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Abstract A deterministic global optimization method is developed for a class of discon-

tinuous functions. McCormick’s method to obtain relaxations of nonconvex functions is

extended to discontinuous factorable functions by representing a discontinuity with a step

function. The properties of the relaxations are analyzed indetail; in particular, convergence

of the relaxations to the function is established given someassumptions on the bounds de-

rived from interval arithmetic. The obtained convex relaxations are used in a branch-and-

bound scheme to formulate lower bounding problems. Furthermore, convergence of the

branch-and-bound algorithm for discontinuous functions is analyzed and assumptions are

A. Wechsung

Process Systems Engineering Laboratory, Department of Chemical Engineering,

Massachusetts Institute of Technology, 77 Massachusetts Ave 66-363, Cambridge, MA 02139

E-mail: awechsun@mit.edu

P. I. Barton

Process Systems Engineering Laboratory, Department of Chemical Engineering,

Massachusetts Institute of Technology, 77 Massachusetts Ave 66-464, Cambridge, MA 02139

Tel.: +1 (617) 253-6526, Fax: +1 (617) 258-5042, E-mail: pib@mit.edu



2

derived to guarantee convergence. A key advantage of the proposed method over reformu-

lating the discontinuous problem as a MINLP or MPEC is avoiding the increase in problem

size that slows global optimization. Several numerical examples for the global optimization

of functions with discontinuities are presented, including ones taken from process design

and equipment sizing as well as discrete-time hybrid systems.

Keywords Global optimization· Discontinuous functions· Convex relaxations·

McCormick relaxations· Nonconvex optimization

Mathematics Subject Classification (2000)90C26· 49M20· 65K05

1 Introduction

Deterministic global optimization methods aim to identifya guaranteed global optimal so-

lution of a nonconvex program of the form

f ∗ = min
x

f (x) (P)

s.t. x ∈ D,

where f : X ⊂ R
n → R and D ⊂ X is nonempty compact. One solution method for the

nonconvex program (P) is the branch-and-bound algorithm, which constructs a convergent

sequence of lower and upper bounds onf ∗ to find an optimal solution [15, 22, 35]. Typically,

the function f is assumed to be continuous, frequentlyf is also required to be sufficiently

smooth. Several methods have been proposed in the literature to find convex relaxations

of continuous functions that are given in closed form [1, 26,38]. Recently, McCormick’s

method [26], which was originally defined for explicitly stated factorable functions, has

been extended to continuous functions that are not known explicitly, e.g., when they result
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from algorithms [28, 37]. Discontinuities can appear, for example, in algorithms with condi-

tional statements (i.e.,IF-THEN-ELSE), which have been excluded in a previous paper [28,

p. 593]. Hereafter, a class ofdiscontinuousfunctions is considered. Neither are the standard

relaxation techniques, which are defined for continuous functions, applicable in this case

nor has it been considered in branch-and-bound theory [22].

A closer look at McCormick’s composition theorem and its proof [26], however, in-

dicates that the result can be extended to discontinuous factorable functions if they are

bounded. It is, in addition, necessary to know valid relaxations of univariate discontinu-

ous functions. Since a discontinuity can be represented by astep function [41], for which

relaxations can be constructed easily, this requirement can be met when the factorable repre-

sentation of the function has a finite number of discontinuous univariate factors. However, it

is not clear if the properties of McCormick relaxations shown in [37] hold true. In this paper,

the obtained relaxations for bounded factorable functionswith discontinuities are analyzed

in detail. Such analysis is indispensable in order to establish properties of the proposed re-

laxation technique required for its use in a branch-and-bound method [22]. Furthermore,

branch-and-bound theory must be extended as continuity is astanding assumption through-

out [22].

The proposed method is particularly well suited to solve optimization problems with

discontinuities depending on continuous variables. Exemplary of this case are discontinu-

ous cost functions in process design: when a certain size is exceeded, two units need to be

used instead of one, causing a discontinuity in the investment cost (this starkly contrasts

with discrete decisions that require integer variables, e.g., when two exclusive alternatives

for one unit exist). Examples for such problems can be found in process synthesis with dis-

continuous investment costs [39] as well as dynamic optimization problems with disconti-

nuities [2], in particular, hybrid systems [24]. Currently, mixed-integer or complementarity
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constraint formulations are often used to model discontinuities depending on continuous

variables [6, 39]. In the former, binary variables are introduced to model discontinuities

whereas in the latter complementarity constraints take on this role. Commercial global opti-

mization algorithms are available for MINLPs [36], however, introducing binary variable to

model the discontinuities can increase the number of variables drastically. This can lead to

poor performance as branch-and-bound algorithms are knownto scale worst-case exponen-

tially with the number of variables. MPECs are usually reformulated as NLPs and are only

solved locally at present [6, 16].

While this paper focuses onglobaloptimization of discontinuous factorable functions, it

should be noted that existing work on discontinuous optimization considered findinglocally

optimal solutions. Aside from using the definition of a localminimum as a point attaining

the smallest value of the objective function in a neighborhood, no other characterization,

e.g., using gradients, is applicable when the function is not even continuous. In the quest

to derive local optimality conditions, the notion of derivatives is generalized to nonsmooth

and discontinuous functions by several authors [3, 4, 9, 14,30, 42]. Recently, Rockafel-

lar generalized derivatives have been used in direct searchalgorithms for discontinuous

functions [40]. Another prevalent idea in the literature isto approximate the discontinuous

function by convolving it with an appropriate mollifier resulting in an averaged function.

This operation leads to an integration problem, possibly ofhigh dimension, which is com-

putationally expensive and is often evaluated using Monte Carlo schemes [5, 13, 33, 42].

Conn and Mongeau [10] consider piecewise linear optimization problems where the objec-

tive function and constraints have discontinuities on a setof hyperplanes and propose an

algorithm to identify local minima. In an approach more closely related to the idea proposed

in this paper, Zang [41] introduces step functions to express the discontinuities and suggests

a family of smooth approximations for these. Similar ideas are used to smooth continuous
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functions at points of non-differentiability [e.g., 12] and are prone to introduce inaccuracy

and numerical instability.

The remainder of this paper is organized as follows. First, McCormick relaxations [26]

are studied taking advantage of the formalization providedby [37]. In Section 2, properties

such as continuity and convexity of the obtained relaxations of certain bounded functions are

proved. Examples of the relaxations of discontinuous functions are provided. Furthermore,

the behavior of the relaxations on sequences of intervals isinvestigated, after the necessary

assumptions required for these properties are made explicit. This leads up to the results in

Section 3, where it is argued that a branch-and-bound algorithm with finiteε-convergence

can be constructed. The paper continues with some examples in Section 4 which showcase

the numerical feasibility and provide first promising examples from different applications.

The paper is concluded with a summary of the obtained resultsin Section 5.

Notation The set of closed and bounded realintervals is denoted byIR and the set of

n-dimensional intervals (Cartesian products ofn intervals) byIR
n. The lower and upper

boundsof X ∈ IR
n are denoted asx andx, respectively. The set of all interval subsets of

X ⊂ R
n is denoted byIX ⊂ IR

n. Convergence of a sequence of intervals{Xl}, Xl ∈ IR
n to

X∗ ∈ IR
n asl → ∞ will be denoted asXl → X∗ and is equivalent to liml→∞ dH(Xl ,X∗) = 0

wheredH(X,Y) denotes the Hausdorff metric for anyX,Y ∈ IR
n. A convex relaxationof a

function f : X → R on a convex setX ⊂ R
n is denoted by

ˇ
f , aconcave relaxationby f̂ .

2 Relaxations of bounded factorable functions

In this section, the construction of relaxations for factorable and bounded functions is dis-

cussed. To this end, the procedure to obtain McCormick relaxations [26, 37] is defined and

well-known results for these are extended. Then, discontinuous univariate intrinsic func-
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tions are studied more closely and first examples of the constructed relaxations are given. A

discussion about the behavior of the relaxations on sequences of intervals is preceded by a

collection of necessary assumptions and concludes this section.

The idea of a factorable function is central to this paper andwill be formalized below,

cf. [26, 37]. Here, the notion of factorable functions will be extended by only requiring

boundedness, but not continuity. Such functions will be calledbounded factorable. The class

of bounded factorable functions includes most functions that can be represented finitely on

a computer.

Definition 1 A function ϕ : B → R, B ⊂ R is aunivariate intrinsic functionif, for any in-

tervalV ∈ IB, an inclusion monotonic interval extensionΦ of ϕ onV, a convex relaxation

ˇ
ϕ of ϕ onV and a concave relaxation̂ϕ of ϕ onV are known and can be evaluated compu-

tationally.

Definition 2 SupposeX ⊂ R
n. A function f : X → R is factorableif it can be expressed in

terms of a finite sequence of factorsv1, . . . ,vm such that, givenx ∈ X, vi = xi for i = 1, . . . ,n,

andvk is defined for eachk, n < k ≤ m, as either

(a) vk = vi +v j , i, j < k, or

(b) vk = viv j , i, j < k, or

(c) vk = ϕk(vi), i < k, whereϕk : Bk → R is any univariate intrinsic function,

and f (x) = vm(x).

Note that Definition 2 implies thatvi ∈ Bk for eachk such thatn < k ≤ m andvk is defined

by Definition 2 (c).

In the literature, a standing assumption is continuity of the univariate functionsϕk and

hencef . WhenX is compact, continuity of each operation in Definition 2 guarantees com-
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pactness off (X) [34]. Hence, continuous factorable functions are always bounded fac-

torable on a compact setX. As shown below, if each univariate function is bounded, then

the constructed function is bounded factorable.

Lemma 1 Suppose X⊂ R
n is bounded. Consider a factorable function f: X → R. f is

bounded factorable ifϕk is bounded on Bk for each k such that n< k ≤ m and vk is defined

by Definition 2 (c).

Proof For 1≤ k ≤ n, the assertion holds trivially. Suppose the assertion holds for somek

wheren < k ≤ m. Whenvk is defined by Definition 2 (a) or (b),vk is certainly bounded.

When vk is defined by Definition 2 (c),vk is bounded sinceϕk is bounded. From finite

induction, it follows thatvm is bounded and, hence,f is bounded factorable. ⊓⊔

2.1 Extension of McCormick’s result to bounded factorable functions

McCormick [26] presented a recursive procedure to create relaxations of factorable func-

tions f on the intervalX = [x,x]. While in his exposition, McCormick restricted the result to

continuous factorable functions, it can be easily extendedto bounded factorable functions.

Theorem 1 Let X ⊂ R
n be a nonempty convex set. Consider the composite function f2 ◦ f1

where f1 : X → R is bounded on X, let f1(X) ⊂ [a,b] and f2 : [a,b] → R. Suppose that

relaxations
ˇ
f1 and f̂1 of f1 on X as well as relaxations

ˇ
f2 and f̂2 of f2 on [a,b] are known.

Let zmin be a point at which
ˇ
f2 attains its infimum on[a,b], and let zmax be a point at which

f̂2 attains its supremum on[a,b]. Then

u(x) =
ˇ
f2[mid{

ˇ
f1(x), f̂1(x),zmin}]

is a convex relaxation of f2 ◦ f1 on X, and

o(x) = f̂2[mid{
ˇ
f1(x), f̂1(x),zmax}]
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is a concave relaxation of f2◦ f1 on X, wheremid : R×R×R → R selects the middle value

of the three scalar arguments.

Proof The original proof [27] remains valid after the continuity hypothesis onf1 is replaced

with a boundedness assumption as onlyf1(X) ⊂ [a,b] is needed. ⊓⊔

Theorem 1 allows the construction of relaxations of complicated functions by decompos-

ing the function into factors for which relaxations are known. A precise definition of this

procedure was first given in [37] and is reproduced below for the benefit of the reader.

Definition 3 Denote theMcCormick relaxationsof the bounded factorable functionf on

an intervalX ∈ IR
n by the functions

ˇ
f , f̂ : X → R where for eachx ∈ X,

ˇ
f (x) and f̂ (x) are

defined by the following procedure:

1. Setvi = xi andvi = xi for all i = 1, . . . ,n, and denoteVi ≡ [vi ,vi ].

2. Set
ˇ
vi = v̂i = xi for all i = 1, . . . ,n.

3. Setk = n+1.

4. Computevk, vk andVk ≡ [vk,vk] according to the definition ofvk, as

(a) vk = vi +v j andvk = vi +v j ,

(b) vk = min
(

viv j ,viv j ,viv j ,viv j
)

andvk = max
(

viv j ,viv j ,viv j ,viv j
)

,

(c) vk = Φk(Vi) andvk = Φk(Vi), whereΦk : IBk → IR is an inclusion monotonic interval

extension ofϕk onBk.

5. Compute
ˇ
ηk andη̂k according to the definition ofvk, as

(a)
ˇ
ηk =

ˇ
vi +

ˇ
v j andη̂k = v̂i + v̂ j ,

(b)
ˇ
ηk = max(αi +α j −viv j ,βi +β j −viv j) andη̂k = max(γi +γ j −viv j ,δi +δ j −viv j),

where

αi = min(viˇ
v j ,vi v̂ j), α j = min(v j ˇ

vi ,v j v̂i), βi = min(vi
ˇ
v j ,vi v̂ j), β j = min(v j

ˇ
vi ,v j v̂i),

γi = max(viˇ
v j ,vi v̂ j), γ j = max(v j

ˇ
vi ,v j v̂i), δi = max(vi

ˇ
v j ,vi v̂ j), δ j = max(v j ˇ

vi ,v j v̂i),
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(c)
ˇ
ηk =

ˇ
ϕk(mid(

ˇ
vi , v̂i ,zmin

k )) andη̂k = ϕ̂k(mid(
ˇ
vi , v̂i ,zmax

k )), where
ˇ
ϕk, ϕ̂k : Vi → R are,

respectively, convex and concave relaxations ofϕk onVi , and wherezmin
k is a mini-

mum of
ˇ
ϕk onVi andzmax

k is a maximum ofϕ̂k onVi .

6. Compute
ˇ
vk andv̂k as

ˇ
vk = max(

ˇ
ηk,vk) andv̂k = min(η̂k,vk).

7. If k = m, go to 8. Otherwise, setk = k+1 and go to 4.

8. Set
ˇ
f (x) =

ˇ
vm(x) and f̂ (x) = v̂m(x).

Scott et al. also introduced the notions of step and cumulative mappings, which are very

helpful in analyzing the constructed functions [37].

Definition 4 Given an intervalX, and hence intervalsV1, . . . ,Vm, let thestep mappingbe

a mapping of the formvk : Vi(×Vj) → R defined by the expressions given in Definition 2.

Let thecumulative mapping vk be the mappingvk : X → R, defined for eachx ∈ X by the

valuevk(x) when f is computed atx. Similarly, let the step and cumulative mappings
ˇ
vk, v̂k

be mappings of the form
ˇ
vk, v̂k : Vi(×Vj) → R and

ˇ
vk, v̂k : X → R, respectively, defined in

analogous manner by Definition 3.

The following assumption ensures that the domain of each step mapping is a superset of the

image of the preceding step mapping. It is discussed in more detail in [37].

Assumption 1 f can be represented onX by a factorization with the property that, for each

k such thatn< k≤ mandvk defined by Definition 2 (c),Vi ⊂ Bk whereVi denotes an interval

bound onvi derived from interval arithmetic beginning withVi ∈ IXi , i = 1, . . . ,n.

Proposition 2 in [37] remains valid for bounded factorable functions since Theorem 1 shows

that the constructed mappings
ˇ
vk, v̂k of the cumulative mappingvk are indeed valid convex

and concave relaxations. Thus, the following result follows.

Theorem 2 Suppose that Assumption 1 holds. Then, McCormick relaxations of a bounded

factorable function f: X → R are valid convex and concave relaxations.
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Furthermore, Theorem 3 in [37] still holds.

Theorem 3 Suppose that the convex and concave relaxations of each stepmapping vk are

continuous on Vi for each n< k ≤ m where vk is defined by a univariate intrinsic function.

Then,
ˇ
f (x) and f̂ (x) are continuous on X.

2.2 Univariate piecewise continuous functions

From Definition 2, it is apparent that discontinuities of a bounded factorable function must

stem from discontinuities in some of the univariate intrinsic functions. When there is only a

finite number of discontinuities, these functions can be reduced to products with a generic

step function, which incorporates the discontinuity, and continuous factors.

Supposeϕ : X → R is of the form

ϕ(x) =















ϕ1(x) if x ∈ [x1,x1],

ϕ2(x) if x ∈ (x2,x2],

whereX,X1,X2 ∈ IR, [x1,x1] = X1, (x2,x2] ⊂ X2, ϕ1 : X1 → R, ϕ2 : X2 → R, X = X1∪X2, and

x1 = x2 and letϕ1, ϕ2 be continuous on their respective domains. Denote the step function

asπ : R → R, i.e.,

π(x) =















0 if x ≤ 0,

1 otherwise.

Thenϕ(x) can be represented by

ϕ(x) = π(x−x1)ϕ2(x)+ [1−π(x−x1)]ϕ1(x). (1)

As a result, it is sufficient to analyze onlyπ(x) in detail. The following result summarizes

the information relevant for the construction of McCormickrelaxations.
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Theorem 4 Considerπ : X → R on the interval X= [x,x] as defined above. An inclusion

monotonic interval extensionΠ of π on X is given by

Π(X) =































[0,0] if x ≤ 0,

[1,1] if x > 0,

[0,1] otherwise.

Furthermore, convex relaxations are given by

ˇ
π(x) =































0 if x ≤ 0∨ (x > 0∧x ≤ 0),

1 if x > 0,

x/x otherwise,

and concave relaxations are given by

π̂(x) =































0 if x ≤ 0,

1 if x > 0∨ (x ≤ 0∧x ≥ 0),

1−x/x otherwise.

Proof It is easy to check the validity of the bounds and the inclusion monotonicity property.

Similarly, the relaxations are easy to check when 0/∈ X. If 0 ∈ X, consider the convex hull

of the epigraph ofπ which yields the convex underestimator given in the result.Similarly,

the concave overestimator is given by the convex hull of the hypograph. ⊓⊔

Remark 1Strictly, ϕ1 andϕ2 are defined onX1 andX2 only. When one definesϕi(x) = +∞

for x /∈ Xi and 0·+∞ = 0, the above statement also holds. Furthermore, whenϕ1 is defined

onX, an alternative to (1) is

ϕ(x) = π(x−x1)[ϕ2(x)−ϕ1(x)]+ϕ1(x).

π is a univariateintrinsic function because its inclusion monotonic interval extensionΠ

and its relaxations
ˇ
π andπ̂ are known, cf. Definition 1. Thus, univariate intrinsic discontinu-

ous functions can be incorporated into the McCormick framework discussed in Section 2.1.
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2.3 Examples of constructed relaxations

Next, it is demonstrated how more complicated functions with discontinuities can be ex-

pressed using the previously introduced functionπ and the thus computed relaxations are

showcased. Example 1 shows how to model a function with multiple discontinuities, in-

cluding a point where the function attains neither its lowernor its upper limit. Example 2

demonstrates that the discontinuity can depend on a factorable function of the variables. In

each case, the calculations are implemented usinglibMC [7, 28] enhanced with functionality

for π.

Example 1Consider the lower semi-continuous functionf1 : [1,6] → R with

f1(x) =















































−(x−2.5)2 +4 if x ∈ [1,3),

0 if x = 3,

e4−x +3 if x ∈ (3,4),

2x−7 if x ∈ [4,6].

It can be represented as

f1(x) =π(4−x)
{

π(x−3)
[

e4−x +3−
{

π(3−x)(−(x−2.5)2 +4−0)+0
}]

+
{

π(3−x)(−(x−2.5)2 +4−0)+0
}

− (2x−7)
}

+(2x−7).

Its graph and a selection of the constructed relaxations areshowcased in Figure 1. It is worth

while to point out several observations. First, the exampleshows that it is possible to model

functions with multiple discontinuities, including such where the function does not attain

either one-sided limit. Second, the generated relaxationsare generally nonsmooth. This is

characteristic for McCormick relaxations and has been noted previously [28].
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(a) Graph off1 (b) Graph off1 and its relaxations

Fig. 1: Graph off1 (indicated by+) as well as convex relaxations (dashed line) and concave

relaxations (continuous line) constructed on several intervals. Note that the scales on the

vertical axes differ.

Example 2Consider the lower semi-continuous functionf2 : [0.5,1.5]2 → R with

f2(x,y) =















0.5sin(6y−1)x2 if xy> 1,

2(x+y)−exy+1 if xy≤ 1.

It can be represented as

f2(x,y) =π(1−xy)
[

2(x+y)−exy+1 −0.5sin(6y−1)x2]+0.5sin(6y−1)x2.

Its graph and a selection of the constructed relaxations areshowcased in Figure 2. Note

that π can take any arbitrary factor as argument, in this case a bilinear term, and thus the

discontinuity can depend on the variables nonlinearly.

2.4 Assumptions onf , onϕk and on the bounding operation and relaxations ofϕk

In Section 2.5, the convergence properties of McCormick relaxations of bounded factorable

functions will be investigated. Prior to this, some assumptions about the interval extensions

and the relaxations of the univariate functions will be made. This approach allows a more
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(a) Graph off2

(b) Graph off2 and its relaxations

Fig. 2: Graph off2 as well as its convex and concave relaxations on[0.5,1.5]2. Note that the

scales on the vertical axes differ.

general discussion compared to only studying a selection ofunivariate intrinsic functions or

particular factorable functions.

In addition to Assumption 1, three additional assumptions will be made subsequently.

While Assumptions 1–3 have been introduced and discussed in[37], Assumption 4 is newly

introduced here and will be discussed in more detail below asit can be taken for granted in

the setting considered in [37].

Assumption 2 For eachk such thatn < k ≤ m andvk : Vi → R defined by Definition 2 (c),

ˇ
ϕk andϕ̂k are continuous functions onVi .
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Assumption 3 Consider two intervals,V1
i andV2

i , such thatV2
i ⊂ V1

i ⊂ Vi . For eachk such

thatn< k ≤ mandvk defined by Definition 2 (c), denote the convex and concave relaxations

of ϕk constructed overV l
i by

ˇ
ϕ l

k andϕ̂ l
k, respectively. Assume that for eachz∈ V2

i ,
ˇ
ϕ l

k and

ϕ̂ l
k are constructed such that

ˇ
ϕ2

k (z) ≥
ˇ
ϕ1

k (z) andϕ̂2
k (z) ≤ ϕ̂1

k (z).

Note that is easy to show that the convex and concave relaxations ofπ satisfy Assumptions 2

and 3.

In order to streamline the presentation, the next assumption will be introduced, which

is sufficient to prove convergence of
ˇ
f to f . This assumption is discussed in more detail

in Appendix A. There, more insight into prerequisites for convergence of the relaxations to

the function is given. Lastly, it should be pointed out that this assumption is imposed on a

given factorization of a bounded factorable functionf , similar to Assumption 1, while the

previous assumptions were imposed on the set of considered univariate intrinsic functions

ϕ.

Assumption 4 Consider a nested sequence of intervalsXl → X∗ = [x∗,x∗], Xl ∈ IX , Xl 6= X∗

and a factorizationv1, . . . ,vm of f . For eachn < k ≤ m, let vl
k andvl

k denote the lower and

upper bounds of the cumulative mappingvk(x) on the intervalXl . Assume that for each

n < k ≤ m

lim
l→∞

[vl
k,v

l
k] = [ lim

l→∞
inf

x∈Xl
vk(x), lim

l→∞
sup
x∈Xl

vk(x)]. (2)

Note that liml→∞ infx∈Xl vk(x) does not refer to liminfx→x∗ vk(x). Assumption 4 states that,

asXl approaches the degenerate intervalX∗, the bounds computed for each of the factors

become as tight as possible. Since the bounds on the step mappings vk are obtained from

interval arithmetic, this clearly holds whenf is composed of continuous factors. Whenf is

discontinuous however, this is not necessarily true. For example, the dependency problem in



16

i vi V l
i ˇ

vl
i v̂l

i

1 x [−l−1, l−1] x x

2 π(v1) [0,1]











0 if x ≤ 0

xl otherwise











1+xl if x ≤ 0

1 otherwise

3 v2 −v2 [−1,1]











−xl −1 if x ≤ 0

xl −1 otherwise











1+xl if x ≤ 0

1−xl otherwise

Table 1: Factorization off = π(x)−π(x) onXl = [−l−1, l−1].

interval arithmetic is exacerbated and bounds do not necessarily converge to the function as

the host set converges to a degenerate interval. This is demonstrated in the example below.

Example 3Consider thecontinuousfunction f : [−1,1] → R with f (x) = π(x)− π(x). It

can be equivalently written asf (x) = 0. Consider the nested sequence of intervalsXl =

[−l−1, l−1] that converges toX∗ = [x∗,x∗] with x∗ = 0. It can be shown that the relaxations

do not converge in this case. Consider this factorization given in Table 1. For alll , the

relaxations off constructed onXl evaluated atx∗ yield
ˇ
vl

3(0) = −1 and v̂l
3(0) = 1, i.e.,

lim l→∞
ˇ
vl

3(0) = −1 and liml→∞ v̂l
3(0) = 1 whereas the relaxations off constructed on the

degenerate intervalX∗ are
ˇ
v∗

3(0) = f (0) = 0 andv̂∗
3(0) = f (0) = 0, also see Figure 3.

Note that, in this case, there exists a factorization that circumvents this dependency prob-

lem, namelyf (x) = 0. Thus, depending on the problem formulation, this limitation may be

avoided.

Similarly, applying a univariate function to a discontinuous factor may lead to bounds

that do not converge to the infimum/supremum asXl → X∗. To see this, consider the uni-

variate functionϕ(x) = cos(x−0.75), the bounded factorable functionf (x) = ϕ(π(x)) and

Xl = [−l−1, l−1], X∗ = [0,0]. Again, Π(Xl ) = [0,1] and F(Xl ) = [cos(−0.75),1] while

Π(X∗) = [0,0] and F(X∗) = [cos(−0.75),cos(−0.75)]. Furthermore,f (x) = cos(−0.75)
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Fig. 3: Graph off (indicated by+) as well as five of its convex and concave relaxations

(indicated by dashed and continuous lines, respectively) for l = 1,2,4,8,16.

for all x ∈ [−1,0] and f (x) = cos(0.25) for all x ∈ (0,1]. Thus, the upper bound does not

converge to the supremum as desired. This is due to the fact that there exists ay ∈ (0,1)

so thatϕ(y) > max(ϕ(0),ϕ(1)). Again, this can be avoided when the problem is recast as

f (x) = π(x)(cos(0.25)− cos(−0.75))+ cos(−0.75). Similar examples can be constructed

so that the lower bound does not converge to the infimum.

The interested reader can find a more detailed discussion in the Appendix A where

sufficient criteria for Assumption 4 are proven. In particular, the situations described in the

examples above are analyzed in-depth.

2.5 Relaxations on sequences of intervals

The use of the McCormick relaxations in a branch-and-bound algorithm requires further

investigation of their behavior with respect to the set on which they are defined. In this

section, some properties of the relaxations will be established in such a setting. While the

definitions are taken from Scott et al. [37], the facts established hereafter are novel and

are not immediate. In the following, it will be assumed that Assumptions 1–3 hold. As

noted earlier, Assumption 4 will only be required to show convergence of the bounding
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operation. It will be pointed out in the statement of the theorem when it is necessary. In

the following, a property of the relaxation is first defined and then established by proof.

Necessary intermediate results are stated as lemmas.

Definition 5 Let f : X → R be bounded onX ∈ IR
n. An algorithm which generates convex

and concave relaxations
ˇ
f l and f̂ l , respectively, off on anyXl ∈ IX is partition monotonic

if, for any subintervalsXl2 ⊂ Xl1 ⊂ X,
ˇ
f l2(x) ≥

ˇ
f l1(x) and f̂ l2(x) ≤ f̂ l1(x), ∀x ∈ Xl2.

In the literature [29, 31], the result below is stated as follows: the composition of inclusion

monotonic Lipschitz interval extensions is an inclusion monotonic Lipschitz interval exten-

sion. Here, only the inclusion monotonicity property is available so that the result must be

modified, but the proof is straightforward and not given here.

Lemma 2 Consider X1 ∈ IR
n and X2 ∈ IR and functions f: X1 → X2 and ϕ : X2 → R.

If F is an inclusion monotonic interval extension of f on X1, Φ is an inclusion monotonic

interval extension ofϕ on X2, and F(X1) ⊂ X2, thenΦ ◦F is an inclusion monotonic interval

extension ofϕ ◦ f on X1.

The following lemma is adapted from [37] so that the conclusion of inclusion monotonic-

ity can be reached without requiring Assumption 3 therein (for each univariate intrinsic

function a Lipschitz interval function can be given). This result is needed to use Lemma 5

in [37] in the proof of Theorem 5 below.

Lemma 3 Choose any K,1 ≤ K ≤ m, and let the interval mapping H(Xl ) ≡ [vl
K ,vl

K ] be

defined for any interval Xl ⊂ X by the procedure in Definition 3 beginning with Xl . Then H

is an inclusion monotonic interval extension of the cumulative mapping vK on X.

Proof Pick any subintervals ofX, X2 ⊂ X1 ⊂ X. First note thatV2
i ⊂ V1

i ⊂ Vi , ∀i = 1, . . . ,n.

For an arbitraryk, suppose it is true for alli < k. The proof in [37] coversvk, vk defined
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by 4a or 4b in Definition 3. Thus, it remains to show the conclusion for univariate intrinsic

functions. If vk, vk are defined by 4c, then an inclusion monotonic interval extension of

the step mappingvk onVi is known by Definition 3. Since the cumulative mappingvk is a

composition of the step mappingvk with the cumulative mappingvi and since the cumulative

mappingvi maps any point inX2 to V2
i ⊂ V1

i ⊂ Vi , Lemma 2 can be applied to show that

V2
k ⊂ V1

k . By finite induction, this must be true for allk and hence fork = K. ⊓⊔

Theorem 5 McCormick relaxations of bounded factorable functions are partition monotonic.

Proof Choose any subintervalsX1 ⊂ X2 ⊂ X and anyx ∈ X2.V2
k ⊂V1

k for all k= 1, . . . ,mby

Lemma 3. For anyk such that 1≤ k≤ n, it is easy to see from Definition 3 that
ˇ
v1

k(x), v̂1
k(x) ∈

V1
k ,

ˇ
v2

k(x), v̂2
k(x) ∈ V2

k ,
ˇ
v2

k(x) ≥
ˇ
v1

k(x) andv̂2
k(x) ≤ v̂1

k(x). This establishes the hypotheses of

Lemma 5 in [37] fork = n+1. Hence, the inequalities hold fork = n+1 so that, by finite

induction, the inequalities are true for allk = 1, . . . ,m. ⊓⊔

Definition 6 An algorithm which generates convex and concave relaxations of f : X → R

is weakly partition convergentif, for any nested and convergent sequence of subintervals of

X, Xl → X∗, Xl 6= X∗, the sequences convex and concave relaxations off on Xl , {
ˇ
f l} and

{ f̂ l}, converge uniformly to continuous convex and concave relaxations of f on X∗,
ˇ
f ∗ and

f̂ ∗, respectively.

Note that this definition deviates from the definition of partition convergent in [37]. Any

continuous convex and concave relaxations off ,
ˇ
f ∗ and f̂ ∗, meet the definition while Scott

et al. [37] require convergence of
ˇ
f l and f̂ l to the convex and concave relaxations generated

onX∗, respectively.

Lemma 4 Let { f l} be a sequence of functions defined on X∈ IR
n and suppose that{ f l}

converges pointwise to f on X. If{ f l} is nondecreasing, i.e., fl (x) ≤ f l+1(x), ∀x ∈ X, and

each fl is lower semi-continuous on X, then f is lower semi-continuous on X.
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Proof A function g : R
n → R ∪ {+∞} is lower semi-continuous onRn if and only if the

level sets{x ∈ R
n : g(x) ≤ γ} are closed for allγ ∈ R [20, p. 148]. This allows to extend the

proof of Theorem 5.27 in [19] toX ∈ IR
n easily. ⊓⊔

Lemma 5 Let f : X → R be bounded factorable. Suppose Xl → X∗ is a nested sequence of

intervals with Xl ∈ IX, Xl 6= X∗ and consider the sequence of convex relaxations of f on Xl ,

{
ˇ
f l}. Then,{

ˇ
f l} converges pointwise on X∗ to an arbitrary function, denoted as

ˇ
f ∗, that is

continuous on X∗ and a convex relaxation of f on X∗.

Proof For anyx ∈ X∗ andl > 0,
ˇ
f l+1(x) ≥

ˇ
f l (x) by Theorem 5 and

ˇ
f l (x) ≤ f (x) by The-

orem 2. Thus,
ˇ
f l converges pointwise to some function onX∗. This establishes existence of

ˇ
f ∗.

ˇ
f l is convex by Theorem 2. Letx,y ∈ X∗ andλ ∈ [0,1]. Setz= λx+(1−λ )y. Convexity

of
ˇ
f l onX∗ for all l implies that

ˇ
f ∗ is a convex relaxation off onX∗ since

ˇ
f ∗(z) = lim

l→∞ ˇ
f l (z) ≥ λ lim

l→∞ ˇ
f l (x)+(1−λ ) lim

l→∞ ˇ
f l (y) = λ

ˇ
f ∗(x)+(1−λ )

ˇ
f ∗(y).

As a result of Theorem 3, which establishes continuity of
ˇ
f l , Lemma 4 can be applied to

find that
ˇ
f ∗ is lower semi-continuous onX∗. Lower semi-continuity and convexity of

ˇ
f ∗ on

X∗ imply continuity of
ˇ
f ∗ onX∗ [32, Theorems 10.2 and 20.5]. ⊓⊔

Theorem 6 McCormick relaxations of bounded factorable functions are weakly partition

convergent.

Proof SupposeXl is a nested and convergent sequence of subintervals ofX, Xl → X∗, and

Xl 6= X∗. The intervalsXl are closed and bounded by definition and hence compact. Con-

sider the sequence of{
ˇ
f l}. Lemma 5 and Theorem 5 establish that the relaxations converge

pointwise monotonically to a continuous function for eachx ∈ X∗. Rudin [34, Theorem 7.13]

shows that this is sufficient for uniform convergence of{
ˇ
f l} to

ˇ
f ∗ on X∗. A similar argu-

ment can be made to shoŵf l → f̂ ∗ uniformly and the theorem follows. ⊓⊔
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Definition 7 A procedure such as in Definition 5 isdegenerate perfectif X∗ = [x,x] for

anyx ∈ X implies that
ˇ
f ⋆(x) = f (x) = f̂ ⋆(x) where

ˇ
f ⋆(x) and f̂ ⋆(x) denote the convex and

concave relaxations off onX∗, respectively.

Theorem 7 McCormick relaxations of bounded factorable functions are degenerate perfect.

Proof SupposeX = [x,x] is degenerate. Note that
ˇ
vk(x), v̂k(x) ∈ Vk for all k = 1, . . . ,m and

everyx ∈ X [37, Lemma 1]. This fact and Lemma 3 withK = mguarantee that McCormick

relaxations are degenerate perfect. ⊓⊔

Remark 2Note that Theorem 6 and Theorem 7 do not imply that, for any nested sequence

of subintervals ofX with {Xl} → [x∗,x∗], Xl 6= [x∗,x∗] andx ∈ X, {
ˇ
f l (x∗)} → f (x∗) and

{ f̂ l (x∗)} → f (x∗). While this was asserted in [37], the utilized Lipschitz properties of
ˇ
f l and

f̂ l do not hold here. Example 3 in Section 2.3 demonstrates that there are bounded factorable

functions where{
ˇ
f l (x)} →

ˇ
f ∗(x∗) 6= f (x∗).

Theorem 8 Assume f is a bounded factorable lower semi-continuous function with a fac-

torization such that Assumption 4 holds. Suppose{Xl} is a sequence of nested subinter-

vals of X converging to X∗ = [x∗,x∗], Xl 6= X∗. Let
ˇ
f l : Xl → R be convex relaxations of

f : X → R on Xl obtained as described in Definition 3 and letxl
min ∈ arg minx∈Xl

ˇ
f l (x).

Then,
ˇ
f l (xl

min) → f (x∗).

Proof Fix ε > 0. Lower semi-continuity off guarantees thatf (x∗) ≤ liminf x→x∗ f (x). Note

that liml→∞ infx∈Xl \X∗ f (x) ≥ liminf x→x∗ f (x) as, for eachl , Xl is a subset of a suitable

neighborhood ofx∗ referenced in the definition of the lower limit. Therefore, it follows

that f (x∗) ≤ lim l→∞ infx∈Xl \X∗ f (x). Furthermore, it is true that liml→∞ infx∈Xl f (x) = f (x∗)

since liml→∞ infx∈Xl f (x) = min
{

f (x∗), lim l→∞ infx∈Xl \X∗ f (x)
}

.

Assumption 4 implies that liml→∞ f l = lim l→∞ infx∈Xl f (x). By Lemma 5, liml→∞
ˇ
f l (x∗)

exists and let it be denoted as
ˇ
f ∗(x∗). Since f l ≤

ˇ
f l (x∗) by Step 6 in Definition 3, it holds
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that liml→∞ f l ≤
ˇ
f ∗(x∗). Pointwise convergence of

ˇ
f implies that there existsL1 ∈ N so that

|
ˇ
f l (x∗)−

ˇ
f ∗(x∗)| ≤ ε, ∀l ≥ L1. Consequently,

f (x∗) = lim
l→∞

inf
x∈Xl

f (x) = lim
l→∞

f l ≤
ˇ
f ∗(x∗) ≤

ˇ
f l (x∗)+ ε, ∀l ≥ L1.

Continuity of
ˇ
f L1 guarantees existence ofδ > 0 with

|
ˇ
f L1(x)−

ˇ
f L1(x∗)| < ε, ∀x ∈ XL1 : ‖x−x∗‖ < δ .

SinceXl → X∗, there existsL2 ∈ N so‖x−x∗‖ < δ for all x ∈ XL2.

Let L = max{L1,L2}. Theorem 5 and the previous argument imply that

ˇ
f L(x) ≥

ˇ
f L1(x) >

ˇ
f L1(x∗)− ε, ∀x ∈ XL.

Consequently,
ˇ
f L1(x∗)−

ˇ
f L(xL

min) ≤ ε. As a result,

f (x∗)−
ˇ
f L(xL

min) = [ f (x∗)−
ˇ
f L1(x∗)]+ [

ˇ
f L1(x∗)−

ˇ
f L(xL

min)] ≤ 2ε.

Sinceε was arbitrary, the theorem follows. ⊓⊔

Remark 3Note that dropping the assumption of lower semi-continuityof f in Theorem 8

results in a weaker statement. Sincef (x∗) ≤ lim l→∞ infx∈Xl \X∗ f (x) is not necessarily true

then, one can only show that
ˇ
f l (xl

min) converges to min
{

lim l→∞ infx∈Xl \X∗ f (x), f (x∗)
}

. If

x∗ is in the interior ofXl , ∀l , then one can prove convergence to min{liminf x→x∗ f (x), f (x∗)},

a statement that does not depend on the sequence of partitionelements{Xl}. In this sense it

is more general, but it is also a weaker result since liml→∞ infx∈Xl \X∗ f (x) ≥ liminf x→x∗ f (x).

In this section, fundamental properties of the relaxationsof bounded factorable functions

with discontinuities have been established and assumptions are clarified when these results

hold. These results are important when the relaxations are to be used in a branch-and-bound

algorithm.



23

3 Branch-and-bound for bounded factorable optimization

In this section, it will be shown that McCormick relaxationsof bounded factorable functions

can be used to obtain a convergent branch-and-bound algorithm under mild assumptions.

Branch-and-bound methods can be used to find a global minimumof a nonconvex nonlinear

program. The standard reference for this class of algorithms, Horst and Tuy [22], considers

continuousfunctions only when a general theoretical framework is constructed and con-

vergence proofs are established. The work rests on several assumptions for the bounding,

selection and refining operations [22]. The bounding operation is responsible for generating

lower and upper bounds on the optimal objective value on a partition element, while the lat-

ter two are responsible for selecting a partition element for further investigation and refining

it. In the remainder of this section, the discussion will be focused on the bounding operation.

The reader is referred to Horst and Tuy [22] and Horst [21] forprecise definitions of

most technical terms. References that are given with the statements in this section guide the

reader to similar results in the literature for the case of continuous functions. However, the

results are indeed newly established or needed to be verifiedfor the new hypotheses.

The following definition has been adapted to account for discontinuities.

Definition 8 [cf. 21, p. 24]Suppose that for any infinitely decreasing sequence of succes-

sively refined partition elements{Xl} generated by an exhaustive subdivision and satisfying

lim l→∞ Xl → {x†}, there exists a subsequence{Xlq} such that

lim
q→∞

β (Xlq) ≥ min

{

liminf
x→x†

f (x), f (x†)

}

.

Then, the lower bounding operation is calledstrongly consistent.

As remarked by Horst and Tuy, finiteness and convergence properties of the branch-

and-bound algorithm depend on the behavior ofα(Xl ) − β (Xl ) in the limit [22, p. 128].



24

Whereas favorable behavior of the McCormick relaxations offactorable functions in this

spirit has been argued previously [37], it still needs to be established for the case of bounded

factorable functions. In the following,f is assumed to be bounded factorable and the lower

bound of (P) on a partition element̃X ∈ IX , β (X̃), is found by constructing the convex

McCormick relaxation
ˇ
f on X̃ and minimizing it, i.e.,β (X̃) = minx∈X̃

ˇ
f (x).

Theorem 9 [cf. 21, p. 28f]Suppose that Assumption 4 holds and that f is lower semi-

continuous. Assume that at every step any unfathomed partition element can be refined.

Suppose that the subdivision is exhaustive. Then, the lowerbounds of(P)obtained by mini-

mizing the McCormick relaxations are strongly consistent.

Proof It is sufficient to show that, for every decreasing sequence of successively refined par-

tition elements{Xl} generated by an exhaustive subdivision such that liml→∞ Xl =
⋂

l Xl =

X̄ = [x∗,x∗], there is a subsequence{Xlq} satisfying limq→∞ β (Xlq) = f (x∗). This is guar-

anteed by Theorem 8 sinceβ (Xlq) = minx∈Xlq

ˇ
f lq(x). Lower semi-continuity off implies

that f (x∗) ≤ liminf x→x∗ f (x) and hence strong consistency follows. ⊓⊔

Consider the definition ofβ (Xl ) and βk = minl∈Ik{β (Xl )} and denote asLk an ele-

ment of the index setIk such thatβ (XLk) = βk. Let xmin(Xl ) ∈ arg minx∈Xl

ˇ
f l (x) and define

xk
min ≡ xmin(XLk). Similarly, denote asxk ∈ D a point corresponding toαk, i.e.,αk = f (xk).

Horst [21, Theorem 2.1] proves that, for a continuous function f , a strongly consistent lower

bounding operation in combination with some additional assumptions is sufficient to show

that the lower boundβk converges to the optimal value of (P) and that accumulation points

of {xk
min} solve (P). The argument can also be applied to functions thatattain their minimum

onD.

Theorem 10 [cf. 21, p. 25f]Suppose that the subdivision of partition elements is exhaus-

tive, that the selection operations is bound improving, that the lower bounding operation is
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strongly consistent and that the “deletion by infeasibility” rule is certain in the limit. As-

sume that f attains its minimum on D. Let Xmin be the set of accumulation points of{xk
min}.

Then, it follows thatβ = limk→∞ βk = minx∈D f (x) and Xmin ⊂ arg minx∈D f (x).

Proof The proof is identical to the argument in [21] assuming that the minimum is attained is

sufficient. Also, the modification of the definition of strongly consistent bounding operations

is irrelevant for the proof. ⊓⊔

On the other hand, providing an argument to prove consistency of the lower bounds

obtained by using the McCormick relaxations for lower semi-continuous functions is more

involved and requires an additional assumption. In the caseof a continuous functionf , it

is obvious thatα(Xl ) approachesf (x∗) asXl → {x∗} for an infinitely decreasing sequence

of successively refined partition elements{Xl}. When the assumption of continuity off is

dropped, the convergence ofα(Xl ) to f (x∗) cannot be asserted asα(Xl ) is, by definition,

the function value atsomefeasible point inXl . In particular, it cannot be guaranteed that

there exists ax ∈ D in a neighborhood of a minimizer of (P), denoted asxmin, so thatf (x)

approximatesf ∗ well. This is demonstrated well in Example 1 in Section 2.3. For a practical

implementation, a subsetD′ of D in the neighborhood ofxmin must exist so thatf (x) is close

to f ∗ whenx ∈ D′. Otherwise it may not be possible to identify numerically a sufficiently

good approximation off ∗.

Assumption 5 Suppose there exists axmin ∈ arg minx∈D f (x) with the following property:

xmin is not an isolated point ofD and for everyε > 0 there is aδ > 0 and a coneC with xmin at

its apex such thatCδ =C∩{x ∈ D : ‖xmin−x‖ < δ} has nonzero volume andf (y) < f ∗ +ε

for all y ∈ Cδ .

Remark 4Note that Assumption 5 implies thatf is upper semi-continuous atxmin when

the domain off is restricted to a feasible subset of a neighborhood ofxmin with nonzero
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volume, e.g., a sphere with positive radius inR
3, but not a plane inR3. However, it does not

necessarily imply upper semi-continuity off atxmin.

Theorem 11 Suppose Assumptions 4 and 5 hold and that f is lower semi-continuous. As-

sume that at every step any undeleted partition element can be further refined. Suppose that

the subdivision is exhaustive. Then, the lower bounds of(P)obtained by minimizing the Mc-

Cormick relaxations, i.e.,β (X̃) = minx∈X̃
ˇ
f (x) for some partition element̃X ∈ IX and for

the McCormick relaxation
ˇ
f constructed oñX, are consistent.

Proof Fix ε > 0. If αk < f ∗ + ε at some iterationk, anε-optimal solution has been found

so that, in combination with Theorem 9, consistency of the bounding operation follows.

Otherwise, letδ > 0 and the setCδ as given by Assumption 5. Denote asX̃ the partition

element of partitionPk1 with X̃ ⊂ Cδ at some iterationk1. The existence of such a partition

element follows from the assumption of exhaustive subdivision and the fact thatβ (X̃) <

f ∗ + ε ≤ αk1−1 so that neither̃X nor a partition element that containsX̃, due to Theorem 5,

could have been fathomed previously. By construction,α(X̃) < f ∗+ε. Thus, a feasible point

x̃ ∈ D has been found so thatf (x̃) is close tof ∗, i.e.,αk1 ≤ α(X̃) < f ∗ + ε or αk1 − f ∗ < ε

holds. Consider an infinitely decreasing sequence{Xl}. Since it is infinitely decreasing, it

follows thatβ (Xl ) < αk1 for all l > Lk1 whereLk1 corresponds to iterationk1; otherwise the

partition element would be fathomed hereafter contradicting the assumption that{Xl} is an

infinitely decreasing sequence. Theorem 9 established that{β (Xl )} converges tof ∗ so that

there exists ak2 with f ∗ − β (Xl ) < ε for all l > Lk2 whereLk2 corresponds to iterationk2.

Consequently,αkl −β (Xl ) < 2ε for l > max{Lk1,Lk2}. Sinceε was arbitrary, the bounding

procedure is consistent. ⊓⊔
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Horst and Tuy [22] prove the convergence of the sequence of current best points of the

branch-and-bound algorithm to an optimal solution. Corollary IV.2 that they present can be

extended to lower semi-continuous functions.

Theorem 12 [cf. 22, p. 132]Let f be lower semi-continuous. Suppose that the bounding

operation is consistent and the selection operation is complete. Then every accumulation

point of{xk} solves(P).

Proof SinceD is compact, the sublevel setC( f (x0)) = {x ∈ D : f (x) ≤ f (x0)} is bounded

and, sincef is lower semi-continuous,C( f (x0)) is closed; cf. [20, p. 148]. Thus,C( f (x0))

is compact. By construction,f (xk+1) ≤ f (xk), ∀k, so that{xk} ⊂ C( f (x0)). Hence,{xk}

possesses accumulation points. The assertion then followsfrom [22, Theorem IV.2]. ⊓⊔

In this section it was shown that the branch-and-bound algorithm converges under some

mild assumptions to a global optimum even in the presence of discontinuities. The presented

results assume either thatf is lower semi-continuous or thatf attains its minimum onD. A

discussion of the case when these hypotheses are not met can be found in Appendix B.

4 Case Studies

In this section, results will be presented from applying theproposed relaxations to some

global optimization case studies. First, the discussed method will be applied to a problem

from process design and equipment sizing. The section concludes with an example concern-

ing a discrete-time hybrid system.

In the following a simple branch-and-bound algorithm will be used to converge lower

and upper bounds and thus find a global optimal solution. At iterationk with partition

elementXl ∈ Pk, upper and lower bounds are found as follows. In general, an upper
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boundα(Xl ) is obtained by evaluating the objective function at the solution of the lower

bounding problem (if feasible). To find this solution and a valid lower boundβ (Xl ), differ-

ent methods are employed. The first method uses only intervalarithmetic whereas the other

ones use the convex relaxation and a subgradient of the relaxation. The reader is referred

to [28] for details on how to construct the subgradient of McCormick relaxations.

Method 1 The bound from interval arithmetic,f , is used asβ (Xl ). The objective function

is evaluated at the midpoint of the intervalXl to find α(Xl ). This procedure yields very

efficient lower bounds at the expense of tightness.

Method 2 An affine approximation of the convex relaxation of the objective function is

constructed sequentially. First, a subgradient of
ˇ
f is evaluated at the midpoint ofXl

and an affine relaxation of
ˇ
f is thus constructed. Combined with the interval bound,f ,

CPLEX is used to find a minimum of the affine relaxations. A subgradient of
ˇ
f is evalu-

ated at this solution, another affine relaxation is added andCPLEX is used to solve this

problem. To balance efficiency and accuracy, a total of five minimization problems are

solved with CPLEX. The last solution found is reported asβ (Xl ). α(Xl ) is obtained by

evaluating the objective function at the last point found byCPLEX.

Method 3 Since CPLEX adds considerable overhead, a simple algorithmis explicitly im-

plemented that mimics Method 2 for one-dimensional problems and constructs only two

affine relaxations.

Method 4 A bundle solver [25] with bundle size 15 is used to find the minimum of the

convex relaxation of the objective function. Note that the QP routines have been modi-

fied to prevent an infinite loop in the inner QP. In this case thebundle solver terminates

with β (Xl ) = −∞. α(Xl ) is obtained by evaluating the objective function at the point

returned by the bundle solver.
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In the remainder of this section the different methods will be referred to by these assigned

numerals for brevity. The open source C++ library libMC [7, 28] is used to calculate the

necessary convex relaxations, and it relies on the intervallibrary PROFIL [23] with outward

rounding. libMC and PROFIL are extended to includeπ, its bounds and relaxations as well

as subgradients. The global optimization problem is considered converged at iterationk

when eitherαk −βk ≤ εa or αk −βk ≤ εr |βk|, whereεa = 10−5 andεr = 10−5 (unless noted

otherwise). The best bound heuristic is used to determine the next node and the absolute

diameter heuristic is used to select on which variable to branch.

In the case of the more involved problems, the behavior of theproposed methods is com-

pared to the commercial global optimization software BARON[36] as part of GAMS 23.9.5

with regard to number of nodes visited and solution times. Results for the following cases

will be presented:

BARON1 Literature model with equal branching priority for each variable.

BARON2 Literature model with branching on binary variables and subset of continuous

variables only.

BARON3 Literature model reduced by analytically replacing some equality constraints and

intermediate variables; equal branching priority for eachvariable.

BARON4 Literature model reduced by analytically replacing some equality constraints and

intermediate variables; branching on binary variables andsubset of continuous variables

only.

The same tolerances as listed above are used for BARON. The reader should take note that

the branch-and-cut algorithm implemented in BARON employsmany features (e.g., range

reduction, constraint propagation, etc) that are not implemented in the methods proposed

above.
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Lastly, a note on notation in this section: in tables containing the results,xmin always

denotes the approximate optimal solution, regardless of symbols used in the problem defin-

ition, and f ∗ indicates the objective value at this point.

4.1 Process design and equipment sizing

A specific example from process design in chemical engineering is considered here. Heat

exchanger network synthesis problems have been studied extensively, see [17] for a review.

A heat exchanger is a device in which two or more fluid streams are brought into energetic

contact. Though they cannot exchange mass, the colder stream is heated by the hotter stream

and vice versa. The necessary area in the unit for this heat transfer depends on the amount

of heat transferred, the temperature difference and the so-called heat transfer coefficient.

In the process industry, a common task is to design and size a complex network of heat

exchangers to minimize investment and operational cost. Often, heating/cooling utilities

such as steam and cooling water are also available. In practice, different device designs are

used for different heat transfer areas. As a consequence, the capital cost correlation that links

area to cost for these units is not continuous. Also, there are upper limits on the size of a

single unit due to the difficulty of transporting large heat exchangers to the plant site. In the

present problem, it is assumed that smaller units can be operated in parallel to circumvent

this problem.

In the literature, Türkay and Grossmann [39] give a MINLP model that uses disjunc-

tions to model the discontinuity in the cost correlation. Analternative reduced formulation

is possible. First, the discontinuous cost correlation canbe directly represented without dis-

junctions or binary variables. Second, equality constraints, in particular energy balances for

each heat exchanger, can be used to eliminate variables in the model. Then, one can identify
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A [m2] investment cost [$/yr]

0 ≤ A ≤ 20 670A0.83+2000

20< A ≤ 50 640A0.83+8000

50< A ≤ 100 600A0.83+16000

Table 2: Equipment cost correlation for heat exchangers depending on required area

a small number of temperatures that can be chosen independently. After these temperatures

are fixed, all remaining intermediate temperatures can be calculated from energy balances.

The areaA required for each heat exchanger is determined byA = Q
U×LMTD ,

whereQ = Fcp,H(TH,in − TH,out) is the heat transfered,Fcp denotes the heat capacity

flow rate,Tin andTout the in- and outlet temperatures of the hot and cold streams,U the

overall heat transfer coefficient, andLMTD the log mean temperature difference. Instead of

using the exact expression forLMTD, Chen’s approximation [8] is used,

LMTD =

(

(Tout,H −Tin,C)(Tin,H −Tout,C)
(Tout,H −Tin,C)+(Tin,H −Tout,C)

2

)
1
3

.

Depending on the heat transfer area, one can then choose fromthree different available heat

exchanger designs with different investment cost correlations, which are given in Table 2.

When the necessary area for one heat exchanger exceeds the maximum area of the largest

heat exchanger design, the streams will be split and severalheat exchangers will be used.

At most seven parallel heat exchangers will be allowed to always ensure feasibility of the

solution. Lastly, the operating expenses are found by calculating the cost of cooling water

(20 $/kW yr) and the cost of steam (80 $/kW yr).

Overall, a factorable representation of the objective function can be constructed as out-

lined above. In the routine to calculate the convex relaxations of the objective function, a

priori known bounds on intermediate quantities, e.g., areas need to be nonnegative, temper-
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Fig. 4: Structure of heat exchanger network 1

ature differences in the heat exchangers cannot be negativeand intermediate temperatures

must be between inlet and outlet temperatures of the respective stream, are used to obtain

tighter bounds for intermediate expressions.

4.1.1 Heat exchanger network 1

The first case study was taken from [39]. Consider the heat exchanger network depicted in

Figure 4 with stream data given in Table 3. Let the overall heat transfer coefficient of the

heat exchangers be given by(Ui) = (1.5,0.2,0.06,1.6,0.04,0.3,0.6,1.7)kW/m2K.

There are seven unknown intermediate stream temperatures and two unknown utility

heat loads. Since one can write an energy balance for each of the eight heat exchang-

ers, the problem has one degree of freedom. The temperature of stream H3 at the out-

let of exchanger 6 was selected as the decision variableT. From requirements for feasi-

ble heat exchange, i.e., no temperature crossover in the heat exchangers, it follows that

T ∈ [382.25,499.36]K. Once this variable is fixed, the remaining intermediate tempera-

tures, utility heat loads, areas and hence investment costscan be computed by a factorable

function as described before.
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Stream Fcp [kW/K] Tin [K] Tout [K]

H1 30.0 626 586

H2 13.5 620 519

H3 20.0 528 353

C1 31.0 525 613

C2 5.0 405 576

C3 28.0 353 386

C4 11.0 313 545

steam — 650 650

cooling water — 293 308

Table 3: Data for process and utility streams in heat exchanger network 1

The solutions as found with the different methods are compared in Table 4 to the solu-

tion obtained with BARON [36] using the MINLP model proposedin [39]. In the case of the

reduced model, the energy balances are solved for the intermediate temperatures, which are

subsequently substituted in the equation forLMTD. The expressions forLMTD have not

been substituted since the non-integer exponent is reformulated by GAMS using the expo-

nential function and the natural logarithm. During the model development, GAMS aborted

reporting domain violations so that this substitution is not feasible. In the case of selective

branching, BARON is instructed to branch onT and the binary variables only.

All methods find the same solution; see Table 4 for more details. Lastly, it is instruc-

tive to point out that the full disjunctive model introduces168 binary and 360 continuous

variables.
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Method # LBPs # UBPs Runtime [s] f ∗ xmin [K]

1 399 205 0.2269 411,809 418.103

2 63 42 0.2776 411,809 418.104

3 67 41 0.076 411,809 418.103

4 61 40 0.3334 411,809 418.104

BARON1 48 iterations 3.96 411,809 418.103

BARON2 91 iterations 4.92 411,809 418.103

BARON3 46 iterations 1.97 411,809 418.103

BARON4 18 iterations 1.22 411,809 418.103

Table 4: Comparison of different methods with BARON for the first heat exchanger case

study
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Fig. 5: Structure of heat exchanger network 2

4.1.2 Heat exchanger network 2

Consider the heat exchanger network depicted in Figure 5 with stream data given in Table 5.

The goal is to optimize the network and size the equipment so that the combined invest-

ment and operational cost is minimized. Let the overall heattransfer coefficient of the heat

exchangers be given by(Ui) = (1.0,0.1,2.1,0.05,1.0,0.2,1.5,0.7,4.0,1.2,0.1)kW/m2K.
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Stream Fcp [kW/K] Tin [C] Tout [C]

H1 22.4 400 150

H2 12.0 180 40

H3 26.0 150 45

H4 24.0 135 100

C1 15.0 105 360

C2 20.0 40 65

C3 22.0 90 190

C4 35.0 25 110

C5 16.2 30 150

steam — 400 400

cooling water — 15 30

Table 5: Data for process and utility streams in heat exchanger network 2

There are eleven unknown intermediate stream temperaturesand two unknown utility heat

loads. Since one can write an energy balance for each of the eleven heat exchangers, the

problem has two degrees of freedom. The temperature of stream H3 at the outlet of ex-

changer 3 and the temperature of stream H2 at the outlet of exchanger 2 were selected as the

decision variablesT ′ andT ′′, respectively. From requirements for feasible heat exchange,

i.e., no temperature crossover in the heat exchangers, it follows thatT ′ ∈ [129.81,150.0]C

andT ′′ ∈ [124.17,180.0]C; furthermore, it needs to hold that

26T ′ +15T ′′ ≥ 5625

312T ′ +210T ′′ ≤ 84565.

The solutions as found with the different methods are compared in Table 6 to the solution

obtained with BARON [36] using the model with disjunctions proposed in [39]. The reduced
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Method # LBPs # UBPs Runtime [s] f ∗ xmin [C]

1 > 100,000 > 70,836 > 92.0 — —

2 3,290 1,804 21.6 599,740 (130.40, 160.49)

4 3,661 2,000 25.9 599,740 (130.40, 160.49)

BARON1 65 iterations 8.55 599,740 (130.40, 160.49)

BARON2 151 iterations 13.80 599,740 (130.40, 160.49)

BARON3 389 iterations 33.18 599,740 (130.40, 160.49)

BARON4 218 iterations 23.41 599,740 (130.40, 160.49)

Table 6: Comparison of different methods with BARON for the second heat exchanger case

study

model is constructed as outlined in Section 4.1.2. In the case of selective branching, BARON

is instructed to branch onT ′, T ′′ and the binary variables only.

A few remarks are in order. First, the interval bounds do not converge to the solution

in 100,000 iterations and consequently, the branch and bound procedure in Method 1 fails

to terminate with a guaranteed solution. Second, note that BARON requires fewer iterations

than Methods 2 and 4 to identify its solution, however, each iteration is significantly more

costly; see Table 6 for more details. Also note that the full disjunctive model used in BARON

introduces 231 binary and 496 continuous variables.

4.2 Discrete-time hybrid systems

A second class of problems with discontinuous behavior is considered. Hybrid systems com-

bine continuous dynamics, that are described by differential equations, and discrete dynam-

ics, which are discontinuous changes in state variables or switching of the dynamic model

triggered by so-called events [11, 18]. In discrete-time systems, the continuous dynamics
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are discretized and described by difference equations. Theproblem below, which concerns

the optimal control of a linear discrete-time hybrid system, is slightly adapted from [24].

Consider the global optimization problem with an embedded discrete-time hybrid system

min
u0,...,uN−1

N

∑
k=1

(

xT
k Rxk +uk−1Quk−1

)

s.t. xk+1 = A(m(k))xk +B(m(k))uk, k = 1, . . . ,N−1,

m(k) =















1 if xk,1 ≤ xk,2,

2 otherwise,

, k = 1, . . . ,N−1,

with N = 10 and, fork = 1, . . . ,N, uk−1 ∈ [−1,1],

A(m(k)) =























































0 0.2

−0.4 −0.06









if m(k) = 1,









0.2 0.6

−0.2 0.4









if m(k) = 2,

B(m(k)) =























































0

0.4









if m(k) = 1,









0.2

0.1









if m(k) = 2,

R =









1.0 0.0

0.0 1.5









, andQ = 1.0.

Two cases are considered where the initial conditions differ: Case 1 withx0 = [4,5]T and

Case 2 withx0 = [5,4]T.

The objective can be calculated using a finite algorithm thattakesu0, . . . ,uN−1 as input

and returns the objective. The detailed results for both cases are shown in Table 7. Here, the

relative tolerance is set toεr = 10−1 initially. Note that in both cases, Methods 2 and 4 find

the optimal solution at the root node while Method 1 does not converge the lower and upper

bound within 100,000 iterations, which is indicative of theweakness of only using interval

methods for multi-dimensional problems.

It is important to remark that, although both problems are solved at the root node, the

lower bound does not converge to the value of the optimal solution. Instead, a small but finite
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Case Method # LBPs # UBPs Runtime [s] f ∗ xmin

1

1 > 100,000 > 100,000 > 30.0 — —

2 1 1 0.0280 7.256 (1,0.2970,0,0,0,0,0,0,0,0)

4 1 1 0.0114 7.261 (1,0.2479,0,0,0,0,0,0,0,0)

2

1 > 100,000 > 69,712 > 28.2 — —

2 1 1 0.0263 13.077 (-0.7499,-0.2549,0,0,0,0,0,0,0,0)

4 1 1 0.0112 13.049 (-0.8184,-0.1191,0,0,0,0,0,0,0,0)

Table 7: Comparison of different methods for both cases of the discrete-time hybrid system.

Note that Method 1 does not converge in either case after solving 100,000 iterations.

discrepancy will remain indefinitely. This results from thepresence of discontinuities; cf. the

discussion in Section 2.4. In this example, it does not impact convergence whenεr = 10−1.

However, Methods 2 and 4 do not converge Case 1 within 100,000iterations whenεr = 10−2

and Case 2 whenεr = 10−4.

5 Conclusion

A procedure to construct interval bounds and convex and concave relaxations of factorable

functions with discontinuities has been presented. McCormick’s composition theorem [26]

is extended to bounded, but not necessarily continuous, functions. The crux of the pro-

posed extension lies in the observation that discontinuities can be modeled using a step

function [41] and that convex and concave envelopes can be readily constructed for this

function. Furthermore, it was shown that most theoretical results developed for the contin-

uous case [37] hold even when the assumption of continuity isdropped. Only establishing

convergence of a sequence of relaxations to the function when a sequence of intervals con-

verging to a degenerate interval is considered requires additional assumptions. Currently,
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some results are established to show when this assumption holds. Nevertheless, this remains

an active area of research for the authors as, e.g., examplesshown in the previous section

indicate that the relaxations converge for problems of practical importance or at least pro-

vide sufficiently tight relaxations. Also, these case studies show that the proposed method

may provide a very effective means to solve optimization problems with discontinuities to

global optimality without introducing binary variables. Thus an increase in size of the global

optimization problem can be avoided, which is very desirable since known global optimiza-

tion algorithms scale exponentially. Also note that so far no range reduction techniques have

been employed which considerably improve convergence in BARON. There appears no dis-

tinct advantage of reducing the size of the optimization problem in BARON. Also, it is not

possible to deduce a general advantage when branching on a subset of the continuous vari-

ables only. Lastly, the advantage of convex relaxations over interval bounds is demonstrated

for multi-dimensional problems. While one-dimensional problems can be solved efficiently

when only interval bounds are available, the convex relaxations are key for efficiently find-

ing the optimal solutions of multi-dimensional problems.
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A Discussion of sufficient conditions for convergence of therelaxations

Here, three lemmata will be given that present sufficient conditions for Assumption 4 to hold for a given

factor vk and thus can be used in a finite induction argument to establishAssumption 4. In particular, they

formalize the discussion in Section 2.4 and show that, to establish Assumption 4, it is sufficient to exclude

these cases from occurring. First, overestimation in binaryoperations is considered. Here, two reasonably

strong results can be given. Then, attention will be directed to univariate functions where more restrictive

assumptions need to be made.

Lemma 6 Consider any k such that n< k ≤ m where vk is defined by a summation or multiplication. Con-

sider a nested sequence of intervals Xl → X∗ = [x∗,x∗], Xl ∈ IX, and Xl 6= X∗. Suppose Assumption 4

holds for all i, j < k. Suppose that vi and vj are discontinuous with respect tox at x∗ and that these dis-

continuities are introduced at earlier factors ki ≤ i and kj ≤ j, i.e., vki = π(vri ) and vk j = π(vr j ), ri < ki

and rj < k j . Assume that vki and vk j are the only discontinuous step mappings. Define subsets of Xl as
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Ξ l
i = {x ∈ Xl : vri (x) > 0} andΞ l

j = {x ∈ Xl : vr j (x) > 0}. If there exists a L∈ N so that for all l> L,

Ξ l
i ∩Ξ l

j 6= /0, Ξ l
i ∩ (Xl \Ξ l

j ) 6= /0, (Xl \Ξ l
i )∩Ξ l

j 6= /0, (Xl \Ξ l
i )∩ (Xl \Ξ l

j ) 6= /0,

then Assumption 4 holds for k.

Proof By assumption, there exist four sequences{xl
1}, . . . ,{xl

4} converging tox∗ wherexl
1 ∈ Ξ l

i ∩ Ξ l
j , xl

2 ∈

Ξ l
i ∩ (Xl \Ξ l

j ), xl
3 ∈ (Xl \Ξ l

i )∩Ξ l
j , andxl

4 ∈ (Xl \Ξ l
i )∩ (Xl \Ξ l

j ).

For anyXl with l > L, the image ofvki is V l
ki

= [0,1] asΞ l
i is a nonempty strict subset ofXl , vki (x

l
q) =

1 for q = 1,2 andvki (x
l
q) = 0 for q = 3,4. Thus,V l

ki
is an exact bound of the range ofvki . Consider the

finite sequence ofs+1 continuous factors, sayvi1 , . . . ,vis,vi with ki < i1 < .. . < is < i, that mapsVki to Vi .

By assumption, other arguments involved in the definition of the factorsvi1 , . . . ,vis,vi are continuous step

mappings and, as a result, their corresponding interval bounds converge to degenerate intervals asl → ∞.

Consider factorvi1 and let[v∗
i1
,v∗

i1
] = lim l→∞[vl

i1
,vl

i1
]. If this step mapping is a binary operation com-

bining vki with a continuous factor,Vi1 will converge to a non-degenerate interval and, without loss of gen-

erality, v∗
i1

= lim l→∞ vl
i1
(xl

q) for q = 1,2 andv∗
i1

= lim l→∞ vl
i1
(xl

q) for q = 3,4. If this step mapping is a

univariate operation, Assumption 4 guarantees thatVi1 will converge to the exact bounds, i.e., without loss of

generality,v∗
i1

= lim l→∞ vl
i1
(xl

q) for q = 1,2 andv∗
i1

= lim l→∞ vl
i1
(xl

q) for q = 3,4. Repeating this argument

for the factorsvi2 , . . . ,vis,vi , it follows without loss of generality thatv∗
i = lim l→∞ vl

i (x
l
q) for q = 1,2 and

v∗
i = lim l→∞ vl

i (x
l
q) for q = 3,4 where[v∗

i ,v
∗
i ] = lim l→∞[vl

i ,v
l
i ]. It can be argued similarly that, without loss of

generality,v∗
j = lim l→∞ vl

j (x
l
q) for q= 1,3 andv∗

j = lim l→∞ vl
j (x

l
q) for q= 2,4 where[v∗

j ,v
∗
j ] = lim l→∞[vl

j ,v
l
j ].

Thus, each combination of the bounds ofvi andv j is attained in the neighborhood ofx∗. In particular,

in the case of addition, the sequences{vi(xl
1)}, {v j (xl

1)} and{vi(xl
4)}, {v j (xl

4)} converge tov∗
i , v∗

j andv∗
i ,

v∗
j ,respectively. Thus,[v∗

k,v
∗
k] = [v∗

i ,v
∗
i ]+ [v∗

j ,v
∗
j ] is, in the limit, an exact bound. A similar argument can be

presented for the case of multiplication. Here, each combination of lower and upper bounds onvi andv j is

realized by a different sequence{xl
q}, q = 1, . . . ,4. Thus, Assumption 4 holds fork. ⊓⊔

Remark 5

– Lemma 6 considers the case of adding or multiplyingvi andv j wherevi andv j are discontinuous in the

limit x∗ and these discontinuities are introduced by exactly oneπ function each. Then, the dependency

problem in interval arithmetic can be mitigated when there exist regions in each intervalXl so that all

combination of the lower and upper bounds of the factorsvi andv j are attained. This can be alternatively
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x1

x2
Ξ1

Ξ2

x2

x*

(a) Illustration showing a case where hypothesis of

Lemma 6 holds

x1

x2

x*

2

1

2

1

2
1

l-1

l-1-l-1
-l-1

(b) Counterexample showing when Assumption 4 does not

hold. The digits indicate the value off (x) = 1+ π(x1)+

π(x2) − π(x1 + x2) in the 6 subsets ofXl = [−l−1, l−1]
2
,

note thatf = 0, f = 3.

Fig. 6: Illustrations for Assumption 4 whenX ⊂ R
2. The curves indicate discontinuities introduced at previous

factors.

expressed as requiring that the intrinsic discontinuitiesdo not coincide in a neighborhood ofx∗. A case

where this hypothesis of Lemma 6 holds is illustrated in Figure6 (a).

– A counterexample can be given to show that Lemma 6 cannot be easily extended to the case when more

thann intrinsic discontinuities coincide atx∗ ∈ R
n. To see this, considerf (x) = 1+ π(x1) + π(x2) −

π(x1 +x2), X = [−1,1]2 andXl = [−l−1, l−1]2. As shown in Figure 6 (b), three intrinsic discontinuities

coincide at(0,0). The bounds off on Xl obtained from interval arithmetic aref l = 0 and f
l
= 3. They

are not attained for anyx ∈ Xl and anyl and thus Assumption 4 does not hold.

– Also note that, given Assumption 4, the exacerbated dependency problem of interval arithmetic is not

acute when there is only one discontinuity present in eithervi or v j at x∗. This has been exploited in the

proof of Lemma 6.

– Lastly, observe that the hypotheses of Lemma 6 cannot be satisfied whenXl ⊂ R. At most three subsets

of X in the vicinity ofx∗, {x : x< x∗}, {x : x= x∗} and{x : x> x∗}, are conceivable wherevi andv j could

attain their lower and upper bounds. To guarantee that Assumption 4 holds forvk, the interval arithmetic

for vi + v j or viv j needs to combine the bounds in such a way thatvk attains both its lower and upper

bound. However, it is easy to conceive counterexamples wherethis is not true, e.g., see the discussion

prior to Lemma 6.
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Though it was pointed out that there are counterexamples restricting the generalization of Lemma 6

when more than 2 intrinsic discontinuities coincide atx∗ in R
2, a generalization is possible ton intrinsic

discontinuities coinciding inRn.

Lemma 7 Consider any k such that n< k ≤ m where vk is defined by summation or multiplication. Suppose

Assumption 4 holds for all i, j < k. Consider a nested sequence of intervals Xl → X∗ = [x∗,x∗], Xl ∈ IX,

Xl 6= X∗. Suppose that vi and vj are discontinuous with respect tox at x∗ and that these discontinuities are

introduced by q≤ n earlier factors k1, . . . ,kq, i.e., vkq̃ = π(vrq̃) with vrq̃(x
∗) = 0 for q̃ = 1, . . . ,q. Assume that

vrq̃ is differentiable with respect tox at x∗, for all q̃ = 1, . . . ,q, and denote the gradient of vrq̃ at x∗ as∇∇∇vq̃. If

∇∇∇v1, . . . ,∇∇∇vq are linearly independent, then Assumption 4 holds for k.

Proof Define subsets ofXl as Ξ l
q̃ = {x ∈ Xl : vrq̃ > 0}, q̃ = 1, . . . ,q. Requiring linear independence of

∇∇∇v1, . . . ,∇∇∇vq is a sufficient condition for the existence of 2q nonempty subsets ofXl that realize all com-

binations ofΞ l
q̃ with Ξ l

q̂ or Xl \Ξ l
q̂, q̂ = 1, . . . ,q, q̂ 6= q̃, for all l > L for someL ∈ N. Thus, the argument used

in the proof of Lemma 6 can be extended to show that each possiblecombination of the bounds on interme-

diate factors is indeed realized. ⊓⊔

Lemma 8 Consider any k such that n< k ≤ m where vk is defined by vk = π(vi). Consider a nested sequence

of intervals Xl → X∗ = [x∗,x∗], Xl ∈ IX, Xl 6= X∗. Suppose either

1. that vi(x∗) = 0 and that for all l> 0 there exists ax†
l ∈ Xl and aεl > 0 so that vi(x

†
l ) = εl ,

2. that there exists a L1 > 0 so thatvl
i ≤ 0 for all l ≥ L1, or

3. that there exists a L2 > 0 so that vli > 0 for all l ≥ L2.

Then, Assumption 4 holds for k.

Proof Consider Case 1. By assumption,vl
k = 0 andvl

k = 1, ∀l so that liml→∞[vl
k,v

l
k] = [0,1]. Furthermore, it

holds that

[ lim
l→∞

inf
x∈Xl

vk(x), lim
l→∞

sup
x∈Xl

vk(x)] = [ lim
l→∞

inf
x∈Xl

π(vi(x)), lim
l→∞

sup
x∈Xl

π(vi(x))]

= [π(vi(x∗)), lim
l→∞

π(vi(x
†
l ))]

= [π(0), lim
l→∞

π(εl )] = [0,1].

Consider Case 2. By assumption,[vl
k,v

l
k] = [0,0] for all l ≥ L1. Thus,vk(x) = 0 for all x ∈ XL1 so that

[lim l→∞ infx∈Xl vk(x), lim l→∞ supx∈Xl vk(x)] = [0,0] = lim l→∞[vl
k,v

l
k].
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Consider Case 3. By assumption,[vl
k,v

l
k] = [1,1] for all l ≥ L1. Thus,vk(x) = 1 for all x ∈ XL2 so that

[lim l→∞ infx∈Xl vk(x), lim l→∞ supx∈Xl vk(x)] = [1,1] = lim l→∞[vl
k,v

l
k].

Thus, Eq. (2) and, hence, Assumption 4 hold for factork. ⊓⊔

Lemma 9 Consider a nested sequence of intervals Xl → X∗, Xl ∈ IX, Xl 6= X∗ and a continuous function

f : X → R. Then,

lim
l→∞

inf
x∈Xl

f (x) = inf
x∈X∗ f (x) and lim

l→∞
sup
x∈Xl

f (x) = sup
x∈X∗

f (x).

Proof Fix ε > 0. Letx∗
min ∈ arg minx∈X∗ f (x), the infimum is attained sinceX∗ is compact andf is contin-

uous onX∗. SinceXl ⊂ X is compact andf is continuous onX, f is uniformly continuous onXl . Uniform

continuity of f implies that∃δ > 0 so that| f (x) − f (y)| < ε for all x,y ∈ Xl for which ‖x − y‖ < δ
√

n.

Convergence ofXl to X∗ implies that there is aL > 0 so thatdH(Xl ,X∗) < δ for all l > L. By definition

of the Hausdorff metric,xl
i > x∗

i − δ andxl
i < x∗

i + δ for all l > L andi = 1, . . . ,n. Thus, f (x†)+ ε > f (x‡)

wherex† ∈ Xl \X∗ andx‡ ∈ ∂X∗ with ∂X∗ denoting the boundary ofX∗. By definition, f (x) ≥ f (x∗
min),

∀x ∈ X∗ so that f (x‡) ≥ f (x∗
min). As a result,f (x)+ ε > f (x∗

min) for all x ∈ Xl with l > L. SinceXl ⊃ X∗,

infx∈Xl f (x) ≤ f (x∗
min) for all l . ε is arbitrary so that liml→∞ infx∈Xl f (x) = infx∈X∗ f (x). An analogous argu-

ment can be made to show that liml→∞ supx∈Xl f (x) = supx∈X∗ f (x).

Lemma 10 Consider any k such that n< k ≤ m where vk is defined by a continuous univariate intrinsic

functionϕk. Suppose Assumption 4 holds for all i< k. Consider a nested sequence of intervals Xl → X∗ =

[x∗,x∗], Xl ∈ IX, Xl 6= X∗. Let [v∗
i ,v

∗
i ] = lim l→∞[vl

i ,v
l
i ]. Then, Assumption 4 holds for k if

min{ϕk(v
∗
i ),ϕk(v

∗
i )} = Φk([v

∗
i ,v

∗
i ]) and max{ϕk(v

∗
i ),ϕk(v

∗
i )} = Φk([v

∗
i ,v

∗
i ]).

Proof First, suppose thatvi is continuous with respect tox atx∗. Then,[v∗
i ,v

∗
i ] is a degenerate interval. Since

Φk is an interval extension,Φk([v∗
i ,v

∗
i ]) is also a degenerate interval and, hence, Eq. (2) holds.

Next, suppose thatvi is not continuous with respect tox at x∗. Since Assumption 4 holds for factori, it

follows that liml→∞[vl
i ,v

l
i ] = [lim l→∞ infx∈Xl vi(x), lim l→∞ supx∈Xl vi(x)]. Consider the sequenceV l

i = [vl ,vl ]

converging toV∗
i = [v∗,v∗]. According to Lemma 9, it holds that liml→∞ infz∈V l

i
ϕk(z) = infz∈V∗

i
ϕk(z) and that

lim l→∞ supz∈V l
i

ϕk(z) = supz∈V∗
i

ϕk(z). The hypothesis of the lemma imply furthermore thatΦk([v
∗
i ,v

∗
i ]) =

infz∈[v∗
i ,v∗

i ] ϕk(z) and thatΦk([v∗
i ,v

∗
i ]) = supz∈[v∗

i ,v∗
i ] ϕk(z). Therefore it follows that

[ lim
l→∞

inf
x∈Xl

vk(x), lim
l→∞

sup
x∈Xl

vk(x)] = [ lim
l→∞

inf
z∈V l

i

ϕk(z), lim
l→∞

sup
z∈V l

i

ϕk(z)]

= [ inf
z∈V∗

i

ϕk(z), sup
z∈V∗

i

ϕk(z)] = Φk([v
∗
i ,v

∗
i ]) = [v∗

k,v
∗
k],
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i.e., Eq. (2) holds and, hence, Assumption 4 is established for factork. ⊓⊔

Remark 6 An example of a class of univariate intrinsic functionsϕ that can meet the hypotheses of Lemma 10

are monotone functions. However, the specific implementation of Φ will dictate if ϕ indeed meets the hy-

potheses of Lemma 10.

B More general convergence results for branch-and-bound algorithm

In Section 3, it was assumed thatf is either lower semi-continuous or attains its minimum onD. Results are

outlined below that hold even when these assumptions are generalized.

Remark 7 When the assumption thatf is lower semi-continuous is dropped in Theorem 9, then one cannot

appeal to Theorem 8. However, with Remark 3 in mind, one can argue that limq→∞ β (Xlq)= limq→∞ infx∈Xlq f (x)≥

min{limq→∞ infx∈Xlq\{x∗} f (x), f (x∗)} ≥ min{liminfx→x∗ f (x), f (x∗)}, which is sufficient to show that the

lower bounding operation is strongly consistent.

Note that Remark 7 does not allow for the argument limq→∞ β (Xlq) = infx∈X∗∩D f (x), and consequently

limk→∞ βk = infx∈D f (x), when f is not assumed to be lower semi-continuous. In particular, there may be

an infinitely decreasing sequence of nested intervalsXl so that there exists ay ∈ ∂D with y ∈ intXl , ∀l ,

i.e., all partition elements contain an element of the boundary of the feasible set in its interior. Suppose that

f (y) = infx∈D f (x). Thus, it is conceivable that there exists aε > 0 and a sequence{zl } with zl /∈ D, zl ∈ Xl ,

∀l so thatf (zl ) < f (y)− ε. As a result, liml→∞ β (Xl ) ≤ f (y)− ε.

To avoid this complication, another assumption is introduced.

Assumption 6 Supposef (y) ≥ infx∈D f (x), ∀y ∈ X : y /∈ D.

This assumption can be satisfied by reformulatingf as a penalty function, e.g., minimizing̃f with

f̃ (x) =











f (x), if x ∈ D,

f (D), otherwise,

where f (D) denotes an upper bound, e.g., derived from interval analysis, of f onD.

Remark 8 When the assumption thatf attains its minimum onD in Theorem 10 is removed and Assump-

tion 6 holds, one can still argue thatβ = infx∈D f (x) using Theorem 8 and Remark 3. However, the set of

minimizers of f onD, arg minx∈D f (x), is not defined in this case. Instead, consider the set

arg infx∈D f (x) ≡
{

x ∈ D : ∃{zl } ⊂ D with lim
l→∞

zl = x and lim
l→∞

f (zl ) = inf
z∈D

f (z)
}

. (3)
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In this caseXmin ⊂ arg infx∈D f (x). This can be shown as follows:

Assume that the algorithm does not terminate after a finite number of steps. Consider the sequence of

lower bounds{βk} with xk
min, Lk and XLk as defined previously. From the construction of the algorithm

it follows that {βk} is a nondecreasing sequence withβk ≤ infx∈D f (x). Hence,β = limk→∞ βk exists and

β ≤ infx∈D f (x). Let x†
min denote an element of the set of accumulation points of the sequence{xk

min} and let

{xkr
min} be a subsequence of{xk

min} with subsequential limitx†
min. Since the partition subdivision is exhaustive

and the selection operation is bound improving, a finite numberof partition elements is visited in each itera-

tion only. Consequently, a decreasing subsequence of successively refined partition elements{Xq′} ⊂ {XLkr }

exists such that limq′→∞ Xq′
= {x†

min}. Since the lower bounding operation is strongly consistent, there exists a

subsequence{Xq} ⊂ {Xq′} such that limq→∞ β (Xq) ≥ min{liminfx→x†
min

f (x), f (x†
min)}. The “deletion by in-

feasibility” rule is certain in the limit so thatx†
min ∈ D. Thus, infx∈D f (x)≥ β ≥ min{liminfx→x†

min
f (x), f (x†

min)}.

By assumption,f (y) ≥ infx∈D f (x) wheny /∈ D so that

inf
x∈D

f (x) = min{liminf
x→x†

min

f (x), f (x†
min)} = β .

Thus, the result follows.

Remark 9 Assumption 5, which implicitly presumes thatf attains its minimum onD, is used in Theorem 11.

The latter can be modified when the minimum off on D is not attained: definẽxmin ∈ D as the limit of a

sequence{xl } ⊂ D with lim l→∞ f (xl ) = f ∗. Suppose that, for everyε > 0, there exists aδ > 0 and ax ∈ D

for which ‖x − x̃min‖ < δ , x 6= x̃min, f (x) ≤ f ∗ + ε hold. Under this assumption, consistency of the lower

bounding operation can be argued following a proof similar tothe one of Theorem 11.

Remark 10 In Theorem 12 it was assumed thatf is lower semi-continuous. This assumption was utilized

therein to assert that sublevel sets off are closed. A similar statement is not possible when the assumption

of lower semi-continuity off is dropped as they are equivalent. Consider a discontinuousfunctions with

the following property: there exist two sequences{yl },{zl } ⊂ D with limits y∗ 6= z∗, respectively, so that

lim l→∞ f (yl ) = f ∗ = lim l→∞ f (zl ) and let f (y∗) = f ∗ 6= f (z∗). The branch-and-bound algorithm is not able

to fathom any partition element that contains an infinite number of elements of{zl }. Consequently,y∗ and

z∗ are accumulation points of{xk}, whereas, in the strict sense, onlyy∗ solves (P). However,z∗ is in the

set arg infx∈D f (x) as defined by Equation (3). Using the argument presented in this remark and asserting

Assumption 6, one can show that, for any accumulation pointx† of {xk}, x† ∈ arg infx∈D f (x) holds.


