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ABSTRACT

The boiling crisis determines the maximum heat flux for the safe operation of boiling equipment,
which is widely used in various applications including power generation, thermal management of
electronics and water desalination. Here we present a mechanistic and predictive theory for the
boiling crisis, combining the thermo-fluidic interaction between bubbles and the stochastic
interaction of nucleation sites. Using Rayleigh and Poisson distributions, we demonstrate that the
boiling crisis occurs when the population of isolated nucleation sites reaches the maximum. We
identified a dimensionless boiling crisis constant 1/ze, which universally relates the bubble base
diameter to the isolated nucleate site density during the saturated pool boiling crisis. This finding
is supported by our direct numerical simulation as well as by previous numerical and experimental
results. Combining the thermo-fluidic and stochastic interaction, quantitative and simultaneous
predictions of the critical heat flux (CHF) and the corresponding wall superheat at the CHF were
achieved, which agrees with existing experimental data. Our theory thus offers a new avenue for
understanding the boiling crisis, and therefore can serve as a guideline for the future boiling

enhancement design.
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Nomenclature

A Area (m?)

Do bubble base diameter (m) Greek symbol

Dy bubble departure diameter (m) 0 contact angle

f bubble departure frequency (s?) pv  vapor density (Kg/m®)
f(s)  probability density function o surface tension (N/m)

hyg specific latent heat (J/KQ)

Niso isolated nucleation site density (m?)
Niss  peak of the isolated nucleation density (m)
N number of nucleation site

No number of intrinsic nucleation site
P probability

q" heat flux (W/m?)

s nearest neighbor distance (m)

Ts saturation temperature (K)

Tw wall temperature

AT superheat (K)

v bubble volume (m?)

1. Introduction

Boiling is a ubiquitous phenomenon in nature and in industrial processes including power
generation, desalination, and ultra-high heat flux electronic cooling [1-3]. This process is typically
characterized by the periodic generation of bubbles [4] through liquid-to-vapor phase change on a

heated solid surface with thermo-fluidic coupling. The boiling crisis inevitably occurs when the



critical heat flux (CHF) is reached, which is associated with a sudden loss of liquid contact with
the heated surface, resulting in a rapid degradation of heat transfer performance and even burnout
of devices [1]. Over the past several decades, the boiling crisis has been one of the most elusive
fundamental problems in thermal science [5-19]. Traditionally, it has been interpreted as a
macroscale thermo-hydrodynamic phenomenon in the hydrodynamic instability model [6] and
macrolayer dryout model [7]. Some other studies attributed the trigger of the boiling crisis to the
microscale near-wall interfacial phenomena [9, 10, 17]. However, most of these approaches only
focused on the heat transfer and fluid mechanics within one vapor bubble/column while neglecting
the strong stochastic interaction between neighboring bubbles. More recent experiments by
Lloveras et al. [12] and Zhang et al. [15] demonstrated that the boiling crisis has a percolative
nature, implying the significance of stochastic interaction. However, the detailed underlying
physical process still remains not well-understood, and a quantitative prediction of the CHF and
the associated wall superheat is still lacking. In this work, we show that the boiling crisis can be
understood and predicted by combining thermo-fluidic and stochastic interactions between
bubbles.

2. Methods

We first describe several key phenomena in the high superheat nucleate boiling regime close to
the boiling crisis which have been observed in previous studies [9, 10, 20-22], and then propose a
theoretical framework accounting for each individual phenomenon with a statistical model. Figure
1 shows schematics describing the physical process of bubble interactions at low wall superheats
and high wall superheats. In the low wall superheat regime, the density of nucleation sites is low.
Accordingly, bubble growth and departure are primarily determined by the thermo-fluidic
interaction (Fig. 1(a)). However, with the increase of wall superheat, more cavities are thermally
activated, inducing stronger thermo-fluidic as well as stochastic interactions (Fig. 1(b)). In
particular, prior to departure, a bubble can interact with its neighbors through the competition for
bubble base area due to the high activated cavity density ((1) in Fig. 1(b)). In addition, the lateral
force arising from the rapid growth of the neighboring bubbles can lead to an early bubble
departure with a relatively small bubble diameter D4 ((2) in Fig. 1(b)). This phenomenon was
experimentally observed by Gaertner and Westwater [23] and theoretically described by Kolev

[20] (Section I of Supplemental Material for a brief introduction of Kolev’s model). It is also worth



mentioning that the vapor recoil effect driven by the strong interfacial mass flux at the three-phase
contact line leads to the increase of bubble apparent contact angle 6a ((3) in Fig. 1(b)) [10, 22].

This effect is accounted for by assuming fa = 90° when the bubble intrinsic contact angle 0 < 90°
and #a= 6 when 6 > 90°. When 0a = 90°, a small residual bubble will be left on the heating surface

when the bubble departs and the waiting period in the ebullition cycle disappears [21, 22, 24] ((4)
in Fig. 1(b)). If the distance between two adjacent nucleation sites is smaller than the bubble base
diameter Dy, they will interact ((5) of Fig. 1(b)). This interaction stochastically occurs due to the
random distribution of nucleation sites. The coalescence of the hot spot under the bubble base
causes the formation of an unrewettable dry area and reduces the number of active nucleation sites
((5) in Fig. 1(b)). The isolated nucleation sites (Niso) account for most of the heat transfer at the
boiling crisis whereas the unrewettable dry area has little contribution. Fig. 1(c) (1)-(5) shows

schematically the detailed process, which was confirmed by previous studies [9, 10, 20-22].
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FIG. 1. Schematic describing bubble interactions: (a) at low wall superheat regime where the
bubble interaction is weak due to the low nucleation site density, and therefore the nucleation sites
are isolated (marked as grey triangles), and (b) at high wall superheat regime, where strong
coupling of the thermo-fluidic and stochastic interaction occurs (with interacting sites marked by
white triangles). (c) Details of processes which lead to (1) neighboring bubble interaction, (2) early
departure of the bubble with a smaller bubble departure size, (3) increase of the apparent contact
angle, (4) small residual bubble covering the nucleation sites, and (5) formation of unrewettable

dry area due to the interaction of neighboring nucleation sites.



To describe the stochastic nature of nucleation, which governs processes (4) and (5) in Fig. 1(c),
we consider the probability P of finding N intrinsic sites on a heated surface with a finite area A,
where the intrinsic sites are the thermally activated cavities determined by cavity size distributions,
superheat and the wettability of the heated surface [25, 26]. As demonstrated in our recent
experimental findings and theoretical analysis [27], N follows a two-dimensional Poisson process

(see Section Il of Supplemental Material for derivation),

N

N,
PN, No) = 5 -e~™ @

where No is the expected number of intrinsic nucleation sites which is related to the intrinsic
nucleation site density no by no = No/A. Since the stochastic interaction of nucleation sites
originates from the random spatial distribution of intrinsic sites, the distribution of the nearest
neighbor distance between intrinsic sites s should also be investigated. Many previous studies
suggested that s follows a Poisson distribution [26]. However, the distribution of s should be a
continuous probability density function while the Poisson distribution is discrete by nature. To
address this inconsistency, we theoretically derived the distribution function of s. Instead of a

Poisson process, we show that s obeys the following Rayleigh distribution [27],

s _s?

f(s) = 2¢ 207 2)
where f(s) is the probability density function and o> = 4/2zN (Section 111 of Supplemental Material
for detailed derivations). Combining the Poisson and Rayleigh distributions, the average number
of isolated nucleation sites is given by (Section IV of Supplemental Material for detailed

derivations),
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where the average number density of isolated nucleation sites is thus niso = Niso/A.

3. Results and discussion

Figure 2 shows the behavior of intrinsic and isolated nucleation site density as a function of wall

superheat AT at three representative Dp, where we used the experimentally characterized



temperature and wettability dependent no(AT) from Wang and Dhir [26] (indicated as dashed lines
in Figs. 2(a) and (b)), which is given as: ny(AT) sites/cm? = 5 x 105 (1 — cosf) x (2r.)7°,
with re being the critical nucleation radius defined by 7. = 20 - Ts/[py - hyy - (T, — T5)] . Note
that to elucidate the stochastic nature of bubble interaction, we treated the bubble base Dy as a
parameter in Fig. 2. However, in the prediction of CHF which will be shown later, Dy in the high
superheat nucleate boiling regime is rigorously determined by Gaertner and Westwater’s [23]
experiment and Kolev’s [20] theory. As expected, niso firstly increases with AT, reaches a peak
value n”iso and then decreases due to the strong stochastic interaction, showing a similar profile to
the classical Nukiyama pool boiling curve [28]. Therefore, we expect the boiling crisis to be a state
when niso reaches a maximum, and the AT corresponding to n"iso is the wall superheat at CHF
(ATchr). Note that niso finally approaches zero at a sufficiently high AT, indicating that all intrinsic

sites interact with their neighbors, where a vapor film on the heating surface is formed.

Under this theoretical approach, we anticipate that the boiling process is characterized by several
dimensionless constants, independent of operating conditions. Specifically, pool boiling near CHF
can be characterized with a dynamic similarity, which is defined by a dimensionless constant IT =

N"isoXDp? = 1/(we) =~ 0.117 (Section 1V of Supplemental Material for detailed analysis). Due to

this dynamic similarity, n"iso is independent of the surface wettability for a given Db (Fig. 2(b)).
However, the corresponding AT at n"iso is still a function of wettability since nucleation becomes
more difficult for more hydrophilic surfaces. In addition, we theoretically show that n"iso always
accounts for approximately 37% of no at the boiling crisis (Section IV of Supplemental Material
for details). Consequently, IT = 1/(ze) provides a range of the dry area fraction at CHF, where the
lower bound is determined by the coverage of all isolated sites, i.e., N"isox7Dv%/4 = 9.2% area of
the total heating surface while the upper bound is given by noxzDv?/4 = 25%. To validate this
theoretically predicted range (blue band in Fig. 2(c)), we compare the dry area fraction obtained
by various simulations and experiments and show good agreement. Specifically, we perform direct
numerical simulation of pool boiling using the lattice Boltzmann method (LBM), which shows
that the average dry area fraction (blue circles in Fig. 2(c)) is about 23% at CHF (See Appendix A
for simulation details). Similar dry area fractions at CHF were observed in Jung et al.’s [29]
experiment (18%) and Sato and Niceno’s [30] simulation (24%) using an interface tracking

approach (blue circles in Fig. 2(c)). More interestingly, the isolated site area fraction at CHF



(orange squares in Fig. 2(c)) given by existing simulation (9.7%) [30] and experimental data (8.6%)
[23] matches well with the theoretically predicted value (9.2%, orange-dashed line in Fig. 2(c)),
suggesting that IT = 1/(e) is a fundamental boiling crisis constant.
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FIG. 2. Stochastic interaction of nucleation sites and the resulting dry area fraction based on
Poisson and Rayleigh distributions. Isolated site density niso as a function of wall superheat AT at
three representative (a) bubble base diameters Db when € = 60° and (b) contact angles & when Dy
= 0.3 mm. niso has a peak value n”iso due to the stochastic interaction which is characterized by a
dimensionless constant I1 = n"isoxDyv? = 1/(ze). (¢) Comparison between the theoretically predicted
dry area fraction and various simulation and experimental data. The upper and lower bounds of
the dry area fraction are 25% and 9.2% which are determined by noxzDv%/4 and n“isoxzDn?/4 at
CHF, respectively. The blue band indicates the theoretical range of the dry area fraction. Good
agreement is shown between theory and experiments. The uncertainty of the LBM simulation is

determined by the standard deviation due to the temporal fluctuation of dry area fraction. The



orange-dashed line indicates the theoretically predicted isolated sites area fraction at CHF, and the
orange squares represent the numerically simulated (Sato and Niceno [30]) and experimentally

characterized isolated sites area fraction at CHF (Gaertner and Westwater [23]).

To elucidate the connection between the stochastic interaction and the percolative nature of the
boiling crisis, we define the nucleation site interaction probability as Pinter = 1-Niso/No, which is
plotted as a function of wall superheat for select Dy and 6 in Figs. 3(a) and (b), respectively. We
can observe a sudden change in Pinter When AT becomes large enough, which is triggered at a lower
wall superheat for larger Dy or 6. In fact, as the intrinsic sites follow a 2D spatial Poisson process,
this sudden change can be interpreted by the Boolean-Poisson model [31] using the continuum
percolation theory which describes the interaction of Gilbert disks centered at different random
points following a Poisson process [32]. In the boiling scenario, the random points are intrinsic
nucleation sites and the Gilbert disk represents the bubble base with diameter Dp. According to

percolation theory, we can predict the percolation threshold #c = zDv*no/4 ~ 1.128 [33] where

most of bubble base regions are interconnected. At this percolation threshold, we found that more
than 98% of total intrinsic nucleation sites interact with their neighbors (dashed line in Figs. 3(a)

and (b)). For this reason, the percolation threshold (7. = 1.128) is another characteristic point for

the boiling process, indicating the transition to film boiling.
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FIG. 3. Interaction probability Pintas a function of wall superheat AT at three representative (a)
bubble base diameters Dy when & = 60° and (b) contact angles & when Dy = 0.3 mm. The sudden

change in Pint can be understood by the Boolean-Poisson model in the continuum percolation



theory due to the spatial 2D Poisson process of intrinsic sites. A dimensionless constant #c =

mDv?no/4 =~ 1.128 due to the percolation threshold indicates transition to film boiling.

To quantitatively predict CHF and the corresponding ATcHr, we combined the thermo-fluidic
and stochastic interactions (effects (1)-(5) in Fig. 1). Based on the energy balance, CHF can be

expressed as (See Appendix B for the justification),
CHF = hfgpvvn;sof 4)

where hrg, pv, V and f are the vaporization enthalpy of fluid, density of vapor, single bubble volume
and bubble departure frequency, respectively. Note that V and f are determined by the bubble
departure diameter and bubble growth shown in Egs. (S1-S3) in Section | of Supplemental Material.
Therefore, the calculation of CHF using Eq. (4) considered both the thermo-fluidic interaction
which determines the bubble diameter, bubble volume and bubble frequency, and stochastic

interaction which determines the isolated nucleation site density (See Appendix C for details).

Figure 4 shows that the predicted CHF and the corresponding ATcrr decreases with 8 based on
the proposed theory. The theoretical predictions were compared with experimental data [21, 26,
34-38] for water under 1 atm, showing good agreement. Predictions from Zuber [6]’s and
Kandlikar [8]’s models are also shown for comparison (Fig. 4(a)). Note that we showed two bubble
diameters in Fig. 4 because both experimental results [23] and theoretical predictions [20] indicate
that bubble departure size ranges from 0.25 mm to 0.3 mm in the high superheat nucleate boiling
regime to CHF. Since 6 does not affect niso (Fig. 2(b)), the decrease of CHF with 8 shown in Fig.
4(a) arises from the decrease of bubble departure frequency with increasing 6. The kink in the
predicted CHF curve at 90° (Fig. 4(a)) is attributed to the treatment of the vapor recoil effect. On
the other hand, ATchr decreases with & (Fig. 4(b)) because less cavities can be thermally activated
on a more hydrophilic surface (Fig. 2(b)). In particular, the theoretical prediction of ATcHr agrees
well with both the experimental results of Dhir and Liaw [34] and Wang and Dhir [26] using the
expression of no suggested by Wang and Dhir [26] (Fig. 4(b)). Since ATcwr is determined by the
peak value of Eqg. (3), the good agreement shown in Fig. 4(b) further supports our hypothesis that
boiling crisis occurs when niso reaches a maximum. To further demonstrate the applicability of the
proposed CHF model, we also calculated the CHF of FC-72 using our theory and the predicted
CHF of 13.3 W/cm? agrees well with the experimental result of 12.7 W/cm? [39]. Based on the



nucleation site density at CHF reported by Zhang et al. [15], we back calculated the CHF using
our theory and found that the predicted CHF of 90 W/cm? was also in reasonable agreement with
their experimental result of 117 W/cm?, where the discrepancy can be originated from the

uncertainties in the characterization of nucleation site density.
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FIG. 4. Comparison of the predicted (a) CHF and (b) ATcnr as a function of surface wettability

with existing experimental data. Db~ 0.25-0.3 mm, which shows reasonably good agreement.

4. Concluding remarks

In summary, we developed a bubble interaction model framework to understand and predict the
boiling crisis. We showed that the physical origin of the boiling crisis is the coupling of thermo-
fluidic and stochastic interaction. To describe the stochastic interaction of nucleation sites, we
applied Poisson and Rayleigh distributions for the population and spatial distribution of intrinsic
nucleation sites, respectively. The boiling crisis occurs when the number of isolated nucleation
sites reaches a maximum. In particular, we found that two dimensionless constants characterize
boiling phenomena where I = n"isoxDb? = 1/(7re) corresponds to the boiling crisis and #c = wDy?no/4

~ 1.128 represents the transition to film boiling. Combining the thermo-fluidic and stochastic

interaction, quantitative predictions of CHF and the corresponding ATcHr were achieved, which

agrees with existing experimental data. Results of this work could guide future CHF enhancement
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design, which is crucial for the safe operation and efficiency of various boiling systems, including

for thermal management of electronics, power generation, and water desalination.
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Appendix A: Direct numerical simulation of pool boiling process using LBM

To obtain the dry area fraction at CHF point and support our CHF theory, we conduct direct
numerical simulations of pool boiling process by the lattice Boltzmann method (LBM). Details of
the model can be found from our previous work [22, 40]. The simulated boiling curve using this
approach showed the same features with the classical Nukiyama boiling curve [28]. In particular,
the CHF predicted by our simulation [22, 40] agrees well with classical model [6]. The heat transfer
in the film boiling regime predicted by our LBM simulation also agreed well with the Berenson’s
classical solution [41].

Figure Al shows the simulated 3D saturated pool boiling patterns of CHF point at two typical
instants. The time-averaged dry area fraction during a sufficiently long-time interval at CHF point

is determined to be 23+5% where the uncertainty is the standard deviation of the dry area fraction.

11



FIG. Al. Representative LBM simulated pool boiling patterns at CHF point (Red: heater; Blue:
vapor bubble).

Appendix B: Energy balance analysis during the pool boiling process

In this Section, we perform an energy balance analysis to justify Eq. (4) in the main text, which
states that most of the heat is carried by the liquid-to-vapor phase change during saturated pool
boiling. Fig. A2 shows the schematic of a typical pool boiling experimental setup, where the
sidewall is thermally insulated, and a reflux condenser is used to return condensed liquid to the
liquid pool. We define the entire liquid pool as the control volume (marked as the dashed box in
Fig. A2). At a steady state, the total vapor mass flow rate ni,, leaving the control volume is equal
to the mass flow rate of the condensed liquid m; returning to the control volume, i.e., m, = m,,
where ni,, consists of the vapor flow carried by bubbles m,,,,;, and direct evaporation at the liquid-
vapor interface 1, Note the contribution of m,,, is negligible since both the liquid-vapor
interface and vapor above the interface are in the saturated state, and the pressure or concentration
gradient which drives the direct evaporation is insignificant. Considering the sidewall has good

thermal insulation, the energy balance of the control volume is given by,

Q = myhsy + My (Tsar — T1) = Mpuphysg + Mpup i (Tsar — T1) (Al)
where Q is the total heat transfer rate input from the heating substrate and Tiis the temperature of
condensed liquid. Since hrg (~10° J/kg) is one to two orders of magnitude larger than cp,i(Tsat — Ti)
(~10%-10° J/kg), most of heat transfer during the saturated pool boiling is carried by the vapor flow
due to bubble generation. On the other hand, since most of vapor bubbles are generated on the
bottom solid-fluid interface through heterogeneous nucleation, 1,,,;, is determined by the liquid-

to-vapor phase change on the heating surface,

Mpup = PuV Nacef (A2)
where V is the bubble volume and Nact is the average number of the active nucleation sites. At

CHF, we assumed Nact = Niso, Since the interacting nucleation sites form large unrewettable area

which provides little heat transfer. Combining Egs. (Al) and (A2), we obtain Eq. (4) in the main
text,

12



CHF = hgp,Vnis,f. (A3)
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FIG. A2. Schematic of the heat and mass transport in a typical saturated pool boiling experimental
setup. The entire liquid pool (the dashed box) is chosen as the control volume for mass and energy
balance analysis. Heat flows into the control volume from the bottom heating substrate and vapor
flows out from the top liquid-vapor interface. Condensed liquid returns to the control volume from

a reflux condenser. The sidewall of the liquid pool is thermally insulated.

Appendix C: Descriptions of the modeling framework
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Figure A3 shows the modeling framework developed in this work which combines the thermo-
fluidic interaction with the stochastic interaction. The only input parameters are fluid properties
(e.g., vaporization enthalpy, density, viscosity, thermal conductivity, and thermal diffusivity, etc.)
and the intrinsic nucleation site density correlation/model for no (grey block in Fig. A3), which is
determined by the property of heating surfaces. In this work, we chose the intrinsic nucleation site
density correlation developed by Wang and Dhir [26], which is commonly used to describe the
nucleation on metallic surfaces (e.g., copper).

As described in the main text and Section |, the thermo-fluidic interaction determines the bubble
growth and departure (yellow blocks in Fig. A3), where the bubble growth is described by the
classical diffuse-controlled growth process (Egs. (S1) to (S3)), and the fluidic forces induced
bubble departure is modeled by Egs. (S4) to (S8) according to Kolev’s theory [20]. The bubble
volume V is calculated by the departure diameter Dq, and the bubble departure frequency f is given
by Eqg. (S7) by substituting D4 into the diffuse-controlled growth model (Eg. (S1)).

On the other hand, the stochastic interaction arises from the random distribution of bubble
population and nearest neighbor distance (blue blocks in Fig. A3). As shown in the main text and
Sections 1l and 111 of this Supplemental Material, the population of nucleation sites follows the
Poisson distribution (Eq. (1) and Egs. (S9) to (S16)), and the nearest neighbor distance is described
by the Rayleigh distribution (Eg. (2) and Egs. (S17) to (S21)). Combining the population and
nearest neighbor distance distributions, the active nucleation site density can be therefore
determined with the bubble base diameter Dy as an input parameter (green block in Fig. A3), which
is given by the thermo-fluidic interaction model (Eq. (3) and Egs. (S22) to (S25)). Finally, we
predicted CHF using the energy balance relationship (Eqg. (4)) with bubble volume V, bubble
departure frequency f, and peak of the isolated nucleation site density niso as input parameters
(purple block in Fig. A3).
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FIG. A3. Modeling framework for the boiling crisis combining the thermo-fluidic interaction and
stochastic interaction. Grey block: input parameters including fluid properties and the intrinsic
nucleation site density correlation/model. Yellow blocks: thermo-fluidic interaction model which
considers the diffuse-controlled bubble growth due to heat transport and early departure of bubble
due to fluid dynamic forces. Blue blocks: stochastic interaction model which considers the random
distribution of nucleation site population and nearest neighbor distance. Green block: active
nucleation site density due to the thermo-fluidic and stochastic interactions. Purple block: CHF
predicted by the overall energy balance which takes the results of thermo-fluidic and stochastic

interactions as inputs.
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