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ABSTRACT

At the core of human intelligence lies an insatiable drive to uncover the simple underlying
principles that govern the world’s complexities. This quest for parsimony is not unique to
biological cognition but also seems to be a fundamental characteristic of artificial intelligence
systems. In this thesis, we explore the intrinsic simplicity bias exhibited by deep neural
networks — the powerhouse of modern AI. By analyzing the effective rank of the learned
representation kernels, we unveil the observation that these models have an inherent preference
for learning parsimonious relationships in the data. We provide further experimental results
to support the hypothesis that simplicity bias is a good inductive bias for finding generalizing
solutions. Building upon this finding, we present the Platonic Representation Hypothesis —
the idea that as AI systems continue to grow in capability, they will converge toward not only
simple representational kernels but also a common one. This phenomenon is evidenced by the
increasing similarity of models across domains, suggesting the existence of a Platonic “ideal”
way to represent the world. However, this path to the Platonic representation necessitates
scaling up AI models, which poses significant challenges regarding computational demand.
To address this obstacle, we conclude the thesis by proposing a framework for training a
model with parallel low-rank updates to effectively reach this convergent endpoint.
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Chapter 1

Prologue

The pursuit of science is to uncover the simple underlying principles that govern the com-
plexities of the universe. From birth, humans, along with many pseudo-intelligent biological
systems, are driven to observe the world, discern patterns, and extrapolate these observations
to maximize utility or, for the curious ones, to quench the thirst for knowledge. The essence
of scientific inquiry, however, makes one crucial assumption: that patterns will “always” exist
in our data. But why should they?

An often unspoken axiom in science is the assumption that the world and the rules that
govern it are inherently simple, and it’s the interaction of these simple rules that gives rise to
complex processes, like the ones we see in Conway’s Game of Life. This notion is perfectly
summarized by Nobel Laureate Murray Gell-Mann:

“Regularities come from two fundamental laws of physics: the unified theory of all
the particles and the forces, and the initial condition of the universe. We believe
both of these are simple.”

The goal of fundamental sciences is, therefore, to infer these simple underlying rules from
complex data. And because the underlying process is simple, we assume that even complex
data generated from this process must contain structure.

This brings us to a long-standing interest in understanding the complexity of data and
the principles that underpin it. In Algorithmic Information Theory (AIT), this concept is
often referred to as the Minimum Description Length (MDL), which seeks to determine
the shortest possible description that can compress the observed data without losing any
information. Simply put, MDL asks, “How many instructions are needed to fully explain the
patterns observed in the data?” The belief that MDL reflects the underlying data-generating
process is often referred to as the Compression Hypothesis. This is an unofficial umbrella
term used to argue for the law of parsimony (Ockham 1639; Gell-Mann 1994; Kolmogorov
1965; Solomonoff 1964a; Rissanen 1978; Schmidhuber 2007; Hutter 2006), where the simplest
explanation is likely to be the correct explanation. Of course, there are counterexamples, but
this idea has generally stood the test of time. This led me to ask: Is this desire to infer short
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descriptions unique to humans? Or do machines, like humans, also exhibit a preference for
simpler solutions? If they do, it could suggest that artificial systems have the potential to
exhibit human-like generalization behaviors.

This would also explain the recent paradigm shift toward multifunctional systems in the
field of AI, where larger and more capable models generalize and adapt better to a wide
range of tasks. Since the underlying data-generating process (e.g., the universe) is the same,
intelligent systems, artificial or biological, should likely arrive at the same understanding of
the relationships present in the data (Cao and Yamins 2021; Bansal, Nakkiran, and Barak
2021). The convergence of AI systems toward more homogeneous capabilities raises several
critical questions: What drives this convergence? Is it likely to continue? What is its ultimate
trajectory? How can we efficiently make progress toward more unified AI systems? This
thesis aims to provide insights into these aspects and is structured as follows:

Chapter 2: Explores deep neural networks’ inherent preference for simple relationships. We
examine this aspect by studying the effective rank of the kernels generated by the model.

Chapter 3: Introduces the convergence hypothesis, offering both empirical and theoretical
evidence that AI systems are moving toward a common representational endpoint. We also
argue that scaling is essential for achieving this convergence.

Chapter 4: Demonstrates an efficient approach to scaling model training by introducing a
distributed framework that uses parallel low-rank adapters to collectively train large neural
networks.

Chapter 5: Summarizes findings and provides concluding thoughts on these research directions.
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Chapter 2

The low-rank simplicitiy bias of deep
neural networks

Deep neural networks have demonstrated remarkable generalization capabilities, but a
fundamental question remains: do these models generalize because they inherently find simple
solutions? In this chapter, we explore the intrinsic characteristics of neural networks that
determine the complexity of the solutions these models tend to gravitate toward. Specifically,
we investigate the concept of simplicity by examining the effective rank of the kernels produced
by these models — the number of bases used to characterize the learned relationships in the
data.

Measuring simplicity in neural networks can be approached in various ways, and analyzing the
rank of kernels is just one method. However, it provides valuable insights into the complexity
— or lack thereof — of the solutions that neural networks converge upon. While factors such
as data, optimizer, and architecture all influence a model’s tendency toward simplicity, our
focus here is on the architectural bias itself. We argue that the architecture of deep neural
networks inherently promotes a preference for low-rank, and therefore simpler, solutions.

2.1 Introduction

It has become conventional wisdom that the more layers one adds, the better a deep neural
network (DNN) performs. This guideline is supported, in part, by theoretical results showing
that deeper networks can require far fewer parameters than shallower networks to obtain the
same modeling “capacity” (Eldan and Shamir 2016). While it is not surprising that deeper
networks are more expressive than shallower networks, the fact that state-of-the-art deep
networks do not overfit, despite being heavily over-parameterized, defies classical statistical
theory (Geman, Bienenstock, and Doursat 1992; Zhang, Bengio, Hardt, et al. 2021; Belkin,
Hsu, Ma, et al. 2019) – e.g., (Dosovitskiy, Beyer, Kolesnikov, et al. 2020) trains a 632 million
parameter, 200+ layer model, on 1.3 million images.

The belief that over-parameterization via depth improves generalization is used axiomatically
in the design of neural networks. Unlike conventional regularization methods that penalize
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Figure 2.1: Deep nets struggle to fit high-rank linear functions: We report the
training loss of neural networks of different depths optimized to solve linear regression. The
rank of the underlying linear function is varied in the range [1, 64]. While shallow networks
achieve zero training loss, the training loss worsens with increased depth and task rank (see
Appendix 7.5 for training details).

model complexity (e.g., ℓ1/ℓ2 penalty), over-parameterization does not. Yet, like explicit
regularization, over-parameterization appears to prevent the model from over-fitting (Belkin,
Hsu, Ma, et al. 2018; Nakkiran, Kaplun, Bansal, et al. 2019). Why this implicit regularization
works is still an ongoing area of research.

In this work we made a rather unexpected discovery that provides clues into why and when
over-parameterization could help, which echoes a lot of the prior works on the spectral
bias of deep networks. This discovery is the result of the following experiment: training
ReLU networks with varying depths on a set of linear regression tasks Y = W ∗X. For some
randomly sampled X we minimize the least-squares error between the prediction Ŷ and the
ground-truth targets Y . In Figure 2.1, we plot the converged loss when varying the depth of
model and the underlying rank of the task: rank(W ∗) = {1, 4, 16, 32, 64}. The results reveal
that deeper networks touted for their ability to model complex functions struggle to fit even
(high-rank) linear functions. In contrast, shallower networks perfectly minimize the loss.

One explanation of these results is improper optimization of neural network parameters. We
used standard SGD based optimizers and experimented with a wide range of hyper-parameters
that we detail in Appendix 7.5 along with the code in the supplementary materials. While
there may exist an optimization algorithm that can perfectly minimize training error, we do
not know of such an optimizer. At first, our result might seem to be at odds with the work
of (Zhang, Bengio, Hardt, et al. 2021) observing that deep networks (8 layers) can achieve
zero training error on random data. However, our results are consistent because (Zhang,
Bengio, Hardt, et al. 2021) did not experiment with deeper networks, and predicting labels
from images is (loosely speaking) not a full rank prediction problem.

The second possibility is our hypothesis that deep over-parameterized networks are biased to
find low-rank solutions. Results in Figure 2.1 corroborate this hypothesis, but the problem is
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that the concept of rank is not defined for a non-linear network. However, it is still possible
to study the rank of the feature embeddings learned by the penultimate layer of the neural
network. In the case of a linear neural network, the embedding and parameter rank are
equivalent. In the remainder of this work, we probe the relationship between embedding rank
and depth. Our findings indeed strengthen the hypothesis that deeper networks find lower
(embedding) rank solutions.

Prior work has shown that over-parameterized linear networks find minimum norm solu-
tions (Gunasekar, Woodworth, Bhojanapalli, et al. 2017; Arora, Cohen, Hu, et al. 2019),
which in special cases, is equivalent to finding low-rank solutions. Past work has also suggested
that over-parameterized non-linear networks find “simple” solutions (Valle-Perez, Camargo,
and Louis 2019) but using measures of simplicity other than rank. Our work ties together
these two lines of research to analyze the relationship between embedding rank and depth in
non-linear networks. The fact that deeper networks are primed to learn solutions that have
low-embedding rank may also explain why they generalize despite being over-parameterized
– most natural data (e.g., images) actually lies on a low-dimensional manifold, and common
problems such as classification require predicting quantities that are much lower-dimensional
than the inputs.

2.2 Related works

Linear networks Linear networks have been used in lieu of non-linear networks for analyzing
the generalization capabilities of deep nets. These networks have been widely used for
analyzing learning dynamics (Saxe, Mcclelland, and Ganguli 2014) and forming generalization
bounds (Advani, Saxe, and Sompolinsky 2020). Notable work from (Arora, Cohen, and
Hazan 2018) shows that over-parameterization induces training acceleration which cannot be
approximated by an explicit regularizer. Furthermore, (Gunasekar, Woodworth, Bhojanapalli,
et al. 2017) shows that linear models with gradient descent converge to a minimum nuclear
norm solution on matrix factorization. More recently, (Li, Luo, and Lyu 2020) demonstrated
that gradient descent acts as a greedy rank minimizer in matrix factorization, and (Bartlett,
Long, Lugosi, et al. 2020; Bartlett, Montanari, and Rakhlin 2021) argues that gradient
descent in over-parameterized models leads to benign overfitting. Although mainly used
for simplifying theory, (Bell-Kligler, Shocher, and Irani 2019) demonstrate the practical
applications of deep linear networks.

Low-rank bias Deep linear neural networks have been known to be biased towards low-rank
solutions. One of the most widely studied regimes is on matrix factorization with gradient
descent under isometric assumptions (Tu, Boczar, Simchowitz, et al. 2016; Ma, Wang, Chi,
et al. 2018; Li, Ma, and Zhang 2018), and further studied on least-squares (Gidel, Bach,
and Lacoste-Julien 2019). (Arora, Cohen, Hu, et al. 2019) showed that matrix factorization
tends to low nuclear-norm solutions with singular values decaying faster in deeper networks.
Note that these works focus on why gradient descent finds low-rank solutions. (Pennington,
S. Schoenholz, and Ganguli 2018) showed that the spectral distribution of the input-output
Jacobian is determined by depth. For non-linear networks, understanding the biases has
been mostly empirical, with the common theme that over-parameterization of depth or width
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improves generalization (Neyshabur, Tomioka, and Srebro 2015; Nichani, Radhakrishnan,
and Uhler 2020; Golubeva, Neyshabur, and Gur-Ari 2021; Hestness, Narang, Ardalani, et al.
2017; Kaplan, McCandlish, Henighan, et al. 2020). These aforementioned theories have also
been adopted for auto-encoding (Jing, Zbontar, et al. 2020) and model compression, (Guo,
Alvarez, and Salzmann 2020). More recently, (Pezeshki, Kaba, Bengio, et al. 2020) have
observed that SGD learns to capture statistically dominant features, which leads to learning
low-rank solutions, and (Baratin, George, Laurent, et al. 2021) observed that the alignment
of the features acts as an implicit regularizer during training.

Simplicity bias Recent work has indicated that gradient descent in linear models finds max-
margin solutions (Soudry, Hoffer, Nacson, et al. 2018; Nacson, Lee, Gunasekar, et al. 2019;
Gunasekar, Lee, Soudry, et al. 2018). Separately, in the perspective of algorithmic information
theory, (Valle-Perez, Camargo, and Louis 2019) demonstrated that deep nets’ parameter
space maps to low-complexity functions. Furthermore, (Nakkiran, Kaplun, Kalimeris, et al.
2019), and (Arpit, Jastrzębski, Ballas, et al. 2017) have shown that networks learn in stages
of increasing complexity. Whether these aspects of simplicity bias are desirable has been
studied by (Shah, Tamuly, Raghunathan, et al. 2020).

Complexity measures A growing number of works have found matrix norm to not be a
good measure for characterizing neural networks. (Shah, Kyrillidis, and Sanghavi 2018) shows
that the minimum norm solution is not guaranteed to generalize well. These findings are
echoed by (Razin and Cohen 2020), which demonstrates that implicit regularization cannot
be characterized by norms and proposes rank as an alternative measure.

2.3 Preliminaries

Simple linear network A simple linear neural network transforms input x ∈ Rn×1 to
output ŷ ∈ Rm×1, with a learnable parameter matrix W ∈ Rm×n,

ŷ = Wx. (2.1)

For notational convenience, we omit the bias term.

Over-parameterized linear networks One can over-parameterize a linear neural network
by defining d matrices {Wi}di=1 and multiplying them successively with input x:

ŷ = WdWd−1 · · ·W1x = Wex, (2.2)

where We =
∏d

i=1Wi. As long as the matrices are of the correct dimensionality — matrix Wd

has m columns, W1 has n rows, and all intermediate dimensions {dim(Wi)}d−1
i=2 ≥ min(m,n)

— then this over-parameterization expresses the same set of functions as a single-layer
network. We disambiguate between the collapsed and expanded set of weights by referring to
{Wi} as the over-parameterized weights and We as the end-to-end or the effective weights.
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Non-linear networks For non-linear network, activation function ψ (e.g. ReLU) is
interleaved between the weights:

ŷ = Wdψ(Wd−1 . . . ψ(W1(x))) (2.3)

In contrast to linear networks, non-linear models are more expressive with more layers.

Effective rank We characterize the rank of a matrix using a continuous measure known as
the effective rank :

Definition 2.3.1 (Effective rank). (Roy and Vetterli 2007) For any matrix A ∈ Rm×n, the
effective rank ρ is defined as the Shannon entropy of the normalized singular values:

ρ(A) = −
min(n,m)∑

i=1

σ̄i log(σ̄i),

where σ̄i = σi/
∑

j σj are normalized singular values, such that
∑

i σ̄i = 1. Also referred to as
the spectral entropy. Without loss of generality, we drop the exponentiation for convenience.

This measure gives us a meaningful representation of “continuous rank”, which is maximized
when the magnitude of the singular values are all equal and minimized when a single
singular value dominates relative to others. The effective rank provides us with a metric that
summarizes the distribution envelope.

Embedding maps A parameteric function f{W} ∈ FW is a neural network parameterized
with a set weights {W} = {W1, . . . ,Wd} that maps the input space to the output space
X → Y. For a dataset of size q, the input and output data is X ∈ Rn×q and Y ∈ Rm×q.
Then, the predicted output is Ŷ = Wdψ(Φ) = f{W}(X), where Φ ∈ Rn′×q is the last-layer
embedding and Wd ∈ Rm×n′ is the last layer of the network.

We analyze the embedding space by computing the effective rank on the Gram/kernel matrix
K ∈ Rp×p where p is the size of the test set. The ij-th entry of the Gram matrix corresponds
to a distance kernel Kij = κ(ϕi, ϕj) where ϕi corresponds to the i-th column of Φ. We use
the model’s intermediate features before the linear classifier and use cosine distance kernel:
κ(ϕi, ϕj) =

ϕiϕ
T
j

∥ϕi∥∥ϕj∥ , a common method for measuring distances in feature space (Kiros, Zhu,
Salakhutdinov, et al. 2015; Zhang, Isola, Efros, et al. 2018).

In natural data, it is often assumed that we are trying to discover a low-rank relationship
between the input and the label. For example, a model that overfits every training sample
without inferring any structure on the data will generally have a test gram-matrix that is a
higher rank than that of a model that has learned parsimonious representations.

A lower rank on held-out data indicates less excess variability and is indicative of studying
generalization and robustness. The intuition becomes clearer in linear networks since the
rank of the Gram matrix depends on the rank of the linear transformation computed by the
network. We illustrate this empirically in Appendix 7.11, where we see that there is a tight
relationship between the rank of the linear weight matrix and the resulting Gram matrix.
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Figure 2.2: Deep networks are biased toward low-rank: The approximated probability
density function (PDF) of the effective rank ρ over the Gram matrix is computed from
features of the networks. The Gram matrix is computed with 256 random inputs, and we use
4096 network parameter samples to approximate the cumulative distribution function. The
CDF is used to compute the PDF via the finite difference method. We apply (Savitzky and
Golay 1964) filter to smoothen out the approximation. There exists more probability mass
for lower-rank rank embeddings when adding more layers. The experiment is repeated for
both normal and uniform distributions.

2.4 The parameterization bias of depth

Given that our models can always fit the data, what are the implications of searching
for the solution in the over-parameterized model? In linear models, this is equivalent to
searching for solutions in {Wi} versus directly in We. One difference is that the gradient
direction ∇{Wi}L({Wi}) is usually different than ∇WeL(We) for a typical loss function L
(see Appendix 7.9). The consequences of this difference have been previously studied in
linear models by (Arora, Cohen, and Hazan 2018; Arora, Cohen, Hu, et al. 2019), where the
over-parameterized update rule has been shown to accelerate training and encourage singular
values to decay faster, resulting in a low nuclear-norm solution. Here we motivate a result
from the perspective of parameter volume space.

Conjecture 2.4.1. Deeper networks have a greater proportion of parameter space that maps
the input data to lower-rank embeddings; hence, deeper models are more likely to converge
to functions that learn simpler embeddings.

We now provide a set of empirical observations that supports our conjecture. Our work and
existing theoretical works on gradient descent biases are not mutually exclusive and are a
likely complement. We emphasize that we do not make any claims on the simplicity of the
function, but only on the simplicity – lower effective rank – of the embeddings.
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Figure 2.3: Distribution at convergence: Rank distribution after training the network
with gradient descent. The dotted line indicates the initial distribution, the solid line indicates
the converged distribution, and the green line indicates the task rank.

2.4.1 Low-rank simplicity bias of deep networks

Observation 2.4.1. Randomly initialized deep nets are biased to correspond to Gram matrices
with a low effective rank.

When sampling random neural networks, both linear and non-linear, we observed that the
Gram matrices computed from deeper networks have a lower effective rank. We quantify
this observation by computing the distribution over the effective rank of the Gram matrix
in Figure 2.2. Here, the weights of the neural networks are initialized using uniform Wi ∼
U(·, ·) or Normal distributions Wi ∼ N (·, ·). The input, output, and intermediate dimensions
are 32, giving parameters {Wi} ∈ Rd×32×32 for a network with d layers. We draw 4096 random
parameter samples and compute the effective rank on the resulting Gram matrix. We see
that the distribution density shifts towards the left (lower effective rank) when increasing the
number of layers. These distributions have small overlap and smoothen out with increased
depth. This observation shows that depth correlates with lower effective rank embeddings.

The low-rank bias becomes more intuitive in linear models as there is a simple way to relate
the Gram matrix to the weights of the model K ≈ (Wd−1:1X)T (Wd−1:1X). Intuitively, if
any constituent matrices are low-rank, then the product of matrices will also be low-rank
– the product of matrices can only decrease the rank of the resulting matrix: rank(AB) ≤
min (rank(A), rank(B)) (Friedberg, Insel, and Spence 2003). In Appendix 7.11, we show that
as the depth of the model increases, both the effective rank of the Gram matrix and the
weights decrease together. Another way to interpret our observation is that for linear models,
over-parameterization does not increase the expressivity of the function but re-weights the
likelihood of a subset of parameters – the hypothesis class. For non-linear models, we cannot
make the same claims.

Although uniformly sampling under the parameter distribution is an unbiased estimator of
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Figure 2.4: Gram matrices of networks: Gram matrices of neural networks trained with
various non-linearities and depth. The Gram matrix is computed using the cosine-distance on
the features of the test-set near zero-training loss. Increasing the number of layers decreases
the effective rank of the Gram matrix on a variety of non-linear activation functions. The
Gram matrix is hierarchically clustered ((Rokach and Maimon 2005)) for visualization. We
observe the emergence of block structures in the Gram matrix as we increase the number of
layers, indicating that the embeddings become lower rank with depth.

the volume of the parameter space, it is certainly possible that a sub-space of the parameters
is more likely to be observed under gradient descent. Hence, by naively sampling networks,
we may never encounter model parameters that gradient descent explores. In light of this,
we repeat our experiment above by computing the PDF on randomly sampled parameters
after taking n gradient descent steps.

Observation 2.4.2. Deep neural networks trained with gradient descent also learn to map
data to simple embedding with low effective rank.

Figure 2.3 illustrates the change in distribution as we train our model to convergence
using gradient descent. Each randomly drawn network sample is trained to minimize the
least-squares error. The initial distribution is plotted with dotted lines, and the converged
distribution is plotted with solid lines. As the model is trained, the distribution of the rank
shifts towards the ground-truth rank (green line). Training the model with gradient descent
results in a distribution that is still largely dependent on depth; this reaffirms that the role of
optimization does not remove the parameterization bias in deep models. In fact, if the bias
stems from the model’s parameterization, the same bias must also exist under other common
and natural choices of optimizers. We investigate this claim in the next section.

In Figure 2.4, we further visualize the learned Gram matrices when varying the depth of the
model. The Gram matrices trained with various non-linear activation functions also emit the
same low-rank simplicity bias. These activation functions include standard functions such as
ReLU and Tanh as well as recently popularized non-linear functions such as GeLU ((Hendrycks
and Gimpel 2016)), and the sinusoidal activation function from SIREN ((Sitzmann, Martel,
Bergman, et al. 2020)). By hierarchically clustering (Rokach and Maimon 2005) these Kernels,
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Figure 2.5: Low-rank bias & optimizers: Least-squares trained on linear neural networks
using various optimization methods. The rank of the converged Gram matrix is correlated
with the depth of the network. The experiment is repeated 5 times.

we can directly observe the emergence of block structures in the Gram matrices as we increase
the number of layers, implying that the embeddings become lower rank with depth.

2.4.2 Is the low-rank bias specific to gradient descent?

Observation 2.4.3. Deep neural networks trained with common and natural choices of opti-
mizers also exhibit the low-rank embedding bias.

The low-rank bias of deep networks has been primarily studied under the context of first-
order gradient decent (Arora, Cohen, and Hazan 2018; Arora, Cohen, Hu, et al. 2019):
how and why does gradient descent converge to low nuclear norm solution. In contrast,
our conjecture focuses on the bias of parameterization of the network and not on the
bias introduced by the gradient descent. Since parameterization bias exists regardless
of the optimizer choice, we would expect to observe the low-rank simplicity bias on a
wide range of optimizers. We directly show this in Figure 2.5 by ablating across various
popular choices of optimizers on least-squares with linear networks. Here, we compare
against Nesterov ((Nesterov 1983); momentum), ADAM ((Kingma and Ba 2015a); hessian
approximator), L-BFGS ((Liu and Nocedal 1989); second-order), CMA-ES ((Hansen, Müller,
and Koumoutsakos 2003); evolutionary-search), and random search. All models were trained
to zero training error except for random search. For random search, we randomly initialize
the network 100, 000 times and take the best performing sample. As we have seen with
gradient descent, the experiment indicates that even when we train with a wide suite of
commonly used optimizers, the solution obtained by these models depends on how the model
was originally parameterized.
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Figure 2.6: Bias of parameterization: The effective rank of the Gram matrix from
initialization to convergence on various depth. For each depth, we train a linear network
using gradient descent on least squares regression. We repeat our experiments 5 times with
different seeds, and we report the median of these runs. The rank at initialization and
convergence is indicated by white and colored dots, respectively. For deeper models, the
effective-rank is lower at initialization because the product of normally distributed weights
is no longer normally distributed. On the right, we initialize the networks with the same
low-rank distribution of weights as the 32-layer model. We observe that shallower networks
tend to converge to higher rank embeddings.

2.4.3 Can the bias be explained solely by initialization?

The previous set of experiments indicates that deeper networks are biased towards low-rank
embedding at both initialization and convergence. In these experiments, the random settings
of neural networks had different initial distributions. This happens because, even if the
individual weights are normally distributed, the weights constructed from a series of matrix
multiplications result in a distribution that has a high density around zero. For example,
the product of 2 normally distributed weights becomes symmetric χ-squared distribution,
with 1 degrees of freedom. Hence, one could argue that the converged solutions are low-rank
because of the initialization bias.

Observation 2.4.4. Deep neural networks are biased towards learning low-rank embeddings
and are insensitive to initialization.

To test whether the initialization of the model affects the rank of the converged solution.
We optimize our network W ∈ Rd×32×32 on least-squares where the task-rank is set to 24.
All models are trained for 4000 epochs using gradient descent, and the best learning rate
is chosen for each depth. In Figure 2.6 (left), for models using default initialization, we
show that increasing the number of layers decreases the effective rank of the Gram matrix
at convergence. We repeat the experiment in Figure 2.6 (right) by initializing the over-
parameterized models with the distribution associated with the 32-layer linear network.
Following a similar trend to that of default initialization, we observe that deeper models learn
embeddings that are a lower rank than the shallower counterparts. Although initialization is
not insignificant, we see that the depth of the model has tight control over the solution which
the model explores. For deeper networks, the majority of the parameter volume is mapped
to low-rank embedding (Observation 2.4.1), and therefore it is expected that a typical search
algorithm would likely encounter parameters that map to low-rank embeddings regardless of
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initialization. Similarly, for a shallower network, it would be easier to find a solution with
higher rank embeddings.

2.4.4 Relation to random matrix theory

In linear models, we have a special case in which the low-rank embedding corresponds to
low-rank weights. This enables us to make a natural connection to existing theoretical work
from random matrix theory (RMT), which studies the spectral distribution under matrix
multilpications (Akemann, Ipsen, and Kieburg 2013; Akemann, Kieburg, and Wei 2013;
Burda, Jarosz, Livan, et al. 2010). We leverage the results from (Pennington, S. S. Schoenholz,
and Ganguli 2017; Neuschel 2014) to show the following:

Theorem 2.4.1. Let ρ be the effective rank measure defined in Definition 2.3.1. For a
linear neural network with d-layers, where the parameters are drawn from the same Normal
distribution {Wi}di=1 ∼ W, the effective rank of the weights monotonically decreases when
increasing the number of layers when dim(W )→∞,

ρ (WdWd−1 . . .W1) ≤ ρ (Wd−1 . . .W1)

Proof. See Appendix 7.7.

Given the current set of mathematical tools, our preliminary theory depends on many
assumptions, such as infinite width networks and the distribution of the weights; this
is akin to many existing theoretical works. Yet, we have observed in practice that the
empirical spectral distribution of finite-width models is well approximated by random matrix
theory (see Appendix 7.1) in practice. We emphasize that the main contribution of our work
is on the empirical theory of the low-rank bias of deep networks; nonetheless, we show that
there is a natural theoretical connection to RMT in hopes of stimulating future works.

2.5 Over-parameterization as a regularizer

Thus far, we have observed that depth acts as a bias for finding functions with low-rank
embeddings. As one could imagine, this inductive bias of depth could be used to help but
also hurt generalization performance. Our observations indicate that the low-rank simplicity
bias helps when the true function we are trying to approximate is low-rank. On the contrary,
if the underlying mapping is a high rank or the network is made too deep, depth could have
a converse effect on generalization. Ample evidence from prior works (Szegedy, Liu, Jia,
et al. 2015; He, Zhang, Ren, et al. 2016) suggests that over-parameterization of non-linear
models improves generalization on fixed datasets, but blindly increasing the number of layers
without bells & whistles (e.g., batch-norm, residual connection, etc.) hurts (He, Zhang, Ren,
et al. 2016).

Fortunately, networks are trained on natural data, where often the goal is to discover a
low-rank relationship between the input and the label. Hence, the inductive bias of depth acts
as a prior rather than a bug. As noted by (Solomonoff 1964b) theory of inductive inference,
the simplest solution is often the best solution, suggesting that low-rank mapping in neural
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Figure 2.7: Training dynamics: Singular values of the Gram matrix for both original (left)
and linearly over-parameterized (right) model throughout training. The models are trained
on CIFAR100 using SGD. Since the first few singular values dominate the distribution, we
plot the negative log magnitude of the normalized singular values to better visualize how the
intermediate singular values change. The singular values are sorted from largest to smallest
σi < σi+1 (top to bottom in the figure) where blue means large and red means small. The
original and the over-parameterized models are functionally equivalent and use the same
colorbar and scale. The dotted lines (––) indicate the learning step schedule, and train
and test accuracies are overlayed on top of the distribution. The over-parameterized model
learns lower rank embedding and exhibits less overfitting, and has better generalization.
See Figure 7.7 and Figure 7.8 in the Appendix for the dynamics of the individual weights.

networks can be used to improve generalization and robustness to overfitting. However,
increasing the number of non-linear layers also increases the modeling capacity, thereby
making it difficult to isolate the effect of depth.

Nevertheless, since a non-linear network is composed of many linear components, such as
fully connected and convolutional layers, we can over-parameterize these linear layers to
induce a low-rank bias in the model without increasing the modeling capacity. The details
of our linear over-parameterization method are in Appendix 7.2. We observe that such
linear over-parameterization improves generalization performance on classification tasks.
Furthermore, we find that such implicit regularization outperforms models trained with
several choices of explicit regularization. (Guo, Alvarez, and Salzmann 2020) made a similar
empirical observation in the context of model compression where linear over-parameterization
improves generalization, but why it works is unexplored.

2.5.1 Image classification with over-parameterization

Using the linear expansion rules in Appendix 7.2, we over-parameterize various architectures
and evaluate on a suite of standard image classification datasets: CIFAR10, CIFAR100,
ImageNet. All models are trained using SGD with a momentum of 0.9. For data augmentation,
we apply a random horizontal flip and random-resized crop. We follow standard training
procedures and only modify the network architecture (see Appendix 7.5).
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Expansion CIFAR10 CIFAR100

Factor FC Conv accuracy gain ↑ accuracy gain ↑
1x - - 86.9 - 57.0 -
2x ✓ - 87.1 +0.2 58.4 +1.4
2x - ✓ 87.8 +0.9 61.0 +4.0
2x ✓ ✓ 89.1 +2.2 61.2 +4.2
4x ✓ - 87.3 +0.4 59.7 +2.7
4x - ✓ 89.1 +2.2 61.3 +4.3
4x ✓ ✓ 89.0 +2.1 63.5 +6.5
8x ✓ - 85.9 -1.0 58.8 +1.8
8x - ✓ 88.5 +1.6 61.6 +4.6
8x ✓ ✓ 88.0 +1.1 61.5 +4.5

Table 2.1: Over-parameterization ablations: A nonlinear CNN with 4 convolution
and 2 linear layers trained on CIFAR10 and CIFAR100 with various degrees of linear over-
parameterization.

architecture ImageNet

original over-param gain ↑
AlexNet (2x) 57.3 59.1 +1.8
ResNet10 (2x) 62.8 63.7 +0.9
ResNet18 (2x) 67.3 67.7 +0.4

Table 2.2: ImageNet: We show on existing architectures that linear over-parameterization
can improve generalization performance. The benefit plateaus off when using deeper models.
We did not see a noticeable improvement starting from ResNet34.

In Figure 2.7, we compare a CNN trained without (left) and with (right) our over-parameterization
(expansion factor d = 4) on CIFAR100. The CNN consists of 4 convolutional layers and 2
fully connected layers; the architecture details are in Appendix 7.5. We overlay the dynamics
of the singular values of the Gram matrix throughout training. The spectral distribution is
normalized by the largest singular value and are sorted in descending order σi(A) ≥ σi+1(A)
for i < 1 ≤ min(m,n). We observe that both the individual effective weights and the Gram
matrix of the over-parameterized model is biased towards low-rank weights. Unlike the
original, the majority of the singular values of the over-parameterized model are close to
zero. When we take a closer look at the weights of the model, both the original and linearly
over-parameterized models first exhibit rank contracting behavior throughout training, and
then the rank starts to increase again – to the best of our knowledge, this is an unexpected
training behavior in larger models that are not explained in prior works, possibly because the
isometric, balanced initialization, and infinitesimal assumptions made in prior theoretical
works do not hold in practice (visualized in Appendix 7.4).

We further quantify the gain in performance from linear over-parameterization in Table 2.1.
The learning rate is tuned per configuration, and we report the best test accuracy throughout
the training. We try various over-parameterization configurations and find an expansion
factor of 4 to be the sweet spot, with a gain of +6.3 for CIFAR100 and +2.8 for CIFAR10.
The optimal expansion factor depends on the depth of the original network, and in general,
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regularization CIFAR10 CIFAR100

accuracy gain ↑ accuracy gain ↑
none (baseline) 86.9 - 57.0 -
low-rank initialization 86.8 -0.1 57.2 +0.2
ℓ2 norm 87.2 +0.3 57.0 +0.0
ℓ1 norm 87.4 +0.5 60.0 +3.0
nuclear norm 87.0 +0.1 58.1 +1.1
effective rank 86.9 +0.0 57.2 +0.2
stable rank 87.6 +0.9 58.3 +1.3
frobenius2 norm 87.0 +0.1 59.2 +2.2
over-param (2x) 89.1 +2.2 61.2 +4.2
over-param (2x) + ℓ2 89.6 +2.7 61.1 +4.1
over-param (2x) + ℓ1 89.7 +2.8 63.3 +6.3

Table 2.3: Explicit regularizers: Comparison of models trained with various regularizers.
Over-parameterization consistently outperforms explicit regularizers.

we observe a consistent improvement for over-parameterizing models with < 20 layers on
image classification.

We scale up our experiments to ImageNet, a large-scale dataset consisting of 1.3 million
images with 1000 classes, and show that our findings hold in practical settings. For these
experiments, we use standardized architectures: AlexNet (Krizhevsky, Sutskever, and Hinton
2012) which consists of 8-layers, and ResNet10 / ResNet18 (He, Zhang, Ren, et al. 2016)
which consists of 10 and 18 layers, respectively. If our prior observations hold true, we would
expect the gain in performance from over-parameterization to be reduced for deeper models.
This is, in fact, what we observed in Table 2.2, with moderate gains in AlexNet and less for
ResNet10 and even less for ResNet18. In fact, starting from ResNet34, we observe linearly
over-parameterized models perform worse than the original. These experiments support our
claim that adding too many layers can over-penalize the model.

To find out whether explicit regularizers can approximate the advantages of over-parameterization,
we directly compare the performance in Table 2.3 on CIFAR. These regularizers include pop-
ular ℓ1 and ℓ2 norm-based regularizers and commonly-used pseudo-measures of rank. These
pseudo-measures of rank, such as effective rank and nuclear norm, require one to compute
the singular value decomposition, which is computationally infeasible on large-scale models.
Although we found explicit rank regularizers to help, we observed over-parameterization to
outperform models trained with explicit regularizers. Moreover, we found that combining
norm-based regularizers with over-parameterization further improves performance.

This discrepancy between implicit and explicit regularization may stem from the fact that
over-parameterization receives a combined effect of both gradient descent’s implicit bias and
model parameterization’s inductive bias. Therefore, one may need to jointly consider both
biases to approximate its effect as an explicit regularizer correctly. Another reason could
be that regularizers are inherently different than over-parameterization (Arora, Cohen, and
Hazan 2018). For example, a model trained with a regularizer will have a non-zero gradient,
even at zero training loss, while the over-parameterized model will not.
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2.6 Discussion

One of the main ingredients in any machine learning algorithm is the choice of hypothesis
space: what is the set of functions under consideration for fitting the data? Although this
is a critical choice, how the hypothesis space is also parameterized matters. Even if two
models span the same hypothesis space, the way we parameterize the hypothesis space can
ultimately determine which solution the model will converge to – recent work has shown that
networks with better neural reparameterizations can find more effective solutions (Hoyer,
Sohl-Dickstein, and Greydanus 2019). The automation of finding the right parameterization
also has a relationship to neural architecture search (Zoph and Le 2017), but architecture
search typically conflates the search for better hypothesis spaces with the search for better
parameterizations of a given hypothesis space. In this work, we have explored just one
way of reparameterizing neural nets – stacking linear layers – which does not change the
hypothesis space, but many other options exist (see Figure 7.3 and a short extension to residual
networks Appendix 7.8). Understanding the biases induced by these reparameterizations
may yield benefits in model analysis and design.
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Chapter 3

The platonic representation hypothesis

In the previous chapter, we examined how deep neural networks have an inductive bias that
favors simple solutions — deeper models are more likely to uncover simpler relationships that
generalize better. If these models are indeed inclined toward simplicity, the number of ways
to explain the data parsimoniously must then become increasingly limited.

This potential limitation could explain the recent convergence of AI systems, where models
that perform well can be more easily integrated with each other. For instance, MLPs of
LLMs can be seamlessly routed together, the weights of foundation models can be averaged
with minimal interference (Wortsman, Ilharco, Gadre, et al. 2022), and vision and language
AI systems can be aligned using a single MLP layer to create a multi-modal system (Liu, Li,
Wu, et al. 2023). All this evidence suggests that their internal representations are strikingly
similar (Bansal, Nakkiran, and Barak 2021). This convergence hints at a deeper truth:
perhaps there is only “one” optimal way to be correct.

Evidence supporting this idea can be seen in the similarity of kernels across high-performing
models. Despite differences in architecture or training data, these models tend to develop
analogous internal structures. This phenomenon shouldn’t be entirely surprising—just as
the optimal program for solving Dijkstra’s algorithm is likely to be similar across different
programming languages.

This chapter builds on the previous chapter by positing that not only do deeper models prefer
simple solutions, but they also tend to prefer the same simple solutions. We explain why and
when this happens and provide a detailed discussion of the limitations of our hypothesis.

3.1 Introduction

AI systems are rapidly evolving into highly multifunctional entities. For example, whereas
in the past we had special-purpose solutions for different language processing tasks (e.g.,
sentiment analysis, parsing, dialogue), modern large language models (LLMs) are competent
at all these tasks using a single set of weights (Srivastava, Rastogi, Rao, et al. 2022).
Unified systems are also being built across data modalities: instead of using a different
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architecture for processing images versus text, recent models, such as GPT4-V (OpenAI
2023), Gemini (Google 2023), and LLaVA (Liu, Li, Wu, et al. 2023), handle both modalities
with a combined architecture.

More and more systems are built off of general-purpose pretrained backbones, sometimes
called foundation models (Bommasani, Hudson, Adeli, et al. 2021), that support a large
range of tasks, including robotics (Driess, Xia, Sajjadi, et al. 2023; Brohan, Brown, Carbajal,
et al. 2023), bioinformatics (Ma, He, Li, et al. 2024), and healthcare (Steinberg, Jung, Fries,
et al. 2021). In short, AI systems are becoming increasingly homogeneous in both their
architectures and their capabilities.

This chapter explores one aspect of this trend: representational convergence. We argue that
there is a growing similarity in how datapoints are represented in different neural network
models. This similarity spans across different model architectures, training objectives, and
even data modalities.

Our central hypothesis, stated above in Figure 3.1, is that there is indeed an endpoint to
this convergence and a principle that drives it: different models are all trying to arrive at a
representation of reality, meaning a representation of the joint distribution over events in the
world that generate the data we observe. Figure 3.1 conveys this hypothesis: there exists a
real world (labeled Z), which we measure with various sensors, such as the camera shown
to the left (X). Other projections of these measurements, such as the textual description
shown, can be produced from the first set of measurements or mediated by some other set of
measurements, e.g., touch or other camera views (dotted arrow from X to Y )1.

Representation learning algorithms find vector embeddings that statistically model the various
measurements and projections. The resulting vector embeddings are all derived from the
underlying reality in Z and thereby become aligned. As models are trained on more data and
for more tasks, they require representations that capture more and more information about
Z, and hence alignment toward Z increases toward a convergent point as a function of scale.

We call this converged hypothetical representation the “platonic representation” in reference
to Plato’s Allegory of the Cave (Plato −0375), and his idea of an ideal reality that underlies
our sensations. The training data for our algorithms are shadows on the cave wall, yet, we
hypothesize, models are recovering ever better representations of the actual world outside
the cave. This idea is not unique to Plato; our hypothesis is also related to the notion
of “convergent realism” (Newton-Smith 1981; Putnam 1982; Doppelt 2007; Hardin and
Rosenberg 1982) in the philosophy of science (i.e., that science is converging on truth), and
to many arguments that have been put forth in the representation learning literature (e.g.,
Tian, Krishnan, and Isola 2020; Zimmermann, Sharma, Schneider, et al. 2021; Richens and
Everitt 2024; Cao and Yamins 2021).

1Touch could convey the shapes in this example but not the colors. This is an important limitation to our
hypothesis that we discuss at several points in the paper: different sensors and views might capture different
information, which may limit their potential to converge to identical representations.
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The Platonic Representation Hypothesis

Neural networks, trained with different objectives on different data and modalities, are
converging to a shared statistical model of reality in their representation spaces.

Figure 3.1: The Platonic Representation Hypothesis: Images (X) and text (Y ) are projections
of a common underlying reality (Z). We conjecture that representation learning algorithms will
converge on a shared representation of Z, and scaling model size, as well as data and task diversity,
drives this convergence.

3.2 Representations are converging

3.2.1 Preliminaries

We restrict our attention to representations that are vector embeddings. We characterize such
a representation by the similarity structure it induces, referred to as its kernel. Kernels are
commonly used to assess representations (Kornblith, Norouzi, Lee, et al. 2019; Klabunde,
Schumacher, Strohmaier, et al. 2023); this can be justified by the fact that they capture the
relative structures among data samples, which are also the learning signal for many machine
learning algorithms (Aronszajn 1950; Smola and Schölkopf 1998). Following prior literature,
we define representational alignment as a measure of the similarity of the similarity structures
induced by two representations, i.e., a similarity metric over kernels.

We give the mathematical definition of these concepts below:

• A representation is a function f : X → Rn that assigns a feature vector to each input in
some data domain X .

• A kernel, K : X ×X → R, characterizes how a representation measures distance/similarity
between datapoints. K(xi, xj) = ⟨f(xi), f(xj)⟩, where ⟨ · , · ⟩ denotes inner product,
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Figure 3.2: VISION models converge as COMPETENCE increases: We measure alignment
among 78 models using mutual nearest-neighbors on Places-365 (Zhou, Lapedriza, Khosla, et al.
2017), and evaluate their performance on downstream tasks from the Visual Task Adaptation
Benchmark (VTAB; (Zhai, Puigcerver, Kolesnikov, et al. 2019)). LEFT: Models that solve more
VTAB tasks tend to be more aligned with each other. Error bars show standard error. RIGHT: We
use UMAP to embed models into a 2D space, based on distance ≜ − log(alignment). More competent
and general models (blue) have more similar representations.

xi, xj ∈ X and K ∈ K.

• A kernel-alignment metric, m : K×K → R, measures the similarity between two kernels,
i.e., how similar is the distance measure induced by one representation to the distance
measure induced by another. Examples include Centered Kernel Distance (CKA) (Kornblith,
Norouzi, Lee, et al. 2019), SVCCA (Raghu, Gilmer, Yosinski, et al. 2017), and nearest-
neighbor metrics (Klabunde, Schumacher, Strohmaier, et al. 2023).

In our experiments, we use a mutual nearest-neighbor metric that measures the mean
intersection of the k-nearest neighbor sets induced by two kernels, K1 and K2, normalized by
k. This metric is a variant of those proposed in Park, Wang, Ardeshir, et al. (2024), Klabunde,
Schumacher, Strohmaier, et al. (2023) and Oron, Dekel, Xue, et al. (2017). See Section 6.1
for the exact definition and Section 6.2 for comparisons with alternative alignment metrics.

Next, we explore several ways in which representations are converging. First, we argue that
different neural networks are converging to aligned representations. Then, we show that this
continues to hold across modalities, where image embeddings in vision models align with text
embeddings in language models.
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3.2.2 Different models, with different architectures and objectives,
can have aligned representations

One indication of representational convergence is the rising number of systems built on top
of pre-trained foundation models. These models are becoming standard backbones across a
growing spectrum of tasks. Their versatility across numerous applications implies a level of
universality in the way they represent data.

While this trend implies convergence toward a relatively small set of foundation models, it
does not imply that different foundation models will arrive at the same representation. Yet
that is what has been observed by several recent papers.

Lenc and Vedaldi (2015) conducted one such study, in which they measured representational
similarity through a technique called model stitching. Given two models, f and g, each
composed of multiple layers (f = f1 ◦· · ·◦fn, g = g1 ◦· · ·◦gm), an intermediate representation
from f is integrated into g via a learned affine stitching layer h, resulting in a new stitched
model F = f1 ◦ · · · ◦ fk ◦ h ◦ gk+1 ◦ · · · ◦ gm. If F has good performance, it indicates that f
and g have compatible representations at layer k, up to the transform h.

In their study, Lenc and Vedaldi (2015) made two notable findings: (1) A vision model trained
on ImageNet (Russakovsky, Deng, Su, et al. 2015) can be aligned with a model trained
on Places-365 (Zhou, Lapedriza, Khosla, et al. 2017) while maintaining good performance;
(2) The early layers of these convolutional networks are more interchangeable than later
layers. The first finding illustrates a level of data independence where distinct image datasets
lead to similar representations. The second finding agrees with extensive research that
oriented Gabor-like filters are common in both artificial and biological vision systems. This
suggests a convergence to a similar initial layer of representation across various neural network
architectures (Olshausen and Field 1996; Krizhevsky, Sutskever, and Hinton 2017). Bansal,
Nakkiran, and Barak (2021) expanded on the idea of model stitching, showing that models
trained using self-supervised objectives align closely with their supervised counterparts.

Moschella, Maiorca, Fumero, et al. (2022) further demonstrated the feasibility of “zero-shot”
model stitching without learning a stitching layer. Despite the fact that different text
models were trained on different modalities, they found that the models often embed data
in remarkably similar ways. In particular, they considered the kernel K defined by learned
representations and showed that K serves as a bridge between models, allowing an encoder
trained in one language, like English, to work effectively with a decoder in another, like
French.

Dravid, Gandelsman, Efros, et al. (2023) extended this idea to individual neurons, and found
“Rosetta Neurons” that are activated by the same pattern across a range of vision models.
Such neurons form a common dictionary independently discovered by all models.

3.2.3 Alignment increases with scale and performance

Kornblith, Norouzi, Lee, et al. (2019) and Roeder, Metz, and Kingma (2021) observed model
alignment not only exists but also increases with model scale and dataset size. On CIFAR-10
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Figure 3.3: LANGUAGE and VISION models align: We measure alignment using mutual
nearest-neighbor on the Wikipedia caption dataset (WIT) (Srinivasan, Raman, Chen, et al. 2021).
The x-axis is the language model performance measured over 4M tokens from the OpenWebText
dataset (Gokaslan and Cohen 2019) (see Appendix 6.2 for plots with model names). We measure
performance using 1− bits-per-byte, where bits-per-byte normalizes the cross-entropy by the
total bytes in the input text string. The results show a linear relationship between language-vision
alignment and language modeling score, where a general trend is that more capable language models
align better with more capable vision models. We find that CLIP models, which are trained with
explicit language supervision, exhibit a higher level of alignment. However, this alignment decreases
after being fine-tuned on ImageNet classification (labeled CLIP (I12K ft)).

classification, Krizhevsky, Hinton, et al. (2009) found that larger models exhibit greater
alignment with each other compared to smaller ones. Theoretically, Balestriero and Baraniuk
(2018) showed that models with similar outputs (e.g., as a result of having high performance)
also have similar internal activations. With the continuing trend of models scaling up, this
suggests model alignment will increase over time – we might expect that the next generation
of bigger, better models will be even more aligned with each other.

We expand upon this observation by evaluating the transfer performance of 78 vision
models. These models were trained with varying architectures, training objectives, and
datasets (detailed in Section 6.3.1). In Figure 3.2 (left), we bin these models based on their
average transfer performance on the VTAB dataset (Zhai, Puigcerver, Kolesnikov, et al.
2019), and then measure the average kernel alignment of the models within each bin. The
results indicate that models with high transfer performance form a tightly clustered set of
representations, while models with weak performance have more variable representations.
We further visualize this structure with UMAP (McInnes, Healy, and Melville 2018) over
models representation in Figure 3.2 (right). This suggests that models that are competent all
represent data in a similar way. Echoing Bansal, Nakkiran, and Barak (2021) and Tolstoy
(1877), we might say: all strong models are alike, each weak model is weak in its own way.

The discussion so far indicates that various models are aligning toward a unified representation.
But does the convergence extend to model weights? While models with different architectures
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Figure 3.4: Alignment predicts downstream performance: We visualize correlation be-
tween LLM alignment score to DINOv2 (Oquab, Darcet, Moutakanni, et al. 2023) and down-
stream task performance on Hellaswag (common-sense) (Zellers, Holtzman, Bisk, et al. 2019) and
GSM8K (math) (Cobbe, Kosaraju, Bavarian, et al. 2021). LLMs are plotted with radii propor-
tional to the size of the model, and color-coded by their rank order in language modeling scores
(1 − bits-per-byte). We observe that models aligned more closely with vision also show better
performance on downstream language tasks. For Hellaswag, there is a linear relationship with
alignment score, while GSM8K exhibits an “emergence”-esque trend.

might not have compatible weight spaces, there exists ample evidence that models with the
same architecture will often converge to the same basin of weights (Nagarajan and Kolter
2019; Garipov, Izmailov, Podoprikhin, et al. 2018; Lubana, Bigelow, Dick, et al. 2023).
This holds even for models with different initializations, up to permutations over weight
space (S. K. Ainsworth, Hayase, and Srinivasa 2022). Because of this, it is possible to merge
separately trained models of the same architecture, and achieve some of the capabilities of
all models in the mixture (Stoica, Bolya, Bjorner, et al. 2023; Jordan, Sedghi, Saukh, et al.
2022; Wortsman, Ilharco, Gadre, et al. 2022).

3.2.4 Representations are converging across modalities

Do models trained on different data modalities also converge? Several works indicate that
the answer is yes.

Merullo, Castricato, Eickhoff, et al. (2022) extended model stitching to the cross-modal
setting, finding that a single linear projection is sufficient to stitch a vision model to an LLM
and achieve good performance on visual question answering and image captioning. Koh,
Salakhutdinov, and Fried (2023) showed that linear stitching can also work in the opposite
direction, aligning text inputs to visual outputs. In fact, many recent language-vision models
stitch pre-trained language and vision models together. For example, LLaVA (Liu, Li, Wu,
et al. 2023) demonstrated state-of-the-art results by projecting visual features into a language
model with a 2-layer MLP.

Other works show further kinds of evidence of cross-modal synergy. OpenAI (2023) found
that jointly training a language model with a vision model improves performance on lan-
guage tasks, compared to training the language model on its own. Sorscher, Ganguli, and
Sompolinsky (2022) show a setting in which word embeddings of visual concept names can
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be isometrically mapped to image embeddings for those same concepts. In work concurrent
to ours, Maniparambil, Akshulakov, Djilali, et al. (2024) show well-trained vision encoders on
large datasets exhibit high semantic similarity with language encoders regardless of the train-
ing paradigm (supervised, self-supervised, or language-supervised). Sharma, Rott Shaham,
Baradad, et al. (2024) probed the visual knowledge of LLMs trained only on language data,
by converting images into code that an LLM can process. They found that LLMs have rich
knowledge of visual structures, to the extent that decent visual representations can be trained
on images generated solely by querying an LLM to produce code and rendering the response.
In visual generation, LLMs show abilities to augment captions with visual structures (e.g.,
bounding boxes) and improve generation quality (Betker, Goh, Jing, et al. 2023; Lian, Li,
Yala, et al. 2023; Lian, Shi, Yala, et al. 2023; Wu, Lian, Gonzalez, et al. 2023). Over other
modalities, Ngo and Kim (2024) showed auditory models are also roughly aligned with LLMs
up to a linear transformation, and Ng, Subramanian, Klein, et al. (2023) demonstrated the
effectiveness of using pre-trained LLMs for facial motion prediction.

We set out to address these claims in a broader scope to determine whether models are
indeed learning an increasingly modality-agnostic representation of the world. We sampled a
variety of models trained either solely on vision or solely on language, and compared their
representations as they became larger and more competent over many tasks.

In Figure 3.3, we assess alignment between a suite of language models and vision models. So
far we have only defined alignment for two kernels defined over the same input space. To
measure cross-modal alignment, we use paired datasets to bridge the two modalities. For
vision and text, we use the Wikipedia captions dataset {(xi, yi)}i (Srinivasan, Raman, Chen,
et al. 2021), composed of images from Wikipedia (xi) and their corresponding captions (yi).
We then measure alignment between a language model ftext and a vision model fimg as the
alignment of the two following kernels:

Kimg(i, j) = ⟨fimg(xi), fimg(xj)⟩ (3.1)
Ktext(i, j) = ⟨ftext(yi), ftext(yj)⟩. (3.2)

Using this analysis, we find that the better an LLM is at language modeling, the more it
tends to aligns with vision models, as shown in Figure 3.3. The converse effect also holds:
the better a vision models is, the more it tends to align with LLMs. See Section 6.3.2 for
more details.

3.2.5 Models are increasingly aligning to brains

Neural networks also show substantial alignment with biological representations in the
brain (Yamins, Hong, Cadieu, et al. 2014). This commonality may be due to similarities in
the task and data constraints both systems are confronted with.

Even though the mediums may differ – silicon transistors versus biological neurons – the
fundamental problem faced by brains and machines is the same: efficiently extracting and
understanding the underlying structure in images, text, sounds, etc. (Barlow et al. 1961;
Olshausen and Field 1997). Sorscher, Ganguli, and Sompolinsky (2022) developed a theoretical
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framework for how the efficient extraction of novel concepts occurs for both the human visual
system and deep networks. The tasks that the human visual system has been honed to
perform through evolution – like segmentation, detection, and whole-image classification –
are also the ones that we train our neural nets to perform. Yamins, Hong, Cadieu, et al.
(2014) went as far as to title their work in the spirit that performance over such tasks
implies brain alignment. Antonello and Huth (2024) posited that it is less the particular task
and more the generality of the representations that explain their alignment with biological
representations. Further, Conwell, Prince, Kay, et al. (2022) showed that training data plays
a large role in alignment. Psychophysical studies have also shown agreement between how
humans perceive visual similarity and how models do, even when the models are trained on
tasks, such as self-supervised prediction, that are seemingly unrelated to mimicking human
perception (Zhang, Isola, Efros, et al. 2018).

3.2.6 Does alignment predict downstream performance?

If models are converging towards a more accurate representation of reality, we expect that
alignment should correspond to improved performance on downstream tasks. Figure 3.4
supports this hypothesis by demonstrating improved performance on commonsense reason-
ing (Hellaswag; Zellers, Holtzman, Bisk, et al. (2019)) and mathematical problem solving
(GSM8K; Cobbe, Kosaraju, Bavarian, et al. (2021)) as alignment improves.

3.3 Why are representations converging?

Modern machine learning models are typically trained to minimize empirical risk, often with
implicit and/or explicit regularization. This process can be formally expressed as:

trained model

f ∗ = argmin
f∈F

function class

E
x∼ dataset

[

training objective

L (f, x)] + R
regularization

(f)

By dissecting these elements, we aim to better understand the mechanism that drives model
convergence.

3.3.1 Convergence via Task Generality

Each training datapoint and objective (task) places an additional constraint on the model.
As data and tasks scale, the volume of representations that satisfy these constraints must
proportionately grow smaller, as visualized in Figure 3.6 and stated below:
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space 1
<latexit sha1_base64="18Zjza79/9bv33YsePIgOfZKpy8=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJ4Kru96LHoxWMF+wHtUrLpbBuaZJckK5SlP8KLB0W8+nu8+W9M2z1o64PA472ZycyLUsGN9f1vb2Nza3tnt7RX3j84PDqunJy2TZJphi2WiER3I2pQcIUty63AbqqRykhgJ5rczf3OE2rDE/VopymGko4Ujzmj1kkdk1KGJBhUqn7NX4Csk6AgVSjQHFS++sOEZRKVZYIa0wv81IY51ZYzgbNyPzPoRk/oCHuOKirRhPli3Rm5dMqQxIl2T1myUH935FQaM5WRq5TUjs2qNxf/83qZjW/CnKs0s6jY8qM4E8QmZH47GXKNzIqpI5Rp7nYlbEw1ZdYlVHYhBKsnr5N2vRb4teChXm3cFnGU4Bwu4AoCuIYG3EMTWsBgAs/wCm9e6r14797HsnTDK3rO4A+8zx+q2I8b</latexit><latexit sha1_base64="mPJ5vUjtI9Z3NJNiQlWfck9DNEk=">AAACE3icjVC7SgNBFL0bXzG+Vi1tBoNgFXbTaBm0sVQwD0iWMDu5mwyZnV1mZoWw5CMsbPwVGxFbGzv/xkmyhSYWHhg4nHMvd84JU8G18bwvp7S2vrG5Vd6u7Ozu7R+4h0ctnWSKYZMlIlGdkGoUXGLTcCOwkyqkcSiwHY6vZ377AZXmibw3kxSDmA4ljzijxkptnVKGxO+7Va/mzUFWiV+QKhT433jf/ewNEpbFKA0TVOuu76UmyKkynAmcVnqZRnt/TIfYtVTSGHWQzzNNyZlVBiRKlH3SkLn6cyOnsdaTOLSTMTUjvezNxL+8bmaiyyDnMs0MSrY4FGWCmITMCiIDrpAZMbGEMsXtXwkbUUWZsTVWbHR/OegqadVrvlfz7+rVxlXRWRlO4BTOwYcLaMAN3EITGIzhEZ7h1XlyXpw3530xWnKKnWP4BefjG1iblpQ=</latexit><latexit sha1_base64="mPJ5vUjtI9Z3NJNiQlWfck9DNEk=">AAACE3icjVC7SgNBFL0bXzG+Vi1tBoNgFXbTaBm0sVQwD0iWMDu5mwyZnV1mZoWw5CMsbPwVGxFbGzv/xkmyhSYWHhg4nHMvd84JU8G18bwvp7S2vrG5Vd6u7Ozu7R+4h0ctnWSKYZMlIlGdkGoUXGLTcCOwkyqkcSiwHY6vZ377AZXmibw3kxSDmA4ljzijxkptnVKGxO+7Va/mzUFWiV+QKhT433jf/ewNEpbFKA0TVOuu76UmyKkynAmcVnqZRnt/TIfYtVTSGHWQzzNNyZlVBiRKlH3SkLn6cyOnsdaTOLSTMTUjvezNxL+8bmaiyyDnMs0MSrY4FGWCmITMCiIDrpAZMbGEMsXtXwkbUUWZsTVWbHR/OegqadVrvlfz7+rVxlXRWRlO4BTOwYcLaMAN3EITGIzhEZ7h1XlyXpw3530xWnKKnWP4BefjG1iblpQ=</latexit><latexit sha1_base64="mPJ5vUjtI9Z3NJNiQlWfck9DNEk=">AAACE3icjVC7SgNBFL0bXzG+Vi1tBoNgFXbTaBm0sVQwD0iWMDu5mwyZnV1mZoWw5CMsbPwVGxFbGzv/xkmyhSYWHhg4nHMvd84JU8G18bwvp7S2vrG5Vd6u7Ozu7R+4h0ctnWSKYZMlIlGdkGoUXGLTcCOwkyqkcSiwHY6vZ377AZXmibw3kxSDmA4ljzijxkptnVKGxO+7Va/mzUFWiV+QKhT433jf/ewNEpbFKA0TVOuu76UmyKkynAmcVnqZRnt/TIfYtVTSGHWQzzNNyZlVBiRKlH3SkLn6cyOnsdaTOLSTMTUjvezNxL+8bmaiyyDnMs0MSrY4FGWCmITMCiIDrpAZMbGEMsXtXwkbUUWZsTVWbHR/OegqadVrvlfz7+rVxlXRWRlO4BTOwYcLaMAN3EITGIzhEZ7h1XlyXpw3530xWnKKnWP4BefjG1iblpQ=</latexit>

space 2
<latexit sha1_base64="X7UBoVQavr21YMAA6C/nQxPP8Nc=">AAAB7nicbVBNSwMxEJ34WetX1aOXYBE8ld1e9Fj04rGC/YB2Kdl0tg3NZpckK5SlP8KLB0W8+nu8+W9M2z1o64PA472ZycwLUymM9bxvsrG5tb2zW9or7x8cHh1XTk7bJsk0xxZPZKK7ITMohcKWFVZiN9XI4lBiJ5zczf3OE2ojEvVopykGMRspEQnOrJM6JmUcaX1QqXo1bwG6TvyCVKFAc1D56g8TnsWoLJfMmJ7vpTbImbaCS5yV+5lBN3rCRthzVLEYTZAv1p3RS6cMaZRo95SlC/V3R85iY6Zx6CpjZsdm1ZuL/3m9zEY3QS5UmllUfPlRlElqEzq/nQ6FRm7l1BHGtXC7Uj5mmnHrEiq7EPzVk9dJu17zvZr/UK82bos4SnAOF3AFPlxDA+6hCS3gMIFneIU3kpIX8k4+lqUbpOg5gz8gnz+sXI8c</latexit><latexit sha1_base64="C++06etgmcd/smPxZYwdqkM+dyM=">AAACE3icjVC7SgNBFL0bXzG+Vi1tBoNgFXbTaBm0sVQwD0iWMDu5mwyZnV1mZoWw5CMsbPwVGxFbGzv/xkmyhSYWHhg4nHMvd84JU8G18bwvp7S2vrG5Vd6u7Ozu7R+4h0ctnWSKYZMlIlGdkGoUXGLTcCOwkyqkcSiwHY6vZ377AZXmibw3kxSDmA4ljzijxkptnVKGpN53q17Nm4OsEr8gVSjwv/G++9kbJCyLURomqNZd30tNkFNlOBM4rfQyjfb+mA6xa6mkMeogn2eakjOrDEiUKPukIXP150ZOY60ncWgnY2pGetmbiX953cxEl0HOZZoZlGxxKMoEMQmZFUQGXCEzYmIJZYrbvxI2oooyY2us2Oj+ctBV0qrXfK/m39WrjauiszKcwCmcgw8X0IAbuIUmMBjDIzzDq/PkvDhvzvtitOQUO8fwC87HN1pElpU=</latexit><latexit sha1_base64="C++06etgmcd/smPxZYwdqkM+dyM=">AAACE3icjVC7SgNBFL0bXzG+Vi1tBoNgFXbTaBm0sVQwD0iWMDu5mwyZnV1mZoWw5CMsbPwVGxFbGzv/xkmyhSYWHhg4nHMvd84JU8G18bwvp7S2vrG5Vd6u7Ozu7R+4h0ctnWSKYZMlIlGdkGoUXGLTcCOwkyqkcSiwHY6vZ377AZXmibw3kxSDmA4ljzijxkptnVKGpN53q17Nm4OsEr8gVSjwv/G++9kbJCyLURomqNZd30tNkFNlOBM4rfQyjfb+mA6xa6mkMeogn2eakjOrDEiUKPukIXP150ZOY60ncWgnY2pGetmbiX953cxEl0HOZZoZlGxxKMoEMQmZFUQGXCEzYmIJZYrbvxI2oooyY2us2Oj+ctBV0qrXfK/m39WrjauiszKcwCmcgw8X0IAbuIUmMBjDIzzDq/PkvDhvzvtitOQUO8fwC87HN1pElpU=</latexit><latexit sha1_base64="C++06etgmcd/smPxZYwdqkM+dyM=">AAACE3icjVC7SgNBFL0bXzG+Vi1tBoNgFXbTaBm0sVQwD0iWMDu5mwyZnV1mZoWw5CMsbPwVGxFbGzv/xkmyhSYWHhg4nHMvd84JU8G18bwvp7S2vrG5Vd6u7Ozu7R+4h0ctnWSKYZMlIlGdkGoUXGLTcCOwkyqkcSiwHY6vZ377AZXmibw3kxSDmA4ljzijxkptnVKGpN53q17Nm4OsEr8gVSjwv/G++9kbJCyLURomqNZd30tNkFNlOBM4rfQyjfb+mA6xa6mkMeogn2eakjOrDEiUKPukIXP150ZOY60ncWgnY2pGetmbiX953cxEl0HOZZoZlGxxKMoEMQmZFUQGXCEzYmIJZYrbvxI2oooyY2us2Oj+ctBV0qrXfK/m39WrjauiszKcwCmcgw8X0IAbuIUmMBjDIzzDq/PkvDhvzvtitOQUO8fwC87HN1pElpU=</latexit>

Hypothesis
<latexit sha1_base64="cMheVzeaFOxQm33/2jltUVmfiJc=">AAAB8XicbVBNS8NAEN34WetX1aOXYBE8laQXPRa99FjBfmAbymY7aZdudsPuRAih/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLE8ENet63s7G5tb2zW9or7x8cHh1XTk47RqWaQZspoXQvpAYEl9BGjgJ6iQYahwK64fRu7nefQBuu5ANmCQQxHUsecUbRSo/NLFE4AcPNsFL1at4C7jrxC1IlBVrDytdgpFgag0QmqDF930swyKlGzgTMyoPUQELZlI6hb6mkMZggX1w8cy+tMnIjpW1JdBfq74mcxsZkcWg7Y4oTs+rNxf+8forRTZBzmaQIki0XRalwUbnz990R18BQZJZQprm91WUTqilDG1LZhuCvvrxOOvWa79X8+3q1cVvEUSLn5IJcEZ9ckwZpkhZpE0YkeSav5M0xzovz7nwsWzecYuaM/IHz+QPnipEM</latexit><latexit sha1_base64="B+b/jF1gJbxAde33GnB653x9wZc=">AAACFnicjVC7SgNBFL0bXzG+opY2i0GwCrtptAzapFQwD0yWMDu5mwyZnVlmZoUl5C8sbPwVGxFbsfNvnCRbaGLhgYHDOedy554w4Uwbz/tyCmvrG5tbxe3Szu7e/kH58KilZaooNqnkUnVCopEzgU3DDMdOopDEIcd2OL6e+e0HVJpJcWeyBIOYDAWLGCXGSveNLJFmhJrpfrniVb053FXi56QCOf4X75c/ewNJ0xiFoZxo3fW9xAQTogyjHKelXqoxIXRMhti1VJAYdTCZnzV1z6wycCOp7BPGnas/JyYk1jqLQ5uMiRnpZW8m/uV1UxNdBhMmktSgoItFUcpdI91ZR+6AKaSGZ5YQqpj9q0tHRBFqbJMle7q/fOgqadWqvlf1b2uV+lXeWRFO4BTOwYcLqEMDbqAJFAQ8wjO8Ok/Oi/PmvC+iBSefOYZfcD6+Adk7mIU=</latexit><latexit sha1_base64="B+b/jF1gJbxAde33GnB653x9wZc=">AAACFnicjVC7SgNBFL0bXzG+opY2i0GwCrtptAzapFQwD0yWMDu5mwyZnVlmZoUl5C8sbPwVGxFbsfNvnCRbaGLhgYHDOedy554w4Uwbz/tyCmvrG5tbxe3Szu7e/kH58KilZaooNqnkUnVCopEzgU3DDMdOopDEIcd2OL6e+e0HVJpJcWeyBIOYDAWLGCXGSveNLJFmhJrpfrniVb053FXi56QCOf4X75c/ewNJ0xiFoZxo3fW9xAQTogyjHKelXqoxIXRMhti1VJAYdTCZnzV1z6wycCOp7BPGnas/JyYk1jqLQ5uMiRnpZW8m/uV1UxNdBhMmktSgoItFUcpdI91ZR+6AKaSGZ5YQqpj9q0tHRBFqbJMle7q/fOgqadWqvlf1b2uV+lXeWRFO4BTOwYcLqEMDbqAJFAQ8wjO8Ok/Oi/PmvC+iBSefOYZfcD6+Adk7mIU=</latexit><latexit sha1_base64="B+b/jF1gJbxAde33GnB653x9wZc=">AAACFnicjVC7SgNBFL0bXzG+opY2i0GwCrtptAzapFQwD0yWMDu5mwyZnVlmZoUl5C8sbPwVGxFbsfNvnCRbaGLhgYHDOedy554w4Uwbz/tyCmvrG5tbxe3Szu7e/kH58KilZaooNqnkUnVCopEzgU3DDMdOopDEIcd2OL6e+e0HVJpJcWeyBIOYDAWLGCXGSveNLJFmhJrpfrniVb053FXi56QCOf4X75c/ewNJ0xiFoZxo3fW9xAQTogyjHKelXqoxIXRMhti1VJAYdTCZnzV1z6wycCOp7BPGnas/JyYk1jqLQ5uMiRnpZW8m/uV1UxNdBhMmktSgoItFUcpdI91ZR+6AKaSGZ5YQqpj9q0tHRBFqbJMle7q/fOgqadWqvlf1b2uV+lXeWRFO4BTOwYcLqEMDbqAJFAQ8wjO8Ok/Oi/PmvC+iBSefOYZfcD6+Adk7mIU=</latexit>

Hypothesis
<latexit sha1_base64="cMheVzeaFOxQm33/2jltUVmfiJc=">AAAB8XicbVBNS8NAEN34WetX1aOXYBE8laQXPRa99FjBfmAbymY7aZdudsPuRAih/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLE8ENet63s7G5tb2zW9or7x8cHh1XTk47RqWaQZspoXQvpAYEl9BGjgJ6iQYahwK64fRu7nefQBuu5ANmCQQxHUsecUbRSo/NLFE4AcPNsFL1at4C7jrxC1IlBVrDytdgpFgag0QmqDF930swyKlGzgTMyoPUQELZlI6hb6mkMZggX1w8cy+tMnIjpW1JdBfq74mcxsZkcWg7Y4oTs+rNxf+8forRTZBzmaQIki0XRalwUbnz990R18BQZJZQprm91WUTqilDG1LZhuCvvrxOOvWa79X8+3q1cVvEUSLn5IJcEZ9ckwZpkhZpE0YkeSav5M0xzovz7nwsWzecYuaM/IHz+QPnipEM</latexit><latexit sha1_base64="B+b/jF1gJbxAde33GnB653x9wZc=">AAACFnicjVC7SgNBFL0bXzG+opY2i0GwCrtptAzapFQwD0yWMDu5mwyZnVlmZoUl5C8sbPwVGxFbsfNvnCRbaGLhgYHDOedy554w4Uwbz/tyCmvrG5tbxe3Szu7e/kH58KilZaooNqnkUnVCopEzgU3DDMdOopDEIcd2OL6e+e0HVJpJcWeyBIOYDAWLGCXGSveNLJFmhJrpfrniVb053FXi56QCOf4X75c/ewNJ0xiFoZxo3fW9xAQTogyjHKelXqoxIXRMhti1VJAYdTCZnzV1z6wycCOp7BPGnas/JyYk1jqLQ5uMiRnpZW8m/uV1UxNdBhMmktSgoItFUcpdI91ZR+6AKaSGZ5YQqpj9q0tHRBFqbJMle7q/fOgqadWqvlf1b2uV+lXeWRFO4BTOwYcLqEMDbqAJFAQ8wjO8Ok/Oi/PmvC+iBSefOYZfcD6+Adk7mIU=</latexit><latexit sha1_base64="B+b/jF1gJbxAde33GnB653x9wZc=">AAACFnicjVC7SgNBFL0bXzG+opY2i0GwCrtptAzapFQwD0yWMDu5mwyZnVlmZoUl5C8sbPwVGxFbsfNvnCRbaGLhgYHDOedy554w4Uwbz/tyCmvrG5tbxe3Szu7e/kH58KilZaooNqnkUnVCopEzgU3DDMdOopDEIcd2OL6e+e0HVJpJcWeyBIOYDAWLGCXGSveNLJFmhJrpfrniVb053FXi56QCOf4X75c/ewNJ0xiFoZxo3fW9xAQTogyjHKelXqoxIXRMhti1VJAYdTCZnzV1z6wycCOp7BPGnas/JyYk1jqLQ5uMiRnpZW8m/uV1UxNdBhMmktSgoItFUcpdI91ZR+6AKaSGZ5YQqpj9q0tHRBFqbJMle7q/fOgqadWqvlf1b2uV+lXeWRFO4BTOwYcLqEMDbqAJFAQ8wjO8Ok/Oi/PmvC+iBSefOYZfcD6+Adk7mIU=</latexit><latexit sha1_base64="B+b/jF1gJbxAde33GnB653x9wZc=">AAACFnicjVC7SgNBFL0bXzG+opY2i0GwCrtptAzapFQwD0yWMDu5mwyZnVlmZoUl5C8sbPwVGxFbsfNvnCRbaGLhgYHDOedy554w4Uwbz/tyCmvrG5tbxe3Szu7e/kH58KilZaooNqnkUnVCopEzgU3DDMdOopDEIcd2OL6e+e0HVJpJcWeyBIOYDAWLGCXGSveNLJFmhJrpfrniVb053FXi56QCOf4X75c/ewNJ0xiFoZxo3fW9xAQTogyjHKelXqoxIXRMhti1VJAYdTCZnzV1z6wycCOp7BPGnas/JyYk1jqLQ5uMiRnpZW8m/uV1UxNdBhMmktSgoItFUcpdI91ZR+6AKaSGZ5YQqpj9q0tHRBFqbJMle7q/fOgqadWqvlf1b2uV+lXeWRFO4BTOwYcLqEMDbqAJFAQ8wjO8Ok/Oi/PmvC+iBSefOYZfcD6+Adk7mIU=</latexit>

space 1
<latexit sha1_base64="18Zjza79/9bv33YsePIgOfZKpy8=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJ4Kru96LHoxWMF+wHtUrLpbBuaZJckK5SlP8KLB0W8+nu8+W9M2z1o64PA472ZycyLUsGN9f1vb2Nza3tnt7RX3j84PDqunJy2TZJphi2WiER3I2pQcIUty63AbqqRykhgJ5rczf3OE2rDE/VopymGko4Ujzmj1kkdk1KGJBhUqn7NX4Csk6AgVSjQHFS++sOEZRKVZYIa0wv81IY51ZYzgbNyPzPoRk/oCHuOKirRhPli3Rm5dMqQxIl2T1myUH935FQaM5WRq5TUjs2qNxf/83qZjW/CnKs0s6jY8qM4E8QmZH47GXKNzIqpI5Rp7nYlbEw1ZdYlVHYhBKsnr5N2vRb4teChXm3cFnGU4Bwu4AoCuIYG3EMTWsBgAs/wCm9e6r14797HsnTDK3rO4A+8zx+q2I8b</latexit><latexit sha1_base64="mPJ5vUjtI9Z3NJNiQlWfck9DNEk=">AAACE3icjVC7SgNBFL0bXzG+Vi1tBoNgFXbTaBm0sVQwD0iWMDu5mwyZnV1mZoWw5CMsbPwVGxFbGzv/xkmyhSYWHhg4nHMvd84JU8G18bwvp7S2vrG5Vd6u7Ozu7R+4h0ctnWSKYZMlIlGdkGoUXGLTcCOwkyqkcSiwHY6vZ377AZXmibw3kxSDmA4ljzijxkptnVKGxO+7Va/mzUFWiV+QKhT433jf/ewNEpbFKA0TVOuu76UmyKkynAmcVnqZRnt/TIfYtVTSGHWQzzNNyZlVBiRKlH3SkLn6cyOnsdaTOLSTMTUjvezNxL+8bmaiyyDnMs0MSrY4FGWCmITMCiIDrpAZMbGEMsXtXwkbUUWZsTVWbHR/OegqadVrvlfz7+rVxlXRWRlO4BTOwYcLaMAN3EITGIzhEZ7h1XlyXpw3530xWnKKnWP4BefjG1iblpQ=</latexit><latexit sha1_base64="mPJ5vUjtI9Z3NJNiQlWfck9DNEk=">AAACE3icjVC7SgNBFL0bXzG+Vi1tBoNgFXbTaBm0sVQwD0iWMDu5mwyZnV1mZoWw5CMsbPwVGxFbGzv/xkmyhSYWHhg4nHMvd84JU8G18bwvp7S2vrG5Vd6u7Ozu7R+4h0ctnWSKYZMlIlGdkGoUXGLTcCOwkyqkcSiwHY6vZ377AZXmibw3kxSDmA4ljzijxkptnVKGxO+7Va/mzUFWiV+QKhT433jf/ewNEpbFKA0TVOuu76UmyKkynAmcVnqZRnt/TIfYtVTSGHWQzzNNyZlVBiRKlH3SkLn6cyOnsdaTOLSTMTUjvezNxL+8bmaiyyDnMs0MSrY4FGWCmITMCiIDrpAZMbGEMsXtXwkbUUWZsTVWbHR/OegqadVrvlfz7+rVxlXRWRlO4BTOwYcLaMAN3EITGIzhEZ7h1XlyXpw3530xWnKKnWP4BefjG1iblpQ=</latexit><latexit sha1_base64="mPJ5vUjtI9Z3NJNiQlWfck9DNEk=">AAACE3icjVC7SgNBFL0bXzG+Vi1tBoNgFXbTaBm0sVQwD0iWMDu5mwyZnV1mZoWw5CMsbPwVGxFbGzv/xkmyhSYWHhg4nHMvd84JU8G18bwvp7S2vrG5Vd6u7Ozu7R+4h0ctnWSKYZMlIlGdkGoUXGLTcCOwkyqkcSiwHY6vZ377AZXmibw3kxSDmA4ljzijxkptnVKGxO+7Va/mzUFWiV+QKhT433jf/ewNEpbFKA0TVOuu76UmyKkynAmcVnqZRnt/TIfYtVTSGHWQzzNNyZlVBiRKlH3SkLn6cyOnsdaTOLSTMTUjvezNxL+8bmaiyyDnMs0MSrY4FGWCmITMCiIDrpAZMbGEMsXtXwkbUUWZsTVWbHR/OegqadVrvlfz7+rVxlXRWRlO4BTOwYcLaMAN3EITGIzhEZ7h1XlyXpw3530xWnKKnWP4BefjG1iblpQ=</latexit>

space 2
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Figure 3.5: The Capacity Hypothesis: If an optimal representation exists in function space,
larger hypothesis spaces are more likely to cover it. LEFT: Two small models might not cover the
optimum and thus find different solutions (marked by outlined ☆). RIGHT: As the models become
larger, they cover the optimum and converge to the same solution (marked by filled ⋆).

The Multitask Scaling Hypothesis

There are fewer representations that are competent for N tasks than there are for
M < N tasks. As we train more general models that solve more tasks at once, we
should expect fewer possible solutions.

This has been previously termed as the Contravariance principle by Cao and Yamins (2021),
which states that the set of solutions to an easy goal is large, while the set of solutions
to a challenging goal is comparatively smaller. Moreover, we argue that this narrower
solution set also generalizes better. As data scales, models that optimize the empirical risk
E
x∼ dataset

[L(f, x)] also improve on the population risk E
x∼ reality

[L(f, x)], and become

better at capturing statistical structures of the true data generating process (reality).

Recent work has demonstrated a power law relationship between data scale and model
performance (Hestness, Narang, Ardalani, et al. 2017). This implies that with enough data
(e.g., consisting of the entire internet and all offline scientific measurements) one ought to
converge to a very small solution set with irreducible error – the inherent epistemic uncertainty
of the world. As more models are trained on internet-scale data, the set of solutions that
satisfies all data constraints must become relatively small.

In addition to data-scaling, many modern representation learning objectives L (f, x) directly
optimize for multi-task solving. Contrastive learning finds a distance structure over data
samples that optimizes many classification tasks (Arora, Khandeparkar, Khodak, et al. 2019;
Wang and Isola 2020; Tian, Wang, Krishnan, et al. 2020). Masked Autoencoders (He, Chen,
Xie, et al. 2021) optimize randomly sampled reconstruction tasks. In fact, autoregressive
language modeling can also be seen as optimizing a diverse set of tasks (Radford, Wu,
Child, et al. 2019). Such multi-task objectives may be more effective than single-task ones
(e.g., ImageNet classification) due to the fact that they impose more task constraints on
the representation, leading to a smaller and higher-quality solution space (Chen, Kornblith,
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Solves task 1
<latexit sha1_base64="51NXQkDypcG/A+WtwXqm2WeyfWo=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0WhJtLDHKRwIXsrfswYa923N3joRc+B02Fhpj64+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0jEo1402mpNKdgBouRcybKFDyTqI5jQLJ28H4du63J1wboeJHnCbcj+gwFqFgFK3kPyg54YYgNWPi9csVt+ouQNaJl5MK5Gj0y1+9gWJpxGNkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rU0phE3frY4ekYurDIgodK2YiQL9fdERiNjplFgOyOKI7PqzcX/vG6K4bWfiThJkcdsuShMJUFF5gmQgdCcoZxaQpkW9lbCRlRThjankg3BW315nbRqVc+teve1Sv0mj6MIZ3AOl+DBFdThDhrQBAZP8Ayv8OZMnBfn3flYthacfOYU/sD5/AEMH5Ga</latexit><latexit sha1_base64="FW6agll44/+cHGyWR3ULXYfdBVs=">AAACGXicjVC7TsMwFL3hWcqrwMhiUSExVUkXGCtYGEHQh9RGleM6rVXHCfZNpSrqdzCw8CssCDHCxN/gthmgZeBIlo7OOVfX9wSJFAZd98tZWV1b39gsbBW3d3b39ksHhw0Tp5rxOotlrFsBNVwKxesoUPJWojmNAsmbwfBq6jdHXBsRq3scJ9yPaF+JUDCKVvLvYjnihiA1Q+J1S2W34s5AlomXkzLk+F+8W/ro9GKWRlwhk9SYtucm6GdUo2CST4qd1PCEsiHt87alikbc+Nnssgk5tUqPhLG2TyGZqT8nMhoZM44Cm4woDsyiNxX/8tophhd+JlSSIldsvihMJcGYTGsiPaE5Qzm2hDIt7F8JG1BNGdoyi/Z0b/HQZdKoVjy34t1Wy7XLvLMCHMMJnIEH51CDa7iBOjB4gEd4hlfnyXlx3pz3eXTFyWeO4Becz28Ob5kT</latexit><latexit sha1_base64="FW6agll44/+cHGyWR3ULXYfdBVs=">AAACGXicjVC7TsMwFL3hWcqrwMhiUSExVUkXGCtYGEHQh9RGleM6rVXHCfZNpSrqdzCw8CssCDHCxN/gthmgZeBIlo7OOVfX9wSJFAZd98tZWV1b39gsbBW3d3b39ksHhw0Tp5rxOotlrFsBNVwKxesoUPJWojmNAsmbwfBq6jdHXBsRq3scJ9yPaF+JUDCKVvLvYjnihiA1Q+J1S2W34s5AlomXkzLk+F+8W/ro9GKWRlwhk9SYtucm6GdUo2CST4qd1PCEsiHt87alikbc+Nnssgk5tUqPhLG2TyGZqT8nMhoZM44Cm4woDsyiNxX/8tophhd+JlSSIldsvihMJcGYTGsiPaE5Qzm2hDIt7F8JG1BNGdoyi/Z0b/HQZdKoVjy34t1Wy7XLvLMCHMMJnIEH51CDa7iBOjB4gEd4hlfnyXlx3pz3eXTFyWeO4Becz28Ob5kT</latexit><latexit sha1_base64="FW6agll44/+cHGyWR3ULXYfdBVs=">AAACGXicjVC7TsMwFL3hWcqrwMhiUSExVUkXGCtYGEHQh9RGleM6rVXHCfZNpSrqdzCw8CssCDHCxN/gthmgZeBIlo7OOVfX9wSJFAZd98tZWV1b39gsbBW3d3b39ksHhw0Tp5rxOotlrFsBNVwKxesoUPJWojmNAsmbwfBq6jdHXBsRq3scJ9yPaF+JUDCKVvLvYjnihiA1Q+J1S2W34s5AlomXkzLk+F+8W/ro9GKWRlwhk9SYtucm6GdUo2CST4qd1PCEsiHt87alikbc+Nnssgk5tUqPhLG2TyGZqT8nMhoZM44Cm4woDsyiNxX/8tophhd+JlSSIldsvihMJcGYTGsiPaE5Qzm2hDIt7F8JG1BNGdoyi/Z0b/HQZdKoVjy34t1Wy7XLvLMCHMMJnIEH51CDa7iBOjB4gEd4hlfnyXlx3pz3eXTFyWeO4Becz28Ob5kT</latexit>

Solves task
<latexit sha1_base64="vHe9mN3flA+xmkcJNFXcKeX8kHA=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkveix68VjRfkAayma7aZdusmF3UiihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7G5tb2zW9or7x8cHh1XTk7bRmWa8RZTUuluSA2XIuEtFCh5N9WcxqHknXB8N/c7E66NUMkTTlMexHSYiEgwilbyH5WccEOQmnG/UnVr7gJknXgFqUKBZr/y1RsolsU8QSapMb7nphjkVKNgks/KvczwlLIxHXLf0oTG3AT54uQZubTKgERK20qQLNTfEzmNjZnGoe2MKY7MqjcX//P8DKObIBdJmiFP2HJRlEmCisz/JwOhOUM5tYQyLeythI2opgxtSmUbgrf68jpp12ueW/Me6tXGbRFHCc7hAq7Ag2towD00oQUMFDzDK7w56Lw4787HsnXDKWbO4A+czx8+nJE1</latexit><latexit sha1_base64="oLuSoEdJx+dHxGxHzsUUdyqXKSE=">AAACF3icjVC7SgNBFL0bXzG+opY2g0GwCrtptAzaWCqaB2yWMDuZTYbM7iwzdwMh5DMsbPwVGxFb7fwbJ8kWmlh4YOBwzrncuSdMpTDoul9OYW19Y3OruF3a2d3bPygfHjWNyjTjDaak0u2QGi5FwhsoUPJ2qjmNQ8lb4fB65rdGXBuhkgccpzyIaT8RkWAUreTfKznihiA1w2654lbdOcgq8XJSgRz/i3fLn52eYlnME2SSGuN7borBhGoUTPJpqZMZnlI2pH3uW5rQmJtgMr9rSs6s0iOR0vYlSObqz4kJjY0Zx6FNxhQHZtmbiX95fobRZTARSZohT9hiUZRJgorMSiI9oTlDObaEMi3sXwkbUE0Z2ipL9nRv+dBV0qxVPbfq3dUq9au8syKcwCmcgwcXUIcbuIUGMFDwCM/w6jw5L86b876IFpx85hh+wfn4BjTtmK4=</latexit><latexit sha1_base64="oLuSoEdJx+dHxGxHzsUUdyqXKSE=">AAACF3icjVC7SgNBFL0bXzG+opY2g0GwCrtptAzaWCqaB2yWMDuZTYbM7iwzdwMh5DMsbPwVGxFb7fwbJ8kWmlh4YOBwzrncuSdMpTDoul9OYW19Y3OruF3a2d3bPygfHjWNyjTjDaak0u2QGi5FwhsoUPJ2qjmNQ8lb4fB65rdGXBuhkgccpzyIaT8RkWAUreTfKznihiA1w2654lbdOcgq8XJSgRz/i3fLn52eYlnME2SSGuN7borBhGoUTPJpqZMZnlI2pH3uW5rQmJtgMr9rSs6s0iOR0vYlSObqz4kJjY0Zx6FNxhQHZtmbiX95fobRZTARSZohT9hiUZRJgorMSiI9oTlDObaEMi3sXwkbUE0Z2ipL9nRv+dBV0qxVPbfq3dUq9au8syKcwCmcgwcXUIcbuIUGMFDwCM/w6jw5L86b876IFpx85hh+wfn4BjTtmK4=</latexit><latexit sha1_base64="oLuSoEdJx+dHxGxHzsUUdyqXKSE=">AAACF3icjVC7SgNBFL0bXzG+opY2g0GwCrtptAzaWCqaB2yWMDuZTYbM7iwzdwMh5DMsbPwVGxFb7fwbJ8kWmlh4YOBwzrncuSdMpTDoul9OYW19Y3OruF3a2d3bPygfHjWNyjTjDaak0u2QGi5FwhsoUPJ2qjmNQ8lb4fB65rdGXBuhkgccpzyIaT8RkWAUreTfKznihiA1w2654lbdOcgq8XJSgRz/i3fLn52eYlnME2SSGuN7borBhGoUTPJpqZMZnlI2pH3uW5rQmJtgMr9rSs6s0iOR0vYlSObqz4kJjY0Zx6FNxhQHZtmbiX95fobRZTARSZohT9hiUZRJgorMSiI9oTlDObaEMi3sXwkbUE0Z2ipL9nRv+dBV0qxVPbfq3dUq9au8syKcwCmcgwcXUIcbuIUGMFDwCM/w6jw5L86b876IFpx85hh+wfn4BjTtmK4=</latexit>

2<latexit sha1_base64="yq8/5g8NcY6cy0ADZKiGUGrj1YY=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UhJtLCGRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHssHM0vQj+hY8pAzaqzUqg3LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NWHdz7hMUoOSrRaFqSAmJouvyYgrZEbMLKFMcXsrYROqKDM2m5INwVt/eZN0alXPrXqtWqVxm8dRhAu4hGvw4AYacA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx97gYy0</latexit><latexit sha1_base64="g11zAFHkyS//eho1X0Cng1EOxtU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrtpTBm0sTRgHpAsYXZyNxkyO7vMzAphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5mfudB1Sax/LeTBP0IzqSPOSMGis1a4Nyxa26C5B14uWkAjn+Fx+UP/vDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLa6ZkQurDEkYK/ukIQv150RGI62nUWCTETVjverNxb+8XmrCup9xmaQGJVsuClNBTEzm1ZAhV8iMmFpCmeL2r4SNqaLM2AJL9nRv9dB10q5VPbfqNWuVxnXeWRHO4BwuwYMraMAt3EELGCA8wjO8Ok/Oi/PmvC+jBSefOYVfcD6+AdgglC0=</latexit><latexit sha1_base64="g11zAFHkyS//eho1X0Cng1EOxtU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrtpTBm0sTRgHpAsYXZyNxkyO7vMzAphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5mfudB1Sax/LeTBP0IzqSPOSMGis1a4Nyxa26C5B14uWkAjn+Fx+UP/vDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLa6ZkQurDEkYK/ukIQv150RGI62nUWCTETVjverNxb+8XmrCup9xmaQGJVsuClNBTEzm1ZAhV8iMmFpCmeL2r4SNqaLM2AJL9nRv9dB10q5VPbfqNWuVxnXeWRHO4BwuwYMraMAt3EELGCA8wjO8Ok/Oi/PmvC+jBSefOYVfcD6+AdgglC0=</latexit><latexit sha1_base64="g11zAFHkyS//eho1X0Cng1EOxtU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrtpTBm0sTRgHpAsYXZyNxkyO7vMzAphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5mfudB1Sax/LeTBP0IzqSPOSMGis1a4Nyxa26C5B14uWkAjn+Fx+UP/vDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLa6ZkQurDEkYK/ukIQv150RGI62nUWCTETVjverNxb+8XmrCup9xmaQGJVsuClNBTEzm1ZAhV8iMmFpCmeL2r4SNqaLM2AJL9nRv9dB10q5VPbfqNWuVxnXeWRHO4BwuwYMraMAt3EELGCA8wjO8Ok/Oi/PmvC+jBSefOYVfcD6+AdgglC0=</latexit>

Hypothesis space
<latexit sha1_base64="tLmIljFWhXs/Bu7+r0Wbg/j8TVU="></latexit><latexit sha1_base64="DEUQt5Kk9QbDYQMJ1vZ14+xLeyc="></latexit><latexit sha1_base64="DEUQt5Kk9QbDYQMJ1vZ14+xLeyc="></latexit><latexit sha1_base64="DEUQt5Kk9QbDYQMJ1vZ14+xLeyc="></latexit>

Simple
<latexit sha1_base64="zFVvUIF9Z2hD+LDeFqir1+TO8Qw=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswl0aLYM2lhHNByRH2NvMJWt2947dPSGE/AcbC0Vs/T92/hs3yRWa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYikY3M7/1hNrwRD3YcYqhpAPFY86odVLznstUYK9U9iv+HGSVBDkpQ456r/TV7Scsk6gsE9SYTuCnNpxQbTkTOC12M4MpZSM6wI6jiko04WR+7ZScO6VP4kS7UpbM1d8TEyqNGcvIdUpqh2bZm4n/eZ3MxlfhhKs0s6jYYlGcCWITMnud9LlGZsXYEco0d7cSNqSaMusCKroQguWXV0mzWgn8SnBXLdeu8zgKcApncAEBXEINbqEODWDwCM/wCm9e4r14797HonXNy2dO4A+8zx+W+48e</latexit><latexit sha1_base64="UD0yK0w0W+mMuOEwUpm4g629bNE=">AAACEnicjVC7TsMwFL0pr1JeBUYWiwqJqUq6wFjBwgiCPqQ2qhz3pjW1k8h2kKqo/8DAwq+wIMTKxMbf4LYZoGXgSJaOzjlX1/cEieDauO6XU1hZXVvfKG6WtrZ3dvfK+wdNHaeKYYPFIlbtgGoUPMKG4UZgO1FIZSCwFYwup37rAZXmcXRnxgn6kg4iHnJGjZWat1wmAnvlilt1ZyDLxMtJBXL8L94rf3b7MUslRoYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY2lEJWo/m500ISdW6ZMwVvZFhszUnxMZlVqPZWCTkpqhXvSm4l9eJzXhuZ/xKEkNRmy+KEwFMTGZ9kP6XCEzYmwJZYrbvxI2pIoyY1ss2dO9xUOXSbNW9dyqd1Or1C/yzopwBMdwCh6cQR2u4BoawOAeHuEZXp0n58V5c97n0YKTzxzCLzgf30Z6lpc=</latexit><latexit sha1_base64="UD0yK0w0W+mMuOEwUpm4g629bNE=">AAACEnicjVC7TsMwFL0pr1JeBUYWiwqJqUq6wFjBwgiCPqQ2qhz3pjW1k8h2kKqo/8DAwq+wIMTKxMbf4LYZoGXgSJaOzjlX1/cEieDauO6XU1hZXVvfKG6WtrZ3dvfK+wdNHaeKYYPFIlbtgGoUPMKG4UZgO1FIZSCwFYwup37rAZXmcXRnxgn6kg4iHnJGjZWat1wmAnvlilt1ZyDLxMtJBXL8L94rf3b7MUslRoYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY2lEJWo/m500ISdW6ZMwVvZFhszUnxMZlVqPZWCTkpqhXvSm4l9eJzXhuZ/xKEkNRmy+KEwFMTGZ9kP6XCEzYmwJZYrbvxI2pIoyY1ss2dO9xUOXSbNW9dyqd1Or1C/yzopwBMdwCh6cQR2u4BoawOAeHuEZXp0n58V5c97n0YKTzxzCLzgf30Z6lpc=</latexit><latexit sha1_base64="UD0yK0w0W+mMuOEwUpm4g629bNE=">AAACEnicjVC7TsMwFL0pr1JeBUYWiwqJqUq6wFjBwgiCPqQ2qhz3pjW1k8h2kKqo/8DAwq+wIMTKxMbf4LYZoGXgSJaOzjlX1/cEieDauO6XU1hZXVvfKG6WtrZ3dvfK+wdNHaeKYYPFIlbtgGoUPMKG4UZgO1FIZSCwFYwup37rAZXmcXRnxgn6kg4iHnJGjZWat1wmAnvlilt1ZyDLxMtJBXL8L94rf3b7MUslRoYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY2lEJWo/m500ISdW6ZMwVvZFhszUnxMZlVqPZWCTkpqhXvSm4l9eJzXhuZ/xKEkNRmy+KEwFMTGZ9kP6XCEzYmwJZYrbvxI2pIoyY1ss2dO9xUOXSbNW9dyqd1Or1C/yzopwBMdwCh6cQR2u4BoawOAeHuEZXp0n58V5c97n0YKTzxzCLzgf30Z6lpc=</latexit>

functions
<latexit sha1_base64="ha6+cYdMcIxvOCs6820nv4vYs8Q=">AAAB8HicbZDLSgMxFIZP6q3WW9Wlm2ARXJWZbnRZdOOygr1IO5RMmmlDk8yQZIQy9CncuFDErY/jzrcx085CW38IfPznHHLOHyaCG+t536i0sbm1vVPereztHxweVY9POiZONWVtGotY90JimOCKtS23gvUSzYgMBeuG09u83n1i2vBYPdhZwgJJxopHnBLrrMcoVTQHM6zWvLq3EF4Hv4AaFGoNq1+DUUxTyZSlghjT973EBhnRllPB5pVBalhC6JSMWd+hIpKZIFssPMcXzhnhKNbuKYsX7u+JjEhjZjJ0nZLYiVmt5eZ/tX5qo+sg4ypJLVN0+VGUCmxjnF+PR1wzasXMAaGau10xnRBNqHUZVVwI/urJ69Bp1H2v7t83as2bIo4ynME5XIIPV9CEO2hBGyhIeIZXeEMavaB39LFsLaFi5hT+CH3+ADubkKs=</latexit><latexit sha1_base64="L1hfgXbk9HOQP+EH+uD2lOyEqio=">AAACFXicjVDLSgMxFL3xWeur6tJNsAiuykw3uiy6calgH9IOJZNm2tAkMyQZoQz9Chdu/BU3Im4Fd/6NmXYW2rrwQOBwzrnc3BMmghvreV9oZXVtfWOztFXe3tnd268cHLZMnGrKmjQWse6ExDDBFWtabgXrJJoRGQrWDsdXud9+YNrwWN3ZScICSYaKR5wS66T7KFU0J6ZfqXo1bwa8TPyCVKHA/+L9ymdvENNUMmWpIMZ0fS+xQUa05VSwabmXGpYQOiZD1nVUEclMkM2umuJTpwxwFGv3lMUz9edERqQxExm6pCR2ZBa9XPzL66Y2uggyrpLUMkXni6JUYBvjvCI84JpRKyaOEKq5+yumI6IJta7IsjvdXzx0mbTqNd+r+bf1auOy6KwEx3ACZ+DDOTTgGm6gCRQkPMIzvKIn9ILe0Ps8uoKKmSP4BfTxDSCUmCQ=</latexit><latexit sha1_base64="L1hfgXbk9HOQP+EH+uD2lOyEqio=">AAACFXicjVDLSgMxFL3xWeur6tJNsAiuykw3uiy6calgH9IOJZNm2tAkMyQZoQz9Chdu/BU3Im4Fd/6NmXYW2rrwQOBwzrnc3BMmghvreV9oZXVtfWOztFXe3tnd268cHLZMnGrKmjQWse6ExDDBFWtabgXrJJoRGQrWDsdXud9+YNrwWN3ZScICSYaKR5wS66T7KFU0J6ZfqXo1bwa8TPyCVKHA/+L9ymdvENNUMmWpIMZ0fS+xQUa05VSwabmXGpYQOiZD1nVUEclMkM2umuJTpwxwFGv3lMUz9edERqQxExm6pCR2ZBa9XPzL66Y2uggyrpLUMkXni6JUYBvjvCI84JpRKyaOEKq5+yumI6IJta7IsjvdXzx0mbTqNd+r+bf1auOy6KwEx3ACZ+DDOTTgGm6gCRQkPMIzvKIn9ILe0Ps8uoKKmSP4BfTxDSCUmCQ=</latexit><latexit sha1_base64="L1hfgXbk9HOQP+EH+uD2lOyEqio=">AAACFXicjVDLSgMxFL3xWeur6tJNsAiuykw3uiy6calgH9IOJZNm2tAkMyQZoQz9Chdu/BU3Im4Fd/6NmXYW2rrwQOBwzrnc3BMmghvreV9oZXVtfWOztFXe3tnd268cHLZMnGrKmjQWse6ExDDBFWtabgXrJJoRGQrWDsdXud9+YNrwWN3ZScICSYaKR5wS66T7KFU0J6ZfqXo1bwa8TPyCVKHA/+L9ymdvENNUMmWpIMZ0fS+xQUa05VSwabmXGpYQOiZD1nVUEclMkM2umuJTpwxwFGv3lMUz9edERqQxExm6pCR2ZBa9XPzL66Y2uggyrpLUMkXni6JUYBvjvCI84JpRKyaOEKq5+yumI6IJta7IsjvdXzx0mbTqNd+r+bf1auOy6KwEx3ACZ+DDOTTgGm6gCRQkPMIzvKIn9ILe0Ps8uoKKmSP4BfTxDSCUmCQ=</latexit>

Functions that solve
<latexit sha1_base64="qY5BReh17p74a3n3nJbos5lx5Kk=">AAAB/XicbZDLSgMxFIYz9VbrrV52boJFcFVmutFlURCXFewF2qFk0kwbmkmG5EyhDsVXceNCEbe+hzvfxkw7C239IfDxn3M4J38QC27Adb+dwtr6xuZWcbu0s7u3f1A+PGoZlWjKmlQJpTsBMUxwyZrAQbBOrBmJAsHawfgmq7cnTBuu5ANMY+ZHZCh5yCkBa/XLJ7eJpBkaDCMC2CgxYf1yxa26c+FV8HKooFyNfvmrN1A0iZgEKogxXc+NwU+JBk4Fm5V6iWExoWMyZF2LkkTM+On8+hk+t84Ah0rbJwHP3d8TKYmMmUaB7YwIjMxyLTP/q3UTCK/8lMs4ASbpYlGYCAwKZ1HgAdeMgphaIFRzeyumI6IJBRtYyYbgLX95FVq1qudWvftapX6dx1FEp+gMXSAPXaI6ukMN1EQUPaJn9IrenCfnxXl3PhatBSefOUZ/5Hz+AI0ilUQ=</latexit><latexit sha1_base64="IdZuo/QJSVV7D8Pplh4p+drN71E=">AAACInicjVDLSgMxFM3UV62v8bFzEyyCqzLTjS6LgrhUsA9oh5JJM21oJhmSO4Va+i8u3PgrbkRdCX6MmXYW2rrwQOBwzrnc3BMmghvwvE+nsLK6tr5R3Cxtbe/s7rn7Bw2jUk1ZnSqhdCskhgkuWR04CNZKNCNxKFgzHF5lfnPEtOFK3sM4YUFM+pJHnBKwUtc9uk4lzajBMCCAjRIj1nXLXsWbAS8TPydllON/8a773ukpmsZMAhXEmLbvJRBMiAZOBZuWOqlhCaFD0mdtSyWJmQkmsxOn+NQqPRwpbZ8EPFN/TkxIbMw4Dm0yJjAwi14m/uW1U4guggmXSQpM0vmiKBUYFM76wj2uGQUxtoRQze1fMR0QTSjYVkv2dH/x0GXSqFZ8r+LfVcu1y7yzIjpGJ+gM+egc1dANukV1RNEDekTP6NV5cl6cN+djHi04+cwh+gXn6xsLXpy9</latexit><latexit sha1_base64="IdZuo/QJSVV7D8Pplh4p+drN71E=">AAACInicjVDLSgMxFM3UV62v8bFzEyyCqzLTjS6LgrhUsA9oh5JJM21oJhmSO4Va+i8u3PgrbkRdCX6MmXYW2rrwQOBwzrnc3BMmghvwvE+nsLK6tr5R3Cxtbe/s7rn7Bw2jUk1ZnSqhdCskhgkuWR04CNZKNCNxKFgzHF5lfnPEtOFK3sM4YUFM+pJHnBKwUtc9uk4lzajBMCCAjRIj1nXLXsWbAS8TPydllON/8a773ukpmsZMAhXEmLbvJRBMiAZOBZuWOqlhCaFD0mdtSyWJmQkmsxOn+NQqPRwpbZ8EPFN/TkxIbMw4Dm0yJjAwi14m/uW1U4guggmXSQpM0vmiKBUYFM76wj2uGQUxtoRQze1fMR0QTSjYVkv2dH/x0GXSqFZ8r+LfVcu1y7yzIjpGJ+gM+egc1dANukV1RNEDekTP6NV5cl6cN+djHi04+cwh+gXn6xsLXpy9</latexit><latexit sha1_base64="IdZuo/QJSVV7D8Pplh4p+drN71E=">AAACInicjVDLSgMxFM3UV62v8bFzEyyCqzLTjS6LgrhUsA9oh5JJM21oJhmSO4Va+i8u3PgrbkRdCX6MmXYW2rrwQOBwzrnc3BMmghvwvE+nsLK6tr5R3Cxtbe/s7rn7Bw2jUk1ZnSqhdCskhgkuWR04CNZKNCNxKFgzHF5lfnPEtOFK3sM4YUFM+pJHnBKwUtc9uk4lzajBMCCAjRIj1nXLXsWbAS8TPydllON/8a773ukpmsZMAhXEmLbvJRBMiAZOBZuWOqlhCaFD0mdtSyWJmQkmsxOn+NQqPRwpbZ8EPFN/TkxIbMw4Dm0yJjAwi14m/uW1U4guggmXSQpM0vmiKBUYFM76wj2uGQUxtoRQze1fMR0QTSjYVkv2dH/x0GXSqFZ8r+LfVcu1y7yzIjpGJ+gM+egc1dANukV1RNEDekTP6NV5cl6cN+djHi04+cwh+gXn6xsLXpy9</latexit>

the tasks
<latexit sha1_base64="kHNBGIL9Xh/D+2bTV1fyNlwdkTY=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBm0sYxgPiQ5wt5mkyzZ3Tt254Rw5FfYWChi68+x89+4Sa7QxAcDj/dmmJkXJVJY9P1vr7CxubW9U9wt7e0fHB6Vj09aNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29Hkdu63n7ixItYPOE14qOhIi6FgFJ30iGNOkNqJ7ZcrftVfgKyTICcVyNHol796g5ilimtkklrbDfwEw4waFEzyWamXWp5QNqEj3nVUU8VtmC0OnpELpwzIMDauNJKF+nsio8raqYpcp6I4tqveXPzP66Y4vA4zoZMUuWbLRcNUEozJ/HsyEIYzlFNHKDPC3UrYmBrK0GVUciEEqy+vk1atGvjV4L5Wqd/kcRThDM7hEgK4gjrcQQOawEDBM7zCm2e8F+/d+1i2Frx85hT+wPv8Ab3BkFk=</latexit><latexit sha1_base64="HQzqcZXPyQIUEQ3C41blEr90t9E=">AAACFXicjVC7SgNBFL3rM8ZX1NJmMAhWYTeNlkEbSwXzkGQJs5PZZMjM7DJzVwghX2Fh46/YiNgKdv6Nk2QLTSw8MHA451zu3BOlUlj0/S9vZXVtfWOzsFXc3tnd2y8dHDZskhnG6yyRiWlF1HIpNK+jQMlbqeFURZI3o+HV1G8+cGNFou9wlPJQ0b4WsWAUnXSPA06Q2qHtlsp+xZ+BLJMgJ2XI8b94t/TZ6SUsU1wjk9TaduCnGI6pQcEknxQ7meUpZUPa521HNVXchuPZVRNy6pQeiRPjnkYyU39OjKmydqQil1QUB3bRm4p/ee0M44twLHSaIddsvijOJMGETCsiPWE4QzlyhDIj3F8JG1BDGboii+70YPHQZdKoVgK/EtxWy7XLvLMCHMMJnEEA51CDa7iBOjBQ8AjP8Oo9eS/em/c+j654+cwR/IL38Q2W4JfS</latexit><latexit sha1_base64="HQzqcZXPyQIUEQ3C41blEr90t9E=">AAACFXicjVC7SgNBFL3rM8ZX1NJmMAhWYTeNlkEbSwXzkGQJs5PZZMjM7DJzVwghX2Fh46/YiNgKdv6Nk2QLTSw8MHA451zu3BOlUlj0/S9vZXVtfWOzsFXc3tnd2y8dHDZskhnG6yyRiWlF1HIpNK+jQMlbqeFURZI3o+HV1G8+cGNFou9wlPJQ0b4WsWAUnXSPA06Q2qHtlsp+xZ+BLJMgJ2XI8b94t/TZ6SUsU1wjk9TaduCnGI6pQcEknxQ7meUpZUPa521HNVXchuPZVRNy6pQeiRPjnkYyU39OjKmydqQil1QUB3bRm4p/ee0M44twLHSaIddsvijOJMGETCsiPWE4QzlyhDIj3F8JG1BDGboii+70YPHQZdKoVgK/EtxWy7XLvLMCHMMJnEEA51CDa7iBOjBQ8AjP8Oo9eS/em/c+j654+cwR/IL38Q2W4JfS</latexit><latexit sha1_base64="HQzqcZXPyQIUEQ3C41blEr90t9E=">AAACFXicjVC7SgNBFL3rM8ZX1NJmMAhWYTeNlkEbSwXzkGQJs5PZZMjM7DJzVwghX2Fh46/YiNgKdv6Nk2QLTSw8MHA451zu3BOlUlj0/S9vZXVtfWOzsFXc3tnd2y8dHDZskhnG6yyRiWlF1HIpNK+jQMlbqeFURZI3o+HV1G8+cGNFou9wlPJQ0b4WsWAUnXSPA06Q2qHtlsp+xZ+BLJMgJ2XI8b94t/TZ6SUsU1wjk9TaduCnGI6pQcEknxQ7meUpZUPa521HNVXchuPZVRNy6pQeiRPjnkYyU39OjKmydqQil1QUB3bRm4p/ee0M44twLHSaIddsvijOJMGETCsiPWE4QzlyhDIj3F8JG1BDGboii+70YPHQZdKoVgK/EtxWy7XLvLMCHMMJnEEA51CDa7iBOjBQ8AjP8Oo9eS/em/c+j654+cwR/IL38Q2W4JfS</latexit>

Hypothesis space
<latexit sha1_base64="tLmIljFWhXs/Bu7+r0Wbg/j8TVU="></latexit><latexit sha1_base64="DEUQt5Kk9QbDYQMJ1vZ14+xLeyc="></latexit><latexit sha1_base64="DEUQt5Kk9QbDYQMJ1vZ14+xLeyc="></latexit><latexit sha1_base64="DEUQt5Kk9QbDYQMJ1vZ14+xLeyc="></latexit>

simplicity bias
<latexit sha1_base64="9hYX6Wjy0VHKyxplovop/5+4+qY=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0l60WPRi8cK9gPaUDbbTbt0Nwm7EyGW/hIvHhTx6k/x5r9x2+agrQ8GHu/NMDMvTKUw6Hnfzsbm1vbObmmvvH9weFRxj0/aJsk04y2WyER3Q2q4FDFvoUDJu6nmVIWSd8LJ7dzvPHJtRBI/YJ7yQNFRLCLBKFpp4FaMUHYPE5iTUFAzcKtezVuArBO/IFUo0By4X/1hwjLFY2SSGtPzvRSDKdUomOSzcj8zPKVsQke8Z2lMFTfBdHH4jFxYZUiiRNuKkSzU3xNTqozJVWg7FcWxWfXm4n9eL8PoOpiKOM2Qx2y5KMokwYTMUyBDoTlDmVtCmRb2VsLGVFOGNquyDcFffXmdtOs136v59/Vq46aIowRncA6X4MMVNOAOmtACBhk8wyu8OU/Oi/PufCxbN5xi5hT+wPn8Afmyk0U=</latexit><latexit sha1_base64="2c5HZptIFuLSIg5wRrHLe0x+A4o=">AAACHXicjVC7SgNBFL3rM8ZHVi1tBoNgFXbTaBm0sVQwD0iWMDuZTYbM7C4zd4Ul5EssbPwVGxELG/FvnCRbaGLhgYHDOfdy55wwlcKg5305a+sbm1vbpZ3y7t7+QcU9PGqZJNOMN1kiE90JqeFSxLyJAiXvpJpTFUreDsfXM7/9wLURSXyPecoDRYexiASjaKW+WzFC2TtMYE5CQU3frXo1bw6ySvyCVKHA/8b77kdvkLBM8RiZpMZ0fS/FYEI1Cib5tNzLDE8pG9Mh71oaU8VNMJmnm5IzqwxIlGj7YiRz9efGhCpjchXaSUVxZJa9mfiX180wugwmIk4z5DFbHIoySTAhs6rIQGjOUOaWUKaF/SthI6opQ1to2Ub3l4Oukla95ns1/65ebVwVnZXgBE7hHHy4gAbcwC00gUEGj/AMr86T8+K8Oe+L0TWn2DmGX3A+vwE0lJq+</latexit><latexit sha1_base64="2c5HZptIFuLSIg5wRrHLe0x+A4o=">AAACHXicjVC7SgNBFL3rM8ZHVi1tBoNgFXbTaBm0sVQwD0iWMDuZTYbM7C4zd4Ul5EssbPwVGxELG/FvnCRbaGLhgYHDOfdy55wwlcKg5305a+sbm1vbpZ3y7t7+QcU9PGqZJNOMN1kiE90JqeFSxLyJAiXvpJpTFUreDsfXM7/9wLURSXyPecoDRYexiASjaKW+WzFC2TtMYE5CQU3frXo1bw6ySvyCVKHA/8b77kdvkLBM8RiZpMZ0fS/FYEI1Cib5tNzLDE8pG9Mh71oaU8VNMJmnm5IzqwxIlGj7YiRz9efGhCpjchXaSUVxZJa9mfiX180wugwmIk4z5DFbHIoySTAhs6rIQGjOUOaWUKaF/SthI6opQ1to2Ub3l4Oukla95ns1/65ebVwVnZXgBE7hHHy4gAbcwC00gUEGj/AMr86T8+K8Oe+L0TWn2DmGX3A+vwE0lJq+</latexit><latexit sha1_base64="2c5HZptIFuLSIg5wRrHLe0x+A4o=">AAACHXicjVC7SgNBFL3rM8ZHVi1tBoNgFXbTaBm0sVQwD0iWMDuZTYbM7C4zd4Ul5EssbPwVGxELG/FvnCRbaGLhgYHDOfdy55wwlcKg5305a+sbm1vbpZ3y7t7+QcU9PGqZJNOMN1kiE90JqeFSxLyJAiXvpJpTFUreDsfXM7/9wLURSXyPecoDRYexiASjaKW+WzFC2TtMYE5CQU3frXo1bw6ySvyCVKHA/8b77kdvkLBM8RiZpMZ0fS/FYEI1Cib5tNzLDE8pG9Mh71oaU8VNMJmnm5IzqwxIlGj7YiRz9efGhCpjchXaSUVxZJa9mfiX180wugwmIk4z5DFbHIoySTAhs6rIQGjOUOaWUKaF/SthI6opQ1to2Ub3l4Oukla95ns1/65ebVwVnZXgBE7hHHy4gAbcwC00gUEGj/AMr86T8+K8Oe+L0TWn2DmGX3A+vwE0lJq+</latexit>

simplicity bias
<latexit sha1_base64="9hYX6Wjy0VHKyxplovop/5+4+qY=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0l60WPRi8cK9gPaUDbbTbt0Nwm7EyGW/hIvHhTx6k/x5r9x2+agrQ8GHu/NMDMvTKUw6Hnfzsbm1vbObmmvvH9weFRxj0/aJsk04y2WyER3Q2q4FDFvoUDJu6nmVIWSd8LJ7dzvPHJtRBI/YJ7yQNFRLCLBKFpp4FaMUHYPE5iTUFAzcKtezVuArBO/IFUo0By4X/1hwjLFY2SSGtPzvRSDKdUomOSzcj8zPKVsQke8Z2lMFTfBdHH4jFxYZUiiRNuKkSzU3xNTqozJVWg7FcWxWfXm4n9eL8PoOpiKOM2Qx2y5KMokwYTMUyBDoTlDmVtCmRb2VsLGVFOGNquyDcFffXmdtOs136v59/Vq46aIowRncA6X4MMVNOAOmtACBhk8wyu8OU/Oi/PufCxbN5xi5hT+wPn8Afmyk0U=</latexit><latexit sha1_base64="2c5HZptIFuLSIg5wRrHLe0x+A4o=">AAACHXicjVC7SgNBFL3rM8ZHVi1tBoNgFXbTaBm0sVQwD0iWMDuZTYbM7C4zd4Ul5EssbPwVGxELG/FvnCRbaGLhgYHDOfdy55wwlcKg5305a+sbm1vbpZ3y7t7+QcU9PGqZJNOMN1kiE90JqeFSxLyJAiXvpJpTFUreDsfXM7/9wLURSXyPecoDRYexiASjaKW+WzFC2TtMYE5CQU3frXo1bw6ySvyCVKHA/8b77kdvkLBM8RiZpMZ0fS/FYEI1Cib5tNzLDE8pG9Mh71oaU8VNMJmnm5IzqwxIlGj7YiRz9efGhCpjchXaSUVxZJa9mfiX180wugwmIk4z5DFbHIoySTAhs6rIQGjOUOaWUKaF/SthI6opQ1to2Ub3l4Oukla95ns1/65ebVwVnZXgBE7hHHy4gAbcwC00gUEGj/AMr86T8+K8Oe+L0TWn2DmGX3A+vwE0lJq+</latexit><latexit sha1_base64="2c5HZptIFuLSIg5wRrHLe0x+A4o=">AAACHXicjVC7SgNBFL3rM8ZHVi1tBoNgFXbTaBm0sVQwD0iWMDuZTYbM7C4zd4Ul5EssbPwVGxELG/FvnCRbaGLhgYHDOfdy55wwlcKg5305a+sbm1vbpZ3y7t7+QcU9PGqZJNOMN1kiE90JqeFSxLyJAiXvpJpTFUreDsfXM7/9wLURSXyPecoDRYexiASjaKW+WzFC2TtMYE5CQU3frXo1bw6ySvyCVKHA/8b77kdvkLBM8RiZpMZ0fS/FYEI1Cib5tNzLDE8pG9Mh71oaU8VNMJmnm5IzqwxIlGj7YiRz9efGhCpjchXaSUVxZJa9mfiX180wugwmIk4z5DFbHIoySTAhs6rIQGjOUOaWUKaF/SthI6opQ1to2Ub3l4Oukla95ns1/65ebVwVnZXgBE7hHHy4gAbcwC00gUEGj/AMr86T8+K8Oe+L0TWn2DmGX3A+vwE0lJq+</latexit><latexit sha1_base64="2c5HZptIFuLSIg5wRrHLe0x+A4o=">AAACHXicjVC7SgNBFL3rM8ZHVi1tBoNgFXbTaBm0sVQwD0iWMDuZTYbM7C4zd4Ul5EssbPwVGxELG/FvnCRbaGLhgYHDOfdy55wwlcKg5305a+sbm1vbpZ3y7t7+QcU9PGqZJNOMN1kiE90JqeFSxLyJAiXvpJpTFUreDsfXM7/9wLURSXyPecoDRYexiASjaKW+WzFC2TtMYE5CQU3frXo1bw6ySvyCVKHA/8b77kdvkLBM8RiZpMZ0fS/FYEI1Cib5tNzLDE8pG9Mh71oaU8VNMJmnm5IzqwxIlGj7YiRz9efGhCpjchXaSUVxZJa9mfiX180wugwmIk4z5DFbHIoySTAhs6rIQGjOUOaWUKaF/SthI6opQ1to2Ub3l4Oukla95ns1/65ebVwVnZXgBE7hHHy4gAbcwC00gUEGj/AMr86T8+K8Oe+L0TWn2DmGX3A+vwE0lJq+</latexit>

task gradient
<latexit sha1_base64="5gXgYddUQbJOgb2Vbxiy2PQ+7dI=">AAAB9XicbVC7SgNBFL3jM8ZX1NJmMAhWYTeNlkEbywjmAcka7s7OJkNmH8zMKmHJf9hYKGLrv9j5N06SLTTxwMDhnHu4d46fSqGN43yTtfWNza3t0k55d2//4LBydNzWSaYYb7FEJqrro+ZSxLxlhJG8myqOkS95xx/fzPzOI1daJPG9maTci3AYi1AwNFZ6MKjHdKgwEDw2dFCpOjVnDrpK3IJUoUBzUPnqBwnLIhtmErXuuU5qvByVEUzyabmfaZ4iG+OQ9yyNMeLay+dXT+m5VQIaJso+u3yu/k7kGGk9iXw7GaEZ6WVvJv7n9TITXnm5iNPM8JgtFoWZpCahswpoIBRnRk4sQaaEvZWyESpkxhZVtiW4y19eJe16zXVq7l292rgu6ijBKZzBBbhwCQ24hSa0gIGCZ3iFN/JEXsg7+ViMrpEicwJ/QD5/ACplkkU=</latexit><latexit sha1_base64="1lG3sUBkK4ERYdL3hQH7d+rY7jA=">AAACGnicjVA9SwNBEJ3zM8avqKXNYhCswl0aLYM2lgrmA5IzzO3tJUt2747dPSEc+R8WNv4VGxE7sfHfuEmu0MTCBwOP92aYeROkgmvjul/Oyura+sZmaau8vbO7t185OGzpJFOUNWkiEtUJUDPBY9Y03AjWSRVDGQjWDkZXU7/9wJTmSXxnxinzJQ5iHnGKxkr3BvWIDBSGnMWG9CtVt+bOQJaJV5AqFPhfe7/y0QsTmkm7gQrUuuu5qfFzVIZTwSblXqZZinSEA9a1NEbJtJ/Pok3IqVVCEiXKlr1wpv6cyFFqPZaB7ZRohnrRm4p/ed3MRBd+zuM0Myym80VRJohJyPRPJOSKUSPGliBV3N5K6BAVUmO/WbbRvcWgy6RVr3luzbutVxuXxc9KcAwncAYenEMDruEGmkBBwSM8w6vz5Lw4b877vHXFKWaO4Becz29EH5m+</latexit><latexit sha1_base64="1lG3sUBkK4ERYdL3hQH7d+rY7jA=">AAACGnicjVA9SwNBEJ3zM8avqKXNYhCswl0aLYM2lgrmA5IzzO3tJUt2747dPSEc+R8WNv4VGxE7sfHfuEmu0MTCBwOP92aYeROkgmvjul/Oyura+sZmaau8vbO7t185OGzpJFOUNWkiEtUJUDPBY9Y03AjWSRVDGQjWDkZXU7/9wJTmSXxnxinzJQ5iHnGKxkr3BvWIDBSGnMWG9CtVt+bOQJaJV5AqFPhfe7/y0QsTmkm7gQrUuuu5qfFzVIZTwSblXqZZinSEA9a1NEbJtJ/Pok3IqVVCEiXKlr1wpv6cyFFqPZaB7ZRohnrRm4p/ed3MRBd+zuM0Myym80VRJohJyPRPJOSKUSPGliBV3N5K6BAVUmO/WbbRvcWgy6RVr3luzbutVxuXxc9KcAwncAYenEMDruEGmkBBwSM8w6vz5Lw4b877vHXFKWaO4Becz29EH5m+</latexit><latexit sha1_base64="1lG3sUBkK4ERYdL3hQH7d+rY7jA=">AAACGnicjVA9SwNBEJ3zM8avqKXNYhCswl0aLYM2lgrmA5IzzO3tJUt2747dPSEc+R8WNv4VGxE7sfHfuEmu0MTCBwOP92aYeROkgmvjul/Oyura+sZmaau8vbO7t185OGzpJFOUNWkiEtUJUDPBY9Y03AjWSRVDGQjWDkZXU7/9wJTmSXxnxinzJQ5iHnGKxkr3BvWIDBSGnMWG9CtVt+bOQJaJV5AqFPhfe7/y0QsTmkm7gQrUuuu5qfFzVIZTwSblXqZZinSEA9a1NEbJtJ/Pok3IqVVCEiXKlr1wpv6cyFFqPZaB7ZRohnrRm4p/ed3MRBd+zuM0Myym80VRJohJyPRPJOSKUSPGliBV3N5K6BAVUmO/WbbRvcWgy6RVr3luzbutVxuXxc9KcAwncAYenEMDruEGmkBBwSM8w6vz5Lw4b877vHXFKWaO4Becz29EH5m+</latexit>

task gradient
<latexit sha1_base64="5gXgYddUQbJOgb2Vbxiy2PQ+7dI=">AAAB9XicbVC7SgNBFL3jM8ZX1NJmMAhWYTeNlkEbywjmAcka7s7OJkNmH8zMKmHJf9hYKGLrv9j5N06SLTTxwMDhnHu4d46fSqGN43yTtfWNza3t0k55d2//4LBydNzWSaYYb7FEJqrro+ZSxLxlhJG8myqOkS95xx/fzPzOI1daJPG9maTci3AYi1AwNFZ6MKjHdKgwEDw2dFCpOjVnDrpK3IJUoUBzUPnqBwnLIhtmErXuuU5qvByVEUzyabmfaZ4iG+OQ9yyNMeLay+dXT+m5VQIaJso+u3yu/k7kGGk9iXw7GaEZ6WVvJv7n9TITXnm5iNPM8JgtFoWZpCahswpoIBRnRk4sQaaEvZWyESpkxhZVtiW4y19eJe16zXVq7l292rgu6ijBKZzBBbhwCQ24hSa0gIGCZ3iFN/JEXsg7+ViMrpEicwJ/QD5/ACplkkU=</latexit><latexit sha1_base64="1lG3sUBkK4ERYdL3hQH7d+rY7jA=">AAACGnicjVA9SwNBEJ3zM8avqKXNYhCswl0aLYM2lgrmA5IzzO3tJUt2747dPSEc+R8WNv4VGxE7sfHfuEmu0MTCBwOP92aYeROkgmvjul/Oyura+sZmaau8vbO7t185OGzpJFOUNWkiEtUJUDPBY9Y03AjWSRVDGQjWDkZXU7/9wJTmSXxnxinzJQ5iHnGKxkr3BvWIDBSGnMWG9CtVt+bOQJaJV5AqFPhfe7/y0QsTmkm7gQrUuuu5qfFzVIZTwSblXqZZinSEA9a1NEbJtJ/Pok3IqVVCEiXKlr1wpv6cyFFqPZaB7ZRohnrRm4p/ed3MRBd+zuM0Myym80VRJohJyPRPJOSKUSPGliBV3N5K6BAVUmO/WbbRvcWgy6RVr3luzbutVxuXxc9KcAwncAYenEMDruEGmkBBwSM8w6vz5Lw4b877vHXFKWaO4Becz29EH5m+</latexit><latexit sha1_base64="1lG3sUBkK4ERYdL3hQH7d+rY7jA=">AAACGnicjVA9SwNBEJ3zM8avqKXNYhCswl0aLYM2lgrmA5IzzO3tJUt2747dPSEc+R8WNv4VGxE7sfHfuEmu0MTCBwOP92aYeROkgmvjul/Oyura+sZmaau8vbO7t185OGzpJFOUNWkiEtUJUDPBY9Y03AjWSRVDGQjWDkZXU7/9wJTmSXxnxinzJQ5iHnGKxkr3BvWIDBSGnMWG9CtVt+bOQJaJV5AqFPhfe7/y0QsTmkm7gQrUuuu5qfFzVIZTwSblXqZZinSEA9a1NEbJtJ/Pok3IqVVCEiXKlr1wpv6cyFFqPZaB7ZRohnrRm4p/ed3MRBd+zuM0Myym80VRJohJyPRPJOSKUSPGliBV3N5K6BAVUmO/WbbRvcWgy6RVr3luzbutVxuXxc9KcAwncAYenEMDruEGmkBBwSM8w6vz5Lw4b877vHXFKWaO4Becz29EH5m+</latexit><latexit sha1_base64="1lG3sUBkK4ERYdL3hQH7d+rY7jA=">AAACGnicjVA9SwNBEJ3zM8avqKXNYhCswl0aLYM2lgrmA5IzzO3tJUt2747dPSEc+R8WNv4VGxE7sfHfuEmu0MTCBwOP92aYeROkgmvjul/Oyura+sZmaau8vbO7t185OGzpJFOUNWkiEtUJUDPBY9Y03AjWSRVDGQjWDkZXU7/9wJTmSXxnxinzJQ5iHnGKxkr3BvWIDBSGnMWG9CtVt+bOQJaJV5AqFPhfe7/y0QsTmkm7gQrUuuu5qfFzVIZTwSblXqZZinSEA9a1NEbJtJ/Pok3IqVVCEiXKlr1wpv6cyFFqPZaB7ZRohnrRm4p/ed3MRBd+zuM0Myym80VRJohJyPRPJOSKUSPGliBV3N5K6BAVUmO/WbbRvcWgy6RVr3luzbutVxuXxc9KcAwncAYenEMDruEGmkBBwSM8w6vz5Lw4b877vHXFKWaO4Becz29EH5m+</latexit>

Figure 3.6: The Multitask Scaling Hypothesis: Models trained with an increasing number of
tasks are subjected to pressure to learn a representation that can solve all the tasks.

Norouzi, et al. 2020; He, Fan, Wu, et al. 2020; Radford, Jozefowicz, and Sutskever 2017;
Radford, Wu, Child, et al. 2019).

3.3.2 Convergence via Model Capacity

Suppose there is a globally optimal representation for standard learning objectives. Then,
under sufficient data, scaling a model (i.e., using larger function classes F ), as well as
improved optimization , should be more effective at finding better approximations to this
optimum, as illustrated in Figure 3.5.

With the same training objective, larger models, even of different architectures, will thus
tend to converge toward this optimum. When different training objectives share similar
minimizers, larger models are better at finding these minimizers, and will train to similar
solutions over the training tasks. We summarize this hypothesis as follows:

The Capacity Hypothesis

Bigger models are more likely to converge to a shared representation than smaller
models.

3.3.3 Convergence via Simplicity Bias

The forces driving representational convergence often appear to be in tension with one
another. On one hand, convergence through increased task complexity and model capacity
suggests a need to expand the model’s hypothesis class. On the other hand, this expansion
must be outpaced by an even faster growth in the available data. This balance is crucial: if
the model’s capacity grows as rapidly as the dataset, we might expect the model to remain
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Solves task 1
<latexit sha1_base64="51NXQkDypcG/A+WtwXqm2WeyfWo=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0WhJtLDHKRwIXsrfswYa923N3joRc+B02Fhpj64+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0jEo1402mpNKdgBouRcybKFDyTqI5jQLJ28H4du63J1wboeJHnCbcj+gwFqFgFK3kPyg54YYgNWPi9csVt+ouQNaJl5MK5Gj0y1+9gWJpxGNkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rU0phE3frY4ekYurDIgodK2YiQL9fdERiNjplFgOyOKI7PqzcX/vG6K4bWfiThJkcdsuShMJUFF5gmQgdCcoZxaQpkW9lbCRlRThjankg3BW315nbRqVc+teve1Sv0mj6MIZ3AOl+DBFdThDhrQBAZP8Ayv8OZMnBfn3flYthacfOYU/sD5/AEMH5Ga</latexit><latexit sha1_base64="FW6agll44/+cHGyWR3ULXYfdBVs=">AAACGXicjVC7TsMwFL3hWcqrwMhiUSExVUkXGCtYGEHQh9RGleM6rVXHCfZNpSrqdzCw8CssCDHCxN/gthmgZeBIlo7OOVfX9wSJFAZd98tZWV1b39gsbBW3d3b39ksHhw0Tp5rxOotlrFsBNVwKxesoUPJWojmNAsmbwfBq6jdHXBsRq3scJ9yPaF+JUDCKVvLvYjnihiA1Q+J1S2W34s5AlomXkzLk+F+8W/ro9GKWRlwhk9SYtucm6GdUo2CST4qd1PCEsiHt87alikbc+Nnssgk5tUqPhLG2TyGZqT8nMhoZM44Cm4woDsyiNxX/8tophhd+JlSSIldsvihMJcGYTGsiPaE5Qzm2hDIt7F8JG1BNGdoyi/Z0b/HQZdKoVjy34t1Wy7XLvLMCHMMJnIEH51CDa7iBOjB4gEd4hlfnyXlx3pz3eXTFyWeO4Becz28Ob5kT</latexit><latexit sha1_base64="FW6agll44/+cHGyWR3ULXYfdBVs=">AAACGXicjVC7TsMwFL3hWcqrwMhiUSExVUkXGCtYGEHQh9RGleM6rVXHCfZNpSrqdzCw8CssCDHCxN/gthmgZeBIlo7OOVfX9wSJFAZd98tZWV1b39gsbBW3d3b39ksHhw0Tp5rxOotlrFsBNVwKxesoUPJWojmNAsmbwfBq6jdHXBsRq3scJ9yPaF+JUDCKVvLvYjnihiA1Q+J1S2W34s5AlomXkzLk+F+8W/ro9GKWRlwhk9SYtucm6GdUo2CST4qd1PCEsiHt87alikbc+Nnssgk5tUqPhLG2TyGZqT8nMhoZM44Cm4woDsyiNxX/8tophhd+JlSSIldsvihMJcGYTGsiPaE5Qzm2hDIt7F8JG1BNGdoyi/Z0b/HQZdKoVjy34t1Wy7XLvLMCHMMJnIEH51CDa7iBOjB4gEd4hlfnyXlx3pz3eXTFyWeO4Becz28Ob5kT</latexit><latexit sha1_base64="FW6agll44/+cHGyWR3ULXYfdBVs=">AAACGXicjVC7TsMwFL3hWcqrwMhiUSExVUkXGCtYGEHQh9RGleM6rVXHCfZNpSrqdzCw8CssCDHCxN/gthmgZeBIlo7OOVfX9wSJFAZd98tZWV1b39gsbBW3d3b39ksHhw0Tp5rxOotlrFsBNVwKxesoUPJWojmNAsmbwfBq6jdHXBsRq3scJ9yPaF+JUDCKVvLvYjnihiA1Q+J1S2W34s5AlomXkzLk+F+8W/ro9GKWRlwhk9SYtucm6GdUo2CST4qd1PCEsiHt87alikbc+Nnssgk5tUqPhLG2TyGZqT8nMhoZM44Cm4woDsyiNxX/8tophhd+JlSSIldsvihMJcGYTGsiPaE5Qzm2hDIt7F8JG1BNGdoyi/Z0b/HQZdKoVjy34t1Wy7XLvLMCHMMJnIEH51CDa7iBOjB4gEd4hlfnyXlx3pz3eXTFyWeO4Becz28Ob5kT</latexit>

Solves task
<latexit sha1_base64="vHe9mN3flA+xmkcJNFXcKeX8kHA=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkveix68VjRfkAayma7aZdusmF3UiihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7G5tb2zW9or7x8cHh1XTk7bRmWa8RZTUuluSA2XIuEtFCh5N9WcxqHknXB8N/c7E66NUMkTTlMexHSYiEgwilbyH5WccEOQmnG/UnVr7gJknXgFqUKBZr/y1RsolsU8QSapMb7nphjkVKNgks/KvczwlLIxHXLf0oTG3AT54uQZubTKgERK20qQLNTfEzmNjZnGoe2MKY7MqjcX//P8DKObIBdJmiFP2HJRlEmCisz/JwOhOUM5tYQyLeythI2opgxtSmUbgrf68jpp12ueW/Me6tXGbRFHCc7hAq7Ag2towD00oQUMFDzDK7w56Lw4787HsnXDKWbO4A+czx8+nJE1</latexit><latexit sha1_base64="oLuSoEdJx+dHxGxHzsUUdyqXKSE=">AAACF3icjVC7SgNBFL0bXzG+opY2g0GwCrtptAzaWCqaB2yWMDuZTYbM7iwzdwMh5DMsbPwVGxFb7fwbJ8kWmlh4YOBwzrncuSdMpTDoul9OYW19Y3OruF3a2d3bPygfHjWNyjTjDaak0u2QGi5FwhsoUPJ2qjmNQ8lb4fB65rdGXBuhkgccpzyIaT8RkWAUreTfKznihiA1w2654lbdOcgq8XJSgRz/i3fLn52eYlnME2SSGuN7borBhGoUTPJpqZMZnlI2pH3uW5rQmJtgMr9rSs6s0iOR0vYlSObqz4kJjY0Zx6FNxhQHZtmbiX95fobRZTARSZohT9hiUZRJgorMSiI9oTlDObaEMi3sXwkbUE0Z2ipL9nRv+dBV0qxVPbfq3dUq9au8syKcwCmcgwcXUIcbuIUGMFDwCM/w6jw5L86b876IFpx85hh+wfn4BjTtmK4=</latexit><latexit sha1_base64="oLuSoEdJx+dHxGxHzsUUdyqXKSE=">AAACF3icjVC7SgNBFL0bXzG+opY2g0GwCrtptAzaWCqaB2yWMDuZTYbM7iwzdwMh5DMsbPwVGxFb7fwbJ8kWmlh4YOBwzrncuSdMpTDoul9OYW19Y3OruF3a2d3bPygfHjWNyjTjDaak0u2QGi5FwhsoUPJ2qjmNQ8lb4fB65rdGXBuhkgccpzyIaT8RkWAUreTfKznihiA1w2654lbdOcgq8XJSgRz/i3fLn52eYlnME2SSGuN7borBhGoUTPJpqZMZnlI2pH3uW5rQmJtgMr9rSs6s0iOR0vYlSObqz4kJjY0Zx6FNxhQHZtmbiX95fobRZTARSZohT9hiUZRJgorMSiI9oTlDObaEMi3sXwkbUE0Z2ipL9nRv+dBV0qxVPbfq3dUq9au8syKcwCmcgwcXUIcbuIUGMFDwCM/w6jw5L86b876IFpx85hh+wfn4BjTtmK4=</latexit><latexit sha1_base64="oLuSoEdJx+dHxGxHzsUUdyqXKSE=">AAACF3icjVC7SgNBFL0bXzG+opY2g0GwCrtptAzaWCqaB2yWMDuZTYbM7iwzdwMh5DMsbPwVGxFb7fwbJ8kWmlh4YOBwzrncuSdMpTDoul9OYW19Y3OruF3a2d3bPygfHjWNyjTjDaak0u2QGi5FwhsoUPJ2qjmNQ8lb4fB65rdGXBuhkgccpzyIaT8RkWAUreTfKznihiA1w2654lbdOcgq8XJSgRz/i3fLn52eYlnME2SSGuN7borBhGoUTPJpqZMZnlI2pH3uW5rQmJtgMr9rSs6s0iOR0vYlSObqz4kJjY0Zx6FNxhQHZtmbiX95fobRZTARSZohT9hiUZRJgorMSiI9oTlDObaEMi3sXwkbUE0Z2ipL9nRv+dBV0qxVPbfq3dUq9au8syKcwCmcgwcXUIcbuIUGMFDwCM/w6jw5L86b876IFpx85hh+wfn4BjTtmK4=</latexit>

2<latexit sha1_base64="yq8/5g8NcY6cy0ADZKiGUGrj1YY=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UhJtLCGRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0buF3n1BpHssHM0vQj+hY8pAzaqzUqg3LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NWHdz7hMUoOSrRaFqSAmJouvyYgrZEbMLKFMcXsrYROqKDM2m5INwVt/eZN0alXPrXqtWqVxm8dRhAu4hGvw4AYacA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx97gYy0</latexit><latexit sha1_base64="g11zAFHkyS//eho1X0Cng1EOxtU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrtpTBm0sTRgHpAsYXZyNxkyO7vMzAphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5mfudB1Sax/LeTBP0IzqSPOSMGis1a4Nyxa26C5B14uWkAjn+Fx+UP/vDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLa6ZkQurDEkYK/ukIQv150RGI62nUWCTETVjverNxb+8XmrCup9xmaQGJVsuClNBTEzm1ZAhV8iMmFpCmeL2r4SNqaLM2AJL9nRv9dB10q5VPbfqNWuVxnXeWRHO4BwuwYMraMAt3EELGCA8wjO8Ok/Oi/PmvC+jBSefOYVfcD6+AdgglC0=</latexit><latexit sha1_base64="g11zAFHkyS//eho1X0Cng1EOxtU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrtpTBm0sTRgHpAsYXZyNxkyO7vMzAphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5mfudB1Sax/LeTBP0IzqSPOSMGis1a4Nyxa26C5B14uWkAjn+Fx+UP/vDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLa6ZkQurDEkYK/ukIQv150RGI62nUWCTETVjverNxb+8XmrCup9xmaQGJVsuClNBTEzm1ZAhV8iMmFpCmeL2r4SNqaLM2AJL9nRv9dB10q5VPbfqNWuVxnXeWRHO4BwuwYMraMAt3EELGCA8wjO8Ok/Oi/PmvC+jBSefOYVfcD6+AdgglC0=</latexit><latexit sha1_base64="g11zAFHkyS//eho1X0Cng1EOxtU=">AAACDXicjVC7SgNBFL0bXzG+opY2g0GwCrtpTBm0sTRgHpAsYXZyNxkyO7vMzAphyRdY2PgrNiK29nb+jZNkC00sPDBwOOdc7twTJIJr47pfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5mfudB1Sax/LeTBP0IzqSPOSMGis1a4Nyxa26C5B14uWkAjn+Fx+UP/vDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLa6ZkQurDEkYK/ukIQv150RGI62nUWCTETVjverNxb+8XmrCup9xmaQGJVsuClNBTEzm1ZAhV8iMmFpCmeL2r4SNqaLM2AJL9nRv9dB10q5VPbfqNWuVxnXeWRHO4BwuwYMraMAt3EELGCA8wjO8Ok/Oi/PmvC+jBSefOYVfcD6+AdgglC0=</latexit>

Hypothesis space
<latexit sha1_base64="tLmIljFWhXs/Bu7+r0Wbg/j8TVU="></latexit><latexit sha1_base64="DEUQt5Kk9QbDYQMJ1vZ14+xLeyc="></latexit><latexit sha1_base64="DEUQt5Kk9QbDYQMJ1vZ14+xLeyc="></latexit><latexit sha1_base64="DEUQt5Kk9QbDYQMJ1vZ14+xLeyc="></latexit>

Simple
<latexit sha1_base64="zFVvUIF9Z2hD+LDeFqir1+TO8Qw=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswl0aLYM2lhHNByRH2NvMJWt2947dPSGE/AcbC0Vs/T92/hs3yRWa+GDg8d4MM/OiVHBjff/bW1vf2NzaLuwUd/f2Dw5LR8dNk2SaYYMlItHtiBoUXGHDciuwnWqkMhLYikY3M7/1hNrwRD3YcYqhpAPFY86odVLznstUYK9U9iv+HGSVBDkpQ456r/TV7Scsk6gsE9SYTuCnNpxQbTkTOC12M4MpZSM6wI6jiko04WR+7ZScO6VP4kS7UpbM1d8TEyqNGcvIdUpqh2bZm4n/eZ3MxlfhhKs0s6jYYlGcCWITMnud9LlGZsXYEco0d7cSNqSaMusCKroQguWXV0mzWgn8SnBXLdeu8zgKcApncAEBXEINbqEODWDwCM/wCm9e4r14797HonXNy2dO4A+8zx+W+48e</latexit><latexit sha1_base64="UD0yK0w0W+mMuOEwUpm4g629bNE=">AAACEnicjVC7TsMwFL0pr1JeBUYWiwqJqUq6wFjBwgiCPqQ2qhz3pjW1k8h2kKqo/8DAwq+wIMTKxMbf4LYZoGXgSJaOzjlX1/cEieDauO6XU1hZXVvfKG6WtrZ3dvfK+wdNHaeKYYPFIlbtgGoUPMKG4UZgO1FIZSCwFYwup37rAZXmcXRnxgn6kg4iHnJGjZWat1wmAnvlilt1ZyDLxMtJBXL8L94rf3b7MUslRoYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY2lEJWo/m500ISdW6ZMwVvZFhszUnxMZlVqPZWCTkpqhXvSm4l9eJzXhuZ/xKEkNRmy+KEwFMTGZ9kP6XCEzYmwJZYrbvxI2pIoyY1ss2dO9xUOXSbNW9dyqd1Or1C/yzopwBMdwCh6cQR2u4BoawOAeHuEZXp0n58V5c97n0YKTzxzCLzgf30Z6lpc=</latexit><latexit sha1_base64="UD0yK0w0W+mMuOEwUpm4g629bNE=">AAACEnicjVC7TsMwFL0pr1JeBUYWiwqJqUq6wFjBwgiCPqQ2qhz3pjW1k8h2kKqo/8DAwq+wIMTKxMbf4LYZoGXgSJaOzjlX1/cEieDauO6XU1hZXVvfKG6WtrZ3dvfK+wdNHaeKYYPFIlbtgGoUPMKG4UZgO1FIZSCwFYwup37rAZXmcXRnxgn6kg4iHnJGjZWat1wmAnvlilt1ZyDLxMtJBXL8L94rf3b7MUslRoYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY2lEJWo/m500ISdW6ZMwVvZFhszUnxMZlVqPZWCTkpqhXvSm4l9eJzXhuZ/xKEkNRmy+KEwFMTGZ9kP6XCEzYmwJZYrbvxI2pIoyY1ss2dO9xUOXSbNW9dyqd1Or1C/yzopwBMdwCh6cQR2u4BoawOAeHuEZXp0n58V5c97n0YKTzxzCLzgf30Z6lpc=</latexit><latexit sha1_base64="UD0yK0w0W+mMuOEwUpm4g629bNE=">AAACEnicjVC7TsMwFL0pr1JeBUYWiwqJqUq6wFjBwgiCPqQ2qhz3pjW1k8h2kKqo/8DAwq+wIMTKxMbf4LYZoGXgSJaOzjlX1/cEieDauO6XU1hZXVvfKG6WtrZ3dvfK+wdNHaeKYYPFIlbtgGoUPMKG4UZgO1FIZSCwFYwup37rAZXmcXRnxgn6kg4iHnJGjZWat1wmAnvlilt1ZyDLxMtJBXL8L94rf3b7MUslRoYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY2lEJWo/m500ISdW6ZMwVvZFhszUnxMZlVqPZWCTkpqhXvSm4l9eJzXhuZ/xKEkNRmy+KEwFMTGZ9kP6XCEzYmwJZYrbvxI2pIoyY1ss2dO9xUOXSbNW9dyqd1Or1C/yzopwBMdwCh6cQR2u4BoawOAeHuEZXp0n58V5c97n0YKTzxzCLzgf30Z6lpc=</latexit>

functions
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Functions that solve
<latexit sha1_base64="qY5BReh17p74a3n3nJbos5lx5Kk=">AAAB/XicbZDLSgMxFIYz9VbrrV52boJFcFVmutFlURCXFewF2qFk0kwbmkmG5EyhDsVXceNCEbe+hzvfxkw7C239IfDxn3M4J38QC27Adb+dwtr6xuZWcbu0s7u3f1A+PGoZlWjKmlQJpTsBMUxwyZrAQbBOrBmJAsHawfgmq7cnTBuu5ANMY+ZHZCh5yCkBa/XLJ7eJpBkaDCMC2CgxYf1yxa26c+FV8HKooFyNfvmrN1A0iZgEKogxXc+NwU+JBk4Fm5V6iWExoWMyZF2LkkTM+On8+hk+t84Ah0rbJwHP3d8TKYmMmUaB7YwIjMxyLTP/q3UTCK/8lMs4ASbpYlGYCAwKZ1HgAdeMgphaIFRzeyumI6IJBRtYyYbgLX95FVq1qudWvftapX6dx1FEp+gMXSAPXaI6ukMN1EQUPaJn9IrenCfnxXl3PhatBSefOUZ/5Hz+AI0ilUQ=</latexit><latexit sha1_base64="IdZuo/QJSVV7D8Pplh4p+drN71E=">AAACInicjVDLSgMxFM3UV62v8bFzEyyCqzLTjS6LgrhUsA9oh5JJM21oJhmSO4Va+i8u3PgrbkRdCX6MmXYW2rrwQOBwzrnc3BMmghvwvE+nsLK6tr5R3Cxtbe/s7rn7Bw2jUk1ZnSqhdCskhgkuWR04CNZKNCNxKFgzHF5lfnPEtOFK3sM4YUFM+pJHnBKwUtc9uk4lzajBMCCAjRIj1nXLXsWbAS8TPydllON/8a773ukpmsZMAhXEmLbvJRBMiAZOBZuWOqlhCaFD0mdtSyWJmQkmsxOn+NQqPRwpbZ8EPFN/TkxIbMw4Dm0yJjAwi14m/uW1U4guggmXSQpM0vmiKBUYFM76wj2uGQUxtoRQze1fMR0QTSjYVkv2dH/x0GXSqFZ8r+LfVcu1y7yzIjpGJ+gM+egc1dANukV1RNEDekTP6NV5cl6cN+djHi04+cwh+gXn6xsLXpy9</latexit><latexit sha1_base64="IdZuo/QJSVV7D8Pplh4p+drN71E=">AAACInicjVDLSgMxFM3UV62v8bFzEyyCqzLTjS6LgrhUsA9oh5JJM21oJhmSO4Va+i8u3PgrbkRdCX6MmXYW2rrwQOBwzrnc3BMmghvwvE+nsLK6tr5R3Cxtbe/s7rn7Bw2jUk1ZnSqhdCskhgkuWR04CNZKNCNxKFgzHF5lfnPEtOFK3sM4YUFM+pJHnBKwUtc9uk4lzajBMCCAjRIj1nXLXsWbAS8TPydllON/8a773ukpmsZMAhXEmLbvJRBMiAZOBZuWOqlhCaFD0mdtSyWJmQkmsxOn+NQqPRwpbZ8EPFN/TkxIbMw4Dm0yJjAwi14m/uW1U4guggmXSQpM0vmiKBUYFM76wj2uGQUxtoRQze1fMR0QTSjYVkv2dH/x0GXSqFZ8r+LfVcu1y7yzIjpGJ+gM+egc1dANukV1RNEDekTP6NV5cl6cN+djHi04+cwh+gXn6xsLXpy9</latexit><latexit sha1_base64="IdZuo/QJSVV7D8Pplh4p+drN71E=">AAACInicjVDLSgMxFM3UV62v8bFzEyyCqzLTjS6LgrhUsA9oh5JJM21oJhmSO4Va+i8u3PgrbkRdCX6MmXYW2rrwQOBwzrnc3BMmghvwvE+nsLK6tr5R3Cxtbe/s7rn7Bw2jUk1ZnSqhdCskhgkuWR04CNZKNCNxKFgzHF5lfnPEtOFK3sM4YUFM+pJHnBKwUtc9uk4lzajBMCCAjRIj1nXLXsWbAS8TPydllON/8a773ukpmsZMAhXEmLbvJRBMiAZOBZuWOqlhCaFD0mdtSyWJmQkmsxOn+NQqPRwpbZ8EPFN/TkxIbMw4Dm0yJjAwi14m/uW1U4guggmXSQpM0vmiKBUYFM76wj2uGQUxtoRQze1fMR0QTSjYVkv2dH/x0GXSqFZ8r+LfVcu1y7yzIjpGJ+gM+egc1dANukV1RNEDekTP6NV5cl6cN+djHi04+cwh+gXn6xsLXpy9</latexit>

the tasks
<latexit sha1_base64="kHNBGIL9Xh/D+2bTV1fyNlwdkTY=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBm0sYxgPiQ5wt5mkyzZ3Tt254Rw5FfYWChi68+x89+4Sa7QxAcDj/dmmJkXJVJY9P1vr7CxubW9U9wt7e0fHB6Vj09aNk4N400Wy9h0Imq5FJo3UaDkncRwqiLJ29Hkdu63n7ixItYPOE14qOhIi6FgFJ30iGNOkNqJ7ZcrftVfgKyTICcVyNHol796g5ilimtkklrbDfwEw4waFEzyWamXWp5QNqEj3nVUU8VtmC0OnpELpwzIMDauNJKF+nsio8raqYpcp6I4tqveXPzP66Y4vA4zoZMUuWbLRcNUEozJ/HsyEIYzlFNHKDPC3UrYmBrK0GVUciEEqy+vk1atGvjV4L5Wqd/kcRThDM7hEgK4gjrcQQOawEDBM7zCm2e8F+/d+1i2Frx85hT+wPv8Ab3BkFk=</latexit><latexit sha1_base64="HQzqcZXPyQIUEQ3C41blEr90t9E=">AAACFXicjVC7SgNBFL3rM8ZX1NJmMAhWYTeNlkEbSwXzkGQJs5PZZMjM7DJzVwghX2Fh46/YiNgKdv6Nk2QLTSw8MHA451zu3BOlUlj0/S9vZXVtfWOzsFXc3tnd2y8dHDZskhnG6yyRiWlF1HIpNK+jQMlbqeFURZI3o+HV1G8+cGNFou9wlPJQ0b4WsWAUnXSPA06Q2qHtlsp+xZ+BLJMgJ2XI8b94t/TZ6SUsU1wjk9TaduCnGI6pQcEknxQ7meUpZUPa521HNVXchuPZVRNy6pQeiRPjnkYyU39OjKmydqQil1QUB3bRm4p/ee0M44twLHSaIddsvijOJMGETCsiPWE4QzlyhDIj3F8JG1BDGboii+70YPHQZdKoVgK/EtxWy7XLvLMCHMMJnEEA51CDa7iBOjBQ8AjP8Oo9eS/em/c+j654+cwR/IL38Q2W4JfS</latexit><latexit sha1_base64="HQzqcZXPyQIUEQ3C41blEr90t9E=">AAACFXicjVC7SgNBFL3rM8ZX1NJmMAhWYTeNlkEbSwXzkGQJs5PZZMjM7DJzVwghX2Fh46/YiNgKdv6Nk2QLTSw8MHA451zu3BOlUlj0/S9vZXVtfWOzsFXc3tnd2y8dHDZskhnG6yyRiWlF1HIpNK+jQMlbqeFURZI3o+HV1G8+cGNFou9wlPJQ0b4WsWAUnXSPA06Q2qHtlsp+xZ+BLJMgJ2XI8b94t/TZ6SUsU1wjk9TaduCnGI6pQcEknxQ7meUpZUPa521HNVXchuPZVRNy6pQeiRPjnkYyU39OjKmydqQil1QUB3bRm4p/ee0M44twLHSaIddsvijOJMGETCsiPWE4QzlyhDIj3F8JG1BDGboii+70YPHQZdKoVgK/EtxWy7XLvLMCHMMJnEEA51CDa7iBOjBQ8AjP8Oo9eS/em/c+j654+cwR/IL38Q2W4JfS</latexit><latexit sha1_base64="HQzqcZXPyQIUEQ3C41blEr90t9E=">AAACFXicjVC7SgNBFL3rM8ZX1NJmMAhWYTeNlkEbSwXzkGQJs5PZZMjM7DJzVwghX2Fh46/YiNgKdv6Nk2QLTSw8MHA451zu3BOlUlj0/S9vZXVtfWOzsFXc3tnd2y8dHDZskhnG6yyRiWlF1HIpNK+jQMlbqeFURZI3o+HV1G8+cGNFou9wlPJQ0b4WsWAUnXSPA06Q2qHtlsp+xZ+BLJMgJ2XI8b94t/TZ6SUsU1wjk9TaduCnGI6pQcEknxQ7meUpZUPa521HNVXchuPZVRNy6pQeiRPjnkYyU39OjKmydqQil1QUB3bRm4p/ee0M44twLHSaIddsvijOJMGETCsiPWE4QzlyhDIj3F8JG1BDGboii+70YPHQZdKoVgK/EtxWy7XLvLMCHMMJnEEA51CDa7iBOjBQ8AjP8Oo9eS/em/c+j654+cwR/IL38Q2W4JfS</latexit>

Hypothesis space
<latexit sha1_base64="tLmIljFWhXs/Bu7+r0Wbg/j8TVU="></latexit><latexit sha1_base64="DEUQt5Kk9QbDYQMJ1vZ14+xLeyc="></latexit><latexit sha1_base64="DEUQt5Kk9QbDYQMJ1vZ14+xLeyc="></latexit><latexit sha1_base64="DEUQt5Kk9QbDYQMJ1vZ14+xLeyc="></latexit>

simplicity bias
<latexit sha1_base64="9hYX6Wjy0VHKyxplovop/5+4+qY=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0l60WPRi8cK9gPaUDbbTbt0Nwm7EyGW/hIvHhTx6k/x5r9x2+agrQ8GHu/NMDMvTKUw6Hnfzsbm1vbObmmvvH9weFRxj0/aJsk04y2WyER3Q2q4FDFvoUDJu6nmVIWSd8LJ7dzvPHJtRBI/YJ7yQNFRLCLBKFpp4FaMUHYPE5iTUFAzcKtezVuArBO/IFUo0By4X/1hwjLFY2SSGtPzvRSDKdUomOSzcj8zPKVsQke8Z2lMFTfBdHH4jFxYZUiiRNuKkSzU3xNTqozJVWg7FcWxWfXm4n9eL8PoOpiKOM2Qx2y5KMokwYTMUyBDoTlDmVtCmRb2VsLGVFOGNquyDcFffXmdtOs136v59/Vq46aIowRncA6X4MMVNOAOmtACBhk8wyu8OU/Oi/PufCxbN5xi5hT+wPn8Afmyk0U=</latexit><latexit sha1_base64="2c5HZptIFuLSIg5wRrHLe0x+A4o=">AAACHXicjVC7SgNBFL3rM8ZHVi1tBoNgFXbTaBm0sVQwD0iWMDuZTYbM7C4zd4Ul5EssbPwVGxELG/FvnCRbaGLhgYHDOfdy55wwlcKg5305a+sbm1vbpZ3y7t7+QcU9PGqZJNOMN1kiE90JqeFSxLyJAiXvpJpTFUreDsfXM7/9wLURSXyPecoDRYexiASjaKW+WzFC2TtMYE5CQU3frXo1bw6ySvyCVKHA/8b77kdvkLBM8RiZpMZ0fS/FYEI1Cib5tNzLDE8pG9Mh71oaU8VNMJmnm5IzqwxIlGj7YiRz9efGhCpjchXaSUVxZJa9mfiX180wugwmIk4z5DFbHIoySTAhs6rIQGjOUOaWUKaF/SthI6opQ1to2Ub3l4Oukla95ns1/65ebVwVnZXgBE7hHHy4gAbcwC00gUEGj/AMr86T8+K8Oe+L0TWn2DmGX3A+vwE0lJq+</latexit><latexit sha1_base64="2c5HZptIFuLSIg5wRrHLe0x+A4o=">AAACHXicjVC7SgNBFL3rM8ZHVi1tBoNgFXbTaBm0sVQwD0iWMDuZTYbM7C4zd4Ul5EssbPwVGxELG/FvnCRbaGLhgYHDOfdy55wwlcKg5305a+sbm1vbpZ3y7t7+QcU9PGqZJNOMN1kiE90JqeFSxLyJAiXvpJpTFUreDsfXM7/9wLURSXyPecoDRYexiASjaKW+WzFC2TtMYE5CQU3frXo1bw6ySvyCVKHA/8b77kdvkLBM8RiZpMZ0fS/FYEI1Cib5tNzLDE8pG9Mh71oaU8VNMJmnm5IzqwxIlGj7YiRz9efGhCpjchXaSUVxZJa9mfiX180wugwmIk4z5DFbHIoySTAhs6rIQGjOUOaWUKaF/SthI6opQ1to2Ub3l4Oukla95ns1/65ebVwVnZXgBE7hHHy4gAbcwC00gUEGj/AMr86T8+K8Oe+L0TWn2DmGX3A+vwE0lJq+</latexit><latexit sha1_base64="2c5HZptIFuLSIg5wRrHLe0x+A4o=">AAACHXicjVC7SgNBFL3rM8ZHVi1tBoNgFXbTaBm0sVQwD0iWMDuZTYbM7C4zd4Ul5EssbPwVGxELG/FvnCRbaGLhgYHDOfdy55wwlcKg5305a+sbm1vbpZ3y7t7+QcU9PGqZJNOMN1kiE90JqeFSxLyJAiXvpJpTFUreDsfXM7/9wLURSXyPecoDRYexiASjaKW+WzFC2TtMYE5CQU3frXo1bw6ySvyCVKHA/8b77kdvkLBM8RiZpMZ0fS/FYEI1Cib5tNzLDE8pG9Mh71oaU8VNMJmnm5IzqwxIlGj7YiRz9efGhCpjchXaSUVxZJa9mfiX180wugwmIk4z5DFbHIoySTAhs6rIQGjOUOaWUKaF/SthI6opQ1to2Ub3l4Oukla95ns1/65ebVwVnZXgBE7hHHy4gAbcwC00gUEGj/AMr86T8+K8Oe+L0TWn2DmGX3A+vwE0lJq+</latexit>

simplicity bias
<latexit sha1_base64="9hYX6Wjy0VHKyxplovop/5+4+qY=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0l60WPRi8cK9gPaUDbbTbt0Nwm7EyGW/hIvHhTx6k/x5r9x2+agrQ8GHu/NMDMvTKUw6Hnfzsbm1vbObmmvvH9weFRxj0/aJsk04y2WyER3Q2q4FDFvoUDJu6nmVIWSd8LJ7dzvPHJtRBI/YJ7yQNFRLCLBKFpp4FaMUHYPE5iTUFAzcKtezVuArBO/IFUo0By4X/1hwjLFY2SSGtPzvRSDKdUomOSzcj8zPKVsQke8Z2lMFTfBdHH4jFxYZUiiRNuKkSzU3xNTqozJVWg7FcWxWfXm4n9eL8PoOpiKOM2Qx2y5KMokwYTMUyBDoTlDmVtCmRb2VsLGVFOGNquyDcFffXmdtOs136v59/Vq46aIowRncA6X4MMVNOAOmtACBhk8wyu8OU/Oi/PufCxbN5xi5hT+wPn8Afmyk0U=</latexit><latexit sha1_base64="2c5HZptIFuLSIg5wRrHLe0x+A4o=">AAACHXicjVC7SgNBFL3rM8ZHVi1tBoNgFXbTaBm0sVQwD0iWMDuZTYbM7C4zd4Ul5EssbPwVGxELG/FvnCRbaGLhgYHDOfdy55wwlcKg5305a+sbm1vbpZ3y7t7+QcU9PGqZJNOMN1kiE90JqeFSxLyJAiXvpJpTFUreDsfXM7/9wLURSXyPecoDRYexiASjaKW+WzFC2TtMYE5CQU3frXo1bw6ySvyCVKHA/8b77kdvkLBM8RiZpMZ0fS/FYEI1Cib5tNzLDE8pG9Mh71oaU8VNMJmnm5IzqwxIlGj7YiRz9efGhCpjchXaSUVxZJa9mfiX180wugwmIk4z5DFbHIoySTAhs6rIQGjOUOaWUKaF/SthI6opQ1to2Ub3l4Oukla95ns1/65ebVwVnZXgBE7hHHy4gAbcwC00gUEGj/AMr86T8+K8Oe+L0TWn2DmGX3A+vwE0lJq+</latexit><latexit sha1_base64="2c5HZptIFuLSIg5wRrHLe0x+A4o=">AAACHXicjVC7SgNBFL3rM8ZHVi1tBoNgFXbTaBm0sVQwD0iWMDuZTYbM7C4zd4Ul5EssbPwVGxELG/FvnCRbaGLhgYHDOfdy55wwlcKg5305a+sbm1vbpZ3y7t7+QcU9PGqZJNOMN1kiE90JqeFSxLyJAiXvpJpTFUreDsfXM7/9wLURSXyPecoDRYexiASjaKW+WzFC2TtMYE5CQU3frXo1bw6ySvyCVKHA/8b77kdvkLBM8RiZpMZ0fS/FYEI1Cib5tNzLDE8pG9Mh71oaU8VNMJmnm5IzqwxIlGj7YiRz9efGhCpjchXaSUVxZJa9mfiX180wugwmIk4z5DFbHIoySTAhs6rIQGjOUOaWUKaF/SthI6opQ1to2Ub3l4Oukla95ns1/65ebVwVnZXgBE7hHHy4gAbcwC00gUEGj/AMr86T8+K8Oe+L0TWn2DmGX3A+vwE0lJq+</latexit><latexit sha1_base64="2c5HZptIFuLSIg5wRrHLe0x+A4o=">AAACHXicjVC7SgNBFL3rM8ZHVi1tBoNgFXbTaBm0sVQwD0iWMDuZTYbM7C4zd4Ul5EssbPwVGxELG/FvnCRbaGLhgYHDOfdy55wwlcKg5305a+sbm1vbpZ3y7t7+QcU9PGqZJNOMN1kiE90JqeFSxLyJAiXvpJpTFUreDsfXM7/9wLURSXyPecoDRYexiASjaKW+WzFC2TtMYE5CQU3frXo1bw6ySvyCVKHA/8b77kdvkLBM8RiZpMZ0fS/FYEI1Cib5tNzLDE8pG9Mh71oaU8VNMJmnm5IzqwxIlGj7YiRz9efGhCpjchXaSUVxZJa9mfiX180wugwmIk4z5DFbHIoySTAhs6rIQGjOUOaWUKaF/SthI6opQ1to2Ub3l4Oukla95ns1/65ebVwVnZXgBE7hHHy4gAbcwC00gUEGj/AMr86T8+K8Oe+L0TWn2DmGX3A+vwE0lJq+</latexit>

task gradient
<latexit sha1_base64="5gXgYddUQbJOgb2Vbxiy2PQ+7dI=">AAAB9XicbVC7SgNBFL3jM8ZX1NJmMAhWYTeNlkEbywjmAcka7s7OJkNmH8zMKmHJf9hYKGLrv9j5N06SLTTxwMDhnHu4d46fSqGN43yTtfWNza3t0k55d2//4LBydNzWSaYYb7FEJqrro+ZSxLxlhJG8myqOkS95xx/fzPzOI1daJPG9maTci3AYi1AwNFZ6MKjHdKgwEDw2dFCpOjVnDrpK3IJUoUBzUPnqBwnLIhtmErXuuU5qvByVEUzyabmfaZ4iG+OQ9yyNMeLay+dXT+m5VQIaJso+u3yu/k7kGGk9iXw7GaEZ6WVvJv7n9TITXnm5iNPM8JgtFoWZpCahswpoIBRnRk4sQaaEvZWyESpkxhZVtiW4y19eJe16zXVq7l292rgu6ijBKZzBBbhwCQ24hSa0gIGCZ3iFN/JEXsg7+ViMrpEicwJ/QD5/ACplkkU=</latexit><latexit sha1_base64="1lG3sUBkK4ERYdL3hQH7d+rY7jA=">AAACGnicjVA9SwNBEJ3zM8avqKXNYhCswl0aLYM2lgrmA5IzzO3tJUt2747dPSEc+R8WNv4VGxE7sfHfuEmu0MTCBwOP92aYeROkgmvjul/Oyura+sZmaau8vbO7t185OGzpJFOUNWkiEtUJUDPBY9Y03AjWSRVDGQjWDkZXU7/9wJTmSXxnxinzJQ5iHnGKxkr3BvWIDBSGnMWG9CtVt+bOQJaJV5AqFPhfe7/y0QsTmkm7gQrUuuu5qfFzVIZTwSblXqZZinSEA9a1NEbJtJ/Pok3IqVVCEiXKlr1wpv6cyFFqPZaB7ZRohnrRm4p/ed3MRBd+zuM0Myym80VRJohJyPRPJOSKUSPGliBV3N5K6BAVUmO/WbbRvcWgy6RVr3luzbutVxuXxc9KcAwncAYenEMDruEGmkBBwSM8w6vz5Lw4b877vHXFKWaO4Becz29EH5m+</latexit><latexit sha1_base64="1lG3sUBkK4ERYdL3hQH7d+rY7jA=">AAACGnicjVA9SwNBEJ3zM8avqKXNYhCswl0aLYM2lgrmA5IzzO3tJUt2747dPSEc+R8WNv4VGxE7sfHfuEmu0MTCBwOP92aYeROkgmvjul/Oyura+sZmaau8vbO7t185OGzpJFOUNWkiEtUJUDPBY9Y03AjWSRVDGQjWDkZXU7/9wJTmSXxnxinzJQ5iHnGKxkr3BvWIDBSGnMWG9CtVt+bOQJaJV5AqFPhfe7/y0QsTmkm7gQrUuuu5qfFzVIZTwSblXqZZinSEA9a1NEbJtJ/Pok3IqVVCEiXKlr1wpv6cyFFqPZaB7ZRohnrRm4p/ed3MRBd+zuM0Myym80VRJohJyPRPJOSKUSPGliBV3N5K6BAVUmO/WbbRvcWgy6RVr3luzbutVxuXxc9KcAwncAYenEMDruEGmkBBwSM8w6vz5Lw4b877vHXFKWaO4Becz29EH5m+</latexit><latexit sha1_base64="1lG3sUBkK4ERYdL3hQH7d+rY7jA=">AAACGnicjVA9SwNBEJ3zM8avqKXNYhCswl0aLYM2lgrmA5IzzO3tJUt2747dPSEc+R8WNv4VGxE7sfHfuEmu0MTCBwOP92aYeROkgmvjul/Oyura+sZmaau8vbO7t185OGzpJFOUNWkiEtUJUDPBY9Y03AjWSRVDGQjWDkZXU7/9wJTmSXxnxinzJQ5iHnGKxkr3BvWIDBSGnMWG9CtVt+bOQJaJV5AqFPhfe7/y0QsTmkm7gQrUuuu5qfFzVIZTwSblXqZZinSEA9a1NEbJtJ/Pok3IqVVCEiXKlr1wpv6cyFFqPZaB7ZRohnrRm4p/ed3MRBd+zuM0Myym80VRJohJyPRPJOSKUSPGliBV3N5K6BAVUmO/WbbRvcWgy6RVr3luzbutVxuXxc9KcAwncAYenEMDruEGmkBBwSM8w6vz5Lw4b877vHXFKWaO4Becz29EH5m+</latexit>
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Figure 3.7: The Simplicity Bias Hypothesis: Larger models have larger coverage of all possible
ways to fit the same data. However, the implicit simplicity biases of deep networks encourage larger
models to find the simplest of these solutions.

equally capable of learning multiple, potentially distinct solutions.

Furthermore, in the over-parameterized regime – where model capacity significantly exceeds
the minimum required to fit the training data – models may achieve identical performance on
the training set while developing fundamentally different internal representations. These hy-
pothesis alone cannot fully characterize why their internal representations would align. What
would stop a billion-parameter (and counting) model from learning an overly complicated
and distinct representation? One key factor might be the simplicity bias:

The Simplicity Bias Hypothesis

Deep networks are biased toward finding simple fits to the data, and the bigger the model,
the stronger the bias. Therefore, as models get bigger, we should expect convergence to
a smaller solution space.

Such simplicity bias could be coming from explicit regularization R(f) commonly used in deep
learning (e.g., weight decay and dropout). However, even in the absence of external influences,
deep networks naturally adhere to Occam’s razor, implicitly favoring simple solutions that
fit the data (Solomonoff 1964b; Gunasekar, Lee, Soudry, et al. 2018; Arora, Cohen, Hu,
et al. 2019; Valle-Perez, Camargo, and Louis 2019; Huh, Mobahi, Zhang, et al. 2023; Dingle,
Camargo, and Louis 2018; Goldblum, Finzi, Rowan, et al. 2023). Figure 3.7 visualizes how
simplicity bias can drive convergence.
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3.4 What representation are we converging to?

By now, we hope to have convinced the reader that task and data pressures, combined with
increasing model capacity, can lead to convergence. We next turn our attention to what
exactly is the endpoint of all this convergence.

Our central hypothesis, stated in Figure 3.1, is that the representation we are converging
toward is a statistical model of the underlying reality that generates our observations.
Consistent with the multitask scaling hypothesis, such a representation would naturally be
useful toward many tasks (or at least toward any task grounded in reality). Additionally, this
representation might be relatively simple, assuming that scientists are correct in suggesting
that the fundamental laws of nature are indeed simple functions (Gell-Mann 1995), in line
with the simplicity bias hypothesis.

But what exactly do we mean by “a statistical model of the underlying reality.” In this section,
we formalize one definition with concrete mathematical statements. Importantly, this section
should be read as just one concrete candidate for the form of the platonic representation;
other candidates could be arrived at from other modeling assumptions.

3.4.1 An idealized world

We consider a world that works as follows, consistent with the cartoon in Figure Figure 3.1.
The world consists of a sequence of T discrete events, denoted as Z ≜ [z1, . . . , zT ], sampled
from some unknown distribution P(Z). Each event can be observed in various ways. An
observation is a bijective, deterministic function obs : Z → · that maps events to an
arbitrary measurement space, such as pixels, sounds, mass, force, torque, words, etc. Later,
in Section 3.6, we discuss limitations and potential extensions to continuous and unbounded
worlds, and stochastic observations, that could yield a model that better reflects real learning
scenarios.

One can think of an event as corresponding to the state of the world at some point in time2,
but it is also fine to simply consider an event as any variable that indexes observations, with
no further physical meaning3.

In this idealized world, knowing P(Z) would be useful for many kinds of predictions; this
would constitute a world model over the events that cause our observations (Werbos 1987;
Ha and Schmidhuber 2018; Richens and Everitt 2024). We will next show that a particular
representation of P(Z) is recovered by certain contrastive learners.

2Here we only analyze temporal sequences, but note that the same could be done with respect to events
laid out in space instead.

3This latter interpretation may be more consistent with Plato’s intent. Scholars have argued that his
allegory of the cave rejects any notion of a true world state (Nettleship 1897). Instead, we could say that the
joint distribution of observation indices is itself the platonic reality.
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VISION LANGUAGEPERCEPTION

From Human Perception From Pixel  
Pointwise Mutual Information

From Masked Language 
Contrastive Learning (SimCSE)

From Masked Language 
Predictive Learning (RoBERTa)

Figure 3.8: Color cooccurrence in VISION and LANGUAGE yields perceptual organi-
zation: Similar representations of color are obtained via, from LEFT to RIGHT, the perceptual
layout from CIELAB color space, cooccurrence in CIFAR-10 images, and language cooccurrence
modeling (Gao, Yao, and Chen (2021) and Liu, Ott, Goyal, et al. (2019); computed roughly following
Abdou, Kulmizev, Hershcovich, et al. (2021)). Details in Section 6.4.

3.4.2 A family of contrastive learners converge to a representation
of P(Z)

Consider a contrastive learner that models observations that cooccur together. For simplicity,
we ground our discussion with the following definition of the cooccurrence probability, Pcoor,
of two observations xa and xb both occurring within some window Twindow:

Pcoor(xa, xb) ∝
∑

(t,t′) : |t−t′|≤Twindow

P(Xt = xa, Xt′ = xb).

Analogously, we can define Pcoor for Z and other observation modalities. Note that Pcoor is
symmetric.

Consider positive pairs as two observations nearby in time (sampled from Pcoor) and nega-
tive pairs as observations drawn from any point in time (sampled independently from the
marginal). Our contrastive learner tries to classify if a pair is positive or negative by learning
a representation fX : X → Rd such that the dot-product kernel approximates the log odds
ratio up to some offset:

⟨fX(xa), fX(xb)⟩ ≈ log
P(pos | xa, xb)
P(neg | xa, xb)

+ c̃X(xa) (3.3)

= log
Pcoor(xa | xb)
Pcoor(xa)

+ cX(xa) (3.4)

= KPMI(xa, xb) + cX(xa), (3.5)

where KPMI is the pointwise mutual information (PMI) kernel, and cX(xa) is constant in
xb. We note that this is a common setting for self-supervised contrastive learners with
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NCE objectives (Gutmann and Hyvärinen 2010; Oord, Li, and Vinyals 2018), including
SimCLR (Chen, Kornblith, Norouzi, et al. 2020) and SimCSE (Gao, Yao, and Chen 2021).
(See Oord, Li, and Vinyals (2018) and Section 6.6.1 for detailed derivations.)

Under mild conditions that the world is smooth enough (see Section 6.6.2), a choice of fX
can exactly represent KPMI:

⟨fX(xa), fX(xb)⟩ = KPMI(xa, xb) + cX , (3.6)

where we observed that cX(xa) from Equation (3.5) must be a constant since both sides are
symmetric.

Therefore, the contrastive learners we consider are minimized by a representation fX whose
kernel is KPMI (up to a constant offset). With sufficient data and optimization, we will
observe convergence to this point.

Thus we have convergence to a representation of the statistics of X, but what about Z?
Recall that our idealized world consists of bijective observation functions, which, over discrete
random variables, preserve probabilities. So we have:

Pcoor(xa, xb) = Pcoor(za, zb)

KPMI(xa, xb) = KPMI(za, zb),

where we use Pcoor and KPMI in a modality-agnostic way to emphasize that different modalities
share the same such quantities.

All these arguments hold not just for X but also for Y (or any other bijective, discrete
modality), implying:

KPMI(za, zb) = ⟨fX(xa), fX(xb)⟩ − cX (3.7)
= ⟨fY (ya), fY (yb)⟩ − cY . (3.8)

Therefore, for any modality in our idealized world, we observe representational convergence
to the same kernel, which represents certain pairwise statistics of P(Z).

This analysis suggests that certain representation learning algorithms may boil down to a
simple rule: find an embedding in which similarity equals PMI. We note that this idea is
consistent with prior works that have used PMI as a similarity measure for clustering in
vision and language (e.g., Isola, Zoran, Krishnan, et al. (2014), Isola (2015), Isola, Zoran,
Krishnan, et al. (2016), and Chambers and Jurafsky (2008)).

42



A study in color We conduct a case study to verify that convergence does happen on real
data. Abdou, Kulmizev, Hershcovich, et al. (2021) discovered that color distances in learned
language representations, when trained to predict cooccurrences in text (Devlin, Chang,
Lee, et al. 2018), closely mirror human perception of these distances, which we reproduce
in Figure 3.8 with both contrastive and predictive models. Interestingly, they noted an
increasing similarity as models scale larger and become better at modeling text cooccurrences.
In Figure 3.8, we also learn representations of color based on KPMI from cooccurrences in
images. Indeed, learning cooccurrence statistics in either domain recovers roughly the same
perceptual representation. Details of this experiment are described in Section 6.4.

We believe that our simple model encapsulates essential aspects of complex real-world systems,
and offers a path toward understanding the representation that models are converging to –
a unified model that is proficient across various domains and modalities, grounded in the
statistical properties of the underlying world. Section 3.6 further elaborates some limitations.

3.5 What are the implications of convergence?

Scaling is sufficient, but not necessarily efficient Our arguments are roughly in line
with the claim that “scale is all you need” to reach high levels of intelligence. We have
argued that as resources are scaled (# parameters, # datapoints, # flops), representations
are converging, regardless of other modeling choices and even data modality. Does this
mean that scale is all that matters? Not quite: different methods can scale with different
levels of efficiency (Hestness, Narang, Ardalani, et al. 2017; Kaplan, McCandlish, Henighan,
et al. 2020), and successful methods must still satisfy some general requirements (e.g., be a
consistent estimator, model pairwise statistics of P(Z)).

Training data can be shared across modalities Suppose you have access to N images
and M sentences, and want to learn the best representation. If there is indeed a modality-
agnostic platonic representation, then the image data should help find it, and so should
the language data. The implication is that if you want to train the best vision model, you
should train not just on N images but also on M sentences. This is already becoming
common practice (OpenAI 2023; Radford, Kim, Hallacy, et al. 2021). Many vision models
are finetuned from pre-trained LLMs. The other direction is less common, but also is implied
by our hypothesis: if you want to build the best LLM, you should also train it on image data.
Indeed, OpenAI (2023) claim evidence that this is true, where training on images improved
performance on text. In theory, there should be some conversion ratio: a pixel is worth a
words for training LLMs, and a word is worth b pixels for training vision models.

Ease of translation and adaptation across modalities When two representations are
aligned, transitioning from one to the other should be a simple function that’s easily obtained.
Our hypothesis could explain the phenomenon that conditional generation is easier than
unconditional (Mirza and Osindero 2014; Liu, Wang, Bau, et al. 2020; Sauer, Schwarz, and
Geiger 2022), as the data we condition on may have the same platonic structure as the data
we are generating. In line with this, recent work has found that representation-conditioning
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is even easier (Li, Katabi, and He 2023). Similarly, representational convergence could act
as a bridge that lets us find mappings between domains even without paired data; this may
underlie the success of unpaired translation in vision (Zhu, Park, Isola, et al. 2017; Shi,
De Bortoli, Campbell, et al. 2024; Xie, Ho, and Zhang 2022) and language (Tran, Burda, and
Sutskever 2017; Lample, Ott, Conneau, et al. 2018).

We emphasize that this doesn’t mean that models trained on a single modality (e.g., language)
can immediately process raw data from another (e.g., vision). What makes them adaptable
to the new modalities is that they share a common modality-agnostic representation, and can
readily process representations of new modalities. Furthermore, this implies that language
models would achieve some notion of grounding in the visual domain even in the absence of
cross-modal data4.

The primary advantage of cross-modal data could then simply be sample efficiency.

Scaling may reduce hallucination and bias A prominent shortcoming of current LLMs
is their propensity to hallucinate, or output false statements. If models are indeed converging
toward an accurate model of reality, and scale powers this convergence, then we may expect
hallucinations to decrease with scale. Of course, our hypothesis is conditioned on the training
data for future models constituting a sufficiently lossless and diverse set of measurements.
This may not come to pass, but it is an implication of our hypothesis worth pointing out.
A similar argument can be made about certain kinds of bias. It has been shown that large
models can exacerbate existing biases present in their training data (Hall, Maaten, Gustafson,
et al. 2022). Our hypothesis implies that, while this may be true, we should expect larger
models to amplify bias less. This does not mean bias will be removed, rather that the model’s
biases will more accurately reflect the data’s biases, rather than exacerbating them.

3.6 Counterexamples and limitations

Different modalities may contain different information One immediate objection
to our hypothesis is: what about the information that is unique to a given modality? Can
language really describe the ineffable experience of watching a total solar eclipse? Or, how
could an image convey the a concept like “I believe in the freedom of speech,” which is easy
to write in English? Two different models cannot converge to the same representation if they
have access to fundamentally different information.

More precisely, our mathematical argument in Section 3.4 only strictly holds for bijective
projections of Z, so that the information in all the projections is equivalent to the information
in the underlying world. This will not hold true for either lossy or stochastic observation
functions. Nonetheless, similar arguments have been made theoretically and empirically

4In 1688, William Molyneux posed the question: could someone born blind, upon being given sight, be
able to distinguish shapes by vision alone? (Locke 1690) Our arguments suggest an answer: not immediately,
but after a bit of visual experience (to form a visual representation) it should be easy (by mapping to prior
touch-based representations). Empirical data shows that indeed congentially blind children given sight can
quickly learn such abilities (Held, Ostrovsky, Gelder, et al. 2011).
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Figure 3.9: Increasing caption density improves alignment: We vary caption length using the
Densely-Captioned-Images (DCI) dataset (Urbanek, Bordes, Astolfi, et al. 2023). Starting from a
dense caption, we used LLaMA3-8B-Instruct (Meta 2024) to summarize and generate coarse-grained
captions. We compute the average alignment score across all vision and language models with
standard deviation measured over the language models we evaluated. With denser captions, the
mapping may become more bijective, leading to improved language-vision alignment scores.

that cooccurrence relations are learned by practical contrastive (Wang and Isola 2020;
Zimmermann, Sharma, Schneider, et al. 2021) and predictive learners (Papyan, Han, and
Donoho 2020; Roeder, Metz, and Kingma 2021). Lu, Grover, Abbeel, et al. (2021) and
Mirchandani, Xia, Florence, et al. (2023) also showed that models trained to autoregressively
generate text also capture statistical relations in many other modalities, including symbolic
reasoning, vision, protein folding, and robotics.

A more nuanced version of our hypothesis will need to be developed to handle the case
of non-bijective observations and abstract concepts. A starting point could be: different
models will converge to the same representation when the input signals are sufficiently high
information and the models are sufficiently high capacity ; when they are not, the lower-
information representation will only align with the higher-information one up to a level
capped by the mutual information between the input signals and by the capacity of each
model. This cap might or might not be practically important. Popular representations like
CLIP are explicitly optimized to only capture the shared information between vision and
language, yet are highly successful on many pure vision tasks.

We perform a preliminary test of the effect of information level in Figure Figure 3.9 (detailed
in Appendix Section 6.5), and find that the more descriptive (higher information) a caption is,
the better its LLM representation aligns with the visual representation of the corresponding
image.

Not all representations are presently converging Our argument has mainly focused
on two modalities: vision and language. While we do expect other modalities will follow
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similar trends, we have yet to see the same level of convergence across all domains. For
example, in robotics there is not yet a standardized approach to representing world states in
the same way as there is for representing images and text. One limitation lies in the hardware
used in robotics, which is often expensive and slow. This creates a bottleneck in the quantity
and diversity of training data.

Sociological bias in producing AI models Researcher bias and collective preferences
within the AI community have shaped the trajectory of model development. There is often an
explicit or implicit goal of designing AI systems that mimic human reasoning and performance,
and this could lead to convergence toward human-like representations even if other kinds of
intelligence are in fact possible. Additionally, the “hardware lottery” (Hooker 2021) suggests
that the success of AI models can also depend on the compatibility of their design with
available computational architectures, further contributing to convergent trends.

Special-purpose intelligences might not converge Different intelligent systems can be
designed to accomplish different tasks. For instance: A bioinformatics systems might predict
protein structure; an autonomous vehicle might follow lanes on highways. It’s possible that
not much is shared between these two narrow tasks.

Our argument only holds for intelligences that are optimized to perform well on many tasks.
We have argued that a representation of reality is a structure that is useful across many
tasks, but for any special purpose there may be shortcuts, or even effective representations
detached from reality. Such shortcuts may be more efficient and necessary for continued
improvements in specific domains. This will become more relevant if continued scaling comes
up against boundary conditions around resources like energy and compute.

How do we measure alignment? We focused on one particular alignment measure,
mutual nearest-neighbor, in our experiments, and cited experiments using several others.
However, there is active debate on the merits and deficiencies of all these ways of measuring
alignment (Bansal, Nakkiran, and Barak 2021; Sucholutsky, Muttenthaler, Weller, et al.
2023). We discuss our choice and show results for other alignment metrics in Section 6.1.

Lots left to explain We have shown results where different models arrive at similar but
not the same representations. For example, in Figure 3.3, alignment clearly increases but
only reaches a score of 0.16, according to our mutual nearest-neighbor metric. The maximum
theoretical value for this metric is 1. Is a score of 0.16 indicative of strong alignment with
the remaining gap being “noise” or does it signify poor alignment with major differences left
to explain? We leave this as an open question.
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Chapter 4

An ecosystem for collective intelligence

The preceding chapters have outlined why scaling AI systems appears to be an inevitable
path toward the so-called “Platonic representation.” The remaining question is: How do
we get there? Regardless of future hardware advancements, naively scaling up models in a
single data center does not seem to be an efficient route to this endpoint. The escalating
complexity of state-of-the-art deep learning models presents significant challenges in terms
of computational demand, memory requirements, and communication bandwidth. Even as
we discover more efficient algorithms, these challenges are likely to persist. Therefore, it is
crucial to explore more efficient alternatives.

In light of this, I have advocated for the idea of scaling through collective intelligence. This
approach includes:

1. Training a giant monolithic model through the integration of smaller specialized models.

2. Scaling up problem-solving via the coordination of these smaller models.

Both approaches resemble the intelligence seen in human society, where individuals specialize
and contribute to a larger ecosystem (e.g., the internet, companies, communities), where the
advantages lie in the parallelization of data collection and information processing.

If such a distributed approach proves more cost-effective, it will likely become the preferred
path toward general intelligence. However, training or coordinating smaller, specialized models
requires new learning paradigms, which the field currently lacks. This chapter proposes one
such ecosystem that uses parallel low-rank adapters to train large monolithic models.

4.1 Parallel low-rank distributed training

As computational demands exceed the capacity of modern-day GPUs, training larger mod-
els requires innovative solutions. A prominent example of finetuning models is low-rank
adaptation (Hu, shen, Wallis, et al. 2022) that uses a low-rank parameterization of a deep
neural network to reduce memory requirements for storing optimizer-state and gradient
communication during training. The memory requirement was further reduced by quantizing
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LoRA LoRA

Pre-train LVM/LLM

Figure 4.1: Lora-The-Explorer: We propose LoRA-the-explorer, an optimization algorithm that
can match the performance of standard training from scratch. Our method optimizes unique LoRA
parameters in parallel and merges them back to the main weights. Our algorithm can leverage
lower-memory devices and only depends on communicating the LoRA parameters for training,
making it an ideal candidate in a bandlimited or memory-constraint training framework.

model parameters (Dettmers, Pagnoni, Holtzman, et al. 2023). Such innovations have enabled
the finetuning of large models, even on a single consumer-grade GPU. The goal of this chapter
is to extend adaptation methods to model pre-training. Specifically, we ask the question:
Can neural networks be trained from scratch using low-rank adapters?

Successfully addressing this question carries substantial implications, especially considering
that common distributed training frameworks are bottlenecked by slow communication speed
and bandwidth.

4.1.1 Related works

Training with adapters The use of LoRA has received considerable attention in recent
literature (Chavan, Liu, Gupta, et al. 2023; Zhang, Chen, Bukharin, et al. 2023): from
reducing computational requirements (Zhang, Zhang, Shi, et al. 2023) to offsetting part of
the pre-training computation (Lialin, Shivagunde, Muckatira, et al. 2023).

Of course, LoRA is just one type of adapter, and various forms of adapters have been
previously explored. Side-tuning (Zhang, Fang, Zhang, et al. 2021) augment existing models
with additional parameters. Adapters in the form of residual connections (Cai, Gan, Zhu,
et al. 2020) or affine parameters in normalization layers (Bettelli, Carrier, Gao, et al. 2006;
Mudrakarta, Sandler, Zhmoginov, et al. 2018) have also been a popular choice for fine-tuning.

Adapters have been applied to numerous tasks: natural language processing (Houlsby,
Giurgiu, Jastrzebski, et al. 2019; Stickland and Murray 2019), video (Yang, Du, Dai, et al.
2024; Xing, Dai, Hu, et al. 2023), computer vision (Sax, Zhang, Zamir, et al. 2020; Zhang
and Agrawala 2023; Chen, Duan, Wang, et al. 2023), incremental learning (Rosenfeld and
Tsotsos 2018), domain adaptation (Rebuffi, Bilen, and Vedaldi 2018), and vision-language
tasks (Gao, Geng, Zhang, et al. 2023; Radford, Kim, Hallacy, et al. 2021; Sung, Cho, and
Bansal 2022), text-to-vision generative models (Mou, Wang, Xie, et al. 2023), and even
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perceptual learning (Fu, Tamir, Sundaram, et al. 2023).

Distributed training and federated learning Our work shares relevance to both dis-
tributed and federated learning paradigms, where each LoRA head can be conceptualized as
a distinct computational device. Our work shares many motivations for federated learning,
including low-compute devices, high-latency training, privacy, and cross and in-silo learn-
ing. See (McMahan, Moore, Ramage, et al. 2017; Wang, Charles, Xu, et al. 2021) for a
comprehensive discussion.

Communication efficiency serves as a cornerstone in both distributed and federated learning.
Techniques such as local steps have been employed to mitigate communication load (McMahan,
Moore, Ramage, et al. 2017; Lin, Stich, Patel, et al. 2020; Povey, Zhang, and Khudanpur
2014; Smith, Forte, Chenxin, et al. 2018; Su and Chen 2015; Zhang, De Sa, Mitliagkas, et al.
2016). These methods defer the averaging of weights to specific optimization steps, thus
reducing the communication cost per iteration. The effectiveness of decentralized training
has been studied in (Lian, Zhang, Zhang, et al. 2017; Koloskova, Stich, and Jaggi 2019;
Koloskova, Loizou, Boreiri, et al. 2020; Coquelin, Debus, Götz, et al. 2022).

Traditionally, activation computations have dominated the computational load. However,
the advent of gradient checkpointing (Chen, Xu, Zhang, et al. 2016) and reversible gradient
computation (Gomez, Ren, Urtasun, et al. 2017; Mangalam, Fan, Li, et al. 2022) has shifted
the training process toward being parameter-bound. Techniques such as gradient or weight
compression also seek to reduce the communication burden (Lin, Han, Mao, et al. 2018; Aji
and Heafield 2017; Wen, Xu, Yan, et al. 2017).

Combining models in federated learning is often credited to FedAvg (McMahan, Moore,
Ramage, et al. 2017). Numerous studies explore the use of weighted averaging to improve
convergence speed (Li, Huang, Yang, et al. 2020). Since then, many works have tried to use
probabilistic frameworks to understand and improve merging (Hsu, Qi, and Brown 2019;
Wang, Tantia, Ballas, et al. 2020; Reddi, Charles, Zaheer, et al. 2021). The conditions for
optimal merging is still an open question, with recent efforts to improve updating with stale
parameters (Chen, Xie, Ma, et al. 2022).

Server momentum and adaptive methods constitute another active area of research where
macro synchronization steps are interpreted as “gradients”, allowing one to prescribe a bi-level
optimization scheme (Hsu, Qi, and Brown 2019; Wang, Tantia, Ballas, et al. 2020; Reddi,
Charles, Zaheer, et al. 2021).

Initial efforts have been made to use federated learning with large models. (Yuan, He, Davis,
et al. 2022) examined the cost models for pre-training Language Learning Models (LLMs)
in a decentralized configuration. (Wang, Lu, Yuan, et al. 2023) suggested the utilization of
compressed sparse optimization methods for efficient communication. Our work is also closely
related to (Douillard, Feng, Rusu, et al. 2023), a concurrent work that explores the idea of
distributing computing across smaller server farms while maintaining low communication
costs.

Linear mode connectivity and model averaging Linear mode connectivity (Garipov,
Izmailov, Podoprikhin, et al. 2018) studies the phenomena of why and when models are
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smoothly connected (Freeman and Bruna 2016; Draxler, Veschgini, Salmhofer, et al. 2018;
Fort and Jastrzebski 2019). Under the same initialization, models have been shown to have
a linear path with constant energy (Nagarajan and Kolter 2019; Frankle, Dziugaite, Roy,
et al. 2020; Wortsman, Ilharco, Gadre, et al. 2022). For models with different initializations,
parameter permutations can be solved to align them linearly (Brea, Simsek, Illing, et al.
2019; Tatro, Chen, Das, et al. 2020; Entezari, Sedghi, Saukh, et al. 2021; Simsek, Ged, Jacot,
et al. 2021).

Following this line of research, numerous works have also explored model averaging and
stitching. Where averaging of large models has shown to improve performance (Wortsman,
Ilharco, Gadre, et al. 2022; S. Ainsworth, Hayase, and Srinivasa 2023; Stoica, Bolya, Bjorner,
et al. 2023; Jordan, Sedghi, Saukh, et al. 2022; Wortsman, Gururangan, Li, et al. 2022).
Model stitching (Lenc and Vedaldi 2015) has also shown to yield surprising transfer capabili-
ties (Moschella, Maiorca, Fumero, et al. 2022). This idea is conceptually related to optimal
averaging in convex problems (Scaman, Bach, Bubeck, et al. 2019) and the “Anna Karenina”
principle where successful models converge to similar solutions (Bansal, Nakkiran, and Barak
2021). This phenomenon could help explain the success of averaging multiple LoRAs into a
single global LoRA (Yi, Yu, Wang, et al. 2023) and averaging MoE MLP layers into a single
weight at inference (Wang, Mukherjee, Liu, et al. 2022).

4.1.2 Preliminaries

Unless stated otherwise, we denote x as a scalar, x a vector, X a matrix, X a distribution or
a set, f(·) a function and F (·) a composition of functions, and L(·, ·) a loss-function.

Parameter efficient adapters

Adapters serve as trainable functions that modify existing layers in a neural network. They
facilitate parameter-efficient finetuning of large-scale models by minimizing the memory
requirements for optimization (see Section 4.1.1 for various types of adapters used in prior
works).

The focus of this work is on the low-rank adapter (Hu, shen, Wallis, et al. 2022, LoRA),
a subclass of linear adapters. The linearity of LoRA allows for the trained parameters
to be integrated back into the existing weights post-training without further tuning or
approximation. Hence, the linearity allows models to maintain the original inference cost.
LoRA is frequently used for finetuning transformers, often resulting in less than 10% of the
total trainable parameters (even as low as 0.5%).

Low-rank adapter (LoRA) Given input x ∈ Rn, and a linear layer f(·) : Rn → Rm

parameterized by the weight W ∈ Rm×n, LoRA re-parameterizes the function as:

flora(x) = Wx+ sBAx (4.1)

For some low-rank matrices B ∈ Rm×r, A ∈ Rr×n and a fixed scalar s ∈ R, where the rank r
is often chosen such that r ≪ min(m,n).
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Although the forward pass incurs an extra computational overhead, the significance of
LoRA parameterization pertains to the optimizer memory footprint. Optimizers such as
AdamW (Kingma and Ba 2015b; Loshchilov and Hutter 2019) typically maintain two states
for each parameter, resulting in memory consumption that is twice the size of the trainable
parameters. In the case of LoRA parameterization, the optimizer memory scales with the
combined sizes of A and B. This results in significant memory savings when the memory
cost of LoRA O(r(m + n)) is less than the memory cost of the model O(mn). Moreover,
QLoRA (Dettmers, Pagnoni, Holtzman, et al. 2023) achieves further memory savings by
storing W in low-precision (4bit) while keeping the trainable parameters A and B in higher-
precision (16bit). These works have catalyzed the development of several repositories (Wang
2023; Dettmers, Pagnoni, Holtzman, et al. 2023; Dettmers 2023; huggingface 2023), enabling
finetuning of models with billions of parameters on low-memory devices.

4.2 Method

To understand the conditions required to pre-train a model with LoRA, we first identify a
specific scenario where standard training performance can be recovered using LoRA. This
serves as a guide for developing our algorithm that retains the memory efficiency of LoRA.

Although low-rank adapters (LoRAs) have proven to be an effective finetuning method,
they have apparent limitations when pre-training. As evidenced in Figure 4.2, models
parameterized with LoRA demonstrate inferior performance compared to models trained
using standard optimization. This performance gap isn’t surprising as it can be attributed
to the inherent rank constraint in LoRA. Specifically, for parameter W ∈ Rm×n, LoRA is
fundamentally incapable of recovering weights that exceed the rank r < min(m,n). Of course,
there are exceptions in which, by happenstance, a solution exists within a low-rank proximity
of the initialization. However, in Appendix 8.8, we observed the rank of the gradient tends
to increase throughout training, hinting at the necessity for high-rank updates.

4.2.1 Motivation: multi-head merging perspective

This section provides intuition on why LoRA heads in parallel can achieve the performance
of standard pre-training.

As demonstrated in Figure 4.2, elevating the rank r of the LoRA to be the same as the rank
min(m,n) of the weight matrix W ∈ Rm×n is sufficient to replicate standard pre-training
performance, albeit with different inherent dynamics as detailed in Appendix 8.10. However,
such an approach compromises the memory efficiency of low-rank adapters.

Therefore, we investigate the possibility of arriving at an equivalent performance by leveraging
multiple low-rank adapters in parallel. Our motivation leverages the trivial idea of linearity
of these adapters to induce parallelization.

Given a matrix of the form BA ∈ Rd1×d2 with B ∈ Rd1×d and A ∈ Rd×d2 , it is possible to
represent the product as the sum of two lower-rank matrices: B1A1 +B2A2. To demonstrate
this, let bi and ai be the column vectors of B and A respectively. One can then construct
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Figure 4.2: Increasing the rank of LoRA can recover the standard training performance:
ViT-S trained on ImageNet100 using with and without LoRA. Low-rank LoRA uses rank r = 64,
and full-rank LoRA uses rank r = min(m,n) set to the dimension of the original weight W ∈ Rm×n.
Increasing r suffices to match standard training performance.

B1 = [b1, . . . ,b[d/2]] , B2 = [b[d/2], . . . ,bd], and A1 = [aT
1 , . . . ,a

T
[d/2]] , A2 = [aT

[d/2], . . . ,a
T
d ].

This decomposition allows for the approximation of high-rank matrices through a linear
combination of lower-rank matrices. The same conclusion can be reached by beginning with
a linear combination of rank-1 matrices. This forms the basis for a novel multi-head LoRA
parameterization, which we will use as one of the baselines to compare with our final method.

Multi-head LoRA (MHLoRA) Given a matrix W ∈ Rm×n, and constant N , multi-head
LoRA parameterizes the weights as a linear combination of N low-rank matrices Bn and An:

fmhlora(x) = Wx+
s

N

N∑
n=1

BnAnx (4.2)

Multi-head LoRA reparameterizes the full-rank weights into a linear combination of low-rank
weights.

Now, we will point out a trivial observation that a single parallel LoRA head can approximate
the trajectory of a single step of the multi-head LoRA, provided that the parallel LoRA
heads are periodically merged into the full weights.

Using the same rank r for all the LoRA parameters, the dynamics of a single parallel LoRA
head (denoted with ·̂ ) is equivalent to multi-head LoRA:

argmin
BnAn

L
(
W +

s

N

N∑
n=1

BnAn

)
= argmin

B̂n,Ân

L
(
Ŵ +

s

N
B̂nÂn

)

When either
∑N

n=1 BnAn is equal to B̂nÂn, or when Ŵ = W+ s
N

∑N
j ̸=n BjAj ; here we used

a shorthand notation to indicate that sum is over all the LoRA parameters except for index
n. We assume the parameters on both sides of the equation are initialized to be the same:
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Figure 4.3: LTE diagram: Our method is decomposed into 3 steps. (1) We parameterize the
model with multiple LoRA heads and train them independently for T iterations using different
mini-batches sampled from the same (homogeneous) distribution. This results in overall update of
δloran(x) = −η

∑
t∇loran(x[t]) (2). Next, we accumulate the individual LoRA updates by averaging

the heads ∆lora(x) =
1
N

∑
n δloran(x). (3) The update is applied to the main weights, and the LoRA

parameter B is reset. The optimization repeats with the new LoRA parameters.

An = Ân and Bn = B̂n∀n. The first scenario is rank deficient, which we know is unable to
recover the original model performance. The latter case necessitates that Ŵ accumulates all
the information of the LoRA parameters at every iteration. Hence, if we can apply a merge
operator at every iteration, we can recover the exact update.

This rather simple observation implies that one can recover the exact gradient updates of the
multi-head LoRA parameterized model, which we observed to match pre-training performance
across a wide range of tasks (see Appendix 8.13). Moreover, in a distributed setting, only
the LoRA parameters/gradients have to be communicated across devices, which is often a
fraction of the original model size, making it a good candidate where interconnect speed
between computing nodes is limited.

4.2.2 LoRA soup: delayed LoRA merging

To further reduce the communication cost of LTE, we extend and combine the ideas of
local updates (McMahan, Moore, Ramage, et al. 2017) and model-averaging (Wortsman,
Ilharco, Gadre, et al. 2022; Yadav, Tam, Choshen, et al. 2023; Ilharco, Ribeiro, Wortsman,
et al. 2023). Instead of merging every iteration, we allow the LoRA parameters to train
independently of each other for a longer period before the merge operator. This is equivalent
to using stale estimates of the LoRA parameters Ŵ = W + s

N

∑N
j ̸=n B

′
jA

′
j with ′ indicating

a stale estimate of the parameters.

Merging every iteration ensures that the representation will not diverge from the intended
update. While using stale estimates relaxes this equivalence, we observe that it can still
match the standard training performance as shown in Table 4.9. Nevertheless, as the estimate
becomes inaccurate, the optimization trajectory does indeed diverge from the optimization
path of multi-head LoRA. We quantify this divergence in Figure 4.4. The divergence does
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not imply that the model won’t optimize; rather, it suggests that the optimization trajectory
will deviate from that of the multi-head LoRA. In this work, we opt for simple averaging and
leave more sophisticated merging such as those used in (Karimireddy, Kale, Mohri, et al.
2020; Matena and Raffel 2022; Yadav, Tam, Choshen, et al. 2023) for future works.

4.2.3 LoRA-the-Explorer: parallel low-rank updates

Our algorithm is designed with two primary considerations: (1) achieving an informative
update ∆W that does not require materialization of the full parameter size during training,
and (2) parameterizing W such that it can be stored in low-precision and communicated
efficiently. The latter can be achieved by using quantized weights and keeping a high-precision
copy of W.

We propose LoRA-the-Explorer (LTE), an optimization algorithm that approximates full-rank
updates with parallel low-rank updates. The algorithm creates N -different LoRA parameters
for each linear layer at initialization. Each worker is assigned the LoRA parameter and
creates a local optimizer. Next, the data is independently sampled from the same distribution
x = {x1, . . .xN}. For each LoRA head n, the parameters are optimized with respect to
its own data partition for T iterations resulting in an update δloran = −η∑T

t=1∇loranxi[t].
We do not synchronize the optimizer state across workers. After the optimization, the
resulting LoRA parameters are synchronized to compute the final update for the main weight
∆lora(x) =

1
N

∑N
n=1 δn. In the next training cycle, the LoRA parameters are trained with

the updated weights W. Here, the LoRA parameters can be either be re-initialized or the
same parameters can be used with the correction term (see Appendix 8.2). Since we do not
train directly on the main parameter W, we can use the quantized parameter q(W) instead.
Where one can either keep the high-precision weight only in the master node or offload it
from the device during training. This reduces not only the memory footprint of each worker
but also the transmission overhead. An illustration in Figure 4.3.

4.3 Experiments

We follow standard training protocols, and all implementation details and training hyper-
parameters can be found in Appendix 8.1.

Disclaimer: During the preparation of the code release, we found that the transformer experi-
ments used a scaling factor of 1/

√
dout instead of the standard scaling 1/

√
dout/nattn (Vaswani,

Shazeer, Parmar, et al. 2017). Hence using LTE with the standard scaling would require a
different set of hyper-parameters than the ones reported in Appendix 8.1. We will revise the
hyper-parameters in the next revision.

4.3.1 Iterative LoRA Merging

In Section 4.2.1, we motivated that iteratively merging LoRA parameters is a key component
in accurately recovering the full-rank representation of the model. As a sanity check,
in Appendix 8.3, we assess the effectiveness of merging a single LoRA head in the context
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Figure 4.4: Effects of merging LoRA heads. Left: We measure l2-norm deviation of the
effective weights of multi-head LoRA (MHLoRA) and LoRA-the-explorer (LTE, our method) from
the weights of standard training using ViT-S. We use 4 heads for both MHLoRA and LTE using
the same initialization, and we measure the norm of encoder-layer-3. We also plot the individual
LoRA heads of LTE. These heads deviate more from standard training, but their average closely
follows that of MHLoRA. Depending on the merge iteration (x-axis), the estimation gap of using stale
estimates is roughly the difference between the MHLoRA and LTE averaged. The later the merge
happens, the more LTE deviates from MHLoRA. Right: We project the dynamics of MHLoRA
and LTE onto the parameters of MHLoRA. The y-axis is the initial parameters, and the x-axis is
after training for 25 iterations. The projection is computed by computing the cosine similarity on
the vectorized weights and creating an arc from (0, 1) to (1, 0). We set merge iteration to 12 and
visualize how the LTE trajectory follows the arc of MHLoRA.

of linear networks trained on synthetic least-squares regression datasets. The underlying
rank of the optimal solution, W∗, is controlled, and datasets are generated as Y = X(W∗)T.
Each x ∈ X follows a normal distribution, x ∼ N (0, I). Figure 8.1 evaluates the model’s
rank recovery across varying merge iteration T . Dimension of the weights W are set to
m = n = 32. Without merging, the model performance plateaus rapidly on full-rank W∗. In
contrast, iterative merging recovers the ground truth solution with the rate increasing with
higher merge frequency.

Further tests in Figure 4.5 using ViT-S (Dosovitskiy, Beyer, Kolesnikov, et al. 2020) with
a patch-size of 32 on the ImageNet100 dataset (Tian, Krishnan, and Isola 2020) (a subset
of ImageNet (Russakovsky, Deng, Su, et al. 2015)) confirm that merging of a single LoRA
head outperforms standalone LoRA parameter training. However, frequent merging delays
convergence, likely due to LoRA parameter re-initialization and momentum state inconsisten-
cies. Additionally, the performance does not match that of fully trained models, indicating
potential local minima when training with rank-deficient representations.
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Figure 4.5: Sequential merging of LoRA cannot recover performance. ViT-S trained
on ImageNet100. Merging and resetting the LoRA parameters achieves better performance than
single-head LoRA pre-training but still cannot recover the standard full-model pre-training. Note
that LoRA + merge is akin to concurrent work of ReLoRA (Lialin, Shivagunde, Muckatira, et al.
2023).

We find that the merge iteration of T = 10 is still stable when using batch size 4096. With
higher T values, additional training may be required to achieve comparable performance (Stich
2019; Wang and Joshi 2021; Yu, Yang, and Zhu 2019). Our initial efforts to improve
merging using methods such as (Yadav, Tam, Choshen, et al. 2023) did yield better results.
Nonetheless, we believe with increased merge iteration, smarter merging techniques may
be necessary. Existing literature in federated learning and linear-mode connectivity/model-
averaging may provide insights in designing better merging criteria.

To further test the generalizability of our method, we conducted a suite of experiments on
various vision tasks in Figure 4.6. Moreover, we test our method on MLP-Mixer (Tolstikhin,
Houlsby, Kolesnikov, et al. 2021) to demonstrate its use outside of transformer architecture.
We provide additional experiments when using T = 1 and initial language-modeling results
in Appendix 8.13.

4.3.2 LoRA parameter alignment

The efficacy of our optimization algorithm hinges on the ability of individual heads to explore
distinct subspaces within the parameter space. We examine the extent to which data and
initial parameters influence intra-head similarity throughout training. In Figure 4.7, we
compute the average cosine similarity and Grassman distance (see Appendix 8.5) between
the heads BnAn. These tests were conducted with data samples drawn from the same
distribution, and each set of LoRA parameters was exposed to a different set of samples.

Our results confirm that LoRA heads do not converge to the same representation. We
find using different initializations across LoRA heads yields the greatest orthogonality.
This orthogonality is further increased when different mini-batches are used for each head.
Importantly, the degree of alignment among LoRA heads remains stable post-initialization
and does not collapse into the same representation. In Figure 4.7, we find that lower similarity
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Figure 4.6: Experiments on various vision tasks: We apply our method to a range of vision
tasks, including CIFAR10, CIFAR100 (Krizhevsky, Hinton, et al. 2009), STL10 (Coates, Ng, and Lee
2011), Caltech256 (Griffin, Holub, and Perona 2007), SUN397 (Xiao, Hays, Ehinger, et al. 2010), and
ImageNet100 (Tian, Krishnan, and Isola 2020). Details of these datasets are listed in Appendix 8.1.
Additionally, we incorporated the MLP-mixer and observed consistent results. The figure is presented
with two different x-axes. On the top, we plot the total number of synchronization steps, and on
the bottom, we measure the total number of training samples observed across all devices. All LTE
experiments are conducted on ViT-S with a merge iteration of T = 10 and 32 LoRA heads with a
rank of r = 64. In Appendix 8.13, we provide additional results for T = 1, LLM experiments, and
LTE trained on ViT and MLP-mixer at various scales.

corresponds well with model performance, where using different parameters and mini-batches
significantly outperforms other configurations.

4.3.3 The effect of LoRA heads, rank, and merge iteration

We systematically evaluate the effects of varying the number of LoRA heads, rank, and
merge iteration on model performance for ImageNet100 in Table 4.9. Our findings indicate
a monotonic improvement in performance with an increased number of heads and ranks.
Conversely, extending the merge iteration negatively impacts performance. As in the case of
least-squares regression, we found excessive merging to hurt model accuracy. With a large
enough rank and head, we found the model to converge to better test accuracy, even if the
test loss was similar. We hypothesize the averaging of the LoRA heads has a regularization
effect similar to that model ensembling.

We use ViT-S as the primary architecture for analysis, which has a hidden dimension of 384
and an MLP dimension of 1536. We find that setting the product of the number of heads
and the rank of the LoRA larger than the largest dimension of the model serves as a good
proxy for configuring LTE. For example, using 32 heads with r = 64 results in 2048 > 1536.
However, when it comes to increasing the number of heads rather than rank, we noticed
longer training iterations were required to achieve comparable performance. We discuss a
potential cause of the slowdown in convergence in the preceding section.
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Figure 4.7: LoRA alignment: Alignment of LTE heads when varying parameters and data.
“Diff Param” uses random initialization across each head, and “Diff Data” uses different mini-batches.
The similarity is computed on the first epoch of ImageNet100 on ViT-S. We use LTE of r=8 with 4
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Figure 4.8: LTE with same batch-size per head: ViT-S trained on ImageNet100. We use the
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LTE Heads Rank Merge Test loss ↓ Test acc ↑
- - - - 1.78 71.97
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✓ 2 8 10 2.31 54.68
✓ 8 8 10 2.35 54.88
✓ 32 8 10 2.26 58.21
✓ 2 64 10 1.86 69.82
✓ 8 64 10 1.84 71.97
✓ 32 64 10 1.79 73.73
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nk

✓ 32 8 10 2.66 44.00
✓ 32 16 10 2.12 60.35
✓ 32 32 10 1.81 71.20
✓ 32 64 10 1.79 73.73
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Figure 4.9: LTE ablation for ViT-S trained on ImageNet100: For fixed cumulative training
epoch of 1200, we vary the number of heads, rank, and merge iteration of our method. More heads
require longer cumulative training samples to converge; see Figure 4.8.

4.3.4 Gradient noise with parallel updates

In our ablation study, we utilized a fixed cumulative batch size of 4096 and a training epoch
of 1200. Each LoRA head received a reduced batch size of 4096

heads . Our findings indicate
that scaling the rank exerts a greater impact than increasing the number of heads. Due to
the proportional scaling of gradient noise with smaller mini-batches (McCandlish, Kaplan,
Amodei, et al. 2018; Shallue, Lee, Antognini, et al. 2019; Smith and Le 2018), we hypothesize
that gradient noise is the primary factor contributing to slower convergence, in addition to
the use of stale parameter estimates. To validate this hypothesis, we employed the same
mini-batch size across all heads in Figure 4.8, using a reduced rank of r = 8. When we
adjusted the batch size in proportion to the number of heads and measured it with respect to
the optimization steps, the impact of varying the number of heads became more pronounced.
While increasing the number of heads necessitates more sequential FLOPs, it offers efficient
parallelization. Furthermore, using a larger batch size for gradient estimation may prove
beneficial in distributed training, as it increases the computational workload on local devices.
Careful optimization of the effective batch size to maximize the signal-to-noise ratio may be
crucial for achieving maximum FLOP efficiency.

4.3.5 Performance Scaling on ImageNet-1K

We scaled up our method to ImageNet-1K. We followed the training protocols detailed
in Appendix 8.1. In accordance with our initial hypothesis on gradient noise, we doubled the
batch size to 8192 (see Appendix 8.7). Since using different mini-batches was crucial early in
training, we did not alter the way mini-batches were sampled. Scheduling the randomness
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Figure 4.10: ImageNet compute analysis: We break down the computational cost for training
ViT-S on ImageNet1k. We compare against distributed data-parallel with 8 devices. LTE requires
40% longer to achieve the same performance of 68% top-1 accuracy on 1000-way classification. We
used 32 LoRA heads with r = 64. Our method requires fewer trainable parameters per device.
This, in turn, enables the fitting of larger models in low-memory devices. With a smaller memory
footprint and infrequent communication, our method requires lower communication bandwidth.
Further discussion is in Section 4.3.5.

for the mini-batches is an option we have not yet explored.

In the initial training phase, we observed that LTE outperformed standard training. However,
as training approached completion, standard training overtook LTE, necessitating additional
iterations for LTE to achieve comparable performance. Standard training appeared to benefit
more from a lower learning rate compared to LTE. For ViT-S, the model took 40% more
training samples to converge to the same top-1 accuracy of 68% (see Appendix 8.6).

The primary focus of our work was to investigate whether it is possible to train deep networks
with parallel low-rank adapters; hence, we did not aim to maximize efficiency. However, we
do provide a hypothetical computation analysis for future scaling efforts. Let the model size
be denoted by Mddp =M , and Mlte for LTE, and the respective number of devices for each
method be denoted with Nddp, and Nlte. With quantization, each LTE device would require a
memory footprint of qM +Mlte. With the base model operating in 16-bit precision, using
4-bit quantization results in q = 0.25. With AdamW, DDP necessitates an additional 2M
parameters, making the total memory footprint 3M per device. For LTE, the total memory
footprint per device is qM + 3Mlte. Assuming the training is parameter-bound by the main
weights r ≪ min(m,n), LTE can leverage GPUs that are roughly 1/3 the size required for
DDP. It is worth noting that LTE requires 40% more data to train and a slowdown of 20% per
iteration when using quantization methods such as QLoRA. If the cost of low-memory devices
is lower, these slowdowns may be negligible compared to the speed-up achieved through
parallelization. On average, each LTE device observes 1/3 less data than a device in DDP.
With improvements in our method and future advances in quantization, we believe this gap
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will be reduced. The compute analysis for ViT-S on ImageNet1k is illustrated in Figure 4.10.

Communication also presents bottlenecks when training models across nodes. For a single
node, one can interleave the communication of gradients asynchronously with the backward
pass (Li, Zhao, Varma, et al. 2020). In multi-node systems, the communication scales with
the size of the trained parameters and is bottlenecked at interconnect speed, especially
when high-throughput communication hardware, such as InfiniBand, is not utilized. Using
standard all-reduce, the gradient is shared between each device for a total communication of
Nddp(Nddp−1)M . For LTE we communicate every T iteration hence we have 1

T
Nlte(Nlte−1)M .

To maximize the efficacy of LTE, an alternative approach is to use a parameter server for
1-and-broadcast communication. Here, gradients are sent to the main parameter server
and averaged. The accumulated updates are broadcast back to other nodes. DDP with a
parameter server would use 2(Nddp−1)M and LTE would use 1

T
((Nlte−1)Mlte+(Nlte−1)qM).

Moreover, LTE can leverage lower-bandwidth communication since the parameters shared
between devices are strictly smaller by a factor of Mddp/Mlte.

4.4 Discussion

This work investigated the feasibility of using low-rank adapters for model pre-training. I
introduced LTE, a bi-level optimization method that capitalizes on the memory-efficient
properties of LoRA. Although we succeeded in matching performance on moderately sized
tasks, several questions remain unresolved. These include: how to accelerate convergence
during the final 10% of training; how to dynamically determine the number of ranks or
heads required; whether heterogeneous parameterization of LoRA is feasible, where each
LoRA head employs a variable rank r; and leveraging merging strategies to accompany
higher local optimization steps. Our work serves as a proof-of-concept, demonstrating the
viability of utilizing low-rank adapters for neural network training from scratch. However,
stress tests on larger models are essential for a comprehensive understanding of the method’s
scalability. Addressing these open questions will be crucial for understanding the limitations
of our approach. We anticipate that our work will pave the way for pre-training models
in computationally constrained or low-bandwidth environments, where less capable and
low-memory devices can collaboratively train a large model, embodying the concept of the
“wisdom of the crowd.”
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Chapter 5

Epilogue

Throughout this thesis, we have explored the phenomenon of convergence in modern AI
systems. The key insights uncovered are as follows:

In Chapter 2, we examined the inherent preference of deep neural networks for simple,
low-rank solutions. By analyzing the effective rank of the learned kernels, we demonstrated
that neural architectures have an inductive bias toward parsimonious explanations of data.
This simplicity bias appears to be a fundamental characteristic of these models, regardless of
the specific architecture or training regime.

Building on this finding, Chapter 3 presented the Platonic Representation Hypothesis—the
idea that as AI systems scale, they will converge toward a common representation that models
co-occurrences of events in reality. The empirical evidence of increasing model similarity
across domains supports the notion that there may indeed be a Platonic “ideal” way to model
the world, which multiple systems independently discover.

Finally, Chapter 4 explored potential pathways to efficiently scale up AI systems and reach
this hypothetical representational endpoint. Recognizing the limitations of monolithic scaling,
we proposed a distributed approach utilizing parallel low-rank adapters. This ecosystem of
specialized models mirrors the structure of human intelligence and could be a more viable
route to general AI.

The overarching theme of this work is the idea that the pursuit of simplicity is a fundamental
driver of both biological and artificial intelligence. Whether it manifests as the preference for
low-rank solutions, the convergence toward common representations, or the organization of
intelligence into distributed, collaborative systems, the drive toward parsimony appears to be
a universal principle underlying intelligent behavior.

As we continue to push the boundaries of what AI can achieve, it will be crucial to understand
how to better characterize the progress of artificial systems. This thesis aimed to provide a
step in that direction, but there remains much more to explore in this fascinating frontier of
science.
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Chapter 6

Chapter 2 Appendix

6.1 Mutual k-Nearest Neighbor Alignment Metric

For two models with representations f , g the mutual k-nearest neighbor metric measures
the average overlap of their respective nearest neighbor sets. In this section, we refer to this
metric as mNN, which we will formally define below.

For cross-modal domains, define (xi, yi) ∈ X as a sample from the data distribution X
(e.g. image-caption dataset). For the single domain alignment measurements, the samples
are equivalent xi = yi (e.g., images for vision, and text for language). Let {xi, yi}bi=1 be
the corresponding mini-batch sampled from this data distribution. Then given two model
representations f and g the corresponding features are: ϕi = f(xi) and ψi = g(yi), where the
collection of these features are denoted as Φ = {ϕ1, . . . , ϕb} and Ψ = {ψ1, . . . , ψb}. Then for
each feature pair (ϕi, ψi), we compute the respective nearest neighbor sets S(ϕi) and S(ψi).

dknn(ϕi,Φ \ ϕi) = S(ϕi) (6.1)
dknn(ψi,Ψ \ ψi) = S(ψi) (6.2)

where dknn returns the set of indices of its k-nearest neighbors. Then we measure its average
intersection via

mNN(ϕi, ψi) =
1

k
|S(ϕi) ∩ S(ψi)| (6.3)

where | · | is the size of the intersection.

The choice to use mutual nearest-neighbors Our initial efforts to measure alignment
with CKA revealed a very weak trend of alignment between models, even when comparing
models within their own modality. This has also been observed by Bansal, Nakkiran, and Barak
2021, which had relied on alternative metrics such as model-stitching as it “reveals aspects
of representations that measures such as centered kernel alignment (CKA) cannot” Bansal,
Nakkiran, and Barak 2021.
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We chose to use nearest-neighbor as a metric, as methods like CKA has a very strict definition
of alignment, which may not fit our current needs. For instance, understanding the precise
similarity between unrelated items, such as an orange and Bill Gates, may not be critical.

Relationship between CKA and Mutual Nearest-Neighbors Let ϕi ∈ Rn and
ψi ∈ Rm be vectorized features of two models (e.g. language and vision models). Let
Kij = κ(ϕi, ϕj) and Lij = κ(ψi, ψj) be the kernel matrices computed from a dataset using
some kernel-function κ. Using an inner-product kernel, the ij-th entry of the centered
counterpart of these Kernel matrices is:

K̄ij = ⟨ϕi, ϕj⟩ − El[⟨ϕi, ϕl⟩] L̄ij = ⟨ψi, ψj⟩ − El[⟨ψi, ψl⟩] (6.4)

Then, the cross-covariance of K and L is given by:

HSIC(K,L) =
1

(n− 1)2
Trace(K̄L̄) (6.5)

which serves as an empirical estimator of the Hilbert-Schmidt Independence Criterion Gretton,
Bousquet, Smola, et al. 2005. The Centered Kernel Alignment (CKA) Kornblith, Norouzi,
Lee, et al. 2019 is then its normalized counterpart:

CKA(K,L) =
HSIC(K,L)√

HSIC(K,K)HSIC(L,L)
(6.6)

CKA measures the congruence between two random variables, with a maximum alignment
of 1 and a minimum of 0. It is invariant to isotropic scaling and offers a strict notion of
alignment, measuring alignment across all samples. Hence, the CKA score reflects the global
similarities of the models. This can be illustrated by expanding the trace term in HSIC:

Trace(K̄L̄) =
∑
i

∑
j

(⟨ϕi, ϕj⟩ − El[⟨ϕi, ϕl⟩]) (⟨ψi, ψj⟩ − El[⟨ψi, ψl⟩]) (6.7)

One can modify the definition of alignment to restrict the cross-covariance measurement
to samples considered to be nearest neighbors of the current sample i. This emphasizes
similarity over dissimilarity, biasing the measure toward local alignment:

Alignknn(K,L) =
∑
i

∑
j

α(i, j) · (⟨ϕi, ϕj⟩ − El[⟨ϕi, ϕl⟩]) (⟨ψi, ψj⟩ − El[⟨ψi, ψl⟩]) (6.8)

where α(i, j) = 1[ϕj ∈ knn(ϕi) ∧ ψj ∈ knn(ψi) ∧ i ̸= j] (6.9)

Where α(i, j) is a scalar weighting that assigns 1 if j is a mutual nearest neighbors to both
ϕi and ψi, and 0 otherwise. We refer to this metric as the Centered Kernel Nearest-Neighbor
Alignment (CKNNA) metric. As the number of nearest neighbors k → dim(K), we recover
the original CKA metric.
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Figure 6.1: Cross-modal alignment increases locally: Alignment trend when varying the top-k
nearest neighbors in the CKNNA metrics (Eqn. 6.10). We center alignment score to the smallest
language model and divide the total trend by the standard deviation. When k = 1024, we recover
the original CKA metric, and when k < |X | it closely resembles the mutual nearest-neighbor metric
mNN. Each line represents the average of all LLM models for a specific k. As we decrease k, the
alignment becomes more pronounced.

CKNNA(K,L) =
Alignknn(K,L)√

Alignknn(K,K),Alignknn(L,L)
(6.10)

We can further relax the metric to treat the cross-covariance term identically across all
nearest-neighbor samples. This is equivalent to the assumption that all nearby samples have
the same distance. This simplification leads us back to the mutual nearest neighbor metric:∑

i

∑
j

α(i, j) · 1 = n · k ·mNN(ϕi, ψi) (6.11)

By equating these metrics, we analyze the changes in alignment between language and vision
models as we vary the number of neighbors k in Eqn. 6.10. In Figure 6.1, we compute the
average alignment score across all LLM models. For each k, we center the scores to the
smallest vision model and divide by the standard deviation of the scores. We find that high
values of k show less conclusive alignment across tasks while decreasing k shows a coherent
trend across both models and tasks. We find that certain visual tasks, such as CLIP, exhibit
global alignment, whereas methods like ImageNet-21k classification show only local alignment.
This observation suggests that cross-modal alignment occurs locally across most common
visual tasks, and global alignment may require additional language grounding, as done in the
CLIP objective.
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6.2 Consistency across various metrics

We describe the metrics in Table 6.2 and their corresponding properties. The symmetric
property implies that the metric is symmetric with respect to the data points d(x, y) = d(y, x).
The global property means all samples are used to compute the distance with respect to every
sample. The ordinal property is when the ordering of the distance is taken into consideration.
For example, mutual nearest neighbor is not ordinal since the nearest neighbors {a, b, c} and
{c, a, b} are treated equally. The batchable property is a computational property that makes
it feasible to compute in a reasonable time frame.

Vision-vision comparison In Figure 6.3, we evaluate Spearman’s rank correlation among
different metrics and hyperparameters over 78 vision models (details in Section 6.3.1). We
find most metrics highly correlated with each other.

Cross-modal comparison We measure vision-language alignment using a range of alter-
native metrics. We visualize the corresponding alignment results in Figure 6.4 and Figure 6.5.
Our findings indicate that alignment sensitivity not only depends on the metric used to
compute it but also varies according to the specific tasks on which the vision models are
trained.
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Metric Property Description

symmetric global ordinal batchable

CKA ✓ ✓ ✓ ✓

Centered Kernel Alignment (CKA; Kornblith,
Norouzi, Lee, et al. (2019)) measures the sim-
ilarity of neural networks by comparing the
alignment of their kernel induced by their fea-
ture spaces.

Unbiased CKA ✓ ✓ ✓ ✓
Unbiased estimator of CKA that corrects for
sample bias in HSIC Song, Smola, Gretton,
et al. 2012.

SVCCA ✓ ✓ ✓ ✓

Singular Value Canonical Correlation Analy-
sis (SVCCA; Raghu, Gilmer, Yosinski, et al.
(2017)) compares neural networks by decom-
posing their activities into singular vectors and
measuring correlation.

Mutual k-NN ✓ ✓
Measures the intersection over union (IoU) of
nearest neighbors between two models.

CKNNA ✓ ✓∗ ✓ ✓
Modified CKA measure that computes the ker-
nel alignment only for its nearest neighbors.
See Appendix 6.1.

Cycle k-NN ✓

Measures whether the nearest neighbor in one
domain also considers the original sample as
its nearest neighbor in the other domain.

Edit k-NN ✓ ✓∗ ✓

Computes the edit distance required to match
the nearest neighbors between two datasets.
The score is normalized by the maximum edit
distance.

LCS k-NN ✓ ✓∗ ✓
Calculates the longest common subsequence
of nearest neighbors and is normalized by the
sequence length.

Figure 6.2: Comparative analysis of neural network similarity metrics. ✓∗ indicates the
metric is global and still meaningful when the nearest neighbor k is set to maximum batch-size
k = |X |.
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Figure 6.3: Vision-vision alignment measured with various metrics. Spearman’s rank
correlation among different metrics and batch sizes (bsz) when used to measure alignment
among 78 vision models (see Section 6.3.1 for details of these models). All p-values are below
2.24× 10−105. Our vision-vision analysis in Figure 3.2 is based on the first metric (Mutual
k-NN with k = 10 and bsz = 1000).
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Figure 6.4: Cross-modal alignment for various metrics
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(c) Edit-distance k-NN (k = 10)
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(d) Longest-Common-Subsequence k-NN (k = 10)

Figure 6.5: Cross-modal alignment measured with various metrics
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6.3 Experiments on Evaluating Alignment and Conver-
gence

To demonstrate representational convergence, we take off-the-shelf models at multiple scales
and multiple modalities and measure their representational alignment.

6.3.1 Vision-Vision Alignment and Representation Quality

We consider 78 vision models in total:

• 17 ViT models ranging from ViT-tiny to ViT-giant, trained on tasks including ImageNet-
21k Dosovitskiy, Beyer, Kolesnikov, et al. 2020 classification, Masked Autoencoders He,
Chen, Xie, et al. 2021, DINO Caron, Touvron, Misra, et al. 2021, and CLIP Radford,
Kim, Hallacy, et al. 2021, including some finetuned on ImageNet-12k.

• 1 randomly initialized ResNet-50.

• 11 ResNet-50 models trained with contrastive learning on ImageNet-1k, Places-365
(Zhou, Lapedriza, Khosla, et al. 2017; Lopez-Cifuentes, Escudero-Vinolo, Bescos, et al.
2020), and 9 synthetic image datasets used in Baradad, Chen, Wulff, et al. (2022).

• 49 ResNet-18 models trained with Alignment and Uniformity contrastive loss (Wang
and Isola 2020) on ImageNet-100, Places-365, and 47 realistic and synthetic image
datasets from Baradad, Wulff, Wang, et al. (2021).

To test representation quality, we evaluate linear probing performance on all 19 VTAB
classification tasks (Zhai, Puigcerver, Kolesnikov, et al. 2019), which is a standard multi-task
transfer learning benchmark containing structured, specialized, and natural datasets covering
diverse domains. To reduce compute requirements, we subsample training and validation
datasets to have at most 10,000 samples. We consider a representation solves a task if its
performance is ≥ 80% of the best performance on that task across all 78 models.

To compute the alignment metric, we use k = 10 nearest neighbors over 1000 image represen-
tations computed on Places-365’s validation dataset (Zhou, Lapedriza, Khosla, et al. 2017).
This dataset is disjoint from VTAB datasets, although both contain natural images.

6.3.2 Cross-Modal Alignment

We compare the representation of an image in a vision model to the representation of a
caption describing that image in a language model. The language model families we consider
are BLOOM BigScience, Scao, Fan, et al. 2022, OpenLLaMA Geng and Liu 2023, and
LLaMA Touvron, Martin, Stone, et al. 2023. For Figure 3.4, we included more recent
model families such as OLMo Groeneveld, Beltagy, Walsh, et al. 2024, LLaMA3 Meta 2024,
Gemma Team, Mesnard, Hardin, et al. 2024, and Mistral/Mixtral Jiang, Sablayrolles, Mensch,
et al. 2023; Jiang, Sablayrolles, Roux, et al. 2024. These models were downloaded from
Huggingface Wolf, Debut, Sanh, et al. 2019.
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For vision models, we consider ViT models Dosovitskiy, Beyer, Kolesnikov, et al. 2020 of
various sizes trained on various data and objectives. We mainly consider the popular vision
models: classification on ImageNet-21K Russakovsky, Deng, Su, et al. 2015, MAE He, Chen,
Xie, et al. 2021, DINOv2 Oquab, Darcet, Moutakanni, et al. 2023, CLIP Radford, Kim,
Hallacy, et al. 2021, and CLIP finetuned on ImageNet-12K. These models were downloaded
from PyTorch Image Models (TIMM; Wightman (2021)). This is a subset of the models used
in vision-vision comparison.

To compute the alignment metric, we use k = 10 nearest neighbors over 1024 samples from
WIT (Wikipedia-based Image Text)Srinivasan, Raman, Chen, et al. 2021. For the vision
model, we use class token of each layer, and for the language model, we average pool each
layer to a single token. Since it is not trivial to determine where the alignment might occur,
we draw inspiration from BrainScoreSchrimpf, Kubilius, Hong, et al. 2018 and compute
pairwise alignment scores, then take the maximum. One of these pairwise comparisons also
includes concatenated features. We apply l2 normalization to the features before measuring
the distance. As transformer architectures have “emergent outliers” Dettmers, Lewis, Belkada,
et al. 2022, we truncate the elements in the features that are above the 95-th percentile.

Simply taking the last token did not show any strong alignment signal. We also experimented
with prompting the language model and taking the last token representation. The prompt
we used was

An image with the caption ‘<caption>’. This is an image of a <fill>

Using prompting showed similar trends to average pooling but had slightly lower alignment
scores.

6.4 Color Cooccurrence Experiment

Here we describe the details of how we created the four color representations visualized in
Figure 3.8, from left to right.

Perceptual representation from CIELAB color space We embed pixels taken from
the CIFAR-10 image dataset (Krizhevsky, Hinton, et al. 2009; Torralba, Fergus, and Freeman
2008) based on the CIELAB color space, which is designed as a perceptually uniform space
that changes numerical values correspond to similar perceived changes in color.

Three representations from cooccurrence in VISION and LANGUAGE For these
three representations, we first obtain a dissimilarity matrix over colors (in different ways
detailed below), then use multidimensional scaling (Shepard 1980) to find a 3-dimensional
embedding in which Euclidean distance between the embeddings for A and B, zA and zB, best
matches this dissimilarity matrix. We use 1,000 fits and take the best match. Afterward, we
visually align it with the CIELAB space by finding the best rotation, translation, scaling, and
flipping, by running the Kabsch-Umeyama algorithm (Kabsch 1976; Kabsch 1978; Umeyama
1991) twice, once on z and once on −z, to account for flipping. The dissimilarity matrix we
used in each case is described as following:
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• VISION: Pixel cooccurrence. We collect color cooccurrence statistics from the
CIFAR-10 dataset, and estimate a joint distribution p(A,B) over 300,000 randomly
sampled pixel colors A and B that occur within a radius of at most 4 pixels of one
another. Colors are quantized on a grid in RGB space and represented as discrete
variables, and p(A,B) is modeled as a table of normalized counts, from which we
compute the empirical pointwise mutual information matrix KPMI(A,B). Quantization
ensures that there is no bias from how color distances are represented in RGB space.
Dissimilarity matrix is defined as −KPMI(A,B) + c, where c = maxA,BKPMI(A,B)
is an offset to ensure non-negativity (similar to the constant in Section 3.4.2 and
Proposition 6.6.1 that ensures neural networks can express KPMI).

• LANGUAGE. We used an approach similar to Abdou, Kulmizev, Hershcovich, et al.
(2021).

– We take 20 pairs of (color, word) appeared in the dataset collected by Lindsey
and Brown (2014), where 51 participants were asked to free name each of the 330
colors from the Munsell Color Chart. We filtered words that appeared less than
100 times, and computed each word’s associate color by taking the centroid in
CIELAB space. Our filtering process followed Abdou, Kulmizev, Hershcovich,
et al. (2021) exactly, but resulted in 20 colors, a slightly different set than the 18
colors they claimed.

– For each of the 20 color words <col>, we construct three sentences:

The color <col>.
This color is <col>.
The color of this thing is <col>.

and obtain the average sentence embedding from the language encoder, as the
embedding for <col> (details below). We find this approach more effective than
Abdou, Kulmizev, Hershcovich, et al. (2021), which uses object names that
potentially have color biases, even though the objects may appear in multiple
colors.

– Unlike Abdou, Kulmizev, Hershcovich, et al. (2021), we did not perform linear
regression from language embedding to CIELAB space, which distorts distances
and easily overfits with only 20 samples. Instead, we used multidimensional scaling
to best preserve distances, as described above.

– Masked language contrastive learning (SimCSE) embedding: We used
sentence embedding from the unsupervised SimCSE RoBERTa-L (Gao, Yao, and
Chen 2021) to encode the above sentences into 1024-dimensional embeddings, and
used the pairwise Euclidean distances among <col> embeddings as the dissimilarity
matrix.

– Masked language predictive learning (RoBERTa) embedding: We
concatenated hidden states of the last four layers of RoBERTa-L (Liu, Ott, Goyal,
et al. 2019), following (Devlin, Chang, Lee, et al. 2018). We averaged across token
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dimensions, and obtained a 4096-dimensional embedding for each of the above
sentences, and used the pairwise Euclidean distances among <col> embeddings as
the dissimilarity matrix.

6.5 Caption Density Experiments

We use LLaMA3-8B-Instruct Meta 2024 to generate summary captions at various densities
for images in the Densely Captioned Images dataset Urbanek, Bordes, Astolfi, et al. 2023 from
the train split. Following Urbanek, Bordes, Astolfi, et al. (2023), we prompt the language
model with the following instructions to generate captions at differing granularity:

system: You are given a full-text description of an image. You should
summarize it into about <num_words> words, being sure to include as much
salient visual information as possible given the <num_words> word
constraint, especially information from the start of the original
description. The new description should apply for the original image.
Respond with only the summary, in one line.

user: <original_caption>

6.6 Analysis of Contrastive Learners

6.6.1 Contrastive objectives learn pointwise mutual information

There are two widely used forms of contrastive objectives. We now discuss each form in details
and show how they both are minimized by the pointwise mutual information (PMI) as stated
in Equation (3.5). To simplify notation, we consider learning the bivariate model g(xa, xb) ∈ R.
In Section 3.4, such g is optimized within the family of {g = ⟨fX , fX⟩ : fX ∈ FX}.
Recall that our positive pairs are sampled from (x, x+) ∼ Pcoor, and that the negative pairs
are sampled independently from its marginals which we denote as (x, x−)

i.i.d.∼ P where
P (x) =

∑
x+
Pcoor(x, x+).

1. The binary NCE loss (Gutmann and Hyvärinen 2010) is defined with a certain
prior over sampling positive vs. negative pairs. Let ppos be the probability of sampling
a positive pair. Then the loss is given by

Lbinary-NCE(g) ≜ppos · E(x,x+)∼Pcoor [− log σ(g(x, x+))] (6.12)
+ (1− ppos) · E(x,x−)

i.i.d.∼ P
[− log σ(−g(x, x−))] . (6.13)
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The Bayes optimal solution is given by

g(xa, xb) = log
P (pos | xa, xb)

1− P (pos | xa, xb)
(6.14)

= log
P (pos, xa, xb)
P (neg, xa, xb)

(6.15)

= log
ppos · Pcoor(xa, xb)

(1− ppos)P (xa)P (xb)
(6.16)

= log
Pcoor(xa, xb)

P (xa)P (xb)
+ log

ppos
1− ppos

(6.17)

= KPMI(xa, xb) + cX . (6.18)

2. The InfoNCE loss (Oord, Li, and Vinyals 2018) is defined with randomly sampling
one positive pair along with K negative ones. With some hyperparameter τ > 0, the
loss is given by

LInfoNCE(g) ≜ E (x,x+)∼Pcoor

(x
(1)
− ,x

(2)
− ,...,x

(K)
− )

i.i.d.∼ P

[
− log

eg(x,x+)/τ

eg(x,x+)/τ +
∑K

i=1 e
g(x,x

(i)
− )/τ

]
. (6.19)

The Bayes optimal solution is given by

eg(x,x+)/τ

eg(x,x+)/τ +
∑K

i=1 e
g(x,x

(i)
− )/τ

(6.20)

=
Pcoor(x+ | x)

∏
j P (x

(j)
− )

Pcoor(x+ | x)
∏

j P (x
(j)
− ) +

∑
i Pcoor(x

(i)
− | x)P (x+)

∏
j ̸=i P (x

(j)
− )

(6.21)

=
Pcoor(x+ | x)/P (x+)

Pcoor(x+ | x)/P (x+) +
∑

i Pcoor(x
(i)
− | x)/P (x(i)− )

. (6.22)

For τ = 1, this optima corresponds to g choices where

g(xa, xb) = log
Pcoor(xb | xa)

P (xb)
+ cX(xa) (6.23)

= KPMI(xa, xb) + cX(xa). (6.24)

For the general τ ̸= 1 case, we have g (and corresponding fX) recovers KPMI up to an
offset and a scale. Our main argument in Section 3.4 that fX recovers KPMI still holds.

6.6.2 Contrastive learners can represent KPMI exactly
under smoothness conditions

We want to express KPMI + C using some representation function fX : X → Rn so that

⟨fX(xa), fX(xb)⟩ = KPMI(xa, xb) + C, for some C. (6.25)
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For such an fX to exist, an equivalent criterion is that KPMI + C is positive semi-definite
(PSD), as can be seen from eigendecomposition.

Proposition 6.6.1. Suppose that the off-diagonal elements of KPMI are bounded within
[log ρmin, log ρmin + δ] ∈ (−∞, 0]. We have KPMI +C is positive semi-definite (PSD) for some
C if the joint distribution is sufficiently smooth:

Pcoor(zi | zi)
Pcoor(zi)

≥ eNδρmin, ∀i. (6.26)

Proof. Note that KPMI + C still only has non-positive off-diagonal elements if

−C ≥ log ρmin + δ. (6.27)

For such C, it is diagonally dominant (and thus PSD) if,

∀i, KPMI(zi, zi) + C ≥
∑
j ̸=i

|KPMI(zi, zj) + C| = −(N − 1)C −
∑
j ̸=i

KPMI(zi, zj), (6.28)

or equivalently,
∀i, NC +

∑
j

KPMI(zi, zj) ≥ 0. (6.29)

The following choice of C readily satisfies the above Equation (6.29):

C ≜ −min
i

1

N

∑
j

KPMI(zi, zj). (6.30)

Therefore, it remains to show that Equation (6.27) is true. Note that

−C ≜ min
i

1

N

∑
j

KPMI(zi, zj) ≥
N − 1

N
log ρmin +

1

N
(min

i
KPMI(zi, zi)). (6.31)

Therefore, it suffices to have

log ρmin + δ ≤ N − 1

N
log ρmin +

1

N
(min

i
KPMI(zi, zi)). (6.32)

Rearranging terms gives the desired condition
Pcoor(zi | zi)
Pcoor(zi)

≥ eNδρmin, ∀i. (6.33)

Remark 6.6.2. Proposition 6.6.1 is one example that a sufficiently smooth world or a sufficiently
high sampling rate allows the PMI kernel KPMI to be exactly represented as inner products of
a learned feature space (up to a scale). The condition here can be satisfied, for example, if the
off-diagonal terms decay linearly with respect to N and stay sufficiently close to each other.
While the condition is somewhat strict, it captures the essence that smoothness and continuity
allow easier learning. Nonetheless, we note that exact representation is not necessary for
convergence, and thus this requirement can likely be relaxed. Please see Section 3.6 for
discussions on practical settings.
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Chapter 7

Chapter 3 Appendix

7.1 Random matrix theory in finite models
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Figure 7.1: Theoretical and empirical singular-value distributions: We show that even on
finite matrices, the singular-value distribution matches that of the theoretical distribution. This
implies that deeper finite-width linear neural networks should have lower effective rank in practice.
The theoretical distribution uses an unnormalized probability distribution.

Random matrix theory makes an infinitely large random matrix assumption (square or
rectangular); one can think of them as infinitely wide neural networks. This infinitely
large matrix assumption is used to derive a deterministic spectral distribution (singular-
value distribution) of random matrices. In Figure 7.1, we show that the empirical spectral
distribution closely follows that of the theoretical distribution derived in (Pennington, S. S.
Schoenholz, and Ganguli 2017; Neuschel 2014). Even when using a very small weight matrix
of size W ∈ R32×32, and more so on larger weight matrices W ∈ R256×256, the singular values
are dominated by just a few values when increasing the number of layers.

In a similar light, we can also empirically observe the gram matrices’ spectral distribution.
As shown in Figure 7.2, we observed that gram matrices also exhibit almost the same trend
predicted by random matrix theory. It is natural to assume that the theory has no practical
meaning when the networks are trained, and the weight matrices are no longer random.
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(c) Kernel rank W ∈
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Figure 7.2: Singular value distribution of Gram matrices: Similar to the singular-value
distribution of the weights, the singular-value distribution of gram matrices also becomes sharper,
lower effective rank, with increased depth.

Hence we trained the models to convergence on least-squares objective and observed the
spectral distribution to maintain its depth-wise separation as observed during initialization.
These observations help reaffirm our conjecture and further motivate the potential usefulness
of random matrix theory in understanding the role of over-parameterization in deep networks.

7.2 Expanding a non-linear network

Reparameterize

Linear

ReLUF

Linear

ReLU

Linear

ReLU

Linear

BatchNorm

ReLU

Linear

ReLU

Linear Linear

Depth Residual BatchNormCardinality

Figure 7.3: Linear reparameteriza-
tion: For a model F , we can reparame-
terize any linear layer to another func-
tionally equivalent layer (shown in the
box below). In this work we mainly
explore reparameterization of depth.
Batch-norm and any other running-
statistics driven normalization layers are
linear only at test time.

A deep non-linear neural network with l layers is pa-
rameterized by a set of l weights W = {W1, . . . ,Wl}.
The output of the j-th layer is defined as ϕj =
ψ(fWj

(ϕj−1)), for some non-linear function ψ and
input feature ϕj−1. The initial feature map is the
input ϕ0 = x, and the output is the final feature
map y = ϕl. We can expand a model by depth
d by expanding all linear layers, i.e. redefining
fWj

→ fW d
j
◦ · · · ◦ fW 1

j
∀ j ∈ {1, ..., l}. We illus-

trate this in Figure 7.3. We describe this operation
for fully connected and convolutional layers.

Fully-connected layer A fully-connected layer is
parameterized by weight W ∈ Rm×n. One can over-
parameterize W as a series of linear operators defined
as
∏d

i=1Wi. For example, when d = 2, W → W2W1,
where W2 ∈ Rm×h and W1 ∈ Rh×n for some hidden
dimension h. The variable h is referred to as the
width of the expansion and can be arbitrarily chosen.
In our experiments, we choose h = n unless stated
otherwise. Note that h < min(m,n) would result in a
rank bottleneck and explicitly reduce the underlying
rank of the network.
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Convolutional layer A convolutional layer is parameterized by weight W ∈ Rm×n×k×k,
where m and n are the output and input channels, respectively, and k is the dimensionality
of the convolution kernel. For convenience, we over-parameterize by adding 1× 1 convolution
operations. Wd ∗ Wd−1 ∗ · · · ∗ W1, where Wd ∈ Rm×h×1×1, Wd−1, ...,W2 ∈ Rh×h×1×1 and
W1 ∈ Rh×n×k×k. Analogous to the fully-connected layer, we choose h = n to avoid rank
bottleneck.

The work by Golubeva, Neyshabur, and Gur-Ari (2021) explores the impact of width h.
Similar to their findings, we observed using the larger expansion width to slightly improve
performance. We use h = 2n for our ImageNet experiments.

7.3 Comparisons of rank measures and kernel distance
functions

Depth 1 Depth 2 Depth 4

Figure 7.4: Comparing rank-measures: Comparison between various pseudo-metrics of
rank when varying the number of layers. The threshold is set to τ = 0.01 for threshold rank.

The rank of a matrix – which defines the number of independent basis – in practice can often
be a sub-optimal measure. For deep learning, fluctuations in stochastic gradient descent and
numerical imprecision can easily introduce noise that causes a matrix to be full-rank. In
addition, simply counting the number of non-zero singular values may not indicate what we
care about in practice: the relative impact of the i-th basis compared to the j-th basis. In a
typical image classification setup, we observed that the norm of the matrix often increases
during training. This is highlighted by the nuclear norm in Figure 7.4. Coupled with
numerical imprecisions, we found that the weights of the matrix are often always full rank.

A rank measure closest to the true definition of rank would be thresholded-rank, where the
smallest singular values are thresholded after normalization (re-weighting the singular values
based on relative contribution). However, thresholded rank is very sensitive to the threshold
value one chooses (shown below); hence we used effective rank to avoid this issue.

Definition 7.3.1 (Effective rank). (Roy and Vetterli 2007)

For any matrix A ∈ Rm×n, the effective rank ρ is defined as the Shannon entropy of the
normalized singular values:

ρ(A) = −
min(n,m)∑

i=1

σ̄i log(σ̄i),

79



where σ̄i = σi/
∑

j σj are the normalized singular values such that
∑

i σ̄i = 1. It follows that
ρ(A) ≤ rank(A). This measure is also known as the spectral entropy.

The effective rank has been previously used as a surrogate measure for measuring the rank
of neural network weights ((Arora, Cohen, Hu, et al. 2019)). We now state other various
metrics that have been used as a pseudo-measure of matrix rank. One obvious alternative is
to use the original definition of rank after normalization:

Definition 7.3.2 (Threshold rank). For any matrix A ∈ Rm×n, the threshold rank τ -Rank
is the count of non-small singular values after normalization:

τ -Rank(A) =
min(n,m)∑

i=1

1[σ̄i ≥ τ ],

where 1 is the indicator function, and τ ∈ [0, 1) is the threshold value. σ̄i are the normalized
singular values defined above.

It is worth noting that not normalizing the singular values results in the numerical definition
of rank. As stated before, the threshold rank depends largely on the threshold value and
therefore a drastically different scalar representation of rank can emerge. Potentially, a better
usage of threshold rank is to measure the AUC when varying the threshold.

Related to the definition of the threshold rank, stable rank operates on the normalized
squared-singular values:

Definition 7.3.3 (Stable rank). (Vershynin 2018)

For any matrix, A ∈ Rm×n, the stable rank is defined as:

SRank(A) =
∥A∥2F
∥A∥2

=

∑
σ2
i

σ2
max

,

Where σi are the singular values of A.

Stable-rank provides the benefit of being efficient to approximate via the power iteration (Mises
and Pollaczek-Geiringer 1929). In general, stable-rank is a good proxy for measuring the
rank of the matrix and has been used in prior works such as (Nichani, Radhakrishnan,
and Uhler 2020). This is not necessarily true when the singular values have a long tail
distribution, which under-emphasizes the small singular values un-proportionately due to the
squared-operator. We observed that the largest singular values often get over exaggerated in
neural networks and hence we often found that SRrank converges to values close to 1, making
insightful observations impractical.

Lastly, the nuclear norm has been considered as the de facto measure of rank for the task of
matrix factorization/completion, with low nuclear-norm indicating that the matrix is low-rank:
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Definition 7.3.4 (Nuclear norm). For any matrix A ∈ Rm×n, the nuclear norm operator is
defined as:

∥A∥∗ = tr(
√
AAT ) =

min(n,m)∑
i

σi(A)

Where σi are the singular values of A.

Nuclear norm, however, has obvious flaws of being an un-normalized measure. The nuclear
norm is dictated by the magnitude of the singular values and not the ratios. Therefore, the
nuclear norm can be made arbitrarily large or small without changing the output distribution.

The comparisons of these metrics are illustrated in Figure 7.4 where effective rank has the
closest behavior to that of the thresholded rank. The metrics are computed on the end-to-end
weights throughout the training. We use linear over-parameterized models with various
depths on least-squares.

In Figure 7.5, we repeat our least-squares experiments from our main paper using thresholded
rank with various threshold values τ = {0.001, 0.005, 0.01}. We show that the effective rank
indeed correlates well with the thresholded rank. As stated above, we observe that the rank
drastically changes depending on the threshold value. We also run the same experiment on
varying task-ranks of 30, 16, and 4. Although all models span the same set of functions (same
effective weight dimensionality), the resulting generalization performance differs depending
on the depth of the model. In a high task-rank setting, the generalization error increases
with depth, while generalization error decreases with depth in a low task-rank setting. This
indicates the parameterization of the model determines the hypothesis space the model
explores during training, which aligns with our conjecture and our observations. This is
further highlighted in medium and low task-rank settings, where all models reach zero-training
error, yet the test-loss differs.

Kernel distance functions In our work we used cosine kernels to construct the Gram
matrices. Cosine kernels are normalized linear kernels and we found it to produce cleaner
results. Cosine kernels has been commonly used as distance function to measure similarity
between features (Zhang, Isola, Efros, et al. 2018). We further show in Figure 7.6 that Gram
matrices constructed with kernel distance functions such as linear kernels and correlation
kernels also exhibit the low-rank simplicity bias.
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Figure 7.5: Least-sqaures ablation: Least-squares experiment using both effective-rank and
thresholded rank measure. We run the experiments on various task-ranks 30, 16, 4. For thresholded
rank, we use various threshold values of τ = {0.001, 0.005, 0.01} and show that it correlates well
with effective rank. The thresholded rank has a downside of being sensitive to the threshold values,
and one has to subjectively tune the suitable threshold, making it a suboptimal choice. The figure
shows that depending on the rank of the task, the generalization performance depends on the depth.
When the task rank is high, shallower models perform better, and when the task rank is low, deeper
models perform better. This aligns with our observation that the model parameterization biases the
hypothesis search space in neural networks even if the models are effectively the same and span the
same set of functions.
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Figure 7.6: Kernel ablation: We ablate our least-squares experiments by using various kernel
distance functions. Cosine kernels are normalized version of linear kernels, and pearseon-correlation
kernels are another way of normalizing linear kernels. We can see that all kernels show the same
behavior.
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7.4 Singular value dynamics of weights

Unnormalized singular values Normalized singular values
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Figure 7.7: Dynamics per layer: The singular values of the individual weights during
CIFAR100 training. On the left we have the unnormalized singular values, and on the right the
distributions are scaled by the largest singular values. We uniformly subsample 24 singular
values for the visualization. The cross sections are provided to help visualize the distribution
at that specific epoch. The individual lines track the singular values σi over time.

In Figure 7.7, we visualize the singular values of the individual weights when training on
CIFAR100 image classification for the first 120 epochs. The cross-sections indicate the singular
value distribution at that specific epochs. For the over-parameterized model, the effective
rank is computed on the effective weight. On the left, we plot the unnormalized singular
values and observe that the norm of the singular values increases throughout training for
all layers except for the last classification layer in the over-parameterized model. When we
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Figure 7.8: Dynamics overlay: We overlay the singular values of the Conv4 weights. We
observed that the effective rank first rapidly decreases early on in the training and then
bounces back up slowly throughout the rest.

normalized the distribution by the largest singular value σ0 (right), we observed that the
distribution becomes sharper early in training but does not change much throughout.

To get a better sense of how the distribution evolves over time by overlaying the distribution
on top of each other. In Figure 7.8, we overlay the distribution on top of each other for
Conv4 weights and observed that the effective-rank first decays rapidly and then slightly
increases throughout the rest of the training. This dynamical behavior, to our knowledge,
is not explained in prior theoretical works and could highlight the dissonance between the
assumptions made in theory do not fully describe behaviors observed in practice.

7.5 Training details and model architecture

For Figure 2.1, we trained a ReLU network with input, output, and the hidden dimension
of 64; the larger the width, the more pronounced the effects seemed to be. We chose 64
due to the run time of these models. We train the model using SGD with a momentum of
0.9, and we do not use weight decay. We observed that very deep networks become very
sensitive to the learning rate. Therefore, we tuned the learning rate per model. For each
model we trained using the learning rates [1.0, 0.5, 0.2, 0.1, 0.05, 0.02, 0.01, 0.005, 0.002, 0.001]
and chose the best performing learning rate. A heuristics we found somewhat helpful is
setting the learning rate as η ∝ 1√

d
for some depth d. The weights are initialized using normal

distribution and linearly swept through the scale of the variance. We found the gain of
√
2,

the default gain of Kaiming initialization (He, Zhang, Ren, et al. 2016), to work the best. We
tried 5 different seeds for each task-rank and also 5 different initialization seed for the neural
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network and observed a consistent result. All models are trained for 24000 epochs as we
observed deeper models take a long time to converge. For shallower models, it is sufficient to
train them for roughly 1000 epochs. We also experimented with learning rate schedulers but
only helped a little. For all models, we step the learning rate by a factor of 10 at epoch 18000.
For all experiments rank(W ∗) = {1, 4, 16, 32, 64}, we use total of 128 training samples. Using
a different number of training samples results in similar observations. We experimented with
both SGD and GD and observed the same phenomena. For SGD, we used a mini-batch size
of 32. When the rank of the underlying function is high, we found that it required
significantly more fine-grained tuning of the hyper-parameters.

All models for image classification are trained using PyTorch (Paszke, Gross, Massa, et al.
2019) with RTX 2080Ti GPUs. We use stochastic gradient descent with a momentum of 0.9.
For CIFAR experiments, the initial learning rate is individually tuned (0.02 for most cases),
and we train the model for 180 epochs. We use a step learning rate scheduler at epoch 90
and 150, decreasing the learning rate by a factor of 10 each step. For all the models, we use
random-horizontal-flip and random-resize-crop for data augmentation.

The training details for ImageNet can be found in https://github.com/pytorch/examples/
blob/master/imagenet. When linearly over-parameterizing our models, we bound the variance
of the weights using Kaiming initialization (He, Zhang, Ren, et al. 2016), a scaled Normal
distribution. This allows us to have the same output variance, regardless of the number
of layers we over-parameterize our models by. We found this to be critical for stabilizing
our training. We also found it important to re-tune the weight decay for larger models on
ImageNet. The architecture used for the CIFAR experiments is:

CIFAR architecture

RGB image y ∈ R32×32×3

Convolution 3→ 64, MaxPool, ReLU

Convolution 64→ 128, MaxPool, ReLU

Convolution 128→ 256, MaxPool, ReLU

Convolution 256→ 512, ReLU

GlobalMaxPool

Fully-Connected 512→ 256, ReLU

Fully-Connected 256→ num classes

We tuned the learning rate per model as deeper models (8x expansion or more) become
sensitive to the initial learning rate. This was critical for the least-squares experiments but
not so much for CIFAR and ImageNet experiments (since we used up to 8x expansion). The
one hyper-parameter that we found that needed tuning was the weight decay in ImageNet
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classification. A typical 2x or 4x expansion does not require much tuning at all. The learning
rate scheduler was originally tuned to the baseline and was held fixed. The learning rate
decay for baselines with explicit regularizers was tuned.

For least-squares experiments, we were unable to achieve zero-training error for very deep
networks using various common optimization tricks. We argue that the parametric bias
of depth is the reason why these models are unable to overfit to high-rank data. While
it is certainly possible that an optimizer or optimization setting would allow us to reach
zero-training error, we were unable to find such a setting by sweeping across hyper-parameters
and common optimization techniques. Given an SGD optimizer, we tuned learning rates
({0.1, 0.05, 0.01, 0.005, 0.001}), momentum (({0.1, 0.5, 0.9, 0.99}), learning rate schedulers
(none, step, decay-on-plateau, cosine). We found the best set of hyperparameters that
minimizes the training loss is with momentum set to 0.9 and using decay-on-plateau scheduler.
For an over-parameterized linear network of depth 16, and underlying task rank set to 24, we
show that even with the best set of hyper-parameters, the training loss cannot be perfectly
minimized:
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Figure 7.9: Training error vs learning-rate: Training error with varying learning rates for
least-squares trained on a linear network with a depth of 24.

7.6 Differential effective rank

To analyze the effective rank as a function of the number of layers, we define a differential
variant of the effective rank. This formulation allows us to use the fact that the eigen/singular-
value spectrum assumes a probability distribution in the asymptotic case.

Definition 7.6.1 (Differential effective rank). For any matrix A ∈ Rm×n as min(m,n)→∞
the singular values assume a probability distribution p(σ). Then, we define the differential
effective rank ρ as:
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ρ(A) = −
∫ σmax

0

σ

c
log(

σ

c
)p(σ)dσ (7.1)

where p(σ) is the singular value density function and c =
∫ σmax

0
σp(σ)dσ is the normalization

constant.

7.7 Proof of Theorem 1

To prove Theorem 2.4.1, we leverage the findings from random matrix theory, where the
singular values assume a probability density function. Specifically, we use the density function
corresponding to the singular values of the matrix W composed of the product of L individual
matrices W = WL, . . . W1, where the components of the matrices W1 to WL are drawn
i.i.d from a Gaussian. Characterizing such density function is, in general intractable, or
otherwise very difficult. However, in the asymptotic case where dim(W ) → ∞ and W is
square, the density function admits the following concise closed-form (Eq. 13 of Pennington,
S. S. Schoenholz, and Ganguli (2017) derived from Neuschel (2014)):

p(σ(ϕ)) =
2

π

√
sin3(ϕ) sinL−2(Lϕ)

sinL−1((L+ 1)ϕ)
σ(ϕ) =

√
sinL+1((L+ 1)ϕ)

sin(ϕ) sinL(Lϕ)
, (7.2)

where σ denotes singular values (parameterized by ϕ ∈ [0, π
L+1

]) and p denotes the probability
density function of σ for σ ∈ [0, σmax], and σ2

max = L−L(L+1)L+1. The parametric probability
density function spans the whole singular value spectrum when sweeping the variable ϕ.

We are interested in computing the effective rank of W . Using the above density function,
we can write it in the form:

ρ(W ) = −
∫ σmax

0

σ

c
log(

σ

c
)p(σ) dσ , (7.3)

We now write this integral in terms of ϕ as the integration variable, such that we can leverage
the density function in Eqn. 7.2. Using the change of variable, we have:

ρ(W ;L) = −
∫ π

L+1

0

σ(ϕ)

c
log(

σ(ϕ)

c
)
(
− p(σ(ϕ))σ′(ϕ)

)
dϕ , (7.4)

where σ′(ϕ) = d
dϕ
σ(ϕ). Note that the integral limits [0, σmax] on σ respectively translate1 into

[ π
L+1

, 0] on ϕ, where,

−p(σ(ϕ))σ′(ϕ) =
1

2π

(
1 + L+ L2 − L(L+ 1) cos(2ϕ)− (L+ 1) cos(2Lϕ) + L cos(2(1 + L)ϕ)

)
csc2(Lϕ) .

1note that the direction of integration needs to flip (by multiplying by -1) to account for flip of the upper
and lower limits.
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In the following, we treat L as a continuous variable, and show that ρ(W ;L) is decreasing in
L. This is sufficient for proving ρ(W ;L) results in a decreasing sequence at integer values of
L.

As ρ(W ;L) is differentiable in L, ρ(W ;L) decreases in L if and only if dρ
dL

< 0. Since
integration and differentiation are w.r.t. different variables, they commute; we can first
compute the derivative of the integrand w.r.t. L and then integrate w.r.t. ϕ and show that
the result is negative.

With abuse of notation, we rewrite Eqn. 7.4 by making the dependency of functions on L
explicit.

ρ(W ;L) =

∫ π
L+1

0

σ(ϕ, L)

c(L)
log(

σ(ϕ, L)

c(L)
)p(σ(ϕ, L))σ′(ϕ, L) dϕ , (7.5)

where σ′( . , . ) denotes partial derivative of σ( . , . ) w.r.t. its first argument.

We now proceed with differentiating ρ w.r.t. L. Notice that, besides the integrand, the
integral limit depends on L as well. Thus can be handled using Leibniz integral rule for
differentiation, which yields,

∂ρ

∂L
=

(σ(ϕ, L)
c(L)

log(
σ(ϕ, L)

c(L)
)p(σ(ϕ, L))σ′(ϕ, L)

)
ϕ→ π

L+1

( ∂

∂L

π

L+ 1

)
(7.6)

+

∫ π
L+1

0

∂

∂L

(σ(ϕ, L)
c(L)

log(
σ(ϕ, L)

c(L)
)p(σ(ϕ, L))σ′(ϕ, L)

)
dϕ (7.7)

It is easy to verify that,

lim
ϕ→ π

L+1

σ(ϕ, L)

c(L)
log

(
σ(ϕ, L)

c(L)

)
= 0

lim
ϕ→ π

L+1

p(σ(ϕ, L))σ′(ϕ, L) =
(L+ 1)

(
L cos

(
2π
1+L

)
+ cos

(
2Lπ
1+L

)
− 1− L

)
csc2

(
Lπ
1+L

)
2π

(7.8)

Consequently, (σ(ϕ, L)
c(L)

log(
σ(ϕ, L)

c(L)
)p(σ(ϕ, L))σ′(ϕ, L)

)
ϕ→ π

L+1

= 0 . (7.9)

This allows us to drop the first term in ∂ρ
∂L

to express it more compactly as,

∂ρ

∂L
=

∫ π
L+1

0

∂

∂L

(σ(ϕ, L)
c(L)

log(
σ(ϕ, L)

c(L)
)p(σ(ϕ, L))σ′(ϕ, L)

)
dϕ . (7.10)

It is messy but straightforward to compute ∂
∂L

(
σ(ϕ,L)
c(L)

log(σ(ϕ,L)
c(L)

)p(σ(ϕ, L))σ′(ϕ, L)
)
. Integrat-

ing that w.r.t. ϕ from 0 to π
L+1

leads to a negative expression, thus ∂ρ
∂L

< 0.

The proof here considers the asymptotic case when dim(W )→∞. This limit case allowed us
to use the probability distribution of the singular values. Although we do not provide proof for
the finite case, our results demonstrate that it holds empirically in practice (see Figure 2.2).
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7.8 Extension to residual connections
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Figure 7.10: Residual connections: The effective rank of linear models trained with and without
residual connection on a low-rank least-squares problem. Contrary to feed-forward networks, residual
networks maintain the effective rank of the weights even when adding more layers. Residual networks
without batch-normalization suffer from unstable output variance after 16 layers.

This work concentrates our analysis on depth and its role in both linear and non-linear
networks. Yet, the ingredients that make up what we know as state-of-the-art models
today are more than just depth. From cardinality (Xie, Girshick, Dollár, et al. 2017) to
normalization (Ioffe and Szegedy 2015) and residual connections (He, Zhang, Ren, et al.
2016), numerous facets of parameterization have become a fundamental recipe for a successful
model (see Figure 7.3). Of these, residual connections have the closest relevance to our work.

What is it about residual connections that allow the model to scale arbitrarily in depth?
while vanilla feed-forward networks cannot? One possibility is that beyond a certain depth,
the rank of the solution space reduces so much that good solutions no longer exist. In other
words, the implicit rank-regularization of depth may take priority over the fit to training data.
Residual connections are essentially “skip connections” that can be expressed as W → W + I,
where I is the identity matrix (Dirac tensor for convolutions). There are two interpretations
of what these connections do: one is that identity preservation prevents the rank-collapse of
the solution space. The other interpretation is that residual connections reduce the effective
depth — the number of linear operators from the input to the output (e.g., ResNet50 and
ResNet101 have the same effective depth), which prevents rank-collapse of the solution space.
Results in Figure 7.10 confirm this intuition. ResNets, unlike linear networks, do not exhibit a
monotonic rank contracting behavior and the effective rank plateaus after 8 layers, regardless
of using batch-normalization or not. Furthermore, preliminary experiments on least-squares
using linear residual networks indicate that the effective rank of the solution space is also
bounded by the number of layers in the shortest and longest path from the inputs to the
outputs. A thorough study on the relationship between residual connections and rank is left
for future work.
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7.9 Least-squares learning dynamics

The learning dynamics of a linear network change when over-parameterized. Here, we derive
the effective update rule on least-squares using linear neural networks to provide motivation
on why they have differing update dynamics. For a single-layer linear network parameterized
by W , without bias, the update rule is:

W (t+1) ← W (t) − η∇W (t)L(W (t), x, y) (7.11)

= W (t) − η∇W (t)

1

2
(y −W (t)x)2 (7.12)

= W (t) − η(W (t)xxT − yxT ) (7.13)

Where η is the learning rate. Similarly, the update rule for the two-layer network y = Wex =
W2W1x can be written as:

W
(t+1)
1 ← W

(t)
1 − η(W (t)

2 )T (W (t)
e xxT − yxT ) (7.14)

W
(t+1)
2 ← W

(t)
2 − η(W (t)

e xxT − yxT )(W (t)
1 )T (7.15)

(7.16)

Using a short hand notation for ∇L(t) = W
(t)
e xxT − yxT , we can compute the effective update

rule for the two-layer network:

W (t+1)
e = W

(t+1)
2 W

(t+1)
1 (7.17)

= W (t)
e −

first order O(η)︷ ︸︸ ︷
η(W

(t)
2 W

(t)T
2 ∇L(t) +∇L(t)W

(t)T
1 W

(t)
1 )+

second order O(η2)︷ ︸︸ ︷
η2∇L(t)W (t)T

e ∇L(t) (7.18)

≈ W (t)
e − η(P2∇L(t) +∇L(t)P T

1 ) (7.19)

Where P (t)
i = W

(t)
i W

(t)T
i are the preconditioning matrices. The higher order terms can be

ignored if the step-size is chosen sufficiently small.

(General case) For a linear network with d-layer expansion, the update for layer 1 ≤ i ≤ d is:

W
(t+1)
i ← W

(t)
i − η

weights > i︷ ︸︸ ︷
(W

(t)
d · · ·W

(t)
i+1)

T

original gradient︷ ︸︸ ︷
(W (t)

e xxT − yxT )
weights < i︷ ︸︸ ︷

(W
(t)
i−1 · · ·W (t)

1 )T (7.20)
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DenotingWj:i = Wj · · ·Wi+1Wi for j > i, the effective update rule for the end-to-end matrix is:

W (t+1)
e =

∏
1<i<d

W
(t+1)
i =

∏
1<i<d

(Wi − ηW (t)T
d:i+1∇L(t)W T

i−1:1) (7.21)

= W (t)
e − η

∑
1<i<d

Wd:i+1W
T
d:i+1∇L(t)W T

i−1:1Wi−1:1 +O(η2) + · · ·+O(ηd) (7.22)

≈ W (t)
e − η

∑
1<i<d

Wd:i+1W
T
d:i+1︸ ︷︷ ︸

left precondition

∇L(t)︸ ︷︷ ︸
original gradient

W T
i−1:1Wi−1:1︸ ︷︷ ︸

right precondition

(7.23)

The update rule for the general case has a much more complicated interaction of variables.
For the edge i = 1 and i = p the left and right preconditioning matrix is an identity matrix
respectively.

7.10 Rank-landscape

We visualize the effective rank landscape of the effective weights in Figure 7.11 and Gram
matrices in Figure 7.12. We use single and two-layer linear networks for effective-rank
landscape. We use two-layer, and four-layer ReLU networks for the Gram matrix and are
constructed from 128 randomly sampled input data. For both methods, all the weights are
sampled from the same distribution. The landscape is constructed by moving along random
directions u, v. We observe that over-parameterized linear and non-linear models almost
always exhibit a lower-rank landscape than their shallower counterparts.

single-layer two-layer

Figure 7.11: Rank landscape: The landscape of the effective rank ρ of a linear function We

parameterized either by a single-layer network (We = W ) or a two-layer linear network (We = W2W1).
The visualization illustrates a simplicity bias of depth, where the two-layer model has relatively more
parameter volume mapping to lower rank We. Both models are initialized to the same end-to-end
weights We at the origin. Motivated by (Goodfellow, Vinyals, and Saxe 2014), the landscapes are
generated using 2 random parameter directions u, v to compute f(α, β) = ρ(W + α · u+ β · v) for
the single-layer model and f(α, β) = ρ((W2 +α · u2 + β · v2) · (W1 +α · u1 + β · v1)) for the two-layer
model (u = [u1, u2], v = [v1, v2]).
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two-layer four-layer

Figure 7.12: Kernel rank landscape: The landscape of the effective rank ρ computed on
the kernels constructed from random features.

7.11 Relationship between weight and embeddings
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Figure 7.13: Rank relation of kernel and weight: Each point represents randomly drawn
network. For each network, we compute the rank on the effective weight and also the linear kernel.
The kernel is constructed from the MNIST dataset. The rank of the kernels and weights have a linear
relationship.

We show that there is an almost one-to-one relationship between the effective rank of the
weights and the effective rank of the Gram matrices in deep linear models. The figure plots
this relationship for random deep linear networks applied to random subsets of the MNIST
dataset. Moreover, it becomes apparent that the number of layers dictates the rank of the
embedding as well as the weights.
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7.12 Noisy linear regression with least-squares

We extend our least-squares analysis under noisy observation to study the interaction between
noise and the low-rank bias of the deep networks. We consider the standard linear regression
with the least-squares objective with additive Gaussian noise:

Y = WX +N (0, σ · I) (7.24)

In noisy linear regression, even if the intrinsic dimensionality of W is low, the noise in the
observation makes the relation between X and Y appear as full-rank. We consider two
instantiations of noise injection, one in which the noise is sampled once (static) and another
in which noise is resampled every iteration (stochastic). While the training loss is noisy, the
test loss is computed on samples drawn from a noiseless system. In the presence of low-rank
bias, even under noisy observations, deeper networks should be biased toward finding a
low-rank solution. Hence, deeper networks should not overfit to the noise and result in better
generalization.

To test this hypothesis, we repeat the least-squares experiment under noisy observation
(see Figure 7.14). We set rank(W ) = 24, for W ∈ R32×32 and add varying levels of noise
σ ∈ {0.1, 0.3, 0.5} to the training labels. For all varying depths, we initialize the network
to the same distribution and train the network with SGD and a learning-rate scheduler
(decay-on-plateau). Note that the y-axis is scaled higher than the figures in the main paper
to ensure we use the same y-axis across different noise levels. For all noise levels, we observed
that deeper networks converge towards low-rank solutions, and we find that the sweet-spot
depth that yields the best test performance varies for each setting. The experiments yielded
a few surprising observations:

1. For static additive noise, the noise can be overfitted by the model. In this setting, we
observed that shallower networks perfectly overfit to the noise while deeper networks
cannot. Unlike the noiseless least squares, deeper networks resulted in better test
performance. The shallower networks find solutions that are much higher effective rank.
The observation implies that depth regularizes the model from overfitting to the noise.

2. For stochastic additive noise, the noise cannot be overfitted by the model. In this
setting, we observed that the deeper networks found an even lower effective rank solution
than the noiseless counterpart. Ultimately, while shallower networks perform worse
than their noise-less counterpart, the deeper networks perform on par or better. We
hypothesize that the stochasticity and simplicity bias leads to lower effective rank
solutions.

In both settings of noisy least-squares, we observed that the simplicity bias of depth still
persists. We observed that depth improves generalization performance by underfitting the
noise in the data. This may explain why deep networks generalize well under weak supervision
and corrupted labels. These observations further suggest that under noisy data, one should
increase the depth to mitigate overfitting to noise.
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(a) (reference) σ = 0
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(b) (static) σ = 0.1
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(c) (stochastic) σ = 0.1
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(d) (static) σ = 0.3
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(e) (stochastic) σ = 0.3
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(f) (static) σ = 0.5
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(g) (stochastic) σ = 0.5

Figure 7.14: Noisy least-squares: Experiments investigating how noise affects the simplicity bias
of depth.
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Chapter 8

Chapter 4 Appendix

8.1 Training details

Training details: We adhere to the standard training protocols. Below are the references:

Vision training code PyTorch TorchVision references
ViT implementation PyTorch TorchVision models
MLP-mixer implementations huggingface/pytorch-image-models
Quantization TimDettmers/bitsandbytes

We replace the fused linear layers with standard linear layers to use LoRA. LoRA is applied
across all linear layers. All experiments incorporate mixed-precision training. For nodes
equipped with 4 GPU devices, we implement gradient checkpointing. We used gradient
checkpointing for ViT-B and ViT-L.

Hardware: Our experiments were conducted using various NVIDIA GPUs, including V100
and Titan RTX.

Architecture details:

Architecture ViT-S ViT-B ViT-L

Patch-sizse 32 32 32
Attention blocks 12 12 24
Attention heads 6 12 16
Hidden dim 6 768 1024
MLP dim 1536 3072 4096

Total parameters 22.9M 88.2M 306.5M

Table 8.1: ViT architecture details.
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Architecture Mixer-T Mixer-S Mixer-B

Patch-sizs 32 32 32
Mixer blocks 6 8 12
Embed dim 384 512 768
MLP dim 1536 2048 3072

Total parameters 8.8M 19.1M 60.3M

Table 8.2: MLP-mixer architecture details

Architecture NanoGPT GPT2

Block-size 256 1024
Attention blocks 6 12
Attention heads 6 12
Hidden dim 384 768
MLP dim 1152 2304

Total parameters 10.7M 124.4M

Table 8.3: LLM GPT architecture details.

Dataset details:

Dataset CIFAR10 CIFAR100 STL10 CALTECH256 SUN397 ImageNet100 ImageNet1K

orig size 32× 32 32× 32 96× 96 Variable Variable Variable Variable
train size 224× 224 224× 224 224× 224 224× 224 224× 224 224× 224 224× 224
num cls 10 100 10 257 397 100 1, 000
num ims 60, 000 60, 000 13, 000 30, 607 108, 754 130K >1.2M

lr ηdefault 3 · 10−4 3 · 10−4 3 · 10−4 3 · 10−4 3 · 10−3 3 · 10−3 3 · 10−3

lr ηlte 2 · 10−5 2 · 10−5 2 · 10−5 2 · 10−5 5 · 10−6 3 · 10−5 3 · 10−5

Batch-size 1024 1024 1024 1024 1024 4096 8192

Table 8.4: Specifications for vision datasets. Most dataset images indicated as “variable size” are
larger than the training image size. We provide training configuration used for ViT. For MLP-Mixer
on ImageNet100, we use a learning rate of 0.001 for full-model pre-training and 1 · 10−4 for LTE,
both with a batch size of 4096.

Dataset Shakespeare TinyStories

Total number of tokens 1.0M 474.0M
Tokenizer size 65 50304

Learning-rate ηdefault 1 · 10−3 6 · 10−4

Learning-rate ηlte 2 · 10−6 5 · 10−5

Batch-size 512 512
Block-size 256 1024

Table 8.5: Specifications for LLM datasets and hyper-parameters used for miniGPT on Shakespeare
and GPT2 on Tinystories.

LTE Optimization Details: We use α = 4096 ∼ 8192, which is s = 128 ∼ 256 when
r = 32 and s = 64 ∼ 128 when r = 64. A good rule of thumb for the learning rate is to set it
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at approximately 0.1 ∼ 0.05× the standard model training learning rate. We use the same
learning rate scheduler as the standard pre-training, which is cosine learning-rate decay with
linear warmup.

LTE Batching Detail: We use a fixed cumulative batch size for LTE. This means that
given a batch size B with N LoRA heads, each head receives a batch size of [B/N ]. When
counting the training iterations, we count B and not [B/N ]. Counting using [B/N ] would
significantly inflate our numbers, but in the federated learning community, it is referred
to as “synchronization steps”. LTE training epochs were set to 4× the cumulative batch
size, and we exited early when we matched the performance of full-model training. For
smaller datasets, our method seemed to consistently outperform the baseline, likely due to
the regularization properties of rank and over-parameterization.

LTE Implementation Details: We implemented LTE using Parameter Server, model-
parallelism, and DDP. Parameter server is theoretically more beneficial for our method, we
conducted most of our development using DMP and DDP as it does not require rewriting
communication logic. We utilize ‘torch.vmap’ and simulate multiple devices on the same
GPU, and share computation of the main parameters to reduce run-time.

LTE for Convolution, Affine, and Embedding Layers: Specific choices for all these
layers did not impact the final performance significantly, but we detail the choices we made
below.

For convolution layers, we use the over-parameterization trick in (Huh, Mobahi, Zhang, et al.
2023), which uses 1 × 1 for the second layer. Since convolution layers are typically used
at most once in the models we tested, we did not explore beyond this parameterization.
However, other potential choices exist for low-rank parameterization of convolution layers,
such as channel-wise convolution and separable convolutions.

There is no notion of low-rank decomposition for affine parameters used in normalization
layers. We tried various strategies to train and communicate these parameters. For affine
parameters, we tried: (1) LoRA-style vector-vector parameterization a,b, (2) LoRA-style
vector-scalar parameterization A = a, b, (3) DDP-style averaging, and (4) removing affine
parameters. Removing affine parameters improved both baseline and LTE for classification.

Lastly, we found that using the standard averaging technique or allowing only one model to
train the embedding layer worked best for the embedding layer. We chose to use standard
averaging at the same iteration as the rest of the LoRA layers.

8.2 Getting exact equivalence

The exact equivalence condition for LTE and MHLoRA is achieved when the LoRA parameters
are not reset. Empirically, this does lead to slightly better model performance but requires a
more involved calculation. We posit that the slight improvement comes from the fact that we
do not have to re-learn the LoRA parameters and ensure the optimizer state is consistent
with respect to its parameters. We provide the exact equivalence below.
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Denote t as the synchronization steps, τ as the local optimization step:

optimize
B0,A0,...BN ,AN

Wx+
s

N

N∑
i=1

B
(t,τ)
i A

(t,τ)
i x

To match the gradient dynamics exactly, one needs to merge all LoRA and subtract the
contribution of its weight after the merge. Denote V as the previous LoRA parameter
contribution and is set to 0. Then, the LTE optimization with the correction term is:

(For each Bi,Ai optimize for τ steps)

W(t)x− sV(t)
i x+ sB

(t,0)
i A

(t,0)
i x

(Merge all Bi,Ai)

W(t+1) = W(t) +
s

N

N∑
i=1

(
B

(t,τ)
i A

(t,τ)
i −V

(t)
i

)
(Update Vi)

V
(t+1)
i = B

(t,τ)
i A

(t,τ)
i

(Use same parameters)

B
(t+1,0)
i ,A

(t+1,0)
i = B

(t,τ)
i ,A

(t,τ)
i

Where the equivalence to multi-head LoRA holds when τ = 1. Note that the subtracting of
the previous contribution can be absorbed into the weight (W(t) − sV(t)

i )x.

8.3 Merge with least-squares
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Figure 8.1: Least-squares with LoRA: Linear models parameterized with LoRA with varying
target rank. Least-squares with R32×32, with target rank of 32 (right) and 8 (left). LoRA is
parameterized with rank r = 4. With merging, the model can recover the solution, with convergence
scaling with merge frequencies.
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We train a linear network, parameterized with LoRA, on least-squares regression. Here, we
artificially constructed the problem to control for the underlying rank of the solution W∗. We
then constructed a dataset by randomly generating Y = X(W∗)T. Where for each element
x ∈ X is drawn from a normal distribution x ∼ N (0, I).

Figure 8.1 visualizes the model’s ability to recover the underlying ground-truth solution
across various merge iterations T . Here, the optimal solution W∗ is set to be full rank where
m = n = 32. We employ a naive re-initialization strategy of initializing A with a uniform
distribution scaled by the fan-out.

Without merging the LoRA parameters, the model’s performance rapidly plateaus. In
contrast, models trained with merges can eventually recover the full-rank solution, with the
recovery rate of the solution scaling with the merging frequency.

8.4 Ablation
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Figure 8.2: Ablation: These models were trained using ViT-S with 8 heads with rank r = 16.
(Left) different initialization scheme. (Middle) resetting A. (Right) resetting optimizer
states for both A and B.

We conducted an ablation study focusing on initialization, resetting of LoRA A, and resetting
the optimizer for the LoRA parameters. All ablation studies presented here were conducted
with an LTE with rank r = 16, 8 heads using ViT-S on ImageNet100.

Kaiming initialization serves as the default scheme for LoRA. The conventional Kaiming
initialization is tailored for square matrices and depends solely on the input dimension.
Given that LoRA parameters often manifest as wide matrices, we experimented with various
initialization schemes. Xavier initialization ((Glorot and Bengio 2010)) preserves the variance
relationship of a linear layer for rectangular matrices. Bernstein et al. ((Bernstein, Mingard,
Huang, et al. 2023)) employ semi-orthogonal initialization to maintain the spectral norm of
the input. As depicted in Figure 8.2a, the method by Bernstein et al. proved most effective.
It should be noted that none of these initialization methods assume residual connection or
zero-ed out LoRA parameters. Hence, further tuning of the gain parameters might be needed.

When resetting the LoRA parameters, we investigated the impact of re-initializing the matrix
A as well as its optimizer. As shown in Figure 8.2b, we found that resetting matrix A adversely
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affects model performance, possibly due to the necessity of re-learning the representation at
each iteration and discarding the momentum states. In Figure 8.2c, we also experimented
with retaining the LoRA parameters while resetting the optimizer state for those parameters.
Similarly, we found that resetting the optimizer state diminishes performance.

8.5 Grassman distance of LoRA heads

Motivated by (Hu, shen, Wallis, et al. 2022), we measure the Grassman distance of the LoRA
heads to measure sub-space similarity between the optimized sub-spaces. Grassman distance
measures the distance of k-dimensional subspace in a n-dimensional space. The distance is
defined as:

Grassman distance Given subspaces U and V , and given the singular values UTV =
XΣY T , where Σ is a diagonal matrix with singular values σi. The principal angles θi
between U and V are given by θi = cos−1(σi). Then the Grassmann distance dGrassman(U, V )
is then defined as:

dGrassman(U, V, k) =

(
k∑

i=1

θ2i

) 1
2

Where k is the number of principal angles, the dimension of the smaller subspace.

For LoRA, the number of principal components is spanned by the LoRA rank r; therefore,
we set k = r. When the LoRA parameters span the same sub-space, they have a Grassman
distance of 0. The pairwise Grassman distance is measured by:

1

2N

∑
(i,j)∈[1,N ]∧i ̸=j

dGrassman(f⊥(BiAi), f⊥(BjAj), r) (8.1)

Where f⊥(·) computes the orthogonal basis by computing the input matrix’s left singular
vectors.

8.6 Training curve on ImageNet1k

We plot the test curves in Figure 8.3 for both standard and LTE training on ImageNet-1K.
Both models were trained using a cosine learning rate scheduler. We found that training LTE
for 300 epochs performed roughly 5% worse. Hence, we repeated the experiment by setting
the training epoch to 600. The final performance was matched at around 420 epochs. For
LTE, we doubled the batch size to 8192 (see Appendix 8.7). We found that LTE benefits
from larger cumulative batch size and does not require as intensive of data augmentation as
standard training, likely due to implicit regularization induced by low-rank parameterization
and stale updates. The baseline did not improve when using a bigger batch size. In simpler
tasks, using bigger-batches did not perform better.
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Figure 8.3: ImageNet1k test curve

Early in the training phase, the baseline outperformed LTE, but this trend was quickly
reversed after the first initial epochs. LTE approached its final performance quite rapidly.
However, LTE fell short compared to the standard training duration by 300 epochs, and an
additional 120 epochs were required to reach the same test accuracy. Unlike LTE, we found
that standard training benefited significantly more from the learning-rate scheduler, possibly
hinting that the gradient noise and stale parameter estimates overpower the signal-to-noise
ratio. We observed this trend across all ViT sizes.

A few ways to mitigate the slow convergence include synchronizing the mini-batches or the
LoRA parameters as the model is trained; we leave such investigation for future works. The
baseline was trained with a weight-decay of 0.01, resulting in slow convergence but better
final performance – standard optimization does exhibit faster convergence if the weight-decay
is removed. Training the baseline for longer, 600 epochs, did not achieve better performance.

8.7 Effect of batch-size on ImageNet1k
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Figure 8.4: ImageNet1k with doubled accumulative batch-size

Utilizing larger batch sizes is beneficial for maximizing FLOP efficiency. However, when
evaluated in terms of samples seen, larger batch sizes are known to underperform (Masters
and Luschi 2018). Given that LTE introduces more noise, we hypothesized that a reduced
learning rate could be adversely affected by both gradient noise and estimate noise from
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using merges. In Figure 8.4, we experimented with increasing the batch size and observed a
moderate improvement of 3% with bigger batches.

8.8 Rank of the model in pre-training
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Figure 8.5: Rank dynamics of ViT for standard training and LTE. Rank is measured
using effective rank. We track the rank of the weights and update to the main weight
throughout training.

We measure the effective rank (Roy and Vetterli 2007) of standard training and LTE
throughout training.

(Definition) Effective rank (spectral rank) For any matrix A ∈ Rm×n, the effective
rank ρ is defined as the Shannon entropy of the normalized singular values:

ρ(A) = exp

−min(n,m)∑
i=1

σ̄i log(σ̄i)

 ,

where σ̄i = σi/
∑

j σj are normalized singular values, such that
∑

i σ̄i = 1.

The rank of the updates for standard training is the gradients, and LTE is ∇WL and
s
N

∑
n BnAn respectively. In the context of standard training, the rank of the weights exhibits

only a minor decrease throughout the optimization process. Conversely, the rank of the
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gradient monotonically increases following the initial epochs. This observation provides
empirical evidence that approximating the updates with a single LoRA head is not feasible.
Despite its markedly different dynamics, LTE can represent full-rank updates throughout the
training period. This may also be useful for designing how many LoRA heads to use with
LTE, where the number of LoRA heads can start with one and slowly annealed to match the
maximum rank of the weights.

8.9 Is scaling s the same as scaling the learning rate?

There is a misconception that the scalar s only acts as a way to tune the learning rate in
these updates. Focusing on the update for B (same analysis holds for A), we can write out
the gradient as:

g(B) =
∂L
∂B

= s
∂L
∂zout

(Azin)
T = sḡt (8.2)

If we were using stochastic gradient descent, we would expect s to behave like a linear scaling
on the learning rate:

∆(B) = −ηsḡ (8.3)

Where we denoted ḡ as the component of the gradient with s factored out. We now show
that s does not linearly scale the learning rate for Adam (this analysis can be extended
to scale-invariant optimizers). Adam is a function of the first-order momentum mt and
second-order momentum vt. One can factor out s from the momentum term: mt = sm̂t =
sβ1m̂t−1 + (1− β1)ĝt and vt = s2v̂t = s2β1v̂t−1 + (1− β1)ĝ2t . Incorporating the gradient into
the update rule, we see that the adaptive update does not depend linearly on s:

∆(B) = −η mt√
vt + ϵ

= −η sm̂t√
s2v̂t + ϵ

= −η m̂t√
v̂t + ϵ

(8.4)

However, ĝt is not invariant to s. Therefore, while s is not the same as the learning rate, it
will impact the downward gradient ∂L(...,s)

∂zout
. We will discuss this in the next subsection. It

is worth noting that s quadratically impacts the attention map and may require a separate
scaling factor as opposed between MLP layers and attention layers. Consider a batched input
X with the output of a linear as X̂ = WX+ sBAX = WX+ sD. Then, the un-normalized
attention map is dominated by the LoRA parameters:(

WQX̂
)(

WKX̂
)T

= WQ (WX+ sD)
(
XTWT + sDT

)
WT

K (8.5)

= · · ·+ s2WQDDTWT
K (8.6)

Unlike learning rate, scaling s affects both the forward and backward dynamics. Large
s emphasizes the contribution of the LoRA parameters, which may explain why we have
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observed better performance when using larger s for pre-training. It is possible that using a
scheduler for s could further speed up training or even better understand how to fuse s into
the optimizer or A; we leave this for future work. Next, we dive into the effect of s on ḡt.

8.10 The effective update rule for LoRA is different from
standard update

Effective update of LoRA. Let W be the original weight of the model, and denote
g(W) = g as the gradient of the parameter. Let Ŵ = W+ sBA be the effective weight of
the LoRA parameterization, and g(Ŵ) = ĝ be its corresponding effective gradient. Then,
the LoRA parameterization is related to the gradient of the standard parameterization by

ĝ = s
(
BBTg − gATA

)
− s2η

(
g (BA)T g

)
(8.7)

When s is small, we can safely discard the second term as it will scale quadratically with
learning rate ηĝ. However, when s is large, the contribution of the second term becomes
non-negligible. This term can be interpreted as the alignment of the LoRA parameters, and
taking a step in this direction encourages B and A to be spectrally aligned. The increased
contribution of the LoRA parameters and the alignment induced by larger s may explain our
observation that higher s leads to better performance. It’s important to note that with a
learning rate scheduler, the contribution of the second term would decay to zero.

8.11 Derivation

Over-parameterization or linear re-parameterization, in general, has a non-trivial effect on
the optimization dynamics. Here, we analyze the update of the effective weight to point out
a rather surprising interaction between s and η. Consider a standard update rule for SGD
for zin ∈ Rn×1, and zout ∈ Rm×1 and W ∈ Rm×n:

g(W) =
∂L
∂W

=
∂L
∂zout

∂zout
∂W

=
∂L
∂zout

zTin (8.8)

We will denote g(W) = g from now on for clarity. For standard LoRA with parameters
Ŵ = W + sBA, where B ∈ Rm×r, A ∈ Rr×n, the update rule on the effective weight is:

Ŵ←W + s

(
B− η ∂L

∂B

)(
A− η ∂L

∂A

)
(8.9)

= W + sBA− sη
((

B
∂L
∂A
−A

∂L
∂B

)
+ η

∂L
∂B

∂L
∂A

)
(8.10)
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We denote g(Ŵ) as ĝ. With the resulting effective update being:

ĝ =

(
B
∂L
∂A
− ∂L
∂B

A

)
− η ∂L

∂B

∂L
∂A

(8.11)

Computing the derivative for each variable introduces the dependency on s.

∂L
∂B

=
∂L
∂zout

∂zout
∂zres

∂zres
∂B

= s
∂L
∂zout

(Azin)
T (8.12)

∂L
∂A

=
∂L
∂zout

∂zout
∂zres

∂zres
∂A

= sBT ∂L
∂zout

zTin (8.13)

Plugging it back in, we have

ĝ =

(
B

(
sBT ∂L

∂zout
zTin

)
−
(
s
∂L
∂zout

(Azin)
T

))
A− η

(
s
∂L
∂zout

(Azin)
T

)(
sBT ∂L

∂zout
zTin

)
(8.14)

= s

(
∂L
∂zout

zTinA
TA−BBT ∂L

∂zout
zTin

)
− s2η

(
∂L
∂zout

zTinA
TBT ∂L

∂zout
zTin

)
(8.15)

= s
(
BBTg − gATA

)
− s2η

(
gATBTg

)
(8.16)

When s is small, both terms exist. When s is large, the second term dominates. Since the
last term is quadratic with g, one can safely ignore the second term when the learning rate is
sufficiently small. Similarly, when using a learning rate scheduler, the contribution of the
second term would decay to zero. The second term can be interpreted as an alignment loss
where the gradient moves in the direction that aligns LoRA parameters.

8.12 Method illustrations

In our illustrations, we detail the distinctions between our method and other common
strategies. Distributed Data-Parallel (DDP) synchronizes the model at every iteration,
with only the gradients being communicated between devices. This necessitates model
synchronization across devices every iteration. Therefore, if there’s a significant delay in
synchronization due to slow interconnect speeds or large model sizes, synchronization becomes
a bottleneck. One way to mitigate this is through local optimization, often referred to as
local steps or local SGD in federated learning. Here, instead of communicating gradients,
model weights are shared. Local steps are known to converge on expectation, but they still
require communicating the full model, which is loaded in half or full precision, which will
quickly become infeasible in 1B+ size models.

Our proposed method addresses both communication and memory issues by utilizing LoRA.
Each device loads a unique set of LoRA parameters, and these parameters are updated
locally. As discussed in our work, this enabled efficient exploration of full-rank updates. We
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communicate only the LoRA parameters, which can be set to be the order of magnitude
smaller than the original model’s size. Our approach balances single-contiguous memory use
with the ability to utilize more devices. The aim is to enable the training of large models
using low-memory devices.
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Figure 8.6: Method illustration: Comparisons between distributed learning methods to
our method.

8.13 Additional results

In all of our experiments, we present two distinct curves for analysis: one that represents the
total training data observed across all devices and another that shows the training samples or
tokens seen per device. We use LTE with T = 1 for all experiments below, which is equivalent
to the Multihead-LoRA optimization.

8.14 Vision Image Classification

We conduct additional experiments on CIFAR10 (Krizhevsky, Hinton, et al. 2009), CI-
FAR100 (Krizhevsky, Hinton, et al. 2009), STL10 (Coates, Ng, and Lee 2011), Cal-
tech256 (Griffin, Holub, and Perona 2007), and SUN397 (Xiao, Ehinger, Hays, et al. 2016).
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For these tests, we re-tuned all baseline learning rates. Detailed information about these
datasets is available in Appendix 8.1. For LTE, we use ranks of r = 64 and N = 32 heads.
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Figure 8.7: Additional results on various image classification datasets using ViT-S

8.15 Scaling up ViT model size

We train larger variants of the Vision Transformer (ViT) model. Details on these architectures
are provided in Appendix 8.1. Across all sizes, our results remained consistent, and for ViT-L,
we used a rank of r = 128.

8.16 LTE on MLP-Mixer

To evaluate the generalizability of our method to non-Transformer-based architectures, we
train MLP-Mixer (Tolstikhin, Houlsby, Kolesnikov, et al. 2021) using LTE. The specific
details of the architecture used in datasets are listed in Appendix 8.1. Our findings are
consistent results across different scales of the MLP-Mixer. For Mixer-B, we use a rank of
r = 128.

8.17 Language Modeling

We also apply our method to language modeling. For these experiments, we utilized the
nanoGPT codebase (Karpathy 2023). Detailed information about the architectures and
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Figure 8.8: ImageNet100 classification on varying ViT scale
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Figure 8.9: ImageNet100 classification on MLP-Mixer of varying scale
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datasets employed can be found in Appendix 8.1. Shakespeare’s dataset was trained using
MiniGPT (Karpathy 2023), while TinyStories (Eldan and Li 2023) was trained on GPT2 (Rad-
ford, Wu, Child, et al. 2019). For Shakespeare, we used a configuration with rank r = 16 and
N = 32 heads, and for TinyStories, we employed rank r = 64 and N = 32 heads. Consistent
results were observed across all sizes. We observed on simple and small datasets that LTE
has a beneficial regularization effect, reducing overfitting. Note: We did not increase the
training duration for these experiments and used fixed cumulative training samples.
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Figure 8.10: Additional LLM results on Shakespeare and TinyStories using GPT2

8.18 Implementation details

We discuss a few of the implementation details we found necessary for improving the
convergence speed and the performance of our method. Full training details and the supporting
experiments can be found in Appendix 8.

Not resetting matrix A and optimizer states We investigate whether the matrices An

would converge to the same sub-space during training. If so, it would necessitate resetting of
matrices An or the use of a regularizer. In Figure 4.7, we did not observe this to be the case.
We observed the orthogonality of A to remain consistent throughout training, and we found
it to perform better without resets. We posit that re-learning matrix A and re-accumulating
the optimizer state ends up wasting optimization steps. The comparison figures can be found
in Appendix 8.4 and a more detailed discussion in Section 4.3.2.

Scaling up s and lowering learning rate η

It is a common misconception that scaling s has the same effect as tuning the learning rate
η. During our experimentation, we were unable to yield comparable performance when using
the standard value of s (in the range of 1 ∼ 4). Instead, we found using a large value of s and
a slightly lower learning rate η to work the best. The standard practice is to set the scaling
proportionately to the rank of the LoRA s = α/r. This is done to automatically adjust for
the rank (Hu, shen, Wallis, et al. 2022). We use α = 4096 (s = 64) and a learning rate of
η = 2 · 10−4. It is worth noting that the learning rate does not scale linearly with s, and
the scalar only affects the forward computation (Appendix 8.9). The scalar s modifies the
contribution of the LoRA parameters in the forward pass which has a non-trivial implication
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on the effective gradient. Moreover, in Appendix 8.10, we provide the effective update rule
of LoRA updates and observe the emergence of the term s that scales quadratically with
the alignment of B and A. Since s is large relative to the learning rate, it may have a
non-negligible effect on the dynamics.

Initialization of LoRA plays a pivotal role in pre-training. Kaiming initialization used in the
original work (Hu, shen, Wallis, et al. 2022) – are not well-suited for rectangular matrices as
discussed in (Bernstein, Mingard, Huang, et al. 2023; Yang, Yu, Zhu, et al. 2024). Given that
LoRA parameterization often leads to wide matrices, alternative methods from (Bernstein,
Mingard, Huang, et al. 2023) and (Glorot and Bengio 2010) resulted in better empirical
performance.

We use the initialization scheme prescribed in (Bernstein, Mingard, Huang, et al. 2023)
that utilizes a semi-orthogonal matrix scaled by

√
dout/din. Note that these methods were

originally designed for standard feed-forward models. Whereas LoRA operates under the
assumption that matrix B is zero-initialized with a residual connection. This aspect warrants
further study for exact gain calculations. Our ablation studies, in Appendix 8.4, indicate the
best performance with (Bernstein, Mingard, Huang, et al. 2023), with Kaiming and Xavier
initializations performing similar. In ImageNet-1k, we found the performance gap to be more
evident.
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