GLUE
datasets and SQuAD dataset. COMET-BERT outperforms MoEBERT
in 5/7 benchmarks on GLUE datasets. COMET-BERT also outper-
form MoEBERT significantly on SQuADv2.0. Notably, in 5 of these
datasets (CoLA, MRPC, QNLI and MNLI, SQuAD v2.0), COMET-
BERT achieves SOTA performance when distilling BERT, (when
compared with all distillation methods in literature with same num-
ber of effective parameters for inference).

Table 4: Performance metrics on the GLUE and SQuAD devel-
opment sets. Models are trained without data augmentation.
Both models have 66M (effective) parameters for inference.

GLUE SQuAD
RTE|CoLA |MRPC |SST-2|QNLI| QQP |MNLI| v2.0
Acc | Mcc F1 Acc | Acc | F1/Acc |m/mm| F1/EM
MOEBERT? 70.8 | 55.4 | 91.0 | 93.2 | 90.9 |88.5/91.4| 84.7 | 76.8/73.6
COMET-BERT |71.1| 57.0 | 91.3 | 93.0 | 91.2 | 88.4/91.3 | 85.5 |78.4/75.3

6 CONCLUSION

In summary, we propose two new approaches for improving rout-
ing in Sparse-MoE. First, we introduce a new differentiable gate
COMET, which relies on a novel tree-based sparse expert selection
mechanism. COMET allows optimization with first-order methods,
offers explicit control over the number of experts to select, allows
(partially) conditional training and sparse inference. Second, in this
work, we argue that combinatorial nature of expert selection in
Sparse-MoE makes sparse routing optimization challenging with
first-order methods. Thus, we propose a new local search method
that can help any gate including ours (COMET) escape “bad” ini-
tializations. Our large-scale experiments on recommender systems,
vision and natural language processing tasks show COMET and
COMET+: (i) achieve statistically significant improvements in pre-
diction (up to 13% improvement in AUC) and expert selection over
popular sparse gates. (ii) reduce tuning up to a factor of 100X to
achieve the same level of performance as popular gates e.g., Top-k
and Hash routing. (iii) help COMET-BERT achieve state-of-the-art
results for distilling BERT on GLUE and SQuAD benchmarks.
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APPENDIX
A SMOOTH-STEP ACTIVATION FUNCTION

In smooth routing, the internal nodes of a soft tree use an activa-
tion function h in order to compute the routing probabilities. The
common choice for h — logistic (a.k.a. sigmoid) function in soft
trees literature [12, 18, 26, 27] — can not output exact zeros. This
implies that any sample x will reach every node in the tree with
a positive probability. Thus, computing the output of mixture of
experts will require computation over every expert. The smooth-
step activation function proposed in [16] can output exact zeros
and ones, thus allowing for conditional computation. Let y be a
non-negative scalar parameter. The smooth-step function is:
0 ift <-y/2
h(t) = —%ﬂ +optty ify/2<t<y)2

1 ift >y/2

©)

The smooth-step function is continuously differentiable, similar
to the logistic function. Additionally, it performs hard routing, i.e.,
outside [—y/2, y/2], the function produces exact zeros and ones. For
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cardinality-obeying Sparse-MoE learning with trees (not studied
in [16]), the goal for each tree is to perform hard routing for all
samples. Therefore, we propose additional regularization on {h(wg -
x),1 = h(wgq - x)} to encourage convergence of v to a one-hot state
(discussed in more detail in Section 3.3).

B PROOF FOR PROPOSITION 3.1

Proor. First off, it is straightforward to see that g(x; @, v) satis-
fies the simplex constraint in (1b):

n n 3k expla! () -0 (x)
gl a,v); = = - —— =1. (10)
= Z‘ s, 2 expla? (0)o (x)

It remains to show that ||g(x; @, v)|lo < k under the given condi-
tions. Recall the hierarchical binary encoding o) outputs a one-hot
vector for each sample x as the routing decision. Let us denote by
i ; the expert number selected by j-th tree. For now, let us assume
that ; are different for any j. Then, we have

5 exp(a? (x)),

- )
= exp(e!) () /je[k] 0

J

(11)

glea,v);
i.e., the weights are restricted on the k experts selected by the k trees,

and the weights form a softmax activation of logits agj )’s. Given that
i

Ak
= 0 for any j, and thus g(x; @, v); = 0, and this means that the

the j-th tree selects fj—th expert, we know that if i ¢ {fl, in, ..
o0
support of g(x; @, v) is contained in the set (i1 00y s fk}, which
has at most k elements. Therefore, the cardinality constraint in (1b)
holds. =

C COMET FOR NON-POWERS OF 2

COMET has a natural way to cater to settings where number of
experts are non-powers of 2. Recall we have n experts. Let d =
[log, n, then 2971 < n < 24 Let 7 be a full binary tree with
depth d and 24 leaf nodes. We collapse 2(27 - n) leaf nodes to their
parents in the (d — 1)-th level. Each time we collapse two leaf nodes,
we get a new node in the (d — 1)-th level, and the total number of
nodes reduce by one. Therefore, we get a tree with n nodes, with
29 — n nodes in the (d — 1)-th level, and 2n — 29 nodes in the d-th

level. This is visualized in Figure 4 for number of experts equal to 5.

21w - 7)
~_
2 3

2wy y

ay(z)

Figure 4: COMET for 5 (non-powers of 2) experts.
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D TIMING DISCUSSION

D.1 Cost Complexity

We compare the cost of forward pass COMET vs Top-k. We consider
a single-task, n experts (ith expert is f;), p features, desired sparsity
k < n, and some shared layers.

Table 5: Time complexity of Top-k and COMET.

Cost breakdown‘ Top-k COMET (training) COMET (inference)
Experts kO(f) kaO(fi) kaO(f7)
Gate O(pn)+O0(n + klogn) O(kpn) O(kplogn)
Shared layers O(Shared Layers)  O(Shared Layers) O(Shared Layers)

Cost for Top-k. Here the desired sparsity (k) is always equal to
the actual sparsity (k,) during training and inference, i.e. k, = k.
The cost of computing g(-) is given by O(pn) + O(klogn + n). If
the cost of computing expert f; is O(f;), then the cost of the full
model is kO(f;) + O(pn) + O(klog n + n) + O(shared layers). Here
the main cost is from how many f;’s are evaluated per sample.

Cost for COMET. For COMET, the cost of the gate is O(kpn). The
cost of the full model is k,O(f;) + O(kpn) + O(shared layers). After
a very few epochs (e.g., 4-5), when COMET has reached the desired
sparsity, we have k; < k.

Note that during inference, COMET has smaller cost: All root-
to-leaf paths in COMET do not require evaluation, hence the gate
cost reduces from O(kpn) to O(kplog(n)). Hence, due to fewer
expert evaluations and smaller gate cost, COMET is more efficient
at inference time than Top-k. Also see Table 6 for FLOP counts at
inference time for different gating methods.

D.2 FLOPs Comparison

We compare the FLOP counts of different gating methods (across
different models/datasets) to compare inference speed—see Table
6 below. Inference FLOPs per sample - number of floating point
operations that a model performs per sample - is a standard measure
to evaluate the inference speed for Sparse-MoE e.g., in [11] etc.

Table 6: #FLOPs per-sample at inference time
for COMET against benchmarks (Softmax, Top-
k, DSelect-k) across various datasets.

Dataset Model FLOPs
Softmax 1195K

Top-k 402K

Books DSelect-k 214K
COMET 326K

Softmax 2255K

. Top-k 413K
MovieLens DSelect-k 399K
COMET 362K

Softmax 7.49M

. . Top-k 3.03M
MultiFashionMNIST DSelect-k 1.58M
COMET 2.35M

Softmax 22.02M

Top-k 8.82M

Celeba DSelect-k 5.64M
COMET 5.47M
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Table 7: Test AUC/Accuracy/MSE for COMET+ and bench-
mark gates on recommender systems and image datasets.

Recommender Systems
Gate Task 1 Task 2
(Test AUC) (Test MSE)
Softmax 56.70+0.16 2.6470+0.0016
Hash-r 54.55+0.07 2.6791+0.0017
Books
(alpha=0.1) Top-k 55.28+0.07 2.6783+0.0026
DSelect-k 59.19+0.36 2.6667+0.0038
COMET+ 68.18+0.24 2.6063+0.0018
Softmax 77.85+0.01 2.6195+0.0019
Hash-r 77.32+0.05 2.7152+0.0050
Books
(alpha=0.9) Top-k 77.46+0.03 2.6942+0.0016
DSelect-k 77.07+0.09 2.7581+0.0092
COMET+ 77.95+0.02 2.6158+0.0021
Softmax 90.92+0.01 0.7585+0.0005
. Hash-r 88.95+0.02 0.8065+0.0004
MovieLens
(alpha=0.9) Top-k 91.25+0.01 0.7635+0.0008
DSelect-k 91.65+0.02 0.7455+0.0006
COMET+ 91.70+0.01 0.7437+0.0006
Softmax 85.50+0.03 0.7867+0.0029
. Hash-r 84.27+0.07 0.8279+0.0003
MovieLens
(alpha=0.1) Top-k 87.12+0.04 0.8005+0.0004
DSelect-k 88.16+0.07 0.7734+0.0005
COMET+ 88.02+0.01 0.7707+0.0005
Softmax 97.350+0.004 0.7460+0.0003
Jester Hash-r 97.323+0.003 0.7530+0.0003
(alpha=0.9) Top-k 97.346+0.004 0.7456+0.0006
DSelect-k 97.361+0.004 0.7464+0.0005
COMET+ 97.362+0.004 0.7439+0.0006
Softmax 97.22+0.01 0.7380+0.0003
Jester Hash-r 97.01+0.01 0.7301+0.0002
(alpha=0.1) Top-k 97.38+0.01 0.7412+0.0005
DSelect-k 97.45+0.00 0.7273+0.0003
COMET+ 97.45+0.00 0.7257+0.0004
Image Datasets
Test Accuracy
Gate (Averaged across tasks)
Softmax 87.99+0.04
. . Top-k 88.03+0.03
MultiFashionMNIST DSelect-k 87.420.04
COMET+ 88.12+0.04
Softmax 83.84+0.15
Top-k 83.95+0.17
CelebA DSelect-k 83.53£0.06
COMET+ 84.27+0.08
Softmax 93.53+0.12
. Top-k 95.34+0.04
Digits DSelect-k 95.41£0.03
COMET+ 95.45+0.04
Softmax 98.01+0.03
. Top-k 98.01+0.02
MultiMNIST DSelect-k 98.030.02
COMET+ 98.07+0.02

We show that gates that learn sparse routing decisions per sam-
ple, e.g., Top-k, DSelect-k, COMET, significantly reduce the number
of FLOPs (3X—6X) at inference time in comparison to dense gates
e.g., Softmax. Additionally, we see that in all 4 cases, COMET has
smaller number of FLOPs (1.1x—1.6X) than the highly popular Topk
gate. We also outperform DSelect-k in some cases in number of
FLOPs. While in some cases, we have larger number of FLOPs than
DSelect-k, our AUC is higher (up to 9%) in these cases.



COMET and Permutation-Based Local Search

D.3 Effect of local search on computation

Inference. Note that the permutation matrix is global and not
sample specific. At inference time, multiplying permutation ma-
trix P with g(x) amounts to a reordering of the expert indices -
hence, additional cost for this permutation is negligible compared
to evaluation of f(x) and g(x).

Training. In the first stage of COMET training (a few epochs ~ 5),
the training is dense (requiring all experts per sample). For COMET+,
we also learn the permutation matrix during this stage. There is a
small additional computational cost: (a) permutation matrix of size
nx n, where n is the number of experts, e.g., 16; (b) cost of Sinkhorn
operator which constitutes row/column sum normalizations. This
cost is marginal compared to the cost of evaluating the experts f's,
each of which is an MLP/CNN. In the second stage of training, where
the samples are being routed to a small k(= 2) subset of experts
per-sample, there is no additional cost for COMET vs COMET+. To
show an example, for MovieLens 200k, where we learn permutation
matrix in first 5 epochs, the total time for 50 epochs (on 4 GPUs) is
given by: 494s for COMET and 496s for COMET+. Note 50 epochs
were sufficient to achieve convergence for both gates.
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E TASK-SPECIFIC METRICS
CORRESPONDING TO TABLES 2 AND 3

We provide task-specific metrics for all recommender systems and
image datasets in Table 7. We observe COMET+ can give superior
AUC performance by up to 13% over Hash routing and Top-k, and
9% over DSelect-k.

F BOOTSTRAPPING PROCEDURE FOR
STUDYING HYPERPARAMETER TUNING

We performed 500 tuning trials and performed a bootstrapping
procedure as outlined below:

e Randomly sample s (s € {1, 2,5, 10, 15, - - - , 250}) trials from the
bag of a larger set of 500 trials.

Find the trial with the best validation loss.

Compute the test loss for that trial.

Repeat this exercise for 1000 times.

Compute the average test loss across the best selected trials.



