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Abstract

The amount of data in the world is doubling every two years. Such abundant data
offers immense opportunities, but also imposes immense computation, storage, and
energy costs. This thesis introduces efficient algorithms for reducing these costs for
bottlenecks in real world data analysis and machine learning pipelines.

Concretely, we introduce algorithms for:

e Lossless compression of time series. This algorithm compresses better than any
existing method, despite requiring only the resources available on a low-power edge
device.

o Approximate matrix-vector multiplies. This algorithm accelerates approximate sim-
ilarity scans by an order of magnitude relative to existing methods.

o Approximate matrix-matrix multiplies. This algorithm often outperforms existing
approximation methods by more than 10x and non-approximate computation by
more than 100x.

We provide extensive empirical analyses of all three algorithms using real-world
datasets and realistic workloads. We also prove bounds on the errors introduced
by the two approximation algorithms.

The theme unifying all of these contributions is learned compression. While com-
pression is typically thought of only as a means to reduce data size, we show that
specially designed compression schemes can also dramatically increase computation
speed and reduce memory requirements.

Thesis Supervisor: John V. Guttag

Title: Dugald C. Jackson Professor of Electrical Engineering and Computer Science
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Chapter 1

Introduction

As datasets grow larger, so too do the costs of using them. These costs come in
the form of computation, storage, memory, network, and energy usage. This thesis
introduces algorithms to reduce these costs for various common elements of real-world
data collection and analysis pipelines.

The central theme of our work is using machine learning to construct and manipu-
late efficient, low-level representations of data. We show that by learning to compress
data into specific, algorithm-friendly formats, we can obtain dramatic speed and
space savings—often 10x to 100x—compared to either the original data or vector-
valued embeddings. This is not merely a matter of quantizing floating point scalars,
projecting data into lower-dimensional spaces, or otherwise employing well-known
techniques; it is instead a matter of examining the “full stack,” from application
requirements to processor instruction sets, in order to jointly formalize problems, de-
fine efficient algorithms, and design compute-friendly data representations. Where
applicable, we also prove theoretical guarantees about the resulting methods.

To make these claims more concrete, it is helpful to introduce the three problems

discussed in this thesis:

Compression of time series data (Chapter 2). Time series constitute a large
and growing fraction of the world’s data, but there has been little work on how

best to compress them. Such compression is especially important at the point of
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collection; low-power devices such as wearable health trackers must expend a great
deal of energy to transmit data, so reductions in data size yield vital reductions in
power consumption. We introduce a lossless compression algorithm for time series
that achieves state-of-the-art compression ratios and speed, despite using only the
limited resources available on low-power hardware. A key element of this method
is an algorithm for simultaneous online prediction of and training on samples that
operates at over 5GB/s in a single CPU thread. This extreme speed makes it practical
to replace fixed compression heuristics with a learned model, yielding significant space
savings.

One application of this method is in gathering data from fitness wearables for
gesture and activity recognition. This task is difficult and has attracted enormous
attention both in industry [7, 119, 8, 6] and academia [88, 134, 135, 136, 89, 151, 30,
66, 21]. In order to construct accurate recognition models, it is desirable to collect as
much accelerometer, gyroscope, and other data from each device as possible. However,
transmitting this data from a wearable device to a phone or the cloud consumes
precious battery life. This has led to interest in on-device compression [21]. We
demonstrate using numerous datasets acquired from both wearable devices and a
wide range of other sensors that our compression algorithm significantly outperforms
existing alternatives. Moreover, it does so despite using 100x less memory than many

competing methods.

Acceleration of Similarity Scans (Chapter 3). Similarity search is one of the
core operations behind modern web and mobile applications. Such searches decom-
pose into a coarse retrieval step and a linear scan step. We describe an algorithm
to dramatically accelerate the linear scan step. It is conceptually similar to existing
linear scan algorithms, but achieves large speedups by taking into account character-
istics of modern hardware. The core of the method is a learning-based algorithm for
compressing the database being searched, along with a compression format that can

be scanned without decompressing the data.

Among other applications, the algorithms our method improves upon are used for

16



image retrieval at Google [79, 163] and Facebook [4]. We demonstrate our method’s
superiority on various benchmark datasets for both similarity search in general and

image retrieval in particular.

Fast Approximate Matrix Products (Chapter 4). Matrix multiplication is
one of the most fundamental operations in machine learning and data analysis. It
is also the computational bottleneck in many workloads. We introduce an algorithm
to quickly approximate matrix products that greatly outperforms existing methods
for realistic matrix sizes. Our approach is a significant methodological departure
from most work in this area in two ways: first, it exploits a training dataset to learn
useful approximations; and second, it uses nonlinear transformations of the matrices,
a counter-intuitive approach when approximating linear operations. Our method is
well suited for accelerating neural network layers, which have linear operations as

their computational bottleneck.

As stated previously, these methods are unified by a pattern of learning efficient
representations and designing algorithms that exploit these representations.

In the first algorithm, we learn to represent time series as a sequence of low-
bitwidth integers in a vectorizable data layout. The learning comes in the form of
the online forecaster. Reducing space is the main focus, but, as we demonstrate, our
compressed format can also be decompressed at extreme speed—often 2GB /s or more
in a single CPU thread.

In the second algorithm, we learn to map vectors of floating point numbers to
vectors of categorical values, each of which can be stored using only a few bits. This
representation is both more compact than the original and much faster to operate
on; for example, it allows us to approximate 256-element dot products in roughly two
CPU cycles.

In the third algorithm, the form of the learned representations is the same as in
the second, but the functions creating and using them are more efficient for matrix

multiplication. First, we replace an exact clustering step with a learned locality-
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sensitive hash function. Second, we replace an exact summation with a noisy estima-
tor whose errors we analyze and correct for in closed form. And finally, we relax a set
of constraints on parameters that other methods cannot relax without an immense
performance penalty. These changes significantly increase quality for a given level
of speed; among other results, we accelerate a softmax classifier on the CIFAR-10
dataset by a factor of 15x with only a .25% drop in accuracy, or over 100x with
a 1.1% drop in accuracy, while also compressing the input representation by factors
of 128 and 512x respectively. Our second algorithm, as well as all other existing
methods, are more than an order of magnitude slower at these accuracies.

We discuss these three algorithms in more detail in Chapters 2-4, and conclude
in Chapter 5 with additional observations and a discussion of the lessons that can be

drawn from this work.
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Chapter 2

Compressing Integer Time Series

2.1 Introduction

Thanks to the proliferation of smartphones, wearables, autonomous vehicles, and
other connected devices, it is becoming common to collect large quantities of sensor-
generated time series. Once this data is centralized in servers, many tools exist
to analyze and create value from it [184, 50, 169, 160, 29, 178, 152, 162]. How-
ever, centralizing the data can be challenging because of power constraints on the
devices collecting it. In particular, transmitting data wirelessly is extremely power-
intensive—on a representative set of chips [95, 96], transmitting data over Bluetooth
Low Energy (BLE) costs tens of milliwatts, while computing at full power costs only
tens of microwatts.

One strategy for reducing this power consumption is to extract information locally
and only transmit summaries [172, 11, 35]. This can be effective in some cases,
but requires both a predefined use case for which a summary is sufficient and an
appropriate method of constructing this summary. Devising such a method can be a
significant endeavor [172]. For common but difficult tasks such as gesture and activity
recognition from wearables [7, 119, 8, 6, 88, 135, 136, 89, 151, 30, 66, 21], collecting
large quantities of sensor data is desirable, and it is not clear how appropriate on-
device summaries could be constructed; furthermore, even if some summarization

method worked well for all present use cases, discarding the raw data would both
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make further algorithmic advances difficult and reduce the competitive moat available
to the device’s manufacturer.

A complementary and more general approach is to compress the data before trans-
mitting it [11, 21, 93, 33, 170]. This allows arbitrary subsequent analysis and does
not require elaborate summary construction algorithms. Unfortunately, existing com-
pression methods either 1) are only applicable for specific types of data, such as time-
stamps [148, 14, 118], audio [41, 154, 2, 138] or EEG [172, 124] recordings; or 2) use
algorithms that are ill-suited to sensor-generated time series.

More specifically, existing methods (e.g., [122, 63, 133, 105, 43, 44, 55, 69, 116])

violate one or more of the following design requirements:

1. Small block size. On devices with only a few kilobytes of memory, it is not
possible to buffer large amounts of data before compressing it. Moreover, even with
more memory, buffering can add unacceptable latency; for example, a smartwatch
transmitting nine axes of 8-bit motion data at 20Hz to a smartphone would need
to wait 10000/(9 x 1 x 20) = 56 seconds to fill even a 10KB buffer. This precludes
using this data for gesture recognition and would add unacceptable user interface
latency for step counting, activity recognition, or most other purposes.

2. High decompression speed. While the device collecting the data may not need
to decompress it, it is desirable to have an algorithm that could also function
well in a central database. This eliminates the need to transcode the data at
the server and simplifies the application. In a database, time series workloads
are not only read-heavy [35, 14, 29], but often necessitate materializing data (or
downsampled versions thereof) for visualization, clustering, computing correlations,
or other operations [35]. At the same time, writing is often append-only [148, 35].
As a result, decompression speed is paramount, while compression speed need only
be fast enough to keep up with the rate of data ingestion.

3. Lossless. Given that time series are almost always noisy and often oversampled,
it might not seem necessary to compress them losslessly. However, noise and over-
sampling 1) tend to vary across applications, and 2) are often best addressed in an

application-specific way as a preprocessing step. Consequently, instead of assuming
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that some level of downsampling or some particular smoothing will be appropriate
for all data, it is better for the compression algorithm to preserve what it is given

and leave preprocessing up to the application developer.

The primary contribution of this work is SPRINTZ, a compression algorithm for
time series that offers state-of-the-art compression ratios and speed while also sat-
isfying all of the above requirements. It requires <1KB of memory, can use blocks
of data as small as eight samples, and can decompress at up to 3GB/s in a single
thread. SPRINTZ’s effectiveness stems from exploiting 1) temporal correlations in each
variable’s value and variance, and 2) the potential for parallelization across different
variables, realized through the use of vector instructions. SPRINTZ operates directly
only on integer time series. However, as we discuss in Section 2.5.8, straightforward

preprocessing allows it to be applied to most floating point time series as well.

A key component of SPRINTZ’s operation is a novel, vectorized forecasting al-
gorithm for integers. This algorithm can simultaneously train online and generate
predictions at close to the speed of memcpy, while significantly improving compres-

sion ratios compared to delta coding.

A second contribution is an empirical comparison of a range of algorithms cur-
rently used to compress time series, evaluated across a wide array of public datasets.
We also make available code to easily reproduce these experiments, including the
plots and statistical tests in the paper. To the best of our knowledge, this constitutes

the largest public benchmark for time series compression.

The remainder of this paper is structured as follows. In Section 2.2, we introduce
relevant definitions, background, and details regarding the problem we consider. In
Section 4.2, we survey related work and what distinguishes SPRINTZ. In Sections 4.4
and 4.5, we describe SPRINTZ and evaluate it across a number of publicly-available

datasets. We also discuss when SPRINTZ is advantageous relative to other approaches.
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2.2 Definitions and Background

Before elaborating upon how our method works, we introduce necessary definitions

and provide relevant information regarding the problem being solved.

2.2.1 Definitions

Definition 2.2.1. Sample. A sample is a vector & € RP. D is the sample’s di-
mensionality. FEach element of the sample is an integer represented using a number

of bits w, the bitwidth. The bitwidth w is shared by all elements.

Definition 2.2.2. Time Series. A time series X of length T is a sequence of T
samples, xq,...,xr. All samples x; share the same bitwidth w and dimensionality

D. If D=1, X is called univariate; otherwise it is multivariate.

Definition 2.2.3. Rows, Columns. When represented in memory, we assume that
each sample of a time series is one row and each dimension is one column. Because
data arrives as samples and memory constraints may limit how many samples can be
buffered, we assume that the data is stored in row-major order—i.e., such that each

sample is stored contiguously.

2.2.2 Hardware Constraints

Many connected devices are powered by batteries or harvested energy [83]. This
results in strict power budgets and, in order to satisfy them, omission of certain
functionality. In particular, many devices lack hardware support for floating point
operations, SIMD (vector) instructions, and integer division. Moreover, they often
have no more than a few kilobytes of memory, clocks of tens of MHz at most, and 8-,
16-, or 32-bit processors instead of 64-bit [95, 96, 5].

In contrast, we assume that the hardware used to decompress the data does not
share these limitations. It is likely a modern server with SIMD instructions, gigabytes

of RAM, and a multi-GHz clock. However, because the amount of data it must
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store and query can be large, compression ratio and decompression speed are still

important.

2.2.3 Data Characteristics

From a compression perspective, time series have four attributes uncommon in other

data.

1. Lack of exact repeats. In text or structured records, there are many sequences
of bytes—often corresponding to words or phrases—that will exactly repeat many
times. This makes dictionary-based methods a natural fit. In time series, however,
the presence of noise makes exact repeats less common [30, 150].

2. Multiple variables. Real-world time series often consist of multiple variables that
are collected and accessed together. For example, the Inertial Measurement Unit
(IMU) in modern smartphones collects three-dimensional acceleration, gyroscope,
and magnetometer data, for a total of nine variables sampled at each time step.
These variables are also likely to be read together, since each on its own is insufficient
to characterize the phone’s motion.

3. Low bitwidth. Any data collected by a sensor will be digitized into an integer by
an Analog-to-Digital Converter (ADC). Nearly all ADCs have a precision of 32 bits
or fewer [3], and typically 16 or fewer of these bits are useful. For example, even
lossless audio codecs store only 16 bits per sample [41, 154]. Even data that is not
collected from a sensor can often be stored using six or fewer bits without loss of
performance for many tasks [150, 90, 122].

4. Temporal correlation. Since the real world usually evolves slowly relative to
the sampling rate, successive samples of a time series tend to have similar values.
However, when multiple variables are present and samples are stored contiguously,
this correlation is often present only with a lag—e.g., with nine IMU variables, every
ninth value is similar. Lag correlations violate the assumptions of most compressors,

which treat adjacent bytes as the most likely to be related.
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Much of the reason SPRINTZ outperforms existing methods is that it exploits or

accounts for all of these characteristics, while existing methods do not.

2.3 Related Work

SPRINTZ draws upon ideas from time series compression, time series forecasting, in-
teger compression, general-purpose compression, and high-performance computing.

From a technical perspective, SPRINTZ is unusual or unique in its abilities to:

Bit pack with extremely small block sizes
Bit pack low-bitwidth integers effectively
Efficiently exploit correlation between nearby samples in multivariate time series

Naturally integrate both run-length encoding and bit packing

SANEE I CI

Exploit vectorized hardware through forecaster, learning algorithm, and bit packing

method co-design

From an application persective, SPRINTZ is distinct in that it enables higher-ratio

lossless compression with far less memory and latency than competing methods.

2.3.1 Compression of Time Series

Most work on compressing time series has focused on lossy techniques. The most
common approach is to approximate the data as a sequence of low-order polynomials
(106, 116, 63, 170, 105, 104]. An alternative, commonly seen in the data mining
literature, is to discretize the time series using Symbolic Aggregate Approximation
(SAX) [122] or its variations [159, 37]. These approaches are designed to preserve
enough information about the time series to support indexing or specific data mining
algorithms (e.g. [159, 149, 107]), rather than to compress the time series per se. As a
result, they are extremely lossy; a hundred-sample time series might be compressed
into one or two bytes, depending on the exact discretization parameters.

For audio time series specifically, there are a large number of lossy codecs [138,

154, 2, 171], as well as a small number of lossless [41, 20] codecs. In principle, some
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of these could be applied to non-audio time series. However, modern codecs make
such strong assumptions about the possible numbers of channels, sampling rates, bit
depths, or other characteristics that it is infeasible to use them on non-audio time
series.

Many fewer algorithms exist for lossless time series compression. For floating point
time series, the only algorithm of which we are aware is that of the Gorilla database
[148]. This method XORs each value with the previous value to obtain a diff, and
then bit packs the diffs. In contrast to our approach, it assumes that time series are
univariate and have 64-bit floating point elements.

For lossless compression of integer time series (including timestamps), existing
approaches include directly applying general-purpose compressors [35, 162, 157, 84,
178], (double) delta encoding and then applying an integer compressor [29, 148], or
predictive coding and byte packing [114]. These approaches can work well, but, as

we will show, tend to offer both less compression and less speed than SPRINTZ.

2.3.2 Compression of Integers

The fastest methods of compressing integers are generally based on bit packing—
i.e., using at most b bits to represent values in {0,2° — 1}, and storing these bits
contiguously [161, 190, 118]. Since b is determined by the largest value that must
be encoded, naively applying this method yields limited compression. To improve
it, one can encode fixed-size blocks of data at a time, so that b can be set based on
the largest values in a block instead of the whole dataset [156, 190, 118]. A further
improvement is to ignore the largest few values when setting b and store their omitted
bits separately [190, 118].

SPRINTZ bit packing differs significantly from existing methods in two ways. First,
it compresses much smaller blocks of samples. This reduces its throughput as com-
pared to, e.g., FastPFor [118], but significantly improves compression ratios (c.f. Sec-
tion 4.5). This is because large values only increase b for a few samples instead of for
many. Second, SPRINTZ is designed for 8- and 16-bit integers, rather than 32- or 64-

bit integers. Existing methods are often inapplicable to lower-bitwidth data (unless
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converted to higher-bitwidth data) thanks to strong assumptions about bitwidth and
data layout.

A common [41, 154] alternative to bit packing is Golomb coding [73], or its special
case Rice coding [153]. The idea is to assume that the values follow a geometric
distribution, often with a rate constant fit to the data.

Both bit packing and Golomb coding are bit-based methods in that they do not
guarantee that encoded values will be aligned on byte boundaries. When this is
undesirable, one can employ byte-based methods such as 4-Wise Null Suppression
[156], LEB128 [45], or Varint-G8IU [165]. These methods reduce the number of bytes
used to store each sample by encoding in a few bits how many bytes are necessary to
represent its value, and then encoding only that many bytes. Some, such as Simple§B
[19] and SIMD-GroupSimple [187], allow fractional bytes to be stored while preserving

byte alignment for groups of samples.

2.3.3 General-Purpose Compression

A reasonable alternative to using a time series compressor would be to apply a
general-purpose compression algorithm, possibly after delta coding or other prepro-
cessing. Thanks largely to the development of Asymmetric Numeral Systems (ANS)
[60] for entropy coding, general purpose compressors have advanced greatly in recent
years. In particular, Zstd [44], Brotli [13], LZ4 [43] and others have attained speed-
compression tradeoffs significantly better than traditional methods such as GZIP [69],
LZO [144], etc. However, these methods have much higher memory requirements than
SPRINTZ and, empirically, often do not compress time series as well and/or decom-

press as quickly.

2.3.4 Predictive Filtering

For numeric data such as time series, there are four types of predictive coding com-
monly in use: predictive filtering [34], delta coding [118, 161], double delta coding
[29, 148], and XOR-based encoding [148]. In predictive filtering, each prediction is a
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linear combination of a fixed number of recent samples. This can be understood as
an autoregressive model or the application of a Finite Impulse Response (FIR) filter.

7

When the filter is learned from the data, this is termed “adaptive filtering.” Many
audio compressors use some form of adaptive filtering [154, 41, 2].

Delta coding is a special case of predictive filtering where the prediction is always
the previous value. Double delta coding, also called delta-delta coding or delta-
of-deltas coding, consists of applying delta coding twice in succession. XOR-based
encoding is similar to delta coding, but replaces subtraction of the previous value
with the XOR operation. This modification is often desirable for floating point data
[148].

Our forecasting method can be understood as a special case of adaptive filtering.
While adaptive filtering is a well-studied mathematical problem in the signal process-
ing literature, we are unaware of a practical algorithm that attains speed within an
order of magnitude of our own. L.e., our method’s primary novelty is as a vectorized
algorithm for fitting and predicting multivariate time series, rather than as a math-
ematical model of multivariate time series. That said, it does incorporate different
modeling assumptions than other compression algorithms for time series in that it
reduces the model to one parameter and omits a bias term; this imposed structure

enables the model’s high speed.

2.4 Method

To describe how SPRINTZ works, we first provide an overview of the algorithm, then

discuss each of its components in detail.

2.4.1 Overview

SPRINTZ is a bit-packing-based predictive coder. It consists of four components:

1. Forecasting. SPRINTZ employs a forecaster to predict each sample based on pre-

vious samples. It encodes the difference between the next sample and the predicted
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sample, which is typically smaller in magnitude than the next sample itself.

2. Bit packing. SPRINTZ then bit packs the errors as a “payload” and prepends a
header with sufficient information to invert the bit packing.

3. Run-length encoding. If a block of errors is all zeros, SPRINTZ waits for a block
in which some error is nonzero and then writes out the number of all-zero blocks
instead of the empty payload.

4. Entropy coding. SPRINTZ Huffman codes the headers and payloads.

These components are run on blocks of eight samples (motivated in Section 2.4.3),
and can be modified to yield different compression-speed tradeoffs. Concretely, one
can 1) skip entropy coding for greater speed and 2) choose between delta coding and
our online learning method as forecasting algorithms. The latter is slightly slower
but often improves compression.

We chose these steps since they allow for high speed and exploit the characteristics
of time series. Forecasting leverages the high correlation of nearby samples to reduce
the entropy of the data. Run-length encoding allows for extreme compression in the
common scenario that there is no change in the data—e.g., a user’s smartphone may
be stationary for many hours while the user is asleep. Our method of bit packing
exploits temporal correlation in the variability of the data by using the same bitwidth
for points that are within the same block. Huffman coding is not specific to time series
but has low memory requirements and improves compression ratios.

An overview of how SPRINTZ compresses one block of samples is shown in Algo-
rithm 1. In lines 2-5, SPRINTZ predicts each sample based on the previous sample
and any state stored by the forecasting algorithm. For the first sample in a block,
the previous sample is the last element of the previous block, or zeros for the initial
block. In lines 6-8, SPRINTZ determines the number of bits required to store the
largest error in each column and then bit packs the values in that column using that
many bits. (Recall that each column is one variable of the time series). If all columns
require 0 bits, SPRINTZ continues reading in blocks until some error requires >0 bits
(lines 11-13). At this point, it writes out a header of all zeros and then the number

of all-zero blocks. Finally, it writes out the number of bits required by each column
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in the latest block as a header, and the bit packed data as a payload. Both header

and payload are compressed with Huffman coding.

Algorithm 1 encodeBlock({x1,...,xp}, forecaster)

1: Let buff be a temporary buffer

2: fori<1,...,B do // For each sample
3 &; < forecaster.predict(x;_1)

4 err; < x;, — &;

5: forecaster.train(x;_;, x;, err;)

6: for j < 1,...,D do // For each column
7 nbits; < max;{requiredNumBits(err;;)}

8 packed; < bitPack({erry;,...,errp;}, nbits;)

9: // Run-length encode if all errors are zero
10: if nbits; == 0,1 <j < D then
11: repeat // Scan until end of run
12: Read in another block and run lines 2-8

13:  until 3;[nbits; # 0]

14: Write D 0s as headers into buff

15: Write number of all-zero blocks as payload into buff
16: Output huffmanCode(buff)

17: Write nbits;, j = 1,..., D as headers into buff
18: Write packed;, j =1,..., D as payload into buff
19: Output huffmanCode(buff)

SPRINTZ begins decompression (Algorithm 2) by decoding the Huffman-coded
bitstream into a header and a payload. Once decoded, these two components are
easy to separate since the header is always first and of fixed size. If the header
is all zeros, the payload indicates the length of a run of zero errors. In this case,
SPRINTZ runs the predictor until the corresponding number of samples have been
predicted. Since the errors are zero, the forecaster’s predictions are the true sample
values. In the nonzero case, SPRINTZ unpacks the payload using the number of bits

specified for each column by the header.

2.4.2 Forecasting

SPRINTZ can, in principle, employ an arbitrary forecasting algorithm. To achieve our
desired decompression speeds, however, we restrict our focus to two methods: delta

coding and FIRE (Fast Integer REgression), a forecasting algorithm we introduce.
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Algorithm 2 decodeBlock(bytes, B, D, forecaster)

1: nbits, payload « huffmanDecode(bytes, B, D)
2: if nbits; == 0 Vj then // Run-length encoded
3:  numblocks < readRunLength()

4 for i < 1,...,(B - numblocks) do

5: x; < forecaster.predict(x;_ 1)

6: Output x;

7. else // Not run-length encoded
8 fortv<1,...,B do

9: &; + forecaster.predict(x;_1)

10: err; <—unpackErrorVector(i, nbits, payload)

11: x; < err; + &;

12: Output x;

13: forecaster.train(x,;_,, x;, err;)

Delta Coding

Forecasting with delta coding consists of predicting each sample @; to be equal to
the previous sample x;_1, where ¢y = 0. This method is stateless given x,_; and
is extremely fast. It is particularly fast when combined with run-length encoding,
since it yields a run of zero errors if and only if the data is constant. This means
that decompression of runs requires only copying a fixed vector, with no additional
forecasting or training. Moreover, when answering queries, one can sometimes avoid
decompression entirely—e.g., one can compute the max of all samples in the run by

computing the max of only the first value.

FIRE

Forecasting with FIRE is slightly more expensive than delta coding but often yields
better compression. The basic idea of FIRE is to model each value as a linear combina-
tion of a fixed number of previous values and learn the coefficients of this combination.

Specifically, we learn an autoregressive model of the form:

Ti = ax_1 +br,_o+¢; (2.1)

where x; denotes the value of some variable at time step 7 and ¢; is a noise term.
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Different values of a and b are suitable for different data characteristics. If a = 2,
b = —1, we obtain double delta coding, which extrapolates linearly from the previous
two points and works well when the time series is smooth. If a = 1, b = 0, we recover
delta coding, which models the data as a random walk. If a = %, b= %, we predict
each value to be the average of the previous two values, which is optimal if the x; are

i.i.d. Gaussians. In other words, these cases are appropriate for successively noisier

data.

The reason FIRE is effective is that it learns online what the best coefficients are
for each variable. To make prediction and learning as efficient as possible, FIRE
restricts the coefficients to lie within a useful subspace. Specifically, we exploit the

observation that all of the above cases can be written as:
T, =i 1 +QT;_1 —QT;_o+&; (22)

for o € [—%, 1]. Letting 6; = 2; — x;,_; and subtracting 2;_; from both sides, this is

equivalent to
52' = Oédi_l +&; (23)

This means that we can capture all of the above cases by predicting the next delta

as a rescaled version of the previous delta. This requires only a single addition and
multiplication, reducing the learning problem to that of finding a suitable value for a

single parameter.

To train and predict using this model, we use the functions shown in Algorithm 3.
First, to initialize a FIRE forecaster, one must specify three values: the number of
columns D, the learning rate n, and the bitwidth w of the integers stored in the
columns. Internally, the forecaster also maintains an accumulator for each column
(line 4) and the difference (delta) between the two most recently seen samples (line 5).
The accumulator is a scaled version of the current a value with a bitwidth of 2w. It
enables fast updates of o with greater numerical precision than would be possible if

modifying a directly. The accumulators and deltas are both initialized to zeros.
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Algorithm 3 FIRE_Forecaster Class

: function INIT(D, 1, w)

self learnShift < Ig(n)

self.bitWidth < w // 8-bit or 16-bit
self.accumulators < zeros(D)

self.deltas < zeros(D)

: function PREDICT(x; ;)
alphas < self.accumulators » self.learnShift
0 < (alphas © self.deltas) » self.bitWidth

return x,_; + 0

—
o

. function TRAIN(z; 1, @;, err;)

gradients < —sign(err;) ® self.deltas
self.accumulators <— self.accumulators — gradients
self.deltas < x; — ;1

—_
Rl S

To predict, the forecaster first derives the coefficient o for each column based
on the accumulator. By right shifting the accumulator log2(n) bits, the forecaster
obtains a learning rate of 271°82(" —= 5 It then estimates the next deltas as the
elementwise product (denoted @) of these coefficients and the previous deltas. It

predicts the next sample to be the previous sample plus these estimated deltas.

Because all values involved are integers, the multiplication is done using twice the
bitwidth w of the data type—e.g., using 16 bits for 8-bit data. The product is then
right shifted by an amount equal to the bit width. This has the effect of performing

a fixed-point multiplication with step size equal to 27".

The forecaster trains by performing a gradient update on the L loss between the
true and predicted samples. This can be done independently for each column j using
the loss function:

ol
2w
= 16 = 2 - 6t (2.5)

L(ws, %) = |v5 — | = |y — (w51 + - 0i—1)] (2.4)

where z; £ x;; and §; = d;;, the previous delta. For coefficient «, the gradient is
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therefore:

0 o —2_w(51_1 €T; > i’l
8704'(% T S| = (2.6)
270 1 <@
= —sign(e) - 270, (2.7)
x —sign(e) - d;—1 (2.8)

where we define ¢ £ z; — &, and ignore the 27 as a constant that can be absorbed
into the learning rate. In all experiments reported here, we set the learning rate

to This value is unlikely to be ideal for any particular dataset, but preliminary

1
5.
experiments showed that it consistently worked reasonably well.

In practice, FIRE differs from the above pseudocode in three ways. First, instead
of computing the coefficient for each sample, we compute it once at the start of each
block. Second, instead of performing a gradient update after each sample, we average
the gradients of all samples in each block and then perform one update. Finally, we

only compute a gradient for every other sample, since this has little or no effect on

the accuracy and slightly improves speed.

2.4.3 Bit Packing

An illustration of SPRINTZ’s bit packing is given in Figure 2-1. The prediction errors
from delta coding or FIRE are zigzag encoded [75] and then the minimum number of
bits required is computed for each column. Zigzag encoding is an invertible transform
that interleaves positive and negative integers such that each positive integer is rep-
resented by twice its absolute value and each negative integer is represented by twice
its absolute value minus one. This makes all values nonnegative and maps integers
farther from zero to larger numbers.

Given the zigzag-encoded errors, the number of bits w’ required in each column can
be computed as the bitwidth minus the fewest leading zeros in any of that column’s
errors. E.g., in Figure 2-1a, the first column’s largest encoded value is 16, represented

as 00010000, which has three leading zeros. This means that we require w’ = 8—3 =5
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Figure 2-1: Overview of Sprintz using a delta coding predictor. a) Delta coding
of each column, followed by zigzag encoding of resulting errors. The maximum
number of significant bits is computed for each column. b) These numbers of
bits are stored in a header, and the original data is stored as a byte-aligned pay-
load, with leading zeros removed. When there are few columns, each column’s
data is stored contiguously. When there are many columns, each row is stored
contiguously, possibly with padding to ensure alignment on a byte boundary.

bits to store the values in this column. One can find this value by OR-ing all the values
in a column together and then using a built-in function such as GCC’s __builtin_clz
to compute the number of leading zeros in a single assembly instruction (c.f. [118]).
This optimization motivates our use of zigzag encoding to make all values nonnegative.

Once the number of bits w’ required for each column is known, the zigzag-encoded
errors can be bit packed. First, SPRINTZ writes out a header consisting of D unsigned
integers, one for each column, storing the bitwidths. Each integer is stored in log 2(w)
bits, where w is the bitwidth of the data. Since there are w + 1 possible values of
w’ (including 0), width w — 1 is treated as a width of w by both the encoder and
decoder. E.g., 8-bit data that could only be compressed to seven bits is both stored
and decoded with a bitwidth of eight.

After writing the headers, SPRINTZ takes the appropriate number of low bits from
each element and packs them into the payload. When there are few columns, all the

bits for a given column are stored contiguously (i.e., column-major order). When
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there are many columns, the bits for each sample are stored contiguously (i.e., row-
major order). In the latter case, up to seven bits of padding are added at the end of
each row so that all rows begin on a byte boundary. This means that the data for
each column begins at a fixed bit offset within each row, facilitating vectorization of
the decompressor. The threshold for choosing between the two formats is a sample

width of 32 bits.

The reason for this threshold is as follows. Because the block begins in row-
major order and we seek to reconstruct it the same way, the row-major bit packing
case is more natural. For small numbers of columns, however, the row padding
can significantly reduce the compression ratio. Indeed, for univariate 8-bit data, it
makes compression ratios greater than one impossible. This gives rise to the column-
major case; when using a block size of eight samples and column-major order, each
column’s data always falls on a byte boundary without any padding. The downside of
this approach is that both encoder and decoder must transpose the block. However,
for up to four 8-bit columns or two 16-bit columns, this can be done quickly using
SIMD shuffling instructions.! This gives rise to the cutoff of 32-bit sample width for

choosing between the formats.

As a minor bit packing optimization, one can store the headers for two or more
blocks contiguously, so that there is one group of headers followed by one group of
payloads. This allows many headers to share one set of padding bits between the
headers and payload. Grouping headers does not require buffering more than one
block of raw input, but it does require buffering the appropriate number of blocks of
compressed output. In addition to slightly improving the compression ratio, it also
enables more headers to be unpacked with a given number of vector instructions in
the decompressor. Microbenchmarks show up to 10% improvement in decompression
speed as the number of blocks in a group grows towards eight. However, we use
groups of only two in all reported experiments to ensure that our results tend towards

pessimism and are applicable under even the most extreme buffer size constraints.

IFor recent processors with AVX-512 instructions, one could double these column counts, but we
refrain from assuming that these instructions will be available.
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2.4.4 Entropy Coding

We entropy code the bit packed representation of each block using Huff0, an off-the-
shelf Huffman coder [42]. This encoder treats individual bytes as symbols, regardless
of the bitwidth of the original data. We use Huffman coding instead of Finite-State
Entropy [42] or an arithmetic coding scheme since they are slower, and we never
observed a meaningful increase in compression ratio.

The benefit of adding Huffman coding to bit packing stems from bit packing’s
inability to optimally encode individual bytes. For a given packed bitwidth w, bit
packing models its input as being uniformly distributed over an interval of size 2v.
Appropriately setting w allows it to exploit the similar variances of nearby values,
but does not optimally encode individual values (unless they truly are uniformly
distributed within the interval). Huffman coding is complementary in that it fails to
capture relationships between nearby bytes but optimally encodes individual bytes.

We Huffman code after bit packing, instead of before, for two reasons. First, doing
so is faster. This is because the bit packed block is usually shorter than the original
data, so less data is fed to the Huffman coding routines. These routines are slower
than the rest of SPRINTZ, so minimizing their input size is beneficial. Second, this
approach increases compression. Bit packed bytes benefit from Huffman coding, but
Huffman coded bytes do not benefit from bit packing, since they seldom contain large
numbers of leading zeros. This absence of leading zeros is unsurprising since Huffman

codes are not byte-aligned and use ones and zeros in nearly equal measure.

2.4.5 Vectorization

Much of SPRINTZ’s speed comes from vectorization. For headers, the fixed bitwidths
for each field and fixed number of fields allows for packing and unpacking with a mix
of vectorized byte shuffles, shifts, and masks. For payloads, delta (de)coding, zigzag
(de)coding, and FIRE all operate on each column independently, and so naturally
vectorize. Because the packed data for all rows is the same length and aligned to a

byte boundary (in the high-dimensional case), the decoder can compute the bit offset
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of each column’s data one time and then use this information repeatedly to unpack
each row. In the low-dimensional case, all packed data fits in a single vector register
which can be shuffled and masked appropriately for each possible number of columns.
This is possible since there are at most four columns in this case. On an x86 machine,
bit packing and unpacking can be accelerated with the pext and pdep instructions,

respectively.

2.5 Experimental Results

To assess SPRINTZ’s effectiveness, we compared it to a number of state-of-the-art
compression algorithms on a large set of publicly available datasets. All of our code
and raw results are publicly available on the SPRINTZ website.? All experiments use a
single thread on a 2013 Macbook Pro with a 2.6GHz Intel Core i7-4960H(Q processor.

All reported timings and throughputs are the best of ten runs. We use the best,
rather than average, since this is 1) a best practice in microbenchmarking [117], and
2) desirable in the presence of the non-random, purely additive noise characteristic

of microbenchmarks. The best values are nearly always within 10% of the averages.

2.5.1 Datasets

o UCR [103] — The UCR Time Series Archive is a repository of 85 univariate time
series datasets from various domains, commonly used for benchmarking time series
algorithms. Because each dataset consists of many (often short) time series, we
concatenate all the time series from each dataset to form a single longer time
series. This is to allow dictionary-based methods to share information across time
series, instead of compressing each in isolation. To mitigate artificial jumps in value
from the end of one time series to the start of another, we linearly interpolate five

samples between each pair.

« PAMAP [151] — The PAMAP dataset consists of inertial motion and heart rate

Zhttps://smarturl.it/sprintz
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data from wearable sensors on subjects performing everyday actions. It has 31

variables, most of which are accelerometer and gyroscope readings.

« MSRC-12 [66] — The MSRC-12 dataset consists of 80 variables of (x, y, z, depth)
positions of human joints captured by a Microsoft Kinect. The subjects performed

various gestures one might perform when interacting with a video game.

« UCI Gas [65] — This dataset consists of 18 columns of gas concentration readings

and ground truth concentrations during a chemical experiment.

« AMPDs [128] — The Almanac of Minutely Power Datasets describes electricity,
water, and natural gas consumption recorded once per minute for two years at a

single home.

For datasets stored as delimited files, we first parsed the data into a contiguous,
numeric array and then dumped the bytes as a binary file. Before obtaining any timing
results, we first loaded each dataset into main memory. Because the datasets are
provided as floating point values (despite most reflecting analog-to-digital converter
output that was originally integer-valued), we quantized them into integers before
operating on them. We did so by linearly rescaling them such that the largest and
smallest values corresponded to the largest and smallest values representable with
the number of bits tested—e.g., 0 and 255 for 8 bits—and then applying the floor
function. Note that this is the worst case scenario for our method since it maximizes
the number of bits required to represent the data.

For multivariate datasets, we allowed all methods but our own to operate on the
data one variable at a time; i.e., instead of interleaving values for every variable, we
stored all values for each variable contiguously. This corresponds to allowing them
an unlimited buffer size in which to store incoming data before compressing it. We
allow these ideal conditions in order to eliminate buffer size as a lurking variable and

ensure that our results for methods developed by others err towards optimism.

2.5.2 Comparison Algorithms
« SIMD-BP128 [118] — The fastest known method of compressing integers.
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« FastPFor [118] — An algorithm similar to SIMD-BP128, but with better com-

pression ratios.

« Simple8b [19] — An integer compression algorithm used by the popular time series

database InfluxDB [29].

» Snappy [77] — A general-purpose compression algorithm developed by Google and
used by InfluxDB, KairosDB [84], OpenTSDB [162], RocksDB [167], the Hadoop
Distributed File System [160], and numerous other projects.

o Zstd [44] — Facebook’s state-of-the-art general-purpose compression algorithm. It
is based on LZ77 and entropy codes using a mix of Huffman coding and Finite

State Entropy (FSE) [42]. It is available in RocksDB [167].

o LZ4 [43] — A widely used general-purpose compression algorithm optimized for

speed and based on LZ77. It is used by RocksDB and ChronicleDB [157].

o Zlib [55] — A popular implementation of the DEFLATE [54] dictionary coder,
which also underlies gzip [69].

For Zlib and Zstd, we use a compression level of 9 unless stated otherwise. This
level heavily prioritizes compression ratio at the expense of increased compression
time. We use it to improve the results for these methods in experiments in which
compression time is not penalized.

We also assess three variations of SPRINTZ, corresponding to different speed versus

ratio tradeoffs. In ascending order of speed, they include:

1. SprintzFIRE+Huf. The full algorithm described in Section 4.4.
2. SprintzFIRE. Like SprintzFIRE+Huf, but without Huffman coding.
3. SprintzDelta. Like SprintzFIRE, but with delta coding instead of FIRE as the

forecaster.

2.5.3 Compression Ratio

In order to rigorously assess the compression performance of both SPRINTZ and ex-

isting algorithms, it is desirable to evaluate each on a large corpus of time series from
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heterogeneous domains. Consequently, we use the UCR Time Series Archive [103].
This corpus contains dozens of datasets and is almost universally used for evaluating
time series classification and clustering algorithms in the data mining community.
The distributions of compression ratios on these datasets for the above algorithms
are shown in in Figure 2-2. SPRINTZ exhibits consistently strong performance across
almost all datasets. High-speed codecs such as Snappy, LZ4, and the integer codecs
(FastPFor, SIMDBP128, Simple8B) hardly compress most datasets at all.

Compression Ratios on UCR Datasets
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Figure 2-2: Boxplots of compression performance of different algorithms on
the UCR Time Series Archive. Each boxplot captures the distribution of one
algorithm across all 85 datasets.

Perhaps counter-intuitively, 8-bit data tends to yield higher compression ratios

than 16-bit data. This is a product of the fact that the number of bits that are “pre-
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dictable” is roughly constant. I.e., suppose that an algorithm can correctly predict
the four most significant bits of a given value; this enables a 2:1 compression ratio in

the 8-bit case, but only a 16:12 = 4:3 ratio in the 16-bit case.

To assess SPRINTZ’s performance statistically, we use a Nemenyi test [141] as
recommended by Demsar [52]. This test compares the mean rank of each algorithm
across all datasets, where the highest-ratio algorithm is given rank 1, the second-
highest rank 2, and so on. The intuition for why this test is desirable is that it not
only accounts for multiple hypothesis testing in making pairwise comparisons, but also
prevents a small number of large or highly compressible datasets from dominating the

results.

The results of the Nemenyi test are shown in the Critical Difference Diagrams [52]
in Figure 2-3. These diagrams show the mean rank of each algorithm on the x-axis
and join methods that are not statistically significantly different with a horizontal
line. SPRINTZ on high-compression settings is significantly better than any existing
algorithm. On lower settings, it is still as effective as the best current methods (Zlib
and Zstd).

In addition to this overall comparison, it is important to assess whether FIRE
improves performance compared to delta coding. Since this is a single hypothesis
with matched pairs, we assess it using a Wilcoxon signed rank test. This yields p-
values of .0094 in the 8-bit case and 4.09e-12 in the 16-bit case. FIRE obtains better
compression on 51 of 85 datasets using 8 bits and 74 of 85 using 16. These results
suggest that FIRE is helpful on 8-bit data but even more helpful on 16-bit data.

To understand why 16-bit data benefits more, we examined datasets where FIRE gives
differing benefits in the two cases. The difference most commonly occurs when the
data is highly compressible with just delta coding. With 8 bits and ~4 x compression,
the forecaster’s task is effectively to guess whether the next delta is -1, 0, or 1 given a
current delta drawn from this same set. The Bayes error rate is high for this problem,
and FIRE’s attempt to learn adds variance compared to the delta coding approach of
always predicting zero. In contrast, with 16 bits, the deltas span many more values

and retain continuity that FIRE can exploit.
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Mean Ranks on UCR Archive, 8-bit
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Mean Ranks on UCR Archive, 16-bit
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Figure 2-3: Compression performance of different algorithms on the UCR Time
Series Archive. The x-axis is the mean rank of each method, where rank 1 on
a given dataset has the highest ratio. Methods joined with a horizontal black
line are not statistically significantly different.

2.5.4 Decompression Speed

To systematically assess the speed of SPRINTZ, we ran it on time series with varying
numbers of columns and varying levels of compressibility. Because real datasets have
a fixed and limited number of columns, we ran this experiment on synthetic data.
Specifically, we generated a synthetic dataset of 100 million random values uniformly
distributed across the full range of those possible for the given bitwidth. This data is
incompressible and thus provides a worst-case estimate of SPRINTZ’s speed (though in
practice, we find that the speed is largely consistent across levels of compressibility).

We compressed the data with SPRINTZ set to treat it as if it had 1 through 80
columns. Numbers that do not evenly divide the data size result in SPRINTZ memcpy-
ing the trailing bytes.

While using this synthetic data cannot tell us anything about SPRINTZ’s compres-
sion ratio, it is suitable for throughput measurement. This is because both SPRINTZ’s

sequence of executed instructions and memory access patterns are effectively indepen-
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dent of the data distribution—SPRINTZ’s core loop has no conditional branches and
SPRINTZ’S memory accesses are always sequential. Moreover, it exhibits throughputs
on real data matching or slightly exceeding the numbers in this subsection for the
corresponding number of columns (c.f. Figure 2-7).

As shown in Figure 2-4, SPRINTZ becomes faster as the number of columns in-
creases and as the number of columns approaches multiples of 32 for 8-bit data or 16
for 16-bit data. These values correspond to the 256-bit width of a SIMD register on
the machine used for testing. There is small but consistent overhead associated with
using FIRE over delta coding, but both approaches are extremely fast. Without Huftf-
man coding, SPRINTZ decompresses at multiple GB/s once rows exceed ~16B. With
Huffman coding, the other components of SPRINTZ are no longer the bottleneck and
SPRINTZ consistently decompresses at over 500MB /s. Note that we omit comparison
to other algorithms in this section since their speed varies with compressibility, not
number of columns; see Section 2.5.7 for a direct comparison. Further note that the
speed’s dependence on number of columns is not an artifact of more columns yielding
larger blocks of data. The limiting factor is serial dependence between decoding one
sample and predicting the next one; this is accelerated by having wider samples that
fill a vector register, but not by having longer blocks. There is a slight downward
trend in the 16-bit data as the number of dimensions becomes large; this is a result

of poor read locality in our prototype implementation.

2.5.5 Compression Speed

It is important that SPRINTZ’s compression speed be fast enough to keep up with the
rate of data ingestion. We measured SPRINTZ’s compression speed using the same
methodology as in the previous subsection. As shown in Figure 2-5, SPRINTZ com-
presses 8-bit data at over 200MB/s on the highest-ratio setting and 600MB/s on the
fastest setting. These numbers are roughly 50% larger on 16-bit data. We refrained
from vectorizing this prototype implementation because 1) 200MB/s is already fast

enough to run in real time even if every thread were fed data from its own gigabit
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Decompression Speed vs Number of Columns
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Figure 2-4: Sprintz becomes faster as the number of columns increases and as
the width of each sample approaches multiples of 32B (on a machine with 32B
vector registers).

network connection, and 2) low-power devices often lack vector instructions, so the
measured speeds are more indicative of the rate at which these devices could com-
press (if scaled to the appropriate clock frequency). We again omit comparison to
other compressors for the same reason as in the previous section. The dips after four
columns in 8-bit data and two columns in 16-bit data correspond to the switch from

column-major bit packing to row-major bit packing.

Compression Speed vs Number of Columns
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Figure 2-5: Sprintz compresses at hundreds of MB/s even in the slowest case:
its highest-ratio setting with incompressible 8-bit data. On lower settings with
16-bit data, it can exceed 1GB/s.
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2.5.6 FIRE Speed

To characterize the speed of FIRE , we repeated the above throughput experiments
with both it and two other predictors commonly seen in the literature: delta and
double delta coding. As shown in Figure 2-6, FIRE can encode at up to 5GB/s and
decode at up to 6GB/s. This is nearly the same speed as the competing methods and
close to the 7.5GB/s speed of memcpy on the tested machine. Note that “encode” and
“decode” here mean converting raw samples to errors and reconstructing samples from
sequences of errors, respectively. These operations do not change the data size, but
are the subroutines run in the SPRINTZ compressor and decompressor. The reason
that there is less discrepancy between delta and FIRE encoding in isolation versus
when embedded in SPRINTZ compression (Figure 2-5) is that, in this experiment, the
implementations are vectorized.

Forecaster Speed vs Number of Columns
8-bit Encoding 16-bit Encoding
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Figure 2-6: Fire is nearly as fast as delta and double delta coding. For a mod-
erate number of columns, it runs at 5-6GB/s on a machine with 7.5GB /s memcpy
speed.
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2.5.7 When to Use Sprintz

The above experiments provide a characterization of SPRINTZ’s speed and a statis-
tically meaningful assessment of its compression ratio in general. However, because
one often wants to obtain the best results on a particular type of data, it is helpful

to know when SPRINTZ is likely to work well or poorly.

Regarding speed, SPRINTZ is most useful when there are many variables to be
compressed. We have found that the speed is largely insensitive to compression ratio,
so the results in Sections 2.5.4 and 2.5.5 offer a good estimate of the speed one
could expect on similar hardware. The exception to this is if the data contains long
runs of constants (or constant slopes if using FIRE). In this case, the decompression
speed approaches the speed of memcpy for SprintzDelta or the speed of FIRE for

SprintzFIRE and SprintzFIRE+Huf.

Regarding compression ratio, the dominant requirement is that the data must
have relatively strong correlations between consecutive values. This occurs when
the sampling rate is fast relative to the time scale over which the measured quan-
tity changes—the typical case when one seeks reasonably high-quality measurements.
When these correlations are absent, predictive filtering (with only a two-component
filter) has little value. Indeed, it can even be counterproductive. Consider the case
of data that has an isolated nonzero value every few samples—e.g., the sequence
{0,1,0,0}. When delta coded, this yields {0, 1, —1,0}, which requires an extra bit
for SPRINTZ bit packing. In general, SPRINTZ has to pay the cost of abrupt changes
twice—once when they happen, and once when they “revert” to the previous level.
This scenario may occur when the measured quantity experiences transient events;
e.g., in the AMPD water dataset, a house may consume no water most of the time,

but experience a temporary spike when a toilet is flushed.

Another specific case in which SPRINTZ is less useful is when the data distribution
tends to switch between discrete states. For example, in electricity consumption data,
an appliance tends to use little or no electricity when it is off and a relatively constant

amount when it is on. Switches between these states are expensive for SPRINTZ, and
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Decompression Speed vs Compression Ratio, Success Cases
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Figure 2-7: Sprintz achieves excellent compression ratios and speed on relatively
slow-changing time series with many variables.

predictive filtering offers little benefit on sequences of samples that are already almost
constant. SPRINTZ can still achieve reasonably good compression in this situation,
but dictionary-based compressors will likely perform better. This is because they
suffer no penalty from state changes, and runs of constants are their best-case input
in terms of both ratio and speed. Their ratio benefits because they can often run-
length encode the number of repeated values, and their speed benefits because they

can decode runs at memory speed by memcpy-ing the repeated values.

As an illustration of when SPRINTZ is and is not preferable, we ran it and the
comparison algorithms on several real-world datasets with differing characteristics.
In Figure 2-7, we use the MSRC-12, PAMAP, and UCI Gas datasets. These datasets
contain time series that change slowly relative to the sampling rate and have 80, 31,
and 18 variables, respectively. SPRINTZ achieves an excellent ratio-speed tradeoff on

all three datasets, and the highest compression of any method even on its lowest-
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compression setting on the MSRC-12 dataset.

In contrast, SPRINTZ performs poorly on the AMPD Gas and AMPD Water
datasets (Figure 2-8). These datasets chronicle the natural gas and water consump-
tion of a house over a year, and often switch between discrete states and/or have
isolated nonzero values. They also have only three and two variables, respectively.
SPRINTZ achieves more than 10x compression, but dictionary-based methods such

as Zstd and LZ4 achieve even greater compression, while also decompressing faster.

Decompression Speed vs Compression Ratio, Failure Cases
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Figure 2-8: Sprintz is less effective than other methods when the time series
has large, abrupt changes and few variables.

2.5.8 Generalizing to Floats

While floating point values are not the focus of this work, it is possible to apply
SPRINTZ to floats by first quantizing the floating point data. The downside of doing
this is that, because floating point formats have non-uniform resolution along the
real line, such quantization is lossy. To assess the degree of loss, we carried out an
experiment to measure the error induced when quantizing real data. Note that this
experiment does not assess whether SPRINTZ is the best means of compressing floats—
it merely suggests that using integer compressors like SPRINTZ as lossy floating point

compressors is reasonable and could be a fruitful avenue for future work.
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We assessed the magnitude of typical quantization errors by quantizing the UCR
time series datasets. Specifically, we linearly offset and rescaled the time series in each
dataset such that the minimum and maximum values in any time series correspond to
(0, 255) for 8-bit quantization or (0,65535) for 16-bit quantization. We then obtained

the quantized data by applying the floor function to this linearly transformed data.

To measure the error this introduced, we then inverted the linear transformation
and computed the mean squared error between the original and the “reconstructed”
data. The resulting error values for each dataset, normalized by the dataset’s variance,
are shown in Figure 2-9. These normalized values can be understood as signal-to-
noise ratio measurements, where the noise is the quantization error. As the figure
illustrates, the quantization error is orders of magnitude smaller than the variance for
nearly all datasets, and never worse than 10x smaller, even for 8-bit quantization.

This of course does not indicate that all time series can be safely quantized. Two
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Figure 2-9: Quantizing floating point time series to integers introduces error
that is orders of magnitude smaller than the variance of the data. Even with
eight bits, quantization introduces less than 1% error on 82 of 85 datasets.

counterexamples of which we are aware are 1) timestamps where microsecond or
nanosecond resolution matters, and 2) GPS coordinates, where small decimal places
may correspond to many meters. However, the above results suggest that quantization
is a suitable means of applying SPRINTZ to floating point data in many applications.
This is bolstered by previous work showing that quantization even to a mere six bits
[150] rarely harms classification accuracy, and quantizing to two bits is enough to

support many data mining tasks [122, 107, 159, 158].
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2.6 Summary

We introduced SPRINTZ, a compression algorithm for multivariate integer time series
that achieves state-of-the-art compression ratios across a large number of publicly
available datasets. It also attains speeds of up to 3GB/s in a single thread and
predictable performance as a function of the number of variables being compressed.
Moreover, it only needs to buffer eight samples at a time, enabling low latency for con-
tinuously arriving data. Finally, SPRINTZ has extremely low memory requirements,
making it feasible to run even on resource-constrained devices.

As part of evaluating SPRINTZ, we also conducted what is, to the best of our
knowledge, the largest empirical investigation of time series compression that has been
reported. To both ensure reproducibility of our work and facilitate future research in
this area, we make available all of our experiments as a public benchmark.

In future work, we hope to characterize the relationship between compression
and power savings, both for SPRINTZ and for other methods. The savings are upper
bounded by the compression ratio in the limit of data transmission consuming all
power, but real-world systems have various overheads that cause significant deviation

from this idealized model.
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Chapter 3

Fast Approximate Scalar

Reductions

3.1 Introduction

Similarity search is among the most common tasks in machine learning, data mining,
and information retrieval. Often, such searches take the form of comparing a re-
ceived query vector to a large set of database vectors in order to discover approximate
matches. For example, when an image search engine seeks to display “related images”
for a given image the user clicks on, an embedding of the clicked image is compared
to a database of embeddings of many other images to identify suitable candidates.

The similarity search process typically decomposes into two steps:

1. A coarse retrieval step, in which blocks of possibly similar database vectors are
identified as meriting more detailed comparison.

2. A scan step, in which each vector within each block is compared to the query.

Because the set of vectors in the database may change, and queries may arrive at
different rates, it is useful to decompose the overall computation cost of running a

vector similarity search system as

CoStiime = COStread + COStyrite (3.1)
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where Cost,eaq is the time cost of operations that read the data (such as performing

a search), and Costyyite is the time cost of creating, updating, or deleting data.

Vector quantization methods enable significant savings in both space usage and
Costreaa- By replacing each vector with a learned approximation, these methods
both save space and enable fast approximate distance and similarity computations.
With as little as 8B per vector, these techniques can often preserve distances and dot
products with extremely high accuracy [131, 25, 70, 185, 132]. As a result, vector
quantization methods are used in production at companies such as Google [79, 163]

and Facebook [4].

However, computing the approximation for a given vector can be time-consuming,
adding greatly to Costyrite- The state-of-the-art method of Martinez et al. [131], for
example, requires up to four ms to encode a single 128-dimensional vector. This
makes it practical only if there are few writes per second. Other techniques are

faster, but as we show experimentally, there is significant room for improvement.

We describe a vector quantization algorithm, BorLT, that greatly reduces both
the time to encode vectors (Costyrize) and the time to compute scalar reductions
over them (CoStieaq). This not only reduces the overhead of quantization, but also
increases its benefits. Our key ideas are to 1) learn an approximation for the lookup
tables used to compute scalar reductions, and 2) use much smaller quantization code-
books than similar techniques. Together, these changes facilitate finding optimal
vector encodings and allow scans over codes to be done in a computationally vector-

ized manner.

Our contributions consist of:

1. A vector quantization algorithm that encodes vectors significantly faster than ex-
isting algorithms for a given level of compression.

2. A fast means of computing approximate similarities and distances using quantized
vectors. Possible similarities and distances include dot products, cosine similarities,

and distances in L, spaces, such as the Euclidean distance.
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3.1.1 Problem Statement

Let ¢ € R’ be a query vector and let X = {zxy,...,xy}, x; € R’ be a collection of
database vectors. Further let d : R/ x R/ — R be a distance or similarity function
that can be written as:
J
d(g,z) = ()

J

5(g;,;)) (3.2)

1

where f: R = R, 6 : R x R — R. This includes both distances in L, spaces and dot
products as special cases. In the former case, d(q;, z;) = |g; — =;|P and f(r) = r&/P);
in the latter case, 0(¢;,x;) = ¢;x; and f(r) = r. For brevity, we will henceforth refer
to d as a distance function and its output as a distance, though our remarks apply to
all functions of the above form unless otherwise noted.

Our task is to construct three functions g : R — G, h: RY — H, and d : G x H —

R such that for a given approximation loss L,

L = Eqol(d(q,2) — d(g(q), h()))’] (3.3)

the computation time 7T,
T=T,+T,+ 1Ty (3.4)

is minimized, where T}, is the time to encode received queries q using g,' T}, is the time
to encode the database X using h, and Ty is the time to compute the approximate
distances between the encoded queries and encoded database vectors. The relative
contributions of each of these terms depends on how frequently X changes, so many
of our experiments characterize each separately.

There is a tradeoff between the value of the loss £ and the time 7', so multiple
operating points are possible. In the extreme cases, £ can be fixed at 0 by setting

g and h to identity functions and setting d = d. Similarly, 7" can be set to 0 by

"'We cast the creation of query-specific lookup tables as encoding g rather than creating a new d
(the latter being the typical interpretation in recent literature).
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ignoring the data and estimating d as a constant. The primary contribution of this
work is therefore the introduction of ¢, h, and d functions that are significantly faster

to compute than those of existing work for a wide range of operating points.

3.1.2 Assumptions

Like other vector quantization work [98, 131, 25, 70, 185], we assume that there is
an initial offline phase during which the functions g and h may be learned. This
phase contains a training dataset for X and q. Following this offline phase, there
is an online phase wherein we are given database vectors x that must be encoded
and query vectors q for which we must compute the distances to all of the database
vectors received so far. Once a query is received, these distances must be computed
with as little latency as possible. The vectors of X may be given all at once, or
one at a time; they may also be modified or deleted, necessitating re-encoding or
removal. This is in contrast to most existing work, which assumes that & vectors are
all added at once before any queries are received [98, 131, 25, 70, 185], and therefore

that encoding speed is less of a concern.

In practice, one might require the distances between g and only some of the
database vectors X' (in particular, the k closest vectors). This can be achieved using
an indexing structure, such as an Inverted Multi-Index [23, 26] or Locality-Sensitive
Hashing hash tables [48, 15|, that allow inspection of only a fraction of X. Such
indexing is complementary to our work in that our approach could be used to accel-
erate the computation of distances to the subset of X that is inspected. Consequently,
we assume that the task is to compute the distances to all vectors, noting that, in a

production setting, “all vectors” for a given query might be a subset of a full database.

Finally, we assume that both X and q are relatively dense. BOLT can be applied
to sparse data but does not leverage the sparsity. Consequently, it is advisable to

embed sparse vectors into a dense, lower-dimensional space before using BOLT.
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3.2 Related Work

Accelerating vector operations through compression has been the subject of a great
deal of research in the computer vision, information retrieval, and machine learning
communities, among others. Our review will necessarily be incomplete, so we refer

the reader to recent surveys [176, 175] for further detail.

Many existing approaches in the computer vision and information retrieval litera-
ture fall into one of two categories: binary embedding and vector quantization [175].
Binary embedding techniques seek to map vectors in R’ to B-dimensional Hamming
space, typically with B < J. The appeal of binary embedding is that a B-element
vector in Hamming space can be stored in B bits, affording excellent compression.
Moreover, the popcount instruction present on virtually all desktop, smart phone,
and server processors can be used to compute Hamming distances between eight byte
vectors in as little as three cycles. This fast distance computation comes at the price
of reduced representational accuracy for a given code length [70, 175]. He et al. [70]
showed that the popular binary embedding technique of Gong et al. [74] is a more
constrained version of their vector quantization algorithm, and that the objective
function of another state-of-the art binary embedding method [109] can be under-
stood as maximizing only one of two sufficient conditions for optimal encoding of

Gaussian data.

Vector quantization approaches yield lower errors than binary embedding for a
given code length, but entail slower encoding and distance computations. The sim-
plest and most popular vector quantization method is k-means, which can be seen
as encoding a vector as the centroid to which it is closest. A generalization of k-
means, Product Quantization (PQ) [98], splits the vector into M disjoint subvectors
and runs k-means on each. The resulting code is the concatenation of the codes
for each subspace. Numerous generalizations of PQQ have been published, including
Cartesian k-means [143], Optimized Product Quantization [70], Generalized Resid-
ual Vector Quantization [123], Additive Quantization [24], Composite Quantization
[185], Optimized Tree Quantization [25], Stacked Quantizers [132], and Local Search
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Quantization [131]. The idea behind most of these generalizations is to either rotate
the vectors or relax the constraint that the subvectors be disjoint. Collectively, these
techniques that rely on using the concatenation of multiple codes to describe a vector
are known as Multi-Codebook Quantization (MCQ) methods. We discuss PQ in more

detail in the following section.

An interesting hybrid of binary embedding and vector quantization is the recent
Polysemous Coding of Douze et al. [56]. This encoding uses product quantization
codebooks optimized to also function as binary codes, allowing the use of Hamming
distances as a fast approximation that can be refined for promising nearest neighbor

candidates.

The most similar vector quantization-related algorithm to our own is that of Fa-
bien et al. [16], which also vectorizes PQ distance computations. However, their
method requires hundreds of thousands or millions of encodings to be sorted lexico-
graphically and stored contiguously ahead of time, as well as scanned through serially.
This is not practical when the data is rapidly changing or when using an indexing
structure, which would split the data into smaller partitions. Their approach also re-
quires a second refinement pass of non-vectorized PQ distance computations, making

their reported speedups significantly lower than our own.

In the machine learning community, accelerating vector operations has been done
primarily through real-valued embedding, structured matrices, and model compres-
sion. Embedding yields acceleration by reducing the dimensionality of data while
preserving the relevant structure of a dataset overall. There are strong theoretical
guarantees regarding the level of reduction attainable for a given level of distortion
in pairwise distances [47, 12, 113], as well as strong empirical results [99, 173]. How-
ever, because embedding per se only entails reducing the number of floating point
numbers stored, without reducing the size of each, it is not usually competitive with
vector quantization methods. It is possible to embed data before applying vector

quantization, so the two techniques are complementary.

An alternative to embedding that reduces the cost of storing and multiplying

by matrices is the use of structured matrices. This consists of repeatedly applying a
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linear transform, such as permutation [179], the Fast Fourier Transform [181], the Dis-
crete Cosine Transform [137], or the Fast Hadamard Transform [15, 32], possibly with
learned elementwise weights, instead of performing a matrix multiply. These meth-
ods have strong theoretical grounding [32] and sometimes outperform non-structured
matrices [179]. They are orthogonal to our work in that they bypass the need for a
dense matrix entirely, while our approach can accelerate operations for which a dense
matrix is used.

Another vector-quantization-like technique common in machine learning is model
compression. This typically consists of some combination of 1) restricting the repre-
sentation of variables, such as neural network weights, to fewer bits [87]; 2) reusing
weights [39]; 3) pruning weights in a model after training [130, 82]; and 4) training
a small model to approximate the outputs of a larger model [166]. This has been a
subject of intense research for neural networks in recent years, and we do not believe
that our approach would yield smaller neural networks than the current state of the
art. Instead, our focus is on accelerating operations on weights and data that would

otherwise not have been compressed.

3.3 Method

As mentioned in the problem statement, our goal is to construct a distance function
d and two encoding functions g and h such that d(g(q),h(x)) ~ d(q, ) for some
“true” distance function d. To explain how we do this, we first begin with a review

of Product Quantization [98], and then describe how our method differs.

3.3.1 Background: Product Quantization

Perhaps the simplest form of vector quantization is the k-means algorithm, which
quantizes a vector to its closest centroid among a fixed codebook of possibilities. As
an encoding function, it transforms a vector into a [log,(K)]-bit code indicating which
centroid is closest, where K is the codebook size (i.e., number of centroids). Using this

encoding, the distance between a query and a database vector can be approximated
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Figure 3-1: Product Quantization. The h(-) function returns the index of the
most similar centroid to the data vector z in each subspace. The ¢(-) function
computes a lookup table of distances between the query vector g and each
centroid in each subspace. The aggregation function ci(, -) sums the table entries
corresponding to each index.

as the distance between the query and the vector’s associated centroid.

Product Quantization (PQ) is a generalization of k-means wherein the vector is
split into disjoint subvectors and the full vector is encoded as the concatenation of the
codes for the subvectors. Then, the full distance is approximated as the sum of the
distances between the subvectors of g and the chosen centroids for each corresponding
subvector of . We elaborate upon each of these steps below, and depict them

graphically in Figure 3-1.

Formally, PQ approximates the function d as follows. First recall that, by as-

sumption, d can be written as:

d(g,®) = (> 0(g,;))

J=1
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where f : R — R, §:R xR — R. Now, suppose one partitions the indices j into M
disjoint subsets {p1, ..., pam}. Typically, each subset is a sequence of J/M consecutive

indices. The argument to f can then be written as:

M M

> X dapay) = 3 6 (q™, ™) (3.5)
mzlean m=1

where g™ and (™ are the subvectors formed by gathering the elements of g and

x at the indices j € p,,, and § sums the ¢ functions applied to each dimension.

Product quantization replaces each (™ with one vector c ) from a codebook set

C,n of possibilities. That is:

M M
> 8 (g2 ~ Y 8 (g, ™) (3.6)
m=1 m=1

This allows one to store only the index of the codebook vector chosen (i.e., i), instead
of the elements of the original vector (™. More formally, let C = {Cy,...,Cux}
be a set of M codebooks where each codebook C,, is itself a set of K vectors
{cgm), ceey c%n)}; we will refer to these vectors as centroids. Given this set of code-

books, the PQ encoding function h(x) is

h(z) = [iy; ... ;im], im = argmind (cgm), w(m)) (3.7)

i

That is, h(x) is a vector such that h(x),, is the index of the centroid within codebook

m to which (™ is closest.

Using codebooks enables construction of a fast query encoding g and distance

approximation d. Specifically, let the query encoding space G be RE*M and define
D= g(q) as

Dy, 25 (g™, ™) (3.8)



Then we can rewrite the approximate distance on the right hand side of 3.6 as:

=

Zl Dj, i = h(x)m, (3.9)

In other words, the approximate distance can be reduced to a sum of precomputed
(m)

distances between g™ and the codebook vectors ¢;" used to approximate . Each
of the M columns of D represents the distances between ¢ and the K centroids
in codebook Cj;. Computation of the distance proceeds by iterating through the
columns, looking up the distance in row h(x),,, and adding it to a running total. By

reintroducing f, one can now define:

M

A(9(a), (@) £ £( 30 Dimyi = h(@)n) (3.10)

If M < D and K < |X|, computation of d is much faster than computation of d
given the g(q) matrix D and data encodings ‘H = {h(x),x € X'}.

The total computational cost of product quantization is ©(K J) to encode each
x, O(KJ) to encode each query q, and ©(M) to compute the approximate distance
between an encoded g and encoded x. Because queries must be encoded before
distance computations can be performed, this means that the cost of computing the
distances to the NV database vectors X when a query is received is ©(KJ) +O(NM).
Lastly, since codebooks are learned using k-means clustering, the time to learn the
codebook vectors is O(KNJT'), where T is the number of k-means iterations. In all
works of which we are aware, K is set to 256 so that each element of h(x) can be
encoded as one byte.

In certain cases, product quantization is a nearly optimal encoding scheme. Specif-

ically, under the assumptions that:

1. x ~ MV N(u,X), and therefore 2™ ~ MV N (g, Zpn),
2. Vol Z| = |2V,

PQ achieves the information-theoretic lower bound on code length for a given quan-

tization error [70]. This means that PQ encoding is optimal if @ is drawn from a
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multivariate Gaussian and the subspaces p,, are independent and have covariance
matrices with equal determinants.

In practice, however, most datasets are not Gaussian, and their subspaces are
neither independent nor described by similar covariances. Consequently, many works
have generalized PQ to capture relationships across subspaces or decrease the depen-
dencies between them [70, 143, 24, 25, 131].

In summary, PQ consists of three components:

1. Encoding each « in the database using h(x). This transforms « to a list of M 8-
bit integers, representing the indices of the closest centroids in the M codebooks.
h(x) must be recomputed when @ is inserted or modified.

2. Encoding a query q when it is received using g(q). This returns a K x M matrix
D where the mth column is the distances to each centroid in codebook C,,.

3. Scanning the database. Once a query is computed, the approximate distance
to each x is computed using (3.10) by looking up and summing the appropriate

entries from each column of D.

3.3.2 Bolt

BoLrt is similar to product quantization but differs in two key ways:

1. It uses much smaller codebooks than is typical for PQ.

2. It approximates the distance matrix D.

Change (1) directly increases the speeds of the encoding functions g and h. This
is because it reduces the number of k-means centroids for which the distances to a
given subvector ™ or ¢ must be computed. More specifically, by using K = 16
centroids (motivated below) instead of 256, we reduce the computation by a factor of
256/16 = 16. This is the source of BOLT’s fast encoding. Using fewer centroids also
reduces the k-means training time, although this is not our focus.

Change (2), approximating the query distance matrix D, allows us to reduce the
size of D. This approximation is separate from approximating the overall distance—

in other algorithms, the entries of D are the exact distances between each g™ and the
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corresponding centroids C,,. In BOLT, the entries of D are learned 8-bit quantizations

of these exact distances.

Together, changes (1) and (2) allow hardware vectorization of the lookups in D.
Instead of looking up the entry in a given column of D for one x (a standard load
from memory), we can leverage vector instructions to instead perform V' lookups for
V' consecutive h(x), h(x;),..., h(x;1v), where V = 16, 32, or 64 depending on the
platform. Under the mild assumption that encodings can be stored in blocks of at
least V' elements, this affords roughly a V-fold speedup in the computation of dis-
tances. The ability to perform such vectorized lookups is present on nearly all modern
desktops, laptops, servers, tablets, and CUDA-enabled GPUs.?2 Consequently, while
the performance gain comes from fairly low-level hardware functionality, BOLT is not

tied to any particular architecture, processor, or platform.

Mathematically, the challenge in the above approach is quantizing D. The dis-
tances in this matrix vary tremendously as a function of dataset, query vector, and
even codebook. Naively truncating the floating point values to integers in the range
[0, 255], for example, would yield almost entirely zeros for datasets with entries < 1
and almost entirely 255s for datasets with entries > 255. This can of course be coun-
teracted to some extent by globally shifting and scaling the dataset, but such global

changes do not account for query-specific and codebook-specific variation.

Consequently, we learn a quantization function at training time. The basic ap-
proach is to learn the distribution of distances within a given column of D (the
distances to centroids within one codebook) across many queries sampled from the
training set and find upper and lower cutoffs such that the expected squared error

between the quantized and original distances is minimized.

Formally, for a given column m of D (henceforth, referred to as a lookup table),

let @ be the distribution of query subvectors g™, X be the distribution of database

2The relevant instructions are vpshufb on x86, vtbl on ARM, vperm on PowerPC, and __shfl
on CUDA.
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subvectors (™), and Y be the distribution of distances within that table. Le.:

=92 [ p(a™.2 )15 (g2 = ) (3.10)

We seek to learn a table-specific quantization function 3, : R — {0,...,255} that
minimizes the quantization error. For computational efficiency, we constrain (3,,(y)

to be of the form:
Bm(y) = max(0, min(255, [ay — b])) (3.12)
for some constants ¢ and b. Formally, we seek values for a and b that minimize:

Ey[(§ —y)’] (3.13)

where § 2 (Bn(y) + b)/a is termed the reconstruction of y. Y can be an arbitrary
distribution (though we assume it has finite mean and variance) and the value of
Bm(y) is constrained to a finite set of integers, so there is not an obvious solution to

this problem.

Our approach is to set b = F~1(a), a = 255/(F~1(1 — a) — b) for some suitable
a, where F~1 is the inverse CDF of Y, estimated empirically. That is, we set a
and b such that the a and 1 — a quantiles of Y are mapped to 0 and 255. Because
both F~!(a) and the loss function are cheap to compute, we can find a good a at
training time with a simple grid search. In our experiments, we search over the values
{0,.001,.002,.005, .01,.02,.05,.1}. In practice, the chosen « tends to be among the
smaller values, consistent with the observation that loss from extreme values of y is

more costly than reduced granularity in representing typical values of y.

To quantize multiple lookup tables, we learn a b value for each table and set a
based on the CDF of the aggregated distances Y across all tables. We cannot learn
table-specific a values because this would amount to weighting distances from each
table differently. The b values can be table-specific because they sum to one overall

bias, which is known at the end of training time and can be corrected for.
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In summary, BOLT is an extension of product quantization with 1) fast encoding
speed stemming from small codebooks, and 2) fast distance computations stemming

from adaptively quantized lookup tables and efficient use of hardware.

3.3.3 Theoretical Guarantees

We describe our main theoretical results regarding the quality of BOLT’s approxi-
mations below. Throughout the following, let by, = F~' (), bpee = F7H1 — @),
A2 W, and oy = ,/Var[Y]. Furthermore, let the tails of Y be drawn from
any Laplace, Exponential, Gaussian, or subgaussian distribution, where the tails are
defined to include the intervals (—o00, byin] and [byq., 00). See Section A for proofs

and additional results that hold under different assumptions about the quantization

error distributions.
Lemma 3.3.1. b, <y <bpae = |y — 7] < A.

Lemma 3.3.2. Foralle > A, p(ly—9| >¢) <

L (e e =BUD/o . o (B -brin) v ) e/ (3.14)

(%%

We now bound the overall errors in dot products and Euclidean distances. First,

regardless of the distributions of g and «, the following hold:
Lemma 3.3.3. |[¢'z —q'2| < ||q| - ||z — 2|
Lemma 3.3.4. |lg — x| — [|lq — 2| < |l — 2|

Using these worst-case uniform bounds, it is possible to obtain tighter, probabilistic

bounds using Hoeffding’s inequality.

Definition 3.3.1 (Reconstruction). Let C' be the set of codebooks used to encode x.
The vector obtained by replacing each ™ with its nearest centroid in codebook Cp,

is the reconstruction of x, denoted .
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Lemma 3.3.5. Let (™ £ (™ — 2" and assume that the values of ||1°(m)|| are

independent for all m. Then:

2

—c
p(]qT:L' — qT:f%] >¢) < 2exp ( ) (3.15)
251 (g™ | - |lrtm]]))?

Lemma 3.3.6. Let (™ £ (") _&0" and assume that the values of ||g"™ —a(™||> —

g™ — &™)||* are independent for all m. Then:

2

—&
plllla —l* = llg — &[°| > <) §2exp< ) (3.16)
25 el

3.4 Experimental Results

To assess BOLT’s effectiveness, we implemented both it and comparison algorithms
in C++ and Python. All of our code and raw results are publicly available on the
BoLt website.? All experiments use a single thread on a 2013 Macbook Pro with a
2.6GHz Intel Core i7-4960HQ processor.

The goals of our experiments are to show that 1) BOLT is extremely fast at encod-
ing vectors and computing scalar reductions—both compared to similar algorithms
and in absolute terms; and 2) BOLT achieves this speed at little cost in accuracy com-
pared to similar algorithms. To do the former, we record its throughput in encoding
and computing reductions. To do the latter, we measure its accuracy in retrieving
nearest neighbors, as well as the correlations between the reduced values it returns
and the true values. Because they are by far the most benchmarked scalar reductions
in related work and are widely used in practice, we test BOLT only on the Euclidean
distance and dot product. We do not compare BOLT’s distance table quantization
method to possible alternatives, instead simply demonstrating that it yields no dis-
cernible loss of accuracy compared to exact distance tables.

For all experiments, we assess BOLT and the comparison methods using the com-

monly employed encoding sizes of 8B, 16B, and 32B to characterize the relationships

3https://github.com/dblalock /bolt
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between space, speed, and accuracy.

All reported timings and throughputs are the best of five runs, averaged over 10
trials (i.e., the code is executed 50 times). We use the best in each trial, rather
than average, since this is standard practice in performance benchmarking. Because
there are no conditional branches in either BOLT or the comparison algorithms (when
implemented efficiently), all running times depend only on the sizes of the database
and queries, not their distributions; consequently, we report timing results on random

data.

3.4.1 Datasets

For assessing accuracy, we use several datasets widely used to benchmark Multi-

Codebook Quantization (MCQ) algorithms:

 Sift1M [98] — 1 million 128-dimensional SIFT [125] descriptors of images. Sift1M
vectors tend to have high correlations among many dimensions, and are there-
fore highly compressible. This dataset has a predefined query/train database/test
database split, consisting of 10,000 query vectors, 100,000 training vectors, and 1

million database vectors.

o ConvnetlM [132] — 1 million 128-dimensional Convnet descriptors of images.
These vectors have some amount of correlation, but less than Sift1M. It has a

query /train/test split matching that of Sift1M.

« LabelMe22k [142] — 22,000 512-dimensional GIST descriptors of images. Like
Sift, it has a great deal of correlation between many dimensions. It only has a
train/test split, so we follow existing work [131, 185] and use the 2,000-vector test
set as the queries and the 20,000 vector training set as both the training and test

database.

o MNIST [115] — 60,000 28x28-pixel greyscale images, flattened to 784-dimensional
vectors. This dataset is sparse and has high correlations across dimensions. Again

following existing work [131, 185], we split it the same way as the LabelMe dataset.
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For all datasets, we use 10% of the training database as queries when learning
Bovrr’s lookup table quantization. These vectors are selected uniformly at random

without replacement and removed from the database during this learning phase.

3.4.2 Comparison Algorithms

Our comparison algorithms include MC(Q methods that have high encoding speeds
(< 1ms / vector on a CPU). If encoding speed is not a design consideration or is
dominated by a need for maximal compression, methods such as GRVQ [123] or LSQ
[131] are more appropriate than Bolt.*

Our primary baselines are Product Quantization (PQ) [98] and Optimized Product
Quantization (OPQ) [70], since they offer the fastest encoding times. There are
several algorithms that extend these basic approaches by adding indexing methods
[102, 26], or more sophisticated training-time optimizations [78, 22, 56|, but since
these extensions are compatible with our own work, we do not compare to them. We
compare only to versions of PQ and OP(Q that use 8 bits per codebook, since this
is the setting used in all related work of which we are aware; we do not compare to
using 4 bits, as in BOLT, since this both reduces their accuracy and increases their
computation time. Note that, because the number of bits per codebook is fixed in
all methods, varying the encoded representation size means varying the number of
codebooks.

We do not compare to binary embedding methods in terms of accuracy since they
are known to yield much lower accuracy for a given code length than MC(Q methods
(175, 70] and, as we show, are also slower in computing distances than Bolt.

We have done our best to optimize the implementations of the comparison algo-
rithms, and find that we obtain running times superior to those described in previous
works. For example, Martinez et al. [132] report encoding ~190,000 128-dimensional
vectors per second with PQ, while our implementation encodes nearly 300,000.

As a final comparison, we include a modified version of BOLT, Bolt No Quantize,

4Although BOLT might still be desirable for its high query speed even if encoding speed is not a
consideration.
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in our accuracy experiments. This version does not quantize the distance lookup
tables. It is not a useful algorithm since it sacrifices BOLT’s high speed, but it allows

us to assess whether our codebook quantization reduces accuracy.

3.4.3 Encoding Speed

Before a vector quantization method can compute approximate distances, it must
first encode the data. We measured how many vectors each algorithm can encode per
second as a function of the vectors’ length. As shown in Figure 3-2.left, BOLT can
encode data vectors over 10x faster than PQ, the fastest comparison. Encoding 5
million 128-dimensional vectors of 4B floats per second (top left plot) translates to an
encoding speed of 2.5GB/s. For perspective, this encoding rate is sufficient to encode
the entire Sift1M dataset of 1 million vectors in 200ms, and the Sift1B dataset of 1
billion vectors in 200s. This rate is also an order of magnitude higher than that of
fast but general-purpose compression algorithms such as Snappy [77], which reports
an encoding speed of 250MB/s.

Similarly, BOLT can compute the distance matrix constituting a query’s encoding
at over 6 million queries per second (top right plot), while PQ obtains less than
350,000 queries per second. Both of these numbers are sufficiently high that encoding

the query is unlikely to be a bottleneck in computing distances to it.

3.4.4 Query Speed

Much of the appeal of MC(Q methods is that they allow fast computation of approx-
imate distances and similarities directly on compressed data. We assessed various
algorithms’ speeds in computing Euclidean distances from a set of queries to each
vector in a compressed dataset. We do not present results for other distances and
similarities since they only affect the computation of queries’ distance matrices and
therefore have speeds nearly identical to those shown here. In all experiments, the
number of compressed data vectors N is fixed at 100,000 and their dimensionality is

fixed at 256.
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Figure 3-2: Bolt encodes both data and query vectors significantly faster than
similar algorithms.

We compare BOLT not only to other MCQ methods, but also to other methods
of computing distances that might serve as reasonable alternatives to using MCQ at

all. These methods include:

e Binary Embedding. As mentioned in Section 4.2, the current fastest method of
obtaining approximate distances over compressed vectors is to embed them into
Hamming space and use the popcount instruction to quickly compute Hamming

distances between them.

o Matriz Multiplies. Given the norms of query and database vectors, Euclidean dis-
tances can be computed using matrix-vector multiplies. When queries arrive quickly
relative to the latency with which they must be answered, multiple queries can be
batched into a matrix. Performing one matrix multiply is many times faster than
performing individual matrix-vector multiplies. We compare to batch sizes of 1,

256, and 1024.
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Figure 3-3: Bolt can compute the distances or similarities between a query
and the vectors of a compressed database up to 10x faster than other MCQ
algorithms. It is also faster than binary embedding methods, which use the
hardware popcount instruction, and matrix-vector multiplies using batches of 1,
256, or 1024 vectors.

BoLt computes Euclidean distances up to ten times faster than any other MCQ
algorithm and significantly faster than binary embedding methods can compute Ham-
ming distances (Figure 3-3). Its speedup over matrix multiplies depends on the batch
size and number of bytes used in MCQ encoding. When it is not possible to batch
multiple queries (Matmul 1), BoLT 8B is roughly 250x faster, BoLT 16B is 140x
faster, and BoLT 32B is 60x faster (see website for exact timings). When hundreds
of queries can be batched (Matmul 256, Matmul 1024 ), these numbers are reduced

to roughly 13x, 7%, and 3x.
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Because matrix multiplies are so ubiquitous in data mining, machine learning,
and many other fields, we compare BOLT to matrix multiplication using dedicated
matrix-multiply routines. In Figure 3-4, we profile the time that BOLT and a state-
of-the-art BLAS implementation [76] take to do matrix multiplies of various sizes.
BoLT computes matrix multiplies by treating each row of the first matrix as a query,
treating the second matrix as the database, and iteratively computing the inner prod-
ucts between each query and all database vectors. This nested-loop implementation is

not optimal, but BOLT is still able to outperform BLAS for moderately large matrices.
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Figure 3-4: Using a naive nested loop implementation, Bolt can compute ap-
proximate matrix products faster than optimized matrix multiply routines. Ex-
cept for small matrices, Bolt is faster even when it must encode the matrices
from scratch as a first step.

In Figure 3-4.top, we multiply two square matrices of varying sizes, which is the
optimal scenario for most matrix multiply algorithms. For small matrices, the cost
of encoding one matrix as the database is too high for BOLT to be faster. For larger

matrices, this cost is amortized over many more queries, and BOLT becomes faster.
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When the database matrix is already encoded, BOLT is faster for almost all matrix
sizes, even using 32B encodings. Note, though, that this comparison ceases to be fair
for especially large matrices (e.g. 4096 x 4096) since encoding so many dimensions
accurately would almost certainly require more than 32B.

In Figure 3-4.bottom, we multiply a 100,000 x 256 matrix by a 256 x n matrix.
BoLT uses the rows of the former matrix as the database and the columns of the latter
as the queries. Again, BOLT is slower for small matrices when it must first encode
the database, but always faster for larger ones or when it does not need to pay the
cost of encoding the database. Because only the number of queries is changing and
not the dimensionality of each vector, longer encodings would not be necessary for

the larger matrices.

3.4.5 Nearest Neighbor Accuracy

The most common assessment of MCQ algorithms’ accuracy is their Recall@R. This
is defined as the fraction of the queries q for which the true nearest neighbor in
Euclidean space is among the top R points with smallest approximate distances to q.
This is a proxy for how many points would likely have to be re-ranked in a retrieval
context when using an approximate distance measure to generate a set of candidates.
As shown in Figure 3-5, BOLT yields slightly lower accuracy for a given encoding
length than other (much slower) MCQ methods. The nearly identical curves for
Bort and Bort No Quantize suggest that our proposed lookup table quantization
introduces little or no error.

The differences across datasets can be explained by their varying dimensionalities
and the extent to which correlated dimensions tend to be in the same subspaces.
In the Sift1M dataset, adjacent dimensions are highly correlated, but they are also
correlated with other dimensions slightly farther away. This first characteristic al-
lows all algorithms to perform well, but the second allows PQ and OPQ to perform
even better thanks to their smaller numbers of larger codebooks. Having fewer code-
books means that the subspaces associated with each are larger (i.e., more dimensions

are quantized together), allowing mutual information between them to be exploited.
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Figure 3-5: Compared to other MCQ algorithms, Bolt is slightly less accurate
in retrieving the nearest neighbor for a given encoding length.

Bovrr, with its larger number of smaller codebooks, must quantize more sets of di-
mensions independently, which does not allow it to exploit this mutual information.

Much the same phenomena explain the results on MNIST.

For the LabelMe dataset, the correlations between dimensions tend to be even
more diffuse, with small correlations spanning dimensions belonging to many sub-
spaces. This is less problematic for OP(Q, which learns a rotation such that correlated

dimensions tend to be placed in the same subspaces. PQ and Bort, which lack the
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ability to rotate the data, have no such option, and so are unable to encode the data

as effectively.

Finally, for the ConvnetlM dataset, most of the correlated dimensions tend to
be immediately adjacent to one another, allowing all methods to perform roughly

equally.

3.4.6 Accuracy in Preserving Distances and Dot Products

The Recall@QR experiment characterizes how well each algorithm preserves distances
to highly similar points, but not whether distances in general tend to be preserved.
Distances to dissimilar points are not needed in a similarity search, but if BOLT preserves
all distances well, it may be fruitful to apply it to other tasks in the future (e.g.,
approximate matrix multiplication). To assess the extent to which BOLT preserves
distances in general, we computed the correlations between the true dot products
and approximate dot products for BOLT and the comparison algorithms. Results for
Fuclidean distances are similar, so we omit them. We use correlation, rather than a
different metric, since it is invariant to affine transforms; this is important because
BoLt produces quantized estimates that are offset and scaled relative to the true
distances. As Figure 3-6 illustrates, BOLT is again slightly less accurate than other
MCQ methods. In absolute terms, however, it consistently exhibits correlations with
the true dot products above .9, and often near 1.0. This suggests that its approxi-
mations could reliably be used instead of exact computations when slight errors are

permissible.

For example, if one could tolerate a correlation of .9, one could use BoLT 8B
instead of dense vectors of 4B floats and achieve dramatic speedups, as well as com-
pression ratios of 64x for SIFTIM and Convnet1M, 256x for LabelMe, and 392x
for MNIST. If one required correlations of .95 or more, one could use BoLT 32B and

achieve smaller speedups with compression ratios of 16x, 64x, and 98 x.
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Quality of Approximate Dot Products
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Figure 3-6: Bolt dot products are highly correlated with true dot products,
though slightly less so than those from other MCQ algorithms.

3.5 Summary

We describe BOLT, a vector quantization algorithm that rapidly compresses large col-
lections of vectors and enables fast computation of approximate Euclidean distances
and dot products directly on the compressed representations. BOLT both compresses
data and computes distances and dot products up to 10x faster than existing algo-
rithms, making it advantageous both in read-heavy and write-heavy scenarios. Its
approximate computations can be over 100x faster than the exact computations on
the original floating point numbers, while maintaining correlations with the true val-

ues of over .95. Moreover, at this level of correlation, BOLT can achieve 10-200x

5



compression or more. These attributes make BOLT ideal as a subroutine in algo-
rithms that are amenable to approximate computations, such as nearest neighbor or

maximum inner product searches.
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Chapter 4

Fast Approximate Matrix
Multiplication

4.1 Introduction

Matrix multiplication is among the most fundamental subroutines used in machine
learning and scientific computing. As a result, there has been a great deal of work
on implementing high-speed matrix multiplication libraries [147, 76, 9], designing
custom hardware to accelerate multiplication of certain classes of matrices [81, 40,
146, 100], scaling matrix multiplication across many machines [183, 61, 182, 97],
and designing efficient Approximate Matrix Multiplication (AMM) algorithms under
various assumptions and problem settings [57, 129, 180, 139, 31].

We focus on the AMM task under the assumptions that the matrices are tall, too
dense to merit use of sparsity-exploiting kernels, and resident in a single machine’s
memory. In this setting, the primary challenge is minimization of the amount of CPU
time required to approximate linear operations with a given level of fidelity.

This setting arises naturally in machine learning and data mining when one has a
data matrix A whose rows are samples and a linear operator B one wishes to apply
to these samples. B could be a linear classifier, linear regressor, or an embedding
matrix, among other possibilities.

As a concrete example, consider the task of approximating a softmax classifier
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trained to predict image labels given embeddings derived from a neural network.
Here, the rows of A are the embeddings for each image, and the columns of B
are the weight vectors for each class. Classification is performed by computing the
product AB and taking the argmax within each row of the result. Because taking
the argmax is inexpensive, the bottleneck is computing the matrix product.

Our method represents a significant methodological departure from most tradi-

tional approaches to this problem. Traditional AMM methods construct matrices

Va4, Vg € RP* d <« D such that
AB =~ (AV,)(Vy B). (4.1)

Often, V4 and Vg are sparse, embody some sort of sampling scheme, or have other
structure such that these projection operations are faster than a dense matrix multi-
ply. In short, these methods use linear functions to preprocess A and B and reduce
the problem to exact matrix multiplication in a lower-dimensional space.

Our proposed method, MADDNESS!, instead employs a nonlinear preprocessing
function and reduces the problem to table lookups. Moreover, in the case that B
is known ahead of time—which happens when applying a trained linear model to
new data, among other situations—MADDNESS does not require any multiply-add
operations.

Our method is most closely related to vector quantization methods used for sim-
ilarity search (e.g., [17, 18, 98, 70] and Chapter 3). However, instead of using an
expensive quantization function that requires many multiply-adds, we introduce a
fast family of quantization functions that require no multiply-adds.

Our contributions can be summarized as follows:

o An efficient family of vector quantization functions that can encode over 100GB of

data per second in a single CPU thread.

e A high-speed summation algorithm for low-bitwidth integers that avoids upcasting,

saturation, and overflow.

'Multiply-ADDitioN-1ESS
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e An algorithm based on these functions for approximate matrix multiplication. Ex-
periments across hundreds of diverse matrices demonstrate that this algorithm sig-

nificantly outperforms existing methods.

4.1.1 Problem Formulation

Let A € R¥Y*P and B € RP*M be two matrices, with N > D > M. Given a
computation time budget 7, our task is to construct three functions g(-), h(-), and

f(+), along with constants o and /3, such that
laf(g(A),h(B)) + B — AB| <e(7)|[|AB| (4.2)

for the smallest error (1) possible. The constants a and § are separated from f(-,-)
so that f(-,-) can produce low-bitwidth outputs (e.g., in the range [0, 255]) even when
the entries of AB do not fall in this range.

We assume the existence of a training set A, whose rows are drawn from the same
distribution as the rows of A. This is a natural assumption in the case that rows of A
represent examples in training data, or structured subsets thereof (such as patches of
images). This assumption is common when using vector quantization for information

retrieval [31, 22, 78], but is a significant departure from most theoretical work.

4.2 Related Work

Because our work draws on ideas from randomized algorithms, approximate matrix
multiplication, vector quantization, and other fields, the body of work related to our
own is vast. Here, we provide only a high-level overview, and refer the interested
reader to surveys of this area [176, 175, 53] for more information. We also defer
discussion of related vector quantization methods to the following sections, since it is
easier to appreciate how they differ from our own method once our method has been

introduced.
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4.2.1 Linear Approximation

Most AMM methods work by projecting A and B into lower-dimensional spaces
and then performing an exact matrix multiply. One simple option for choosing the
projection matrices is to use matrix sketching algorithms. The most prominent de-
terministic matrix sketching methods are the Frequent Directions algorithm [121, 72]
and its many variations [168, 68, 180, 92, 126, 67]. There are also many randomized
sketching methods [155, 112, 145, 46, 140] and sampling methods [58, 59].

A weakness of matrix sketching methods in the context of matrix multiplication
is that they consider each matrix in isolation. To exploit information about both
matrices simultaneously, Drineas et al. [57] sample columns of A and rows of B
according to a sampling distribution dependent upon both matrices. Later work by
Manne et al. [129] reduce approximation of the matrices to an optimization problem,
which is solved by steepest descent. More recently, several authors have introduced
variations of the Frequent Directions algorithm that take into account both matrices

139, 180, 67].

All of the above methods differ from our own not merely in specifics, but also in
problem formulation. These methods all assume that there is no training set A and
nearly all focus on large matrices, where provably reduced asymptotic complexity for

a given level of error is the goal.

4.2.2 Hashing to Avoid Linear Operations

In the neural network acceleration literature, there have been several efforts to ac-
celerate dense linear layers using some form of hashing [164, 38, 27, 51, 39]. These
methods differ from our own in the hash functions chosen, in not exploiting a training
set, and in the overall goal of the algorithm. While we seek to approximate the entire
output matrix, these methods seek to either sample outputs [164, 38], approximate

only the largest outputs [27, 51|, or implement a fixed, sparse linear operator [39].
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4.3 Background - Product Quantization

To lay the groundwork for our own method, we begin by reviewing Product Quan-
tization (PQ) [98]. PQ is a classic vector quantization algorithm for approximating
inner products and Euclidean distances and serves as the basis for nearly all vector
quantization methods similar to our own. Readers who already understand PQ or
have read Chapter 3 can safely skip this section. The only significant notation intro-
duced is the use of C' to denote the number of codebooks, K to denote the number
of prototypes per codebook, and J to denote the set of indices associated with a

given codebook c.

The basic intuition behind PQ is that a'b ~ a'b, where ||a—al|| is small but a has
special structure allowing the product to be computed quickly. This structure consists
of a being formed by concatenating learned prototypes in disjoint subspaces; one
obtains a speedup by precomputing the dot products between b and the prototypes
once, and then reusing these values across many a vectors. The a vectors here are

the transposed rows of A and the b vectors are the columns of B.

In somewhat more detail, PQ consists of the following:

1. Prototype Learning - In an initial, offline training phase, cluster the rows of A
(or a training set A) using k-means to create prototypes. A separate k-means is
run in each of C' disjoint subspaces to produce C' sets of K prototypes.

2. Encoding Function, g(a) - Determine the most similar prototype to a in each
subspace. Store these assignments as integer indices using C'log,(K) bits.

3. Table Construction, h(B) - Precompute the dot products between b and each
prototype in each subspace. Store these partial dot products in C' lookup tables of
size K.

4. Aggregation, f(-,-) - Use the indices and tables to lookup the estimated partial

a'b in each subspace, then sum the results across all C' subspaces.

We elaborate upon each of these steps below and refer the reader to Figure 3-1 for a

graphical depiction of PQ approximating the product of two vectors.
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Prototype Learning: Let A € RV*P be a training set, X be a number of pro-
totypes per subspace, C' be a number of subspaces, and {J (C)}CC:1 be the mutually
exclusive and collectively exhaustive sets of indices associated with each subspace.
The training-time task of PQ is to learn C sets of prototypes P© € REXITI and
assignments z(© € RN such that

> 42 (4 - Pz(fc)>,j)2 (4.3)

c=1 jEj(C)

N
=1
is minimized. It does this by running k-means separately in each subspace J(© and

using the resulting centroids and assignments to populate P and z(®.

Encoding Function, g(A): Given the learned prototypes, PQ replaces each row
a of A with the concatenation of its C' k-means centroid assignments in each of the

C subspaces. Formally:

. C 2
¢'9(a) £ argmin > (aj — Pk(ﬂ-)) . (4.4)
ko eg
We will refer to the resulting sequence of indices as the encoding of a and the set of
K centroids as a codebook. For convenience, we will also refer to the vector al® =

(a;),j € T as the subvector of a in subspace c.

Table Construction, h(B): Using these same prototypes, PQ constructs a lookup
table h(°)(b) € RE in each of the C' subspaces for each column b of B, where

hOb) 2 Y b;PY. (4.5)

jeg©
Existing work has shown that setting K = 16 and quantizing the lookup tables to 8
bits can offer enormous speedups compared to larger K and/or floating point tables
[31, 17, 18]. This is because 16 1-byte entries can be stored in a SIMD register,
allowing 16 or more table lookups to be performed in parallel in a single instruction.
Since the table entries naturally occupy more than 8 bits even for 8-bit data, some

means of quantizing these entries is necessary. This can easily be done by subtracting
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off the minimum entry in each table and linearly rescaling such that the maximum
entry in any table is at most 255. Ignoring rounding error, this affine transform is
invertible, and is reflected by the constants a and § in Equation 4.2. See Section C.1

for additional details.

Aggregation, f(-,-): Given the encoding of a and the lookup tables for b, the
product can be approximated as

C C
a'b=3" a9 ~ 3 h (), k=g (a). (4.6)

c=1 c=1

4.4 Our Method

Product Quantization and its variants yield a large speedup with N, M > D. How-
ever, we require an algorithm that only needs N > M, D, a more relaxed scenario
common when using linear models and transforms. In this setting, the preprocessing
time g(A) can be significant, since N D may be similar to, or even larger than, NM.

To address this case, we introduce a new g(A) function that yields large speedups
even on much smaller matrices. The main idea behind our function is to determine
the “most similar” prototype through locality-sensitive hashing [94]; i.e., rather than
compute the Euclidean distance between a subvector a® and each prototype, we hash
al® to one of K buckets where similar subvectors tend to hash to the same bucket.

The prototypes are set to the means of the subvectors hashing to each bucket.

4.4.1 Hash Function Family, g(-)

Because we seek to exploit a training set while also doing far less work than even
a single linear transform, we found that existing hash functions did not meet our
requirements. Consequently, we designed our own family of trainable hash functions.
This function family may be of independent interest, but we leave exploration of its
efficacy in other contexts to future work.

The family of hash functions we choose is balanced binary regression trees, with

each leaf of the tree acting as one hash bucket. The leaf for a vector & is chosen
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by traversing the tree from the root and moving to the left child if the value x; at
some index j is below a node-specific threshold v, and to the right child otherwise.
To enable the use of SIMD instructions, the tree is limited to 16 leaves and all nodes
at a given level of the tree are required to split on the same index j. The number 16
holds across many processor architectures, and we refer the reader to Section C.2 for

further vectorization details.

Formally, consider a set of four indices 7!, ..., j* and four arrays of split thresholds
v', ..., v with v, having length 20=1. A vector = is mapped to an index using

Algorithm 4.

This function is simple, only depends on a constant number of indices in the input
vector, and can easily be vectorized provided that the matrix whose rows are being

encoded is stored in column-major order.

Algorithm 4 MADDNESSHASH

1: Input: vector x, split indices 5, ..., 5%, split thresholds v!,..., v*

2: 741 // node index within level of tree

3: fort <+ 1 to 4 do

4: v+ v // split threshold for node i at level ¢
5 b~z >v?71:0 // above split threshold?

6 1< 2t—1+0D // assign to left or right child

7: return ¢

4.4.2 Learning the Hash Function Parameters

The split indices j!,. .., j* and split thresholds v!,. .., v*

are optimized on the train-
ing matrix A using a greedy tree construction algorithm. To describe this algorithm,
we introduce the notion of a bucket Bf, which is the set of vectors mapped to node i
in level ¢ of the tree. The root of the tree is level 0 and BY contains all the vectors.

It will also be helpful to define the sum of squared errors (SSE) loss associated with
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a bucket, or a specific (index, bucket) pair:

L, B) £ (:cj — |llg| > :c;.) (4.7)

zeB z'eB

L(B) & ZL(]’, B). (4.8)

Using this notation, it suffices to characterize the learning algorithm by describing the
construction of level ¢ of the tree given the buckets Bi™!, . .. ,Bé;ll from the previous
level. This procedure is given in Algorithm 5.

In line 2, we select a fixed number of indices to evaluate. Several heuristics are
possible, including evaluating all indices. We found that simply selecting the top
n indices that contributed the most loss summed across all buckets was difficult to
beat. In preliminary experiments, we found that using n > 4 indices offered little or
no additional benefit, and even choosing n = 1 was nearly as good; consequently, all
reported results use n = 4.

In lines 4-15, we find the minimal loss obtainable by splitting all buckets along
that index, but with bucket-specific cutoffs. This loss is minimal not in the sense
that it leads to a globally optimal tree, but in that it minimizes the sum of the
losses in the buckets produced in this iteration. To do this, we invoke the sub-
routine optimal_split_threshold, which takes in a bucket B and an index j and
tests all possible thresholds to find one minimizing £(j, B). This can be done in
time O(|7||B|log(|B|)). The pseudocode for this subroutine is given in Algo-
rithms 6 and 7 in Section C.3.

Once a split index j and an array of split thresholds v are chosen, all that remains
is to split the buckets to form the next level of the tree (lines 16-21). This entails
forming two child buckets from each current bucket by grouping vectors whose jth

entries are above or below the bucket’s split threshold.
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Algorithm 5 Adding The Next Level to the Hashing Tree

1: Input: buckets B, B2t ., training matrix A

2: / / Greedily choose next split index and thresholds

3: j(—heurlstlc select 1dxs(Bt ! BQt 1)

4: [min, jmm v™" < 0o, NaN, NaN

5. for j € J do

6: l+0 // initialize loss for this index to 0
7 v [ ] // empty list of split thresholds
8: for i < 1 to 2= do

9: v, l; < optimal_split_threshold(j, Bi™)

10: append(v, v;) // append threshold for bucket i
11: L1+ // accumulate loss from bucket i
12 if [ < [™" then

13: [ [ jmIn s jou™n < p /) new best split

14: // Create new buckets using chosen split

15 B+ []

16: for i < 1 to 2~ do

17: Bieiow, Bavove < apply_split(v/™™, Bi 1)

18: append(B, Byeiow)

19: append (B, Baove)

20: return B, [™n, jmin gmin

4.4.3 Optimizing the Prototypes

At this point, we have a complete algorithm. We could simply drop our hash-based
encoding function into PQ and approximate matrix products. However, we contribute
two additional enhancements: a means of optimizing the prototypes with no runtime
overhead, and a means of quickly summing low-bitwidth integers.

First, we introduce a means of optimizing the prototypes given only the matrix
A. Several works propose prototype or table optimizations based on knowledge of B
[22, 174], and others optimize them at the expense of slowing down the function g(-)
[185, 186]. We introduce a means of optimizing the centroids that does not do either
of these. The idea is to choose prototypes such that A can be reconstructed from
its prototypes with as little squared error as possible—this improves results since less
error means that less information about A is being lost.

Let P € RKCXP be a matrix whose diagonal blocks of size K x |J(°| consist
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of the K learned prototypes in each subspace ¢. The training matrix A can be

approximately reconstructed as

A~GP (4.9)
where G serves to select the appropriate prototype in each subspace. Rows of G are
formed by concatenating the one-hot encoded representations of each assignment for
the corresponding row of A. For example, if a row were assigned prototypes (31 2)
with K = 4, C' = 3, its row in G would be (0010 1000 0100) € R'2. Our idea is to

optimize P conditioned on G and A. This is an ordinary least squares problem, and

we solve it with ridge regression:
P2 (G'G+)\)'GTA. (4.10)

One could obtain better performance by cross-validating to find A, but for simplicity,

we hardcode A = 1.

In short, the initial prototypes are used to produce an assignment matrix G,
and it is from this assignment matrix that the final prototypes are derived. This
procedure allows the prototypes to be nonzero outside of their original subspaces.
Because of our hashing procedure, we avoid the overhead faced by other methods

with non-orthogonal prototypes (c.f. [25, 24, 185, 123, 131, 132]).

4.4.4 Fast 8-Bit Aggregation, f(-,-)

Let T € RM*CXK he the tensor of lookup tables for all M columns of B. Given the

encodings G, the function f(-,-) is defined as

C
F(9(A) hB)n 2 3" T = 9(an). (4.11)

Because the entries of T' are stored as 8-bit values, exact summation requires im-

mediately upcasting each looked-up entry to 16 bits before performing any addition
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instructions [31]. This not only imposes overhead directly, but also means that one
must perform 16-bit additions, which have half the throughput of 8-bit additions.

We propose an alternative that sacrifices a small amount of accuracy for a sig-
nificant increase in speed. Instead of using addition instructions, we use averaging
instructions, such as vpavgb on x86 or vrhadd on ARM. While non-saturating addi-
tions compute (a + b) % 256, these instructions compute (a + b + 1)/2. This means
that they lose information about the low bit instead of the high bit of the sum. We
estimate the overall mean by averaging pairs of values, then pairs of pairs, and so
on. Omne could reduce all C' values this way, but we find that one obtains a better
speed-accuracy tradeoff by computing the average of blocks of U values and then
upcasting to obtain exact sums of these averages.? Multiplying this sum of averages
by U and adding in a bias correction term gives an overall estimate of the sum. One
could tune U for a particular problem and hardware, but we simply set U = 16 in all
our experiments.

The challenging part of this approach is computing the bias in the estimated sum
in order to correct for it. We prove in Section B.2 that this bias is equal to C'log,(U) /4
under the realistic assumption that the low bits are equally likely to be 0 or 1.

Because of our assumption that we are operating on matrices, rather than a matrix
and a vector, we can also improve on the aggregation of existing methods [31, 17,
18] by fusing the aggregation of two or more output columns to hide read latency.
Conceptually, this amounts to tiling the loop over output columns and alternating

reads between the two corresponding tables within the innermost loop.

4.4.5 Complexity

Our encoding function g(A), A € RV*P has complexity ©(NC'), since it does a con-
stant amount of work per row per codebook. Our table creation function h(B), B €

RP*M has complexity ©(M KCD), since it must compute the inner product between

2This tradeoff exists because upcasting more rarely yields diminishing speedups, but not dimin-
ishing accuracy loss. The diminishing speedups stem from the upcasting (and subsequent 16-bit
summation) being less of a bottleneck as they become less frequent.

88



each column of B and KC prototypes of length D. This is a factor of C' worse than
PQ since we do not require the prototypes for different codebooks to have disjoint
nonzero indices. However, this reduction in the speed of h(-) is not a concern be-
cause N > M, D; moreover, the matrix B is often known ahead of time in realistic
settings, allowing h(B) to be computed offline. Finally, the complexity of our aggre-
gation function f(-) is ©(INCM), since it performs C' table lookups for each of M
output columns and N output rows. This means our overall algorithm has complexity
©O(MC(KD + N)), which reduces to ©(NCM) since we fix K = 16 and our problem
statement requires N > D.

4.4.6 Theoretical Guarantees

We begin by noting that all of the guarantees for BOLT also apply to MADDNESS,
modulo a small amount of additional error from averaging integers rather than sum-
ming exactly. This follows from BOLT’s guarantees being dependent only upon the
quantization errors, rather than the method used to obtain them. Beyond these ex-
isting guarantees, our central theoretical result is a generalization guarantee for the

overall performance of MADDNESS:

Theorem 4.4.1 (Generalization Error of MADDNESS). Let D be a probability distri-
bution over RP and suppose that MADDNESS is trained on a matriz A € RN*P whose
rows are drawn independently from D and with mazximum singular value bounded by
oa. Let C be the number of codebooks used by MADDNESS and A > 0 the requlariza-
tion parameter used in the ridge regression step. Then for any b € R”, any a ~ D,

and any 0 < § < 1, we have with probability at least 1 —  that

Ep[L(a,b)] < E;i[L(a,b)] +

Coallbll, { 1 N 8~|—\/C(4 [logy(D)] + 256) log 2 — log &
2v/x | 256 V2n

(4.12)

where L(a,b) 2 |a"b — af(g(a),h(b)) — B, a is the scale used for quantizing the

lookup tables, and B is the constants used in quantizing the lookup tables plus the

89



debiasing constant of Section 4.4.4.

See Section B for a proof and additional analysis.

4.5 Experiments

To assess MADDNESS’s effectiveness, we implemented both it and existing algorithms
in C++ and Python. All of our code and raw numerical results are publicly avail-
able at https://smarturl.it/Maddness. All experiments use a single thread on a
Macbook Pro with a 2.6GHz Intel Core i7-4960HQ processor. Unless stated other-
wise, all timing results use five trials, with each trial reporting the fastest among
20 executions. We use the best, rather than average, since this is standard practice
in performance benchmarking and is robust to the purely additive noise introduced
by competing CPU tasks. Standard deviations are shown for all curves as shaded
areas, but are often too small to see. Since training can be performed offline and all
methods except SparsePCA [127] train in at most a few minutes, we omit profiling
of training times. We also do not profile the time to preprocess B, since 1) this time
is inconsequential in most cases, and 2) B is fixed and could be processed offline in
all the problems we consider.

We do not need to tune any hyperparameters for MADDNESS, but we do take
steps to ensure that other methods are not hindered by insufficient hyperparameter
tuning. Concretely, we sweep a wide range of hyperparameter values and allow them
to cherrypick their best hyperparameters on each test matrix. Additional details
about data cleaning, hyperparameter tuning, and other minutiae can be found in
Section C.4.

Because nearly all existing work on approximate matrix multiplication either fo-
cuses on special cases that do not satisfy our problem definition [18, 98, 70] or syn-
thetic matrices, there is not a clear set of benchmark matrix multiply tasks to use.
We therefore use a collection of tasks that we believe are both reproducible and repre-
sentative of many real-world matrices. To the best of our knowledge, our experiments

use over an order of magnitude more matrices than any previous study.
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4.5.1 Methods Tested
Recall that most baselines take the form of selecting a matrix V' € RP*?4 d < D such
that AB ~ (AV)(V " B). Here d is a free parameter that adjusts the quality versus

speed tradeoff. We therefore characterize most of these methods by how they set V.

« PCA. Set V equal to the top principal components of A.

« SparsePCA [127]. Set V = argminy ming |A—UV |2+ \||V]|,, where UTU =
I. This is not the only dictionary learning formulation referred to as SparsePCA
[189, 36], but it is a good representative and is the only one with support in a major
Python library.

o FastJL [12]. V is set to Rademacher random variables composed with a Fast
Hadamard Transform (FHT). For simplicity, we do not include the FHT in the
timing.

o HashJL [46]. V is zero except for a £1 in each row, with both sign and position
chosen uniformly at random.

e ScalarQuantize. The matrices are not projected, but instead linearly quantized
to eight bits such that the largest and smallest entries map to 0 and 255.3. We
use FBGEMM [108] to perform the quantized matrix multiplies. We neglect the
time required to convert from other formats to eight bits, reflecting the optimistic
scenario in which the matrices are already of the appropriate types.

» Bolt (Chapter 3). BOLT is an extension of P(Q that uses quantized lookup tables
and a reduced number of codebooks to obtain 10x speedups over traditional PQ. It
is the most similar method to MADDNESS, differing only in the encoding function,
the use of averaging instead of upcasting, and the optimization of centroids.

o Exact Multiplication. We simply compute the matrix product AB using a

modern BLAS implementation.

We also test two variations of our method:

e« Maddness. The algorithm described in Section 4.4.

3FBGEMM requires one unsigned eight bit input and one signed eight bit input, so one matrix’s
values are actually mapped from -128 to 127
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o Maddness-PQ. A handicapped version of MADDNESS without the prototype op-
timization step. The gap between MADDNESS and MADDNESS-P(Q) is the gain from
optimizing the prototypes.

We also compared to many additional methods (see Section C.4), but omit their

results since they were not competitive with those listed here.

4.5.2 How Fast is Maddness?

We begin by profiling the raw speed of MADDNESS. In Figure 4-1, we time the g(A)
functions for various vector quantization methods. The A matrices have 2'* rows
and varying numbers of columns D. Following Chapter 3, we also vary the number
of codebooks C', profiling 8-, 16-, and 32-byte encodings. We measure in bytes rather
than codebooks since PQ and OPQ use eight bits per codebook while BoLT and
MADDNESS use four.

MADDNESS is up to two orders of magnitude faster than existing methods, and
its throughput increases with row length. This latter property is because its encoding

cost per row is O(C') rather than O(D).

We also profile the speed of our aggregation function f(-,-) using the same base-
lines as Chapter 3. As Figure 4-2 shows, our average-based, matrix-aware aggregation
is significantly faster than the upcasting-based (and one-vector-at-a-time) method of

BoLr.
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Figure 4-1: Maddness encodes the A matrix orders of magnitude more quickly
than existing vector quantization methods.
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Figure 4-2: Given the preprocessed matrices, Maddness computes the approx-
imate output twice as fast as the fastest existing method.

4.5.3 Softmax Classifier

We approximated linear classifiers on the widely used CIFAR-10 and CIFAR-100
datasets [110]. The classifiers use as input features the 512-dimensional activations of

open-source, VGG-like neural networks trained on each dataset [71]. The matrices A
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are the 10000 x 512-dimensional floating point activations for the full test sets, and
the matrices B are each network’s final dense layer. The 50000 x 512-dimensional
activations from the training set serve as the training matrices A. As shown in
Figure 4-3, MADDNESS significantly outperforms all existing methods. Moreover,

MADDNESS achieves virtually the same accuracy as exact multiplication more than

an order of magnitude faster.

Approximating Softmax Classifiers
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Figure 4-3: Maddness achieves a far better speed-accuracy tradeoff than any
existing method when approximating two softmax classifiers.

4.5.4 Kernel-Based Classification

To assess the efficacy of our method on a larger and more diverse set of datasets
than simply CIFAR-10 and CIFAR-100, we trained kernel classifiers on the datasets
from the UCR Time Series Archive [49]. To enable meaningful speed comparison
across datasets, we resampled the time series in all datasets to the median length and
obtained the matrix B for each dataset by running Stochastic Neighbor Compression
[111] on the training set with an RBF kernel of bandwidth one. We set the number of
returned neighbors to 128 (results with 64 and 256 were similar). We approximated
the Euclidean distances used by the kernel via the identity || —y||5 = ||| — 22Ty +

||y||§, which consists only of dot products.
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Approximating an RBF Kernel Classifier
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Figure 4-4: Fraction of UCR datasets for which each method preserves a
given fraction of the original accuracy versus the method’s degree of speedup.
Maddness enables much greater speedups for a given level of accuracy degra-
dation.

This is not the state-of-the-art means of classifying time series, but it does yield
fixed-sized matrices and is representative of several modern techniques for construct-
ing highly efficient classifiers [111, 177, 188, 80]. This setup also complements the
CIFAR results by being an extremely difficult task, since Stochastic Neighbor Com-
pression has already optimized the classifiers to avoid redundancy. As shown in
Figure 4-4, MADDNESS is significantly faster at a given level of accuracy. A counter-
intuitive result, however, is that optimization of the prototypes occasionally reduces
accuracy (see the red line dipping below the blue one in the lowest subplot). Since the
optimization strictly increases the expressive power, we believe that this is a product
of overfitting and could be corrected were we to tune the ridge regression’s parameter
(instead of always using A = 1). This subplot also reveals that the most stringent
degradation requirements can sometimes only be met using PCA at a low speedup

(and not MADDNESS), since this is the only curve approaching 1.
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4.5.5 Image Filtering

To test the extreme limits of MADDNESS, we benchmarked the various techniques’
ability to apply small filters to images. This task is extreme in that D and M are tiny,
affording almost no opportunity to amortize preprocessing costs. As representative
example filters, we chose 3 x 3 Sobel kernels and 5 x 5 Gaussian kernels. These are
common high-pass and low-pass filters, respectively. We took the first 10 images from
the first 50 classes of the Caltech101 dataset [64] as a single training set, and the first
10 images from the remaining 51 classes as 510 test sets. We constructed the A
matrices by extracting each patch of each image as one row. The B matrices have
two columns, corresponding to one pair of Sobel or Gaussian filters (since using these

filters in pairs is common).

We report the normalized mean-squared error (NMSE), defined as
IC:; — AB|;/I|AB. (4.13)

where C' is the method’s estimate of AB. An NMSE of 0 is perfect and an NMSE

of 1 corresponds to always predicting 0. In Figure 4-5, we see that it is only
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Figure 4-5: Despite there being only two columns in the matrix B,
Maddness still achieves a significant speedup with reasonable accuracy. Meth-
ods that are Pareto dominated by exact matrix multiplication on both tasks are
not shown; this includes all methods but Maddness and SparsePCA.
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MADDNESS that offers any advantage over exact matrix products. This is likely be-
cause two columns afford almost no time to preprocess A; indeed, rival vector quan-
tization methods cannot logically do less work than brute force in this setting, and
dense linear methods can only save work by embedding rows of A in one-dimensional
space.

MADDNESS performs much worse on the high-pass filters (top) than the low-pass
filters (bottom). This is likely because the former produce outputs with variance that

is orders of magnitude lower than that of the original image; this means that the

NMSE denominator, ||ABH§,, is tiny.

4.6 Summary

We introduce an approximate matrix multiplication algorithm that achieves a signif-
icantly better speed-quality tradeoff than existing methods, as measured on various
machine learning and other tasks using hundreds of real-world matrices from diverse
domains. Our method’s performance stems from 1) its replacement of the bottleneck
in existing methods with a learned locality-sensitive hash function, 2) its use and di-
rect optimization of non-orthogonal codebooks, which other methods cannot employ
without a large slowdown, and 3) its use of an inexact estimator for computing sums.
In future work, we plan to specialize our method for convolutions, implement it on

GPUs, and integrate it into neural networks.
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Chapter 5

Summary and Conclusion

In this thesis, we presented three algorithms for speeding up common tasks in real-
world data analysis. We obtained significantly better empirical performance than
existing methods in all cases, as well as theoretical guarantees where applicable.

In Chapter 2, we introduced SPRINTZ, an algorithm for compressing integer time
series. Such time series are commonly produced by low-power sensors, and constitute
a large and growing fraction of the world’s data. The devices collecting these time
series are often extremely power-constrained, making the high energy cost of data
transmission a problem. On-device compression algorithms address this problem by
allowing processors to transmit fewer bytes. Our algorithm combines a custom bit
packing format with a learned prediction function to obtain state-of-the-art com-
pression ratios and throughputs, while also using 100x less memory than competing
algorithms.

In Chapter 3, we described BOLT, an algorithm for approximating scalar reduc-
tions on pairs of vectors, with a focus on Euclidean distances and dot products. We
built on the classic Product Quantization [98] algorithm, designing a related algorithm
that takes into account the characteristics of modern hardware. We demonstrated
that our improved algorithm allows one to conduct approximate nearest neighbor
and maximum inner product scans far more quickly than previously possible. In
certain cases, it even allows one to approximately multiply matrices more quickly

than state-of-the-art exact matrix multiplication routines, despite doing so with the
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naive strategy of serially computing dot products. We showed that, under various

assumptions, our method provably produces small approximation errors.

In Chapter 4, we built upon the ideas in Chapter 3 to produce MADDNESS, an
approximate matrix multiplication algorithm that significantly outperforms existing
methods. Several ideas contribute to this algorithm’s performance. First, it replaces
an exact search operation present in BOLT with a trained locality-sensitive hash
function. Second, the hash function it uses is designed to execute quickly on SIMD
or SIMT architectures. And finally, it relaxes constraints on its parameters that
other methods cannot relax without an immense slowdown. In addition to showing
that it works well in practice, we prove a bound on this method’s generalization
gap as a function of the training set size, the data’s colinearity, and the method’s

hyperparameter values.

In future work, we intend to extend our approximate matrix multiplication al-
gorithm to approximate convolutional layers in neural networks. We also plan to
introduce faster training for this algorithm so that it can be trained alongside the

associated neural network without becoming a bottleneck.

In addition to our contributions regarding particular problems, we believe this
work also contains broader lessons regarding the design of practical algorithms for
data analysis. First, our results suggest that, even when using commodity hardware
and tackling well-studied problems, it is still sometimes possible to obtain 10X im-
provements or more. In order to do this, however, one typically needs to consider
not merely an isolated subroutine, but the “full stack” from hardware capabilities
to problem requirements. For example, an effort to implement a faster exact matrix
multiplication function likely would have failed; however, our effort to exploit the tol-
erance of downstream tasks to ineract matrix products yielded enormous speedups.
An important special case of considering the full stack is paying attention to the
amount of accuracy required for a given problem. Because real-world data is often
noisy, 32-bit floating point computation may be more precise than necessary.

A second lesson is that it can be useful to embed machine learning algorithms

within other algorithms, even when the other algorithms are already lightweight.
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While the practice of replacing heuristics with end-to-end optimization is now well-
known within machine learning, it is not common to do so in the middle of a tight
loop as we do throughout this work; in SPRINTZ, we perform gradient descent while
compressing each block of samples; in BOLT, we perform a cluster assignment in
the middle of a matrix-vector multiply; and in MADDNESS, we perform inference in
a collection of decision tree models for every row in a matrix as part of a matrix
multiply.

Finally, the efficacy of BOLT and MADDNESS suggests that categorical random
variables hold a great deal of promise for replacing low-precision integer and floating
point representations. We predict a future in which multiplexers replace many of the
multiplication units in hardware accelerators.

In summary, this thesis has introduced state-of-the-art algorithms for several foun-
dational tasks in modern data analaysis and machine learning pipelines. These algo-
rithms are effective empirically, and, in some cases, also feature theoretical guarantees
regarding their accuracy. We hope that these algorithms, and others inspired by them,

will have a lasting impact on the costs of analyzing and learning from data.

101



102



Appendix A

Additional Theoretical Analysis of
Bolt

In this section, we prove the results described in Section 3.3.3 and introduce a collec-

tion of less significant results.

A.1 Quantization Error

We begin by proving the bound on the errors introduced by quantizing the lookup
tables.

A.1.1 Definitions

Let @@ be the distribution of query subvectors q,, for lookup table m, X be the
distribution of database subvectors x,, for this table, and Y be the scalar-valued

distribution of distances within that table. That is,

PV =) 2 | (@) {dn (@) = v) (A1)
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where I{-} is the indicator function. Recall that we seek to learn a quantization

function S, : R — {0,...,255} of the form:
6m(y) = maX(07 mln(2557 Lay - bJ )) (AQ)

that minimizes the loss:

where § = (B, (y) + b)/a is the reconstruction of y.

Recall that we set b= F~'(a) and a = 255/(F~'(1 — a) — b) for some suitable a.
F~1is the inverse CDF of Y, estimated empirically on a training set. The value of «
is optimized using a simple grid search.

To analyze the performance of 3, from a theoretical perspective, let us define the

following;:

Let |g — y| be the quantization error.

Let B be the number of quantization bins. In practice, B = 256.

o Let byin 2 F~'(a) be the smallest value that can be quantized without clipping.
o Let bpae = F71(1—a) be the largest value that can be quantized without clipping.

e Let A& W be the width of each quantization bin.

Using these quantities, the quantization error for a given y value can be decom-

posed into:

=1 Ac(y) if bin < Y < bas (A4)

y— bmax lf Yy > bma:v

where ¢(y) = (y — 9)/A returns a value in [0, 1) indicating where g lies within its
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quantization bin. These three cases represent y being clipped at b, being rounded
down to the nearest bin boundary, or being clipped at b,,.., respectively.

It will also be helpful to define the following properties.

Definition A.1.1. A random variable X is (I, h)-exponential if and only if:

| <E[X]<h (A.5)
1

p(X <)< Ee_(E[X]_V)/”X, v <l (A.6)
1

p(X >7) < ae_("’_E[X])/“X, ~v>h (A.7)

where ox is the standard deviation of X.

In words, X is (I, h)-exponential if its tails are bounded by exponential distribu-
tions. For appropriate [ and h, Laplace, Exponential, Gaussian, and all subgaussian

distributions are ([, h)-exponential.

A.1.2 Guarantees

Lemma A.1.1. Let p(Y < byin) =0 and p(Y > bpaz) = 0. Then |§ —y| < A.

Proof. The error |§j — y| > € can be decomposed according to (A.4). By assumption,
the first and last terms in this decomposition, wherein Y clips, have probability 0.

This leaves only:

[y — 9l = Ac(y) (A.8)

where 0 < ¢(y) < 1. For any value of c¢(y), |y — g| < A. Intuitively, this means
that if the distribution isn’t clipped, the worst quantization error is the width of a
quantization bin.

]

Theorem A.1.1 (Two-tailed generalization bound). If Y is (byin, bmas ) -€xponential,
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then

p(|y _ g| > 6) < i (6—(bmaa:—E[YD/UY + 6—(E[Y]—bmin)/UY) e—€/oy (Ag)
Oy

for all e > A.

Proof. Using the decomposition in (A.4), we have:

p(Jly =9 > ¢) = p(c(y)A > €)p(bmin < Y < bias)
+ p(bmin —y > €) (A.10)

+ p(y — bax > €)-

The first term corresponds to y being truncated within a bin, and the latter two
correspond to y clipping. Since 0 < ¢(y) < 1 and p(bmin < ¥ < bpaz) < 1, the first

term can be bounded as:
P(e(y)A > €)p(bmin < Y < baa) < I{e < A} (A.11)

The latter two terms can be bounded using the assumption that Y is (bmin, bmaz)-

exponential:
1
P(bmin —y > €) =Py < bpin —€) < — ¢~ (BV]=bmin—e)/ov (A.12)
Oy
1
P(Y = binaz > €) = P(Y > byag + ) < —e PmasteEND/ov (A.13)
Oy

Combining (A.11)-(A.13), we have
1

plly— 3] > €) < I{e < A} + - (-Omarte=ENV/ov | =B b/} (A 14)
Oy

When € > A, the first term is zero and we obtain (A.9). O

For ease of understanding, it is helpful to consider the case wherein b,,;, and

bmar are symmetric about the mean. When this holds, the bound of Theorem A.1.1
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simplifies to the more concise expression of Lemma A.1.2. This shows that the error
probability decays exponentially with the number of standard deviations b,,,;,, and b4

are from the mean, as well as the size of ¢ (normalized by the standard deviation).

Lemma A.1.2 (Symmetric generalization bound). If z is a scalar such that Y is

(Ely| — zoy, Ely] + zoy)-exponential, then
f 1 o —(re/ov)
ply—9| >¢) < -~ 2e (A.15)

where € > A = 2zoy /B.

Proof. This follows immediately from Theorem A.1.1 using b,;, = E[y] — 20y, ez =

Ely] + zoy. O

The bound of A.1.1 is effective when Y is roughly symmetric, but less so when Y’
is heavily skewed. Such skewness is sometimes present when estimating L, distances.
In the presence of severe skewness, E[Y] is close to either b, or by, and so one
of the two exponentials in Equation A.14 approaches 1. Theorem A.1.3 describes a
tighter bound for the case of right skew and a hard lower limit of 0, since this is often
the distribution observed for L, distances. The corresponding bound for left skew
and a hard upper limit is similar, so we omit it. Note that this theorem is useful only

if bynin, &= A, but this is commonly the case when the L, distances are highly skewed.

Lemma A.1.3 (One-tailed generalization bound). If Y be (byin, bmas)-€xponential,
with p(Y < 0) =0, then

1
Ply =1 > €) < e st 0D/ (A.16)

for all e > max (A, byn)-

Proof. Using (A.10) with the fact that € > by, we have:

p(‘y - Zj‘ > 8) = p(C(y)A > E)p(bmm < ) S bmax) <A17)

+p(y - bmaa: > 6)

107



Again applying the bounds from (A.11) and (A.13), we obtain (A.16). O

A.2 Dot Product Error

In this section, we bound the error in BOLT’s approximate dot products. We also
introduce a useful closed-form approximation that helps to explain the high perfor-
mance of product quantization-based algorithms in general. We again begin with

definitions before moving to the guarantees.

A.2.1 Definitions and Preliminaries

Definition A.2.1 (Codebook). A (K, J)-codebook C is an ordered collection of K
vectors {cy, ..., cx} € R?. Each vector is referred to as a “centroid” or “codeword.”

The notation ¢; denotes the ith centroid in the codebook.

Definition A.2.2 (Codelist). A (K, M, J)-codelist C is an ordered collection of M

(K, J/M)-codebooks. Because zero-padding is trivial and does not affect any relevant

(m

the ith centroid in the mth codebook. A codelist can be thought of (and stored) as a

measure of accuracy, we assume that J is a multiple of M. The notation ¢ ) denotes

rank-3 tensor whose columns are codebooks, treated as row-major 2D arrays.

Definition A.2.3 (Subvectors of a vector). Let & € R’ be a vector, let M > 0 be
an integer, and let L = J/M. Then &0 ... &™) are the subvectors of x, where

x(™ ¢ RV £ T(h—1)L+1, - - - Tr. As with codelists, J is assumed to be a multiple of M.

Definition A.2.4 (Encoding of a vector). Let * € R’ be a vector with subvectors
x® . x™) and let C be a (K, M, J)-codelist. Then the encoding of x is the se-

quence of integers ay,...,ap;, 0 < a,, < M where
A 2 argmin [|z™ — ¢{™||? (A.18)

Definition A.2.5 (Reconstruction). Let ay,...,ay, 0 < a,, < M be the encoding

of some vector x, and let C be a (K, M, J)-codelist. Then the concatenation of the
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vectors cgll), cg), e cg]]‘g) is the reconstruction of x, denoted .

Definition A.2.6 (Residuals). Let & be the reconstruction of €. Then r = x — & is

the residual vector for x.

Apart from these definitions, it is also necessary to establish several geometric

properties of random encoded vectors in high-dimensional spaces.

Lemma A.2.1 (Dot product bias [22]). Let & be the reconstruction of  using codelist
C, and suppose that the centroids of all codebooks within C were learned using k-

means. Then Elq'x —q'&] = 0.

Lemma A.2.2 (Euclidean distance bias [98, 22]). Let ay,...,ap, 0 < ap < M
be the encoding of some vector x using codelist C' and & be the reconstruction of
x. Further suppose that the centroids of all codebooks within C were learned using

k-means. Then:

Elllg — |~ llg — |*] = >~ MSE(ay, m) (A.19)

m=1

where MSE(a,,, m) is the expected squared Fuclidean distance between centroid cg”;)

and the subvectors assigned to it by k-means. ILe.,
MSE(a,,, m) £ Ex[[[e{™ — 2™ |?], a,, = argmin||c{™ — 2™ (A.20)

Lemma A.2.3 (Area of a hyperspherical cap (Li. 2011 [120])). Suppose that a
hypersphere in R? with radius r is cut into two caps by a hyperplane, with the angle
0,0 <0 < 7 defining the radius of the smaller cap. Then the area of the smaller cap

is given by

1 J—11
As(r) = §AJ(7')[sin2(9) (2 ,2) (A.21)

where A%(r) is the area of the hyperpsphere and I.(c, B) denotes the reqularized in-
complete beta function (i.e., the CDF of a Beta(«, B) distribution).
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Lemma A.2.4 (Angle between random vectors). Let x,y € R’ be vectors such that
7II$IITHZIIQB is sampled uniformly from the surface of the unit hypersphere S’=', and let
= arccos(m) be the angle between x and y. Then for 0 < a < 7,

J—11
p<|0| Z CL) = Isin2(a) < 2 72) <A22)

Proof. Since the angle between x and vy is independent of their norms, assume without
loss of generality that & and y have been scaled such that ||z| = ||y| = 1. For a
given x, the set of y vectors such that cos(f) > a,0 < 7 is exactly the set of
vectors comprising a hyperspherical cap of S7/~! with radius defined by a. Because
the projection onto x of y has probability mass uniformly distributed across S7-1,
the probability that y lies within this cap is equal to the area of the cap divided by
the area of the hypersphere. Using Lemma A.2.3, this ratio is given by:

o (55
By symmetry, this is also p(f < —a). Summing the probabilities of these two events
yields (A.22).

Lemma A.2.5 (Gaussian approximation to angle between random vectors). Let x,

q, and 0 be defined as in Lemma A.2.4. Then

p(cos() > a) ~ ; + ;erf (—003(6)\/5) (A.24)

Proof. Using the identity I.(a,o) = 1li.a-.)(o, 3) [1, Eq. 8.17.6], we can rewrite
(A.23) as:

If(——, ——) (A.25)

(1 —cos(#)). Recall that a Beta(a, ) distribution can be approximated

where ¢ = %
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by a normal distribution with:

= (A.26)
= T TR (A27)

Using o = 8 = Z1, this yields
= ; (A.28)
o? = (%f _ L (A.29)

— 2 —
1) (1+23t)
Further recall that the CDF of a normal distribution with a given mean p and variance

o? is given by

B(a) = 5+ orf (‘fé‘) (A.30)

o

Substituting (A.28) and (A.29) into (A.30), we obtain

(5 T ma((o - 5)vaD) (A.31)

Finally, substituting (1 — cos(f)) for ¢ yields (A.24). O

Lemma A.2.6 (Gaussian PDF approximation). Let @, q, and 0 be defined as in
Lemma A.2.4 and let the dimensionality J be sufficiently large that the Beta distri-

bution can be accurately approrimated with a normal distribution. Then,
cos(f) ~ N(0,J71) (A.32)
Proof. Writing (A.24) in the form of (A.30) gives

(A.33)

=
I

(A.34)

[\V)
o= @
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Because (A.24) is the CDF of a Gaussian random variable with this 4 and ¢, the
PDF is given by NV (0, J71). O

A.2.2 Guarantees

We now prove several bounds on the errors caused by product quantization using an
arbitrary number of subvectors. We begin with no distributional assumptions, and

then prove increasingly tight bounds as more assumptions are added.

Lemma A.2.7 (Worst-case dot product error). Let & be the reconstruction of  and
let ¢ € R7 be a vector. Then |q"x —q' 2| < ||q|| - ||r||, where r is the residual vector

A

r — .

Proof. This follows immediately from application of the Cauchy-Schwarz inequality.
'z —q'2|=lqg'z—q' (x—7)|=|qg'r| < gl - ] (A.35)

]

If we are willing to make the extremely pessimistic assumption that the cosine
of the angle between g and r is uniformly distributed, a tighter bound (and indeed,
an exact expression for the error probability) is possible (Theorem A.2.1). This
assumption is pessimistic because angles close to 0, which yield smaller errors, are

much more probable in high dimensions.

Theorem A.2.1 (Pessimistic dot product error). Let 6 denote the angle between r

and some vector q, and suppose that cos(f) ~ Unif(—1,1). Then

€
p(lg'x —q'&| > ¢) = max(0,1 — ————) (A.36)
gl - [l
Proof. Simple algebra shows that
q'z—q'eg=q (&+r)—q'&=q'r=|q| || cos(9) (A.37)
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Since cos(f) ~ Unif(—1,1), we have that |cos(0)| ~ Unif(0,1), and therefore

p(q"z—q"&| > &) = p(llql - Il cos(®)] > &) (A.38)
g

=0 ('COS”)’ arh HrH) (A.39)

— max <o, 1 - 5) (A.40)

gl -l

]

The assumption that the cosine similarity of vectors is uniform can be replaced
with the more optimistic assumption that the errors in quantizing each subvector are

independent, yielding Theorem A.2.2.

Theorem A.2.2 (Dot product error with independent subspaces). Let V), ... x(®1)
be the subvectors of ¢, let &V, . .. &™) be the subvectors of &, and let gV, ... g™
be the subvectors of an arbitrary vector q € R?. Further let ™ £ g™ — (M) gnd

assume that the values of ||r™|| are independent for all k. Then

2

T T A —¢
pllg x—q x| > ¢ §2exp< ) A.41
( 2 ¢) s (g ee) A

Proof. The quantity q'x — q' £ can be expressed as the sum

M M
Z q(m)T(w(m) — @(WL)) — Z g™ T (A.42)
m=1 m=1

Each element of this sum can be viewed as an independent random variable v;. By

Lemma A.2.7, — g™ - |[r™| < vx < [[g"™] - ||»™)|. The inequality (A.41) then

follows from Hoeffding’s inequality. O]

This bound assumes the worst-case distribution of errors for each subvector. If we
instead assume that the errors are random as defined in Lemma A.2.4, it is possible
to obtain not only a bound, but a closed-form expression for the probability of a given

error.
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Theorem A.2.3 (Dot product error approximation). Let ", ... M),

g® M g o g™ e M e be defined as in Theorem A.2.2. Sup-

pose that each (@™, ™) satisfy the conditions of Lemma A.2.4 and the values of

g™ ™ are independent across all k. Then
p(q'z —q" &) ~ N(0,0%) (A.43)

where 0% = %Z%Zlnq(m)“Q |l 2.

Proof. Applying Lemma A.2.6 to a given (g™, (™), we have the approximation:

cos(0p) ~ N(0, L") (A.44)

A qm T pm)

where 0, = Gy Recalling from (A.37) that ¢z — q'2 = ||q|| - ||| cos(),

this implies that

q(m)Tw(m) _ q(m)T@(m) ~ N(0,02) (A.45)
where 0% = w. Because the errors from each subspace are independent,
one can sum their variances to obtain (A.43). O

This approximation is optimistic if the codebooks are trained from k-means using
the Euclidean distance, since the residuals’ directions are unlikely to be uniformly
distributed on the unit hypersphere. However, if the centroids are trained under the
Mahalanobis distance [78, 22], then this approximation may be pessimistic. This is
because the latter approach tends to concentrate cos(f) around 0 (by construction),

which yields even smaller variances in each subspace.

A.2.3 Euclidean Distance Error

The guarantees in this section closely parallel those of the previous section, so we

state them without comment.
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Theorem A.2.4 (Worst-case Lo error). Let & be the reconstruction of x and let

q € R’ be a vector. Then |||q — x| — |lg — 2||| < ||7|.

Proof. This follows immediately from application of the triangle inequality.

lg -zl = vl <llg -2zl =llg —z+r] <llg—=| +|r] (A.46)

and therefore
llg —=| = llg — z[|]] < [lr] (A.47)
O

Theorem A.2.5 (Pessimistic Ly error). Let 6 denote the angle between r and some

vector q, and suppose that cos(0) ~ Unif(—1,1). Then

A el <
ol ==l - g - 2|7 > &)  max (o, . (A.48)
il ==l

Proof. Using the Law of Cosines, we have

2 12 12 . A
lg — =] = llg = 2[I" + |l — 2[I" - 2llg — &|[[|= — 2] cos(¥)

=llg —2|” + [Ir]* — g — 2|l[|r]| cos(6) (A.49)
and therefore
lg —2|” —llg — 2[” = |»|* — 2|l/llqg — 2| cos(6) (A.50)
This implies that

p(lg—z|” —llg — 2|* > &) = p(|lr|” — 2|7|llq — &[| cos(9) > ¢)

=p (HrHQ_s > 008(9)>

2[lr[lllg — 2|
~ L nax (o I L 1> (A.51)
2 "2|r(lllg — 2|
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Equation (A.48) follows by symmetry.

Theorem A.2.6 (L, error with independent subspaces). Let 2V, ... ™) be the
subvectors of ¢, let &V, . .. M) be the subvectors of &, and let gV, ..., g™ be the
subvectors of an arbitrary vector ¢ € R’. Further let v £ 2™ — &™) and assume

that the values of ||g'™ — ™ |* — ||q"™ — &) ||* are independent for all k.

_52
plllg -l = g -2l > <) < 2exp< (A.52)
25 ]

Proof. The quantity ||q — z||* — ||g — £]|* can be expressed as the sum
M
> llg™ — 2™ — g™ — &) (A.53)
m=1

By assumption, each element of this sum can be viewed as an independent random
variable v,. By Lemma A.2.4, —||r(™|]> < v, < ||#(™)]||*. Assuming that one adds in

the bias correction described in Lemma A.2.2, one can apply Hoeffding’s inequality

to obtain (A.41). O

Theorem A.2.7 (L error approximation). Let 2V, ... ™) g0 g0

q,....q™, @ W) be defined as in Theorem A.2.6. Suppose that each pair
(@™ — &™) ¢ satisfy the conditions of Lemma A.2.4 and the values of (g™ —

A

2 Tr(™) are independent across all k.

p(lg —=|* — llg — 2|*) = N(||r[|*, o) (A.54)
where 0% £ 4||r|*||q — =|*L*.
Proof. Applying Lemma A.2.6 to a given (g™, (™)), we have the approximation:

cos(0) ~ N(0, L) (A.55)
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A g pm)

where O = ey

Further recall from (A.50) that
g™ — | g — #* = [ — 2 g™ — 5| con(d) (A.56)
Combining (A.56) and (A.55) yields

g™ — ™| — [lgt™ — &2~ A (2, 02) (A57)

where 02, £ 4|70 |*||g"™ — £(™||?L~!. Because the errors from each subspace are

independent, one can sum their variances to obtain (A.54).
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Appendix B

Additional Theoretical Analysis of
Maddness

B.1 Proof of Generalization Guarantee

In this section, we prove Theorem B.1, restated below for convenience.

Theorem (Generalization Error of MADDNESS). Let D be a probability distribution
over R and suppose that MIADDNESS is trained on a matriz A € RN*P whose rows
are drawn independently from D and with maximum singular value bounded by o 4.
Let C be the number of codebooks used by MADDNESS and A > 0 the reqularization
parameter used in the ridge regression step. Then for any b € RP, any a ~ D, and

any 0 < 6 < 1, we have with probability at least 1 — & that

Ep[L(a,b)] <Ej;[L(a,b)] + CUAHbHQ ( 1 8 + \/0(4 [log,(D)] + 256) log 2 — log 5)

o \256 " Von
(B.1)

where L(a,b) = |a’bd — af(g(a), (b)) — B|, a is the scale used for quantizing the
lookup tables, and B is the constants used in quantizing the lookup tables plus the

debiasing constant of Section 4.4.4.

The proof relies on the observation that MADDNESS’s training procedure can be
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decomposed into two sequential subroutines: Maddness-Build-Tree, which learns the
function g(a) by constructing a binary decision tree, and Maddness-Regress, which
learns the function h(b) by optimizing a prototype matrix P such that g(A)P ~ A.
This observation allows us to prove B.1 by first providing a guarantee for

Maddness-Regress for a fixed Maddness-Build-Tree hypothesis, and then union
bounding over the hypothesis space for Maddness-Build-Tree. Bounding the size
of the hypothesis space is straightforward (Lemma B.1.1), so the bulk of this section
focuses on providing a guarantee for Maddness-Regress. We must also prove a bound

on the loss contributed by quantizing the lookup tables array P'b.

Lemma B.1.1 (Number of Hypotheses for Maddness-Build-Tree). Let C' be the
number of codebooks used by MADDNESS and let D be the number of columns in the
matriz A on which MADDNESS is trained. Then there are at most 2€(40g:(D)]+256)

unique trees that Maddness—Build-Tree can generate.

Proof. Maddness-Build-Tree learns four sets of parameters for each of the C' trees
it produces: split indices, split offsets, split scales, and split values.

There are four split indices per tree because there is one for each of the tree’s four
levels. Each index requires [log,(D)] bits to store, so the split indices require a total
of 4 [logy(D)] bits per tree. For each split index, there is one split offset and scale,
used to map floating point data in an arbitrary range to the interval [0, 255] to match
up with the 8-bit split values.

The offsets require at most 25 bits each for 32-bit floating point data, since the low
7 bits can be dropped without affecting the post-scaling quantized output. The scales
are constrained to be powers of two, and so require at most 9 bits for non-subnormal
32-bit floating point inputs (which have one sign bit and eight exponent bits). The
offsets and scales together therefore contribute 4(25 4 9) = 136 bits per tree.

There are 15 split values because there is one for the root of each tree, then two
for the second level, four for the third, and eight for the fourth. Each split value is
stored using eight bits, so each tree requires 15 - 8 = 120 bits for split values. The
total number of bits used for all trees is therefore C'(4 [log,(D)]+256). Note that the
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constant 256 being a power of two is just an accident of floating point formats. The
claimed hypothesis count follows from the number of expressible hypotheses being at

most 2 to the power of the largest number of bits used to store any hypothesis. [

We now turn our attention to bounding the errors of the regression component
of training. Our strategy for doing so is to bound the largest singular value of the
learned matrix of prototypes P. Given such a bound, the norms of both g(a)" P and

PTb can be bounded.

Lemma B.1.2 (Regularized Pseudoinverse Operator Norm Bound). Let X € RV*P
be an arbitrary matriz with finite elements. Then every singular value o; of the matrizx

A (xT 1% T ~ 1
Z=(X'X+M)'X A >0 s at most 5.

Proof. Let USV'" be the singular value decomposition of X. Then we have

Z=(X"X+A)'XT (B.2)
= (VZU'UEVT + ) 'vEUT (B.3)
= (VZ*VI+A)'VEU T (B.4)
= (VZ2V 4+ vAIV)lvsu T (B.5)
= (vZ,vhHlveu’ (B.6)
=ve'vvsu' (B.7)
=Ve'su' (B.8)
=VIU' (B.9)

where 3, = X2 + AT and X' £ (X2 + A\I)"'Y. Step B.5 follows from the equality
VAMVT =XVVT = \I. Because the matrices V and U are orthonormal and X'
is diagonal, the singular values of Z are equal to the diagonal entries of /. Each

entry o; is equal to

/ 0
Yoo+ ( )
This expression attains its maximal value of —2\15\ when o? = \. O]
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Lemma B.1.3 (Ridge Regression Singular Value Bound). Let X € RN*P qnd
Y € RPM pe arbitrary matrices and let W 2 (XX + M)’ XTY, A > 0 be
the ridge regression weight matriz. Then |[W||_ < %, where |||, denotes the

largest singular value.

Proof. Observe that W = ZY, where Z = (X "X + AI)"'X . Then by applying

Lemma B.1.2 and recalling that Schatten norms are submultiplicative, we have

¥l (B.11)

Wi.<IZ Y| <
Wl <121 ¥ ] < T

]

Lemma B.1.4 (Bound on MADDNESS Embedding Norm). Let g = g(a) be the en-
coding of an arbitrary vector a using C' codebooks and let P be the prototype matriz

learned by MAADDNESS using training matriz A with ridge regression parameter \ > 0.

Then

o

-
P
”g H2 > 2\/X

1Al (B.12)

where || Al denotes the largest singular value of A.

Proof. We have

lo" P, < gl Pl (B.13)
- C|IP], (B.14)

C .
< —=||A4] .- B.15
<Ml (B.15)

The first step follows from Cauchy-Schwarz. The second follows from g being zero

except for exactly C ones. The last is an application of Lemma B.1.3. O

Lemma B.1.5 (Maximum Table Quantization Loss). Let & = g(a)' P, where g(-)
and P are trained using C' codebooks and ridge regression penalty A > 0 on a matriz

A with mazimum singular value at most o4, and a € R is an arbitrary vector.
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A A CCT b A
Then for any vector b € R, la'b — g| < %\'ﬁl\lz, where § = ag(a)Tg(b) + B

is MADDNESS’s approzimation to a'b, with o and B the scale and offsets used to

quantize the lookup tables.

Proof. If MADDNESS had infinite-precision lookup tables, y would exactly equal
a'b. We therefore need only bound the error introduced by the quantization. By

Lemma B.1.4, ||a||, < SL;‘. This implies that

oA
b
jaTo) < Coallbl (B.16)
2v/\
and therefore
~Coullbly _ v, - Coalbly B

2N T T 2N

For each of the C' codebooks, this means that the value to be quantized lies in the

interval [_‘;‘%’“2, U;“\‘%HQ] of width %\/?\”2. Because MADDNESS quantizes the lookup

tables such that largest and smallest entries for any row of P are linearly mapped to
255.5 and —0.5,! respectively, the worst-case quantization error is when the quantized
value lies exactly between two quantization levels.We therefore need to compute the
largest possible gap between a value and its quantization. Using 256 quantization
levels, the largest possible gap is 1/(256/.5) = 1/512 of the interval width. Multi-

plying by the above interval width yields a maximum quantization error for a given

b . o )
codebook of Z?QH \/H/\E Because the errors in each subspace may not agree in sign, their

sum is an upper bound on the overall quantization error. O]

At this point, we have all of the pieces necessary to prove a generalization guar-
antee for Maddness-Regress save one: a theorem linking the norms of the various
vectors and matrices involved to a probabilistic guarantee. Kakade et al. [101] provide

such a gaurantee, based on Rademacher complexity [28].

"'We use 255.5 and —0.5 rather than 255 and 0 because the latter only guarantees that a point
is within 1/510 of the interval width, not 1/512. This is not an important choice and either option
would be fine.
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Theorem B.1.1 ([101], Corollary 5). Let F = {w'x : ||w|l, < W} be the class
of linear functions with bounded Lo norms, let S be a set of n samples drawn i.i.d.
from some distribution D over the Ly ball of radius X, and let L(f), f € F be a loss
function with Lipschitz constant L. Then for any 0 < 6 < 1, it holds with probability

at least 1 — 0 over the sample S that

LXW
\V2n

Ep[£(f)) < EslC()] + - (84 y/~log(0)). (B.15)

We can now obtain our desired guarantee for the regression step.

Lemma B.1.6 (Generalization Error of Maddness-Regress). Let D be a probabil-
ity distribution over RY and suppose that MADDNESS is trained on a matric A €
RN*P whose rows are drawn independently from D and with mazimum singular value
bounded by o4. Let C' be the number of codebooks used by MADDNESS and A > 0
the reqularization parameter used in the ridge regression step. Further let g(a) be a
fized (data-independent) function and L(a,b) = |a"b— f(g(a),h(b))|. Then for all

vectors b, any vector a ~ D, and any 0 < § < 1, we have with probability at least

1 — 90 that

Coallbll, . Coallbl,
512\ 2v/2n\

Ep[L(a,b)] < E;[L(a,b)] + (8+ —zog(a)). (B.19)

Proof. The output of Maddness-Regress can be decomposed into
9= f(9(a),h(b)) =g Pb+c+¢ (B.20)

where g = g(a), P is the matrix of prototypes, ¢ is data-independent noise from

the averaging process?, and ( is noise from quantizing the lookup table entries. By

Coallblly

Lemma B.1.5, { < TV (accounting for the second term in Equation B.19). We

therefore need only obtain a guarantee for |g" Pb — a'b|. Defining w = Pb, we see

2We continue to make the assumption that the least significant bits of the lookup table entries
are independent Bernoulli(0.5) random variables, which is nearly true in practice. Even if this
assumption does not hold, this noise does not contribute to the generalization gap unless it differs
between train and test sets.
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that Maddness-Regress is a linear model, and therefore subject to Theorem B.1.1.
Given an upper bound on the Lipschitz constant of the loss, a bound on the Ly norm
of g, and a bound on the Ly norm of w, we can apply this theorem. The Lipschitz
constant for the absolute loss is 1. The Ly norm of g is exactly C'. The Ly norm of

w can be bounded as

oal|bll,

wl|, = [|Pb|l, < ||P| . |bll, <
el = 1Pl < 1P ol < 75 2

(B.21)

using Lemma B.1.3. O

Using this lemma, the proof of Theorem B.1 is immediate; we begin with Lemma B.1.6

D)1+120

and simply union bound over all 2€(4flog( ) hypotheses from Lemma B.1.1.

B.2 Aggregation Using Pairwise Averages

In this section, we analyze the errors introduced by using averaging instructions rather

than upcasting and computing sums exactly.

Definition B.2.1 (Averaging Integer Sum Estimator). Let = € {0,1}¢,C Z U =
0,U =2P,p>0. The Averaging Integer Sum Estimator (AISE) §(x) is defined as:

~ A c ~
S(w) = Z SU<mikijk) <B22)
k=1
N K z € R!
sula) 2 (B.23)

|3 (Su(@iese) + Su(®rigne) + 1)) otherwise

where iy, = (k—1)-U +1,ji, = iy + U and Tjepr and x,igne denote vectors formed by

taking the initial and final D/2 indices of a given x € RP.

Definition B.2.2 (Pairwise Integer Sum and Sum Estimator). For integers a and b,
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define

s(a,b) 2 a+b (B.24)
3(a,b) = 2u(a,b) (B.25)
where p(a,b) £ [S(a+b+1)].
Lemma B.2.1 (Bias when averaging one pair). Consider two scalars a and b, with
a,b ™ Bernoulli(.5). Define £(a,b) = §(a,b) — s(a,b). Then

Ele(a,b)] = ;

Proof. The proof follows immediately from considering the four equiprobable realiza-
tions of the pair a,b. In the cases (0,0) and (1,1), 2u(a,b) = s(a,b). In the cases
(0,1) and (1,0), 2u(a,b) = 2, while s(a,b) = 1. O

Lemma B.2.2 (Variance of error when averaging one pair). Consider two scalars a

and b, with a,b S Bernoulli(.5). Then

Ele(a,b)?] - Ele(z,y)* = +.

Proof. Using Lemma B.2.1, the above can be rewritten as:

Ele(a,b)? = ;

The proof then follows by again considering the four equiprobable cases as in Lemma B.2.1.
In the cases (0,0) and (1,1), e(a,b)? = 0. In the cases (0,1) and (1,0), (25(a,b) —
s(a,0))>=(2—-1)?2=1. O

Lemma B.2.3 (Bias of AISE within a subspace). Suppose that the scalar elements

x; of & are drawn from independent Bernoulli(.5) distributions. Then
Blsy(@) — u(@)] = Ulogy(U)/4. (B.26)
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Proof. Observe that the computation graph can be cast as a balanced binary tree
with U leaves and each parent equal to the integer average of its children. Consider
the bias introduced at each level t of the tree, where ¢ = 0 corresponds to the leaves
and ¢ = log,(U) corresponds to the root. The expected error E[{(t,n)] introduced at

a node n in level £ > 0 is given by
L
E[¢(t,n)] = 3 2 (B.27)

where the % follows from Lemma B.2.1 and the scale 2/~ is the number of leaf nodes
to which the bias is applied. E.g., adding one to the estimated average of four leaf
nodes would increase the estimated sum by four. Since there are U - 27! nodes per
level, this means that the total expected error introduced at level ¢ is % gt = %.
Summing from ¢t = 1 to ¢t = log,(U) completes the proof of the expected error. Note
that t = 0 is omitted since the leaf nodes are not the result of averaging operations
and so introduce no error.

O

Theorem B.2.1 (Bias of AISE over all subspaces). Suppose that the scalar elements

x; of & are drawn from independent Bernoulli(.5) distributions. Then
E[s(x) — §(x)] = Clog,(U)/4. (B.28)

Proof. This follows immediately from Lemma B.2.3, the fact that the overall sum is
estimated within each of C'/U subspaces of size U, and the assumption that the errors

in each subspace are independent. O

Note that the assumption that the elements are independent is not especially
strong in reality. This is because this section focuses on the effects on the least
significant bits (which are the ones affected by each averaging operation), and the
least significant bit does tend to be nearly uniformly random in a great deal of real-
world data. An exception might be data with an extremely large number of zeros,

which would have zeros as low bits much more often than ones. However, in the
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particular case of MADDNESS, this is less of a concern; the elements being averaged
are inner products between vectors, and therefore tend to be nonzero even when many

or most of the individual scalars within the vectors are zero.
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Appendix C

Additional Method and

Experiment Details for Maddness

C.1 Quantizing Lookup Tables

Since the lookup table entries naturally occupy more than 8 bits even for 8-bit data,
some means of quantizing these entries is necessary to enable vectorization.! Unfor-
tunately, existing quantization methods are not applicable to our problem setting.
The scheme of BOLT requires knowledge of B at training time, while the scheme of
Quick ADC [17] and Quicker ADC [18] is only applicable for nearest neighbor search.
We instead use the following approach, where T' € RM*¢*K ig the tensor of lookup
tables for all M columns of B, T is the quantized version of T', § € R is a vector

1

of table-specific offsets, and o™ is an overall scale factor:

d. 2 millg Tk (C.1)

255
“laol = 1 . 2
“ ’ m?X 082 maXp, (Tm7c,k - 50) (C )
T & (Ther —0c) (C.3)

!The table entries are products of 8-bit values, and therefore require 16 bits.
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The « used here is the same as that in Equation 4.2, and the matrix [ in Equation 4.2
has entries equal to Y. 4. (plus the debiasing constant from our averaging-based

aggregation).

C.2 Quantization and MaddnessHash

The use of at most 16 leaves is so that the resulting codes use 4 bits. This allows the
use of these same shuffle instructions to accelerate the table lookups as in BOLT.

The only subtlety in vectorizing our hash function is that one must execute line
4 using shuffle instructions such as vpshufb on x86 and vtbl on ARM. In order to
do this, the split values and scalars x;; must be 8-bit integers. We quantize them by
learning for each split index j a pair of scalars (v;, d;), where

§; £ minv! (C.4)

2

b Lol = {logz (M)J (C5)

max; v — 0,
1 Y J

This restriction of v; to powers of two allows one to quantize x;; values with only
shifts instead of multiplies. The v values can be quantized at the end of the training

phase, while the z;: values must be quantized within Algorithm 4 before line 5.
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C.3 Subroutines for Training MaddnessHash

The optimal_split_threshold algorithm (Algorithm 6) finds the best threshold at
which to split a bucket within a given dimension. To do this, it uses the cumulative_sse
function (Algorithm 7) to help evaluate the loss associated with the resulting child
buckets.

These algorithms exploit the fact that the sum of squared errors can be computed
using only the sum of values and the sum of squared values, both of which can be

updated in O(1) time when a vector is moved from one side of the split to the other.

Algorithm 6 Optimal Split Threshold Within a Bucket

Input: bucket B, index j

X < as_2d_array(B)

X" = sort_rows_based_on_col(X, j)
sses_head < cumulative_sse(X*”" false)
sses_tail < cumulative_sse(X*”" true)
losses < sses_head

losses;.y_1 ¢ losses;.y_; + sses_tail,.y
n* < argmin, losses,

return (X7 + X7, ;)/2, losses,-

C.4 Additional Experimental Details

In this section, we discuss details of our experiments that are necessary for repro-

ducibility but that would have distracted from the body of Section 4.5.

SparsePCA Details

We took steps to ensure that SparsePCA’s results were not hampered by insufficient
hyperparameter tuning. First, for each matrix product, we tried a range of lambda
values which we found to encompass the full gamut of nearly 0% to nearly 100%
sparsity: A € 2,1 € {—5,—4,-3,-2,—1,0,1,2,3}. Second, because different sparsity
patterns may yield different execution times, we report the best time from any of ten

random matrices of the same size and at most the same sparsity, rather than the time
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Algorithm 7 Cumulative SSE

: Input: 2D array X, boolean reverse
N, D < shape(X)
if reverse then
Vi swap(Xi,d, XN—i—i—l,d)
out < empty(N)
cumX < empty(D)
cumX2 < empty(D)
// Initialize first row of output and cumulative values
out; < 0
for d <1 to D do
cumX; <— X17d
cumX2, < (X17d)2
. // Compute remaining output rows
: for n <+ 2 to N do
out, < 0
for d <1 to D do
17: cumXy < cumXy + Xy 4
18: cumX2, +— cumX2; + (X 4)°
19: out, < out, + cumX2,; — (cumXy X cumXy/n)

I e S S e e e
SO A S v

20: return out

from the single matrix SparsePCA produced for a given (d, \) pair. Finally and most
importantly, we plot only the Pareto frontier of (speed, quality) pairs produced for
a given matrix multiply. l.e., we let SparsePCA cherrypick its best results on each

individual matrix multiply.

C.4.1 Exact Matrix Multiplication

We also implemented our own matrix product function specialized for tall, skinny
matrices. In all cases, we report the timings based on the faster of this function and

Eigen’s matrix multiply function for a given matrix product.

C.4.2 Additional Baselines

We also tested Frequent Directions / Fast Frequent Directions [121, 72, 53], many vari-
ations of the sampling method of [57], projections using Gaussian random matrices

(94, 48], projection using orthogonalized Gaussian random matrices [99], projection
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using matrices of scaled i.i.d. Rademacher random variables [10], projection using
orthonormalized matrices of Rademacher random variables, the co-occuring direc-
tions sketch [139], OSNAP [140], Product Quantization [98], and Optimized Product
Quanization [70].

The poor performance of many of these methods is unsurprising in our setting.
Given that we have access to a training set on which to learn the true principal compo-
nents, the Eckart-Young-Mirsky theorem [62] indicates that PCA should outperform
any other individual matrix sketching method employing dense projection matrices,
at least in the limit of infinite training data. Also, since PQ and OPQ use 256 dense
centroids (except in the BoLT/ QuickerADC variations), it is also impossible for them

to perform well when min(D, M) is not significantly larger than 256.

C.4.3 UCR Time Series Archive

We omitted datasets with fewer than 128 training examples, since it is not possible
for Stochastic Neighbor Compression to draw 128 samples without replacement in
this case.

In addition to being a large, public corpus of over a hundred datasets from a huge
variety of different domains, the UCR Time Series Archive also has the advantage that
it can be used to produce matrix multiplication tasks of a fixed size. This is necessary
for meaningful comparison of speed versus accuracy tradeoffs across datasets. We
constructed training and test matrices A and A by resampling each time series in
each dataset’s train and test set to a length of 320 (the closest multiple of 32 to
the median length of 310). We obtained the matrix B for each dataset by running
Stochastic Neighbor Compression [111] on the training set with an RBF kernel of
bandwidth one. We set the number of returned neighbors to 128 (results with 64 and
256 were similar), yielding a B matrix of size 320 x 128. Since different datasets have
different test set sizes, all results are for a standardized test set size of 1000 rows. We
wanted the length to be a multiple of 32 since existing methods operate best with
sizes that are either powers of two or, failing that, multiples of large powers of two.

We approximate Euclidean distances using the identity ||z —y||> = ||| — 22Ty +
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Y 2. We approximate only the inner products "y, since ||y 2 can be precomputed
2 2

for fixed exemplars y and ||z||> does not affect the class prediction.

C.4.4 Caltechl101

We only extracted valid windows—i.e., never past the edge of an image. We extracted
the windows in CHW order, meaning that scalars from the same color channel were
placed at contiguous indices. The “first” images are based on filename in lexicographic
order.

We used pairs of filters because using a single filter would mean timing a matrix-
vector product instead of a matrix-matrix product.

To allow meaningful speed comparisons across images, we resized and center
cropped each image to 224 x 224 as commonly done in image classification pipelines
[85, 86, 91]. We then extracted sliding windows of the appropriate size and used each
flattened window as one row of A or A. We similarly flattened the filters, with each
set of coefficients forming one column of B. In both cases, B has two columns—this
is because using a single filter would mean timing a matrix-vector product instead of
a matrix-matrix product. Two columns also made sense since Sobel filters are often
used in horizontal and vertical pairings, and Gaussian filters are often used together
to perform difference-of-Gaussians transforms.

Even though the RGB values at each position are naturally unsigned 8-bit integers,
we allowed rival methods to operate on them as 32-bit floating point numbers, without
including the conversion when timing them. Because it only requires checking whether

values are above a threshold, MADDNESS can operate on 8-bit data directly.

C.4.5 Additional Results

In Section 4.5, we showed the classification accuracy as a function of wall time for
the CIFAR-10 and CIFAR-100 softmax classifiers. In Figure C-1, we instead show
normalized mean squared error versus time. In Figure C-2, we show accuracy versus

number of operations performed, where one operation is either one multiply-add or
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one table lookup, depending on the method. The first figure illustrates that NMSE
is closely related to classification accuracy, but with imperfect NMSE still yielding
excellent accuracy in many cases. The second figure shows that our method’s superior
results are not merely caused by the use of faster CPU instructions, but also by the

use of fewer basic operations at the algorithm level.

Approximating Softmax Classifiers
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Figure C-1: Maddness achieves a far better speed versus squared error tradeoff
than any existing method when approximating two softmax classifiers. These
results parallel the speed versus classification accuracy results, except that the
addition of our ridge regression is much more beneficial on CIFAR-100.
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Approximating Softmax Classifiers
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Figure C-2: Maddness also achieves a far better speed versus accuracy tradeoff
when speed is measured as number of operations instead of wall time. Fewer
operations with a high accuracy (up and to the left) is better.
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