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ABSTRACT

A study of the effect of centrifugal force acting on the turbulent
boundary layer of a blade in a turbo-machine is presented. The study in-
cludes experimentsl work conducted in an apparatus featuring an annular
cascade of compressor blades, designed to simulste the flow in a compressor.

This is a case of three-dimensional turbulent boundary layer flow and
the obJects of the study were to find the magnitude of the cross-flow and
gain a better understanding of the skewed boundary layers.

It is found that the cross-flow which develops in the boundary layer
is small with velocities of the order of 1/10 of the through-flow velo-
cities.

The study further resulted in the development of a model of skewed,
turbulent velocity-profiles, involving two "universal' analytical func-
tions and four parameters. This model has been used with success to des-
cribe the measured velocity-profiles.

The use of the model and the general result that the cross-flow is
small has made it possible to find solutions to the boundary layer integ-
ral equations written in a "streamline" coordinate system. Application
of the calculation method for the experimental data has been made success-
fully.

A loss parameter is defined and an extension to include the cross-
flow losses is suggested.
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1. GENERAL CONSIDERATIONS

1.1 Introduction

The effect of centrifugal force acting on the boundary layer of “a blade
in a turbomachine has not received very much attention in the literature.
Some work has been done theoretically, assuming the boundary layer to be
leminar (Refs. 1-4), but there seems to be a complete lack of experimental
data. As we expect the boundary layer to be turbulent over the main por-
tion of the blades, it was decided that an experimental and theoretical in-
vestigation of the turbulent case should be performed in the Gas Turbine Lab-
oratory, with the main goal of finding the magnitude of the cross-flow on
the blades. The need for such an experiment was also emphasized by sever-
al investigations of losses in annular cascades, where large amounts of ra-
dial flow seemed to have occurred (Ref. 5-6).

The effect we are looking for is naturally most pronounced on a ro-
tating blade and in the initial period of the project such an experiment
was discussed. As we, however, could expect great difficulty in making
boundary layer traverses on a rotating blade we decided to make the measure-
ments in a stationary annular cascade with a centrifugal pressure gradient
aloﬁg the radial direction, while the rotating case would be attacked theor-
etically. As the mechanism of the cross-flow is basically that of a pres-
sure gradient acting perpendicular to the streamlines, it 1s expected that
if the equations of motion give a satisfactory solution of the non-zrotating

case, they will also be satisfactory for the rotating case.

1.2 Restrictions on the Problem

The flow to be investigated will be:
a) typical of that in & compressor
b) turbulent

¢) incompressible
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d) over a surface with radius of curvature large compared with
the boundary layer thickness

e) steady

The choice of a compressor cascade is dictated by the need for getting
a reasonably thick turbulent boundary layer while still having the required
centrifugal effect in such a configuration.

Due to the complexity of the turbulent flow it is not at present pos-
sible to perform an exact analysis of the turbulent boundary layer equations.
Therefore, Jjust as is done for the two-dimensional boundary layer, comput-
ational methods must be based on momentum integral methods and empirical
knowledge of the boundary layer gained by experiment. Thus, we will treat
the problem by momentum integral methods together with a model of the flow,
based on experiment.

For the flow-model we naturally will use the information which already
is available in the literature (Refs. 7-25) but due to the earlier mentioned
lack of experimental work on the present particular configuration it is felt
that the experiments presented in Part 2 of this paper will fill s signif-
icant gap in our present knowledge of three-dimensional boundary layers and

will serve as a check on the adequacy of the mathematical model.

1.3 The Boundary Layer Integral Equations

In this section we will outline the derivation of the equations and
give the resulting equations. The detailed derivation is shown in Appendix
A.

Working with the Navier-Stokes equation in vector form we transform
them to a coordinate system rotating with a constant angular velocity &J .
This coordinate system is shown in Figure 1 as X, Y, Z. From here we trans-
form the equations to a streamline coordinate system x - y - z, also shown

in Figure 1, using the transformations shown in Figure 2. This coordinate
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system has its x-axis along a streamline just outside the boundary layer,
z-axis perpendicular to the surface and y-axis perpendicular to both x
and 2z axes in order to comprise an orthogonal system. We now introduce
the regular boundary layer assumptions in the equations plus the assumption
that the radius of curvature of the surface is large compared to the bound-
ary layer thickness. The streamline coordinate system is, however, not or-
thogonal unless we write the equations for the special case of Yy = 0, which
means that we always make the calculations following one streamline at a
time. This, however, is not a severe limitation and is certainly justified
for use with the boundary layer equations.

The next thing we do is to integrate the momentum equetions in stream-
and-cross-directions, plus the momentum equation in stream-direction multi-
plied with u to get the momentum-and-energy-integral equations. The usual
definitions of the integrated quantities of the boundary layer are used and

are shown below in our notation.

_ 1 (e _
S, = gJwu u)dz d, . vz
o ) 1 2
S = 12 /u(U uldz Oy =152 /v oz N

5

| ° = *H o°
5, = —U—OS/aaCUz—uz)dz J:, = —63/v(Uz-u7 oz

here =z is the distance from the wall; U is the magnitude of the velocity
vector in the main flow at the point in question; u and v are components
of the velocity-vector in the boundary layer and are parallel and perpendic-
uwlar to the main flow streamline. It should be noted that all of the inte-

grated quantities are not independent, but it may be seen from the defin-

itions (1.3-1) that

é'y*—- @,(3 = Oyx (1.3-2)



ol
With these definitions the integral equations become:

Momentum-integral equations

26, Wt oo\ 13U V20 VL oy 21T €
oK +ﬁ%"*z§gf<{4*2€y) /ﬁ'%‘m)@ 26+ Uij@»* g Y=g ()

Jge
NG 2 +6,(% %Qm)-m(q;oﬁ’)-%@cgi%fmoc (1.3-3b)

where m = ng is the streamline curvature as defined in Figure 2; &J is

the component of the angular velocity J perpendicular to the surface;
Tox

Ce = J-_-EU-—Z— is the skin-friction coefficient; V 1is the component of the
main Zflow velocity vector perpendicular to a main-flow streamline and par-
allel to fhe y-direction. From the choice of the coordinate system this

velocity-component is zero, however, the derivative g-; is not ze:éo 3 ‘but

is related to the streamline divergence or convergence as can be seen in

the following figure.

A J streamline (2)
Uz,

/ -=‘—‘y:ﬁ'7——_"_—— streamline (1)
/,.——"“ K I

—= X
If we, for cimplicity, assume U, = U, we have
-\-}1 -\72 ~ é_I_/ - U AK
%-Y2 ay sy
and if AK is positive the stresmlines are diverging while they are con-

Ay
verging for negative AK,
oy

The magnitude of the different terms in the momentum equations has been
found from the experimental date presented in Part 2. The following table
shows the typical magnitudes of the terms. The notation of the position is
demonstrated in the following example:

50 - 70 - S
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The first group, 50, gives the chord-position in percent of chord-

length, starting at the leading edge.

The second group, 70, gives the span-position in percent of span-

The third group is S or P

Position

50-10-P
50-50-P
90-50-P
70-10-8
70-50-8
90-50-5

Position

50-10-P
50-50-P
90-50-P
70-10-8
70-50-8
90-50-8

length, starting at the hub.

Momentum-integral equation - stream-direction

I6xe .
ox !

.0032
. 0043
-.0022
.0101
.0132

.0319

6.,
3;3)

.0006
.0002
.0002
.0003
-.0002

-.000k

g%%?&ﬁiZQL Uéy ,dgfagyl’ %

-.0047
-.002k

.00k9
-.0076
- .0089

-~ 0262

.0001

.00001

.0001

.00001

Bl ] 00001

-.00003

Uy J

.0007
000k
.0007
.0002

- .0009

- .002%

Momentum-integral Equation - cross-direction

B s Lokl mess); oo

- 0032
-.0011
= OOll

-.0015
-.0015

-.00k9

From the magnitude of the terms in the stream-direction we can

0006
.0001
»0001

“e 0006
-.0008

-.0028

0031
.0011
.0011

.0001
-.000k

-.0008

-00032

-.00002
-.00002
- .00008
- .00005

-.00023

%Y
-, 000004

- .000003
- .000001
- .000001
-.000002

-.000012

standing for suction-side or pressure-side.

- Cr,
2 7

-.0026
-, 0031
-.0035
-.0022
-0024

-.0010

-.ooos
-.00016
-0oo2l
-.00028
-.00010

-.00018

L 4
see that the termd%ﬁ%cqﬁgg—zgg) is very much smaller than the rest of the

terms.

dinate system we get

mU - SEI- - 2W

system.

If we write the irrotationality condition in the streamline coor-

(1.3-4)

assuming the upstream flow to be irrotationsl in the stationary coordinate
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Thus, for the experimental data where W = 0, we get

10U
Udy

Thus, using the irrotationality condition (0.3 -4) will intoduce a very small

-m=0

error in the equation.

In the cross-direction, terms involving ny will be neglected. As
can be seen from the table, the neglect of %—e‘;{l compared with the skin-
friction term can be somewhat in doubt. However, the term is small com-
pared with the other terms which will Jjustify the a.ssumption.l

From the tables we also can get some idea of the magnitude of the three-

I 1V _
dimensionality in the flow. The terms Bﬁ a.nd i 5:;{’}" in the stream
O9xx 1 **
wise equation are due to the cross-flow while Z——x_ , Udx (5x + 2Qxx)
c
and _2_1_‘ also appear in the two-dimensional equation. As the three-dimen-

sional terms are small, we expect the cross-flow to have only second order
effects on the streamwise flow. Later on we theoretically will deal with
the rotating case and, although the cross-flow here turns out to be two or
three times that in the stationary case, we expect it only to have second
order effects on the streamwise flow.

Now, using the irrotationality condition (1.3-4) and neglecting the

9.~ terms, the momentum-integral equations become:

¥y
26y, ., 6 ¥ JV 40 c
axm' agy Uax/g 2‘9”) Uay Cox * ‘@5 2’ (1.3-5a)
2ws |
g@ 28550 U&y -t ) WJ'CVx = _zg‘fa”“ (13.-5v)

When integrating the energy equation we also use the irrotationality

condition (1.3%-4) and the result becomes:

e
U/'%X(Uo( 7+ &J /éVJ + éﬂ*ﬁ&;—ﬁZ@y): Zf?(f/u—*f) (1.3-6)
where d-/-é .._/V(dz/ oz (1.3-7)

is the viscous ternm a.ppea.rlng in the equation.



2. EXPERIMENTAL PROGRAM

2.1 Introduction

Detailed measurements of the boundary layers on blades in turbomach-
inery has, to the author's knowledge, been restricted to essentially two-
dimensional cases. A straight cascade placed in the measuring section of
a windtunnel is the general approach to this problem In Reference 24, the
effect of three-dimensional flow on the growth of the streamwlise boundary
layer was included, however, no measurements of the cross-flow were made
and as a straight cascade was used the spanwise pressure gradient could be
expected to be much smaller than in an actual case.

In order to get the desired piessure gradient we must use an annular
cascade. This means that we cannot use a regular windtunnel but must build

a special air supply.

2.2 Apparatus and Experimental Methods

Figure 3 shows a sketch of the apparatus. A blower is used to force
air through the éascade, which is made up of typical compressor blades (de-
tails are given in Appendix B). In order to get the proper angle of attack
and also the desired radial pressure gradient, we have chosen to genérate
a free vortex upstream of the cascade.

The flow, therefore, is taken out on a large radius where a set of
vanes gives it a tangential velocity component. The free vortex then dev-
elops vwhen passing through a carefully designed annular duct, which also
gives constant axial velocity upstream of the cascade. It is possible to
adjust the vanes to get the proper angle of attack to the blades.

The end-walls of the cascade and the duct-walls approximately two chord-
lengths upstream of the cascade were made of perforated material to allow
boundary layer suction. At an early stage>of the experiments it was found

that it was not possible to suck away all of the end-wall boundary layer,
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but there was a critical value of the amount of suction to apply to the hub-
end-wall. Below this critical value the hub section of the cascade was sep-
arated and the flow through the whole annulus was very unsteady while abbve
the value the flow was steady and no sign of early separation was found.
The suction was, therefore, fixed just above this critical value through-
out the investigation.

There was some doubt during the construction period whether the fact
that the exit plene of the cascade is exposed to atmospheric pressure would
have any effect on the radial pressure gradient. In order to find out, we
extended the hub end-wall sbout one chord-length downstream of the exit
plane and made static pressure traverses in the exit plane in order to find
the radial pressure gradient there, both with and without the extension.

As it was not possible to detect any difference in gradient we used the
cascade without the extension when taking the data. The fact is, that the
pressure in the center core of the annulus is lower than the atmospheric
rressure and the adjustment to atmospheric pressure occurs gradually fur-
ther downstream. At the top region of the exit plane the pressure, of
course, 1s atmospheric. Still a better check on this was obtained léter
when we put on a two-foot extension of both the inner and outer walls of
the annulus, which was suggested by one of our sponsors. Also, in this
case we got practically the same pressure gradient in the radial direction,
as is shown in Figure 12. A photograph of the apparatus with this extension
on is shown in Figure 4,

The measurements have been taken using three different probes. -Two
of them, shown in Figures 6 and 7, have been used to find free-stream data
and the third, shown in Figure 8, was used to take measurements in the
boundery layer. The probes were mounted on & traversing righ, shown in

Figure 5. The rig allows the probes to be moved in the axial and tangential
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directions and to be pivoted around a radial direction. The boundary layer:
measurements were taken on a blade which was mounted in slots so it could
be slid radially. This blade had a row of static pressure-taps along one
chord-line and, as it could be slid, the pressure distribution at any rad-
ial position could be measured. In addition to the free stream probe in
Figure 7, we used a probe of the same shape which had static pressure taps
to find the static pressure in the free stream. These probes, which give
both yaw and pitch angles besides total and static pressure, could be used
in a region extending from one chord-length upstream to one chord-length
downstream of the cascade.

The other free-stream probe (Fig. 6) could be slid along the chord di-
rection of a blade slightly outside the boundary layer so as to give an ac-
curate measure of the free streamline curvature. This probe, as well as
the boundary layer probe (Fig. 8), is a three-hole cobra probe giving total
pressure and yaw angle. The boundary layer probe has a much thinner tip
than the other probes and has provisions for traversing the probe acroéé
the boundary layer with the help of a micrometer. Mére details of the in-

strumentation are given in Appendix C.

2.3 General Results and Discussion

The Reynolds number based on upstream velocity and chord-length is
l.2 x 105, this is slightly low compared to an actual compressor and has
the effect of keeping the boundary layer laminar over a larger portion of
the blade than we expect in a compressor. This is particularly true on the
suction side where transition was found to occur at 55% chord, We, there-
fore, chose to trip the boundary layer from laminar to turbulent motion at
an earlier chord position. This is done with a tripping wire glued to the
suction side at 30% chord position and the pressure side at 10% chord pos-

ition.
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The megsurements can be split up into two groups. One group gives in-
formation on the flow outside the boundary layer, the so-called free stream
conditions. This is the information we need to know in order to meke the
calculations of the boundary layer growth (Parts 4 and 5 of the repoft).
The other group gives the detalled information of the boundary layer flow.
This will first be used to check the assumptions of the velocity profile
family for the three-dimensional boundary layer (Part 3 of the report).
Secondly, it will be used to compare measured and calculated boundary layer
development (Part 5 of the report).

Starting with the free-stream quantities we, in Figure 9, show the
direction and magnitude of the velocities in the free stream one inch up-
stream from the cascade and at the exit plane. In the upstream flow there
is no radial velocity component but, due to the turning of the flow through
the cascade, a secondary flow has developed in the exit plane (dotted line
shows the radial velocity component). It can be seen that this secondary
flow is of the same kind as we find in all turning passages. In the sketch

here we show this, as seen from behind the cascade.

Tip

Hub
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The velocity triangles for the average flow directions are also given
in Figure 9.

Figure 10 shows the pressure distribution along the chord direction
for different span positions and Figure 11 shows the pressure distribution
along the span direction for different chord positions. On this plot, the
upstream and downstream pressure distributions are also shown.

Using the total pressures recorded just outside of the boundary layer
we can ccompute the velocity distribution on the blade. This is shown in
Figure 13,

Using the yaw reaé.ings taken Just outside of the bounda.fy layer we get
the angle K between the free-stream lines and the chord direction. This
is shown in Figure 1k,

The other group of readings are taken in the boundary layer. Combin-
ing the readings of total pressure and yaw-angle, given by the boundary
layer probe with the static pressure as read on the blade surface, gives
the velocities in stream and cross directions across the bqundary layer.
Traverses have been made at 10, 30, 40, 50, 60, 70 and 90 pler cent span and
30, 50, 70 and 90 per cent chord on the pressure side and 50, 70, 85, 90 and
95 per cent span on the suction side. On the suction side an extre set of
traverses have been made at 30, 50 and 70 per cent span and 50, 60, 70, 80
and 90 per cent chord. All these data are presented in Table I. The inte-
grated quantities of the boundary layer, as defined in (1.3-1) &re calcul-
ated and presented in Table II.

The data was taken mainly during August and September 1961 when the
room temperature fluctuated. Due mainly to these fluctuations, the Reynolds
number for the different runs veries * 3%. This also influences the growth
of the boundary layer and has to be remembered when comparing measured and

calculated boundary layer quantities in Part 5 of the report. The calcul-
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ations are based on the measured quantities in the free stream and, as these
measurements could be done in a few hours, they do not involve any variations
in Reynolds number.

Tracing of limiting streamlines on the blade surface was also done,
using carbon-black dissolved in kerosene. The resulting pattern was photo-
graphed and is shown in Figure 15. The white lines are the free streamlines
and the dotted lines calculated limiting streamlines, which will be consid-

ered in Part 3.

3. VELOCITY PROFILES

3.1 Introduction

In general, the velocity profiles in the streamiine coordinate system

look like the prdfiles sketched below.

free streamline

Tox and Troy are components

of the wall shear stress

—

lo

tangent to X

limiting streamline

In the past, two general models of three-dimensional turbulent bound-
ary layers have been proposed.

Prandtl (Ref. 17) suggested the assumption

-0
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_Z,_‘

| 3 = sin a o3) e é)
wvhere G and g afe universal functions of ? and éré; in general, only
restricted by the boundary layer conditions.

6 @

at z=0 G=0 and g =1

[

at Z

1

1 and g=20

This model is by now mostly of historical interest and work done by aﬁthors
using it was nicely reviewed by Johnston (Ref. 12).

The other general model was proposed by Coles (Ref. 8). On the basis
of his well-established correlation of two-dimensional turbulent velocity
profiles, Coles generalized his results by proposing that the profile shape
of a skewed boundary layer cen be established by adding vectorially a uni-
‘versal wall-component of the profile to a universal wake-component.

These ideas were further extended by Nelson (Ref. 28) who also was

able to derive mathematical expressions for the universal functions.

3.2 The Profile Assumption

If we look at a typical skewed velocity profile plotted in a hodo-

graph plane

~ > L
vt

we can distinguish two directions, I and II, making angles Q and P res-
pectively with the u-axis. The angle & is the limiting streamline angle,
also shown in the figure at the beginning of this paragraph. It should be
noted that the point where the two directions cross each other corresponds
to a point in the boundary layer very close to the wall. The main portion

of the boundary layer, therefore, is described by the direction II. As the
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dew}elopnent of the cross-flow is:a. direct :result of the re-orientation.of
the.vorticity in the ‘boundary layer (Ref.29) which is mainly dependent on -
the turning of the free-stream, we_expect the angle: B : to be.closely rela-
ted to the free stream turning.

It, therefore, seems natural that the universal wall component of the
model should be directed along the I-direction and the universal wake com-
ponent along the II-direction. Denoting the wall component with F, (o? ) |
and the wake-component FZ(\Q) where 42 = CSE we may write the velocity de-

fect formulas

)

u-U _ cost Fl('}z) + 5 cosp F(

T Tk i (3.2-1a)

v _ sina , o, 5ind -
Y, - S0y () v 2x S (g)) (5.2-1b)

u¥ is here the sgkin-friction velocity u* =’__E?° , k a constant and n a

parameter depending on X.

Nelson (Ref. 28) calculated F, ( '\2) and FL("}Z ), using the measured
values of u, v, U, u¥, @ and B from the experiments by Johnston (Ref. 12)
and Gardow (Ref. 11). From his results it appears that the wake function
FZ“?) is fairly universal, while the wall function F, (‘r;}) shows consid-
erable scatter. This scatter, however, may be due to difficulties in find-
ing «. This angle is determined from one or two of the measured points
closest to the wall and considering the accuracy of yaw-measurements in a
steep velocity gradient the scatter is not surprising.

Figure 16 shows a comparison of the wake function F, ( 'rz) as found in
three-dimensional flow (Ref. 28) , two-dimensional flow (Ref. 8) and regula.r
wake flow (Refs. 19, 30, 31). The wake function

7 (p) ={1 - 147 (3.2-2)
seems to give a good overall fit and has been chosen for this investigation.

The wall function F, (12) is plotted in Figure 17. The shaded area

shows the data of References 11 and 12. as calculated by Nelson.
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The dats points were more dense towards the corner in the plot, however,
it is felt that Nelson's choice of the function (dotted line) was too ex-
treme. Coles' choice, on the other hand, is too extreme in the other direc-
tion. Our choice was, therefore, a function better fitting the average

shown by the data points. The mathematical form of this function is:

7, (7)

logyz + 1.3 0« ?Z<O.l
- - (1-109) 0.1< < oo (3.2-3)
In order to calculate the velocity profiles from equation (3.2-1) we
need to know the angles a and p. The next step is, therefore, fo ex-
press these angles in quantities we know, or are able to calculate. All
free-stream quantities are assumed known and from the momentum end energy
equations (1.3-5, 1.3-6) we will be able to find Oy, H and Oy
The profile model we propose is primarily intended to be used for flow
problems on blades in turbomachinery. Excluding regions close to separa-
tion, the experiments of Part 2 have shown the angles a and 8 to be

small, so cost = cosf should be a good assumption. Furthermore, we know
from Coles' paper (Ref. 8) that m-yoe at separation, so cosx F, (’lz) will
be much smaller than 2n F?‘(vz) cosp 1in regions close to separation. Gen-
erally we, therefore, make a very small error writing cosQ = cosB. In this

way the velocity defect formulas beccme

-U sp
Eu_; = o [F'(oz) + 2 Fz(oz)] o (3:2-La)
v _ sino sing

= g F () v e ST () (3.2-kb)

cosB 1is also nearly one and we may find it from the inviscid theory pre-

sented in Appendix D,
In order to proceed we define the following integrated quantities

i, = - Fdy ; i, = - F 4
SRS °/fo72 ©,  (3.2-5)

2 s . = 2
i, = / Fran; 1, =/F,dev, iZL—/ ¥ 4y
o o

[
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'Using the proposed formulas for F, (equation 3.2-4) and F, (equation 3.2-3)

we find

i

, = 0.30; 1, = 0.b5; i, = 0.552; 1, = 0.279%; i,, = 0.315 (3.2-6)

From the definitions of the quantities 5;, Oy and Oyy (1.3-1) we

find, using (3.2-4) and (3.2-5)

dx :

:S?_‘ = Y, + 2niy) (3.2-7a)

S0 Y (1, 4 2aty) - f (5, + bn i+ bafiy) (

5 2 ] 12 302'719)
Syx =X{tam [X(i“ + 2, ) - i,] + 2n tanﬁ[?{(i,z + 2ri,,) - 12]}

(3.2-Te)

é
COSBF
k \Z (3.2-8)

Combining (3.2-7a) and (3.2-7b), using the definition of the shape-

where X =

6*
factor H = =
Oxx
2
JH i, + 2nip (3.2-9)

This equation is used to find n from the known values H and X , and is
plotted in Figure 18 with the i's from (3.2.6).

We now have all necessary information for the velocity profile in the
stream direction. In the cross~direction we also need tant and tanf,
The inviscid solution of B together with equation (3.2-7¢) could be used,
however, both of these equations are mainly dependent on the outer portion
of the boundary layer and can, therefore, not be expeci';ed to give a good
description of the limiting streamline angle Q. We, however, have one
Piece of information we have not used, namely, in the vicinity of the wall
we expect our profile family to correspond to the "law of the wall".

Thus, for small we have

F, = log‘rl + 1.3

(3.2-10)

FL‘R -1
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so equation (3.2-4)gives

S=1+ ¥(logn + 1.3 - 2n) (3.2-11a)

%C—: a/[tanoj(log? + 1.3 - 21( ta-nﬁj (3.2-llb)

Close to the wall we have a thin layer where the velocity vectors are
collateral in the direction I of the hodogreph plot. The "law of the wall"
profile as found in two-dimensional boundary layers written along this

direction give:

c *

u_1°Cr §u

u_1 sa (log Y + logm + kec)

=% 5 cos (log v i (3.2-12a)
C *

y_12 Su

g=53 s (log 42 + log7 + ke) (3.2-12b)

k and c are constants and their values for two-dimensional boundary lay-
ers were found by Coles (Ref. 8) tg be k = 0.40; ¢ = 5.1
By equating equations (3.2-11b) and 3.2-12b), using (3.2-1la) and

(3.2-12a) we get

tand = tana(l - 7?%3) (3.2-13)
and combining this equation with (3.2-7c) gives us
Oyx/Oxx
tant =
TEE -0 2 | (3.2-14)
i,
i + 2nigs
where E=5—7T%>7; and G =22 " —"#2
i, + 2“12 il + Eniz

E and G are plotted in Figure 18 as functions of =.

3.3 Proposed Model

We now summarize the proposed model as follows:
Assuming the known quantities are Oy, H, ny and the free
stream conditions, we calculate cosB from the inviscid solution of B

(Appendix D) and Cs from the skin-friction formula given in Appendix E.

. The velocity distributions are then given by
u
i 1+X[F'(12) + esz(vz)] (3.3-1a)
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% =Y [ta.na F () + 2ntacp F2(7 )J (3.3-1b)

where ¥ -2 %i (3.2-2)
Qyx /9

tan= TESG T (3.3-3)

tand = tana(l ~zrz ) (3.3-4)

F (’}2 ) is plotted in Figure 17, F, (*fz) in Figure 16 and =«, E and G are

functions plotted in Figure 18.

3.4 Comparison of Measured and Calculated Velocity Profiles

The velocity profiles, as calculated by the model, are shown in Figure
19 and compared with the measurements. % a.nd% are shown as functiong of
Yl = gﬁ and also plotted against each other in the hodograph plots. The
agreement is, in general, excellent, giving strong support for the useful-
ness of the model. ©Some discrepancies can, however, be noticed. The ‘ﬁ’: -
profiles at 30% chord on the pressure side and 50% chord on the suction side
do not agree as well as the rest of the profiles. This probably depends
on the fact that we here are too close to the trip wire, where we do not
expect the model to hold. At the 10% span-position on the suction side
the calculation of the cross-flow is in poor agreement with expériment.

This is due to corner effects. The cross-flow on the hub end-wall is push-
ing the inner part of the blade boundary layer awsy from the hub while the
streamline curvature outside the boundary layer forces the outer part of
the boundary layer to flow towards the hub.

Figure 20 shows the velocity profiles in a rotating duct. The data
comes from a project investigating coriolis-generated instability in the
turbulent boundaxry layer, currently under way in the Gas Turbine Laboratory.
The profile A is taken on that side of the duct where we expect the instab-
ility to be increasing while profile B comes from the side where it is de-

creasing. The displacement and momentum-thicknesses have been calculated
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from the measured data and the velocity profiles have then been calculated
using the model. It is probably due to the increased instability that pro-
file A has a bad fit to the measured values. However, in the case of bound-
ary layer on blades we do not expect such instability to occur as the cor-

jolis-force acts in the W x U direction, which is parallel to the surface.

k. BOUNDARY LAYER INTEGRAL EQUATIONS

L.1 A Simple Approximation of the Cross-flow

We now will make use of the velocity profile family in order to approx-
imate the three-dimensional terms appearing in the streamwise equations.

In paragraph 3.2 we pointed out that the peak point in the hodograph
plot of velocities u versus v corresponds to a point very close to
the wall. Therefore, if we forget about the zero-velocity boundary con-
dition at the wall we may extend the II-direction in the plot all the way

to the wall and use that line to approximate the v-velocities, thus:

v = (u-U) tanf , (.1-1)
The use of this equation in the integrated quantities (1.3-1) will somewhat
overestimate the cross-flow. From the comparison of this simple method with
the more exact one presented in paragraph 4.4, we will see that this over-
estimate will be less than 20% and thus justifies the use of equation (4.1-1)
in the streamwise equations where the three-dimensional terms are, in any
case, small compared to the tyo-dimensional terms.

The use of equation (4.1-1) allows us to write the following relation-

ship between the integrated quantities (1.3-1)

S ; = -HO,, tamP

Oy = -(H-1) Oyy tanp (h.1-2)

Qy’x = 'gxx tanpP

§7 = -[mr1-Eloy, tamp
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For the streamwise momentum and energy equations we need the derivative
POy g IR
ngl and.a ot
We expect Oy, H and H to very slowly in the y-direction while B8 will
have large variations. This also has been confirmed by the experiments, so

when taking the y-derivatives of equations (4.1-2) we will assume Oxy, H

end H constants. Thus,

bg"y = - (H-1) Oy 'sB) 3—~ ~(H-1) oxxay

92%— = {B+1f) o (cosﬁ) 39 - (H1-H) © 93

(4.1-3)

For this simple approximation of the cross-flow it is suggested that B
be taken from the inviscid solution presented in Appendix D.

4,2 Momentum Integral Equation in the Stream Direction

Using equations (4.1-1) and (4.1-2) we can write the momentum integral

equation in the stream direction (1.3<5a) as

OHE | o {(H+2) B+ x) < Z (k.2-1)

VRETE  g(x) = %g—?—, - (8-1) 5% - -bf—(%:}-)-q tanp (4.2-2)
with P from Appendix D

R e

The skin-friction relation (4.2-3) is & modification of the Ludwig-Tillmann

formula given in Appendix E.

In order to solve equation (4.2-1) we define an integrating factor

1.47H + 2.47 0.47
U
® = 3, O (Bg) (h.2-b)
then equation (4.2-1) becomes

26 _

3%+ © Mx) = N(x) (4.2-5)
where M(x) = K(x) - g—% logg—ao (4.2-6a)

. Ao,
N(x) = 0.683 (—Q )l W+ 2.4 e 1561 (4.2-6b)
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The total derivative can be substituted for the partial derivative of ©
a@a@a éz

as 5% g% where 0 along s streamline.

Equation (h.2-5) is a linear first order differential equation and has the

X X X .
© = e'fb Hax {/Ne I/»de dx +@O} (k.2-7)

Subscript o© refers to initial condition while oo refers to an ar-

solution

bitrarily chosen position. It is suggested that a position slightly up-
stream of the expected separation point will be chosen é%g is large here

BH

so such a choice minimizes the influence of the term log Too in the
equation. We, therefore, expect a rough guess of the H wvariation to be
enough for the solution (4.2-7). Comparing with two-dimensional theory we
know that a good description of the momentum thickness growth is obtained

by assuming H constant.

4.3 Energy Integral Equation in the Stream Direction

Although we do not need to know the shape-factor H very accurately
for calculating the growth of Oyy, it is of interest for the overall bound-
ary layer development and particularly for separation prediction. Natur-
ally if the initial assumptions of the H distribution are too much off
from the distribution calculated in this section, we should go back and re-
calculate the momentum thickness with the more correct distribution.

In two-dimensional theory there exist several methods to predict the
shape-factor. Stewart (Ref. 32) compared the different methods and his
comparison showed the Truckenbrodt method, using the energy equation-for
shape-factor calculations to give the best comparison with experiments.

We, therefore, will use the three-dimensional energy equation in this case.

Using the relations (4.1-1) and (4.1-2), we can write the energy in-

tegral equation (1.3-6) as:
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L2 (e, - oy ak - AE (4.3-1)
where: H is the second shepe-factor
- 8%
H = “*"Q“ (h'3°2)
XX -
v -
Q(x) = (H+1-H) 2— %—— H+ %‘Ii)* (H-3H+5) tanP (4.3-3)
with B from Appendix D.
C
o | — i (k.5-4)
Us? en(g + 1)
with 1
n=535FH - 0.56 (4.3-5)
= H
0.81 H - 0.37 (4.3-6)

Thesc last three equations are derived in Appendix F.

Combining equations (4.3-1) with the momentum integral equation (L4.2-1)
muluLPIIEd by I gives

gi + %rbax {3}{ - H(H+2:J Qlx) -fiK = éxx{—e—(%;f—) -H Z—-i:]

This can be rewritten using equation (4.3-6) as

ai a . [Crp 2B ) ) ax
i -@E-E "0 {?36; tQsyt G T tanﬁj
or in integrated form
8 U e D
dif = o _£fP W,
/ I DEDE - P T Y x/ B0,y +Qza‘5 37 tanﬁ} x
o © (4.3-7)
Here p=_1 _ 6.4 (1.625H - 0.745)(0.54H - 0.58)
H-1 H(H-1)(0.54H - 0.08)
Q. = 1 - {L.625H - 0.745) (1+H-H)
z 2H(H-1) (4.3-8)
Q. = 4 - (L.625H - 0.745) (5+H-3H)
3 H(H-1)

P,'Q, and Q3 are functions of H shown in Figure 21. The total deriv-
ations can be substituted for the partial as we are following one stream-

line at a time.
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The solution of equation (4.3-7) is done in steps as we must assume &
value of H in order to get the increment of the integral on the right
hand side of the equation. ©,, is found from the solution (4.2-7), Cp
from equation (4.2-3) and B from the inviscid solution (Appendix D).

The integral on the left hand side of the equation can be plotted once
for all. This is also shown in Figure 21 with Hy, = 1.2, A step-size of
% = .l was used in the calculations.

k.4 Momentum-Integral Equation in Cross-Direction

The momentum-integral equation in the cross-directixnlguj-Sb) contains
the limiting streamline angle Q. Using equations (3.2-14) of the profile

family to express a we get

g—ﬂ + gyX[QBU + M (x)] = Nl (X) (L'..l{...l)

c

where = 23V — 1/2
M|(x)‘ =555 " Qxx{ H[—-— 3 ] : l_} (4.4-2a)
N, (x) = exx[m(Hﬂ) + E%Q‘L] (k. 4-2b)

The solution of equation (4.4-1) is

X
U 2 -JM,dx X /M ax

o8 A o (A s o

4,5 Application of the Computation Scheme

The computation scheme presented in parasgraphs 4.1 - 4.4 has been ap-
plied to three cases.

1) The three-dimensional case investigated in the experimental
program

2) The corresponding two-dimensional case .

3) The corresponding three-dimensional case with the blades
rotating

For the first case all the necessary information about the free stream
was measured. In the second case the same free-stream data was used, but

all terms directly related to the three-dimensionality were dropped (that
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means, m = O; g—% = 0; g%{, = 0; W= 0). The third case is described in
Appendix G. In order to get a corresponding case we have chosen the rotat-
ing stage symmetric to the stator at 50% span position. = The calculations
for this case were carried out for 30, 50 and 70% spen. However, only the
50% span calculation is a truly corresponding case so the other two span-
positions are merely calculated to show the trend in the changes of the
cross-flow. The first two cases have been calculated for 10, 30, 50, T0
and 90% span. The results of the calculations are showm in Figure 22.
The curves show the calculated quantities and the symbols the measured
quantities. Suction side is indicated S and pressure side P.

The momentum thickness Oyxx is shown in the graph on top of each fig-
ure page. The agreement between theory and experiments is good. This, of
course, partly depends on the fact that the starting values for the calcul-
ations were taken from measurements. In an actual case we do not have that
information, but must calculate the starting value using laminar theory
(Refs. 1-4). There was no point in doing so for our case as we have the
tripping wires on the blades which certainly will change the momentum
growth. The difference between the three and two-dimensional cases is
mainly due to the streamline convergence or divergence. When the stream-
lines converge they will feed more fluid into the boundary layer. This is
the case on the main portion of the suction side an will increase the mo-
mentum thickness as is shown by the calculation. The opposite is true for
the pressure side. For the two end positions, 10 and 90% span, on the suc-
tion side, the free streamlines are diverging while the streamlines within
the boundary layer still are converging. As a result these positions do
not show any difference between two and three-dimensional theory.

The difference between the calculated values for the three cases is

of the same order of magnitude as the error we can expect to have in the
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calculations. The calculations show, however, the magnitude and direction
of the difference and we have to remember that the case tested had a con-
stant height of passage while, in general, an actual stage of a turbo-mach—
inery has a changing passage-height. This will magnify the streamline con-
vergence or divergence, and thus give a larger difference between two and
three-dimensional theory.

The middle graphs on Figure 22 show the growth of the shape-factor H.
The calculations here showed no difference between the different cases.
This is the result of the fact that the streamline curvature has very lit-
tle Influence in the equation. The comparison between theory and experi-
ments is extremely good for the 30, 50 and 70% span positions. The cal-
culated values at 10 and 90% positions on the suction side are somewhat
low, which may depend on corner effects. It is interesting to note that
the initial value of H had very\little effect on the growth. For example,
on the suction side we have shown the initial value to be Ho = 1,58 at ho%
chord. This was suggested by the experiments, however, calculations were
also made with Hy = 1.4 and Hj = 1.75, giving practically the same curve
from 60% chord and on.

The bottome graphs on Figure 22 show the crosswise momentum thickness
ny. Calculations have been done using both the inviscid theory of para-
graph 4.1 and the viscous theory of paragraph 4.4. For the inviscid cal-
culations the initial condition was zero cross-flow at the leading edge
while the viscous theory used the measured initial condition. Considering
this difference in initial condition it is surprising how well the inviscid
theory predicts the cross-flow and due to its simplicity both in initial
condition and actual calculation it might well be recommended for practic-

al use.
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The calculations compere reasonsbly well with the experiments. As
could be anticipated from errors in the yaw-measurements, we have a larger
spreéd of the data points in the cross-flow than in the streamwise flow.
This is particularly observed at 30 and 50% span, where three points seem
to be off compared with the rest of the points. These three points cor-
respond to a different run . and may have slightly different free-stream
conditions.

The influence of the rotation is the next thing we will discuss.
Firsﬁ, we can see that the direction of the cross-flow will be reversed.
Secondly, the magnitude of the cross-flow is two to three times as large
in the rotating as in the stationary case. On the suction side the cross-
flow is fairly constant at different span-positions, but increases sharply
with the radius on the pressure side. Thus, secondary losses generated by
the cross-flow will be larger in a rotating than in a stationary cascade.

The boundary layer equations used in part 4, as well as the velocity-
profile family have been restricted to small cross-flow. The experiements
have shown us that this is a reasonably assumption in the stationary case,
One reason for doing the calculations of the rotating case was to find if
the same assumption holds. We, therefore, have plotted the velocity-pro-
files of the rotating case in the hodograph plots of Figure 19 fof the 50%
spen-position. It is seen that although the cross-flow may be two or three
times as large in this case, we still have cross-flow velocities of the
order 1/10 of the streamwise velocities and thus the assumption of small
cross-flow is valid.

4.6 Loss Parameter m,

The overall influence of the three-dimensionality on the losses in the
cascade can best be seen from the loss-parameter m,, defined by Stewart (Ref.

33) as:
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(Oxddy
m'zscosﬁz-t-(ég)t s cosB,

vhere subscript t means the sum of
the thicknesses from suction and
pressure sides at the trailing edge

x l) . This is the loss expressed

= =
as a fraction of the momentum of

the free-stream flow, and was shown by Stewart to be proportional to the
two-dimensional losses of a cascade.

m, has been found for the three cases of our calculation and is pres-
ented in Figure 23. It is seen that the three-dimensional case in average
has about 10% higher loss than the two-dimensional case and that the rotat-
ing case shows another 1.0% higher loss than the stationary three-dimensional
case., In an actual turbo-machine where we do not have g constant height
of the passage we may get still larger differences.

In the same plot is shown a paremeter m, based on the cross-flow and
defined as:

(va)'b
m, =g cosB, - t - (Ix)t

No attempt has been made in this investigation to study the mechanism
of loss generation by the cross-flow. It might be the generation of a cor-
ner vortex or too early separation of the flow in the corners, but whatever
the mechanism is, we can strongly expect that it will be influenced by the
crogss-flow. The cascade loss generated in the boundary layer of the blade
walls can, therefore, be expected to be proportional to

m, + km 2

where k 1is a constant awaiting further investigation.
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5. SUMMARY

1) The boundary layer integral equations for three-dimensional bound-
ary layers are developed for the streamline coordinate system. Terms re-
lated to skewing effects are compared to the other terms in the equations.

2) Experiments conducted on an annular cascade of compressor blades
provided a significant amount of useful information on the nature of three-
dimensional turbulent boundary layers. The qualitative observations have
forwarded the present-day empirical knowledge of the turbulent boundary
layer with cross-flow.

3) A model, based on experimental information, was developed to cal-
culate the velocity-profiles in stream and cross-directions. Basically it
was assumed that the velocity-profiles can be described by two universal
functions and four parameters depending on the "input" quantities, which
were the free-stream conditions, the momentum thicknesses Oyy in:atream
direction and ny in cross-direction and the shape-factor H.

The universal profiles were chosen so as to fit the two-dimensional
data presented by Coles (Ref. 8) and the three-dimensional data presented
by Nelson (Ref. 28). The relations between the four parameters and the
"input" quantities were then found purely mathematically.

4) The model was applied to the data of the conducted experiment.
The "input" quantities were found from the measurements.

5) An approximation of the cross-flow was found from using inviscid
theory together with the model's description of the cross-flow velocities
in the outer part of the boundary layer.

6) The boundary layer integral equations were simplified and solved
using the empirical knowledge gained from the experiments and the velocity-

profile model.
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7) A loss parameter expressing the loss as a function of the momentum
of the free-stream flow was defined and an extension to include the cross-
flow was suggested,

8) Summary of formulas

Momentum thickness in stream direction

. e 0.68
© | Wy 1.h7H + 2.47 (g )0.47

where © 1is given by equation (4.2-4)

Uc

RC:\)

Shape-factor equation

H
, dH - CeP )

H/ (2.188-1) (B-1)H l°5" / {zgxx + Q- tanﬁ} dx

o

vhere P, Q, and Q3 are functions of H shown in Figure 21.

Momentum thickness in cross-direction

X X
v\ o, M * w2 M, dx
e A ) A
where M, and N, are functions of x given by equations (k.4-2a) and

(k.4-20).

The velocity-profile distribution and the relations among inte-
quantities, model parameters and skin-friction

31y (r )+ o, ]
Y - ¥ [tac 7, () + 2x tan FZ(YI)] |
The universal functions: F, = log'(] + 1.3 041’&< 0.1

_e(1-199) 0.1y < o2
F =/[l- 72;2]2 0 <‘.-L< 1

l<7L<00
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_ cosp Sf
X_k \/2

Hel = iy + bt 1, + Yyt g,

ZH i, + 2n 12
Ousx
tana = E /exx
H(— - G) -1
]
t = tana (1 - L
anp ( QﬂX)

i, 1,, i“ > 1, and 1,, are integrated quantities given by equation (3.2-6).

E and G are functions of s shown in Figure 18.

6. CONCLUSIONS AND SUGGESTIONS FOR FURTHER WORK

An annular cascade, rotating or stationary, in general, has a pressure
gradient along its radial direction. This gradient is dependent on the
centrifugal force generated by the tangential component of the absolute
velocity vector. The effect of this force on the turbulent boundary layer
of the blades has been studied.

It is found that the cross-flow which developes in the boundary layer
is small with velocities of the order 1/10 of the through-flow velocities.

A theoretical velocity distribution involving two "universal' analy-
tical functions, originally suggested by Coles (Ref. 8), has been suggested.
This method of profile description has been used with success in the tur-
bulent part of the boundary layer, however, in the corners where the flow
is very complex the method proved to be inadequate.

Solutions to the boundary layer integral equations have been found for
the case of small cross-flow. The calculated and measured boundary layer
quantities agreed within the accuracy of the measurements. A simple invis-

cid theory gave surprisingly good results in describing the cross-flow.
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The cascade investigabted was typical for a compressor and showed
the average loss to be of the order 10% higher when the boundary layer was
three-dimensional instead of two-dimensional. The rotating cascade, as
compared with the stationary, also showed an average loss of the order
10% higher.

For further research it is believed that the main effort should be
directed towards the flow outside the boundsry layer. The main difficulty
in calculating the boundary layer growth lies in finding the free-stream
data. It has not been possible to calculate the proper pressure distrib-
ution on the blades used in the experiments by available potential flow

methods, so this is a field for further investigation.
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trailing edge thickness

upstream velocity at a fixed position

main stream velocity in streamline coordinate

components of boundary layer velocity in streamline
coordinate system

components of main stream velocity in curvilinear
coordinate system

components of boundary layer velocity in curvilinear
coordinate system

skin friction velocity

cartesian, respectively streamline, coordindte systems
limiting streamline angle

velocity profile parameter

boundary layer thickness

angles defined in Figure 9
*

y
integrated quantities defined in equation (1.5-1)

inﬁegrating factor defined in equation (4.2-4)

angle between main flow streamline and chord direction
sblidity

angle between 2z and Z directions

velocity profile parameter

density

kinematic viscosity

shear stress at wall
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-500

. 786
. 928
1.00

u/U

8 - 70
L322
R
653
<775
.870
<933
975
993

1.00

9 - 70
.312
oo
.536
.725
.865
.961

1.0

3 - 70
.129
. 281
L2k
542
.665
. 780
.860
.924
.961
.985
1.00

70 - 90
.506
.6&5

878
.932
.962
.985

I

1.00

95 - 90
.289
<367
545
679

- 799
.886

. 986
1.00
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TABLE II

Measured Main Flow, Boundary Layer and Model Quantities

Ys

ft/sec

84.9

83.0

U
ft/sec

80.7
4,2
70.9
73.0

76.0
70.7
69.0
TL.5

76.2
72.1
71.2

T3.2

73.8
69.1
68.0
TL.4

2.4
680

67.5
69.8

70.4
66.7
66.2
68.8

65.8
61.8
61.%
64.3

100.3
93.5
82.3
78.6
4.8

107.9
101.0
96.4
87.0
82.8
19.2
83.4
75.6

§

in.

.110
.130
.160
170

.065
.085
.105
.120

.060
.087
112

135

.060
.080
.105
.125

.065
.102
.123
.140

.060
.085
.105
.120

.100
.123
.1h2
.160

.110
.130
.170
.190
.220

067
.095
.110
145
.170
.210
. 200
.220

U
nHECETP

g B
Inviscid Model
degree degree
11.7 13.2
7.7 16.4
23.3 ok
28.5 50.2
8.4 8.3
12.3 8.8
15.6 17.1
18.6 19.6
5.2 5.7
8.2 8.6
11.5 11.4
14.3 17.7
3.1 3.2
5.4 6.1
7.8 13.0
10.4 17.3
1.3 1.6
3.0 4,3
5.1 8.5
7.5 1h.4
-0.2 -1.5
1.4 0.0
3.2 6.5
5.4 6.2
-3.7 b4
-2.6 1
-.8 T
1.1 8
8
1
-9
7
5
.6
3
1
8
1
I
L
6

FEEFWWD

DWW HNDP -~ O\\O M=l (02N %2 V]
e 8 * s & e+ e & e o + & e P Y

Q

Model
degree

-T7.5
-6.5
-12.9
-6.1

=39

1
(]
\O

o

| . t 1\
OFEW

i
Fobr

'

i
W O
FUMIOO VIO WV mH-

]

Moo

o IFOWP

3
£ HOEP

]
i)
H\.O\.O—\’

¢ =

Chid\ﬂCHCthR)lr OWEWE W&

LN L I |
OWW N - O

Ce

Law of
the wall

.0052
.0053
0054
.0062

.0062
.0061
.0060
. 0064

.0065
.0060
.0058
.0065

.0060
.0062
.0058
.0069

.0070
.0058

.0057
.0068

.0064
. 006k
. 006k
.0055

.0068
. 0046
.0054
. 0064

.0055
.0043
.0028
.0024
.0018

. 0054
.0050
.0036
.0028
.0023
.0018
.0021
.0008
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Table IT -cont.

Trav. U U . B B o4 c

Pos. J £
ft/sec  ft/sec in. Inviscid Model  Model Law of
degree degree degree the wall

50-40-8 86.4 104.0 .090 3.3 1.5 -7 .0058
70-40-8 " 9k.9 .120 k.9 b7 -2.7 .00k2
85-40-8 " 8k.5 .165 5.8 k.9 -4.5 ,0025
90--40-8 " 81.0 .190 6.0 4,2 -5.3 .0019
95-40-5 " 78.2 .205 6.1 7.4 -1k4,2 .0014
50-50-8 86.8 105.1 .075 5.3 4.6 -1.5 .0056
60-50-S " 100.8 .100 . 6.1 k.9 -1.8 .0052
70-50-5 " 95.4 .115 6.8 5.0 -2.3 .00L7
80-50-8 " 89.2 .150 7.2 6.1 -3.3 .0030
85-50-8 84.8 83.3% .165 7.3 7.1 -6.5 .0028
90-50-5 " 80.5 .180 T4 8.6 -10.4 .0022
90-50-5 86.8 82.5 .180 Toh 5.1 -6.9 .0020
95-50-5 8Lk.8 77.6 .200 7.4 7.9 -12.0 .0018
50-60-8 84.1 100.3% .070 6.3 7.6 -3.1 .0061
70-60-5 " 92.0 .110 7.8 8.3 -3.8 .0045
85-60-8 " 82.5 150 8.3 5.4 “h4.h .0028
90-60-5 " 79.4 167 8.3 9.1 -13.0 .0018
95-60-5 " 76.0 .190 8.2 10.2 -18.6 .001L
50-70-S 86.8 101.2 .075 7.2 7.1 -1.9 .0054
60-70-8 " 97.2 .105 8.1 5.3 -2,3 .0053
70-70-5 " 92.5 115 8.8 7.5 -2.9 .0042
80-70-8 " 84.5 135 9.2 6.6 -4.6 .0032
85-70-8 84.2 80. .150 9.2 9.2 -7.2 .0028
90-70-8 " 76.7 .170 9.1 9.0 -10.8 .0022
90-70-8 86.8 81.1 .165 9.1 9.0 -11.7 .0022
95-70-S 84h.2 73.6 .190 8.9 8.6 -13.1 .0018
50-90-8 84,2 93.1 .080 9.3 9.7 -4.6 .0061
70-90-8 " 86.8 .110 11.1 12.5 -6.3 .0050
85-90-8 " 774 .125 11.2 10.6 -8.2 .0033
90-90-S " 4.0 132 10.9 8.6 -10.4 .0025
95-90-8 " 70.3 140 10.4 8.0 -9.9 .0023



Table II ~-cont.

Trav.
Pos.

90-90~-P
50-10-S
70-10-5
85-10-8
80-10-8
95-10-5

50-30-S
60-30-5
70-30-S
80-30-8
85-30-8
90-30-S
90-30-S
95-30-5

§x

in.

0176
.OL75
.0239
L0177

.0108
.0140
.0165
.0151

.0098
.0151
0173
L0171

.0099
.0130
.0150
LO1hh

.0100
.0163
.0182
.0160

L0111
L0141
.0143
.0159

.0188
.0209
.0229
.0208
.0127
.0182
.0302
037k
.0518

.0099
.0156
.0220
.0330
.0398
.05k47
.0525
.0759

Oxx

in.

.0108
L0117
.0152
.0130

.0068
.0091
.0107
.0106

.0057

.0095
.0112
L0117

.0059
.0083
.0105
.0100

.0061
.0107
.0120
011k

.0068
.0093

. 0095
.0103

.0109
.0133
.0152
.0148
.0079
.0113%
L0171
.0192
.0263

.0072
.0101
.0137

.0193
. 0224

.0288
.0302
.0319

*%
dx
in.

.0187
.0208
.0276
.0231

.0118
.0160

.0193
.0186

.0100
.0166
.0196
.0207

.0093
L0145

.0187
.0184

L0104
.0188
.0208
.0203

.0115
.0161
.0182
0192

.0185
.0236
e
L0263
.0138
L0194
.0282
L0345
Nolltat

.0125
0176
.0226
.0315
L0367
0460
oIt To)
0428

*
“Jy
in.

.00276
.00484
. 00764
.00760

.00106
.00148
.00320
.00330

.00062
.001 k4L
.00205
.00328

.00036
. 00084
.00209
.00245

.00016
.00080
. 00164
. 00204

-.00016
.00000
.00084
.00121

-.00095
.00050
.00157
.00156
.00106
.00234
.00282
. 00225

-00379

.00020
.000k7
.00055
.001k49
.00095
.00242
00294
.003%67

—gyx Oy Ry

in. in.

. 00204 .00012 k12
.00387 .00026 43
. 00626 . 00049 510
. 00646 . 00046 k51

.00076 .00003 252
.00107 .00005 309
.00249 .00013 357
.00256 .00013 366

. 00046 .0000L 206
.00109 .00003 327
.00160 .00005 378
.00271L .00011 Lo5

.00025 .00001 211
. 00064 .00002 272
.00169 . 00006 337
.00203 .00007 339

.00013 .00000 207
.00061 -00001 343
.00L34 .00001 379
.00168 .00005 371

-.00013 . 00001 230
.00000 . 00000 300
. 00065 .00001 30l
. 00084 . 00002 343

-. 00067 .00001L 338
.00039 .00001 386
.00115 .00003 436
.00119 .00003 46
.00081 .00002 4oo
.00191 .00006 534
.00231 . 00007 712
.00190 . 00004 765
.00304 .00009 997

.00016 .00000 378
.00035 .00001 kg9
.00032 .00001 642
- .00099 .00002 821
. 00047 .00002 902
.001.25 .00006 1111
.00171 .00008 1229
.00130 .00014 117k



Table II - cont.

Trav.
Pos.

50-40-5
70-40-8
85-40-5
90-40-8
95-40-5

50-50-8
60-50-S
70-50-8
80-50-8
85-50-8
90-50-5
90-50-5
95-50-8

50-60-
70-60-
85-60-
90-60-
95-50-

(o))
?
-
i
nmnnununhuonunnhtnomn

1
8888
Lununm

8x

in.

.0115
.0198
.0381
.0502
L0627

.0107
LO1hh
.0188
.0314
-0353
L0453
L0507
.0572

.0095
.0179
.0320
.0k23
.0551
.0103
.0158
L0171
.0289
.0276
0okl
.0k19
.0513

.0096
.01k9
.023%2
Ralalsl

.0368

in.

.0075
.0125
.0222
.0268
.0%01

.007%
.0101
0124
.0193
.0203
L0251
.0268
. 0294

. 0062
L0117
.0188
.0218
.0269
.0073
.0106
.0113%
.0178
.0164
.022%
.0230
.0259

. 0061
.0094
.0138
.0151
.0197

HH
fx
in.

0134
.0216
.0365
0432
0hT72

.0121
.0168
.0205
.0316
L0342
.0408
.0l48
Noliral

.0109
.0205
L0316
L0354
.0h2k
L0134
0184
.0200
.0300
0272
.0%61

0397
NoI'yENt

.0110
.0168
.0233
.0257
.0323

-49e

*
-6 x
in.

.000k1
.00109
.00250

.00333
. 00697

.00056
.00113
.00182
.00287
.00346
.00500
. 00467
.00650

.00077
.00187
00377
.00563
.00743
.00085
.00138
.00166
.00272
.0033k
.00L86
.00556
.00648

.00098
.00207
.00301
. 00294
.00360

in.

.00029
.00081
.00162
00177
.00361

, 00043
.00085
.00133
.00184
.00222
.00317
.00222
.00367

.00062
.00133
. 00244
.00329
.00387
. 00064
L0009
.00120
.00175
,00226
. 00306
. 00340
-00575

.00078
.00163
.00219
00204
.002k7

.00001
.00002
. 00006
.00013
.00037

.00001
.00002
. 00004
.00008
.00011
.00025
.00025
.00045

.00002
. 00006
.00015
.00031
.00048
.00002
. 0000k
.00007
.00012
.00015
.00030
.00030
.00039

.00002
.00006
.00010
.00010
.00009

380
oTT
L7
1060
1150

377
496
612
842
8ok
985
1080
1110

306
526
756
847
1000
362
504
508
736
641
833
912
927

272
395
215
540
668



APPENDIX A

Description of Boundary Layer Integral Equations

The Navier-Stokes equation and the continuity equation for a viscous

incompressible fluid are:

DD _ Lop+vvio
= LUD+VV A-1
Vo Q =0 (A—E)
vwhere Q is the absolute velocity and 2 denotes the substantial deriv-

Dt
ative. In a system steadily rotating with a constant angular velocity ) ,

the equations of motion become:

GG + (@or)i + 2 {Wxg) - = ~4v7p-V v (a-3)

Veg = O (A=)

wvhere § = Q - Wxr is the velocity relative to the blade surface. We

now transform these equations into the curvilinear coordinate system x,
Y, 2 shown in Fig. 2. The transformation formulas are:

X = [cos/{ cos de -z sinw -y sinK cos‘sL/+ X
od A X

Y = sinK ax + y cosK + Y, (A-5)

X
0
7 = fcosKsins[/dx-%-zcosS[/-y51nKsin$U+ Z

o]
vhere K and S[/ are functions of x and subscript s indicates coordin-

ate at stagnation point. The components of r,. (:) and q are:

r

= (x -d', y+ R, 2z)
W= (W sinw cos K ,(,«.)sinyf sink, W cosy/) (A-6)
q= (u: Vy W)

where R 1is the radius to the stagnation point of the streamline we are
considering and d' is the distance along the x-coordinate corresponding
to the distance d along the X-coordinate.

The square of the element of arc ds in cartesian coordinates has the

form ds? = ax® + ar + arf (A-7)
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and in orthogonal :urvilinear coordinates
= h,2 ax o+ h§ & + h§ az? (A-8)
Equating gives
hy =1-ym; h, =1; hy =1 (A-9)

where m = -éx"/-( and terms of order (52) have been neglected in h, . When
finding the square of the elements in equation (A-"() we also get terms
with dxdy, dxdz and dydz. However, if the coordinate system X, y, z 1is
orthogonal the coefficients for these terms will be zero. This is only
true for the dydz term in our coordinate system, but the term for dxdz
is -yesinK and for dxdy is ezsinK, where e = %—Ej If we now use the
equations going along one streamline at a time we can put y = O which
makes the coefficlent for dxdz zero. The coefficient for dxdy, however,
can not be made zero, but z is small of order (cS ) and restricting the
equations to cases where the radius of curvature of the surface is large
compared to the boundary layer thickness we have e of order ('Cég). Thus
ezsinK is of order (ES:) so the coordinate system will be very nearly
orthogonal and is certainly justified to use with the boundary layer equa-
tions.

In curvelinear coordinates the various derivative operators appearing
in the equations of motion have the following form:

[ - A0 ol o003

(V) = (ved) -[vx (v:3) ]
(103), = %,§;<V°@>
[VX(VxC])L:HLF,[ hy(vx Q)Z -5z D (VXQ/J



-A3-

(03 = g, [ - £ 0]

7ed = - ,wd(h h u)+a"y(h h) + £ (hh |
where subscript x denotes x-component.

Denoting differentiation of u, v, w and p with respect to x, ¥y, 2,
with subscripts x, y and z respectively, we get for the Navier-Stokes equa-

tion

X~-component

q‘lfﬂ';{:ﬂ '+VUy + Wl - ;/(’ém -+ Q)z[(x—d'> S;r‘)gsl/CO-ieK + (,Q-ry)sfnz}y\g/;—) KCOSK +

z cosly sin }Vcosl{)+ 2 w( Wsmysm - vcosy) oﬁﬁt’ q7)=-

U, U
[(/-»wm) 9" 22 (ymp " Egm (um (g (l-ym? (a-9)

y-component

P(/—y m
MmUY _muy _um’ vy 2mﬁ]

T—gﬁ Vvt Wy, + LM o m 40 [(x-d )sin® yfs.'n){msk+6?+9)51;o?}05/n/(+

Z¢os }//5/77 ;,zfsz'nkj +2W ﬁxcosy/— wsin Ycosk —w 72 y) =- _’;. +

\; Vix MeVe _ Mvy _ Vm Uumsy 2777@(
&/—gm)ﬁvwﬂéz-k( mP (-ym) (|- gm)'j (l-ym)® (l ym)® (4-10)

Z-component

| Uwe + VW +Wid + we[(/\’-d/)&‘??y/ms}//ZOSK‘P(R+y) S[ﬁ}VCOSVSlhK +

I-ym
2 ; ] ’ . o ]DZ
Z ccs }V] +20) (vsmy/CoSK-u SIn Wsin K) -Wz =- —S; +
Wax L Y m w
% { i + + W rﬁkﬁe _ Y Al
(l~yrf ™ 9775 (gm) I~ym (a-11)
continuity equation
e SAVTR AR =0 (a-12)
l=ym ) gm ‘
Now introducing the usual boundary layer assumption that .cé- = 0(\/%‘ )3
-é-? 0(-‘2—)3 %’ = 0(%—) and also put y = O, we get the boundary layer equa-

tionsvalid for Reynolds number of the order [(4/52]
(o
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Momentum equation

Xx-component
UL+ MUy + W=vU I = 20veos Y + f [ (X c/%/'nj/f‘c‘csa/{ - 7) +
Rsir'wsnKcoik] = - % F UL, (a-13)
z-comgonenﬁ
U+ W Vg WL U+ ucrsl/+ &)2,(()({/ ’/'5‘/}75//507/((05/\/ *

D s g e — - Jy
Rlsin”wein'k ~1) &tV (A-14)

z-component

20 (vsin feosK-usinysink) w%/%/;/,)c os}y[é'-dﬂms/«xe 5/}7/{[: - -7;4- (A-15)

Continuity equation

Uy + Vy + W, - vm = O (A-16)

Equation (A-15) shows th&tjg%% may be of the order [ 1], but that only
indicates a change of pressure across the boundary layer of the order[%ﬂu
Hence, we can approximate the pressure at the surface with the Ffree-stream
pressure. Equation (A-15) can now be disregarded.

In order to obtain the boundary layer momentum-integral equations,
equations (A-13) and (A-14) are integrated with respect to z through the
boundary layer to some constant height h such that h:>5 .

As we have neglected the variation of p across the boundary layer,
we can get expression for Py and py from the flow outside of the bound-
ary layer where we may neglect the viscous terms. Equations (A-13) and (A

14), written for this region, become:

. 20, N e 2 \ L2 B
Ul +w (sin Ylos K- 0+X35/n}ﬂ5/nK6b5K] == ‘SSX (A-17)

Un+2 0 Ucos y)-'r a)z[ ( k-d’)szbz}pﬂh/( CosK+ 7?(5/’/7?1/5/}72%— 7)]‘*“'% (A-18)
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Substituting equations (A-17) and (A-18) in (A-13) and (A-1k4) and also
using the continuity equation to express w, the integration gives us the
momentum integral equations.

X-direction

a@“ BJ uax(é +?@) (/aU m)/é yﬁ%‘)lc—g*: %‘ (A-19)
y-direction
= = T oNA = - - — A

%%Q;L/X+ Zg-ﬂgg+§§@9+@7{%0_nj—m/@¢c§ﬁ -—Zi-_?lciz gf;bna: (4-20)
where the integrated quantities of the boundary layer defined in equation
(1.3-1) are used and 60_,_:0.)008)0 is thé component of the angular velo-
city perpendicular to the surface. The dashes over the quantities refer
to the curvilinear coordinate system. We also form an energy integral
equation by multiplying equations (A-13) by u and integrate through the

boundary layer to get

06, 20, _ 2t
£2 (7, )@-u £2138%08 )= 5’U/

vhere C%ft A/G;/C%l CJZZ

and the 1rrotationality condition equation (1.3-4) has been used.

(A-21)

The curvilinear coordinate system we have been using has the disadvan-
tage of not being a "streamline" coordinate system more than on the base
streamline. This means that the equati ons do not take care of streamline
convergence or divergence in the main stfeamm We nowwill correct for this,
following Johnston (Ref. 12)

We first must determine the relationships between velocity components
and their derivatives for the curvilinear system and the "streamline" sys-

tem.
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Sketched below is a diagram showing the relationship between the var-

ious velocity components at a point P, a distance y from the base line.

The arrow marked U represents the main flow total velocity vector, that
marked ¢ 1s the total velocity vector in the boundary layer.

From the sketch, the following relationships among the components are

deduced.
ut = 7%+ VP
yU=%0-avV (A-22)
ul = QU + W

From the relations (A-22) and the fact that the base line (y = 0) cor-
responds to a main flow streamline, it can be demonstrated that on the base
line:

V:O;ﬁ:U;i'r:v;ﬁ:u; dU:dU;ETczo

00 _Qu Qv _9ov 98 gu .Y AV QY _9v u oV
0x T 9x ;0x "0x ; oy = oy U Jdy;oy oy * i dy;

With the transformations (A-23) we may convert the integrated quanti-

(A-23)

ties of the boundary layer and their deviations from the definition in the
curvelinear system to the definitions in the "streamline" system. For ex-

ample, on the base line,

= = e L/ _
a@,:éo/m Wvdz = -52/ (U-u)vdz = Oy
. Q

and

0Gy=— 2,80 f7.0)ickz + L [l 20 4 ﬁ:-éﬁ
ayx = ﬁag-gof//f a}VJ/Z+U2f/"gj/‘dﬁ)dZ+U?g(U U,)g‘; az
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using (A-23) this can be written

fy /U uvdz + lﬁ//du ja 77 )dz-f— //(U u)b,ym_dde

S = S k5 fip v+ foffureiue}

Using the definition (1.3-1) we can write ‘thls

-2 XHTEL-%V( o+ Bex) |

By performing similar operations on all the integral terms, we

obtain the following relations on the base line.

LEd &8 86 Gy d T8 8y - 8, |
Ony=Ciy 3 pe= Byr 5 Ja “5%“‘5%%"‘;%%‘; S;j—’—z?%‘*; ) (a2
o33l ) 0 S ST

In the last guantity S + &3 / wlaz: As v in the cases e con

sider is & magnitude smaller than u, & 5y €&%" and Oyy << Osxe

Now, by using the transformations of relations (A-23) and (A-24) the
momentum int;gral equations along the base line of the streamline coordin-
ate system becomes:

x-direction

= *
%@M@__xH% cf+2@o,) (/au @2@#% +@UQ‘ =_'7_'Cf (a-25)
y-direction

Brsg, (12U, C%_V + 28516, (B ml s, L= CorX (a.26)

Similarly the energy equation

5/32%(03@«;7_{_ ggy /dVOr +202¢(3£H2 ) ?fz/;;‘) (a-27)



APPENDIX B

Construction and Features of Test Apparatus and Air Supply

The blades in the annular cascade are of typical compressor design
with:
Circular arc camber line

NACA Four Digit Series thickness distribution with 9% maximum
thickness

Chord; c¢ = 2.8"

Camber angle - 35°

Pitch-chord ratio at mid-span g = 1.0

Aspect ratio % = 1.8

Diameter ratio %; = 0.65
The end walls of the cascade were made of perforated sheet metal having
40% opening covered with a thin nylon cloth.

The inlet section between the vanes and the blades was designed for
potential flow. In order to keep the boundary layer on the walls thin, the
flov was continuously accelerated. The inner piece of this section was
made of wood while the outer wall consists of sheet metal cones Jjoined by
a truck tire inner tube having a cross-section radius of approximately 6
inches.

The vanes were made of sheet metal. The stationary part was 15 inches
long and the variable outlet section 2.5 inches. Between the stationary
and variable sections was a screen, which together with another one further
upstream, improved the uniformness of the flow.

The ventilating fan used to blow the air was a single stage axial mach-
ine having a nominal rating of 8000 cfm at three inches of water pressure
rise. The inside fan casing diameter was 27 inches.

The fan casing was continued with another cylindrical shell of 27 in-

ches diameter, which on one end hed holes taken up in the periphery to al-
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low the flow to go out radially to the specially designed sheet metal hous-

ing, holding the vanes.
The inlet section of the fan was of the radial type, using a truck
tire inner tube and having a screen around the circumferential opening.
For the suction, two centrifugal type fans were used (Make: Buffalo

Forge Co. - Type "R" - size 34).



APPENDIX C

Instrumentation and Uncertainty

Five-hole Free-stream Direction Probe (Figure 7)

This probe measures total

pressure, pitch angle, 5 s

and yaw angle,'y/ . Diameter 5

of probe tip D = .13". Dia-

e

meter of holes & = .0l4. The
probe was initially calibrated
for pitech angle 5 when the yaw angle BV = 0. However, for the upstream
stations it was not always possible to pivot the probe so that y) =0 or
(p2 - Rq) = 0. A set of calibration curves was, therefore, taken for -10¢
}L’ <  10°., The total pressure reading was also affected by the pitch
and yaw angles and a calibration curve glving the error in total pressure
as a function of yaw and pitch angles was found. This error is proportional
to approximately the square of these angles. The calibration curves were
reproducable to tT.4° in ({ and y) . However, taking into account errors
introduced by the traversing rig, where part of the yaw angle has to be
read on the protractor (Fig. 5), we have judged the error to be of the or-
der +1.0° for \ and *0.7° for é; . The five~hole direction probe is des-
cribed on page 108 of Reference 26.

In ordef to get the static pressure in the free-stream, readings were
taken from static pressure taps in the .stem of a probeé of fhe same con-
figuration as just described. No correction was applied to the readings,
but in the exit plane the pressures were also measured with a sphere-static
probe (Ref. 25). The difference in readings were of the same order as the

error of the later probe (f1%).
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Three-hole Free-stream Cobra Probe

The five-hole probe just described was not accurate enough to find the
streamline curvature outside of the boundary layer. Two probes were there-
fore constructed which could be slid along the chord direction of & blade,
one for the suction side (shown in Fig. 6) and one for the pressure side.
These probes give the angle between a free streamline and the chord direc-
tlon as accurately as it was possible to calibrate the probe tip. The re-
producability of the calibration was within f0.5 degrees.

The probe tip shown in the figure

here had a standard tip made of three

0.025" stainless steel hypodermic
Yow fubes
tubing soldered together with the

outer two cut off at a 60° included
fota/ pressure tubes

angle for megsuring. yaw.

These probe tips were soldered to shoes which could be slid in 0.018"
wide slots, milled along the chord direction of one blade. The shoes it
exactly in the slots and needed just to be pressed into the slots to hold
the probes during the runs. When soldering the probe tips to the shoes,
we were careful to line up the probes with the direction-of the slots. The
distance between the center of the tip and the wall was 0.23" on the suc-
tion side probe and 0.16" on the pressure side probe. These distances were
chosen so that the tip always should be outside of’the boundary layer.

Boundary Layer Traversing Probe

This probe was also of the cobra-type, but in order to get readings
as close to the wall as possible, the probe tip had to be as small as pos-
sible. The reqpirementé for this probe were:

1) Distance between center of probe tip to wall must be minimum.

2) Distance between centers of yaw holes must be minimum
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3) The probe must give reasonable short response time.

4) Accurate traversing of the probe across the boundary layer
must be possible.

We found that with an inside diameter of the hypodermic tubing of 0.008"
we get a response time of 10-20 seconds which we considered reasonable. With
this inside diameter, the outside one is given as 0:016", which was consid-
ered too large. We, therefore, tried to flatten the tubing in order to meet
requirement (1). This naturally increased the distance between the yaw holes
and pointed out the importance of requirement (2).

When using a probe in & shear flow, as shown in this flgure, we have to

worry about the errors introduced by u

the velocity gradient. One error depends

on the difference between the effective

and geometric center of the probe. This ‘E§§

error has been considered in Reference NN SONN AR NN

(27) and was found to be negligible for turbulent flow. The other error

we have to consider has to do with the yaw pressure difference and is de-
pendent on misalignment of the probe. If the probe is not maintained ex-
actly rarallel to the surface, as shown in the figure s the two yaw holes

will be exposed to differenct total
P Yaow tubes
NN NN RRNRY

that this error could be very large close to the wall where the velocity

bressure and this will show up as a

yaw pressure difference. It was found

gradient is very steep. Thus, minimizing the distance between the yaw holes
is necessary to keep this error small, so the flattemed tubing could not be
used. We further must have a traversing mechanism which keeps the probe
parallel to the wall.

Several different configurations of the traversing mechanism were tried

out and it was found that, besides the requirement of keeping the probe para-
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llel to the wall, we had to support the probe as close to the tip as pos-
sible in order to minimize vibrations in the probe-tip. This resulted in
the design shown on Figure 8. The probe in place on the blade is shown in
Figure 5.

The probe tip, (1) in the figure
here was made of three stainless
steel hypodermic tubings with an
inside diameter of 0.008" and the

outside diameter ground down to

0.012". To the probe (1) was
soldered two bent pieces of 0.042" stainless steel hypodermic tubing (2)
through which two pieces of 0.020" piano wire (3) could be slid with the
help of the micrometer shown in Figure 8. The ends of the pianoc wire res-
ted against the blade surface and when sliding the piano wires back and
forth the probe-tip was traversed across the boundary layer. The support
points were in line with the probe-tip and 0.3" on each side of it. It is
believed that this was not sufficiently close to cause appreciable error
in the probe reading. Due to the supports on each side of the probe-tip it
was possible to adjust the face of the tip under the microscope so it trav-
elled parallel to the surface. The probe was calibrated in a uniform stream.
In order to find the error in a shear flow we traversed the probe across the
boundary layer several times at the same position and observed the repro-
ducability of the readings. In the outer 80% of the boundary layer the
yaw readings could be reproduced to within 0.3 degrees while the readings
closer to the wall might have errors up to t1 degree.

All traverses were made starting with the probe resting against the
surface. As the gradient of total pressure was very steep here, it was
easy to see when the probe left the surface and, thus, fix the starting

value on the micrometer.



-C5-

Static Pressure Readings

Two blades had eighteen 0.018" static pressure holes drilled perpend-
icular to the surface along a chord-direction. One had the holes on the
pressure side, the other on the suction side. The pressure taps were con-
nected with the measuring instruments through tubing inside the blades.

By sliding the blades along the radial direction the pressure distribution
at any span-position could be found.

Tripping Wires

Each blade in the cascade was fitted with tripping wires. The diam-
eter of the wires were chosen from the criterion
H‘f>6oo
taken from Reference 37, page 463. This gives a diameter of 0.014". The
wires were glued to the surfaces at 10% chord on the pressure side and 30%

chord on the suction side.

Traversing Rig to Hold the Probes

The rig shown in Figure 5 was fastened directly to the floor in order
not to transfer any vibrations from the spparatus to the probes. Motion
was provided in the axial and tangential directions and the probes could
alsoc be pivoted around a radial direction.

Pressure Measuring Equipment

All pressures were reglstered by Pressure Transducers manufactured by
Statham Laboratories, Inc., Los Angeles, Calif. and were read on a Dynisco
four-channel calibrator. The transducer-calibrstor combination was cali-
brated against a regular micro-manometer having an uncertainty of approx-
imately 10.001 inches of Hp0. From the reproducebility of the calibration
it was concluded that the uncertainty of the transducer-calibrator was well
within 10.01 inches of H0.

u

Our principal measurements vere U and %. From the above we can

figure the uncertainty in % to be t1.5 percent while due to the lar-

Y
U
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ger uncertainty in the yaw-angle may have an error of 110 percent.

These errors will also be present in the integrated quantities. Also,
including the Reynolds number variation of *3%, indicated in paragraph (2.3)
we get tUp error for integrated quantities in stream direction and +10-15%
in cross direction. In cases of very small cross-flow, the last error may

be still larger.
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Inviscid Theory

The purpose of this appendix is to show how the velocity parameter B
can be related to the free-stream parameters.

In the outer portion of the turbulent boundary layer we expect the
viscous terms to be small, so we may use the equations of motion with V= 0.
Furthermore, due to our choice of coordinate system we know that the cross
flow velocities have to be small as they are zero Just outside the boundary
layer. Thus, we may assume the cross-flow velocity % to be of the order
{-é.] » which also gives the angle K to be of the order [‘Zg]

Now, neglecting terms of the same order of magnitude as we did in de-
riving the boundary layer equations (A-13) and (A-14), we cen rewrite those

equations as

2 2
uu + v, + () (x-d')cos }U = - %5 (D-1)
2 2
uvy + wvz + uam + 2u)ucos>U + W [(x-d’)sin >l) sinK-R] =
‘ - B (D-2)

P
where subscripts x, y z denote differentiation with respect to X, y, z

respectively.
For the flow outside the boundary layer these equations become:
Uu, + w* (x-d')coszy) =-Ey (D-3)
Um + 2WUcos Y + a)z[(x-d')sinzy) sinK - R| .—.-l;y (D-4)
Substituting gx and .Ey from equations (D-3) and (D-4) into (D-1) and
(D-2) gives
uux-UUx-!-wuZ:O (D"S)
uvy + wvg + m(u®- U%) + 2w, (u-U) = 0 (D-6)
where W, = W cos\}/.

Eliminating w between these two equations gives

uvy - m(Uz-—uz) + V, UUx- uux _ 2w, (U-u) =0 (D-7)

—— —————

Z
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Now using the relation for v given in section k4.1
v = (u-U)tanp = £ tanB = £ -

where f = u-U is the velocity defect. We can rewrite equation (D-7) as

(wf) (£ #1,8) - m(V-Pt"-2rU) + pe, UUr(U'*fi)‘ Ugte) 4 20 = 0
X

which reduces to

Ux 2U+f 2wy
Px = Blur = " ® it ~ Tar

The velocity defect f 1is small compared to U in the outer part of the

boundary layer so we may neglect it. The equation then becomes

B, - B Ux =-om - EX (D-8)
U U
The solution of (D-8) is X
x X UX
[ ax wy ~A1y &
p=e? -2 | (mt) e ax + ¢ (D-9)
[~]
Assuming B = O at the leading edge x =0 gives ¢ = O.
The integral
X u
U. s18) U
fﬁx ax = / T =]log -ﬁo
[ X Vu
50 /Ex ax  logd
e = @ =
Yo

Using this in equation (D-9) gives
X

B = U [ Uor ﬁ&i.]
ﬁ—.-er/U[nH o [ ax

[~
As U_ 1is independent ¢f x. this simplifies to
X

(o]
=- —-m -
B =-2U /{U+—-"=U)d.x (D-10)

o
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Skin Friction Formula

In order to find the skin-friction for our experimental data we have
plotted the velocity profiles in "law of the wall" plot. This plot‘is shown
in Figure 24. The straight portion of the curves correspond to the loga-
rithmic law found in two-dimensional turbulent boundary layers and the dot-
ted curves correspond to the linear velocity profiles which we expect will
exist in the layer closest to the wall, the so-called "laminar sublayer".

We expect a velocity profile drawn in this plot to have one portion par-
allel to the dotted lines and one parallel to the straight lines. The tran-
sition between the curved and straight portion will, of course, be a contin-
uous curve over a finite distance and not a discontinuity in the slope as
shown in the figure. The skin-friction has been read from that part of the
velocity profile which was parallel to the straight lines in the plot. For
profiles well away from the separation line it was easy to find the préper
skin-friction value as several data points were in the logarithmic region.
For profiles closer to separation the wake-profile dominates the profile-
shape so the skin-friction here had to be read from one or two points found
in the logarithmic region. The skin-friction, as read by this method, is
the proper value in the limiting streamline direction. In order to get the
values for the x and y direction we have to multiply with cost, res-
pectively sinC.

For the boundary layer equations we need to express the skin-friction
coefficient in the x-direction Cf as a function of 6,4 and H. Such a
function has been found by Ludwieg and Tillmann (Ref. 34).

o o Q.246e -1.5611
£7 7 (Rg)0-268 (E-1)
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It is generally known that this formula will underestimate Cf for
high C.-values and overestimate it for low values (Ref. 12), This is also
the case with our data as shown in Figure 25 and we have made an attempt to

correct for this by suggesting the formula

Ce = 0.9%e -1.568
(Rg)o.lr( (B-2)

which, as seen in Figure 25, fits our data fairly well.



APPENDIX F

Auxiliary Equations for the Energy Equation

*
The energy equation contains both the regular shape factor H = g
XX

>
and the second shaspe-factor i = -Oé-’i . Using a velocity profile family it
xx

is possible to find a relation between H and H. If we use the simple
!

n ' 2
power law profile }U'l = ( —62—) vwhere from the definition of H, n =777 We get
i = 4 o )
T 3H-1 (F-1)

This was used by Truckenbrodt (Ref. 35) and is plotted in Figure 26 to-
gether with our data. If we use the profile family of Section 3, we get

H = F(H, Cp cosB) (F-2)
vhich also is plotted in the same figure. Neither of the methods seem to
glve a good agreement with our data and as the points show a large scatter
it is not possible to detect any specific trend for different Cy cosfp wval-

ues. Instead we have chosen to fit an empirical curve to our data. The

function
- Ly ,
H = 3031{"1-5 <F-3)

is also shown on Figure 26 and is suggested for use with three-dimensional

boundary layer. Equation (F-3) was found using a power-law profile % =

4
( XZ-) n where
1

% = 0.54H-0.58
The dissipation terms in the energy equation are given by equation

(F-4)

(1.3-7) as 5

2
at+t | du
P / v ( 0 z) oz (F-5)
o
Truckenbrodt used an empirical relation
-2
&t _ 0.56 10
pU° (Ry)*® (F-6)
which was based on Rotta's experimental findings (Ref. 36).

In order to find the shape-factor equation we combine the energy and

momentum equations. The dissipation term in the resulting equation is
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2(art) _ 5 Of
S 2 (F-7)

When using the Truckenbrodt expression (F-6) for d.+t/pU3 we also must use
the Ludwieg-Tillmann formula (E-1) for the skin-friction Cf. The result-
ing relation is a function of H and Rg. ‘

The main objection against using equation (F-6) is that it does not
give the correct value of H for the case of a two-dimensional boundary
layer over a flat plate. For this particular case we have H = 1.4 and

dH = dU = O 80 the dissipative terms must also be zero.

2(art) 5 0f . o
o 2
This gives us H = 1.5-1.6 depending on the Ry-value, and not H = 1.k,

as expected. A slight correction of the constant in equation (F-6) could,
of course, take care of this. However, it would be more convenient if we

could have the same R dependence in oty as In C_.

It is possible o derive such a relation if we assume the shape of the
velocity profile and eddy viscosity distribution across the boundary layer.

For simplicity we assume the velocity profile to follow the power law % =

L
(gan with n from equation (F-4). From pipe and flat plate data we know
that the eddy viscosity has an essentially parabolic distribution. We as-

sume it to be

ot )]

where K 1is a constant. Using this in definition of Q%E (F-5), we get
>
art _ _ Kor
- 4
oU®  on(ntl) (F-8)

with n from equation (F-4).

The dissipative terms in the shape-factor equation then become
-cp C - -
2(art) _ 5 Of _ f[K _H] (P-9)

2n(m+l)
with n from equation (F-4) and H from equation (F-3). K is then found

pU3 2 2

so that the dissipation terms become zero for H = 1.4. The numerical val-

ue becomes K = 12.8.
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Free-Stream Data for the Rotating Case

When gpplying the calculation-scheme to a case where the blades are
rotating, we want a configuration which shows the typical magnitude of the
cross-flow and can also be compared with the stationary case. Both of these
requirements will automatically be satisfied if we choose a symmetric config-
uration having the same velocity distribution in a coordinate system fixed
to the blades. Thus, we assume that the rotating stage is both preceded

and followed by stator vanes of a symmetric configuration as shown in this

for

figure.

velocity
o7 wr
triangle

// 0 ﬁ, wr

/|

<
X
//{s
'y
¥
\
gf

Stator I Rotor Stator II

The axial velocity is assumed constant and that will fix the magnitude
of (W from the velocity triangle also shown in the figure.

These requirements can only be satisfied at one span-position. The
mid-span position was chosen so the calculations made for 30% and 70%
span position merely show the trend in changes of the cross-flow. c,, B,
and B, were taken from the experiments (Fig. 9) and this gives W = 1233%5
for the mid-span position. The same (J was then used for the 30 and 70%
span positions.

The radial or spanwise pressure gradient is known for the stators from

the experiments. Thus, we know the gradient in both the inlet and exit of

the rotor. A probable distribution within the rotor has then been assumed.
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During the actual calculations it was found that terms involving the angu-
lar speed W was two td five times as large as terms involving the radial
pressure gradient. Therefore, an error in the assumed distribution of the
radial pressure gradient will only affect the calculations slightly.
The streamline curvature m 1is found from the cross-wise equation of
motion written for the flow outside of the boundary layer, equation (A-18).
As, in general, sin K is small compared to unity and (x-d') small com-

pared to R we may write the equation

0 2
5§ 24, ., RW
m=0% -T2 (G-1)

oU
The spanwise velocity gradient 3y is found from combining equation

(G-1) with the irrotationality condition, equation (1.3-4). This gives

19U _ _ 1 Jp, Rw
Uoy pUza y U2' (G-Q)
The free streamline divergence or convergence term %g was intro-
duced on page 4 of Section 1.
‘7 = U tan XK
a aU tanK + U gls
3—3; cos’K O
and cos K == 1
1 a{f aK 190U tan (G-3)
— = + —
Uoy oy Udy
From definition = gl:(—c
but oK K
dx = ax +
3 x y ¥
80 dX - 9k . a/< gz
dx Jx

Our calculations are always done by following one free streamline, so y = 0

and %: 0. Hence

aK
dx

ofx
IEI
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or K = /mdx+c(y)
% X
then 2K _ on c
55 éydx+ , (¥)

[a]
Using this relation in equation (G-3) gives

X
13V _ [Rw® 19 2
ﬁﬁ— l:——ﬁ‘i--&;zé—‘.}g tan K + /ﬁdx"’c,(}’) (G-1)

It was assumed that C,(y) has the same value in the rotating and station-

ary case.

The streamline divergence or convergence within the boundary layer is

expressed by g—s— Where P 1is taken from the inviscid solution, equation

X
w

B:-EU/[E+“"L:)dx
[ v v

When taking the derivative of m with respect to y we have included the

(D-10)

stretching factor h, = 1 - ym in equation (G-1) and specialized to y =0
after making the derivation. From equation (A-10) we may see that equation

(G-1) should be modified to

0 2
m ='a‘32r 2w, (Ry)w
op
thus -
OY oy, (Rey) w?
pU2 U y2
m = D
1+y -3'5 S 2w, (BHy) w?
[ pu* = U u? (G-5)

taking the derivative before specializing to y = 0, we get

2 U Z

op 0
om | _gy _2W .R(o7'+ w7‘__ [_ﬁ é%+3_&_)2]
U

57 =5y 20 "2tz -
i vlov (c-6)
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