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Abstract

Thermodynamic property relations for liquid *He-*He mixtures between temperatures of 0.15 K and 1.8 K
are determined. The relations are valid over the entire concentration range. Thermodynamic properties are
first calculated at saturated pressure (which is more or less equal to zero pressure) in the two-phase
region, and then extended to the single-phase He-1l (up to 1.8 K) and He-I (up to 1.5 K) regions. The
calculations at saturated pressure are based on available specific heat data and previously determined sub-
0.15 K properties. The property relations are then extended to higher pressures (up to 10 bar) between
0.15 K and 1.5 K, using available molar volume data. The results are largely in good agreement with
some other *He-*He mixture property data, though the scarcity of experimental data in large parts of the
region of interest precludes a more thorough comparison. Applications of the derived properties to
components of sub-Kelvin refrigerators, specifically He-11 mixture heat exchangers and He-11 mixture
throttles, are also discussed.
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Chapter 1: Introduction

*He-"He mixtures are widely used in dilution refrigerators to achieve cooling to temperatures below 10
mK. Dilution refrigerators work by utilising the heat of solution of *He in “He — at sub-Kelvin
temperatures, the transfer of *He atoms from a pure *He phase to a dilute solution of *He in “He results in
a cooling effect.

Since the working fluids in dilution refrigerators are pure ®He and dilute *He-*He mixtures that are usually
less than about 7% *He (on a molar basis) and at pressures of less than 250 millibar (typically),
knowledge of thermodynamic properties of the *He-*He mixtures at low concentrations and low pressure,
and those of pure *He is all that is needed to design, predict and model the performance of these
machines. As interest in the properties of *He-*He mixtures has been largely driven by applications to
dilution refrigeration, the thermodynamic tables for ®*He-*He mixtures currently available [1,2] are
restricted to low *He concentrations, saturated pressure and mostly to low temperature.

Recent efforts have been made to develop other sub-Kelvin refrigeration cycles [3, 4, 5] (which use *He-
*He mixtures as the working fluid) that could prove to be more efficient than dilution refrigerators by
eliminating many of the losses associated with the latter [6]. These newer cycles use mixtures of *He and
*He with much higher concentrations of *He, which fall outside the range of available property tables. The
proper design of these machines requires knowledge of *He-*He mixture properties over the entire
concentration range (from pure *He to pure “He) and up to temperatures in excess of 1.2 K. (A thermal
reservoir at 1.2 K — the temperature of a pumped “He “pot” — is a natural choice for the high temperature
reservoir for a sub-Kelvin refrigerator.)

The intent of this work is to provide a complete set of tables of thermodynamic properties of liquid *He-
*He mixtures that span the entire concentration range up to temperatures of 1.8 K and pressures of 10 bar.

1.1 “He and 3He

*He and *He, the two stable isotopes of helium, have markedly different behaviour at low temperatures.
The *He atom has integer spin and is governed by Bose-Einstein statistics. At temperatures of about 2 K
(2.17 K at saturated pressure) “He goes through what is known as a “A-transition”, named after the shape
of the specific heat-vs.-temperature plot in the vicinity of 2.17 K. This transition is analogous to Bose-
Einstein condensation. Above the A-transition temperature, *He behaves like a regular, “normal” fluid
(which is designated He-I). Its behaviour, however, is quite different below the A-transition temperature
(where it is designated He-11). He-Il exhibits a viscosity several orders of magnitude less than that of
regular liquids (in certain experiments) and an apparent thermal conductivity several orders of magnitude
greater than regular liquids. It is frequently modelled as being made up of two fluids — a “superfluid” and
a normal fluid. The superfluid carries no entropy and exhibits no viscosity. The normal fluid has a
viscosity and an entropy equal to the actual liquid entropy. The densities of the superfluid and the normal
fluid sum up to the density of the fluid. The superfluid density is 0 at 2.17 K; the normal fluid density is 0
at 0 K, when all the liquid *He is in the ground state.

®He, on the other hand, has a half-integer spin and is governed by Fermi-Dirac statistics. Although
superfluidity is also observed in *He, it occurs at much lower temperatures (below about 2.6 mK). Since
this is beyond the operating range of sub-Kelvin refrigerators using *He-*He mixtures, *He will be
assumed to be a normal fluid all the way down to 0 K in this work.
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1.2 Mixtures of *He and “He

The phase diagram for liquid *He-*He mixtures is shown in Figure 1.1. Three independent
thermodynamic properties are required for this binary mixture; in this case, they are chosen to be the
temperature (T ), pressure ( p ) and *He mole fraction of the mixture (X ). Mixtures of *He and “He also

exhibit a A-transition, at *He mole fractions of less than approximately 0.67, at the A-surface shown in the
figure. Below the A-surface, in the He-I1 region, the “He in the mixture has a superfluid component. There
is no superfluid above the A-surface, in the He-I region. For pure “He, the A-transition occurs under
saturated conditions (almost zero pressure) at 2.17 K, the intersection of the A-surface with the

temperature axis in Figure 1.1a. The A-transition temperature T, decreases with increasing X at a given
pressure.

In addition to the A-transition, a phase separation is also observed at temperatures below 0.87 K. At
certain *He concentrations, the mixture separates into a He-I1 phase (with a superfluid “He component)
and a He-1 phase (all normal fluid). The He-I phase has a higher concentration of ®He, and is referred to as
the concentrated phase; the He-11 phase, with a lower *He concentration is referred to as the dilute phase.
Above the concentrated-phase surface, the mixture is all normal fluid.

The tricritical line represents the intersection of the A-transition surface with the phase separation
surfaces.

The feature of the *He-*He phase diagram that is responsible for practical dilution refrigeration is the
finite solubility of *He in *He at 0 K. The non-zero solubility is a result of a *He atom (in a dilute solution
of *He in “He) being more strongly bound to “He than it is to *He. (With an increasing concentration of
*He atoms, however, the binding energy of ®He in “He decreases.) At 0 K and saturated pressure, the
solubility is 6.6% *He (on a molar basis). The entropy of cooling associated with ®He atoms going from
pure *He into a dilute solution of ®He in “He is exploited to provide cooling at very low temperatures.
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Figure 1.1: (a) The *He-"He phase diagram. (b) The cross section of the phase-diagram at saturated
pressure.
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Vapour pressures associated with *He-*He mixtures are extremely small at temperatures below 2 K — of
the order of a few tens of torrs [7,8,9] (750 torr =~ 1 bar). The data of Sydoriak and Roberts [7] indicates
that for the highest temperatures covered in this work (1.8 K in the He-II region, 1.5 K in the He-I
region), the vapour pressure is about 50 torr (0.07 bar). At temperatures below 1.2 K, the vapour pressure
is less than 20 torr (0.03 bar). Therefore, it will be assumed that the saturated pressure surface is
coincident with a constant pressure surface where the pressure is 0 bar. Because gaseous *He-"He
mixtures exist only at very small pressures, we will not concern ourselves with them in this work.

1.3 Review of available property tables of *He-*He mixtures

One of the earliest attempts to characterize the properties of *He-*He mixtures was by de Bruyn Ouboter
et al [10] in the early 1960s. They made extensive measurements of the specific heat between 0.4 K and 2
K and used that data, along with some vapour-liquid equilibrium data, to calculate the excess enthalpy
and excess Gibbs free energy as a function of He concentration and temperature at saturated pressure. In
theory, these properties are sufficient to derive all other thermodynamic properties, provided the
properties of pure ®He and pure “He are known. However, the properties were calculated only at certain
values of temperature and *He concentration; properties at other values need to be interpolated, which is a
problem since the calculated values do not appear to be smooth functions of *He concentration and
temperature. In addition, the calculations were based on extrapolations (they calculated the excess
enthalpy relative to 15%->He and 95.4%-He solutions from experimental data, and extrapolated the
results down to 0%-°He and 100%-°He solutions to obtain the actual excess enthalpy) and other
approximations (the assumed form of the excess Gibbs free energy was quite simplistic). London et al
[11] point out a discrepancy between de Bruyn Ouboter et al’s calculated values and other data above 1 K
(but also note that a change in the extrapolation scheme brings them into “good agreement”). de Bruyn
Ouboter et al’s values also do not extend to temperatures below 0.4 K, which limits their usefulness as
design tools for refrigerators supposed to cool down to below 0.1 K. Nevertheless, their specific heat data
are more extensive than most and are widely used in this thesis, although with reservation in certain cases.
There is a lot of noise in some of their specific heat measurements near the A-line and the phase-
separation curves; in addition, some specific heat values near the A-line, as well as measured co-ordinates
of the A-line and the phase-separation curves, are not completely consistent with later measurements.

Investigations into the thermodynamic properties of *He-*He mixtures in the late 1960s through the early
1980s were driven by interest in dilution refrigeration. Dilution refrigerators are commonly used to cool
down to temperatures in the milli-Kelvin range (the most efficient ones can cool down to just below 10
mK). The working fluid in these machines consists of pure *He and dilute mixtures of *He in “He —
cooling is achieved by the transfer of *He atoms from the pure ®He phase to the dilute ®He phase, as
explained in the previous section. Consequently, most property tabulations in this time frame are
restricted to the low ®He-concentration, low temperature region of the phase diagram, at saturated
pressure. Thermodynamic properties in this region were derived largely from a theoretical model of the
behaviour of ®He in dilute solutions of “He. The ®He component is treated as an ideal Fermi gas of
"quasiparticles" in a solution of “He; the "quasiparticles" have a mass different from that of a *He atom,
but otherwise have the same properties. This model is borne out by experimental *He-*He mixture data at
low temperatures and concentrations, but deviates from experiments at high temperatures and
concentrations.

The most extensive set of thermodynamic property tables for *He-*He mixtures were developed by
Radebaugh [1] in 1967, who calculated mixture properties at saturated pressure for temperatures below
1.5 K and *He mole fractions below 30%. His properties were based on the ideal-Fermi-gas model
discussed above — a model which becomes increasingly inappropriate at high temperatures and high *He

17



concentrations. The calculation scheme also involved the use of other theoretical models (specifically, the
chemical potential of *He at 0 K).

Some of Radebaugh’s property values were later found to be inconsistent with subsequent experimental
measurements of the osmotic pressure and osmotic enthalpy [2]. In 1985, Kuerten et al [2] developed a
calculation scheme quite similar to Radebaugh's, in that they treated the *He component as an ideal Fermi
gas too. However, they used experimentally determined values of the osmotic pressure in lieu of
Radebaugh's theoretical model for the chemical potential. They determined the thermodynamic properties
only for temperatures below 0.25 K and *He mole fractions below 8%, because it was clear by that time
(from experiments) that the theory for dilute solutions of ®He in “He did not extend up to the temperatures
and concentrations covered by Radebaugh.

There are also tabulations of properties of *He-*He mixtures near the tricritical point, notably by Islander

and Zimmermann [12] (1973) and Goellner et al [13] (1973). These properties are based on experimental
data; the former on specific heat measurements made by Alvesalo et al [14] and the latter on specific heat
and vapour pressure measurements. However, the tabulations are only for a few properties (entropy, the

chemical potential difference @ = g, — p, and its derivatives) and are limited to a small portion of the
T - x plane. They are not particularly useful for engineering purposes.

To our knowledge, there are no calculated properties at high pressures. To a first approximation, the
(liquid) mixtures can be treated as being incompressible; however, the isothermal compressibilities of
pure *He (about 0.01 bar™ [15]) and pure *He (about 0.02-0.04 bar™ [16]) at 1 K and 1-10 bar are quite
high; as a comparison, water at room temperature and atmospheric pressure has an isothermal
compressibility that is two to three orders of magnitude smaller (about 5 x 10 bar™ [17]). This suggests
that for *He-*He mixtures, the errors associated with the assumption of an incompressible liquid could be
very significant.

In summary, mixture thermodynamic properties (such as the internal energy, entropy, enthalpy, etc.) at
saturated pressure are rather limited, and there are none whatsoever at high pressures. In addition, a
feature of a lot of the available properties is that they are based largely on theoretical models, rather than
experimental data. (Of course, the theoretical models are validated by experimental data in certain cases,
but they fail to capture the real behaviour as the boundaries are pushed). The thermodynamic properties in
this work are (a) calculated over a much wider range of the X-T - p space, and (b) based on actual

experimental data in regions of “non-ideal” behaviour.

1.4 Thermodynamic state equations for binary mixtures

As stated earlier, three independent properties are required to specify the state of a binary mixture, such as
the *He-*He mixture under investigation. This is in accordance with the Gibbs phase rule, which states
that the number of independent properties is equal to ¢ — ¢+ 2, where ¢ is the number of components of
the system and ¢ the number of phases. For a pure substance (one component), two independent
properties are required; the sets of properties most typically designated as being independent are the
temperature T and the specific volume Vv, or the temperature T and the pressure p . For a binary
mixture, an obvious choice for the third additional property is the fraction of one of the components in the
system. For *He-*He mixtures, the commonly used property is the mole fraction of the *He component,
designated X . (The *He mole fraction will also be interchangeably referred to as the “concentration”).
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A choice now needs to be made between the (X, T, p) and the (X, T, V) sets of independent properties.

The former is used in this work. The choice is largely dictated by the experimental data that is available.
A review of the available experimental data that can be used to determine a state equation reveals that
most experimental work on *He-*He mixtures has been restricted to saturated pressure. (In particular, two
areas of the phase diagram at saturated pressure are well covered — dilute solutions of *He in *“He, and
mixtures in the vicinity of the tricritical point and the A-line. The work in the former is due to applications
to dilution refrigerators; the work in the latter is due to an interest in critical phenomena.) It has been
previously stated that the saturated pressure surface is nearly coincident with a constant (zero) pressure
surface for the temperature range of interest. If the pressure is chosen as an independent variable,
properties can first be calculated at saturated (virtually constant) pressure, as a function of two variables —
T and x - only. The reduction of independent variables from three to two greatly simplifies the
calculations. Once properties are known on the saturated pressure plane, they can be extended to higher
pressures using available molar volume data (which, incidentally, is more or less the only useful data
available at high pressures).

The choice of X, T and v as independent variables, on the other hand, does not lend itself to as
convenient a calculation procedure.

In this work, expressions are developed for the specific heat at constant X and (constant) zero pressure,

C as a function of X and T, and the molar volume Vv as a function of x, T and p . These are used
in conjunction with expressions for the phase-separation surfaces to determine thermodynamic properties.
In essence, properties at a given X, T and p are calculated by first integrating across X at zero

temperature and zero pressure (using existing models), then by integrating across T at zero pressure
(using the specific heat data), and finally by integrating across p (using the molar volume data) .

X,p=0"

At this point, we digress to note that a more rigorous approach would entail the determination of a
characteristic function as the state equation. Thermodynamic state equations for pure substances typically
involve the calculation of the Gibbs or Helmholtz free energy, from which all other properties are derived.
The advantage of using a free energy as the characteristic function is that all other properties can be
calculated from it by differentiation, which results in no undetermined constants. For a pure substance, the
Helmholtz free energy f isbased on T and the specific volume Vv ; the Gibbs free energy g is based on

T and p . The differential form of the Helmholtz free energy for a pure substance is:

df =—pdv—sdT (1.1)
where s is the entropy. The differential form of the Gibbs free energy for a pure substance is:

dg =vdp —sdT . (1.2)
For a binary mixture, the differential forms of the Helmholtz and Gibbs free energies are [18]:

df =—pdv—sdT + (z; — x,)dx (1.3)
and

dg =vdp —sdT + (x5 — 1, )X (1.4)

where 1, and g, are the chemical potentials of the *He and “He components respectively.

The Helmholtz free energy is more commonly used in equations of state. However, a Gibbs free energy
approach, (with independent variables X, T and p) would be easier in this case, for reasons that have
already been discussed. The Gibbs free energy could be calculated on a constant pressure surface (the
saturated pressure surface) as a function of just two variables, T and X, since, on a surface of constant
pressure, the Gibbs free energy is simply

19



dg = —sdT + (u; — p,)dX. (1.5)

It could then be extended to other pressures using the molar volume data, since along a line of constant T
and constant X,
dg =vdp. (1.6)

Since there are two distinct states over the temperature range of interest (the normal He-I region and the
He-11 region with the superfluid component), two different expressions for the Gibbs free energy would
be required, one for each region. (Knowledge of the A-surface is required to determine the boundary
between the two regions.) The Gibbs free energies in the single-phase regions would have to be
determined by fitting available data to a functional form (which may evolve over the fitting process). The
two phase-separation surfaces would be calculated from the Gibbs free energies of the He-I1 and He-I
states, by setting the chemical potentials of the ®He and “He components in the two states equal to each
other. (Experimental phase-separation data, therefore, would be part of the fitting functions for the two
states; additionally, this would lead to the two fitting functions being coupled together).

The Gibbs free energy approach is not used in this work because it was originally unclear what an
appropriate functional form for g would look like, since the range of available thermodynamic properties

to refer to was so small. Therefore, properties were calculated in a sequential process (outlined a few

paragraphs ago), rather than by attempting to fit an all-encompassing characteristic function. It is worth
mentioning, though, that the procedure employed in this work is, in essence, the same as using a Gibbs
free energy approach. Although an explicit functional form for the Gibbs free energy is not determined,

the zero-temperature-zero-pressure model, and the expressions for C v and the phase-separation
surfaces can be combined to yield the Gibbs free energy implicitly. (The forms of these quantities
calculated in this thesis are such that an explicit expression for g cannot be calculated from them.)
Together, these quantities effectively play the same role as g and thus can be used to completely
determine thermodynamic properties.

x,p=0"

1.4.1 Layout of the thesis

In Chapter 2, properties are determined across the zero-pressure surface as a function of X and T . To do
this, (1) expressions for the dilute- and concentrated-phase lines are determined from experimental data;
(2) properties along the dilute- and concentrated-phase lines at zero pressure are then calculated from
experimental measurements of the specific heat in the two-phase region, as well as the idealized models
of *He-*He mixtures used by Radebaugh and Kuerten et al, only in the regions where they are applicable;
and (3) properties along the phase-separation lines are then used with single-phase specific heat
measurements to determine properties in the single-phase He-I and He-1l regions.

The zero-pressure properties are extended to higher pressures in Chapter 3. Expressions for the dilute- and
concentrated-phase surfaces at all pressures are first determined. Thermodynamic properties at high
pressures are then calculated on the basis of high-pressure molar volume measurements (in conjunction
with the phase-separation surface fits and the zero-pressure results of Chapter 2). It is worth emphasising
though, that high-pressure molar volume data for mixtures is only available below 0.7 K and in the He-11
region. At high temperatures, the data available is for mixtures at zero pressure and for pure *He and pure
“He (at all pressures). While some of the calculated mixture properties at high pressure and high
temperature are expected to be reasonably accurate, others must be used with caution. This is discussed in
greater detail in Chapter 3, and later in Chapter 5.
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Applications of the calculated properties to the design of sub-Kelvin refrigerators are discussed in Chapter
4.

Chapter 5 presents a comparison of our results with some other experimental measurements that were not
used in determining the equation of state. The expected accuracies and inaccuracies associated with our
results in regions where the lack of experimental data precludes a comparison are also discussed.

Chapter 6 presents a summary of the work done in this thesis and looks at the road ahead to get a more
complete state equation.

1.4.2 Thermodynamic properties calculated in this work

In this section, we list the thermodynamic properties calculated in this work and present some relations

between properties that will be used at various points in this work. As with pure substances, the entropy
s and the enthalpy h play an important role in thermodynamic analysis. They are related to the Gibbs

free energy through:

g=h-Ts. (1.7)

For a pure substance, the enthalpy and entropy are related to the constant-pressure specific heat Cp

through:

oh

— | =C 1.8

) - o

and

T(ﬁj _c,, 1.9
ar ),

respectively. The analogous relations for a binary mixture involve the specific heat at constant pressure
and constant concentration, C, -

[a—hj =C, 0 (1.10)

oT xp ’

and

T(ﬁj =C, o (1.11)
oT x.p ’

For the sake of brevity, C, , will be shortened to C .

Since the substance under investigation is a binary mixture, the chemical potentials of the two species
(especially that of “He, for reasons that will become clear) are also quite important. The chemical
potentials of ®He and “He are defined as [18]:

0
Hy =9 +(1- x)(—gj (1.12)
OX )1
and
a9
—g-x 9 1.13
Hy=0 X(anT‘p ( )
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respectively. Note that the chemical potentials satisfy:
g = Xpts + (L= X) 4. (1.14)

In addition to these “regular” thermodynamic properties, there are some other properties of significance,
specifically in the He-11 region, due to the superfluid behaviour of the “He. These are the osmotic pressure
and the osmotic enthalpy.

Consider the two chambers shown in Figure 1.2 connected by a “superleak”. One chamber is filled with a
*He-*He mixture; the other with pure *He. The superleak (a porous plug, with nanometer-scale pores)
effectively acts as a semi-permeable membrane. It offers no resistance to the flow of superfluid “He, but
does not allow *He (or the normal component of the “He) to pass. At equilibrium the pressure in the pure
“He chamber is less than the pressure in the mixture chamber by an amount known as the osmotic
pressure (IT). From the equation of motion of a superfluid (at low velocities v, ) [19]:

oV,

ot
it is evident that the superfluid component flows to equalize the “He chemical potential. At equilibrium,
therefore, the “He chemical potentials are equal in both chambers. This is used as a definition of the
osmotic pressure:

(P, T, %) = g5 (p-TLT) (1.16)
where 4, is the chemical potential of the *He in the mixture, and yf is the chemical potential of the pure
*He. A Taylor expansion of the above equation yields:

T,X) = 1) (p,T) -T2 4 — =24
w1, (P )=, (p,T) P 2 8p2

=—Vu,, (1.15)

+ higher order terms. (1.17)

At this point we note that the chemical potential of pure *He is simply its Gibbs free energy, and its
pressure derivative is simply the molar volume of pure “He, vff . The above equation becomes

1? ov,
1, (p,T,X) = 25 (p,T)—Tvy +78_4+ higher order terms. (1.18)
p

For superfluid mixtures in the temperature range covered in this work, the second order term is at least
two orders of magnitude smaller than the first order term. Consequently, an explicit definition of the
osmotic pressure is:

O —
H(pJ:X):;u(sz Ha(P,T, %) (1.19)
v, (p,T)
""I£§=n
*He-*He 4He
=

—— Superleak
Figure 1.2: The osmotic pressure of a *He-*He mixture
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The osmotic pressure is, therefore, directly related to the mixture “He chemical potential. As X increases,
M, decreases, and the osmotic pressure increases.

Another quantity of significance in superfluid ®*He-*He mixtures is the osmotic enthalpy. The osmotic
enthalpy of a mixture (per mole of *He), first introduced by London, Clarke and Mendoza [11], and later
rigorously derived by Ebner and Edwards [20], is defined as

hos — h— (1_ X):u4
X

and is useful for First Law analysis of flowing superfluid mixtures. The osmotic enthalpy does not appear

in the usual statement of the First Law of Thermodynamics,

- 0-w+ 3K, (121)

d ports

(1.20)

where E is the total energy in the control volume, Q is the rate of heat transfer into the control volume,

W is the rate of work transfer from the control volume, N is the total molar flow rate into the control
volume, and h is the enthalpy of the mixture per mole of the mixture. In the He-I region (where there is

no superfluid), the enthalpy flow term ( Nh ) is easily evaluated since viscous effects ensure that the *He
and *He components flow at the same velocity. In contrast, in the He-1l region, the presence of a
superfluid moving at a velocity different from that of the normal fluid means that the enthalpy flow term
actually consists of two separate terms. The effective enthalpy flow in this case can be derived by
considering the Gedanken apparatus shown in Figure 1.3. (The following derivation of the effective
enthalpy flow is a duplication of the analysis done by Ebner and Edwards [20] and by Miller and Brisson

[21]).

The flowing He-11 mixture with the (unknown) enthalpy flow rate enters the control volume through the
port on the right and flows into two cylinders. The top cylinder is directly connected to the entering flow.
It contains a *He-*He mixture at the same pressure, temperature and *He concentration as the flowing
mixture. The bottom cylinder is connected to the entering flow through a superleak through which only
superfluid can flow. It contains pure “He at a pressure p —IT (where IT is the osmotic pressure) and is

maintained at the same temperature as the mixture through thermal contact with a heat reservoirat T .

Thermal \

reservoir Control volume

at T’
Figure 1.3: Gedanken experiment to determine the effective enthalpy of a superfluid flow
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The flow rates of *He and “He entering the control volume are I\'I3 and N4 respectively. The superfluid

flow rate into the bottom piston is N, . The total “He flow rate into the top piston is therefore N, — N, .
(All the *He flows into the top cylinder ) We will now attempt to find an expression for the enthalpy flow
rate into the control volume, N = (N, +N,)h

total flow flow *

The *He concentration in the top cylinder is
_ Ns
N, +N,-N

(1.22)

4s

Since the flow through the top cylinder crossing the control volume boundary is a bulk flow, its enthalpy
is well defined. The enthalpy flow rate out through the top cylinder is (N, + N, — N,.)h(p,T,x) . Inthe
bottom cylinder, the only flow crossing the control volume is that of pure “He. The enthalpy flow rate out
through the bottom cylinder is N, h? (p —TIT,T).

The (usual form of the) First Law can now be applied to the control volume. Since the system is at steady
state and there are no work transfers, the First Law simplifies to

0=Q+N — (N, +N, =N,)h(p,T,x) =N, h2(p-TI,T). (1.23)

Q is the heat transfer into the bottom cylinder which is required to maintain its temperature at T , since

the flow into the bottom cylinder is a superfluid flow, while the flow “out” is a bulk flow. The heat
transfer can be calculated by applying the Second Law to the bottom cylinder only. The inflowing
superfluid does not carry any entropy. The only entropy transferred by a mass flow is by the pure “He
leaving the system. Since the system is at steady state and there is no entropy generation,

total ﬂow

0:$—N4552(p—H,T) (1.24)
which yields

Q=N,Ts(p-II,T). (1.25)
Plugging this back into Eq. 1.23, we get

N Now = (N5 + Ny =N ON(p,T,X) + Nyghy (p—TLT) = N, Tsg (p ~T1,T) (1.26)
which simplifies to

Ntotal flow _(N +N N4s)h(p1T1X)+N4s/uz?(p_H’T)' (1'27)

Since the superfluid ensures equal “He chemical potential on both sides of the superleak, the “He chemical
potential of the mixture in the top cylinder must be equal to the chemical potential of the pure *He,

i.e. y4(pT X) = u; (p—T1,T). Therefore,
N = (Ng+ N, =N, )h(p, T, %)+ N, 22, (p,T, ). (1.28)

The definition of the mixture concentration x (Eq. 1.22) is now used to substitute in for N, , which
results in

: N .. N
Ntotalhflow :73h(p!T!X)+[N3 + N4 _73}114([)’1-,)()- (129)

total flow

Rearranging, we get
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. h(p,T, X .

Ntotalhflow N ( (p ) 4(p,T,X))+ N4,U4(p,T,X) (130)
which can be rewritten as

Ntotalhflow = N3hos(p1T1 X) + N41u4(paTa X) . (1.31)

Therfore, the enthalpy flow term is equivalent to N;h* + N, 2, , where h* is the osmotic enthalpy of

the mixture per mole of ®He as defined in Eq. 1.20 and 1, is the *He chemical potential. As a result, the
First Law for a superfluid *He-*He mixture can be written as:

——Q W + > Nh® + > N, p, . (1.32)

ports ports

Therefore, the osmotic enthalpy is required for the analysis of flows with a superfluid component. For
normal mixtures, this form of the First Law reduces to the usual form, a fact that can be checked by
substituting the expression for the osmotic enthalpy into Eq. 1.32.

For completeness, we also derive a form of the Second Law that is appropriate for He-11 mixtures. The
derivation has previously been presented by Miller and Brisson [21]. Their analysis is repeated here.
Applying the usual form of the Second Law

dS—Z$+ZNs+S (1.33)

ports

to the control volume in Figure 1.3 yields

0 :$+ I\.Itotalsﬂow _(NS + N4 - NAs)S(vavX)_ N4552(p_HvT)- (134)

Substituting the expression for Q from Eq. 1.25 into the above equation, we get

Ntotal flow= N4SS (p HT)+(N +N NAS)S(p!TvX)+N4ssz(1)(p_H!T) (135)
or
NygarSow = (N5 + N, =N, )s(p, T, X). (1.36)

The definition of X can now be substituted in to get
N B LI N (137
X

where S, is the mixture entropy per mole of *He, and is equal to the mixture entropy per mole of
mixture, s, divided by X, the moles of *He per mole of mixture.

total flow

The usual statement of the Second Law can therefore be rewritten as

-§—2Q+ZN%Ww (138)
ports

This form of the Second Law can be applied to He-I1 mixtures.
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1.4.3 Units and notation

A note on the units of the various properties calculated in the subsequent chapters: the entropy, enthalpy,
Gibbs free energy and specific volume are calculated per mole of the mixture, the “He chemical potential
per mole of “He, and the osmotic enthalpy per mole of *He. The use of “mol” in the units indicates
properties calculated on a per-mole-of-mixture basis; “mol-*He” and “mol-*He” indicate properties
calculated per mole of *He and per mole of *He respectively.

Finally, a word on the notation: properties on the dilute-phase surface will be subscripted with “o —";
properties on the concentrated-phase surface will be subscripted with “ o + .
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Chapter 2: Properties of *He-*He mixtures at zero pressure

Most *He-*He mixture experimental data are restricted to the saturated pressure surface, which, as
discussed in the previous chapter, is more or less coincident with the zero pressure surface. In this
chapter, thermodynamic properties along this constant pressure surface are determined.

It is worth pointing out that although the specific heat data used in this chapter is treated as a constant-
pressure specific heat, it was actually measured at saturated pressure rather than at constant pressure.
However, the saturated-pressure specific heats are practically equal to specific heats at constant pressure
over the temperature range covered in this work, and are therefore treated that way. The relation between

the constant- X specific heat at saturated-pressure, C and the specific heat at constant X and pressure,

X,svp !

C is:
é apsa’[
oP oT
C =T§ :T[ﬁ _ﬁ 8psat J:Tﬁ _ x,T X
oT xp oT - oP|,r OT |, oT xS @
oT X,SVp

=stv 1+ T ﬂ
P C... oT

X,SVp

0Py |
T |X] (2.1)

Over the range of temperatures and pressures of interest, the second term in the parenthesis is maximum
at high values of x and T . At a temperature of 1.5 K and X ~0.8-0.9, év/dT is about 10° m*mol-K
[22], Opg, / OT isabout 1.5 x 10° Pa/K [7], and C, , is about 5 J/mol-K [10]. The order of magnitude of
the second term in the parenthesis is therefore no more than about 0.005. Given that the error bounds
associated with some of the available data as well as discrepancies between different sets of data are

much larger, it is fair to assume that C is equal to C

X,SVp

X,Svp *

2.1 Properties at low temperatures (sub-150 mK) at all *He
concentrations

The calculations in this chapter are restricted to temperatures above 0.15 K (and below 1.8 K). The reason
for the choice of this lower extreme is that accurate low-temperature properties (below 0.15 K) can be
calculated from other sources.

Properties in the He-ll region at low temperatures are available from two sources — Radebaugh [1] and
Kuerten et al [2]. The calculation schemes used by these authors, based on an idealized model of dilute
solutions of *He in *He, are very similar. However, unlike Radebaugh’s calculations, which are based on a
theoretical model for the *He chemical potential at 0 K, Kuerten et al’s calculations are based on very-
low-temperature osmotic pressure measurements (which were made subsequent to Radebaugh’s
calculations). Kuerten et al’s properties are consequently more consistent with experimental data. Their
calculations are limited to ®He concentrations below 8% and temperatures below 0.25 K, and are
restricted to the single-phase He-Il region.

At temperatures below 0.15 K, the solubility of *He in “He is less than 8% (about 8.014% at 0.15 K,
decreasing to 6.6% at 0 K, according to Kuerten et al). Therefore, Kuerten et al’s calculations cover the
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entire single-phase He-II region at sub-150 mK temperatures. In addition, at temperatures below 0.15 K,
the solubility of “He in *He is very low (about 1000 ppm at 0.15 K [23,24], and even lower at lower
temperatures). As a result, the He-I region below 0.15 K can be reasonably approximated to be pure *He.

The properties of two-phase mixtures below 0.15 K are simply weighted averages of the corresponding
(He-11) dilute phase and the (He-I) concentrated phase, at the same temperature. (For temperatures below
0.15 K, properties of the concentrated phase are assumed to be identical to *He properties.)

Consequently, properties at low temperatures (sub-150 mK) are known at all concentrations. The T >0.15
K properties calculated in the following sections are consistent with these properties.

These low-temperature properties are actually quite critical to the calculation procedure. Effectively, they
provide the only means for calculating variations of properties with respect to the *He concentration.
There seem to be no measurements at high temperatures that would allow the direct calculation of
variations of properties with respect to X . One of the measurements that would allow that is the osmotic
pressure. The most extensive osmotic pressure measurements we could find are those by Landau et al
[25], London et al [11], and Wilson and Tough [26]. The measurements of Landau et al are restricted to
temperatures below 0.2 K for *He concentrations above 2.5% and are therefore not very useful. The
measurements of Wilson and Tough are at 0.32 K, 0.65 K and 1.16 K, but only for *He concentrations of
less than 2%. The measurements of London et al are at temperatures of 0.8 K, 1.0 K and 1.2 K and *He
concentrations between 20% and 30%. They are potentially useful, but were not used in the calculation
procedure since they were discovered much too late by the author. They are compared with results of the
calculations in Section 5.1.

In the following sections, available specific heat data is used in conjunction with the low temperature
(T <0.15 K) thermodynamic property models of Kuerten et al to determine the properties of saturated
liquid *He-*He mixtures. We begin by analysing the phase diagram at saturated pressure.

2.2 The phase diagram at zero pressure

The first step in the process is the determination of the equations of the two phase-separation curves as
well as the A-line. The tricritical point at zero pressure is assumed to lie at a temperature T, = 0.867 K and

*He concentration X, = 0.674 [27]. The *He concentration along the phase-separation curves was

determined as a function of the temperature by curve-fits to available experimental data. For the dilute
phase-separation curve, a curve was fitted to the experimental phase-separation data of Qin et al [27],
Kierstead [28], Roe et al [29], Goellner et al [13], Yorozu et al [30], and Ahlers and Greywall [31]. Roe
et al suggest that the phase-separation temperature data of Goellner et al is consistently high by about 5
mK. Consequently, we shifted Goellner et al's data downward by 5 mK. The following equation was

obtained for the *He mole fraction (X,_) along the dilute phase-separation curve (for temperatures above

0.15 K):

X, —x = —0.209148(T —-T,)
. T -T, -0.080280

This fit reducesto X__ =X, at T =T, . It was also ensured that the fit yields the same value of x__at T =

0.15 K as Kuerten et al's model. For temperatures below 0.15 K, phase-separation data is available from
Kuerten et al.

+0.960222(T —T,) +0.549920(T —T,)2. 2.2)

For the concentrated phase-separation curve, He et al [23] recommend the following fit above 0.04 K:
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log,,(1-x_,) =-0.36+1.92(log,, T) — 0.85(log,, T)* +0.59(log,, T)®. (2.3)
where X_, isthe *He mole fraction along the concentrated phase-separation curve.

In order to get an equation that is easier to manipulate, a curve was fitted to the experimental phase-
separation data of Qin et al [27], Kierstead [28], Roe et al [29], Goellner et al [13] (whose data was once

again shifted downward by 5 mK) and Lahuerte [32], resulting in the following expression for X_, asa
function of temperature:

X, —X =0.316170 (T -T,)®-0.180743 (T —T,)* —0.746805 (T -T,). (2.4)

This expression also reduces to X, = X,at T =T,. At T =0.15 K, this expression yields X _, =1. (X,

is actually around 0.999 at 0.15 K [23].) This concentrated phase-separation curve expression is also used
only at temperatures above 0.15 K, since X is approximately 1 for temperatures below 0.15 K.

The derivative of the dilute phase-separation curve (dT /dx ) at the tricritical point predicted by Eq. 2.2 is
slightly lower than experimental data (the fit predicts 0.28; measured values [13,28,29] range from 0.31 to
0.33). The derivative of the concentrated phase-separation curve at the tricritical point predicted by Eq.
2.4 lies within the range of experimental data (the fit predicts -1.34; measured values [13,28,29] range
from -1.31 to -1.47).

The fits of Egs. 2.2 and 2.4 are shown with the underlying experimental data in Figure 2.1.

To find the dependence of temperature on X along the A-line, the A-transition data of Roberts and
Sydoriak [33], Alvesalo et al [14], Goellner et al [13], Qin et al [27], and Ahlers and Greywall [31] was
used to get:

T,(x)-T, =-2.620259(x — x,) —1.023726(x — X, )2. (2.5)
The fit of Eq. 2.5 is shown with the underlying data in Figure 2.2.

0.9 0.87 - Goellner
(a) (b) Roe
0.8 1 )
0.85 4 Qin
—. 0.7 1 —
E é Ahlers
o 0.6 4 o 0.83 1 Yorozu
2 0.5- = Lahuerte
© © 0.81 1
@ 0.4 4 <)
g g
|G—) 0.3 1 g 0.79 4
0.2 1
0.77 4
819
O L} L} L} L} L} L} L} L} T 0‘75 Ll T Ll T L
0 010203040506070809 1 0.5 0.55 0.6 0.65 0.7 0.75
3He concentration 3He concentration

Figure 2.1: Fits to the phase-separation curves, shown by solid lines, (a) over the entire T - X plane, and
(b) in the vicinity of the tricritical point. The markers represent experimental data: Goellner et al [13]
(shifted — see text), Roe et al [29], Qin et al [27], Ahlers and Greywall [31], Yorozu et al [30], and
Lahuerte [32]. The dilute phase-separation curve is extended from 0.15 K to 0 K using values calculated
by Kuerten et al [2].
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Figure 2.2: Fit to the A-curve shown by a solid line, (a) over the entire T - X plane, and (b) near the
tricritical point. The markers represent experimental data: Roberts and Sydoriak [33], Alvesalo et al
[14], Goellner et al [13], Ahlers and Greywall [31],and Qin et al [27].

2.3 Available specific heat data

The range of some of the available specific heat data at saturated pressure is shown in Figure 2.3. Just
about all of the specific heat data that are available are restricted either to dilute solutions of *He in “He at
low temperatures, to near the tricritical point, or to near the lambda line. Anderson et al [34] measured the
specific heat below temperatures of 0.2 K for mixtures with *He concentrations of 1.3% and 5%. Edwards
et al [35] measured the specific heat between 0.1 K and 0.5 K for mixtures with *He concentrations
between 3.9% and 15.1%. de Bruyn Ouboter et al [10] made measurements of the specific heat across the
entire concentration range (they used 14 different mixtures) for temperatures between 0.4 K and 2 K.
Alvesalo et al [14] made measurements of the specific heat in the vicinity of the tricritical point. In
addition, Gasparini and Moldover [36] made measurements of the specific heat in the vicinity of the A-
line (within + 0.1 K) for 1.1%-, 9.97%-, 20%- and 39%-°He mixtures.

This specific heat data will now be used to calculate properties, first in the two-phase region, and then in
the single-phase He-11 and He-I regions. The discrepancies and contradictions between different sets of
data (of which there are quite a few) will also be pointed out along the way.

A note on notation: in the following sections, the subscript “ 2¢ ” will be used for specific heats of two-
phase mixtures, “1¢, Il ” for single-phase, He-11 mixtures, and “1¢, | ” for single-phase, He-I mixtures.

2.4 Thermodynamic properties in the two-phase region

In the two-phase region, it is possible to determine the thermodynamic properties at saturated pressure
simply from a knowledge of the mixture molar specific heat at constant pressure and constant *He

concentration, CX’p (or C), provided that properties at 0 K are known. Thermodynamic property

calculations in the two-phase region are based on the fact that the properties of a mixture, such as the
enthalpy, entropy, Gibbs free energy, and the molar volume in the two-phase region are a weighted
average of the properties of the dilute phase and the concentrated phase.
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Figure 2.3: Plot of the available specific heat data at saturated pressure on a T - X plot. The data by de
Bruyn Oubuter et al [10] is shown as dashed lines. This representation of data is not exhaustive but is
representative of the range of available data.

According to the lever rule, the molar enthalpy h(x,T) at any point in the two-phase region at a

temperature T and a *He mole fraction X can be written as the weighted average of the enthalpies of the
concentrated (*He-rich) phase and the dilute phase at the same temperature T ,

- - T
hT) =— X=X o my1ye—2%-M oy (2.6)
o (T) =%, (T) o (T) = %,_(T)
where X_, (T) and x__(T) are the *He mole fractions of the concentrated and dilute phases respectively,
at a temperature T .

Therefore, at a fixed temperature T, h varies linearly with X in the two-phase region; hence

(a—hj _h(x,. (M) T) =h(x,_(T).T) e

Xy Xeu (T) = X%,_(T) ' '

Since the order of differentiation does not influence the value of a mixed derivative,

i@j_ i[@_hj_ 0 (h(x,, (T),T)=h(x, (T),T) -
ox\oT ) oT\ox) oT X, (T)-x,_(T) ' '

The derivative of the specific heat with respect to X in the two-phase region can be determined by

substituting Eq. 1.10 into Eq. 2.8.

Cy _ 0 (a—hj‘ 9 (hx,, (T).T) ~h(x, (T).T) 29)
ox oTlox) ot X, (T)-x, (T) ' '
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Since the right hand side of the above equation is constant for all X at a given temperature T , the
specific heat also varies linearly with x at a fixed temperature in the two-phase region.

The enthalpy in the two-phase region will now be determined in terms of specific heats. Treating X and
T as independent variables, the differential enthalpy can be written as

h h

dh = 0 dx + 0 dT . (2.10)
ax aT

Starting from the point (x =X,, T =0), Eq. 2.10 is integrated first along a line of constant temperature

(T =0K)from X, to X and then along a line of constant *He mole fraction (Xx) from 0to T . (X, is the

*He concentration at the tricritical point: 67.4%.) The path of integration is shown in Figure 2.4. The
enthalpy at X and T is therefore

h(x,T)-h(x,,0) =(2—:j (x—xt)+]'(2—$j dT . (2.11)

Since the specific heat is linear at a fixed temperature in the two-phase region, the specific heat at X and
T can be written as

M) _c,xT)=C s
aT ) =Ly (x,T)= 24t M)+ o (X=X,) (2.12)
where C,, (T) is the specific heat of a two-phase mixture at a temperature T and a *He fraction of x, =

0.674.

Substituting Eq. 2.12 into Eq. 2.11 results in

h(x,T) = [( j j—z"‘dT] )+]‘Cz¢’th+h(xt,O). (2.13)

Since the *He mole fractions at the concentrated and dilute phase separation curves are 1 and 0.066
respectively at 0 K, the value of (6h/0x),, and h(x,,0) can be determined from

0 _
(a_hj _ h; (0K) —h(x = 0.066, 0 K) (2.14)
X Jok 1-0.066
and
0 oh
h(x,,0) =h; (0K) - (21— Xt)(_j , (2.15)
OX Jok

where h? is the enthalpy of pure *He. The values of hJ and h(x = 0.066) at 0 K are taken from
Kuerten et al’s tables [2].

An expression for the entropy in the two-phase region in terms of specific heats at constant X can be
found using a similar analysis. Going through the same steps and integrating along the same path, the
following equation is obtained for entropy, which is similar to the enthalpy expression in Eq. 2.13:

oS 1 0Cy, TC2¢,t
s(x,T) = ((ﬁxjw JT?TJ( )+£ AT +5(4,0). (2.16)
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Figure 2.4: Path of integration used to calculate the enthalpy (and entropy) at a given X and T in the
two-phase region

In accordance with the Third Law of Thermodynamics, the entropy at zero temperature, (X, T =0), is
equal to O for all values of X . This is a consequence of the statistical definition of entropy,

s=kInQ (2.17)
where Q is the number of available microstates. As the temperature approaches zero, the system goes
into its ground state. As a consequence, €2 equals 1, and the entropy goes to zero. This is discussed in
detail by Reif [37]. The seeming contradiction between the limiting solubility of *He in “He at 0 K and the
non-zero entropy of mixing is discussed by Lounasmaa [38].

In order that the entropy calculated from Eq. 2.16 be zero at 0 K at all values of X, it is required that

[éj ~0 2.18)

OX ok

and

s(x,,0)=0. (2.19)

Substituting Egs. 2.18 and 2.19 into Eq. 2.16, we get

s(x,T) =(x—x, )].laC—Z"’dT +].%dT . (2.20)
o T OX o T

It is evident from Eqgs. 2.13 and 2.20 that a knowledge of the specific heats at constant X and p is all that
is necessary to determine properties within the two-phase region, provided that the value of oh/ox is
known at 0 K. Unfortunately, as is clear from Figure 2.3, specific heat data is not available over the entire
range of temperatures (0 K to 0.867 K).

Specific heats at temperatures below 0.15 K were inferred from the thermodynamic models of Kuerten et
al [2] and from properties of pure *He. C2¢’t was estimated from

s(X,, T +AT)—s(x,,T)
C2¢,t zT( L L ,

AT
where

(2.21)
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where sJ(T) is the entropy of pure *He and s__(T) is the entropy of the mixture on the dilute-phase

curve. The magnitude of AT was chosen to be 0.001 K. Note that this procedure could also have been
carried out with the enthalpy rather than the entropy; however, the values obtained by using the entropy
were a lot more insensitive to the chosen value of AT .

(s(T)=s, (T))+s, (T), (2.22)

0C,, [ ox was calculated from

aC2¢ _ C2¢ (Xarb ,T) _C2¢,t (T)
OX Xary — X¢

(2.23)

arb

where X, is an arbitrarily chosen value of X that lies within the two-phase region. The choice of X,
does not affect the calculated value of 0C, 4 / 0, since the latter only depends on temperature.

C,; (X, T) was estimated in much the same way as C,,, above.

241

Alvesalo et al [14] made measurements of the specific heat of two-phase mixtures at temperatures above
0.5 K. However, there is not a lot of data available between 0.15 K and 0.5 K. de Bruyn Ouboter et al [10]
made specific heat measurements of two-phase mixtures at temperatures above 0.45 K, but their data is
quite noisy. In addition, de Bruyn Ouboter et al's data does not appear to be completely consistent with
Alvesalo et al's data at temperatures below 0.6 K (see Figure 2.5). Edwards et al [35] made measurements
of specific heats of two-phase mixtures of low overall *He concentration in the temperature range 0.15 K
to 0.30 K. Unfortunately, there is considerable scope for error in the determination of the slope of the

specific heat (0C, 4 / 0x) from Edwards et al’s data, since the (closely-spaced) data must be read off a

graph (which is shown below in Figure 2.6, directly reproduced from Edwards et al’s paper) rather than
from a table. Also, some of Edwards et al’s data seems to be inconsistent with the conclusion that that the
specific heat must vary linearly with x at constant temperature. This can also be seen from Figure 2.6.
Specific heats are plotted as functions of temperature for 5 different mixtures. The 3.9% and 6% mixtures
stay in the single-phase He-Il region at all temperatures. The 8.1%, 12.1% and 15.1% mixtures transition
from the two-phase region to the single-phase region. (The transition is very clear for the 12.1% and
15.1% mixtures; for the 8.1% mixture, it occurs at about 0.16 K.) From the figure, it appears that in the
two-phase region, at about 0.15 K, the specific heat does not vary linearly from 8.1% to 12.1% to 15.1%.
(Admittedly there isn’t any actual data for the 12.1% mixture at 0.15 K, but there would have a marked
change in the trend of the 12.1% mixture specific heat values for the linearity criterion to be satisfied.)

Polynomial fits for C,, /T and (6C,, /dx)/T were obtained by interpolating between the low

temperature data of Kuerten et al, the high temperature data of Alvesalo et al, and some of Edwards et al’s
and de Bruyn Ouboter et al's data. The behaviour of the single-phase He-I11 model (which will be
discussed in the following section) depends significantly on the specifics of these quantities. Several
fitting schemes were considered and the resulting behaviour of the single-phase model was studied. In
particular, for some of the fits, the resulting lines of constant “He chemical potential were found to be
non-physical. Constraints were also placed on the two-phase specific heats to ensure consistency with the
single-phase specific heats and with Kuerten et al’s model. The fit finally chosen is shown in Figure 2.7,

where the quantities C,,, /T and (6C,, /dx)/T are plotted as functions of T . The fits for C,, /T

and (6C,, /dx)/T are both piecewise: there is one fit each for temperatures below 0.15 K and one each
for temperatures above 0.15 K. The fits are continuous and differentiable at the transition. The fits are
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listed in Appendix A.2.1. (The fitting procedure will be discussed in the following section since all the
specific heat fits, both in the two-phase and single-phase regions, were determined simultaneously.)
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Figure 2.5: A comparison of specific heat data of Alvesalo et al [14] and de Bruyn Ouboter et al [10]
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data points are from Kuerten et al [2], Edwards et al [35], de Bruyn Ouboter et al [10], and Alvesalo et
al [14]. The solid lines represent the curve fits.

With these fits, the enthalpy and entropy can be calculated from Eqgs. 2.13 and 2.20 respectively. The
Gibbs free energy g can be calculated from Eq. 1.7. The *He chemical potential can then be calculated

from the Gibbs free energy of the mixture using Eq. 1.13.

In the two-phase region, g is a linear function of x at constant temperature, since both h and s are linear
functions of X at constant temperature. Therefore, the Gibbs free energy g(x,T) has the same form as
the enthalpy in Eq. 2.6. Substituting that form into Eq. 1.13, the “He chemical potential at a temperature
T, in terms of the Gibbs free energies of the dilute and concentrated phases, is

7y = %o (N9X, (1), T) = X, (T)g(X,.. (T).T)
1y (T) = : (2.24)
oo (T) =X, (T)
As expected, the *He chemical potential does not depend on X, since chemical potentials of both species
must be the same in both phases of a two-phase mixture.

The *He chemical potential can be similarly calculated using Eq. 1.12. In terms of the Gibbs free energies
of the dilute and concentrated phases, the *He chemical potential is

() (=%, ()9 (%, (). T) ~ (L= %,. (M) (x,_(T).T) (2.25)
X, (T) = %,_(T)

The osmotic enthalpy can be calculated from Eq. 1.20. Since values of h and x, are already known,
finding the osmotic enthalpy is quite straightforward.

Since the osmotic enthalpy is calculated on a per-mole-of-3He basis, it is not a linear function of x at
constant temperature in the two-phase region, unlike the enthalpy, entropy and the Gibbs free energy.
However, since the mixture enthalpy is a linear function of X at constant temperature and g, is constant

at constant temperature, the product xh® is a linear function of X in the two-phase region.

Experimental data on molar volumes of two-phase *He-*He mixtures are quite limited. However, since the
molar volume in the two-phase region is also just a weighted average of the molar volumes of the
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concentrated and dilute phases, only the molar volumes along the phase separation curves are required.
Molar volumes are discussed in greater detail in the next chapter.

The complete set of equations used to calculate the entropy, enthalpy, Gibbs free energy and “He
chemical potential in the two-phase region is listed in Appendix B.1. In addition, Table 11 in Appendix
E.1 lists the properties of *He-*He mixtures in the two-phase region as a function of the temperature. At a
given temperature, the ®He concentration ( X ), molar volume (V), entropy (s ), enthalpy (h), Gibbs free

energy (g ), and the product xh® for both the dilute and the concentrated phases are tabulated. (The

molar volumes are calculated from the model developed in Chapter 3). The properties in the two-phase
region at a given X are determined by linearly interpolating between the properties of the dilute and
concentrated phases at the appropriate temperature. The table also lists the “He chemical potential, which
depends only on the temperature T and is the same for both concentrated and dilute phases.

2.5 Thermodynamic properties in the single-phase He-ll region

One of the big difficulties in determining the properties in the single-phase region is the lack of consistent
experimental data spanning the phase diagram. Before proceeding to the calculation procedure, it is worth
discussing some of these inconsistencies.

In his thermodynamic property calculations, Radebaugh [1] used a simplifying model in which the
specific heat of a mixture with a *He concentration of less than 30% can be written as the sum of a pure-
*He specific heat and the specific heat of an ideal Fermi gas of quasiparticles that have the same density
as the *He in the mixture and an effective mass m* calculated from the interaction potential between *He
atoms. This model, used by Radebaugh for temperatures up to 1.5 K, is in good agreement [1] with the
measurements of Anderson et al [34] and Edwards et al [35]. However, subsequent specific heat
measurements on very dilute solutions (< 1% *He concentration) made by Greywall [39] in the
temperature range 0.07 K to 1 K showed that this model was valid only for temperatures below about 0.25
K. This is why Kuerten et al [2], who used the same model as Radebaugh, restricted their thermodynamic
property tables to below 0.25 K. For temperatures greater than about 0.25 K, Greywall suggests a
correction term to the ideal model used by Radebaugh and Kuerten et al:

C = Cigea +%XRS(T -T,) (2.26)

non—ideal

where C , is the mixture specific heat proposed by Greywall, C,,.,, is the mixture specific heat

non—idea idea

predicted by the ideal model, R is the universal gas constant, T, = 0.245 K and S =0.20 K. In Figure

2.8, we compare Greywall’s “non-ideal” model and the ideal model with experimental measurements
made by de Bruyn Ouboter et al [10] at a *He concentration of 4.7%. There are differences between the
experimental measurements and the predicted values; however, the ideal model appears to be more
consistent with the experimental measurements than the non-ideal model. If we believe de Bruyn Ouboter
et al’s values, it is debatable whether Greywall’s correction, proposed for very dilute mixtures (<1%), can
be extended to mixtures with higher *He concentrations.

In addition, Radebaugh’s values (calculated from the ideal model) are inconsistent with the experimental
specific heat data of de Bruyn Ouboter et al (see Figure 2.9), both at higher *He concentrations (10% and
greater) and at higher temperatures (greater than 1.2 K). Radebaugh acknowledges that his tabulated
specific heat values are not consistent with de Bruyn Ouboter et al’s data. Specific heat measurements by
Edwards et al of 15.1% solutions between 0.4 K and 0.5 K are in agreement with Radebaugh’s model and
inconsistent with de Bruyn Ouboter et al’s data, as is also evident from Figure 2.9. There seem to be no
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other specific heat measurements in the 15 to 30% *He-mole-fraction range which could possibly resolve
these inconsistencies.

The data finally chosen to obtain a specific heat fit is from three sources — (a) Radebaugh [1], at low
values of X (where it is in agreement with experimental measurements), and (b) Alvesalo et al [14] and
(c) de Bruyn Ouboter et al [10], which are the only data sources at higher values of X. The specifics of
the data chosen in the model will be discussed later, after developing expressions for thermodynamic
properties as functions of the specific heat.
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Figure 2.8: Specific heats of a 4.7%->He mixture measured by de Bruyn Ouboter et al [10]. Also shown
are specific heats predicted by the ideal specific heat model used by Radebaugh [1], and by the non-ideal
model proposed by Greywall [39].
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Figure 2.9: Differences between the specific heats measured by de Bruyn Ouboter et al [10] and those
from Radebaugh's model [1] at three different *He concentrations: 4.66%, 15% and 29.1%. On the other
hand, the measurements of Edwards et al [35] (one data point shown) agree with Radebaugh's model.
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Properties in the He-11 region are calculated from the known properties along the lower boundary of the
region of interest, as shown in Figure 2.10. At 0.15 K, phase separation occurs at *He concentrations of
above 8% (8.014%, according to Kuerten et al's model [2]). Properties for mixtures at 0.15 K with *He
concentrations of less than 8% are known from Kuerten et al’s tables. Properties for the dilute-phase
saturated states (with *He concentrations of above 8%) were calculated in the previous section.

Using the relation between the entropy and the specific heat at constant p and X (Eg. 1.11), the entropy
in the single-phase He-Il region can be calculated from:

L C X, T
1¢,||( )dT

s(x,T) =5, (x) +T. !X) = (2.27)
where
For x<0.08, 0.15 K
T,(x) = (2.28)
For x>0.08, T, (x)
and
For x <0.08, s(x,0.15 K)
S, (x) = . (2.29)
For x>0.08, s, (x)
(Recall that the subscript o — refers to properties on the dilute phase-separation curve.)
Using Eq. 1.10, the enthalpy can similarly be calculated using:
T
h(xT)=h () + [Cy, (xT)dT (2.30)
Ti(x)
where T,(X) is the same as above, and
For x<0.08, h(x,0.15 K
h, (x) = ( ) : (2.31)
For x>0.08, h,_(x)
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Figure 2.10: Properties in the single-phase He-1I region are determined by integrating up from the
darkened line in this phase diagram. Thermodynamic properties are completely known along this line -
from Kuerten et al for the horizontal portion and from the two-phase model for the curved portion.
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The values of entropy and enthalpy at 0.15 K and *He fractions of less than 8% are calculated from
Kuerten et al’s model (some representative values are listed in Table 9 in Appendix B.2.1); values at the
phase-separation curve are calculated using the two-phase model of the previous section.

The Gibbs free energy g is calculated from the entropy and the enthalpy using Eq. 1.7:

g(x,T)=h (x)=Ts, (x) + T'.C1¢,||(X1T)dT—T .T[ Mdj‘_

T (x) Ti(x)
The *He and *He chemical potentials can then be derived from Egs. 1.13 and 1.12 respectively.

(2.32)

To get an expression for the specific heat, available data were fitted to a single function of x and T . The
specific heat at constant pressure and ®He concentration was written as:

Coyn (X, T) = XC(T)+(1—X)C;(T) +x(1-x)C, , (x,T) (2.33)
where CJ (T) is the specific heat of pure *He, C (T) is the specific heat of pure *He, and Cn(xT)

represents the deviation from the specific heat of an “ideal” mixture (not to be confused with the “ideal”
model used by Radebaugh). The mixture specific heat reduces to the specific heat of pure *He and pure
*Heatx =1 and X = 0 respectively. To write the mixture specific heat this way, expressions are required
for the specific heats of pure *He and *He.

The specific heat of pure *He was measured by Greywall [40]. He proposed an empirical relation for the
specific heat as a function of the molar volume v and temperature T above 0.1 K:
i=3 j=2

. 2 .
Co(ve,T) = a (ve‘f)JT‘i +exp(—_|_£2a2’j (v;’)’j
i=0

» ay; (v§ )jT - (2.34)

i=0 j=0

=1 j=0
where a,;, &, ; and a,; are constants. At a constant molar volume vg = 36.82 cm®/mol, (which
corresponds to p = 0), this reduces to the form

!

i=3 =3
CiM=>aT "+ exp(— %jz a,T™. (2.35)
i=0 i=1

To get an expression for C30 (T) that could be easily integrated, the pure *He specific heat was rewritten
as

C.(T) = ZslAgl,iTi +%e_;- (2.36)
i=0

The coefficients A, ;, Ay, and A, were determined from a least squares fit to Greywall's tabulated values

[40]. The maximum difference between the fit of Eq. 2.36 and Greywall's fit is about 0.7%. The values of
A, i, Ay, and A, are listed in Table 3 in Appendix A.2.2.

According to Khalatnikov [41], the specific heat of pure “He at low temperatures can be written as a sum
of the phonon specific heat and the roton specific heat:

s, )
CE(T):A41,1T3+A42[%|IJ2€ T[l'i'l"‘é(lj ] (2.37)

where the first term corresponds to the phonon contribution and the second term to the roton contribution.
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Greywall measured the specific heat of pure “He up to temperatures of 0.85 K [42]. He added correction
terms to the phonon contribution and fitted his data to an expression of the form:

A, 4l A

r

3 2
A 2 A
COT) = (A T3+ AT + Ay TO + AT )+ A, (?] e T (1+l+§(Lj ] (2.38)

To improve the *He fit at higher temperatures (T > 1 K), Brisson and Patel [43] added a “maxon”
contribution to Khalatnikov's expression (Eq. 2.37). Including both the phonon correction terms and the
maxon contribution, the specific heat of pure *He is

3 2 2
X | Ay [ T 3(T Ay (A, ) e T
CiT)=>Y A T +A [ j e T 1+—+—[—j +—43(—j e T|1-2—| (2.39)
! AL T A 4l A TUT A

r r m

where the “ A " terms correspond to the maxon contribution. The coefficients A, ;, A, A3, A, and

A, were determined from a least squares fit to Greywall's values [42] and *“He data from HEPAK [15].

The values of these coefficients are listed in Table 3 in Appendix A.2.2. The maximum difference
between the fit of Eq. 2.39 and the underlying data is approximately 1%.

Having determined expressions for the specific heats of pure *He and pure “He between 0.15 K and 1.8 K,
we now need to find an expression for C_,, (X,T) based on mixture specific heat data. It is important to

rl
note that mixtures of *He concentrations of greater than about 25% undergo a A-transition at temperatures
of less than 1.8 K. Therefore, the expression forC, |, (x,T) must take into account the sharp changes in

specific heat near the A-line.

In fitting the specific heat of pure “He near the A-line, Arp [44] used an expression of the form
Cl=SYa,T() +Ya,T InT-T,()). (2.40)
where Vv; is the molar volume of pure “He, and T, (v;) is the A-transition temperature at Vv, . The

logarithmic terms were required for a good fit near the A-line. A similar form was adopted for the
correction term C_,, (x,T). Since the specific heat is a function of T and x for the (zero-pressure) *He-

*He mixture, C,,, (x,T)was initially written as

C,,(xT)= Zz Ay X'T! +ZZ A2 X THINT =T, (x) +¢) (2.41)

i=0 j=0 i=0 j=1
where T, (x) is the A-transition temperature at X, and ¢ is a positive constant used to ensure a finite

valueat T =T, . It turned out, however, that in the He-II region, the logarithmic terms did not
significantly improve the fit to experimental data for the mixtures. Therefore, we finally simply used

4 4
Con(T)=22 ApyyxT. (2.42)
i=0 j=0
The He-11 specific heat was fitted to the smoothed specific heat data of Alvesalo et al [14] (*He
concentrations of 53%, 58%, 61%, 65%) and de Bruyn Ouboter et al [10] (*He concentrations of 4.7%,
9.4%, 15%, 29%, 47.8%). (The specific heat data at each value of X was smoothed by fitting a third- or
fourth-order polynomial function of temperature to it.) The 39%->He data of de Bruyn Ouboter et al was
not used because it is quite noisy and has much fewer data points than their other measurements. Their
4.7%-He specific heat data only extends down to 0.5 K, and, in addition, the data in the temperature
range 0.5 K-0.8 K is very limited. Since their data is in reasonable agreement with Radebaugh’s values
over the temperature range 0.6 K-1.2 K, de Bruyn Ouboter et al's 4.7%-°He data was included in the
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fitting function only at temperatures above 1.2 K, and Radebaugh's specific heat values for 5%->He
mixtures (as well as for 1% and 2.5%->He mixtures) at temperatures between 0.2 K and 1 K. Radebaugh’s
values were included because there is not much experimental data in the Xx=0.01-0.05and T =0.2-1 K
region of the T - X plane.

There were certain constraints on the specific heat fits employed in this model (which were briefly
alluded to in the previous section). Kuerten et al’s data was used to calculate properties at *He
concentrations below 8%, and data along the phase-separation curve to calculate properties at *He
concentrations above 8%. It needed to be ensured that the entropy and enthalpy thus calculated (and their
derivatives) were continuous across the X = 0.08 boundary. Constraints were included to ensure
continuity up to a second derivative. These constraints are listed in Appendix D.1.

For consistency, the values predicted by the specific heat fit were constrained to be continuous with the
specific heats from Kuerten et al’s model at 0.15 K. The temperature derivatives of the specific heat were
not constrained to be continuous.

The fitting procedure was implemented in Matlab using the non-linear data fitting function Isgnonlin.
Isqnonlin operates on a user-defined function — it minimises the sum of the squares of all the elements in a
vector returned by that user-defined function. The fitting program was set up to calculate specific heat
parameters that would minimise the difference between the values calculated from the various fitting
formulas and the underlying experimental data, while satisfying all the constraints on the fits. The
constraints were implemented using Lagrange multipliers. In essence, the fitting program minimised the
function

F= Zwi (yfitted,i ~ Yoata,i )2 + Z/lej (2.43)
i j

where the y ’s were the various data points (mostly specific heats), the W ’s the associated weights, the
G, ’s the various constraints and the 4, s the Lagrange multipliers.

It has been mentioned previously that all specific heat fits (in the two-phase, and in both the He-Il and
He-1 regions) were determined simultaneously. The fitted data included the two-phase C,, /T and

(6C,, [dx) /T values, the He-I1 specific heat values, and the He-1 specific heat values, which will be

discussed in the following section. The constraints included the ones discussed above, and additional
constraints for the He-1 region, which will also be discussed in the following section.

The coefficients A, ,; for use in Eq. 2.42 (i.e., for the single-phase He-Il region) calculated from the

fitting procedure are tabulated in Table 4 in Appendix A.2.2. This fit is valid for temperatures between
0.15 K and 1.8 K. The smoothed experimental specific heat data and the specific heats calculated from the
fit are plotted in Figure 2.11, at various concentrations. The r.m.s. error associated with the data is about
5% (and the maximum error is about 14%). The errors associated with the entropy, enthalpy and Gibbs
free energy are expected to be smaller, since these quantities are obtained by integrating the specific heat.

We now discuss some some of the limitations of the calculated fit.

The model results may be inaccurate in the values of x, at *He concentrations between 10% and 25%.
This is due to the sensitivity of 4, to the value of (C,,), , the two-phase specific heatat xand T, _.

An explicit expression for z, (X, T) is given in Appendix B.2.2 (Eq. B.12). The sensitivity to (C,;);
is contained in one term, i.e.,
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Figure 2.11: Specific heats in the He-1I region as a function of temperature. The markers represent
smoothed experimental data of de Bruyn Ouboter et al [10] and Alvesalo et al [14], and the values of
Radebaugh [1]. The solid lines represent the fit of Eq. 2.33.

dT
1, (X, T) =—x d;(i (1—%}(@” )TU, - (C1¢,u )Ta, )+ other terms. (2.44)

Since the calculated value of 1, (x,T) depends on the two-phase specific heatat xand T__ (x) errors in

its estimation can lead to significant errors in z, . Recall that in the two-phase region, we were forced to
interpolate between low ( < 0.2 K) and high ( > 0.55 K) temperatures to fit the specific heats and the
slopes of the specific heats as functions of temperature. These temperature limits correspond to *He
concentrations of between 10% and 25% on the phase-separation curve. (At 0.2 K, phase separation takes
place at about X =0.09; at 0.55 K, phase separation takes place at about X = 0.25). Since our fits to the
two-phase specific heats are based on sparse experimental data in this region, it is quite possible that they

are not accurate enough for the purposes of calculating z, . The errors are magnified at high
temperatures, since the expression for x, involves a product of (C,,); and (1-T /T, ). Errorsin the

two-phase fits do not pose as much of a problem when calculating quantities such as the entropy or the
enthalpy. Since those depend on the integral of the specific heat, they are less sensitive to errors in the
fits. However, errors in the fits could substantially affect the calculated values of the *He chemical
potential. Depending on the specifics of the fit, it was found that in this *He-concentration range at high

temperatures (around 1.5 K), the calculated value of X for a given value of x, and T varied by up to

0.05. The fit finally chosen yields results that seem to be in reasonable agreement with other low-*He
concentration data; however, there are errors when the fit is compared with some data at *He
concentrations in the vicinity of 20-30%. (A comparison of osmotic pressures is presented in Chapter 5.)
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In addition, the shapes of lines of constant z, (which will be discussed in Chapter 4) in the area of 15%-

25% *He concentration seem rather peculiar, but this was a characteristic of all the fits that were tried. A
more rigorous fitting procedure could conceivably resolve the issue. It is also worth noting that any errors

in the values of z, in the neighbourhood of X =0.15-0.25 also lead to errors in the values of h®.

The first and second derivatives of entropy were constrained to be continuous at the X = 0.08 boundary;
the third derivatives, however, are not continuous, even though in reality, they are expected to be
continuous everywhere in the single-phase He-I11 region. In other words, the second derivatives of the
entropy and enthalpy with respect to X have different slopes on either side of the x = 0.08 boundary.
Also, since the second derivatives were forced to be equal at the boundary, there may be some error

associated with them in the vicinity of x = 0.08. This means that the quantity (0, / ©x);, which is equal
to — x(@zg /é’xz)T , is not differentiable at the boundary. 0y, / ©x), is not likely to be accurate near x =

0.08; the error is expected to be about 10-15%. (O, / OX); is plotted as a function of x around x = 0.08
at various temperatures in Figure 2.12.

During the fitting procedure, it was attempted to ensure continuity of the third derivatives by including
additional constraints (similar to those used to ensure continuity of the first and second derivatives) in the
specific heat fit. This attempt failed miserably; the error associated with the ensuing specific heat fit (i.e.,
the differences between the experimental specific heat data and the predicted values) was too large for it
to be seriously considered. It was unclear why the error would become so large with the addition of the
two constraints. One possibility is that the Matlab function Isgnonlin did not do a good job of finding an
acceptable solution. Another possibility is that this is an offshoot of the splicing procedure that is
employed, wherein properties at an X just below 0.08 are calculated based on Kuerten et al's calculated
values, and properties at an X just greater than 0.08 are calculated based on values on the dilute-phase
curve, which in turn were calculated from a combination of Kuerten et al's values, actual experimental
data and pure ®He properties. Kuerten et al's (theoretical) model becomes increasingly inapplicable at
higher temperatures and *He concentrations; however, it is treated as a given, and it is the specific heat
fits that are fiddled around with to ensure continuity. This is not a problem with lower derivatives;
however, since Kuerten et al's higher derivatives could be off by quite a bit, it is possible that it is
infeasible to find a specific heat fit that ensures continuity with these derivatives while still reasonably
approximating the given experimental data. In any case, whatever the cause, the end result is that there are
kinks in functions that should behave smoothly. However, from a practical point of view, the quantities
with the kinks are not particularly important with regard to refrigerator design.

The specific heat fit is not valid at temperatures below 0.15 K. However, below this temperature, single-
phase mixtures have *He concentrations of less than 8%. At these low concentrations and temperatures,
the specific heat model used by Kuerten et al can be applied with good accuracy. For thermodynamic
properties below 0.15 K, we refer the reader back to Kuerten et al [2]. (Portions of their tabulated values
are reproduced in Table 10 in Appendix E.1.) Kuerten et al’s tables actually extend to 0.25 K and there is
a slight mismatch between their calculated properties and ours. The reason for these differences is that our
specific heat model is designed to encompass a very large area of the phase-diagram and is not as accurate
as theirs in the narrow region of overlap (between temperatures of 0.15 K and 0.25 K, and *He mole
fractions of less than 7%). The maximum difference between the specific heat values is less than 3%.
Because of the specific heat differences, there are minor discrepancies between Kuerten et al's and our
tabulated values of entropy, enthalpy, etc. in the region of overlap. However, the differences are small
(less than 0.5% for the entropy and “He chemical potential, less than 3% for the enthalpy). Comparisons
of entropies at 0.25 K and enthalpies at 0.25 K are shown in Figure 2.13. Also shown are comparisons of
the specific heats at 0.15 K, which were constrained to be equal in the fitting procedure; the differences
between Kuerten et al's values and the fitted values are less than 1%.
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enthalpies at 0.25 K, predicted by Kuerten et al's model (markers) and the fit of Eq. 2.33 (solid lines).

The entropy, enthalpy, Gibbs free energy, “He chemical potential and osmotic enthalpy derived from this
formulation are tabulated in Table 12 through Table 16, in Appendix E.1. The full equations for these
guantities based on the specific heat model are listed in Appendix B.2.

2.6 Thermodynamic properties in the single-phase He-l region

To the best of our knowledge, the only measurements of specific heat in the He-I region were made by
Alvesalo et al [14] (53%, 58%, 61%, 65%, 67.2%, 68%, 70% and 73% *He solutions) and de Bruyn
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Ouboter et al [10] (70%, 75%, 80.5%, 84.7%, 89.4% and 95.4% solutions). All of Alvesalo et al’s data,
and de Bruyn Ouboter et al’s data for more than 75%-°He solutions, were used to generate
thermodynamic properties for temperatures of up to 1.5 K. de Bruyn Ouboter et al also list specific heat
data in the He-I region at lower *He concentrations. The noise associated with some of the data limits
their usefulness.

The approach used to determine properties in the He-I region is similar to that in the He-1l region. The
entropy and enthalpy are calculated by integrating up from known properties along the phase-separation
curves (Figure 2.14). For *He concentrations of greater than 67.4% (the tricritical point concentration),
properties in the He-1 region can be obtained by integrating up from the concentrated phase-separation
curve (much like properties in the He-11 region, which were obtained by integrating up from the dilute
phase-separation curve). The entropy, enthalpy and Gibbs free energy are therefore

s T)=s, 00+ [ 2D gr .9
Tou (X) T
T

h(x,T)=h,, (X) + J'Cw],(x,T)dT, (2.46)
To (X)

and

I t Gy (xT)
g, T)=h, () -Ts, () + [Cp,(xT)T-T | T (2.47)

TG+(X) TO‘+(X)
where the subscript o + refers to properties on the concentrated phase-separation curve. The values of
entropy and enthalpy on the concentrated phase separation curve were calculated from the two-phase
model as outlined previously (using Egs. 2.20 and 2.13).

115- \\\
.. Single-phase region
s He-l
@ 1 . .
§ Single-phase region N
© He-ll
T
£
&0.5- f”’
e Two-phase region
:
0 y 1 1

0 0.2 0.4 0.6 0.8 1

3He molar concentration
Figure 2.14: Properties in the single-phase He-1 region are determined by integrating up from the
darkened line in this phase diagram. Thermodynamic properties are completely known along this line
from the two-phase model for the curved portion. Properties in the He-I region are only calculated for
*He concentrations of more than 50%.
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For *He concentrations below 67.4%, properties in the He-1 region are obtained by integrating up from the
dilute phase-separation curve, and across the A-line from the He-I1 region into the He-1 region. The
entropy, enthalpy and Gibbs free energy are now calculated from

Lo C . (xT T Cy, (X,T
s T)=s, 0+ [ Con T r | G ) o (2.48)
T,_(x) T:(x)
T, (%) T
h(xT)=h,_(\)+ [Cyy(xT)dT + [Cy, (xT)dT, (2.49)
To- (%) T,(x)
and
ks B C (T
g(xT)=h, () -Ts, () + [Cpy (xT)AT-T | %dT
To-(X) To-(X)
. T Cu (XT
+ .[CW(X,T)dT -T j MdT . (2.50)

T,.(x) T.(x)
In both cases, the “He and *He chemical potentials can be determined from Eqs. 1.13 and 1.12.

Once again, an expression for the specific heat is required. The same form of specific heat (Eq. 2.33) that
was used for the He-11 region was also used for the He-I region:

Cpyy (X,T) = XCJ(T) +1-x)C; (T) +x(1—Xx)C, , (x,T). (2.51)
Expressions for CJ (T)and C; (T) are given in equations 2.36 and 2.39. The correction term C..(xT)
has the same form as the original expression for C_ | (X,T):

4 4 o 4 2 o
Coi(XT)=D D A XTH+Y > AL X' T In(T —T,(x) +0.0005). (2.52)

i=0 j=0 i=0 j=1
In the He-I region, the logarithmic terms were retained in the specific heat expression (unlike the He-lI
region), since the polynomial terms could not adequately capture the drop in specific heat near the A-line,

for ®°He concentrations of less than X,. The constant¢ in the logarithm is used to ensure a finite value of
the specific heatat T =T, . However, the logarithmic term presents a problem for X > X, — since there is
no A-transition beyond X = X, it is unclear what T, (x) should be at *He concentrations of greater than
67.4%. It was found that using Eq. 2.5 as the expression for T, (x) worked quite well all the way up to

X = 1. This is because the T, predicted by Eq. 2.5 at a certain value of X becomes increasingly smaller
than the actual phase-separation temperature T_, at that value of X (Figure 2.15). Therefore, as X

increases beyond 0.674, the difference between T and (the fictional) T, in the single-phase He-1 region

becomes larger (of the order of 1), and the contribution of the logarithmic terms becomes smaller. For *He
concentrations of less than 0.674, the magnitudes of the logarithmic terms are large near the A-line (when

T —T, is small, the argument of the logarithm is close to zero and therefore its magnitude is quite large),
to capture the steep drop in specific heat at temperatures just greater than T, . It is emphasised again that

for values of X greater than 0.674, T, has no physical meaning, since there is no A-transition at those
concentrations. It is used simply as a modelling aid.

The He-I specific heat was fitted to the smoothed data of Alvesalo et al (*He concentrations of 53%, 58%,

61%, 65%, 67.2%, 68%, 70%, 73%) and de Bruyn Ouboter et al (*He concentrations of 80.5%, 84.7%,
89.4%, 95.4%).
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Figure 2.15: The extension of T, to values of X greater than X,.As X becomes larger, the difference

between temperatures in the He-I region and T, becomes larger.

The early measurements of de Bruyn Ouboter et al near the A-line suggested that the specific heat was
discontinuous across the A-line. However, later measurements by Alvesalo et al and Gasparini and
Moldover [36] (especially those by the latter, which were performed to within 0.01 mK of the A-
temperature) indicated that the specific heat is continuous across the A-line. Therefore, the specific heat
fits in the He-11 (Eq. 2.33; Table 4) and He-1 (Eq. 2.51; Table 5) regions were also constrained to be
continuous across the A-line (over the concentration range 0.5 - 0.674).

Because two different equations are used to determine properties for x <0.674 and x > 0.674, constraints
were added to ensure that the entropy and enthalpy, and their derivatives were continuous across the
boundary. As in the He-11 region at x = 0.08, the added constraints ensured continuity up to a second
derivative.

The data points and the constraints were included in the fitting procedure that was described in the
previous section. The coefficients A, ,; and A, ,; calculated from the fitting program for use in Eq. 2.52
are listed in Table 5 in Appendix A.2.2; ¢ is chosen to be 0.0005. Even though the available data points

are restricted to temperatures between 0.4 K and 1.5 K, the calculated specific heats are valid even at
lower temperatures. This is a consequence of the form of the specific heat chosen (Eg. 2.51) — at low

temperatures in the He-1 region, where X is very close to 1, the Cf (T) term (which is known all the way

down to 0 K) dominates the correction term. The r.m.s. error associated with the fit is about 2.2%, and the
maximum error is about 6%. The fit also reasonably predicts de Bruyn Ouboter et al's 47.8% data, though
with slightly higher errors. We use it only for *He concentrations of more than 50%. The smoothed
experimental specific heat data and the predicted specific heats are plotted in Figure 2.16, at various
concentrations. The He-I1 and He-I fits are in agreement along the A-line; they are shown in Figure 2.17.

Since the third derivatives of entropy and enthalpy are not continuous at X = 0.674 (much like the He-1l
region at X = 0.08), (Ou, / 0X); is not differentiable at the boundary, even though it should be. Therefore,

(Ou, 10x); is not expected to be accurate in the vicinity of x = 0.674. Figure 2.18 shows the quantity

(Ou, 10x); as a function of x. The error in (O, / OX); is small at low temperatures (about 1 K) but
increases with increasing temperature. The error is expected to be about 15% near X =0.674 at 1.4 K.
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Figure 2.16: Specific heats in the He-I region as a function of temperature. The markers represent
smoothed experimental data of de Bruyn Ouboter et al [10] (x = 0.805, 0.847, 0.894, 0.954) and
Alvesalo et al [14] (x =0.5297, 0.58, 0.61, 0.65, 0.68, 0.701, 0.731). The solid lines represent values
calculated from the fit of Eq. 2.51. The X = 0.5297, 0.58, 0.61, 0.65, 0.68, 0.701, 0.731 and 0.805 data
are plotted on the left vertical axis. The X = 0.847, 0.894 and 0.954 data are plotted on the right vertical

axis.
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Figure 2.17: A comparison of specific heats along the A-line predicted by the He-11 and He-1 fits (Egs.
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Properties in the He-I region are tabulated in Table 12 through Table 15, in Appendix E.1, alongside the
He-11 properties. Complete expressions for the entropy, enthalpy, Gibbs free energy and the “He chemical
potential are listed in Appendix B.3.

We now have thermodynamic properties of ®He-*He mixtures in the two-phase, single-phase He-11, and
the single-phase He-I region, at saturated pressure. The range of temperatures and concentrations covered
is shown in Figure 2.19. Molar specific volumes are discussed in greater detail in the next chapter, when
we discuss the extension of these properties to higher pressures.

8u4!ax (J/mol)

-33 T T T T 1
0.62 0.64 0.66 0.68 0.7 0.72

*He mole fraction
Figure 2.18: (Ou, / 0x), as a function of X, at 1 K, 1.2 K and 1.4 K. The slope is discontinuous at x =
0.674.
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Figure 2.19: The range of temperatures and ®He concentrations over which properties of *He-*He
mixtures have been calculated in this chapter. Properties in the single-phase He-11 region below 0.15 K
are calculated by Kuerten et al.
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Chapter 3: Properties of *He-*He mixtures at high pressures

In the previous chapter, properties were determined as a function of temperature and composition, at a
constant value of pressure. The procedure used to determine properties at zero pressure cannot be used to
calculate properties at higher pressures because of the lack of specific heat and osmotic pressure data at
these pressures. The only specific heat measurements we could find at higher pressures were made by
Polturak and Rosenbaum [45], who measured the specific heats of 5% and 3% solutions of *He in *He at
10 and 20 atmospheres. However, their measurements were restricted to temperatures below 0.1 K.

Other experimental data is also quite sparse at high pressures. The only osmotic pressure measurements at
high pressure that we could find were made by Landau et al [25], at only two pressures — 10 and 20
atmospheres. Their data is also restricted to low temperatures (below 0.2 K) except at *He fractions of less
than 2.5%. Since it covers a rather small region of the phase-space, it is not particularly useful.

Fortunately, however, there do exist more extensive measurements of the molar volume. This is crucial,
since variations of the Gibbs free energy with pressure can be calculated from the molar volume:

a9
= =V. 3.1
5, .

Since the Gibbs free energy is known at zero pressure, the molar volume allows the calculation of the
Gibbs free energy at higher pressures. Since all thermodynamic properties can be obtained from
derivatives of the Gibbs free energy, it follows that pressure derivatives of all thermodynamic properties
can be obtained from the molar volume and its derivatives. For example, the pressure derivative of
entropy can be determined using the Maxwell relation

5.,
op Tx oT ) ox

Similarly, the pressure derivatives of enthalpy, “He chemical potential and osmotic enthalpy can be
determined using

[ihj =V +T(§j =V _T[ﬂj , (3.3)

ap T,x ap T,x aT p.X

(%j _y_ X(QJ | (3.4)
ap T.X X T.p

and

T _Lfoh) 1oxfOu ) _X)(@} _I(ﬂj _ (3.5)
o’ ), X P J)r x \Lop ), X Jr, X\aT J,,

The pressure derivative of the specific heat is

2

oc :i[-rﬁj :Ti(ﬁj:Ti s =_Ta\£, (3.6)
P )iy Op\ OT )7, opl\aT oT \ op orT

Therefore, if the mixture molar volume Vv is known as a function of temperature, pressure and *He
concentration, the general thermodynamic property m (which may be s, h, g, x,, etc.) can be
calculated at any pressure using
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p
m(p,T,X) = m(O,T,x)+Iaa—r;dp (3.7)
0

where m(0,T, x) is the value of the property at T and x on the saturated (zero) pressure surface and is
available from the zero-pressure model. The partial derivative (which, from Eqgs. 3.1 through 3.6, is
clearly only a function of the mixture molar volume and its derivatives, as well as the independent
variables x, T and p) is integrated along a line of constant x and constant T . We will return to the
specifics of the evaluation of the integral later, in Section 3.3.

In the following section, expressions for the phase-separation surfaces and A-surface will be determined.
These are extensions of the two-dimensional curves determined in Chapter 2. The phase-separation
surfaces are necessary since the integral in Eq. 3.7 has different forms in the single- and two-phase
regions; this will be clearer later. Following the calculation of the phase-separation surfaces, we will
obtain a fit for the molar volume and then use it to calculate properties up to pressures of 10 bar.

3.1 Phase diagram

Expressions for the phase-separation surfaces and the A-surface at high pressures will now be calculated.
In his PhD thesis, Deng [46] calculated expressions for the phase-separation surfaces; however, his
expressions are valid only at temperatures above 0.6 K. The expressions derived in this section can be
used down to lower temperatures.

The equation of the tricritical line was first determined. Hoffer and Sinha [47] propose the following
equation for the tricritical line between the saturated pressure and the freezing pressure:

X, (p) — X, (0) = 0.3037124[T, (0) - T, (p) ] - 4.41225x10°[T, (0) - T, (p) [’ (3.8)
where X, (0) and T, (0) are the tricritical co-ordinates at zero (saturated) pressure — X, (0) =0.674;
T,(0) =0.867 K. (In the previous chapter, they were simply referred to as X, and T, .) However, this

equation does not specify the pressure dependence of x or T along the tricritical line. In order to find the
pressure dependence of T along the tricritical line, the data of del Cueto et al [48] — who measured the
pressure dependence of the tricritical point, and the concentrated- and dilute-phase separation lines in the
vicinity of the tricritical point at high pressure, up to 22 bar — was used to get:

T.(p)-T,(0)=— 0.12992576p _ 6.457263x107* p (3.9
p +2.5967345
where the pressure p is in units of bar. Equations 3.8 and 3.9 can together be used to determine the

equation of the tricritical line. The projection of the calculated tricritical line onto the T - X plane is
plotted in Figure 3.1.

To get an expression for the dilute-phase surface at high pressures, we used the same form of the equation
as was used for the dilute-phase line (Eq. 2.2) at saturated pressure:

K T-T )
D)0 (0) - Cji((p;))(_ . (2)) K (PT =T(p)+ K, (T T (P (10
where K__(p), K,_,(p).K,_,(p) énd K,_ . (p) are now functions of pressure rather than

constants. These were set as quadratic functions of pressure, with the constraint that they reduce to the
constants of Eq. 2.2 when p =0:
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Figure 3.1: Projection of the tricritical line onto the T - X plane. The square markers represent values
from del Cueto et al [48], at pressures of O (sat. vap. pressure), 3.445, 8.207, 10.031, 13.172, and 17.935
bar (from top to bottom). The solid line represents values calculated from Eqgs. 3.8 and 3.9. The circular
markers, also calculated from Eqgs. 3.8 and 3.9 are spaced at intervals of 1 bar, starting from 0 bar (sat.
vap. pr.) to 18 bar.

KG—,i (p) = Ko——,iO + Ko‘—yil p + Ko’—,iZ p2 (I = 0’1’ 2’ a) . (311)

To determine the remaining constants in Eq. 3.11, Eq. 3.10 was fitted to available high-pressure data.
Yorozu et al [30] measured the dilute-phase separation curve at low temperatures (below 250 mK) at
pressures of 0, 5, 10, 15 and 20 bar. Their 5 and 10 bar data was used in our fit. (Their O bar data had been
used in determining the dilute-phase curve at saturated pressure.) In addition, Hatakeyama et al [49]

suggest a functional dependence of X__on T and p, at low temperature. They work off the observation
that at low temperatures, X__ is proportional to T2, and propose

x_ (T, p)= X (T = 0.05K, p) L+ A(p)T?) (3.12)
ot 1+ A(p)(0.05)?

where X, (T =0.05K, p) isthe *He concentration along the dilute-phase line at 0.05 K, as a function

of pressure, and S(p) is a polynomial function of pressure that is used as a scaling function at low
temperatures. The function X, , (T = 0.05K, p) is a polynomial fit to the data of Watson et al [50].
Values calculated from this function up to temperatures of about 250 mK were used in the fit.

In addition, it can also be shown (see Appendix D.2) that the dilute-phase surface must satisfy the
equation

axa_ (aV/aX)Zqﬁ,x:xa, - (aV/aX)lqﬁ,x:xa,

op CIES

(3.13)
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where dx__/8p is the slope of the dilute-phase surface at constant temperature, (Ov/ 5X)1¢,x:x isthe X-
derivative of the molar volume at constant T and p in the single-phase region at x=X__, and
(6% /0x?)

phase region at X=X__. The X -derivative of the molar volume at constant T and p in the two-phase

o-"1

is the second derivative of the Gibbs free energy at constant T and p in the single-

X=X,

regionat X=X__, (6‘v/6x)2¢’x:X ~, isequal to

(av] V(%) - v(x,)
2¢,X=X,_

OX Xoy ™ Xoo

where v(X_,) and v(x,_) are the molar volumes at X=X_, (the concentrated-phase concentration at T

, (3.14)

and p)and Xx=X__ (the dilute-phase concentrationat T and p).

The values of (829 /6X2)

The values of v(x_,), V(x, ) and (ov/ 6X)1¢’X:X _ at zero pressure were calculated from data from

at zero pressure are known from the saturated-pressure equation of state.

X=X,

various sources. Kierstead's molar volume data [22] was used to calculate these quantities at temperatures
greater than 0.55 K. Hatakeyama et al's molar volume fit [49] was used to calculate v(x__) and

(8v/ ax)wzxm at temperatures less than 0.6 K. Radebaugh's expression for the molar volume of a
mixture [1],

v(cm?*/mol) = 27.58 + 7.6x +1.65x°, (3.15)
was used to calculate v(X_,) at temperatures below 0.55 K, even though it is claimed to be applicable

only for *He concentrations of less than 30%. (It was used since it matches Kierstead's high- X data quite
well in the 0.6 K-1 K range, and there is no experimental data for high- X mixtures below 0.55 K.)

Therefore, Ox__/0p was known at zero pressure at temperatures up to the tricritical temperature. These
values were included in the fitting function.

Zinov’eva [51] made measurements of the phase-separation surface of *He-*He mixtures across a wide
range of concentrations from saturated vapour pressure up to 24 bar. Her data is not in very good
agreement with other measurements made at saturated vapour pressure (as is evident in Figure 3.2), but is
the only data available at high pressures in the region of x=0.5-0.7. The data was used only for
pressures above 5 bar.

The constants K__;; and K determined from a fit to the above data are listed in Table 1 in Appendix

o—,i2

A12 (K,__;, isalready known from the zero-pressure fit of the last chapter.) The fit is valid for
pressures of up to 10 bar.

A similar procedure was employed to determine an expression for the concentrated-phase surface at high
pressures. The constants in Eq. 2.4 were replaced by functions of pressure:

X, (T P) =% (P) = K2 (P)(T = To(P)+ Ko, o (P)T ~To(p))” + K, o (P)T ~Te(p))]  (3.16)
where K__,(p), K_,,(p) and K_, ;(p) are quadratic functions of pressure that reduce to the

constants of Eq. 2.4 at zero pressure:
Ka+,i ( p) = Ko-+,i0 + Ka+,il p + Ko-+,i2 p2 (I :l, 2' 3) . (317)
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To calculate the undetermined constants in Eq. 3.17 , Eq. 3.16 was fitted to the data of Lahuerte [32], who
measured the phase-separation temperature of high-*He-concentration mixtures at high pressures, and the
data of Zinov’eva. In addition, analogous to Eq. 3.13, the slope of the concentrated-phase curve must
satisfy

ox_, (OvI0X)y,., —(ov/ox)

_ 16, X=X,
o tg/ox®)., ' e

In the above equation, (Av/6x)

is identical to ((’5v/8x)2¢1X=X _, which was calculated earlier. The

20,%=X,,
concentration susceptibility (6°g/0x*) at zero pressure was known from the saturated-pressure model
developed in the previous chapter. (8v/ ax)l¢,x=x _ was calculated from the saturated-pressure molar

volumes of Kierstead [22] at temperatures above 0.55 K, and from Radebaugh’s formula (Eqg. 3.15) at
temperatures below 0.55 K. Thus, 0X_, /op was known at p =0, and was included in the fitting
function.

The coefficients K, ;,(p) and K__ ;,(p) determined from the fit are listed in Table 1 in Appendix

A.1.2. The fit is valid for pressures of up to 10 bar. Due to there being no data at low temperatures (the
lowest-temperature data point is from Lahuerte [32]: 0.246 K), the fit is possibly unphysical below 0.2 K.

The dilute- and concentrated-phase curves at 0, 5 and 10 bar, determined from the fits of Egs. 3.10 and
3.16 are shown in Figure 3.2. The deviation of the values calculated from the fit from the underlying
experimental data is shown in Figure 3.3.
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Figure 3.2: The phase-separation curves calculated from the fits of Egs. 3.10 and 3.16, at 5 bar (dashed
line), and 10 bar (solid line). The markers represent the high-pressure data of Yorozu et al [30], and
Zinov'eva [51]. Lahuerte's data [32], which was given greater weight than Zinov'eva's in the fitting
function for the concentrated-phase surface, is not shown due it being irregularly spaced. Also shown is
Zinov'eva's zero-pressure data, which is not in very good agreement with the zero-pressure phase-
separation curves (dotted lines) calculated previously in Chapter 2 (Egs. 2.2 and 2.4).
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Figure 3.3: The deviation of the values calculated from the phase-separation surface expressions of Egs.
3.10 and 3.16 from the actual data, X, — X4 » PlOtted as a function of temperature. Deviations from

the data of Yorozu et al [30], Zinov'eva [51] and Lahuerte [32], and from the values calculated from the
formula of Hatakeyama et al [49], are shown.

The A-surface was determined in similar fashion. The equation for the A-surface was written as

T, (% p) =T, (P) = Ky (P)(X =% () + K, (P)(X =X (P))". (3.19)
K ,.(p) and K, (p) are quadratic functions of pressure that reduce to the coefficients in Eq. 2.5 at p =
0:

K,li (p) = K,uo + K/ul p+ K,uz p2 (i =1, 2)- (3.20)

Beal et al [52] measured the A-transition temperature as a function of pressure (up to about 25 atm) for 5
different *He concentrations between 9% and 40%. Vignos and Fairbank [53] measured the A-transition
temperature as a function of pressure for 5%- and 25%-°He mixtures. Le Pair et al [54] also made
measurements of the A-temperature for 8.9%, 22.8%, 50.5% and 64.5% ®He mixtures. Equation 3.19 was
fitted to data from these three sources.

The coefficients K, and K ,, are listed in Table 1 in Appendix A.1.2. The A-curve at 0, 5 and 10 bar, as
determined from the fit of Eq. 3.19 (valid for pressures up to 10 bar) is shown in Figure 3.4.

3.2 Calculation of the mixture molar volume

The next step is the determination of an appropriate form for the molar volume as a function of x,T and
p . Although sources of high-pressure molar volume data are more abundant than other high-pressure

mixture data, they are, in the overall scheme of things, quite limited. Boghosian and Meyer [55] measured
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Figure 3.4: A-lines calculated from the fit of Eq. 3.19, at 0 bar, 5 bar and 10 bar. The markers represent
the data of Beal et al [52].

the molar volume of a 6% liquid solution of ®He in “He, between temperatures of 1.25 - 2.2 K, and at
pressures of up to 20 atmospheres. They tabulate their data only for mixtures at 1.25 K. Watson et al [50]
measured molar volumes of pure “He and dilute *He-*He mixtures (6.4%-10% ®He concentration) at
temperatures between 0.2 K and 0.5 K, up to pressures of 22 atmospheres. Hatakeyama et al [49]
measured the molar volumes of *He-*He mixtures in the single-phase He-II region at temperatures
between 0.4 mK and 0.66 K, 7%-39% ®He concentration, and pressures between 0.3 and 10 kgf/cm? (0.29
— 9.8 bar) and present an empirical fit to their data; they do not present their actual data.

There is hardly any mixture data at temperatures above about 0.7 K, and in the He-I region. The only
available data in these regions is at saturated pressure. Kierstead [22] made measurements of the
saturated-pressure molar volume over the entire concentration range for temperatures of more than 0.55
K. There are other sets of ®*He-*He mixture molar volume data at saturated pressure, most notably by Kerr
[56]; however, since they are not nearly as extensive as Kierstead’s and are in good agreement with his
values where they do overlap, we do not use them. There is no available mixture molar volume data at
high pressure (above 0.7 K and in the He-I region). However, the high-temperature, high-pressure molar
volumes of pure *He and pure “He are used to get a handle on properties in these regions. The range of the
available molar volume data that is ultimately used in determining a molar volume function is shown in
Figure 3.5. (Kierstead’s saturated-pressure measurements are treated as zero-pressure measurements, just
like the saturated-pressure specific heat measurements in the previous chapter. An estimate of the error
associated with this approximation is provided in Appendix D.4.)

The molar volume formula determined in this section is used up to temperatures of 1.5 K. (This is because
the property tables developed in this work are intended to be used as a design aid for sub-Kelvin
refrigerators using a 1.2 K pumped “He pot as a high-temperature reservoir.) Since data above 0.7 K is
quite scarce, some calculated high-pressure properties at high temperature must be used with caution.
This will be discussed in detail in Section 5.2.
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Figure 3.5: Range of available molar volume data for *He-*He mixtures. The data of Hatakeyama et al
[49] extends from 0.3-9.8 bar. The data of Kierstead [22] is at zero pressure. Pure *He and *He data is
available over the entire pressure and temperature range of interest in this work. Also shown are the
phase diagram at 0 bar and 10 bar.

In order to exploit the known molar volumes of pure *He and pure “He, the molar volume v of a *He-*He
mixture is written as

v(p,T,x) = xvy(p,T)+(L—x)vs (p,T) +xL—X)Vv, (p,T,X), (3.21)
where vg and vff are the molar volumes of pure ®He and pure *He respectively and the Vv, term represents
the deviation from the volume of an “ideal” mixture. With the x(1— X) pre-factor multiplying the v,
term, the molar volume reduces to v at Xx=1and v, at X=0.

The molar volume of pure *“He as a function of pressure and temperature is available from a number of
sources. Tanaka et al [57] present an empirical formula for the molar volume of pure *He which is
applicable for temperatures from 0.05 K to 1 K and for pressures from 0 to 15.7 bar. Brooks and Donnelly

[58] tabulate thermodynamic properties of superfluid “He including the molar volume v{, the isothermal
compressibility — (1/v2)(6v2 lap)T , and the thermal expansion coefficient (1/vff)(6vf,’ /oT )p . The *He
property program HEPAK [15] can be used to calculate the molar volume, isothermal compressibility and
expansion coefficient at temperatures above 0.8 K.

Tanaka et al’s expression [57] for v¢ is

DAp

i=0to 2

T

(3.22)

0 i Al AZ T4
4 ) = V4Oi 1 2 53 |4 BO Bl Ef
! (T p) (iég ' pj +[(p_pc) +(p_pc) J 4 ( i p) "
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They suggest that their formula is valid only up to temperatures of 1 K; however, it matches values (molar
volumes, isothermal compressibilities and expansion coefficients) from other sources [58, 15] quite well
all the way up to 1.8 K. (The maximum error associated with Tanaka et al's expression is about 0.1% for
values between 1 K and 1.8 K.) Therefore, their formula for v is used in Eq. 3.21 for the entire range of

temperatures in this work. The constants for use in the above equation are reproduced in Table 6 in
Appendix A.3.

The molar volume, isothermal compressibility and expansion coefficient of pure *He as a function of
pressure and temperature is also available from a number of sources [16,59,60]. This data was fitted to
the empirical formula

VT, p)= YV, Tpl4—F——.
’ ij—%fz . V32,2 pz +V32,o

(3.23)

The coefficients are listed in Table 7 in Appendix A.3. The r.m.s. error associated with the molar volumes
is about 0.1%.

We now require an expression for v, based on *He-*He mixture data. Before calculating this fit, it is
important to note that since properties at high pressure, as determined in this work, are based on
derivatives of the molar volume (see Egs. 3.1 through 3.6), it is important that the fit for v. be good

enough to calculate accurate first and second derivatives of the molar volume with respectto T and X.

In theory, separate fits are required for v, in the He-I and He-11 regions. This is because the second
derivatives of v are discontinuous across the A-surface. (The first derivatives are continuous but not
differentiable.) However, it is worth determining two separate fits only if the resulting fits can be
expected to be reasonably accurate. Given the mixture data that are available, this is extremely unlikely.
To our knowledge, the only mixture data crossing the A-line are Kierstead's experimental data [22] at
saturated pressure — specifically, polynomial fits to the experimentally measured Clausius-Mossotti
parameter as a function of temperature at three different values of X : 0.4004, 0.532 and 0.602. (The
Clausius-Mossotti parameter is very nearly inversely proportional to the molar volume; the exact
relationship is detailed in Ref. 22.) Kierstead also presents a fitting function for v(x,T) from x=0to
Xx=1, and 0.55 K to 1.95 K, but one that is clearly only appropriate to determine the molar volume, and
not its derivatives near the A-line. The fitting function is a polynomial function of X and T and yields
continuous values of 8>v /0T * across the A-line. These values do not match the corresponding
experimental values for 40%-, 53%- and 60%-He mixtures, as seen in Figure 3.6. Values of ov/oT

calculated from the fitting function do not match the experimental values near the A-line either (although
the correspondence is quite good away from the A-line). In light of this, the only reasonably reliable

values of &v/ 0T and 0%v/aT ? near the A-surface that are available are for 40%-, 53%- and 60%-°He
mixtures at saturated pressure.

The situation is worse with regard to év/ox and 0°v/ox? . Kierstead's actual experimental data cannot
be used to calculate these derivatives, and it is unclear how good the values calculated from his fitting
function are. Like the temperature derivatives, they are not expected to be accurate.

In summary, there isn't enough data to get accurate derivatives near the A-surface. In view of this, we
calculate a single fit for v, across the entire p-T - X space, while recognising that properties calculated
from this fit are not expected to be accurate in the vicinity of the A-surface.
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Figure 3.6: The temperature derivatives ov/ 0T and 0v/ 0T ?, as calculated from (i) Kierstead's [22]
general fitting function for molar volume (solid lines), and from (ii) Kierstead's [22] polynomial fits to
experimentally measured values of the Clausius-Mossotti parameter (dotted lines). The A-transition can
be clearly seen from the experimental data (where the second derivatives are discontinuous). The first

derivatives, ov/ 0T , are reasonably consistent everywhere except near the A-transition. The second

derivatives, 0%v /0T 2, are not consistent.

We now turn our attention to the first and second derivatives elsewhere in the p -T - X space, i.e., away

from the A-surface. The values of ov/dT calculated from Kierstead's fit are in good agreement with his
experimental data (at 7 different mixture concentrations, including the 40%-, 53%- and 60%-°He data
mentioned earlier), as seen in Figure 3.6 and Figure 3.7. Therefore, it is reasonable to assume that the fit
reasonably predicts v /0T everywhere (except, of course, near the A-surface). Values of 8>v/ 0T ?
calculated from the fit, however, are quite flaky (see Figure 3.6 and Figure 3.7). They match the
experimental data quite well for some mixtures, but not for others. There is no experimental data with

which to compare values of 6v/0x and 8°v/ox* calculated from the fit, but, just like the temperature
derivative, the first derivative is expected to be more accurate than the second.

The most extensive high-pressure molar volume data is available from Hatakeyama et al [49] (at
temperatures below 0.7 K). In their paper, they present an empirical formula for the molar volume of *He-
*He mixtures as a function of x, T and p , for temperatures of less than 0.7 K. As with Kierstead, the

first derivatives, ov/ 0T and ov/0ox, may be expected to be reasonably accurate but there are question
marks over the precision of the calculated 6°v/dT ? and d°v/0x” values.

60



0. (ax=02005 . (b)x=0678 ., (c)x=0.75 (d) x = 0.894

1.6 1

i 1.2 1
o
E

e 0.8 1
2
5

= 0.4 1
(=]

04

_0-4 T T T T T 1 T T T 1 T T T 1 T T T 1
0608 1 121416180608 1 121416180608 1 12141618 0608 1 121416 1.8

T T T T T T

Temperature (K) Temperature (K) Temperature (K) Temperature (K)
3 2.1 - 31
ot
— . 2
Nhld 251 . 251
g .
o~ —0.41
£ 24 24
A=)
o
5 sl
N,i o 1.5 - 1,54
-1.2 1 1

06 09 12 15 1806 09 12 15 1806 09 12 15 1806 09 12 15 1.8
Temperature (K) Temperature (K) Temperature (K) Temperature (K)

Figure 3.7: The temperature derivatives ov/ 0T and 0*v/oT ? for mixtures not undergoing a A-
transition at the temperatures shown, as calculated from (i) Kierstead's [22] general fitting function for
molar volume (solid lines), and from (ii) Kierstead's [22] polynomial fits to experimentally measured
values of the Clausius-Mossotti parameter (dotted lines). The first derivatives, ov/ T , are quite

consistent. The second derivatives, 6%v /T 2, are not always consistent.

Since there are substantial uncertainties associated with the second derivatives everywhere, our fit for v,

is based on available measurements of the molar volume v, and derivatives of the molar volume (0v / ox
and ov/dT ) calculated from those measurements. The offshoot is that quantities based on a second
derivative (the specific heat, and the concentration susceptibility, for example) may or may not be
accurate.

However, the saving grace is that the quantity 0°v/dT ? is typically quite small, except near the A-

surface. The magnitude of 8°v/dT ?, as calculated from Hatakeyama et al's formula (valid below 0.7 K
in the He-11 region), is about 10" m*mol-K? From Kierstead's experimental data for temperatures

between 1 K and 1.5 K, the magnitude of 0°v/aT ? is similarly low for small x, and increases to about
10° m¥mol-K? in the He-I region. The magnitude of 6C, /dp is equal to that of T (9°v/ 0T *) (from

Eqg. 3.6), which translates to about 0.1 (J/mol-K)/bar. This indicates that the constant-pressure specific
heat does not change very much with pressure, especially in the He-ll region at temperatures below about
1.2 K (except in the vicinity of the A-surface).
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The data sources used to determine the fit for v, include the data of Hatakeyama et al [49] and Kierstead

[22]. The space spanned by the data of Watson et al [50] is a subset of that spanned by Hatakeyama et al's
empirical formula. Since the two sources are consistent with each other, we use only Hatakeyama et al's
formula. Since Hatakeyama et al's data [49] are restricted to low temperatures, and Kierstead's to
saturated vapour pressure, there is no data at high pressures and high temperatures, except for a handful of
measurements by Boghosian and Meyer [55] at 1.25 K and x = 0.06. This data was not used to calculate
the fit; it will be compared against the results later (see Section 5.2).

One characteristic of all the high-pressure experimental data is that it is all in the single-phase He-II
region. There is no data available in the single-phase He-I region except for Kierstead's data at saturated
pressure. However, given the functional form of the molar volume along the dilute-phase surface, it is
possible to estimate the molar volume of the corresponding concentrated phase using the previously

derived relation for 0x,_/0p (Eq. 3.13). Using Eq. 3.13 and Eq. 3.14, the molar volume on the
concentrated-phase surface at a given pressure and temperature is

2
v(x,,)=Vv(x, )+ (x,. —x,_ X, (8 gj + (ENJ . (3.24)
X=X, _ 1¢,X=X,_

op | ox® X
The dilute-phase surface slope at constant temperature, 0x__/0p, can be calculated by differentiating
Eq. 3.10. (0V/0X), ., Is calculated from Hatakeyama et al's formula (after the value of X, has been

calculated from Eq. 3.10). The molar volume on the dilute-phase surface at pand T ,v(x,_), is also
calculated from Hatakeyama et al's formula.

The second derivative (0°g/0x”) at some *He concentration X and pressure p can be calculated using

2 2 p 2
Z9) (2] ,[2(Z9)y
OX OX o poplox

X,p X, p=0

02 Ro% (o 02 LoV
_[ 29 +I_2(_9Jdp - |28 +[S5dp (329
OX L, oox“\op OX o 50X
X, p=0 X, p=0

where 8°g/0x* at p =0 is known from the saturated-pressure property model. Unfortunately,

0%g/ox? at x= X,_(p) cannot be accurately determined, for two reasons. The first reason is that at a
given temperature, X__ increases with pressure, for pressures of less than 10 bar. (This is apparent from

Figure 3.2 and can also be seen by plotting the fit of Eq. 3.10.) As 8°g/0x? is discontinuous across the

phase-separation surface (and the magnitude of discontinuity is not known at high pressures), the
integration in Eq. 3.25 must be restricted to the single-phase region. This allows us to calculate values of

0%g/0x? at high-pressure only up to values of X less thanx__(p = 0) . The value of 6°g/ox” at

X = X__(p) must be extrapolated from these values. The extrapolation proceeds in the following fashion:
(a) 0°g/0x? is calculated at several values of X less than X,_(p =0), all at the same temperature, and
(b) 829 /&x? is then plotted as a function of X , and the function is extrapolated to get the value at

X =X__(p).Athigh pressures, X__(p) is quite different from x__(p = 0), which increases the

likelihood of an error in the extrapolation. Another possible source of error lies in the calculated values of
0*v/0x” . These values are also calculated from Hatakeyama et al's formula. It was previously pointed
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out that there are questions about the accuracy of the second derivatives calculated from the available
data.

An example of the extrapolation procedure is shown in Figure 3.8. At 0.6 K, 6°g/0x” is plotted as a
function of X at pressures of 2, 6 and 10 bar. Values of 6°g/dx” for x < x__(p = 0)=0.296 are
calculated from Eq. 3.25. Beyond x = 0.296, 0°g/0x* is extrapolated to the appropriate value of
X__(p) . The extrapolated values of 6°g/ox” at x__(p) at 2, 6 and 10 bar are about 5.8, 5.0, and 3.8
J/mol respectively.

The calculated value of v(x_, ) in Eq. 3.24 does not strongly depend on the extrapolated value of

0%g/0x?. For example, at 10 bar, the extrapolated value of 3.8 J/mol yields v(X_,) =29.53 cm*mol
(using Eq. 3.24). An extrapolated value of 5 J/mol would have yielded 29.59 cm®mol; a value of 2 J/mol
would have yielded 29.44 cm®/mol. Therefore, a variation of about 30-40% in 6°g/0x” yields only a

about a 0.3% variation in the value of v(X_,).

The values of v(x_,) calculated from Eq. 3.24 were not expected to be spot on, but, in the absence of

any other data in the He-I region at high pressure, were useful in determining a fit. They were calculated
at temperatures of up to 0.7 K. (Hatakeyama et al suggest that their formula, which is used for
determining Vv(x__), is valid only up to 0.66 K. However, it appears to remain well-behaved up to 0.7 K,

and we used it up to that temperature.) At low temperatures (0.3 K and below), however, X_, is very
close to 1, and the v(X_,) values are not very useful. Therefore the sub-0.3 K estimates were not
included in the fitting function.

92g/9x? (J/mol)

0 T T T I T T T T T T I
023 024 025 026 027 028 029 0.3 031 032 033 034

3He concentration
Figure 3.8: 0°g/0x” at 0.6 K as a function of X at 2 bar, 6 bar and 10 bar, and extrapolated (dashed
lines) to the appropriate value of x__(p).
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The volume correction term v, in Eq. 3.21 was written as

i i 1
Vf(p’T’ X) = Z XT ‘[ Zvrl,ijk p" +Vr2,ij p-l-—p] (3.26)

i=0to03 k=0to 2
j=0to3

This expression for v, was fitted to v, calculated from data from Hatakeyama et al and Kierstead, as

well as the concentrated-phase volumes estimated from Eq. 3.24. (The correction terms calculated from
the various sources were based on the pure *He and “He molar volume expressions of Eq. 3.23 and 3.22
respectively.) In addition, values of ov/o0T and ov/ox calculated from Eq. 3.21 are fitted to values of
ov/oT and ov/ox calculated from Hatakeyama et al's and Kierstead's fits.

Although the only data available at high pressures and high temperatures are those of pure *He and pure
*He, an effort was made to ensure that the mixture molar volume values predicted by the fit were not
unreasonable in those regions. It was also ensured that the fit did not result in calculated thermodynamic
properties (discussed in the following sections) that were unphysical. In particular, we looked at the
behaviour of the *“He chemical potential in the He-1 region, and the values of the isothermal
compressibility (which must always be positive).

The values of ox__/0p and 0x_, /Op at zero pressure calculated from Egs. 3.13 and 3.18 (i.e., using the

molar volume fit and the saturated pressure model) are not consistent with the values predicted by the fits
of Egs. 3.10 and 3.16. This is not surprising, since the molar volumes and the second derivatives of the
Gibbs free energy at zero pressure are fairly involved functions of temperature, while the fits of Egs. 3.10
and 3.16 are very simple functions of temperature. A comparison between the two sets of values is shown
in Figure 3.9. However, these differences are not expected to have any practical implications.

The fitting was carried out using Microsoft Excel’s Solver add-in. Matlab’s Isqnonlin function did not
come up with a better solution when the fit calculated by the Excel Solver was used as an initial guess for
it. The constants in Eq. 3.26 calculated from the fit are listed in Table 8 in Appendix A.3. The values
calculated from the fit of Eq. 3.21 are compared with the underlying data of Hatakeyama et al in Figure
3.10, and with that of Kierstead in Figure 3.11.
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Figure 3.9: The pressure-derivatives of the (a) dilute, and (b) concentrated phase-separation surfaces at
p = 0 bar. The solid lines represent values calculated from (a) Eq. 3.13, and (b) Eq. 3.18. (0°g / 0x?

values were calculated from the saturated-pressure model of Chapter 2, molar volume derivatives from
the fit of Eqg. 3.21.) The markers represent values calculated from the fits of (a) Eq. 3.10 and (b) Eq. 3.16.
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Figure 3.10: Molar volumes, ov/ox, and ov/ 0T from Hatakeyama et al [49] (markers) and from the
fit of Eq. 3.21 (lines). The fits to v and ov/0Ox are quite good; the fits to ov/OT are better at high
pressures than at low pressures. The magnitudes of ov/dT are quite small.
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It is worth pointing out that despite there being no mixture data at high pressures and temperatures, the
predicted molar volumes at those points are still expected to be quite reasonable, since the correction

terms, X(L— X)v, (p,T, X) , are much smaller in magnitude than the xvJ (p,T)+ (L—Xx)vy (p,T) terms

(about 0.5 cm®mol as compared to about 30 cm*/mol), and reliable data is available for pure “He and pure
*He at all temperatures and pressures. However, this does not hold true for derivatives of the molar
volume.

The behaviour of the fit at high temperatures and pressures (i.e., in regions where the only data is for pure
*He and pure *He) is shown in Figure 3.12. The molar volumes and the temperature derivatives are
expected to be accurate at X=0and x = 1. There is no data to compare ov/ox with.

3.3 Calculation of high-pressure thermodynamic properties

We now have an expression for the molar volume which will allow us to calculate and integrate the
pressure partial derivatives of enthalpy, entropy, Gibbs free energy and chemical potential (which were
listed in at the beginning of this chapter — Egs. 3.1 through 3.6), and thus determine property values at
high pressures. However, it is important to note that the expression for the molar volume that was
calculated in the previous section is valid only for the single-phase region. In the two-phase region, the
molar volume must be calculated from the lever rule:

X=X X,, — X

v(x,T, p) =V(XU+)M+V(X0_7)M. (3.27)
(Xo—+ - Xcr—) (Xcr+ - Xa—)

where X_, and Xx__ are the *He concentrations on the concentrated- and dilute-phase surfaces,

respectively, at a temperature T and a pressure p, and v(x_,) and v(X__) —the molar volumes at
those concentrations — are calculated from the single-phase expression (Eq. 3.21).

The X -derivative of the molar volume at constant T and p in the two-phase region can be simply

calculated from Eq. 3.14. The temperature-derivative is slightly more involved. It can be shown by
differentiating Eq. 3.27 that the derivative (0v/0T) varies linearly with X in the two-phase region when

the temperature and pressure are held fixed. Therefore, (6v/dT),, , can be written as

bor) ) (o) e o
or ar 20, X=Xy, (X6+ - Xaf) ar 2¢,X=X,,_ (Xcr+ - Xo‘—)

where (ov/aT), xx,_ and (ov/aT), 4x=x,. are the temperature derivatives in the two-phase region at

X=X,_and X=X_, respectively. These can be written as

T A& R o2

aT 2¢,X=X aT dil-¢ surf. X=X,_ aT p 6X 2¢,X=X,_

and

[ﬂj :(ﬂj _[ . (@j , (3.30)
oT 2¢, X=X, or conc—¢ surf. |, _, ot p OX 2¢,X=Xg,

where (ov/0T) - gt | and (ov/aT) gt . are the temperature-derivatives of molar
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Figure 3.12: (a) Molar volumes, (b) ov/ox, and (c) ov/oT at0.9 K, 1.2 Kand 1.5 K predicted by the fit
of Eq. 3.21. The only data available for fitting at these temperatures and pressures are v and ov/dT

valuesat x=0and x=1.
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volume along the dilute- and concentrated-phase surfaces respectively, at constant pressure. The
temperature-derivatives along the phase separation surfaces can in turn be written as

ol LSS
oT dil—¢ surf. X=X,_ or 14, X=X,_ aT p 8X 14, X=X _
and
OX
Tl FLAFIELL
oT dil—¢ surf. X=X, oT 14, X=X, ot p OX 16, X=X5
Substituting Eq. 3.31 into Eq. 3.29, and Eq. 3.32 into Eq. 3.30, we can get expressions for

(av/aT)MHw and (ov/oT )2¢,X:Xﬂ:

3. (5.
OT Jogxex. \OT Jiyxox ar J,

and

(&), LG L)
aT 24, X=X aT 14, X=X, aT p 6X 14, X=X 8X 2¢,x:x{,+_

which can be substituted back into Eq. 3.28, to calculate (6v/dT) in the two-phase region.

(ﬂj (@j (3.39)
aX 14, X=X,_ aX 2¢,x:xa,_

Depending on the values of X and T , a mixture may retain the same phase in going from zero pressure to
apressure p at constant X and T, or it may change phase (for example, from the He-II region to the He-
I region, or from two-phase to single-phase He-1 or He-I1). As we use a single (continuous, differentiable)
molar volume fit for both He-Il and He-1 single-phase regions (with the caveat that it is not likely to be
accurate in the vicinity of the A-surface), we do not have to bother about transitions across the A-surface.

Within the pressure range of interest (0-10 bar), the values of (ox,_/dp); and (0x,, /0p), from the

fits of Egs. 3.10 and 3.16 are always positive and negative respectively (except for a small region on the
concentrated-phase surface, below 0.2 K; when deriving an expression for X_, , it had been indicated that
the fit in this region was possibly non-physical due to the lack of experimental data). Therefore, in
integrating along a line of constant X and T from zero pressure to a higher pressure, three possibilities
emerge: (a) the constant- X, constant-T line stays exclusively in the single-phase region, (b) the constant-
X, constant-T line stays exclusively in the two-phase region, and (c) the constant- X , constant-T line

starts off in the two-phase region and ends in the single-phase region. These three possibilities are
depicted in Figure 3.13.

For case (a), the integral of the pressure partial derivative of a thermodynamic property min Eq. 3.7 is
simply

J‘lﬁm .‘f om

= | dp. (3.35)
oap 0 ap 14

"fam J‘Z om

— | dp. 3.36
o P (3.36)

2¢
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Figure 3.13: The phase separation surfaces at p =0 bar and p = 8 bar projected ontoa T - X plane.
Also shown are three lines of constant *He concentration and constant temperature from p = 0 bar to
p=8bar. (Ona T -x plane, they appear as points). Line (a) stays within the single-phase He-1I region;
line (b) stays within the two-phase region; line (c) starts in the two-phase region (at 0 bar), crosses the
phase-separation surface and finishes in the single-phase region (at 8 bar).

For case (c), it is necessary to determine the pressure p,, where the constant- X, constant-T line

intersects the phase-separation surface. This is easily done by solving Eg. 3.10 or Eq. 3.16 (whichever is
relevant) for p, given aspecific X and T . The integral of the pressure partial derivative is then

p am pint(amj p (amj
Map= M| do+ [[2™] dp. (3.37)
2 9P '[ Py J. P )y

0 Pint

This integral can be evaluated if the partial derivative dm/op is a function of v and/or first derivatives
of v, but not if it is a function of the second derivative of v (which, for example, is the case when m is
the specific heat Cp ; see Eq. 3.6). This is because the molar volume is continuous everywhere in the X -

T - p space, but is not differentiable across the phase-separation surfaces. Therefore, first derivatives of
the molar volume are finite everywhere in the X-T - p space, but are not continuous. As the first

derivatives are not continuous across the phase-separation surfaces, the second derivatives are infinite at
the boundary, and the integral of the pressure partial derivative cannot be split up as it has been in Eq.
3.37. So quantities like the specific heat (which is the second temperature derivative of the Gibbs free

energy) and azg / &x? cannot be directly computed everywhere using this integral. They can, however be
computed in other ways. (The specific heat can be calculated from the temperature derivative of the
entropy or enthalpy. 0°g/0x” can be calculated from the x -derivative of the “He chemical potential.)
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The values of enthalpy, entropy, “He chemical potential and osmotic enthalpy calculated from the molar
volume fit are tabulated in Table 18 through Table 22 in Appendix E.2 at pressures of 2, 4, 6, 8 and 10
bar. Also tabulated are the properties on the dilute- and concentrated-phase surfaces, wherever applicable.
These values can be used to calculate properties at any value of X in the two-phase region. (In the two-
phase region, at a given temperature and pressure: (a) the enthalpy, entropy and molar volume vary
linearly with X, from the dilute-phase surface to the concentrated-phase surface, (b) the “He chemical
potential stays constant, (c) the osmotic enthalpy does not vary linearly with X ; however, the product

xh® does vary linearly with X .)

The enthalpy, entropy and “He chemical potential are plotted at various temperatures at 3, 6 and 9 bar in
Figure 3.14, Figure 3.15, and Figure 3.16. The enthalpy changes quite significantly from 3 bar to 9 bar;
however, the entropy does not change very much with pressure. This is because 0s/dp is equal to

—ov/aT , which is quite small in magnitude everywhere. The regions of linear variation of the enthalpy
and entropy (and constant “He chemical potential) correspond to two-phase mixtures.

It is worth reiterating that high-temperature-high-pressure mixture properties are based on sparse data
(pure component data and saturated-pressure mixture data). While some calculated properties (such as the
enthalpy) are expected to be reasonably accurate, others (such as the entropy) must be used with caution.
A detailed discussion of the accuracies and inaccuracies associated with the high-pressure property model
is presented in Section 5.2.

We now have properties of *He-*He mixtures up to pressures of 10 bar and between temperatures of 0.15
K and 1.5 K. Properties below 0.15 K are not calculated in this thesis; however, they can be calculated
using the procedures outlined in this chapter. The work of Kuerten et al [2] (who present thermodynamic
properties below 0.15 K at zero pressure) and Hatakeyama et al [49] (who present formulas for the molar
volume and the dilute-phase surface below 0.15 K) can be used to calculate properties in the He-11 region.
Since the concentrated-phase surface is practically coincident with the pure *He surface at these
temperatures, the He-11 properties can be used with pure ®He properties to get *He-*He mixture properties
in the two-phase region below 0.15 K.

(a) P =3 bar (b) P =6 bar (c) P =9 bar
26 351
16 1
25+
15 24 -
S 144 S 234 =
E E E
w13 3 22 =
2 121 & #11 oy
£ 11 £ 291 £
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Figure 3.14: Enthalpy as a function of X, at 3, 6 and 9 bar, at various temperatures (0.3 K, 0.5 K, 0.7 K,
0.9 K, 1.1 Kand 1.3 K going upwards on each graph). At temperatures of 0.3 K, 0.5 K and 0.7 K, the two-
phase region is identifiable by the linear variation of enthalpy with X.
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Figure 3.15: Entropy as a function of X, at 3, 6 and 9 bar, at various temperatures (0.3 K, 0.5 K, 0.7 K,
0.9 K, 1.1 Kand 1.3 K going upwards on each graph). At 0.3 K, 0.5 K and 0.7 K, the two-phase region is
identifiable by the linear variation of entropy with X . The entropy does not change much with pressure.
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Figure 3.16: “*He chemical potential as a function of X, at 3, 6 and 9 bar, at various temperatures (0.3 K,
0.5K,0.7K,0.9K, 1.1 K and 1.3 K going downwards on each graph). At temperatures of 0.3 K, 0.5 K
and 0.7 K, the two-phase region is identifiable by the constant value of 1, .
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Chapter 4: Applications of *He-"He properties to sub-Kelvin
refrigeration

We now discuss applications of the calculated properties to components of sub-Kelvin refrigerators. In
particular, we will look at superfluid heat exchangers and superfluid throttles. We also briefly discuss He-
Il mixture compression.

4.1 Heat Exchangers

The idealized model of a “standard” heat exchanger with normal fluids assumes that there is no pressure
drop in the flowing streams due to friction. This condition will be assumed to also hold true for a heat
exchanger with a He-11 mixture flow.

In a flowing He-II mixture, the *He and the normal component of the “He are locked together [61]. If the
velocity is below a critical value, however, the superfluid component of the “He flows independently of
the normal component, with no viscosity. It has been discussed previously that the superfluid flows to
equalize the “He chemical potential. (This is evident from the superfluid equation of motion at low
velocities - Eq. 1.15.) Therefore, both the pressure and the “He chemical potential are constant across a
He-I1 stream flowing in an “ideal” heat exchanger where the velocity is below the critical velocity. (The
critical velocity will be discussed in some more detail at the end of this section.)

Diagrams of lines of constant z, and constant pressure are therefore useful for the analysis of these heat
exchangers. Lines of constant ¢, at zero pressure (for various values of ,) are shown in Figure 4.1. (It

is worth reiterating here that the values of z, may be inaccurate between *He concentrations of 15%-

25%; this point was discussed in Section 2.4, and will be revisited in Section 5.1.) These lines represent
the dependence of X on temperature in a He-11 mixture flowing through a heat exchanger. As it is being
cooled, the mixture may also undergo phase separation; the change of phase from dilute to concentrated is
analogous to condensation in normal fluids from the “dilute” vapour phase to the “concentrated” liquid
phase.

Another useful quantity for the analysis of these heat exchangers is the specific heat of the mixture per
mole of *He, at constant M, and constant pressure. (It is more convenient to calculate the specific heat per

mole of *He rather than per mole of mixture because, in steady flow, the flow rate of the *He component
is constant throughout the stream from inlet to exit, unlike the flow rate of the total normal component.)

An apparatus to conceptualize this specific heat is shown in Figure 4.2. A piston-cylinder arrangement
containing a *He-*He mixture is connected to a *“He reservoir by a superleak, through which only
superfluid “He can flow. The free piston ensures that the mixture inside the cylinder stays at a constant
pressure. The connection to the reservoir ensures that the “He chemical potential in the mixture stays
constant. If a differential amount of heat &Q is now added to the cylinder, the heat capacity (at constant
pressure and constant z,) is simply the heat added divided by the differential temperature change,
X/ oT . If we now apply the Second Law to the piston-cylinder control volume, and note that the
superfluid flowing through the superleak carries no entropy, we get
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Figure 4.2: An apparatus to measure the specific heat at constant pressure and constant ¢,
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The heat capacity of the mixture of the mixture is therefore T (8S,,;, / OT) . The specific heat, per mole of
3 -
He, Is

" aT HaP aT Hg, P aT Hg P
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where S,,,. is the total entropy of the mixture per mole of *He (and is therefore equal to the entropy per
mole of mixture, s, divided by X).

An alternative form of CM can be derived by applying the First Law (Eq. 1.32) to the system:

dU = — pdV + ,dN, . (4.3)
Since the energy U is equal to H — pV , the above equation can be rewritten as
d(H —x,N,) =R +Vdp-N,dg,. (4.4)

The left side of this equation is equal to

N,+N,, N h 1-x o
H—y4N4:(N3+N4)h—N4y4:N{#h——“y‘lJ:N{———yJ:Nsh (4.5)

N, N, X X
where we used the definition of osmotic enthalpy (Eg. 1.20) and that of X:
N
X=—-"2— (4.6)
N, +N,
The First Law equation therefore reduces (at constant pressure and constant zz,) to
d(N;h”)=R. (4.7)
The specific heat, per mole of *He, for this process is
0s
L& (o) s)
* Ny oT oT ep

This is analogous to the Cp -h relation (Eg. 1.8) that holds for pure substances and is used for normal

heat exchangers. The equivalence of Egs. 4.2 and 4.8 can also be shown mathematically using the
definition of osmotic enthalpy (see Appendix D.3).

The specific heat C,, defined here is different from the specific heat C, defined by Radebaugh [1].
Radebaugh defines C, as T(0s;10T) . » Where s, is the entropy of the *He component of the mixture

only. Our definition of C 4, Includes the contribution of the *He component. Below temperatures of about

0.7 - 0.8 K, the specific heat associated with the phonons and rotons in the “He component is very small
and the *He component is the major contributor to the specific heat. In this temperature range, therefore,

the difference between the C ., defined here and Radebaugh’s C 4, 18 quite small. At temperatures above
about 0.9 K, the *He phonon-roton contribution to the specific heat starts becoming quite substantial. As a
consequence, the values of C ., Ccalculated from Eq. 4.2 become increasingly greater than Radebaugh’s

CM values as the temperature increases. (A comparison is presented in Section 5.1.) Since the phonons

and rotons (associated with the normal part of the “He component) are dragged along with the *He flow
due to mutual friction [61], this definition of Cm is more relevant to heat exchanger flow than that of

Radebaugh.

The specific heat at constant z, and pressure can be calculated by taking the derivative of the mixture
entropy per mole of *He with respect to temperature, along a line of constant M, at a fixed pressure.

Values of specific heat at constant ., in the single-phase He-1l region at zero pressure are tabulated in
Table 17 in Appendix E.1.
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At high temperatures, low *He-concentration mixtures have a higher constant- M, specific heat than high

*He-concentration mixtures, while at lower temperatures, high- X mixtures have a higher specific heat
than low- X mixtures. This is because at high temperatures, low ®He-concentration streams have a greater
amount of “He associated with them per mole of ®He. At these temperatures, the specific heat associated
with the phonons and rotons in the “He dominates, and therefore, low *He-concentration streams have a
higher specific heat per mole of ®He than high *He-concentration streams. On the other hand, at low
temperatures, the specific heat associated with the “He phonon-roton component dies down, and the *He
component makes the major contribution to the specific heat. Since high-concentration *He has a larger
specific heat at low temperature than low-concentration ®He, the specific heat per mole of *He is higher
for the high *He-concentration stream [4]. An example of this can be seen in Figure 4.3, where we

compare the behaviour of C  at two different values of the *He chemical potential (-1.6 J/mol-*He and -

2.0 J/mol-*He). Note that at all temperatures, the z, = -1.6 J/mol-*He mixture has a lower *He
concentration than the £, = -2.0 J/mol-*He mixture.

At low ®He concentrations, however, (where the behaviour of the *He component of a *He-*He mixture is
expected to approach that of an ideal Fermi gas), the specific heat per mole of ®He can be higher for the
low *He-concentration stream at low temperatures. An example is shown in Figure 4.4, where we

compare C, for 1, = -0.4 J/mol-*He, 11, = -0.6 J/mol-*He, and 1, = -0.8 J/mol-*He. (At all
ty Hy Hy Hy

temperatures, the 1, = -0.4 J/mol-*He mixture has the lowest *He concentration, the z, = -0.8 J/mol-‘He

mixture has the highest *He concentration.) At high temperatures, a lower *He-concentration stream has a
higher specific heat; at lower temperatures, the specific heat of a higher *He-concentration stream begins
to dominate, for reasons discussed above. However, at even lower temperatures, the specific heats cross
over once again. This is because the ®He in the high-concentration stream has a higher Fermi temperature;
as the temperature of the mixture falls below it, the specific heat of the high-concentration stream rapidly
drops off. The low- X mixture has a lower Fermi temperature and therefore a higher specific heat.
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Figure 4.3: (a) Specific heat (per mole of *He) at constant u, and p,for u,=-1.6 J/mol-*He and u,= -

2.0 J/mol-*He. (b) Lines of constant z, on the T -X plane, for x,=-1.6 J/mol-*He and ,= -2.0 J/mol-
“He
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Figure 4.4: (a) Specific heat (per mole of ®He) at constant 1, and pressure, for gz, = -0.4 J/mol-*He, -0.6

J/imol-*He, and -0.8 J/mol-*He; (b) Lines of constant s, on the T - X plane, for u,=-0.4 J/mol-*He, -

0.6 J/mol-*He, and -0.8 J/mol-*He. The dashed line represents the Fermi temperature for the *He
component of the mixture, plotted as a function of X.

The kinks in the Cm plot in Figure 4.4 correspond to where the constant z, lines intersect the X =0.08
boundary and are a pathological result of the fitting procedure. It can be shown (by taking a temperature
derivative of Eq. 4.2 at constant ) that 6C,, /0T depends on the quantity (0% 1, 10x%); . As
previously discussed, a limitation of the fitting procedure was that the derivative of (0, / 0X); is
discontinuous across X = 0.08. The calculated values of Cﬂ‘1 may not be very accurate in the vicinity of

these kinks.

As stated at the beginning of this section, these results are applicable for heat exchangers where velocities
are low enough that the superfluid “He ensures a uniform 1, throughout the stream. We now briefly
discuss how low these velocities need to be for the uniform g, assumption to be reasonable, and what
happens when the velocities are not “low”.

The magnitude of the critical velocity Vv, in circular tubes of diameter d was measured by Zeegers [62]

at temperatures below 0.1 K and by Mudde [63] at temperatures around 1.5 K. Zeegers found a
logarithmic dependence of v_d on d . He observed critical velocities between 0.5 cm/s (ina 7.5 mm

tube) and 10 cm/s (in a 0.1 mm tube). Mudde measured the critical velocity at various temperatures
between 1.3 K and 1.7 K in a 0.1 mm tube. He observed critical velocities of about 3-8 cm/s; the higher
critical velocities were observed at lower temperatures.
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When the velocity of the normal component crosses the critical value, there is a “mutual friction” force
between the normal fluid and the superfluid. This leads to a z, gradient in the stream and the constant-

M, results are no longer apt. In this case, it is hard to define an appropriate specific heat for use in heat

exchanger analysis; knowledge of the flow dynamics is now required. However, we can consider the
limiting case of very high velocities, where all the superfluid “He is dragged along with the normal
component of the mixture. Since all the components are locked together, the *He concentration of the
mixture does not change across the length of the heat exchanger and so now, itis X and p that are

uniform along the length of the heat exchanger, rather than z, and p . The appropriate specific heat in
this case is C, . In addition, since the superfluid and normal components are flowing together, the

modified form of the First Law (Eq. 1.32) reduces to the usual form (Eqg. 1.21), and it is easier to work
with the enthalpy of the mixture rather than its osmotic enthalpy.

Flow situations that lie between the limiting cases of low velocities (where 1, is constant) and very high
velocities (where X is constant) are more complicated and will not be discussed here. The effect of the
fluid dynamics in these cases on properties suchas T, X, p and x, are discussed by Zeegers [62] (at
temperatures below 0.1 K) and by Mudde [63] (at temperatures between 1.3 K and 1.7 K).

4.2 Superfluid throttle

Recently, a new type of sub-Kelvin refrigeration cycle (the superfluid Joule-Thomson refrigerator [3, 4,
5]) was proposed that, unlike a dilution refrigerator, circulates the working fluid (a *He-*He mixture)
completely at low temperature. This cycle uses a throttle bypassed by a superleak to achieve cooling
(Figure 4.5). For an adiabatic, zero-work, steady throttle, it can be shown using the First Law for a He-II
mixture (Eq. 1.32) that the osmotic enthalpy stays constant across the throttle. (The superleak bypassing

the throttle ensures that 1, is the same at the inlet and outlet.) The osmotic enthalpy, therefore, plays a
role analogous to the enthalpy in "standard" room-temperature throttles commonly used in vapour-
compression refrigerators. Lines of constant osmotic enthalpy at constant ¢, therefore, can serve as a
useful guide to the design of such machines.

The intersection of a constant s, surface with a constant h* surface in three dimensions is shown in
Figure 4.6. It serves as a useful indicator of the amount of cooling that can be achieved with a throttle. For
example, for the mixture shown in the figure (z,= 1.5 Jimol-*He, h® =12 J/mol-*He), the temperature
drops from 0.86 K to 0.6 K for a pressure drop of 1.3 to 0.7 bar.

The behaviour of lines of constant osmotic enthalpy at constant ., at various temperatures is shown in

Figure 4.7, where the lines are projected onto the T - X plane. (Note that any errors in g, in the 10%-
25% ®He-concentration also afflict the osmotic enthalpy.) At high temperatures, throttling a mixture from
high to low pressure decreases its temperature. The temperature drop is more pronounced in the two-
phase region. It is also apparent that in the single-phase region at low temperatures, throttling a *He-*He
mixture from higher to lower pressure actually increases its temperature.
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Figure 4.6: The intersection of a surface of constant 4, (1.5 J/mol-*He) with a surface of constant h®*

(12 J/mol-*He). The intersection — a line of constant z, and constant h® - is the locus of states followed

by a *He-*He mixture in a superfluid-bypassed throttle. The temperature drops from 0.86 K to 0.71 K if
the pressure drops from 1.3 bar to 1 bar, and to 0.60 K, if the pressure drops further to 0.7 bar.
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Figure 4.7: Lines of constant osmotic enthalpy at constant y, projected onto the T - X plane. Also shown

for reference is the phase diagram at zero pressure. The values of osmotic enthalpy along the lines are,
from the bottom up, 2, 3, 4,5, 6,7, 8,9, 10, 12, 16, 20 and 24 J/mol-*He respectively. The dashed lines
are lines of constant pressure; the values adjacent to them represent the pressure in bar.

4.3 *He compressor

One of the key components of a sub-Kelvin refrigerator that circulates the fluid at low temperature is a
low-temperature compressor. A *He compressor was developed by Miller [4] for use in the superfluid
Joule-Thomson refrigerator. The compressor increases the pressure and the *He concentration of the
mixture. This discussion in this section is limited to a very basic compression process. The piston-
cylinder arrangement in Figure 4.8 contains a *He-*He mixture. It is connected to a *“He reservoir through
a superleak and is in good thermal contact with a heat reservoir. As the piston moves downward,
increasing the pressure in the cylinder, superfluid *He flows through the superleak into the “He reservoir.
The heat reservoir and the “He reservoir ensure that the process occurs at constant temperature and

constant 4,. The change in *He concentration of the mixture for a given change in pressure can be
calculated by following a line of constant temperature on a surface of constant ,, an example of which
is shown in Figure 4.9. A constant temperature cut (1.2 K) of this surface is shown in Figure 4.9c. The
*He concentration of a mixture initially at 1.2 K, 1.5 bar and 5%-He (these properties correspond to M=
3.532 J/mol-*He) increases to 16.5% when the pressure is increased to 1.8 bar and 29.2% when the

80



pressure is increased to 2.0 bar. A similar analysis can be performed at other temperatures using the
projection of the constant- z, surface onto the T - X plane shown in Figure 4.9b.

The modelling of an actual compressor is obviously more complicated. The compression cycle will
consist of several processes. (A basic cycle would consist of an intake, a compression, an exhaust and a
re-expansion.) The simplified isothermal compression process model here may not be apt for a practical
compression process. For example, a relatively fast compression process would probably be more
appropriately modelled as being isentropic than being isothermal. The size of the reservoir connected to
the compressor via a superleak (the pure “He reservoir in the above example) would likely be of the same
order as the compression volume, and so the compression would probably not be at a constant value of
1, These practical effects make the modelling more involved and will not be further discussed here.

However, some of these more sophisticated compressor models are examined by Miller and Brisson [64].

“He reservoir

Thermal ~— Superleak
reservoir

atrT
Figure 4.8: A *He-*He mixture undergoing a compression process at constant T and My
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Figure 4.9: (a) A surface of constant , (= 3.532 J/mol-*He) inthe x-T - p space. (b) The projection of

the surface onto the X -T plane. (c) A constant-temperature (1.2 K) cut of the constant- z, surface. In (a)

and (b), the constant-pressure lines are spaced at intervals of 0.2 bar and the constant X lines are spaced
at intervals of 0.01. The two-phase region is identifiable as that portion of the surface where both the
temperature and pressure are constant.
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Chapter 5: Review of the mixture property model

In this chapter, results of the thermodynamic model are compared with other measurements on *He-*He
mixtures. A review of the high-pressure model in regions where there is no data for comparison is also
presented.

5.1 Comparison with other data at saturated pressure

Figure 5.1 shows a comparison of entropies from Radebaugh’s tables [1] and from this work. The values
are quite similar to each other, although they are more consistent at X = 0.1, where the ideal specific heat
model Radebaugh uses is more applicable than at x =0.3.

Goellner et al [13] calculated the chemical potential difference, ® —®, as a function of temperature and

*He fraction, where @ is equal to z, — , and @, is the value of @ at the tricritical point. Their

calculations, based on measurements of specific heat and vapour pressure in the vicinity of the tricritical
point, were made between temperatures of 0.78 K and 1.22 K and He fractions of 0.4 and 0.84. Results
from this work show excellent correspondence with those values (Figure 5.2).

Goellner et al [13] also tabulate the quantity 0d / ox (the inverse concentration susceptibility, which is
also equal to 829 / 6x?), which they calculated from vapour pressure measurements. Their data is

compared with results from our model in Figure 5.3. The results are in good agreement at temperatures
below about 1 K, but not at higher temperatures. In particular, our model does not yield smooth values of
the concentration susceptibility across X = 0.674. The reason for this has been discussed in Section 2.6.

Islander and Zimmermann [12] also calculated the entropy of *He-*He mixtures in the vicinity of the
tricritical point from the specific heat measurements of Alvesalo et al [14]. Their results are compared

with ours in Figure 5.4. Figure 5.5 shows a comparison of the quantity (6®/0T),, as calculated by

Islander and Zimmermann, and in this work. There are slight differences between the two sets of data, but
on the whole, the correspondence is quite good.

It should be pointed out, though, that the similarity of results in this work with Islander and Zimmermann
is expected, because the specific heat data of Alvesalo et al [14] serves as the basis for their calculations

too. The differences are due to (a) different interpolations for C, /T and (0C,,/0x)/T as functions of
temperature in the two-phase region, (b) different low-temperature data used in the calculations (they
used Radebaugh's low-temperature data, which was the only data available at the time), and, to a small
extent, (c) slight differences in the single-phase specific heats, since they use the actual experimental data
and we use a fit that is designed to cover a large area of the T - X plane.
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Figure 5.2: A comparison of ® —®, at 0.78 K, 0.98 K and 1.18 K from Goellner et al [13] (markers)
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Lines of constant s, calculated from our model are compared with those tabulated by Radebaugh at four

different values of x,, in Figure 5.6. The correspondence is quite good, which is not unexpected, since all
the lines in this plot are at low values of Xx.

Figure 5.7 shows a comparison of C#A from our model and from Radebaugh's tables. As discussed earlier

(in Section 4.1), the values are expected to be very different at temperatures above about 0.8 K, when the
*He excitations start contributing to C ., - (Radebaugh'’s definition of C ., does not incorporate the *He

component of the mixture.) At lower temperatures, however, a comparison is appropriate. The C e

values match well at low values of T  (the temperature at which the constant- z, line intersects the dilute

phase-separation curve), but not quite as well at higher values. The kinks in our calculated specific heats
are relics of the kinks in (Ou, / 0X); across x = 0.08.
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Figure 5.8 shows a comparison of calculated values of the specific heat at constant x and p (C) and

the derivative 0C /0T very near the A-line (within 0.1 K) with measurements made by Gasparini and
Moldover [36]. The measurements that overlap with our calculated values are restricted to the He-II
region (i.e., temperatures below the A-transition) and include specific heats at X = 0.20 (only a slight
overlap) and X =0.39, and the derivatives at X = 0.39. The values of the specific heat are in good
agreement; however, the temperature derivative is accurate only to within about 10™° (or about 0.03) K of
the A-line. Our calculated temperature derivatives are much smaller; on reflection, this is not surprising,
since in the He-Il region, our specific heat fit contained only polynomial terms and not the rapidly
changing logarithmic terms (see Section 2.5). However, it was always unlikely that the model would yield
accurate derivatives of the specific heat near the A-line, since the available experimental data used for
fitting was really not good enough for that purpose. Nevertheless, this is not a major issue, given the
intended applications of this work.

There are discrepancies with the data of London et al [11], who measured the osmotic pressure of *He-
*He mixtures at three temperatures — 0.8 K, 1.0 K and 1.2 K. Their data is shown in Figure 5.9 which is
adapted from their paper. The osmotic pressure is plotted as a function of the mixture molar volume per

mole of *He, (which we will call v,,,, and which is equal to the molar volume per mole of mixture v
divided by the *He concentration X ). A value of v, = 150 cm*mol-*He corresponds to a *He

concentration of about 19%; V.,,, = 70 cm*/mol-*He corresponds to a *He concentration of about 45%.

Superimposed on it are osmotic pressure values calculated from our model. At 0.8 K, the correspondence
is quite good at lower values of V., , below about 80 cm*/mol-*He (which corresponds to X ~ 0.375). At

higher values of v, , the values diverge — the differences are about 5 cmHg (about 6500 Pa), which

corresponds to a 10% error. Similar magnitudes of errors are seen at 1.0 K and 1.2 K, for which available
data is restricted to more than 100 cm*/mol-*He (X ~ 0.30) and 125 cm*/mol->He (X =~ 0.25) respectively.

These errors seem to indicate that the calculated values of , in the region of X =0.2-0.3 are not very

accurate, a fault that was discussed previously, in Section 2.5. (Note that even at 1.0 K, the error starts
reducing around the 100 cm®/mol-*He, or X ~ 0.30, mark.) If we assume that London et al's values are

accurate, our calculated values of z, are too high by about 0.2 J/imol-*He around X = 0.25.
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Figure 5.8: Comparisons of (a) the specific heat, and (b) 0C /0T near the /-line. The markers represent
the data of Gasparini and Moldover [36]. The solid lines represent values calculated in this work.
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Figure 5.9: Osmotic pressure as a function of molar volume per mole of *He at three different
temperatures (from bottom to top): 0.8 K, 1.0 K and 1.2 K. The markers are from London et al [11]; the
lines are the values calculated in this work. 1 cmHg = 1333 Pa.

Interestingly, Radebaugh's calculated osmotic pressures [1] are in better agreement with London et al's
data. His calculated values lie within the scatter of the data at 1.0 K and 1.2 K, and lie about midway
between the data and our calculated values at 0.8 K.

The osmotic pressures are in much better agreement with experimental data at lower *He concentrations;
a comparison with data at 0.26 atm and 10 atm is presented in the following section.

5.2 Review of the high-pressure model

Unfortunately, the lack of high-pressure measurements on *He-*He mixtures precludes a thorough
comparison of the calculated properties with experimental data. In Figure 5.10, the molar volume
measurements of Boghosian and Meyer made at 1.25 K [55] are compared with results from our model.
The correspondence is quite good, considering that the only high pressure data included in the fitting
function to determine the molar volume was restricted to temperatures below 0.7 K.

The osmotic pressures calculated from the high-pressure model are in good agreement with the data of
Landau et al [25] at 0.26 atm and 10 atm (Figure 5.11). Landau et al's data is all at low temperatures
where molar volume data was available for use in the model; it doesn't help test the model at high
temperatures.
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Figure 5.11: A comparison of osmotic pressures from Landau et al [25] (markers), and from this work
(solid lines).

At this point, it is worth recapitulating where the property model is likely to be accurate and where it is
guestionable. The model is based on two sources of molar volume measurements: (i) in the He-11 region,
below 0.7 K and 10 bar, and, (ii) at saturated pressure, for all mixture concentrations and between 0.55 K
and 1.5 K.

Since we basically ignore the A-transition at high pressures, all the characteristics associated with the A-
transition appear at the temperature associated with the transition at zero pressure, rather than at the
temperature associated with the transition at the appropriate pressure. This affects only a small area of the
T - x plane though. From Figure 3.4, it is apparent that the A-transition temperature does not change by
more than 0.1 K from 0 to 10 bar.

The thermodynamic properties which depend exclusively or largely on the (integral of the) molar volume
(and not its derivatives), such as g and h (the enthalpy depends on ov /0T as well as the molar volume,

but the derivative term is much smaller), are expected to be accurate in the high-pressure, low-
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temperature He-11 region, and low-pressure, high-temperature regions. In addition, since the deviation of
the molar volume of a real mixture from that of an "ideal" mixture (i.e., v — xvg -(1- x)vg) is quite

small everywhere, these properties should be reasonably accurate even at high temperatures and
pressures, where no actual experimental data was available and we were forced to extrapolate our fit. For
example, at the beginning of this section, the fit was shown to be in very good agreement with the high-
p , high-T molar volumes of Boghosian and Meyer [55].

Properties that depend on the integral of the derivatives of the molar volume (such as s and g,) are also
expected to be accurate in the high- p, low-T (sub-0.7 K), He-1l region and low- p ,high-T region,

except near the A-surface. At high temperatures and high pressures (as well as at high pressures in the He-
I region), the derivatives calculated from the fit may not be good enough to calculate accurate values of
the entropy and “He chemical potential. Of course, the pressure derivative of entropy, ds/ép , which is

equal to —ov/dT , is expected to be quite small; therefore, the entropy is not expected to change very
much from low pressure to high pressure along a line of constant T and constant x (see Figure 3.15, for
example). It is also worth adding that x, depends on the values of Vv to a greater extent than those of
(ov/0x) , especially in the He-I1 region. (Recall that du, / dp is equal to v — x(0v/0x) , from Eq. 3.4.
Values of (ov/0Ox) are typically 3-4 times less than the corresponding values of v. Additionally, in the

He-11 region, values of X are of the order of, or less than, 0.5; this further reduces the magnitude of the
(ov/ox) term.)

The uncertainties associated with properties that depend on the second derivatives of the molar volume
(specific heat and 829 1 &x?) are greater, though, as discussed earlier, the specific heat is not expected to

change very much with pressure except near the A-surface. For small changes in pressure, the variation of
the specific heat with pressure may be neglected.
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Chapter 6: Conclusion

This thesis presents properties of liquid *He-*He mixtures at temperatures below 1.8 K, pressures of up to
10 bar, and across the entire concentration range. Verily, this significantly extends the range of available
thermodynamic data for these mixtures, the previous most extensive set of properties being restricted to
saturated pressure and ®He concentrations below 30%.

The calculations were performed in two stages. First, properties were calculated as a function of
temperature and concentration at zero pressure, between temperatures of 0.15 K and 1.8 K in the He-II
region, and between temperatures of 0.15 K and 1.5 K in the He-I region. Together with the calculations
of Kuerten et al (below 0.15 K), these provide a complete set of thermodynamic properties up from 0 K.
The calculated properties are generally in good agreement with other measurements, though there are
discrepancies with the osmotic pressure at *He concentrations in the area of 25% at high temperatures. A
shortcoming of the calculation procedure is that higher derivatives of properties (the third derivatives of
entropy and enthalpy) are discontinuous at a couple of values of X.

Properties were then extended to pressures of up to 10 bar (between temperatures of 0.15 K and 1.5 K).
The calculations were based on the zero-pressure model and available measurements of the molar
volume. The calculations are expected to be quite good at low temperatures (below 0.7 K) in the He-I1
region, and also at low pressures everywhere. Because of the lack of experimental data at high
temperatures and high pressures (the only available data at temperatures above 0.7 K was for zero-
pressure mixtures, and for pure “He and pure *He), the calculated properties are based on extrapolations;
consequently, some of them (specifically, the ones which strongly depend on derivatives of the molar
volume) are quite questionable in those regions. Additionally, the high-pressure calculations are not
expected to be accurate in the vicinity of the A-surface.

6.1 Ruminations on a state equation for *He-*He mixtures

It is worth emphasising the need for more data on *He-*He mixtures, to determine an accurate equation of
state. Most experimental investigations on these mixtures have been restricted to the saturated-pressure
surface, which is reasonably well-covered, although some areas of the saturated-pressure surface have
received more attention than others, and there are some discrepancies amongst available data.
Additionally, as has been repeatedly emphasised, high-pressure data is quite limited. In theory, once
properties are known at saturated-pressure, all that is needed to extend them to high pressureisa p-v-

T - x relation for He-*He mixtures, provided that the A- and phase-separation surfaces are completely
known (which, currently, they are not). Therefore, the most urgent need is for (a) more widespread molar
volume measurements at high pressures and high temperatures, and especially near the A-surface, (b)
specific heat measurements in certain parts of the saturated pressure surface — specifically, in the two-
phase region below 0.5 K, where there is no reliable data, and in the single-phase region, to verify the
data that is available and help decide whether more measurements are required — and, (c) measurements
of the phase-separation and A-surfaces.

Although they are not required in theory, specific heats and osmotic pressures at high pressures would
also be very helpful, since they can be used to verify temperature derivatives and X -derivatives of

properties determined from the p-v-T - X relation. This is especially true for properties in the vicinity
of the A-surface, because of sharp changes in properties in that area.
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Finally, future work should focus on determining an actual state equation based on the Gibbs or
Helmholtz free energy; there are kinks in the properties calculated in this work due to the somewhat
fragmented nature of the calculation procedure. (A functional form of the Gibbs free energy can be
inferred from this work.) The “overall” state equation would consist of an equation for the single-phase
He-I1 region, an equation for the single-phase He-I region, anda p-T - X relation for the A-surface.
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Appendix A: Phase diagram, zero-pressure specific heats
and molar volume

A.1 *He-"He phase diagram

A.l1.1 Saturated pressure
Tricritical point: X, (0)=0.674, T,(0) = 0.867 K

Dilute phase-separation curve (0.08014 < x < 0.674; 0.15 K <T < 0.867 K):

~0.209148(T T
x —x = _0-209088(T ~T\) | o6000o(T —T.)+0.549920(T —T,)? (A1)
T —T, —0.080280

Concentrated phase-separation curve (0.674 <x< 1;0.15 K<T < 0.867 K):
X_. —X =0.316170 (T -T,)® -0.180743 (T -T,)* —0.746805 (T —T,) (A.2)

Lambda curve:
T, -T, =-2.620259(x — x,) —1.023726(x — X, )2 (A3)

A.1.2 All pressures

Tricritical line:
Temperature (in K) along the tricritical line as a function of pressure (in bar):

0.12992576 p o
T.(p)=T.(0) = — —6.457263x10 A4
(p) =T, (0) 0+ 25067345 x p (A4)

Concentration along the tricritical line as a function of temperature (in K):
X, (p) — X, (0) = 0.3037124[T, (0) — T, (p) ] - 4.41225x10°[T, (0) - T, (p)|]  (A5)

Dilute phase-separation surface:
Ko‘—O(p) (T _Tt(p)) 2
T,p)—X, = ' K, (p)T =T, K, , T-T,
Koo (TP =X () = g o gy Kot (PIT =T Ko ()T -To(P)
(A.6)

where K__(p)=K,_ ;,+K,_,p+K, ;,p° (i=0,12a) (A7)

Concentrated phase-separation surface:
X, (T, P) =% (P) = Ky (P)T =T (P)+ K, o (P)(T =Te(p))” + K. o (P)(T =T (P))’
(A.8)
where K_ (p) =K, 0 +K ,uP+K_, ,p> (i=1 2 3) (A.9)



A-surface:

T, (% P) =T, (p) = K, (p)(x = X, (P))+ K 1, (p)(x = X, (P))’

where K, (p) =Ko +K,;p+K,;,p* (i=1 2)

(A.10)
(A.11)

Table 1: Coefficients for the dilute phase, concentrated phase, and A-surface fits (Egs. A.7, A.9 and A.11)

j=0 j=1 j=2

K, o | -0-209148 -0.1269791 bar 0.0102283 bar 2
K, . | 0960222 K™ -0.2165742 K bar T | 0.0169801 K™ bar
K,_,; | 0549920 K? -0.1198491 K bar ™ 0.0092997 K bar
K, , |0-080280K 0.02291499 K bar -0.0020886 K bar 2
K,y |-0-746805K™ 0.0173549 K™ bar 20.0028598 K~ bar 2
K,,,; | -0-180743K* 0.1120251 K2 bar -0.0152076 K2 bar 2
K. | 0316170 K™ 0.1723264 K®bar T | -0.0201411 K bar
K, |-2620259K 0.0024823 K bar ™ 0.0009255 K bar 2
K,, |-1023726K 0.0013175 K bar 0.0009397 K bar 2

A.2 Specific heats at zero pressure

A.2.1 Specific heat in the two-phase region

The specific heat fits in the two-phase region are:

5 .
D> AT, T <0.15K
i=0

CZ¢,t —
T 5 ,
> AT T>015K
i=0
and

5 .
> B, T'. T<0.15K

1 8C2¢ __Ji=0
T\ ox .

5 .
> Byy,T'. T>0.15K
i=0
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Table 2: Coefficients for the zero-pressure, two-phase specific heat fits (Egs. A.12 and A.13)

Coy /T

24t

(6C,, /dx) /T

A

26 i

A

26,21

BZ¢,1i

BZ¢,2i

44976.189 J/mol-K’

-253.38487 J/mol-K’

-116022.79 J/mol-K’

-328.83486 J/mol-K’

-27191.567 J/mol-K®

748.45512 J/mol-K®

56440.812 J/mol-K®

927.34209 J/mol-K®

7532.3747 J/Imol-K®

-867.12111 J/mol-K®

-7421.4648 J/mol-K®

-998.13371 J/mol-K®

-963.11275 J/mol-K*

466.88150 J/mol-K*

74.625853 J/mol-K*

500.33736 J/mol-K*

12.661883 J/mol-K3

-112.07332 J/mol-K?3

-13.057881 J/mol-K?

-117.76463 J/mol-K3

OlIRLrINWiI~jOV —

17.221625 J/mol-K?

21.395625 J/mol-K?

17.074164 J/mol-K?

20.841016 J/mol-K?

A.2.2 Specific heat in the single-phase region

Specific heat of pure *He:

Cy(T) = ZAsl.T'+

Specific heat of pure He:

3 2 2
5 . A2 o 3(T Ag(A, ) B T
CiM) =D AT +A (—j e T 1+—+—(—j +—43(—j e T (1—2—]
4 =i T A, 4l A, TLUT A,

A32 T

(A.14)

(A.15)

Table 3: Coefficients for the pure->He and pure-‘He specific heat fits (Egs. A.14 and A.15)

*He specific heat fit (Eq. A.14)

*He specific heat fit (Eq. A.15)

3

Ao 3.6851551 J/mol-K Ay 0.082180127 J/mol-K*
Ay, -1.9650072 J/mol-K? A, 0
A, 3.3601049 J/mol-K? Ays -0.08745899 J/mol-K®
Ay, -0.8351251 J/mol-K* A, 0.12912758 J/mol-K’
A, -0.0444842 J-K/mol Aus -0.0066314726 J/mol-K®
A, 0.0977175 K A, 70.198836 J/mol-K

A, 10244.198 J/mol

A, 8.8955141 K

A 22.890183 K

Specific Heat in the He-Il region:

C1¢,|| (x,T)= XCO(T) +(1- X)CO(T) +X(1- X)Cr,ll (x,T)

C:r,II(X’T) ZZ Illu

i=0 j=0

(A.16)

(A.17)
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Table 4: Coefficients for the He-ll specific heat correction term C_ | (Eq. A.17)
i=0 i=1 i=2 i=3 i=4
Ay 1io(/mol-K) | 96988805 | -84.656877 | 399.83199 | 534.18242 | -694.57528
A, 11 OImol-K?) | 4.7441717 295.311 -2308.6299 | -203.72526 | 945.31218
Ay i OIMol-K®) | -14.794634 | -291.36925 | 3456.284 | -217.44213 | 526.21775
A, 1is(/mol-K*) | 099291158 | -116.30633 | -854.18794 | -1966.9463 | -825.63046
A, 1is (I/mol-K®) | 0.9703338 | 150.36076 | -389.46725 | 1305.9875 | 427.69316
Specific Heat in the He-I region:
Cpy (X T) =xCJ(T)+@A-Xx)C, (T) +x(A—-X)C,, (x,T) (A.18)
4 4 o 4 2 o
Coi(XT)=D > A XT 4> A L X' T In(T =T, (x) +0.0005) (A.19)
i=0 j=0 i=0 j=1
Table 5: Coefficients for the He-I specific heat correction term C, | (Eg. A.19)
i=0 i=1 i=2 i=3 i=4
A 1io(I/mol-K) | 760.89769 | -503.0258 | -809.27998 | 981.80849 | -359.94357
A 11 (Fmol-K?) | -1333.1107 | 1131.8413 | 27.790349 | -964.41177 | 963.42302
A 1, (Imol-K®) | 16484326 | 1248.4679 862.0627 | -2190.7539 | 109.28068
A, ;3 (/mol-K%) | 54059753 -1686.35 11335978 | -1613.3837 | 1681.1155
A 12 (mol-K®) | 107.16714 | -1106.944 | 2728.7355 | -2216.2144 | 523.34653
A|,z,i1(~]/m0|‘K2) -1089.0449 4109.1861 -5393.9818 2533.6508 -9.4543704
A i, Umol-K®) | 361.81709 | -352.22262 | -2374.6527 | 5329.7792 | -3305.5548
A.3 Molar volumes
Molar volume of a (single-phase) *He-*He mixture:
v(p,T,%x) =xvi(p,T)+@—x)ve(p,T) + x(L-X)v, (p,T,x) (A.20)
0 > i A A, T ( ) i ;zA P
v(l',p):( V'.pj1+ + ——(B, + B, p Erfcy|—°=——
' s (p-p.) (p—p)"?)4 7 T
(A.21)
Vs = ZVSLijTi p’+ (A.22)

i=0to3
j=0to2

2
Vi PT + Va0
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Vr(p’T’X): Z XiTj[ Zvrlijk pk +Vr2ij #] (A-23)
' P+ Py

i=0to03 k=0to 2
j=0to3

Table 6: Coefficients for the pure “He molar volume (Eq. A.21) from Tanaka et al [57]

Voo 2.757930 x 10° m*/mol A, 8.618 K

A -3.361585 x 10 m*/mol-Pa | A, -7.487 x 107 K/Pa
Voo 1.602419 x 10" m¥mol-Pa®> | A, 5.308 x 10 K/Pa?
Vios -1.072604 x 10 m*mol-Pa® | A 1.863 x 10° Pa?/K*
Vs 7.979064 x 10 m*/mol-Pa* | A, 7.664 x 10° Pa*?/K*
Vs -5.356076 x 10" m*/mol-Pa° | P, -1.00170 x 10° Pa
Vs 2.703689 x 10 m%mol-Pa® 0 2.191

Vior -9.004790 x 10°° m*mol-Pa’ | B, -1.702 x 107 1/Pa
Vs 1.725962 x 10"°® m*/mol-Pa®

Voo -1.429411 x 10 m*mol-Pa’

Table 7: Coefficients for the pure *He molar volume (Eq. A.22)

20 - —>
Varoj 40.7230112 cm® mol™® -1.3151948]cm3 mol™ bar * 0.0409498 Jcm3 mol™ bar
Vaij -0.6614794 cm® mol™* K* 0.1275125 cm® mol™ K bar * | -0.0091931 cm® mol™ K™ bar
Va1 0.5542147 cm® mol™ K2 -0.1527959 cm® mol™ K? bar * | 0.0113764 cm® mol™ K bar
Vais; 0.1430724 cm® mol* K3 -0.0034712 cm® mol™ K* bar * | -0.0008515 cm® mol™ K™ bar
Vi, | -0.2603492 mol cm™ - -0.0051946 mol cm™ bar
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Coefficients for the *He-*He mixture molar volume correction term V, (Eq. A.23). These values
yield v, in cm*mol when the pressure is in bar and the temperature is in K.

Viio | i=0 i=1 i=2 i=3 | Vg | i=0 i=1 i=2 i=3

j =0 0.1389646 -4.933308 -4.4736292 -17.763600 J =0 -0.0706271 2.0430264 1.9707327 1.2116373
j =1 -2.5679051 40.217899 21.103275 -17.585800 J =1 0.8984671 -13.570937 1.2376227 0.3340713
j =2 0.5113374 -83.295844 42.535669 -2.7419703 J =2 -0.1993514 18.303655 -9.101332 7.5264822
j =3 3.9851834 16.616527 32.247635 -21.867304 J =3 -1.372463 2.3961147 -18.726933 7.8044314
Vi | 120 i=1 i=2 i=3 |V | i=0 i=1 i=2 i=3

j =0 0.010287 -0.1641865 -0.2765908 0.0781768 J =0 -1.1647447 -8.2289003 -5.7908683 62.107622
j =1 -0.0599619 0.972759 0.2888217 -0.3641635 J =1 -4.5046372 24.648775 -104.81653 8.1406542
j =2 -0.0262424 -0.9242861 -0.6437575 0.5378945 J =2 10.15904 31.640583 29.677981 4.3197622
j =3 0.1356818 -0.5426784 2.2866511 -1.3449638 J =3 -11.353903 4.2288385 -81.740459 32.623983

p,, | 17867623
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Appendix B: Thermodynamic properties at zero pressure

Figure 2.19 shows the relevant appendices where equations for the two-phase, single-phase He-1l and
single-phase He-I regions are listed.

B.1 Properties in the two-phase region:

T 10C TC

s(x,T) = (x—x, )[ =—=24dT + [ 2LdT (B.1)
t!T X ! T
oh taoC,, F
h(x,T)= (—j + [7224dT |(x=x,)+ [ C,, 0T +h(x,,0) (B.2)
OX Jogox o OX 5
r.acC T16C T TC
g(x,T)=h-Ts= (a_h] [ =2 dT—le AT |(x =X )+ [ Cyp AT =T [=22dT + h(x,,0)
OX Jygox 5 OX o T OX o 5 T

(B.3)

OX y OX OX T
(B.4)

g oh £ aC,, t10C,, P % Coys
=0—-X—| ==X||— dT -T|= dT C,, dT =T —dT + h(x,,0
1 (T)=19 ( jT t{(aszwm +I '([T +f'). 24t f[ +h(x,,0)

In Egs. B.1-B.4, h(x,,0) =—-0.01986 J/mol, and (dh/dx)w’QK = 0.0609 J/mol. The values were
inferred from Kuerten et al's [2] tables.

B.2 Properties in the single-phase He-ll region

Properties in the single-phase He-I1 region above 0.15 K can be obtained by substituting the He-II
specific heat expression (Eqg. A.16) into the following equations. For properties below 0.15 K, please refer
to Kuerten et al [2]. Some of their properties are listed in Table 10 in Section E.1.

B.2.1 Properties for *He concentrations of less than 8.014%

T t C1¢,||(X’T)
9(GT) = Nos (X) =TSq5 () + [Cypy (X T)AT =T [ —4022dT (B.5)
0.15K 0.15K
.
S(X,T) =Sg15(X) + I Mcﬂ— (B.6)
h(T) =hys () + [Cpypy (6,T)dT (B.7)

0.15K
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oh s F
X, T)=|hy,: —X — —T| Sy — X — + |C X, T)dT
w1y (X, T) ( 0.15 (GXJO_J_SK) ( 0.5 (8)()0.1&() 0_1J;K 1¢,||( )

T .T[ Md-r_x(o] OCyn (X,T) dT - T .T[ laclq),ll (X’T)dTJ

B.8
OX OX (B.8)

0.15K 15K 0.15K

hy1s(X) and s, ,5(X) are the enthalpy and entropy at 0.15 K, and (6h/0x), 5 and (8s/X), o are the

derivatives of the enthalpy and entropy with respect to X at constant temperature (T = 0.15 K). All these
guantities are calculated from Kuerten et al’s model. These quantities are tabulated in Table 9 for some
values of X.

Table 9: Properties at 0.15 K calculated from Kuerten et al’s model

*He concentration 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

hy 15 (X) (I/mol) -0.0055 | -0.0085 | -0.0092 | -0.0080 | -0.0050 | -0.0004 | 0.0056 | 0.0129

Sy45 (X) (I/mol-K) 0271 |0433 |0559 |0663 |0.752 |0.830 |0.900 | 0.963

(On/0X )15 (Imol) | 19.105 |14.049 |11.347 | 95776 |8.3117 |7.3626 |6.6243 | 6.0332

(05/0X )y 15 (/MOI-K) | -0.4166 | -0.1811 | 0.0284 | 0.2143 | 0.3807 | 0.5309 |0.666 | 0.7867

B.2.2 Properties for *He concentrations of more than 8.014%

F F C1¢||(X1T)
g T)=h, () -Ts, ()+ [Cpu(xT)dT-T | T (B.9)
To-(X) T, (%)
s(x,T)=s,_(x)+ j M (B.10)
T,-(X) T
h(x,T)=h_ (x)+ J.CW,(X,T)dT (B.11)
To_(x)
oh os ar,_ (. T B
lu‘l(X'T)_(hJ__X(&jzmﬂ ]_T(SU__X[&jMT—T J ' dx (1 TGJ((CM)TG (C1¢,n )TJ)
(x,T)
19,11
+Tj(xc):1¢,,(xT)dT TTI(X)—T
_X[ fCuatD o I 1acl¢..(xT> J 812
To-(X) OX Ts (X)

T, (x), the temperature at which phase separation occurs at the given value of X, is obtained from Eq.
Al h_(x) and s, _(X), the enthalpy and entropy on the dilute phase separation curve, are obtained by
substituting T =T__(X) into Egs. B.2 and B.1 respectively.
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(CW, )T(,, is the specific heat in the 1-phase regionat x and T =T__(X). (C2¢ )Tﬁ, is the specific heat in

the 2-phase regionat x and T =T__(x), or more explicitly,

Cyy oC,
(CZ¢ )Ta— :TG |: T +( —X )[l J:| (B.13)

T ox

The 2-phase-region derivatives can be obtained by taking the derivatives (at a constant temperature
T =T_ (x)) of Egs. B.2 and B.1, resulting in

[ﬂhj _ (a_hj Tj Lot (B.14)
X )aprot, X Jogox o OX

and

85] T 1

s 1 (B.15)
[8)( 24,T=T,_ '([ T 0ox

B.3 Properties in the single-phase He-I region

Properties in the single-phase He-I region can be obtained by substituting the He-11 and He-1 specific heat
expressions (Egs. A.16 and A.18) into the equations below.

B.3.1 Properties for ®He concentrations of less than 67.4%

T.(x) T (X) C X,T
g(x,T) =, (0-Ts, (0 + [Cpy(xTYAT-T | %cﬂ
T,_(x) To- (%)
T X, T
+ IC1¢|(X,T)dT -T J. —M”( ) (B.16)
T, (x) ’ T.(x) T
B C o (x,T T Cy,, (XT
s T)=s, 0+ | CunT) gp | Cuun KT o7 (B.17)
To-(X) T(X)
T;(x)
h(xT)=h, ()+ [Cyy (xT)dT + jcl¢,(x T)dT (B.18)
T,-(X) T, (%)

oh o5 dT, T
1y (X,T) = [ho'— - X(&L”:Ta ] _T(So— - X[&‘XJMT . j X dx (1_T_J((C2¢ )T{,, - (C1¢,I| )TJ)

o

dT T T.(x) RO (xT)
- X d)? (1_ij((cl¢,ll) (le ) i J.(XC;W,(X ,T)dT TT J‘(X)m%(ﬂ-
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h xT W 0C,, , (X, T B 1 6C,, , (6T
b [y (xTYAT T | 1¢'( )t ( ||( ) gr_p " £ T o

T, T, .70 .70 X
P oC,, (X, T T oC X, T
_x J- o ) J' 1 1¢ | ( ) (B.19)
e X T

T,(x),h,_(x), s, (x), (C1¢,|| )T(,,’ (Cij)k, (Z—:j , and [%j have already been
24,T=T, 24,T=T,

specified in Section B.2.2.
Note: The difference between the He-11 specific heat and the He-1 specific heat at the A-transition

temperature is a small non-zero value. To ensure consistency, we include the associated term in the
expression for z,, even though it should really be zero.

B.3.2 Properties for ®He concentrations of more than 67.4%

— I T C1¢,|(X:T)
g(x,T)=h_ (x)-Ts_, (X) + .[Cmy,(x,T)dT -T j ST 4T (B.20)
Tor (X) Tos (X)
T C,, (xT
s(x,T)=s,,.(X)+ j MOlT (B.21)
Ty (%) T
T
h(x,T) =h_, (x)+ ij],(x,T)dT (B.22)
Tou (X)

_|h oy 1l & VLIPS R _
/'14(X’T)_[h0'+ X(aszm_Tm] T[Sm X(axlw_mj X dx (1 TO_+J((C2¢)TM (C1¢,|)Ta+)

T T Cp (X,T
+ [Cy (6 T)IT-T | G T 47

Tor (X) Tor (X)

T oC,, (X,T T oC,, (X, T
-x Loun ) g g | 1 %, T) o (B.23)
nw o X wl X

T,. (x), the temperature at which phase separation occurs at the given value of X, is obtained from Eq.
A.2.h_, (x) and s, (x), the enthalpy and entropy on the concentrated phase separation curve, are
obtained by substituting T =T_, (X) into Egs. B.2 and B.1 respectively.

(C1¢,| )T is the specific heat in the 1-phase regionat x and T =T_, (X). (C2¢ )T is the specific heat in
the 2-phase regionat X and T =T_, (X):

C.) =T(,{C;’“ (x- t)(l s H (B.24)
T-T,.
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The 2-phase-region derivatives can be obtained by taking the derivatives (at a constant temperature
=T_, (X)) of Egs. B.2 and B.1, resulting in

G‘+ aC
(ihj _ ((5_“] - _MdT] (B.25)
ox 2¢,T=T,, ox 260K 0 OX
and
(5] i, 20
OX 27T T ox
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Appendix C: Properties at non-zero pressure in terms of
zero-pressure properties

Entropy:
¢ ov
s(x,T,p)=s(x,T,0)— |—d C1
(XT,p)=s(xT.,0) j —dp (C1)
Enthalpy:
p ov
h(x,T,p)=h(X,T,0)+||v-T| — d C.2
(X,T, p) = h( )! (aij,xp (C2)
Gibbs free energy:
p
g(x.T,p) = g(x,T,0)+ [vdp (C3)
0
“He chemical potential:
; ov
ty (X T, p) = 1, (X, T,0) + j V—X(—j dp (C4)
0 OX )1,

Integrations in the single-phase region may be performed using Eqg. A.20 in Appendix A.3.

In the two-phase region, the molar volume and its derivatives in terms of the single-phase molar volumes
and volume derivatives are:

v(x,T,p) = Vl¢(xa+)%+vl¢ (Xa—)()((x%_x)()) (€)
v _ Vi (%o, ) =V, (X, (C.6)
OX oy = Xoo |

2@ (=)@ @, e
(@) @)@, @ e e
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Appendix D: Miscellaneous Stuff

D.1 Constraints on the specific heats

In the He-11 region, properties at *He concentrations of less than about 8% are calculated by integrating up
from the T = 0.15 K line. Properties at *He concentrations of greater than about 8% are calculated by
integrating up from the dilute phase-separation line. (At a temperature of 0.15 K, phase separation occurs
at x=0.08014.) Since properties on the 0.15 K-line are obtained from Kuerten et al’s model and
properties on the phase-separation curve are based on data from several sources, it is not automatically
ensured that the derivatives of entropy and enthalpy with respect to X will be continuous across the x =
0.08014 line.

In order to ensure that the 1% and 2™ derivatives of entropy and enthalpy (and thus the Gibbs free energy)
are continuous across the X =0.08014 line, the constraints listed below were applied to the specific heat
fits determined from available experimental data.

In the following equations, the derivatives on the left hand side (the derivatives of the enthalpy and
entropy at a temperature of 0.15 K) are evaluated from Kuerten et al’s model at X = 0.08014. The

quantities on the right are evaluated at x = 0.08014 (and T__ = 0.15 K).

dh oh T2 6C ol
OS;(X) - (&qu,,w - -([ 5;¢ aT + d; [(C2¢ )TG, _(C1¢,|| )Tc] (D.1)
ds,.(x) '=10C 1dT_
T +KW[(C2¢ ) -, ] (02)

d2h015(X) dZT _ dT__ aC2¢ ac1¢ I
1277 -~ o |C,) -I(C +—=|2 - *
dx? dx? [( 2¢)ch Cuun )T] dx ox ). x ).
2((aC aC
+(d(},_] ( 2¢j _[ 10,11 J (D.3)
X oT . oT -
d?s,s(x) 1 d?T_ 1 dT, |,|(0Cy Cyy
—us _ — — o |c,,). -(C o | 2 _| el
ax* T, dx’ [( wh. (1¢,,,)TG]+T dx ox ). x ).

c— (e}

L )
Ta_ dx orT T, oT T, T
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Since properties for X < 0.674 were obtained by integrating up from the dilute phase separation curve and
properties for X > 0.674 were obtained by integrating up from the concentrated phase separation curve, it
is not automatically ensured that derivatives of enthalpy and entropy with respect to X will be continuous
across the X = 0.674 line. Therefore, constraints were applied to ensure continuity of the 1% and 2"
derivatives of enthalpy and entropy across x = 0.674.

C:1¢,|| (Xt 7Tt) = C:1¢,| (Xt th) = C2¢ (Xt ’Tt) (D.5)

2_dT6+ 502¢ _ aC1¢~' + ( dr,. jz 8C2¢ _ aCl;fﬁ,I
dx OX T OX T dx or T oT o
_ 0T [(Ca ) (Cu L[ 9T, |(0Cy ) (OCu
dx OX T OX o | dx oT o oT ot
+2dL 8C1¢,|l _ aCl{/ﬁ,l N dT;, i aC1¢,|| _ 8C1¢,I (D.6)
dx ox ) . OX T dx oT T oT .

Tt 't

D.2 Pressure derivatives of the phase-separation surfaces

Here we derive Egs. 3.13 and 3.18, i.e.,
ax(,_ _ (aV/GX)Zqﬁ,x:xa, _(8V/8X)1¢,x=xa,

D.7
op CRIES ®1)
and
NIOX)py oo —(OVIOX)y s
oX_, _ ( )2¢,:_ - 2( )1¢, =X, (D.8)
op (0%g/ox?),.,
The pressure variation of the *He chemical potential along the dilute-phase surface, at constant
temperature and X, is
(%j _ (%) +[au4j %, (p.T) ©9)
op ) i op T OX o op I
Similarly, the pressure variation of £, along the concentrated-phase surface is
(%j _ (%j +(8u4j %, (p,T) (.10)
ap o+ | ap x,T OX p.T ap Jx=x

o+

Since the chemical potential of each species in a mixture is the same in all phases at the same temperature
and pressure, the pressure variations (0, /0p),_ and (Ou, / 0p),, must be equal. Therefore, we can

equate Egs. D.9 and D.10 to get
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Oty +(‘9Lj %, (p.T) _( on, *(%j 0%, (p.T) o1
ap X=X, _ X X=X, _ ap 8p X=X OX X=X, 6p

Using the relation between partial molar volume v, and the *He chemical potential,

v, = M (D.12)
op
the above equation becomes
(V4 )x:x + alu4 6er— ( p,T) = (V4 )x:x + alu4 8X0'+ ( p,T) . (D13)
i X Jen dp o X ). op
With a similar analysis using the *He chemical potential instead of the “He chemical potential, we get
(v, )sz N Ol X, (p,T) ~ (v, )sz + Ol X, (p,T) . (D.14)
i X )y dp X op
The definitions of the partial molar volumes are [18]
v, :v—x(@j (D.15)
OX ) 1
and
V, =V+(1-x @j . (D.16)
OX )y
Similarly, the definitions of the chemical potentials are [18]
9]
u=9- x(ﬁ—gj (D7)
X ) o1
and
s =g+ (1- X)(a_gj , (D.18)
OX )y
which give us:
2
[aﬁ] - x 29 (D.19)
OX OX
and

Ops 0’9
—|=(@1-x
( ox j ( )( ox?
Substituting Egs. D.15, D.16, D.19 and D.20 back into Egs. D.13 and D.14 and rearranging, we get

*g)  x, (pT) W () _(@j
ox* ) op Xow = Xgo OX ) o,
and

]. (D.20)

(D.21)
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— D.22
Ox? op X, —X OX (b-22)

o+ o—

(8zgj 8XG+(p,T) _ (V)x:xﬁ _(V)x:xa, _(8VJ

o+

Since the molar volume varies linearly with X in the two-phase region at a fixed pressure and
temperature, the term ((V)X:X - (V)X:X i )/(x(H - xm) is simply the slope of the molar volume in the

two-phase region. (The quantities (avlax) and (6v/8x) are the slopes of the molar volume in

X=Xg_ X=Xg

the single-phase region.)
(V)X:XU+ - (V)X:X{,, — (@j — (@j (D 23)
Xor = XKoo OX 2¢,X=X,_ OX 20, X=X, .

Substituting Eqg. D.23 into Egs. D.21 and D.22 results in the expressions in D.7 and D.8.

D.3 The specific heat at constant pressure and constant “‘He chemical
potential

Here we show (mathematically) that Egs. 4.2 and 4.8 are equivalent, i.e.,

aT Hayr P aT Ha' P

The osmotic enthalpy is defined as (see Section 1.4.2):
hos — h— (1_ X);U4

(D.25)
X

Using

h=g+Ts (D.26)

and

g = Xpy + (1= X)py, (D.27)

the osmotic enthalpy can be rewritten as

he = 4y +T > (D.28)

X

Taking the derivative of this equation with respect to temperature, at constant z, and p , we get

(ah j - [%j +§+T[—8(S/X)j . (D.29)
aT Hy P aT Hys P X aT HgsP

Now,

F AR AR
oT o ar Js» OX )3 ,\OT ), o

Using
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M| _ g q_x B
[aT ]X]p— s—(1 X)(6X)T,p' (D.31)

s ) _q_ 09
(ax jT,p_(l X)(axz ]T,p' (D.32)

and
[@x] _—(0u,loT),, (s—x(s/ax),)
Hgy P

(D.33)

T )., @ulox),, -x@glox®),,’
Eq. D.30 becomes

(aﬂs =—s—(1—x)(§) +(1_x)(ang ((S_X(asmx)”’)] (D.34)

oT ox? —-x(@%g/ox%);

which simplifies to

(%) s-anf2) _@[S_X@) ]_ 039
T ) X )1y X X )t X

Substituting this back in Eq. D.29, we get Eq. D.24.

D.4 Errors associated with treating saturated-pressure molar volumes
as zero pressure molar volumes

The error associated with the molar volume is:

Vg, =V = XN p
svp p=0 8p . sat

The error associated with the temperature-derivative of the molar volume is:

v _(avj _(avJ (6p5m]
(a_Tjsvp a_T p=0 - % T 8—T
The error associated with the X -derivative of the molar volume is:
SR

OX Jgp \OX) g - op )\ OX
Over the range of interest, the maximum values of p,, 0p., /0T and dp, /Ox are about 6500 Pa,
15000 Pa/K and 6000 Pa respectively (as calculated from the vapour pressure data of Sydoriak and
Roberts [7]). The maximum magnitude of ov/0dp is about 10° cm*/mol-Pa. (This number is calculated
from pure *He data [16, 59].) Therefore the maximum error associated with (a) the molar volume is about
0.065 cm®/mol (as compared to typical values of 30 cm*/mol), (b) ov/ox is about 0.06 cm*/mol (as
compared to typical values of 10 cm*mol), and (c) ov/&T is about 0.15 cm®/mol (as compared to typical

values of 1-2 cm*/mol). Note that these are the maximum errors; the errors in most cases are much
smaller than these values.
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Appendix E: Property Tables

E.1 Properties at saturated pressure

Table 10: Kuerten et al’s calculated values of the specific heat, entropy, enthalpy, “He chemical potential

and osmotic enthalpy at low temperatures and low *He concentrations. These tables are a condensed

version of their more extensive tables that can be found in Ref. 2.

C (Imol-K) T(K)  x 0.01 0.02 0.03 0.04 0.05 0.06
0.01 0.0354 0.0454 0.0523 0.0578 0.0624 0.0665
0.02 0.0641 0.0878 0.1027 0.1142 0.1237 0.1321
0.05 0.1014 0.1694 0.2184 0.2561 0.2862 0.3113
0.10 0.1155 0.2147 0.3012 0.3760 0.4417 0.5001
0.15 0.1198 0.2296 0.3307 0.4248 0512 0.5929
0.20 0.1219 0.2367 0.3454 0.4485 0.5465 0.6403
0.25 0.1235 0.2409 0.3539 0.4626 05674 0.6683
s (I/mol-K) T(K)  x 0.01 0.02 0.03 0.04 0.05 0.06
0.01 0.0360 0.0457 0.0525 0.0579 0.0625 0.0666
0.02 0.0700 0.0905 0.1044 0.1154 0.1247 0.1329
0.05 0.1470 0.2080 0.2485 0.2793 0.3046 0.3264
0.10 0.2228 0.3428 0.4304 0.5000 0.5580 0.6079
0.15 0.2706 0.4331 0.5589 0.6630 0.7522 0.8304
0.20 0.3053 0.5002 0.6563 0.7888 0.9047 1.0081
0.25 0.3327 0.5535 0.7344 0.8905 1.0201 1.1542
h (/mol) T(K)  x 0.01 0.02 0.03 0.04 0.05 0.06
0.01 -0.0200 -0.0342 -0.0442 -0.0510 -0.0550 -0.0566
0.02 -0.0195 -0.0335 -0.0435 -0.0501 -0.0540 -0.0556
0.05 -0.0169 -0.0295 -0.0385 -0.0444 -0.0478 -0.0489
0.10 -0.0114 -0.0196 -0.0251 -0.0282 -0.0291 -0.0280
0.15 -0.0055 -0.0085 -0.0092 -0.0080 -0.0050 -0.0004
0.20 0.0006 0.0032 0.0077 0.0139 0.0216 0.0305
0.25 0.0067 0.0152 0.0252 0.0367 0.0495 0.0633
114 (I/mol-"He) T(K)  x 0.01 0.02 0.03 0.04 0.05 0.06
0.01 -0.0036 -0.0106 -0.0197 -0.0302 -0.0417 -0.0537
0.02 -0.0040 -0.0111 -0.0202 -0.0308 -0.0423 -0.0544
0.05 -0.0057 -0.0137 -0.0235 -0.0345 -0.0464 -0.0588
0.10 -0.0093 -0.0203 -0.0323 -0.0452 -0.0587 -0.0725
0.15 -0.0133 -0.0277 -0.0428 -0.0585 -0.0745 -0.0905
0.20 -0.0173 -0.0354 -0.0540 -0.0729 -0.0919 -0.1108
0.25 -0.0213 -0.0433 -0.0656 -0.0879 -0.1102 -0.1323
h° (J/mol-*He) T(K)  x 0.01 0.02 0.03 0.04 0.05 0.06
0.01 -1.6438 -1.1891 -0.8378 -0.5501 -0.3080 -0.1014
0.02 -1.5599 -1.1338 -0.7953 -0.5149 -0.2777 -0.0746
0.05 -1.1274 -0.8012 -0.5226 -0.2825 -0.0743 0.1071
0.10 -0.2145 0.0117 0.2083 0.3812 0.5340 0.6687
0.15 0.7629 0.9320 1.0782 1.2055 1.3159 1.4117
0.20 1.7647 1.8945 2.0047 2.0986 2.1784 2.2454
0.25 2.7805 2.8792 2.9615 3.0292 3.0841 3.1276
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Table 11: Thermodynamic properties along the dilute and concentrated phase-separation lines.

Temp x (dil) x (conc) v (dil) v (conc) s (dil) s (conc) h (dil) h (conc) g (dil) g (conc) s xh® (dil)  xh® (conc)
(K) cm®mol  cm¥mol | JmolK  J/mol K J/mol J/mol J/mol J/mol J/imol-*He J/mol J/mol
0.15 0.0801 1.0000 28.212 36.796 0.964 2.984 0.013 0.210 -0.132 -0.238 -0.122 0.126 0.210

0.175 0.0855 0.9995 28.250 36.779 1.117 3.381 0.037 0.274 -0.158 -0.317 -0.144 0.168 0.274
0.2 0.0915 0.9979 28.295 36.751 1.273 3.764 0.065 0.346 -0.190 -0.406 -0.168 0.217 0.347

0.225 0.0983 0.9953 28.346 36.714 1.434 4.136 0.097 0.426 -0.225 -0.504 -0.195 0.273 0.427
0.25 0.1058 0.9917 28.403 36.667 1.600 4.500 0.134 0.514 -0.266 -0.611 -0.225 0.335 0.516

0.275 0.1141 0.9872 28.467 36.609 1.775 4.859 0.177 0.610 -0.312 -0.726 -0.257 0.405 0.613
0.3 0.1231 0.9817 28.537 36.542 1.960 5.214 0.225 0.715 -0.363 -0.849 -0.293 0.482 0.720

0.325 0.1329 0.9753 28.614 36.465 2.155 5.564 0.280 0.828 -0.420 -0.980 -0.332 0.568 0.837
0.35 0.1435 0.9681 28.697 36.379 2.361 5911 0.342 0.951 -0.484 -1.118 -0.374 0.662 0.963

0.375 0.1549 0.9600 28.788 36.283 2.580 6.254 0.412 1.081 -0.555 -1.264 -0.419 0.766 1.098
04 0.1670 0.9511 28.885 36.179 2.812 6.592 0.491 1.221 -0.634 -1.416 -0.468 0.880 1.244

0.425 0.1800 0.9415 28.990 36.065 3.058 6.923 0.578 1.368 -0.721 -1.575 -0.520 1.004 1.398
0.45 0.1938 0.9311 29.102 35.944 3.317 7.248 0.675 1.522 -0.817 -1.740 -0.575 1.139 1.562

0.475 0.2085 0.9199 29.221 35.815 3.591 7.564 0.783 1.683 -0.923 -1.910 -0.634 1.284 1.734
0.5 0.2241 0.9081 29.348 35.680 3.879 7.870 0.900 1.850 -1.039 -2.086 -0.696 1.440 1.913

0.525 0.2405 0.8956 29.482 35.537 4.181 8.166 1.029 2.021 -1.166 -2.266 -0.762 1.608 2.100
0.55 0.2580 0.8825 29.625 35.389 4.498 8.449 1.169 2.196 -1.305 -2.451 -0.832 1.786 2.294

0.575 0.2765 0.8688 29.775 35.236 4.830 8.719 1.320 2.374 -1.457 -2.639 -0.906 1.975 2.493
0.6 0.2960 0.8545 29.934 35.078 5.177 8.975 1.483 2.554 -1.623 -2.831 -0.983 2.175 2.697

0.625 0.3168 0.8397 30.103 34.916 5.539 9.216 1.658 2.735 -1.804 -3.025 -1.064 2.385 2.906
0.65 0.3389 0.8243 30.283 34.750 5.918 9.442 1.846 2.916 -2.000 -3.221 -1.148 2.606 3.118

0.675 0.3624 0.8085 30.474 34.581 6.314 9.651 2.048 3.096 -2.215 -3.418 -1.237 2.836 3.333
0.7 0.3877 0.7922 30.681 34.409 6.730 9.843 2.263 3.274 -2.448 -3.616 -1.329 3.076 3.550

0.725 0.4151 0.7755 30.905 34.235 7.168 10.018 2.493 3.448 -2.704 -3.815 -1.424 3.326 3.768
0.75 0.4451 0.7584 31.154 34.058 7.632 10.175 2.740 3.618 -2.984 -4.013 -1.523 3.585 3.986

0.775 0.4786 0.7409 31.435 33.880 8.131 10.314 3.006 3.783 -3.295 -4.210 -1.625 3.854 4.204
0.8 0.5170 0.7231 31.763 33.700 8.676 10.433 3.298 3.941 -3.643 -4.405 -1.730 4,134 4.420

0.825 0.5628 0.7050 32.167 33.518 9.293 10.532 3.625 4.091 -4.042 -4.598 -1.838 4.428 4.633
0.85 0.6213 0.6866 32.704 33.336 10.029 10.611 4.006 4.230 -4.519 -4.789 -1.949 4,744 4.841

0.867 0.6740 0.6740 33.211 33.211 10.651 10.651 4.319 4319 -4.916 -4.916 -2.026 4,979 4,979




Table 12: Entropy per mole of mixture (J/mol K) as a function of temperature and *He mole fraction. The solid lines represent the transition from

the He-Il to the He-I region.

*He mole fraction

Temp

) 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1
0.2 0.000  0.903 3.730
025 | 0.000 1.026 1.550 4.361
0.3 0001 1129 1.733 4.902
035 | 0.001 1219 1.892 5.373
0.4 0.002 1.297 2032 2.620 5.791
045 | 0.002 1367 2157 2790 7.017  6.168
05 0.003 1430 2269 2944 3581 7.383 6511
055 | 0.004 1487 2372 3085 3.757 4.399 8316  7.717  6.828
0.6 0.006 1.539 2466 3214 3919 4595 8659 8024  7.123
065 | 0.007 1587 2552 3.335 4071 4779 5444 9359 8971 8311  7.401
0.7 0010 1632 2.633 3447 4215 4955 5654  6.294 9.845 9691 9.261 8582  7.664
075 | 0.013 1675 2709 3554 4352 5125 5859 6535  7.143 10205 9.994 9532 8838  7.915
0.8 0.018 1.717 2782 3657 4.485 5291  6.059 6773 7.418 7.995 8512 10538 10530 10275 9.788  9.084  8.155
085 | 0.024 1759 2.853 3756 4.616 5454 6258  7.008 7.691 8305 8857 9.362  9.834 10.707 10.890 10.827 10537 10.032 9.319  8.387
0.9 0.034 1.801 2924 3855 4745 5617 6457 7.244 7964 8613 9199 9736 10.237 10717 11.091 11.207 11.101 10.784 10.265 9.546  8.611
095 | 0.046 1.846 2996 3.955 4.875 5781  6.657 7.481 8238 8922 9541 10.108 10.638 11.140 11.435 11.498 11.357 11.020 10.489 9.764  8.830
1 0.064 1.895 3071 4057 5008 5948 6.860 7721 8513 9232  9.884 10.482 11.042 11523 11.747 11.767 11.598 11.244 10.705 9.976  9.042
105 | 0.087 1948 3150 4164 5146 6119 7.067 7.965 8794 9547 10.232 10.862 11453 11.865 12.034 12.019 11.827 11.460 10.914 10.182  9.250
11 0.118 2009 3237 4278 5291 6298 7.282 8216 9.080 9.869 10588 11.252 11.850 12.176 12.301 12.257 12.046 11.669 11.117 10.382  9.454
115 | 0156 2078 3.332 4402 5445 6486 7506 8476 9376 10200 10.956 11.661 12197 12462 12553 12484 12257 11870 11.315 10578  9.654
1.2 0.204 2156 3439 4536 5611 6686 7.741 8746 9683 10546 11.344 12,080 12509 12.729 12791 12.702 12.461 12.066 11508 10.769  9.851
125 | 0263 2247 3558 4686 5792 6901  7.990 9.032 10.006 10910 11756 12.440 12.794 12981 13.019 12912 12658 12257 11.696 10.957 10.046
1.3 0.335 2351 3693 4852 5991 7.133 8257 9335 10.349 11.299 12197 12754 13.060 13.221 13.239 13.115 12.850 12.444 11.881 11.141 10.237
135 | 0421 2471 3845 5037 6210 7.386 8544 9660 10.717 11719 12580 13.037 13.310 13452 13452 13.312 13.037 12.628 12.064 11.324 10.427
14 0523 2608 4.018 5245 6453 7.663 8857 10010 11.114 12178 12902 13.297 13549 13.674 13.658 13504 13.221 12810 12245 11.504 10.614
145 | 0643 2766 4214 5479 6723 7.968  9.198 10.393 11.549 13.187 13541 13.777 13889 13.858 13.692 13.403 12.990 12.426 11.684 10.799
15 0.782 2945 4436 5743 7.025 8306 9572 10811 12.027 13.447 13772 13.997 14.098 14.053 13.876 13582 13.170 12.607 11.865 10.981
155 | 0944 3150 4.687 6.038 7.361 8.680  9.985 11.273
1.6 1130 3381 4970 6371 7.737 9.096 10443 11784
165 | 1.343 3644 5289 6744 8158 9558  10.950
17 1585 3940 5648 7.162 8627 10.073 11515
175 | 1861 4273 6050 7.631 9.151 10.647
1.8 2173 4646 6501 8154 9735

qT1




Table 13: Enthalpy per mole of mixture (J/mol) as a function of temperature and ®He mole fraction. The solid lines represent the transition from

the He-Il to the He-I region.

*He mole fraction

Temp

© 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1
0.2 0.000  0.021 0.340
0.25 0.000 0.049 0.124 0.481
0.3 0.000 0.077 0.175 0.630
0.35 0.000 0106  0.226 0.783
0.4 0.000 0136 0278  0.433 0.939
0.45 0.001 0165 0.331 0505 1.402  1.099
0.5 0001 0195 0385 0578 0792 1576  1.262
0.55 0.002 0225 0439 0652 0883 1.129 2095 1.751  1.428
0.6 0.003 0255 0493 0726 0977 1.242 2292  1.928  1.598
0.65 0.004 0285 0547 0801 1.072 1357  1.640 2804 2487 2107 1.772
0.7 0.005 0315 0601 0877 1169 1475 1.782  2.069 3253 3.028 2682 2289  1.949
0.75 0.008 0347 0.656 0.955 1268 1599  1.930 2244 2523 3514 3247 2879 2475 2131
0.8 0011 0379 0713 1034 1372 1727 2086 2428 2737 3.004 3.230 3928 3765 3465 3.077 2665 2317
0.85 0017 0413 0771 1117 1479 1.862 2250 2623 2962 3259 3515 3734  3.928 4257 4218 4010 3.681 3278 2860  2.508
0.9 0025 0451 0833 1203 1592 2.004 2424 2829 3201 3529 3814 4061 4281 4483 4593 4496 4250 3.897 3482 3.058 2705
0.95 0.037 0492 0900 1295 1713 2156 2.609 3.048 3454 3815 4.130 4406 4652 4875 4911 4765 4487 4115 3690 3.260  2.906
1 0.054 0540 0973 1395 1842 2319 2807 3282 3723 4118 4464 4770 5045 5248 5215 5027 4722 4334 3901 3467 3114
1.05 0078 0595 1.055 1505 1983 2495 3.020 3532 4.010 4440 4821 5160 5468 5598 5509 5285 4957 4555 4115 3.678  3.327
11 0110 0.660 1.148 1627 2139 2.687 3.250 3.802 4318 4786 5204 5580 5893 5932 5796 5541 5192 4779 4333  3.893  3.546
115 0154 0737 1255 1766 2313 2.898 3502 4094 4651 5159 5619 6.040 6284 6253 6079 5796 5429 5006 4555 4113 3771
12 0210 0.829 1.380 1925 2508 3133 3778 4412 5012 5565 6.073 6532 6.650 6567 6359 6.052 5668 5236 4781 4337  4.003
1.25 0283 0940 1526 2107 2730 3.396 4084 4762 5408 6012 6578 6972 7.000 6.876 6.639 6309 5910 5470 5012 4567 4.241
1.3 0375 1.073 1.698 2319 2983 3.693 4424 5148 5845 6508 7.142 7373 7339 7.182 6919 6568 6155 5709 5249  4.803  4.485
135 0.489  1.232 1900 2565 3274 4028 4805 5579 6332 7064 7.649 7747 7670 7488 7201 6829 6403 5952 5491 5044 4736
14 0629 1.421 2138 2852 3608 4409 5234 6061 6.879 7.695 8.091 8105 7.998 7.793 7.484 7.093 6.656 6.202 5740 5293  4.993
1.45 0799  1.646 2417 3.185 3993 4844 5721 6.606  7.498 8496 8452 8323 8100 7770 7.361 6914 6458 5997 5549 5257
15 1.005 1.911 2745 3573 4438 5342 6273 7.224  8.204 8880 8793 8647 8407 8057 7.633 7179 6724 6265 5815 5526
1.55 1.252 2222 3127 4025 4952 5913 6904  7.928
16 1544 2587 3574 4548 5544 6568 7.624  8.733
1.65 1.890 3.014 4.092 5155 6227  7.320  8.449
17 2297 3510 4694 5856 7.014 8182  9.395
1.75 2773 4084 5388 6664 7918 9.172
18 3327 4748 6188 7592  8.955




Table 14: Gibbs free energy per mole of mixture (J/mol) as a function of temperature and *He mole fraction. The solid lines represent the transition
from the He-I1 to the He-I region.

*He mole fraction

Temp

) 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 05 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1
0.2 0.000  -0.159 -0.406
025 | 0.000 -0.208 -0.263 -0.609
0.3 0.000 -0.262 -0.345 -0.841
035 | 0000 -0.320 -0.436 -1.098
0.4 0.000 -0.383 -0534 -0.615 -1.377
045 | 0000 -0450 -0.639 -0.751 -1.756  -1.676
05 0.000 -0520 -0.750 -0.894  -0.999 2116 -1.993
055 | -0.001 -0593 -0.866 -1.045 -1.183 -1.290 2479 -2.493  -2.327
0.6 -0.001 -0.668 -0.987 -1.202 -1.375 -1.515 -2.903 -2.887 -2.676
065 | -0.001 -0.747 -1.112 -1.366 -1574 -1.750 -1.898 -3.280 -3.344 -3295 -3.039
0.7 -0.002 -0.827 -1.242 -1536 -1.782 -1.993 -2.176 -2.337 -3.639 -3.756 -3.800 -3.718 -3.416
075 | -0.002 -0910 -1.375 -1.711 -1.996 -2.245 -2.464 -2.657 -2.834 -4140  -4.248 -4270 -4153 -3.805
0.8 -0.003 -0.995 -1513 -1.801 -2.217 -2505 -2.762 -2.990 -3.198 -3.392 -3.580 -4502 -4659 -4.755 -4.753 -4602 -4.207
0.85 | -0.004 -1.082 -1.654 -2076 -2.444 -2774 -3070 -3335 -3576 -3.800 -4.014 -4.223 -4.430 4844 5038 -5193 -5275 -5249 -5062 -4.621
0.9 -0.005 -1.171 -1.798 -2.267 -2.678 -3.051 -3.387 -3.691 -3.967 -4.223 -4.465 -4701 -4932 5162 -5389 -5501 -5741 -5809 -5756 -5533 -5.046
095 | -0.007 -1.262 -1.946 -2.462 -2919 -3336 -3715 -4059 -4372 -4661 -4934 5197 -5454 -5709 -5952 -6.158 -6.302 -6.354 -6.275 -6.016 -5.482
1 -0.010 -1.355 -2.098 -2.662 -3.166 -3.629 -4.053 -4439 -4791 -5115 -5419 -5711 -5996 -6.276 -6.532 -6.740 -6.876 -6.910 -6.805 -6510 -5.929
105 | -0.014 -1451 -2253 -2.868 -3.420 -3931 -4401 -4.831 -5223 -5584 -5922 -6.245 -6558 -6.861 -7.127 -7.335 -7.462 -7.478 -7.345 -7.014 -6.386
11 -0.019 -1550 -2.413 -3.079 -3.681 -4.241 -4760 -5236 -5670 -6.070 -6.443 -6798 -7.141 -7.462 -7.735 -7.942 -8.059 -8.056 -7.896 -7.528 -6.853
115 | -0.026 -1.652 -2577 -3296 -3949 -4561 5130 -5.653 -6.132 -6571 -6.981 -7.371 -7.743 -8.078 -8356 -8560 -8.666 -8.645 -8.457 -8.052 -7.331
1.2 -0.035 -1.758 -2.746 -3519 -4.225 -4890 -5511 -6.083 -6.608 -7.090 -7.539 -7.964 -8.360 -8.708 -8.990 -9.190 -9.284 -9.243 -9.028 -8.585 -7.819
125 | -0.046 -1.868 -2921 -3.750 -4510 -5229 -5904 -6.528 -7.100 -7.626 -8.116 -8.577 -8.993 -9.350 -9.635 -9.831 -9912 -9.851 -9.608 -9.129 -8.316
1.3 -0.061 -1.983 -3.102 -3.988 -4.805 -5580 -6.310 -6.987 -7.609 -8.181 -8.715 -9.207 -9.639 -10.01 -10.29 -1048 -1055 -10.47 -10.20 -9.681 -8.823
135 | -0.080 -2.103 -3.291 -4235 -5110 -5943 -6.730 -7.462 -8.135 -8.757 -9.335 -9.852 -10.30 -10.67 -10.96 -11.14 -1120 -11.10 -10.80 -10.24 -9.340
14 -0.104 -2.230 -3487 -4492 -5426 -6.319 -7.65 -7.953 -8.681 -9.354 -9.972 -1051 -1097 -11.35 -1164 -11.81 -11.85 -11.73 -11.40 -10.81 -9.866
145 | 0133 -2.365 -3.693 -4760 -5755 -6.710 -7.616 -8.463 -9.247 -1062  -11.18 -11.65 -12.04 -1232 -1249 -1252 -12.38 -12.02 -11.39 -10.40
15 -0.168 -2507 -3.909 -5.040 -6.099 -7.117 -8.085 -8.993 -9.837 -11.29  -11.86 -12.35 -12.74 -13.02 -13.18 -13.19 -13.03 -12.65 -11.98 -10.95
155 | -0211 -2660 -4137 -5335 -6.459 -7.541 -8574 -9.545
1.6 -0.263 -2.823 -4378 -5645 -6.836 -7.985 -9.085 -10.12
165 | -0325 -2998 -4634 -5973 -7.233 -8451 -9.619
17 -0.398 -3.188 -4908 -6.320 -7.652 -8.942 -10.18
175 | -0484 -3393 -5200 -6.690 -8.097 -9.460
1.8 0585 -3616 -5514 -7.084 -8.569

LTT




Table 15: “He chemical potential (J/mol-*He) as a function of temperature and *He mole fraction. The solid lines represent the transition from the
He-11 to the He-I region.

*He mole fraction

Temp

) 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

0.2 0.000  -0.092

025 | 0000 -0.111 -0.214

0.3 0.000 -0.130 -0.249

035 | 0.000 -0.150 -0.286

0.4 0.000 -0.171 -0.324 -0.432

045 | 0000 -0.192 -0.363 -0.479 -1.378

0.5 0.000 -0.213 -0.404 -0528 -0.642 -2.404

055 | -0.001 -0.235 -0446 -0578 -0.697 -0.815 -1.268  -3.480

0.6 -0.001 -0.257 -0.489 -0.631 -0.753 -0.880 2113 -4.594

065 | -0.001 -0280 -0.533 -0.684 -0.812 -0.946 -1.072 -1549  -3.014  -5.740

0.7 -0.002 -0.303 -0577 -0.739 -0.871 -1.013 -1.153 -1.269 -1.401  -2.255  -3.961  -6.912

075 | -0.002 -0.326 -0.622 -0.794 -0.931 -1.080 -1.234 -1.371 -1471 -1.938  -3.018  -4945  -8.107

0.8 -0.003 -0.349 -0.668 -0.850 -0.992 -1.147 -1.314 -1472 -1599 -1.682 -1.723 -1.880  -2543  -3829 5959  -9.321

085 | -0.004 -0373 -0.714 -0.907 -1.052 -1.214 -1.393 -1572 -1.725 -1.836 -1.903 -1.936 -1.948 -1.976  -2.350  -3.203  -4678  -6.998  -10.553

0.9 -0.005 -0.398 -0.761 -0965 -1.113 -1.280 -1.472 -1.671 -1.850 -1.989 -2.083 -2.138 -2.165 -2.176 -2.328 -2.882  -3.908  -5559  -8.059  -11.801

095 | -0.007 -0.423 -0.809 -1.023 -1.174 -1.346 -1549 -1.768 -1.974 -2.143 -2.265 -2.342 -2.385 -2.414 -2750 -3.466  -4651  -6.467  -9.139  -13.064
1 -0.010 -0449 -0.859 -1.081 -1235 -1.411 -1625 -1.864 -2.097 -2.297 -2.447 -2548 -2.608 -2.726 -3.230 -4.092  -5426  -7.397  -10.236 -14.341

105 | -0.014 -0477 -0909 -1.141 -1.297 -1475 -1.701 -1960 -2.221 -2.451 -2.631 -2.756 -2.834 -3.111 -3.758 -4754  -6.229  -8.348  -11.349 -15.630

11 -0.019 -0506 -0.961 -1.202 -1.359 -1.540 -1776 -2.055 -2.344 -2.606 -2.816 -2.964 -3.103 -3554 -4326 -5448  -7.055 9317 -12.476 -16.931

115 | -0.026 -0536 -1.014 -1.264 -1421 -1605 -1.851 -2.151 -2.468 -2.761 -3.000 -3.172 -3.458 -4.044 -4930 6171  -7.903 -10.301 -13.615 -18.242

1.2 -0.035 -0570 -1.070 -1.328 -1.486 -1.672 -1.927 -2.247 -2592 -2.917 -3.184 -3.394 -3875 -4572 -5564 -6918  -8770 -11.300 -14.767 -19.563

125 | -0.046 -0.605 -1.129 -1.395 -1.552 -1.739 -2.005 -2.344 -2.717 -3.071 -3.363 -3715 -4.339 -5132 -6226 -7.689  -9.655 -12.313 -15931 -20.893

1.3 -0.061 -0.645 -1.191 -1465 -1622 -1.810 -2.085 -2.443 -2.842 -3.223 -3539 -4108 -4839 5721 -6914 -8481  -10557 -13.337 -17.105 -22.232

135 | -0.080 -0.688 -1.258 -1539 -1.695 -1.884 -2.168 -2.544 -2.967 -3.370 -3.811 -4549 -5368 -6.334 -7.624 -9293  -11474 -14373 -18.289 -23.579

14 -0.104 -0.736 -1.329 -1.618 -1.773 -1.963 -2.255 -2.648 -3.091 -3511 -4173 5027 -5920 -6.970 -8.357 -10.124 -12.404 -15.419 -19.482 -24.934

145 | -0133 -0.790 -1.405 -1.702 -1.856 -2.048 -2.348 -2.755 -3.213 -4595 5532 6493 -7.627 -9.111 -10.973 -13.348 -16.474 -20.685 -26.299

15 -0.168 -0.850 -1.488 -1.793 -1.947 -2.140 -2.447 -2.865 -3.332 5060 -6.058 -7.084 -8.303 -9.884 -11.838 -14.302 -17.537 -21.896 -27.674

155 | -0211 -0917 -1578 -1.891 -2.046 -2.240 -2.553 -2.979

1.6 0263 -0.993 -1677 -1.999 -2155 -2.351 -2.668 -3.096

165 | -0.325 -1.078 -1.785 -2117 -2.276 -2.474 -2.793

17 -0.398 -1.175 -1.904 -2.246 -2.409 -2.610 -2.928

175 | 0484 -1284 -2036 -2.390 -2558 -2.762

1.8 0585 -1.407 -2182 -2.548 -2.723
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Table 16: Osmotic enthalpy (J/mol-*He) as a function of temperature and *He mole fraction.

*He mole fraction

T(elz‘)p 0.025 0.05 0.1 0.15 02 0.25 03 0.35 0.4 0.45 05 0.55 06 0.65
0.2 1.955 2.174

0.25 2.938 3.079 3171

0.3 3.943 4.017 3.986

0.35 4.965 4.979 4831

0.4 5.999 5.959 5.699 5.331

0.45 7.043 6.952 6.586 6.079

05 8.096 7.955 7.488 6.844 6.524

0.55 9.157 8.966 8.402 7.623 7.204 6.961

0.6 10.230 9.985 9.326 8.415 7.897 7.605

0.65 11.318  11.014  10.260 9.219 8.605 8.264 7.968

0.7 12.432 12056  11.204  10.035 9.328 8.939 8.630 8.268

0.75 13584 13119  12.162  10.866  10.067 9.634 9.313 8.957 8.515

038 14.798 14214 13139 11714  10.824  10.349  10.019 9.671 9.240 8.730 8.183

0.85 16.103  15.357  14.143 12584  11.605 11.088  10.752  10.413 9.992 9.487 8.932 8.374 7.846
0.9 17541 16570  15.186  13.485 12414 11857 11514 11185 10.776  10.274 9.712 9.133 8.578 8.068
0.95 19.166  17.882  16.284  14.428  13.260 12660  12.310  11.992 11595 11.096  10.525 9.926 9.343
1 21.043  19.328  17.457 15426 14152 13506  13.148  12.839 12453 11957  11.376  10.758  10.148
1.05 23.253 20950 18727  16.495 15103  14.404  14.034  13.732 13356 12863  12.273  11.636  11.002
11 25.887 22799  20.125 17.657 16130 15367  14.978  14.680  14.312  13.820  13.223 12571

115 29.054 24931 21681 18936  17.249 16409 15992 15691  15.329  14.839  14.237  13.576

1.2 32.874 27411 23434 20358 18484 17548  17.091 16779 16418 15932 15331

125 37.484 30313 25426  21.955 19.859  18.804 18290  17.959 17595  17.113  16.520

1.3 43035 33.718 27.704 23763  21.403  20.200  19.611  19.247  18.875  18.401

1.35 49698  37.717  30.321  25.822 23148 21.764  21.075 20.664  20.280  19.818

14 57.661 42412 33337 28177 25130 23525 22710 22236  21.834  21.391

1.45 67.137 47915 36.818  30.878  27.392 25521 24547  23.991  23.566

15 78.360  54.353  40.837 33981  29.979  27.788  26.620 25960  25.508

155 91596  61.866 45476  37.548  32.943  30.373  28.969  28.183

16 107.14 70610 50.826  41.649  36.341 33326  31.639  30.701

1.65 12532  80.761  56.988  46.361  40.238  36.700  34.681

17 14650 92511  64.073  51.768  44.705 40560  38.149

175 171.09  106.08  72.204  57.965  49.819  44.972

1.8 19954 12169 81517 65054  55.667




Table 17: Lines of constant z,, and specific heats at constant £, and constant pressure per mole of *He. The specific heats are in units of J/(mol-

*He K). Tps is the temperature and X ,; the *He concentration at which the constant- z, line intersects the dilute phase separation curve.

4, =-0.2 J/mol-*He
Xps= 0.0997, Tps= 0.2297 K

4, =-0.4 J/mol-*He
Xps= 0.1501, Tps= 0.3646 K

4, =-0.6 J/mol-*He
Xps= 0.2001, Tp= 0.4608 K

4, =-0.8 J/Imol-*He
Xs= 0.2499, Tp= 0.5387 K

4, =-1.0 J/Imol-*He
Xps= 0.3004, 5= 0.6054 K

TK | x | C, TK | x | C, TK | x | C, TK | x | C, TK | x | C,
0.25 0.0924 16.216 0.4 0.1347 18.393 0.5 0.182 16.554 0.55 0.2435 15.357 0.65 0.2706 16.367
0.35 0.0674 19.183 0.5 0.0987 21.486 0.6 0.1376 23.524 0.65 0.1956 18.515 0.75 0.2238 18.065
0.45 0.0522 20.547 0.6 0.0801 21.807 0.7 0.1054 24.36 0.75 0.1521 25.241 0.85 0.1821 23.684
0.55 0.0424 21.211 0.7 0.0668 22.225 0.8 0.0885 22.363 0.85 0.1182 28.126 0.95 0.1431 31.367
0.65 0.0357 21.978 0.8 0.0574 23.557 0.9 0.0771 25.956 0.95 0.0985 27.788 1.05 0.1152 35.436
0.75 0.0307 23.765 0.9 0.0503 27.017 1 0.0675 30.971 1.05 0.0866 30.984 1.15 0.0982 40.636
0.85 0.0268 28.216 1 0.0445 34.615 1.1 0.0597 41.068 1.15 0.0768 43.371 1.25 0.0868 52.352
0.95 0.0236 38.48 1.1 0.0394 49.654 1.2 0.0528 59.578 1.25 0.0676 61.701 1.35 0.0765 80.351
1.05 0.0206 60.536 1.2 0.0345 78.175 1.3 0.0462 92.766 1.35 0.0592 93.619 1.45 0.0661 123.24
1.15 0.0176 107.25 1.3 0.0296 133.67 1.4 0.0395 154.75 1.45 0.0508 150.89 1.55 0.0558 201.41
1.25 0.0143 215.33 1.4 0.0241 253.78 15 0.0322 285.63 1.55 0.042 264.32 1.65 0.045 363.78

4, =-1.2 J/mol-*He
Xps= 0.3525, T= 0.6647 K

4, =-1.4 J/mol-*He
Xps= 0.4081, Ts= 0.7188 K

4, =-1.6 J/Imol-*He
Xps= 0.4702, Ts= 0.7690 K

4, =-1.8 JImol-*He
Xps= 0.5456, Tys= 0.8162 K

4, =-2.0 JImol-*He

Xps= 0.6544, Tp= 0.8612 K

TK | x | C, TK | x | C, TK | x | C, TK | x | C, TK | x | C,
0.7 0.3185 18.567 0.75 0.3624 22.233 0.8 0.4007 26.323 0.85 0.4315 29.513 0.9 0.4546 31.234
0.8 0.2661 17.222 0.85 0.3018 17.682 0.9 0.332 18.699 0.95 0.3574 19.937 1 0.3785 21.251
0.9 0.2271 19.952 0.95 0.2641 18.909 1 0.2945 19.215 1.05 0.3196 20.155 1.1 0.3405 21.448

1 0.1886 27.119 1.05 0.2304 23.236 1.1 0.2639 22.364 1.15 0.2905 23.026 1.2 0.3121 24.457
1.1 0.1495 39.19 1.15 0.1932 34.436 1.2 0.2326 29.988 1.25 0.2629 29.387 1.3 0.2863 30.731
1.2 0.1198 49.301 1.25 0.1514 55.438 1.3 0.193 50.567 1.35 0.2303 44.18 1.4 0.2576 43.471
1.3 0.101 61.699 1.35 0.1194 74.237 1.4 0.1453 87.321 1.45 0.1811 89.631 15 0.2162 78.868
1.4 0.0882 83.395 1.45 0.0995 97.719 15 0.1129 116.95 1.55 0.1294 141.26 1.6 0.1503 170.2
1.5 0.0765 132.91 1.55 0.0857 138.16 1.6 0.0935 158.94 1.65 0.1014 187.75
1.6 0.0642 214.1 1.65 0.0717 233.67




4, =-2.2 Jimol-*He

4, = -2.4 Jimol-*He

4, =-2.6 Jimol-*He

4, =-2.8 Jimol-*He

4, =-3.0 Jmol-*He

T (K) X C/JA T (K) X C/—l4 T (K) X C,UA T (K) X C/lA T (K) X C/JA
0.95 0.471 31.845 0.95 0.6293 134.65 1 0.5911 69.828 1.05 0.5751 53.64 11 0.566 46.63
1.05 0.3959 22.598 1.05 0.438 25.638 11 0.4487 26.785 1.15 0.4572 28.017 1.2 0.4643 29.432
1.15 0.3578 22.999 1.15 0.3892 23.934 1.2 0.4012 25.705 1.25 0.4113 27.723 1.3 0.4201 30.057
1.25 0.3298 26.394 1.25 0.3576 26.404 13 0.3699 28.819 1.35 0.3804 31.641 14 0.3898 34.937
1.35 0.3047 33.122 1.35 0.332 31.993 14 0.3444 35.297 1.45 0.355 39.2 15 0.3646 43.762
1.45 0.2778 45.774 1.45 0.3071 41.984 15 0.3196 46.496 1.55 0.3302 51.905 1.6 0.3395 58.244
1.55 0.2415 75.575 1.55 0.2781 60.935 1.6 0.2908 67.027 1.65 0.3354 89.542

Tct




E.2 Properties at high pressures

Table 18: Properties at 2 bar. (h: J/mol, s: J/mol K, z,: J/mol-*He, h*: Jimol-*He, v : cm®mol)

2 bar: x; = 0.692, T, = 0.809 K ‘ X 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
T Dil-¢ Conc-® T, 2.129 1.998 1.847 1.676 1.484 1.272 1.040
0.2K 5.692 7.483 h 5.453 5.679 5.884 6.086 6.287 6.488 6.689 6.891 7.092 7.293 7.480
1.377 3.879 S 0.000 1.346 1.647 1.928 2.209 2.490 2.771 3.052 3.333 3.614 3.802
Xg = 0.104 5.265 5.265 m 5.453 5.273 5.265 5.265 5.265 5.265 5.265 5.265 5.265 5.265
Xc = 0.995 9.359 7.495 h°® 9.339 8.362 8.000 7.820 7.711 7.639 7.587 7.548 7.518
27.697  34.555 v 26.964 27.668 28435 29205 29.975 30.746 31516 32.286 33.056 33.826  34.624
03K 5911 7.846 h 5.453 5.778 6.058 6.288 6.517 6.747 6.977 7.206 7.436 7.666 7.764
2.087 5.418 S 0.001 1.744 2.341 2.736 3.131 3.526 3.921 4316 4711 5.106 4.953
Xg = 0.136 5.133 5.133 m 5.452 5.203 5.133 5.133 5.133 5.133 5.133 5.133 5.133 5.133
X.=0.979 | 10.858  7.905 h 10.958 9.757 8.981 8.593 8.361 8.205 8.095 8.011 7.947
27913  34.343 v 26.964  27.661 28.403 29.166  29.928  30.691 31.454 32217 32979 33.742  34.596
0.4 K 6.252 8.292 h 5.453 5.882 6.310 6.576 6.842 7.108 7.374 7.640 7.906 8.172 8.066
2.951 6.779 S 0.001 2.042 3.059 3.559 4.058 4.557 5.057 5.556 6.056 6.555 5.821
Xg=0.178 4.953 4.953 s 5.452 5.126 4.953 4.953 4.953 4.953 4.953 4.953 4.953 4.953
X.=0.945 | 12.234  8.486 h* 12.682 11.735  10.362 9.675 9.263 8.988 8.792 8.644 8.530
28.207  33.973 v 26.964 27.655 28.370 29.122  29.874 30.626  31.379 32.131  32.883 33.635 34.578
05K 6.763 8.798 h 5.454 5.988 6.545 6.963 7.271 7.578 7.886 8.194 8.502 8.770 8.378
4.034 7.950 S 0.003 2.279 3.592 4.418 5.010 5.603 6.195 6.787 7.379 7.893 6.516
Xg = 0.235 4.719 4.719 m 5.452 5.045 4.804 4.719 4.719 4.719 4.719 4.719 4.719 4.584
X.=0.896 | 13.416  9.270 h 14470 13,512 12199 11.098  10.438 9.998 9.683 9.447 9.235
28.601  33.536 v 26.964 27.649 28.352 29.085 29.832 30.578 31.324 32.070 32.816  33.568  34.568
0.6 K 7.495 9.335 h 5.455 6.094 6.734 7.411 7.803 8.154 8.505 8.855 9.206 9.147 8.700
5.390 8.907 S 0.005 2.473 3.936 5.238 5.979 6.649 7.320 7.990 8.661 8.580 7.103
Xg = 0.312 4.423 4.423 m 5.452 4.961 4.690 4.448 4.423 4.423 4.423 4.423 4.423 2.995
X.=0.837 | 14.266 10.293 h°® 16.296 14908 14324 12.874 11885 11226 10.755  10.402 9.831
29.144  33.080 v 26.964 27.644 28.341 29.056 29.803 30.553 31.303 32.054 32.804 33.618 34.568
0.7K 8.532 9.868 h 5.457 6.201 6.927 7.696 8.381 8.815 9.206 9.596 9.894 9.521 9.033
7.137 9.641 S 0.008 2.638 4.234 5.676 6.871 7.667 8.399 9.132 9.726 9.156 7.616
Xg = 0.428 4.058 4.058 m 5.451 4.873 4.573 4.281 4.079 4.058 4.058 4.058 3.869 1.189
X.=0.770 | 14522 11.608 h°® 18.152  16.346  15.663  14.833 13572 12.638 11.970 11.400 10.447
29.988 32.612 v 26.965 27.639 28.331 29.046 29.782 30.544 31311 32.078 32.854 33.680 34.579
08K 10.173  10.352 h 5.463 6.311 7.129 7.999 8.796 9.424 9.929 10.359  10.387 9.893 9.379
9.808  10.137 S 0.016 2.784 4.503 6.082 7.425 8.484 9.365 10.151  10.386 9.653 8.078
Xg = 0.656 3.621 3.621 m 5.450 4.784 4.452 4.116 3.812 3.665 3.624 3.620 2.734 -0.767
X.=0.698 | 13.615 13.262 h 20.054 17.834 17.060 16.271  15.184 14132 13.247 12301 11.078
31781 32121 v 26.965 27.637 28.324 29.039 29.784 30.554 31.340 32136 32938 33.754  34.601
09K h 5.477 6.428 7.345 8.330 9.250 9.994 10.587  11.032  10.844  10.270 9.741
S 0.032 2.923 4.757 6.471 7.959 9.155 10.140  10.944 10.924  10.096 8.503
m 5.448 4.691 4.332 3.955 3.550 3.285 3.175 2.984 1.374 -2.824
h* 22.063 19.397 18540 17.799 16.703  15.529  14.481 13.211 11.724
v 26.966 27.636  28.321  29.040 29.796 30.586  31.398 32.219 33.037 33.843  34.635




€t

10K h 5.506 6.565 7.586 8.698 9.749 10615 11316 11616 11.277 10.651  10.119

S 0.063 3.066 5.011 6.858 8.485 9.808 10.908 11560 11.381  10.498 8.902

m 5.443 4.595 4.210 3.797 3.290 2.902 2.709 2.068 -0.136  -4.952

h°® 24294  21.089 20.132 19437 18.328 17.055 15708 14.130 12.385

v 26.966  27.636  28.325 29.052 29.823 30.635 31474 32320 33.152 33.946  34.683
11K h 5.565 6.737 7.870 9.116 10.307  11.307 12111 12143  11.696 11.040 10.515

S 0.119 3.230 5.282 7.256 9.016 10467 11665 12.062 11.780  10.868 9.280

m 5.434 4.494 4.087 3.641 3.031 2.514 2.194 0.961 -1.749  -7.133

he 26925 23.004 21891 21.222 20.100 18.722 16934 15.057 13.059

v 26.965 27.639 28.337 29.079 29.872 30.709 31575 32444 33.287 34.066 34.744
12K h 5.668 6.967 8.222 9.608 10.947 12109 12794 12,632 12107 11435 10.931

S 0.209 3.430 5.587 7.684 9.573 11.164 12260 12.489 12138 11.212 9.641

m 5.418 4.385 3.959 3.484 2.769 2.127 1.405 -0.279 -3.438  -9.353

h* 30.207  25.277  23.899 23214 22091 20.386 18.166 15993  13.745

v 26.963 27.644 28.359  29.126  29.947 30.813 31.706 32596  33.443 34.203  34.820
13K h 5.838 7.283 8.675 10.206  11.707  13.087 13.384 13.098 12513 11.840 11.366

S 0.344 3.682 5.949 8.161 10.180 11946 12733  12.862 12462  11.536 9.990

m 5.391 4.263 3.820 3.318 2.505 1.755 0.431 -1620  -5.182  -11.602

h 34.462 28.095 26.278 25512 24419 22.020 19.406  16.936  14.445

v 26.959 27.650 28.393 29.196 30.054 30.955 31.874 32779 33.625 34.357 34.912
14K h 6.100 7.721 9.271 10.954  12.648 13921 13919 13546 12916 12259 11.821

S 0.537 4.006 6.390 8.715 10.876 12,565 13.130 13.194 12.761 11.847  10.327

m 5.347 4.124 3.663 3.136 2.240 1.106 -0.653  -3.041 -6.969  -13.871

h°® 40.097 31.701 29.195 28.259  26.735 23.634 20.655 17.887  15.162

v 26.952  27.658 28.441 29293 30.199 31.139 32.085 32999 33.834 34531 35.019
15K h 6.486 8.327 10.066 11914 13.854 14565 14415 13976 13.322 12701  12.296

S 0.803 4.423 6.937 9.377 11.707  13.010 13.472 13490 13.042 12151 10.654

m 5.281 3.962 3.481 2.930 1.981 0.208 -1.810  -4.527 -8.782  -16.153

he 47616 36.407 32878 31.665 28922 25232 21906 18.848  15.907

v 26.942  27.667 28504 29421 30.387 31.373 32344 33.260 34.073 34725 35.144




Table 19: Properties at 4 bar. (h: J/mol, s: J/mol K, ,: J/mol-*He, h*: J/mol-*He, v : cm*/mol)

4 bar: x;=0.698, T, =0.786 K 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
T Dil-¢ _ Conc-@ 2.108 1.979 1.829 1.660 1.470 1.260 1.030
0.2K 11.203  14.250 10.791 11155 11509 11.855 12201 12547 12893 13.238 13584  13.930  14.260
1.434 3.966 0.000 1.357 1.688 1.976 2.263 2.550 2.838 3.125 3.412 3.700 3.856

Xg=0.112 | 10.594 10.594
X.=0.993 | 16.050 14.278
27.155 33.074

10.791  10.612 10.594 10.594 10.594 10.594 10.594 10.594 10.594  10.594
16.041 15167 14796 14.610 14499 14425 14372 14332 14.301
26.438 27.081 27.749 28421 29.093 29.765 30437 31109 31.780 32.452  33.152

3

03K 11.465 14.615 10.792  11.254 11685 12.063 12440 12817 13.194 13571 13.949 14326  14.542
2.154 5.606 0.001 1.757 2.395 2.809 3.222 3.636 4.049 4.462 4.876 5.289 4.995
Xg=0.142 | 10.460 10.460 10.791 10541 10460 10.460 10.460 10.460 10.460 10.460 10.460  10.460
X.=0.977 | 17556 14.714 h 17.670  16.586 15801 15409 15.174 15017 14905 14.821 14.756

27.341  32.902 v 26.438  27.075 27.730 28.396  29.062 29.728 30.394 31.060 31.726  32.392  33.131

T o< TF o o|d x

04K 11.864 14.990 h 10.792  11.358  11.936 12.348 12.760 13.172 13.584 13.996  14.408 14.820 14.839
3.020 6.916 S 0.001 2.055 3.110 3.624 4.137 4.650 5.164 5.677 6.191 6.704 5.849
Xg=0.182 | 10.278 10.278 m 10.791 10464 10.278 10.278 10.278 10.278  10.278  10.278  10.278  10.278
X.=0.941 | 18.965 15.284 h* 19.399 18565 17.176  16.482 16.065 15.788  15.589  15.440  15.325
27.594  32.597 v 26438 27.069 27.709  28.369 29.028  29.687 30.347 31.006 31.665 32.325 33.114

05K 12.457  15.362 h 10.792 11463 12159 12729 13175 13.621 14.067 14513 14.958 15304 15.144
4111 7.949 S 0.002 2.291 3.614 4471 5.060 5.649 6.237 6.826 7.415 7.799 6.530
Xg=0.239 | 10.040  10.040 s 10.791  10.383  10.138 10.040 10.040  10.040 10.040  10.040  10.040 9.684
X.=0.891 | 20.160 16.016 h* 21.187  20.242  19.005 17.878 17.202 16.752  16.430 16.188  15.928
27.942 32241 v 26.439  27.063 27.695 28.346 29.005 29.665 30.324 30.984 31.643 32.310 33.102

0.6 K 13.326  15.744 h 10.793 11569 12347 13159 13.703 14179 14655 15131 15.608 15.670  15.457
5.509 8.781 S 0.004 2.484 3.957 5.259 6.019 6.663 7.307 7.952 8.596 8.466 7.100
Xg = 0.321 9.734 9.734 m 10.791  10.298  10.024 9.774 9.734 9.734 9.734 9.734 9.734 8.158
X.=0.829 | 20.933 16.987 h 23.007 21.639 21.057 19.658 18.625 17.937 17445 17.076  16.505
28.458  31.860 v 26.439  27.056 27.684 28.324 28.989  29.659 30.328 30.998 31.668 32.362  33.097

0.7K 14.627  16.141 h 10.796  11.675 12537 13.440 14254 14843 15342 15842 16.243 16.032  15.778
7.390 9.453 S 0.007 2.648 4.250 5.691 6.873 7.684 8.365 9.046 9.579 9.024 7.596
Xg = 0.457 9.348 9.348 m 10.790  10.211 9.905 9.603 9.389 9.348 9.348 9.348 9.130 6.414

X.=0.760 | 20.902 18.289 h°® 24851 23.065 22391 21552 20.337 19.339 18,626  18.021  17.100
29.352  31.444 v 26.439  27.050 27.675 28.315 28.971 29.650 30.341 31.032 31.726 32421  33.098
0.8 K h 10.801  11.783 12732 13.733  14.657 15408 16.028 16.573 16.726  16.392  16.110

S 0.015 2.791 4511 6.083 7.411 8.441 9.282 10.022  10.225 9.505 8.038
m 10.789  10.121 9.784 9.435 9.114 8.948 8.892 8.880 7.997 4.519

he 26.739 24526 23762 22971 21867 20.785 19.870 18908 17.711
v 26.439  27.045 27670 28312 28.974 29.656 30.358 31.076 31.793 32.484  33.106
09K h 10.815 11.899 12.938 14.046  15.089 15955 16.667 17.231 17.170 16.755  16.454

S 0.032 2.928 4.753 6.452 7.919 9.086 10.034  10.798  10.748 9.933 8.443
m 10.787  10.028 9.661 9.270 8.845 8.558 8.426 8.229 6.642 2.522

h* 28.733  26.046  25.190 24.454  23.353 22.162 21.088 19.802  18.337
v 26440 27.040 27.670 28319 28.986 29.676 30.392 31.126  31.859 32.548  33.123
10K h 10.847  12.033 13.166  14.388 15556  16.543 17.368 17.794  17.589  17.124  16.811

S 0.064 3.069 4.992 6.811 8.410 9.704 10.772  11.392 11190  10.322 8.819
m 10.782 9.931 9.537 9.109 8.581 8.167 7.950 7.304 5.141 0.452
h 30.953 27.679 26.705 26.017 24.918 23.647 22.289 20.701  18.977
v 26.439 27.035 27.676 28.336 29.012 29.708 30431 31.178 31.923 32.611  33.148




GZ1

11K h 10.908  12.203 13431 14771 16.068 17.188 18.123  18.293  17.993 17501  17.182
S 0.122 3.231 5.245 7.176 8.898 10319 11492 11868 11575  10.680 9.173
m 10.773 9.828 9.410 8.949 8.319 7777 7.434 6.198 3.543 -1.671
h°® 33584 29518 28356 27.692 26.599 25250 23476 21.605 19.631
v 26.438 27.030 27.689 28.368 29.054 29.755 30479 31.229 31980 32.670  33.183
12K h 11.016 12431 13.760 15.217 16.648 17.928 18.754 18.748 18.386  17.885  17.569
S 0.216 3.429 5.531 7.564 9.402 10962  12.042 12265 11918 11.014 9.509
m 10.757 9.715 9.275 8.786 8.056 7.395 6.654 4972 1.879 -3.836
he 36.880 31.698 30.222 29535 28461 26.821 24.653 22513  20.298
v 26.435 27.026  27.711 28416 29.117 29.818 30.537 31.280 32.030  32.723  33.227
13K h 11192 12.746 14183 15756 17.332  18.827 19.279 19.172 18.773 18279 17971
S 0.357 3.681 5.869 7.995 9.949 11.681 12462 12.604 12.227  11.330 9.831
m 10.729 9.588 9.128 8.614 7.794 7.036 5.703 3.661 0.171 -6.032
h* 41168  34.405 32421 31.638 30.619 28330 25.820 23424  20.981
v 26.429  27.020 27.742 28484 29.203  29.903 30.605 31.331 32.070 32.766  33.283
14K h 11463  13.184 14744 16433 18177 19563 19.734 19569 19.156  18.690  18.388
S 0.557 4.004 6.284 8.496 10575  12.228 12799  12.899 12511 11.634  10.140
m 10.683 9.443 8.960 8.425 7.534 6.409 4.657 2.289 -1.564  -8.250
h 46.857  37.882 35120 34.142  32.717 29.784 26975 24336  21.683
v 26.420 27.014 27.784 28572 29.316 30.010 30.687 31.379 32.098 32.797  33.350
15K h 11.860 13.790 15497 17308 19.269 20.089  20.132 19.939  19.540 19.124  18.819
S 0.830 4.421 6.803 9.098 11327 12591 13.075 13.154 12776  11.934  10.437
m 10.615 9.272 8.762 8.209 7.283 5.544 3.558 0.874 -3.308  -10.484
h°® 54453 42438 38538 37.249 34.634 31181 28110 25252 22414
v 26.408 27.007 27.837 28.685 29458 30.144 30.783 31426 32110 32.813  33.430




Table 20: Properties at 6 bar. (h: J/mol, s: J/mol K, ,: J/mol-*He, h*: J/mol-*He, v : cm*/mol)

6 bar: x,=0.700, T;=0.772 K 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
T Dil-¢ _ Conc-@ 2.092 1.962 1.813 1.644 1.456 1.248 1.020
0.2K 16.607  20.758 16.032  16.521  17.005 17.479 17954 18.428 18.902 19.377 19.851 20.325 20.783
1.467 4.032 0.000 1.367 1.713 2.006 2.299 2.592 2.885 3.178 3.471 3.764 3.899

Xg=0.116 | 15.831 15.831
X.=0.991 | 22518 20.801
26.671 31.951

16.032 15853 15831 15.831 15.831 15831 15831 15831 15831 15.831
22539 21701 21325 21.138 21.025 20950 20.896 20.856  20.824
25.980 26,576 27178 27.781 28385 28988 29.591  30.194 30.798 31.401  32.028

3

03K 16.907  21.108 16.032 16.621 17.184 17.691 18198 18.705 19.212 19.719 20.226 20.733  21.063
2.197 5.723 0.000 1.768 2.430 2.855 3.281 3.706 4.132 4.557 4.983 5.408 5.032
Xg=0.145 | 15.696 15.696 16.032 15782 15696 15696 15696 15696 15.696 15.696 15.696  15.696
X.=00974 | 24.023 21.253 h 24173 23135 22345 21951 21.714 21556 21.443 21359 21.293

26.839  31.799 v 25980 26,571 27.166 27.765 28.363 28.962 29.561 30.160 30.758  31.357  32.009

T o< TF o o|d x

04K 17.358  21.408 h 16.033  16.725 17.435 17973 18512 19.051 19.589  20.128 20.666 21.205  21.357
3.073 6.956 S 0.001 2.068 3.146 3.662 4.179 4.695 5.212 5.728 6.245 6.761 5.878
Xg=0.186 | 15513 15.513 m 16.032 15705 15513 15513 15513 15513 15513 15513 15513  15.513
X.=0.938 | 25.448 21.800 h* 25905 25124 23716 23.011 22589 22307 22106 21.955  21.837
27.067  31.551 v 25.980 26.565 27.152 27.748 28.344  28.941 29.537 30.133  30.730 31.326  31.993

05K 18.031  21.662 h 16.033  16.831 17.652 18356 18919 19483 20.047 20.611 21.175 21.617 21.658
4.181 7.871 S 0.002 2.304 3.636 4510 5.083 5.656 6.230 6.803 7.376 7.699 6.550
Xg=0.243 | 15.269  15.269 s 16.032  15.624 15377 15269 15269 15.269 15.269  15.269 15269  14.822
X.=0.886 | 26.661 22.481 h* 27.697  26.752 25,558 24396 23.698 23.233 22901 22.651 22.372
27.387  31.263 v 25980 26,559 27.139 27.733  28.335 28.937 29.539 30.141 30.743 31.348  31.980

06K 19.040 21.931 h 16.034  16.937 17.838 18.773 19459  20.042 20.626 = 21.209 21.792 21.977  21.966
5.625 8.643 S 0.004 2.498 3.976 5.280 6.063 6.672 7.281 7.889 8.498 8.356 7.110
Xa=0.328 | 14.949 14.949 a 16.032 15539 15261  15.007 14.949 14949 14949 14949 14949  13.357
xc=0.824 | 27.417 23.425 h® 29.521 28145 27562 26.224 25136 24410 23.892 23503 22935
27.878  30.936 v 25.980 26.552 27129 27.712 28321 28938 29555 30.172  30.789  31.402  31.971

0.7K 20.613  22.240 h 16.036  17.043  18.025 19.048 19.984  20.743  21.333 21.923 22415 22337 22.280
7.613 9.321 S 0.007 2.661 4.263 5.703 6.879 7.749 8.369 8.989 9.461 8.911 7.594
Xg=0.478 | 14537 14.537 m 16.031 15451 15141 14834 14609 14537 14537 14537 14316 11.668

X.=0.754 | 27.246  24.759 h°® 31.371 29558 28.881 28.046 26.948 25864 25.089 24.439  23.523
28.773  30.544 v 25.980 26.545 27.122 27.704 28.298  28.914 29.557 30.200 30.844  31.457  31.966
0.8 K h 16.042  17.150 18.214 19331 20376 21.248 21986 22.642 22907 22.702  22.602

S 0.015 2.804 4516 6.081 7.402 8.423 9.243 9.950 10.119 9.397 8.025
i 16.030  15.360 15.018 14.664 14331 14144 14061 14.031 13.174 9.820

he 33.267 30998 30.221  29.443 28352 27.270 26.333 25340 24.133
v 25980 26,538 27.117 27.702  28.296  28.910 29.553 30.222  30.892  31.506  31.966
09K h 16.057 17.266  18.411 19.629 20.791 21.785 22.626  23.312 23.368 23.077  22.934

S 0.032 2.940 4.749 6.431 7.891 9.056 9.996 10.739  10.663 9.839 8.416
m 16.028  15.265 14.893 14.498 14.062 13.751 13.586 13.365 11.809 7.856

h* 35277 32486 31.602 30.884 29.819 28.652 27.575 26.258  24.768
v 25980 26.531 27.116 27.706  28.300 28.914 29.560 30.240  30.925 31.544 31.971
10K h 16.090 17.401 18.627 19.949 21.234 22357 23326 23.892 23.815 23.468 23.277

S 0.067 3.082 4.976 6.768 8.358 9.658 10.733  11.351  11.134 10.251 8.777
m 16.023  15.165 14.764 14335 13.801 13.366 13.111 12432  10.297 5.801
h 37525 34.080 33.048 32384 31.348 30.136 28.803 27.195 25.430
v 25.980 26.524 27.120 27.719 28.314 28.921 29.561 30.242 30.936  31.566  31.982




LCT

11K h 16.154 17572 18.879 20.304 21.716 22981 24081 24415 24259 23876 23.631
S 0.128 3.245 5.215 7.106 8.816 10.252  11.453 11850 11556  10.640 9.114
m 16.014  15.058 14.631 14174 13546 12990 12.608  11.330 8.690 3.670
h°® 40201 35870 34.609 33.970 32972 31730 30.023 28.151 26.121
v 25977 26516  27.130 27.742  28.337  28.932 29556  30.225 30.921  31.567  31.999
12K h 16.267  17.802 19.190 20.715 22.256 23.695 24.712 24902 24706 24305 23.998
S 0.226 3.445 5.485 7.463 9.286 10.872  12.003 12274 11945 11.013 9.433
m 15.997 14940 14489 14010 13296 12633 11.857 10.121 7.018 1471
he 43566 37.994 36.361 35.696 34.757 33282 31.237 29.128  26.842
v 25973 26507 27.145 27778 28.373 28.949 29542 30185 30.874 31540 32.024
13K h 16.451 18121 19593  21.211 22.891 24560 25237 25.366 25.162 24.759  24.376
S 0.372 3.699 5.807 7.860 9.793 11.564 12423 12.646 12310 11.376 9.736
m 15967 14806 14.331 13.836  13.050 12.310  10.951 8.844 5.306 -0.790
h* 47.951  40.638 38.421 37.651 36.810 34.760 32.447 30.126  27.598
v 25.967 26.497 27.168 27.827 28424 28.971 29,520 30.119 30.788 31.481  32.056
14K h 16.731 18564 20.129  21.837 23.677 25254 25690 25.813 25.631 25.244  24.766
S 0.579 4.027 6.204 8.323 10375 12.080 12760 12977 12.658 11.735  10.025
m 15.920 14.652 14151 13.644 12.812 11.733 9.972 7.526 3.572 -3.109
h 53.769  44.043 40952 39.973 38.775 36.169 33.651 31.146  28.394
v 25.956  26.485 27.197 27.892 28490 29.001 29.487 30.023 30.658 31.385  32.096
15K h 17.140  19.176  20.853  22.650 24.698 25.731 26.089 26.244  26.120 25.772  25.166
S 0.861 4.448 6.703 8.883 11.078 12409 13.035 13.274 12995 12.099 10.301
m 15.849 14470 13937 13426 12590 10.934 8.963 6.188 1.833 -5.484
h°® 61.525 48518 44172 42860 40.527 37506 34.839 32192  29.245
v 25942 26470 27235 27973 28574 29.040 29.444 29.892 30478 31.245 32.144




Table 21: Properties at 8 bar. (h: J/mol, s: J/mol K, ,: J/mol-*He, h*: J/mol-*He, v : cm*/mol)

8 bar: x; = 0.699, T, = 0.764 K 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
T Dil-¢ _ Conc-@ 2.075 1.945 1.795 1.627 1.439 1.233 1.007
0.2K 21.908 27.064 21.187 21793 22393 22984 23575 24165 24756 25347 25937 26528  27.100
1.484 4.105 0.000 1.375 1.731 2.031 2.331 2.631 2.932 3.232 3.532 3.832 3.938

Xg=0.118 20.986  20.986
X = 0.991 28.810 27.121
26.228  31.015

21.187 21.008 20.986 20.986 20.986 20.986 20.986 20.986 20.986  20.986
28.856  28.023  27.646  27.458 27.345 27.270 27.216 27.175 27.144
25572 26.130  26.678  27.227  27.775 28.324  28.872 29.421  29.969  30.517  31.092

3

03K 22.250  27.377 21.187  21.893 22573 23197 23.820 24444 25.067 25.691 26315 26.938 27.379
2.227 5.793 0.000 1.779 2.452 2.886 3.319 3.753 4.187 4.620 5.054 5.488 5.066
Xg = 0.148 20.850  20.850 21.187 20937 20.850 20.850 20.850 20.850 20.850  20.850  20.850  20.850
X =0.970 30.294 27576 h*™ 30.497 29.463 28.671 28.275 28.037 27.879 27.766  27.681  27.615

26.387  30.857 v 25,572 26125 26.669 27.213 27.756  28.300 28.844 29.387 29.931 30.474 31.073

T o< TF o o|d x

04K 22.758  27.596 h 21.187  21.998 22.826  23.476 24.126  24.777 25427 26.077  26.727 27.378 27.671

3.119 6.922 s 0.001 2.080 3.172 3.684 4.195 4.706 5.217 5.728 6.240 6.751 5.908
Xs=0.190 20.665 20.665 4 21.187 20.860 20.665 20.665 20.665 20.665 20.665 20.665 20.665  20.665
X =0.934 31.706  28.089 h* 32.238 31468 30.035 29318 28.888 28.601 28.397 28.243 28.124

26.603  30.644 v 25572 26119 26.660 27.203 27.746 28289 28.832 29.376 29.919 30.462  31.057

05K 23513  27.749 h 21.187 22104 23.040 23864 24530 25197 25.864 26,531 27.197 27.742  27.970

4.254 7.738 s 0.002 2.318 3.656 4.543 5.001 5.639 6.188 6.736 7.284 7.582 6.574
Xq = 0.247 20.414 20414  p4 21.187 20.778  20.531  20.414  20.414 20.414 20414 20414 20.414  19.950
Xc = 0.883 32939 28723 h* 34.037 33.073 31912 30.704 29.980 29.497 29.152 28.893  28.608

26.903  30.412 v 25573  26.112  26.650 27.194 27.746  28.298  28.851  29.403  29.955 30.508  31.043

06K 24.659  27.939 h 21.188  22.210 23225 24273 25.098 25774  26.450 27.126 27.802 28.103  28.273

5.753 8.496 s 0.003 2.512 3.994 5.299 6.121 6.686 7.251 7.816 8.381 8.239 7.127
Xg = 0.335 20.078  20.078 w4 21.186  20.693 20.415 20.158 20.078 20.078 20.078 20.078 20.078  18.552
Xc = 0.820 33752 29.661 h* 35.869 34465 33873 32.628 31470 30.698 30.146  29.732  29.164

27.362  30.135 \ 25573  26.105 26.640 27.174 27.733 28.305 28.876  29.447 30.019  30.574  31.032

0.7K 26.496  28.189 h 21190 22316 23409 24543 25591 26546 27.206 27.867 28.432 28.472  28.582

7.831 9.222 S 0.006 2.674 4.277 5.716 6.891 7.872 8.415 8.957 9.357 8.808 7.603
Xq = 0.492 19.631 19.631 s 21.186  20.604 20.293 19.984 19.749  19.631 19.631 19.631 19.419 16.919
X = 0.749 33571 31061 h* 37.725 35871 35183 34355 33461 32257 31.397 30.685 29.756
28.222  29.769 v 25573  26.098 26.632 27.165 27.705 28.268 28.871 29.475 30.080 30.632  31.025
0.8 K h 21196 22423 23593 24819 25979 26.968 27.820 28584 28.950 28.855  28.898
S 0.015 2.818 4.524 6.085 7.408 8.428 9.236 9.914  10.049 9.319 8.025
i 21.185 20511 20.168 19.813 19470 19.257 19.136 19.080 18.264  15.109
he 39.629 37.294 36501 35.741  34.678 33.609 32.656 31.622  30.382
v 25573  26.092  26.625 27.158 27.698 28.261  28.860 29.492  30.123  30.677  31.021
09K h 21.212 22538 23.784  25.106 26.385 27.505 28.475 29.284 29.452  29.262  29.222
S 0.033 2.953 4.748 6.422 7.886 9.061 10.007  10.740  10.640 9.798 8.406
Ha 21.183  20.415 20.040 19.646 19.203 18.865 18.654  18.397 16.880  13.160
h® 41651 38.757 37.844 37.156 36.145 35.022 33950 32595 31.051
v 25,573  26.087  26.622 27.156  27.692  28.253  28.855  29.497 30.142  30.702  31.021
10K h 21.247 22673 23991 25410 26.814 28.075 29.194 29.907 29.957 29.700 29.555
S 0.070 3.095 4.966 6.742 8.338 9.661 10.764 11397 11171  10.259 8.757
Ha 21178 20.312 19909 19.484 18.948 18.488 18.183 17.457 15349  11.090
h® 43920 40318 39.237 38.611 37.662 36.535 35243 33.608 31.767

v 25,571  26.082  26.623  27.159  27.692 28.244 28.838 29.478 30.129  30.702  31.026




6¢T

11K h 21315 22845 24231 25745 27.276  28.695 29.973 30485 30476 30.173  29.897
S 0.134 3.258 5.194 7.061 8.778 10.251 11506  11.948 11.667  10.709 9.083
m 21.168 20.202 19.772  19.324  18.704 18.131 17.699 16.360 13.721 8.909
h°® 46.632  42.068 40.726  40.132  39.258  38.155 36.539 34.665 32.535
v 25569  26.078 26.629 27.170 27.698 28.234 28.808 29.431 30.079  30.669  31.036
12K h 21.434  23.077 24528 26.129 27.790 29.402 30.631 31.042 31.022 30.686  30.249
S 0.237 3.459 5.452 7.395 9.225 10.866 12.080 12433 12.141  11.156 9.389
i 21.149  20.080 19.624 19.162 18470 17.805 16.984 15172  12.030 6.617
h 50.050 44.146  42.387 41.771  40.998 39.730  37.843 35770 33.361
v 25564  26.075 26.641 27.191 27.713 28.226  28.765 29.354  29.985 30.597 31.051
13K h 21626  23.398 24914 26594 28.393 30.257 31.189 31591 31.601 31.247 30611
S 0.390 3.716 5.761 7.766 9.707 11549 12527 12873 12.604 11.604 9.679
Ha 21.119 19941 19459 18.990 18.247 17526  16.135 13.937  10.299 4215
h® 54510 46.736  44.335 43.612 42987 41.226  39.158 36.926 34.251
v 25,556 26.072  26.659 27.224  27.739  28.220 28.708  29.242  29.840  30.479  31.072
14K h 21917 23.844 25431 27.180 29.139 30.938 31.682 32.141 32220 31.864  30.982
s 0.605 4.046 6.143 8200 10.259 12.056 12.893 13.280 13.063  12.062 9.953
a 21.069 19.779 19.269 18.801  18.037 17.010 = 15.235  12.683 8.548 1.700
h® 60.426  50.081 46.731  45.793  44.867 42.647 40.481 38.138 35216
v 25544  26.070 26.685 27.269 27.778 28.219 28.637 29.091 29.638 30.311  31.098
15K h 22339 24460 26.132 27.946 30.112 31.397 32125 32.694 32.888 32551  31.360
s 0.896 4.470 6.626 8.728 10929 12373 13.198 13.662 13524 12535 10.214
m 20.995 19.588  19.044 18585 17.849 16.287 14.330 11.434 6.797 -0.930
h°® 68.305 54.487 49.789 48506  46.507 43.988 41.805 39.411 36.271
v 25528  26.068 26.718 27.330 27.832 28.223 28,551 28.900 29.374 30.084 31.131




Table 22: Properties at 10 bar. (h: J/mol, s: J/mol K, g,: J/imol-*He, h®: J/mol-*He, v : cm*/mol)

10 bar: x, = 0.697, T, =0.757 K X 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
T Dil-¢ _Conc-® T, 2.057 1.925 1.775 1.607 1.420 1.215 0.992
0.2K 27.155  33.216 h 26.264 26980 27.688 28.386 29.085 29.784 30482 31181 31.880 32578  33.247
1511 4.233 S 0.000 1.383 1.750 2.064 2.378 2.691 3.005 3.319 3.633 3.947 3.981
Xg=0.124 | 26.066 26.066 m 26.264  26.088 26.066 26.066 26.066 26.066 26.066 26.066 26.066  26.066
X.=0.991 | 34.866 33.279 h°® 35.009 34175 33801 33.614 33,502 33427 33373 33.333 33.302
25.851  30.245 v 25.206 25732  26.238  26.744 27.251  27.757 28.264 28.770  29.277  29.784  30.329
03K 27552  33.462 h 26.264 27.081 27.866 28.597 29.327 30.057 30.788 31518 32.248 32979  33.525
2.277 5.860 S 0.000 1.790 2.467 2.910 3.353 3.796 4.238 4.681 5.124 5.567 5.104
Xg=0.157 | 25931 25931 m 26.264  26.015 25931 25931 25931 25931 25931 25931 25931 25931
X.=0.966 | 36.258 33.726 h 36.668 35607 34816 34421 34184 34.025 33912 33.828 33.762
26.014  30.043 v 25.206 25727  26.228  26.726  27.224  27.722  28.220 28.718 29.216  29.714  30.307
04K 28.129  33.592 h 26.264 27.186  28.120 28.871 29.621 30.372 31123 31.874 32.624 33.375 33.816
3.196 6.853 S 0.001 2.094 3.190 3.693 4.195 4.698 5.200 5.703 6.205 6.708 5.939
Xg=0.201 | 25.745 25.745 m 26.264 25938 25.745 25745 25745 25745 25745 257745 25745  25.745
X =0.929 | 37.596 34.193 h* 38.424  37.621 36.165 35437 35.000 34.708 34.500 34.344  34.223
26.229  29.845 v 25206  25.720  26.223  26.720 27.217  27.714 28.211 28.707  29.204 29.701  30.289
05K 28.972 33.654 h 26.265 27.293  28.334 29.267 30.024 30.781 31538 32.295 33.052 33.689 34.111
4.368 7.567 S 0.002 2.332 3.674 4.569 5.087 5.604 6.121 6.639 7.156 7.425 6.599
Xg=0.261 | 25.487  25.487 s 26.264  25.855  25.610 25487 25.487  25.487 25487  25.487 25.487  25.003
X.=0.879 | 38.836 34.774 h* 40.233  39.230  38.087 36.830 36.076 35573 35213 34.944 34.654
26.519  29.656 v 25.206 25712  26.217  26.716  27.223  27.731 28.238 28.745 29.253  29.766  30.275
0.6 K 30.242  33.782 h 26.265 27.399 28520 29.671 30.631 31.385 32139 32.893 33.647 34.058 34411
5.923 8.326 S 0.003 2.525 4.014 5.319 6.187 6.699 7.211 7.722 8.234 8.097 7.145
Xg=0.348 | 25132 25.132 m 26.264 25769 25492 25237 25132 25132 251132 25132 25132  23.696
X.=0.818 | 39.801 35.708 h 42.065 40.633 40.017 38.881 37.639 36.811 36.219 35776 35.210
26.939  29.430 v 25.206 25705  26.207  26.701  27.213 27.743 28.274 28.804 29.334  29.853  30.264
0.7K 32279 33.985 h 26.267 27503  28.703  29.943 31.093 32212 32959 33.668 34.293 34.445 34715
8.044 9.114 S 0.006 2.686 4.295 5.739 6.911 7.973 8.471 8.916 9.232 8.692 7.614
Xg=0.504 | 24.641 24.641 m 26.263  25.680 25370 25.060 24.816 24.653 24.641 24.641 24446  22.135
X.=0.745 | 39.791 37.189 h°® 43911 42036 41.338 40,508 39.771 38504 37537 36.755 35.812
27.730  29.101 v 25.206  25.699 26.196  26.688  27.187 27.707 28.276  28.846  29.417  29.927  30.258
0.8 K h 26.274  27.608 28.884 30.217 31.482 32575 33526 34386 34.849 34857 35.025
S 0.015 2.826 4.537 6.104 7.431 8.444 9.230 9.873 9.974 9.242 8.028
m 26.262 25587 25245 24888 24533 24.288 24123 24.041 23279 20372
he 45792 43443 42651 41906 40.861 39.796 38.820 37.741  36.467
v 25206 25696  26.186 26.673 27.173 27.704 28.276  28.881 29.478  29.982  30.256
09K h 26,291  27.719  29.068 30.497 31.885 33.118 34.203 35.126  35.402 35.307 35.341
S 0.035 2.957 4.754 6.433 7.905 9.084 10.026  10.746  10.626 9.772 8.400
m 26.260 25490 25.117 24722 24265 23.891 23.629 23.339 21.883  18.440
h* 47.779 44875 43970 43.315 42346  41.252  40.177  38.782  37.181
v 25206  25.696  26.179  26.659  27.157 27.694 28.279 28.900 29.509  30.013  30.258
10K h 26.328 27.849 29266 30.789 32305 33.690 34.944 35796 35973 35805 35.665
S 0.074 3.094 4.962 6.741 8.347 9.685 10.806  11.452  11.228  10.295 8.742
m 26.255 25.388 24986 24562 24.013 23516 23.157 22393 20.339  16.355
h 50.005 46.386  45.319 44.742  43.864 42802 41540 39.882  37.966
v 25.204 25701  26.177 26.650 27.144 27.682 28.271 28.896  29.508  30.013  30.265




TET

11K h 26.400 28.016 29.493 31.105 32.749 34305 35744 36431 36,579 36.357 35998
S 0.142 3.252 5.178 7.043 8.770 10.271 11568 12.057 11.805 10.821 9.058
m 26.244 25277 24849 24404 237775 23170 22.686 21.305 18.702  14.119
h°® 52.667 48.071 46.741  46.211 45440 44449 42913 41.048 38.828
v 25201 25710 26.181 26.648 27.138 27.673 28.255 28.870  29.470  29.979  30.277
12K h 26.526  28.241  29.774 31465 33.238 35.000 36.424 37.054 37.230 36.971  36.338
S 0.251 3.448 5.422 7.355 9.195 10875 12161 12600 12371  11.355 9.355
m 26.225 25153 24701 24245 23551 22865 22.002 20.148 17.008 11.731
he 56.032 50.066 48311 47.769 47.135 46.038 44300 42.286  39.776
v 25196 25724  26.194 26.656  27.144 27.671 28.237 28.822  29.393  29.904  30.293
13K h 26.726 28555 30.139 31.896 33.805 35.835 37.002 37.681 37.937 37.657 36.687
S 0.411 3.699 5.714 7.700 9.648 11543 12,624 13102 12937 11.903 9.634
m 26.192  25.013 24535 24.077 23.343 22.620 21.206 18.967 15.284 9.185
h* 60.435 52555 50.140 49.498 49.051 47.532 45702 43.601  40.820
v 25.187 25.743  26.216  26.679 27.166  27.683 28.218 28.752 29.272  29.783  30.314
14K h 27.028 28994 30.631 32440 34504 36.487 37513 38320 38.710 38425 37.043
S 0.634 4.023 6.077 8.102 10.165  12.028 13.003 13.575 13509 12.472 9.897
m 26.141 24850 24344 23892 23.152 22150 20.383 17.798  13.553 6.475
h 66.289 55777 52386 51.531 50.825 48.932 47.116 44999 41975
v 25.174 25769  26.249  26.717 27.208 27.712  28.202  28.661  29.104  29.610  30.341
15K h 27.465 29.600 31.301 33.155 35416 36.906 37.972 38974 39.558 39.291  37.404
S 0.935 4.441 6.539 8.594 10.794 12317 13320 14.026 14.094 13.070  10.147
m 26.063 24.656 24.117 23.680 22.989 21489 19584 16.669  11.839 3.593
h°® 74.099 60.036 55263 54.057 52.323 50.230 48533  46.488 43.258
v 25156  25.801 26.295 26.776 27.276  27.763 28.193 28,548 28.886  29.380  30.372
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