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Abstract

“Autonomous mapping of large-scale environments has been a critical challenge con-
fronting researchers in mobile robotics. This thesis investigates two aspects of the
large-scale simultaneous localization and mapping (SLAM) problem: (1) the behav-
ior of the covariance matrix in the Kalman filter solution to the linear Gaussian SLAM
problem, and (2) the development of new algorithms for efficient large-scale mapping.

The key issue motivating study of the linear Gaussian SLAM problem is to un-
derstand the behavior of the uncertainty estimates with time. In this thesis, we
provide an analysis of the asymptotic behavior of the full covariance SLAM solution.
We present a novel generalized closed-form solution to the single degree-of-freedom
SLAM problem (known as the MonoRob problem). We examine the cross correlation
behavior for the case of observed and non-observed features, and show that a feature
must be repeatedly reobserved for it to become fully correlated with other features.
Additionally, we provide a new “tight” lower bound for the map uncertainty for a
certain class of the MonoRob problem.

The second part of the thesis develops new techniques for attacking the scaling
problem in SLAM. The work builds on the Constant Time SLAM (CTS) method de-
veloped by Newman and Leonard, which is the first SLAM algorithm to achieve global
convergence while maintaining consistent error bounds with an O(1) growth of com-
plexity for the linear Gaussian SLAM problem. Our work makes four contributions:
(1) We describe a new algorithm, termed CTS 2.0, that achieves better performance
than CTS while maintaining constant-time performance. (2) We present an alterna-
tive submap network SLAM algorithm, termed Network Optimized SLAM (NOS),
that transfers information across submaps in O(n) time to achieve faster convergence
than CTS while maintaining its desirable consistency properties. (3) we provide a
theoretical and experimental analysis of CTS, CTS 2.0, and NOS and compare all
three algorithms with the full covariance solution. (4) We perform an analysis of the
error metrics for measuring the global uncertainty of a SLAM solution, yielding new
insights into the behavior of this type of algorithm.
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Chapter 1

Introduction

1.1 The Robot Navigation Problem

People desire robots that will effectively and efficiently perform human, labor-intensive
tasks. In many areas, this goal has been achieved. Robotic vacuum cleaners shine
supermarket and train station floors. Automatic tooling systems assist in automobile
production. Tour-guide robots lead visitors through museums, and autopilot systemns
direct aircraft around the world. However, the full potential of robots has not yet
been reached. The ability of robots to assist individuals with physical differences
remains underdeveloped. Similarly, the usefulness of robots in fields from surgery to
formal education has not progressed beyond its nascent stage. Another potentially
rich arena for the utilization of robots is in fully autonomoﬁs navigation in unknown
environments.

When a person visits an unfamiliar environment such as an airport in a foreign
country, s/he employs a variety of cues, skills‘, and mechanisms to successfully navigate
from one place (point of disembarkation to baggage claim to taxi stand) to another.
Though much of this process is understood, many questions remain about how people
develop spatial memory and process orientation and directional information. One of
the basic research and application goals in robotics is to endow robots with spatial
memory as well as orientation and directional processing abilities that parallel those

of human beings. We seek a positive answer to the question, “Can a robot build maps
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of unknown areas and use these self-generated maps to execute desired paths?”

The difficulty in achieving fully antonomous navigation by robots is illustrated
through a comparison to corresponding human capabilities at various ages. Infants
do not navigate independently and manifest a limited knowledge of location and de-
sired direction. In a similar way, many primitive robots, such as remote controlled
vehicles and automatic tooling systems, move only along an established track, ac-
cording to pre-programmed path pians, or through human control. Pre-teens evince
a more highly developed internal navigation system. As long as an effective map is
provided, adolescents can navigate independently. Similarly, if either an accurate map
or an external localization system is available, an advanced mobile robot can execute
the same class of navigational and exhibit task such as maze solving and museum
tour guiding. Finally, adults have acquired spatial and directional processing and
memory skills that allow them to travel on their own from place to place even within
an unfamiliar environment. No current robot can imitate this level of autonomous
navigation. Overcoming this hurdle is a primary goal of research in robotics and
artificial intelligence. |

The key technical challenge to autonomous robot navigation in an unknown envi-
ronment is coping with uncertainty in all its forms, including noise, ambiguity, biases,
and modeling errors. Brooks summarized the problem and suggested a probabilistic

approach to this situation.

Mobile robots sense their environment and receive error laden readings.
They try to mobe a certain distance and direction, only to do so ap-
prozimately. Rather than try to engineer these problems away it may
be possible, and may be necessary, to develop map making and navigation
algorithms which explicitly represent these uncertainties, but still provide

robust performance. [12)]

Successful robot navigation also requires a map of the environment. However, to
build a map, the robot must move among multiple positions to localize itself. The

navigation error incurred during the vehicle’s motion combines with the uncertainty in

16



the robot’s sensor to create a challenging interpretation problem. This is the problem
of Simultaneous Localization and Mapping (SLAM) — to concurrently generate a

map of the environment and localize the robot using the map being generated.

1.2 Challenges in Achieving SLAM

Many ideas for attacking the SLAM problem have been suggested and implemented
over the past several decades, and significant progress has been achieved. However,
a fully-realized SLAM solution remains elusive. One of the remaining challenges
confronting the robotics community is the case of a large-scale environment.

As the size of the operating environment increases, the computational demands of
SLAM grow significantly, making real-time computation problematic. The primary
cause of the growth in computational burden is the need to represent correlations
between the error estimates of the spatial poses of the vehicle and all the features in
the map. The optimal algorithm for retaining the maximum number of correlations
encounters an O(n?) computational burden [62], where n represents the number of
features.

These correlations are kept in the covariance matrix during the solving of a SLAM
problem. Previous researchers have examined the behavior of the covariance ma-
trix [34, 26}, providing new insights into the solution behavior for a certain specialized
class of SLAM problem. In this thesis, we add to this body of work by considering
a more general formulation of the problem, providing new insights into the problem
structure, and to applying these insights to evaluate new approaches for solving the
large-scale SLAM dilemma..

Achieving large-scale SLAM is a complex process. An essential element of suc-
cessful large-scale SLAM involves balancing the need for accurate estimation with the
need for faster computation. If all the correlations between features and the robot
are maintained, the resulting pose estimate provides a more accurate result but with
the cost of prolonged computation. Conversely, if some correlations are ignored, the

estimation can be executed faster, but with a less accurate or even an inconsistent
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result. This thesis suggests a solution that satisfies the need for both accurate and

consistent estimates and real-time computation by using a submap network.

In addition to balancing accuracy and consistency with efficiency, successful, real-
time SLAM requires accurate data as_sociation, robust feature detection, and reliable
loop closing technique. Even though these requirements are usually coupled, workable
solutions for all of them have been developed by other researchers. This allows us,
for the purpose of this thesis, to assume that we approach the matters of balancing

consistency and efficiency armed with the best possible algorithms.

In order to accomplish large-scale SLAM, we divide the global region into multi-
ple sub-regions, and conquer each local region with a conventional solution such as

stochastic mapping [76] and combine the local solutions into a single global solution.

A graphical representation for the submap network will be adopted in this the- -
sis because the local regions and spatial relations between regions have one-to-one
correspondence to nodes and edges defining a graph. This correspondence enables
us to exploit an abundance of previously developed algorithms in graph theory. For
example, finding a best origin for a local region can be transformed into a process of
finding a shortest path problem in an undirected graph with negative valued edges.
In fact, solving best local origins edges plays a crucial role in evaluating the global
estimates from local solutions and their relations. Previous work that has successfully
exploited a graphical model for SLAM includes the work of Kuipers [49], Gutmann
and Konolige [39], and Bosse et al. [10].

As a measure of the edge value, the determinant of the covariance matrix is a
natural choice [10]. The determinant quantifies how strohgly two local SLAM so-
lutions are related to each other. Also, the behavior of the covariance matrix tests
the estimation’s consistency and demonstrates the minimum achievable limit of the

uncertainty of the estimation.
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1.3 Thesis Scope

This thesis investigates two aspects of the SLAM problem: 1) the examination of
the properties of the covariance matrix for the Kalman filter solution to the linear
Gaussian SLAM problem, and 2) the development of new and more efficient SLAM
algorithms using a submap network representation. The new élgorithms rely heavily
on the insights into the solution structure provided in the first part of the work.

Of course, there are many important issues in SLAM research besides the scal-
ing problem. These include data association, map representation, feature detection
and modeling, information transfer management for multiple robot mapping, and
autonomous exploration. These problems are clearly very difficult, and are often cou-
pled to the scaling problem (e.g., data association for loop closing). For this thesis,
however, we consider all of these issues as “out of scope”. Essentially, we assume that
good data association information is available, and that the environment are com-
patible with a feature-based map representation of “point” objects. We provide some
thoughts on incorporating some of these issues with our new results in a discussion
of future work at the conclusion of the thesis.

We now summarize the structure of this thesis document. In Chapter 2, we review
the literature on large-scale SLAM. In Chapter 3, we examine the properties of the
covariance matrix and solve two new cases of the “MonoRob” single degree-of-freedom
SLAM problem analytically. The solutions are used to verify the properties of the
covariance fnatrix. Extensive hand computations for the new closed-form solution
are provided in Appendix A. In Chapter 4, we analyze the Constant Time SLAM
(CTS) method in detail and describe two new SLAM algorithms that build on this
approach to achieve improved performance. Finally, a conclusion and areas for further

. investigation are provided in Chapter 5.
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Chapter 2

Simultaneous Localization and

Mapping

As stated in the previous chapter, the goal of Simultaneous Localization and Mapping
(SLAM) is to build & map of an unknown environment, while using that map to nav-
igate concurrently. In order to achieve this goal, we employ the feature-based SLAM
solution using Kalman filter estimation. This approach is introduced in the first part
of this chapter. One of the key issues in feature-based SLAM is the map-scaling
problem. The computational complexity of the standard full covariance SLAM solu-
tion is O(n?), where n is the number of features in the environment being mapped.
This complexity results from the cross correlations of the covariance matrix main-
tained during Kalman filter estimation. The size of the covariance matrix grows as
the robot detects a new feature and integrates it into the estimated state vector. The
latter part of this chapter provides brief reviews of the previous work to resolve this
map-scaling issue in SLAM problems. As described in Chapter 1, we consider all of
the other issues such as data association, map representation, and feature detection

and modeling as “out of scope”.
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2.1 Formulation of the Basic Kalman Filter SLAM
Problem

The Kalman filter approach to the SLAM problem was first published by Smith, Self,
and Cheeseman [75] and Moutarlier and Chatila [62]. At the heart of the problem
is the manipulation of uncertain spatial relationships. Following, Smith, Self, and
Cheeseman, we first review the techniques of compounding and inversion of uncertain

spatial relationships, which are essential for the material that follows.

2.1.1 TUncertain spatial relationships

The random process state vector in the SLAM problem is composed of the spatial
locations of the robot that surveys the environment and the parameterized locations
of features of the environment. The robot moves around the region through a given
dynamic model, measures locations of features, and build a map of the features. The
map is simultaneoﬁsly used to update the robot’s poses.

Every measurement is executed by the robot and, therefore, the sensor data are
local poses with respect to the sensor usually attached on the robot. In order to
keep and process those local data in one coordinate frame, we need operations that
transform these local values to the global values. Since the sensor data includes noise,
the transformation to the global coordinate frame should involve the uncertainty

transformation. The followings are several operations used in SLAM solutions.

e compounding

Compounding is the most important transformation. Whenever a feature lo-
cation is measured with respect to the robot (say x;z), that measurement is
transformed to the global coordinate via the robot location(say x;;). That
1s, the compounding process on two vectors x;; and X;; returns x; and the

corresponding covariance Py . | Xi; @ X; denotes the binary operation, com-

'The subscripts in this section differ from the way the covariance matrix in the other sections is
expressed in order to explicitly denote the relative fiducial point. P;;;; represents that the variance
assoclated with x;;, which is the location vector of point j relative to the point i.
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pounding. For example, the two-dimensional compounding process for point

vectors is defined as

Yjk: LOS iy

Ty

ik SN @y

i

Uiy

Y

<

i Ly .
Y Yy sin ¢

Lk COS Py

Figure 2-1: Illustration of the compounding process.

Tjk COS Pij — Yjk SIN @5 + Tij
Xip = X5 B X = Tk sin qbij + Yk COS (]51'3; + Yij (21)

Gij + Pik
Figure 2-1 shows these relationships. The resultant two moments can be calcu-

lated by using an appropriate linear transform relation with a linearization.

)"{4,;;\' ~ )ACij &) ﬁjg- (22)
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P... P..
Pik,ik ~ J@ o ik Jé (23)
Py Pjkjr
In the above, linearization approximates the nonlinear operations and the Ja-

cobian of the compounding operation, Jg is givén by

1= Oxi; ®Xjk) O _
7 Ay xik) Ok, Xik)

01 (il?ik - IEi]') sin ¢ij COS ¢ij

1 0 —(yi —¥i5) cosgy —singy 0
0
00 1 o o0 1

24
e inversion

The inversion operation is the simplest transformation that returns the inver-
sion spatial pose and the corresponding uncertainty. It is a unitary operation
on a vector and is denoted by ©. The following example shows an inversion

operation on a two-dimensional point vector, x;;.

—Xij COS Pyj — Yi; SN @y
Xji = OXij = | 1y 8in¢y; — Yy COS Py (2.5)

_'Qsij

The resulting two moments are
)A(ji ~ @)A(ij (26)

Pji,ji ~ JePij,ing (27)

where the Jacobian for the inversion operation, Jg is written in the form
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Figure 2-2: Illustration of the inversion process.

—cos¢;; —singy; Yy
X
i iNdic —coSdie —Tos 2.8
o B Sin ¢; 5 oS ¢;; Lji (2.8)
0 0 -1

e composite relationship

The composite relationship is merely combinations of the above two transfor-
mations. First, two consecutive inversion operations return the identical vector
and uncertainty. Secondly, two consecutive compounding operations return the

following result. For the covariance, transform relations (2.10) are employed.
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Figure 2-3: TIllustration of two consecutive compounding operations.

Xil = Xik © Xjk
= (X5 @ Xjk) D X
= Xi; ® (% © Xji)
= X;; D x5
Tij + {Zjk €08 Pij — Yjisin Py } + {Tri o8 (@5 + Bjk) — yrasin (dij + i) }
Yij + {2k SIn ¢ + Yjr c0s @iy } + {zwisin (dig + djk) + Yrecos (di; + dju) }
Qij + Gk + P

(for 2D point vectors)



Pi;i; Piyg Piyu
Eas T
Pii~Joo |Piij Pijx Piew| Jos (2.10)

Pri; Prijr Prw

where,

O(Xi; B X1 B Xpy) _ 0xy
O(Xij, Xjk, Xt ) O(Xij, Xk, X )

= {Jl@ea ‘Jzeeee Ja@@]

Jog =

(2.11)

1 0 {—=zjksingi; — yjecos iy} + {—zw sin (ij + ¢jx) — Yi cos (dij + djx) }
Jiwe = |0 1 { zjcosdy — yjesingy} +{ zrcos(di; + djk) — yu sin (dij + dsn)
¢ 0 1

(2.12)

| cosdy; —singy; —zwsin (i + djk) — Yk cos (¢ij + P
Jose = |singiy;  cos¢i;  Tricos (di + djk) — YreSin (i + k) (2.13)
0 0 1

cos (¢y; + k)  —sin (¢ij + k) —Twsin (di; + djr) — Yk cos (i + djx)
Jsoe = |sin(¢i; + dse)  cos(@ij + Pjk)  Trcos (@i + D) — Y sin (¢ij + Dix)
0 0 1 '

(2.14)

Finally, inversion followed by composition gives us the following spatial infor-

mation.



Xjk = Xji D Xig

= (&%) B Xi

—Iij COS @ij — Yij SIN Py5 + Ty, COS Py — Yik SIN Py (2.15)
Tij SIn @i5 — Yij COS Pyj + Tix SIN P + Yik COS Py
~Pi; + dik
Piigi Phau| |Iia
Pk~ [JléB 32@} T r
_Pji,i}c Pik,ik J 26
Je 0 Pij,ij Pij,ik Jg 0 J'{@
~ {Jm Jze] i . (2.16)

Pii; Piur| [I&T0s
- [Jl@Je Jz@] T T
ik Pikik| | J2g
In the above, Jg, Jog, and Jg are Jacobians that were used for the compound-

ing and inversion operations

Two consecutive compoundings are frequently used to evaluate the uncertainties
of submaps with respect to the global origin. Additionally, the inversion and
compounding combinations are necessary to execute the root shifting operation
(changing the base reference of a local map.) Both processes will be explained

in chapter 4.

By the described operations, we can calculate transformed information of spatial
quantities. Those transforms cover not only the first moment, mean value, but also
the second central moment, error covariances. In SLAM problems, the error covari-
ances are used to measure the certainties of the estimates. The smaller a covariance
value is, the closer the estimated mean is to the true value. To visualize the uncer-

tainties of spatial locations, ellipses (for 2 dimensional locations) and ellipsoids (for
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Figure 2-4: Illustration of the composite process (inversion and compounding).

3 dimensional locations) are often used. If the mean and the error covariance matrix

of a random vector are m and P, then the error ellipse or ellipsoid is defined as

(n-m)P™'(n—m)" =C (2.17)

and C determines the confidence level of the estimates. The center of the ellipse is
located at the mean values. The variances, which are the diagonal elements of the
covariance matrix, determine the magnitudes of the major and minor axes. If the cross
correlation is zero, the major axis and the minor axis are parallel to the Cartesian
axes. If the cross correlation is not zero, the angular orientation of the ellipse is tilted.
The ellipse becomes a circle if the magnitudes of the variances are the same. If the
covariance matrix becomes singular, which implies that the rank of the covariance
matrix becomes 1 for a 2 dimensional case, one axis shrinks down to zero and the

ellipse become a line segment. This means that the specific value is known without

29



uncertainty. The properties for ellipses are generalized to n-dimensional ellipsoids.

2.1.2 Simultaneous Localization and Mapping

The goal of the SLAM problem is to build a map of an unknown environment, while
using that map to navigate. The robot moves around the surveying region according
to the dynamic model and observes its surroundings by one or more sensors according
to the provided observation model. The observation is used to create a map of the
environment, which, in turn, is used to localize the robot itself.

Basically, SLAM is a special kind of state estimation problem for a dynamic
system. Thus, many estimation methods can be applied to solve the main part of
a SLAM problem. This thesis uses the feature based extended Kalman filter as the
estimation tool. In feature based SLAM, a feature is parameterized to be added to
the map and is estimated by the robot. For example, a point can be initialized by two
position values in a 2 dimensional environment and a line segment can be expressed
by four parameters such as z and y positions of two end points. In a feature based
SLAM, the objective of estimation is a set of location values of the surveying robot
and parameterized feature locations. The state vector consists of these location values
and, as a matter of convenience, the locations of the robot occupy the first elements
of the state vector. The equation (2.18) is a typical form of the state vector of a

feature based SLAM.

X, K]

X5 [K]
x[k] = | xy,[k] (2.18)

%y, (%] |
The linear least-square estimate of the state vector is denoted as x[k] and its

difference from the true states becomes the error of the estimates, X[k].

%[k = x[k] — X[k] (2.19)
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The error covariance of the estimates is defined as P[k] = E [%[k]XT[k]] and is

written in the form

Pulkl Puplkl Puplkl - Poglkl ]
Ppok] Prplkl Prplkl - Prylkl

Plk] = |Ppulk] Ppplkl Prplk]l - Ppylk (2.20)
Prolkl Prulkl Prplkl - Prlkl|

In the equations above, k is a time index. When the extended Kalman filter
is applied for state estimation, the notation [k|k] and [k|k — 1] is frequently used.
By convention, X[k|k] represents the state estimate at time k with the information
acquired up to k. As described, the information up to time k includes all the control
inputs and measurements. X[k|k — 1] expresses the state estimate at time k with the
information given Up to k — 1. One should note that the latter case does not include
the current observation. Consequently, X[k|k — 1] is the estimate by the prediction

step and X[k|k|] by the update step of the Kalman filter.

When an extended Kalman filter is employed for a SLAM problem, the prediction
step is usually caused by the robot movement. As is usual in SLAM, we assume
that all features in the surveying region are static. If we deal with an environment
containing moving features, their dynamic models and prediction steps should be
considered. The update step occurs whenever the robot observes features that are
already in the state vector. The measured information improves the state estimates

through the measurement model of the Kalman filter.
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Figure 2-5: Feature initialization and size varying state.
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At the beginning of the survey, the state vector includes only the states of the
robot. New state elements are added to the state vector when new features are
detected. The measured location parameters of the new feature are transformed to
be globally referenced through the basic compounding process and are added to the

state vector. This process occurs as follows [75]:

[k
[k — | 1]

" e (2.21)
Pl P[k] P[k]|G]

G.,PlE] G,PkGT + G.RGT

where, G, and G, are the Jacobians of the feature initialization model with respect
to the robot state x,[k] and to the new measurement z,, associated with the new
feature xy, .. The covariance of the state of the new feature is given a priori by R.
For example, if a new pbint feature is detected by the distance and direction with
respect to the robot in a 2 dimensional environment, the feature initialization model

and its corresponding Jacobians become

ZTLC’LU

v+ 0+ b,
anew = I(X[k}? Znew) = ! TCOS( (b )
Yy + 7sin(f + ¢,)

(2.22)
a - ol |1 0 —rsin(f+¢y)

booxy 0 1 rcos(f+ ¢,)
a o |cos(f+¢y) —7sin(f+ ¢y)

- 5‘Znew Sin(ﬂ -+ d)v) T COS(Q + (bv)

The size varying property of the state vector is the key difference in SLAM in

comparison to a conventional estimation problem for a dynamic system. This size
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varying characteristic clearly raises the issue of computational complexity, as the size

of the state vector increases.

The other critical issue in a SLAM problem is data association, which involves
assigning measurements to the features in the environment from which they originate;
while rejecting spurious measurements. When a feature is initialized and added to
the state vector, the robot needs to extract the location parameters of a feature from
the noisy sensor data. This is called feature extraction and is one part that demands
a accurate and robust data association method. Sometimes, a sequence of consistent
measurements is required to initialize a feature. When the robot re-observes a feature
to update the state vector, each sensor measurement should be matched with the
features in the map. That is, we should figure out which measurement comes from
which feature. The Nearest Neighbor (NN) gating [5] and the Joint Compatibility
Branch and Bound (JCBB) method developed by Neira and Tardos [63] are frequently -

utilized techniques for data association.

As already introduced, how to define and parameterize a feature is another critical
issue if a feature-based approach is utilized. Once a feature is defined by an appro-
priate set of parameters, it is relatively easy to manipulate. Only very few real-world

objects, however, can be defined with a small number of parameters.

Size variance (computational complexity), noisy observations (data association),
and feature parameterization (feature extraction) are the three key issues in the
feature-based SLAM problem and have driven most of the research in the robotics
field. These issues make the problem different from the conventional state estimation
problems for dynamic systems. As mentioned in Chapter 1, this thesis address only

the first of these three problems, computational complexity.
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Figure 2-6: Flow chart for a single cycle of Kalman filter SLAM.
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2.1.3 Basic SLAM procedure
The followings are the steps performed in executing one cycle of the basic SLAM

procedure.

1. Robot moves

2. Predict the state estimate, the state covariance, and the new measurements

3. Obtain new sensor measurements

4. If a new feature is detected, initialize the feature and integrate it into the state
5. Calculate measurement residual and filter gain

6. Update the state estimate and the state covariance

2.2 The Large-Scale SLAM Problem

Ever since’the O(n?) computational complexity of the Kalman filter approach to the
SLAM problem was first identified in the late 1980s, the map-scaling problem has
been an important topic for study. This scaling problem is one of the main stumbling
blocks for a practical implementation of SLAM solutions in real-world situations. In
this section, we review the various methods that have been employed in the attempt

to reduce this high computational complexity.

2.2.1 Single map approaches
a. Postponement and the Compressed Filter

The compressed filter by Guivant et al. [37] uses the Kalman filter to update depen-
dencies between features. The analysis of the dependencies is similar to the level-wise
update in the Chapter 3 of this thesis. Since the previous information of the unob-
served features is not required to update the robot and observed feature blocks of

the covariance matrix, the compressed filter postpones the update of some features’
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covariances until the robot approaches and observes them again. This discriminative
update can reduce the constant factor of the computation while the robot stays in a
local region and also provably consistent. However, all the postponed updates should
be completed before the robot re-observes those castoff features. This update requires

a significant set of updates.

b. FastSLAM — A Factored Solution to SLAM

Since it uses the Bayesian formulation, the FastSLAM by Montemerlo et al. [61] does
not require the Gaussian assumptions. FastSLAM decouples the SLAM problem into
two separate problems using the conditional independences between feature locations
and the whole set of robot poses s* and of the feature-measurement correspondence
variables n*. Once the SLAM problem is decomposed, the feature location estimation
can be executed in a very efficient manner. For the safe separation, however, the whole
set of the robot’s poses and the correspondence variables (perfect data association)
should be perfectly known. FastSLAM utilizes the particle filter to provide the perfect
knowledge on the robot’s poses, but theoretically an infinite number of particles are
necessary for the perfect estimation. Even when a finite number of particles is used
for practical purposes, the performance depends upon the number of particles, which

may cause a severe computational burden.

c. Sparse Extended Information Filters

The Sparse extended information filter (SEIF) [85, 84] solves the SLAM problem with
the information filter form of the Kalman filter, instead of the more typical approach
that maintains the covariance matrix. When a standard Kalman filter form is used for
the SLAM with static features, the prediction step is executed very efficiently, but the
update step suffers O(n?) computation. From the duality between the information
filter and standard Kalman filter, the information filter can complete the update step
very efficiently, but has to execute an O(n?) operation for the prediction step. Hence,
it would seem that the information filter form does not have any advantage over the

standard Kalman filter form, when applied to SLAM.
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However, Thrun and his co-authors make a powerful insight that many of the
elements of the inverse covariance matrix in SLAM are very nearly zero. By approx-
imating these terms as zero, the SEIF approach transforms the prediction step into
an optimization problem using the sparseness of the information matrix. Once the
optimization problem is constructed, it can be calculated in a very efficient manner.
The method has been used to obtain impressive results with challenging real-world
data sets, such as underground mine data sets and the Victoria Park dataset made
publicly available by the University of Sydney.

However, the information matrix is not really sparse, but almost sparse. Thus,
the SEIF makes an approximation to enforce sparseness. Empirically, it seems that
assuming that elements of the inverse covariance are near zero is a much better
approximation than assuming that elements of the covariance matrix are zero [18].
Hence, the SEIF method requires empirical tests to verify the consistency of the

results.

2.2.2 Submap approaches

In any large-scale engineering or computational problem, a divide-and-conquer strat-
egy seems reasonable to pursue. Hence the idea of breaking the environment into local
submaps has intuitive appeal . Examples of submap approaches to SLAM include the
sequential map joining method of Tardos et al., the constrained local submap filter
proposed by Williams et al., the Atlas Framework developed by Bosse et al., and the
Constant Time SLAM (CTS) algorithm developed by Leonard and Newman.

a. Sequential map joining

The sequential map joining [80] and constrained local submap filter methods [86] are
essentially the same method developed concurrently by researchers working indepen-
dently on opposite sides of the globe. They provide a consistent way to join two
independent local maps, to find matchings features between two local maps. and to

fuse the matched features for updating the merged map. The computational com-
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plexity of the sequential map joining is still O(n?) even though the constant factor is
much less than that of the full covariance SLAM solution. Also, once two maps are
merged, they cannot be separated again in a consistent manner, so the matching and

fusion should be executed prudently during a mission.

b. Decoupled Stochastic Mapping (DSM)

Decoupled stochastic mapping (DSM) by Feder et al. [52, 53, 31] divides the global
environment into multiple globally referenced submaps. Each submap has its own
SLAM solution (state vector and covariance matrix), which is activated when the
robot enters and is deactivated once the robot leaves the submap. During tran-
sitions between maps, DSM applies two techniques for activating the state vector
and the covariance matrix: (1) cross-map relocation and (2) cross-map update. If
cross-map relocation is used, then the transition satisfies consistency (under certain
assumptions), but the solution loses the global convergence. If the cross-map update
transition technique is utilized, the transition can achieve the global convergence, but
the consistency is not satisfied theoretically. Thus, like SEIF’s, if the DSM method

is used, then empirical validation is necessary to verify consistency.

c. Atlas

The Atlas framework [9, 10, 11] for a large-scale SLAM employs multiple intercon-
nected local maps. The local maps of Atlas form a graph structure, and the edges
represent the transformation of the coofdinate frame. Atlas does not maintain the
global origin and one or more local maps compete to explain the current robot’s pose
and the measurement. Four possible states of local maps capture the traversal of the
Atlas graph — Dominant, Mature, Juvenile, and Retired — and maintain the Atlas
framework to focus on the local area where the robot navigates. This strategy en-
ables large-scale SLAM to be performed very efficiently. In order to construct one
global map frbm the local maps, however, a nonlinear optimization technique should
be utilized, whose computational complexity grows with the number of maps. The

Atlas framework has been used to obtain many successful experimental results, such
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as mapping the main buildings of the MIT campus. In particular, Atlas excels in
dealing with the loop closing problem in SLAM.

Another methods that is closely related to Atlas is the Constant Time SLAM
(CTS) algorithm [50]. Like Atlas, CTS uses a network of locally reference submaps.
However, for all but the first map, each local map is referenced to one of the features in
the environment. This allows the global convergence to be achieved, while maintaining
O(1) complexity (assuming that the data association problem for relocation into

previous maps (loop closing) is solved.

2.3 Summary

This chapter has reviewed previous work on large-scale SLAM and has summarized
the basic formulation of the Kalman filter solution to SLAM. After consideration of
the properties of the SLAM covariance matrix and presentation of a new more general
closed form solution to the single degree-of-freedom SLAM problem in Chapter 3, we
present an in-depth description and theoretical and experimental analysis of CTS
in Chapter 4. We then proceed to describe two new algorithms, CTS 2.0 and Net-
work Optimized SLAM (NOS), that build on the CTS approach to achieve improved

performance.
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Figure 2-7: (a) The full covariance SLAM solution [76] and FastSLAM [61] employ a single
globally-referenced map. (b) Postponement [24, 47] and the compressed filter [36] postpone
Kalman updates of features if they are far away from the robot. The active region automati-
cally follows along with the robot position. (¢) The SEIF method for SLAM thrun02 focuses
on the features in the vicinity of the robot. (d) DSM [55] utilizes a globally referenced mul-
tiple submap system. (e) ATLAS [10] employs a network of multiple locally-referenced
submaps. At any one time, several submaps compete to explain the current robot pose and
sensor observations. (f) Like Atlas, CTS [50] uses multiple overlapping locally-referenced
submaps. In CTS, the origin of each local submap is set either at the global origin or on
top of a feature that is shared between adjacent submaps.
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Chapter 3

Properties of the SLAM

Covariance Matrix

This chapter will examine the properties of the covariance matrix for the Kalman filter
solution to the linear Gaussian single degree-of-freedom SLAM problem (also known
as the MonoRob problem). While previous research has considered the situation in
which all features are observed all the time, this chapter considers a more general case
that includes both observed and non-observed features. We begin the chapter with a
review of several known properties of the covariance matrix, followed by a presentation
of several new insights into the covariance behavior. Subsequently, we present the
new closed form solution and utilize this solution to analyze several representative
cases in which features are observed unequally. This allows us to examine and verify
several key aspects of the covariance matrix behavior. These insights are important
in considering the behavior of computationally efficient solutions to the large-scale

SLAM problem that will be considered next in Chapter 4.

3.1 Introduction

The Kalman filter computes the optimal solution to the SLAM problem when four
criteria are satisfied: (1) linear motion and measurement models, (2) zero-mean Gaus-

sian error distributions for the motion and measurement noise, (3) known data asso-
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ciation, and (4) representation of the environment in terms of features that are points
in an appropriate parameter space [76, 62, 51]. Of course, we know that in many,
if not most, real-world SLAM problems, these criteria are not satisfied [82]. This is
perhaps no more true in the undersea environment, where AUV motion models are
quite nonlinear, sonar measurements are error-prone, the data association problem
is complex, and the mapping of natural terrain poses difficult issues in environment
representation.

Despite all these concerns, we nevertheless believe that it is important to under-
stand the nature of the Kalman filter solution for the Linear Gaussian problem, for
two reasons. Firstly, in many real-world situations, existing feature detection and
data association techniques can perform well, and angular errors such as the heading
of the surveying robot can be kept small, so that the linear Gaussian assumptions
can be satisfied. Secondly, from a theoretical perspective, the simplified linear Gaus-
sian SLAM problem has many attributes that generalize to more complex nonlinear
SLAM situations, and hence insights into the simpler problem can be generalized.

In the recent literature that has studied the linear Gaussian SLAM problem,
some of the most important contributions have been provided by ‘researchers at the
University of Sydney, including Csorba [23], Newman [67], Dissanayake et al. [27],
and Gibbens et al. [34]. Following these authors, we desighate the single degree-of-
freedom linear Gaussian SLAM problem as the “MonoRob” (or mono-dimensional
robot) problem.

Newman and his co-authors were the first researchers to investigate the asymptotic
behavior of the SLAM covariance matrix for the SLAM problem [67, 27]. This work
influenced the SLAM community substantially, helping to build confidence that the
SLAM problem could indeed be solved. This work made a number of important
claims applicable to the linear Gaussian SLAM problem, for the special case that all

features are observed by the robot at every time step. The three key results were:

1. “The determinant of any submatrix of the map covariance matrix

decreases monotonically as observations are successively made.
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2. In the limit as the number of observations increases, the landmark

estimates become fully correlated.

3. In the limit, the covariance associated with any single landmark lo-
cation estimate is determined only by the initial covariance in the

vehicle location estimate [27].”
Based on these three results, a number of claims were made, including:

1. “In the limit, the errors in the estimates of any pair of landmarks
becomes fully correlated. This means that given the exact location
of any one landmark, the location of any other landmark in the map

can also be determined with absolute certainty.

2. As the vehicle moves through the environment taking observations
of individual landmarks, the error in the estimates of the relative
location between different landmarks reduces monotonically to the
point where the map of relative locations is known with absolute

precision.

3. As the map converges in the above manner, the error in the abso-
lute location of every landmark (and thus the whole map) reaches a
lower bound determined only by the error that existed when the first

observation was made. [27)”

In Section 3.2, we consider the same issues for the more general case when only a
subset of the features in the environment are observed.

Another second key contribution coming from the University of Sydney, based on
research conducted during approximately the same time period, was the development
of a closed form solution to the MonoRob problem. The solution strategy developed
was to formulate MonoRob as a continuous, rather than a discrete, state estimation
problem, and then to solve the resulting Riccati equation. The problem is difficult
because, even with simplifying assumptions for the vehicle dynamic model, the algebra

becomes extremely tedious and tiresome. Gibbens et al. solved this problem by
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first considering the case when there were only a small number of features in the
environment, and then using a symbolic mathematics package to generalize their
result to an arbitrary number of landmarks.

The Gibbens et al. solution yielded some valuable insights into rate of convergence
and also agreed with the claims of the Newman et al. analysis that is summarized
above. However, the Gibbens et al. solution only applies to the special case when
the vehicle makes observations of all features at each time step. Below in Section 3.3
(and Appendix A), we present a more general solution to this problem, obtained by
solving the Riccati equation by hand.

Before investigating these two issues further, we begin with some deﬁhitiohs and

a review of well-known properties for the linear Gaussian SLAM covariance matrix.

3.2 Properties of the Covariance Matrix of the

Linear Gaussian SLAM Solution

Estimation is the process of finding a best value based on observed information [46].
For example, we can estimate the position and velocity of an aircraft using range
measurements obtained by one or more ground radar sensors. Usually, an estimate
for a stochastic process forms a probability distribution because no deterministic
estimation to find a true value is possible. The shape of the distribution shows not

only the expected value, but also the confidence level of the expectation.

Mathematically, the shape of the distribution can be described by either a finite or
an infinite linear summation of moments of the random variable. The n-th moment
of a random variable x is defined as E[x*] = [z"p,(z)dz.. We call the first two
moments as the mean value and the mean squared value respectively. In order to
fully characterize the distribution of a random variable, an infinite number of moments
must be provided. Fortunately, in many situations, partial characterizations in the
form of expectations are enough to approximate distributions to a sufficient accuracy.

Also, a few distributions require only several moments to be fully characterized.
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For example, if the distribution is known to be Gaussian, the first two moments are
enough to fully characterize the distribution. As described in the previous chapter, we
assume a Gaussian process for the SLAM solution, so our main goal in approaching
a SLAM problem is to determine the best values for the first two moments that

characterize the estimated distribution.

The variance- (the second order central moment) is often used to characterize
the estimated distribution because it is defined as E[(x — E[x])?] and measures how
close the actual value is to the expected mean. The higher the variance, the more
uncertain the estimation becomes. On the other hand, a smaller variance implies a
higher confidence in the estimated value. Zero variance means the expected mean

value is indeed the true value.

When estimation is performed for a multivariate problem, the second moment
captures the covariances as well as the variances of the state estimates. Since the
estimates now form a vector, the second moment becomes E[(X — E[x])(X — E[x])7T]
rather than E[(X — E[x])?]. That is, a set of moments forms a matrix whose diagonal
elements are variances and off-diagonal terms represent moments of two different esti-
mates, E[(z; — E[x;])(z; — E[x;])]. We call these off-diagonal elements the covariances,
which measure how strongly two estimates are related to each other. Mathematically,
the covariance represents the dependency of the corresponding pair of estimates. The
correlation coefficient is the covariance normalized by the product of the correspond-
ing variances. If the correlation coefficient of two corresponding random variables is
=£1, then perfect knowledge of one variable can be obtained from perfect knowledge
of the other. On the other hand, if the value of the correlation coefficient is zero, then
two estimates are said to be uncorrelated and one estimate does not affect the other

estimated result.

As the covariance matrix is updated during Kalman filter estimation for the lin-
ear SLAM problem, during certain circumstances it becomes fully correlated; that is,
every correlation coefficient reaches 1, which implies that one correlated estimate al-
lows us to assume that all other estimates are also perfectly kﬁown [27]. Furthermore,

the covariance matrix tests the consistency of a SLAM solution and demonstrates the
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lowest allowable threshold of the uncertainty that can be achieved.

This section examines the properties of the covariance matrix. It includes a review
of general behavior of the covariance matrix as well as the properties specific to
the Kalman filter based SLAM problem. Although many of these properties are
well known, a review of these properties is useful for clarifying the definitions and
terminology that we employ. Further, a clear understanding of these properties is

essential for analysis of the new algorithms that will be presented in Chapter 4.

3.2.1 Definition of the covariance matrix

For two random variables, x; and xg, their joint moments (about the origin) are

defined by

+00 +o0
E[x]x5'] :/ / T Ty Puy o (T1, 22) dzydzy . (3.1)

where py, x, (21, Z2) is the joint probability density function. The second order moment
E[xixo) = fj;o fj:: T1T2Dx, x, (T1, T2) dT1dzo is called the correlation of x; and x,.

Similarly, the (n; + ng + -+ - + ny) order joint moment can be written in the form

n1,.,ne
E[x}xG? -

+oo +o0 +00
n ne L )
/ / / x11x2 T Ty pxl,xz,'~w><k($lal727"' 733k> dzidzy - - -day
(3.2)

As special forms of the expectations, the second order joint central moments are
defined as E[(z; — E[x;])?] for a random variable x; or E[(z; — E[x1])(z2 — E[xg])] for
two .random variables, x; and x;. The former measures how closely a random variable
is distributed to the mean and is called variance. Since it is squared, the variance
is always non-negative. The latter measures how closely two random variables are

correlated with each other and is called the cross correlation. The equation
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E[(z1 — E[x1])(z2 — Elxa])]

+o00 +00
N /_ /_ (z1 = E[x1]) (22 — Elxe])pa 5o (21, T2) dz1d2

oo o0

= E[X1X2] — E[X]]E[Xz] (33)

illustrates that if two random variables x; and x, are uncorrelated (E[x;xz] = E[x;|E[xs])

or independent (p. x,(Z1, Z2) = Py (T1)Px, (22)), their cross correlation becomes zero.

Often, the normalized second order moment of two corresponding variances is
utilized to measure cross correlations between random variables. The cross correlation

coeflicient is defined as

(21 — Blxy)) (22 — B(x2)

- E |
P \/E[(CC] - E(Xl))2]\/E[(:zj2 — E(Xg))z] (3.4)

and always has a value —~1 < p < 1. This will be proved in the next subsection. As
described in the introductory section, a %1 value of cross correlation enables us to

obtain perfect knowledge of one variable from knowledge of the other.

.. . T
For a jointly Gaussian random vector X = [x1,X2," -+ ,X,] , the error mean, the

variances, and covariances of elements of X can be written in the form:

Error mean

Heck
X2 —Ik|Xo
E[(X - E[x])] = : : (3.5)

E{(@n—~E[xn])]

Variance
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Py = E[(z; - E[Xl])2]
Py = E[(z2 — E[X2])2]

(3.6)
 Pun = E[(z, — E[Xn])2] )
Cross correlation
Py = E[(z1 — E[x1])(z1 — E[x2])]
Py = E[(z2 — E[xi])(z1 — E[x3])] (3.7)

Proin = E[(Za-1 — Efky_1]) (@0 — B[xa))]

In the matrix form, these variances and cross correlations define the covariance
matrix for the random vector X; that is, the diagonal elements of the covariance matrix
consist of the variances of the states and the off-diagonal elements are composed of

the cross correlations. Therefore,

E[(X - E[x])(X - E[x])"]

B E[(z1~-E[x])? E{(z1-E[xi])(z2—Elx2])] -~ E{{z1~E[x1])(zr—E[xx])]
| Ellm2—El2])(z1-E[x1])] E[(z2-E[x2))?] -+ E(z2—E[x2])(2n—E[xn])]
| Bl ~Efu]) (01 -Blx1))] El(wn-Epnl)(z2-Epal)] -~ El(@n—Efxn])?]
B o]
P]l P12 Pln (38)
_ Py Py - By,
Pnl -PTIQ T Pnn

represents the matrix form of the covariance matrix. This covariance matrix contains
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the second order joint central moments of the random vector X, and is utilized to
measure the performdnce of a stochastic estimation. Especially, for a jointly Gaussian
random vector, the covariance matrix fully characterizes the error distribution with
the error mean. In the remainder of this section, we will examine general properties
of the covariance matrix as well as several properties specific to the SLAM problem -

using the Kalman filter estimation.

3.2.2 General properties
a. Symmetry

A covariance matrix is always symmetric because Pi;(= El(z; — E[x])(z; — E[x;])])
for any indices ¢ and j equals to Pj;(= E[(z; — Ex;])(z;: — E[x;])]). This equality is

easily verified from the integral form of the expectation.

b. Cross correlation coeflficient

The cross correlation coefficient, defined as the cross correlation of two random vari-

ables normalized by the product of their corresponding variances, is bounded between
E[(z: —Ex]){z; —E;])]

VEl(@i—Elxi])?y/El(z; —Elx;})?]

of two vectors (z; — E[x;]) and (z; — E[x;]) in an abstract space. Since a cosine value

—1 and 1, because its form

is the same as the cosine angle

is always bounded between +1 and —1, so is the cross correlation coefficient.

c. Non-negative definiteness

A matrix A is non-negative definite if the matrix satisfies x? Ax > 0 for any x.
In various research fields, the term positive (semi) definite is defined as the same
meaning as non-negative deﬁnite without clear distinction. This thesis, however,
distinguishes sharply between the two terms. A positive definite matrix A is defined
as a non-negative definite matrix that satisfies the equality of xTAx > O only if
x = 0. If a non-zero vector x that satisfies this equality exists, the matrix is defined
as a positive semi-definite matrix. According to these definitions, the set of the

non-negative definite matrices is the union of the two disjoint sets, positive definite
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matrices and positive semi-definite matrices. It should be noted that a positive semi-
definite matrix is always singular; that is, its determinant is always zero. In the
next subsection, this singular property is employed to verify a non-zero convergent
determinant of the covariance matrix of a SLAM solution. Figure 3-1 represents the
relationship between the terms, non-negative definite, positive definite, and positive

semi-definite.

Non-Negative Definite

Positive
Positive . Definite

" Semi Definite

Figure 3-1: Subset structure of the non-negative definite matrices.

From the structure defined, the covariance matrix is always non-negative definite.
This property is often used to check the consistency of the estimated outputs. The

following is a brief proof of the non-negative definiteness of the covariance matrix.

Proof. In order to show a covariance matrix P is non-negative definite, it
suffices to show a’Pa > 0 for any vector a = [a; az -+ a,]7.

Let X = [x; x2 -+ x,] be defined as a random vector that has P as its co-
variance matrix and a new random variable y be defined as a weighted sum
of X; that is, y = a’X = 3" a;x;. Then, the expectation E[y] becomes
> iy aE[x;] and y — Ely] can be written in the form Y a; (z; — E[x;]).

From this, it is easily derived that a’ Pa is the variance-of y and, therefore,

is always non-negative. Equation 3.9 represents this reasoning.
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gu 1;12 ?n a
21 Pg - P
aTPa—[ma: - an] | ” 72 H ]

Pni Pnz -~ Pan

n n
=D aa;Py

= Z Z a:0;E[(z; — E[x])(z; — Elx;])] (3.9)
=FE Z ai(z; — Elx;]) Z aj(z; — Elx;])

=1 j=1

=E [(v - EW))]

>0

d. The determinant as a measure of uncertainty

In stochastic estimation problems, the determinant of the covariance matrix is often
used to measure the uncertainty of the estimation. As a scalar value, the determinant
meagsures the uncertainty effectively in various situétions. Physically, the determinant
of the covariance matrix is interpreted as the volume of the probability density. Every

covariance matrix P can be expressed as [41]

ai

RT . (3.10)

where o0;s are the eigenvalues and R is the rotation matrix to the principal axes.
R is orthonormal and its determinant is always 1. Each eigenvalue represents the
variance along one of the Principal axis. It should be noted that the determinant of
the covariance is merely the product of the eigenvalues, because the determinant of
the orthonormal rotation matrix is one.

If the distribution of the stochastic estimates follows a Gaussian distribution, the

determinant is closed related to the volume of the distribution; that is,
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Volume Hai = [Pl . (3.11)

i=1

As the summation of the eigenvalues, the trace of the covariance matrix is another
tool for measuring the uncertainty. The trace, however, does not include the cross
correlation information between two random variables in the covariance matrix, so
their dependencies on each other are not captured by the trace.

The determinant of a non-negative definite matrix is always greater than or equal
to zero. Also, the inequality, |A| > |B] holds if A — B is non-negative definite.

Though the determinant possesses many desirable properties to measure and
visualize the uncertainty of the estimation, it also has several undesirable proper-
ties resulting from its nonlinearity. For example, summation is nonlinear: that is,
|A|+|B| # |A + B|. Also, when |B| > |C|, |A + B| > |A + C] is not generally true.
These unfavorable properties of the determinant complicate the map management of
the SLAM solution using submap networks (See Chapter 4).

Before moving on the next subsection, let us introduce a important inequality
which will be employed to prove the acyclic property of the submap networks in

Chapter 4 [58].

For non-negative definite A and B, |A+B|> |A|+|B| . (3.12)

It should be noted that this inequality has the opposite sign of inequality to that

of the triangle inequality.

3.2.3 Properties specific to the Kalman filter and SLAM

The previous subsection reviewed several general properties of the covariance matrix.
In this subsection, several properties of the covariance matrix will be investigated
especially when the covariance matrix is computed via a Kalman filter in performing

SLAM. The properties analyzed in this section will be examined using the closed form
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solution to the MonoRob problem that will be investigated in the next section.

a. Block behavior

Let us begin with the block behavior of the covariance matrix in a SLAM problem.
As previously described in this thesis, feature-based SLAM using the Kalman filter
is a stochastic estimation problem in which the size of the estimated state \}aries
during the estimation. In a SLAM solution, there exists one or multiple robot which
is the subject of the map building and features which are the objects constituting the
map. In many situations, these features being mapped are assumed to be static and,
therefore, the dynamic (plant) model of the Kalman filter has an effect only on the
robot state. Also, these features are added to or deleted from the state vector during
a SLAM mission. Because of these characteristics of the SLAM solution, the state

vector of a SLAM is usually designed in the following form:

T
X = [xf | x;l;l, xz:z, cee x?n] , (3.13)

where v stands for the vehicle (robot) and f#’s for the feature indices. Also, the

corresponding structure of the covariance matrix is

P = , (3.14)

where Py is the covariance matrix block of the robot, Prr is the block of the
features being mapped, and Py ¢ is the cross correlation block between the robot and
the features. As a SLAM mission progresses, the size of Ppp varies whenever the
robot initializes or eliminates a feature.

Since the covariance matrix forms a partitioned matrix, its determinant can be

easily calculated through the Schur complement [41, 58] form defined as

|P| = |Pyv||Prr— PLoPy Pyr
| e | (3.15)
= |Prr| |Pyy — PyrPrpPlp|
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This special form of the determinant is frequently employed to compare the de-

terminants of two covariance matrix forms in Chapter 4.

b. Non-negative definiteness

Though the non-negative definiteness of the covariance matrix has already been in-
vestigated in the previous subsection, the property is re-examined to check if the
Kalman filter maintains this property during its two main steps, the prediction and

the update written in the following forms:

(Prediction) : Plk + 1|k] = F[k|P[k|k]FT[k] + Q[K]
(Update) : Plk+1]k+1] = (I - Wk + 1JH[k + 1])P[k + 1|k](I - W[k + 1H[k + 1])T
+ Wik + 1Rk + 1]W[k + 1]7 . (3.16)

First, the prediction step in the above equation is composed of the sum of the two
square matrices F[k]P[k|k]F[k]T and Q[k]. Through the Gaussian assumption, Q[k]
is non-negative definite for all time steps k and so is the initial covariance matrix,
P([0]0]. From the following theorems [41, 58], the non-negative definiteness of the

covariance matrix is maintained after the prediction step.

o If a n X n square matrix A is non-negative definite, BAB7 is also.non-negative

definite for all m x n matrix B.

e If n x n square matrix A and B are both non-negative definite, their sum A+ B

is a non-negative definite matrix, too.

Similarly, the update step maintains the property of non-negative definiteness
because the process is composed of the sum of two quadratic forms of non-negative
definite matrices.

Finally, let us examine whether this non-negative definiteness is maintained when
a feature is removed from or added to the state vector. The form of the covariance

matrix after a feature is removed from the state is merely a diagonal sub-block of
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the original covariance matrix before the removal occurs. Since any diagonal sub-
block of a non-negative definite matrix is also non-negative definite, the non-negative
definite property is preserved during the feature removal process. When a feature
is initialized and added to the state vector, the covariance matrix is transformed
through the following procedure:

P PTG,”

P <« : (3.17)
GP G.PG, T +G,P,G,”

where P, is the feature noise covariance due to the noisy measurement, and G, and
G, are appropriate Jacobians. In order to verify that this resultant matrix is non-
negative definite, it suffices to show the following inequality holds for all A and B of

appropriate dimensions.

[A B} P PTG, T AT
G.P G,PG,” +G,P,G,T| |BT
= (A +BG,)P(A+BG,) +BG,P,GIBT >0 . (3.18)

It is straightforward to check if the above inequality holds because it is a summa-

tion of two non-negative definite matrices.

c. Monotonicity

As stated previously, the determinant of the covariance matrix measures the uncer-
tainties of the estimates. In a SLAM solution, the uncertainty originates from the
spatial pose estimates of the features in the map built by the robot. The most im-
portant property of the determinant as the measuring tool of the uncertainties is that
the determinant of the feature block (Prr in Equation 3.14) monotonically decreases
as SLAM goes on; that is, as the robot repeats observing features in the environment
[26].

This monotonicity may not hold during the feature initialization and the removal
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processes. Since those processes, however, occur only once per feature, the changes
to the determinant through those processes disappear and their effects are negligible.
During the prediction step of the Kalman filter, monotonicity holds because the
system dynamic model governs only the robot block if the environment is static.
Therefore, the prediction step does not change the determinant of the feature block
of the covariance matrix.
In order to examine the monotonicity during the update step of the Kalman filter,

Equation 3.12 is re-written as

For non-negative definite A and B, |A + B|> |A|+ |B]

Now, the determinants of the feature blocks of the covariance matrix before and
after the update step of the Kalman filter are compared through the above inequality

as

| Pt.=Prr— WSWT
Pir+WSW' =P
|Pfr + WSWT| = [Prp| (3.19)
[Prrl+ |[WSWH < |Pr|

Prr| < [Prp|

where P and P} represent the feature covariance block before and after the update
step respectively, and W and S are the Kalman gain and the innovation covariance.
Since S and its quadratic form WSW7 are non-negative definite, the above inequality

holds during the update step, therefore, the monotonicity is maintained.

d. Terminal uncertainties

In the previous two subsections, the non-negative definiteness of the covariance matrix
and the monotonicity of its determinant are investigated. Also, since the determinant

of a non-negative definite matrix is always non-negative, we can conclude that the
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determinants of the covariance matrix in SLAM solutions are (1) non-negative and
(2) decrease monotonically as the SLAM estimations progress. One question this

conclusion raises is “ What value does the determinant converge to?”.

Many researchers in the field of the SLAM problem have regarded the convergent
value as zero. A proof of this zero terminal value of the determinant is provided in
[26]. In this thesis, however, the terminal uncertainty is re-investigated with a more

rigorous statement of the conditions.

The monotonicity and the non-negative definiteness properties guarantee that the

determinant converges to a non-negative value; that is,

lim |Pfp| = [Prp| - (3.20)

t—o0

From Equation 3.19, the above limiting form implies that

\WSWT| = |[pT, Pre|H'ST'H [pV7 ]| =0 . (3.21)

Prr

Since S is always strictly positive definite, the determinant of the quadratic form
H [E;ﬁ ] should be zero to satisfy the given condition. Let us examine what this last
condition requires the feature covariance matrix to be. Suppose, for example, that
from a certain time step onward, the robot keeps observing only one feature, ¢, and
never re-observes the other features in the state vector until the determinant becomes

steady state. The feature block of the covariance matrix will then be:
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Pvl : Pm‘ Pvn
Pll : Pli Pln
Pyr
H - [Hm 0 H; 0]
PFF le P'ii Pm
Pnl : Pni Pnn

=0 . (3.22)

;

H,P,+HPy=0

which implies that ¢ H,,P,, + H;P;; =0

\H’UiP’U’n + HIPin =0

where H,;, and H; are the first derivatives of the measurement model of the
Kalman filter with the associated states. Since the measurement in a SLAM problem
is executed directly through sensors attached to the robot, the measurement model
associated with a certain feature is a function of only the states of the robot and
the observed feature. This characteristic of the measurement model causes the other

feature block of H to be the zero matrix as shown in Equation 3.22.

The series of equations given in the above are the conditions that the two proper-
ties (monotonicity and the non-negative definiteness) of the covariance matrix must

satisfy. In other words, as long as the above conditions are satisfied, the determinant

P,

of the feature block becomes steady state; that is, \P; F’ becomes the same as
An analytical solution of a one-dimensional MonoRob SLAM problem is provided in
the next section and the following figure captures the situation that the determinant

does not converges to zero.
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Diagonal Elements of Covariance Matrix of Monobot SLAM, ¢=1.5811 r=0.2 r|=0.2
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Figure 3-2: The terminal determinant of the covariance matrix does not converge to zero

if the robot keeps observing only one feature i.

For a more general situation, suppose that the robot starts observing the feature
j after the steady state achieved by observing the feature 7. This breaks the steady
state conditions and the determinant of the feature covariance matrix decreases again
until another steady state condition is reached. Of course, the next steady state

determinant must not necessarily to be zero, either. From this, we can conclude that
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Diagonal Elements of Covariance Matrix of Monobot SLAM, a=1.5811 r=0.2 ri=0_2
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Figure 3-3: The terminal determinant of the covariance matrix must not necessarily to
be zero. If the robot switches the observing feature, the determinant converges to another

non-zero steady state.

In the case that the robot keeps observing only one feature for a long time,
the limiting value must not necessarily to be zero for the feature covariance

matrixz to become steady state.

From this conclusion, we face another question, which can be stated as “Which
condition causes the terminal determinant of the feature covariance matrix equal to
zero?” In order to provide the answer to the question, let us examine a situation in
which the robot keeps observing features 7 and 7 simultaneously. In this situation,

the corresponding conditions for the steady state become:
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FPy1 - Py o Pvi -+ Pun ]
Pii - Py Piy - Pin
PVF . H, |0 H; 0 0 P P Pz] Pin
= {Hvi|0O 0 - Hy 0 : : : :
Prr P - Pj; - P;; - Pjn (3-23)
_Pnl Pn1 o P;Lj Pnn_
=0 |,

which implies

;

H,P, +HP; =0, H,;P,,+H,;P;;=0

H,P,+H/P;=0 H,;P,+H;P;=0
(3.24)

HP,;+HP; =0 H,;P,;+H,P;;=0

\Hvipvn + HIPin = 07 H'Uijn + HJPjn =0

These series of conditions are simplified if two features are the same type, which
makes H; = H;(= Hp). In the following, we will see the above conditions (3.24)
induce the determinant of the feature block to be zero in certain measurement models.

Suppose the measurement model is written in the following form !:

(x5 — Ty) cos(¢y) + (yf — o) sin(¢y)

h = | —(z; — z,)sin(¢y) + (5 — yo) cos(¢y) : (3.25)
ef - ¢'u
From this measurement model, the corresponding Jacobians H,¢ ( ) and Hp
f=ij

become

! This is the measurement model that is employed to process the post-processing result of a
SLAM experiment in the next chapter.
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—cos(¢y) —sin(dy) (—(zs — zv)sin(ds) + (Y5 — ¥u) cos(¢y))
Byl = | sn(6) —cos(6) (~(as~ z)cos() — (uy — ) sin(a)
0 0 -1
cos(¢y) sin(¢y) 0
Hp = | —sin(¢,) cos(¢,) 0
0 0 1
(3.26)
It should be noted that the third row of H,; i) is not a function of feature i
:l,j
nor feature j. With these facts, the k-th row of the conditions (3.24) is now written
as |
H,;P., + H;Py =0, H,Py +H,;P;, =0
oo o7 [Pur PR P ee o7 [Puk POk P32
sy o] | et pd BEIEEE
201l Lef] P Pl 001 Lol vl ph
vueq [PUEERY oo.q [PR R PE (3:27)
sse| | P PEPE | =0 +{...] PLPEZPR | =0
<[338] [z kg
e RTINS Y
- [Pz P2 P3| =[Py P2 P (3.28)
where k =1,--. ,4,---,7,--- ,n. Consequently, two columns in the feature covari-

ance matrix are identical, which causes the feature covariance matrix to be singular;

that is, the determinant to be zero. From these examinations, we can conclude that

The termanal value of the determinant of the feature covariance matrix

approaches zero when at least two same type features are observed simul-
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taneously as well as infinitely many times.

The following figure from the next subsection illustrates this result.

Diagonal Elements of Covariance Matrix of Monobot SLAM, a=2.2361 r=0.2 rl,=0.2
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Figure 3-4: If two features of the same type are observed together, the terminal determinant
of the covariance matrix converges to zero. This does not imply that the determinant of

other feature block also converges to zero.

It should also be noted that this condition cannot still constrain all the features in
the state vector to become fully correlated when the determinant becomes zero. Al-
though the cross correlation coefficient between the two features being simultaneously
observed becomes one, the cross correlation coefficients with the other features will

not necessarily have an absolute value of unity. Figure 3.2.3 captures this situation.
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Figure 3-5: Even though the terminal determinant converges to zero, the cross correlations

between unobserved features are not necessarily one.

While the cross correlation coefficient of the observed feature pair converges to
one, the coefficients associated with unobserved features do not converge to one. This
can be interpreted as indicating that it is not possible to fully correlate the covariance

matrix unless everv feature is observed continually.

e. Behavior during the compounding process

The compounding process is one of the key operations of the feature-based SLAM es-
timation using the Kalman filter and is employed to maintain the spatial relationships
between the global origin and the features’ estimated locations [76]. During a SLAM
mission, all the observations are obtained through the surveying robot’s sensors. The
acquired spatial measurements, therefore, are always referenced with respect to the
robot’s pose. In order to maintain the estimated state vector of the Kalman filter to
have globally referenced values, those local measurements should be transformed to
the global coordinate frame. The compounding process combines two local spatial

relationships and constructs a merged relationship; That is, when there are two local
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relationships from ¢ to j and from j to &, the compounding process constructs the

relation from i to k as shown in Figure 3-6.

Figure 3-6: The compounding process is a binary operation that combines two spatial
relationships. In this figure, x;; is evaluated by compounding x;; and x;5. This operation is
also written in the form: T; eT! = Tg to emphasize that it is a coordinate transformation.

In this subsection, two important properties of the compounding operation are
investigated. First, in linear cases and in nonlinear cases after linearization, the
spatial relationships are associative under the compounding operation (& is used in

this thesis). This means that if we define the pose of j relative to ¢ as x;;,

(Xij &) Xjk) D Xkl = Xij ) (X]'k; oD Xkl) (329)

holds. The corresponding covariance matrix is also associative. In other words, the
covariance matrix P; by compounding P;; and Py, is the same as the covariance
matrix Py by compounding P;; and P;;. Consequently, the evaluating order does not
affect the final result.

Secondly, the relative spatial relationship x; (or 7}) is uniquely determined by
feature 7 and feature j if they are maintained in one state vector of a SLAM solution;

that is,

Xi = Xij D Xjp D Xy
= Xik D Xp (3.30)
= Xij B Xk
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holds. This property implies that every pairwise relationship in a map is unique and
independent of the route connecting those two features. This is a very useful property
and is employed in comparison to the uncertainties in the algorithm suggested in the

next chapter.

f. Behavior during root shifting

The state vector of a SLAM solution contains spatial poses of the robot and the
features with respect to the origin of a Cartesian coordinate frame. If the origin is set
on top of a feature (root feature), the elements of the state vector become the relative
poses of the other features to the root feature. Since the root feature adheres to the
origin, its spatial pose and uncertainty are always zero and therefore are excluded

from the state vector.

Figure 3-7: The determinant of the covariance matrix of the features is not changed by
root shifting.

A special operation, termed root shifting [50], is a transformation operation that
changes the origin of a local frame from one feature to another feature in the map.
During this swapping of the origin, the values of the state vector as well as the
values of the covariance matrix are changed so that all the information is referenced
with respect to the new origin. (Root shifting is discussed in much more detail in

Chapter 4.)
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g. Level-wise update

Another important property of the covariance matrix to be reviewed is that the up-
dated information flow during the Kalman update step has two special characteristics:
(1) one way and (2) level-wise.

Suppose the surveying robot observes one feature i, while there are two other
features (feature j and feature k) in the map. When the update step is executed in
the Kalman filter, each element in the covariance matrix is updated according to the

following rules.

¢ The updated covariance block of the robot P} , the observed feature P}, and

U [T R]

their cross correlation P}; depends only on the previous values of (P, , P, and

P_,). For example, P} is not necessary to update P,;.

o The cross correlations between the observed feature and the other unobserved
features (P and Pj,) and between the robot and unobserved features (P} and
P?,) depend only on the previous values of P P P, and P, ) as well as

and P;).

the above information (P, P;;,

e Finally, the covariance block of unobserved features (P;'"J and P}, ) and their
cross correlations (ij) depend on all of the previous values associated with the

robot and the observed feature.

Figure 3-8 shows these update dependencies. It should be noted that the update
is executed level-wise and the information dependencies always flow from the upper
layers to the lower layers; that is, no upward information flow in the update step exists
during a SLAM estimation. This means that it is not necessary to keep updating an
unobserved feature to update an observed feature and the robot unless the robot
sees the unobserved feature again. This is the key insight behind the postponement
method of Davison and Knight and the Compressed Filter of Guivant and Nebot.

Figure 3-8 and the table that follows it show the dependencies between the ele-
ments. The first layer includes P,,, P;;, and P,; and are updated first. The cross

correlations Po;, Py, Py, and Py form the second layer and their updates depend
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on the information of the first group. Finally, the remaining blocks are updated using

all the information of the preceding groups.

Figure 3-8: Level-wise update and dependencies in the Kalman filter update. The updated

covariance block of the robot Py the observed feature P}, and their cross correlation

P;;- depends only on the previous values of (Pg,, P;;, and P ;). For example, P is not
necessary to update P,,;. The cross correlations between the observed feature and the other
unobserved features ( P; and P;‘) and between the robot and unobserved features (ij and

P7,) depend only on the previous values of (P, Py, P, and P ) as well as the above

ij?
information (Pj,, P;;, and P ;). Finally, the covariance block of unobserved features (P;rj
and P}, ) and their cross correlations (P;Lk) depend on all of the previous values associated

to the robot and the observed feature.

P | B | B P;j | 5 P;j P, Pj‘j P, P;k
PLII O|O|O
PLIO|O|O
P O]0O|O
PL O|O O O
PLI OO O 10
P OO0 @)
P OO O O
P O O O
P Q O O
P OO0 |0]|0O O
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3.3 Analytical Solution of a More General Case
for the MonoRob SLAM Problem

So far, several important properties of the covariance matrix have been examined. Though
all the properties discussed above have been proven theoretically, it is always desirable to
illustrate that the properties hold in practice. In this section, a sifnple SLAM problem is
solved analytically and the time-domain behavior of the covariance matrix is investigated.
The problem considered in this section is the continuous-time, one-dimensional SLAM prob-
lem with n features. A solution is obtained by solving the corresponding Riccati equation
in an explicit form. This enables a close examination of the time-evolution of the solution
properties described in Section 3.2.

As mentioned in Section 3.1, the closed-form solution to the MonoRob problem was
first published by Gibbens et al. [34] for the special case in which the robot observes all
features of the time. In this section, we present a new solution with more complicated
initial conditions and with several key processes included such as the initialization of new
features. Most importantly, we can consider the partial observation case, in which not all
features are observed at each time step.

We begin by reviewing the statement of the problem provided in [34]. We assume that
the environment is one-dimensional and the robot’s velocity only depends on the control
input and the system noise; that is, it can be written as £,(¢) = u(t) + w. In the following
expressions, x(t) is the state vector defined as [z,(t) z; -+ z,]7. Q=E[wwl]=g¢

and R = E[vv7] designate the system noise and the measurement noise, respectively.

e Dynamic Model
x(t) = Fx(t) + G (u(t) + w(t)) (3.31)
where F=0and G={10 --- 0]7.
e Measurement Model

#(t) =Hx(t) +v . (3.32)

An observation z;(t) is defined as the distance from feature i to the robot’s location
zy(t), that is, z(t) = z; — z,(¢) + v;. The measurement vector z(t) is composed of these

measurements. Therefore, H(¢) forms an m x (n + 1) matrix where m is the number of
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measurements available at time ¢. In [34], this observation matrix is assumed to always be
an n x (n+1) matrix. This means that all features are always observed during a mission, an
assumption that is typically not true for most SLAM problems. By considering the more
general case, we will be able to examine several properties associated with the partially
observable situation such as the terminal uncertainty for the covariance matrix.

We consider the following two observation matrices:

H=[—1 6 ---010 ---00©0 - ()], (only one feature is observed)

-1 0 ---010 --- 000 0
-1 0 ---000 - 010 ---0

. (two features are observed).
(3.33)

The closed form solution of the covariance matrix is constructed by solving the following

differential Riccati equation [34]:

P(t) = FP(t) + P(t)FT + GQGT - P()THTR1HP(2)
(3.34)

As indicated above, the resulting solution is evaluated by the product of the two matrices

U(t) and V7! (2) satisfying the following conditions:

: T
I.J(t) _ F GQGT| |U(®) _ (3.35)
V(t) H'R-'H -F7T V(t)
with
U)| _ PO | (3.36)
Vv (0) I

where P(0) is the initial state covariance matrix and I is a identity matrix of an appropriate
dimension.
In Gibbens et al. [34], the initial condition P(0) is set to a diagonal matrix, which is not

applicable to more general situations. In this thesis, an arbitrary initial covariance matrix
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is considered so that the behavior of the solution can be investigated for more realistic
situations, such as changing the identity of the observed feature (for example, from feature
1 to feature 7).

Under this more general formulation (partial observations and an arbitrary initial co-

variance matrix), the following scenarios can be implemented:

e The robot observes only one feature from a time step .

e The robot observes the feature ¢ for a long time and switches its observation to the

feature j.

e The robot observes two features (¢ and j) simultaneously and the switches observe
feature k instead of feature 4, while continuing to observe feature j. (Features 7 and

k are never observed simultaneously.)

Each of these scenarios can be executed by taking the appropriate observation matrix H
and the proper initial conditions. For example, the closed form of the second case in the
list utilizes two observation matrices, H=[-1 ¢ ... 1 ... 0 ... Q] and

H=[-10 --- 0 --- 1 ... 0] with appropriate initial conditions. In Appendix A,
the solution procedures for the the two cases — (1) one feature observed and (2) two features
observed — are briefly summarized. We now present the resulting values for the covariance

matrix for each of these two cases.

3.3.1 Closed form solutions
‘a. Observation of only one feature

To solve the case in which the robot observes only one feature, the observation matrix H is

defined to be

Hz[—l 0 - 010 --- 000 - ()] | (3.37)

For the purpose of simplicity, the index i is set to the observed feature and the indices j
and n are assigned to the unobserved features in the following solutions. Therefore, P;;(t)
is the variance of the observed feature and P;,(t) is the cross correlation between two

unobserved features. All the covariance forms in the right hand side (P, Py, etc) are
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the initial values. The symbols ¢ and o (= r_l,) represent the system noise variance and the

inverse of the measurement noise variance respectively.
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b. Observation of two features simultaneously

To solve the case in which the robot observes two feature simultaneously, the observation

matrix H is defined to be

-10 - 010 --000 - 0
H= . (3.69)
10 - 000 - 010 - 0

The indices 7 and j are assigned to the observed features and the index n represents the
unobserved feature. The system noise variance g is identical with the case of one observed
1,1

feature, but the parameter « is now defined as /g ( t ;;).

® Pu(t)
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3.3.2 Analysis of the closed form solution

In this subsection, the properties of the covariance matrix are investigated through the
closed form solution summarized in the previous sections. Though the given problem is a

continuous case, it suffices to show the behaviors of the covariance matrix [34].

a. Monotonicity

Let us examine the monotonicity of the determinant feature covariance block. As described
in the previous section, it has been proven that the ﬁncertainty of a feature block mono-
tonically decreases during a SLAM mission. This property is true for every feature in the
map whether the feature is observed or unobserved. Equations 3.80 and 3.81 illustrate the
monotonicity of these two cases: (1) an observed feature and (2) an unobserved feature.

First, the covariance for the observed feature, specified by

e : (o
eV [P, P0 — 8% 1 POy + ¢ VA [PS? - PO,PD 4+ PLg)

Pii(t) =
g — /a4
eV [Ph —2PL + PR+ yar] —e V7 [P, — 2P), + P — /g7
g - /4
(P, ~ P2 (ev eV )
= pY_

11 q

VA [Py, — 2P0 + P+ ) — ¢ VA [PS, — 2P0 + P2 — 7]

(3.80)

clearly monotonically decreases with time, because its first derivative is always non-positive.
Thus, the determinant of the observed feature block decreases monotonically from the initial -
uncertainty PJ.

Similarly, the solution for the unobserved feature (feature n) illustrates the monotoni-

cally decreasing property through its first derivative with time

g _ [ay
0 (g - e (V- V)
P (t)= P, —

VA [P = 28 + P+ i) — VA [P, 280 + PO - ]
(3.81)

One interesting fact is that the amount of the decrement for the unobserved feature does

not depend on its initial uncertainty, while the amount of the observed feature does.
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b. Terminal uncertainty

So far, the non-zero terminal uncertainty has been a property not well known to the SLAM
research community. Many papers have assumed that the terminal form of the covariance
matrix is fully correlated (the absolute value of every cross correlation becomes 1.) without
specifying a rigorous condition for this assumption. This has possibly misled the SLAM
research community to conclude that if the survey is executed forever, the solution will

become perfect even when a part of the features are observable only for a finite time duration.

In this section, the terminal uncertainty for the following cases are examined through
the closed form solutions: (1) only one feature is observed and (2) two features are observed

simultaneously.

First, if only one feature (feature 7) is observed, the feature covariance is

Ve 2 /it [po2
b= PRPY— PO+ PR/m)| + V' [BY? — PY,PY+ Py
ill) =

VA [Py = 2Py + P+ i) - VA [P 28 + PO - ]
=, - (3.82)
(p = py (/7 - VR
= po0_

kA3
VAt [Py, — 2P0 + PD+ ] — ¢ VAL [PY, — 2P0 + PY — /]

and its limiting form

(PSP - P3’ + Phyam)|

(3.83)
[ng - QPS) + Pg + V qn]

i—00

shows the non-zero limit value. This limit is the uncertainty of the observed feature when
t goes to infinity. The cross correlation of the block of an observed feature (feature 7) and
an unobserved feature (feature n), { 11;:; 11;::,]’ does not converge to one, either. It can be

easily checked from the limiting value:
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i Pni(t)z
m--—-—————-—--—
t—oo Pii(t) « Pan(t)
2
_ {=P0,(PY — PD) + (P, — P8 + \/am)}
[P'gvpig - R¢%2 + Pz(z)v qTi)] [—(P,,?z - P’r?v)Q + P??n (ng)v - 2Pi9; + })12 + vV qTi)]

£1

(3.84)

When two features (here, i and j) are observed simultaneously, the behavior of their limiting

values is shown in Figure 3-9. The limiting values are

Pi(0) F;j(00)
Pji(o0) | = | Pjj(00) | (3.85)
Ppi(00) P, j(00)

and hence, the matrix is singular. Consequently, the determinant of the whole feature
block converges to zero, even though a block associated with an unobserved feature remains

non-zero.
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Figure 3-9: If two features (i and j) of the same type are simultaneously observed, their

terminal values become Pj;(c0) = P;j(00), Pji(00) = Pjj(00), and Pp;i(00) = Fyj(c0).

c. Level-wise update

All the closed form solutions illustrate the level-wise update behavior. Every element of the
covariance matrix follows the level-wise update rule described in the previous subsection.

For example,

VTt [ PO, P— P+ PO /T +em Vi [ By 2= PO, P+ PR y/T)]
evast[po 2P0 + POy /T]—e~vaSt[pY —2P0 +PL—, /1]

L2 ;

P;(t) = (3.86)

shows that the update of an observed feature (F;;) requires only the previous values of [,

P, and P,,..
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d. Lower bound of the uncertainty

The limiting forms of the feature in the covariance matrix capture the lower bounds of the
feature uncertainty. Suppose, for example, that only one feature exists in the region being

mapped. When it is initialized, the covariance matrix is:

Py (GoPy)"

(3.87)
G,P, G,P,GT +G,rGT

Since G, = 1, G, = 1, and P, = P, for our situation, the covariance matrix ends will be

Py, P,
Py Pyt

(3.88)

Now, let us substitute these elements into the initial values of Equation 3.83. Then,

2
[Py + P2
(P9, 2P+ PR+ /4
. [va(va + Ti) - ng + (va + Ti)\/ qri)] (389)
[va — 2Py + (Ppo +15) + \/qT'i}
Tin/qTi

:va+__

o v

Therefore, the uncertainty converges to the uncertainty of the robot when the robot initial-
izes the first feature when ¢ = 0 or r; = 0, which corresponds to the case of no system noise
or no measurement noise, respectively. If noise values are non-zero, then the limiting value

of the uncertainty is a function of these noise variances.
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Figure 3-10: The lower bound of the feature uncertainty depends on the noise levels.

3.3.3 Case study

In this subsection, we investigate the solution behavior of several cases of the MonoRob
SLAM problem. Through these examples, the described properties in this chapter such
as the monotonicity, the non-negative definiteness, and non-zero terminal uncertainty, are

illustrated.

As the default configuration, the initial covariance matrix is set to be

[Prr(0) Pri(0) Pri(0) Pro(0)] [04 02 02 02

P;r(0) Pj;(0) Pj;(0) Pjn(0) 02 02 04 0.2
| Par(0) Pri(0) Pnj(0) Pnp(0)] |02 0.2 0.2 04

and the noise variances
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g=0.5, ri=rj =1 =02 (3.91)

are used 2.

For the purpose of the comparison the following four scenarios are examined:

1. The robot observes the feature i for ¢t < 20.

The other features are not observed at all.

2. The robot observes the feature ¢ for £ < 10 and switches observing

to the feature 7 for 10 < ¢t < 20. The feature n is not observed.

3. The robot keeps switching between feature ¢ and feature j every 2 seconds

until ¢ = 20.

4. The robot observes both feature 7 and feature j simultaneously. This condition is

maintained until ¢ = 200.

In all cases, the monotonicity and non-negativeness of the determinants are easily ex-
amined. The results of the first scenario illustrate a case in which the terminal value of the
uncertainty is non-zero (Figure 3-11). The determinant converges to its limit very quickly
and stops decreasing because useful observations are no longer provided. This behavior is
observed in the second scenario, too. The determinant converges to the first limit and stops
decreasing as it does in the first case. Once the robot begins observing feature j, fhe deter-
minant decreases again and converges to a new limiting value. The new convergence limit,
however, is not zero even though its value is smaller than the value of the first scenario.
This stair-wise decrement is also seen in the third case. Whenever new useful information is
provided, the determinant starts decreasing to the next limiting value which is still not zero
(Figure 3-15). Although the limiting value is getting smaller, the reductions stop once the
robot switches to observe another feature. Also, the cross correlation between an observed
feature and an unobserved feature does not converge to 1 as shown in Figure 3-16. When

two features are observed simultaneously, as in fourth scenario, the limiting value of the

2 The initial covariance matrix can be constructed as follows: (1) the robot moves for 0.4 sec
without observing any features, (2) the robot initializes three features, and (3) the robot moves for
0.4 sec again without re-observing any features. During the robot’s motion, the covariance matrix
follows P = GQGT, according to Equation 3.34.
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determinant becomes zero. The cross correlation between unobserved features, however,

still does not converge to 1.

e scenario 1
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Figure 3-11: The determinants of the feature blocks when only one feature is observed.
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Figure 3-12: The cross correlation behavior when only one feature is observed.
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Figure 3-13: The determinants of the feature blocks when the feature observed is switched

once.
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Figure 3-14: The cross correlation behavior when the feature observed is switched once.



e scenario 3
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Figure 3-15: The determinants of the feature blocks when the feature observed is switched

every two seconds.
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Figure 3-16: The cross correlation behavior when the feature observed is switched every

two seconds.
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e scenario 4
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Figure 3-17: The determinants of the feature blocks when two features are simultaneously

observed.
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3.4 Conclusion

In Chapter 3, several properties of the covariance matrix have been investigated in detail.
Theoretical proofs of the properties have been provided and the time domain behaviors of
" the covariance matrix have been examined through analytical solution of one dimensional
SLAM problem.

The resultant properties include: (1) a non-zero terminal uncertainty, (2) the condition
for achieving a fully correlated covariance matrix, (3) exposition of the level-wise update
structure in the Kalman filter based SLAM solution, and (4) the uncertainty projection
during compbunding and root shifting. The first two properties clarify the conditions that
a SLAM solution should satisfy. The level-wise update provides clear dependencies be-
tween observed features and unobserved features during the Kalman update operation.
The properties on the uncertainty projection are effectively used to analyze the Constant
Time SLAM (CTS) algorithm and to develop the CTS 2.0 and Network Optimized SLAM
(NOS) algorithms in Chapter 4.

In addition to the examinétion of these properties, the closed form solution for one
dimensional a MonoRob SLAM problem has been provided. The given problem considers
arbitrary initial values for the covariance matrix and partial observations (not all features
observed at all time steps). Most of the properties found in the first part of Chapter 3
have been examined through the closed form solution behaviors. We checked the non-zero
terminal uncertainty, cross correlation behavior, level-wise update‘depen_d'encies, and the
achievable lowest bound for the feature uncertainty.

In the next chapter, we will utilize the properties found in this chapter to improve the
converging rate of the global uncertainties of local maps and to develop new algorithms that

provide better performance than the current state-of-the-art for the scaling problem.
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Chapter 4

Efficient SLAM Algorithms Using
Submap Networks

In the previous chapter, we reviewed the map-scaling problem in SLAM and considered a
variety of methods proposed to increase the efficiency of SLAM algorithms. In this chap-
ter, we focus more intently on one of these approaches, the Constant Time SLAM (CTS)
algorithm [50]. While CTS succeeds in achieving consistency and convergence with O(1)
order of growth; it suffers from a slower rate of cdnvergence in comparison to full covariance
SLAM. In this chapter, we present two new algorithms — CTS 2.0 and Network-Optimized
SLAM (NOS) — that build on the original CTS algorithm to achieve an improved rate of
convergence. All three algorithms are implemented with real data and compared to the full
covariance solution. Our results provide insights into the choice of error metrics for measur-

ing the global uncertainty of SLAM algorithms that use submap network representations.

4.1 Constant Time SLAM (CTS) Algorithm

We begin by reviewing CTS and investigating its properties. Constant Time SLAM [50] is
the first algorithm that achieves three vital requirements for efficient large-scale mapping:
consistency, convergence, and constant time updates. It decouples the global map into
multiple, locally referenced submaps and maintains estimates for entities in each submap
that are uncorrelated to the other submaps. Since each estimate is never fused with the

others, and measurements are used in only one submap, the CTS algorithm can guarantee
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the consistency of each submap. Also, the method runs in constant time because estimates of
the global locations of submaps can be evaluated locally and independently from the number
of submaps. Finally, CTS achieves convergence to the full covariance solution by chaining
together the local submaps, each of which converge under the assumptions described in
Chapter 3 [50]. Although CTS is one of the best algorithms for the map-scaling problem,
there considerable room for improvement remains. In this section, we examine how the
CTS algorithm wbrks and follow that in the next section with a consideration of what can
be done to improve the current state of the art.

Let us begin with a description of the operations performed by the CTS algorithm in
each individual local map. In a local region, CTS solves the full covariance SLAM problem
using any kind of consistent solution!. The state vector is composed of the locations of
the surveying robot and a number of static features. The robot is controlled by a series of
control inputs, ulk], and obtains a set of sensor measurements, z[k], at each discrete time
step k. The estimation process seeks to Iﬁnd the best description of the following conditional

probability density (which is assumed to be jointly Gaussian):

p (x[k]le,Uk) : (4.1)

where Z* and U* are all the measurements and inputs up to time k from the start.

The theoretical development of CTS for local SLAM processing is generally the same
as in the standard Kalman filter SLAM formulation. The only difference to be considered
in CTS is the coordinate frame of each local map, as shown in Figure 4-1. There are two
kinds of frames, one for the first local map and one for the other local maps. First, the
origin of the first map serves simultaneously as its own origin as well as the origin of all the
submaps, and is set from the beginning. Usually, its location is established as the pose of
the robot at the instant the robot begins to move, but there is no limitation for its location.
Since when a survey begins, no features are known a priori, the state vector at the onset
includes only the robot’s pose. This coordinate system for this submap is iden’cical.to that‘
of a typical full covariance SLAM system.

Each of the remaining local maps, however, has a special local coordinate system. In

each local submap, the local origin is chosen to coincide with a local feature in the map.

'In this thesis, the extended Kalman filter (76] is employed for the local solution.
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Hence, the locations of all features in the submap are described with respect to the location
of this feature. This feature is called the root feature or root entity [50] of the submap and
is assumed to be perfectly known in a local sense. (Another term that is widely used is the
base reference of a stochastic map [79].) Because we know the pose root feature exactly
in the local frame, the robot does not include the root feature in the local SLAM state
vector. The management of these root entities is the key idea of the CTS algorithm, which

is examined in detail in the next subsection.

PR

&

Figure 4-1: The origin of the local coordinate frame is chosen to coincide with one of the
features. We call the feature whose pose is located at the local origin the root feature of
its submap. The origin of the first submap, however, is not located on top of a feature; it

serves as the global origin during the CTS mission.

4.1.1 Manipulating local maps in CTS

Following [50], we now introduce several notational conventions to describe the operation
of the CTS algorithm. First, we define T; to be the relative pose of feature j with respect
to the feature 4. Here, we assume that the feature 7 has an orientation so that the vector
T; is uniquely determined. TJ‘ is applied to any two features if they are in the same local

map. If two features are included in more than one local map, there exist two T}’s and
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they are distinct because CTS does not share any estimated information between maps
and relies instead on a local independent SLAM solution. In order to explicitly distinguish
between the two T7’s, a map ID is associated with each instance of TJZ Consequently, [m’k]Tji
represents the relative pose of j with respect to ¢ when the two features are in the local
map m whose root feature is the feature k. For simplicity, if the local map and its root are
obvious or do. not matter, we sometimes omit the upper-left indexing in the remainder of

the chapter.

According to this notation, the operations of compounding and inversion of approximate

coordinate transformation can be written in the following form:

Tij = eT; ' (inversion)

T = T; ® le (compounding) . (4.2)

Also, a composite relationship between T,i and T,z when T; is given can be easily calculated

by

T = T/eT; = oTieT} . (4.3)

The linearized relationships in the covariance matrices associated with the above operation

can be written in the following form [74, 76]:
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Pjiji ~ JoPiji;JL (inversion) . (4.4)
Pikik = Jg Z’U Hak NP (compounding) . (4.5)
[Pk Pikik

Pjiji Pjiik

~ T
_Pji,ilc Pik,ik
i T
JoPijiids JePijik| _p
=Je T 1T ®
L Pij,ikJ e Pikik

Jo 0| |Pisi Pyl [J 0]
0 I Pz;,k Pipic| |0 1

= [Jl@Je Jg@} o ik e1® (composite relationship) . (4.6)

T o T
Pz’j,ik sz,zk_ Jzee

In the above, Jg and Jg = [J 1w J 269— are appropriate Jacobians of the inversion and
compounding operations, respectively. .

As a key manipulation in CTS, a local origin is shifted from one feature to another
feature according to the features’ global uncertainties. Leonard and Newman [50] define

this operation as root shifting, §. The process can be written as

fm,j} [m,4)
Ty =S ( Tl:n)

@[m,i] Tj EB[m,i] T2 (47)

—e[m'll TJ @Im,l] Tn-‘

Figure 3-7 shows this root shifting operation. We should note that root shifting does
not change the determinant of the covariance matrix of the local map. That is, in a local
map, the choice of root feature does not improve or corrupt the estimated uncertainty. A

proof of this propérty follows:

Proof. As shown above in Equation 4.7, root shifting is a combination of two
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basic operations: Inversion (unitary) and compounding (binary). By root shift-
ing, every local pose with respect to the old root is transformed to that of the

. . . 4] .
new root. The corresponding covariance matrices (P for the old covariance

matrix and "7'P for new one) have the following relationships:

r P
P21

l‘xj]P _

Pji s
Pjti+1),51

L Pjni

P =Js""PJ

Jig O

0 J%ea
_ 0
Tl o o0
0
| 0 0

In Equation (4.8), the Jacobian matrix Js forms a triangular matrix after

appropriate row and column interchanges. With the following lemma relating

Pj1,5i
P25

Pj1 52
Pj2,52

PiG-n.1 Pionue = Piaing

Pji 52 Pji,ji
s,z o Pyernyge o
Pjn,j2 Pjn,ji

1 1
0 Jé@Jze 0
0 J3JL o

o B IGILT o

0 J4 0

G415+l T+
0 Jigdg J2g -

0 Jpdn 0

to the determinant of a matrix [41],

A Ap Ay,
0 Ayp Aoy
0 0 - Am

Pji1gn 7
Pj2,4n
Pji-1),im
Pjijn
i(i+1),n
Pjnjn -
0
0 r P Piii2
Pizin P22
0 Pig-—n.a Pig-n,e2 -
Pij Pijaz
Pi+1),01 Pig+nyaz
J,; L Ping1 Pinao
26

= |A11]|Ax]  |Ans|

‘P

Pi1ij
Pio s

i(i—1),ij
Pijij
Pii+1).ij

Pinij

(4.8)

(4.9)

the relationship for the determinants can be calculated from the equation (4.8),

as
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[24]

P[ = Js| ["”"PI R
n [ ] n
- (I} %] (f10%1)
k=1 k=1 (4.10)
1. ["”ij
el
In the.above, we use |[J| = 1 for all Jacobians because they are merely co-
2

ordinate transformation operations Therefore, in a local map, the choice
of root feature does not improve or corrupt the estimated uncertainty. The

determinants before and after root shifting are always the same.

In addition to this property for the determinant of the coordinate transformation opera-
tion, we should also note that the global location of any local feature can be constructed by
a simple compouﬁding operation. Since CTS maintains the global pose estimate of the root
feature, we can choose any local feature location as the other input of the binary operation
@ and it will evaluate the global location estimate of the local feature. This is illustrated

in Figure 4-2.

2This constant determinant holds in a two-dimensional environment, such as mapping objects
on the seafloor when the depth is known. If we use Cartesian coordinates in a three-dimensional
environment, the determinant is not generally 1. This topic will be investigated in future work. In
the remainder of this thesis, we confine our focus to two dimensional environments.
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Figure 4-2: 1Inthe CTS algorithm, the global uncertainty of the feature j (TJG) is obtained
by compounding the global uncertainty of the root feature 4 (TZG) and the local uncertainty

. ; . G _ G ;
of the feature j (T7). That is, T;” = T;” & T}.

 An interesting fact in this transformation is that the resultant uncertainty is easily
calculated from the two input values (Pg; g and Pj;45) for the compounding operation in

CTS. Suppose, for example, there are two features in the global map. The covariance matrix

Pgic: Paigy

of the features will be [Pgi.Gj Pc; i

}. This can be constructed by the given uncertainties

Pgi i and Pyj; ;5 through the relationship

Paici Peici| [ 1 0 Pgici Poig| [T I
T o T o T
PGi,Gj Pcjoj _Jl@ J2€B_ _PGi,ij Pijij 0 Jig

I 0| |Pge O I Ji, ;
= Al (4.11)
Jie Jae| | O Puys) [0 Jag

Therefore, their determinant can be calculated as
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Pcici Poic;
Tz =132l Poicil Pigil 11|35
Paic; Paici e

= [Pgicil [Piji]

In the above equation (4.11), Pg;;; = 0 is used because TiG and T]z are uncorrelated in CTS;
that is, they do not share any information with each other. Consequently, the determinant

can be evaluated by the product of two local values®.

This transformation to the global frame can be extended to the transformation of all
the features in a local map. Figure 4-3 shows this transformation and Equations (4.13 and -

4.14) represent the corresponding determinant calculation.

Peici Peica| | I 0| |Pgici Paia| |1 I
Pl.ca Pcacal |Je Jowe| |Plia Paa| |0 Jig
| I 0 Poici O I Jig (@13
Jie Jws| | O Paal |0 I '
And thev corresponding determinant is written as
Pcici Poica
Tl z ' = 1| 20| [Poigil Paal 11|35
PLica Pcaca (4.14)

= [Pgicil [Pa 4l

3 TE (with feature i) can be thought of as a local operation compared to the global region (with
features ¢ and j) described as a big circle in Figure 4-3
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Figure 4-3: The spatial pose and the uncertainty of every feature in the submap M4 can
be transformed to the global frame through the compounding processes. As the measure
of the global uncertainty, the determinant of the features of M4 is calculated through the

equation (4.14).

One very important result from the above relationship is that the uncertainty can be written
as a product of two given determinants. Since the second term of the product is not changed
by root shifting, we conclude that the global uncertainty of a local map is determined by the
Toot feature’s global uncertainty. Therefore, finding the best root feature for each submap

is the key process of the CTS algorithm.

4.1.2 Algorithm description

As described in Leonard and Newman [50], the four basic parts of the CTS algorithm are
(1) SLAM processing within local maps, (2) map management, (3) map location estimation,
and (4) computation of global state estimates for all features in a map. Figure 4-4 shows

the flowchart of the CTS algorithm.
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Figure 4-4: Flowchart of the CTS algorithm.

a. SLAM within local maps

As described earlier, CTS computes a full covariance SLAM solution in each local map in
the same way that one would compute a full covariance solution for a single map SLAM
"problem. The robot moves according to the given control input, makes observations, and
does either feature initialization or Kalman update for re-observed features (as described in
Chapter 2). Every feature initialized within a local map is included in a state vector and

its estimate is updated by the extended Kalman filter.

~ All elements of the state vector are location estimates with respect to the origin of the
local map. The origin of each map, except the first local map, coincides with the location
of a feature and is not included in the state vector (because in the local map, the pose of

the root feature is perfectly known).

At any given moment, CTS decides in which map the robot is located. When the
robot is in multiple maps, CTS recognizes the robot as being in the oldest map. This
map assignment is also applied to the measurements obtained from the robot’s sensors. If
the robot is in map My, the observation made by the robot at that moment can be used
only for the map My,4. This prevents observed information from being used more than
once. Figure 4-5 illustrates the manner in which each measurement is used for local state

estimation in a single submap.
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Only Used for My Only Used for Ma

Figure 4-5: Each measurement is assigned to only one submap so that no information is

shared by multiple local maps. Consequently, fiA and fJB are regarded as separate features.

Since no information is shared between submaps, some features can be initialized in
multiple local maps. For example, in Figure 4-5, feature fiA in M4 and feature ff in Mp
have different estimated values and uncertainties. The fact that they correspond to the

same feature, however, is used during the map matching process.

b. Map management

Before moving on, let us make the meaning of ‘map’ clear. The term map has two meanings
in the SLAM community. The first meaning is as a set of the features and the robot as
estimated states. When the term map is used in this context, it includes the estimated
state vector and the corresponding covariance matrix. Map building implies the addition
of & new estimated feature to the existing states and an improvement of the states through .
the use of various estimation techniques. The uncertainty of a map refers to the quality of
the state estimation.

The other definition of map refers to geometric regions. When we say ‘the robot is
in a map’, we imagine that a robot is within a geometric region such as a rectangle or a
circle. If we say ‘the robot leaves the map’, it usually means that the robot transfers across
a geometric boundary. Since these two meanings do not conflict with each other in most
cases, we use ‘map’ for both cases without distinct clarification.

A local map in CTS environment is created whenever both of the following are satisfied:

(1) no existing map contains the robot and (2) at least one feature exists within the range
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of sensors attached the robot. The feature should also be included in the previous map 4.
Each map forms a circle whose center is located at the position of the robot when the map
is created and whose radius is pre-set with the proper value for the environment. When a
map is created, therefore, the robot is at the center of the map, and the origin of the local
frame is set on top of a feature within the map. Since the map is defined by the robot’s
pose, some mapped features might actually be located outside of a local map if they can
be seen by the robot that is in the map. This spatial decomposition representation, using a
set of overlapping map regions defined by a set of vehicle poses, was first introduced in the
SLAM literature by Leonard and Feder [54].

If the robot is in a local map, it computes a full covariance SLAM for those local regions
described in the previous subsection. If the robot leaves a local map, CTS checks if there
exists a local map that contains the current robot’s location. If multiple maps containing
the robot exist, the oldest map is chosen. If there is no existing map, CTS creates a new
map °.

When the robot re-enters a previously visited map, CTS performs relocation to com-
pute a new pose estimate for the robot. That is, the CTS algorithm ignores any spatial

information acquired outside of the map and re-localizes the robot whenever it visits this

map.

c. Map location estimation

The following, quoted from the paper [50], shows the steps of CTS algorithm for map
location estimation. It should be noted that this subroutine can be executed independently

of the main process of the CTS algorithm described in the previous two subsections.

4 There was no need for the second condition in [50] because the paper assumed a sufficient
density of features in the environment.

5 In fact, CTS waits until the robot finds at least one shared feature. In this case, the robot is
in the previous map even though it leaves the geometric region associated with that map.
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Algorithm Map Location Estimation

1: Select a map p, to improve which is currently referenced to the root entity ¢

2: Create a set, NV, containing the ID’s of all nearby maps including p — the map to
be improved.

3: For each ¢ € N, ¢ # p create a set C, 4 of ID’s of features that are present in
both maps.

4: For each frame Fj attached to feature k € C,, calculate its globally referenced
location [q"]TkG and uncertainty [q"]PkG using the location estimate of feature k
within map ¢ and its current location estimate.

5. Pick the map ¢* and entity ID £* such that:

[¢*, k*] = arg min {|" PZ|}

6: If g* = p and £* = ¢ then stop. The map p cannot be improved.

7: Root shift map p to k* from i — reference all entities in map p to a coordinate
frame attached to entity £*.

8: Replace T, and PS with WITE and ¥ PE respectively.

Figure 4-6 illustrates how map location estimation works. Suppose the map Mp is about
to be updated and the map shares features with three neighboring maps M 4, Mg, and M.
Figure 4-6.(a) illustrates this situation. It should be noted that every shared feature has
two indices: (1) one for Mp as shown in the Figure 4-6.(a) and (2) the other for one of the
neighboring maps M 4, Mg, and M¢ as shown in Figure 4-6.(b). After identifying all shared
features, CTS calculates the global uncertainty of each feature by using compounding. In
Figure 4-6.(b), we can see which feature is combined with which root feature. Figure 4-
6.(c) captures the results. All root feature candidates are compared through their global
uncertainties. Finally, CTS appoints the feature with the least uncertainty as the root
feature of the map Mp.

The map location estimation is executed in constant time with reasonable assumptions:
(1) the number of shared features and (2) the number of neighboring maps are bounded
by appropriate constants. If features are equally distributed over the entire region and the
density of features are neither too small nor too large, the given assumptions can be applied.
The map location estimation chooses the best feature by comparing the determinant values
of the candidate features. If we set the upper bound of the shared features as Ny, and the
upper bound of the neighboring maps as Ny,qp, the number of comparisons is bounded by
the constant Ngp X Npqp, which implies the running time of the map location estimation
is O(1). Also, since the map location estimation is executed only when the robot leaves a

submap, it can be processed separately from the main processes of the CTS algorithm.
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G.O. GO

Figure 4-6: In order to update the global location of Mp, the global uncertainties through
the root features of Mp’s neighboring maps (M4, Mg, and M¢) are compared. From this
comparison, the feature providing the minimum uncertainty (TpG ) is chosen as the root
feature of Mp.

d. Computation of global state estimates for all features in a map

.As already described, the global state estimates for all features can be obtained through a
simple compounding operation.(See Figure 4-2 and 4-3) Also, we know that every feature in
alocal map (M 4) comes to be fully correlated when all features are observed infinitely many
times. Since the location of the root feature is perfectly known, all features’ estimates in the

map M4 become perfect ®. This means that the local map M4 is built without uncertainty

6 Even though the root feature is not included in the local state vector, its cross correlations
with the other features in the map can he improved while a different root feature is selected by CTS
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if the root feature is correctly given.

While serving as the root entity of M4, the feature simultane(ﬁusly appears in another
local map (Mp). Therefore, the feature will be pérfectly known after infinite observation
in the map Mg, if the root feature of Mp is correctly given. Analogous reasoning can
be applied to the other maps so that we can conclude that all the features become fully

correlated and their uncertainties will converge to the lowest bound”.

4.2 Review of CTS

In the previous section, we demonstrated what the Conétant time SLAM algorithm is, how
it works, and why it satisfies three key requirements for large-scale SLAM problems. In
this section, we examine the CTS algorithm for areas of improvement in two respects and
prepare for the next section that will provide specific algorithms to increase the effectiveness

of the CTS algorithm.

4.2.1 Nonlinearity in determinants

One of the key steps of the CTS algorithm is the estimation of the global location of submaps
through the use of compounding operations. As discussed in Chapter 3, the determinant
of a sum of two matrices is not equal to the sum of the determinants of the two matrics.

That is,

|A + B| # |A]| + |B| (4.15)
for two square matrices A and B [41]. Also, for n x n non-negative definite matrices A, B,
and C, |B| > |C| does not imply that

IA+B|>|A+C| . (4.16)

This inequality holds only when B — C is also non-negative definite [41]. Similarly, for n xn

non-negative matrices A, B, C, and D, |A| > |B| and |C| > |D] do not guarantee that

during mission. Or, a special treatment can be used to update the root feature’s estimate when it

is observed by the robot.
7 See Chapter 3 for the description of the lowest bound.
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JA+C|>|B+D| . (4.17)

Figure 4-7 illustrates an example in which this inequality does not hold.

Il

[A [E|

Figure 4-7: Even though |A| > |B| and |C| > |D|, the determinants of their summation
does not imply that |A + C| > |B + D|.

Now, let us apply this property to the root feature selection process in CTS. As shown
in Figure 4-6, the global uncertainties of all shared features are compared in CTS to find
the least uncertain feature. For the attainment of map location estimation, the global un-
certainties of the neighboring maps need to be combined with each shared feature. One
question this process raises is, “How can we evaluate the global uncertainty of the neigh-
boring map?” F‘igure 4-8 illustrates the root feature selection steps of two maps, M4 and
Mp. Figure 4-8(a) represents a part of Figure 4-6 and illustrates two compounding results,
Tf @ TlA and TE @ T4, that are compared to find the path of the lower uncertainty. Now,
let us examine how the feature f# was chosen as the root feature of M4 in Figure 4-8(b).
It should be clear that the same procedure is used as in map Mp. That is, Tg ) TlB and
Tg ® TP are compared, and the path G.0. — f ﬁ — f£ is chosen. The global uncertainty
via the path is assigned to the feature le , and the feature stores the value as T;g and is
prepared for the neighbor map’s effort to determine its root feature.

As already shown, only two paths (G.0 — fE(= ff}) — f{*) and (G.O — fE(= f§) — 8

are compared when CTS searches the root feature of Mp 8.

8 Those paths are identical with (G.O — f§ — fB — f*) and (G.O — fE — fF — f£) re-
spectively. .
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Figure 4-8: In order to choose the root feature of Mp, CTS compares two possible paths
through the root feature of its neighbor map, M 4. However, if we include another shared
features between M4 and its neighbor M, another paths might exist in addition to these
two paths and they might provide lower global uncertainties than the paths through the

- root feature of M 4.

We should note that even though two more possible paths exist — (G.O — f g — fB - flA)
and (G.O - f }’% — ff - f{‘) — from the global origin to Mp, they are dismissed in CTS
before the root feature of Mp is considered. These two paths, however, may yield lower un-
certainties than the paths via f j%. Because the linearity does not hold for the determinants,
that potential for a lower uncertainty is missed by the CTS algorithm.

The uncertainties of the compounding processes are the sum of the determinants, which
do not hold linearity. As a result, the path that provides the least uncertainty might be
included in the paths that are eliminated prior to their consideration. In this respect, there

is room for improvement in the algorithm for finding a best root feature in CTS.

4.2.2 Information dissemination depth

Currently, the CTS algorithm activates the map location estimation routine only when a
map transition occurs in order to maintain the constant time computation. When the
routine is called, CTS algorithm searches a best root feature of the map to be improved.
This means that whenever the routine is called one and only one map is improved. Thus,
the improved information is propagated only one submap per one execution of the map

location estimation. This limited propagation of the improved information may cause a
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significant slow rate of convergence of the CTS algorithm.

To illustrate this point, let us consider an environment that consists of a big loop. As
shown in Figure 4-9, all submaps have neighbor maps only in one direction until the robot
closes the loop and revisits the previously created submaps. When the robot leaves the last
submap(M,,) and re-enters the first submap, CTS activates the map location estimation
routine and compares the root feature candidates. Suppose, for example, that one path
directly connected to the global origin is chosen as the root feature and its corresponding
uncertainty is much less than the uncertainty of the paths through M,,_;. We desire
that map M,,_; be improved by the new link via the map M,,. Unfortunately, the CTS
algorithm does not currently check this possibility because of the computational complexity.
In order to improve the map location estimate of M, _1, the robot should re-visit the map
all the way around the loop of the submaps.

Since the improvement depth of map location estimates is limited to one map, the rate

of convergence might be very low in some cases.
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Figure 4-9: When the robot leaves M;,_.1, M,,_1 has only one neighbor map. Therefore,
the global uncertainty of M,,_; should be calculateéd all the way around the submaps.
When the robot leaves M,,, however, M, has two neighbor maps and chooses the better
path, which is directly connected to the global origin. As a result, the global uncertainty of
M,,, is much less than that of M,,_;. Unfortunately, this less uncertain path through M,,

does not propagate to M, until the robot re-enters M,,_1 again.

4.3 Efficient SLAM algorithms

So far, we have examined various methods to resolve the map-scaling issue in SLAM prob-
lems. In particular, the Constant Time SLAM algorithm [50] has been studied in detail and
shown to satisfy three vital requirements for large-scale SLLAM problems. In the previous
two subsections, we have also demonstrated that a more effective means for approaching

certain large-scale SLAM problem is possible. Now, we will introduce a graphical descrip-
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tion of a submap system and suggest two new algorithms that enhance the performance of

the CTS algorithm.

4.3.1 Graphical description

Let us define a graph G(IV, E) whose nodes and edges are written as follows:

N={M,;|i=1,---,n, wheren is the number of submaps. }

E = {(i,5),(5,7) | if M; and M has at least one shared feature.} . (4.18)

Henceforth, as CTS does, we assume that the feature density is high enough throughout the
region being mapped so that every submap has at least one neighboring map with which
it shares at least one feature. This assumption leads the graph G to be a connected graph.
That is, there exists a path between any two nodes in the graph. Figure 4-10(a) shows an
example of this type of graph. Now, let us deﬁne a sub-graph G (N, Er) induced from G.

The definition of Gt is written as

N={M;|i=1,--,n, wheren is the number of submaps. }

Br={(i,5) | (.3) € B)A(=(j) = 0)} . (419)

where 7(-) represent a parental relationship. The sub-graph Gr has the same nodes set
as G does, but possesses a different edge network from G. In Gr, an edge (i, 5) exists
only when M; is the parent of M;. This parental relationship is established by the CTS
algorithm whenever a submap location estimate is updated. If the global uncertainty of M;
is updated by compounding with the root feature of M;, M; becomes the parent of M.
(See Figure 4-8. My is the parent of Mp and Mp is the parent of M4.) Of course, this
parenthood can always be dismissed when the next ﬁlap update occurs.

One interesting fact here is that Gt is guaranteed to be a tree. The root of the tree is
the map that contains the global origin. No cycle is allowed in the graph Gz as illustrated

through the following reasoning:
Proof. (By contradiction) Let us assume there is a cycle in G. Suppose M, —
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G.0O.

Figure 4-10: Figure (a) represents the graph produced through the neighborhood between
submaps. If two submaps share at least one feature, one edge between those two submaps
exists. Figure (b) illustrates the tree structure constructed by the CTS algorithm. Since the
CTS algorithm makes every submap choose one parent map, no submap (node) can have
more than one outgoing edge from itself. Figure (c) captures a map location estimation
process when M, is considered to be improved. The CTS algorithm compares three possible
paths to the submap and chooses M, as its parent map. (d) Once this selection process is
finished, the other paths via M, and M, are ignored until another map location estimation
for M; occurs. Thus, the graph maintains the tree structure during a CTS mission.

M, « -+ « M «— M, are the nodes composing the cycle. It is well known
that, for non-negative definite matrices A and B, |A + B| > |A| + |B| [41]. For

the compounding process x;; @ ;i = Z, the associated covariance matrices
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satisfy

Py = JiiPyJl + IuPd T (4.20)

where J;; and J j are corresponding Jacobians. Since the determinant of these

Jacobians are 1, the following inequality holds:

TPy 35 + IiPindTe| = [35Pi 35| + |3 56P 53 5|
= |33 [Pi; | |IZ| + 13 se] Pkl |IT

= [Py;| + [Pl

[Pix| > [Ps;| + [Pj| . . (4.21)

In the last relation, the equality holds only when either |P;;| or [Pji| is zero.
Now, let us apply this to the nodes in the cycle. Since w(q) = p (parent of
q is p), the global uncertainty of M, is larger than that of M,. This results
from the fact that the global uncertainty of a child node is the compounding
result of (1) the global uncertainty of the parent and (2) the local uncertainty
between the parent and the child (See Figure 4-2 and 4-3) °.

Therefore, a child map’s global uncertainty is always bigger than its parent’s.
The remainder of the proof is straightforward. These inequalities contradict

the existence of a cycle when the parenthood M, and M, is examined. That is,

”?

Myl < Myl < < M| S M (422)

This last relation contradicts the given assumption. Therefore, no cycle can

exist in the graph Gr.

9 Even though two uncertainties can be equal, that case is eliminated in the remainder of this
thesis, because these compounding operations take place during the mission, and no perfectly known
relation is possible until the mission is successfully completed.
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Figure 4-10(b) provides an example of Gp. In order to distinguish the submap graph
from the network of root features, in the figure squares symbolize the nodes (submaps) of
the graph. We note that each node value is the global uncertainty of the submap, and the

edges (solid lines) represent only the parenthood between submaps.

4.3.2 Improvement of the nonlinearity,

Constant Time SLAM (CTS) 2.0

The improvement of the nonlinearity of the CTS algorithm originates from the fact that
the compounding process in CTS is nonlinear. Instead of maintaining only one global -
connection between the root feature of a local submap and the global origin, the global
uncertainties of all the root feature candidates of the submap are maintained. Figure 4-11
illustrates this new algorithm, which is named CTS 2.0. M4, for example, maintains not
only fﬁ‘, but also the other candidate fA. When Mp is improved, the paths through fA
are also considered. Through this slight modification, we can reduce the possibility that
the root feature found by CTS falls in a local minimum. It is certain that the performance
of the new algorithm will always be better than or equal to those from CTS, because all
the paths in CTS are still included in the new set of paths.

Furthermore, this new algorithm does not degrade the constant time computation of the
CTS algorithm if the number of shared features is bounded by a constant number. The new
map location estimation routine still examines only the adjacent neighbor mapé. The paths
between the global origin and the root feature candidates of the neighboring maps, TCs,
are all encapsulated because the compounding process is associative as shown in Chapter
3. The number of comparisons in the CTS 2.0 algorithm is bounded by the constant,
"Ny x Ngj % Npmap instead of Ngp X Nigp as in the original map location estimation, where
N, represents the largest possible number of the root feature candidates of a neighboring
map. This constant N, is the same as N, because the algorithm uses the shared features
as the candidates of the root feature. Consequently, the CTS 2.0 algorithm still runs in
O(1) because the running time is bounded by a constant.

It should be noted that, however, this modified algorithm can not enhance the solution

equivalent to an optimal solution because there is still a possibility that the solution misses’
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Figure 4-11: Instead of tracking only one global connection between a submap and the
global origin, the CTS 2.0 maintains the global uncertainties of all the root feature candi-
dates. Consequently, in order to choose the root feature of Mp, the algorithm compares
not only the paths via the root features of neighboring maps ( f}é}, f g , and fg), but also
the paths through the root feature candidates of the neighboring maps (£, f2, and f°).
Maintaining multiple shared features reduces the possibility that the root feature found by
CTS falls in a local minimum. The results are guaranteed to be better than or equal to
those from CT'S, because all the paths in CTS are still included in the new set of paths.

the global minimum value. In order to guarantee that the solution is the global minimum,
all the possible paths from the global origin to the submap should be recalculated. However,
this is computationally intractable because no greedy algorithm can be employed to this
nonlinear summation of the determinants. The main contribution of this modification is
improving the rate of convergence of the global poses of local maps. The performance is
guaranteed to be better or equal to that of a CTS solution and the computation is still O(1).
. Later in this chapter, an experimental result will be provided to illustrate the performance

of this algorithm. Figure 4-12 captures the flowchart of the CTS 2.0 algorithm.

4.3.3 Improvement of the information dissemination depth,

Network Optimized SLAM (NOS)

As pointed in a previous subsection, the CTS algorithm updates only one local map at a
time and this, sometimes, causes very slow improvements of local maps’ pose estimations.
In this subsection, we suggest an algorithm. called Network Optimized SLAM (NOS),

that maximizes the improvement of local maps’ location estimates without much loss in
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Figure 4-12: Flowchart of the CTS 2.0 algorithm.

efficiency.

To introduce the NOS algorithm more easily, let us begin with a brief description how
the graph of submaps is transformed while the NOS algorithm is executed. Figure 4-10
represents the process in which the CTS algorithm improves the global location estimate
of the submap M,;. Figure 4-10(c) captures the moment that three possible paths are
compared and Figure 4-10(d) illustrates that the path through M, is chosen as the result
of the comparison. Now, Figure 4-13(a) and 4-13(b) are re-drawn with explicit edge values.
Even though the summation of the determinants does not hold the linearity, the values in
the figure ignore this property for the purpose of easy illustration. The real code of the
algorithm considers the nonlinearity. As shown in Figure 4-13(a), the submap M; improves
its global pose estimate. The Figure 4-13(a) represents the step just before the map location
estimation chooses the best parent for the M;. The Figure 4-13(b) captures M, as it is
chosen as the parent map of M; because the global uncertainty via M, is the smallest
among the three candidate parent maps M,,, M, and M,. This is the end stage of the map
location estimation of the CTS algorithm. The new algorithm, NOS, starts from this stage
and tries to disseminate the updated map’s information to the other maps. In Figure 4-
13(b) and 4-13(c), it can be seen that the uncertainty of M, via the map M; (=16) is worse
than that via the M; (=15) which has just been improved by the map location estimation.
NOS connects M, as the parent of M, and eliminates the old parenthood between M,

and M;. This information flow keeps disseminating until it either reaches a leaf node(M,)
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or is blocked by a lower value node (M,). Consequently, NOS disseminates the updated
information to the other maps as far as possible. The Figure 4-13(d) is the resultant tree
after the NOS is executed. Every submap in this resultant tree has a global uncertainty
lower or equal to that of the tree made by the CTS algorithm (Figure 4-13(b)).

Thé pseudo-code of the algorithm can be written as the following.

Algorithm Linear-Time Network Optimized SLAM (M;);

1: do CTS (or CTS 2.0) map location estimation

2: construct the transient graph Gy,

3: do Depth First Search and disseminate the information obtained from the map
location estimation.

4: eliminate redundant edges and construct new tree G}, .

It should be noted that the algorithfn NOS is not fused with the map location estimation
of the CTS (or CTS 2.0) algorithm. The NOS uses the output of the map pose estimation
as its input and does not communicate with any other routines in the CTS until NOS
finishes its calculations and returns the improved tree structure. This means that NOS can
be performed separately from the main process of the CTS and, therefore, usually does not
degrade the computation efficiency even though the NOS itself runs in O(N,,) where N,, is
the number of the local maps. As long as the NOS algorithm can complete its calculation
before another map update occurs, the total computation time of the whole SLAM solution

is maintained as O(1). Figure 4-14 represents the flowchart of the NOS algorithm.

a. Depth first search (DFS) in NOS

The NOS uses the Depth First Search (DFS) technique to check if a submap is eligible to
be updated. It is well known that all nodes of a graph can be reached by DFS if the graph
is connected [22]. Though the searching technique of NOS slightly differs from that of a
conventional DFS, the same reasoning applies to the NOS algorithm; that is, every node in

the graph is checked for its eligibility. The following is a brief proof of that property.

Proof. Every node is directly or indirectly examined by DFS in NOS. DFS
leaves no node unchecked if the graph is connected. Let the graph for DFS
starting from M; be Gprg(¢). The graph is connected and the nodes and

edges are defined as
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Figure 4-13:  Figure (a) represents the map location estimation process in CTS. M;
is considered to be improved. The CTS algorithm compares three possible paths to the
submap (via M,, My, and M,) and chooses M, as its parent map because the resultant
uncertainty is the smallest among the three. (b) Once this selection process is finished,
the CTS algorithm ignores the other paths via M, and M, until another map location
estimation for M; occurs. It should be noted, however, that M, can be improved if M,
replaces its parent with M;. The resultant uncertainty (=15) is less than the current value
(=16). This new relationships can be disseminated until no improvement can exist. Figure
(c) and (d) illustrates the resultant tree structure after this improvement dissemination.

N = {M.,- I i=1,---,n, where n is the number of submaps.}

E = ErU{(i,j) | if M; is a neighbor of M;.} (4.23)
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Figure 4-14: Flowchart of the NOS algorithm.

where Ep is the tree defined in (4.19). We know that every node of Gprs(?) is
in a branch of the original tree. The branch can be classified into two groups:
(1) a branch can be reached from the node ¢ without passing the global root
or (2) a branch cannot be reached unless the global root is passed through.
First, it is not necessary to examine any node of the branches in the second
group (branch 1 in Figure 4-15). Without passing through the global root, the
updated information cannot be transferred to that node and the global root,
having zero uncertainty, always resets the updated information while passing

the root.

Thus, it suffices to show that every node of the branches in the first group
(branch 2 in Figure 4-15) is examined during DF'S in NOS. Let us examine one
neighboring map (v in the figure) of M;. The node always separates the branch
containing v into two links. One is the link from the global root to the parent
node of v (ancestor link in the figure) and the other link is from the child of v
to the leaf of the branch if v is not a leaf (predecessor link in the figure). All
nodes in the predecessor link are visited during DFS and updated if the new
information is better than the old value. This information updates flow up to a
leaf because the uncertainty of a child is always bigger than that of its parent.
The nodes in the ancestor link from the parent of v to the global origin are

examined if the parent-child relationship should be reversed. That is, if the
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uncertainty of node v's parent is larger than that of v, the relation is reversed
so that v is now the parent (See the right sub-figure of 4-15). This inversion
occurs until a parent’s uncertainty still beats its child’s. In that case, all of
the ancestor nodes also have less uncertainties than the child node, therefore,
1s not necessary for it to be examined. Consequently, all nodes in the original

tree are examined either directly or indirectly.

= un i
| M |cildorm, H child of M,
1 & -5
— 1 )
X 1 |
< ) T
M‘@ ________ =M T amMETTTTTTT Bk Y
1 g ]
I = 2
1 m 2]
1
parent of M, parent of M,

Figure 4-15:  When M; is improved, every node of the submap network is examined either
directly or indirectly through DFS in the NOS algorithm. Every path between the M; and
the nodes in the type of branch 1 includes the global origin node. Therefore, the nodes in
the type of branch 1 are not improved by NOS. The uncertainty values of nodes in the type

of branch 2, however, are compared and updated through DFS of NOS algorithm.

b. The running time of NOS

It is well known that the running time of DFS is O(N + E) where N and E are the number of
nodes and edges of a graph [22]. This results because the time required to call DFS routine
is O(N) and the total number of checking whether the search goes deeper is > ven [Adji(v)].

The modified DFS in NOS process, however, runs in O(N,,) because the number of edges
in a tree is O(N,, ). Furthermore. as already described in the above proof, many nodes are

excluded from the checking, so DFS in NOS runs much faster in most cases. Also, since the
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process is executed independently from the main SLAM process, the running time does not
degrade the running time of CTS until the number of submaps exceeds the product of the
number of features in a map and the total time steps spent in one map. That is, in order to
maintain CTS as a constant time algorithm, it suffices to complete one NOS process while

the robot stays in the submap.

4.4 Global Uncertainty of the Whole Map

An important issue in considering a large-scale SLAM algorithm is to compare its perfor-
mance to the full covariance solution. This section examines the global uncertainty of the
whole map that is constructed through the union of all submaps, and shows that the CTS
based algorithms search the best root feature not only the determinant but also the each

traces of submaps.

All three of the algorithms described in this chapter — CTS, CTS 2.0, and NOS — follow
a common strategy for estimating the global pose of features in a given local submap. The
goal is to find a best root feature for each submap so that the global uncertainty of the
submap is minimized. The performances of these algorithms can be compared to that of
the full covariance SLAM solution by taking the corresponding sub-block of the covariance

matrix that the full SLAM solution produces.

What is the global uncertainty of all features with respect to the global origin? That
is, if all features are globally referenced in a single state vector, what is the determinant
value of the corresponding covariance matrix? When we perform full covariance SLAM, the
global uncertainty is merely the determinant of the covariance matrix because every feature
in the survey region is estimated in one state vector. In CTS, however, we need to combine
the locally processed information to determine the global uncertainty. For a local map, we
have examined how to transform the local uncertainty to the global frame. As described in
the previous subsections, each uncertainty is a product of (1) the uncertainty of the global
pose of the local frame and (2) the uncertainty of the features in the local map with respect
to the local origin. This relationship is demonstrated through

PG| = PG, | [Pre

r00L;

(4.24)
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From the above equation and the fact that any root shifting between local features does
not change the second determinant, minimizing the first quantity is the only way to reduce
the product in Equation 4.24. The routines, map location estimation in CTS and network
optimized SLAM, focus on this minimization. The goal of these algorithms is to provide

more accurate global pose estimates for each individual local map.

However, in this subsection we want to calculate the global uncertainty of the entire
region from the fragments of information obtained in local maps. Surprisingly, the result is

simply the product of the determinants of every local map. That is,

PC =]] (4.25)

1=0

700t;
P M;

For convenience, we verify this result through one example. Although the map connections
are slightly different according to which algorithm (CTS, CTS 2.0, or NOS) is chosen,
they do not affect the result. Thus, we use simple map connections from the original CTS
configuration, as shown in Figure 4-16. In this figure, there are thirteen features spread
across five local maps. The first map (Mp) has the global origin and two features (a and

c¢}. Therefore, when the robot is in Mg, the state vector and the covariance matrix have
POCL.OQ PO(I.,OC]

Pou,vu. Poc,oc ’

the forms xp = [X4q XOC]T and Py = [
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Figure 4-16: A typical network configuration for a CTS type algorithm is illustrated.
There are five submaps including the first submap My. Submaps are connected through

the root feature and form a tree structure.

The second map (My) is rooted at the feature a and has three features in it. The

corresponding state vector and the covariance matrix of M4 are x4 = [Xa1 Xq2 Xa3]T and
Pa.l,a.l Pa.l,a2 Pal.a3

P4 = | Pazai Pazaz Pa2,a3:l. The third map (Mp) has one feature that is shared with M4
Paa,al Pa3,a2 Pa3,a3

and chooses it as the root feature b. The features in Mp are referenced with respect to

Poa.bs Praps ]

this local origin and are estimated in the form of xg = [xp4 xb5]T and Pg = [Pbs o Prome

Feature b in map Mp is the same as feature number 3 in M 4. Similarly, the maps M¢ and

Mp are written as:
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Mc : x¢

Mp:xp

Xc6 Pecs Peoscr Poses

Xe7 , Po= Pc7,c6 Pc?,c7 Pc7,c8
_x08(= Xcd) PcS,cﬁ Pc8,c7 PcS,cS
_

Xd9 Pad Pasagio Paoan
xq10| > P0=|Pgodo Parodgio Parodn
| Xd11 Puiae Pairagio Painan

(4.26)

Now, let us combine the local information in these maps to compute the global uncertainty.

The combination can be interpreted in terms of the following transformation.

T
[Xoa Xoc Xal Xa2 Xg3 Xpd Xps Xep Xe7 Xeg Xd9 X410 an]

T
= [Xoa Xoe Xol Xo2 Xo3 Xo4 Xob Xoo Xo7 Xog8 Xo9 Xol0 xoll} (4'27)

We should note that it is always possible to stack up the submaps in the order in which

every parent is located above its predecessors since the feature connections form a tree that

is always a directed acyclic graph. (See the topological sort alogorithm in [22].)

This transformation is done by series of compounding operations whose inputs are the

feature itself and several ancestors. That is,
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[ an ] ] an
Xoc Xoc
Xo1 Xoa @ Xa1
Xo2 Xoq D Xq2

X03(= Xoc) Xoa D Xab(= Xa3)
Xo4 Xoa D Xab(= Xa3) D Xp4
Xo5 = | Xoa ® Xab(= Xa3) D Xps | (4.28)
X06 Xoc D X6
Xo7 Xoc @ X7

X08(= Xod) Xoc D Xc8(= Xcs)
X09 Xoc ® Xed(= Xes) ® Xdg
X010 Xoe ® Xed(= Xes) © X410
Xoll | | Xoc® Xed(= Xes) @ Xa11 |

Now, the globally referenced uncertainty is calculated through the proper Jacobian ma-
trix. If the environment is not a linear Gaussian case, the value becomes the first order

approximation of the uncertainty. In the following equations, J,1),, means the Jacobian of

a(xoa DXal )

5. As shown in the equation,

transformation for x,; with respect to x4, that'is,
the Jacobian matrix forms a triangular matrix. This occurs because every element in the
state vector can be calculated from the element itself and its ancestors, and the special tree
structure of the CTS submap system makes this ordering possible at all times. It is well
known that the determinant of a block triangular matrix is just the product of the deter-
minants of diagonal blocks [41]. Also, the input covariance matrix forms a block diagonal
matrix because the cross correlations between local maps are not maintained by the CTS
in order to maintain the consistency. Therefore, the determinant of the original covariance
matrix is also the product of the determinants of each local covariance matrix. Finally,

since we know that the determinant of a Jacobian block element is always 1, the resultant

determinant of the quadratic form can be written in the following form.
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Ps|=|J Py 7|

= 3] -|PL| - |I7]
P() 0 T
10 Pa 0 0 0. 1 Jar (4.30)
Jo1 Ja2 0 o ¢rs o0 0 JgoT
0 0 0 Pp

= |1||Jg2| - [Pol|Pal|Ps|[Pc|[Pp| - |T]|[Tg2”|

= |Po||Pa||P5||Pc||Pp]

Therefore, the global uncertainty of the entire region only depends on the determinant of
each individual submap !°. The form does not include any information concerning how the
local maps are connected and which features are chosen as their local origins. Also, we can
conclude that minimizing individual local uncertainties is the only way to maximize the

quality of the global estimates if the estimation goal is to minimize the determinant.

Of course, this property does not degrade the importance of CTS based algorithms. Even
though the global uncertainty (the determinant of the covariance matrix) of the entire region
does not depend on which features are chosen as the root features, the trace (variances)
of the globél covariance matrix still depends on the qualities of the root features; That is,
the CTS based algorithms provide a solution that minimizes the determinant as well as
the trace. Figure 4-17 illustrates the effect of the root feature quality on the global map.
Suppose, as shown in the figure, that there exist three features, and two features are shared
by two submaps. Figure (a) shows the global map with the uncertainties of each feature
when feature 1 is chosen as the root feature of submap B. Figure (b) illustrates the global
map when feature 2, whose uncertainty is larger than feature 1’s, is chosen as the root
feature of submap B. As described, the resultant determinants of the whole state are the
same. The uncertainty of each feature, however, in (a) differs from that of each feature in
(b).  Consequently, we can conclude that the CTS based algorithms search the best root

feature that minimizes not only the determinant but also each variances.

10 Again, this property relies on linearization and the assumption of a two-dimensional environ-
ment.
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Figure 4-17: Though the determinant of the global state does not depend on which
features are chosen as the root features, the variances (traces) of the global covariance

matrix still depend on the qualities of the root features.
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4.5 Experimental Results

In this section, the performances of all the described algorithms is compared through a

postprocessing result of a challenging data set.

4.5.1 Experiment configuration

Four tennis courts in the middle of the indoor track (See Figure 4-23) are used for the
environment of the experiment because the lines of the courts can be utilized as a good
ground-truth of the features’ locations. For each tennis courts, 16 hurdles are set along the
line of the court. Figure 4-24 and Figure 4-19 illustrate the location setting of the hurdles.
In the experiment, two poles of the hurdle define a point feature with an angle; that is, one
pole defines the x and y positions and the angle is determined through the relative location
of the other pole. Figure 4-18 represents how the point feature with an angle is defined in

the experiment.

&
£ 8

1 £ : L

Figure 4-18: Two poles of the hurdle define a point feature that has three parameters: x

position, y position and the angle.

Since the distance between the poles of a hurdle is known, this hurdle feature envi-
ronment facilitates the data association. The data set, however, is still very challenging
because the dead reckoning (DR) performance of the B21r robot is quite poor as shown in

Figure 4-20.
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Figure 4-19: 64 hurdles are located along the lines of four tennis courts.
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Figure 4-20: Dead reckoned robot trajectory shows the large bias error of the odometry.

The dynamic model and the measurement model for the experiment are defined as

¢ dynamic model

Tylk + 1] = zy[k] — ulk] - 0T - sin(¢y [k])
Yulk + 1] = yy[k] + ulk] - 6T - cos(dy[k]) (4.31)

dulk+ 1] = dolk] + olk] - 6T
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e measurement model

z[k] = (z5[k] — 2[K]) cos(du[k]) + (yy[k] — yolk]) sin(¢y[K])

zylk] = —(zs[k] — zy[k]) sin(gu[k]) + (y£[k] — yu[k]) cos(dy k])

zglk] = O[k] — by [K]

(4.32)

Figure 4-21 and Figure 4-22 illustrate the definitions. It should be noted that the positive

heading angle of the robot is defined as being counter-clockwise from the y axis. The robot

navigates by two control inputs, the forward velocity ulk] and the angular velocity ¢[k], and

the measurements are obtained with respect to the robot’s current pose. From the dynamic

model, the corresponding prediction step of the SLAM is written in the form:

Poule + 1] = Fy k] Poo k15 Pu T + Gl QoK) Golk” (4.33)
where the Jacobians are defined
10 —ulk] - 6T - cos(gu[k)
Flkl= 10 1 —ulk]- 0T - sin(y[k))
0 1
- (4.34)
—0T -sin(py[k]) O
Gulkl = | 6T - cos(¢o[k]) O
I 0 oT
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yulk +1]

ulk]

(k] Tk + 1]

Figure 4-21: Dynamic model of the Johnson Center experiment. The positive heading
angle of the robot is defined as being counter-clockwise from the y axis.

(ay = au)sin{g,.)

el (- (iry = w) coston)

Figure 4-22: Measurement model of the Johnson Center experiment.

Similarly. the observation matrix H[k + 1] is constructed when the i-th feature is ob-

served.
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H[k+1]=[H; | . H; ] | (4.35)

where the robot block H, and the observed feature block H; are defined as

[ cos(gu[k]) —sin(@ulk]) — (z51k] — zolk]) sin(eu K]) + (u7[E] — polk]) cos(dy[k])
Hy= | sin(¢olk]) —cos(du[k]) — (lk] — zolk])cos(ulk]) — (ys[k] — yolk]) sin(ey[k]))
0 0 ~1
[ cos(¢ulk]) sin(gulk]) O
Hy = | -sin(g,[k]) cos(dulk]) O
i 0 0 1
(4.36)

Finally, whenever the robot detects a new feature, the feature initialization is executed

through

P Gz Pod)”
Prew = o ( ld) (4.37)
(G:Pod) G2PoaGE + G, RGT

where G, and G, are

10 —a; sin(@y[k]) — 1 cos(gy[k])
Gz=10 1 x1 cos(¢ylk]) — y1 Sin((bv{k])

[ ] ] 4.38
cos(dolk]) —sin(@lk) 0 0 (438)
G, = | sin@ulk)  cos(@l) 0 0
(:2—:1)’ , W;Z—:l)’y _(:2—:1>72 (:2—:1)2 ,
() e(Em) () ()

The total time duration of the experiments is 39000 time steps for about one hour, and

during which the robot closes the big loop 8 times.
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Figure 4-23: Johnson Center experiment.

Figure 4-24: Johnson Center experiment.
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Figure 4-25: Johnson Center experiment.

Figure 4-26:  Johnson Center experiment.
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4.5.2 Results and analysis

For the purpose of the performance comparisons, four algorithms are examined: (1) the
basic CTS algorithm, (2) the CTS 2.0 algorithm, (3) the NOS algorithm, and (4) the full

covariance SLAM algorithm. =~

a. The global uncertainties of a submap in time

First, the global uncertainties of each submap are compared in time. The result plots are
shown in figures (4-27 through 4-32). The lower graph of each page represents the re-scaled
version of the upper graph for clear comparisons. Each unceratinty is plotted at every 1000
time steps. In this examination, it suffices to compare the global determinants of the root
feature through each algorithm, because the local uncertainties are identical. To compare
to the full covariance SLAM result, the same features as the root feature through NOS
algorithm are chosen.

First, the graph shox;vs that the global uncertainties monotonically decrease with time.
This monotonicity does not apply to the full covariance SLAM result because the chosen
feature is determined by the NOS algorithm. For example, in Figure 4-32, the uncertainty
at t = 7000 is bigger than that of ¢ = 6000, because the NOS algorithm chooses a different
root feature.

The stairwise decrements of the CTS algorithm result because the map location im-
provement occurs only once per the robot’s visit. On the contrary, the decrements of the
NOS algorithm imply‘that the map location improvement occurs frequently.

The overall performances are ranked in the following order: (1) the full covariance

SLAM, (2) the NOS algorithm, (3) the CTS 2.0 algorithm, and (4) the basic CTS algorithm.

b. The global uncertainties of all submaps at a given timestep

In Figurés 4-33 to 4-42, the performances of all the submaps are compared at a given
timestep. For example, Figure 4-40 shows the global uncertainties of the root features of
each submap through various algorithms at timestep 20000. It can be easily seen that the
performaces of the algorithms are ranked: (1) the full covariance SLAM algorithm, (2)
the NOS algorithm, (3) the CTS 2.0 algorithm, and (4) the basic CTS algorithm. The

graphs also show that the uncertainties of a submap are generally larger when the submap
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is located from the global origin.

Until the submap networks are fully developed, all four algorithms are similar in per-
formance (See Figure 4-33 and Figure 4-34). In these early stages, only the full covariance
results differ from those of the other three algorithms. After the robot creates several maps,
the performances that each algorithm provides diverge. The differences result from the non-
linearity of the summation of the determinants (Figure 4-35 and Figure 4-36), and arise from
the diffefences in the information propagation depths (Figure 4-37 through Figure 4-42).
Until the robot closes a loop, the performance of the NOS algorithm is no better than the
CTS 2.0 algorithm as seen in Figure 4-35 and Figure 4-36. Once a loop is closed, however,
the NOS algorithm provides better performaces than the CTS 2.0 algorithm does as seen
in the figures after 6000 time steps.

These comparative results at a given timestep imply that the NOS algorithm is the best

choice for any finite time mission except the full covariance SLAM algorithm.

c. The submap tree structures

Figures 4-43 through 4-60 show the tree structures of two algorithms, the basic CTS algo-
rithm and the NOS algorithm. As described in the previous sections, these tree structures
are constructed by the parent and child relationships between submaps.

In the early stage of the mission, the tree structures are identical, which explains the
reason why the NOS algorithm does not provide better performance than the CTS 2.0
algorithm until the tree structures diverge. The NOS algorithm looks for a better tree
structure whenever a submap is improved and begins to build a different tree as shown in

Figures 4-43 and 4-44.

c. The final map location estimates

Finally, Figures 4-61 through 4-71 show the final location estimates of each submap by two
algorithms, the basic CTS algorithm (red squares) and the NOS (blue stars, ‘*’) algorithm

compared to the full covariance SLAM solution (yellow circles).
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Figure 4-27: Global uncertainty profile of the root feature of the submap 3 with time.
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Figure 4-28: Global uncertainty profile of the root feature of the submap 3 with time.
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Figure 4-29:

Figure 4-30:
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Global uncertdinty profile of the root feature of the submap 5 with time.
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Figure 4-31: Global uncertainty profile of the root feature of the submap 6 with time.
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Figure 4-32: Global uncertainty profile of the root feature of the submap 6 with time.
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Figure 4-33: Global uncertainties of the root features at time step 1000.
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Figure 4-34: Global uncertainties of the root features at time step 2000.
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Figure 4-35: Global uncertainties of the root features at time step 3000.
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Figure 4-36: Global uncertainties of the root features at time step
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Global Uncertainties of Root Features at 6000 (timestep)
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Figure 4-37: Global uncertainties of the root features at time step 6000.
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Figure 4-38: Global uncertainties of the root features at time step 7000.
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Figure 4-39: Global uncertainties of the root features at time step 10000.
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Figure 4-40: Global uncertainties of the root features at time step 20000.
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Figure 4-41: Global uncertainties of the root features at time step 30000.
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Figure 4-42: Global uncertainties of the root features at time step 39000.



Map Tree Struciure at ime <1000 sec

Figure 4-43: The structure of the
map tree by CTS at timestep 1000.
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Figure 4-45: The structure of the

map tree by CTS at timestep 2000.

Map Tree Structure al hme =3000 sec

Figure 4-47: The structure of the

map tree by CTS at timestep 3000.
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Map Tree Sinciure al ime = 1000 sec

Figure 4-44: The structure of the
map tree by NOS at timestep 1000.
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Figure 4-46: The structure of the
map tree by NOS at timestep 2000.
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Figure 4-48: The structure of the

map tree by NOS at timestep 3000,



Map Tree Sinucture al ime =4000 sec

Figure 4-49: The structure of the
map tree by CTS at timestep 4000.
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Figure 4-51: The structure of the
map tree by CTS at timestep 5000.
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Figure 4-53: The structure of the
map tree by CTS at timestep 6000.
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Figure 4-50: The structure of the
map tree by NOS at timestep 4000.
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Figure 4-52: The structure of the

map tree by NOS at timestep 5000.
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Figure 4-54: The structure of the

map tree by NOS at timestep 6000.



Map Trea Siruchire a time 210000 sec

Figure 4-55: The structure of the
map tree by CT'S at timestep 10000.
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Figure 4-57: The structure of the

map tree by CTS at timestep 20000.
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Figure 4-59: The structure of the

map tree by CTS at timestep 39000.
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Map Tree Struciure a1 bme = 10000 sec

Figure 4-56: The structure of the
map tree by NOS at timestep 10000.

Map Trea Siruciure al ime =20000 sec

Figure 4-58: The structure of the
map tree by NOS at timestep 20000.
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Figure 4-60: The structure of the

map tree by NOS at timestep 39000.
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Figure 4-61: The global loca-

tion estimate of submap 1.
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Figure 4-63: The global loca-

tion estimate of submap 3.

Global Location of Subamp 5

50

40
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tion estimate of submap 5.
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Figure 4-62: The global loca-

tion estimate of submap 2.
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tion estimate of submap 4.

Giobal Localion of Subamp &

50|

aof

30

Figure 4-66: The global loca-

tion estimate of submap 6.



Giobal Location of Subamp 7

60

50

40

— ]

a0

Figure 4-67:  The global loca-

tion estimate of submap 7.
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Figure 4-69: The global loca-

tion estimate of submap 9.
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Figure 4-71:  The global loca-

tion estimate of submap 11.
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Figure 4-68: The global loca-

tion estimate of submap 8.
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4.6 Conclusion

In Chpater 4, we have provided analysis of the CTS algorithm in detail and improved the
performances of the global uncertainties of local maps through two new algorithins using a
submap network. The performances of the new algorithms have been exmained theoretically
and empirically through an experiment.

The analysis of the CTS algorithm includes the tree structure, nonlinearity in the
root feature selection, information dissemination depth, and the global uncertainties of
all submaps. The submap network of the CTS algorithm always forms a tree structure, and
the uncertainty of a child submap is always greater than or equal to that of its parent. The
tree structure also supports the fact that global convergence can be achieved through local
convergence in a series of submaps. |

In order to improve the global location estimation of a particular submap, the standard
CTS algorithm compares only the paths through the root features of neighboring maps to
find the root feature. Also, this submap location estimation process for a submap occurs
only once when the robot leaves the submap. These two operations for the global location
estimation of a submap result in a slow converging rate in certain environments, such as a

series of indoor corridors that form a large loop.

One new algorithm, termed CTS 2.0, considers the nonlinearity in summation of de-
terminants and reduces the probability that root selection falls into a local minimum by
. maintaining the global pose estimates all root feature candidates. The running time of CTS
2.0 is still O(1) as long as the number of shared features between submaps and the number

of neighboring maps are bounded by a constant (as assumed in standard CTS).

Another algorithm, termed NOS, utilizes the tree structure of the submaps and maxi-
mizes the information propagation depth in a very efficient manner. NOS algorithm con-
structs a more balanced tree structure than the standard CTS does. In order to propagate
information to other submaps, NOS algorithm employes a modified depth first search that
runs linearly in the number of submaps in worst case. However, it can be amortized and
executed independently of the main process of the SLAM estimation in local maps. This is
similar to the manner in which Bosse [10] performs the Dijkstra computation to propagate

uncertainty through the submap network in the Atlas framework [9].

A real experiment has been implemented and a performance comparison has been pro-
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vided for the four algorithms: (1) standard CTS algorithm, (2) CTS 2.0, (3) NOS, and
(4) full covariance SLAM. The results shows that the global uncertainties of submaps are
rankéd from (4) to (1) with the full covariance SLAM solution being the best.

Also, our investigation of the global uncertainty of the whole region indicates that the de-
terminant of the global map not depending on the root feature selections for two-dimensional
SLAM. (The three-dimensional case will be investigated as future work). This result, how-
ever, does not degrade the importance of root feature selection, which still provides the best

form of the covariance matrix whose trace values are minimum.
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Chapter 5

Conclusion

In this chapter, we summarize the contributions of the thesis and make recommendations

for future work.

5.1 Summary of Contributions

The first contribution of the thesis has been to provide a detailed analysis of the CTS algo-
rithm, including the ‘tree structure, nonlinearity in the root feature selection, information
dissemination depth, and the global uncertainties of all submaps. Also, an experimen-
tal analysis has been performed for the nonlinear Gaussian case and the performance has
been compared to other methods including the full covariance SLAM solution. In CTS,
the submaps always form a tree structure and the uncertainty of a child submap is always
greater than or equal to that of its parent. The tree structure also supports the fact that
global convergence can be achieved through local convergence in a series of submaps.

In order to improve the global location estimate of a particular submap, the standard
CTS algorithm compares only the paths through the root features of bneighboring maps to
find the root feature. Also, this submap location estimation process for a submap occurs
only once When the robot leaves the submap. As a result of these two characteristics of
CTS, the rate of convergence of CTS can be slow (in comparison to the full solution) in
certain environments, such as a series of indoor corridors that form a large loop.

To speed the convergence of CTS, we have developed two new algorithms, CTS 2.0 and

NOS. CTS 2.0 reduces the probability that root selection falls into a local minimum by

159



maintaining the global pose estimates of all root feature candidates. The performance of
CTS 2.0 is always better than or equal to that of standard CTS because the root feature
is one of the candidate features. CTS 2.0 runs in O(1) as long as the number of shared
features is bounded by a constant (as assumed in standard CTS).

Network optimized SLAM utilizes the tree structure of the submaps and maximizes
the information pfopagation depth in an efficient manner. Depth first search is employed
to propagate information to other submaps. It produces a more balanced tree structure
than the standard CTS algorithm does. The NOS algorithm runs linearly in the number
of submaps in the worst case. However, it can be amortized and executed independently of
the main process of SLAM estimation in local maps. This is similar to the manner in which -
Bosse [10] performs a Dijkstra compgtation to propagate uncertainty through the submap
network in the Atlas framework [9].

An experiment with real data has been performed and a performance comparison has
been provided for the four algorithms: (1) standard CTS algorithm, (2) CTS 2.0, (3) NOS,
and (4) full covariance SLAM. The results show that the global uncertainties of submaps
are ranked from (4) to (1) with the full covariance SLAM solution being the best.

Also, the investigation of the global uncertainty of the whole region results in the deter-
minant of the global map does not depend on the root feature selections for two-dimensional
SLAM. (The three-dimensional case will be investigated as a future work). This result, how-
ever, does not degrade the importance of root feature selection because it still provides the
form of the covariance matrix whose trace values are minimized.

In addition to the study of large-scale SLAM algorithms, we investigated the properties
of the covariance matrix in detail. These include: (1) non-zero terminal uncertainty, (2) the
conditions for achieving a fully correlated covariance matrix, (3) exposition of the level-wise
update structure in the Kalman filter based SLAM solution, and (4) the uncertainty projec-
tion during compounding and root shifting. The first two properties clarify the conditions
that a SLAM solution should satisfy. The level-wise update provides clear dependencies be-
tween observed features and unobserved features during the Kalman update operation. The
properties on the uncertainty projection are effectively used to analyze the CTS algorithm
and to develop the CTS 2.0 and NOS algorithms in Chapter 4.

In order to examine the time behavior of the elements of the covariance matrix during a

SLAM mission, a closed form solution for the one-dimensional (MonoRob) SLAM problem
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has been provided. The solution applies for arbitrary initial conditions of the covariance
matrix and partial observations (not all features observed at all time steps). These closed
form solutions were then utilized to further investigate the properties of the covariance

matrix identified above.

5.2 Future Work

5.2.1 The nonlinear SLAM problem

Currently, the submap network structure does not have any constraint related to the Gaus-
sian assumption. This means that the current edge value, the determinant of a local covari-
ance block, can be replaced with any metric as long as it measures the uncertainty between
submaps. Also, because the global location estimation of a local submap is processed in-
dependently of the main SLAM solution, any estimation method can be employed without
conflicting with the main part of CTS.

According to the resultant map location estimation, the accuracy of the pose estimation
of a root feature is critical for a good global location estimation of its corresponding submap.

It is desirable to apply a nonlinear estimation technique such as the particle filter for

the pose estimation of root feature.

5.2.2 Implementation with undersea sonar data

One clear important goal for future work is to implement the methods developed in this
thesis on autonomous underwater vehicles (AUVs) performing large-scale mapping with
undersea sonar sensors. In Chapter 1, we defined the scope of the thesis to focus on the
scaling issue in SLAM. Accordingly, the problems of data association and environment
representation have been ignored. The Johnson Center experimenf utilized hurdles from
the MIT Track team as “point” features. Measurements were associated to features using
joint compatibility and random sample consensus, two state-of-the-art methods for data
association in SLAM.

In moving our techniques to the ocean environment, we propose to employ the sonar
data association and feature modeling techniques developed by Rikoski [72] and to combine

them with the submap matching and relocation (loop closing) approach developed by Bosse
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in the Atlas framework [10).

5.2.3 The multi-vehicle case

The problem of cooperative mapping by multiple AUVs is particularly useful and fascinat-
ing. For example, one project ongoing at MIT in collaboration with Bluefin Robotics seeks
to develop the capability of rapid search and survey of large environments using hetero-
geneous network of AUVs. In this apbroach, some vehicles (called Comm/Nav Aids) are
equipped with high-accuracy inertial navigation systems and other vehicies (called Search-
Classify-Map vehicles) have higher resolution object mapping sonars but less accurate nav-
igation capabilities. The vision for this work is that the multiple vehicles navigate together,
using a technique known as “Moving Baseline Navigation” [69], which is analogous to con-
ventional undersea Long Base Line (LBL) Navigation [60], but with mobile transponders.
The data fusion requirements of this type of system are very challenging because of
the danger of the inconsistency that can occur when combining sensor information in a
distributed sensor network. If shared robot pose information forms a cycle, then consistency
breaks down. For example, if Robot A uses the pose information of robot B, that is
based on previously communicated pose information for robot A, a cycle is formed and
inconsistency will result. The methods developed in this thesis can prevent this type of
situation, preventing inconsistency and enabling safe cooperative mapping and navigation

of multiple AUVs.

5.2.4 Integration with autonomous exploration

In Chapter 1, we began the thesis by writing of the “dream” of a robot that could navigate
fully autonomously. Subsequently, we have focused only on a narrow aspect of the overall
navigation and mapping problem — large-scale SLAM. In future work, we hope to integrate
the algorithms that we have developed and to apply the insights into the SLAM problem
solution structure that we have gained, to build truly autonomous robots capable of making
long distance, long-term duration excursions in unknown environments.

There has been extensive of work on the robot exploration problem, but there has been
very little work, to our knowledge, that has coupled exploration and large-scale SLAM. For

example, Newman, Bosse, and Leonard demonstrated feature-based real-time exploration of
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unknown environments [66], but this approach did not explicitly reason about loop closing
or even about the convergence of local maps.

Our investigation on the properties of the covariance matrix tells us that not only
the frequency but also the manner and the order of observation matter to get good local
convergence. For example, it is desired to observe multiple features simultaneously to
strengthen their cross correlations. In terms of observing feature pairings, one large forest
is preferred to multiple, weakly connected fores{;s.

In term of the tree structure, it is desirable to balance the lengths of branches. One ideal
structure is a tree whose branches are all one level; that is, all nodes except the root are
leaves. During exploration, we can try to balance the tree structure by grafting branches.

In closing, we feel that our results demonstrate the utility of a network optimization
view of the SLAM problem. Given that a network of submaps is a powerful representation
for large-scale mapping, it is natural that network optimization algorithms [22, 1] can be
effectively applied to SLAM to yield better performance.

We believe that one can formulate a unified Autonomous Mapping, Exploration, and
Navigation (AMEN) problem that seeks to determine the optimal motion strategy for a
robot to explore an unknown environment, applying network optimization algorithms to
concurrent achieve (1) a desired coverage of accessible space, (2) the addition of new submap
links to close loops and to connect different explored regions, (3) good convergence in
local maps, and (4) doing this in the minimal amount of time. Given that we have a
stochastic problem (due to robot motion and sensor uncertainty) and the network link

costs are nonlinear, there are many open challenges to solve.
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Appendix A

Solution Procedure for the One
DOF‘ SLAM Problem

This section provides details of the solution procedure for the one degree-of-
freedom (MonoRob) SLAM problem presented in Chapter 3. We consider two cases:
(1) one observed feature and two unobserved features, and (2) two observed features
and one unobserved feature.

For simplicity, the number of features is set to be three (4, j, and n). The expansion
to include more features is straightforward.

A.l One Observed Feature and Two Unobserved
Features

The MonoRob problem formulation for one observed feature (feature i) and two
unobserved features (features j and n) is as follows:

e Dynamic Model
x(t) = Fx(t) + G (u(t) + w(t)) (A.1)

where, F=0,and G=[10 --- 0]F

e Measurement Model
z(t) = Hx(t)+v (A.2)

where, z(t) = z(t), v=v;, H=[-10 --- 1 ... (]

e miscellaneous

X(t) = [zo(t) 21(t) -+ za(t)]"
Q= Elww’] =q (A.3)
R=EwWT]=n
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e Solution by the differential Riccati equation

(A.4)

FP(t) + P(t)FT + GQGT - P(t)THTR'HP(¢)

U@)v?

P(t)
P(t)

where U and V satisfy the following:

(A.5)

|

U(?)
Vt)

GQGT] {
—FT

F
HTR'H

with,

(A.6)

A.1.1 Uand V

.......

TN N TN

ﬂ

wn () =Uin(2))

) —o(Upn (8)=Uin (t)
0
0

—

a(l

)

A.1.2 Solutions of U and V

1. Up(t)
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Un(t) = qVio(2)
U (t) = qVia (2)

=q {a [va(t) - F; }} (Ag)
Upo (t) — qaly, (t) + gaPiy = 0
Unn(t) = AeV™ + Be™V 4 P,

By the boundary condition,

va(0)=Pm,=A+B+HU

Al
A+ B = Py, — Pi'u ( 0)
its 1st order derivative, and its boundary condition
Uy (t) = A/gaeV™ — B, /qae™ VT
Uv‘u(o) = QM)U(O) =4q= (A - B)\/ q (A11>
A-B=,/2
oY
it follows that
A:%{va_HvWL‘VE‘
. (A.12)
B:_[va_Rv_\/E}
2 o

Uy (t) = AeV®* + Be V¥ + B,

1 1
=3 va”Pi“—i_\/—é \/q_at+- PUU_HU‘ g e_\/q_at"_Piv
2 o 2 a

i maems o) AL

= (P = Po)coshl7at) + | Lsmb( ) + Py
(A.13)

2. Uy(t)
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= q{o[Un(t) — Pul} (A.14)
Uvi(t) — QOéUm'(t) + QCY.P” =0

Uyi(t) = AeY®™ 4 Be™V?™ 4 P,

By the boundary conditions,

Uy(0)=P,;=A+ B+ Py
Al
A+B =Py P (4.15)

its first order derivative, and its boundary condition

U,i(t) = A\/gaeV®™ — B, /qoe Vi

Uwi(0) = qVi(0) = 0= (A - B)/qa (A.16)
A-B=0
it follows that
= 2 [Pu-PJ
: (A17)
B = 5 [Pm' - Bz]

Uyi(t) = AeV® 1 Be™V3 1 P,

= 2 (Pu— Pa) /™ 4 L (P P) V™ 4 P,
% (A.18)
= §(P‘—Pi)(e‘/ﬁt+6_‘/‘]_&t) + Py
(P - u) COSh(\/ﬁt) + By
3. Uy(t)
Uy (t) = qVas(2)
Uvj(t) = qViy(2) :
g {a[Uy(t) — Byl} (A.19)

qu(t) — qaly;(t) + gqa Py =0
Uw(t) = Ae\/q_at -+ Be_\/q_m + Pij
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By the boundary condition,

A+B=F,;~F; '

its first order derivative, and its boundary condition

U,;(t) = A\/qaeY™ — B, /qae™ Vi

Ui (0) = qVes (0) = 0 = (4 — B) /i (A.21)
A-B=0
it follows that
1
A=3[Ry~ Py
1 (A.22)
B =5 [Py — Byl

Uyj(t) = Ae‘/‘ﬁt—{—Be Viet L P

1 - (54
S (Poj = Py) V™ 4 2 (B = Py) /™ 4 P,

% | (A.23)
LBy - P (e 4 i) 1
= (P — Pyj) cosh(y/gat) + F;
4. Upn(2)
U‘U'n(t) = (Pvn - Pm,) COSh(\/q(){t) + _P“2
1 1 A24
:§(Pvn_Pin)emt+i(Pvn—Pin)e_\/q_at"'Pin ( )
5. Vinlt)
Vi (t) = o {Upy(t) — Py}
{4V 4 e L P, P}
= a {AeV®® + Be™VI™} (A.25)

1
Vo(t) = a——— { AeV — Be=Va) 4 O
@ }
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mv(0)=1:a71—q6{/1-3}+c

1 ¢
a____—
QO A /qo
=14+C

C=0

1
Vio(t) = a—— {AeV?® — Be~Vit

=—1’ 9_ Iva_Piv"'\/E e\/q_at__l g P’U’U_Pi‘v_\/i e_\/q_"‘t
2 q « 2 q 1%

_ \/g(p,,,, — P,,) sinh(\/gat) + cosh(y/gat)

6. Vm-(t), Vi (t) and Vi (t)

V i(t) = Q{Um Pm}
—G{{( - u)COSh(\/q_at)}

v(Pvz - Ez) .
V,i(t) = a————sinh( /qat) + C
(t) Jia (Vaat)
V4i(0) =0=C (A.26)
[ wi — Py) sinh(y/gat)
= ?15\/7 Pm - ]Du e\/q-&t ;\f(P - Hi)e—\/&at
1.
Vii(t) ;]'UUJ
111 1
= GV (R — e/ = LGB (P = Py 4 By |
(A.27)

1 /o 1 /o
= S (By = Py) eV ™ — = [2 (P, — Py) e VT
2\/2( j J)e 2\/;( 7 Py)e

= /5 (B = R sinh( )
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an(t) = {Uvn(t) - Pm}
Vin(t) = \/g (Pyn — Pin) sinh(y/qat) (A.28)

1l /o 1 [a
=z _Pvn“Hn ot _ 2 = vn — 47 ~vaet
B ey (R R

7. Ui«u(t), Uii(t), Uij(t), and Um(t)

( ) 0— Uiv(t) = Py
[‘Jii(t) =0—Uy(t) = Py (A.29)

Ui (t) = 0 — Uy;(t) = Py

Uin(t) = 0 — Uin(t) = Pin

8. Vin(t)
Vio(t) = —a(Upu () — Usn(2))
__ { \/%Pw _ P,)sinh(y/gat) + cosh(\/q_at)} +C
Va(0) =0=—1+C
C =

(A.30)

Vin(t) = — {\/g(Pw — P,,)sinh(\/gat) + cosh(\/q_at)} +1

=_1 g va_Piv+ ’q‘ vgat
2V q a
1
+ = 9“(va_]31'1/—' g)e_mt+1
2\/(1 - o
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Vii(t) = =Viu(t)
V;Z(t)= —\/g (Pm' — Pu) smh(\/q-at) -+ C

Vi(0)=1=0+C
C=1 . (A.31)

Vz’i\(t) = —\/g(Pm — P;;)sinh(y/gat) + 1

1 |« 1
= “5\/3(13111 — Py)ev®® + 5\/%7(]3,,,- — Py)e Vit 41

10. Vi;(t)
‘/U (t) = _ij (t)
V;J(t) = — % (ij - Pij)sinh(\/q_at) + C
Vij(0)=0=C (A.32)
Vi(t) = = [ (P = Py sinh(3t) ‘
1 at O
= 3y (Rs = PJe/ 4 \ﬂpw Py)
11. Vin(t)
Vin(t) = ""/vn(t)
Vin(t) = -\/g (Pon = Bin)sinh(y/qat) + C
Vin(0) =0=C (A.33)

Vin(t) = ~\/§(Pm — Py,)sinh(/gat)

1 o
= -3 _Pvn_Pz'n got
2,/q( JeViet 4

(Pvn - ])m)e—\/q_at

[N
| e

y
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12. The other elements

) k:.q.
<
il

(t)=0
Uy(t) =0— Uy(t)= P
Uj5(t) = 0 — Ux(t) = P
Usn(t) = 0 = Ujn(t) = Fin (A34)
Uno(t) = 0 = Uny(t) = Pro
Uni(t) = 0 = Upi(t) = P
Unj(t) = 0 — Upi(t) = Py
Unn(t) = 0 = Unn(t) = Pan
Vin(t) =0 — V5 () = 0
Viilt) =0 = Vii(t) = 0
Vii(t) =0 — Vj;(t) = 1
Vin(t) = 0 = Vin(t) = 0 (A.35)
Vao(t) =0 — Voo (8) = 0
Vii(t) =0 — Vs(£) = 0
Vi (8) = 0 —= Viy(2) = 0
Vin(t) =0 = Vpa(t) =1
A.1.3 Summary in matrix form
e U(t)
'(waP,-,,)cosh(\/q-atH(#)sinh(\/q—at)ww Piw Pjy Pry T
vo= | ceeiE T
L (Pyn—Pin) cosh(,/gat)+Pin P, Pjy Pan
[ 1 (Pow—Pist+/Z)eVT 41 (Poy—Pin—/T)e V¥4 Py Piy Pjy Pra v (A36)
— L(Pyi—Pii)eVa&t 4 1 (Pyi—Pis)e~VI® 4+ Py Py Pj; Pu
L{(Pyj—Pij)eVT&4 L (Py;—Piz)e™ VIS4 Py Pij P;; P
L(Pun—Pin)eV34 L(Pyn—Pin)e™ V&4 Py Pin Pin Pan
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A.1.4 Inverse of V(i)

Vuv Vm’ ij an
Let V(t) be [“;”; “2: “Zj “2’; . Then,
Ver Vi an Van
Vvv Vm‘ Vv] an Vv’u Vm’ Vv] ‘/vn
_ ‘[iv ‘/ii ‘/ij ‘/m _ 1- Vuv 1 ‘/vi Vug _%n
VO =y, Vi v V| T 0 0 1 o (A.38)
an Vm an Vnn 0 0 0 1
] ‘/u _V;n' Vl}'l:‘/'ij - %_’}M'L Vuz‘/m Vunv;z
Vadj (t) — "Vviv %’u Vujv;lv - Vuvv;j V;mvw - ‘/v'u‘/in)
0 0 Vuvvrii - V;)z"/i'u 0
O 0 0 V;m‘/;i V'LV
- v (A.39)
| A Vin
_ _‘/iv Vvv ‘/vj an
10 0 Vi —Va 0
L 0 0 0 Vo = Vi
and
det(V(1)) = Voo {Vii - 1- 1} + Vi {Viy - 1- 1} + Vo - 04+ Vi - 0
= ViuVii — ViiViw
= Vvv(1 - Vm’) - Vm'<1 - Vm;)
- V:uv - %i ‘
= \/%UDW — P,,) sinh( /qat) + cosh(y/gat) — \/g (Py; — Py;)sinh(y/qat)
= %(Pm, — P,, — P,; + P;) sinh(\/gat) + cosh(y/qat)
:lﬁ{[va_Hv‘f_\/zJemt_[Pm.r"})iv'_ 2}6—\/@&}
2V g o o
1 /o 1l /o
— = [=(Py— Pev®t + = [ Z(P,;, — P;)e” V%
/5P — B+ 3. [ - R
1 .
:_\/gemt(va_‘QPiv"l"Hi'i‘ ‘q’>
2V g o
_1\/?6—\/1]—04 (va_zpw"l'-Pn_‘\/E]j)
2V ¢q «a
| (A.40)

Thus,
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Vi —Vii VoV — ViVii ViiVin — Vi Vi
V—l(t) — 1 "’Vvi'u vm') ijV;v - V;m‘/u V;mvji'u - V;)'UV;n)
VioVis = VoV | 0 0 ViV — ViiVi 0
0 U 0 Voo Vii — VoiVi
- - (A4
Vi Ve Vi Vo
_ 1 —‘/i'u Vvv ij V;m
B ‘/vvvu - Viv%i 0 0 Vvu Vm 0
| 0 0 0 Viw = Vi

A.1.5 Elements of the covariance matrix

1. P,

Po(t) = (U V2l + UV ' + Uy Vit + UnnVi')
[va‘/;i + Uvi(_Viv‘)]

= ‘%)’{%‘(Pun“P'i.'u"‘ qa)e\/q_a"""%(Pv'u—Piu_\‘/q%)e“mt‘*’Pm:}
—%\/E(P. — P;;)eVaSt 4 l\/E(P.-—P~)e‘ﬁm+1}

{3 (Pyi = Pia) eVt 4 L (Py; — Piy)e™ VT 4 Py}

%(Puv—-Piu+\/: e\/q_(x't 1\/- P'uu—P'l _\/_) \/l_at""l}

ol

-1
2

&|

= T { _% %(va‘Piv+\/T)(Pvz Py +1\/gpv1 Pzz)(Pvu “’+\/;%—)}

—2, /qat

{ IVE(Pow=Piy =/ L) (Pui=Pis)= 5 /E(Poi—=Pi) (Pou—Pr—/Z) }

. e\/fﬁt 3(Pow=Piot /T )= 54/ Piv(Poi=Pii)
D | +3y/EPua(Pov=Poty/E)=F(Pou=Pu)

—\/q_at Puu—sz‘\/_)+2 \/_Pw Poi= P"

D 2\/_ Pia(Pov=Fro=/E) =3 (Pui=Pa)

1 /E(Pou- Pm+\/_) (Poi=Pit)=\/Z(Pov—Prv=/ L) (Poi=Pi)+ Piy
_%\/_ Pvz P’LZ) Pvt“Pw \/—-)‘}'4\/;(}3 sz) va_P11+\/~)

(A.42)
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eVt
= D { 'é‘(Puu—2Piv+Pii+\/§)+%\/E[“Pivpvi'f'PivPii'f‘PiiPuv_PiiPiv"'Pii\/a }
e_\/q_at -

1 (PUU*QPIv"’Pli”\/_ 3 %[P'vpvi“PivPii— "Puv+PnPw+Pu\/_J }

D
1 %\/%—[ P'uu"Pi'u)(P'u't" u)+ Pm Pu)ﬂ
+ %\/g (Puv— w)(Pm Pu Pm Pn)ﬂ

+PZ'U P‘Li

e,/qat

1
{ (P 2Pw+Pn+,/q>+—\/§[Pﬂpw—ﬂi+ﬂn/3]}
o' 2V q @

—\/q_at 1 q 1 /o q

-2 2] i1 a - _‘F)iipv'v P2 Pii -
5 {3 (Rem2mee nem [2) 0 5 [-rumas ri 2]
2 o
- - - P, Pw— it
{2[ vi u)\/'-*_ }

vaat ' 1
e Pw—ZR'UJrR-Hr\/E + 54 /% | PiPou — P2+ Pa
D 12 a) T2\

SR PN

- /qcit 1
+e 1 va'—213iv+Pii_\/§ + = g _-Piinv"_F)ﬁ;"‘Pii g‘
D 2 « 2V ¢q 0%
2
=y Pm'_Pi'i
+ = {Pu = Pu)

{\/_( v'u_2Pw+Pu+\/_) [Piipvv“'Pi%‘*‘Pii\/g]}

[Py — 2Py + Py + /%]

:\/E n [Piipvv‘Pﬁ,‘l‘Pii\/g
e

[va_2Bv+Pii+\/g}
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2- P'ui i
Poi(t) = (U Vi + UVt + Uy Vi + UVt ')
[UU’U(_"/‘M') + Um'vvv]

—_——ﬁ{ (P'uu—P +\/_ eVIGt | Puv—Pw \/:)eﬂ\/aar._'_Piv}
{fﬁ(Pui - Pi)eVT — 7\/—:(}’.,” - P,-«;)e"s/ﬁt}

+35 {3 (Pys = Pia) VTt 4 § (Poi - Pig) ™ V7" 4 Py}

X{%ﬁ(};v'u—Piu*"\/g)e\/q_ut_%\/%(PUU_PMJ_\/E)S_\/W"}

blH

—11) B L 1 /E(PyymPiyt /L) (Poi=Pii)+ 5 1 /E(Poi=Pis) (Pro=Piut+/Z) }

+E ~2ﬁa—t{+1\/§ va w—\/_> (Poi—Pii)— \/%(Pvi—Pii)(P”“—Pi”_\/E)}
1
T LoV {——5\/§P (Pm—ﬂi)+—\/§ﬂ-i <va—ﬂv+\/i>}
q 2V g o
1 fo q
- —Pi)— =4/ =P | P — Pin — 4/ —
s BN R N A G ),
1 q
= Py — Py
4[(&” Pw+\/;)( )
1
4
1
4

P’uv Pw_\ﬁ>(Pm_Pn)
(87
(P - < Pw_ q)
V 67
+ —= (Pm - Pn) P Pw + \/E)
D4 q «
1 1 o q
= \/q_a — “RvPvi+]DiUPii+Piinv - R,ZPlU+-PLZ -
D 2V q o
1 _ =l o [q
+ —D—e \/q_ti\/g {}Di'upvi - PivPii - -Piin'v + PiiH'u + -Pn E}

.}_%\/g{ (va_Pi“+\/g)(Pvi_Pii)-(va_Pi“—\/g)(Pui“Pii) }
q N

D
1
D°
1
D
1
D
1
I?'

(A.43)
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11 /o q

= __ [Zeviet { pp _p p. 2L
D 5 \/;e (Pnpv'u Rvpm + ]Dzz\/;)
11

+ =y [Ze VB PPt PP+ Pﬁ\/E
D2V q «

1
—{(FPui — Py
+D( Py)

eVt (Piinv-PmPvﬁPz‘z'\/g)*‘e' vaat (-Pﬁ va+PiuPui+Pu\/g) +2\/§(Pvi“Pii)
evaat [va—2Piu+Pz‘i+\/g] —~eTV qatTP””_ZPiv"’Pii_ %]

(-Piipvv - F)i'upvi + }Dii\/g)
[Pm;_zpiv‘*‘ljii‘*'\/g]

3. P,

P'vj(t) = (vaVv;1 + Um"/igl + Uvjv;‘}l + U’unvn,;l)
1
D U (—Voi) + UpiViyj + Ui (Vaw — Vi)
V3 {—Pj, Pyi + Py Py + PjiPyy — Pji Py + Pji/T}
_*_e——\/q_at {Pijvi - BvPﬁ - -Pjipvv + P]Z'F)lv -+ IDjz' %}
+2/3(Fjv = Py (A44)
e VIt [P,,U—zpm+P“+\/§]—e—\/‘75t [Pw—zpiv+Pﬁ—\/g]

- {_Pijm' + IDjfuPii + f?jipvv - Pj’LPL’U + ]Dji\/—g}
[va“zﬂv'i'}jii‘*'\/—g]
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4. Pyn

% [Uv (_V;m) + Um"/vn + Uvn(Vvv - Vv' ]
e\/ﬁt {_Pn'qu' + an}Dii + Pm'va - PniJDiv + Pm’\/g}
+e_\/‘—i&t {P'rwpvi - -anPi'i - Pm'va + P'n,i}:)iv + Pm'\/g}
+2\/—§_(an - Pni) (A45)
eVIEt [Puv-zP,»v+P,-,-+\/§]-e'\/‘l_°“ [Pw—zp,-v+Pﬁ—\/g]

Pvn(t) = (vavv:zl + Uviv;;;l + Uvjv;':zl + Uvnvn?zl)
i)

= {—anpvi+anPii+Pninu — PuFy —{'—Pm-\/g}
[va"z-Piv‘i‘Pii'f‘\/g}

5. Py

Py (t) = (UaVir + UVt + Uy Viy! + UinVi)
= = [PuVi+ Pa(=Vi)
e\/(?&t (-P'iinv - ]Dii)Pvi + Rz\/jg)
+e_—\/(_}at ("‘-Piinv + PivP'vi + Hz \/%)
_ +2\/_§"(Pui - -Pn)
B e\/q—at [Pv'v—2piv+13ii+\/g _e—\/q_at [Pv'u _‘2-P'iv+-Pii_ \/1_1

[ed

(Pi’iP’U’U - -Pivp‘ui + Pii\/g)
[va_QPi'u'{"I)ii'*‘\/g]

=

(A.46)
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6. Pii

Pu(t) = (UnVyr' + UVt + UV + UiV h)

1
=5 JDz'v —%i JDiin'u
L [Pu(~Vi) + PVi

1 1 /a 1l |«
= =2 Py {54 |2 (Pu = Po)ev® — = |2 (P — By)e Ve
5P { 3y (P = Paer = 2. [ (P - e

1 .
4 = P TR Pt D)o P B (R Pam B |

1 (1 /o q
= =<{ -, [—eVi _'Pz' Pvi_F)ii P’iinv_Pz'v -
b Yo/ [Pt - R+ Putp - Rt D)}

1 (1 Ja _ q
YK - Vet ]Dz Pvi_-Pi'_PiiP'uv""-Piv_ -
+ 5 {3y 5e ™ | Pulu - R - Puf 5}

— %\/%_{e\/ﬁt [vaPz'i"P,%+Pii\/‘§_)]+e—\/q_at[Pizl,—PvuPii+Pii\/§)]}
D

i \/%{e\/‘}m [vaPii -P2+P;; \/—g)]+e”‘/‘7—°t [Pz;;)—vaPii+Pii \/f;-')] }

i \/ge‘/q_“t [Pw _2Piv+Pii+\/§] -3 \/Ee" vaat [P'uv —2P;y+Pii— \/g

e\/q_at I:valjii - qu,% + Pzz\/g)] + e—\/q_at [-Pz% - va-Pii + —Pu\/g)]
e‘/q_at[va_213iv+]Dii+\/—'ﬂ —e_\/q_at{va_2Bv+})ii“ \/g:l

. {P'uv}jii - PL%) + ‘Pn\/—g)]
[va_2P'iU+Pii+\/gJ

(A.47)
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7. Pij (_' Pji)

Py = UV + UV + UV + UV
1

= D [Piv('_vvj) + PV + Bij(Viw — Vi)
V¥ {— Py (Py — Py) + Pii(Po — P + /Z)}
_ +e VI { Py (Py — Py) — Pﬂ(P ~ Py —+/5)}
- eV [Py = 2Py + P+ /] = €7V [Py — 2P + Fi = /7]

{=Pju(Pui — Py) + Pji(Pow — P + /9)}
[Pow — 2Py, + Pn +/7]

=
(A.48)

8. Pin (: Pm’)
Pi = UV, + UaVi ' + Uy Vi + UV
’ 1
- B [Rv("%n) + Bzv;m + I:)in(‘/:w - ‘/m)]

/T { — Py (Pyi — Pis) + Pai(Pow — P + /D) }
+e~ vaat {Prw vi Pn) - Pm(P ‘PW _'\/g }

:e\/—(ﬁt[va_Z})iv'f_Pii"'\/a_e\/(I—at[va_szv+Hz \/-c%j

{_an(Pvi - Pu) + Pni(PUU - PW + \/g)}
[va“23v+]31.z+\/§

=
(A.49)
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P;,

:5

1 1 /& | 1 /&
= =Pjy | =54/ =(Pu = Pa)eV®® + = [ = (Py — Py)e” vV
DPJU[ 2\/;( Je +2\/(1(13 Fule +1]

U]vv + U],V + U”V + UpnVi?
{Pjv‘/ii + Pyz(_‘/zv)]

BB [ H Bt DT (oo D]

11 q
Vaat _ _p ki
m\/— { Py (P — Pa) + Py (Pm, Pw+\/;)}
" 11\/7 Vq_“t{Pv(P —m—Pﬁ(Pm—HU— 3)} '
2 «
1
5 Pjy ~ Pji) (A.50)

e\/q—at{_-Pjv(-Pvi_-Pu)'TL‘-P]z( ‘PLU+\/_)}
_*_e—\/q_at {})]v - -Pu) - Pyz (P -Pw - \/——)}

+2\/_(ljyv - z

emt {Pvu—2Piu+Pu+ﬂ_e \/q_ozt [P'UU—ZP’.'U-'-P“_\/EJ

bl'—* o

eV¥ { Py, Py + Py Py + PjiPoy = PjsPoy + Pjir/Z}
+e—\/q_at {I)j'upvi - Pj’UPZZ P_]‘LP‘U‘U + 'jz'-Pi'u + })ji\/g}

B +2/%(Pj, — Py)

e\/qat[Pm, 2P, +P;; +\/~] \/‘1"* Pyy—2P;,+Py; \/—1_]

{ P]UP'UZ + P]U‘PLl + ]D]szv I)yzljw + ]Dji\/'—g}
[P = 2Py + P + /T]
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P U]vV + UVt + UNV]1 anVn_il
D Pjv m) + Iz)jzvuv]

1 1 /o 1 /o
= — =Py { 54 [ (P = Po)ev™ — = [2(Py — Py)e™V™
D { \/;( Je 2 q( )e }

b LB {5 /2 (B = Put /D) V™ = 1, 2 (Po = Py = /D) e—ﬁm}

. %\/E[e\/q_at {t ‘P]'U(P'uz R,z)“}’-PJ',, P, \/—g)}J
= q +e—\/q_a {PJU Pm -PM,) — -Pz l‘u \/g)}
D
e\/q_at{_}jjv(Pv’i_}Dn)""'sz Pw—[—\/:)}
LoV P (P — Pa) = Pi(Pou — Pu = /D))

eVT [Py, — 2Py + P+ \/Z] — € V3 [Py, — 2Py + Py — \/Z]

N {=Pj(Psi — Pi) + Pii(Pos — P+ /2)}
[Pow — 2P + Pu +./7]
(A.51)
11. P;;
P =UpVy;' + UVi; ' + UVt + UpnViy!
- PolVig) 4 Byt = EolVie — Vi
= % [Pyo(—Vag) + PiiVi] + Py
_ V;;j(PjiD_ Fy) vy
=550 By = P + 3, /3¢ (Py ~ P (4.52)

= 5 + Py
~ 34/ 2eVI(Psi—Pjy) +y [ Te” VIS (Pji— Pjy)?

e e [P 2Pt Pty [E] e VT [E Poy—2Pt Pum 2] I

—(Pﬂ - Pjv)2

[P,, 2Pn+P,7+\/T by

=
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12. Pj,

{P’”( ”") + Pﬂ(an) + Pjj - 04 P (Vi — Vis)}

— (P]’L —DJU)V + Pjn

(PJ’ PJ‘U)[ \/—(Pvn— zn)e‘/q_at 1\/_(Pun" 1n)e \/q_at}

T Ee o P 2P Pt B Te o P tPas P ) T
(Pﬂ - R;v)(P'un - -Pm,>

(PUU—z})iv+Hi+\/g)
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13. P,,

Pry = UnoViy' + UniVig ' 4+ Uns Vg 4 Unn Vi
1
== szV;i Pm' _‘/i
7 [ProVii + Pui(=Vao)]

1 l /o 1 /o
- '_"P'nv =S4l Pvi “Ijii Vet Al Pvi —"-Pi' Vet 1
= [ 2\/;( Je +2\/;( Je +}

- %Pﬂ.l [_%\/g(Pv'u'“ iu+\/§)€\/q_at+%ﬁ(va_Piu'ﬂ)e_mt+l]

11 /o q

= =51 [=eV™ 8 — Py (Poi = Pi) + Pai | Poy = Py + [ =
DQ\/;e { ( )+ Vo
11 ju q
— I, [Zle Vi) D (P _P)Y_P. — P .=

| +D2\ﬁe { n'u( vt l) Pm (P'UU B’U a)}

11 /o [q

+ D3 \/%2 E(Pm; — Pu) (A~54)

e\/q_at{‘Pm:(Pvi‘Pii>+Pm'<va—Piv+ g)}
_‘_e-—\/q_at {an(Pvi_Pi')_Pni (P'uv_ljiv_ l)}
+2\/g(an - Pm’)
eVat] Pyy—2Piy+ Piito/ | —e~ VIR Pyy —2Psy+ Py — /2]

+e-\/q_at {anPvi - Pm)]Dii - Pm'PU'v + Pni-Piv + Pm\/g}

+2\/5(an - Pm)
eVaat [P'uv“zpiv +Pii+\/g] —eT VIR [PUU_ZPI.U.#.P“_\/%‘J

{ evaet {_Pm;Pm' + PPy + PPy — PriPiy + Pm\/_g}

. {_szpvi +Pn,v-Pii + PP, — PPy + Pm’\/g}
- [va—QHU+Hi+\/_ﬂ
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14 Pni (: Pi'n)

Pn,i =

15. P,,

-

UnoVor ' + UniVii 1 4 Un Vi + Una Vi
1
= 5 [P'rw(_v‘ui) + Pm'%v]
_ip Jl (P — Pye @ _ 1 & (Py; — By)e- vt
-D nv 9 q vi i 5 q vt i
b Pt {3 B (B Pt D)evT B (o)

VISt L PPy = Py) + Poi(Poy — Py + /5)}

1 € nv vi 1 ni w +

2\/‘ [-}-e VAt L Poo(Pyi = Pi) — Prs (P - P, — \/;)}J

D

e\/q-at {_an(P'ui - Pu) + Pni(va - Piv + \/g)}
+€_\/q_at {an(Pm' - Bz) - Pm'<va - Hv - \/—g)}

e\/q_at, [va—‘zljiv‘f'})ii‘{‘\/g _e—\/q_at [va_Q-Piv'*'-Pii-\/a

{_an(Pvi-Pzz)+Pnz P1.v+\/—}

[P‘uv_2piv+Pn+\/(zl
(A.55)
P, = U,wV“1 + UniVi5t 4 U Vit + Ung V5
{an( vj)+Pnz(Vt)j)+Pnj(%v_%i)+Pnn'0}
(Pm - Pm))v ]
N 5t P
(Pni— an)[ \/‘(Puj—P,])e\/q_"t 1\/_(}31-'_7'_ "-J)e ‘/q_at] (A56)

T 1 /ZeV (Pry—2P+ Put \/2) -} [Ze~ VI (Pyy—2Pi + Puy \/_)

(Pm' - Pn'u)(ij - Pij)
(va_zﬂv+3i+\/—{;i>
('P]’L - Ryv)(Pvn - })-m)

N (va_2-Piv+*Pii+\/g)

+ P
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16. P,

P = Uno Vil 4+ UniVip ' + Un Vi + Una Vi)

1
= l—j [Pn ("an) + Pninn + Pnn(%v - Vm)]
1 .
= 5 [an(_v;m) + Pm’%n] + Pnn
‘/vn(Pm' - -Pm))
= D + B,
o R 4 iR
= + fan

D
_%\/%e\/q—at(Pm_an)Z_’_% %eﬁ\/q_at(Pni—Pnu)z

= VTt L [Z(Pyy—2Piy+Pist~/ I~V L [E[Pyy—2Piy+Pii— /1] + Pan

_(Pni - an)2

= +Pnn
[va'—QPiv“‘-Pii‘}‘\/g]
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Limiting value of each element

1. P,
Pl o [Py — 2Py + P+ /Z]
2. Pvi
lim P,; = (PP = PuwPoi + Pir/Z)
t—o00 vt [va_2‘Piv+Pii+\/g}
3. Py
f p. — \ZFPui + FoFi+ PyiFoy — Piibo + Piio/2}
t—o0 v [va—2PzU+Rz+\/§l
4 P,
lim P, = { = ProPoi + PayPis + Poi Py — PaiPoy + Priy/Z}
P L [Pm, - 2P, + P, + \/a
5. Py,
m P, — (PP = PoPui+ Puy/3)
t—00 w [PU'U—2P1,U+P”+\/§:|
6. Py
fon p _ (PP = P+ Puy/T)]
oo [va—z‘P"v+Rz+\/gl
7. P
lim B, = {—Pjv(Pvi — ID“) + ]Dji(P'uv - P’i'u + \/g)}
o0 1 [P — 2P0 + P + /7]
8. Pin
lim P, = {_PnU(Pvi — ‘P“) + Pm’(va - -Piv + \/g)}
oo [Py — 2Py + Py + /7]
9. P,
lim Pj, = {=PjoPui + PpwPis + PjiPoy = PjiPo + Piin/Z}
oo Y [P ~ 2Py + P+ /7]
10. Pj
lim P. = {~Pj(Pyi — Pi) + Pji(Py, — P + \/’g)}
e " [Pm] - 2Pi’() + Pﬂ‘ + \/g]
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11.

12.

13.

14.

15.

16.

im Py = — (D= Bio)”

tl—l»r&‘ij“ [va—25v+ﬂi+\/§T+ij
lim P = i = Bro)FPon = Pn)
t—00 J". (va_2piv+Pii+\/_g) in

_ {"anPvi+anHi+PniPuv—P'm'-Piv'*'Pni\/—g}

2 P = [Po— 2P0 + Pat /1)
lim P, = {=Pas(Puyi = Pi) + Poi(Poy — P + /%) }
=00  [Pw = 2P+ Pi+ /7]
A o Tows v Rl
e i
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A.2 Two Observed Features and One Unobserved

Feature

We next present details of the derivation of the MonoRob solution for two observed
feature (features 7 and j) and one unobserved feature (feature n).

Dynamic Model
x(t) = Fx(t) + G (u(t) + w(t))

where, F=0,and G=1[10 --- 0T
Measurement Model
z(t) = Hx(t) + v
where, z(t) = [2:2]7(t), v = [viv;]", H=[Z]{ §79]
miscellaneous
x(t) = [zo(t) z1(t) - @ (t)]7
Q= Eww']=g¢

R = E[wT] = [To’r(”

Solution by the differential Riccati equation

P(t) = FP(t) + P()FT + GQG” — P(t)THTR'HP(¢)
P(t) = U)VY(1)

where U and V satisfy the following:

with,

(A.74)

(A.75)

(A.76)

(A.77)

(A.78)

(A.79)
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(A.81)

e
_ —_
£ e
g
5 PP
DD
o
Losg°
£ oD
BREENTY
o
e
+
s
N
=
-~
>
Ny
! -
Y 2 P
D D
e I
I 5 2°
I
D Yo I
P [ T
-
&
+
e
N’
5
>
|
o~~~
S 53
o
AT
-
s S o
DY . Y.
P e I
A
+
e
N
b
al
S
e
i
233
5 D
o A
Iz &8°
25 D
D Ye]
e
)
~
+
e
N
| —

A.2.2 Solution of U and V

1. Up(t)

- qu;(t)

Uv'u (t)
Uso (t)

@V (t)

)

1
Tj

Uiv -

1

v

T

1) U,
T

{5

where,
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1 T + Ty (A83)

By the boundary condition,

1/P, Py
va(O)Zva=A+B+—(_+ J)
I T T'j

(A.84)
1 PL jv
A+B=Rm——c—+P3>
I T T
its first order derivative, and its boundary condition
Uy (t) = Aae® — Bae™
va(o) = quv(O) =4q= (A - B)a (A85)
A-p=1
o
it follows that
P
A:l va_l —EJ"'}‘P]'U +2
2 I T3 T 87 (A 86)
B=1 {Pw—l (—@ +~Pj”> - 3}
2 I T; 7 (8%

1/(F, Py ) 1/P .
= (Pm, - = (——— + —l—)> cosh(at) + %smh(at) + = (_]_D_ + F; >

T Ty
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Uvi(t) = qu’(t)
Uvi(t) = qui(t)
1 1
=q {]Uvi - Uy — "_Uji}
i "3 (A.88)
-- Pi | Py
Uuit) — qlUsi(t) + ¢ | —+— | =0
T T'j
Uy(t) = Ae™ + Be ™™ + E <& f’i)
I T; 7"j
By Boundary Condition,
1P Py
1/ P. z P.. ’ (A.89)
denep, (B D)
I T; ’l"j
Its first order derivative, and its boundary condition
Uy(t) = Ace® — Bae ™™
Usi(0) = qV4s(0) = 0 = (A - B)ax (A.90)
A-B=0
Thus,
A:}' Pm_l &+}3ﬂ
2 I T3 T .
1 1 [Py P (A.91)
B=-= R el T i
Q{Pm [(Tz’ i Tj>}

(A.92)



s P i "s (A.93)
0is(t) — 41Uy + 4 ( 22+ 22} =0
T Tj
1 3 g
Uv](t) = Aeat + Beh—at + = <i7' + &)
1 T; ’f’j
By Boundary Condition,
1 (P, P,
Uy(0)=P,;=A+ B+~ (—+l>
I T 'l"j
L /P P. (A.94)
A+B=P,;~ = (—’+—”)
I T Tj
Its first order derivative, and its boundary condition
U,i(t) = Ace® — Boae™
A-B=0
Thus,
1 /P, g
2 I T Ty
] 1 /P p (A.96)
- = _Z v Zd
B~2{ij I<Tz' i 7"]')}

1 (P P , g
= (ij -7 (—J + i)) cosh(at) + 1 (i + 52)
I T Tj 1 T : ')"j
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4. Upn(2)

(A.98)
By Boundary Condition,
1 /P P,
Uvn(o):Pvn=A+B+“( +'—j_)
I T3 Ty
L /P P, (A.99)
A+B=Pvn——( i +ﬂ>
I T ]
Its first order derivative, and its boundary condition
Upn(t) = Ace®® — Bae™®
Upn(0) = qVin(0) = 0 = (4 — B)a (A.100)
A—-B=0
Thus,
A:_l_ Pvn_l Pm_|_i
2 I T Ty
(A.101)
B = 1 1 ]
2 I
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3. Uiv(t>, Uii(t), U’J(t)7 and Um(t)

P

00— Uiv(t)

Uiv(t)

Uii(t) =0 - Uii(t)

(A.103)

Fi

Ui (t) = 0 — Uy (2)

Uin(t)

B

P

6. Ujv(t), Uji(t), U]‘j(t), and an(t)

Py

0 — Uj(t)
0 — Uji(t)
0 — Uji(t)
0 — Ujn(t)

Ujv(t)

(A.104)

Usi(t)
U(t)

Py

Pjn

an(t)

7. Um,(t), Um(t), Unj(t), and Unn(t)

PTI.‘U

0 — Uny(2)
0 — Un(?)
0 — Uni(t)
0 — Unn(t)

Upo(t)

(A.105)

Fri

Uni(t)
Uns(t)

Pr;

P'rm

Unn(t)

8. Viul(t)
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de v 2
+ WES
AT S
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Pw_.rz + e
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3
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1.
~Uy(t
. (t)
1(1 1 /P P\\ . 1 1 /P, P,
lia(p, (D et 2 (p, 2 (L ) e
Q{Qa(v I(Ti+’”j>>e 2a(m I<Tz'+7"j)>e }
1a 1/P; Py la 1/P. P
¥ (p (T B2 (p L (L T e
sy (Pog (e ) e -ag (R T (4 )

T &7 .
g(Pvi—l(i-i——J))smh(at)
q I T T'j

(A.107)

1.
'q‘Uvj(t)
1 {1 1 /P, P 1 1 /P, P
B S P'u'_— -4 -1 at j = s - 17 —at
Q{za( ’ I(Ti+7“j>)e 2a<w —7(7’1+Tj>>e }
la 1 /P, P la 1/F; P
22 p 2t et 2% (p 2T L)) e
o (R () —ag (Ras (52 2) )
o 1 /P; | P\ o
; (ij 7 ( m + " )) sinh(at)

(A.108)
1.
5Um(t)
1(1 1 (Pn P 1 P\
— — P’UT] — — ___+_.._3.__ eat._.._a Pvn_ 1 P + P} e ot
q 2 { T3 Tj 2 I T Tj
la P Y (Bn P eat_lfv_ P, _1 B”_,_PJ'" e—ot
2¢ '™ I \'m Tj 2g " T\ my T;
2(pPn-= —2 ) ) sinh(at)
q I\ r Tj
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1
;(Uiv(t) va(t))
1 ;. jv 1 ] 1 ; jv
- {Pw—{%{Pw—%(f}?+%>+§}eat+%{m—%<%+f;l¥>—§}e-a‘+7(%+%M }
1 1 /P, P
- Pv'u _ = w + J + _q_ eat
2r; I\ n Tj o
U fp 1(Pu P\ 4\ ,m P L1(Pu Pu
2r; I'\'r T o 7 r I\ 7y T;
1 1 /P P,
—_ va —_ _ﬂ + J + _q.. eat
27‘1' ] ] Ti Tj e’
1 1 (P, P _ F; 11 115,
e Pm]__ o 2 _g eat_'___ 1—- 22 -3
2'!"1‘ I Ti T 63 Ty T I T; I 75
1 1 /P P; q
——!p = ~w Jv 1 at
2Ti{vv I(T1+Tj>+01}e
Uy 1(Pe P\ _ 0\ e Bafy__m )\ _ P
or; I I\ 1y o T Ti + 7 Ti+ T
1 1 ]Di'u P'v
- va — =y J + 2 eat
27",‘ I T T (87
U fp Y(Pe B\ 0\ e, Po P
27"1' 1 T T o T3 -I-Tj
2ria |7 T\ T; «
1 1 -Pz P'v Piv P'v
Pp—c(frpiim) 9l i+ C
o2 I'\r T; o Ti Ty
_Zrlia{Pw—%(%+%¥)+§}+2Tia{I'Dw—%(%u%)—g}rc
1 q 1 q
=4~ 1,q
2’ 2ricva +
q
rio?
1 1 Piv P'v
— P,—>=2+ J + g et
27‘,‘& 1 T3 ’f'j [0
1 1 /Py, P Py — Py
Poo [Py B} 0] e Po= Py g
2ric I'\n T o T+ 7T ;002
- Tila {va—% (ffl—“-kf;lji) sinh(at)—:ﬁ—;z cosh(at)-i——}il;‘:%:;?lt-f—r—igﬁ
(A.110)



o3P (B 42 HE e
1 1 /P; Py 1 1/P; Py
= -5 P'vi_" = - o — vi T == L ot
27‘2'{ I(T1+Tj>}e 2Ti{P I(T’,‘_*_Tj)}e

i1 11 ( i1 Pm,)
+— === — 4+ =
T L\ T T
=_i P. — _Pﬁ.*_Pﬁ at_i _p‘_1 Eﬁ+& —at
2r; v T r; 2r; T\ T;

+—Pii ] T; Py
T; T’i+’l”j 7'1"}'7‘]
1 1 (Pq | Py 1 1(P; P
= —— PZ__ u A at _ _— Pi__ -u - —at
{1 (et m {1 ()
+I)ii 1311,
'ri""f’j
1 1(P; Py
— Pl__ _u il ot
Vn QT‘iCX { v Ji (7"1‘ + 7"_7' )}6
- i(B wt p LBy o
1 1 (P, Py 1 1 /P, P
=]=- P,— |2 4+=-L » k2 i
Val0) 277&{ I(n TJ)}+27", { ](n 73)} ¢
C=1

1 1(Ps  Pp\\ o, Pu— D
(e B e

2rio I\ r T Ti T
1 1 (Ps P\ Py - P;
= —— {PM - = (— + —])}smh(at) + 2+ 1
TiC I\ T; T+ 715

(A.111)
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'T,‘ 7'1'+7'j 'I‘i+7"j

1 1 /F;, P 1 1 /P
—__—~p. (2 73 ot * _ Lig

277{ bt I(n Tj )}e 2r; {ij I(r,
LR =By

Ti-f-’f'j

+L P.___l_ _Pﬂ_;_fll e—at_*__P)ij_ijt
2ric Y I\ Tt T

1 1 /P g - — P
= —— {P’uj -7 <&+ fg)}smh(at)-l————Pj P‘”t

T 7']

~
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]. .Pz Pn —
+ P,—=-=2+-L e” ™ +
2r.0 I\ T

Pin — Py
-t 4+ C
T’i+Tj

1 1 /P, PF
P’un — = —+ A eod,
27"“1 I T ’I"j
1

Pin_})jn
7“1»+rj

{Pvn 21 ( + —1—> } sinh(at) + ~~—2"¢
T I T 75 T + Tj

t

(A.113)
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1
Vi(t) = (Unlt) -~ U (8)
J .
= _7"1. { PJU"'[%{PUU—T(%L'F%)-f-i'}eat'f‘%{})vu—%(%+%>_§.}e~at+l(%+%
J
:—i va._._.l. (&_*_E-&) +g_}eat
2Tj I T; 5 o
_L P _}_ &_}_Pjv _2 e—at Pjv_ll F; f)ﬂ
2Tj vy I T 7"]' o 7'3 'r‘j I Ti rr-]
1 w P‘v
:—i {va_____ (P + J >+g}eat
2Tj I Ti : 'rj (874
o {pm (B By e B (i 11) LLA
2’)"j I Ti Tj 0% 7"3 Tj I T] I 7
1 1 Piv P"u
:—_{va—_(_+ J)"‘g}eat
2Tj I T 7"]' (8]
1 P 1 -Pi'v + Pj'u q e_at + P]v 1 Ti Hu
2Tj e ’[ T Tj « T] T + Tj T + 'f’j
:—i va__];(&+&>+g_}eat
2r; I\r 1 a
_i P _1 Pw_+_'Pj” _ 4 et }Djv-H'u
oy U7 I\ oy o i + 7
1 1 Piv P‘v
Vjv:“ {va—"<‘—+ J)‘Fg}@at
2rj I'\r Tj et
+ 1 {va_l<& &)..2} at , v ]th+c
2rjo I\ 7r T, a i +7;
V) =0 = —sba{eh (3o ) o (2 2) 1
_ 1l g 1 g |
B rica 2rjoa
¢= r (ivz
J
1 1 /P P, q
Viu(t) = — P,—-= w Jv 4 o
]() 27"jCK{ v ](ri+rj)+a}e
L P, —l Piv_f_fl“i _ 9 e—at_*_Pjv—Pit+ q
2rja 7% T\ my Tj a (s ;02

—_ 1 1{ P, . Piy— Py
= 7= {Pm,—y (—T'fi—i-—rﬂ) } smh(at)—r—quf cosh(ot)+ —J——’:f+rj t_;._‘i_zrj0

(A.114)
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+£Ji__];_1.<_ﬁ+P3’>
Tj T‘j[ T Tj
e IS
2r; I\ r T 27, I\ T
LB _11y_11P
Tj T I T I 7
1 1/F; P 1 1/P, P
= {¢p. 2L at P, — ou il —at
2r vt I(T,+ J>} 27"j{ * I(rz r])}

27"j Ti T'j T Tj
1 1 /P P, 1 1 /P, P
Vi) =0=— pP,—--|=+-L » wr
(0) 27"]04{ I<T1 J>} 2r; { ]< i T]>}+C

2rja Ii T T; Ti + 75
1 1 /P ; ) P, — Py
= —— {Pm - = (— -L) } sinh(at) + —2 t
7']'05 I Ti b T + T'j

(A.115)
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18. Vig(t)

. 1
Vi(t) = :;(Ujj(t) Uyi(t))
J
- & (i (o) o (B () )
j
3___1_ p._l ﬁl i eat_i p._l &_,__jj_ g0t
27'] v I T Ty 27°j v I Ty T
Py 11(8 Py
A+'rj rj1<7",-+rj
:_i P _1 & & eat___l___ P _1 &_{__‘Eﬂ e—at
2r; YT\ Ti 2r; Yoo\ 75
i (1 11 11F;
+ ’7']’ T'j] TJI T3
:_i P _l & & eat_.__l_ P _1 Bl_,{_ﬁ et
2Tj v I Ty ’T‘j 27”j v I T Tj
+ i 1— T — Pij |
Ti \ T+ T i+ Ty
U fp 1P P\ el L p  L(Py Py\) e
2r; YT\ 75 2r; Yoor\n T
4 i — B
T‘i-f—’l’j
1 1 /P, P o
gt (e )
2ria | T\ my T T+ T
1 1 /P, P 1 1 /P, P
(N =1=— p.—Z (22 P, — = (242
Vis(0) =1 27304{ v I(T’i r]>}+2rja{ 7 I( i T, +C
C=1
' 1 1/P. P
- = — PU-_ — —Z—J_ _ﬂ. at
T e
1 1/P. P g >
P, — =24 423 —at ] Y41
+27ja{ J ](rZ rj>}e + T+ T +
=2 p, o 15 B\ oy + T =By
T;Q 7T\ n T ri 4T
(A.116)
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]Djn_-Pm
Ti+’l"j ]
1 1/ 5 P;
Vnz_ Pvn__ - e ot
J 27"]‘(1 { I < T + ’f'j )}8
(- (Tee ) pee e
2rjc I\r 1 i+ 7y
1 1 /P, P 1 1 /P, P,
V;n(o)_O:" {Pvn"'—< ﬂ)}"‘ {qu__< +L C
2rja I'\'n T; 2ria I\ 7 T;
C=0
1 1 /85 ;
Vin(t) = — Pop— = ==+ =) e
m(?) 27’ja{ I(r1+7"j>}e
1 1 (P n - n— Pin
{20 ) oo
27°ja I T T . Ti+T]
=~———{P7m——~ (—” J—)}smh(at)—l— -
T I\r T i+ 7
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20. Vn’u: Vnia an, and Vn’n,

Vau(t) = 0= V(1) =
Vailt) = 0 — Vii(2)
Vai(8) = 0 — Vo (2)
Van(t) = 0 = Vpa(t) =

A.2.3 Inverse of V(t)

a. Structure of V(i)

Vou Vs Voj Vi
Vie Vii Vi; Vi
L v i E%) mn Th n
et V(t) be | vl vl v v, |- Then,
an Vni an Vnn
Viw Vo Vij Vim
V(t) . V';'u Vii V:ij V'm
Vie Vii Vi Vin
_an Vm an Vnn
B Vv Vi
_ %—Lt—i--—if(l Vi) L—L t+ i (= Ve +l
- Z’U Z 7:__‘— l_ P
T T +rja? (1=Vow) — r1+r 7 7( Vi)
( Viu Vas
P(50,30)+ =Ly (1=Vau)  $(i,ji)+ —Ly (= Vos)+1
| ol iy (1-Vew) (0 + Ly (-
b 7
L 0 0

A.2.4 Determinant of V(t)

r+7‘

r+r

¢(ij,jj)+;i—%§(—‘/vj)
Vi) —¢(ij,jj)+;;q&7(_vvj)+1 —¢(in,jn)+$§ (—Vun)
0 1

(A.119)

V an
P, —P.
+r %) ( VUJ)

Ti+T

+—‘17( Vij)+1 “’7%4??;&”;‘2;2(“/”“)

VU'IL
¢(in,jn)+#;—§(—vm)

ViV Vi + Vij Viu Vi + Vio ViV —

‘/ii‘/jvvvj -

‘/ijv}ivruv + ‘/ii‘/jjv;)v
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Det(V) = Voo {¢(it, ji) — (24, 37) + 1}
+ Vai {cﬁ(ij, 39) — Bliv, jv) — — }

7002

+ Vi {cz)(iv,jv) — (i, ji) — %}

J

&1 Py, . Py—F P P
- ++)>81nh( )—i—cosh(at)}{ T+T’t TH”t—i—l}

T3
i3 P'i Pz —P; U
= {2 (P b (B4 In)) sinn(at) | { Bty - Py o)
+19 Py — 3 f;?-%%))smh(at)}{P:’H”% P;:Jrf;” ‘L }
{% (Pm, -1 (%‘ + 1—:]&)) sinh(at) + cosh(at)} {P;’J:”t Pr +Z” t+ 1}
ii Pj; P —Pj Pvi"Pv
= +{e(Pu-d(B+ £ ) sinh(at) b { ;+T;zt wRip )
Pi' P, P’U‘L 'v Pn P‘l
+ % (ij - % -+ —T’f)) Smh(at)} { S it — T1+T]J r,az}

J

1
I
&+ Pji Pij— Py —Pyit+ Py L=l PeitPojy g
T ; Tt ria?
&L_}_fﬂ Pvz Pv]’—Pn'f"Pzt_ 9
i+ rjo?

Pjy wi— 2P+
Po = (B B ) {Peclutbiay 4 1 )

P, — 'f'jpiv"‘TinU) { li_2le+P]]t + 1}
P

+T5 Ti+T;

o . 7: Pyir; Py —P;;i— Py + P
¢ L il 2] FX] vi ug L A
= SlIlh(Ott) + (Pm TitT; ritT; t— ria?

q
T3 P47 Py; Pyi—Pyi—Pii+Fij
+ (P”j - TZ+T.7 J]> { ”J+TJ‘ —t= 7”;‘%2
Py~ 2Py + Py
+ cosh(at) { “ AL 1}
T+ Ty

{(ri +75)Po — 75 Pi — 1P} {(Pia — 2Py + Pij)t + (ri +75)}

_esinh(al) ) ) Py — 1y P — 7 ﬂ}{(P,, P” P+ Pt

, 32
q(rl+7‘]) —f—{(Ti"“Tj)P'uj—T] i T JJ}{ - 'P“'+P2J)
Py —2P; + Py
+cosh(at){ it ”t-f-l}
e

~ 75}
ri}

(A.120)
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A.2.5 Structure of V(¢) inverse

(A.121)

VijVoi — ViV,
‘/wv;;] - ‘/1_7‘/;11;

~V;iVii + ViiVy;
—VioVj + ViV

—Vi; Vi + ViV
'“VwVBJ + VZJVJv

+V;v‘/jnvvi - Van]‘UVUl - Vivv;'i‘/vn
+V;iv;'vv;m + ‘/m‘/]z‘/vv - ‘/ii‘/jn‘/vu

VEivVui - V}inv “"/z"uvvi + ‘/ii‘/;m

VioVsi = ViV

1

1
VI
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A.2.6 Summary of the elements of the V(¢) inverse

In the following, ,—\1,—[ is omitted.

1. V1

I

H

2. Ve = Vi {55 = 615, 39) } + Vay (8(iv, 50)} + { #(i5, 35) = #(dv, j0) —
3. Vil = Vi {8(30, i) + £ | + Vas {=0(iv, j0)} + { #liv, 5v) — @i, ) —
4. V2 1=0
5. Vi = Vui{o(ig, 57) — 1} + Vay {—o(dt, 51)}

6. Vit = Vi {1 = 9(6,33)} + Vi { —5% + 860, 30) |
7. Vit = Vi {o(it, j1)} + Vi {% - ¢('5”’j”)}

8. Vi'l=0

9. Vi = Vis {6(44, 55)} + Viy {~4(3i, ji) — 1}

10. Vi = Vi (=063, 39)} + Vig {5 + (00, 30)}

11 Vi = Vi {1+ 958, 70)} + Vis { —52z = div, o) }

12. Vil =0

13. Vil = Vi {@(in, jn)} + Viy {=(in, jn)} + Vin {9(i5, j5) — ¢(é, ji) — 1}

= Vo {005, 59) — 7 Ve { 9066, i) — i f+{(i, 52) — 9(45,53) + 1)

=3
rio

)

Sl
rj00

14. Vit = Voo {=9(im, n)} + Vs {9(im, 1)} + Vi { &lav.50) = 635, 39) + 7 }

15. Vil = Voo {+(in, jm)} + Vas {=9(in, jn)} + Vim { 6, i) — @(av, jv) +
16. V-1=1

17.

IV(©)] = Vi {8(i2, 57) — ¢(ig, 35) + 1} + Ve {¢>(ij, 33) — ¢liv, ju) —

+ VU] {qb(z'v,jv) - ¢(ZZ7]Z> - d }

2
T

q
rjaz

q
702

(A.122)
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A.2.7 Elements of the covariance matrix
1. Pyo(t)

: g tsinh{at) g
Py (t) = Smh(at)a + Tt a (Pi — 2Py + Pj;)
+ cosh(at) Py,
t cosh(at) 0 )
T rr {PiPy + PPy + 2P, P, — 2PyP,, — P% — P2}
_ (=) (a—emt) [(ri 1))t {_PE + PPy — PyjPi + Py P + Py Py — PJJPU‘L]
(ritry)? +r2 [Pj; — Puj] + T‘j2- [Py — Pui] + 7:i7j(2P;; — Py — Pyy)
_sinh(at?g t(’ri""rj) {P2PDv+P2 P12+P2P QPU’LP’UJ-PZ] ]D]ypvvpn}
(ri+ri)® ¢ |\ +2rsr; { PPy — PiyPw} + 17 (P — PjjPy) + 12 (P% — Py Py)

(A.123)

2. Py(t)

P,;(t) = cosh(at) Py
cosh(at)
(ri +15)
sinh(at) a t(ri + 1) {P?P ~ 2P, Py Py + P}Py + PyPL — PyPj; Py}
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3. P(t)
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Poa(t) =

cosh(at) Py,

hiat
cosh(a )t{Pnnl’jii+Pnn]'-)jj+2‘DinPj"“2ijnn_Pﬁ’_Pj2n}
(ri + 1)

r2(P2,+ P2 +2Ppn Py — Pn Pou—Pj; Pan—2Pjn Pun)
+7']2-(P2 +Pi2n+2Pnani_'PnnP‘uv“PiiPnn—2PinPun)

vn

+27'i7"j(P3n+PnnPui+PnnPuj+Pin jn"Piann—Pnanv_Piann_Pjann)

P,i%Pnn—2PiannPni+PnnP3i"ZPI%-Lij

sinh(at) « “+2P;i Pan Pyj—=2Pij Pan Py;j—2Pnn Pyi Pyj+Pnn P2,
(,r,. + T ')2 _(; +2PijPiann_2PinPvipvn+2Pianijn+PiiP3n

‘ J +t(7'i+7‘j) -—ZPijPt:)zn.+P122nP”“—PiiPnnPnu+2PiannP'uv

+Pj2npii—2PJ‘2ani+Pj2anv+ijP§1
—2ijPinP,m+ijP3n—-ijPnnPii+2ijPnnPuz’—ijPnn.va
~2Pjp Pyn Pii+2Pjp Pyn P j+2Pjn Pyn Pyi — 2P Pyn Py ;
"'2PjnPinPij+2PjnPiani+2PjnPianj—ZPjnPianv
(A.126)
= P’ui . ‘
—at t\2 2
N e (1—e*) {-Pii'rj + Py + (PuFy; — Pij)t}
1
2(r; + 15) \+2te*(+PoiPj; + PiiPoj — PyjPui = PijPyj)
72(Pyi Pyj+Pij Pyj—Pjj Pyi~Pij Puv)
(e —ea +r3( P2~ PiiPw)
2(Ti + ,rj>2 q +7‘.j7‘j(.P3i+PiiP-U]+PuiPuj —PiiPuv_PijP'u'i_PijP’vv)
+t(?"i+?"j)(Piqufj+P,2quv+ijP3f—ij P'iz'va_2Pin;qui)
(A.127)
= ij
—at
L (= e {Pyrs + Pyt (PP = Pt}
1
2(’I‘i + ’f‘j) +2t€a {Pm‘f)jj -+ ijfjii — ijﬂj — R]Pm}
2 p2 y
at —ot o {ij_PN va}
(e — e ) 8% +T]2-{PijPvi+Puiji‘ijPzi—IDijpvv}
2(ri +1;) ¢ i1 { P2 4Py Pyit Py Poi— Pij Pys— Pyj Pou—Pis Puy }

+t{ri475){ Pis P24 P2 Pyy+ Py PL—=2P,5 Py Poi—Pis Py Pow |

(A.128)

212




+

2(ri +15)
2
(ri +75)

+

(eat o e—at) o

B 2(r; + ;)2 E

8. Py(t)

Pyj(t) = cosh(at)P;

(1—e™)

{Pm'r] + P]TLT‘L +1 (Pm]DJ] + Pn-P]n - P Pyn - F)szj)}

{Pm'Ffjn + ijPm + -Pvn-Pn + P‘vn-ij'_ 2-P'un-Pij - P'uijn - Pm'Pin}

+T?{Pjanj+ijPvn—ij Pvn-—Pjan)}
+T]2'{Pinpvi+Pvinn—Piinn.—Pianu}
+7'i'rj{Pinpuj+PjnPui+P'uszn+PvJP’u'n Pzn-Pu'u P]anv‘_2PijP~un}
+P P2 +P]anJPu+P]anvag
‘+‘PinPj]Pvz+Pzan]+P.‘]Pvﬂ+PJ]Pv1Pun
+H(rit75) +Pii Poj Pon+Pij Pin Pov—Pij Py Pun—Pin Pjj Poo
—Pij Pin Pyj—Pii Pjj Pon — Py Pyy Pyn — Pin Pyi Py
‘Pjn Piiji_Pjaniji'“PjanvPii
(A.129)

cosh(at) )
+ ——=t (PP — P
(ri + rj) ( 7 j)
smh(at) o t(,ri + TJ) [P P2 + ‘P“P2 + PJ]P2 2PiijiP'uj - PUQv‘Piinj}
- (7- +r; )2;]“ +(T1 +TJ) [Pmpv] vaPij] +7'i7‘j(ij]Di1 PU>
Y +(ri + 1) [ri(PiiPoj — PyjFu) + 75(Py Poi — PojFy)]
(A.130)
9. Pin(t)
ot —at
Pty = 2 p,
(eat + e—at)
S 7y | (Fabom+ PPyy = PPy = PnPy)
( 2| PinPui + PPy + PPy + Py Py )
' _Pm'Pvn - 2F)ianj - Piijn,

(eat - e—at) b

+
2(ri+7;)? g

+7']2-{Piipun+Pinva“‘Pvinn_Piani}
+Ti7j{ Pjani+PiiPun+PinPij+2Pianv }
+Pij Pun —2Pyi Pyn— Pi; Pjn— Pin Pyi—~2P;in Py
PianjPij+Pianiji+Pinijva+~Piijani+szPvanj
+t(r-+'r ) +Pjaninj+Pi‘inanv+PijPjnpui+Piinijn"PjnP3i
TTIIY = PuPin Poj—Pjj Pyi Pun~Pyi Py Pun — PZ Pon = Pin Pij Pyy

"PinPlEj—Pinpjjpv'i‘PiijnP-uv
(A.131)

213



_ (eat + e—at)

t —at
(e +e™)
et {PuPjj+ PinPi ~ PPy ~ PinPy}
2(7"1‘ -+ Tj)
4 7'12{ ijPun-}-Pjanj—Pjnpm,*ijP-un}
+T?{ PijPin+ijPvn+2PjnPui“Pianj‘_Piijn"Pjanv—Pjan’i }
2Py ; Pun—2Pjn Pyy+2Pjn Pyi+Pjn Pyj+Pj; P;
at —cxt . vidfon ini vy indvi jndvj jidin
(e € ) @ R —Pin Pyj—Pij Pun— Pjn Pij —Pj; Pyn }
2(7-1. + 79)2 q Pinpgj‘i"P,%Pvn+PiipvjPun+PjnP,?i+PjnPuuPij
+t(‘!‘i+’l‘ ) +PjanjPii+ijPvani+ijPiani+PijPianv_P'ijP'ianj
?7) —=PinPyiPyj—Pij Pyi Pun— Py Pyj Pun~Pjn Pij Pyi = Pin Pou Py
\ -PjnP-uqui”‘ijPunPii—ijPinPuv

(A.132)

214




Bibliography

[1] Ravindra K. Ahuja, Thomas L. Magananti, and James B. Orlin. Network Flows.
Prentice Hall, 1993.

[2] Brian D.O. Anderson and John B. Moore. Optimal Control, Linear Quadratic
Methods. Prentice-Hall, 1990.

[3] David Austin and Patric Jensfelt. Using multiple gaussian hypotheses to repre-
sent probability distributions for mobile robot localization. In IEEE Intl. Conf.

on Robotics and Automation, 2000.

[4] T. Bailey and E. Nebot. Localization in large-scale environments. Robotics and

Autonomous Systems, 37(4):261-281, 2001.

[5] Y. Bar-Shalom and T. E. Fortmann. Tracking and Data Association. Academic
Press, 1988.

[6] Yaakov Bar-Shalom and Xiao-Rong Li. FEstimation and Tracking: Principles,
Technique, and Software. YBS, 1998.

[7] Yaakov Bar-Shalom, Xiao-Rong Li, and Thiagalingam Kirubarajan. Estimation
with Applications to Tracking and Navigation. Wiley, 2001.

[8] Dimitri P. Bertsekas and John N. Tsitsiklis. Introduction to Probability. Athena
Scientific, 2002.

(9] M. Bosse, P. Newman, J. Leonard, M. Soika, W. Feiten, and S. Teller. An
atlas framework for scalable mapping. In Proc. IEEE Int. Conf Robotics and
Automation, 2003.

215



[10]

[11]

[12]

[13]

[14]

[15]

[17]

18]

M. Bosse, P. Newman, J. Leonard, M. Soika, W. Feiten, and S. Teller. An atlas
framework for scalable mapping. Int. J. Robotics Research, 2004.

Michael Carsten Bosse. ATLAS: A Framework for Large Scale Automated Map-
ping and Localization. PhD thesis, Massachusetts Institute of Technology, 2004.

R. A Brooks. Aspects of mobile robot visual map making. In Second Int. Symp.
Robotics Research, pages 287-293, Tokyo, Japan, 1984. MIT Press.

Robert Grover Brown and Patrick Y.C. Hwang. Introduction to Random Signals

and Applied Kalman Filtering. Wiley, third edition, 1997.

J. D. Tardos C. Estrada, J. Neira. Hierarchical slam: real-time metric mapping

of large environment, 2004.

J. A. Castellanos, J. M. M. Montiel, J. Neira, and J. D. Tardos. The SPmap: A
probabilistic framework for simultaneous localization and map building. IEEFE

Trans. Robotics and Automation, 15(5):948-952, 1999.

J. A. Castellanos, J. Neira, and J. D. Tardos. Multisensor fusion for simulta-
neous localization and map building. IEEFE Trans. Robotics and Automation,

17(6):908-914, 2001.

J. A. Castellanos and J. D. Tardos. Mobile Robot Localization and Map Building:
A Multisensor Fusion Approach. Kluwer Academic Publishers, Boston, 2000.

J. A. Castellanos, J. D. Tardos, and G. Schmidt. Building a global map of the
environment of a mobile robot: The importance of correlations. In Proc. IEEE

Int. Conf. Robotics and Automation, pages 1053-1059, 1997.

K. S. Chong and L. Kleeman. Sonar based map building in large indoor en-
vironments. Technical Report MECSE-1997-1, Department of Electrical and

Computer Systems Engineering, Monash University, 1997.

216



[20] H. Choset and K. Nagatani. Topological simultaneous localization and map-
ping (SLAM): toward exact localization without explicit localization. ieeetra,

17(2):125-137, 2001.

[21] H. Choset and K. Nagatani. Topological simultaneous localization and mapping
(SLAM): toward exact localization without explicit localization. JEEE Transac-
tions on Robotic and Automation, 17(2):125-137, April 2001.

[22] Thomas H. Cormen, Charles E. Leiserson, Ronald L. Rivest, and Clifford Stein.
Introduction to Algorithms. MIT Press, second edition, 2001.

[23] Michael Csorba. Simultaneous Localisation and Map Building. PhD thesis, Uni-
versity of Oxford, 1997.

[24] A. J. Davison. Mobile Robot Navigation Using Active Vision. PhD thesis, Uni-
versity of Oxford, 1998.

[25] F. Dellaert, D. Fox, and and S. Thrun W. Burgard. Monte carlo localization for
mobile robots. In Proc. IEEE Int. Conf. Robotics and Automation, 1999.

[26] M. W. M. G. Dissanayake, P. Newman, H. F. Durrant-Whyte, S. Clark, and
M. Csorba. A solution to the simultaneous localization and map building (SLAM)
problem. Technical Report ACFR-TR-01-99, University of Sydney, March 1999.

[27] M. W. M. G. Dissanayake, P. Newman, H. F. Durrant-Whyte, S. Clark, and
M. Csorba. A solution to the simultaneous localization and map building (SLAM)
problem. IEEE Transactions on Robotic and Automation, 17(3):229-241, June
2001.

28] Arnaud Doucet, Nando de Freitas, and Neil Gordon. Sequential Monte Carlo
Methods in Practice. Springer, 2001.

[29] H. Durrant-Whyte, S. Majumder, M. Battista, and S. Scheding. A bayesian
algorithm for simultaneous localisation and map building. Technical report,

University of Sydney, 7?7

217



[30]

[31]

[32]

[33]

[34]

James R. Evans and Edward Minieka. Optimization Algorithms for Networks

and Gmphs. Marcel Dekker, second edition, 1992.

H. J. S. Feder and J. J. Leonard. Decoupled stochastic mapping part II: perfor-
mance analysis, 1999. Submitted for consideration for publication to the IEEE

Transactions on Robotics and Automation.

H. J. S. Feder, J. J. Leonard, and C. M. Smith. Adaptive mobile robot navigation
and mapping. Int. J. Robotics Research, 18(7):650-668, July 1999.

Arthur Gelb. Applied Optimal Estimation. MIT Press, 1974.

P. W. Gibbens, M. W. M. G. Dissanayake, and H. F. Durrant-Whyte. A closed
form solution to the single degree of freedom simultaneous localisation and the
map building (slam) problem. In IEEE Int. Conference on Decision and Control
(CDC), pages 191-196, Sydney, Australia, December 2000.

Mohinder S. Grewal and Angus P. Andrews. Kalman Filtering, Theory and
Practivce using MATLAB. Wiley, second edition, 2001.

J. Guivant and E. Nebot. Optimization of the simultaneous localization and map
building algorithm for real time implementation. IEEE Transactions on Robotic
and Automation, 2000. (submitted for consideration for publication, Novemeber

2000.

J. Guivant and E. Nebot. Optimization of the simultaneous localization and map
building algorithm for real time implementation. IEEE Transactions on Robotic

and Automation, 17(3):242-257, June 2001.

Jose Guivant. Efficient Simultaneous Localization and Mapping in Large Envi-

ronments. PhD thesis, University of Sydney, 2002.

J-S. Gutmann and K. Konolige. Incremental mapping of large cyclic environ-
ments. In International Symposium on Computational Intelligence in Robotics

and Automation, 1999.

218



[40] D. Hahnel, D. Schulz, and W. Burgard. Map building with mobile robots in
populated environments. In Proc. IEEE Int. Workshop -on Intelligent Robots
and Systems, 2002.

[41] David Harville. Matriz Algebra From A Statistian’s Perspective. Springer, 1997.

[42] Roger A. Horn and Charles R. Johnson. Matriz Analysis. Cambridge University
Press, 1985.

[43] J. D. Tardos J. A. Castellanos, J. Neira. Limits to the consistency of ekf-based
slam. In 5th IFAC Symposium on Intelligent Autonomous Vehicle, IAV, 2004.

[44] S. J. Julier. A sparse weight kalman filter approach to simultaneous localisa-
tion and map building. In Sensor Fusion and Decentralized Control in Robotic

Systems IV. SPIE, 2001.

[45] Dieter Jungnickel. Graphs Networks and Algorithms, volume 5 of Algorithms and
Computation in Mathematics. Springer, 1999.

[46] T. Kailath, A. Sayed, and B. Hassibi. Linear Estimation. Prentice-Hall, 2000.

[47] J. Knight. Towards Fully Autonomous Visual Navigation. PhD thesis, University
of Oxford, 2002. |

[48] B. Kuipers and P. Beeson. Bootstrap learning for place recognition. In Pro-
ceedings of the AAAI National Conference on Artificial Intelligence, Edmonton,
Canada, 2002. AAAL

[49] B. J. Kuipers. The spatial semantic hierarchy. Artificial Intelligence, 2000.

[50] J. Leonard and P. Newman. Consistent, convergent, and constant-time SLAM.

In TJCAI, 2003.

[561] J. J. Leonard and H. F. Durrant-Whyte. Simultaneous map building and lo-
calization for an autonomous mobile robot. In Proc. IEEE Int. Workshop on

Intelligent Robots and Systems, pages 1442—1447, Osaka, Japan, 1991.

219



[52]

[53]

[54]

[57]

[58]

[59]

J. J. Leonard and H. J. S. Feder. Decoupled stochastic mapping. Technical
Report Marine Robotics Laboratory 99-1, Massachusetts Institute of Technology,
1999. http://oe.mit.edu/~ jleonard/pubs/tr9901.ps.

J. J. Leonard and H. J. S. Feder. Decoupled stochastic mapping part I: theory,
1999. Submitted for consideration for publication to the IEEE Transactions on

Robotics and Automation.

J. J. Leonard and H. J. S. Feder. A computationally efficient method for large-
scale concurrent mapping and localization. In D Koditschek and J. Hollerbach,
editors, Robotics Research: The Ninth International Symposium, pages 169-176,
Snowbird, Utah, 2000. Springer Verlag.

J. J. Leonard and H. J. S. Feder. Decoupled stochastic mapping. IEEE J. Ocean
Engineering, 26(4):561-571, 2001. ‘

J. J. Leonard, R. J. Rikoski, P. M. Newman, and M. Bosse. Mapping partially
observable features from multiple uncertain vantage points. Int. J. Robotics

Research, 2002. To Appear.

F. Lu and E. Milios. Globally consistent range scan alignment for environment

mapping, 1997.
Helmut Lutkepohl. Handbook of Matrices. Wiley, 1996.

Peter S. Maybeck. Stochastic Models, Estimation, and Control, volume 1. Aca-
demic Press, 1979.

P. H. Milne. Underwater Acoustic Positioning Systems. London: E. F. N. Spon,
1983.

M. Montemerlo, S. Thrun, D. Koller, and B. Wegbreit. FastSLAM: A factored
solution to the simultaneous localization and mapping problem. In Proceedings
of the AAAI National Conference on Artificial Intelligence, Edmonton, Canada,
2002. AAAL

220



[62]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

P. Moutarlier and R. Chatila. Stochastic multi-sensory data fusion for mobile
robot location and environment modeling. In 5th Int. Symposium on Robotics

Research, pages 207-216, 1989.

J. Neira and J.D. Tardos. Data association in stochastic mapping: the fallacy
of the nearest neighbor. IEEE transactions on robotics and automation, 20(Y),

1999.

J. Neira and J.D. Tardds. Data association in stochastic mapping using the joint
compatibility test. IEEE Trans. on Robotics and Automation, 17(6):890-897,
2001.

J. Neira, J.D. Tardds, and J.A. Castellanos. Linear time vehicle relocation in
SLAM. Technical Report RR-2002-08, Universidad de Zaragoza, Depto. de In-

formatica e Ing. de Sistemas, Zaragoza, Spain, 2002.

P. Newman, , M. Bosse, and J. Leonard. Autonomous feature-based exploration.

In Proc. IEEE Int. Conf. Robotics and Automation, 2003.

P. M. Newman. On the structure and solution of the simultaneous localization

and mapping problem. PhD thesis, University of Sydney, 1999.

Paul M. Newman, John J. Leonard, and Richard Rikoski. Towards constant-time
slam on an autonomous underwater vehicle using synthetic aperture sonar. In

International Symposium on Robotics Research, 2003.

AOFNC Experimental Validation of the Moving Long Base Line Navigation Con-
cept. Moving base line navigation. In AUV 2004, June 2004.

Athanasios Papoulis. Probability, Random Variables, and Stochastic Processes.

McGraw-Hill, third edition, 1991.

Peyton Z. Peebles. Probability, Random Variables, and Random Signal Princi-
ples. McGraw-Hill, third edition, 1993.

221



[72]

[73]

[74]

[75]

[76]

(79

[81]

R. Rikoski and J. Leonard. Sonar trajectory perception. In Proc. IEEE Int.
Conf. Robotics and Automation, Taiwan, 2003.

Richard James Rikoski. Dynamic Sonar Perception. PhD thesis, Massachusetts
Institute of Technology, 2003.

R. Smith and P. Cheeseman. On the representation and estimation of spatial

uncertainty. International Journal of Robotics Research, 5(4):56, 1987.

R. Smith, M. Self, and P. Cheeseman. A stochastic map for uncertain spatial
relationships. In 4th International Symposium on Robotics Research. MIT Press,

1987.

R. Smith, M. Self, and P. Cheeseman. Estimating uncertain spatial relationships
in robotics. In I. Cox and G. Wilfong, editors, Autonomous Robot Vehicles, pages

167-193. Springer-Verlag, 1990.

Gilbert Strang. Introduction to Applied Mathematics. Wellesley-Cambridge
Press, 1986.

J.D. Tardés, J. Neira, P.M. Newman, and J.J. Leonard. Robust mapping and
localization in indoor environments using sonar data. Int. J. Robotics Research,

21(4):311-330, April 2002.

J.D. Tardds, J. Neira, P.M. Newman, and J.J. Leonard. Robust mapping and
localization in indoor environments using sonar data. Int. J. Robotics Research,

21(4):311-330, April 2002.

Juan D. Tardos, Jose Neira, Paul M. Newman, and John J. Leonard. Robust
mapping and localization in indoor environment using sonar data. International

Journal of Robotics Research, December 2001.

S. Thrun. An online mapping algorithm for teams of mobile robots. Int. J.

Robotics Research, 2001. To Appear.

222



[82]

[84]

[86]

S. Thrun. Robotic mapping: A survey. In G. Lakemeyer and B. Nebel, editors,
Ezploring Artificial Intelligence in the New Millenium. Morgan Kaufmann, 2002.

to appear.

S. Thrun, D. Fox, W. Burgard, and F. Dellaert. Robust monte carlo localization
for mobile robots. Technical Report CMU-CS-00-125, Carnegie Mellon Univer-
sity, 2000.

S. Thmn, D. Koller, Z. Ghahramani, H. Durrant-Whyte, and Ng. A.Y. Simulta-
neous mapping and localization with sparse extended information filters. In J.-D.
Boissonnat, J .‘ Burdick, K. Goldberg, and S. Hutchinson, editors, Proceedings of
the Fifth International Workshop on Algorithmic Foundations of Robotics, Nice,
France, 2002. Forthcoming.

Sebastian Thrun, Daphne Koller, Zoubin Ghahramani, Hugh Durrant-Whyte,
and Andrew Y. Ng. Simultaneous mapping and localization with sparse extended
information filters: Theory and initial results. Technical report, Carnegie Mellon
University; Stanford University, University College London, University of Sydney,
2002.

5.B Williams, G. Dissanayake, and H Durrant-Whyte. An efficient approach
to the simultaneous localization and mapping problem. Proc. IEEE Int. Conf.

Robotics and Automation, pages 406-411, 2002.

Roy D. Yates and David J. Goodman. Probability and Stochastic Processes.
Wiley, 1999.

223



