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Abstract A deterministic global optimization method is developed doclass of discon-
tinuous functions. McCormick’s method to obtain relaxaticof nonconvex functions is
extended to discontinuous factorable functions by remtasg a discontinuity with a step
function. The properties of the relaxations are analyzeatktail; in particular, convergence
of the relaxations to the function is established given sassimptions on the bounds de-
rived from interval arithmetic. The obtained convex reléo@s are used in a branch-and-
bound scheme to formulate lower bounding problems. Furibeg, convergence of the

branch-and-bound algorithm for discontinuous functiaanalyzed and assumptions are
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derived to guarantee convergence. A key advantage of thmgeo method over reformu-
lating the discontinuous problem as a MINLP or MPEC is avgidhe increase in problem
size that slows global optimization. Several numericahepdes for the global optimization
of functions with discontinuities are presented, inclgdones taken from process design

and equipment sizing as well as discrete-time hybrid system
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1 Introduction

Deterministic global optimization methods aim to iden@fyguaranteed global optimal so-

lution of a nonconvex program of the form

f*=min f(x) P)

wheref : X C R" — R andD C X is nonempty compact. One solution method for the
nonconvex program (P) is the branch-and-bound algorithiiglwconstructs a convergent
sequence of lower and upper boundsféro find an optimal solution [15, 22, 35]. Typically,
the functionf is assumed to be continuous, frequeritlis also required to be sufficiently
smooth. Several methods have been proposed in the literaduind convex relaxations
of continuous functions that are given in closed form [1, 28]. Recently, McCormick’s
method [26], which was originally defined for explicitly std factorable functions, has

been extended to continuous functions that are not knowlicékp e.g., when they result



from algorithms [28, 37]. Discontinuities can appear, fxaimple, in algorithms with condi-
tional statements (i.eLF-THEN-ELSE), which have been excluded in a previous paper [28,
p. 593]. Hereatfter, a class discontinuougunctions is considered. Neither are the standard
relaxation technigues, which are defined for continuoustfans, applicable in this case
nor has it been considered in branch-and-bound theory [22].

A closer look at McCormick’s composition theorem and itsqirf26], however, in-
dicates that the result can be extended to discontinuotsrédode functions if they are
bounded. It is, in addition, necessary to know valid relexes of univariate discontinu-
ous functions. Since a discontinuity can be representeddigmfunction [41], for which
relaxations can be constructed easily, this requirememnibeanet when the factorable repre-
sentation of the function has a finite number of discontisumivariate factors. However, it
is not clear if the properties of McCormick relaxations shaw[37] hold true. In this paper,
the obtained relaxations for bounded factorable functieitis discontinuities are analyzed
in detail. Such analysis is indispensable in order to eistalproperties of the proposed re-
laxation technique required for its use in a branch-andadomethod [22]. Furthermore,
branch-and-bound theory must be extended as continuitgtasraling assumption through-
out [22].

The proposed method is particularly well suited to solvarojation problems with
discontinuities depending on continuous variables. Exerppf this case are discontinu-
ous cost functions in process design: when a certain sizeceeeed, two units need to be
used instead of one, causing a discontinuity in the investroest (this starkly contrasts
with discrete decisions that require integer variableg, @hen two exclusive alternatives
for one unit exist). Examples for such problems can be foartécess synthesis with dis-
continuous investment costs [39] as well as dynamic opétion problems with disconti-

nuities [2], in particular, hybrid systems [24]. Currentiyixed-integer or complementarity



constraint formulations are often used to model discoittesidepending on continuous
variables [6, 39]. In the former, binary variables are idtroed to model discontinuities
whereas in the latter complementarity constraints takéisrole. Commercial global opti-
mization algorithms are available for MINLPs [36], howeviatroducing binary variable to
model the discontinuities can increase the number of vi@sadrastically. This can lead to
poor performance as branch-and-bound algorithms are kimarale worst-case exponen-
tially with the number of variables. MPECs are usually refatated as NLPs and are only
solved locally at present [6, 16].

While this paper focuses @iobal optimization of discontinuous factorable functions, it
should be noted that existing work on discontinuous opitnin considered findinipcally
optimal solutions. Aside from using the definition of a loa@himum as a point attaining
the smallest value of the objective function in a neighbothao other characterization,
e.g., using gradients, is applicable when the function isewen continuous. In the quest
to derive local optimality conditions, the notion of detivas is generalized to nonsmooth
and discontinuous functions by several authors [3, 4, 930442]. Recently, Rockafel-
lar generalized derivatives have been used in direct sesgdrithms for discontinuous
functions [40]. Another prevalent idea in the literaturédsapproximate the discontinuous
function by convolving it with an appropriate mollifier ré8ng in an averaged function.
This operation leads to an integration problem, possiblyigh dimension, which is com-
putationally expensive and is often evaluated using MorgdaCschemes [5, 13, 33, 42].
Conn and Mongeau [10] consider piecewise linear optinoraproblems where the objec-
tive function and constraints have discontinuities on ac$étyperplanes and propose an
algorithm to identify local minima. In an approach more ellyselated to the idea proposed
in this paper, Zang [41] introduces step functions to expties discontinuities and suggests

a family of smooth approximations for these. Similar idegssed to smooth continuous



functions at points of non-differentiability [e.g., 12]Gare prone to introduce inaccuracy
and numerical instability.

The remainder of this paper is organized as follows. FirgtCletmick relaxations [26]
are studied taking advantage of the formalization provide{B7]. In Section 2, properties
such as continuity and convexity of the obtained relaxatwfrcertain bounded functions are
proved. Examples of the relaxations of discontinuous fonstare provided. Furthermore,
the behavior of the relaxations on sequences of intervatwéstigated, after the necessary
assumptions required for these properties are made exfliis leads up to the results in
Section 3, where it is argued that a branch-and-bound #tgonivith finite e-convergence
can be constructed. The paper continues with some exammp&esction 4 which showcase
the numerical feasibility and provide first promising exdespirom different applications.

The paper is concluded with a summary of the obtained reisuection 5.

Notation The set of closed and bounded réatlervalsis denoted bylR and the set of
n-dimensional intervals (Cartesian productsnointervals) byIR". The lower and upper
boundsof X € IR" are denoted ag andX, respectively. The set of all interval subsets of
X c R"is denoted byX c IR". Convergence of a sequence of intervg¥é}, X' € IR" to

X* € IR" asl — oo will be denoted aX' — X* and is equivalent to i, dy (X', X*) = 0
wheredy (X,Y) denotes the Hausdorff metric for aXyY < IR". A convex relaxatiorof a

function f : X — R on a convex seX C R" is denoted byf, aconcave relaxatiotoy f.

2 Relaxations of bounded factorable functions

In this section, the construction of relaxations for faatle and bounded functions is dis-
cussed. To this end, the procedure to obtain McCormick atians [26, 37] is defined and

well-known results for these are extended. Then, discoatis univariate intrinsic func-



tions are studied more closely and first examples of the nacted relaxations are given. A
discussion about the behavior of the relaxations on se@senfcintervals is preceded by a
collection of necessary assumptions and concludes thi®sec

The idea of a factorable function is central to this paper\aitidbe formalized below,
cf. [26, 37]. Here, the notion of factorable functions wik lextended by only requiring
boundedness, but not continuity. Such functions will béecddlounded factorableThe class
of bounded factorable functions includes most functiors ¢an be represented finitely on

a computer.

Definition 1 A function ¢ : B— R, B C R is aunivariate intrinsic functiorif, for any in-
tervalV € IB, an inclusion monotonic interval extensignof ¢ onV, a convex relaxation
¢ of ¢ onV and a concave relaxatighof ¢ onV are known and can be evaluated compu-

tationally.

Definition 2 SupposeX C R". A function f : X — R is factorableif it can be expressed in
terms of a finite sequence of factass. . ., vim such that, give € X, vi =x; fori=1,...,n,

andvy is defined for eack, n < k < m, as either

(@) W =Vi+Vj,i,j <k, or
(b) vik=wvvj,i,j <k or

() vk = ¢«(vi), i <k, wheregy : By — R is any univariate intrinsic function,

and f (X) = vim(x).

Note that Definition 2 implies that € By for eachk such thaih < k < mandyv is defined
by Definition 2 (c).
In the literature, a standing assumption is continuity &f timivariate functiongy and

hencef. WhenX is compact, continuity of each operation in Definition 2 gudees com-



pactness off (X) [34]. Hence, continuous factorable functions are alwaysnied fac-
torable on a compact s&t. As shown below, if each univariate function is boundednthe

the constructed function is bounded factorable.

Lemma 1 Suppose XZ R" is bounded. Consider a factorable function X — R. f is
bounded factorable iy is bounded on Bfor each k such that k2 k < m and y is defined

by Definition 2 (c).

Proof For 1< k < n, the assertion holds trivially. Suppose the assertionshfdld somek
wheren < k < m. Whenv is defined by Definition 2 (a) or (b is certainly bounded.
When vy is defined by Definition 2 (c)yk is bounded sincey is bounded. From finite

induction, it follows thatvy, is bounded and, hencé,is bounded factorable. O

2.1 Extension of McCormick’s result to bounded factorabiiections

McCormick [26] presented a recursive procedure to credéxasons of factorable func-
tions f on the intervaX = [x,X]. While in his exposition, McCormick restricted the resolt t

continuous factorable functions, it can be easily exteriddmbunded factorable functions.

Theorem 1 Let X C R" be a nonempty convex set. Consider the composite functiofy f
where f : X — R is bounded on X, let;fX) C [a,b] and % : [a,b] — R. Suppose that
relaxationsf; and f1 of f, on X as well as relaxation§ and f, of f, on[a,b] are known.

Let znin be a point at whichf, attains its infimum offia, b], and let zax be a point at which

f, attains its supremum dja, b]. Then

u(x) = fa[mid{ f1(x), f1(x), zmin}]
is a convex relaxation of,® f; on X, and

o(x) = fo[mid{ f1(x), f1(x), Zmax}]



is a concave relaxation ob b f; on X, wheramid : R x R x R — R selects the middle value

of the three scalar arguments.

Proof The original proof [27] remains valid after the continuitydothesis orf; is replaced

with a boundedness assumption as ofilyX) C [a,b] is needed. O

Theorem 1 allows the construction of relaxations of congtéd functions by decompos-
ing the function into factors for which relaxations are kmowh precise definition of this

procedure was first given in [37] and is reproduced belowHertienefit of the reader.

Definition 3 Denote theMcCormick relaxationof the bounded factorable functiohon
an intervalX < IR" by the functionsf, f : X — R where for each € X, f(x)and f(x) are

defined by the following procedure:

1. Setv;, =x andv; =Xx; foralli =1,...,n, and denot®; = [v;,Vi].

2. Setyy=Vi=x foralli=1,...,n

3. Setk=n+1.

4. Computey, x andVk = [, V] according to the definition ofy, as
(@) V=V, +V; andv =V; +Vj,

(b) v =min(y; ViVj) andv = max(v;V;, vV}, ViV;

iYj V'VJ>’

iy JaVV17VIVJ> ]

(€) v = D (Vi) andv, = &y (V;), wheredy : IB, — TR is an inclusion monotonic interval
extension ofpy on By.
5. Computek andf according to the definition ofy, as
(@) nk=Vi+vj andi =V +j,
(b) nk=max(ai +aj —Vviv;, B+ Bj —Vivj) andix = max(y; +yj — vV}, & + 9 —Viv;),
where
ai =min(vvj,viV), aj = mln(v v|,vJv.) B = min(Viyj,Vivj), Bj = min(Vjvi, V%),

¥y =max(Vyj, V), yj = max(VjVi, Vj¥i), & = max(vivj,vivj), &j = max(v;Vi,V;Vi),
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(©) D= g(mid(v, %, Z™)) andij = Pi(mid(vi, &, Z7>)), wheregy, fy : Vs — R are,
respectively, convex and concave relaxationgbnV;, and wherezk”‘in is a mini-
mum Ofgl’k onV; andz]®is a maximum o, onVi.

6. Computeyk andvi asvk = maxf, Vi) andvi = min(fx, V)-
7. If k=m, go to 8. Otherwise, sét=k+ 1 and go to 4.

8. Setf(x) = Vm(x) and f(x) = Im(x).

Scott et al. also introduced the notions of step and cunvelatiappings, which are very

helpful in analyzing the constructed functions [37].

Definition 4 Given an intervalX, and hence intervald,...,Vy, let thestep mappinde

a mapping of the fornv : Vi(xV;) — R defined by the expressions given in Definition 2.
Let thecumulative mappinggbe the mappingy : X — R, defined for eaclx € X by the
valuevi(x) whenf is computed ak. Similarly, let the step and cumulative mappingsi

be mappings of the formg, ¥ : Vi(xVj) — R andy, ¥ : X — R, respectively, defined in

analogous manner by Definition 3.

The following assumption ensures that the domain of eaghrstgping is a superset of the
image of the preceding step mapping. It is discussed in metaldn [37].

Assumption 1 f can be represented &hby a factorization with the property that, for each
k such that < k < mandv, defined by Definition 2 (c); C Bx whereV; denotes an interval

bound onv; derived from interval arithmetic beginning withe IX;,i =1,...,n.

Proposition 2 in [37] remains valid for bounded factorahiedtions since Theorem 1 shows
that the constructed mappings Vk of the cumulative mapping are indeed valid convex

and concave relaxations. Thus, the following result foow

Theorem 2 Suppose that Assumption 1 holds. Then, McCormick relaxatiba bounded

factorable function £ X — R are valid convex and concave relaxations.
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Furthermore, Theorem 3 in [37] still holds.

Theorem 3 Suppose that the convex and concave relaxations of eachrsipping y are
continuous on Mor each n< k < m where y is defined by a univariate intrinsic function.

Then, f (x) and f (x) are continuous on X.

2.2 Univariate piecewise continuous functions

From Definition 2, it is apparent that discontinuities of aibded factorable function must
stem from discontinuities in some of the univariate intigrfanctions. When there is only a
finite number of discontinuities, these functions can beiced to products with a generic
step function, which incorporates the discontinuity, aodtmuous factors.

Supposep : X — R is of the form

b0 = P1(x) if x € [xq,%a],

¢2(X) if xe ()7(2,72},

whereX, Xq, X2 € IR, [Xq,X1] = X1, (Xo, X2] C X2, §1: X1 = R, ¢2: Xo — R, X =X UXp, and
X1 = X, and let¢1, ¢> be continuous on their respective domains. Denote the ategtidn

asm:R—R,ie.,

0ifx<0,
m(x) =
1 otherwise.
Theng (x) can be represented by
¢ (X) = 1(x—X1)§2(X) + [1 — 1(x — X1) | 1(X)- 1)

As a result, it is sufficient to analyze oniy(x) in detail. The following result summarizes

the information relevant for the construction of McCormrekaxations.
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Theorem 4 Considerr: X — R on the interval X= [x,X] as defined above. An inclusion
monotonic interval extensiaofl of rron X is given by

[0,0] if x< O,

M(X)= 141,21 if x>0,

[0,1] otherwise

Furthermore, convex relaxations are given by

0 IfX<OV(X>0Ax<0),

nx)=< 1 ifx>0,

x/X otherwise
and concave relaxations are given by
0 ifx<O,

m(x) = 1 ifx>0V(X<0AX>0),

1—x/x otherwise

Proof It is easy to check the validity of the bounds and the inclusimnotonicity property.
Similarly, the relaxations are easy to check whea X. If 0 € X, consider the convex hull
of the epigraph oft which yields the convex underestimator given in the reSitnilarly,

the concave overestimator is given by the convex hull of fgobraph. a0

Remark 1 Strictly, ¢; and¢, are defined oiX; andXz only. When one defineg; (X) = +oo
for x ¢ X; and 0+ = 0, the above statement also holds. Furthermore, whes defined

on X, an alternative to (1) is

¢ (%) = 1(X—X1)[$2(X) — P1(X)] + $1(X).

7Tis a univariatentrinsic function because its inclusion monotonic interval extensi
and its relaxationgr andit are known, cf. Definition 1. Thus, univariate intrinsic distinu-

ous functions can be incorporated into the McCormick fraprévdiscussed in Section 2.1.
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2.3 Examples of constructed relaxations

Next, it is demonstrated how more complicated function$wliscontinuities can be ex-
pressed using the previously introduced functioand the thus computed relaxations are
showcased. Example 1 shows how to model a function with plaldliscontinuities, in-
cluding a point where the function attains neither its lower its upper limit. Example 2
demonstrates that the discontinuity can depend on a fdx#ofianction of the variables. In
each case, the calculations are implemented usibyC [7, 28] enhanced with functionality

for .

Example 1Consider the lower semi-continuous functifn [1,6] — R with

—(x—25)?2+4 ifxe[1,3),

0 if x=3,
fa(x) =

> +3 if x € (3,4),

27 if x € [4,6].

It can be represented as

f1(x) =m(4—x) {7(x— 3) [**+ 3~ {m(3—X)(—(x—2.5)2+4—0) +0}]

+{n(3-X)(—(x—25)%+4-0)+0} — (2x—7)} + (2x— 7).

Its graph and a selection of the constructed relaxationstenecased in Figure 1. It is worth
while to point out several observations. First, the examsptavs that it is possible to model
functions with multiple discontinuities, including sucthare the function does not attain
either one-sided limit. Second, the generated relaxagoagienerally nonsmooth. This is

characteristic for McCormick relaxations and has beenchpteviously [28].
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(a) Graph off; (b) Graph off; and its relaxations

Fig. 1: Graph off; (indicated by+) as well as convex relaxations (dashed line) and concave
relaxations (continuous line) constructed on severahmts. Note that the scales on the

vertical axes differ.

Example 2Consider the lower semi-continuous functityt [0.5,1.5]2 — R with

0.5sin(6y — 1)x? if xy> 1,
fZ(Xay) =
2(x+y) —evtl if xy< 1.

It can be represented as
fo(x,y) =m(1—xy) [2(x+y) — €¥™ — 0.5sin(6y — 1)x?] + 0.5sin(6y — 1)x°.

Its graph and a selection of the constructed relaxationslwe/cased in Figure 2. Note
that T can take any arbitrary factor as argument, in this case aaititerm, and thus the

discontinuity can depend on the variables nonlinearly.

2.4 Assumptions orfi, on ¢, and on the bounding operation and relaxationg,of

In Section 2.5, the convergence properties of McCormickxations of bounded factorable
functions will be investigated. Prior to this, some assuams about the interval extensions

and the relaxations of the univariate functions will be malids approach allows a more
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(b) Graph off; and its relaxations

Fig. 2: Graph off, as well as its convex and concave relaxationg0df 1.5)2. Note that the

scales on the vertical axes differ.

general discussion compared to only studying a selectiomigériate intrinsic functions or
particular factorable functions.

In addition to Assumption 1, three additional assumptioilshe made subsequently.
While Assumptions 1-3 have been introduced and discusg8djinrAssumption 4 is newly
introduced here and will be discussed in more detail beloiv@n be taken for granted in

the setting considered in [37].

Assumption 2 For eachk such than < k < mandvi : V; — R defined by Definition 2 (c),

¢« and @y are continuous functions an.
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Assumption 3 Consider two intervals/* andV;2, such thaw? ¢ Vi* ¢ ;. For eactk such
thatn < k < mandv, defined by Definition 2 (c), denote the convex and concaveaétans
of ¢ constructed ovev;' by ¢, and d;, respectively. Assume that for eaeke Vi?, ¢, and

¢y are constructed such thaf(2) > ¢ (2) and$Z(2) < ¢ (2).

Note that is easy to show that the convex and concave retarsatif 7t satisfy Assumptions 2
and 3.

In order to streamline the presentation, the next assumptith be introduced, which
is sufficient to prove convergence 6fto f. This assumption is discussed in more detail
in Appendix A. There, more insight into prerequisites foneergence of the relaxations to
the function is given. Lastly, it should be pointed out thHas tassumption is imposed on a
given factorization of a bounded factorable functibrsimilar to Assumption 1, while the

previous assumptions were imposed on the set of considaieadriate intrinsic functions

$.

Assumption 4 Consider a nested sequence of interdls> X* = [x*,x*], X' € IX, X! # X*
and a factorizatiowy, ..., vy of f. For eacm <k <m, let y'k andv'k denote the lower and
upper bounds of the cumulative mappingx) on the intervalX'. Assume that for each

n<k<m

lim Vi, V] = [lim inf vi(x), lim supvi(x)]. )

—ooxeX! I*}OOXEX|

Note that lim_.., inf, .y Vk(x) does not refer to liminfx- vi(x). Assumption 4 states that,
asX' approaches the degenerate intet¥4) the bounds computed for each of the factors
become as tight as possible. Since the bounds on the stegngapjp are obtained from
interval arithmetic, this clearly holds whenis composed of continuous factors. Whers

discontinuous however, this is not necessarily true. Fangte, the dependency problemin
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Y v v v
1 x 171174 X X
0ifx<0 1+xlifx<0
2 m(vy) (0,1]
x| otherwise 1 otherwise
—xI-1ifx<0 1+xlifx<0
3 Vo — Vo [71, 1]
xI—1 otherwise 1—xl otherwise
Table 1: Factorization of = 7(x) — 71(x) on X' = [—1-1,1-1].

interval arithmetic is exacerbated and bounds do not nad@ssonverge to the function as

the host set converges to a degenerate interval. This isrgrated in the example below.

Example 3Consider thecontinuousfunction f : [—1,1] — R with f(x) = m(x) — m(x). It
can be equivalently written af(x) = 0. Consider the nested sequence of interddls=
[—171,171] that converges t&X* = [x*,x*] with x* = 0. It can be shown that the relaxations
do not converge in this case. Consider this factorizatisergin Table 1. For all, the
relaxations off constructed orX' evaluated ak* yield v;(0) = —1 andV4(0) = 1, i.e.,
lim e V5(0) = —1 and lim_. %(0) = 1 whereas the relaxations éfconstructed on the

degenerate intervad* arey;(0) = f(0) = 0 andv;(0) = f(0) = 0, also see Figure 3.

Note that, in this case, there exists a factorization thauaivents this dependency prob-
lem, namelyf (x) = 0. Thus, depending on the problem formulation, this lintaimay be
avoided.

Similarly, applying a univariate function to a discontimsofactor may lead to bounds
that do not converge to the infimum/supremumXas— X*. To see this, consider the uni-
variate functionp (x) = cogx— 0.75), the bounded factorable functidiix) = ¢ (17(x)) and
X' = [-171171], X* = [0,0]. Again, 11(X') = [0,1] and F(X') = [cog —0.75),1] while

M(X*) =1[0,0] andF(X*) = [cog—0.75),cog —0.75)]. Furthermore,f(x) = cog—0.75)



17

Fig. 3: Graph off (indicated by+) as well as five of its convex and concave relaxations

(indicated by dashed and continuous lines, respectivehy)£ 1,2,4,8,16.

for all x € [-1,0] and f(x) = cog0.25) for all x € (0,1]. Thus, the upper bound does not
converge to the supremum as desired. This is due to the facthére exists & € (0,1)
so that¢ (y) > max(¢(0),¢(1)). Again, this can be avoided when the problem is recast as
f(x) = m(x)(co0g0.25) — cog—0.75)) + cog —0.75). Similar examples can be constructed
so that the lower bound does not converge to the infimum.

The interested reader can find a more detailed discussioneippendix A where
sufficient criteria for Assumption 4 are proven. In partanyukhe situations described in the

examples above are analyzed in-depth.

2.5 Relaxations on sequences of intervals

The use of the McCormick relaxations in a branch-and-bodgdrithm requires further

investigation of their behavior with respect to the set oriclithey are defined. In this
section, some properties of the relaxations will be esthbli in such a setting. While the
definitions are taken from Scott et al. [37], the facts eshbd hereafter are novel and
are not immediate. In the following, it will be assumed thatsAmptions 1-3 hold. As

noted earlier, Assumption 4 will only be required to show\agence of the bounding
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operation. It will be pointed out in the statement of the tie@o when it is necessary. In
the following, a property of the relaxation is first definedlahen established by proof.

Necessary intermediate results are stated as lemmas.

Definition 5 Let f : X — R be bounded oiX € IR". An algorithm which generates convex
and concave relaxatiorjé and ', respectively, off on anyX' € IX is partition monotonic

if, for any subinterval'z ¢ X € X, f'2(x) > f'1(x) and f'2(x) < f'1(x), vx € X'2.

In the literature [29, 31], the result below is stated asofei: the composition of inclusion
monotonic Lipschitz interval extensions is an inclusiommimnic Lipschitz interval exten-
sion. Here, only the inclusion monotonicity property isitatae so that the result must be

modified, but the proof is straightforward and not given here

Lemma 2 Consider X € IR" and % € IR and functions f. X; — X, and ¢ : X; — R.
If F is an inclusion monotonic interval extension of f on ¥ is an inclusion monotonic
interval extension ap on %, and F(X;) C Xp, then®oF is an inclusion monotonic interval

extension ofp o f on X;.

The following lemma is adapted from [37] so that the con@nsif inclusion monotonic-
ity can be reached without requiring Assumption 3 therear fach univariate intrinsic
function a Lipschitz interval function can be given). Thésult is needed to use Lemma 5

in [37] in the proof of Theorem 5 below.

Lemma 3 Choose any K1 < K < m, and let the interval mapping ') = [V, V] be
defined for any interval Xc X by the procedure in Definition 3 beginning with. Xhen H

is an inclusion monotonic interval extension of the cuniwgaitmapping ¥ on X.

Proof Pick any subintervals of, X? ¢ X!  X. First note tha¥?2 c V1 c Vi, Vi =1,...,n.

For an arbitraryk, suppose it is true for all < k. The proof in [37] covery,, Vi defined
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by 4a or 4b in Definition 3. Thus, it remains to show the coriclugor univariate intrinsic
functions. Ifv,, v are defined by 4c, then an inclusion monotonic interval esitenof
the step mappingk onV; is known by Definition 3. Since the cumulative mappinds a
composition of the step mappingwith the cumulative mapping and since the cumulative
mappingv; maps any point irk? to Vi2 ¢ Vi ¢ Vi, Lemma 2 can be applied to show that

V2 C ViL. By finite induction, this must be true for &lland hence fok = K. O
Theorem 5 McCormick relaxations of bounded factorable functions aifion monotonic.

Proof Choose any subinterva¥¢ ¢ X? X and any € X2. V2 c Vi forallk=1,...,mby
Lemma 3. For ank such that I k < n, it is easy to see from Definition 3 thgl(x), VX (x) €

VL, VB (x),%2(x) € V2, v2(x) > Vi(x) andvg(x) < Ui(x). This establishes the hypotheses of
Lemma 5 in [37] fork = n+ 1. Hence, the inequalities hold fer= n+ 1 so that, by finite

induction, the inequalities are true for &l=1,....m. O

Definition 6 An algorithm which generates convex and concave relaxawdri : X — R
is weakly partition convergentf, for any nested and convergent sequence of subinterfals o
X, X! — X*, X! #£ X*, the sequences convex and concave relaxatiorisoofX', { f'} and
{f' }, converge uniformly to continuous convex and concave etlars off on X*, j* and

f*, respectively.

Note that this definition deviates from the definition of garh convergent in [37]. Any
continuous convex and concave relaxations of* and f*, meet the definition while Scott
et al. [37] require convergence p'f and f' to the convex and concave relaxations generated

on X*, respectively.

Lemma 4 Let{f'} be a sequence of functions defined or XR" and suppose thaftf'}
converges pointwise to f on X.{f'} is nondecreasing, i.e.fx) < f'*1(x), ¥x € X, and

each f is lower semi-continuous on X, then f is lower semi-contirsuon X.
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Proof A functiong: R" — RU{+} is lower semi-continuous oR" if and only if the
level sets{x € R": g(x) < y} are closed for aly € R [20, p. 148]. This allows to extend the

proof of Theorem 5.27 in [19] tX € IR" easily. O

Lemma’5 Let f: X — R be bounded factorable. Suppose-% X* is a nested sequence of
intervals with X € IX, X' # X* and consider the sequence of convex relaxations of f'on X
{j' }. Then,{j'} converges pointwise on“o an arbitrary function, denoted &', that is

continuous on X and a convex relaxation of f on*X

Proof For anyx € X* andl > 0, f'*1(x) > f'(x) by Theorem 5 and'(x) < f(x) by The-
orem 2. Thusj' converges pointwise to some functionXh This establishes existence of
. j' is convex by Theorem 2. Lety € X* andA € [0,1]. Setz=Ax+(1—A)y. Convexity

of j' onX* for all I implies thatf* is a convex relaxation of onX* since

#(2)= lim f(2) > A lim f'(x)+(1—)\)||mj'(y) = AP (X)+(1=A)F*(y).

As a result of Theorem 3, which establishes continuityf 'ofLemma 4 can be applied to
find thatf* is lower semi-continuous oX*. Lower semi-continuity and convexity df* on

X* imply continuity of f* onX* [32, Theorems 10.2 and 20.5]. ]

Theorem 6 McCormick relaxations of bounded factorable functions aeakly partition

convergent.

Proof SupposeX' is a nested and convergent sequence of subintervads Xf — X*, and

X! £ X*. The intervalsX' are closed and bounded by definition and hence compact. Con-
sider the sequence ({)F' }. Lemma 5 and Theorem 5 establish that the relaxations cgever
pointwise monotonically to a continuous function for eachX*. Rudin [34, Theorem 7.13]
shows that this is sufficient for uniform convergence[ib\‘} to f* on X*. A similar argu-

ment can be made to shofv — f* uniformly and the theorem follows. O
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Definition 7 A procedure such as in Definition 5 éegenerate perfedt X* = [x,x] for
anyx € X implies thatf*(x) = f (x) = f*(x) wheref*(x) and f*(x) denote the convex and

concave relaxations df on X*, respectively.
Theorem 7 McCormick relaxations of bounded factorable functions agaherate perfect.

Proof SupposeX = [x, x| is degenerate. Note that(x), Vk(x) € W forallk=1,...,mand
everyx € X [37, Lemma 1]. This fact and Lemma 3 wikh= m guarantee that McCormick

relaxations are degenerate perfect. a

Remark 2Note that Theorem 6 and Theorem 7 do not imply that, for anyedesequence
of subintervals o with {X'} — [x*,x*], X" # [x*,x*] andx € X, {f'(x*)} — f(x*) and
{f'(x*)} — f(x*). While this was asserted in [37], the utilized Lipschitzpedies ofj' and

f! do not hold here. Example 3 in Section 2.3 demonstratesttaet tire bounded factorable

functions where| f'(x)} — f*(x*) # f(x").

Theorem 8 Assume f is a bounded factorable lower semi-continuougimwith a fac-
torization such that Assumption 4 holds. Supp¥&} is a sequence of nested subinter-
vals of X converging to X= [x*,x"], X' # X*. Let f' : X — R be convex relaxations of
f X — R on X obtained as described in Definition 3 and lgt;, € arg min i f'(x).

Then, f' () — f(x*).

Proof Fix € > 0. Lower semi-continuity of guarantees thdt(x*) < liminfy_x- f(x). Note
that lim _einf,cxi\x- f(x) > liminfy_.x f(x) as, for each, X! is a subset of a suitable
neighborhood ofk* referenced in the definition of the lower limit. Thereforefallows
that f (x*) <lim_« inf,cxi\x- f(X). Furthermore, itis true that lim.e inf, . f(x) = f(x*)
since lim_inf,yi f(X) = min{f(x*),limHoo infyexix- f(x)}.

Assumption 4 implies that lim., « f =lim|_ infy i f(x). By Lemma5, Iirm_,mvfI (x*)

exists and let it be denoted &5(x"). Sincej' < j' (x*) by Step 6 in Definition 3, it holds
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that lim j' < f*(x*). Pointwise convergence dfimplies that there exists; € N so that

| £1(x*) — f*(x*)| < &, VI > L1. Consequently,

f(x*) = lim inf f(x) =lim f' < f*(x") < f'(x")+¢, VI >L1.

| —ooxeX! | —o00—

Continuity of f L1 guarantees existence &f> 0 with
flx) — (x| <e, vxeXH|x—x*| < 3.

SinceX' — X*, there existd, € N so||x —x*|| < & for all x € X2,

LetL = max{L1,Lz2}. Theorem 5 and the previous argument imply that

fhx) > flix) > fla(x) —e, wxexh

Consequentlyf-1 (x*) — f-(xk;,) < €. As aresult,

F(x*) = £ (Ocin) = [FOX) = £ )]+ [ () — FH (xn)] < 2.
Sincee was arbitrary, the theorem follows. ad

Remark 3Note that dropping the assumption of lower semi-continaityf in Theorem 8
results in a weaker statement. Sinfdex") < lim_..,inf, 1 x- f(x) is not necessarily true
then, one can only show that(x; ;) converges to mi»{limhminfxexw* f(x), f(x*)}. If
x* isin the interior ofX', VI, then one can prove convergence to fiiminfy - f(x), f(x*)},
a statement that does not depend on the sequence of pagtitiments{ X' }. In this sense it

is more general, butitis also a weaker result since liginf, i x- f(x) > liminfy_ f(x).

In this section, fundamental properties of the relaxatafi®unded factorable functions
with discontinuities have been established and assungpéimnclarified when these results
hold. These results are important when the relaxationsodrse tised in a branch-and-bound

algorithm.
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3 Branch-and-bound for bounded factorable optimization

In this section, it will be shown that McCormick relaxatiasfdounded factorable functions
can be used to obtain a convergent branch-and-bound d&gotihder mild assumptions.
Branch-and-bound methods can be used to find a global minioi@mnonconvex nonlinear
program. The standard reference for this class of algosthtorst and Tuy [22], considers
continuousfunctions only when a general theoretical framework is troiesed and con-
vergence proofs are established. The work rests on sessaigtions for the bounding,
selection and refining operations [22]. The bounding oj@mas responsible for generating
lower and upper bounds on the optimal objective value on titiparelement, while the lat-
ter two are responsible for selecting a partition elemenfufdher investigation and refining
it. In the remainder of this section, the discussion will beufsed on the bounding operation.
The reader is referred to Horst and Tuy [22] and Horst [21]g@cise definitions of
most technical terms. References that are given with theraents in this section guide the
reader to similar results in the literature for the case aiftiomious functions. However, the
results are indeed newly established or needed to be veidfiede new hypotheses.

The following definition has been adapted to account foratfifauities.

Definition 8 [cf. 21, p. 24]Suppose that for any infinitely decreasing sequence of succe
sively refined partition elemen{'} generated by an exhaustive subdivision and satisfying

lim| o, X' — {xT}, there exists a subsequer{eda} such that

X—X

Aimmﬁ(x'q) > min{liminf f(x), f(xT)},
Then, the lower bounding operation is calkbngly consistent

As remarked by Horst and Tuy, finiteness and convergencesptiep of the branch-

and-bound algorithm depend on the behavio¢K') — B(X') in the limit [22, p. 128].
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Whereas favorable behavior of the McCormick relaxationgaoforable functions in this
spirit has been argued previously [37], it still needs tostatadished for the case of bounded
factorable functions. In the followind, is assumed to be bounded factorable and the lower
bound of (P) on a partition elemedt € IX, B(X), is found by constructing the convex

McCormick relaxationf onX and minimizing it, i.e. 8(X) = min,z f(x).

Theorem 9 [cf. 21, p. 28f|Suppose that Assumption 4 holds and that f is lower semi-
continuous. Assume that at every step any unfathomedipargtement can be refined.
Suppose that the subdivision is exhaustive. Then, the lomerds of(P) obtained by mini-

mizing the McCormick relaxations are strongly consistent.

Proof Itis sufficient to show that, for every decreasing sequefisaccessively refined par-
tition elements{X'} generated by an exhaustive subdivision such thatJinx' = N, X! =
X = [x*,x*], there is a subsequen¢¥'s} satisfying limy ... B(X'a) = f(x*). This is guar-

anteed by Theorem 8 sing@X'a) = min, _yiq j'Q(x). Lower semi-continuity off implies

that f (x*) < liminfx_x- f(x) and hence strong consistency follows. O

Consider the definition oB(X') and B« = minic, {B(X")} and denote aky an ele-
ment of the index sd such thai3 (X"«) = By. Letxmin(X') € arg min ., f'(x) and define
XK = Xmin(X'%). Similarly, denote agk € D a point corresponding tay, i.e., ax = f(xX).
Horst [21, Theorem 2.1] proves that, for a continuous furcti, a strongly consistent lower
bounding operation in combination with some additionaliagstions is sufficient to show
that the lower boung converges to the optimal value of (P) and that accumulat@nte

of {x‘r‘nm} solve (P). The argument can also be applied to functionsattein their minimum

onD.

Theorem 10 [cf. 21, p. 25f]Suppose that the subdivision of partition elements is exhau

tive, that the selection operations is bound improvingt tha lower bounding operation is
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strongly consistent and that the “deletion by infeasipflitule is certain in the limit. As-
sume that f attains its minimum on D. Le}iXbe the set of accumulation points{oo‘,‘nm}.

Then, it follows tha = limy_.. B« = Minkep f(X) and Xnin C arg minp f(x).

Proof The proofisidentical to the argument in [21] assuming thathinimum is attained is
sufficient. Also, the modification of the definition of strdpgonsistent bounding operations

is irrelevant for the proof. ad

On the other hand, providing an argument to prove consigtefithe lower bounds
obtained by using the McCormick relaxations for lower seamitinuous functions is more
involved and requires an additional assumption. In the cdsecontinuous functiorf, it
is obvious thatr (X') approaches (x*) asX' — {x*} for an infinitely decreasing sequence
of successively refined partition elemefi¥é' }. When the assumption of continuity éfis
dropped, the convergence afX') to f(x*) cannot be asserted agX') is, by definition,
the function value asomefeasible point inX'. In particular, it cannot be guaranteed that
there exists & € D in a neighborhood of a minimizer of (P), denotedxag,, so thatf (x)
approximated * well. This is demonstrated well in Example 1 in Section 2. &practical
implementation, a subsBt of D in the neighborhood ofn,i, must exist so that(x) is close
to f* whenx € D’. Otherwise it may not be possible to identify numericallyuéfisiently

good approximation of *.

Assumption 5 Suppose there existsin € arg minp f(x) with the following property:
Xmin IS NOt an isolated point @ and for evere > 0 there is & > 0 and a con€ with X, at
its apex such tha@s = CN{x € D : ||xmin —X|| < 8} has nonzero volume arfdy) < f*+¢&

forally € Cs.

Remark 4Note that Assumption 5 implies thdtis upper semi-continuous &, when

the domain off is restricted to a feasible subset of a neighborhoo’,@f with nonzero



26

volume, e.g., a sphere with positive radiugify but not a plane ifiR3. However, it does not

necessarily imply upper semi-continuity dfat Xmin.

Theorem 11 Suppose Assumptions 4 and 5 hold and that f is lower semincois. As-
sume that at every step any undeleted partition element edarther refined. Suppose that
the subdivision is exhaustive. Then, the lower bound®pbbtained by minimizing the Mc-
Cormick relaxations, i.e3(X) = min,x f(x) for some partition elemerx < IX and for

the McCormick relaxatiorj constructed orX, are consistent.

Proof Fix € > 0. If oy < f* + € at some iteratiotk, an e-optimal solution has been found

so that, in combination with Theorem 9, consistency of therloliing operation follows.

Otherwise, let > 0 and the seE; as given by Assumption 5. Denote ¥she partition
element of partition, with X C C; at some iteratiol;. The existence of such a partition
element follows from the assumption of exhaustive subitivignd the fact thaB(X) <
f*+¢& < ag,—1 so that neitheK nor a partition element that contaiKs due to Theorem 5,
could have been fathomed previously. By constructioX ) < f*+&. Thus, a feasible point
% € D has been found so th&tX) is close tof*, i.e., oy, < 0{()~() <f*+eoray,—f"<e
holds. Consider an infinitely decreasing sequefXg. Since it is infinitely decreasing, it
follows thatB(X') < a, for all | > Ly, whereLy, corresponds to iteratidh ; otherwise the
partition element would be fathomed hereafter contraaticthe assumption th&X'} is an
infinitely decreasing sequence. Theorem 9 established ')} converges td* so that
there exists &, with f* — B(X') < ¢ forall | > Lk, whereLy, corresponds to iteratiokp.

Consequentlygr, — B(X") < 2¢forl > max{Ly, , L, }. Sinces was arbitrary, the bounding

procedure is consistent. a
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Horst and Tuy [22] prove the convergence of the sequencerofmibest points of the
branch-and-bound algorithm to an optimal solution. CamglllV.2 that they present can be

extended to lower semi-continuous functions.

Theorem 12 [cf. 22, p. 132).et f be lower semi-continuous. Suppose that the bounding
operation is consistent and the selection operation is detapThen every accumulation

point of {x*} solves(P).

Proof SinceD is compact, the sublevel s&t f(x%)) = {x € D : f(x) < f(x°)} is bounded
and, sincef is lower semi-continuous( f(x?)) is closed; cf. [20, p. 148]. Thu§(f(x?))
is compact. By constructiorf,(x¥*1) < f(x¥), vk, so that{xk} c C(f(x°)). Hence,{xX}

possesses accumulation points. The assertion then fditows[22, Theorem 1V.2]. a

In this section it was shown that the branch-and-bound dlgorconverges under some
mild assumptions to a global optimum even in the presencesobdtinuities. The presented
results assume either thiis lower semi-continuous or thdtattains its minimum o. A

discussion of the case when these hypotheses are not met éaurial in Appendix B.

4 Case Studies

In this section, results will be presented from applying pheposed relaxations to some
global optimization case studies. First, the discussedhodetvill be applied to a problem
from process design and equipment sizing. The section edeslwith an example concern-
ing a discrete-time hybrid system.

In the following a simple branch-and-bound algorithm wid bsed to converge lower
and upper bounds and thus find a global optimal solution. éxiattonk with partition

elementX' € Z, upper and lower bounds are found as follows. In general, greu
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bounda(X') is obtained by evaluating the objective function at the sofuof the lower
bounding problem (if feasible). To find this solution and #id#ower boundB(X'), differ-
ent methods are employed. The first method uses only intarithimetic whereas the other
ones use the convex relaxation and a subgradient of theatedax The reader is referred

to [28] for details on how to construct the subgradient of Mo@ick relaxations.

Method 1 The bound from interval arithmetid, is used ag(X'). The objective function
is evaluated at the midpoint of the intervdl to find a(X'). This procedure yields very
efficient lower bounds at the expense of tightness.

Method 2 An affine approximation of the convex relaxation of the objexfunction is
constructed sequentially. First, a subgradientf a6 evaluated at the midpoint of!
and an affine relaxation df is thus constructed. Combined with the interval bouhd,
CPLEX is used to find a minimum of the affine relaxations. A sabgent off is evalu-
ated at this solution, another affine relaxation is addedGPHEX is used to solve this
problem. To balance efficiency and accuracy, a total of fiveinmization problems are
solved with CPLEX. The last solution found is reported3@X'). a(X') is obtained by
evaluating the objective function at the last point founddBLEX.

Method 3 Since CPLEX adds considerable overhead, a simple algoigtexplicitly im-
plemented that mimics Method 2 for one-dimensional proklamd constructs only two
affine relaxations.

Method 4 A bundle solver [25] with bundle size 15 is used to find the mimn of the
convex relaxation of the objective function. Note that the Qutines have been modi-
fied to prevent an infinite loop in the inner QP. In this casebilvedle solver terminates
with B(X') = —0. a(X') is obtained by evaluating the objective function at the poin

returned by the bundle solver.
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In the remainder of this section the different methods wéllrbferred to by these assigned
numerals for brevity. The open source C++ library libMC [B] & used to calculate the
necessary convex relaxations, and it relies on the intébrary PROFIL [23] with outward
rounding. libMC and PROFIL are extended to inclugets bounds and relaxations as well
as subgradients. The global optimization problem is casidl converged at iteratidn
when eitheroy — B¢ < & or ax — B« < &|B«|, wherees = 107° andg; = 107° (unless noted
otherwise). The best bound heuristic is used to determiaenéixt node and the absolute
diameter heuristic is used to select on which variable tadira

In the case of the more involved problems, the behavior gptbposed methods is com-
pared to the commercial global optimization software BAR@B] as part of GAMS 23.9.5
with regard to number of nodes visited and solution timesuRs for the following cases

will be presented:

BARONL1 Literature model with equal branching priority for eachigate.

BARON?2 Literature model with branching on binary variables andsetitof continuous
variables only.

BARONS Literature model reduced by analytically replacing somgedity constraints and
intermediate variables; equal branching priority for eaahable.

BARON4 Literature model reduced by analytically replacing somgedity constraints and
intermediate variables; branching on binary variablessaréet of continuous variables

only.

The same tolerances as listed above are used for BARON. @dershould take note that
the branch-and-cut algorithm implemented in BARON emplaoysy features (e.g., range
reduction, constraint propagation, etc) that are not impleted in the methods proposed

above.
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Lastly, a note on notation in this section: in tables conta@jrthe resultsxmin always
denotes the approximate optimal solution, regardlessrabsys used in the problem defin-

ition, and f* indicates the objective value at this point.

4.1 Process design and equipment sizing

A specific example from process design in chemical enginges considered here. Heat
exchanger network synthesis problems have been studiedsaxly, see [17] for a review.
A heat exchanger is a device in which two or more fluid stream$eought into energetic
contact. Though they cannot exchange mass, the coldensisdaated by the hotter stream
and vice versa. The necessary area in the unit for this hessfer depends on the amount
of heat transferred, the temperature difference and theaked heat transfer coefficient.
In the process industry, a common task is to design and sizemplex network of heat
exchangers to minimize investment and operational cogenQheating/cooling utilities
such as steam and cooling water are also available. In peaclifferent device designs are
used for different heat transfer areas. As a consequereeafital cost correlation that links
area to cost for these units is not continuous. Also, thezeugper limits on the size of a
single unit due to the difficulty of transporting large heatleangers to the plant site. In the
present problem, it is assumed that smaller units can beatguein parallel to circumvent
this problem.

In the literature, Turkay and Grossmann [39] give a MINLP wilathat uses disjunc-
tions to model the discontinuity in the cost correlation. @ternative reduced formulation
is possible. First, the discontinuous cost correlationtmdirectly represented without dis-
junctions or binary variables. Second, equality constsain particular energy balances for

each heat exchanger, can be used to eliminate variables indtel. Then, one can identify
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A[m?] investment cost [$/yr]

0<A<20 6700083+2000
20<A<50  64°%83+8000

50<A<100 60Q°83+16000

Table 2: Equipment cost correlation for heat exchangersmigipg on required area

a small number of temperatures that can be chosen indepnddter these temperatures
are fixed, all remaining intermediate temperatures can loelleéed from energy balances.
The aredA required for each heat exchanger is determined byw?\,,TD,

whereQ = Fcpn(Th,in — Th,out) iS the heat transfered,c, denotes the heat capacity
flow rate, Ti, and Toy: the in- and outlet temperatures of the hot and cold stre&htse
overall heat transfer coefficient, abtT D the log mean temperature difference. Instead of

using the exact expression foM T D, Chen’s approximation [8] is used,

1
(Touth — Tinc) + (TinH _TouLC)> 3

LWTD = (Tt = Tinc) T ~ o) .

Depending on the heat transfer area, one can then chooséhreendifferent available heat
exchanger designs with different investment cost coiimiat which are given in Table 2.
When the necessary area for one heat exchanger exceedsximeumaarea of the largest
heat exchanger design, the streams will be split and selieetlexchangers will be used.
At most seven parallel heat exchangers will be allowed t@gérensure feasibility of the
solution. Lastly, the operating expenses are found by tatiog the cost of cooling water
(20 $/kW yr) and the cost of steam (80 $/kW yr).

Overall, a factorable representation of the objective fimmccan be constructed as out-
lined above. In the routine to calculate the convex relaxatiof the objective function, a

priori known bounds on intermediate quantities, e.g., &irezed to be nonnegative, temper-
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Fig. 4: Structure of heat exchanger network 1

ature differences in the heat exchangers cannot be negatiVentermediate temperatures
must be between inlet and outlet temperatures of the regpestteam, are used to obtain

tighter bounds for intermediate expressions.

4.1.1 Heat exchanger network 1

The first case study was taken from [39]. Consider the hedtagger network depicted in
Figure 4 with stream data given in Table 3. Let the overall lueansfer coefficient of the

heat exchangers be given Hy;) = (1.5,0.2,0.06,1.6,0.04,0.3,0.6,1.7) kW/m?K.

There are seven unknown intermediate stream temperatndesva unknown utility
heat loads. Since one can write an energy balance for eadmeogight heat exchang-
ers, the problem has one degree of freedom. The temperdtigteeam H at the out-
let of exchanger 6 was selected as the decision variiblerom requirements for feasi-
ble heat exchange, i.e., no temperature crossover in theeliehangers, it follows that
T € [38225,49936]K. Once this variable is fixed, the remaining intermediatagera-
tures, utility heat loads, areas and hence investment castbe computed by a factorable

function as described before.
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Stream Fep [KW/K]  Tin [KT  Tout [K]
Hi 30.0 626 586
Ho> 135 620 519
Hs 20.0 528 353
C1 31.0 525 613
Cy 5.0 405 576
Cs 28.0 353 386
Cs 11.0 313 545
steam — 650 650
cooling water — 293 308

Table 3: Data for process and utility streams in heat excbiangtwork 1

The solutions as found with the different methods are coetpar Table 4 to the solu-
tion obtained with BARON [36] using the MINLP model proposed39]. In the case of the
reduced model, the energy balances are solved for the iatkate temperatures, which are
subsequently substituted in the equationiMT D. The expressions fdtMT D have not
been substituted since the non-integer exponent is refatetuiby GAMS using the expo-
nential function and the natural logarithm. During the mateyelopment, GAMS aborted
reporting domain violations so that this substitution i$ feasible. In the case of selective

branching, BARON is instructed to branch ®rand the binary variables only.

All methods find the same solution; see Table 4 for more dethastly, it is instruc-
tive to point out that the full disjunctive model introduct88 binary and 360 continuous

variables.
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Method #LBPs #UBPs Runtime [s] f* Xmin [K]
1 399 205 @269 411809 418103
2 63 42 02776 411809 418104
3 67 41 0076 411809 418103
4 61 40 03334 411809 418104
BARON1 48 iterations 36 411809 418103
BARON2 91 iterations 22 411809 418103
BARON3 46 iterations D7 411809 418103
BARON4 18 iterations r2 411809 418103

Table 4: Comparison of different methods with BARON for thstfiheat exchanger case

study

Fig. 5: Structure of heat exchanger network 2

4.1.2 Heat exchanger network 2

Consider the heat exchanger network depicted in Figurelbstieam data given in Table 5.
The goal is to optimize the network and size the equipmenhabthe combined invest-
ment and operational cost is minimized. Let the overall lreatsfer coefficient of the heat

exchangers be given b;) = (1.0,0.1,2.1,0.05,1.0,0.2,1.5,0.7,4.0,1.2,0.1) kW/n?K.
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Stream Fep [KW/K]  Tin [Cl1  Towt[C]
Hq 224 400 150
Ha 12.0 180 40

H3 26.0 150 45

Ha 24.0 135 100
C1 15.0 105 360
Cy 20.0 40 65

Cs 220 90 190
Cy 35.0 25 110
Cs 16.2 30 150
steam — 400 400
cooling water — 15 30

Table 5: Data for process and utility streams in heat exchiangtwork 2

There are eleven unknown intermediate stream temperancesvo unknown utility heat
loads. Since one can write an energy balance for each of évereheat exchangers, the
problem has two degrees of freedom. The temperature ofnstk¢aat the outlet of ex-
changer 3 and the temperature of streagratthe outlet of exchanger 2 were selected as the
decision variable§’ andT”, respectively. From requirements for feasible heat exgban
i.e., no temperature crossover in the heat exchangerdlavithatT’ € [129.81,1500]C

andT” € [12417,180.0] C; furthermore, it needs to hold that

26T’ +15T" > 5625

312T' +210T" < 84565

The solutions as found with the different methods are cosgbar Table 6 to the solution

obtained with BARON [36] using the model with disjunctiommeposed in [39]. The reduced
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Method # LBPs # UBPs Runtime [s] f* Xmin [C]

1 >100,000 > 70,836 > 920 — —

2 3,290 1804 216 599740 (130.40, 160.49)

4 3,661 2000 259 599740 (130.40, 160.49)
BARON1 65 iterations 55 599740  (130.40, 160.49)
BARON2 151 iterations 180 599740  (130.40, 160.49)
BARON3 389 iterations 338 599740 (130.40, 160.49)
BARON4 218 iterations 231 599740 (130.40, 160.49)

Table 6: Comparison of different methods with BARON for tlee@nd heat exchanger case

study

model is constructed as outlined in Section 4.1.2. In the o&selective branching, BARON
is instructed to branch of, T” and the binary variables only.

A few remarks are in order. First, the interval bounds do muiverge to the solution
in 100,000 iterations and consequently, the branch anddptocedure in Method 1 fails
to terminate with a guaranteed solution. Second, note tAR@N requires fewer iterations
than Methods 2 and 4 to identify its solution, however, eaefation is significantly more
costly; see Table 6 for more details. Also note that the fisjLohctive model used in BARON

introduces 231 binary and 496 continuous variables.

4.2 Discrete-time hybrid systems

A second class of problems with discontinuous behaviormsictered. Hybrid systems com-
bine continuous dynamics, that are described by diffeabatjuations, and discrete dynam-
ics, which are discontinuous changes in state variablewitchsing of the dynamic model

triggered by so-called events [11, 18]. In discrete-timstays, the continuous dynamics
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are discretized and described by difference equationspiididem below, which concerns
the optimal control of a linear discrete-time hybrid systésnslightly adapted from [24].

Consider the global optimization problem with an embeddsdrdte-time hybrid system
N
min 3 (xgRxi+ Uk 1QUc-1)

Up,---,UN—1 K1

St Xrr = A(M(K))x+B(MK))ug, k=1,...,N—1,

1if X1 < X2,
m(K) = k=1, N—1,

2 otherwise,

with N =10 and, folk=1,...,N, ux_1 € [-1,1],

0 02 0
if m(k) =1, if m(k) =1,
~0.4 —0.06 0.4
A(m(k) =9 BmKk)=¢{ b -
02 06 0.2
if m(k) =2, if m(k) =2,
~-0204 0.1
1000
R= , andQ = 1.0.
0015

Two cases are considered where the initial conditionsrdi@ase 1 withxo = [4,5]T and
Case 2 withxg = [5,4]".

The objective can be calculated using a finite algorithm téegsup, ..., uy_1 as input
and returns the objective. The detailed results for botesase shown in Table 7. Here, the
relative tolerance is set i = 101 initially. Note that in both cases, Methods 2 and 4 find
the optimal solution at the root node while Method 1 does paterge the lower and upper
bound within 100,000 iterations, which is indicative of theakness of only using interval
methods for multi-dimensional problems.

It is important to remark that, although both problems afeesbat the root node, the

lower bound does not converge to the value of the optimatisolLinstead, a small but finite
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Case Method #LBPs # UBPs Runtime [s] f* Xmin

1 > 100,000 > 100000 > 30.0 — —
1 2 1 1 Q00280 7256  (1,0.2970,0,0,0,0,0,0,0,0)

4 1 1 Q0114 7261  (1,0.2479,0,0,0,0,0,0,0,0)

1 > 100,000 > 69,712 > 282 — —
2 2 1 1 00263 13077 (-0.7499,-0.2549,0,0,0,0,0,0,0,0)

4 1 1 00112 13049 (-0.8184,-0.1191,0,0,0,0,0,0,0,0)

Table 7: Comparison of different methods for both casesefithcrete-time hybrid system.

Note that Method 1 does not converge in either case afteingph00,000 iterations.

discrepancy will remain indefinitely. This results from fir@sence of discontinuities; cf. the
discussion in Section 2.4. In this example, it does not impaovergence wheg = 101,
However, Methods 2 and 4 do not converge Case 1 within 100t@@ions wherg, = 102

and Case 2 wheg = 104,

5 Conclusion

A procedure to construct interval bounds and convex andax@nielaxations of factorable
functions with discontinuities has been presented. Mc@ksicomposition theorem [26]
is extended to bounded, but not necessarily continuoustiturs. The crux of the pro-
posed extension lies in the observation that discontemiitan be modeled using a step
function [41] and that convex and concave envelopes can dudilyeconstructed for this
function. Furthermore, it was shown that most theoretiealits developed for the contin-
uous case [37] hold even when the assumption of continuitydpped. Only establishing
convergence of a sequence of relaxations to the functiomwatsequence of intervals con-

verging to a degenerate interval is considered requiregiaial assumptions. Currently,
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some results are established to show when this assumptids. INevertheless, this remains
an active area of research for the authors as, e.g., exastpbes in the previous section
indicate that the relaxations converge for problems of tigakimportance or at least pro-
vide sufficiently tight relaxations. Also, these case stadihow that the proposed method
may provide a very effective means to solve optimizatiorbfgms with discontinuities to
global optimality without introducing binary variableshds an increase in size of the global
optimization problem can be avoided, which is very desealce known global optimiza-
tion algorithms scale exponentially. Also note that so farange reduction techniques have
been employed which considerably improve convergence iRBN. There appears no dis-
tinct advantage of reducing the size of the optimizatiorbfm in BARON. Also, it is not
possible to deduce a general advantage when branching disetsf the continuous vari-
ables only. Lastly, the advantage of convex relaxations ioverval bounds is demonstrated
for multi-dimensional problems. While one-dimensionalldems can be solved efficiently
when only interval bounds are available, the convex relaratare key for efficiently find-

ing the optimal solutions of multi-dimensional problems.
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A Discussion of sufficient conditions for convergence of theelaxations

Here, three lemmata will be given that present sufficient d@rd for Assumption 4 to hold for a given
factor v, and thus can be used in a finite induction argument to estaldBishmption 4. In particular, they
formalize the discussion in Section 2.4 and show that, tdoéstaAssumption 4, it is sufficient to exclude
these cases from occurring. First, overestimation in bimggrations is considered. Here, two reasonably
strong results can be given. Then, attention will be dié¢teunivariate functions where more restrictive

assumptions need to be made.

Lemma 6 Consider any k such that« k < m where y is defined by a summation or multiplication. Con-
sider a nested sequence of intervals X X* = [x*,x*], X' € IX, and X # X*. Suppose Assumption 4
holds for all i, j < k. Suppose thatj\and v, are discontinuous with respect toat x* and that these dis-
continuities are introduced at earlier factors K i and kj < j, i.e., W, = m(v;) and ¥ = Ir(vri ), ri <k

and rj < kj. Assume thatw and v are the only discontinuous step mappings. Define subset$ af X
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= ={xeX":v;(x) > 0} and =} = {x € X' 1 (x) > O}. If there exists a l N so that for all I > L,
Hnzi#0, o) £0, xX\IHnz £, X\F)nX"\z]) £0
then Assumption 4 holds for k.

Proof By assumption, there exist four sequen¢®’s}. ..., {X,} converging tax* wherex} € =/ ﬂ_}, X5 €
= nN\Z]), xy e (XN\Z)N =], andx, € (X)) n(X"\Z)).

For anyX' with | > L, the image of is V{;, = [0,1] as=] is a nonempty strict subset ¥ , vi, (x) =
1 for g = 1,2 andv (x) = 0 for q = 3,4. Thus,V‘!i is an exact bound of the range wf. Consider the
finite sequence o+ 1 continuous factors, say, , ..., Vi, Vi with ki < i < ... <is </, that maps/ to V;.
By assumption, other arguments involved in the definition effdctorsy, , ..., Vi, v; are continuous step
mappings and, as a result, their corresponding interval d®aanverge to degenerate interval$ as .

Consider factom;; and letv/ Vi | = I|m|ﬂo<,[vI v ,J. If this step mapping is a binary operation com-

i1 |1
bining v, with a continuous factoly, will converge to a non-degenerate interval and, withous lofsgen-

erality, v;, = lim| Vi, (xg) for g = 1,2 andv;, = limj .V}, (x;) for g = 3,4. If this step mapping is a

univariate operation, Assumption 4 guarantees\hawill converge to the exact bounds, i.e., without loss of

generality,y;; = lim Vi, (xy) for q= 1,2 andv;, = lim .V}, (x;) for g = 3,4. Repeating this argument

=iy
for the factorsvi,, ..., Vi, Vi, it follows without loss of generality that” = lim_.., Vi (x}) for g = 1,2 and
V; =1lim_e Vi (x) for g = 3,4 where[v; ,v/] = lim|__. [V}, ¥}]. It can be argued similarly that, without loss of
generalityy; _Ilmpmv'( Xg) forq=1, 3and\7*_llm|%,v'( Xq) for q= 2,4 wherely;, \f*}_llmpw[ i J]
Thus, each combination of the boundsvpiindy; is attained in the neighborhood ®f. In particular,
in the case of addition, the sequendesx})}, {vj(x})} and{vi(x,)}, {vj(x,)} converge to;, vi andv;,
v} respectively. Thusyg. W] = [vi',v] + [v{, V] is, in the limit, an exact bound. A similar argument can be
presented for the case of multiplication. Here, each combimatf lower and upper bounds anandyv; is

realized by a different sequen{:ye'q}, q=1,...,4. Thus, Assumption 4 holds far O

Remark 5

— Lemma 6 considers the case of adding or multiplyingndv; wherey; andv; are discontinuous in the
limit x* and these discontinuities are introduced by exactly mfienction each. Then, the dependency
problem in interval arithmetic can be mitigated when therstexdgions in each intervad' so that all

combination of the lower and upper bounds of the factpedv; are attained. This can be alternatively
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(a) lllustration showing a case where hypothesis of

Lemma 6 holds

1

e

e Xq Il

K
\
i

X2

N

(b) Counterexample showing when Assumption 4 does not
hold. The digits indicate the value ¢{x) = 1+ m(x1) +
T(X2) — TT(X4 + Xp) in the 6 subsets ok! = [—1-1,1-1%,

note thatf =0, f =3.

Fig. 6: lllustrations for Assumption 4 whetc R?. The curves indicate discontinuities introduced at presio

factors.

expressed as requiring that the intrinsic discontinutiesot coincide in a neighborhood xf. A case

where this hypothesis of Lemma 6 holds is illustrated in Figi&).

— A counterexample can be given to show that Lemma 6 cannot bg eatéhded to the case when more

thann intrinsic discontinuities coincide at* € R". To see this, considefr(x) = 1+ 11(X1) + 11(X2) —

TI(X1 +X%2), X = [~1,1]? andX' = [-1-1,171]2. As shown in Figure 6 (b), three intrinsic discontinuities

coincide at(0,0). The bounds of on X' obtained from interval arithmetic a[é —0andf =3. They

are not attained for any < X' and anyl and thus Assumption 4 does not hold.

— Also note that, given Assumption 4, the exacerbated depegdeoblem of interval arithmetic is not

acute when there is only one discontinuity present in either vj atx*. This has been exploited in the

proof of Lemma 6.

— Lastly, observe that the hypotheses of Lemma 6 cannot be edtigfienX' C R. At most three subsets

of X in the vicinity ofx*, {x: x < x*}, {x:x=x*} and{x: x> x*}, are conceivable whesg andv; could

attain their lower and upper bounds. To guarantee that Assom¥ holds forv, the interval arithmetic

for vi +v; or vivj needs to combine the bounds in such a way taittains both its lower and upper

bound. However, it is easy to conceive counterexamples wherés not true, e.g., see the discussion

prior to Lemma 6.
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Though it was pointed out that there are counterexamplesatésy the generalization of Lemma 6
when more than 2 intrinsic discontinuities coincidexatin R?, a generalization is possible tointrinsic

discontinuities coinciding ifR".

Lemma 7 Consider any k such that« k < m where y is defined by summation or multiplication. Suppose
Assumption 4 holds for all j < k. Consider a nested sequence of intervals-XX* = [x*,x*], X' € IX,

X! 2 X*. Suppose thatj\and v, are discontinuous with respect foat x* and that these discontinuities are
introduced by o< n earlier factors k... kg, i.e., Vg = Ti(Vrg) With Vi (x*) =0for §=1,...,q. Assume that
Vi, is differentiable with respect oat x*, for all §=1,...,q, and denote the gradient ofpatx* as Ovg. If

Ovy, ..., Ovg are linearly independent, then Assumption 4 holds for k.

Proof Define subsets oK' as =, _q ={xexX Vi > 0}, §=1,...,0. Requiring linear independence of
Ovs, ..., Ovg is a sufficient condition for the existence df Bonempty subsets of' that realize all com-

binations of=} with =} §or X'\_('i, §=1,...,q,G+§, forall| > L for someL € N. Thus, the argument used
in the proof of Lemma 6 can be extended to show that each possibibination of the bounds on interme-

diate factors is indeed realized. 0
Lemma 8 Consider any k such that« k < m where y is defined by y= m(v;). Consider a nested sequence
of intervals X — X* = [x*,x*], X! € IX, X' # X*. Suppose either

1. that y(x*) = 0 and that for all I > 0 there exists a(r €X' and ag > O'so that v(xIT) =g,
2. that there exists aj.> 0 so that\7'i <Oforalll > Ly, 0r

3. that there exists adl> 0 so that)}/ > Oforalll > Ly.
Then, Assumption 4 holds for k.

Proof Consider Case 1. By assumptioh,= 0 andv, = 1,VI so that lim_., [}, v}] = [0, 1]. Furthermore, it

holds that

[I|m inf vi(x), I|m SupVk(x }7[I|m inf (Vi (X)), I|m supT(vi(X))]
I—eoxeX! I—ey oxi —oxeX! —9yex!

= [ (), fim 770 ()]
= [m{0), im (&)} = [0,

Consider Case 2. By assumptidy,, v}] = [0,0] for all | > L;. Thus,v(x) = 0 for all x € X't so that

[Iimpwinfxew Vk( ) lim) o SURex! Vk X)} [0 0] = |Im|‘m[\llk,\llk]
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Consider Case 3. By assumptidy,, v}] = [1,1] for all | > L;. Thus,v(x) = 1 for all x € X'2 so that
[limy o infy st Vie(X), iMoo SUR, 51 Vi(X)] = [L, 2] = lim) oo [V, W]

Thus, Eqg. (2) and, hence, Assumption 4 hold for fa&tor O

Lemma 9 Consider a nested sequence of intervals-XX*, X' € IX, X' # X* and a continuous function

f:X —R.Then,
lim inf f(x)= inf f(x) and lim supf(x) = sup f(x).
| —ooxex! xexX* |~>00X6X| XEX*

Proof Fix € > 0. Letx; .. € arg miny- f(x), the infimum is attained sinc¢* is compact and is contin-
uous onX*. SinceX' c X is compact and is continuous orX, f is uniformly continuous orX'. Uniform
continuity of f implies that35 > 0 so that| f(x) — f(y)| < € for all x,y € X! for which [|x —y|| < 5y/n.
Convergence oK' to X* implies that there is & > 0 so thatdy (X', X*) < & for all | > L. By definition
of the Hausdorff metricx > x* — & andx < %"+ & foralll > L andi = 1,...,n. Thus, f(x") + & > f(x¥)
wherext € X'\X* andx* € 9X* with 9X* denoting the boundary ok*. By definition, f(x) > f(X:,),
¥x € X* s0 thatf (x¥) > f(x5,;,). As aresult,f(x) +& > f(xt,) for all x € X' with | > L. Sincex' o X*,
inf, oy T(X) < f(Xn) foralll. € is arbitrary so that lim.., inf, _y f(x) = infxex+ f(X). An analogous argu-

ment can be made to show that |ing, sup .y f(X) = supx- f(X).

Lemma 10 Consider any k such that @1 k < m where y is defined by a continuous univariate intrinsic
function ¢. Suppose Assumption 4 holds for alt k. Consider a nested sequence of intervals-XX* =

[x*,x*], X' e IX, X! £ X*, Let[v,v/] = lim|_ [V}, ¥]. Then, Assumption 4 holds for k if
min{gw(V}), (¥ )} = k(7. %]) and  max{¢(v), $x(%)} = Pu([v', %)

Proof First, suppose that is continuous with respect toatx*. Then, v, V;] is a degenerate interval. Since
@y is an interval extensionPy([vi',Vi]) is also a degenerate interval and, hence, Eq. (2) holds.

Next, suppose thag is not continuous with respect foat x*. Since Assumption 4 holds for factarit
follows that lim _ [V, V] = [lim)_e inf, .y Vi (X), lim)_.cs SUR51 Vi (X)]. Consider the sequent = [V, V']
converging td/;* = [v*,v*]. According to Lemma 9, it holds that lim., infzevi\ ox(2) = infzevi* ¢ (z) and that
lim)| o SURcy! P(2) = SURyev- ¢k(2). The hypothesis of the lemma imply furthermore tidgy([v;',V]) =

inf 2 vr) $K(2) and thatdy([vf,v']) = SURse(v: 7] $k(2). Therefore it follows that

[lim inf wi(x), lim supv(x)] = [lim inf ¢x(2), lim supgx(2)]
| —ooxeX! =y ox I~>t>oz€\/iI IHwZGVJ

= Linf 9u(2) SUpP(2)] = Bl 7)) = V. )

eV
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i.e., EQ. (2) holds and, hence, Assumption 4 is establishef@étor k. O

Remark 6 An example of a class of univariate intrinsic functighthat can meet the hypotheses of Lemma 10
are monotone functions. However, the specific implementatio® wvill dictate if ¢ indeed meets the hy-

potheses of Lemma 10.

B More general convergence results for branch-and-bound glorithm

In Section 3, it was assumed thfats either lower semi-continuous or attains its minimumDorResults are

outlined below that hold even when these assumptions areajzeel.

Remark 7 When the assumption thétis lower semi-continuous is dropped in Theorem 9, then onaatan

appeal to Theorem 8. However, with Remark 3 in mind, one careatga limy ... B(X'9) = limg_ inf f(x) >

xex'a
min{limqﬁwinfxexm\{x*} f(x), f(x*)} > min{liminfy_x- f(x), f(x*)}, which is sufficient to show that the

lower bounding operation is strongly consistent.

Note that Remark 7 does not allow for the argumenglimB(X'4) = infyex=rp f(X), and consequently
limg_. Bk = infxep f(X), whenf is not assumed to be lower semi-continuous. In particularethey be
an infinitely decreasing sequence of nested inter¥lso that there exists g e 9D with y € intX', VI,
i.e., all partition elements contain an element of the boundathe feasible set in its interior. Suppose that
f(y) = infxep f(X). Thus, itis conceivable that there exists & 0 and a sequendg' } with 2 ¢ D, 72 € X',

Vvl so thatf(Z) < f(y) — €. As aresult, lim_ B(X") < f(y) —&.

To avoid this complication, another assumption is introduced
Assumption 6 Supposef (y) > infyep f(X),Vy € X1y ¢ D.
This assumption can be satisfied by reformulatiras a penalty function, e.g., minimizirfigwith

f(x), if xeD,
(D), otherwise

wheref (D) denotes an upper bound, e.g., derived from interval arslgsf onD.

Remark 8 When the assumption thdtattains its minimum o in Theorem 10 is removed and Assump-
tion 6 holds, one can still argue th@t= infycp f(x) using Theorem 8 and Remark 3. However, the set of

minimizers off onD, arg minp f(x), is not defined in this case. Instead, consider the set

arg inf.p f(x) = {x eD:3{Z} c Dwith lim 7 =x andllimf(z') = inf f(z)} . (3)
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In this cas&Xmin C arg inf,.p f(x). This can be shown as follows:

Assume that the algorithm does not terminate after a finite nnwhsteps. Consider the sequence of

lower bounds{fx} with x‘;nin, Ly and X'« as defined previously. From the construction of the algorith

it follows that {f} is a nondecreasing sequence Wgh< infycp f(x). Hence, = limy_.., B« exists and

B < infyep f(x). Letx. denote an element of the set of accumulation points of the seaye’;;.} and let

+

min*

{x. } be a subsequence Bt} with subsequential limix

Since the partition subdivision is exhaustive
and the selection operation is bound improving, a finite nurobpartition elements is visited in each itera-
tion only. Consequently, a decreasing subsequence ofssicely refined partition eIemen{S(q/} c {Xt}
exists such that ligi_.., X9 = {x:nin}. Since the lower bounding operation is strongly consistarete exists a

+ £ (x), F(x]

subsequencgXd} c {X¥} such that ling—co B(X9) > min{liminf, min) - The “deletion by in-

feasibility” rule is certain in the limit so thaqlin €D. Thus, infep f(x) > B >min{liminf __+ f(x), f(x! )}

min
min

By assumptionf (y) > infxep f(x) wheny ¢ D so that

inf f(x) = min{liminf f(x), f(xi)} =B

X=Xmin

Thus, the result follows.

Remark 9 Assumption 5, which implicitly presumes thiattains its minimum o, is used in Theorem 11.
The latter can be modified when the minimumfobn D is not attained: defin&myi, € D as the limit of a
sequencgx'} C D with lim)_, f(x') = f*. Suppose that, for every> 0, there exists & > 0 and ax € D

for which ||X — Xmin|| < 9, X # Xmin, f(X) < f*+ € hold. Under this assumption, consistency of the lower

bounding operation can be argued following a proof similghtone of Theorem 11.

Remark 10In Theorem 12 it was assumed thais lower semi-continuous. This assumption was utilized
therein to assert that sublevel setsfadre closed. A similar statement is not possible when the assumpt
of lower semi-continuity off is dropped as they are equivalent. Consider a discontinfunetions with
the following property: there exist two sequendss$}, {z'} ¢ D with limits y* # z*, respectively, so that
lim e f(y') = f* =lim_ f(Z) and letf(y*) = f* # f(z*). The branch-and-bound algorithm is not able
to fathom any partition element that contains an infinite nunathe@lements of(Z' }. Consequentlyy* and

z* are accumulation points c{ka}, whereas, in the strict sense, onfy solves (P). Howeverz* is in the
set arg infp f(x) as defined by Equation (3). Using the argument presentedsrréhiark and asserting

Assumption 6, one can show that, for any accumulation pdinaf {x}, x" € arg inf, . f (x) holds.



