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Abstract

Autonomous mapping of large-scale environments has been a critical challenge con-
fronting researchers in mobile robotics. This thesis investigates two aspects of the
large-scale simultaneous localization and mapping (SLAM) problem: (1) the behav-
ior of the covariance matrix in the Kalman filter solution to the linear Gaussian SLAM
problem, and (2) the development of new algorithms for efficient large-scale mapping.

The key issue motivating study of the linear Gaussian SLAM problem is to un-
derstand the behavior of the uncertainty estimates with time. In this thesis, we
provide an analysis of the asymptotic behavior of the full covariance SLAM solution.
We present a novel generalized closed-form solution to the single degree-of-freedom
SLAM problem (known as the MonoRob problem). We examine the cross correlation
behavior for the case of observed and non-observed features, and show that a feature
must be repeatedly reobserved for it to become fully correlated with other features.
Additionally, we provide a new "tight" lower bound for the map uncertainty for a
certain class of the MonoRob problem.

The second part of the thesis develops new techniques for attacking the scaling
problem in SLAM. The work builds on the Constant Time SLAM (CTS) method de-
veloped by Newman and Leonard, which is the first SLAM algorithm to achieve global
convergence while maintaining consistent error bounds with an 0(1) growth of com-
plexity for the linear Gaussian SLAM problem. Our work makes four contributions:
(1) We describe a new algorithm, termed CTS 2.0, that achieves better performance
than CTS while maintaining constant-time performance. (2) We present an alterna-
tive submap network SLAM algorithm, termed Network Optimized SLAM (NOS),
that transfers information across submaps in 0(n) time to achieve faster convergence
than CTS while maintaining its desirable consistency properties. (3) we provide a
theoretical and experimental analysis of CTS, CTS 2.0, and NOS and compare all
three algorithms with the full covariance solution. (4) We perform an analysis of the
error metrics for measuring the global uncertainty of a SLAM solution, yielding new
insights into the behavior of this type of algorithm.
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Chapter 1

Introduction

1.1 The Robot Navigation Problem

People desire robots that will effectively and efficiently perform human, labor-intensive

tasks. In many areas, this goal has been achieved. Robotic vacuum cleaners shine

supermarket and train station floors. Automatic tooling systems assist in automobile

production. Tour-guide robots lead visitors through museums, and autopilot systems

direct aircraft around the world. However, the full potential of robots has not yet

been reached. The ability of robots to assist individuals with physical differences

remains underdeveloped. Similarly, the usefulness of robots in fields from surgery to

formal education has not progressed beyond its nascent stage. Another potentially

rich arena for the utilization of robots is in fully autonomous navigation in unknown

environments.

When a person visits an unfamiliar environment such as an airport in a foreign

country, s/he employs a variety of cues, skills, and mechanisms to successfully navigate

from one place (point of disembarkation to baggage claim to taxi stand) to another.

Though much of this process is understood, many questions remain about how people

develop spatial memory and process orientation and directional information. One of

the basic research and application goals in robotics is to endow robots with spatial

memory as well as orientation and directional processing abilities that parallel those

of human beings. We seek a positive answer to the question, "Can a robot build maps

15



of unknown areas and use these self-generated maps to execute desired paths?"

The difficulty in achieving fully autonomous navigation by robots is illustrated

through a comparison to corresponding human capabilities at various ages. Infants

do not navigate independently and manifest a limited knowledge of location and de-

sired direction. In a similar way, many primitive robots, such as remote controlled

vehicles and automatic tooling systems, move only along an established track, ac-

cording to pre-programmed path plans, or through human control. Pre-teens evince

a more highly developed internal navigation system. As long as an effective map is

provided, adolescents can navigate independently. Similarly, if either an accurate map

or an external localization system is available, an advanced mobile robot can execute

the same class of navigational and exhibit task such as maze solving and museum

tour guiding. Finally, adults have acquired spatial and directional processing and

memory skills that allow them to travel on their own from place to place even within

an unfamiliar environment. No current robot can imitate this level of autonomous

navigation. Overcoming this hurdle is a primary goal of research in robotics and

artificial intelligence.

The key technical challenge to autonomous robot navigation in an unknown envi-

ronment is coping with uncertainty in all its forms, including noise, ambiguity, biases,

and modeling errors. Brooks summarized the problem and suggested a probabilistic

approach to this situation.

Mobile robots sense their environment and receive error laden readings.

They try to move a certain distance and direction, only to do so ap-

proximately. Rather than try to engineer these problems away it may

be possible, and may be necessary, to develop map making and navigation

algorithms which explicitly represent these uncertainties, but still provide

robust performance. [12]

Successful robot navigation also requires a map of the environment. However, to

build a map, the robot must move among multiple positions to localize itself. The

navigation error incurred during the vehicle's motion combines with the uncertainty in

16



the robot's sensor to create a challenging interpretation problem. This is the problem

of Simultaneous Localization and Mapping (SLAM) - to concurrently generate a

map of the environment and localize the robot using the map being generated.

1.2 Challenges in Achieving SLAM

Many ideas for attacking the SLAM problem have been suggested and implemented

over the past several decades, and significant progress has been achieved. However,

a fully-realized SLAM solution remains elusive. One of the remaining challenges

confronting the robotics community is the case of a large-scale environment.

As the size of the operating environment increases, the computational demands of

SLAM grow significantly, making real-time computation problematic. The primary

cause of the growth in computational burden is the need to represent correlations

between the error estimates of the spatial poses of the vehicle and all the features in

the map. The optimal algorithm for retaining the maximum number of correlations

encounters an 0(n2 ) computational burden [62], where n represents the number of

features.

These correlations are kept in the covariance matrix during the solving of a SLAM

problem. Previous researchers have examined the behavior of the covariance ma-

trix [34, 26], providing new insights into the solution behavior for a certain specialized

class of SLAM problem. In this thesis, we add to this body of work by considering

a more general formulation of the problem, providing new insights into the problem

structure, and to applying these insights to evaluate new approaches for solving the

large-scale SLAM dilemma.

Achieving large-scale SLAM is a complex process. An essential element of suc-

cessful large-scale SLAM involves balancing the need for accurate estimation with the

need for faster computation. If all the correlations between features and the robot

are maintained, the resulting pose estimate provides a more accurate result but with

the cost of prolonged computation. Conversely, if some correlations are ignored, the

estimation can be executed faster, but with a less accurate or even an inconsistent
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result. This thesis suggests a solution that satisfies the need for both accurate and

consistent estimates and real-time computation by using a submap network.

In addition to balancing accuracy and consistency with efficiency, successful, real-

time SLAM requires accurate data association, robust feature detection, and reliable

loop closing technique. Even though these requirements are usually coupled, workable

solutions for all of them have been developed by other researchers. This allows us,

for the purpose of this thesis, to assume that we approach the matters of balancing

consistency and efficiency armed with the best possible algorithms.

In order to accomplish large-scale SLAM, we divide the global region into multi-

ple sub-regions, and conquer each local region with a conventional solution such as

stochastic mapping [76] and combine the local solutions into a single global solution.

A graphical representation for the submap network will be adopted in this the-

sis because the local regions and spatial relations between regions have one-to-one

correspondence to nodes and edges defining a graph. This correspondence enables

us to exploit an abundance of previously developed algorithms in graph theory. For

example, finding a best origin for a local region can be transformed into a process of

finding a shortest path problem in an undirected graph with negative valued edges.

In fact, solving best local origins edges plays a crucial role in evaluating the global

estimates from local solutions and their relations. Previous work that has successfully

exploited a graphical model for SLAM includes the work of Kuipers [49], Gutmann

and Konolige [39], and Bosse et al. [10].

As a measure of the edge value, the determinant of the covariance matrix is a

natural choice [10]. The determinant quantifies how strongly two local SLAM so-

lutions are related to each other. Also, the behavior of the covariance matrix tests

the estimation's consistency and demonstrates the minimum achievable limit of the

uncertainty of the estimation.
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1.3 Thesis Scope

This thesis investigates two aspects of the SLAM problem: 1) the examination of

the properties of the covariance matrix for the Kalman filter solution to the linear

Gaussian SLAM problem, and 2) the development of new and more efficient SLAM

algorithms using a submap network representation. The new algorithms rely heavily

on the insights into the solution structure provided in the first part of the work.

Of course, there are many important issues in SLAM research besides the scal-

ing problem. These include data association, map representation, feature detection

and modeling, information transfer management for multiple robot mapping, and

autonomous exploration. These problems are clearly very difficult, and are often cou-

pled to the scaling problem (e.g., data association for loop closing). For this thesis,

however, we consider all of these issues as "out of scope". Essentially, we assume that

good data association information is available, and that the environment are com-

patible with a feature-based map representation of "point" objects. We provide some

thoughts on incorporating some of these issues with our new results in a discussion

of future work at the conclusion of the thesis.

We now summarize the structure of this thesis document. In Chapter 2, we review

the literature on large-scale SLAM. In Chapter 3, we examine the properties of the

covariance matrix and solve two new cases of the "MonoRob" single degree-of-freedom

SLAM problem analytically. The solutions are used to verify the properties of the

covariance matrix. Extensive hand computations for the new closed-form solution

are provided in Appendix A. In Chapter 4, we analyze the Constant Time SLAM

(CTS) method in detail and describe two new SLAM algorithms that build on this

approach to achieve improved performance. Finally, a conclusion and areas for further

investigation are provided in Chapter 5.
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Chapter 2

Simultaneous Localization and

Mapping

As stated in the previous chapter, the goal of Simultaneous Localization and Mapping

(SLAM) is to build a map of an unknown environment, while using that map to nav-

igate concurrently. In order to achieve this goal, we employ the feature-based SLAM

solution using Kalman filter estimation. This approach is introduced in the first part

of this chapter. One of the key issues in feature-based SLAM is the map-scaling

problem. The computational complexity of the standard full covariance SLAM solu-

tion is 0(n2 ), where n is the number of features in the environment being mapped.

This complexity results from the cross correlations of the covariance matrix main-

tained during Kalman filter estimation. The size of the covariance matrix grows as

the robot detects a new feature and integrates it into the estimated state vector. The

latter part of this chapter provides brief reviews of the previous work to resolve this

map-scaling issue in SLAM problems. As described in Chapter 1, we consider all of

the other issues such as data association, map representation, and feature detection

and modeling as "out of scope".
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2.1 Formulation of the Basic Kalman Filter SLAM

Problem

The Kalman filter approach to the SLAM problem was first published by Smith, Self,

and Cheeseman [75] and Moutarlier and Chatila [62]. At the heart of the problem

is the manipulation of uncertain spatial relationships. Following, Smith, Self, and

Cheeseman, we first review the techniques of compounding and inversion of uncertain

spatial relationships, which are essential for the material that follows.

2.1.1 Uncertain spatial relationships

The random process state vector in the SLAM problem is composed of the spatial

locations of the robot that surveys the environment and the parameterized locations

of features of the environment. The robot moves around the region through a given

dynamic model, measures locations of features, and build a map of the features. The

map is simultaneously used to update the robot's poses.

Every measurement is executed by the robot and, therefore, the sensor data are

local poses with respect to the sensor usually attached on the robot. In order to

keep and process those local data in one coordinate frame, we need operations that

transform these local values to the global values. Since the sensor data includes noise,

the transformation to the global coordinate frame should involve the uncertainty

transformation. The followings are several operations used in SLAM solutions.

9 compounding

Compounding is the most important transformation. Whenever a feature lo-

cation is measured with respect to the robot (say xjk), that measurement is

transformed to the global coordinate via the robot location(say xij). That

is, the compounding process on two vectors xi3 and Xjk returns Xik and the

corresponding covariance Pikik. 1 Xij ( Xjk denotes the binary operation, com-

'The subscripts in this section differ from the way the covariance matrix in the other sections is
expressed in order to explicitly denote the relative fiducial point. Pijiy represents that the variance
associated with xij, which is the location vector of point j relative to the point i.
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pounding. For example, the two-dimensional compounding process for point

vectors is defined as

9jk..

'j COS j

Fthe COSmg s

Figure 2-1: Illustration of the compounding process.

[jk cOS Oij - Yjk sin ij i 1 ij

Xik -- Xij ( Xjk - Tjk sin #ij + Yjk cos #ij + Yij

[ q~~jj + e:;bkJ

(2.1)

Figure 2-1 shows these relationships. The resultant two moments can be calcu-

lated by using an appropriate linear transform relation with a linearization.

Xik ~ xij @ -jk (2.2)
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[ 1

Pijjk 1
Pjk,jkj

(2.3)

In the above, linearization approximates the nonlinear operations and the Ja-

cobian of the compounding operation, J@ is given by

1

0

0

0

1

0

-(Yi -- Yij)

(Xik Xij)

cos Oij

sin /ij

0

- sin Oi/j

cos <Oij

0

0

0

(2.4)

* inversion

The inversion operation is the simplest transformation that returns the inver-

sion spatial pose and the corresponding uncertainty. It is a unitary operation

on a vector and is denoted by e. The following example shows an inversion

operation on a two-dimensional point vector, xij.

-xij cos # - yij sin #15

xji - E)Xij =xij sin #ij - yzj cos #2j

L -OeijJ

(2.5)

The resulting two moments are

xi ~ eki2 (2.6)

Pjij ~ Je , e (2.7)

where the Jacobian for the inversion operation, Je is written in the form
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,~,0

A-
Co

Figure 2-2: Illustration of the inversion process.

axj1 [- cos Oij

sin #ij

0

- sin Oij

- cos #ij

0

yji

-1j

* composite relationship

The composite relationship is merely combinations of the above two transfor-

mations. First, two consecutive inversion operations return the identical vector

and uncertainty. Secondly, two consecutive compounding operations return the

following result. For the covariance, transform relations (2.10) are employed.
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sin

Xi Tk-=SXik0 X k

k-

= LSICc (s 7 + kQjA

= Xij Y ( c-os Xt,

= Xik C Xk

=~~~xA (xSilXk)l

s-', (XOk SXik

+ 8y inhj} +{XlCOs#J - k) - y sinE(Dij -- )}

ig + Xjk sin 5ij + yjk cos kij} {Xkl Sin (#ij + #/k) + Ykl cos (#ij + /jk)}

ij + bjk + Si

(for 2D point vectors)

(2.9)
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Pil'il J ~D

Pijij

Pjk,ij

Xi GXjk E Xk1)

ee (Xij, Xjk, Xkl)

Pij,jk Pij,kI

Pjk,jk Pjk,kl ET

Pkl~jk Pkl,kl J

Dxi'

a(Xij, Xjk, Xkl)

J 2EE J3EDEDI

0 {-Xjk sin cj - Yjk COS #ij} + {-Xkl sin (#ij + #jk) - Yk1 cos (#ij + Ojk)

1 { Xj k COSij - jk sin #ij} - {

0

XkI cos (#ij + #jk) - Ykl sin (#ij + Oik)}

1

(2.12)

cos oij

J2ee = sin #ij

0

- sin #ij -Xk1 sin (#/j + jk) - Ykl cos (qij + -jk)

COS Oij Xki cos (#ij -+ Ojk) - Ykl sin (#ij+ Ojk)

0 1

cos (kij + $jk)

J3ee = sin (#ij + #jk)

0

- sin (ij + jk)

cos (#ij + #jk)

0

-Xk1 sin(ij #+ k) - Yki COS

Xk1 cos (#ij + cj k) - YkI sin1

1

(Oij - Ojk)

(Oij + #jk)

(2.14)

Finally, inversion followed by composition gives us the following spatial infor-

mation.
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Xjk = Xji @ Xik

= (exi ) & Xik

-x COS Jij - yij sin /ij + Xik COS kik - yik Sin kik (2.15)

S xj sin ij - yij COS Oi + Xik sin /ik + Yik COS Oik

Pi ik [T

Pjk,jk 1 Ji J2e [ PTk Pikik JTE

e O P P JT 0 J T
F1 1 J2 e 01Pii, Pijik 1 1 (2.16)

0 1 p P 0 1 jT

JieJe J2[ P: PiL ) JE

In the above, J'®, J 2e, and Je are Jacobians that were used for the compound-

ing and inversion operations

Two consecutive compoundings are frequently used to evaluate the uncertainties

of submaps with respect to the global origin. Additionally, the inversion and

compounding combinations are necessary to execute the root shifting operation

(changing the base reference of a local map.) Both processes will be explained

in chapter 4.

By the described operations, we can calculate transformed information of spatial

quantities. Those transforms cover not only the first moment, mean value, but also

the second central moment, error covariances. In SLAM problems, the error covari-

ances are used to measure the certainties of the estimates. The smaller a covariance

value is, the closer the estimated mean is to the true value. To visualize the uncer-

tainties of spatial locations, ellipses (for 2 dimensional locations) and ellipsoids (for
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k

0,

Figure 2-4: Illustration of the composite process (inversion and compounding).

3 dimensional locations) are often used. If the mean and the error covariance matrix

of a random vector are m and P, then the error ellipse or ellipsoid is defined as

(,q m) P-1 (q -_m)T = C (2.17)

and C determines the confidence level of the estimates. The center of the ellipse is

located at the mean values. The variances, which are the diagonal elements of the

covariance matrix, determine the magnitudes of the major and minor axes. If the cross

correlation is zero, the major axis and the minor axis are parallel to the Cartesian

axes. If the cross correlation is not zero, the angular orientation of the ellipse is tilted.

The ellipse becomes a circle if the magnitudes of the variances are the same. If the

covariance matrix becomes singular, which implies that the rank of the covariance

matrix becomes 1 for a 2 dimensional case. one axis shrinks down to zero and the

ellipse become a line segment. This means that the specific value is known without
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uncertainty. The properties for ellipses are generalized to n-dimensional ellipsoids.

2.1.2 Simultaneous Localization and Mapping

The goal of the SLAM problem is to build a map of an unknown environment, while

using that map to navigate. The robot moves around the surveying region according

to the dynamic model and observes its surroundings by one or more sensors according

to the provided observation model. The observation is used to create a map of the

environment, which, in turn, is used to localize the robot itself.

Basically, SLAM is a special kind of state estimation problem for a dynamic

system. Thus, many estimation methods can be applied to solve the main part of

a SLAM problem. This thesis uses the feature based extended Kalman filter as the

estimation tool. In feature based SLAM, a feature is parameterized to be added to

the map and is estimated by the robot. For example, a point can be initialized by two

position values in a 2 dimensional environment and a line segment can be expressed

by four parameters such as x and y positions of two end points. In a feature based

SLAM, the objective of estimation is a set of location values of the surveying robot

and parameterized feature locations. The state vector consists of these location values

and, as a matter of convenience, the locations of the robot occupy the first elements

of the state vector. The equation (2.18) is a typical form of the state vector of a

feature based SLAM.

xv [k]

xf,[k]

x[k] = xf2[k] (2.18)

x, [k]

The linear least-square estimate of the state vector is denoted as k[k] and its

difference from the true states becomes the error of the estimates, R[k].

i[k] = x[k] - R[k] (2.19)
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The error covariance of the estimates is defined as P[k] = E [R[k]T[k]] and is

written in the form

P, [k] Pvfl [k] Pvf 2 [k] -- Pvf [k]

Pf1 V[k] Pflfl(k] Pflf 2[k] P.. Pff.[k]

P[k = Pf2v[k] Pf 2f1 [k] Pf2f2 [k] ... Pf2 1,[k] (2.20)

Pf"V[k] Pf,,f[k] Pfjf 2[k] ... Pfj,5[k]

In the equations above, k is a time index. When the extended Kalman filter

is applied for state estimation, the notation [klk] and [klk - 1] is frequently used.

By convention, i[klk] represents the state estimate at time k with the information

acquired up to k. As described, the information up to time k includes all the control

inputs and measurements. k[kjk - 1] expresses the state estimate at time k with the

information given Up to k - 1. One should note that the latter case does not include

the current observation. Consequently, i[kfk - 1] is the estimate by the prediction

step and k[kjk] by the update step of the Kalman filter.

When an extended Kalman filter is employed for a SLAM problem, the prediction

step is usually caused by the robot movement. As is usual in SLAM, we assume

that all features in the surveying region are static. If we deal with an environment

containing moving features, their dynamic models and prediction steps should be

considered. The update step occurs whenever the robot observes features that are

already in the state vector. The measured information improves the state estimates

through the measurement model of the Kalman filter.
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At the beginning of the survey, the state vector includes only the states of the

robot. New state elements are added to the state vector when new features are

detected. The measured location parameters of the new feature are transformed to

be globally referenced through the basic compounding process and are added to the

state vector. This process occurs as follows [75]:

[k[k]1

L Xfew J(2.21)

P [k] P [k] GT
P[k] 

CT[G P[k] GvP[k]G +CGzRG

where, Gv and Gz are the Jacobians of the feature initialization model with respect

to the robot state x,[k] and to the new measurement Znew associated with the new

feature xfnew The covariance of the state of the new feature is given a priori by R.

For example, if a new point feature is detected by the distance and direction with

respect to the robot in a 2 dimensional environment, the feature initialization model

and its corresponding Jacobians become

Znew -
0

X f = 1 (x[k], Znew) = + rCO + OV)

y, + r sin(O + O (2.22)

01 1 0 -r sin(O + #b)
Ox 0 1 r cos(O + 0,)J

GZ = cos(O + Ov) -r sin( + $v)
(9znev, sin(O + Ov ) r cos(O + $

The size varying property of the state vector is the key difference in SLAM in

comparison to a conventional estimation problem for a dynamic system. This size
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varying characteristic clearly raises the issue of computational complexity, as the size

of the state vector increases.

The other critical issue in a SLAM problem is data association, which involves

assigning measurements to the features in the environment from which they originate,

while rejecting spurious measurements. When a feature is initialized and added to

the state vector, the robot needs to extract the location parameters of a feature from

the noisy sensor data. This is called feature extraction and is one part that demands

a accurate and robust data association method. Sometimes, a sequence of consistent

measurements is required to initialize a feature. When the robot re-observes a feature

to update the state vector, each sensor measurement should be matched with the

features in the map. That is, we should figure out which measurement comes from

which feature. The Nearest Neighbor (NN) gating [5] and the Joint Compatibility

Branch and Bound (JCBB) method developed by Neira and Tardos [63] are frequently

utilized techniques for data association.

As already introduced, how to define and parameterize a feature is another critical

issue if a feature-based approach is utilized. Once a feature is defined by an appro-

priate set of parameters, it is relatively easy to manipulate. Only very few real-world

objects, however, can be defined with a small number of parameters.

Size variance (computational complexity), noisy observations (data association),

and feature parameterization (feature extraction) are the three key issues in the

feature-based SLAM problem and have driven most of the research in the robotics

field. These issues make the problem different from the conventional state estimation

problems for dynamic systems. As mentioned in Chapter 1, this thesis address only

the first of these three problems, computational complexity.
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Robot moves

State Prediction

k[k + Ilk] = f(k[kjk],u[k])

P[k + Ilk] = F[k + 1]P[klk]F[k + 1 ]T + Q[k]

Measurement Prediction

2[k + Ilk] = h(k[k + lk])

sensing

Observation

z[k + 1] = h(x[k + 1]) + w[k + 1]

If New Feature is detected, add it to the State.

Compute auxiliaries

Measurement Residual

v[k + 1] = z[k + 1] -. 2[k +1|lk]

Residual Covariance

S[k + 1] = H[k + 1]P[k + 1lk]H[k + I]T + R[k]

Kalman Gain

W[k + 1] = P[k + 1k]H[k + 1]TS[k + 1]-

State Update

k[k +l|k +1] =:k[k +l|k] + W[k +1]v[k +1]

P[k + l|k + 1] = P[k + l1k] - W[k + 1]S[k + 1]W[k + 1]T

Robot moves

Figure 2-6: Flow chart for a single cycle of Kalman filter SLAM.
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2.1.3 Basic SLAM procedure

The followings are the steps performed in executing one cycle of the basic SLAM

procedure.

1. Robot moves

2. Predict the state estimate, the state covariance, and the new measurements

3. Obtain new sensor measurements

4. If a new feature is detected, initialize the feature and integrate it into the state

5. Calculate measurement residual and filter gain

6. Update the state estimate and the state covariance

2.2 The Large-Scale SLAM Problem

Ever since the 0(n 2 ) computational complexity of the Kalman filter approach to the

SLAM problem was first identified in the late 1980s, the map-scaling problem has

been an important topic for study. This scaling problem is one of the main stumbling

blocks for a practical implementation of SLAM solutions in real-world situations. In

this section, we review the various methods that have been employed in the attempt

to reduce this high computational complexity.

2.2.1 Single map approaches

a. Postponement and the Compressed Filter

The compressed filter by Guivant et al. [37] uses the Kalman filter to update depen--

dencies between features. The analysis of the dependencies is similar to the level-wise

update in the Chapter 3 of this thesis. Since the previous information of the unob-

served features is not required to update the robot and observed feature blocks of

the covariance matrix, the compressed filter postpones the update of some features'
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covariances until the robot approaches and observes them again. This discriminative

update can reduce the constant factor of the computation while the robot stays in a

local region and also provably consistent. However, all the postponed updates should

be completed before the robot re-observes those castoff features. This update requires

a significant set of updates.

b. FastSLAM - A Factored Solution to SLAM

Since it uses the Bayesian formulation, the FastSLAM by Montemerlo et al. [61] does

not require the Gaussian assumptions. FastSLAM decouples the SLAM problem into

two separate problems using the conditional independences between feature locations

and the whole set of robot poses s' and of the feature-measurement correspondence

variables n'. Once the SLAM problem is decomposed, the feature location estimation

can be executed in a very efficient manner. For the safe separation, however, the whole

set of the robot's poses and the correspondence variables (perfect data association)

should be perfectly known. FastSLAM utilizes the particle filter to provide the perfect

knowledge on the robot's poses, but theoretically an infinite number of particles are

necessary for the perfect estimation. Even when a finite number of particles is used

for practical purposes, the performance depends upon the number of particles, which

may cause a severe computational burden.

c. Sparse Extended Information Filters

The Sparse extended information filter (SEIF) [85, 84] solves the SLAM problem with

the information filter form of the Kalman filter, instead of the more typical approach

that maintains the covariance matrix. When a standard Kalman filter form is used for

the SLAM with static features, the prediction step is executed very efficiently, but the

update step suffers 0(n2) computation. From the duality between the information

filter and standard Kalman filter, the information filter can complete the update step

very efficiently, but has to execute an 0(n3) operation for the prediction step. Hence,

it would seem that the information filter form does not have any advantage over the

standard Kalman filter form, when applied to SLAM.
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However, Thrun and his co-authors make a powerful insight that many of the

elements of the inverse covariance matrix in SLAM are very nearly zero. By approx-

imating these terms as zero, the SEIF approach transforms the prediction step into

an optimization problem using the sparseness of the information matrix. Once the

optimization problem is constructed, it can be calculated in a very efficient manner.

The method has been used to obtain impressive results with challenging real-world

data sets, such as underground mine data sets and the Victoria Park dataset made

publicly available by the University of Sydney.

However, the information matrix is not really sparse, but almost sparse. Thus,

the SEIF makes an approximation to enforce sparseness. Empirically, it seems that

assuming that elements of the inverse covariance are near zero is a much better

approximation than assuming that elements of the covariance matrix are zero [18].

Hence, the SEIF method requires empirical tests to verify the consistency of the

results.

2.2.2 Submap approaches

In any large-scale engineering or computational problem, a divide-and-conquer strat-

egy seems reasonable to pursue. Hence the idea of breaking the environment into local

submaps has intuitive appeal. Examples of submap approaches to SLAM include the

sequential map joining method of Tardos et al., the constrained local submap filter

proposed by Williams et al., the Atlas Framework developed by Bosse et al., and the

Constant Time SLAM (CTS) algorithm developed by Leonard and Newman.

a. Sequential map joining

The sequential map joining [80] and constrained local submap filter methods [86] are

essentially the same method developed concurrently by researchers working indepen-

dently on opposite sides of the globe. They provide a consistent way to join two

independent local maps, to find matchings features between two local maps. and to

fuse the matched features for updating the merged map. The computational com-
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plexity of the sequential map joining is still 0(n2 ) even though the constant factor is

much less than that of the full covariance SLAM solution. Also, once two maps are

merged, they cannot be separated again in a consistent manner, so the matching and

fusion should be executed prudently during a mission.

b. Decoupled Stochastic Mapping (DSM)

Decoupled stochastic mapping (DSM) by Feder et al. [52, 53, 31] divides the global

environment into multiple globally referenced submaps. Each submap has its own

SLAM solution (state vector and covariance matrix), which is activated when the

robot enters and is deactivated once the robot leaves the submap. During tran-

sitions between maps, DSM applies two techniques for activating the state vector

and the covariance matrix: (1) cross-map relocation and (2) cross-map update. If

cross-map relocation is used, then the transition satisfies consistency (under certain

assumptions), but the solution loses the global convergence. If the cross-map update

transition technique is utilized, the transition can achieve the global convergence, but

the consistency is not satisfied theoretically. Thus, like SEIF's, if the DSM method

is used, then empirical validation is necessary to verify consistency.

c. Atlas

The Atlas framework [9, 10, 11] for a large-scale SLAM employs multiple intercon-

nected local maps. The local maps of. Atlas form a graph structure, and the edges

represent the transformation of the coordinate frame. Atlas does not maintain the

global origin and one or more local maps compete to explain the current robot's pose

and the measurement. Four possible states of local maps capture the traversal of the

Atlas graph - Dominant, Mature, Juvenile, and Retired - and maintain the Atlas

framework to focus on the local area where the robot navigates. This strategy en-

ables large-scale SLAM to be performed very efficiently. In order to construct one

global map from the local maps, however, a nonlinear optimization technique should

be utilized, whose computational complexity grows with the number of maps. The

Atlas framework has been used to obtain many successful experimental results, such
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as mapping the main buildings of the MIT campus. In particular, Atlas excels in

dealing with the loop closing problem in SLAM.

Another methods that is closely related to Atlas is the Constant Time SLAM

(CTS) algorithm [50]. Like Atlas, CTS uses a network of locally reference submaps.

However, for all but the first map, each local map is re'ferenced to one of the features in

the environment. This allows the global convergence to be achieved, while maintaining

0(1) complexity (assuming .that the data association problem for relocation into

previous maps (loop closing) is solved.

2.3 Summary

This chapter has reviewed previous work on large-scale SLAM and has summarized

the basic formulation of the Kalman filter solution to SLAM. After consideration of

the properties of the SLAM covariance matrix and presentation of a new more general

closed form solution to the single degree-of-freedom SLAM problem in Chapter 3, we

present an in-depth description and theoretical and experimental analysis of CTS

in Chapter 4. We then proceed to describe two new algorithms, CTS 2.0 and Net-

work Optimized SLAM (NOS), that build on the CTS approach to achieve improved

performance.
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Figure 2-7: (a) The full covariance SLAM solution [76] and FastSLAM [61] employ a single

globally-referenced map. (b) Postponement [24, 47] and the compressed filter [36] postpone

Kalman updates of features if they are far away from the robot. The active region automati-

cally follows along with the robot position. (c) The SEIF method for SLAM thrun02 focuses

on the features in the vicinity of the robot. (d) DSM [55] utilizes a globally referenced mul-

tiple submap system. (e) ATLAS [10] employs a network of multiple locally-referenced

submaps. At any one time, several submaps compete to explain the current robot pose and

sensor observations. (f) Like Atlas, CTS [50] uses multiple overlapping locally-referenced
submaps. In CTS, the origin of each local submap is set either at the global origin or on

top of a feature that is shared between adjacent submaps.
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Chapter 3

Properties of the SLAM

Covariance Matrix

This chapter will examine the properties of the covariance matrix for the Kalman filter

solution to the linear Gaussian single degree-of-freedom SLAM problem (also known

as the MonoRob problem). While previous research has considered the situation in

which all features are observed all the time, this chapter considers a more general case

that includes both observed and non-observed features. We begin the chapter with a

review of several known properties of the covariance matrix, followed by a presentation

of several new insights into the covariance behavior. Subsequently, we present the

new closed form solution and utilize this solution to analyze several representative

cases in which features are observed unequally. This allows us to examine and verify

several key aspects of the covariance matrix behavior. These insights are important

in considering the behavior of computationally efficient solutions to the large-scale

SLAM problem that will be considered next in Chapter 4.

3.1 Introduction

The Kalman filter computes the optimal solution to the SLAM problem when four

criteria are satisfied: (1) linear motion and measurement models, (2) zero-mean Gaus-

sian error distributions for the motion and measurement noise, (3) known data asso-
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ciation, and (4) representation of the environment in terms of features that are points

in an appropriate parameter space [76, 62, 51]. Of course, we know that in many,

if not most, real-world SLAM problems, these criteria are not satisfied [82]. This is

perhaps no more true in the undersea environment, where AUV motion models are

quite nonlinear, sonar measurements are error-prone, the data association problem

is complex, and the mapping of natural terrain poses difficult issues in environment

representation.

Despite all these concerns, we nevertheless believe that it is important to under-

stand the nature of the Kalman filter solution for the Linear Gaussian problem, for

two reasons. Firstly, in many real-world situations, existing feature detection and

data association techniques can perform well, and angular errors such as the heading

of the surveying robot can be kept small, so that the linear Gaussian assumptions

can be satisfied. Secondly, from a theoretical perspective, the simplified linear Gaus-

sian SLAM problem has many attributes that generalize to more complex nonlinear

SLAM situations, and hence insights into the simpler problem can be generalized.

In the recent literature that has studied the linear Gaussian SLAM problem,

some of the most important contributions have been provided by -researchers at the

University of Sydney, including Csorba [23], Newman [67], Dissanayake et al. [27],

and Gibbens et al. [34]. Following these authors, we designate the single degree-of-

freedom linear Gaussian SLAM problem as the "MonoRob" (or mono-dimensional

robot) problem.

Newman and his co-authors were the first researchers to investigate the asymptotic

behavior of the SLAM covariance matrix for the SLAM problem [67, 27]. This work

influenced the SLAM community substantially, helping to build confidence that the

SLAM problem could indeed be solved. This work made a number of important

claims applicable to the linear Gaussian SLAM problem, for the special case that all

features are observed by the robot at every time step. The three key results were:

1. "The determinant of any submatrix of the map covariance matrix

decreases monotonically as observations are successively made.
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2. In the limit as the number of observations increases, the landmark

estimates become fully correlated.

3. In the limit, the covariance associated with any single landmark lo-

cation estimate is determined only by the initial covariance in the

vehicle location estimate [27]."

Based on these three results, a number of claims were made, including:

1. "In the limit, the errors in the estimates of any pair of landmarks

becomes fully correlated. This means that given the exact location

of any one landmark, the location of any other landmark in the map

can also be determined with absolute certainty.

2. As the vehicle moves through the environment taking observations

of individual landmarks, the error in the estimates of the relative

location between different landmarks reduces monotonically to the

point where the map of relative locations is known with absolute

precision.

3. As the map converges in the above manner, the error in the abso-

lute location of every landmark (and thus the whole map) reaches a

lower bound determined only by the error that existed when the first

observation was made. [27]"

In Section 3.2, we consider the same issues for the more general case when only a

subset of the features in the environment are observed.

Another second key contribution coming from the University of Sydney, based on

research conducted during approximately the same time period, was the development

of a closed form solution to the MonoRob problem. The solution strategy developed

was to formulate MonoRob as a continuous, rather than a discrete, state estimation

problem, and then to solve the resulting Riccati equation. The problem is difficult

because, even with simplifying assumptions for the vehicle dynamic model, the algebra

becomes extremely tedious and tiresome. Gibbens et al. solved this problem by
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first considering the case when there were only a small number of features in the

environment, and then using a symbolic mathematics package to generalize their

result to an arbitrary number of landmarks.

The Gibbens et al. solution yielded some valuable insights into rate of convergence

and also agreed with the claims of the Newman et al. analysis that is summarized

above. However, the Gibbens et al. solution only applies to the special case when

the vehicle makes observations of all features at each time step. Below in Section 3.3

(and Appendix A), we present a more general solution to this problem, obtained by

solving the Riccati equation by hand.

Before investigating these two issues further, we begin with some definitions and

a review of well-known properties for the linear Gaussian SLAM covariance matrix.

3.2 Properties of the Covariance Matrix of the

Linear Gaussian SLAM Solution

Estimation is the process of finding a best value based on observed information [46].

For example, we can estimate the position and velocity of an aircraft using range

measurements obtained by one or more ground radar sensors. Usually, an estimate

for a stochastic process forms a probability distribution because no deterministic

estimation to find a true value is possible. The shape of the distribution shows not

only the expected value, but also the confidence level of the expectation.

Mathematically, the shape of the distribution can be described by either a finite or

an infinite linear summation of moments of the random variable. The n-th moment

of a random variable x is defined as E[x"] = f X'px (x) dx. We call the first two

moments as the mean value and the mean squared value respectively. In order to

fully characterize the distribution of a random variable, an infinite number of moments

must be provided. Fortunately, in many situations, partial characterizations in the

form of expectations are enough to approximate distributions to a sufficient accuracy.

Also, a few distributions require only several moments to be fully characterized.
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For example, if the distribution is known to be Gaussian, the first two moments are

enough to fully characterize the distribution. As described in the previous chapter, we

assume a Gaussian process for the SLAM solution, so our main goal in approaching

a SLAM problem is to determine the best values for the first two moments that

characterize the estimated distribution.

The variance, (the second order central moment) is often used to characterize

the estimated distribution because it is defined as E[(x - E[x]) 2] and measures how

close the actual value is to the expected mean. The higher the variance, the more

uncertain the estimation becomes. On the other hand, a smaller variance implies a

higher confidence in the estimated value. Zero variance means the expected mean

value is indeed the true value.

When estimation is performed for a multivariate problem, the second moment

captures the covariances as well as the variances of the state estimates. Since the

estimates now form a vector, the second moment becomes E[(X - E[x])(X - E[x])T]

rather than E[(X - E[x]) 2 ]. That is, a set of moments forms a matrix whose diagonal

elements are variances and off-diagonal terms represent moments of two different esti-

mates, E[(xi - E[xi]) (xj - E[xj])]. We call these off-diagonal elements the covariances,

which measure how strongly two estimates are related to each other. Mathematically,

the covariance represents the dependency of the corresponding pair of estimates. The

correlation coefficient is the covariance normalized by the product of the correspond-

ing variances. If the correlation coefficient of two corresponding random variables is

1, then perfect knowledge of one variable can be obtained from perfect knowledge

of the other. On the other hand, if the value of the correlation coefficient is zero, then

two estimates are said to be uncorrelated and one estimate does not affect the other

estimated result.

As the covariance matrix is updated during Kalman filter estimation for the lin-

ear SLAM problem, during certain circumstances it becomes fully correlated; that is,

every correlation coefficient reaches 1, which implies that one correlated estimate al-

lows us to assume that all other estimates are also perfectly known [27]. Furthermore,

the covariance matrix tests the consistency of a SLAM solution and demonstrates the
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lowest allowable threshold of the uncertainty that can be achieved.

This section examines the properties of the covariance matrix. It includes a review

of general behavior of the covariance matrix as well as the properties specific to

the Kalman filter based SLAM problem. Although many of these properties are

well known, a review of these properties is useful for clarifying the definitions and

terminology that we employ. Further, a clear understanding of these properties is

essential for analysis of the new algorithms that will be presented in Chapter 4.

3.2.1 Definition of the covariance matrix

For two random variables, x1 and x 2, their joint moments (about the origin) are

defined by

E[x'x'] = j j XXPx1,x 2 (X1, x 2 ) dxidx 2  . (3.1)

where Px1 ,x2 (x 1 , x2 ) is the joint probability density function. The second order moment

E[x1x 2] = x1x2Px1 ,X2 (x1, X 2 ) dxidx 2 is called the correlation of x, and x 2 -

Similarly, the (ni + n2 + - + nk) order joint moment can be written in the form

E[x" xn2 ... Xnk]

= 0 - 00 1f x2 . k. Px1,x2,---,xk (X1, X2, - Xk) dxidX2 ... dog

(3.2)

As special forms of the expectations, the second order joint central moments are

defined as E[(x1 - E[xi]) 2 ] for a random variable xi or E[(x1 - E[x1 ])(x 2 - E[x 2 ])] for

two random variables, x1 and x2. The former measures how closely a random variable

is distributed to the mean and is called variance. Since it is squared, the variance

is always non-negative. The latter measures how closely two random variables are

correlated with each other and is called the cross correlation. The equation
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E[(x1 - E[x1])(X2- E[x 2 ])]

j 1 -Ex) - E[x 2])Px1 ,x2 (x 1, X 2 ) dxidx 2

= E[x1 x 2} - E[x1]E[x 2] (3.3)

illustrates that if two random variables x, and x2 are uncorrelated (E[xlx 2l = E[x1]E[x 2])

or independent (Px1,x 2 (XI, x 2) = Px (X1)Px 2 (X 2 )), their cross correlation becomes zero.

Often, the normalized second order moment of two corresponding variances is

utilized to measure cross correlations between random variables. The cross correlation

coefficient is defined as

(xi - E(xi))(x 2 - E(x2 )) ]
VE[(x1 - E(x1 )) 2] E[(x 2 - E(x2))2

and always has a value -1 < p < 1. This will be proved in the next subsection. As

described in the introductory section, a 1 value of cross correlation enables us to

obtain perfect knowledge of one variable from knowledge of the other.

For a jointly Gaussian random vector X = [x1, x2, -. , xn] T, the error mean, the

variances, and covariances of elements of x can be written in the form:

Error mean

- E[(x1 --E[x1])j 1
E[(x 2 -E[x 2 ])]

E[(X - E[x])] = E[x2]) , (3.5)

L E[(x, -E[xn])] .

Variance
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P1 = E[(xi - E[x]) 2]

P22 = E[(X2- E[x 21)2]

Pnn = E[(Xn E[xn] )2]

(3.6)

Cross correlation

P12 = E[(xi -

P 13 = E[(X2 -

E[x1])(x1 - E[x 2])

E[x1])(x1 - E[x 3])]
(3.7)

Pn--i = E[(x,, 1 - E[xn._])(x - E[xn]) .

In the matrix form, these variances and cross correlations define the covariance

matrix for the random vector X; that is, the diagonal elements of the covariance matrix

consist of the variances of the states and the off-diagonal elements are composed of

the cross correlations. Therefore,

E[(X - E[x])(X - E[x])']E E[(xi-E[x1]) 2 ] E[(xi -E[x1])(X 2 --E[x 2])] ... E[(x1 -E[x1])(Xn-E[xn])] -
E[(X 2 -E[x 2 ])(xl-E[xiI)] E[(x 2 -E[x 2]) 2 ] - E[(x 2 -E[x 2 ])(xn -E[x 2 ])]

. E(x -Exn)(1-Ex1)]E[(x, -E[xn].)(X2-E[x2])] -.. E{(xn -E[x,,])21

P11  P12  -- P

P2 1  P2 2  ... P2n

Pn1 Pn?2 Pnn

(3.8)

represents the matrix form of the covariance matrix. This covariance matrix contains
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the second order joint central moments of the random vector X, and is utilized to

measure the performance of a stochastic estimation. Especially, for a jointly Gaussian

random vector, the covariance matrix fully characterizes the error distribution with

the error mean. In the remainder of this section, we will examine general properties

of the covariance matrix as well as several properties specific to the SLAM problem

using the Kalman filter estimation.

3.2.2 General properties

a. Symmetry

A covariance matrix is always symmetric because Pij(= E[(i - E[xi])(x - E[xj])])

for any indices i and j equals to Pji(= E[(xy - E[xj])(xi - E[xi])]). This equality is

easily verified from the integral form of the expectation.

b. Cross correlation coefficient

The cross correlation coefficient, defined as the cross correlation of two random vari-

ables normalized by the product of their corresponding variances, is bounded between

-1 and 1, because its form E[(xi-E[xi])(xj -E(xjI)] is the same as the cosine angle
VE[(xi -E[xil)2] -\E[(xj -E[xjl)2)

of two vectors (xi - E[xi]) and (xj - E[xj]) in an abstract space. Since a cosine value

is always bounded between +1 and -1, so is the cross correlation coefficient.

c. Non-negative definiteness

A matrix A is non-negative definite if the matrix satisfies xTAx > 0 for any x.

In various research fields, the term positive (semi) definite is defined as the same

meaning as non-negative definite without clear distinction. This thesis, however,

distinguishes sharply between the two terms. A positive definite matrix A is defined

as a non-negative definite matrix that satisfies the equality of xTAx > 0 only if

x = 0. If a non-zero vector x that satisfies this equality exists, the matrix is defined

as a positive semi-definite matrix. According to these definitions, the set of the

non-negative definite matrices is the union of the two disjoint sets, positive definite
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matrices and positive semi-definite matrices. It should be noted that a positive semi-

definite matrix is always singular; that is, its determinant is always zero. In the

next subsection, this singular property is employed to verify a non-zero convergent

determinant of the covariance matrix of a SLAM solution. Figure 3-1 represents the

relationship between the terms, non-negative definite, positive definite, and positive

semi-definite.

Non-Negative Definite

Positive
Positive ,Definite
Semi Definite

Figure 3-1: Subset structure of the non-negative definite matrices.

From the structure defined, the covariance matrix is always non-negative definite.

This property is often used to check the consistency of the estimated outputs. The

following is a brief proof of the non-negative definiteness of the covariance matrix.

Proof. In order to show a covariance matrix P is non-negative definite, it

suffices to show aTPa > 0 for any vector a = [a, a2 - an]T.

Let X = [xI x 2 - - - xn]T be defined as a random vector that has P as its co-

variance matrix and a new random variable y be defined as a weighted sum

of X; that is, y = aTX -- = , axi. Then, the expectation E[y] becomes

_n aiE[xi] and y - E[y can be written in the form IEL1 a (x, - E[xi]).

From this, it is easily derived that aTPa is the variance -of y and, therefore,

is always non-negative. Equation 3.9 represents this reasoning.
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P11 P 12 -Pin i -
T P2 1 P22 --- P2n a1a Pa= a a2 I-- an I . . .

a.iI[. . I anj
- Pn1 Pn2 --- Pnn -

n n-

= SES aiajPij
i=1 j=1
n n

= 5 5 aiajE[(xi - E[xi])(xj - E[xj])] (3.9)
i=1 j=1

n n

=E a(xi - E[xi]) E a(xi - E[xj])
i=1 j=1 .

= E [(y - E[y)])2

>0.

d. The determinant as a measure of uncertainty

In stochastic estimation problems, the determinant of the covariance matrix is often

used to measure the uncertainty of the estimation. As a scalar value, the determinant

measures the uncertainty effectively in various situations. Physically, the determinant

of the covariance matrix is interpreted as the volume of the probability density. Every

covariance matrix P can be expressed as [41]

2

2

P =R RT . (3.10)

72
on

where -is are the eigenvalues and R is the rotation matrix to the principal axes.

R is orthonormal and its determinant is always 1. Each eigenvalue represents the

variance along one of the Principal axis. It should be noted that the determinant of

the covariance is merely the product of the eigenvalues, because the determinant of

the orthonormal rotation matrix is one.

If the distribution of the stochastic estimates follows a Gaussian distribution, the

determinant is closed related to the volume of the distribution; that is,
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n

Volume oc (7i = P . (3.11)
i=1

As the summation of the eigenvalues, the trace of the covariance matrix is another

tool for measuring the uncertainty. The trace, however, does not include the cross

correlation information between two random variables in the covariance matrix, so

their dependencies on each other are not captured by the trace.

The determinant of a non-negative definite matrix is always greater than or equal

to zero. Also, the inequality, JAI > |BI holds if A - B is non-negative definite.

Though the determinant possesses many desirable properties to measure and

visualize the uncertainty of the estimation, it also has several undesirable proper-

ties resulting from its nonlinearity. For example, summation is nonlinear: that is,

JAI + JBI J A + BI. Also, when |BI > ICI, |A + BI > |A + C| is not generally true.

These unfavorable properties of the determinant complicate the map management of

the SLAM solution using submap networks (See Chapter 4).

Before moving on the next subsection, let us introduce a important inequality

which will be employed to prove the acyclic property of the submap networks in

Chapter 4 [58].

For non-negative definite A and B, JA + B ;> |AI + B| . (3.12)

It should be noted that this inequality has the opposite sign of inequality to that

of the triangle inequality.

3.2.3 Properties specific to the Kalman filter and SLAM

The previous subsection reviewed several general properties of the covariance matrix.

In this subsection, several properties of the covariance matrix will be investigated

especially when the covariance matrix is computed via a Kalman filter in performing

SLAM. The properties analyzed in this section will be examined using the closed form
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solution to the MonoRob problem that will be investigated in the next section.

a. Block behavior

Let us begin with the block behavior of the covariance matrix in a SLAM problem.

As previously described in this thesis, feature-based SLAM using the Kalman filter

is a stochastic estimation problem in which the size of the estimated state varies

during the estimation. In a SLAM solution, there exists one or multiple robot which

is the subject of the map building and features which are the objects constituting the

map. In many situations, these features being mapped are assumed to be static and,

therefore, the dynamic (plant) model of the Kalman filter has an effect only on the

robot state. Also, these features are added to or deleted from the state vector during

a SLAM mission. Because of these characteristics of the SLAM solution, the state

vector of a SLAM is usually designed in the following form:

X =X [T~ Ix T x~2 T X T]T ,(3.13)

where v stands for the vehicle (robot) and fi's for the feature indices. Also, the

corresponding structure of the covariance matrix is

P= Pvv PVF (3.14)

[PFV PFFJ

where Pvv is the covariance matrix block of the robot, PFF is the block of the

features being mapped, and PVF is the cross correlation block between the robot and

the features. As a SLAM mission progresses, the size of PFF varies whenever the

robot initializes or eliminates a feature.

Since the covariance matrix forms a partitioned matrix, its determinant can be

easily calculated through the Schur complement [41, 58] form defined as

|P I Pvv| PFF - FP V F(315) ( .p-1 )

=|PFF I VV ~- PVFF VF -
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This special form of the determinant is frequently employed to compare the de-

terminants of two covariance matrix forms in Chapter 4.

b. Non-negative definiteness

Though the non-negative definiteness of the covariance matrix has already been in-

vestigated in the previous subsection, the property is re-examined to check if the

Kalman filter maintains this property during its two main steps, the prediction and

the update written in the following forms:

(Prediction) : P[k + 1k] = F[k]P[kk]F T [k] + Q[k]

(Update): P[k + l|k + 1] = (I - W[k + 1]H[k + 1])P[k + l|k](I - W[k + 1]H[k + 1])

+ W[k + 1]R[k + I]W[k + 1 ]T (3.16)

First, the prediction step in the above equation is composed of the sum of the two

square matrices F[k]P[klk]F[k] T and Q[k]. Through the Gaussian assumption, Q[k]
is non-negative definite for all time steps k and so is the initial covariance matrix,

P[010]. From the following theorems [41, 58], the non-negative definiteness of the

covariance matrix is maintained after the prediction step.

" If a n x n square matrix A is non-negative definite, BABT is also non-negative

definite for all m x n matrix B.

" If n x n square matrix A and B are both non-negative definite, their sum A + B

is a non-negative definite matrix, too.

Similarly, the update step maintains the property of non-negative definiteness

because the process is composed of the sum of two quadratic forms of non-negative

definite matrices.

Finally, let us examine whether this non-negative definiteness is maintained when

a feature is removed from or added to the state vector. The form of the covariance

matrix after a feature is removed from the state is merely a diagonal sub-block of
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the original covariance matrix before the removal occurs. Since any diagonal sub-

block of a non-negative definite matrix is also non-negative definite, the non-negative

definite property is preserved during the feature removal process. When a feature

is initialized and added to the state vector, the covariance matrix is transformed

through the following procedure:

Fp pTGTI
P P- . (3.17)

GXP GXPGXT + G'P'G2'

where P. is the feature noise covariance due to the noisy measurement, and G, and

G, are appropriate Jacobians. In order to verify that this resultant matrix is non-

negative definite, it suffices to show the following inequality holds for all A and B of

appropriate dimensions.

B] P pTGXT A T

- GXP GXPGXT + GPGT BT

(A + BGX) P (A + BGx)T + BGZPZGT BT > 0 . (3.18)

It is straightforward to check if the above inequality holds because it is a summa-

tion of two non-negative definite matrices.

c. Monotonicity

As stated previously, the determinant of the covariance matrix measures the uncer-

tainties of the estimates. In a SLAM solution, the uncertainty originates from the

spatial pose estimates of the features in the map built by the robot. The most im-

portant property of the determinant as the measuring tool of the uncertainties is that

the determinant of the feature block (PFF in Equation 3.14) monotonically decreases

as SLAM goes on; that is, as the robot repeats observing features in the environment

[26].

This monotonicity may not hold during the feature initialization and the removal
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processes. Since those processes, however, occur only once per feature, the changes

to the determinant through those processes disappear and their effects are negligible.

During the prediction step of the Kalman filter, monotonicity holds because the

system dynamic model governs only the robot block if the environment is static.

Therefore, the prediction step does not change the determinant of the feature block

of the covariance matrix.

In order to examine the monotonicity during the update step of the Kalman filter,

Equation 3.12 is re-written as

For non-negative definite A and B, |A + BI > |A| + BI

Now, the determinants of the feature blocks of the covariance matrix before and

after the update step of the Kalman filter are compared through the above inequality

as

P + =P- WSWT
FF F F W

P+ + WSWT = pF

~FF + FPF

PF P + WSW - PFF

jFF - IFF1

where P- and P+ represent the feature covariance block before and after the update

step respectively, and W and S are the Kalman gain and the innovation covariance.

Since S and its quadratic form WSWT are non-negative definite, the above inequality

holds during the update step, therefore, the monotonicity is maintained.

d. Terminal uncertainties

In the previous two subsections, the non-negative definiteness of the covariance matrix

and the monotonicity of its determinant are investigated. Also, since the determinant

of a non-negative definite matrix is always non-negative, we can conclude that the
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determinants of the covariance matrix in SLAM solutions are (1) non-negative and

(2) decrease monotonically as the SLAM estimations progress. One question this

conclusion raises is " What value does the determinant converge to?".

Many researchers in the field of the SLAM problem have regarded the convergent

value as zero. A proof of this zero terminal value of the determinant is provided in

[26]. In this thesis, however, the terminal uncertainty is re-investigated with a more

rigorous statement of the conditions.

The monotonicity and the non-negative definiteness properties guarantee that the

determinant converges to a non-negative value; that is,

lim P = . (3.20)
t -)00

From Equation 3.19, the above limiting form implies that

|WSWTJ = J[PFFF HTS-H[F,1]=o . (3.21)

Since S is always strictly positive definite, the determinant of the quadratic form

H [PF, ] should be zero to satisfy the given condition. Let us examine what this last

condition requires the feature covariance matrix to be. Suppose, for example, that

from a certain time step onward, the robot keeps observing only one feature, i, and

never re-observes the other features in the state vector until the determinant becomes

steady state. The feature block of the covariance matrix will then be:
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Pv1 ... Pvi --- Pvn

PVF
H V = Hvi 0 ... H - 0]

LPFFJ Pi1  Pin Pn

L~nl Pni Pnn

= 0 . (3.22)

HviPvi + HPii = 0

which implies that <HviPi + HPsi = 0

Hvi Pvn + HrPin = 0

where Hvi and H, are the first derivatives of the measurement model of the

Kalman filter with the associated states. Since the measurement in a SLAM problem

is executed directly through sensors attached to the robot, the measurement model

associated with a certain feature is a function of only the states of the robot and

the observed feature. This characteristic of the measurement model causes the other

feature block of H to be the zero matrix as shown in Equation 3.22.

The series of equations given in the above are the conditions that the two proper-

ties (monotonicity and the non-negative definiteness) of the covariance matrix must

satisfy. In other words, as long as the above conditions are satisfied, the determinant

of the feature block becomes steady state; that is, jPFF| becomes the same as |PFF-
An analytical solution of a one-dimensional MonoRob SLAM problem is provided in

the next section and the following figure captures the situation that the determinant

does not converges to zero.
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Diagonal Elements of Covariance Matrix of Monobot SLAM, x=1.5811 r =0.2 r =0.2

0.

K
~ C4~A~k Yb..

-- P.: Observed
P..: Unobserved
Pm: Unobserved

-A- PI : Total determinant

Time(sec)
10 155

Figure 3-2: The terminal determinant of the covariance matrix does not converge to zero

if the robot keeps observing only one feature Z.

For a more general situation, suppose that the robot starts observing the feature

j after the steady state achieved by observing the feature i. This breaks the steady

state conditions and the determinant of the feature covariance matrix decreases again

until another steady state condition is reached. Of course, the next steady state

determinant must not necessarily to be zero., either. From this, we can conclude that,

61

0.35

0.3 k

0.25 F

0.15

0.1 - -

0



0.

0.3

Diagonal Elements of Covariance Matrix of Monobot SLAM, a=1.5811 r =0.2 rj=0.2
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Figure 3-3: The terminal determinant of the covariance matrix must not necessarily to

be zero. If the robot switches the observing feature, the determinant converges to another

non-zero steady state.

In the case that the robot keeps observing only one feature for a long tirre,

the limiting value must not necessarily to be zero for the feature covariance

matrix to become steady state.

From this conclusion, we face another question, which can be stated as "Which

condition causes the terminal determinant of the feature covariance matrix equal to

zero?" In order to provide the answer to the question, let us examine a situation in

which the robot keeps observing features i and j simultaneously. In this situation,

the corresponding conditions for the steady state become:
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H PVF
EPFF

= Hvi 1 0 .-- H ... 0 ...
- Hvo 10 --- 0 ... Hi ... 0

-Pi Pi - P" -7 .- P
P1  --- P1i ... Pij -. Pin

P 1 * i Pi .. *~j .. Pin

_Pn1 *- Pni ... PL ... Pnn.

(3.23)

= 0 ,

which implies

HvjPvi + HjPji = 0

Hvi Pvi + H1 Pjj = 0,

(3.24)

HviPvj + H1 Pj2 = 0,

HviPvn + HiPin = 0, HvjPvn + HJPjn = 0

These series of conditions are simplified if two features are the same type, which

makes H, = Hj(= HF). In the following, we will see the above conditions (3.24)

induce the determinant of the feature block to be zero in certain measurement models.

Suppose the measurement model is written in the following form 1:

(xf - xw) cos(O') + (yf

h = -(xf - x,) sin(o,) + (yf

Of - O7v

- Yv) sin(Ov)

- Yv) cos(#v))

From this measurement model, the corresponding Jacobians Hof and HF
(f~ni,j)

become

This is the measurement model that is employed to process the post-processing result of a
SLAM experiment in the next chapter.
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Hef =[sin(#,)
(f=ij)

0

cos(#v)

HF= -sin (V)

0

- sin(#,) (-(xf - x,) sin(#e) + (yf - yv) cos(#e))

- cos(#v) ( -(x - x,) cos#i) - (yf - yv) sin(q$v))

0 -1

sin(#e) 0

Cos( 0 -

0 1

(3.26)

It should be noted that the third row of Hof is not a function of feature i
(f=idj)

nor feature j. With these facts, the k-th row of the conditions (3.24) is now written

as

HviPvk + HIPik = 0,

P Pv Pvk

[pll -p1 p13
p2 1  P2 2  P 2

-P0 --P P3 1 P3 2 P3 3

P"P1 2 P1 3 
-

SP 2 1 P2 2 P2 3 I 0L Pi/c Pi/c i/c
LlJP31 P3 2 P33

p3 1  p32  
32 3

-P3 p" 3 2 P3v/c v/c -/c J i i/c i/c k/

HvjPvk + HJPjk = 0

F p" P1 2 p13
1

. . P2 1 P2 2 P2 3

Lo -i v/c v/c v/
-0 0 1 P3 P32 P3 3

-P" P P

+P 21 P2 2 P2 3 I0
+ P3 P3 P3 3

0 0 - 0 0 

--P3 -P3 2 -P 3 3  p3 P3 2 P 3
v cv /c k J/c 3kc j/

P P P] = Pji I (3.28)

where k = 1, - - - , i,.... j, - - - , n. Consequently, two columns in the feature covari-

ance matrix are identical, which causes the feature covariance matrix to be singular;

that is, the determinant to be zero. From these examinations, we can conclude that

The terminal value of the determinant of the feature covariance mdtrix

approaches zero when at least two same type features are observed simzul-
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taneously as well as infinitely many times.

The following figure from the next subsection illustrates this result.

IE!ccC

(D
0

Diagonal Elements of Covarance Matrix of Monobot SLAM, a=2.2361 r=0.2 r.=0.2

0.41

0 .3 5 -. . . . . . . . .. . . . . . . . . .-- --- -. ..

0.3

SP: Observed
P.: Observed
Pn : Unobserved

-A- 10x|P|: Total Determinant

0.1-

0.05--

0 20 40 60 80 100 120 140 160 180 200
Time(sec)

Figure 3-4: If two features of the same type are observed together, the terminal determinant

of the covariance matrix converges to zero. This does not imply that the determinant of

other feature block also converges to zero.

It should also be noted that this condition cannot still constrain all the features in

the state vector to become fully correlated when the determinant becomes zero. Al-

though the cross correlation coefficient between the two features being simultaneously

observed becomes one, the cross correlation coefficients with the other features will

not, necessarily have an absolute value of unity. Figure 3.2.3 captures this situation.
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Figure 3-5: Even though the terminal determinant converges

between unobserved features are not necessarily one.

140 160 180 200

to zero, the cross correlations

While the cross correlation coefficient of the observed feature pair converges to

one, the coefficients associated with unobserved features do not converge to one. This

can be interpreted as indicating that it is not possible to fully correlate the covariance

matrix unless every feature is observed continually.

e. Behavior during the compounding process

The compounding process is one of the key operations of the feature-based SLAM es-

timation using the Kalman filter and is employed to maintain the spatial relationships

between the global origin and the features' estimated locations [76]. During a SLAM

mission, all the observations are obtained through the surveying robot's sensors. The

acquired spatial measurements, therefore, are always referenced with respect to the

robot's pose. In order to maintain the estimated state vector of the Kalman filter to

have globally referenced values, those local measurements should be transformed to

the global coordinate frame. The compounding process combines two local spatial

relationships and constructs a merged relationship; That is, when there are two local
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relationships from i to j and from j to k, the compounding process constructs the

relation from i to k as shown in Figure 3-6.

/Xik
Xij

Figure 3-6: The compounding process is a binary operation that combines two spatial
relationships. In this figure, Xik is evaluated by compounding xij and Xjk. This operation is
also written in the form: T ET = Tk to emphasize that it is a coordinate transformation.

In this subsection, two important properties of the compounding operation are

investigated. First, in linear cases and in nonlinear cases after linearization, the

spatial relationships are associative under the compounding operation (@ is used in

this thesis). This means that if we define the pose of j relative to i as Xij,

(Xij (DXjk) G) Xkl =i e (XjkEDXkl) (3.29)

holds. The corresponding covariance matrix is also associative. In other words, the

covariance matrix Pil by compounding Pik and Pk1 is the same as the covariance

matrix Pi1 by compounding Pij and Pjj. Consequently, the evaluating order does not

affect the final result.

Secondly, the relative spatial relationship xi (or Tj) is uniquely determined by

feature i and feature j if they are maintained in one state vector of a SLAM solution;

that is,

Xil = Xii E Xjk E Xkl

= Xik ( Xkl (3.30)

= X@ Xjk
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holds. This property implies that every pairwise relationship in a map is unique and

independent of the route connecting those two features. This is a very useful property

and is employed in comparison to the uncertainties in the algorithm suggested in the

next chapter.

f. Behavior during root shifting

The state vector of a SLAM solution contains spatial poses of the robot and the

features with respect to the origin of a Cartesian coordinate frame. If the origin is set

on top of a feature (root feature), the elements of the state vector become the relative

poses of the other features to the root feature. Since the root feature adheres to the

origin, its spatial pose and uncertainty are always zero and therefore are excluded

from the state vector.

---------- ----- ------- -

Figure 3-7: The determinant of the covariance matrix of the features is not changed by
root shifting.

A special operation, termed root shifting [50], is a transformation operation that

changes the origin of a local frame from one feature to another feature in the map.

During this swapping of the origin, the values of the state vector as well as the

values of the covariance matrix are changed so that all the information is referenced

with respect to the new origin. (Root shifting is discussed in much more detail in

Chapter 4.)
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g. Level-wise update

Another important property of the covariance matrix to be reviewed is that the up-

dated information flow during the Kalman update step has two special characteristics:

(1) one way and (2) level-wise.

Suppose the surveying robot observes one feature i, while there are two other

features (feature j and feature k) in the map. When the update step is executed in

the Kalman filter, each element in the covariance matrix is updated according to the

following rules.

* The updated covariance block of the robot P,, the observed feature Pt, and

their cross correlation Pt depends only on the previous values of (P;-, P-, and

P-). For example, P- is not necessary to update Pvi.

" The cross correlations between the observed feature and the other unobserved

features (P+ and P.) and between the robot and unobserved features (P+ and

P+ ) depend only on the previous values of (P-, P-, P- and P-) as well as

the above information (P;, P-, and P-).

* Finally, the covariance block of unobserved features (P+ and P'g) and their

cross correlations (Pp ) depend on all of the previous values associated with the

robot and the observed feature.

Figure 3-8 shows these update dependencies. It should be noted that the update

is executed level-wise and the information dependencies always flow from the upper

layers to the lower layers; that is, no upward information flow in the update step exists

during a SLAM estimation. This means that it is not necessary to keep updating an

unobserved feature to update an observed feature and the robot unless the robot

sees the unobserved feature again. This is the key insight behind the postponement

method of Davison and Knight and the Compressed Filter of Guivant and Nebot.

Figure 3-8 and the table that follows it show the dependencies between the ele-

ments. The first layer includes P,,, Pii, and Poi and are updated first. The cross

correlations Pvj, Pvk, Pi3 , and Pik form the second layer and their updates depend
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on the information of the first group. Finally, the remaining blocks are updated using

all the information of the preceding groups.

Pu Pjk

Figure 3-8: Level-wise update and dependencies in the Kalman filter update. The updated

covariance block of the robot Pt, the observed feature P+, and their cross correlation

P+ depends only on the previous values of (P-, P-, and P-). For example, P- is not

necessary to update Pei. The cross correlations between the observed feature and the other

unobserved features (P' and P+) and between the robot and unobserved features (P+ and

P+ ) depend only on the previous values of (P-, P-, P-. and P-) as well as the abovevk 2] ik' V]y

information (P;-, P-, and P-). Finally, the covariance block of unobserved features (P+

and P+ ) and their cross correlations (P7 ) depend on all of the previous values associated

to the robot and the observed feature.

P_-,_P P2 PVJ Pk Pf Pi P Pkk P

P+V 0 0 00
Vi 0 0 0

P +-

2k 0 010 0
__ 0_0 0 00

P+-
kk __ ___ 0 __00

__ _ _ 0 00 0

P + 0 0 0
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3.3 Analytical Solution of a More General Case

for the MonoRob SLAM Problem

So far, several important properties of the covariance matrix have been examined. Though

all the properties discussed above have been proven theoretically, it is always desirable to

illustrate that the properties hold in practice. In this section, a simple SLAM problem is

solved analytically and the time-domain behavior of the covariance matrix is investigated.

The problem considered in this section is the continuous-time, one-dimensional SLAM prob-

lem with n features. A solution is obtained by solving the corresponding Riccati equation

in an explicit form. This enables a close examination of the time-evolution of the solution

properties described in Section 3.2.

As mentioned in Section 3.1, the closed-form solution to the MonoRob problem was

first published by Gibbens et al. [34] for the special case in which the robot observes all

features of the time. In this section, we present a new solution with more complicated

initial conditions and with several key processes included such as the initialization of new

features. Most importantly, we can consider the partial observation case, in which not all

features are observed at each time step.

We begin by reviewing the statement of the problem provided in [34]. We assume that

the environment is one-dimensional and the robot's velocity only depends on the control

input and the system noise; that is, it can be written as do(t) = u(t) + w. In the following

expressions, x(t) is the state vector defined as [x,(t) x, ... X ]T. Q = E[wwT] = q

and R = E[vvT] designate the system noise and the measurement noise, respectively.

* Dynamic Model

x(t) = Fx(t) + G (u(t) + w(t)) (3.31)

where F = 0 and G = [1 0 ... ]T.

e Measurement Model

i(t) = Hx(t) + v . (3.32)

An observation zi(t) is defined as the distance from feature i to the robot's location

xv(t), that is. zi(t) = xi - x,(t) + vi. The measurement vector z(t) is composed of these

measurements. Therefore, H(t) forms an m x (n + 1) matrix where m is the number of
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measurements available at time t. In [34], this observation matrix is assumed to always be

an n x (n +1) matrix. This means that all features are always observed during a mission, an

assumption that is typically not true for most SLAM problems. By considering the more

general case, we will be able to examine several properties associated with the partially

observable situation such as the terminal uncertainty for the covariance matrix.

We consider the following two observation matrices:

H = [-1 0 -.. 0 1 0 -.. 0 0 0 ]. ] , (only one feature is observed)

-1 0 -. 0 1 0 - 0 0 0 ... 0
H = , (two features are observed).

(3.33)

The closed form solution of the covariance matrix is constructed by solving the following

differential Riccati equation [34]:

1P(t) = FP(t) + P(t)FT + GQGT - P(t)T HTR-lHP(t) (3.34)
P(t) = U(t)V-1(t) .

As indicated above, the resulting solution is evaluated by the product of the two matrices

U(t) and V-1 (t) satisfying the following conditions:

U(t) F GQG T U(t)
T T (3.35)

V(t) HTR-1H -F T  V(t)

with

U(o) P(0)
(3.36)

V(o) I

where P(O) is the initial state covariance matrix and I is a identity matrix of an appropriate

dimension.

In Gibbens et al. [34], the initial condition P(0) is set to a diagonal matrix, which is not

applicable to more general situations. In this thesis, an arbitrary initial covariance matrix
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is considered so that the behavior of the solution can be investigated for more realistic

situations, such as changing the identity of the observed feature (for example, from feature

i to feature j).

Under this more general formulation (partial observations and an arbitrary initial co-

variance matrix), the following scenarios can be implemented:

" The robot observes only one feature from a time step to.

" The robot observes the feature i for a long time and switches its observation to the

feature j.

" The robot observes two features (i and j) simultaneously and the switches observe

feature k instead of feature i, while continuing to observe feature j. (Features i and

k are never observed simultaneously.)

Each of these scenarios can be executed by taking the appropriate observation matrix H

and the proper initial conditions. For example, the closed form of the second case in the

list utilizes two observation matrices, H = [-1 0 ... 1 ... 0 ... 0] and

H = [-1 0 ... 0 ... 1 ... 0] with appropriate initial conditions. In Appendix A,

the solution procedures for the the two cases - (1) one feature observed and (2) two features

observed - are briefly summarized. We now present the resulting values for the covariance

matrix for each of these two cases.

3.3.1 Closed form solutions

a. Observation of only one feature

To solve the case in which the robot observes only one feature, the observation matrix H is

defined to be

H = [-1 0 ... 0 1 0 ... 0 0 0 0]. (3.37)

For the purpose of simplicity, the index i is set to the observed feature and the indices j

and n are assigned to the unobserved features in the following solutions. Therefore, Pii(t)

is the variance of the observed feature and Py (t) is the cross correlation between two

unobserved features. All the covariance forms in the right hand side (P, Poi, etc) are
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the initial values. The symbols q and a (= 1 ) represent the system noise variance and the

inverse of the measurement noise variance respectively.
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lim Pi (t) =
t- oo
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jim Pvn (t) =
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(3.68)lim Pnn (t) = P+ PP)n
P - 2P + P, +

b. Observation of two features simultaneously

To solve the case in which the robot observes two feature simultaneously, the observation

matrix H is defined to be

0

0

1

0

0

0

0

1

0

0
(3.69)

The indices i and j are assigned to the observed features and the index n represents the

unobserved feature. The system noise variance q is identical with the case of one observed

feature, but the parameter a is now defined as q +

* PoV(t)
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- Pii(t)

Pi (t ) = cosh (at) )Po

+ cosh(at) 
/

(r.+rj) t

sinh(at) a

(ri + rj) 2 q{t(ri + rj) 3P?2+ P 2 + PP 2 - 2P3PvlPv% -vv Pzz P
+(r +\)2 _D _ po + (PiPO -p. 2)

+Pvr +vo r PPvj - Pvv PO + rr ( P0 _ 3

-i(ri + rj) I[r (~P P0 - ,j3 PO) + r j ( Pi~P", - P 0 p

(3.75)

* Pin(t)

Pin() - =(eat + e-at)o
2

(eat + e-at)
2(r- + rj)

p.o p -p P' )

+ (eat - eat) a
2(ri + rj)2 q

r { P, , + P,, P, v+ PO P3 +P,0 PS, -P O, P.O.- 2 P P 03 -- P,.3 P
+~{P"r PvO P " P p- P 0 P -pF pvOP
+rj{~~PP n p nP

+rrj F P0 +Po +P,3 +2P .Pv
P,0 P0n -2P. P0n - P, P0 - 2P0 P0.

P&PegP +PnP~g~g+PP ,P PO,, +P2 Pn P+ P P+ P P* P,P PnpP PP 3+r-i9+PPion r P 3+P3P 2
+-rr 0 P,9P. P 22_pO p po _p p p

pp p jp p .p 7 ) pp
It~ j3 Vfl Vfl lf 3 n 1) n 3j3 Vt 3 j 3f Vt

(3.76)

* P,(t) = Pv,(t), Pi(t) = P,(t)
* Pgg(t)

Pjj(t) = cosh(at)Pjoj

cosh(at) t 0 2)

(ri + ri)

sinh(at) a t(ri+rj){ P 2p -
2 

PJPV-+P2PJV 2 p' 0 } 2
(ri + r)2 q (ri+rj)2 (P1|%2 P ) )2r 0r0+rg)(P -P Pu )+ (rP 2 p3 )

(3.77)
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* Pin(t)

P (eat + e-at) po
Pgn(t) = 2

+ (eat + eat PnP + Po P - PnP - P P}2(ri + rj)

(eat - e-at) c
2(ri + rj)2 q

r { PO,3 P' + P?',, P-0 - Pi PO jP, n }
+r { P,0P +PoP n+2P P -P& P% -P P1 % P P - P

. 2Pn.P,-2P9 Pv +2P0 P0 +P- P30 +Pp0
2P3 P 2Pf 3+ l v+ P v+ 33 P

+t~n~r.> +.S PsPO,, +2P30. P + PP+ PSoPP

+rir 0, 0 7 3P

-Pon Pvo _+pop pn~pop pp 0~ 2po p p o+P pO.pp p -pPP 0 
,P

0 p 022)ir) " V 3 2 3 vfnl O, Pio P,,, +f 3fi V2 3l VV 03in~ v3 +~r PP3 ~ F -7 P-p p0 p0

I'lg ,0 p _pQ- p9popn-pO3P0 Pon -p9op, pPvp0-p9 npvovpo
P3 P.3 Vf 3fl 23 V2 3fl VV

(3.78)

o Pni(t) =Pin (t)

- Pni(t) =Pn(t)

* Pnn(t)

Pnn(t) = cosh(at)Pnn

+ (r )t Pn

sinh(at) a

(r + rj)2 q

_p0 2 _po 2}nPlo + Pnn P30 + 2 PzonPn - 2 Plo Pnn -n P 32 n
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2 pvoi po Pv+2Po+ Pp P
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(3.79)
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3.3.2 Analysis of the closed form solution

In this subsection, the properties of the covariance matrix are investigated through the

closed form solution summarized in the previous sections. Though the given problem is a

continuous case, it suffices to show the behaviors of the covariance matrix [34].

a. Monotonicity

Let us examine the monotonicity of the determinant feature covariance block. As described

in the previous section, it has been proven that the uncertainty of a feature block mono-

tonically decreases during a SLAM mission. This property is true for every feature in the

map whether the feature is observed or unobserved. Equations 3.80 and 3.81 illustrate the

monotonicity of these two cases: (1) an observed feature and (2) an unobserved feature.

First, the covariance for the observed feature, specified by

e P P p02 + Sqri) + e Pt - ri)
Pii (t) =II

er [P0 -2P0+ PP + /qri] - e r [ - 2P + P - /i(

= PO(P - P 2 -e e38

- S\

e [Pv - 2PSv + P + qrj] - e tP - 2P + PS - iq]

clearly monotonically decreases with time, because its first derivative is always non-positive.

Thus, the determinant of the observed feature block decreases monotonically from the initial'

uncertainty PF.

Similarly, the solution for the unobserved feature (feature n) illustrates the monotoni-

cally decreasing property through its first derivative with time

P~~() -(p 1O - P0V)2 (e T-t-

P n.n(t) = Pon _n, 
n (W

e V/ [PF - 2PjO + P + qrI] - e (vt P 2 -2Pv +P - qrj]
(3.81)

One interesting fact is that the amount of the decrement for the unobserved feature does

not depend on its initial uncertainty, while the amount of the observed feature does.
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b. Terminal uncertainty

So far, the non-zero terminal uncertainty has been a property not well known to the SLAM

research community. Many papers have assumed that the terminal form of the covariance

matrix is fully correlated (the absolute value of every cross correlation becomes 1.) without

specifying a rigorous condition for this assumption. This has possibly misled the SLAM

research community to conclude that if the survey is executed forever, the solution will

become perfect even when a part of the features are observable only for a finite time duration.

In this section, the terminal uncertainty for the following cases are examined through

the closed form solutions: (1) only one feature is observed and (2) two features are observed

simultaneously.

First, if only one feature (feature i) is observed, the feature covariance is

P~()=e P [PF -PS2 P -ri)]-[e ~tP o2 PP+P r]
Pii(t) =

e [P - 2P1 + P] + i] - [ P -- 2P + P - /qri]
eP -V P 2 (3 .8 2 )

and its limiting form

lim P (t) = (3.83)
t -->o Pv- 2FP + PF + qr]

shows the non-zero limit value. This limit is the uncertainty of the observed feature when

t goes to infinity. The cross correlation of the block of an observed feature (feature i) and

an unobserved feature (feature n), [pi i I , does not converge to one, either. It can be

easily checked from the limiting value:
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lim n
t-00 Pi i(t) . Pnn W

{-Pn(P - Pi) + Pn P -vv , + qr,)

[p2 + qr)] [-(PO, -P') 2 + P7 n (PO - 2PC, + Pi + fqri)]

#1.

(3.84)

When two features (here, i and j) are observed simultaneously, the behavior of their limiting

values is shown in Figure 3-9. The limiting values are

LP12(oo) 1
Pj2 (oc)

Pi (o)

Pj (00)1
Pni (00)

(3.85)

and hence, the matrix is singular. Consequently, the determinant of the whole feature

block converges to zero, even though a block associated with an unobserved feature remains

non-zero.
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Teminal values of two columns (i & j)

P

- n
P.

P in

0.

0.3

a)

0.2
C

0
C)

0.

Figure 3-9: If two features (i and j) of the same type are simultaneously observed, their

terminal values become P i(oo) = Pij(oo), Pi(oo) = Pyjj(oo), and P,,i(oo) = Py(cxo).

c. Level-wise update

All the closed form solutions illustrate the level-wise update behavior. Every element of the

covariance matrix follows the level-wise update rule described in the previous subsection.

For example,

Pi (t) = e,,-qt [P P po_ i 2 +P pid )] +e-,_ P -2 _ S P p')

e [PO - 2 P + P + -e- PY 2 FP, + P - f
(3.86)

shows that the update of an observed feature (Psi) requires only the previous values of Pi.

Pjj and P,,.
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d. Lower bound of the uncertainty

The limiting forms of the feature in the covariance matrix capture the lower bounds of the

feature uncertainty. Suppose, for example, that only one feature exists in the region being

mapped. When it is initialized, the covariance matrix is:

[ V (Gxpx)T 1(3.87)
GxP, GrPGx + GzrjGJ

Since Gx = 1, Gz = 1, and Px = Pvv for our situation, the covariance matrix ends will be

1V 
(3.88)

jyvv Pvv -+ ri

Now, let us substitute these elements into the initial values of Equation 3.83. Then,

[pop po 2p + po
Pii(oo) = [v 4 2[ PvO, - 2Pv + P +

[Pv(Pvv + ri) - P vv + (Pvv + ri) Vqr)] (3.89)

[Pov - 2Pvv + (Pv + ri) + vqri]

= P + r. qrj
ri + qri]

Therefore, the uncertainty converges to the uncertainty of the robot when the robot initial-

izes the first feature when q = 0 or ri = 0, which corresponds to the case of no system noise

or no measurement noise, respectively. If noise values are non-zero, then the limiting value

of the uncertainty is a function of these noise variances.

88



The lower limit of the feature uncertainty

P(t) when q = 0.5

-7
lower limit when q = 0.5

- - - - - -.....P1.(t) when q = .-

lower limit when q 0

5 10 15 20
Time(sec)

25 30 35 40

Figure 3-10: The lower bound of the feature uncertainty depends on the noise levels.

3.3.3 Case study

In this subsection, we investigate the solution behavior of several cases of the MonoRob

SLAM problem. Through these examples, the described properties in this chapter such

as the monotonicity, the non-negative definiteness, and non-zero terminal uncertainty, are

illustrated.

As the default configuration, the initial covariance matrix is set to be

PRR(0)

P(0) PiR(0)

PjR(0)

_PR (0)

PRi(0)

Pii(0)

P 7 (0)

Pl%(0)

PRj (0)

Pi(0)

Pj1 (0)

Pnj (0)

PRn(0)

Pin(0)

Pjn(0)

Pn(0)

0.4

0.2

0.2

0.2

0.2

0.4

0.2

0.2

0.2

0.2

0.4

0.2

0.2

0.2

0.2

0.4

(3.90)

and the noise variances
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q = 0.5, ri = rj = rn = 0.2 (3.91)

are used 2

For the purpose of the comparison the following four scenarios are examined:

1. The robot observes the feature i for t < 20.

The other features are not observed at all.

2. The robot observes the feature i for t < 10 and switches observing

to the feature j for 10 < t < 20. The feature n is not observed.

3. The robot keeps switching between feature i and feature j every 2 seconds

until t = 20.

4. The robot observes both feature i and feature j simultaneously. This condition is

maintained until t = 200.

In all cases, the monotonicity and non-negativeness of the determinants are easily ex-

amined. The results of the first scenario illustrate a case in which the terminal value of the

uncertainty is non-zero (Figure 3-11). The determinant converges to its limit very quickly

and stops decreasing because useful observations are no longer provided. This behavior is

observed in the second scenario, too. The determinant converges to the first limit and stops

decreasing as it does in the first case. Once the robot begins observing feature j, the deter-

minant decreases again and converges to a new limiting value. The new convergence limit,

however, is not zero even though its value is smaller than the value of the first scenario.

This stair-wise decrement is also seen in the third case. Whenever new useful information is

provided, the determinant starts decreasing to the next limiting value which is still not zero

(Figure 3-15). Although the limiting value is getting smaller, the reductions stop once the

robot switches to observe another feature. Also, the cross correlation between an observed

feature and an unobserved feature does not converge to 1 as shown in Figure 3-16. When

two features are observed simultaneously, as in fourth scenario, the limiting value of the

2 The initial covariance matrix can be constructed as follows: (1) the robot moves for 0.4 sec
without observing any features, (2) the robot initializes three features, and (3) the robot moves for
0.4 sec again without re-observing any features. During the robot's motion, the covariance matrix
follows P = GQGT, according to Equation 3.34.
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determinant becomes zero. The cross correlation between unobserved features, however,

still does not converge to 1.

. scenario 1

Determinants of the Feature Blocks of the Covariance Matrix of Monobot SLAM,

0 .4 ......... ... .... .

0.35 - -... - - - - -

0 .3 - -. -. -. -..-- .
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0.25 - - m:Unobservedq
block ij of P (observedunobserved)

- block in of P (observedunobserved)
0.2 - -block jn of P (unobservedunobserved)

P F: Total determinant
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The cross correlation behavior when only one feature is observed.

91

Z

Figure 3-11:

0.9

0.8 k

C,

C-,

Figure 3-12:

1



* scenario 2

Determinants of the Feature Blocks of the Covariance Matrix of Monobot SLAM,

0.35

0.3F
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-*- P: Unobserved -> Unobserved
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IP: Total determinant
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Figure 3-13: The determinants of the feature blocks when the feature observed is switched

once.
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Figure 3-14: The cross correlation behavior when the feature observed is switched once.

92

0.25-

2 0.2-

0.15-

0.1

0.05-

.2

CO

1



* scenario 3

Determinants of the Feature Blocks of the Covariance Matrix of Monobot SLAM,
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Figure 3-15: The determinants of the feature blocks when the feature observed is switched

every two seconds.
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Figure 3-16: The cross correlation behavior when the feature observed is switched every

two seconds.
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9 scenario 4

Determinants of the Feature Blocks of the Covariance Matrix of Monobot SLAM,
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Figure 3-17:
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Figure 3-18: The cross correlation behavior when two features are simultaneously ob-

served.

94

0E

1

0.9

C-)

F 0.7

U,

0.6

*1

ZZZEZLZ.QZQE

)

0



3.4 Conclusion

In Chapter 3, several properties of the covariance matrix have been investigated in detail.

Theoretical proofs of the properties have been provided and the time domain behaviors of

the covariance matrix have been examined through analytical solution of one dimensional

SLAM problem.

The resultant properties include: (1) a non-zero terminal uncertainty, (2) the condition

for achieving a fully correlated covariance matrix, (3) exposition of the level-wise update

structure in the Kalman filter based SLAM solution, and (4) the uncertainty projection

during compounding and root shifting. The first two properties clarify the conditions that

a SLAM solution should satisfy. The level-wise update provides clear dependencies be-

tween observed features and unobserved features during the Kalman update operation.

The properties on the uncertainty projection are effectively used to analyze the Constant

Time SLAM (CTS) algorithm and to develop the CTS 2.0 and Network Optimized SLAM

(NOS) algorithms in Chapter 4.

In addition to the examination of these properties, the closed form solution for one

dimensional a MonoRob SLAM problem has been provided. The given problem considers

arbitrary initial values for the covariance matrix and partial observations (not all features

observed at all time steps). Most of the properties found in the first part of Chapter 3

have been examined through the closed form solution behaviors. We checked the non-zero

terminal uncertainty, cross correlation behavior, level-wise update dependencies, and the

achievable lowest bound for the feature uncertainty.

In the next chapter, we will utilize the properties found in this chapter to improve the

converging rate of the global uncertainties of local maps and to develop new algorithms that

provide better performance than the current state-of-the-art for the scaling problem.
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Chapter 4

Efficient SLAM Algorithms Using

Submap Networks

In the previous chapter, we reviewed the map-scaling problem in SLAM and considered a

variety of methods proposed to increase the efficiency of SLAM algorithms. In this chap-

ter, we focus more intently on one of these approaches, the Constant Time SLAM (CTS)

algorithm [50]. While CTS succeeds in achieving consistency and convergence with 0(1)

order of growth, it suffers from a slower rate of convergence in comparison to full covariance

SLAM. In this chapter, we present two new algorithms - CTS 2.0 and Network-Optimized

SLAM (NOS) - that build on the original CTS algorithm to achieve an improved rate of

convergence. All three algorithms are implemented with real data and compared to the full

covariance solution. Our results provide insights into the choice of error metrics for measur-

ing the global uncertainty of SLAM algorithms that use submap network representations.

4.1 Constant Time SLAM (CTS) Algorithm

We begin by reviewing CTS and investigating its properties. Constant Time SLAM [50] is

the first algorithm that achieves three vital requirements for efficient large-scale mapping:

consistency, convergence, and constant time updates. It decouples the global map into

multiple, locally referenced submaps and maintains estimates for entities in each submap

that are uncorrelated to the other submaps. Since each estimate is never fused with the

others, and measurements are used in only one submap, the CTS algorithm can guarantee
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the consistency of each submap. Also, the method runs in constant time because estimates of

the global locations of submaps can be evaluated locally and independently from the number

of submaps. Finally, CTS achieves convergence to the full covariance solution by chaining

together the local submaps, each of which converge under the assumptions described in

Chapter 3 [50]. Although CTS is one of the best algorithms for the map-scaling problem,

there considerable room for improvement remains. In this section, we examine how the

CTS algorithm works and follow that in the next section with a consideration of what can

be done to improve the current state of the art.

Let us begin with a description of the operations performed by the CTS algorithm in

each individual local map. In a local region, CTS solves the full covariance SLAM problem

using any kind of consistent solution1 . The state vector is composed of the locations of

the surveying robot and a number of static features. The robot is controlled by a series of

control inputs, u[k], and obtains a set of sensor measurements, z[k], at each discrete time

step k. The estimation process seeks to find the best description of the following conditional

probability density (which is assumed to be jointly Gaussian):

p (x[k] Zk, Uk) , (4.1)

where Zk and Uk are all the measurements and inputs up to time k from the start.

The theoretical development of CTS for local SLAM processing is generally the same

as in the standard Kalman filter SLAM formulation. The only difference to be considered

in CTS is the coordinate frame of each local map, as shown in Figure 4-1. There are two

kinds of frames, one for the first local map and one for the other local maps. First, the

origin of the first map serves simultaneously as its own origin as well as the origin of all the

submaps, and is set from the beginning. Usually, its location is established as the pose of

the robot at the instant the robot begins to move, but there is no limitation for' its location.

Since when a survey begins, no features are known a priori, the state vector at the onset

includes only the robot's pose. This coordinate system for this submap is identical to that

of a typical full covariance SLAM system.

Each of the remaining local maps, however, has a special local coordinate system. In

each local submap, the local origin is chosen to coincide with a local feature in the map.

'In this thesis, the extended Kalman filter [76] is employed for the local solution.
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Hence, the locations of all features in the submap are described with respect to the location

of this feature. This feature is called the root feature or root entity [50 of the submap and

is assumed to be perfectly known in a local sense. (Another term that is widely used is the

base reference of a stochastic map [79].) Because we know the pose root feature exactly

in the local frame, the robot does not include the root feature in the local SLAM state

vector. The management of these root entities is the key idea of the CTS algorithm, which

is examined in detail in the next subsection.

Go

Figure 4-1: The origin of the local coordinate frame is chosen to coincide with one of the

features. We call the feature whose pose is located at the local origin the root feature of

its submap. The origin of the first submap, however, is not located on top of a feature; it

serves as the global origin during the CTS mission.

4.1.1 Manipulating local maps in CTS

Following [50], we now introduce several notational conventions to describe the operation

of the CTS algorithm. First, we define T to be the relative pose of feature j with respect

to the feature i. Here, we assume that the feature i has an orientation so that the vector

T is uniquely determined. Tj is applied to any two features if they are in the same local

map. If two features are included in more than one local map, there exist two T's and3
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they are distinct because CTS does not share any estimated information between maps

and relies instead on a local independent SLAM solution. In order to explicitly distinguish

between the two T 's, a map ID is associated with each instance of T. Consequently, Im,kT

represents the relative pose of j with respect to i when the two features are in the local

map m whose root feature is the feature k. For simplicity, if the local map and its root are

obvious or do not matter, we sometimes omit the upper-left indexing in the remainder of

the chapter.

According to this notation, the operations of compounding and inversion of approximate

coordinate transformation can be written in the following form:

T = eT

Tk = T' (E T
J

(inversion)

(compounding) .2

Also, a composite relationship between Tk and T when T is given can be easily calculated

by

T T' e T'= 0 T G T (4.3)

The linearized relationships in the covariance matrices associated with the above operation

can be written in the following form [74, 76]:
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pj,,j, ~Jepij,jjJT

Pkik Pij,ij Pij,jk T

PT  ED[ j z,jk Pjk~jk_

L jijt Pjk,ik j

PjkjkjepT Pikp I i 1

Piki~JJk

Je ij,ij e JE)ij,ik jT

= Jo Je Pki

Je 0 Piij Pij,ik

- I Pik 1
= , J2e Pkk

(inversion)

(compounding)

(composite relationship)

jT 0e JT
0 I

In the above, Je and JE = [Jie J2el are appropriate Jacobians of the inversion and

compounding operations, respectively.

As a key manipulation in CTS, a local origin is shifted from one feature to another

feature according to the features' global uncertainties. Leonard and Newman [50] define

this operation as root shifting, S. The process can be written as

[mi] [i
Ti.m S ~ (, Timn)

~ T T1

E T IM T2  (4.7)

E I] ED Ii]Tn_

Figure 3-7 shows this root shifting operation. We should note that root shifting does

not change the determinant of the covariance matrix of the local map. That is, in a local

map, the choice of root feature does not improve or corrupt the estimated uncertainty. A

proof of this property follows:

Proof. As shown above in Equation 4.7, root shifting is a combination of two
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basic operations: Inversion (unitary) and compounding (binary). By root shift-

ing, every local pose with respect to the old root is transformed to that of the

new root. The corresponding covariance matrices ( 'iP for the old covariance

matrix and P for new one) have the following relationships:

1 ]

- Pjij
Pj2 ,j

- Pi_,3 ji
Pji'ji
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Pi(j+l),i2

--- Piilij
... Pi2.

PiU-1)ij
--- Pij,ij
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(4.8)

In Equation (4.8), the Jacobian matrix Js forms a triangular matrix after

appropriate row and column interchanges. With the following lemma relating

to the determinant of a matrix [411,

All

0

0

A 12

A 22

0

(4.9)

the relationship for the determinants can be calculated from the equation (4.8).,

as
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P =i|JsI lp HJj

k=1 (k=1 (4.10)

P.1

In the above, we use fJ = 1 for all Jacobians because they are merely co-

ordinate transformation operations 2. Therefore, in a local map, the choice

of root feature does not improve or corrupt the estimated uncertainty. The

determinants before and after root shifting are always the same.

In addition to this property for the determinant of the coordinate transformation opera-

tion, we should also note that the global location of any local feature can be constructed by

a simple compounding operation. Since CTS maintains the global pose estimate of the root

feature, we can choose any local feature location as the other input of the binary operation

e and it will evaluate the global location estimate of the local feature. This is illustrated

in Figure 4-2.

2This constant determinant holds in a two-dimensional environment, such as mapping objects
on the seafloor when the depth is known. If we use Cartesian coordinates in a three-dimensional
environment, the determinant is not generally 1. This topic will be investigated in future work. In
the remainder of this thesis, we confine our focus to two dimensional environments.
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Figure 4-2: In the CTS algorithm, the global uncertainty of the feature j (T) is obtained

by compounding the global uncertainty of the root feature i (TG) and the local uncertainty

of the feature j (T). That is, TG TG e T
3

An interesting fact in this transformation is that the resultant uncertainty is easily

calculated from the two input values (PGi,Gi and Pij,ij) for the compounding operation in

CTS. Suppose, for example, there are two features in the global map. The covariance matrix

of the features will be prG p ' . This can be constructed by the given uncertainties
, GiGj r I

Pc2 ,ci and Pi,ij through the relationship

PGi,Gi PGi.Gj 1 0 PGi,Gi PGi,i L jT
pT p j T pIrT p 0 jT

I 0 PGi,Gi 0 1 j

ie J2ED 0 Pij,i 0 Je

Therefore, their determinant can be calculated as
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PGi,Gi PGi,Gj 1 'TI

LTPj Gj , I = III 1J2®DI 2E)~i (4.12)be
= |IP|JGi I TPi,i -fjiGjPGGJ (4.12)

In the above equation (4.11), PGi,ij = 0 is used because TIG and Ti are uncorrelated in CTS;

that is, they do not share any information with each other. Consequently, the determinant

can be evaluated by the product of two local values3 .

This transformation to the global frame can be extended to the transformation of all

the features in a local map. Figure 4-3 shows this transformation and Equations (4.13 and

4.14) represent the corresponding determinant calculation.

PGi,Gi PGi,GA 1 0 PGi,Gi PGi,A i e

Gi,GA PGA,GAJ [1JE J2e Gi,A PA,A 2 e

I 0 PGi,Gi 0 1 I
1 - (4.13)

ie J2e o PA,AI 0 JJ

And the corresponding determinant is written as

Pai,Gi PGi,GAII 
j IPT2 2  PGA = III 2eI IPGi,GiI IPA AI 2E)

Gi,GA PGA,GAJ (4.14)

= IPGi,Gi IPA,A I

3 TG (with feature i) can be thought of as a local operation compared to the global region (with
features i and j) described as a big circle in Figure 4-3
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M C I~b 1 .. .... .... ...2

GoT"

Figure 4-3: The spatial pose and the uncertainty of every feature in the submap MA can

be transformed to the global frame through the compounding processes. As the measure

of the global uncertainty, the determinant of the features of MA is calculated through the

equation (4.14).

One very important result from the above relationship is that the uncertainty can be written

as a product of two given determinants. Since the second term of the product is not changed

by root shifting, we conclude that the global uncertainty of a local map is determined by the

root feature's global uncertainty. Therefore, finding the best root feature for each submap

is the key process of the CTS algorithm.

4.1.2 Algorithm description

As described in Leonard and Newman [50], the four basic parts of the CTS algorithm are

(1) SLAM processing within local maps, (2) map management, (3) map location estimation,

and (4) computation of global state estimates for all features in a map. Figure 4-4 shows

the flowchart of the CTS algorithm.
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Does the current rnap No Is there any1 other map No
include the robot? including the robot?

Yes Yes

Do full covariance SLAM Relocation of the robot pose Create a new submap.

CTS
all )Map Location Estimation

Figure 4-4: Flowchart of the CTS algorithm.

a. SLAM within local maps

As described earlier, CTS computes a full covariance SLAM solution in each local map in

the same way that one would compute a full covariance solution for a single map SLAM

problem. The robot moves according to the given control input, makes observations, and

does either feature initialization or Kalman update for re-observed features (as described in

Chapter 2). Every feature initialized within a local map is included in a state vector and

its estimate is updated by the extended Kalman filter.

All elements of the state vector are location estimates with respect to the origin of the

local map. The origin of each map, except the first local map, coincides with the location

of a feature and is not included in the state vector (because in the local map, the pose of

the root feature is perfectly known).

At any given moment, CTS decides in which map the robot is located. When the

robot is in multiple maps, CTS recognizes the robot as being in the oldest map. This

map assignment is also applied to the measurements obtained from the robot's sensors. If

the robot is in map MA, the observation made by the robot at that moment can be used

only for the map MA. This prevents observed information from being used more than

once. Figure 4-5 illustrates the manner in which each measurement is used for local state

estimation in a single submap.
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MA MB

Only Used for MA Only Used for M

Figure 4-5: Each measurement is assigned to only one submap SO that no information is

shared by multiple local maps. Consequently, fli and fP are regarded as separate features.

Since no information is shared between submaps, some features can be initialized in

multiple local maps. For example, in Figure 4-5, feature ff in MA and feature ff in MB

have different estimated values and uncertainties. The fact that they correspond to the

same feature, however, is used during the map matching process.

b. Map management

Before moving on, let us make the meaning of 'map' clear. The term map has two rmeanings

in the SLAM community. The first meaning is as a set of the features and the robot as

estimated states. When the term map is used in this context, it includes the estimated

state vector and the corresponding covariance matrix. Map building implies the addition

of a new estimated feature to the existing states and an improvement of the states through

the use of various estimation techniques. The uncertainty of a map refers to the quality of

the state estimation.

The other definition of map refers to geometric regions. When we say 'the robot is

in a map', we imagine that a robot is within a geometric region such as a rectangle or a

circle. If we say 'the robot leaves the map', it usually means that the robot transfers across

a geometric boundary. Since these two meanings do not conflict with each other in most

cases, we use 'map' for both cases without distinct clarification.

A local map in CTS environment is created whenever both of the following are satisfied:

(1) no existing map contains the robot and (2) at least one feature exists within the range
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of sensors attached the robot. The feature should also be included in the previous map .

Each map forms a circle whose center is located at the position of the robot when the map

is created and whose radius is pre-set with the proper value for the environment. When a

map is created, therefore, the robot is at the center of the map, and the origin of the local

frame is set on top of a feature within the map. Since the map is defined by the robot's

pose, some mapped features might actually be located outside of a local map if they can

be seen by the robot that is in the map. This spatial decomposition representation, using a

set of overlapping map regions defined by a set of vehicle poses, was first introduced in the

SLAM literature by Leonard and Feder [541.

If the robot is in a local map, it computes a full covariance SLAM for those local regions

described in the previous subsection. If the robot leaves a local map, CTS checks if there

exists a local map that contains the current robot's location. If multiple maps containing

the robot exist, the oldest map is chosen. If there is no existing map, CTS creates a new

map

When the robot re-enters a previously visited map, CTS performs relocation to com-

pute a new pose estimate for the robot. That is, the CTS algorithm ignores any spatial

information acquired outside of the map and re-localizes the robot whenever it visits this

map.

c. Map location estimation

The following, quoted from the paper [50], shows the steps of CTS algorithm for map

location estimation. It should be noted that this subroutine can be executed independently

of the main process of the CTS algorithm described in the previous two subsections.

4 There was no need for the second condition in [50] because the paper assumed a sufficient
density of features in the environment.

5 In fact, CTS waits until the robot finds 'at least one shared feature. In this case, the robot is
in the previous map even though it leaves the geometric region associated with that map.
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Map Location Estimation

1: Select a map p, to improve which is currently referenced to the root entity i
2: Create a set, Ii, containing the ID's of all nearby maps including p - the map to

be improved.
3: For each q E AP, q # p create a set Cp,q of ID's of features that are present in

both maps.
4: For each frame Fk attached to feature k E Cp,q calculate its globally referenced

location 1]7TG and uncertainty [q,] PG using the location estimate of feature k
within map q and its current location estimate.

5: Pick the map q* and entity ID k* such that:
[q*, k*] = arg min {|' Pk|}

6: If q* = p and k* = i then stop. The map p cannot be improved.
7: Root shift map p to k* from i - reference all entities in map p to a coordinate

frame attached to entity k*.

8: Replace TG and pG with [q"*Tk and ['*p respectively.
p p

Figure 4-6 illustrates how map location estimation works. Suppose the map Mp is about

to be updated and the map shares features with three neighboring maps MA, MB, and Mc.

Figure 4-6.(a) illustrates this situation. It should be noted that every shared feature has

two indices: (1) one for Mp as shown in the Figure 4-6.(a) and (2) the other for one of the

neighboring maps MA, MB, and MC as shown in Figure 4-6.(b). After identifying all shared

features, CTS calculates the global uncertainty of each feature by using compounding. In

Figure 4-6.(b), we can see which feature is combined with which root feature. Figure 4-

6.(c) captures the results. All root feature candidates are compared through their global

uncertainties. Finally, CTS appoints the feature with the least uncertainty as the root

feature of the map Mp.

The map location estimation is executed in constant time with reasonable assumptions:

(1) the number of shared features and (2) the number of neighboring maps are bounded

by appropriate constants. If features are equally distributed over the entire region and the

density of features are neither too small nor too large, the given assumptions can be applied.

The map location estimation chooses the best feature by comparing the determinant values

of the candidate features. If we set the upper bound of the shared features as Nh, and the

upper bound of the neighboring maps as Nmap, the number of comparisons is bounded by

the constant Noh X Nmap, which implies the running time of the map location estimation

is 0(1). Also, since the map location estimation is executed only when the robot leaves a

submap, it can be processed separately from the main processes of the CTS algorithm.
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Figure 4-6: In order to update the global location of Mp, the global uncertainties through
the root features of Mp's neighboring maps (MA, MB, and MC) are compared. From this
comparison, the feature providing the minimum uncertainty (TG) is chosen as the root
feature of Mp.

d. Computation of global state estimates for all features in a map

As already described, the global state estimates for all features can be obtained through a

simple compounding operation.(See Figure 4-2 and 4-3) Also, we know that every feature in

a local map (MA) comes to be fully correlated when all features are observed infinitely many

times. Since the location of the root feature is perfectly known, all features' estimates in the

map MA become perfect 6. This means that the local map MA is built without uncertainty

6 Even though the root feature is not included in the local state vector, its cross correlations
with the other features in the map can be improved while a different root feature is selected by CTS
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if the root feature is correctly given.

While serving as the root entity of MA, the feature simultaneously appears in another

local map (MB). Therefore, the feature will be perfectly known after infinite observation

in the map MB, if the root feature of MB is correctly given. Analogous reasoning can

be applied to the other maps so that we can conclude that all the features become fully

correlated and their uncertainties will converge to the lowest bound7 .

4.2 Review of CTS

In the previous section, we demonstrated what the constant time SLAM algorithm is, how

it works, and why it satisfies three key requirements for large-scale SLAM problems. In

this section, we examine the CTS algorithm for areas of improvement in two respects and

prepare for the next section that will provide specific algorithms to increase the effectiveness

of the CTS algorithm.

4.2.1 Nonlinearity in determinants

One of the key steps of the CTS algorithm is the estimation of the global location of submaps

through the use of compounding operations. As discussed in Chapter 3, the determinant

of a sum of two matrices is not equal to the sum of the determinants of the two matrics.

That is,

JA + BI# JAI + IBI (4.15)

for two square matrices A and B [41]. Also, for n x n non-negative definite matrices A, B,

and C, JBI > ICI does not imply that

A + BI > A + C| . (4.16)

This inequality holds only when B - C is also non-negative definite [41]. Similarly, for n x n

non-negative matrices A, B, C, and D, JAl > IBI and ICI > IDI do not guarantee that

during mission. Or, a special treatment can be used to update the root feature's estimate when it
is observed by the robot.

7 See Chapter 3 for the description of the lowest bound.
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IA + C1 > IB + DI

Figure 4-7 illustrates an example in which this inequality does not hold.

JA JEJ

ID

Figure 4-7: Even though JAI > IBI and ICI > IDI, the determinants of their summation

does not imply that IA + CI > IB + Df.

Now, let us apply this property to the root feature selection process in CTS. As shown

in Figure 4-6, the global uncertainties of all shared features are compared in CTS to find

the least uncertain feature. For the attainment of map location estimation, the global un-

certainties of the neighboring maps need to be combined with each shared feature. One

question this process raises is, "How can we evaluate the global uncertainty of the neigh-

boring map?" Figure 4-8 illustrates the root feature selection steps of two maps, MA and

Mp. Figure 4-8(a) represents a part of Figure 4-6 and illustrates two compounding results,

Tf e T< and Tf D T2^, that are compared to find the path of the lower uncertainty. Now,

let us examine how the feature fR was chosen as the root feature of MA in Figure 4-8(b).

It should be clear that the same procedure is used as in map Mp. That is, T' D T, and

TE T are compared, and the path G.O. -+ f1 is chosen. The global uncertainty

via the path is assigned to the feature fIB, and the feature stores the value as T A and is

prepared for the neighbor map's effort to determine its root feature.

As already shown, only two paths (G.0 -+ f1 (= fj) -) ff) and (G.0 -- fB(= fA) -A f)

are compared when CTS searches the root feature of Mp 8

8 Those paths are identical with (G.0 -- f -4 f B -- ffA) and (G.0 -+ -+ fB -> f2) re-
spectively.
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Figure 4-8: In order to choose the root feature of Mp, CTS compares two possible paths

through the root feature of its neighbor map, MA. However, if we include another shared

features between MA and its neighbor MB, another paths might exist in addition to these

two paths and they might provide lower global uncertainties than the paths through the

root feature of MA.

We should note that even though two more possible paths exist - (G.O -* fB -+ -f fA)

and (G.O - - - f)- from the global origin to Mp, they are dismissed in CTS

before the root feature of Mp is considered. These two paths, however, may yield lower un-

certainties than the paths via ff. Because the linearity does not hold for the determinants,

that potential for a lower uncertainty is missed by the CTS algorithm.

The uncertainties of the compounding processes are the sum of the determinants, which

do not hold linearity. As a result, the path that provides the least uncertainty might be

included in the paths that are eliminated prior to their consideration. In this respect, there

is room for improvement in the algorithm for finding a best root feature in CTS.

4.2.2 Information dissemination depth

Currently, the CTS algorithm activates the map location estimation routine only when a

map transition occurs in order to maintain the constant time computation. When the

routine is called, CTS algorithm searches a best root feature of the map to be improved.

This means that whenever the routine is called one and only one map is improved. Thus,

the improved information is propagated only one submap per one execution of the map

location estimation. This limited propagation of the improved information may cause a
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significant slow rate of convergence of the CTS algorithm.

To illustrate this point, let us consider an environment that consists of a big loop. As

shown in Figure 4-9, all submaps have neighbor maps only in one direction until the robot

closes the loop and revisits the previously created submaps. When the robot leaves the last

submap(Mm) and re-enters the first submap, CTS activates the map location estimation

routine and compares the root feature candidates. Suppose, for example, that one path

directly connected to the global origin is chosen as the root feature and its corresponding

uncertainty is much less than the uncertainty of the paths through Mm-. We desire

that map Mm-i be improved by the new link via the map Mm. Unfortunately, the CTS

algorithm does not currently check this possibility because of the computational complexity.

In order to improve the map location estimate of Mm-, the robot should re-visit the map

all the way around the loop of the submaps.

Since the improvement depth of map location estimates is limited to one map, the rate

of convergence might be very low in some cases.
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Figure 4-9: When the robot leaves Mm-i, Mm-1 has only one neighbor map. Therefore,

the global uncertainty of Mm-1 should be calculated all the way around the submaps.

When the robot leaves Mm, however, Mm has two neighbor maps and chooses the better

path, which is directly connected to the global origin. As a result, the global uncertainty of

Mm is much less than that of Mm-i. Unfortunately, this less uncertain path through Mm

does not propagate to Mm-1 until the robot re-enters Mm-1 again.

4.3 Efficient SLAM algorithms

So far, we have examined various methods to resolve the map-scaling issue in SLAM prob-

lems. In particular, the Constant Time SLAM algorithm [50] has been studied in detail and

shown to satisfy three vital requirements for large-scale SLAM problems. In the previous

two subsections, we have also demonstrated that a more effective means for approaching

certain large-scale SLAM problem is possible. Now, we will introduce a graphical descrip-
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tion of a submap system and suggest two new algorithms that enhance the performance of

the CTS algorithm.

4.3.1 Graphical description

Let us define a graph G(N, E) whose nodes and edges are written as follows:

N = {MI i = 1, - , n, where n is the number of submaps.}

E = {(i, j), (j, i) j if Mi and Mj has at least one shared feature.} . (4.18)

Henceforth, as CTS does, we assume that the feature density is high enough throughout the

region being mapped so that every submap has at least one neighboring map with which

it shares at least one feature. This assumption leads the graph G to be a connected graph.

That is, there exists a path between any two nodes in the graph. Figure 4-10(a) shows an

example of this type of graph. Now, let us define a sub-graph GT(N, ET) induced from G.

The definition of GT is written as

N = {Mi I= 1, - , n, where n is the number of submaps.}

ET = {(i, j) I ((i, j) E E) A (7r(j) = i)} . (4.19)

where ir(.) represent a parental relationship. The sub-graph GT has the same nodes set

as G does, but possesses a different edge network from G. In GT, an edge (i, J) exists

only when Mi is the parent of Mj. This parental relationship is established by the CTS

algorithm whenever a submap location estimate is updated. If the global uncertainty of Mj

is updated by compounding with the root feature of Mi, Mi becomes the parent of Mj.

(See Figure 4-8. MA is the parent of Mp and MB is the parent of MA.) Of course, this

parenthood can always be dismissed when the next map update occurs.

One interesting fact here is that GT is guaranteed to be a tree. The root of the tree is

the map that contains the global origin. No cycle is allowed in the graph GT as illustrated

through the following reasoning:

Proof. (By contradiction) Let us assume there is a cycle in GT. Suppose M <
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Figure 4-10: Figure (a) represents the graph produced through the neighborhood between

submaps. If two submaps share at least one feature, one edge between those two submaps

exists. Figure (b) illustrates the tree structure constructed by the CTS algorithm. Since the

CTS algorithm makes every submap choose one parent map, no submap (node) can have

more than one outgoing edge from itself. Figure (c) captures a map location estimation

process when Mi is considered to be improved. The CTS algorithm compares three possible

paths to the submap and chooses Mq as its parent map. (d) Once this selection process is

finished, the other paths via MP and Mr are ignored until another map location estimation

for Mi occurs. Thus, the graph maintains the tree structure during a CTS mission.

Mq <- <-. <- Mk <- M are the nodes composing the cycle. It is well known

that, for non-negative definite matrices A and B, JA + BI ;> JAI + BI [41]. For

the compounding process xij E xjk = Xik, the associated covariance matrices
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satisfy

Pik = JijPijJJt + JjkPjkJT, . (4.20)

where Jij and Jjk are corresponding Jacobians. Since the determinant of these

Jacobians are 1, the following inequality holds:

ljjpjj j =I>|jij|Pij|ji|+|jT I|+ +JjkPjk fj 3 +~~~ +~kjk

-j IJ 1 P2 I Jj + IJjkIIPjkI lJj

=ijI + IPjk I

. j.Pik > 1PijI + IPjkl (4.21)

In the last relation, the equality holds only when either jP or IPjk is zero.

Now, let us apply this to the nodes in the cycle. Since ir(q) = p (parent of

q is p), the global uncertainty of Mq is larger than that of Mp. This results

from the fact that the global uncertainty of a child node is the compounding

result of (1) the global uncertainty of the parent and (2) the local uncertainty

between the parent and the child (See Figure 4-2 and 4-3) 9.

Therefore, a child map's global uncertainty is always bigger than its parent's.

The remainder of the proof is straightforward. These inequalities contradict

the existence of a cycle when the parenthood Mr and Mp is examined. That is,

IMpI < JMq < - < Mr 5 IM . (4.22)

This last relation contradicts the given assumption. Therefore, no cycle can

exist in the graph GT.

9 Even though two uncertainties can be equal, that case is eliminated in the remainder of this
thesis, because these compounding operations take place during the mission, and no perfectly known
relation is possible until the mission is successfully completed.

119



Figure 4-10(b) provides an example of GT. In order to distinguish the submap graph

from the network of root features, in the figure squares symbolize the nodes (submaps) of

the graph. We note that each node value is the global uncertainty of the submap, and the

edges (solid lines) represent only the parenthood between submaps.

4.3.2 Improvement of the nonlinearity,

Constant Time SLAM (CTS) 2.0

The improvement of the nonlinearity of the CTS algorithm originates from the fact that

the compounding process in CTS is nonlinear. Instead of maintaining only one global

connection between the root feature of a local submap and the global origin, the global

uncertainties of all the root feature candidates of the submap are maintained. Figure 4-11

illustrates this new algorithm, which is named CTS 2.0. MA, for example, maintains not

only fR, but also the other candidate f . When Mp is improved, the paths through. f

are also considered. Through this slight modification, we can reduce the possibility that

the root feature found by CTS falls in a local minimum. It is certain that the performance

of the new algorithm will always be better than or equal to those from CTS, because all

the paths in CTS are still included in the new set of paths.

Furthermore, this new algorithm does not degrade the constant time computation of the

CTS algorithm if the number of shared features is bounded by a constant number. The new

map location estimation routine still examines only the adjacent neighbor maps. The paths

between the global origin and the root feature candidates of the neighboring maps, TGs

are all encapsulated because the compounding process is associative as shown in Chapter

3. The number of comparisons in the CTS 2.0 algorithm is bounded by the constant,

Nrc x Nh x Nmap instead of Nh x Nmap as in the original map location estimation, where

Nrc represents the largest possible number of the root feature candidates of a neighboring

map. This constant Nrc is the same as Nsh because the algorithm uses the shared features

as the candidates of the root feature. Consequently, the CTS 2.0 algorithm still runs in

0(1) because the running time is bounded by a constant.

It should be noted that, however, this modified algorithm can not enhance the solution

equivalent to an optimal solution because there is still a possibility that the solution misses*
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Figure 4-11: Instead of tracking only one global connection between a submap and the
global origin, the CTS 2.0 maintains the global uncertainties of all the root feature candi-
dates. Consequently, in order to choose the root feature of Mp, the algorithm compares
not only the paths via the root features of neighboring maps (f , f , and ff), but also
the paths through the root feature candidates of the neighboring maps (f , fB, and f).
Maintaining multiple shared features reduces the possibility that the root feature found by
CTS falls in a local minimum. The results are guaranteed to be better than or equal to
those from CTS, because all the paths in CTS are still included in the new set of paths.

the global minimum value. In order to guarantee that the solution is the global minimum,

all the possible paths from the global origin to the submap should be recalculated. However,

this is computationally intractable because no greedy algorithm can be employed t6 this

nonlinear summation of the determinants. The main contribution of this modification is

improving the rate of convergence of the global poses of local maps. The performance is

guaranteed to be better or equal to that of a CTS solution and the computation is still 0(1).

Later in this chapter, an experimental result will be provided to illustrate the performance

of this algorithm. Figure 4-12 captures the flowchart of the CTS 2.0 algorithm.

4.3.3 Improvement of the information dissemination depth,

Network Optimized SLAM (NOS)

As pointed in a previous subsection, the CTS algorithm updates only one local map at a

time and this, sometimes, causes very slow improvements of local maps' pose estimations.

In this subsection, we suggest an algorithm. called Network Optimized SLAM (NOS),

that maximizes the improvement of local maps' location estimates without much loss in
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Does the current imap No Is there any other map No
itchide the robot? including the robot?

Yes Yes

Do fall Civariance SLAM Relocation of the robot pose Creatc a new submap

CTS 2.0
Call Map Location Estimation

Figure 4-12: Flowchart of the CTS 2.0 algorithm.

efficiency.

To introduce the NOS algorithm more easily, let us begin with a brief description how

the graph of submaps is transformed while the NOS algorithm is executed. Figure 4-10

represents the process in which the CTS algorithm improves the global location estimate

of the submap Mi. Figure 4-10(c) captures the moment that three possible paths are

compared and Figure 4-10(d) illustrates that the path through Mq is chosen as the result

of the comparison. Now, Figure 4-13(a) and 4-13(b) are re-drawn with explicit edge values.

Even though the summation of the determinants does not hold the linearity, the values in

the figure ignore this property for the purpose of easy illustration. The real code of the

algorithm considers the nonlinearity. As shown in Figure 4-13(a), the submap Mi improves

its global pose estimate. The Figure 4-13(a) represents the step just before the map location

estimation chooses the best parent for the Mi. The Figure 4-13(b) captures Mq as it is

chosen as the parent map of Mi because the global uncertainty via Mq is the smallest

among the three candidate parent maps MP, Mq, and Mr. This is the end stage of the map

location estimation of the CTS algorithm. The new algorithm, NOS, starts from this stage

and tries to disseminate the updated map's information to the other maps. In Figure 4-

13(b) and 4-13(c), it can be seen that the uncertainty of Mr via the map Mt (=16) is worse

than that via the Mi (=15) which has just been improved by the map location estimation.

NOS connects Mi as the parent of Mr and eliminates the old parenthood between Mr

and Mt. This information flow keeps disseminating until it either reaches a leaf node(M,)
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or is blocked by a lower value node (Mp). Consequently, NOS disseminates the updated

information to the other maps as far as possible. The Figure 4-13(d) is the resultant tree

after the NOS is executed. Every submap in this resultant tree has a global uncertainty

lower or equal to that of the tree made by the CTS algorithm (Figure 4-13(b)).

The pseudo-code of the algorithm can be written as the following.

Algorithm Linear-Time Network Optimized SLAM (Mi);

1: do CTS (or CTS 2.0) map location estimation
2: construct the transient graph Gm,
3: do Depth First Search and disseminate the information obtained from the map

location estimation.
4: eliminate redundant edges and construct new tree G*.

It should be noted that the algorithm NOS is not fused with the map location estimation

of the CTS (or CTS 2.0) algorithm. The NOS uses the output of the map pose estimation

as its input and does not communicate with any other routines in the CTS until NOS

finishes its calculations and returns the improved tree structure. This means that NOS can

be performed separately from the main process of the CTS and, therefore, usually does not

degrade the computation efficiency even though the NOS itself runs in O(Nm) where Nm is

the number of the local maps. As long as the NOS algorithm can complete its calculation

before another map update occurs, the total computation time of the whole SLAM solution

is maintained as 0(1). Figure 4-14 represents the flowchart of the NOS algorithm.

a. Depth. first search (DFS) in NOS

The NOS uses the Depth First Search (DFS) technique to check if a submap is eligible to

be updated. It is well known that all nodes of a graph can be reached by DFS if the graph

is connected [22]. Though the searching technique of NOS slightly differs from that of a

conventional DFS, the same reasoning applies to the NOS algorithm; that is, every node in

the graph is checked for its eligibility. The following is a brief proof of that property.

Proof. Every node is directly or indirectly examined by DFS in NOS. DFS

leaves no node unchecked if the graph is connected. Let the graph for DFS

starting from Mi be GDFS(i). The graph is connected and the nodes and

edges are defined as
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Figure 4-13: Figure (a) represents the map location estimation process in CTS. Mi

is considered to be improved. The CTS algorithm compares three possible paths to the
submap (via MP, Mq, and M,) and chooses Mq as its parent map because the resultant
uncertainty is the smallest among the three. (b) Once this selection process is finished,
the CTS algorithm ignores the other paths via Mp and Mr until another map location
estimation for Mi occurs. It should be noted, however, that Mr can be improved if M,
replaces its parent with Mi. The resultant uncertainty (=15) is less than the current value
(=16). This new relationships can be disseminated until no improvement can exist. Figure
(c) and (d) illustrates the resultant tree structure after this improvement dissemination.

N {Mi 1,.- ,n, where n is the number of submaps.}

E = ET U {(ij) if Mj is a neighbor of Mi.}
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Does the current meap No is there ay other map No

include the robot? including the robot?

Yes Yes

Do full covariance SLAM Relocation of the robot pose Create a new subiuap

NOS
Call )Map Location Estimation

Figure 4-14: Flowchart of the NOS algorithm.

where ET is the tree defined in (4.19). We know that every node of GDFS(i) is

in a branch of the original tree. The branch can be classified into two groups:

(1) a branch can be reached from the node i without passing the global root

or (2) a branch cannot be reached unless the global root is passed through.

First, it is not necessary to examine any node of the branches in the second

group (branch 1 in Figure 4-15). Without passing through the global root, the

updated information cannot be transferred to that node and the global root,

having zero uncertainty, always resets the updated information while passing

the root.

Thus, it suffices to show that every node of the branches in the first group

(branch 2 in Figure 4-15) is examined during DFS in NOS. Let us examine one

neighboring map (v in the figure) of Mi. The node always separates the branch

containing v into two links. One is the link from the global root to the parent

node of v (ancestor link in the figure) and the other link is from the child of v

to the leaf of the branch if v is not a leaf (predecessor link in the figure). All

nodes in the predecessor link are visited during DFS and updated if the new

information is better than the old value. This information updates flow up to a

leaf because the uncertainty of a child is always bigger than that of its parent.

The nodes in the ancestor link from the parent of 'i to the global origin are

examined if the parent-child relationship should be reversed. That is, if the

125



uncertainty of node v's parent is larger than that of v, the relation is reversed

so that v is now the parent (See the right sub-figure of 4-15). This inversion

occurs until a parent's uncertainty still beats its child's. In that case, all of

the ancestor nodes also have less uncertainties than the child node, therefore,

is not necessary for it to be examined. Consequently, all nodes in the original

tree are examined either directly or indirectly.

0

Ichild of N,

parent of M,

C child of M,

i M,

parcnt of M,

Figure 4-15: When Mi is improved, every node of the submap network is examined either

directly or indirectly through DFS in the NOS algorithm. Every path between the Mi and

the nodes in the type of branch 1 includes the global origin node. Therefore, the nodes in

the type of branch 1 are not improved by NOS. The uncertainty values of nodes in the type

of branch 2, however, are compared and updated through DFS of NOS algorithm.

b. The running time of NOS

It is well known that the running time of DFS is 0(N+E) where N and E are the number of

nodes and edges of a graph [22]. This results because the time required to call DFS routine

is 0(N) and the total number of checking whether the search goes deeper is ZEvN Adj(o)-

The modified DFS in NOS process, however, runs in O(Nm.) because the number of edges

in a tree is O(Nm). Furthermore. as already described in the above proof, many nodes are

excluded from the checking, so DFS in NOS runs much faster in most cases. Also, since the
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process is executed independently from the main SLAM process, the running time does not

degrade the running time of CTS until the number of submaps exceeds the product of the

number of features in a map and the total time steps spent in one map. That is, in order to

maintain CTS as a constant time algorithm, it suffices to complete one NOS process while

the robot stays in the submap.

4.4 Global Uncertainty of the Whole Map

An important issue in considering a large-scale SLAM algorithm is to compare its perfor-

mance to the full covariance solution. This section examines the global uncertainty of the

whole map that is constructed through the union of all submaps, and shows that the CTS

based algorithms search the best root feature not only the determinant but also the each

traces of submaps.

All three of the algorithms described in this chapter - CTS, CTS 2.0, and NOS - follow

a common strategy for estimating the global pose of features in a given local submap. The

goal is to find a best root feature for each submap so that the global uncertainty of the

submap is minimized. The performances of these algorithms can be compared to that of

the full covariance SLAM solution by taking the corresponding sub-block of the covariance

matrix that the full SLAM solution produces.

What is the global uncertainty of all features with respect to the global origin? That

is, if all features are globally referenced in a single state vector, what is the determinant

value of the corresponding covariance matrix? When we perform full covariance SLAM, the

global uncertainty is merely the determinant of the covariance matrix because every feature

in the survey region is estimated in one state vector. In CTS, however, we need to combine

the locally processed information to determine the global uncertainty. For a local map, we

have examined how to transform the local uncertainty to the global frame. As described in

the previous subsections, each uncertainty is a product of (1) the uncertainty of the global

pose of the local frame and (2) the uncertainty of the features in the local map with respect

to the local origin. This relationship is demonstrated through

pG = P pi P (4.24)
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From the above equation and the fact that any root shifting between local features does

not change the second determinant, minimizing the first quantity is the only way to reduce

the product in Equation 4.24. The routines, map location estimation in CTS and network

optimized SLAM, focus on this minimization. The goal of these algorithms is to provide

more accurate global pose estimates for each individual local map.

However, in this subsection we want to calculate the global uncertainty of the entire

region from the fragments of information obtained in local maps. Surprisingly, the result is

simply the product of the determinants of every local map. That is,

N

PG _pr oot

i=0

(4.25)

For convenience, we verify this result through one example. Although the map connections

are slightly different according to which algorithm (CTS, CTS 2.0, or NOS) is chosen,

they do not affect the result. Thus, we use simple map connections from the original CTS

configuration, as shown in Figure 4-16. In this figure, there are thirteen features spread

across five local maps. The first map (Mo) has the global origin and two features (a and

c). Therefore, when the robot is in M0 , the state vector and the covariance matrix have

the forms xo =[Xoa xoc]T and Po = [oa,"" " ," .
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Figure 4-16: A typical network configuration for a CTS type algorithm is illustrated.

There are five submaps including the first submap Mo. Submaps are connected through

the root feature and form a tree structure.

The second map (MA) is rooted at the feature a and has three features in it. The

corresponding state vector and the covariance matrix of MA are XA = [Xai Xa2 xa3]T and
Pal,al Pal,a2 Pal,a3

PA = Pa 2 ,ai Pa 2 ,a2 Pa 2,a 3 . The third map (MB) has one feature that is shared with MA
[Pa3,al Pa3,a2 Pa3,a3 J

and chooses it as the root feature b. The features in MB are referenced with respect to

this local origin and are estimated in the form of xB = [xb4 xb5]T and PB FPb4b4 Pb4,b5
Xb5J [Pb5,b4 Pb5,b5J

Feature b in map MB is the same as feature number 3 in MA. Similarly, the maps Me and

MD are written as:

129



MC: XC =

MD: XD =

Xc6 Pc6,c6

Xc7 PC= Pc7,c6

Xc8(= Xcd) Pc8,c6

Xd9

Xd1, PD =

XdllJ

Pd9,d9

PdlO,d9

Pdll,d9

Pc6,c7

Pc7,c7

Pc8,c7

Pc6,c8

Pc7c8

Pc8,c8J

(4.26)

Pd9,dlO

Pd1O,d1O

Pdll,dlO

Pd9,dl1

PdO,dl1

Pdll,dllj

Now, let us combine the local information in these maps to compute the global uncertainty.

The combination can be interpreted in terms of the following transformation.

[Xoa Xoc Xal Xa2 Xa3 Xb4 Xb5 Xc6 Xc7 Xc8 Xd9 XdlO Xd11]T

]TSXoa Xoc XoI Xo2 Xo3 Xo4 XoS Xo6 Xo7 Xo8 Xo9 Xol0 XoIl (4.27)

We should note that it is always possible to stack up the submaps in the order in which

every parent is located above its predecessors since the feature connections form a tree that

is always a directed acyclic graph. (See the topological sort alogorithm in [22].)

This transformation is done by series of compounding operations whose inputs are the

feature itself and several ancestors. That is,
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Xoa Xoa

Xoc XOc

X01 Xoa G Xal

Xo2 Xoa E Xa2

Xo 3 (= x 0 c) Xoa E Xab(= Xa3)

Xo4 Xoa & Xab( Xa3) E Xb4

Xo5 = Xoa ( Xab( Xa3) ( Xb5 (4.28)

Xo6 Xoc (D Xc6

Xo7 Xoc ED Xc7

X08(= Xod) Xoc G Xc8(= Xc8)

X0  Xoc @ Xcd(= Xc8) GXd

X010 Xoc ( Xcd(= Xc8) ( Xd1O

Xoii -Xoc G) Xcd(= Xc8) (DXd11_

Now, the globally referenced uncertainty is calculated through the proper Jacobian ma-

trix. If the environment is not a linear Gaussian case, the value becomes the first order

approximation of the uncertainty. In the following equations, Jo 1 a means the Jacobian of

transformation for x, 1 with respect to Xoa, that is, &("xE"x . As shown in the equation,aXoa

the Jacobian matrix forms a triangular matrix. This occurs because every element in the

state vector can be calculated from the element itself and its ancestors, and the special tree

structure of the CTS submap system makes this ordering possible at all times. It is well

known that the determinant of a block triangular matrix is just the product of the deter-

minants of diagonal blocks [41]. Also, the input covariance matrix forms a block diagonal

matrix because the cross correlations between local maps are not maintained by the CTS

in order to maintain the consistency. Therefore, the determinant of the original covariance

matrix is also the product of the determinants of each local covariance matrix. Finally,

since we know that the determinant of a Jacobian block element is always 1, the resultant

determinant of the quadratic form can be written in the following form.

131



PC J PL jT

1 0
0 1

Jolloa 0
'o2Ioa 0

J010 0,oaloa 0
Jo4l a 0

- o5oa 0

0 Joeloc

0 Jo7loc

0 Jo8 joc
0 J910c
0 Joioloc
0 Jo111-c

0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

Joll 1  0 0 0 0 0 0 0 0 0 0
0 J021.2  0 0 0 0 0 0 0 0 0
0 0 Jo31a3 0 0 0 0 0 0 0 0
0 0 Jo4 la 3 Jo4 lb4  0 0 0 0 0 0 0
0 0 J5la3 0 -J.5lb5 0 0 0 0 0 0
0 0 0 0 0 Jo 1cS 0 0 0 0 0
0 0 0 0 0 0 Jo0 7 c7  0 0 0 0
0 0 0 0 0 0 0 Jo8 c8  0 0 0
0 0 0 0 0 0 0 Jo9 1c8 Jo 9 1d 9  0 0
0 0 0 0 0 0 0 Jololc8 0 Jololgdo 0
0 0 0 0 0 0 0 Jo11c8 0 0 Jllldl1 _

Poa,oa Pda,oc 0 0 0 0 0 0 0 0 0 0 0
Poc,oa Pob,oc 0 0 0 0 0 0 0 0 0 0 0

0 0 PPl,ao P1,.2 Pa0,a 0 0 0 0 0 0 0 0
0 0 Pa2,ai Pa2,a2 Pa2,a3  0 0 0 0 0 0 0 0
0 0 Pa3,al Pa3,a2 Pa3,a3  0 0 0 0 0 0 0 0
0 0 0 0 0 PbPab4 Pb4, b5 0 0 0 0 0 0
0 0 0 0 0 Pb4,b4 Pb,b5 0 0 0 0 0 0
0 0 0 0 0 0 0 Pc6 ,c6 Pc6 ,c7 Pc,-6 8  0 0 0
0 0 0 0 0 0 0 Pc7 ,c6 Pc7,c 7 Pc 7 ,c8 0 0 0
0 0 0 0 0 0 0 Pc8 ,c6 Pr8,c7 PS,c8 0 0 0
0 0 0 0 0 0 0 0 0 0 Pd9,d9 Pd9,dlO Pd9,dll
0 0 0 0 0 0 0 0 0 0 PdlO,d9 Pdlo,dlo Pdlo,dll
0 0 0 0 0 0 0 0 0 0 Pdl1,d9 Pdll,dlo Pd1l,dl1 _

IO JT JT jT JT T 0 0 0 0 0olloa o2jaa o3[oa a 4foa o 5loa 0 0 0 0 0 0 -

0I 0 0 0 0 0 jT jT JT JT jT jTo6loc o7loc o8loc o9loc olOoo olloc
00 JT 0 0 0 0 0 0 0 0 0 0ollal

00 0 J I2 0 0 0 0 0 0 0 0 0

00 0 0 J 31a3 - 4 3 J 513 0 0 0 0 0
0 0 0 0 0 J41 b4 0 0 0 0 0 0 0
00 0 0 0 0 jT 0 0 0 0 0 00o3Ia3 o03 oa03J 6

00 0 0 0 0 0 0 0 0 0 0 0o4J9b4
000 0 0 0 0 0 0 JT 0 0 0

.710 0 0 0 0
00 0 0 0 0 0 0o61o6 T

00 0 0 0 0 0 0 0 L 9T

00 0 0 0 0 0 0 0 0 0 JLOII 0
00 0 0 0 0 0 0 0 0 0 0 T

(4.29)



IPGI = J PL jT

= ol 0 
PL - JeTI

1. PA 0 0 0 0 (4.30)o 0 PB 0 0 TJei Je2 0 0 PC 0 0 T2
0 0 0 PD

= 1111Je21 - |P|PAl IPBI PCI IPDI III Je 2
TI

= IPO PAl IPBI IPCI IPD -

Therefore, the global uncertainty of the entire region only depends on the determinant of

each individual submap 10. The form does not include any information concerning how the

local maps are connected and which features are chosen as their local origins. Also, we can

conclude that minimizing individual local uncertainties is the only way to maximize the

quality of the global estimates if the estimation goal is to minimize the determinant.

Of course, this property does not degrade the importance of CTS based algorithms. Even

though the global uncertainty (the determinant of the covariance matrix) of the entire region

does not depend on which features are chosen as the root features, the trace (variances)

of the glob'al covariance matrix still depends on the qualities of the root features; That is,

the CTS based algorithms provide a solution that minimizes the determinant as well as

the trace. Figure 4-17 illustrates the effect of the root feature quality on the global map.

Suppose, as shown in the figure, that there exist three features, and two features are shared

by two submaps. Figure (a) shows the global map with the uncertainties of each feature

when feature 1 is chosen as the root feature of submap B. Figure (b) illustrates the global

map when feature 2, whose uncertainty is larger than feature 1's, is chosen as the root

feature of submap B. As described, the resultant determinants of the whole state are the

same. The uncertainty of each feature, however, in (a) differs from that of each feature in

(b). Consequently, we can conclude that the CTS based algorithms search the best root

feature that minimizes not only the determinant but also each variances.

'Again, this property relies on linearization and the assumption of a two-dimensional environ-
ment.
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Figure 4-17: Though the determinant of the global state does not depend on which

features are chosen as the root features, the variances (traces) of the global covariance

matrix still depend on the qualities of the root features.
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4.5 Experimental Results

In this section, the performances of all the described algorithms is compared through a

postprocessing result of a challenging data set.

4.5.1 Experiment configuration

Four tennis courts in the middle of the indoor track (See Figure 4-23) are used for the

environment of the experiment because the lines of the courts can be utilized as a good

ground-truth of the features' locations. For each tennis courts, 16 hurdles are set along the

line of the court. Figure 4-24 and Figure 4-19 illustrate the location setting of the hurdles.

In the experiment, two poles of the hurdle define a point feature with an angle; that is, one

pole defines the x and y positions and the angle is determined through the relative location

of the other pole. Figure 4-18 represents how the point feature with an angle is defined in

the experiment.

Y2

Y1 Y1

- - - --------- ..... .....

Figure 4-18: Two poles of the hurdle define a point feature that has three parameters: x

position, y position and the angle.

Since the distance between the poles of a hurdle is known, this hurdle feature envi-

ronment facilitates the data association. The data set, however, is still very challenging

because the dead reckoning (DR) performance of the B21r robot is quite poor as shown in

Figure 4-20.
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Figure 4-20: Dead reckoned robot trajectory shows the large bias error of the odometry.

The dynamic model and the measurement model for the experiment are defined as

e dynamic model

xV[k + 1] = x,[k] - u[k] - ST - sin($,[k])

yv[k + 1] = yv[k] + u[k] - ST -cos(Ov[k])

Ov[k + 1] =v[k] +<[k] -6T
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. measurement model

z [k] = (xf[k] - x,[k])cos(#,[k])+(yf[k] - y,[k]) sin(4,[k])

zV[k] = -(xf[k] - xv[k]) sin(OV[k]) + (yf[k] - yv[k]) cos(0v[k])

zo[k] = Of[k] - Ov [k]

(4.32)

Figure 4-21 and Figure 4-22 illustrate the definitions. It should be noted that the positive

heading angle of the robot is defined as being counter-clockwise from the y axis. The robot

navigates by two control inputs, the forward velocity u[k] and the angular velocity <[k], and

the measurements are obtained with respect to the robot's current pose. From the dynamic

model, the corresponding prediction step of the SLAM is written in the form:

Pvv[k + l|k] = Fv[k] Pvv[kIk] F,,[k]T + G [k] Qv [k] Gv[k]T (4.33)

where the Jacobians are defined

1 0

Fv[k] =0 1

0 0

-ST.

Guk =[T

-u[k] - T -

-u[k] -6T -

1

sin (0, [k ] )

cos(0, [k])

0
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cos qv[k])

sin(0v[k])

0

0-

JT
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x [, x,[k+ ]

+0

Figure 4-21: Dynamic model of the Johnson Center experiment. The positive heading
angle of the robot is defined as being counter-clockwise from the y axis.

0

Figure 4-22: Measurement model of the Johnson Center experiment.

Similarly, the observation matrix H~k + 1] is constructed when the i-th feature is ob-

served,
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H[k + 1] = [Hv I ... HI -.

where the robot block H, and the observed feature block H1 are defined as

- cos(#v[k]) - sin(#,[k])

sin(#v[k]) -cos(#v[k])

0

- (xf[k] - xv[k])sin(#,[k]) + (yf[k] - yv[k])cos(Ov[k]))

- (xf[k] - xv[k)) cos(#v[k]) - (yf[k] - yv[k]) sin(#v[k]))

0 -1

cos(#,[k]) sin(I,[k]) 0

H1 = sin(#v[k]) cos(#v [k]) 0

0 0 1

(4.36)

Finally, whenever the robot detects a new feature, the feature initialization is executed

through

Pnew = Pold
(Gx Pod)

(G Pold)T

G, Pld GT +GZ R GT

where G and G, are

0 -xi sin(#v[k]) -y cos(#v [k])

1 x, cos(#v[k]) - yi sin(#v[k])

0 1

cos(# [k])

G= sin($v[k])

1+ +( Y2zV1

- sin(#v [k])

cos(0, [k])

(X2 -X 1)

0

-0

(4.38)
0

0

(x2 -xl)j

1 (y2-yl)2-

The total time duration of the experiments is 39000 time steps for about one hour, and

during which the robot closes the big loop 8 times.
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Figure 4-23: Johnson Center experiment.

Figure 4-24: Johnson Center experiment.
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Figure 4-25: Johnson Center experiment.

Figure 4-26: Johnson Center experiment.
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4.5.2 Results and analysis

For the purpose of the performance comparisons, four algorithms are examined: (1) the

basic CTS algorithm, (2) the CTS 2.0 algorithm, (3) the NOS algorithm, and (4) the full

covariance SLAM algorithm.

a. The global uncertainties of a submap in time

First, the global uncertainties of each submap are compared in time. The result plots are

shown in figures (4-27 through 4-32). The lower graph of each page represents the re-scaled

version of the upper graph for clear comparisons. Each unceratinty is plotted at every 1000

time steps. In this examination, it suffices to compare the global determinants of the root

feature through each algorithm, because the local uncertainties are identical. To compare

to the full covariance SLAM result, the same features as the root feature through NOS

algorithm are chosen.

First, the graph shows that the global uncertainties monotonically decrease with time.

This monotonicity does not apply to the full covariance SLAM result because the chosen

feature is determined by the NOS algorithm. For example, in Figure 4-32, the uncertainty

at t = 7000 is bigger than that of t = 6000, because the NOS algorithm chooses a different

root feature.

The stairwise decrements of the CTS algorithm result because the map location im-

provement occurs only once per the robot's visit. On the contrary, the decrements of the

NOS algorithm imply that the map location improvement occurs frequently.

The overall performances are ranked in the following order: (1) the full covariance

SLAM, (2) the NOS algorithm, (3) the CTS 2.0 algorithm, and (4) the basic CTS algorithm.

b. The global uncertainties of all submaps at a given timestep

In Figures 4-33 to 4-42, the performances of all the submaps are compared at a given

timestep. For example, Figure 4-40 shows the global uncertainties of the root features of

each submap through various algorithms at timestep 20000. It can be easily seen that the

performaces of the algorithms are ranked: (1) the full covariance SLAM algorithm, (2)

the NOS algorithm, (3) the CTS 2.0 algorithm, and (4) the basic CTS algorithm. The

graphs also show that the uncertainties of a submap are generally larger when the submap
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is located from the global origin.

Until the submap networks are fully developed, all four algorithms are similar in per-

formance (See Figure 4-33 and Figure 4-34). In these early stages, only the full covariance

results differ from those of the other three algorithms. After the robot creates several maps,

the performances that each algorithm provides diverge. The differences result from the non-

linearity of the summation of the determinants (Figure 4-35 and Figure 4-36), and arise from

the differences in the information propagation depths (Figure 4-37 through Figure 4-42).

Until the robot closes a loop, the performance of the NOS algorithm is no better than the

CTS 2.0 algorithm as seen in Figure 4-35 and Figure 4-36. Once a loop is closed, however,

the NOS algorithm provides better performaces than the CTS 2.0 algorithm does as seen

in the figures after 6000 time steps.

These comparative results at a given timestep imply that the NOS algorithm is the best

choice for any finite time mission except the full covariance SLAM algorithm.

c. The submap tree structures

Figures 4-43 through 4-60 show the tree structures of two algorithms, the basic CTS algo-

rithm and the NOS algorithm. As described in the previous sections, these tree structures

are constructed by the parent and child relationships between submaps.

In the early stage of the mission, the tree structures are identical, which explains the

reason why the NOS algorithm does not provide better performance than the CTS 2.0

algorithm until the tree structures diverge. The NOS algorithm looks for a better tree

structure whenever a submap is improved and begins to build a different tree as shown in

Figures 4-43 and 4-44.

c. The final map location estimates

Finally, Figures 4-61 through 4-71 show the final location estimates of each submap by two

algorithms, the basic CTS algorithm (red squares) and the NOS (blue stars, '*') algorithm

compared to the full covariance SLAM solution (yellow circles).
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Figure 4-27: Global uncertainty profile of the root feature of the submap 3 with time.
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Comparison of the Uncertainties of Map 5

10 15 20
Timesteps (1000 ts)

4.5 F

Figure 4-29: Global uncertainty profile of the root feature of the submap 5 with time.
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Figure 4-30: Global uncertainty profile of the root feature of the submap 5 with time.
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Comparison of the Uncertainties of Map 6
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Figure 4-31: Global uncertainty profile of the root feature of the submap 6 with time.
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Figure 4-32: Global uncertainty profile of the root feature of the submap 6 with time.
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Figure 4-34: Global uncertainties of the root features at time step 2000.
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Global Uncertainties of Root Features at 3000 (timestep)
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Figure 4-35: Global uncertainties of the root features at time step 3000.
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Figure 4-36: Global uncertainties of the root features at time step 4000.
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Global Uncertainties of Root Features at 6000 (timestep)

SCTS
e CTS 2.0
- NOS

Full Covariance

0.01

0.009

0.008

0.007

0.006

0.005

0.004

0.003

0.002

0.001

0
4 5 6

Map Number
8 9 10 11

Figure 4-37: Global uncertainties of the root features at time step 6000.
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Figure 4-38: Global uncertainties of the root features at time step 7000.
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Global uncertainties of the root features at time step 20000.
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Figure 4-41: Global uncertainties of the root features at time step 30000.
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Figure 4-42: Global uncertainties of the root features at time step 39000.
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Figure 4-43: The structure of the

map tree by CTS at timestep 1000.
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Figure 4-44: The structure of the

map tree by NOS at timestep 1000.
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Figure 4-45: The structure of the

map tree by CTS at timestep 2000.
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Figure 4-46: The structure of the

map tree by NOS at timestep 2000.
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Figure 4-47: The structure of the

map tree by CTS at timestep 3000.
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Figure 4-48: The structure of the

map tree by NOS at timestep 3000.

152

Map Tree Str-l-r at U.m. =1000 .. C
50

20

-- 1

0

40 40

213

10

0

211

10

0

50 so

30

20

10

-4

0



Map T.. Slruolur. at V.. .4000 s1..

7
4

-50 -40 -30 -20 -10 0 10

Figure 4-49: The structure of the

map tree by CTS at timestep 4000.
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Figure 4-50: The structure of the

map tree by NOS at timestep 4000.
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Figure 4-51: The structure of the

map tree by CTS at timestep 5000.
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Figure 4-53: The structure of the

map tree by CTS at timestep 6000.
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Figure 4-52: The structure of the

map tree by NOS at timestep 5000.
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Figure 4-54: The structure of the

map tree by NOS at timestep 6000.
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Figure 4-55: The structure of the

map tree by CTS at timestep 10000.

Map Tree StrUcur at bim =20000 sec

-a

10

3

4

-50 -40 -30 -20 -10 0 10

Figure 4-56: The structure of the

map tree by NOS at timestep 10000.
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Figure 4-57: The structure of the

map tree by CTS at timestep 20000.
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Figure 4-59: The structure of the

map tree by CTS at timestep 39000.
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Figure 4-58: The structure of the

map tree by NOS at timestep 20000.

50

40
0

20l0(

Map Tree Stru r at m1 =3000 se

.12

10

11

50 -40 -30 -20 -10 10

Figure 4-60: The structure of the

map tree by NOS at timestep 39000.
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Figure 4-61: The global loca-

tion estimate of submap 1.
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Figure 4-63: The global loca-

tion estimate of submap 3.
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Figure 4-65: The global loca-

tion estimate of submap 5.

Figure 4-62: The global loca-

tion estimate of submap 2.
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Figure 4-64: The global loca-

tion estimate of submap 4.
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Figure 4-66: The global loca-

tion estimate of submap 6.
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Figure 4-67: The global loca-

tion estimate of submap 7.
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Figure 4-69: The global loca-

tion estimate of submap 9.
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Figure 4-71: The global loca-
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Figure 4-68: The global loca-

tion estimate of submap 8.
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Figure 4-70: The global loca-

tion estimate of submap 10.
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4.6 Conclusion

In Chpater 4, we have provided analysis of the CTS algorithm in detail and improved the

performances of the global uncertainties of local maps through two new algorithms using a

submap network. The performances of the new algorithms have been exmained theoretically

and empirically through an experiment.

The analysis of the CTS algorithm includes the tree structure, nonlinearity in the

root feature selection, information dissemination depth, and the global uncertainties of

all submaps. The submap network of the CTS algorithm always forms a tree structure, and

the uncertainty of a child submap is always greater than or equal to that of its parent. The

tree structure also supports the fact that global convergence can be achieved through local

convergence in a series of submaps.

In order to improve the global location estimation of a particular submap, the standard

CTS algorithm compares only the paths through the root features of neighboring maps to

find the root feature. Also, this subma-p location estimation process for a submap occurs

only once when the robot leaves the submap. These two operations for the global location

estimation of a submap result in a slow converging rate in certain environments, such as a

series of indoor corridors that form a large loop.

One new algorithm, termed CTS 2.0, considers the nonlinearity in summation of de-

terminants and reduces the probability that root selection falls into a local minimum by

maintaining the global pose estimates all root feature candidates. The running time of CTS

2.0 is still 0(1) as long as the number of shared features between submaps and the number

of neighboring maps are bounded by a constant (as assumed in standard CTS).

Another algorithm, termed NOS, utilizes the tree structure of the submaps and maxi-

mizes the information propagation depth in a very efficient manner. NOS algorithm con-

structs a more balanced tree structure than the standard CTS does. In order to propagate

information to other submaps, NOS algorithm employes a modified depth first search that

runs linearly in the number of submaps in worst case. However, it can be amortized and

executed independently of the main process of the SLAM estimation in local maps. This is

similar to the manner in which Bosse [10] performs the Dijkstra computation to propagate

uncertainty through the submap network in the Atlas framework [9].

A real experiment has been implemented and a performance comparison has been pro-
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vided for the four algorithms: (1) standard CTS algorithm, (2) CTS 2.0, (3) NOS, and

(4) full covariance SLAM. The results shows that the global uncertainties of submaps are

ranked from (4) to (1) with the full covariance SLAM solution being the best.

Also, our investigation of the global uncertainty of the whole region indicates that the de-

terminant of the global map not depending on the root feature selections for two-dimensional

SLAM. (The three-dimensional case will be investigated as future work). This result, how-

ever, does not degrade the importance of root feature selection, which still provides the best

form of the covariance matrix whose trace values are minimum.
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Chapter 5

Conclusion

In this chapter, we summarize the contributions of the thesis and make recommendations

for future work.

5.1 Summary of Contributions

The first contribution of the thesis has been to provide a detailed analysis of the CTS algo-

rithm, including the tree structure, nonlinearity in the root feature selection, information

dissemination depth, and the global uncertainties of all submaps. Also, an experimen-

tal analysis has been performed for the nonlinear Gaussian case and the performance has

been compared to other methods including the full covariance SLAM solution. In CTS,

the submaps always form a tree structure and the uncertainty of a child submap is always

greater than or equal to that of its parent. The tree structure also supports the fact that

global convergence can be achieved through local convergence in a series of submaps.

In order to improve the global location estimate of a particular submap, the standard

CTS algorithm compares only the paths through the root features.of neighboring maps to

find the root feature. Also, this submap location estimation process for a submap occurs

only once when the robot leaves the submap. As a result of these two characteristics of

CTS, the rate of convergence of CTS can be slow (in comparison to the full solution) in

certain environments, such as a series of indoor corridors that form a large loop.

To speed the convergence of CTS, we have developed two new algorithms, CTS 2.0 and

NOS. CTS 2.0 reduces the probability that root selection falls into a local minimum by
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maintaining the global pose estimates of all root feature candidates. The performance of

CTS 2.0 is always better than or equal to that of standard CTS because the root feature

is one of the candidate features. CTS 2.0 runs in 0(1) as long as the number of shared

features is bounded by a constant (as assumed in standard CTS).

Network optimized SLAM utilizes the tree structure of the submaps and maximizes

the information propagation depth in an efficient manner. Depth first search is employed

to propagate information to other submaps. It produces a more balanced tree structure

than the standard CTS algorithm does. The NOS algorithm runs linearly in the number

of submaps in the worst case. However, it can be amortized and executed independently of

the main process of SLAM estimation in local maps. This is similar to the manner in which

Bosse [10] performs a Dijkstra computation to propagate uncertainty through the submap

network in the Atlas framework [9].

An experiment with real data has been performed and a performance comparison has

been provided for the four algorithms: (1) standard CTS algorithm, (2) CTS 2.0, (3) NOS,

and (4) full covariance SLAM. The results show that the global uncertainties of submaps

are ranked from (4) to (1) with the full covariance SLAM solution being the best.

Also, the investigation of the global uncertainty of the whole region results in the deter-

minant of the global map does not depend on the root feature selections for two-dimensional

SLAM. (The three-dimensional case will be investigated as a future work). This result, how-

ever, does not degrade the importance of root feature selection because it still provides the

form of the covariance matrix whose trace values are minimized.

In addition to the study of large-scale SLAM algorithms, we investigated the properties

of the covariance matrix in detail. These include: (1) non-zero terminal uncertainty, (2) the

conditions for achieving a fully correlated covariance matrix, (3) exposition of the level-wise

update structure in the Kalman filter based SLAM solution, and (4) the uncertainty projec-

tion during compounding and root shifting. The first two properties clarify the conditions

that a SLAM solution should satisfy. The level-wise update provides clear dependencies be-

tween observed features and unobserved features during the Kalman update operation. The

properties on the uncertainty projection are effectively used to analyze the CTS algorithm

and to develop the CTS 2.0 and NOS algorithms in Chapter 4.

In order to examine the time behavior of the elements of the covariance matrix during a

SLAM mission, a closed form solution for the one-dimensional (MonoRob) SLAM problem
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has been provided. The solution applies for arbitrary initial conditions of the covariance

matrix and partial observations (not all features observed at all time steps). These closed

form solutions were then utilized to further investigate the properties of the covariance

matrix identified above.

5.2 Future Work

5.2.1 The nonlinear SLAM problem

Currently, the submap network structure does not have any constraint related to the Gaus-

sian assumption. This means that the current edge value, the determinant of a local covari-

ance block, can be replaced with any metric as long as it measures the uncertainty between

submaps. Also, because the global location estimation of a local submap is processed in-

dependently of the main SLAM solution, any estimation method can be employed without

conflicting with the main part of CTS.

According to the resultant map location estimation, the accuracy of the pose estimation

of a root feature is critical for a good global location estimation of its corresponding submap.

It is desirable to apply a nonlinear estimation technique such as the particle filter for

the pose estimation of root feature.

5.2.2 Implementation with undersea sonar data

One clear important goal for future work is to implement the methods developed in this

thesis on autonomous underwater vehicles (AUVs) performing large-scale mapping with

undersea sonar sensors. In Chapter 1, we defined the scope of the thesis to focus on the

scaling issue in SLAM. Accordingly, the problems of data association and environment

representation have been ignored. The Johnson Center experiment utilized hurdles from

the MIT Track team as "point" features. Measurements were associated to features using

joint compatibility and random sample consensus, two state-of-the-art methods for data

association in SLAM.

In moving our techniques to the ocean environment, we propose to employ the sonar

data association and feature modeling techniques developed by Rikoski [72] and to combine

them with the submap matching and relocation (loop closing) approach developed by Bosse
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in the Atlas framework [10].

5.2.3 The multi-vehicle case

The problem of cooperative mapping by multiple AUVs is particularly useful and fascinat-

ing. For example, one project ongoing at MIT in collaboration with Bluefin Robotics seeks

to develop the capability of rapid search and survey of large environments using hetero-

geneous network of AUVs. In this approach, some vehicles (called Comm/Nav Aids) are

equipped with high-accuracy inertial navigation systems and other vehicles (called Search-

Classify-Map vehicles) have higher resolution object mapping sonars but less accurate nav-

igation capabilities. The vision for this work is that the multiple vehicles navigate together,

using a technique known as "Moving Baseline Navigation" [69], which is analogous to con-

ventional undersea Long Base Line (LBL) Navigation [60], but with mobile transponders.

The data fusion requirements of this type of system are very challenging because of

the danger of the inconsistency that can occur when combining sensor information in a

distributed sensor network. If shared robot pose information forms a cycle, then consistency

breaks down. For example, if Robot A uses the pose information of robot B, that is

based on previously communicated pose information for robot A, a cycle is formed and

inconsistency will result. The methods developed in this thesis can prevent this type of

situation, preventing inconsistency and enabling safe cooperative mapping and navigation

of multiple AUVs.

5.2.4 Integration with autonomous exploration

In Chapter 1, we began the thesis by writing of the "dream" of a robot that could navigate

fully autonomously. Subsequently, we have focused only on a narrow aspect of the overall

navigation and mapping problem - large-scale SLAM. In future work, we hope to integrate

the algorithms that we have developed and to apply the insights into the SLAM problem

solution structure that we have gained, to build truly autonomous robots capable of making

long distance, long-term duration excursions in unknown environments.

There has been extensive of work on the robot exploration problem, but there has been

very little work, to our knowledge, that has coupled exploration and large-scale SLAM. For

example, Newman, Bosse, and Leonard demonstrated feature-based real-time exploration of
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unknown environments [66], but this approach did not explicitly reason about loop closing

or even about the convergence of local maps.

Our investigation on the properties of the covariance matrix tells us that not only

the frequency but also the manner and the order of observation matter to get good local

convergence. For example, it is desired to observe multiple features simultaneously to

strengthen their cross correlations. In terms of observing feature pairings, one large forest

is preferred to multiple, weakly connected forests.

In term of the tree structure, it is desirable to balance the lengths of branches. One ideal

structure is a tree whose branches are all one level; that is, all nodes except the root are

leaves. During exploration, we can try to balance the tree structure by grafting branches.

In closing, we feel that our results demonstrate the utility of a network optimization

view of the SLAM problem. Given that a network of submaps is a powerful representation

for large-scale mapping, it is natural that network optimization algorithms [22, 1] can be

effectively applied to SLAM to yield better performance.

We believe that one can formulate a unified Autonomous Mapping, Exploration, and

Navigation (AMEN) problem that seeks to determine the optimal motion strategy for a

robot to explore an unknown environment, applying network optimization algorithms to

concurrent achieve (1) a desired coverage of accessible space, (2) the addition of new submap

links to close loops and to connect different explored regions, (3) good convergence in

local maps, and (4) doing this in the minimal amount of time. Given that we have a

stochastic problem (due to robot motion and sensor uncertainty) and the network link

costs are nonlinear, there are many open challenges to solve.
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Appendix A

Solution Procedure for the One
DOF SLAM Problem

This section provides details of the solution procedure for the one degree-of-
freedom (MonoRob) SLAM problem presented in Chapter 3. We consider two cases:
(1) one observed feature and two unobserved features, and (2) two observed features
and one unobserved feature.

For simplicity, the number of features is set to be three (i, j, and n). The expansion
to include more features is straightforward.

A.1 One Observed Feature and Two Unobserved
Features

The MonoRob problem formulation for one observed feature (feature i) and two
unobserved features (features j and n) is as follows:

" Dynamic Model
k(t) = Fx(t) + G (u(t) + w(t)) (A.1)

where, F = 0 ,and G = [1 0 -__ 0 ]T

" Measurement Model
i(t) = Hx(t) + v (A.2)

where, z(t)=zj(t), v=vi, H= [-1 0 ] I ... 0]

" miscellaneous

X (t) = X [x (t) X 1(t) .-- xn(t)]'

Q E[wwT] = q (A.3)
R = E[vvT] = ri
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* Solution by the differential Riccati equation

where U a

P(t) = FP(t) + P(t)FT + GQGT - p(t)THTR-lHP(t)

P(t) = U(t)V-1

nd V satisfy the following:

TU(t)] F GQGT] [U(t)]
t(t) H TR-1H -F T V(t)

U(0)_P()

V(0)I

with,

U(t) = GQGT V(t)

V n
Vin

V n
vnnj

(A.7)

a -a 0 0- Une(t)

V(t)=HTR-1HU(t)= a 0 0 Uiv(t)
0 0 0 0 Uv(t)
0 0 0 0 [Un.V(t)

a(UII(t)-vi(t)) a(U0i(t)-Uii(t)) 0(Vj(t)-ve(t))
-e(Uv(t)-Uiv(t)) -Q(Uvi(t)-Uii(t)) -a(Uos(t)-Uij(t))

Un2(t)
Uii(t)
U(t)
Un(t)

U (t)
U (t)
Ug(t)
Un(t)

aCIWIIt)-Ui'(O))
-Ce(U,,,(t)-Uin (t))

0o0

A.1.2 Solutions of U and V

1. Une(t)
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(A.4)

(A.5)

(A.6)

A.1.1 U and V

q 0

0 0
0 0
-0 0

qVv
0
0

_0

0
0
0
0

(t)

0~ Vvv M V M) Voit M
0 V 0t v W vi
0 vv(t) Vi(t) vi M
-] -V ,(t) Kn (t) Vni (t)

qV (t) qVvj (t ) qVn

0 0 0
0 0 0
0 0 0_

Uv (t)~
Un (t)
U (t)
Unn (t) (A.8)



Uvv(t) = qVv(t)

Uv(t) = qVv (t)

= q{a [UVV(t) - PV]}
0,,(t) - qaUv,(t) + qaPiv = 0

Uvv(t) = AeV + Be~'t + Piv

(A.9)

By the boundary condition,

(A.10)

its 1st order derivative, and its boundary condition

Uvv(t) = A qae t - B qae-<t

Uvv(0) = qVv(0) = q = (A - B) /q-a

A - B = q
a

(A.11)

it follows that

A =1
2

B 1
2

P - PIV + a

E PVV iv

(A.12)

:q*

Uvv(t) = Ae/q t + Be-ft + Piv

- PIV + q) e V'q t +

-Pi ) (e, + e + 2

Pvv - PI -

(ev - e

q)

Vt )+ Pi

sinh( qat) + P v

(A.13)

2. Uvg(t)
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= Por

1 ( P V V

e- + P

= (Pvv - Piv) cosh( ,/q-at) +



Uvi (t) = qVi (t)

UOi (t) = qVo (t)

= q{ [Uvi(t) - P } (A.14)

Uvi(t) - qaUni(t) + qaPi = 0

Uvi(t) = Ae~it + Be- + P

By the boundary conditions,

Uv(O) = Pvj = A + B + P (A.15)
A + B = Pm- Pi.

its first order derivative, and its boundary condition

Ui(t) = AJq~ae vq - Bfg~ae-

Uvi(0) = qVvr(0) = 0 = (A - B) qca (A.16)

A-B=0

it follows that

A = [Pi - P ]2 (A.17)
B = [Pi - P ]

Uvi(t) Ae/t + Be<-t + P

= - (P~i - Pi) eVt + _(P - Pii) e- vt+P
2 2 (A.18)
1

= 2(Pr - P (eV +e + i

= (Pvi - Pj) cosh( vqct) + Pj

3. Uv,(t)

Uvj(t) = qV (t)

Uvj(t) = qXv/ (t)

= q {a [Ung(t) - Pij]} (A.19)

OUv(t) - qaUvj(t)+ qaPjj = 0

Uvj (t) = Aevt + Be- * + Pig
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By the boundary condition,

Uvj(0) = Pvj = A + B + Pj

A + B = Pvj - Pj

its first order derivative, and its boundary condition

Uvj (t) = A /qect - Bfqae-1 t

Uvj (0) = qVvy (0) = 0 = (A - B) qa
A-B=0

it follows that

_1

B = 1
(A.22)

[Pu3 - Pij ]

Uj(t) = AeV't + Be-<q + Pij

=(Pu, -Pij) e,, + -(Puj - pij) e- P.
1
2 Pi) (e,+ e~/ ') + Pij

= (Pvj - Pjj) cosh( Vqct) + Pj

Uvn(t) = (Pvn - Pin) cosh( Vqat) + Pin

1
Pin) et + - 2 (Pun - Pin) eC-W t + Pin

"Vo(t) = a {U (t) - Piv}
= a { Aevt + Be~v + PV - Pi}

= a {Aevqt + Be~vt }

VV(t) = a1 { Ae\/ - Be- t } + C
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(A.20)

(A.21)

4. Un(t)

(A.23)

1
2

5. V, (t)

(A.24)

(A.25)

A = 1[Pug - Pi|



Vv(0)=1=a {A-B}+C
qa

=1+C

C=0

Vv(t)= a {AeVqt - Be- f}
,qac-

+ 1

= P - Piv) sinh( qat) + cosh(Vq-at)
q

6. Vvi(t), Vv (t) and Vn(t)

Vi (t) = a {Ui (t) - P}
= a {(-P Pii) cosh( qat)}

Vi (t) = a - a z)sinh( y/q-at) + C

Vvi(0)=0=C

Vi(t = (Pi - Pii) sinh( qat)

(Pv - 1
qP -

= qUv
q

1 - --~ 2 qa(Pvj - Pij) e\qt

2 -q (Pvj-P~)e~

2 qa (Pv

-1 a (
2~ e(Pvi

q (Pv .- P) sinh( q1at)
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- Pij) e- -t + Pij

(A.27)
-pij)e/t

a (PV - Pi-
q kV

q) e l/' ct

(A.26)

Vv (t)

Pii e-It

q

a -P
2 PVV iv2 q(



Vn(t) = {Uvn(t) - Pin}

Vo(ta) = (Pe - Pin) sinh( /qat)Vvn () = q

1 a
"'n Pin)e-\,fqt-
q (

1

7. Usv(t), Uji(t), Uj (t), and Uin(t)

U(e(t) = 0 + U Pt)=P

Ui(t) = 0 - U(t) = Pi

Us(t) = 0 -+ (t) =Pi

Uin(t) = 0 -+ Uzn(t)=Pin

8. Vi (t)

= -a(Uvv(t) - Uiv(t))

- Piv) sinh( y/qcxt) + cosh(V-qat ) + C

v (0) = o - + C

C=1

iv W)e= (Poe - Piv) sinh(-q-at)

Piv - q

+ cosh(Vq/at) + Ii

e-<t +1
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(A.28)

(Pvn - Pin)e-\tq

(A.29)

iv(t)

2

(A.30)

1 aV( Pvv -
Cq -cetq (PVV - Piv + e\lq



Y4i(t) = -Vi(t)

ii(t) = - - (Pvi - Pii) sinh(Vfq~t) + C
q

l4 i(0) 1 = 0 + C

C =1

Vi(t) = - (Pvi - Pii) sinh( qat) + 1

I 1 1 a
(Pvi/ -aii)eVqt -

2q 2 q
Pvi - Pii)e- p + 1

- Pij) sinh(

- Pij)evqt
1a

+- -(P.j-
2 q

in(t) = - v (t)

Vin(t) = - - (Pvn
q

Kn(0) = 0 = C

n(t ) = - - (Pvn

1 aP
- 2 q

- Pin) sinh( qfqat) + C

(A.33)

- Pin)ect + q Pe
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9. V (t)

(A.31)

10. K, (t)

(Pv 2

(Pr,

qat) + Ca
vii(t) =-

- q

)=0 =C

vii(t) =-
- q

2 q

11. Vn(t)

(A.32)vij ((

- Pi ) sinh( fq-at )

- Pin) sinh(V Mct )

- in e-,.q



12. The other elements

Uiv(t)

Ti(t)

Uji(t)

Ujn(t)

nv (t)

Un (t)

Unn(t)

-+4

-+4

-- 4

->4

-+4

->4

->

-- 4

Vy (t)

Vgi(t)

Vii(t)

Ygn(t)
Vue(t)

14vL(t)

V7n(t)

Ujtt) = Py

Ui (t) = PFi

Ui(t) = P

Ujn(t) =Pn

Unv(t) = Pnv

Un = (t) Pni

Uni (t) =Pn

Unn(t) =Pnn

+ V (t)= 0

+ V (t)= 0

+ Vg(t) =1

+Vn(t)= 0

+Vnv(t) = 0

+Vni(t) = 0

4Van(t) = 0

Vn V(t) = 1

A.1.3 Summary in matrix form

. U(t)

(Po,-Pi,,) cosh(Rat)+ ( I q )sinh(rgat)+Piv Pi, Pjv Pnv 1 T

U(t) =(P-Pij)cosh( /g~ct)+Pjj Pii Pji Pni
(Pvj-Pjj)cosh(vIq~5et)+Pij pij pjj Pnj
(P~n-Pin) cosh( rq~t )+Pin Pin Pin Pnn .

{~~ ~ ~~ V e Pv eM+ Pe-Pie -v!)e +iPo jP
'(Pv-Pii)e it+{(Pi-Pii)e-v/q+Pii Pii Pji Pni

'Pv-Pij)evi+!(Puj-Pi je-M'+Pij Pij Pjj Pjn
.(Pvn-Pin)e /'t+ 1 (Pn -Pin)e-/at+Pin Pin Pin Pnn _

T (A.36)
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(A.35)



004

-0C

-IcqI -Ilcq + +

1 N C-4

17

. V(t)



A.1.4 Inverse of V(t)

Let V(t) be [vvv
viv
Yiv
vn1V

Vvt V, Vvr"

V,, V,3 V

Vnt Vn'j Vnn-

V(t)- ViV
-Vn

V Vj

Vniv n

Vadjt) ~M V
0
0

%i
V _it -m i

[v
0
0

VVn

Vn
Vi nVnn I

vvvV

0
0

0 V.Vj4,, - V~ilKV

0

-vvi
Vvv

0
0

0

vv Vv Vn
1-vvi -Vvj -vn]

0 1 0
0 0 1

Lv Kn %~1
VvnViv -VvvVn)

0
VVVii - V 0V% J

-Vj -Vn

Vv Vn
Vvv - Vv 0

0 VV vL

det(V(t)) = V,{V 2 - 1 -1} +V 2 {V -1- 1} +V3 -0+Vn - 0

=VvvVi -VviViv

=VV -LVv

Pvv - Piv) sinh( qat)
q

+ cosh( Mqt) -
ae

-(P 2q
- Pii) sinh( -q-at)

Pe - Pvv - P + Pii) sinh( fgqat) + cosh( qat)

2

- I Pi Pii)1 aq

+ QI -(P

e +2 q+

Pv - Pv q lJ6.e t

- P),e-

2Pv + P + q)

1 e -
(P - 2Pv + P - )

(A.40)

Thus,
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Then,

(A.38)

(A.39)

and

2 q
Pv -

C PVV -



Vii -Vviz
- Viv Vv,6

0 0
L0 0

V-1 ( 0 - VI VV'(t) - 1ivv

i 1
VVVe% - KVV

Vis
-iv
0
0

-Vvi
v 
0
0

ViVi - VvV 2 i V Vin - V 1nV
Vvjgv - VvVij VnViv - VVzn)

vv~ii V Viic 0
0 V.Vii - Kvi zv

(A.41)
- vvi
Vvj

vvv - vvi
0

- v
Vn

0
vvv -vviJ

A.1.5 Elements of the covariance matrix

1. P

Pvv (t) = (UvvV- 1 + UviVi- 1 + UvgVj1 + Un Vn-l)
1

- [UnVe + Ui (-Vw)]D
{& ( P - P'i + e + - P i. - + P 

x -i f Pi-P~ '+ _( e -p,,)e~ + 1,

- 1 { f(P ui - Pi)e + i (pv p -- Pe - ) + p

e2V't

+D { }/2LPv-Pv ,)(Pvi--Pi)-J( VLPv-P,)(P.v-Prv+ ) }
D 4V/ 4 q

D
e e v-Piq-a t -A a/ Pin PiP

D +-2 v/"q Pi(P,,,-Piv+y/ E )-*1(P,,-Pii)+e-\/t {1 - fPv~iPii

+ 2 {Pv -Piv - )+ 2Pi (Pu Pz: }
D2 -i iu P -iyi ( Pn~ ) 2

1 iy/ fPo -in~!!( erPo)- 4/ a (P" -P41)- -!) ( Pi - Pi )+P e,
D -i/(P -Pi),P+ - P )+ V Pi-o(orPx/qP( a(p( 

A .4 2

+ 1 ~jv-~--

(A.42)
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D -- 2
+ v~-2Pv+P-,i-v 4j+~ 12Vf P"" P"" - p"'Pt- PuiP',+TP P + Piv~ } T

1 f
[ P Pi) P P)- -P

+Pi, -Pii }
1' eq( Pv -

( Pvv

P - P) q+ Pi2 P

uv -P?v + P

P Pvv + iv+P2io

Pvv - -PSq ia+

( PVV

+ {Pvi - P}
D

{ v(PV-2Pv+Pi+ + [ P P +P ]}
[Pvv - 2Pzv + P +VI

q

a '

+

P i Po- P + P f]

[Po - 2Pi, + Pii+

177

eVf-{ }
1 (2

D 2l~

evfq{1

}

}
+ p2q }

lpiip
e-v/qat

+ D 2

+ D 2

V q) +

q) + 1C 
ip

q [p vv

+ Ia -Pip



2. Pj

Pvi (t) = (UnvV 1 -i + Ui Vii1 + UjVji 1 + UvnVi

D [Uv(-Vi ) + UviVvv]

_ (P P_+ ) e + (l - ,

x {.} V. (Pi - Pp)eVt - i (Pq P I)e

+ - { (P, - Pi.)ei + } (Pe,. - Pii)e~V5 +p}

x {{ (Pvv - p., + e _,'q-- - p , / ) -v'1 -

2 {fq'(v V q(a-ii(v-ilx~

e2 t (Pv-Pi+v)(P-Pii)+ -- V /q(PviPii)(Pvt-Piv +V}

D

+ Ie { 1

+ - lzt

+ 2

+ I a Pv
D q

11 4

D 4 -q( Pv2

1 17

D 2

+ e-at

+ {
D 2

11a
D2 q

P(P

aq

v - Piv+

q

- Pii) (PV -

- Pii) (PV -

-Pii) +. P v(or-

-Pii) - P Pv -
2 Vq (P

Piv +

Py-

(Pvi - Pii)

(Pi - Pii)

Piv -

Piv +

{ -p.vp + PiPu + PlPvv - PiiP + Pu

{PvP - PiPi - PiPv + PiPzv + P2

(Pv -+v )(Pri-Pui)-(PVV-P) - )(P-Pi) }

Vq}

Ci}

(A.43)
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_11 a r-

D2 evrt yPiiPvv -PvPvi +Pii a)

+ D2e q aJ v i

+ 1 -(Pvi Pii)
D

- - (Pi1P1Jv-Pivpvi+Pii y'Y.) +e o/t (-Piv~ipiPiV +2y/ u'vi-Pii)

eJ
4 ot [Pvv-2Pi,+Pii+ VT -eV- t [Pvtrn2Piv+Pii-V

7
I]

(PiiPVV - PVPVi + Pli )

3. Pv

Pv1 t =+u 77 + UVj v n'

I [Uvv(-Vv 1) + UviVvj +U(VV
D

eV~ {FvPrn + PjvPii + Pjj'vv - FTPiv + Pi i} 1I+e- Iqct { P'vPv PjvPii - PjiPvv + PjiPzv + Pj~i VI}
+2%1.!(Pjv - Pji) J (A.44)

eVIqct [Pvv-2Piv+Pii+ V I ~ev/qat [Pvv-2Piv +Pii-{~

[Pvv ~ - 2jivi++Pz i + V}
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4. Pvn

Pvn(t) = (UvvVV-7)+ UviVi + UvjVn + UvnVnl)

D Uno( -Vvn) + UviVn + UnV -(V )]

J e' St {-Pnv PRi + PnvPzi + Pni Pvv - Pni Piv + Pni V}
+e--=t {PnvPv Pi - Pni Pvv + Pni Piv + Pni V} (A.45)

+2 f( Pan - Pni)

{Pnv Pvi + PnvPii + Pni Pvv - Pni Pzv + Pn

(Pvv 2Pzv + Pii + VIT]

5. P

P ,(t) = (UroVj1 + UiVi- + UijVj + UinVn-l)
1
1 [Pi V + Pjj(-Vi)]

D
eft (Psi P - Piv Pvi + Pz '1

+e~at ( -Pii Pv + Pv P + Pli V)

+2 e/ Q(Pv - Pii)

evr-t ( Pvo - 2P7,v + Pti + yqa] - -[(Pvv - 2Pi + Pu -

( PsiPer -Pro P i P

[Pvv - 2P + Pii + VTs]
(A.46)
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6. Pi

Pii(t) =(UvVT' + U Vj- +UiV + UinV )

I [P (-V) + PiiV

2 qPv - Pii)eVat -

1
+ P { 2 (P"V-Piv+V /-e I

D - ( -
_~~f- 1 {_ peVt [(P _ p~

(pvi - p e-
2 q

Vf (Pv-Piv- V/j)e- }

+ P iPvv P + A

<.~ii( -P) - P..(PV - P2v -VD (2 q [vv ~V

_ {e [P PoPii-P2 +Pii )]+e- I [P -PPii Pii+P

D

- eV [PerPsi-P +PiiV%)]+et- '[P-P2 Pii+P i -- )]I
.iVy-2ev'-[P,, -2Pi,+Pii+ V/i]-! Ve-' [Pv,-2Pi,+Pi -

e v/ P sP i - PV +fi ] + e (Pl - P + P
e (Pvv 2Pi + P + - a e- (Pvv -2Pzv + PiiVf

(A.47)
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Piv
- D

}

[ Pr Pi -Pit+ Pi V:]

( Pvv - 2Piv + Pii + lf



7. Pij (= Pj )

Pi.= UzV,- + UziVi1 + UijV71 + UnVn- 1

= [Piv(-Vvj) + PiiVvj + Pi (Vvv -Vi)D

{ e' q { -Pjv(
+e -V/t { Pv

Pvi- P) + Pji(Pv - Pi +
( Pvi -Pii) - Pi( Pv - i - V/) } }

eVrqatE~v2i+ i ~ -,--t[ Pi ie Pvv - 2P) + P} + I] - e - +

{i -s(Pvi - Pi) + Pi (Pvv - Piv + V/c)}
[P.v - 2Piv + Pi + Vij]

(A.48)

8. Pin (= Pni)

Pin = U V-n + UiVin 1 + UijV-; + UinVnn

[Pjv(-Vvn) + PVvn + Pin(Vvv - Vvi)]{ e t' { -Pan(Poi - PvF) + Pni(Pvv
+e Pat {P(Po - Pv ) - Pni(Pvv

Piv + V!) }
Piv-. 3)}

e vvPo - 2Pzv + Pti + ]-e-M (v - 2P?,v + Pii -

{Pnv (Pvi P- ) + Pni ( Pv - Pv + 3) }
[Pv - 2Piv + Pii + ]

(A.49)
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9. P3 v

=i Uj~v;17v + Uji1/i1 + UjjV' +F UjnVn7j7

I [FjVvi + Pji(-Viv)1

- ai~Vt + eq -(pv'q 2 q

- va

D 2 q L

+ 2 -(Pjv - P,)
D q a

=1Ie V'--t { - Pii) + Pi (Pvv

+2 Pi -Pi()

-PV+~
-piv-

P)e.-V/q-t +

Piv -

a) }

/qctPv %V+P2 2P+\/,+7 i

1]

}

(A-50)

I
[ e"-o t { -P~vPvi + PvPi + p~pv - FPi ~i

{+~vv PjvPui + PJpVV - Pv +Pjipi + j}/I

I
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D v 1- 2

-piv (,
t f Pjv (F



10. pji (= Pij)

P.i = UvV + U V + UjjV.- + U -nV

= [Pv(-V) + PgVvv]

V) e-v I

{ { -Pv (Pvi - P) + Pi(P - Piv + )}
+e-t { PJ%(Pr2 - P - Ps(Pvi - Pi - 1)}

(A.51)

11. P..

P = UVJ +UiVj +UV + UnV1

1
[P lp -V) )+ PjiVv + Pjjvvv -Vi)]

D [Pv(-V) + PsiiV + F

V (Pi t -P ) +)

3,( P3v)2 + I -p VF

D

p2

1 e/ P--Vtpp.v)2+ fe~ t(pj.-pj)2
2 q '- P J%+Pil+ 

2 $q P V-2+ .+

(P -P 2+)2

[Pvv- 2Pv + Pi +J
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1
-- Pi

DJ 2 q

evq-t {
+ e - ,qc

( Pv -- P -

-P(Pv -
{ Pjv(Pvi -

D

Pii P iPvv Ptv + NF4)}Y
pii pi(pv - P_ - 3f}

}

+131

(A.52)

e V-at[Pv- 2Pzv + Pii + V ] f- a t2 (Pv - 2Pzv + Pi

- Pvi - Piije-

+ DP 2 2( Pv v - Ps v + 2

I V/ a-
2 q

[Pvv - 2Ptv + Pi +V ]



12. Pin

Pin = UjvVv1' + UVn + UgjVj-;+ Ujn Vn-'

{ {P ,(-Vvn) + Pj(Vvn) + Pi - 0 + Pn (Vv - V }

D(Pi ( - P ))V+n + PiPD (A.53)
(Pji-Pju )( [ 2Vf (Pen-Pin)e -'- Va(Pvn-Pin je--q+ i

i g e t ( Pr -2Pv+Pe- V--a e~ Pv, P -2Pi,,+P 3

(Pi - Pi )(Pvn - Pin)
(Pvv - 2P)P + Pfi + a
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13. Pn,

Pnv = UnvV- + UniVi +- +UnjV- + UnnVn~

= [PnVii + Pn(-Viv)]

- Pii)e~/q 2 SP - Psi) Ve + ii
PPni [ -/(vv-Piv+VfK)eV&t+ (P--Pi-V"j)e- c+1]

Pn (Pvi -

1 1 a -r
+ -- e. fct Pnv (Pvi

D2 q

q
- Pv- Pni)

a

-Pn (Pvi - Psi) + Pni (Pvv - Piv +

t { Pn+ (Pvi -P ) - Pni (PV- Pi-
+2V-( Pn - Pni)

e t -Pnv Pvi
+e- t PnvPvi

+ Pnv Pii + Pni Pvv - Pni Pi + Pni
- PnvPi - PniPvv + PniPiv + Pni

+2,- q(Pn - Pni)
erct PIv--2Piv +Pii+/] -- ~ [Pvv-2Piv+Pii--

{-PvPvi + PvP + PniPv - PiPiv + Pni V }
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- Pnv
=D'

1

D 2 q Psi) + Pn (Pm V

Psi) - Pn (PoV

11 a

+e { Vq-

- PZV + q

-Pi,-Pq

(A.54)

-7>

I

2

Iqct [P.-2Piv,+Pii-evqct [P,,,,-2Pj,,+Pjj+ VT



14. Pni (= Pin)

Pni = Uvii + Un V + UnV + UnnV

= [Pnv(-Vi) + PniVvj

-PnV 2 V - P i , S -_ p (Pvi - Pii)e-vrqt

i
+ Pni { 2i /R(Pvpz+ )ev - y- (Pvv-Pivc- )e-/

[evft {-Pnv (Pv - Pii) + Pn ( Pv - Pi +
2 e-'a t {(Pp - p -p p -

D

{ - /t {(-Pi( P - P+ Pn) Pv - Piv +
+e- i { PFn(Po - PvF) - Pni(Pvv - - }

e [Pvv - 2Pv + Pi + ]e vP - 2P +

{-Pn(Pv - Fii) + Pni(Pv - PiV + }

(Pvv 2Pjv + Pi +

(A.55)

1 5 . Pnj

P= UnvV + UniVj + UnjVj + UnnV'

{ Pan(-Vvj) + Pn (Vvj) + Pnj (Vvv - Vv) + Pnn 0}

(Pni - Pn)V

D

2 /(P-2 -+- + p. (A.56)
- g e t ( Pv- 2 Pi v+ Pi + 1-2 e-VM*O(tPv,,- 2Pi+P--9

(Pn- - P- Pj)
(PVV - 2PWv + Psi + q)

- P - P)(P n - P m

(Pvv - 2i + Pi +
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16. Pan

Pni = UnvV + UniV1/' + UnjV-; + UnnVn-n

= [Pan(-Vvn) + PniVvn + Pnn(V - Vvi)]

= [Pan(-Vn) + PniVvn] + Pan

= D
-V eVn(Pni - v PnV2 + (.7

n, n) 2 1 2 e ,/qe'(Pi -Pn (-57

D
- 2P 2+. e (PnP )2

eV/- t [ v-2Pi,+Pii+ VT- eqt1 -2Pi+Pii -

_( pn, _pn2

( Pvv - 2Ptv + Pi +

+ nn
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Limiting value of each element

1. PVV

lim P,=-
t- 00

[PruPV - PJ2 + P
+

[Pov - 2Pjv + Pj + Vf

lim Poi
t-00

( i PVV - Pv Pi + P I)
[PVv - 2P,+ Psi +J]

{-PvPvi + PvPsi + PjiPvv - jPP + PF i}

[Pvv - 2Pvi + P + IPi

{ Pn Pvi + Pn Pi + Pni PvV - Pni Pi + PniV

(Pov - 2Piv + Pjj + f

imPFi=
t-*-oo

(PsiPVV - PVPVi + P a

[PVv - 2Pjv + Pji +

imP- Puu~I2V + p )]lim Pi = [Pvi 
/t--*o [ Pov - 2Piv + P?,i + Va

10. Pi

lim Pi -
t o JC

{ -P( Pi - Psi) + P51( PV - Piv + ) }
[ Po - 2P, + Pzj +

-P ( Pi - Pii) + Pni ( Pv - Piv +

[Pov - 2Pzv + Pzj +V ]

-PsPi + PjuPi + Pjip P-Pi+Pji }

-Pi( Poi - Pi) + Pji (PVV - P + )}}
[ Pe - 2P - + P + f
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2. Pvj

3. PvJ

(A.58)

(A.59)

lim P3 =
tx +0

4. Pvn

Iim Pn =t-xOO

(A.60)

(A.61)

6. Pj

7. pi

(A.62)

(A.63)

lim P =

lim Pi =
t-oo

9. Pv

(A.64)

(A.65)

ur l %. . =j
t-+ooC

(A.66)

(A.67)



lim P-
t-00 -

+ P.

(Pi- Pv)(Pvn - Pin)

(Pvv- 2Pv + P + V)

{-PnvPv + PnvPii + PniPvv - PnF Pi + Pnij }
[ Pvv - 2Pjv + Pi + q

-Pn (Pv - Pii) + Pni (Pv - Pi +
Pni =r

limP =
t-+ n

(Pni - Pnv)(Pj - P,)

(Pvv- 2Piv+ P + )

-(pn _ -pnv) 2
urn P~ =

+ Pnj

+ Pnn
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11. p.3

lim P
t Jn -

13. Pan

(A.68)

(A.69)

IiM Pv =
t-+oo

14. Pni

lim
t--+oo

15. Pn

(A.70)

(A.71)

16. Pan

(A.72)

(A.73)

(pj, _ pjv)2

12. Pn

t-+xOoi (Pvv - 2Pzv + Pj + j]



A.2 Two Observed Features and One Unobserved
Feature

We next present details of the derivation of the MonoRob solution for two observed
feature (features i and j) and one unobserved feature (feature n).

e Dynamic Model
c(t) = Fx(t) + G (u(t) + w(t)) (A.74)

where, F=O, andG= [10 ... 0]'

" Measurement Model
i(t) = Hx(t) + v

where, z(t) = [zizy]T(t), v = [viv]T, H = 1 0]

" miscellaneous

x(t) = [xv(t) x1(t) - xn(t)]T

Q = E[wwT] = q

R = E[vvT]= [,]

* Solution by the differential Riccati equation

P(t) = FP(t) + P(t)FT + GQGT - P(t)T H TR-HP(t)

P(t) = U(t)V-1 (t)

where U and V satisfy the following:

E (t) 1
V(t)

(A.75)

(A.76)

(A.77)

(A.78)
F GQGT] [U(t)]H T R-H -F T V t

with,

U(O)
V(0)]

[P()]
I (A.79)
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A.2.1 U and V

q

(t) =GQG T V(t) 0
0
-0
qy

V(t) = HTRlHU(t)

_ 1 0 0 ~-1
- 0 1 ri y 1

0 0

a + 1

0

-1 -1

1 0
Ti

0
0 0

+ (U-- U)
-- (Uj v- -V U)

0(uy-U,)

0 0 0~ 1FV(t) Vi(t) vv
0 0 0 V(t) V(t) Vi

0 o 0I v'v(t) V,-(t) vY
0 0 0_ nv(t) V(t) V

v (t) qVvi(t) qK jt) qvn
0 0 0 0
0 0 0 0
0 0 0 0_

1
0

0
1

0~ UW(t)

0 Ui(t)
0o U,,(t)

0 Unv(t)

UW(t)
0i U(t)
0i UW,(t)

LUsW(t)

Uv(t)
Ui(t)
Ui(t)
Un(t)

L
ii
L
L

M(t)
SM(t)
, (t)
,(t)

S(t)
(t)
M(t)
S(t)

Vv~

Vin

V n
Vn-_

(A.80)

Uvn(t)1
Uin(t)

Un (t)
Unn(t) j

U (t)
Ui(t)
U (t)
Un (t)

+ vuI --- )U -+- Uj u U+- vUn-- Uin- 'U n'\rir/l)rillri ri rjV -r Ui3 33 rjj rU TL

(U~ii-UL (U~ij--Un) (Win -Lv(n)

(Uj.--U (U0 - ) (Ujn - ()

(A.81)

A.2.2 Solution of U and V

1. U, (t)

U0,(t) = q Vv(t)

U, (t) = qvv (t)

=q -+-)
'ri Tr

P.v
+-" =)

Uvv -'Cliv -
T.i

P-v
r

U1 ,(t) =Ae"t + Be' + - ( Pv
I T

(A.82)

where,
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Uv(t) - qIUvv(t) + q

jUjv

Pv
+j )

Uv (t) Uvn (t)-

Ui (t) Uin (t)

Ui (t) Ussn )

Un (t) Unn (t)



1 1 ri + rj
ri rj rirj

By the boundary condition,

UnV(0) =PV
1

=A+B+ 7

riP

+ iv
ri ri

P.v
rj

its first order derivative, and its boundary condition

Uv,(t) = Aae" - Bae"t

Uv(O) = qVv(O) = q = (A - B)a

it follows that

1
B =- 1

2

I1

{
I1

Piv

1
Pvv - 7
Pvv 7V

P +
(P

( iv+
ri

Pi+
r

rP )

q ) t

cosh(at) + q sinh(at) +
a

(A.87)
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(A.83)

1
A+IB=PoVV--

I

(A.84)

(A.85)

(A.86)

Ae't + Be-t +

2 {Pvv-
+ 1 Por -

2

+1 P o
I ri

=p P1 -(I
I

P+

1
I7

Pv
ri

A = 1

ri

a)
Piv
ri

+
rj))



Ovi(t) - qIUvi(t) + q (i i

Uv (t) = qVvi(t)

= q {IUv - Ui- 1U

rr )

Ui(t) = Aeat + Be-"t + 1 (Pi
I rj

By Boundary Condition,

Uni(0) = P=
(A.89)

ri)

Its first order derivative, and its boundary condition

Tvi(t) = Aae*" - Bae~"t

U(v(0) qVvi(0) = 0 = (A - B)ce
A-B =0

Thus,

A=-{ P
2

B= 'P i

Un (t) = Ae"t + Be-" + 1 (Pi + P3 )

2 IT ri r2

P i
rj )

= (Pi + cosh(cet) + (fP"
I rj ri rj

(A.92)
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2. Uj (t)

(A.88)

+Pi)+ -

A+B = Pvi - 1 +
I rj

(A.90)

I (Pi
I ri

Pri

rj ) (A.91)

1
-7

Pii
r

7i )

I ri ry '

+ Ca

I r i



3. Uvg(t)

(t) = qVvj(t)

U (t) = q1vj(t)

= q {Uvr - - 1 (A.93)

0vj(t) - qIUvj(t) +q + = 0 Ti
ri ri

Uv (t) = Aet + Be-" + I + hi)
I ri r )

By Boundary Condition,

Uvj(0) = Pvj = A + B + -1Pj+ i

A + B = P - +(A.1 (P9P4)
I ri ri

Its first order derivative, and its boundary condition

Uvj(t) = Aae"t - Bae-t

U(v(0) = qVvj(0) = 0 = (A - Bja (A.95)

A-B=0

Thus,

(A.96)

B =

Uvj(t) = Aeat + Be- t + 4 (i + hi)
I (ri r )

{P- e + P - + 

= Pvi-- +) cosh(at)+
I r r(A9

(A.97)
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4. Un(t)

Un(t) = qVn(t)

0in(t) = qVen(t)

= q { IUn - - Ugn

Pin P-
Un(t) - qIUn(t) + q + ') = 0

ri rj

Uvn(t) = Ae"t + Be- + - + -

(A.98)

By Boundary Condition,

A+B = -n - 1I +
I ri Tj

Its first order derivative, and its boundary condition

Un(t ) = Aae"t - Boze-t

Uvn(0) = qVn(0) = 0 = (A - B)a (A.100)
A-B=0

Thus,

A =1I(t)= AeI Pn + Pn
2 {p( r( r} (A.101)

Pm - I s(P n + Pn)

Um =Ae + Be 2 + i/
I ri rj

1 ( P n - P n ~ j e t + } f P _ - ( n + p j ) , - + -! ( i + p 7 - ( A .1 0 2 )

= PV, - cosh(at) + +
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5. Usv(t), Uji(t), Uip(t), and Uin(t)

Uz (t) = 0 Uzi(t) Pv

(A. 103)
Uj(t) = 0 -+ Ui (t) =Pi

Ui (t) = 0 -+ Uin(t) = Pin

6. Ujv(t), Uji(t), Ujj(t), and Ujn(t)

U1v(t) = 0 -+ Uyv(t) = PV

Uj (t) = 0 -> Uji(t) = Pyi

U& (t) = 0 - U7i(t) = P( 4
Un(t) = 0 - Un(t) = Pn

7. Unv (t), Uni (t), Unj (t), and Unn(t)

Un(t) = 0 -+ Unv(t) = Pn

Un (t) = 0 -+ Un (t) = Pn

O (t ) = 0 - Un (t) = P( 5

Unn(t) = 0 - Unn(t) =Pn

8. Von(t)

qVoI~ )i~j =1 att

S P-I' - +%j eat-jaPv- + -{ e
q 2{cPiv) +} a (-}P)-+e} (A.106)

OL -_ sinht) +oshOt
q pi j q P~

P V (V + .i)) sinh(at) + cosh(at)
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Vi(t) = 1UiW
q

a (Pv P + e** - a (P -

Ia 1cv

- IPvi
2q

P+ C-t

P P a
+ e

ri ri )

1
I

+ + (h iP+

(A. 107)

10. VKj(t)

Veg(t) = .- Ug(t)
q

{~a - (+ )at _ a P

l a1 P i P ij a t 1

2a I rj 2jt
(Pvj - sinh (at)

1.
Vn (t) = - (t)q

11a Pvn

1o (
1 a Pvn-
2 q(

1
I7

-1(i + e*n -at e - 1(Pn+

( Pin P at I a ( 1 Pn P
I ri rj 2q I r rj

Pn P+ Pn)) sinh(at)
Ti rU

198

9. Ki (t)

11. Vn(t)

+ aet

( P')) Cat
(A.0+ 8

(A. 108)

-at

) )

(A.109)

a (P
q



12. Vv(t)

Vi(t ) = (U,(t) - UVV(t))

_ 1

2r
1 {

1 P,
2r

I F
= P,

2r

I F
2r

= P,
2r

I F
2r

v 2r a

+ 1a
2ri

I Pv- I i + +}at j+ Pv-i \ij"-a e~ \+ r +Jj

L -

v -

1

1
-7

1

1
V

1
o7v -- 7

v
1
I7

(P,

kri

(iv

(iv

(

q
a

PiV
ri

S eat
a

q
a } eat + vI -

ri

q at- e+
a

- - e-a + 1
a ri

PiV
'ri

Ir r

I ri

PVV- IP
Iri

PVVQ- Pi

I+ riQ

P.

rg
Pv
rg
P-
rg
Pv

+

rg
P.
rj

Pv
rg

v+ +j
r

+ i -

Seat
a

q _a +
a

a

q Ca
a

ri
ri r r

ri +r

pivr-p
Ti + Ti

Vi(0) = 0 = -- 2ra {+- I p i ) + } #+ . { Pvv-I( +EL -- +c
1 q I q

2riaco 2riaa

ria2

1
V(t) =- ra

1
+ 2ra

PVV -

PvV -

1

1
I7

{Pvv- + sinh(at)- cosh(at)+ +
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rJ )

1 1 P4vr

ri I rj

ri + r

at

-at + iv t+
ri + rj

q

ria2

(A.110)

q ea
aI

_ 

C a

-I I P v
ri I 'r

P-
rj )

q- e
a

q

a
Pv
ri



13. Vii (t)

1
Vi(t) = -Ui (t) - Ui(t))

ri

2r{ I

1 1 (P +s j)Ieat I Pv
2ri I r r 2ri

+ ii 1(1 ) I P i

ri ri I ri I rj
I P P at i

=v P - + jie Po,
2ri I (ri rj) 2r

1
I7

ri + r} ri + ri
+Pi i

r+ + rj

+Pi at {Pv
ri 2r

I ri + ri) } a

Pii
ri

+ 2ji -at
ri

+ Lii+ C
rj

Pii
ri

1
-7

2ria I ri r

+ Pvi -1 Pi+ e-t+
2ria I ri r + r + r

- Pruc/{Pvi + r) + r {vi
2ria I ri rj 2riac I (ri

V )= Prjc* {+vu (e*Pii}t *1~~
2ria I ri r_
1iL Wr J 1 P+i Pi at,+ - fp Pi + e +a i j t+ 1

2ri c a I (ri ri ri + rj

= Pvj P + j) sinh (odt) + P jt + 1
riceI ri rj ri + rj

(A.111)
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P i P at+ i e-
ri ri2ri I r r

+Pi I1I Pi +Pi

ri ri I (ri ri

1 (P
I ri

Vi =

Pi e-at
+j )e



14. g (t)

1
Vit = (U t) - Ug(t ))

ri

Pr - 1 P2 j + ( * r *+{ Pli - I i r3, e -at + i

2r I r r-

ri rjI (ri r

2ri I r r)

P 1 1 11P+ 1-
ri rI riI r

2ri I ri r j )

-{Pvi - (' + )e~

ri r + rj ri + r

2ri I ri r
P - PP.
ri + rj

Vi = - 1 Pvj I (P
2ra I ri

+ I Pvj - - ( Pi
2ria I ri

2r

2r

2r

1
I7

I1

Li+Pi -at
ri r ).

(P.

1 r
+ <Pj

2r a ~Vic(0)=0=- PV3 - +2ria I r ri
C = 0

+2ra -1{

2ria

= Pvj -
ria

Ir

I r

+ ea

iiPi Cat+ z -p t
Sr ri + rj

PN- P.- -P..
+ " sinh(at) + z "t
rj ) ri + rj
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+ i eat
r )

p+" e~a + "t + C
rr r +rj

(A.112)

2ri I ri 'r

1 P -at
Iri~ r + P )

e-"Ca
ri

-- -"+ " +C
I ri ri



15. Vin (t)

1
in(t) = -(Uin(t) - Uvn(t))

ri

Pin- [-'P-n-l ('+ j" e*t+-lfPn-l l+fn e-at+ Pn+fj

I P (in Pn } at
2ri I ri ri e)

+Pin 1 1 Pn+ P n

ri j Ikri r% )

S{P P+jn) eat

I7L { v n j ( h % ) e a

2rI r r )

+Pin 1 1 1j Pn

+ Pn -n

r+ r I r I r
= Pvn - I Pn+ "n eat

2ri I ri r

= Pn - + e

ri + r

_1

_1
I7

2r Pvn

1

2r Pvn

- 2r{ Pvn

Pvn -
2ri I

Pin +Pin -at

Ir ri

Pn + Pi -Ca
'r ri

I r

Pin +
'r

Pjn )at
ri

I(Pin + rj) eat

1 1 (P, P "' + " e t+ C+ I vn,- I- I )e +J In - n- +C
2ria I ri r j ri + rj

S - (Pin + Thn) 1 (Pin P )
- Pvn + + Pvn - - + jn + C

2r-ia I ri ri 2ria I (ri rj

C=0

Vin(t) =-
2ria

- I {Pvn
2ria

= Pn -
ria

+ in at
ri )
P \ P inP.

+ in Cat + nt
rj ri + rj

1

I7
Pin P P.

+ j" sinh(at) + P -n t
rj ) ri + rj

(A.113)
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2ria

Vin(O) = 0 =

I r Pi

1 ( Pm

I ri

Pi2n Cat
ri



16. Vv(t)

' j = -(Ujv~ W - Uvv M))

11I
1i

= PVV-
2rj

1 Pv
2rj

1

1
7

Pvv

P 1) 7o - -2rj

2rj

2rj
-2T

- 2rj{

PoVV-

PoVV-Pvv -

1

2rj. PV

1
2rga

1
I7
1
I7
1
I7
1
I7

P
ri

P(
'r

Pv

r(

P v
ri

1 P-

I ri

1 P-
I ri

{
2ra {

k\iv + - e a
a

q e_t+ Pv 1 1 (Pv

a rj rj I ri

P.
rg

Pv
+ P

Irg

+ '" +
rg
Pv

rj

Pv
rj

P-
r

vP + i
r )

vP
"+ i"

tV+ i)1 
rj rj I

- eat
a

q _

a

q at
a

Piv
rj

q e-a+
a

q -a

- e +

a

r i

ri + rj

S Piv
rT I ri

Pir
ri + r

Pvr- Piv

ri + rj

PPv
Cat + Pi - Pvt + C

T + Tj

Pvv -PVV -

VX (0) = 0 = - 1 {+fL +1 + {pv- ! +( ) -{+C

1 q
2ra a
q

I q

2rja a

1
VQe(t) =-

2r a
1

2 a

Pvv -
1
I7
1
I7

kPr2T,+ ( v
ri rj

ri rj)

+ q } t

= - - {P.-- ( + fiv} sinh(at)- cosh(at)+ t+
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-at + iv - Pivte-" + rt
ri +r T

+

(A.114)

q

a)

2 V-1 pij+Pj" +_T ectt+.!
ri OL 2 P.-I Piv +fL) -- q e--t+.! ( Pi- + Pjv

P?-- [1- fp- 7'i ) f I ( ri rj et I ri ri



17. Vj i(t)

1
Vi t) = (Ug M - Ui(t))r4l

I P - Pi + Pi*+ } - + {P i+ + at
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1
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18. V (t)

1
IV,(t) = (Ui W - U, (t))
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19. V'n(t)

1
I9n(t) = (t) - Un(t))r}
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20. Vna, VLj, Vp,,, and V,.

(A.118)

A.2.3 Inverse of V(t)

a. Structure of V(t)

Let V(t) be

VV

V (t) i
Vv V
-Vn,

vyv vii v.

Vn, vn Vn

VKn
Vin .
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V V Vn

Vni Vnj VnnJ

vvv
i iv t+ 7(- )

P.v - P.+
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Det(V) = {(ii, ji) - (ij, jj) + 1}

+ V {#(ii .j) - #(iv, jv)
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A.2.6 Summary of the elements of the V(t) inverse

In the following, 1 is omitted.

1. Vj = Vi {(ij, j-) - +Vv, {-#(ii,Ji)

2. V;-1 = V, {q 2

- -+{#(jj'ij - #(ij, jj) + i}3j 
2

I' ' 'J .'JJJ j

3. V7 1 = V, {#ii, ji) + 2} + Vvi {-#(iv, jv)} + {#(iv, jv) - #(iiji) -

4. V' = 0

5. V-i = Vi {#(ijjj) - 1} + Vj {-#(ii, ji)}

6. Vii Vv {1 (iij j)} + Vvi{ + #(iv, jV)}

7. VT' = V, {(ii, ji)} + Vi { rc2 - #(iv, jV)

8. V, = 0

9. V = Vvi {#(ijjj)} + Vvj {-#(ii, ji) - 1}

10. V=

11. Vy = V17{ + 4(ii, ')} + Vi - ri - 0(iv, JV)

12. V 1 = 0

13. Vj' = lvi{$(inrjn)} -+ V {-#(in, jn)} + Vvn{#(ijjj) - #(iiji) -1}

14. V- = V O {-#(injn)} + Vj {#(in, jn)} + VK {#(iv.iv) - #(ij,jj) +r

= V, { +(in, jn)} + Vvi {-(in, jn)} + Vvn {#(ii, ii)- (iv,) + q2

16. XVj' = 1

17.

+ VVj {(iv, iv) - #(ii, i)

+ ViW {#(ii ) - #(iv, j) -

rja }e
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A.2.7 Elements of the covariance matrix

1. Pov(t)

q t sinh(at) qPvv (t) = sinh(at) + s (Psi - 2Pij + Pjj)

+ cosh(at)Pvv

+ t cosh{() { P Pvv + PvvPyj + 2PvjPvi - 2P -P - _ }
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+,r? rj V,]
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r3 ) {FP2~ +jpvv + PjPvj p
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ri ( P - P Pv) + r3 (P& - pi
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2. Pij(t)

Pi(t) = cosh(at)Pi
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+2 (p2i

+ ijPvv +
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ii v vv~f
(Pi Pvj - Pi2P v )
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3. Pjj (t)

Pjj (t) = cosh(at)Pj

+ cosht (Pi P

sinh(at) a

(ri + rj)2 q

t(ri +
(ri

- 2PzjPvjPPi + P2,
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4. Pun(t)

Pan(t) = cosh(at)P,,
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5. Pvi(t)

P (t) = Pm

6. Pvj (t)
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7. Pnt)
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8. Pij (t)
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9. Pin(t)

P (eat + e-at )
2

(eat + e-at)
2(ri + rj)

(eat -at) a

inPjj - PPn - Pnj)

EnPvi + PtnPvv + Pin jj + PzjPvn
~~viPn - 2PinPvJ - PzPjn

+r {P,,P n+Pin Pv o-Pvin-PinPvi}

+rirj{~ P~ Pni +PiiPvn+Pin Pij +2Pin PV

2 +Pij Pvn-2PPvn-Pii PinP- 2 Pin Pv j J
PinPi Pij+PinPvjPvi+PinPjjPv+PijPvnPvi+P PmPvj{ +PinPuiPvj+PiiPinPuv+Pij Pjn Pi+PiiPjjPn -Pjn P

-Pin Pv2j -Pin Pjj Pvi--Pij Pin Pvv

(A.131)

213

9)

Pn +



10. Pin(t)
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