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Abstract

The analysis of multivariate time series data is of great interest across many domains,
including cyberphysical systems, finance, retail, and healthcare to name a few. A
common goal across all of these domains is accurate imputation and forecasting of
multivariate time series in the presence of noisy or missing data. Given the grow-
ing need to embed predictive functionality in high-performance systems, especially
in applications with time series data (e.g., financial systems, control systems), it is
increasingly vital that we build principled prediction algorithms that are statistically
and computationally performant, and more broadly accessible. To that end, we intro-
duce a novel variant of multivariate singular spectrum analysis (mSSA) that allows
for accurate imputation and forecasting of latent time-varying mean and variance of
multivariate time series. We further justify this algorithm by introducing a natural
Spatio-temporal factor model, under which the algorithm is theoretically analyzed;
Specifically, we establish the in-sample prediction error of our mSSA variant for both
imputation and forecasting.

Further, we propose an incremental variant of the algorithm, upon which, a real-
time prediction system for time series data, tspDB, is instantiated and evaluated.
tspDB aims to increase accessibility to predictive functionalities for time series data
through the direct integration with existing relational time series Databases. Fi-
nally, through rigorous experiments, we show that tspDB provides state-of-the-art
statistical accuracy while maintaining a superior computational performance with an
incremental model update, low model training time, and low latency for prediction
queries.
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Chapter 1

Introduction

Time series data is ubiquitous. Its analysis has diverse and crucial applications across
many domains, including predicting the behavior of physical systems, demand in
retail, stock prices, and weather patterns. One of the main inference tasks across
these domains is accurate imputation and forecasting of multivariate time series in
the presence of noisy and missing data.

The task of time series forecasting and imputation has been heavily studied within
econometrics, statistics, electrical engineering, computer science, and applied mathe-
matics [21, 50, 44, 25]. Indeed, a plethora of time series forecasting and imputation
algorithms exist. Despite the ubiquity of time series applications and the abundance
of excellent forecasting and imputation algorithms, predictive functionalities remain
inaccessible to domain experts and decision-makers without a team of data scien-
tists [49].

Arguably, one of the major bottlenecks towards this goal is the complex engineer-
ing and data processing required before training a prediction algorithm. Specifically,
the complex and error-prone machine learning (ML) workflow which consist of: (i)
taking data from a datastore or database (DB) into a particular work environment
format (e.g. spark data-frame); (ii) applying proper data transformation and feature
engineering tasks; and (iii) continuously tuning the algorithm’s hyperparameters has
made extracting actionable insights from data an unwieldy and inaccessible task. In-

deed, a classical method such as ARIMA may require data transformation tasks (e.g.,
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de-trending) informed by both domain knowledge and expertise in data science. On
the other hand, expressive deep neural networks offer a more generic and empirically
effective solution. However, a lack of clear understanding of when and how well such
solutions work, and the continuous tuning required for the hyperparameters hinder

its adoption for real-world applications.

The above illustrates the need for a principled, practically accessible, and perfor-
mant solution for time series imputation and forecasting. This thesis investigate the
feasibility of such solution by exploring the idea of directly integrating principled and
performant forecasting and imputation algorithm into a time series DB, i.e., a proof-
of-concept predictive time series DB. Specifically, we showcase tspDB: a time-series
DB that enables predictive query functionality in any existing relational DB.

tspDB is a principled solution as it uses a simple and theoretically justified variant
of the classical multivariate singular spectrum analysis (mSSA) method. Specifically,
through careful analysis, we precisely answer the question of when and why does
mSSA work in the following three chapters of this thesis. We do so by positing that
multivariate time series data follows a spatio-temporal factor model we propose. We
further provide empirical and theoretical evidence to show that the proposed model
covers a wide range of time series dynamics. Finally, under this model, we provide

finite-sample analysis of mSSA’s estimation error for imputation and forecasting.

tspDB is a practical and accessible solution as it directly integrates with time series
DBs and exposes a simple and easy-to-use interface. Crucially, building prediction
models and producing predictions in tspDB is as easy as writing an SQL query, as
shown in Figure 1-1. Pleasingly, the low computational footprint of the mSSA variant
we propose makes it possible to integrate with time series DBs without hindering the
DB’s original performance. Further, the mSSA variant we use for tspDB allows to
estimate the time-varying variance of a multivariate time series, thereby providing an
estimate of the volatility of the time series and a quantification of the certainty of the
prediction. Such uncertainty quantification is crucial in many practical applications.

Finally, tspDB is a performant solution. In terms of statistical accuracy, tspDB

performs as well as or better than state-of-the-art time series methods in both impu-
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PREDICT companyl CREATE PREDICTION_MODEL

FROM stock ON stock(companyl, company2,
WITH PREDICTION_INTERVAL = 95% company3)
WHERE day = 101; WITH day AS TIME_COLUMN;

(a) A PREDICT query in tspDB. (b) Building a prediction model in tspDB.

Figure 1-1: Proposed interface for tspDB. See Chapter 5 for details

tation and forecasting. See Table 1.1 for details.

Table 1.1: tspDB statistically outperforms other state-of-the-art algorithms, including
LSTMs and DeepAR across many datasets. We use the average normalized root mean
squared error (NRMSE) as our metric. See Chapter 6 for details.

Mean Imputation Mean Forecasting
(NRMSE) (NRMSE)

Electricity Traffic Synthetic Financial Electricity Traffic Synthetic Financial
tspDB 0.391 0.494 0.253 0.283 0.483 0.525 0.196 0.358

LSTM NA NA NA NA 0.551  0.473 0.444 1.203
DeepAR NA NA NA NA 0.484 0.474  0.331 0.395
TRMF 0.694 0.512  0.325 0.513 0.534 0.570  0.267 0.464
Prophet NA NA NA NA 0.582 0.617  1.005 1.296

This thesis is a detailed exposition on this principled, practical, and performant
solution we propose. Chapters 2, 3 and 4 present and analyze the mSSA variant we
propose. Specifically, it provides an answer to the question of why and how mSSA
works. Chapter 5 focuses on operationalizing mSSA by presenting an instantiation
of tspDB, built as an extension on top of the open-source DB management system
PostgreSQL. Then through extensive testing, Chapter 6 shows that this solution is

indeed statistically and computationally performant.

1.1 Overview of Contribution

As our primary contribution, we provide a principled, practical, and performant so-
lution to time series imputation and forecasting. To that end, several algorithmic,
theoretical, and empirical contributions were made. Below, we detail the various

aspects of our contribution.

A Novel Spatio-temporal Factor Model for Multivariate Time Series. In

17



our setup, we consider a collection of N time series with T observations. Note that
this multivariate time series can be collectively viewed as a N x T" matrix. In this
thesis, we introduce a spatio-temporal factor model that captures both the spatial
structure (across N time series) and temporal structure (across the T' observations)
in a multivariate time series. To capture the spatial structure, i.e., the relationship
across different time series, we model the multivariate time series matrix to be low-
rank — that is, each time series can be viewed as a linear combination of a few
fundamental time series (See Property 2.2.1). To capture the temporal structure, we
further assume that each fundamental time series has an (approzimately) low-rank
Hankel matriz' representation (See Property 2.2.2). For N = 1, this subsumes the
model considered to explain the success of SSA in [9] as a special case. The traditional
modeling approach in time series analysis posits that a time series is a mixture of a
trend (low-order polynomial), a seasonal (finite sum of harmonics), and a stationary
(linear time-invariant function) component. Crucially, we show that each of these
components (low-order polynomial, harmonics, and linear time-invariant function)

indeed follow our model.

Novel Variant of mSSA to Estimate Mean and Variance. We propose a
variant of mSSA that is a generalization of the method proposed in 9] and extends
it in the following two ways: (i) it provides predictions for multivariate time series
data; (ii) it allows one to estimate the time-varying variance of a multivariate time
series (a la GARCH-like models), thereby addressing an important issue in time series
analysis of how to estimate the volatility of the time series. Details of the algorithm

can be found in Chapter 3.

Finite sample analysis of mSSA. Under the proposed spatio-temporal factor
model, we establish that the mean imputation and (in-sample) forecasting predic-
tion error scale as 1/ V/NT, see Theorems 4.1.1 and 4.1.2. For N = 1, it implies that
the SSA algorithm described above has imputation and forecasting error scaling as

1/v/T. That is, mSSA improves performance by a v/N factor over SSA by utilizing

1See Definition 2.1.1 for the definition of the Hankel matrix induced by a time series.
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Table 1.2: Comparison of finite-sample results with relevant algorithms in the litera-
ture.

Method Functionality Mean Estimation Variance Estimation

Multivariate Variance

time series  Estimation Imputation Forecasting Imputation Forecasting

This Work Yes Yes 1/VNT 1/vVNT 1/VNT 1/VNT
mSSA - Literature Yes No - - - -
SSA [28, 9| No No T4
Neural Network [46, 19] Yes No -
TRMF [58, 42] Yes No (min(N,T))™*

information across the N time series. This also improves upon the prior work of [9]
which established the weaker result that SSA has imputation error scaling as 1/ Ti
— also, [9] does not establish a result for the forecasting error of SSA. Further, exist-
ing matrix estimation based methods establish that the imputation prediction error
scales as 1/ min(NV,T). This is indeed the primary result of the works [58, 42] That
is, while the algorithm stated in [58, 42| utilizes the temporal structure in addition to
the spatial structure, the theoretical guarantees do not reflect it. This explains why
the guarantees provided by such methods are weaker (since 1/ min(N,T) > 1/v/NT)
than that obtained by mSSA. Further, we show that mSSA performs consistent im-
putation/forecasting of the time-varying variance parameter for a broad class of time

series models, at rate 1/v/NT. See Table 1.2 for a summary of our theoretical results.

tspDB. One of the main deliverable of this work is an instantiation of this proposed
solution, which we provide through tspDB. tspDB is a real-time prediction system for
time series data, which aims to alleviate the data engineering bottleneck by providing
direct access to predictive functionalities. In Chapter 5, we detail an instantiation
of tspDB as an extension on top of PostgreSQL. We first show the simple SQL-
like interface we propose to access tspDB’s predictive functionalities. Further, we
show through this proof-of-concept implementation that integrating the proposed
mSSA method with the DB does not degrade the DB’s computational performance
in terms of insert throughput. We finally show that the query latency of the proposed
prediction queries is of similar latency to that of standard SELECT queries.

Extensive Statistical and Computational Benchmarking of tspDB. In Chap-
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ter 6, we extensively benchmark tspDB’s statistical and computational performance
against popular state-of-the-art prediction libraries. In Section 6.2, we verify tspDB’s
statistical accuracy by testing its performance on benchmark datasets of time series
data from real-world applications (e.g., used in [58]) and also on synthetic datasets we
generate. We compare tspDB’s accuracy against state-of-the-art algorithms, including
LSTMs [27], DeepAR (by Amazon [46]), Temporal Regularized Matrix Factorization
(TRMF) [58] and Prophet (by Facebook [24]). We measure the imputation and fore-
casting prediction accuracy, for both mean and variance, of these various algorithms
as we vary the level of data quality. We find that on standard time series bench-
marks, using NRMSE as our metric (See 6.1.5 for the definition of NRMSE), tspDB
outperforms all other methods in both mean imputation and forecasting and variance
estimation.

In Section 6.3, we test how tspDB compares against the popular, open-source
time series prediction libraries stated above—LSTM, DeepAR, TRMF, and Prophet
in terms of computational performance. With respect to both ML model training time
and prediction query latency, tspDB outperforms all other prediction algorithms we
compare against—refer to Section 6.3 for a precise description of how ML model
training time and prediction latency are measured. We highlight that compared to
LSTM and DeepAR, tspDB’s median ML model training time and prediction latency
is 59-62x and 94-95x quicker, respectively.

1.2 Related Work

In this section, we discuss prior work in two areas relevant to this thesis’s contribu-

tions, namely multivariate time series analysis and predictive modeling in DB systems.

1.2.1 Multivariate Time Series Analysis

Given the ubiquity of multivariate time series analysis, it will not be possible to do
justice to the entire literature. We focus on a few relevant techniques, most relevant

to compare against, either theoretically or empirically.
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Singular Spectrum Analysis. We start by discussing the classical Singular Spec-
trum Analysis (SSA) method, and its multivariate variant (mSSA). A good overview
of the literature on SSA can be found in [28]. The key steps of the classical SSA

method are:

1. Create a Hankel matrix from the time series data.

2. Perform Singular Value Decomposition (SVD) of that Hankel matrix.

3. Group the singular values based on user belief of the model that generated the
process.

4. Perform diagonal averaging to "Hankelize" the grouped rank-1 matrices out-
putted from the SVD to create a set of time series.

5. Learn a linear model for each "Hankelized" time series for the purpose of fore-

casting.

The theoretical analysis of this SSA method has been focused on proving that many
univariate time series have a low-rank Hankel representation, and secondly on defin-
ing sufficient asymptotic conditions for when the singular values of the various time
series components are separable, thereby justifying Step 3 of the method. Step 3 of
the original SSA method requires user input and Steps 4 and 5 are not robust to
noise and missing values due to the strong dependence across entries of the Hankel
representation of the time series. To overcome these limitations, a simpler and prac-
tically useful version has been introduced in [9] and a finite-sample analysis of it was
done. In that proposed variant, the Page matrix is used instead of the Hankel matrix
(see Chapter 2 for a definition of these two representations), and only a single linear
forecaster is used. This is in contrast to the user having to specify how the singular
values need to be grouped in the classical SSA method. In this thesis, we improve
upon the analysis of |9] by providing stronger bounds for imputation prediction error
and give new bounds for forecasting prediction error, which were missing in [9]. The
original mSSA method, like the original SSA method, involves the five steps described
above, but first, the Hankel matrices induced by each of the N time series are stacked
column-wise. In this work, as described in Section 3.1, we introduce a simpler, practi-

cally useful variant of mSSA. The theoretical analysis of mSSA (original or the variant
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considered here) is entirely absent in the literature despite its empirical success and

popularity (see [31, 30, 40]).

Matrix Estimation Based Multivariate Time Series Methods. There is a
recent line of work in time series analysis (see |56, 58|), where multiple time series
are viewed collectively as a matrix, and some form of matrix factorization is done.
Most of these methods make strong prior model assumptions on the underlying time
series, and the algorithm changes based on the assumptions made on the time-series
dynamics that generated the data. Further, finite sample analysis, especially with
respect to forecasting error, of such methods is usually lacking. We highlight one
method, Temporal Regularized Matrix Factorization (TRMF) (see [58]), which we
directly compare against due to its popularity, and as it achieves state-of-the-art
imputation and forecasting empirical performance. The authors in [58] provide finite
sample imputation analysis for an instance of the model considered in this work, but
forecasting analysis is absent. Specifically, they establish that the imputation error
scales as 1/ min(N,T). This is a consequence of the low-rank structure of the time
series matrix. But they fail to utilize, at least in the theoretical analysis, the temporal
structure. In our analysis of mSSA, we capture the temporal structure, and hence
our imputation error scales as 1/ V/NT, which is a stronger guarantee. For example,
for N = ©(1), their error bound remains ©(1) for any 7', while that of mSSA would

vanish as T grows.

Time-Varying Variance Estimation. The time-varying variance is a key input
parameter in many sequential prediction algorithms themselves. For example, in con-
trol systems, the widely used Kalman Filter uses an estimate of the per step variance
for both filtering and smoothing. Similarly, in finance, the time-varying variance of
each financial instrument in a portfolio is necessary for risk adjustment. The key
challenge in estimating the variance of a time series (which itself might very well be
time-varying) is that, unlike the actual time series itself, we do not get to directly
observe the variance. Despite the vast time series literature, existing algorithms to

estimate time-varying variance are mostly heuristics and/or make restrictive, para-
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metric assumptions about how the variance (and the underlying mean) evolves; for
example "Auto-Regressive Conditional Heteroskedasticity" (ARCH) and "General-
ized Auto-Regressive Conditional Heteroskedasticity" (GARCH) models. See [14].

Deep Learning Methods. We take a brief note of the popular time series method in
the recent literature. In particular, recently, neural network (NN) based approaches
have been the most popular and empirically effective. Some industry-standard neural
network methods include LSTMs, and DeepAR (an industry-leading NN library for

time series analysis, see [46]).

1.2.2 Predictive Modeling and DBs

As stated earlier, our work is in line with exciting recent efforts, especially in industry,
exploring the potential of DB management systems to support ML algorithms [1, 4, 5,
3,6, 2,32, 38]. In a complementary vein, there has been a line of work to automate the
process of choosing an optimal ML workload for a given task [51, 49]. There has also
been a line of work to exploit DBs to make certain key computationally expensive steps
that are pervasive in training ML algorithms much more efficient [41, 52, 20, 17, 35].
Further, there have been attempts to provide a declarative SQL-like language for
prediction [48, 32, 11]. Our proposed system, tspDB, is very much in line with
these efforts. However, crucially, rather than facilitating the use of a variety of ML
algorithms or sub-routines, we take the stance of abstracting the entire ML algorithm
from the user, and providing a single interface to answer both standard DB queries
and predictive queries. This is in line with [51, 49| effort to democratize ML. We
finally note that the data imputation task has received considerable attention in the
systems for ML community. For example, in [18, 12, 37, 45], they explore systems

that directly integrate imputation of missing values as an in-built functionality.

1.3 Organization

The rest of this thesis is organized as follows: In Chapter 2, we describe our setup and

introduce the multivariate time series model we utilize for our analysis. In Chapter 3,
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we detail our variant of the mSSA algorithm for both mean and variance imputation
and forecasting. In Chapter 4, we provide the results of our finite-sample analysis for
both the mean and variance estimation algorithms. In Chapter 5, we demonstrate
a scalable and incremental variant of the mSSA algorithm, as well as the details of
instantiating tspDB as an extension on top of PostgreSQL. Finally, in Chapter 6, we
showcase the extensive testing we conduct to benchmark the statistical and compu-

tational performance of tspDB against popular state-of-the-art prediction libraries.

1.4 Bibliographical Note

The content presented in Chapter 2, Chapter 3 and Chapter 4 is a part of an article
titled "On Multivariate Singular Spectrum Analysis and its Variants" currently under
submission [8]. Further, the content of Chapter 5 and Chapter 6 appears in the article

"tspDB: Time Series Predict DB", which is currently under submission [7].
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Chapter 2

Model and Setup

2.1 Setup and Notation

Setup. We consider the settings where we have access to N € Z time series, each
with T > N € 7Z evenly spaced timestamped observations. We consider discrete
time indexed by t € {1,...,T} = [T]. We denote our N latent time series by
fn:Z — R, n € [N]. In our setting, we observe noisy and partial observations of
these latent time series, as we describe next.

Observation Model. For each time ¢t € [T] and n € [N], we observe the random

variable X, (t) as follows:

fu(t) +mu(t with probability p
Xa(t) = i) (2.1)

* with probability 1 — p

Where * represents a missing observation, p € (0, 1] is the probability of observing
each entry, and the noise 7, () are independent mean-zero random variables. That is,
E[X, (t)] = f.(t). Further, we denotes the time-varying variance of the noise E[n?(t)]
by o2(t). Note o%(t) is a key parameter of interest in time series analysis to do

n

uncertainty quantification, especially in applications where the volatility in the time
series is time-varying (e.g., ARCH and GARCH models [15]).

Note that though 7,(t) is independent, the latent time series, f,(-), is of course
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strongly dependent across t and n. As is typical in time series analysis, one models the
latent time series of interest, f,,(-), as a mixture of a trend, a seasonal, and a stationary
component. Where the typical model used for trend is a low-order polynomial in
time (e.g., linear trend); seasonality is often modeled by a finite sum of harmonics;
and stationarity is often modeled by an autoregressive moving average (ARMA) or
an ARMA-like process. To capture that temporal structure (e.g. polynomials and
harmonics) as well as the “spatial" structure (i.e., across the multiple time series),
we posit that f,(-), n € [N] collectively satisfy a spatio-temporal factor model as

described in detail in Section 2.2.

Goal. Our goal is to develop a theoretically justified, universal method to impute
and forecast the latent, time-varying mean and variance of the time series. Ideally,
this method scales gracefully with the amount of missing data and noise in the ob-
servations, two key issues that plague time series data. In short, the objective is
two-fold, for n € [N]:
1. Mean imputation and forecasting. Estimating f,(¢) for all ¢t € [T] (impu-
tation) as well as learning a model to forecast f,(t) for t > T (forecasting).
2. Variance imputation and forecasting Estimating o,,(¢) for all t € [T (vari-
ance imputation) as well as learning a model to forecast o, (¢) for ¢t > T' (variance

forecasting).

Time Series as a Matrix: Page and Hankel Representation. Before describing
the model, we define two crucial time series representation: the Hankel and Page
matrix representation of time series. We first start by describing the Hankel matrix

induced by a time series.

Definition 2.1.1 (Hankel Matrix). Given a time series f : Z — R, its Hankel matriz
associated with observations over T time steps, {1,...,T}, and for some parameter
L €Z,L > 1, is given by the matriz H € REXT=LHD with Hy; = f(i +j — 1) for
i€[L],je|T— L

!Throughout this thesis, we use A;; or equivalently [AL ; to denote the i-th row and j-th column
entry of matrix A
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In words, the Hankel representation simply places overlapping segments of obser-
vations of size L into the columns of an L x (T'— L + 1) matrix. See Figure 2-1 for a
visual depiction of this transformation.

In the Page matrix representation, contiguous segments of size L. of the time series
are placed into non-overlapping columns, creating a matrix of size L x |T/L]. see
Figure 2-1 for a caricature of this representation. Below, we formally define the

representation.

Definition 2.1.2 (Page Matrix). Given a time series f : 7 — R, its Page matriz
representation over T observations and a parameter L > 1 is given by the matrix

7, € RUXIT/LL ith Zij=flt+(—1)xL) forie[L],j €[|T/L]]

Time Series

L= f) F@) . AT A(T) -~

/ \
/ \
| \
v v
Page Matrix Representation Hankel Matrix Representation
fQ)  f(L+1) ... fT—2L+1) f(T—L+1) f(1) f@ ... fT-L) f(T-L+1)
f@ f@+2) ... f(T-2L+2) f(T-L+2) [f(2) f@ .. fT-L+1) f(T-L+2)
AL @D .. fT-D) F L) S .. T -1 71

Figure 2-1: A visual depiction of the Hankel and Page matrix representation induced
by the time series f(t)

2.2  Multivariate Time Series Model

In this section, we propose a spatio-temporal factor model for multivariate time series
that explains the empirical success of mSSA (See chapter 6). First, we detail the
proposed spatio-temporal model (Section 2.2.1); then, we provide a generalization
of that model that allows for an even richer family of time series dynamics (Section

2.2.2); and finally, we give several examples of multivariate time series that fit our

model (Section 2.2.3).
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2.2.1 Spatio-Temporal Factor Model

The model we propose requires that the latent multivariate time series fi(-),..., fx(-)
satisfy two properties: (i) Property 2.2.1, which captures the spatial structure across
time series; (ii) Property 2.2.2, which capture the temporal structure within each time
series.

In Property 2.2.1, we assume that each of the latent time series fi(-),..., fx (")

are related to each other through R < N “fundamental" time series, precisely,

Property 2.2.1. There exist R € N, where 1 < R < min(N,T) %, W, : Z — R, and
e € RYr € [R],n € [N], such that for anyn € [N],t € [T], fo(t) = 55 | cnr Wi(t),

where |ay,.| < Ty, [W.(t)| < Ty for constants I'y,T'y > 0.

Property 2.2.1 effectively captures the “spatial” structure amongst the N time
series. In other words, every time series f,(-) can be expressed as weighted linear
combination of at most R ‘fundamental” time series. However, time series are often
characterized by their “temporal” structure, i.e. structure across time in each time
series. Such structure is not captured by Property 2.2.1, which calls for imposing
additional structure on each “fundamental” time series W, (t). Let H{) € REX(T=L+1)

denote the Hankel matrix induced by W,(), as described in Definition 2.1.1.

Property 2.2.2. For each v € [R] and for any T > 1, the Hankel Matriz H%fv) €
REXT=L+Y) gssociated with time series W,.(t), t € [T] has rank at most G with G < T.

Property 2.2.2 captures the temporal structure within each fundamental time
series by imposing a low-rank structure on the Hankel matrix induced by it. Indeed,
such property is observed in standard functions of time series dynamics. In fact, any
finite sum of products of harmonics, low-degree polynomials, and exponentials have
a low-rank Hankel matrix representation, as stated in Proposition 2.2.3 in Section
2.2.3.

Stacked Page Matrix is Low-Rank. Recall the definition of the page matrix

representation (Definition 2.1.2), and let ZSC") denote the Page matrix representation

2While not very precise, the qualitative statement 1 < R < min(N, T indicates that the number
of fundamental time series is small relative to both 7" and N.
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of the latent time series f,,(¢). Further, consider the stacked Page matrix Zy, obtained

by a column-wise concatenation of the Page matrices Z;l), ey Z;N). Specifically,
Z; =z 79 ... z§fV>] . (2.2)

Under the spatio-temporal factor model satisfying Properties 2.2.1 and 2.2.2, we
establish the following low-rank property of the Page matrix of any particular time

series, as well as that of the stacked Page matrix Z;.

Proposition 2.2.1. Let Properties 2.2.1 and 2.2.2 hold. Then for any L < |T/2]
with any T > 1, the rank of Z;") forn € [N] is at most RG. Further, the rank of the

stacked Page matriz Zy is also at most RG.

The proof can be found in Appendix B.1.1 where a more general version of the
Proposition is established.

Finally, we end this subsection with some further assumptions on the per-step
noise in our observations. Recall that, as described in Equation 2.1, for each n € [N]
and t € [T], we observe X,,(t) = f.(t)+n,(t) with probability p € (0, 1] independently.

We will assume that the noise 7,(-),n € [N] satisfy the following property.

Property 2.2.3. For n € [N],t € [T], n.(t) are independent sub-gaussian random
variables, with E[n,(t)] =0 and |[9,(t) ||y, < 7*.

2.2.2 Extension to Approximate Low-Rank Representation

In this section, we extend the model presented in Section 2.2.1 by relaxing Property
2.2.2 to only hold approzrimately. That is, we extend our model to time series whose
Hankel representation is approximately low-rank. More concretely, we introduce the

definition of the approximate rank of a matrix below.

Definition 2.2.1 (e-approximate rank). Given € > 0, a matriz M € R¥? is said to

have e-approzimate rank r > 1 if there exists a rank r matriz M, € R such that

| M — M, || < €.

3The || ||, denotes the sub-gaussian norm, which is defined as follows: for a random variable X,
the sub-gaussian norm is defined as || X||, = inf {t > 0 : Eexp (X?/t?) < 2}, see [54] for details.
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In our extended model, we want to include time series whose Hankel representation
has an e-approximate rank G. In this work, we refer to such time series as (G, €)-Hankel

Time Series. Precisely,

Definition 2.2.2 ((G, ¢)-Hankel Time Series). For a given € >0 and G > 1, a time
series f 1 Z — R is called a (G, €)-Hankel time series if for any T > 1, its Hankel

matrix has e-approximate rank G.
We extend model of Section 2.2.1 by replacing Property 2.2.2 by the following.

Property 2.2.4. For each r € [R] and for any T > 1, the Hankel Matriz H%) €
REX(T=L+D) gssociated with time series W,.(t),t € [T] has e-approzimate rank at most
G with G < T for € > 0. That is, for each v € [R], W,. is a (G,€)-Hankel time

series.
Analogous to to Proposition 2.2.1, We state an implication of the new property.

Proposition 2.2.2. Let Properties 2.2.1 and 2.2.4 hold. For any L < |T/2] with
any T > 1, the stacked Page matriz Z; has €'-rank at most RG for € = RI'e.

The proof of this property can be found in Appendix B.1.1.

2.2.3 Examples Of (G, ¢€)-Hankel Multivariate Time Series Dy-

namics

In this section, we establish important examples of time series dynamics that sat-
isfy our approximate model, i.e., they are (G, e)-Hankel time series. In particular,
we show that linear recurrent formula (LRF) (Proposition 2.2.3), and differentiable
periodic function (Proposition 2.2.4) are (G, €)-Hankel multivariate time series. We
further show that (G, €)-Hankel time series are closed under addition and multiplica-
tion (Proposition 2.2.5).

Example 1. (G,¢)-LRF Time Series. We start by defining a linear recurrent

formula (LRF), which is a standard model for linear time-invariant systems.
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Definition 2.2.3 ((G,¢)-LRF). For G € N and € > 0, a time series f is said to be
a (G, €)-Linear Recurrent Formula (LRF) if for oll T € Z and t € [T, there ezists
g Z — R such that

f(t) = g(t) + h(t),
where for all t € 7, (i) g(t) = 3.7 ayg(t — 1) with constants o, ..., aq, and (ii)
|h(t)] <e.

Now we establish a time series f that is a (G, €)-LRF is also (G, €)-Hankel.

Proposition 2.2.3. If f is (G, €)-LRF representable, then it is a (G, €)-Hankel time

series.
Proof. Proof is immediate from Definitions 2.2.2 and 2.2.3. [

LRF’s cover a broad class of time series functions, including any finite sum of
products of harmonics, polynomials and exponentials. For example, consider a time

series described by:

f(t) = Z exp(agt) - cos(2mwat + ¢q) - P, (1), (2.3)

where ag,w,, ¢, € R are parameters, P, is a degree m, € N polynomial in ¢. It can
be easily verified that is a (G, 0)-LRF, where G < A(mpax + 1) (Mmax + 2) With mypax
denoting the maximum degree of the polynomials. Specifically, mpy.x = max,ea mq

(See Proposition 5.2 in [9]).

Example 2. “Smooth” and Periodic Time Series. We establish that any dif-
ferentiable periodic function is (G, €)-LRF and hence (G, €)-Hankel for appropriate

choices of G and e.

Definition 2.2.4 (C*(R,PER)). For k > 1 and R > 0, we use C*(R, PER) to denote
the class of all time series f : R — R such that it is R periodic, i.e. f(t+ R) = f(t)

for all t € R and the k-th derivative of f, denoted f®, exists and is continuous.
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Proposition 2.2.4. Any f € C*(R, PER) is <4G, C(k, R) C'Lﬁgl)—Hankel representable,

for any G > 1. Here C(k,R) is a term that depends only on k,R and || f®|?* =
R
7 Jo (FO(1))%dt.

Refer to the proof of this proposition in Appendix B.1.2.

Example 3. Sum and Product of (G,¢)-Hankel Time Series. We present a
key property of the model class satisfying Property 2.2.4, i.e. time series that have an
approximate low-rank Hankel matrix representation. To that end, we define ‘addition’
and ‘multiplication’ for time series. Given two time series fi, fy : Z — R, define their
addition, denoted fi+fo: Z — Ras (fi+f2)(t) = fi1(t)+ f2(t), for all t € Z. Similarly,
their multiplication, denoted fiofy : Z — Ras (fiof2)(t) = fi(t) X fa(t), for allt € Z.

Now, we state a key property for the model class satisfying Property 2.2.4.

Proposition 2.2.5. Fori € {1,2}, let f; be a (G;,€;)-Hankel time series for G; >
1, ¢ > 0. Then, fi + f2 is a (Gy + Ga, €1 + €3)-Hankel time series and fi o fy is a
<G1G2, 3max(€r, €2) - max(|| f1]]co, ||f2||oo)> -Hankel time series.

Refer to the proof of this proposition in Appendix B.1.3.
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Chapter 3

Algorithm

In this chapter, motivated by the model described in Section 2.2, we describe the pro-
posed variant of the multivariate Singular Spectrum Analysis (mSSA) algorithm. In
Section 3.1, we describe the mean imputation and mean forecasting algorithm, which
provides an estimate of f,(¢), the latent time series of interest. In Section 3.2, we
describe the variance imputation and variance forecasting algorithm, which provides
an estimate of o2(t), the latent time-varying variance of the noise. In Section 3.3, we
describe some of the concerns regarding applying this algorithm in practice. Specifi-
cally, we discuss the algorithm’s scalability, how it can be updated incrementally, and

when it is suitable to be applied to real-world data.

3.1 Mean Estimation Algorithm

Multivariate singular spectrum analysis (mSSA) is a known method to impute and
forecast a multivariate time series. Below, we describe a novel and practically useful
variant of mSSA, which naturally allows for both imputation and forecasting. Note
that in Section 1.2, we compare the original mSSA method with this variant and
discuss key differences.

Recall that X,,(¢),n € [N],t € [T] denote the (potentially noisy, missing) obser-
vation of the n-th time series, X,,, at the ¢-th time step. For any ¢, s € [T] such that
t<s,let X, (t:s):=[X,(t),...,X,(s)]. Further, Let integers L, P > 1 be such that
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P =|T/L|. Let P:= N x P. Let p denotes the fraction of observed entries, that is

~_ max(L,Y0 ) S (X (8)#%)
p T NT

Imputation. The key steps of mean imputation are as follows.
1. (Form Page Matrix) Transform X;(1 : T),..., Xn(1 : T) into a stacked Page
matrix ' Zyx € REXP with L < P. Fill all missing entries in the matrix by 0.
2. (Singular Value Thresholding) Let SVD of Zx = USV?T, where U € RI*L )V €
RP*E represent left and right singular vectors and S = diag(sy,...,s.) the
diagonal matrix of singular values s; > --- > s;, > 0. Obtain ]/\Zf = %USkVT
by setting all but top k singular values to 0, i.e. Sy = diag(si,...,sk,0,...,0)

for some k € [L].

3. (Output) fu.(i+ (j —1)L) == [Mf] . ,1€[L],j€[P]
i[j+P(n—1)]
r
X0 X0 X X@3) .. X(T)
X,(0) X()  x * .. X)(T)
. A o AL .. A .
Linear @ .. .. j@ .. Features poy
Regression S ; 8 8 8
Xy(0) * Xy(2) XyB) ... Xy(T) X(@L) ... X(T) XL ..X(T) Labels Xy@) ... Xy(T)
ll. Stacked Page 'matrlx Ill. Forecasting T
transformation
Zy M,
(D) XELHD o X)) e e 0 A B e D
x1§2) o XN5(2) Il. Imputation fl(f) fz(:2> fN:(Z) -
W ... 5T N0 . X(T) - X)) ... Xy(T) HSVIZ) | A@) ... {i@  HL) .. KT 7 F) . Fu@)

Figure 3-1: Key steps of our proposed variant of the mSSA algorithm.

Forecasting. Forecasting includes an additional step of fitting a linear model on the
de-noised matrix.
1. (Form Sub-Matrices) Let Zx € R be a sub-matrix of Zx obtained by
removing its last row. Let Z% denote the last row.
2. (Singular Value Thresholding) Let SVD of Zx = USV”, where U € RE-¥I-1 'V ¢
RP*L=1 represent left and right singular vectors and S = diag(si,...,s;_1) the

diagonal matrix of singular values 51 > --- > 5,7 > 0. Obtain Mf = %U’SkVT

'Refer to the definition of the stacked Page matrix in Equation 2.2 and Definition 2.1.2
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by setting all but top k singular values to 0, i.e. S, = diag(5,,...,5%,0,...,0)
for some for some k € [L — 1].

3. (Linear Regression) = arg minege—1 || Z% — (]/_\fo)TbH%

4. 4. (Output) fo(T +1) == X, (T — (L —1) : T)7B.

Figure 3-1 provides a visual depiction of the core steps of both the imputation

and forecasting algorithm.

3.2 Variance Estimation Algorithm

In this section, we extend our mSSA variant to estimate time-varying variance. The
procedure is motivated by the following simple observation. Note that mSSA is
designed to estimate the underlying latent ‘mean’ time series from its noisy, partial
observation. For example the mean of the observations for time series n € [N] at time
t € [T] is E[X,,(t)] = f.(t). Instead, if we apply mSSA to the squared observations,
X2(t), we will recover an estimate of E[X?(¢)]. However, observe that Var[X,,(t)] =
E[X2(t)] — E[X,(¢)]?. Therefore, by applying mSSA twice, once on X,,(#) and once
on X2(t) for n € [N] and ¢t € [T], and subsequently taking the component-wise
difference of the estimates produced will lead to an estimate of the variance. This
suggests a simple algorithm for variance estimation, where we run the mean estimation
algorithm twice, once on Zx and once on Zyx: (the stacked page matrix of the squared
observations). Then, for both forecasting and imputation, a simple post-processing
step is done where the square of the estimate produced from running the algorithm
on Zy is subtracted from the estimate produced from Zx2. The procedure is detailed

precisely in what follows.

Imputation. Below are steps of variance imputation.
1. (Impute Zx,Zx2) Use the mean imputation algorithm on X;(1:7),..., Xy (1:
T) (ie., Zx) and X2(1:T),...,X%(1:T) (i.e., Zx=2), to produce the de-noised
Page matrices M ¢ and M 2402, respectively.

2
2. (Output) Construct M ;2 € RL*P where [Mfz] = ([Mf] ) , and produce
ij

v
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estimates,

G+ (—1)L) = M) -] vi e [L],j € [P).

i,[j+Px(n—1)] i,[j+Px(n—1)]

Forecasting. The variance forecasting procedure is similar to that of mean forecast-
ing, except for an additional post processing step. Precisely,

1. (Form Sub-Matrices) Let Zx € R be a sub-matrix of Zx obtained by
removing its last row. Let Z% denote the last row. Similarly, let Zy> € RE-1%P
be a sub-matrix of Z x> obtained by removing its last row, and denote that last
row by Z§(2 .

2. (Forecast with ZX,Zg(,ZXz,ng) Using the mean forecasting algorithm on
Xi(1:7),....,Xny(1 :T) and X3(1 : T),...,X%(1 : T), to produce forecast
estimates f,(T + 1) and f2 + 02(T + 1), respectively.

3. (Output) Produce the variance estimate

2T+ 1) = f2+02(T + 1) — (fu(T + 1))

3.3 mSSA in Practice

3.3.1 Limitations

The algorithms for mean and variance estimation described above, as written, are
meant for batch updating (i.e., they get to observe all data at once). However, for
computational efficiency in any real-world application, the prediction model needs
to be trained and updated incrementally, which in turn requires making these algo-
rithms incremental. These limitations are the main motivation of building a scalable
incremental version of this algorithm, as described in Chapter 5.

In particular, to make mSSA incremental, we propose a simple incremental “meta’-
algorithm. In this meta-algorithm, the model is updated incrementally and as new
data points arrive in an efficient and scalable manner. We defer the description of this

algorithm to Section 5.3, where we discuss this incremental variant and its integration
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with a time series database system to create tspDB: time series predict database.

3.3.2 A Diagnostic Test for Real-World Data

Despite showing that the proposed model admits a rich families of time series dynam-
ics, it is vital to have a data-driven diagnostic test that can help identify scenarios
when the model of Section 2.2.1 hold. We discuss one such test here.

Recall that the primary representation utilized by mSSA, as described next in
Section 3.1, is the stacked Page matrix (with parameter L). Proposition 2.2.1 and
Proposition 2.2.2 suggests a “data driven diagnosis test” to verify whether mSSA is
likely to succeed as per the results of this work. Specifically, if the (effective) rank?
of the Page matrix associated with any of the univariate components f,(-) and the
(effective) rank of stacked Page matrix associated with the multivariate time series
with N component are very different, then mSSA may not be effective compared to
SSA, but if they are very similar then mSSA is likely to be more effective compared
to SSA. Our finite-sample results in Chapter 4 indicate that the optimal value for L
is vV NT assuming N < T. Thus as a further test, if the effective rank of the stacked
Page matrix does not scale much slower than L for L ~ v/NT, then SSA (and mSSA)

are unlikely to be effective methods.

Table 3.1 compares the (effective) rank of the stacked Page matrices for different
benchmark time series data sets. The value of T equals 3993, 26304 and 10560
for the Financial, Electricity and Traffic datasets respectively (see Section 6.1.1 for
details on the datasets). We set L = [v/NT| for all datasets. When N = 1, this
corresponds to L equals 63, 162 and 102 for the Financial, Electricity and Traffic
datasets respectively. Table 3.1 shows the effective rank in each dataset as we vary
N. As can be seen, for N = 1, the effective rank is much smaller than L (or T')
suggesting that SSA is likely to be effective. For Electricity and Financial datasets,
the rank does not change by much as we increase N. However, relatively the rank

does increase substantially for the Traffic dataset. This might explain why mSSA

2We define effective rank of a matrix as the minimum number of singular values capturing > 90%
of its spectral energy.
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is relatively less effective for the Traffic dataset in contrast to the Financial and

Electricity datasets as seen in Table 6.2 in Section 6.2.

Table 3.1: Effective rank of stacked Page matrix across benchmarks as we vary V.

Dataset N=1 N=10 N =100 N = 350

Electricity 19 37 44 31
Financial 1 3 3 6
Traffic 14 32 69 116

38



Chapter 4

Theoretical Results

In this chapter, we provide the main theoretical results for the introduced mSSA
variant. Specifically, we provide bounds on the imputation and forecasting in-sample
prediction error for mSSA under the spatio-temporal model introduced in Chapter
2. We state the mean squared error bounds for both mean imputation and mean
forecasting in Section 4.1 using both the exact low-rank representation (Property
2.2.2) and the approximate low-rank representation (Property 2.2.4). In Section 4.2,
we extend the results to the wariance imputation and forecasting problem, where
we first impose some structure on the time-varying variance o2(t) and then provide
mean squared error bounds for both variance imputation and wvariance forecasting

algorithms.

4.1 Mean Estimation Error

4.1.1 Metrics and Setup

We start the section by defining the metric we use to measure prediction error. In both
imputation and forecasting, we use the mean squared error as our metric. Precisely,
let the imputed values be denoted by f,(t), n € [N], t € [T], then we define the

prediction error for imputation as
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ImpEr(N,T) = < S E[(fult) — Fu(1))] (4.1)

n=1 t=1
Recall that the precise steps of the imputation algorithm are detailed in Section 3.1.

For forecasting, we define the (in-sample) prediction error as the sum of prediction
errors for the last row of the stacked Page matrix. More concretely, let that the (in-
sample) forecasted estimate be denoted by f,(t), n € [N], t € {L,2L,..., T}, then

we define the prediction error for forecasting as

N T/L

ForErr(N, T, L) = Z D CE[(falL x m) = fu(L x m'))?]. (4.2)

n=1m’/=1

Again, recall that the precise steps of the of the forecasting algorithm are detailed in
Section 3.1. In (4.1) and (4.2), the expectation is with respect to the randomness in
observations due to noise and missing values. Before stating the main results, we will

utilize the following model restriction.

Property 4.1.1 (Balanced spectra). Denote the L x (NT/L) stacked Page matriz
associated with all N time series fi(-), ..., fn(-) as Zg. Under the setup of Proposition
2.2.1, rank(Zs) = k > 1 and k < R x G. Then, for L = VNT with N < T, Z; is
such that ox(Zy) > v/ NT/\k some absolute constant ¢ > 0, where oy, is the k-th

largest singular value of Zy.

Note that if o = O(0y), then one can verify that Property 4.1.1 holds. Indeed,
assuming that the non-zero singular values are ‘well-balanced’ is standard in the
matrix/tensor estimation literature.

Additionally, we will utilize an analogous property under the approximate low-

rank setup of Proposition 2.2.2.

Property 4.1.2 (Approximately balanced spectra). Under the setup of Proposition
2.2.2, we can represent the L x (NT/L) stacked Page matriz associated with all N
time series fi(-),..., fn(-) as Zy = M + E with rank(M) =k > 1 and k < R x G
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and || E||sc < RTie. Then, for L = /NT, M s such that (M) > ¢v/NT /\Vk for

some absolute constant ¢ > 0, where oy, is the k-th largest singular value of M.

Property 4.1.2 is more general than Property 4.1.1, where the balanced spectra is

attributed to the low-rank approximation of the stacked page matrix.

4.1.2 Imputation

In this section, we state the main results related to the prediction error of the mean
imputation algorithm. In what follows, let C'(¢,I'1,'s,) be a constant that depends
only on model parameters ¢, I'y,I'5,7. Recall that R,I';,I'y are parameters of the
spatio-temporal factor model, and are defined in Property 2.2.1; while G is the maxi-
mum rank of the Hankel matrices induced by the “fundamental" time series, as defined
in 2.2.2; and v is a parameter of the noise, and is defined in Property 2.2.3; and c is

a parameter of the balanced spectra, and is defined in Property 4.1.1.

Theorem 4.1.1 (Imputation). Let Properties 2.2.1, 2.2.2, 2.2.3 and 4.1.1 hold. For
a large enough absolute constant C' > 0, let p > C%. Then with L = NT,

3Glog NT
ImpErr(N7 T) S C(C7F17F277)(R G o8 )

TVNT 43

More generally, let the approximate spatio-temporal factor model hold. That s, let
Properties 2.2.1, 2.2.4, 2.2.3 and 4.1.2 hold. Then,

3 loc NT 4 2
ImpErr(N,T)SC(C,Fl,FQ,v)(RG o8 +RG(€+€))

CUNT 7 (4.4)

The imputation error bound in 4.4 scale as, O (hz}gNiTT + (e + 62)>. The first term
vanishes as we collect more data, while the second term is due to the approximate

low-rank assumption. The proof of this theorem is in Appendix B.2.1
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4.1.3 Forecasting

In this section, we state the main results for the mean forecasting algorithm. We start
by proving that given our spatio-temporal factor model, there exists a linear model
that provides good forecasting estimates. After that, we give a formal results of the

(in-sample) forecasting error.

Existence of Linear Model for Forecasting. Recall from Section 3.1, we learn
a linear regression model between the last row of that stacked Page matrix Zyx and
the L — 1 rows above it (after de-noising the sub-matrix induced these L — 1 rows
via HSVT). Hence, we first establish that there exists a linear model which provides
a good solution in the case where theres is no noise or missing values. To that end,
let Z]Lc denote the Lth row of Z; and Z; denote the sub-matrix of Z; formed by
selecting top L — 1 rows. In the proposition below, we show that there exists a linear

relationship between Zf and Z;.

Proposition 4.1.1. Let Properties 2.2.1 and 2.2.2 hold. Then there exists 3* € RF1
such that (Z%)" = (Zg)"5*. Further, ||5*[lo < RG.

For the approximate low-rank setting, we show that the existence of a linear model

using the following analogous Proposition.

Proposition 4.1.2. Let Properties 2.2.1 and 2.2.} hold. Then, there exists [* €
RE7Y, such that [[(Z5)" — (Zg)" f*|lse < RU1(1 4 (|8*[l1)e., Further ||5*]o < RG.

The proof for Proposition 4.1.2, which is a more general form of Proposition 4.1.1,

is in Appendix B.2.3. We now state the main result for the mean forecasting error

for mSSA.

Theorem 4.1.2 (Forecasting). Let Properties 2.2.1, 2.2.2, 2.2.3 and 4.1.1 hold.
Then, with L =/ NT and with 3* defined in Proposition 4.1.1, we have

3G log NT
M), (4.5)

ForErr(N, T, L) < C(c,v,T1,T5) max(1, || 3*?
(N.7,1) = Cle T ) max(1 3°9) (5
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More generally, let the approximate spatio-temporal factor model hold. That s, let
Properties 2.2.1, 2.2.4, 2.2.3 and 4.1.2 hold. Then, with 8* defined in Proposition
4.1.2, we have

ForErr(N,T, L) <

3 4 2
RGlogNT_i_RG(evLe))' (1.6)

Cle,v, Ty, Ty) max(1, |81, |87
(e T om0 7 s ) (= 2 p

o . . . log NT
Similar to the imputation bound, the error bound in scale as, O ( jﬁ + (e + 62)).
The first term vanishes as we collect more data, while the second term is due to the
approximate low-rank assumption. We finally remark that the proof of Theorem 4.1.2

is in Appendix B.2.2.

4.2 Variance Estimation Error

As detailed in Section 3.2, we extend our mSSA variant to estimate time-varying vari-
ance. To facilitate the analysis of the variance imputation and forecasting algorithm,
we first describe the model we assume to govern the time-varying variance, which we

describe next.

4.2.1 Setup

The model we describe for the time-varying variance is analogous to the spatio-
temporal model we described in Chapter 2 for the latent mean of the time series.
Specifically, for n € [N], t € [T], let 62(t) = E[n?(¢)] be the time-varying variance of
the time series observations, i.e. if p = 1 then o2(t) = Var[X,,(t)] = E[X2(¢)] — f2(t).
To capture the “spatial” and “temporal” structure across the N latent time-varying
variances, we assume that the latent variance time series o?(t),..., o4 (t) satisfies
Properties 4.2.1 and 4.2.2. These properties are analogous to those assumed about

the latent time series fi(t),..., fn(t) in Properties 2.2.1 and 2.2.2.

Property 4.2.1. There exist R € N, where 1 < R < min(N,T), W) : Z —
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R, and o/, € R Vr € [R'],n € [N], such that for any n € [N],t € [T], ¢%(t) =
Zil al. W(t), where |al,.| < T, |W/(t)| < T for constants I'}, T, > 0.

Like Property 2.2.1, the above property captures the “spatial” structure within the
N time series describing the latent variance. To capture the “temporal” structure,
next we introduce an analogue of Property 2.2.2.

To that end, for cach r € [R/], let H{, € REX(T~L+1 denote the Hankel matrix
induced by W/(-), as described in Definition 2.1.1.

Property 4.2.2. For each r € [R'], the Hankel Matriz H%;,), induced by the time
series W/ (t),t € [T] has rank at most G' with G' < T.

Before stating the variance imputation results, we introduce the following additional

property, which is analogous to Property 4.1.1.

Property 4.2.3 (Balanced spectra). Denote the L x (NT/L) stacked Page matriz
associated with all N time series 03 (-),...,0%(:) by Z,. Due to Properties 4.2.1 and
4.2.2, and a simple variant of Proposition 2.2.1, we have rank(Z,) = k' > 1 and
k' < R xG'. Then, for L = \/NT, Z, is such that ol,(M) > ¢v/NT /K for some

absolute constant ¢ > 0, where oy, is the k-th singular value, ordered by magnitude, of

Z,.

Finally, similar to the mean estimation setup, we need a property that establishes
that there exists a linear model for the latent variance time series. Let Zj2y,2 be
the stacked Page matrix induced by the time series f2(-) + o2(-),..., fo () + 0% (-).
Let Z]I:2 +o2 denote the Lth row of Zy2 ;2 and Z #2452 denote the sub-matrix of Zj2, ;2
formed by selecting top L — 1 rows. Similar to Proposition 4.1.1, we show exists a
linear relationship between Z]Lc2 Lo2 and Z f2402. For proof, we refer the reader to the

proof of property 4.1.2, of which the following property is a special case.

Proposition 4.2.1. Let Properties 2.2.1, 2.2.2, }.2.1 and 4.2.2 hold. Then there
exists 3* € RE™Y such that (Z]LQJFJQ)T = (Zs2,42)TB*. Further, ||5*]lo < (RG)*+ R'G'.
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4.2.2 Variance Results

We now establish the estimation error for the variance estimation algorithm under

the spatio-temporal model above.

Theorem 4.2.1 (Variance Imputation). Let Properties 2.2.1, 2.2.2, 2.2.3, }.1.1,
4.2.1, 4.2.2, and 4.2.3 hold. Additionally let |f,(t)] < T for all n € [N],t € [T].
Lastly, let L =~NT and p = 1. Then the variance prediction error is bounded above

as

1 9 A9, ,0\2 - (G?G'log> NT
~7 ;;E[(an(t) —&21)]<C (W) . (4.7)

where C is a constant dependent (polynomially) on model parameters ¢, 'y, I'y, I's,

I, T, ~, R, R

Theorem 4.2.2 (Variance Forecasting). Let conditions of Theorem 4.2.1 hold. And
let By, 35 be defined as in Proposition 4.1.1 and Proposition 4.2.1 respectively. Then

the variance forecasting error is bounded above as
N T/L

7 20 X Bl x ) - AL x )] < & (max(t, D551 1571 (FERERT) ),

n=1m/=1

where C' is a constant dependent (polynomially) on model parameters ¢, Ty, T'y, T3,

I, T, v, R, R

Proof of Theorems 4.2.1 and 4.2.2 can be found in Appendix B.2.4.
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Chapter 5

tspDB: A Scalable Time Series

Prediction System

An important goal in the machine learning community is to make ML more broadly
accessible to decision-makers and domain experts [43]. Arguably, the major bottle-
neck towards this goal is not the lack of access to prediction algorithms, for which
many excellent open-source ML libraries exist. Rather, it is the complex engineering
and data processing required to transform raw data into actionable insights; and to
do that in a scalable and efficient manner. In this chapter, we present tspDB: the
time series predict DB. In tspDB, we explore the feasibility of directly integrating a
prediction system on top of the DB layer, making predictions in the context of time

series accessible through simple SQL-like interface.

In Section 5.1, we further motivate why such integration is needed; In Section 5.2,
we provide a description of tspDB’s easy-to-use interface; In Section 5.3, we detail
the algorithmic modification needed to enable the system’s performance; Finally,
in Section 5.4, we describe an instantiation of tspDB through the integration with

PostgreSQL.
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5.1 Motivation

Need For tspDB. An important goal in the Systems for ML community, as stated
in the white paper of the Conference on Machine Learning and Systems, has been
to make ML more broadly accessible [43]. Arguably, the major bottleneck towards
this goal is not the lack of access to prediction algorithms, for which a plethora of
excellent open-source ML libraries exist. Rather, it is the complexity of the machine
learning workflow. For example, the data engineering and processing required to take
data from a datastore or database (DB) into a particular work environment format
(e.g. spark data-frame) so that a prediction algorithm can be trained in a scalable
manner is a challenging task without a team of data scientists. See Figure 5-1 for
a simplified visual depiction of the ML workflow as it stands; we aim to alleviate
much of this “unwieldy” data engineering and processing required by building tspDB,

a system that directly integrates prediction functionality on top of a DB in real-time.

_________________________________________________________________

Store Predictions in DB

Output
<) predictions

1 ! 1
1 ! 1 :
1 ! 1 1
1 : 1 1
1 1 1
! New Data . Training ML % ::>: 0B tspDB Prodiction querie
' Prep g dall<) : | . :
1 + | ! ] 1
1 ! 1 1
1 ! 1

1

Continuous model

____________________________ tuning _ _ _ _____i b e m e m e — i ——

Figure 5-1: Pictorial depiction of data engineering—data transformation, feature
extraction, model training/tuning—as a major bottleneck of the ML workflow. tspDB
aims to alleviate it by direct integration of prediction functionality on top of a DB.

Towards easing this bottleneck, and increasing accessibility of ML, our objective is
to explore the feasibility of directly integrating a prediction system on top of the
DB layer. This is in line with recent efforts to “democratize" ML [51, 49]. Indeed,
the authors in [11] make a compelling case of the potential gains to be had by direct
integration of predictive functionality on top of DBs—by drawing an analogy with the
now scalable, robust and mature data management capabilities of DBs, they argue
that a similar approach to the management of predictive models can lead to large

improvements in both computational performance and accessibility of ML.

Operationalizing mSSA. In this work, we operationalize the proposed mSSA algo-

rithm to provide predictive capabilities directly in the DB. The choice of the mSSA
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algorithm as the predictive “engine" of tspDB is not arbitrary; rather there are many
attractive properties of mSSA that justify its use. In particular, in addition to it be-
ing a principled approach with sound theoretical guarantees, mSSA has the following

practical properties:

1. mSSA is universal. In a time series database, we may not have control nor
prior information about the generating process of the time series. However,
in modern databases, the performance is often agnostic to the data generating
process. For example, querying and inserting data should be efficient for most
real-world datasets and is not highly dependent on the data generating process’.
Thus, it is natural to expect that the predictive capabilities, once integrated in
the database, should work well for time series of different types (e.g., floats,
integers, binary) and generating processes (e.g., harmonics, polynomial trend,
ARMA process). The theoretical results for mSSA hold for a rich model of
multivariate time series that include a wide variety of time series dynamics (See
Chapter 2, which makes it suitable to our use case. In addition, an important
feature of our mSSA variant is that it is also “noise agnostic", i.e., it effectively
imputes and forecasts both the time-varying mean and variance regardless of
the noise model—e.g. Gaussian noise (continuous observations), Poisson and
Binomial noise (integer observations), Bernoulli noise (binary observations). See
Section 6.2.3 for an empirical validation of this claim.

2. mSSA supports uncertainty quantification. In any real-world application
of time series analysis, along with estimating the underlying mean, quantifying
prediction uncertainty (i.e., providing confidence intervals) is necessary to make
meaningful decisions. As detailed in Section 3.2, we extend mSSA to estimate
the underlying time-varying variance, and hence using mSSA as the predictive
engine of tspDB provides the crucial uncertainty quantification property.

3. mSSA is scalable and incremental. One important aspect of our system

design is to minimize the computational overhead added by tspDB to the orig-

! The statistical properties of the data will naturally have an effect on some functionalities such
as the performance of some indices.
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inal DB system (e.g., PostgreSQL). For that, we need our algorithm to be (i)
scalable with the size of data; and (ii) updated incrementally and efficiently as
new data-points come in. While the mSSA algorithm as described in Chapter
3 does not support incremental updates nor does it scale well with the size of
data, one can use a scalable and incremental variant of mSSA that has excellent
statistical and computational performance, as we propose in Section 5.3.

4. mSSA is statistically performant. Through extensive benchmarking, we
show that mSSA has a superior statistical performance against popular state-
of-the-art prediction libraries —results of these experiments are summarized in

Chapter 6.

5.2 Prediction Interface

An important goal of tspDB is to design an ‘easy-to-use’ interface to make predic-
tions, which: (i) alleviates the need for error-prone data engineering; (ii) directly
gives access to predictive functionality in real-time for time series data. In particu-
lar, we wish to provide easy access to imputation and forecasting functionality for
multivariate time series data. Towards this goal, there has been considerable recent
work, especially in industry, exploring the feasibility of DBs to automate and natively
support ML workloads (|1, 4, 5, 3, 6, 2|). The focus of these works has been to expose
an interface that allows users to select from an array of ML algorithms (e.g. gen-
eralized linear models, random forests, neural networks) and train them (plus tune

hyper-parameters) in the DB itself.

In contrast, a significant point of departure of tspDB is how an end user interfaces
with the system to produce predictions. In particular, to make ML more broadly
accessible, we take a different approach and abstract the ML model from the user,
and instead strive for a single interface to answer both standard DB queries and
predictive queries. In particular, in tspDB, a predictive query has the same form as a
standard SELECT query. The key difference is that in a predictive query, the response

is a prediction, rather than a retrieval of available data. For example, consider a
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relation of the stock price of three companies over 100 days: stock(day:timestamp,
companyl:float, company2:float, company3:float). An example of a predictive
query in this setting is shown in Figure 5-2a. Note, day 101 is a forecast, i.e., a
prediction, since the DB only contains data for the first 100 days. Similarly, if the
query is changed to WHERE day = 10, then we get the imputed (or de-noised) value
for the stock price on the tenth day. In this case, the PREDICT query response
differs from a standard SELECT query as rather than simply retrieving the available
data for that day, which may possibly even be missing, a predicted de-noised value is
returned.

To enable PREDICT queries, we need to build a prediction model using the avail-
able multivariate time series data. Continuing the example from above, a user can
build a prediction model in tspDB as shown in Figure 5-2b using the CREATE query
in tspDB. Note, importantly, the prediction model can be trained over multiple time
series columns, i.e., is built by simultaneously using data from multiple time series, in
this case the stock prices for the three companies. Thus, the CREATE and PREDICT
queries in tspDB are very much like building a DB index and making a SELECT query
in SQL.

PREDICT companyl CREATE PREDICTION_MODEL
FROM stock ON stock(companyl, company2,
WITH PREDICTION_INTERVAL = 95Y% company3)

WHERE day = 101; WITH day AS TIME_COLUMN;

(a) A PREDICT query in tspDB. (b) Building a prediction model in tspDB.

Figure 5-2: Proposed interface for tspDB

5.3 Algorithm: A Scalable and incremental Variant

As mentioned in Section 3.3.1, the mSSA variant we propose in Chapter 3 for mean
and variance estimation are meant for batch updating (i.e., they get to observe all
data at once). However, for computational efficiency in any real-world application, the

prediction model need to be built and updated incrementally, which in turn requires
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making these algorithms incremental. Specifically, (i) their computational complexity
should scale well with volume of data inserted; (ii) statistical accuracy should not
degrade as more data points are incrementally incorporated into the model. We

address these challenges next.

Incremental Singular Value Decomposition. The key computationally expen-
sive step in imputation and forecasting is computing a singular value decomposition
(SVD) to do singular value thresholding (SVT) of the relevant Page matrices. Par-
ticularly, the complexity of computing the SVD of an n x n matrix is O(n?). There-
fore, to make the algorithms incremental, we need an incremental version of SVD.
To that end, we use the incremental SVD method developed in the Latent Seman-
tic Indexing literature [59]. This method updates the decomposition by computing
a QR decomposition and SVD of a much smaller matrix, whose size depends pri-
marily on the size of the update. Hence, the complexity of this method is much
lower compared to doing the full SVD. In particular, the complexity of the SVD is
O(k3+ (L+ P)k?+ (L+ P)kp+p*), where k is the number of retained singular values,
p is the number of new added columns, L, P are the number of rows and columns
for the stacked Page matrix, respectively. The method used is clearly outlined in

algorithm 1 for a general L x N matrix M.

A Simple Algorithm To Achieve Scalability. The incremental SVD is useful but
comes with a few issues: (i) the quality of the incremental SVD algorithm degrades
with the number of data points (relative to doing the standard batch SVD); (ii) more
fundamentally, if the total number of observations in the time series grow very large,
then the computational complexity of the algorithm remains prohibitive.

We address this by proposing a simple incremental “meta’-algorithm, which has
three hyper-parameters: Ty, 7" € Z and v € (0, 1]. Tp is an algorithm-specific parame-
ter which indicates the minimum number of observations required by the algorithm to
train its model. The time series observations will be segmented into several intervals
of length T" and each interval, indexed by ¢ € 7Z, will be used to train a sub-model
denoted as M;. As a result, a “complete” model can consist of several sub-models.

Adjacent sub-models, M;, M;,, will overlap where each M, starts with the last 7'/2
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Algorithm 1 Incremental SVD algorithm ([59])
Input M € RN M ~ U, X, V] D € REXP
Output U} € REXF 3% € RF>F VT ¢ REX(N+p)

1. D+ (I, — U, UI)D, where I,, is the identity matrix
2: D = QpRp (QR decomposition of D )

- [9, U'D
e [ D)

~ - - [2 0] .. = I
4 M~ [U, U, {0’“ EJ [Vi V,]". (SVD of matrix M)
5: [M D]~ [U, Qp|U; % ([‘6’“ IO}V,C)T.
P
(The Updated SVD)
6: UZ < [pk QD] U,
7 EZ — X

Vi 0]¢
8: V;%(lok Ip] V)T

entries from M;. Given this, the number of sub-models at time index ¢ for N time

2N (t—1) J )

series will be max(1, [ =

Below, we detail how the proposed framework operates incrementally. Let ¢’ =
N x t denote the number of observations seen thus far. Depending on ¢/, there are

three scenarios:

Case 1. (' <Tp):

1. Given that the minimum observation count has not been met, the model will
output the average of the observations X, (0 : t) (for both imputation and fore-
casting).

Case 2. (Ty < t' < T"): The first sub-model M is trained incrementally with

occasional re-training at times separated per a geometric sequence determined by

some parameter vy > 0:

1. Ift' = [To(1+7)"] for 0 < ¢ < gy where go = L
X1(0:t),...,Xn(0:¢) (ie, do full batch SVD).

In(T"/T)

In(1+ W)J : Re-train M, using

2. Else: incrementally update the model M, (i.e., do incremental SVD using the
method in Algorithm 1).

Case 3. (' > T'): Here, time is divided into segments of length 7" with one last
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segment of length less than 7”. The segments of length 77, if they contain new points,
are trained using the original algorithm separately while the last segment of length

< T'" may be trained incrementally with occasional re-training as in Cases 1 and 2.

Specifically,
1. Identify M; where ¢ = i(t) = max(0, \_%J — 1), and denote the first time index
of M; as s; = %

In(2)
2. If (' — ;) = |To(1 +7)¢] for 0 < ¢ < g where ¢ = | ————|: Re-train M,
In(1+ )
with observations Xi(s; : t),... Xn(s; : t).
3. Else: incrementally update M;.
/=0 To A +9Ty ' A+9°Ty T/ ww 3r'n2 21!
1 1 1 1 1 1 L 1 1 Il >
r T T T T ) ] 1] T T
Incremental | . D 0 4
I Costo ! Incremental | '
- wpdate | :
Start model M() E stan mod:l 1-\4_1""): Increment tal M
! Incremental update ;--u—m-,a:-’: Start model M)
Mv_ """""" My i
Reconstrl?clmodel Y Reconstruct model :’4‘ >
Model M Remn::l?m model nacanstrulm model
1e[0,7'] Model M1 Model M
te[T'/2,3T'12] e [T’,2T2’]

Figure 5-3: Incremental variant of proposed algorithm.

Figure 5-3 illustrates how the proposed segmentation is carried out, and at what

points the model is trained fully and where it is incrementally updated.

tspDB Algorithm Hyper-parameters. This incremental variant of mSSA has
the following hyper-parameters: L, the number of rows in the stacked page matrix;
k, the rank chosen in the mean estimation algorithm; k,,. the rank chosen in the
variance estimation algorithm; T, 7", and ~, the parameters of the incremental meta-
algorithm. In tspDB, we set these parameters in an automated manner, as described

and justified in Section 6.1.3.

5.4 Integration With PostgreSQL

In this section, we describe an instantiation of tspDB as an extension on top of the
open-source database management system PostgreSQL. As we said earlier, tspDB

allows for creating a prediction model on a single or or multiple columns for a mul-
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tivariate time series table, which in turn enables predictive queries. In this section,
we will describe the overall architecture of the system in terms of its two high-level
functionalities: (i) building and updating prediction models (See Section 5.4.1); and

(ii) answering predictive queries (See Section 5.4.2).

5.4.1 Building a Prediction Model in tspDB

The process of creating a prediction model is implemented in PostgreSQL as a user-
defined function (UDF). This process, which is triggered by the CREATE PREDICTION_MODEL
command, has three steps: (i) preprocessing the multivariate time series; (ii) training

the prediction models; (iii) storing the prediction models. See Figure 5-4.

|
RDBMS I' Create PREDICTION_MODEL ON time_series_table(TS2, TS3) I
(PostgresQL) | with time as time_column; |

I___________________________1
| Time Series 1
1 Data 1
1 \ 1
1 | 1

1

time_series_table Train prediction Models
time TS1 TS2 TS3

| . .

1

1

1

]

1

1

1

]

1

1. Regression = = = = <= = == |~ — & — — — — — 1
g | B,, A 1
1

1

1

1

1

1

wll

coefficients

1
1
1
—— Y R |
I U‘:’X‘( I l ”LXk I
2. SVD | b !
. ! o I

Figure 5-4: The workflow of creating a prediction model in tspDB.

Data Preprocessing. We aggregate each column into an equally-spaced time se-
ries. This is done by taking the average of the time series values over a certain time
interval. By default, this interval (which can be alternatively selected by the user) is
determined by the median of the time difference between consecutive observations in
the DB. Then, each time series is normalized to have a zero-mean and unit variance.

We do this to limit the negative effect of wide variation in the scales of individual

95



time series on training accuracy. Finally, the preprocessing module output the aggre-
gated and scaled observations (denoted as X (t), ..., Xy()) and their squared values
(X2(t),...,X%(t)). We note that the aggregation procedure can result in missing
values, which is left as such in the input to the mSSA algorithm (step 2).

Training Prediction Models. The main part is this process is training the pre-
diction models for both mean and variance estimation. For this task, we use the
scalable mSSA variant described in Section 5.3. As described in Section 5.3, a “full"
prediction model will potentially consist of several sub-models, depending on the size
of the datasets. While this helps with the scalability of the algorithm, it makes the
prediction process much more involved. For example, imputing a missing value would
require an initial step of determining to which sub-model(s) does this time step belong
to. To mitigate this overhead, an efficent and carefully designed schema is necessary

to minimize the predictive query latency. We describe this schema next.

Storage. The prediction models are effectively stored by storing (for both mean
and variance models): (i) the appropriate truncated SVD (left/right singular vectors,
and singular values); (ii) the regression coefficients. Importantly, we choose to store
all of these parameters in the standard relational DB; thus, in response to a query,
the DB itself is used to make predictions. The specific schema used to store model
parameters, and the relationship between them, is depicted in Figure 5-5.

An important choice/contribution here is identifying the ‘Page Matrix’ as the de
facto data structure representation for a time series, and that this matrix is low-rank
for a rich class of generating processes (for both mean and variance). Hence this
low-rank structure allows for efficient data management by implying one can simply
store the first few singular vectors (an implicit data compression scheme in itself) and
yet retain all relevant statistical information. Refer to Figure 5-5 for details.

For a forecasting predictive query, we average the values of linear regression co-
efficients stored across models. Hence, we create a standard materialized view of the
coefficient table to precompute the average weights of the last few models, for efficient
querying.

Finally, note that an insert trigger is created along with the prediction model to
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models_table U table | M_ Eﬂ_ coeff_avgs (mat. view)

. ]
model_no Int row_ID int int row int coeff pos Int row_ID Int
model_start int model no* Int model no* Int model no* Int avg float model no* int
model_end int ts row int ts _column int sl float coeff_pos int

avg_last10 float

model_rows int ul float time_series_no int s2 float avg_last20 float

model_columns int u2 float vl float s3 float
norm_mean float([] u3 float v2 float sfl float
norm_std float([] ufl float v3 float sf2 float
uf2 float vfl float  sf3 float

uf3 float vf2 float

vf3 float

coeff_value float

Figure 5-5: The schema used to store the prediction models. Note that bold attributes
represent the primary keys, while underlined attributes are columns indexed by a B-
tree. The columns ul, v1, s1, ... ukl, vkl, skl) correspond to Zx and the columns
ufl, vfl, sfl, ..., ufk2 vfk2, sfk2 correspond to Zx. Refer back to Section 3.1 for
definition of Z¥X,Z*. Note that we store the variance models in the exact same
schema as well.

ensures that it is updated as new data points are inserted.

5.4.2 Prediction Queries’ Plan

Our interest is in answering a prediction query PREDICT, as described in Section 5.2.
The PREDICT query is one of two types: imputation or forecasting. For both set-
tings, the index needs to provide a response, both of the estimated mean and the
associated confidence interval (upper and lower bound). In particular, the atomic
response boils down to providing an estimation of the mean of the time series at
a given t with confidence interval of ¢% for ¢ € (0,100). The prediction query
creates a response by estimating the mean, say fn(t) and the standard deviation
d,(t). Then using Gaussian approximation, the ¢% confidence interval is given by,
[fu(t) = ()P 3 + 5%5), fult) + 0n(t)@H(E + 55)] where & : R — [0,1] denote
the Cumulative Density Function of standard Normal distribution with mean 0 and
variance 1. One could alternatively utilize Chebyshev’s inequality to obtain a more
conservative answer as [ f,, (t) — %, fa(t)+ \/ffl"f(—l%] Now we describe an algorithm
to respond to PREDICT query for given ¢ and time series n with ¢% confidence in-

terval. To start with, we determine whether it is an imputation task, i.e. ¢ € [T] or

a forecasting task, i.e. t > T.2 For each of these cases, we respond as follows.

2Recall that T is the total number of observations for each time series, While T” is the parameter
of our meta-algorithm described in Figure 5-3
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Imputation: f,(t):t e [T],n € [N] ®.

1. (Find sub-model) Let i = i(t) = max(0, [ 22¥| —1). If i = 0 and t < T"/2N,
use Z(t) = {0} else Z(t) = {i(t),i(t) + 1}.

2. (Find Row, Column Indices) Let t,ow(j) = ( — leN,) mod L, teo(j) = NL(t —
]%) / LJ + (n—1) be row, column indices of matrix corresponding to the models
with j € Z(t).

3. (Find Truncated SVD for Mean) Query left, right singular vectors U7, V7 re-
spectively from U_table, V_table for model corresponding to mean values with
index j € Z(t) along with singular values S7 from s_table.

4. (Produce Mean Estimate) Set: f,(t) = @ D jeT) 2k Urfj;ow(j)k‘/wtiol(j)kslz‘

5. (Find Truncated SVD for Second Moment) Query left, right singular vectors
U7, V7 respectively from V_table, U_table for model corresponding to second
moment with index j € Z(t) along with singular values S7 from s_table.

6. (Produce Variance Estimate) Set ¢,*(t) = max(0, f?l—\a,%(t) — fu(t)?), where:

2 o2(1) = 2iez) 2ok Vo )k Ve ()6
i+ Un( ) = IZ@)| .

7. (Output Prediction Interval) Output interval using f,,(t), &', (t) for queried con-
fidence c%.

Forecasting: f,(t):t > T,n € [N].

1. (Retrieve History) Query the last L-1 observations X,,(T'— L +1:T)).

2. For tg € {T — L+ 1,...,T}, set g7 (ty) = Xn(ty) if X, (to) is not missing,
otherwise set it to zero. Similarly, set g2 (to) = X2(to)

3. (Obtain Coefficients) Obtain a certain coefficients average from the materialized
view (e.g. average of last 10 models) for means 5™ and variances (3*.

4. (Sequential Forecasting) For 7 € {T'+ 1,...,t} produce estimate of means and
variances as ¢7(1) = S0 g7 (1t — 057, and g4 (1) = S, gu(7)(1 — £)fY.

5. (Output Prediction Interval) Output estimate f,(t) = g™ (t) and its prediction

interval using o,,(t) = ¢~ (t) for queried confidence ¢%.

3Note that answering an imputation query for a given range {t1,...,ts} follows a similar proce-
dure, except that it will potentially query multiple rows from V_table, U_table, and s_table.
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5.4.3 Open-source implementation

Finally note that the open source implementation of tspDB is available at tspdb.mit.edu
with the following resources:
1. Installation instructions available at tspdb.mit.edu/installation/ for different
platforms including Windows, MacOS and Ubuntu.
2. A full demo on standard multivariate time series using the interactive Google
Colab environment available at tspdb.mit.edu/demo.
3. A detailed reference for the extension API available at tspdb.mit.edu/API.
In addition, we released a Python implementation of our mSSA variant, including

detailed documentation in the GitHub repository github.com/AbdullahO/mSSA.
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Chapter 6

Experiments

In this chapter, we detail the extensive testing we conduct to benchmark the per-
formance of tspDB against popular state-of-the-art prediction libraries. In our eval-
uation, we consider both the statistical and computational performance. Indeed,
as stated in [43], given the growing demand to embed ML functionality in high-
performance systems, especially in applications with time series data (e.g. financial
systems, control systems), it is increasingly vital that we evaluate ML algorithm-
s/systems not just through prediction accuracy, but through computational metrics
as well. Therefore, in addition to the statistical performance, we consider two im-
portant computational metrics in our evaluations: (i) the time it takes to train a
ML model in tspDB; (ii) the time it takes to answer a prediction query, i.e., predic-
tion query latency. Throughout this chapter, along with statistical accuracy, we will
benchmark computational performance through these two computational metrics.
In Section 6.1, we detail the experimental setup, e.g., datasets, machine config-
uration, algorithm hyper-parameters used. In Section 6.2 and 6.3, we extensively
benchmark tspDB’s statistical and computational performance against other state-
of-the-art time series prediction methods. One important benchmark we consider is
how much overhead does the added predictive functionalities have on the performance
of the original DB management system (e.g., PostgreSQL). To that end, in Section
6.3.2, we benchmark tspDB’s computational performance against PostgreSQL with

respect to standard DB metrics, specifically the insert throughput and query latency.
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Finally, we detail two additional set of experiments we conduct to study the statistical

and computational tradeoffs in our implementation of tspDB in Section 6.4.

6.1 Setup

6.1.1 Datasets Description

Throughout the experiments, we use three real-world datasets that are standard
benchmarks in time series analysis as well as three synthetic datasets. In this section,

we describe these datasets in details.

Electricity Dataset.  Obtained from the UCI repository, it records 15-minutes
electricity loads of 370 households [53]. We follow the preprocessing done in [58, 47,
46]: data is aggregated into hourly intervals; the first 25968 time-points are used for
training; and day-ahead forecasts for the next seven days (i.e. 24-step ahead for 7

windows) are made.

Traffic Dataset. Obtained from the UCI repository, it records occupancy rate of
traffic lanes in San Francisco [39]. We follow the preprocessing done in [58, 47, 46]:
data is aggregated into hourly intervals; first 10392 time-points are used for training;
day-ahead forecasts for the next seven days (i.e. 24-step ahead for 7 windows) are

made.

Financial Dataset. Obtained from Wharton Research Data Services (WRDS), it
records average daily stocks prices of 839 companies from October 2004 — November
2019 [57]. To limit number of time series for ease of experimentation, we remove
stocks with average prices below 30$ across the available period, and those with null
values. This preprocessing gives 839 time series (i.e. stock prices) each with 3993
daily readings. We use the first 3813 time points for training. For forecasting, we
forecast 180 days ahead one day at a time (i.e. 1-step ahead forecast for 180 windows).

We do so as this is a standard goal in finance.

Synthetic Dataset I (Mean Estimation). We generate observations of n x m

time series over T’ observations X € R™™*T by first randomly generating the two
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vectors U € R™ = [uy,...,u,] and V € R™ = [vy,...,0,,]. Then, we generate r
mixtures of harmonics where each mixture gx(t),k € [r], is generated as: gi(t) =
S o cos(wpt/T) where the parameters are selected randomly such that a; €
[—1,10] and w;, € [1,1000]. Each observation is constructed as follows: X;;(t) =
Yoo wivjgr(t), i € [n], j € [m]. In our experiment, we select n = 20, m = 20,
T = 15000, and r = 4. This gives us 400 time series each with 15000 observations.
In the forecasting experiments, we use the first 14000 points for training. The goal

here is to do 10-step ahead forecasts for the final 1000 points.

Synthetic Dataset II (Variance Estimation). With k € {1,2,3,4}, we gen-
erate three different sets of time series as follows: (i) four harmonics gpr(t) =
S aicos(wit/T) where a; € [~1,10] and w; € [1,1000]; (i) four AR processes
g () = S0 digi B (t — i) + €(t) where e(t) ~ N(0,0.1), ¢; € [0.1,0.4]; (iii) four
trends: gir"d(t) = nt where n € [107*,1073]. Then we generate a tensor by sam-
pling two random vectors U € R? = [uy,...,us| and V € R? = [vy,..., vy
Next we generate three 20 x 20 x 1500 tensors as follow: (i) A mixture of har-
monics: F};(t) = Zizl w;v;gp" (t); (ii) A mixture of harmonics + trend: F7,(t) =
S v (gher(t) 4 girend(t)); (ifi) A mixture of harmonics + trend+ AR: FPi(t) =
S vy (grerd(t) + ghor(t) + gAP(t)). Here i,j € [1,...,20]. For each tensor, we
normalize its values to be between 0 and 1 and use three observations models to gen-
erate three tensors from each: (i) Gaussian: X[ (t) ~ N (F;(t), F;(t)); (i) Bernoulli:
Xi;(t) ~ Bernoulli(F,(t)); (iii) Poisson: X7 (t) ~ Pois(F{(t)). Where q € {1,2,3}.
Note, this give us a total of nine observation tensors for our variance experiments.
For the forecasting experiments, we use the first 14000 points for training and the
last 1000 time steps for testing.

Synthetic Dataset III (Robustness to Observation Models). We generate
a f as a sum of harmonics; f(t) = 3.+, a;cos(w;t/T), where t € [T], T = 100000,
a; € [-1.5,1.5] and w; € [1,100] (randomly selected). We normalize f(t) to be
between 0 and 1, and then generate three different observation models: (1) Xgauss(t) =
f(t)+e(t), where e(t) ~ N(0,0.5) (float); (ii) X pernouni(t) ~ Bernoulli( f(¢)), i.e. each

observation at time t follows a Bernoulli distribution with mean f(¢) (boolean); (iii)
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Xpois(t) ~ Pois(f(t)), i.e. each observation at time t follows a poisson distribution
with mean A = f(t) (integer). The goal is to recover (i.e. impute) and forecast f(¢)
for each set of observations. Note that we use the first 96000 observations for training,

and the last 4000 points for testing.

6.1.2 Machine and DB Configuration

In all experiments, we use an Intel Xeon E5-2683 machine with 16 cores, 132 GB
of RAM, and an SSD storage. In Table 6.1, we detail the relevant settings used for
PostgreSQL 12.1.

Table 6.1: The used configurations for PostgreSQL 12.1.

Parameter Value

Shared buffers 30GB
maintenance work mem 2GB

effective cache size 80GB

default transaction isolation ‘read committed’
wal buffers 16MB
max_parallel workers 16

max_worker processes 16

work mem 54MB

6.1.3 tspDB Hyperparameters

All experimental results are produced using the default settings in the open-source
implementation of tspDB. In particular, the hyperparameters of tspDB, which are
described in Section 5.3, are selected as follow:

L. We choose L using guidance from the analysis in Chapter 4, which requires L < P.
Specifically in tspDB, L = P/10.

Number of Singular Values (k, k,.-). This choices is done in a data-driven man-
ner. Specifically, we follow the optimal procedure proposed in [26]| for choosing a
threshold for HSVT. The procedure depends on the median of the singular values

and the shape of the Page matrix. For more details, refer to [26].
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“Meta-Algorithm” Parameters (7, 7”,v). The default parameters we choose are
Ty = 100, T" = 2.5 x 105, v = 0.5. For details on how these parameters are chosen,
refer to Section 6.4.2.

6.1.4 Benchmarking Algorithms Parameters and Settings

In this section, we describe the hyper-parameters/implementation used for each method

we compare with.

DeepAR. We use the default parameters of “DeepAREstimator” algorithm provided
by the GluonTS package. In variance forecasting, we compare with DeepAR as it
natively had functionality to produce prediction intervals. It uses a Monte Carlo
approach that samples the estimated posterior to produce multiple samples of the
time series trajectories. We take the variance of these samples as an estimate of the

forecasted variance.

LSTM. Across all datasets, we use a LSTM network with three hidden layers each,
with 45 neurons per layer, as is done in [47]. We use the Keras implementation of

LSTM [19]. We train the network with a batch size of 128 for 100 epochs.
Prophet. We used Prophet’s Python library with the default parameters selected [24].

TRMF. We use the implementation provided by the authors (|58]). We use k = 60
for the electricity, £ = 40 for the traffic, £ = 20 for the financial and synthetic data
and variance experiments (selected via cross-validation); k represents the chosen rank
of the T' x N time series matrix. Another hyper-parameter, the lag index is set to
include the last day and same weekday in the last week for the traffic and electricity
data. For the financial and synthetic data, the lag index include the last 20 points.
To perform variance imputation, we adapt TRMF similar to the extension used in

tspDB as follows:

~ TRMF _——— TRMF
1. Impute the time series X,,(t), X2(t) to produce estimates f, (t), f2+ o2 (t)

respectively;

~ TRMF  ——— TRMF .
2. Output o2 = f2+02 (t) — fIRME(4)2,

n n
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6.1.5 Accuracy Score Metrics

In this section, we provide detailed description for the accuracy metrics used through-

out the experiments.

Normalized Root Mean Squared Error (NRMSE). Throughout all experi-
ments, NRMSE is used as an accuracy metric. In particular, we rescale each time
series to have a zero mean and unit variance before calculating the RMSE. This is
done to avoid over-weighting the error in time series with larger magnitudes or greater

variance.

Weighted Borda Count (WBC). In Table 6.2, we use WBC to report the algo-
rithms’ performance across different experiments. This score is inspired from Borda
count — a commonly used method to rank a list of candidates. Specifically, rather
than choosing a single candidate, voters rank all candidates in order of preference.
Then, each candidate is given a number of points that corresponds to the number of

candidates ranked lower.

We use a weighted version of the standard Borda Count, where we rank algo-
rithms (i.e. candidates) based on pairwise comparisons of the normalized root mean
squared error (NRMSE) across experiments (i.e. voters). We use this metric as it
better captures the relative performance across all experiments and methods, unlike
a simple statistic such as the mean or the median. Particularly, let A represent the
set of algorithms used in the experiments. For example, in the mean forecasting ex-
periments, A = {tspDB, DeepAR, LSTM, Prophet, TRMF}. Let X represent the
set of all experiments across different noise levels (o), and fraction of missing values
(p). Let e(a, x) represent the NRMSE of algorithm a € A in experiment x € X'. Then
the Weighted Borda Count of algorithm a € A is:

| 1 e(a',x)
WBC(a) = A—1 Z <m x; e(a,z) + e(a@x))

a’€A:a’#a

WBC ranges between 0 and 1 and captures the relative performance against alter-

native algorithms. A score of 0.5 indicates identical performance to the average of
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all other algorithms, a score of 0/1 indicates it performs “infinitely" worse / better,

respectively.

6.2 Statistical Accuracy

6.2.1 Mean Estimation Results

Table 6.2: tspDB outperforms state-of-the-art algorithms in mean and variance esti-
mation across different datasets. We use WBC (higher is better) and average NRMSE
(lower is better) to summarize the results.

Mean Imputation Mean Forecasting
(WBC/NRMSE) (WBC/NRMSE)

Electricity ~ Traffic =~ Synthetic I Financial Electricity Traffic ~ Synthetic I Financial
tspDB  0.61/0.39 0.50/0.49 0.53/0.25 0.65/0.28 0.53/ 0.48 0.50/0.53 0.70/0.20 0.66,/0.36

LSTM NA NA NA NA 0.49/0.55 0.54/0.47 0.45/0.44 0.31/1.20
DeepAR  NA NA NA NA  0.53/0.48 0.53/0.47 0.53/0.33 0.65/0.40
TRMF  0.39/0.69 0.50/0.51 0.47/0.33 0.35/0.51 0.50/0.53 0.48/0.57 0.61/0.27 0.58/0.46
Prophet  NA NA NA NA 0.47/0.58 0.45/0.62 0.22/1.01 0.30/1.30

Mean Imputation. We compare the imputation accuracy of tspDB against
TRMF, a popular method for imputing (and forecasting) multivariate time series
data. We choose it as the single point of comparison as in the work of [33], the
authors conduct extensive benchmarking of various time series imputation methods,
and find TRMF to have state-of-the-art statistical and computational performance.
We note the other time series libraries we compare against, e.g., LSTM, DeepAR, do
not have imputation functionality.

We evaluate both tspDB and TRMF using the three real-world datasets and
one synthetic dataset (synthetic I) introduced in Section 6.1. To test the algorithms’
robustness, we corrupt the various datasets by artificially masking entries with prob-
ability (1 — p), and by adding zero-mean Gaussian noise to each entry with varying
standard deviation o. As we vary p and o for all four datasets, we find tspDB out-
performs TRMF in 80% of experiments. In Table 6.2, we summarize the statistical
performance of tspDB against TRMF in terms of WBC and the average NRMSE for
each dataset across all experiments. We find that using both metrics, tspDB outper-

forms TRMF on all datasets. Figure 6-1 gives a visual depiction of the results of the
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mean imputation experiments as we vary the fraction of missing data and the noise

level.
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Figure 6-1: tspDB imputation performance surpasses TRMF in 80% of the experi-
ments as we vary the amount of missing data (a,c,e,g), and noise level (b,d,f)h).
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Mean Forecasting. We compare the forecasting performance of tspDB against
LSTM, DeepAR, TRMF, and Prophet—these are some of the most popular time
series libraries used in academia and industry. Using the same datasets used for
mean imputation and varying p and ¢ in the same way, we find that tspDB performs
competitively with deep-learning algorithms (DeepAR and LSTM), and outperforms
both TRMF and Prophet. Specifically, as we vary the fraction of missing values and
the noise added, tspDB is the best performing method in 50% of experiments, and at
least the second best performing in 80% of experiments. To summarize the statistical
performance of all algorithms, we compute their WBC and the average NRMSE
for each dataset in Table 6.2; we find tspDB, using both metrics, outperforms all
other algorithms in the electricity, financial and synthetic I datasets, while performing
competitively with DeepAR and LSTM in the traffic dataset. Figure 6-2 gives a visual
depiction of the mean forecasting experiments as we vary the fraction of missing data

and the noise level.

6.2.2 Variance Estimation Results

We restrict our analysis to synthetic data as we do not get access to the true underly-
ing time-varying variance in real-world data. We use the dataset synthetic II, which
consists of nine sets of multivariate time series each with a different additive com-
bination of time series dynamics and a different noise observation model (Gaussian,
Poisson, Bernoulli noise). Refer back to Section 6.1.1 for details on how synthetic
IT was generated. We again vary the fraction of observed data p € {1.0,0.8,0.5}.
For imputation, to the best of our knowledge, there is no algorithm which produces
prediction intervals. Hence we use an adaptation of TRMF to benchmark tspDB’s
performance—note though it does not natively support variance estimation. For
forecasting, we compare with DeepAR as it has in-built functionality to produce con-
fidence intervals for its predictions. Refer back to Section 6.1.4 for details of how we

use these algorithms to do variance estimation.

We find tspDB has superior performance in all but one experiment (> 98%)
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Figure 6-2: tspDB forecasting performance is competitive with /surpasses state-of-the-
art algorithms in standard multivariate time series datasets as we vary the amount
of missing data (a,c,e,g), and noise level (b,d,f)h).

over both the adapted version of TRMF (for imputation) and DeepAR’s in-built
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functionality (for forecasting). See Table 6.3 for the NRMSE values for each experi-
ment along with a summary of the performance of each algorithm using WBC and the
mean NRMSE across experiments. In summary, we find tspDB outperforms TRMF in
variance imputation and DeepAR in variance forecasting across both metrics (WBC,
mean NRMSE). Specifically, with respect to imputation, we find tspDB outperforms
TRMF in all but one experiment, where the ratio of TRMF’s error to tspDB’s in the
range of 0.97-2.27 (see Table 6.3). With respect to forecasting, we find tspDB out-
performs DeepAR in all experiments, where the ratio of DeepAR’s error to tspDB’s
is in the range 1.01-1870.59 (see Table 6.3). tspDB’s performance is notably superior
when dealing with integer (e.g., Poisson generated) observations. Collectively, these
experiments show the robustness of tspDB, in that it is “noise model agnostic” when
estimating the mean and variance of a time series.

Table 6.3: tspDB outperforms both TRMF (in variance imputation) and DeepAR (in
variance forecasting).

tspDB TRMF tspDB DeepAR

Observation Time Series (Imputation) (Imputation) (Forecasting) (Forecasting)

Model Dynamics

p=10p=08p=05p=10p=08p=05p=10p=08p=05p=1.0p=08p=20.5

Har 0.076 0.099 0.118 0.122 0.125 0.141 0.106 0.144 0.156 0.170 0.184 0.289
Gaussian Har + trend 0.075 0.091 0.103 0.133 0.135 0.142 0.154 0.155 0.247 0.286 0.232 0.269
Har+AR+trend 0.074 0.090 0.101 0.134 0.136 0.146 0.173 0.263 0.337 0.214 0.265 0.388

Har 0.126 0.132 0.150 0.137 0.138 0.151 0.143 0.152 0.157 13.20 148.5 90.20
Poisson Har+ trend 0.086 0.087 0.101 0.176 0.187 0.194 0.093 0.182 0.199 0.491 1.403 2.163
Har+AR+trend 0.081 0.088 0.104 0.184 0.187 0.204 0.093 0.182 0.199 1.386 34.45 162.5

Har 0.024 0.027 0.030 0.026 0.027 0.029 0.029 0.050 0.033 0.073 0.072 0.077
Bernoulli Har + trend 0.022 0.025 0.025 0.030 0.030 0.032 0.029 0.048 0.059 0.049 0.068 0.076
Har+AR+trend 0.022 0.024 0.025 0.030 0.030 0.032 0.036 0.036 0.056 0.070 0.082 0.111

WBC 0.597 0.403 0.726 0.264

Summary oo NRMSE 0.070 0.112 0.132 16.9

6.2.3 Robustness to Observation Models

In practice, the same latent time series dynamic can lead to very different observations
depending on the type of noise that is present (e.g., Gaussian, Poisson, Bernoulli).
Thus, as an additional experiment, we showcase tspDB’s robustness against different
noise models. Pleasingly, we find tspDB is “noise agnostic”, i.e., it effectively imputes
and forecasts the latent time-varying mean without knowledge of the underlying noise

model.
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Figure 6-3: Without knowledge of whether the observations come from a time-varying
Gaussian process (i.e. floats, see Figure 6-3a), a Bernoulli process (i.e. binary data,
see Figure 6-3¢), or a Poisson process (i.e. integers, see Figure 6-3¢), tspDB success-
fully imputes and forecasts the underlying mean.

For these set of experiments, we use dataset synthetic III (see Section 6.1.1
for details); we generate three noise models—Gaussian (i.e., float) , Bernoulli (i.e.,
boolean), and Poisson (i.e., integer)—all with the same latent time series dynamics
(normalized to lie within the interval [0,1]) as shown in Figures 6-3b, 6-3d, 6-3f,
respectively. We find that tspDB’s imputation error in RMSE/R? is (0.079/0.854),
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(0.078,/0.858) and (0.102/0.758) for the Gaussian, Bernoulli and Poisson observation
models respectively. Similarly, the forecasting error in RMSE/R? is (0.041/0.979),
(0.083/0.914) and (0.110/0.851) for the Gaussian, Bernoulli and Poisson observation
models respectively. Figure 6-3 gives a visual depiction of how tspDB effectively
imputes and forecasts under Gaussian, Bernoulli and Poisson observation models.
In contrast, other methods perform much worse under these other noise models—
DeepAR, for example, performs rather poorly with the Bernoulli and Poisson ob-
servation models—its forecasting error in RMSE/R? is (0.232/0.648), (0.427/0.306),
(0.463/—1.367) for the Gaussian, Bernoulli and Poisson observation models respec-
tively.

Further, mSSA’s (and subsequently tspDB’s) ability to accurately estimate the
time-varying mean and variance of a time series and its robustness to different ob-
servation models lead to more interesting applications. For example, it allows one to
verify whether or not a set of integer observations are generated from a Poisson pro-
cess in a data-driven way as shown in Figure 6-4 — a task that has received significant
attention in the literature (see [23, 36, 16, 34]). Specifically, in Figure 6-4, we want to
know whether an integer time series follow a Poisson process. One way to check this
is to verify whether the latent mean and the latent variances (estimated by tspDB)
are equal. In Figure 6-4 we show two examples: one for observations generated from
a Poisson process (Figure 6-4a), and one generated from a Binomial process ( Figure
6-4b). We further show that tspDB is indeed able to verify which one is likely to be

generated from a poisson distribution.

6.3 Computational Performance

6.3.1 Computational Benchmarking of tspDB vs. Other Pre-
diction Algorithms

As stated earlier, we evaluate the computational performance of all algorithms using

two metrics: (i) the time it takes to train a prediction model on a given dataset—
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Figure 6-4: Does the time series follow a Poisson process? With no prior knowledge
of the distribution, tspDB can be used to verify if integer observations are generated
from a Poisson process (Figure 6-4a) by checking if the latent mean and variances are
equal, or if they are different (e.g. Binomial in Figure 6-4b).

each of the methods we benchmark against exposes a “.fit()” interface or equivalent
(similar to CREATE PREDICTION MODEL in tspDB), and we measure the time
it takes for a prediction model to be returned from when “fit()” is executed; (ii)
the time required by the model to produce a point forecast for a time series—each
of the methods we benchmark against exposes a “.predict()” interface or equivalent
(similar to a PREDICT query in tspDB), and we measure the time it takes for a fitted
prediction model to return a forecast for a queried future time step (e.g., the time
required to do a forward pass in an LSTM network to predict the stock price tomorrow
for a certain company). We evaluate all algorithms using the machine configuration
detailed in Section 6.1. The hyper-parameters chosen for the various algorithms are
detailed in Section 6.1.4; just like for tspDB, we choose the default parameters in the

open-source implementations.

Table 6.4: tspDB has significantly less training time, prediction query latency com-
pared to alternatives.

Training/Insert Time Prediction/Querying Time
(seconds) (milliseconds)

Electricity = Traffic Synthetic I Financial Electricity Traffic SyntheticI Financial

tspDB 11.8 14.4 6.2 2.3 3.3 3.9 3.2 3.6
LSTM 1357.5 661.2 450.9 97.9 295.6 358.3 278.7 354.8
DeepAR  907.6 572.2 491.2 144.5 366.6 378.5 285.8 207.2
TRMF 34.5 14.8 12.4 3.6 7.3 6.0 2.5 4.6
Prophet  6868.8 4726.3  535.9 2165.4 1473.4 1458.8  1480.3 1434.0
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In Table 6.4, we report results for these experiments. With respect to time taken
to train a model, we find tspDB is 42.4-114.9x faster than LSTM, 39.7-79.2x faster
than DeepAR, 1.03-2.92x faster than TRMF, and 86.4-832.7x faster than Prophet.
With respect to prediction queries, tspDB’s latency is 86.0-99.4x faster than LSTM’s,
58.0-110.4x faster than DeepAR’s, 0.8-2.2x the latency of TRMF’s, and 370.3-456.9x
faster than Prophet’s.

6.3.2 tspDB vis-a-vis DBMS: comparison with PostgreSQL

On the same datasets we use to benchmark tspDB against these other algorithms, we
compare: (i) tspDB’s training time (i.e. CREATE PREDICTION MODEL query)
vs. PostgreSQL’s bulk insert time; (ii) tspDB’s PREDICT query latency against Post-
greSQL’s SELECT query latency. We find tspDB’s model training time ranges from
0.58-1.52x to that of the insert time of PostgreSQL. We evaluate the prediction query
latency with and without uncertainty quantification, i.e., producing prediction inter-
vals via variance estimation—see Section 5.4.2 for details on how we do uncertainty
quantification. Compared with a SELECT query in PostgreSQL, imputation queries
are 1.64-2.67x slower, and forecasting queries are 1.67-2.77x slower. If uncertainty
quantification is used, queries are 3.34-5.35x and 3.42-5.48x slower for imputation
and forecasting, respectively. This amounts to 1.29-2.36 milliseconds for SELECT
queries, 3.22-3.87 milliseconds for imputation queries (5.65-7.88 milliseconds with un-
certainty quantification), and 3.24-3.94 milliseconds for forecasting queries (5.67-8.08
milliseconds with uncertainty quantification). Refer to Table 6.5 for a summary of
results.

Table 6.5: N and T refer to number of time series and number of observations per
time series respectively, and UQ stands for uncertainty quantification.

Training/Insert Time Query Latency
(seconds) (milliseconds)
tspDB’s Forecast  tspDB’s Imputation PostgreSQL’s
N/T tspDB  PostgreSQL /0 uQ Jwith UQ SELECT
Electricity 370 / 25968 11.81 8.34 3.32/7.02 3.25/6.93 1.34
Traffic 963 / 10392 14.42 9.50 3.94/8.08 3.87/7.88 2.36
Synthetic I 400 / 15000 6.20 4.93 3.24/5.67 3.22/5.65 1.31
Financial 839 / 3993 2.31 4.00 3.57/7.07 3.47/6.90 1.29
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Scalability of tspDB. We compare how the computational performance of tspDB
relative to PostgreSQL scales with respect to the metrics we consider as we vary
the amount of data inserted. We generate a single time series that is a sum of har-
monics and then corrupt it with additive Gaussian noise. Specifically, we generate
X(t) = f(t) + €(t), where €(t) ~ N(0,0.1) and f(t) = Z?:l a; cos(w;t/T'), where
t € [T], a; € [-1.5,1.5] and w; € [1,100] (randomly selected). We vary the amount
of data points (T) between 10* to 10%. Using this time series data, we create a ta-
ble with the following simple schema: synthetic(time:timestamp, time_series:
float), where the column time is the primary key, indexed by the default Post-
greSQL DB index (B-tree data structure); we note that indexing the time column is

a standard practice in time series DBs.

Throughput. As before, we evaluate the time taken to create a prediction model in
tspDB as we vary the number of rows inserted from 10* to 10® and compare it against
the time needed to insert the same rows into the aforementioned indexed table. We
find that the time required to train tspDB’s prediction model is 1.13-2.17x faster than
PostgreSQL insert time as we vary the dataset size. In absolute terms, the time to
train tspDB’s prediction model is 2.62-7.78 microseconds per record. See Figure 6-5a.
Since the time required to create the prediction model in tspDB is comparable to
PostgreSQL’s bulk insert time, and the two operations are independent and so can
be effectively run in parallel, integrating tspDB with PostgreSQL will pleasingly not
bottleneck PostgreSQL’s throughput as new data points are inserted.

Query Latency. As before, we compare the latency of a standard SELECT point
query in PostgreSQL against the a PREDICT query in tspDB. We evaluate the la-
tency for both imputation and forecasting predictions with and without uncertainty
quantification. As shown in Figure 6-5b, we find that imputation PREDICT queries
are 1.77-2.56x slower relative to SELECT queries as we vary the table size, and fore-
casting PREDICT queries are 3.87-6.39x slower. PREDICT queries with uncertainty
quantification are 3.04-4.60x and 6.99-12.80x slower for imputation and forecasting
queries respectively. In absolute terms, this amounts to 0.41-0.61 milliseconds for SE-

LECT queries, 0.94-1.23 milliseconds for imputation queries (1.72-2.11 milliseconds
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with uncertainty quantification), and 1.73-3.04 milliseconds for forecasting queries

(uncertainty quantification).
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Figure 6-5: Computational performance of tspDB.

Range Prediction Queries In this experiment, we show that tspDB supports
efficient PREDICT range queries with latency similar to that of standard SELECT
range query. We fix the number of rows in the time series table to 107, which is

generated as described in the experiment above.

Range Prediction Queries Latency

102_
W
el
C
8 101
9 10%4
]
.E
>
[8)
g
E 100 —— Range select query
Range imputation query
—+— Range forecasting query

0 2000 4000 6000 8000 10000
Range queried

Figure 6-6: Latency of prediction range queries remains comparable to the latency of

SELECT queries as the query range increases. Prediction range queries are 2.32x to
16.29x slower.

In Figures 6-6, as we vary the query range between 2 and 10* data points, the

ratio of the PREDICT range query latency for the two types to that of PostgreSQL’s
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SELECT range query varies from: 2.32x to 12.86x for imputation; 4.29x to 16.29x for
forecasting. Hence, the prediction queries maintain a latency comparable to SELECT

as the query range increases.

6.4 Statistical and Computational Tradeoffs in tspDB

We detail two additional set of experiments we conduct to study the statistical and
computational tradeoffs in our implementation of tspDB. In Section 6.4.1, we explore
this tradeoff between multivariate and univariate time series prediction models — we
find using multiple time series can greatly improve accuracy with a moderate slow
down in training time and query latency. However, beyond a certain point, the gain
in statistical accuracy from adding more time series (~ N > 50) becomes minimal
and can add unnecessary overhead. In Section 6.4.2, we study how the three key
parameters in the scalable implantation of the prediction algorithm in tspDB, Ty, 17, v
(see Section 5.3 for their definition), affect tspDB’s statistical and computational

performance. We select the default parameters in tspDB based on these experiments.

6.4.1 Multivariate vs. Univariate Prediction Models in tspDB

In our proposed mSSA variant, a prediction model is trained using data from a
collection of time series. If this collection of time series are carefully selected (i.e.,
have high “correlation"), this should lead to better statistical accuracy (see Chapter 2
for a more concrete definition of what we mean by “correlated" time series). However,
the drawback is that training on multiple time series leads to higher model training
time and prediction query latency. We evaluate this tradeoff in tspDB’s performance
across the three metrics of interest.

Specifically, we use the synthetic I and electricity datasets (detailed in Sec-
tion 6.1.1). We evaluate tspDB’s performance as we vary the number of time se-
ries, N, used in training the prediction model. N € {1,10,40, 80,160,400} and
N € {1,10,40,80,150,370} for the synthetic and electricity datasets, respectively.
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We report performance across the three metrics relative to the univariate case. To
reduce variance due to randomness in which time series are selected for the statistical
accuracy evaluation, we average results over 50 runs.

Table 6.6: How the three metrics change as we train using more time series (N)
relative to the univariate case.

Dataset Synthetic I Electricity

N 1 10 40 80 160 400 1 10 40 80 150 370
Forecasting Accuracy 1.00 0.62 0.11 0.11 0.08 0.06 1.00 0.49 0.44 0.45 0.45 0.46
Training Time 1.00 6.80 16.2 30.28 55.24 250.2 1.00 6.53 20.84 39.63 127.13 369.06

Forecasting Latency 1.00 1.00 1.05 1.15 1.28 1.60 1.00 1.28 1.35 1.60 1.931 2.62

Results. Table 6.6 shows how the three metrics change as we train using more time
series. The training time increases almost linearly, as we train on more time series in
the synthetic (6.80x-250.2x) and electricity (6.53x-369.06x) datasets. The prediction
query latency increases moderately by 1.001x-1.60x and 1.28x-2.62x for the synthetic
and electricity datasets respectively. In contrast, the forecasting error decreases by
1.61x-17.59x and 2.04x-2.27x for the synthetic and electricity datasets respectively.
In summary, we find that using multiple time series to train the prediction model
can greatly improve accuracy with a moderate slow down in the training time and
query latency. However, beyond a certain point, the gain in statistical accuracy from
adding more time series (~ N > 50) becomes minimal and thus can add unnecessary

overhead.

6.4.2 Hyper-parameter Tuning - Ty, 7", v

We discuss how the default parameters for Ty, T, v are selected in tspDB — we quantify
the effect of each of these parameter on three metrics of interest: training time,
prediction latency, and statistical accuracy. We find T has minimal effect on these
three metrics, and for simplicity of exposition, we simply choose it to be T = 100 for

all experiments.

Setup. In this experiment, we use a synthetic time series generated from a sum of

harmonics with 5 x 107 data points. We initially train the prediction model with all
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but the last 10° entries and then incrementally add data over a 1000 batches, with
a 1000 data points in each batch; note we do so to study the effect of v on training
time, whose effect is limited to such data insertion patterns. We vary the parameter

T' € [10%,107], and ~ € {0.01,0.2,0.5,0.7, 1.0}.

Results. Figure 6-7 shows tspDB’s performance on the three metrics of interest as we
vary the parameters. The x-axis reflects the time needed to train the prediction model
relative to the time needed to insert the same data into a PostgreSQL table. The
y-axis reflects the forecast query latency relative to a PostgreSQL SELECT query.
The color of each dot corresponds to the forecasting accuracy in normalized RMSE.

We see there is a clear trade-off between query latency and accuracy.
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Figure 6-7: 7" and ~ can significantly affect the three metrics of interest. We choose
T" = 2.5% and v = 0.5 which gives the best tradeoff across all three metrics.

Specifically, using small values of 7" € [10%,10°] yields faster but less accurate
predictions (3x-4x slower than SELECT queries). Further, it has a negative effect
on training time (it is 2x-6x the insert time). On the other hand, using high values
of T" € [5 x 1055 x 107] yields more accurate but slower predictions (6x-7x slower
than SELECT queries), with relatively low training time (train time is 70% of insert
time). We choose the default setting of 7" to be 2.5 x 108, gives accurate and relatively
fast predictions (5.1x slower than SELECT queries) and relatively low training time
(training time is 1.25x quicker compared to PostgreSQL insert time).

We find ~’s effect on the accuracy to be minimal but has significant effect on
training time for certain range of parameter choice. For example choosing v = 0.01

slows training time by ~ 50% compared to v = 1.0. Training time does not vary for
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v € {0.5,0.7,1.0}, with choice of v = 0.5 performing best. Hence we choose v = 0.5.
to be the default setting. Note v has no effect on predictions latency.
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Appendix A

Usetul Theorems and Lemmas

A.1 Concentration Inequalities

We recall known concentration inequalities that will be useful throughout.

Theorem A.1.1 (Bernstein’s Inequality [13]). Suppose that Xi,..., X, are in-
dependent random variables with zero mean, and M is a constant such that | X;| < M
with probability one for each i. Let S := Y " X; and v := Var(S). Then for any
t>0,

3t?

P(|S|>¢t) < QGXP(—m

).

Theorem A.1.2 (Spectral Norm of matrices with sub-gaussian entries [54]).
Let A be an m x n random matriz whose entries A;; are independent, mean zero, sub-

gaussian random variables. Then, for any t > 0, we have
|A|| < CK(vVm ++/n+1t)
with probability at least 1 — 2exp(—t?). Here, K = max; || Aijl|y,-

Lemma A.1.1 (Maximum of sequence of random variables [54]). Let X, X5,

..., Xy, be a sequence of random variables, which are not necessarily independent, and
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satisfy E[Xfp]ﬁ < Kpg for some K, >0 and all i. Then, for everyn > 2,
Emax| X;| < CK log? (n). (A1)

We note that Lemma A.1.1 implies that if X;,..., X, are ¢, random variables
with || X ||y, < K, for all i € [n], then

Em<aX\XZ-] <CK, logé(n).
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A.2 Matrix Estimation via HSVT

This section describes and analyzes a well-known matrix estimation method, Hard
Singular Value Thresholding (HSVT). While the analysis utilizes known arguments
from the literature, we need to adapt it for the setting where the underlying ‘signal’

is only approximately low-rank.

A.2.1 Setup, Notations

Setup. Given a deterministic matrix M € R?*P with p,q € N and ¢ < p, a random
matrix Y € R?*? is such that all of its entries, Yi;, i € [q], j € [p] are mutually

independent and for any given i € [¢], j € [p],

M;; +¢&;; w.p. p, (i.e. observed)
Y = / / ( (A.2)

0 w.p. 1 —p, (i.e. not observed)

for some p € (0,1] with e;; are independent random variables with E[e;;] = 0 and
l€ijlly, < 0. Given this, we have E[Y] = pM. Let p be the fraction of observed

values, defined as

1 i1 2o LYy s obs.)>

, (A.3)
qXxXp qXxXp

p= max(

Goal of Matrix Estimation. The goal of matrix estimation is to produce an
estimate M from observation Y so that M is close to M. In particular, we will
be interested in bounding the error between M and M using the following metric:

M — M2,

A.2.2 Matrix Estimation using HSVT

Hard Singular Value Thresholding (HSVT) Map. We define the HSVT map.
For any ¢,p € N, consider a matrix B € R?? such that B = > %" 5,(B)zy!.

Here for ¢ € [q A p|, 0:(B) is the i-th largest singular value of B and z;,y; are the
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corresponding left and right singular vectors respectively. Then, for given any A > 0,
we define the map HSVT, : R?”*? — R?*P which simply shaves off the singular values

of the input matrix that are below the threshold A. Precisely,

q/A\p

HSVTA(B) = Zai(B>]l(Ui(B> > N)ziy; (A4)

Matrix Estimating using HSVT map. We define a matrix estimation method
using the the HSVT map that is utilized by mSSA for imputation. Precisely, we

estimate M from Y as follows: given parameter k > 1,

M = LHSVT,, (V). (A.5)
)

where Ay = 0x(Y), i,e. the kth largest singular value of Y.

A.2.3 A Useful Linear Operator

We define a linear map associated to HSVT. For a specific choice of A > 0, define

©B . RP — RP as follows: for any vector w € R? (i.e. w € RP*1),

pX(w) =Y 1(0:(B) = Nyiy/ w. (A.6)

Note that % is a linear operator and it depends on the tuple (B, \); more precisely,
the singular values and the right singular vectors of B, as well as the threshold \.
If A\ = 0, then we will adopt the shorthand notation: @B = . The following
is a simple, but curious relationship between 2 and HSVT, that will be useful

subsequently.
Lemma A.2.1 (Lemma 35 of [10]). Let B € R”? and A > 0 be given. Then for
any j € |q,

T
G

¢ (BT) = HSVT,(B)
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where B;. € RYP represents the jth row of B, and HSVT), (B)j. € RYP represents
the jth row of the matrixz obtained after applying HSV'T over B with threshold .

Proof. By (A.6), the orthonormality of the right singular vectors and noting B;‘-F_ =
BTej with e; € RP with jth entry 1 and everything else 0, we have

gqAp qAp
o3 (BY) = > _1(0i(B) > Ny Z]l 0:(B) > Nyl B'e;
qAp qA\p gAp
= 1(oi(B) = Ny (D> os(B)asyy) Tej = > 0u(B)1(0i(B) = Ny, ywale
=1 i'=1 ii'=1
qAp gA\p

- Zo-z )>>‘yz u’xlej Zgz >>‘>yzx €;

0,4/ =1

= HSVT\(B)"¢; = HSVT,(B). .

A.2.4 HSVT based Matrix Estimation: A Deterministic Bound

We state the following result about property of the estimator.

Lemma A.2.2. For k > 1, let M = My + Ej with rank(My) = k. Let ¢ =
max(p/p, p/p) > 1. Then, the HSVT estimate M with parameter k is such that for
all j € [q,

2[Y — pM |3 + 20°(| B3 el
(ox(pM))”

4e?
2 vy a

(Yt —pM5T||2>2>

—~T
L — M < p

o2
k]j'H2+

2 2
20— DML+ 2| (B

(A.8)

Proof. We prove our lemma in four steps.

T
Step 1. Decomposing M ; — M]T in two terms. Fix a row index j € [q]. Let A
be the kth largest singular value of Y, as used by HSVT algorithm with parameter
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—~T

M,—MT:<M

J: J

M, - (M) + (o5 (M) - M]).  (A9)

By definition per (A.6), gp}\; : RP — R? is the projection operator onto span{ul, e ,uk},

the span of top k right singular vectors of Y, denoted as uq, ..., u,. Therefore,
gp}\;(M]T) — M]T € spanfuy, ..., up " (A.10)
By design, rank(l/\Z) = k. Therefore, by Lemma A.2.1
M; — oY (MT) = %goi;(yf) — oY (MT) € span{uy, ..., u;}. (A.11)
Therefore, <]/\2;f — Y (M), X (M])— M) =0, and hence

Y (arh) - |

T2

31— a2 - o (o) |

(A.12)

by the Pythagorean theorem.

Step 2. Bounding Term 1,

g <p}\’k (Mf) H2 We begin by bounding the first
term on the right hand side of (A.12). By Lemma A.2.1,

_ 1 1
B, — Y. (MT) ﬁgoz;(Yf) LMD =}, (;Yf - M)

Using the Parallelogram Law (or, equivalently, combining Cauchy-Schwartz and AM-
GM inequalities), we obtain
l vy p—p

—~T
1M — X, (M) = ||590Ak(MT.—,0MT.) a (M)

~

p
—— X, (M)

1
§2||3¢§;(Yf—pr)l|§
2 p—p
< S (VS = pMpIE +2( P NDYAT

94



2e?
< ?HSDKL(Y?—PM%H%JFQ(E— 1)?(| M3 (A.13)

2
From definition of ¢, /% < £ and (%) < (e — 1)%. The first term of (A.13) can be

e
P
decomposed as,

lex, (Y5 — pM )3 (A.14)

(A.15)

2
<2 (YT - pM]) - M (Y] - pM]) |

2
w2 ety —on

In above, we have used notation ™+ = <péw". Given that M, is rank k matrix, M+ :
RP — RRP is the projection operator mapping any element in R? to the projection onto
the subspace spanned by {1, ..., ux}, where pq, ..., ux € RP are the k non-trivial
right singular vectors of M. Similarly, by definition gp}\’k is a map R? — R? mapping
any element in RP to its projection onto the subspace spanned by {ui, ..., u}, the
top k right singular vectors of Y —this can be seen by noting A\, = o(Y") is the k-th
top singular value of Y. Recall 0,(Y"), j € [¢ A p| is the jth largest singular value of
Y.

Next, we bound the first term on the right hand side of (A.15). To that end, by
Wedin sin © Theorem (see [22, 55|) and recalling rank(M ) = k,

H Y _ MkH < 1Y — pM|2

Pl = Gy
Y — pMlly | p||M — My,
or(pMy) or(pMy)

Y —pM|ls  pl|Egll2
or(pMy,) or(pMy)

(A.16)

Then it follows that

| X (Y] = pp) = My ] — oM

< ek = M allY T - pMT

(1Y = pM|z + p| Exll2) (1Y} — pM]|12)

<
- or(pMy,)

(A.17)
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Using (A.15) and (A.17) in (A.13),

— 2 — 2 r_ ,)?

P (Uk(pMk))Q
4e?
o eME(YT — pM)

) "4 2(e = 1’| MTI|3.  (A18)

() - |

Step 3. Bounding Term 2, ;-
2

using (A.16),

Recall M = M, + FE,;, and

|ex (na7) - 2

Y (M) + [EYE) — (ML — (B

2
2 2
< 2(|lpx, ([M]]) — [M]]. ,

(BT - [B]

2

9 2
=2 R 005) - A |, + 2 () - 1B
v M, 2 T 2 T 2
) v i [ +2‘ B
Y — pM]||y + p||E 2 ?
_2(|| pM || p|| ell)? H g +2H[E’“H (A.19)
(Uk:(PMk: ’ i

Step 4. Putting everything together. Inserting (A.18) and (A.19) back to
(A.12), we have that for each j € [q],

2
e

¥ = Mz + ol B ) H |
(Uk(PMk J'2
422 (|[Y = pM s + pl| Billa) " (1Y ], = pM|I2)"

’ (o1(pM}))?

p
2
Me(y ] - pM7)|| +2(e - 12 M7

HM MT

4e?

T T 2
< 20Y = pMIB + 221 o) e 12(IYS — M 2) )
2 .
(O’k(pMk)) / 2 p2
4e?

2

2
Mi(y] - pM]) |+ 26 = DAIMTIE + 2| (B}

)
2

(A.20)

where we used (a + b)?* < 2a® + 2b*. This completes the proof. O
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A.2.5 HSVT based Matrix Estimation: Deterministic To High-
Probability

Next, we convert the bound obtained in Lemma A.2.2 to a bound in expectation (as
well as one in high-probability) for our metric of interest: ||]\/Z — M|, In particular,

we establish

Theorem A.2.1. Fork > 1, let M = M+ Ey with rank(M}) = k. Let ¢ = || Eg||s
and I' = [|[Mg||s. Let p > Clog(qp)/q for C large enough and ¢ < p. Then, the
HSVT estimate M with parameter k is such that

L7 Co® + p? 2\, Co’kl C(T + ¢)?
E[max-an_Mng]§M<Fz+0_>+ o*klogp , C(T +¢)

j€lg) p p*o(My)? p? pp? p

(A.21)

Proof. We start by identifying certain high probability events. Subsequently, using

these events and Lemma A.2.2, we shall conclude the proof.

High Probability Events. For some positive absolute constant C' > 0, define

By = {17 = ol < p/20}, (A.22)
By={|Y - pM|, < ca\/]s}, (A.23)
IY = pM sz, Y = pM |2 < Co/}, (A.24)

Ea: () <Y§F - PM?-) I2 < Co%log(p)}, (A.25)

201 1
<1 — OL(QP)),O <p<L ——p . (A.26)
pap 1 — , /20log(ap)

pap

E5 =

IN
l
—N— N
:
gl
S
2

In (A.25) above, B € R7*? is a deterministic matrix. Let the singular value decom-
position of B be given as B = Y7 | 0;(B)z;y], where o;(B) are the singular vectors
of B in decreasing order and z;, y; are the left and right singular vectors respectively.
Recall the definition of 2 in (A.6). In particular, we choose A = o (B), the kth sin-

gular value of B in (A.25). As a result, in effect, we are bounding norm of projection
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of random vector Y ;. — pM ;. for any given deterministic subspace of R? of dimension

k.

Lemma A.2.3. For some positive constant ¢; > 0 and C' > 0 large enough in

definitions of Fn, ..., Es,

P(Ey) > 1 — 2e % — (1 — p)P1, (A.27)

P(E,) > 1— 2e7?, (A.28)

P(E;) > 1—2e7?, (A.29)
2

P(E,) >1— T (A.30)
2

P(Es) > 1— L (A.31)

Proof. We bound the probability of events E1, ..., E5 in that order.
Bounding FE. Let

po= (DD 1(Y;is obs.)/(q p). (A.32)

i=1 j=1

That is, p = max(po, 1/(pq)) and E[py] = p. We define the event Es := {py = p}.
Thus, we have that

where the final equality follows by the independence of observations assumption and
the fact that py # p only if we do not have any observations. By Bernstein’s Inequality,

we have that
P(|po — p| = p/20) > 1 — 2e= PP,
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j are

Bounding E,. To start with, E[Y] = pM. For any i € [¢],j € [p], the Y]
independent, 0 with probability 1 — p and with probability p equal to M;; + €;; with
|€ijlly, < 0. Therefore, it follows that ||Y;; — pM;j|ly, < C'o for a constant C” > 0.

Since ¢ < p, using Theorem A.1.2 it follows that for an appropriately large constant
C >0,

]P)(Eg) Z 1—2e7P.

Bounding E3. Recall that we assume ¢ < p. Observe that for any matrix A € R?*P,
| Alloo.2s [|A]l2.00 < [|A]l2- Thus using the argument to bound Ej, we have (A.29).

Bounding E,. Consider for j € [q],

k
105 5 (YT = oML = Y llwsw! (YT — pM7)3 (A.33)
=1
k 9 k
<SS (ot -pMD) = Yz (A
=1 =1

where Z; = y! (Y;‘F — pM ;‘F) By definition of the 1, norm of a random variable
and since y; is unit norm vector that is deterministic (and hence independent the of

random vector Y;‘-F, —pM ;‘F), it follows that
1 Zillwe = Nlyi (Y . = pM ) [l < (Y5 = pM ) ||y,

Since the coordinates of Yf — pM ;‘F are mean-zero and independent, with 15 norm
bounded by v/Co for some absolute constant C' > 0, using Lemma H.10 of [10], it
follows that

P(Y 2> 1) <2hew (- =), (A35)

i=1
Therefore, for choice of t = Co®k log p with large enough constant C' > 0, ¢ < p, and
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taking a union bound over all j € [p], we have that

P(E;) < I (A.36)

Bounding E5. Recall the definition of p. By the binomial Chernoff bound, for ¢ > 1,

—1)?
P<ﬁ>€p>§eXp (—(8 >qpp>, and
e+1

P<ﬁ< §p> < exp <— G 1>2qpp> -

2¢e?
By the union bound,

1 ~ ~ ~ 1
P(—p§p§p€> 21—1?(,0>6p) —P<p<gp)-
g

-1
Noticing € + 1 < 2e < 2¢? for all ¢ > 1, and substituting ¢ = (1 — ,/%i()qp))

completes the proof. O

The following are immediate corollaries of the above stated bounds.

Corollary A.2.1. Let E := E1 N Ey. Then, for p > Clog(qp)/q,
P(E°) < Cre~, (A.37)

where C7 and co are positive constants.
Corollary A.2.2. Let £ := EsN EsN EyN Es. Then,

Ch

FE < oy

(A.38)

where C1 is an absolute positive constant.

Probabilistic Bound for HSVT based Matrix Estimation. Recall € = || Eg|| .
Then [|Ey|% < eqp. And [|Ey[3 < [|[E|% < eqp. Let p > Clog(qp)/q for C large

enough and recall ¢ < p. Further, recall I' = || Mg||«; thus, ||[M|w < T + €. Then
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I[M]]]ls <Ty/p and |[[M]] ]2 < (T +¢€)/p.

Define £ = E; N EyN EsN EyN Es. Then, from Corollaries A.2.1 and A.2.2, we have
that P(E°) < )10 for large enough constant C; > 0.

1
—QOIOg(qp)) . Under this choice of ¢

qpp

Under Es, we have ¢ = max(p/p, p/p) < (1 —
and using p > C'log(qp)/q, we have that for C'large enough, ¢ < C'and (e—1)2 < C/p.

Given this setup, under event E, Lemma A.2.2 leads to the following: for all j € [q]

and with appropriately (re-defined) large enough constant C' > 0,
8T, — M3 < TP (e 0P
J: g2 = pZUk(Mk)Q
Co%k1
+ UTng + CO(T +€)* + 2pe*. (A.39)
That is, under event F,

max—HM + 26,

jeld p p?or(M)?

MT” <P p(o? + peq) <F2 4 ) N Co*klogp N C(T +¢)?
: p pr? p
(A.40)

For any random variable X and event A, such that under event A, X < B and
P(A°) <4, we have

E[X] = E[X1(A)] + E[X1(A%)]
< E[X1(A)] + E[X?]2P(A%)z
< B+ E[X?]262. (A.41)

—~T
We shall use this reasoning above to bound E[max; ey 1HM MTHQ]: let X =
maXjefq 5 ||M MTH2 and A = F; B is given by right hand side of (A.40), § =

qp)m;

the only missing quantity that remains to be bounded is E[X?]. We do that next.
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To begin with, for any j € [q],
IM; = Ml < [[M ]2+ [ M |2 (A.42)

by triangle inequality. As stated earlier, ||[[M]] || < (' + €)y/p. Next, we bound
H]/\Z]HQT From (A.5), the fact that p > 1/(¢gp), and Lemma A.2.1, we have

—~T 1 T
1M [|2 = EHHSVTM (Y), ll2

< qp||¢>}\,k (YJT)||2
< q pllox l2lY 71l

< qpYill, (A.43)

where we used the fact that ¢) is a projection operator and hence [|¢} [l = 1.

Note that Y;; = B;; x (M;; + €;;), where B;; is an independent Bernoulli variable

with P(B;; = 1) = p representing whether M;; + €;; is observed or not. Therefore,

Yi;| = |Bij| % |Mi; + €] < (I'+€) + |e;;|. Therefore, from (A.42) and (A.43),
M~ MY < (T + /5 -+ ap(max YT )

Jj€ldl
< (T4 e)vp+apx vp( max [Y])

€lpl.jelq
< 2q %(F—i-e—i- max |e;]). (A.44)
i€[pl,j€ld]

Using (a+b)? < 2a*+2b* twice, we have (a+b)? < 8(a’+b*). Therefore, from (A.44)

maX||M MT||2 < 16¢*p°((D +€)* + max |€Z]| Y. (A.45)
jeld] i€[pl.j€ld]

Recall Ele;;] = 0, |leijlly, < o and €;; are independent across ¢,j. A property of
1o-random variables is that |772~j|9 is a 1y g-random variable for § > 1. With choice of

0 = 4, we have
E[max|e;|'] < C'o"log?(qp), (A.46)
ij
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for some C’ > 0 by Lemma A.1.1. From (A.43), (A.45), and (A.46), we have that

1, =T 3 ,
—I||IM; - Mfllé]) < A4g°p* (T + ¢)* + C'o* log®(qp)) *. (A.47)

N

<]E[max
JEldl P

Finally, using (A.40), (A.41) and (A.47), we conclude

1, —~T Co? + p? 2 Co?k1 c(r 2
E[maX_HMj- _MJTHg} < M<F2+%> n o 208;10+ (I'+¢) 22 + -
jeld p p*or(My) p pp p (pq)

(A.48)
This completes the proof of Theorem A.2.1. ]
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Appendix B

Proofs

B.1 Proofs for Chapter 2

B.1.1 Proof of Propositions 2.2.1 and 2.2.2

Below, we present the proof of Proposition 2.2.2. Recall the definition of the Hankel
matrix representation (Definition 2.1.1), we define the stacked Hankel matriz of N
time series over T time steps as follows. Given N latent time series fi,..., fn, let
H;”) denote the Hankel matrix representation of the latent time series f,,(¢). Further,
consider the stacked Hankel matrix Hy, obtained by a column-wise concatenation of

the Page matrices HS}), e ,H;N). Specifically,

Hy = [m) =Y ... °HY|. (B.1)

We now establish Proposition B.1.1, which establishes that this stacked Hankel
matrix is approximately low-rank. This immediately implies Proposition 2.2.2; since

the stacked Page matrix is a sub-matrix of Hy.

Proposition B.1.1. Let Properties 2.2.1 and 2.2.J hold for N latent time series of
interest, fi,..., fn. Then for any T > 1, the stacked Hankel Matriz of these N time

series have €' -approrimate rank R x G with € = RI'qe.
Proof. We have N latent time series f1, ..., f, satisfying Properties 2.2.1 and 2.2.4.
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Consider their stacked Hankel matrix over [T], H; € REXN(T=L+1) By definition for
i€[Lland j=(n—1)x (T —L+1)+j for j/ € [T — L+ 1], we have that the entry

in the ¢-th row and j-th columns is

[Hf]ij = fali+ 7" = 1).
=3 U W, (i +4 —1). (B.2)

r=1
Where the inequality is direct consequence of Property 2.2.1. Further, let H be the
Hankel matrix induced by the r-th fundamental time series W,.(-). Due to Property
2.2.4, there exists a low-rank matrix M € RE*(T=£41 gych that (a) rank(M®)) < G,
(b) HH%,) — M® || < e That is, for any i € [L],j/ € [T — L + 1], we have that

() G G ..
Mi;, = Zg 1 Aighi, for some ag, b, € R™. Therefore, for any 1,7, we have

ij!

vu@+f—nzﬂﬂw] = M)+ (HY] -ME)

ij’

- Z @igbjrg [Hg/y] N Mz(;’) (B.3)

ij!

From (B.2) and (B.3), we conclude that

R @ R
[Hf]ij = Z Z Unrigjrg + Z Unr ([Hg/ﬂ i ME;))
r=1 g=1 r=1
R
SR OB R CUAED SUM (L IR BELE

(r.9)€[R]x[C]

Define matrix M € REXNT=L+D) with its entry for row ¢ € [L] and column j =

(n—1)x (T = L+1)+j for j' € [T — L+ 1] given by

Mij = Z Cng X (Unrb‘;/g)

(r.9)€[R]x[G]

= ) eobicy (B.5)

(r,9)€[R]x[G]
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where a;(.g) = ajy and Bj(.g) = Uy}, Further,

)
ij’

ij

R
| [Hf]ij o Mij‘ < Z |Unr|
r=1

oo

R
<>n | - M0
r=1

That is, the stacked Hankel matrix Hy of N time series of [T'] observations has €'-

approximate rank G x R with ¢ = RI'ye. This completes the proof. O

Note that Proposition 2.2.1 is a special case of Proposition 2.2.2 where € = 0.

B.1.2 Proof of Proposition 2.2.4
Helper Lemmas for Proposition 2.2.4

We begin by stating some classic results from Fourier Analysis. To do so, we introduce

some notation. Throughout, we have R > 0.

C[0, R] and L?[0, R] functions. C[0, R] is the set of real-valued, continuous functions
defined on [0, R]. L?0, R] is the set of square integrable functions defined on [0, R,
ie. [)Ff2(t)dt < oo

Inner Product of functions in L?[0, R]. L*0, R] is a space endowed with in-

ner product defined as (f,g) := }%fORf(t)g(t)dt, and associated norm as ||f]| =
R
\V E At

Fourier Representation of functions in L?[0, R]. For f € L?0, R], define its
G > l-order Fourier representation, F(f,G) € L?[0, R] as

G
F(f,G)(t) =ap+ Z(ag cos(2mgt/R) + by cos(2mgt/R)), t € [0, R], (B.7)

g=1

where ag, a,, b, with g € [G] are called the Fourier coefficients of f, defined as

o=t =3 [
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= (f, cos(2mgt/R)) R/ f(t) cos(2mgt/R)dt

= (f,sin(2mgt/R)) /f sin(2mrgt/R)dt

We now state a classic result from Fourier analysis.

Theorem B.1.1 ([29]). Given k > 1,R > 0, let f € C*(R, PER). Then, for any
t € [0, R] (or more generally t € R),

Tim F(f,G)(t) ~ (1) (B3)

We next argue that if f € C*(R,PER), then its Fourier coefficients decay rapidly.

Precisely,

Lemma B.1.1. Given k > 1,R > 0, let f € C*(R,PER). Then, for j € [k], the
G-order Fourier coefficient of f9), the j-th derivative of f, recursively satisfy the
following relationship: for g € [G],

. 2mg 1) . 2mg 1
o) = < - )b(a b = (_>a<a ), (B.9)

Proof. We establish (B.9) for agl), g € [G]. Notice that an identical argument applies
to establish (B.9) for any oS, b for j € [k] and g € [G]. To that end, consider

= (fW, cos(2mgt/R)) /f(l) ) cos(2mgt/R)dt

a) 1 R 2
@ E([f(t) cos(27rgt/R)} — ﬂ / f(t) sin( 27rgt/R)dtD
B 2mg (0)
B ( R >bg '
Where (a) follows by integration by parts. O
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Completing Proof of Proposition 2.2.4

Proof. For G € N, let F(f,G) be defined as in (B.7). Then for t € R

6 = F(£ O | Y (agcos(2mgt/R) + b, cos(2mgt/R))|

g=G+1

< Z |ag| + |bg|

g=G+1
(b)

25 () e )
1

COMPINOINP N ALY

=G+1 g=G+1

INZ

(d) RNE 1 > A A
<V2(5-) gy 2 (1R 1)

g=G+1

@ s Ry 10
< ﬁ(%) Gk—05
1 ®

GFk—05"

= C(k,R)

where C'(k, R) is a constant that depends only on k£ and R; (a) follows from Theorem
B.1.1; (b) follows from Lemma B.1.1; (c) follows from Cauchy-Schwarz inequality and
fact that (a+8)* < 2(a®+ %) forany o, f € R; (d) D272, 9 < J& a=*dx which
can be bounded as G=2**1/(2k — 1) which is at most G=2**! since k > 1; (e) follows

from the Bessel’s inequality, i.e. ||f®|? > Z;‘;O(\agk)]z + [6)2).

Thus, for any ¢ € R, we have a uniform error bound for f being approximated by
F(f,G) which is a sum of 2G harmonics. Noting 2G harmonics can be represented

by an order-4G LRF (by Proposition 2.2.3),we complete the proof. O

B.1.3 Proof of Proposition 2.2.5

Proof. f1, fo have a (G1,€;) and (G, €2)-Hankel representation respectively. For any
T > 1, let Hy,Hy, € REXT=L+D he the Hankel matrices of fi, f» respectively over

time interval [T']. By definition, there exists matrices M, My € REX(T=L+1) guch

109



that rank(M ;) < Gy, | M1 — Hi||e < €1 and rank(M3) < Gs, ||M3 — Hs||o < €.

Component-wise addition. Note the Hankel matrix of f; + fs over [T] is H; + Hs.
Then, matrix M = M|+ M has rank at most GG + G5 since for any two matrices A
and B, it is the case that rank(A + B) < rank(A) + rank(B). Further, |H; + H, —
(M1+M)||s < €1+€2. Therefore it follows that f;+ fo has (G1+ G2, €1 +€5)-Hankel

representation.

Component-wise multiplication. For fio fs, its Hankel over [T] is given by H;oH,
where we abuse notation of o in the context of matrices as the Hadamard product of
matrices. Let M = M o M5. Then rank(M) < G; x G since for any two matrices
A and B, rank(A o B) < rank(A)rank(B). Now

HH1 OH2 - Ml @) M2||<>o S ”H1 OHQ — H1 OMQHOO + ||H1 OM2 - M1 OM2||00
< [Hul[oo[Hz = Moal|oo + || M2 |o[[Hy — M|
< [ fillso€2 4+ (1M — Haloo + [[Ha[oc )€1

< fillso€2 + ([ f2lloo + €2)e1

= | f1lloc€2 + ([ f2llc€1 + €162 (B.10)
< 3max(ey, €2) max(([ f1 oo [[f2]lo0)- (B.11)
This completes the proof of Proposition 2.2.5. O]

B.2 Proofs for Chapter 4

B.2.1 Proof of Theorem 4.1.1

The proof of Theorem 4.1.1 will utilize Theorem A.2.1. To begin with, given N time
series with observations over timesteps [T7], the mSSA algorithm as described in Sec-
tion 3.1 constructs the L x (NT/L) stacked page matrix Zy with L = y/min(N, T)T,
ile. L<T.

As per the model described by (2.1) and Section 2.2, it follows that each entry of
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Zx is an independent random variable; it is observed with probability p € (0,1]
independently and when it is observed, its equal to value of the latent time series plus

zero-mean sub-Gaussian noise. In particular,
E[Zx] = pZ; (B.12)

where Z; € REX(WT/L) i5 the stacked page matrix induce by the latent time series,
i.e., entry in row ¢ € [L] and column (n—1) x T/L+ j is equal to f,,({+(j —1) x L).
Further, when entry in row ¢ € [L] and column (n — 1) x T'/L + j in Zx is observed,
le. X,(0+ (j—1) x L) # *, it is equal to f,(¢+ (j —1) X L) +n,({ + (j — 1) x L)
where 7,,(-) are independent, zero-mean sub-Gaussian variables with |7, (-)|ly, < as

per the Property 2.2.3.

Under Properties 2.2.1 and 2.2.4, Proposition B.1.1 states that Z; has ¢’-rank at most
R x G with ¢ = RI'je. That is, there exist rank k¥ < R x G matrix M, € REXNT/L)
so that

Z; = M, + E,, (B.13)

where ||Eg| < €. Due to Property 2.2.1, it follows that |Mygl|l.c < R\ + €.
Under Property 4.1.2, we have o,(M}) > ¢/NT/Vk for some constant ¢ > 0.
Define

I'=RIWy+€ = RIY(Ty+e). (B.14)

Recall from Section 3.1, the elements of the imputed multivariate time series are sim-
ply the entries of the matrix ]/\fo where ]/\Zf = %HSVTk(ZX). That is, imputation in

mSSA is carried out by applying HSVT to the stacked page matrix Zy.

All in all, the above description precisely meets the setup of Theorem A.2.1. To apply
Theorem A.2.1, we require p > C'log(NT)/v/NT for C' > 0 large enough. Note that
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the number of columns in J\/Zf is equal to NT/L for L = /min(N,T)T — for this
choice of L, note that NT/L > L. Using oi(M}y) > ¢NT/k, for some absolute

constant = ¢ > 0, and using Theorem A.2.1, we obtain

Bl 19— 215 ) (B.15)
E(NT/L)(CY*+ p*€'L) (o = 7\  C?klogNT C(T +¢)? o C

= 2ENT (r*+ E) NT/D2 T vrn) A e

(B.16)

Recall that £ < R x G, € = RI'1e, and I' = RI';(I'y + €). Hence, simplifying (B.15),

we obtain that

1

B[y 1M = 2] (B.17)
- ( RG(1+ p*RelL) 1 _, ) 1 RGlog NT (R(1+¢))? )
: C( a5 ) T ) )
(B.18)
gé(R GPIEENT+RG(;2+6 >), (B.19)

where C' = C(c,I'1,T9,7) is a positive constant dependent on model parameters

including I'y, 'y, .
It can be easily verified that for any matrix, A € R™*",

1 1
— Al < Al (5.20)

Further, there is a one-to-one mapping of f,(+) (resp. fu(-)) to the entries of M 7
(resp. Zy). Hence,

1 —
ImpErr(N,T) = E[WHMf — Z¢|3] (B.21)
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Therefore, from (B.19), (B.20), and (B.21) it follows that

(B.22)

3 1 NT 4 2
ImpErr(N, T) < 0<c,r1,r2,v>(R Clog NT' | RG(e + ¢ ))

p'L " p?

This completes the proof of Theorem 4.1.1.

B.2.2 Proof of Theorem 4.1.2

The forecasting algorithm, as described in Section 3.1, computes a linear model be-
tween the recent past and immediate future to forecast. We shall bound the forecast-
ing error, ForErr(N, T, L) as defined in (4.2). We start with some setup and notations,
followed by a key proposition that establishes the existence of a linear model under
the setup of Theorem 4.1.2, and then conclude with detailed analysis of noisy, mis-

specified least-squares.

Setup, Notations. For L > 1,k > 1, Let

o Zx € REXINT/L) denotes the stacked Page matrix induced by the observations

Xi(t),...,Xn(t), t €[T).

o Zs € REXINT/L) denotes the stacked Page matrix induced by the latent time
series fi(t),..., fn(t), t € [T].

o Zx € RE-DXNT/L) denotes the top L — 1 rows of Zx.
o Z; € RETDXINT/L) denotes the top L — 1 rows of Z;.

It is worth noting that E[Zx] = pZ; and hence the L-th row of these two matrices

are related as
[Zx]1. = plZf]] +n, (B.23)

where n € RINT)/L {5 a random vector with each component being independent, zero-
mean with its distribution given as: it is 0 with probability 1 — p and with probability

p, due to Property 2.2.3, it equals a zero-mean sub-Gaussian random variable with
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| - |lws < 7. Therefore, using Lemma G.2 in [10], each component of 7 is an indepen-
dent, zero-mean random variable with || - ||, bounded above by C’(y? + RT1T'y) for
some absolute constant C” > 0. Let K = C’(y? + RI[';'y) and hence each component
of n has || - ||y, bounded by K.

Now, recall that for forecasting, we first apply the imputation algorithm (i.e. HSVT)
to Zx by replacing s, i.e. missing observations by 0 as well as setting all the entries
in the last row equal to 0. Equivalently, the imputation algorithm is applied to Zx
after setting all missing values to 0. Let Z ;€ RE-IX(NT/L) he the estimate produced
from the imputation algorithm applied to Zx. Under the setup of Theorem 4.1.1, by
following arguments identical to that of Theorems A.2.1 and 4.1.1-in particular, refer

to (B.19)-it follows that by selecting the right choice of &k < R x G, we have

_/p3 4 2
(R GlogNT+RG(6+e))’ (B.24)

1 -~ _
E|—|Z) — Z;]|? ]<C’
\/WH f f”?,oo = ,04[/ p2

where C' = C(e,T',T9,7v) > 0 is a constant dependent on ¢, 'y, 'y, 7.

Now, the mSSA forecasting algorithm finds B\ = B\((Xl, ..., Xn), TL; k), by solving
the following Ordinary Least Squares (OLS):

2 S 1 X L—1
B € minimize || [Zx], —Z;B|; over BE€R™. (B.25)
p
~T ~
And subsequently, Z; (3 is used as the estimate for [Zy], € R¥"/%, the Lth row of
latent Z;. The goal is to bound the forecasting error ForErr(N, T, L), which is given

by

ForErr(N, T, L) = E [ﬁu Z,), — ﬁiéug} . (B.26)

T ~
Therefore, our interest is in bounding E[|| [Z], — Z, 5|3].
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Now, we recall from Proposition 4.1.2 that there exists 8* € RY~!, such that
112517 = Z7 5[l < Coe.
where Cy .= RT1(1+ ||8*||1)-
Bounding E[|| (Z;,. — Z,B|13]. By (B.25) and (B.23)
15 2], - 213 < 15 2], ~ By

p 5T o
= ||Z\[Zf]L. +1—2Z;53

p 7" g p 7" g
= 151251, =248 I3+ [Inll3 +277T(Z\[Zf]L. —Zy57).  (B.27)

Also,

1 AP p 5T~
||;[ZX]L. - Zfﬁ”Q = ||Z\[Zf]L. +n— ZfﬁH2

P ~T 9 9 T ~T
= HZ\[ZJC]L- —Z; Bl + lInllz + 20" (2], — ZsB).  (B.28)

From (B.27) and (B.28)

E[1512,],. 2, IE] (B.29)
<E[I (2], — 5] + 2E[7Z, (5" — B)] + 28 (5 1) (21, ] (B30)

7 is independent of if, B*, and p; E[n] = 0; thus, we have that

E['2,6] =0. Ely"(4-1) (2. ] =0 (B.31)

~ ~T.F ~T,F ~T
By (B.25), we have 8 = Z; %\[ZX]L., where Z, is pseudo-inverse of Z,. That is,

~ /_\T,Tp 127,71

Using cyclic and linearity of Trace operator; the independence properties of 7; and
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(B.32); we have

75T~ rSTsTip 1 =TT
Eln"Z,5) =E[n"Z,Z, ﬁ[Zf] +E[ﬁ77 Z:Z; 1]

o sTsTt p 1 7Tt

~T~Tt

E[;mzfzf -

12T =Tt

:Tr(]E[ Zfo ]E[nnT])

< C(k/p, (B.33)

where C(7v) is a function only of v. To see the last inequality, we use various facts.

~T
First by the definition of the HSVT algorithm Z; has rank at most k. Second, let

~T
Z F= = USVT be the singular value decomposition of Z 7, we have

~T ~T,}
Z,Z, =Usv'vsu”

= UIu?, (B.34)

~T~T,t ~T~T
That is, AZf Z; is a positive semi-definite matrix and Tr(%Zf Z; ) < k/p. The

matrix E[nn’] is diagonal with all the non-zero entries on diagonal (variance of com-
ponents of n) bounded above by a constant that depends on K. For a positive semi-
definite matrix A and positive semi-definite diagonal matrix B, Tr(AB) < || B||2Tr(A).
For p > C'log(NT)/v/NT for large enough C, one can verify that E[1/p] < 2/p. This
completes the justification of the last step of (B.33).

T
Now consider the term ||&[Z;], — Z;3*|3. Note,

~T ~T -7
151251, = 2,571 =11 (124],. — 2,57) + (“=F (2] L

< 20/(12), — Z,;8°) | + 2|22 . Pz, B (B35)

We will bound the two terms on the r.h.s of (B.35) separately. We now consider the

116



first term.
51 2 7T %12 2T ok G o2
|| [Zf]L- - Zfﬁ ||2 < 2” [Zf]L. - Zfﬂ ||2 + 2||Zfﬁ - Zfﬂ ||2 (B-36)
By Proposition 4.1.2

1(2/],. — 258"l < || (2], — Z5B"|/NT/L < Coc/NT/L,  (B3T)

where we used the fact that for any v € R?, [[v||s < ||v]|oy/P- And,
71 % = * r7 7 T % 7 £ *
|Z 8" = Z; B la = (Zy — Zs)" B*Nl2 < Zy — Zll2.00[1 871, (B.38)

where we used the fact that for any A € R?”P v € RP, || Av|lz < || AT ||2.00||v]|1- Finally,
note that

~

~T ~ P ~T ~ p—p
1Zf],,. — 2,53 < QHIZ\[ZJC]L. —Z; Bl + 2”7 (Zs],, 113 (B.39)

Using (B.29), (B.31), (B.33), (B.35),(B.36), (B.37), (B.38), and the bound in (B.39),

we obtain

~T
E([|[Zs];. — Z; B3] (B.40)
p—p ci2ns B
< A4C(Y)k/p + 61&:[||T [Zg], |15] +2Co*(NT/L) + 2|| 8" Zs — Zy |5 o

(B.41)

Now L = /min(N,T)T, i.e. NT/L =+ NT. Note that ||Zs||.c < RI'1T'y. Hence,
11Zy],. I3 < C(T'1,I9)R*V/NT, for large enough constant C(I';, I's) that may depend
on I'y, I'y. Using the bounds derived in Lemma A.2.3, one can verify that E[(’%ﬁ)ﬂ <

C/V'NT for large enough positive constant C'. Therefore, we have that

~

GE[I= 2], 3] < C(Tw, )R (B.42)
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Using (B.24), (B.42), and the bound in (B.40); diving by 1/v/NT on both sides; and

noting £ < R x (G, we obtain

1 T ~
E[m” Z5],,. — Z; 53] (B.43)
RG R’ . L (R}GlogNT  R'G(e + &
< Ol TuT) (b + ol pa e + o (T D))
(B.44)
R3Glog N RYG 2
< e T, o) (max(t, 3 ) (2N 4 EEEEN) - pag

Using (B.45) and noting that

ForErr(N.T. I — V/NT) — E[ﬁu 2, — Z, A1)

completes the proof of Theorem 4.1.2.

B.2.3 Proof of Proposition 4.1.2

Recall the definition of the Hankel matrix representation (Definition 2.1.1), we define
the stacked Hankel matriz of N time series over T' time steps as follows. Given N
latent time series fi,..., fn, let H;n) denote the Hankel matrix representation of the

latent time series f,(¢). Further, consider the stacked Hankel matrix Hy, obtained

by a column-wise concatenation of the Page matrices chl), e ,H;N). Specifically,
Hy = (w1 =Y ... HY|. (B.46)

As indicated in Proposition B.1.1, H; has €’-rank bounded by R x G < L with

¢ = RI'je. That is, there exists a matrix M € RT*NT guch that,

rank(M) < RG, |Hf— M|, <€ (B.47)

Since rank(M) < RG, it must be the case that within the last RG rows of M, there

exists at least one row, which we denote as r*, that can be written as a linear com-
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bination of at most RG rows above it, which we denote as ry,...,rgrqg. Specifically

there exists a vector  := (61,...,0rg) € REY such that
RG
M,..=> 6, [M],. (B.48)
=1

Hence for j € [T'— L + 1],

RG
‘ Hyl,.; — Z 0, [Hyl,, ; (B.49)
- ‘ Hy],. Zez Hy,,  + ZQ@ i (B-50)
(B.51)
RG
< ‘ [Hf]r*,j Zef Hf re.j 294 ot ’ [M]r*,j - Z‘gﬁ [M]m,t
/=1
(B.52)
RG
=m0, - [ | S eE - (1.53)
/=1
<€+ 0l Hy],,; — M, Nl (B.54)
< RS (1+[16] ). (B.55)

Using (B.55) and observing that every entry of [Z¢], appears within [Hy] . , implies
that by appropriately selecting entries in [Hy], there exists 8* € RE™1)

11Z4)F, = ZT B[l < RT1(1 + [|1B]11)e,

where the non-zero entries in 8* correspond to the entries of #. Noting that § € RF¢

implies ||8*||o < RG. This completes the proof.

B.2.4 Proof of Theorem 4.2.1

Setup, Notations. For L > 1,k > 1, Let
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o Zx € REXINT/L) denotes the stacked Page matrix induced by the observations

Xi(1),..., Xn(t), t € [T].

o Zy» € REXINT/L) denotes the stacked Page matrix induced by the squared
observations X (¢),..., X%(t), t € [T].

o Zy € REX(NT/L) denotes the stacked Page matrix induced by the latent time
series fi(t),..., fn(t), t € [T].

o Zsp € RF x(NT/L) denotes the stacked Page matrix induced by the squared latent
time series f2(t),..., f&(t), t € [T].

o Zyo € REXINT/L) denotes the stacked Page matrix induced by the time-varying

variance oi(t),...,o4(t), t € [T].
0 Zsriyo = Zy2 + Ly» € REXWNT/L),
Recalling that p = 1, we note that
ElZx]=Z¢, E[Zx:]=Zp2 0. (B.56)

Further, from the definition of the variance estimation algorithm, we recall

~ 1
7 = EHSVT,C(ZX) (B.57)

- 1

Zoopgr = 5HSVTk(z)@) (B.58)

We denote
O 2]02 = Zf @) Zf
o 202 = max <2f2+02 — Zf2,0>,

where 0 € REXWVT/L) i5 a matrix of all zeroes, and we apply the max(-) above entry-

wise. We remind the reader that the output of the variance estimation algorithm is
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202. Thus, we have

1

n=1 t=1

N T
. 2 1 o~
NT DD (o) =) = N7 1202 ~ Zy2|%.

Initial Decomposition. Note that since o2(t) > 0 for n € [N] and ¢ € [T], we have

that
1 ~
WHZU2 - Zﬂ”%’
1 ~ ~
< 712 = Zperor = Zpo) 7
1 ~ ~
= WHZPMQ —Zp2— (Zp2i o2 — Zp) |5

2

_ 9 _
< WHZPMQ —Zp2 o7 + WHZF — Zp||7

We bound the two terms on the r.h.s of (B.62) separately.

Bounding E[|Z > — Z|%].

12— Zpell3 = S5 (7200 - 220)

A\

<O, T TR | 33 () - f"“))Q]

n=1 t=1

— O(Iy, Ty, Ts)R||Zs — Zy||%

< Le[r]gﬂém (Fult) + fn<t>)2] li > (1) - fn<t>)2]

(B.59)
(B.60)
(B.61)

(B.62)

(B.63)

(B.64)

(B.65)

(B.66)

(B.67)

Bounding ||Z>,,2 — Zp24p2 |2 To bound ||Zjoig2 — Zjpoig2||%, we modify the

proof of Theorem 4.1.1 in a straightforward manner. The need for the modifica-

tion is that Theorem 4.1.1 was proven for the case where the coordinate wise noise,

Nn(t) = Xn(t) — fu(t) are independent sub-gaussian random variables, and |9y, < 7.
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However, one can verify that X2(t)— f2(t)—o2(t) is a sub-exponential random variable

with | - ||, norm bounded as

12 () — fa(t) — ol < X520y, (B.68)
= || £3(t) + 2fn(®)na(t) + 02 (8) |, (B.69)
< 2| fa®)lln + 2l ()], (B.70)
= 2] fu (I, + 2lna ()13, (B.71)
< C(T'1,T9)R* + 2+* (B.72)
< O(I'y, Ty, v)R?, (B.73)

where we have use the standard facts that for a random variable A, ||A — E[A]|ly, <
1All, and [[A2[ly, = [ A[,.

Further, note that by using Properties 2.2.1, 2.2.2, 4.2.1, and 4.2.2, and a straight-

forward modification of Proposition B.1.1, we have

rank(Z 2 ,2)) < rank(Zy2) + rank(Z,2) (B.74)
< (RG)? + (R'&), (B.75)

where we have used that for any two matrices A, B, we have rank(AoA) < rank(A)?,
where o denotes Hadamard product, and rank(A + B) < rank(A) + rank(B). We
define k == (RG)? + (R'G").

Modified Theorem 4.1.1. Below, we state the modified version of Theorem 4.1.1 to

get our desired result.

Lemma B.2.1 (Imputation Error). Let the conditions of Theorem 4.2.1 hold. Then,

T

1 T = 9

E[%% m” (Zf2102]}, . — [Zf2+02}L7. H (B.76)
G*G'log? NT

S O(F17F27F/17F,2777R7 R,) <+g> ) (B77)
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where C'(T'y, Ty, T, 1%, v, R, R') is a term that depends only polynomially on 'y, Ty,
I, Ty, v, R, R.

Proof. To reduce redundancy, we provide an overview of the argument needed for this
proof, focusing only the parts of the arguments made in Theorem 4.1.1 that need to
be modified. For ease of exposition, we let C' = C(I'y, [y, T, T%, v, R, R'). We begin
by matching notation with that used in Theorem 4.1.1; in particular with respect to
p,k,e,T'. Under the setup of Theorem 4.2.1, we have p = 1, k = k,e=0,T<C
Further, recall the definition of Y, M, p, ¢, 0 from Appendix A.2.1. We will now use
Y =Zx:,and M = Zp2, 2,0 =, p= (NT/L),q = L. One can verify that there
is only required change to the proof of Theorem 4.1.1; in particular, in the argument
made to prove Theorem A.2.1, we need to re-define events Fy, F3, Fyin (A.23), (A.24),
(A.25) for the case where (Y — M);; is mean-zero sub-exponential. Using the result
of Theorem G.1 in [10], which bounds the operator norm of a matrix with sub-

exponential mean-zero entries, we have with probability at least 1 — 1/((NT)!9)

Y — M|, < C/(NT/L)log? NT (B.78)

As a result (B.78), and standard concentration inequalities for sub-exponential ran-

dom variables, we have the modified events, E», F5, Ey.

By = {HY — pM|jy < C\/(NT/L)log? NT}, (B.79)
By = {HY — pM ||, |Y — pM |50 < C\/(NT/L) log? NT}, (B.80)
I B T T 2 ~7. 2

By = { max|| 2 ) (Y] — M )3 < CRlog*(NT/L)}. (B.81)

Using these modified events in the proofs of Theorem A.2.1 and Theorem 4.1.1, and
appropriately simplifying leads to the desired result. O

By Lemma B.2.1 and (B.20), we have that

1

. 1 . T
— E[|Z e — Zprye|Z < E - zzgﬂ—[z“ﬁ 21 (B.82
T2 =~ Bl < Bl el 2ol = [Besae] ) 18] (B2
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G*G'log? NT
< C(F17F27F/17F/2777 R7 Rl) (+g> : (B83)

Completing proof. Substituting (B.67) and (B.83) into (B.62) and letting L =
VNT

1 - G?G'log® NT
WHZUQ - ZO'2||%7‘ < C(FlaFQaPBaPIDFIQa’% R7 R/) (¢> :

N (B.84)

This completes the proof.

B.2.5 Proof of Theorem 4.2.2

The variance forecasting algorithm, as described in Section 3.2, computes two lin-
ear models: one between the recent past and immediate future for the observations
Xi1(+),...,Xn(-), and one for the squared observations XZ(-),..., X%(-). We shall
bound the variance forecasting error, defined as:
i I N T/L , / ., o
orErrVar(N, T, L) = < ;mz/::lE[(an(L xm') — o2, (L x m'))?]. (B.85)

Setup, Notations. For L > 1,k > 1, Let

o Zx € REXINT/L) denotes the stacked Page matrix induced by the observations

Xi(t), ..., Xn(t), t €[T).

o Zy> € REXINT/L) denotes the stacked Page matrix induced by the squared
observations XZ(t),..., X%(t), t € [T].

o Zs € REX(NT/L) denotes the stacked Page matrix induced by the latent time
series fi(t),..., fn(t), t € [T).

o Zj; € RE *(NT/L) denotes the stacked Page matrix induced by the square of the
latent time series f2(t),..., f&(t), t € [T].

0 Zyo € REXWNT/L) denotes the stacked Page matrix induced by the latent time-

varying variance o%(t),...,o0%(t), t € [T).
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e}

Zf2_|_02 =2, + Zf2 € REX(NT/L)

e}

Zy» € REDXINT/L) denotes the top L — 1 rows of Z y=.

o

Zys2, 2 € REDXINT/L) denotes the top L — 1 rows of Zj2, 2.
o Zjs» € REDXWNT/L) denotes the top L — 1 rows of Z .

Recall, under the setting of Theorem 4.2.2 and Theorem 4.2.1, that E[Z%]—E[Zx]o
ElZx] =Zys2y g2 —Zp2 = Zy2. Let G, (t) = X2(t) — f2(t) — 02(t) be the sub-exponential
noise with || - ||y, norm bounded by K = C(T'1,T2,v)R?* (see B.73). Then we have
that:

Zx2]1. = [Zo2]1. + [Z4]1. + ¢, (B.86)

where we use ¢ € RWT/L to denote the per-step noise modeled by a zero-mean
sub-Exponential random vector where each component is independent. Now, recall
that for the variance forecasting algorithm, we first apply the imputation algorithm
(i.e. HSVT) twice: once to Zx, and once to Zx-. Let ifurgz € REZIXINT/L) he the
estimate produced from the imputation algorithm applied to Zy2. Using the results
in Lemma B.2.1, follows that by selecting the right choice of k < (RG)? + (R'G"), we

have

L

1 = . G*G'log? NT
B[ o lesas ~ Zsae o] < OO T T D o) (BN

(B.87)

where C'(I'y, [y, T, 1%, v, R, R') is a term that depends only polynomially on I'y, T's,
I, T, v R, R.

Now, the mSSA forecasting algorithm finds 31 and 32 by solving the following two
Ordinary Least Squares (OLS):

2 . 1 51 o2 L—1
51 € minimize || [Zx], —Z;B|; over BeR™, (B.88)
p
~ 1 ~T
By € minimize ||=[Zx2], — Z ., 2B3||> over B e R B.89
L f?4o 2
p
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And use Zz, 28 — Zy B 0 Z; B as an estimate for [Z,:], € RNT/L the Lth row

of latent variance Z,2. The goal is to bound the forecasting error ForErrVar(N, T, L),

which is equivalently given by

1 =T ~  aT~ 2T
ForErrVar(N, T, L) = E[m“ Zo2)y, = (Zpo 2 B2 — Zy 1o Zy By)|I2 |- (B.90)
Note that,
T ~ ~T ~ ~T 2
E H[ZGQ]L. - (Zf2+0'2ﬁ2 - Zfﬁl o Zfﬁl) (B.91)
2
=T ~ ~T ~ =T~ 2
= E H[Zfz"“TQ]L- —Zp2], —Zpoy 2o+ Ly fro Ly By (B.92)
2
~T ~ ~T ~ 2 ~T ~ 2
< 2E H[ZF]L' —ZiB1oZ;Bh]| +2E H[ZFWQ]L' —Zy2 209 (B.93)
2 2

2

and
2

~ ~T ~

~T
Therefore, our interest is in bounding the two terms E H Zs2], —Z;B1oZ; By

~T ~ 2
E H[Zf2+02]b — Zf2+0252

2

AT . ~T |

Bounding E H[ZJQ]L' — Zfﬁl o Zfﬁl

2
~T ~ ~T ~ _
First, denote the t-th element of Z,3, o Z; B by f.(tL). That is, for t € [P]

FultL) = ([Efrt 31) . Recall that P = [NT/L]

[Zf2]L. - Zfﬁl o Zfﬁl

" ~T ~ AT~

2 n=1 t=1

S (2 - 2 (e + R’

< [ne{nmié[P] (fn(tL) + fn(tL)>2:| [i Z (fn(tL) - fn(tL)>2]
< C(Ty,Ty,T3)R? iv:zp: (fn(tL) - fn(tL)>2
= O(T, Do, Ty B2 (2], — Z, 1 (B.94)
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Thus, this term is related to the bound of the mean forecasting error in Theorem

4.1.2; specifically, we have,

L

—E H[Zfz]L - Zfﬂl ©) Zfﬁl

L ~T ~
2 2
N < O Ty, ) B° BN [Zg], = 2 Bl

GlogNT>.

< Ci(e7, T, T T, Ry max(L 155, 15 1) (&2

Where C(T'y, T, I, T, v, R, R') is a term that depends only polynomially on I'y,
Ly, T, T, v, R, R, and S is the §* defined in Proposition 4.1.2.

2 2

~T ~
. Tobound E ||[Zf2 42|, — Zj2, 2| , we use
2 2

a very similar proof to the one used to prove Theorem 4.1.2. The main difference

=T ~
Bounding E H [Zf2+02]L- - Zf2+02ﬁ2

in the setup of this theorem is the subexponential noise vector ¢ with ||(;|ly, <
C(Ty,T2,v)R? and that rank(Z,,2) < (RG)* + (R'G’). We include the full proof
for completeness. Finally, note that Property 4.2.1, which is a slightly modified
version of Proposition 4.1.1 for the setup of Theorem 4.2.2 shows that there exists

B3 € RETY such that
1[Zs24o2]y, = ZFo s o2 Bslloc = 0, (B.95)
By (B.88) and (B.86)

~T ~ 2 ~T ‘12
1Zx2]p. = Zj2y 2 P2l3 < || [Zx2] . — Zg2 i 2555
~T
= H [Zf2+02]L. +¢ - Zf2+a255||%
~T =T
= Zp2102]p, = Zposo2 B 115 + NS + 2C7 ([Zg2402] . — Zpoi 02 553).

(B.96)

Also,

~T = 9 =T =19
1Zx2]p. = Zpay 2 B2llz = [ [Zg2102] . + € — ZLip2 2503

~T ~ ~T -~
= [{Zp2102),. = Zyoro2Ball3 + G115 + 2C7 ([Zg2102] . = Zgo 2 o)
(B.97)
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From (B.96) and (B.97)

~T ~ 9
E[H [Zf2+02]L. - Zf2+g2/82||2] <B98)
=T ~T —~
<E[[Zp1o2] = L2y 2 B5ll5] + 2B[CTZpo 2 (85 — B2)] (B.99)

¢ is independent of Z 2402, B3, and p; E[n] = 0; thus, we have that

E[Zys,,205] =0 (B.100)

AT ATt AT
By (B.88), we have (3, = Zj, 2 [Zx2],., where Zp, > is pseudo-inverse of Z s .

That is,

~ ~T.F ~T,F
/82 = Zf2+0'2 [Zf2+0'2]L ‘I— Zf2+o.2c. (Bl()]_)

Using cyclic and linearity of Trace operator; the independence properties of (; and

(B.101); we have

T’_\T -~ ~T,} T/_\T ~T
E[C Zf2+a262] K Zf2+a2zf2+a2 [Zf2+02] ]"HEK Zf2+02zf2+02d
~T ~T ~T,t
= EK]TE[Zf2+02Zf2+02] Z g2 102], ) + E[TH(CT Zjo g2 g2 12C))]
=T
= E[Tr<zf2+022f2+027777 )]

ATt
- Tr(E[Zfz 2 Z g2, 2] Elm™])

< O(Fla F2a 7)R k? (B102)

where C(~,I'1,T'9) is a polynomial function of I';, I'y, v only. To see the last inequality,
~T
we use various facts. First, by the definition of the HSVT algorithm Z ., . has rank
AT
at most k. Second, let Z fripg2 = = USVT be the singular value decomposition of Z F2ro?

we have

~T  ~Tt

Zp>, g2l - = USVTVSTUT

= UIU”?, (B.103)
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~T ~T,f Tt
That is, Z r2102Lip2, 2 18 & positive semi-definite matrix and Tr(Z fio 2Z f2402) <K

The matrix E[(¢?] is diagonal with all the non-zero entries on diagonal (variance of
components of () bounded above by a constant that depends on ~,I';, ;. For a pos-
itive semi-definite matrix A and positive semi-definite diagonal matrix B, Tr(AB) <

| B||2Tr(A). This completes the justification of the last step of (B.102).

=T
Now consider the term E[|| [Zy2102], — Zp2 2553

=T =T
1Zposorly, = Zpoy o2 B3 < 20 [Zposorly, — Lo 2 B35+ 2022 0255 = Zgey 25515
(B.104)

By equation B.95, we have that 2| [Zs2102],. — Z 2555 = 0. And,

~T _ ~ _ =
HZf2+02 Zf2+a25;|’§- = ||(Zf2+02 - Zf2+02)T5§H§ < HZf2+02 - Zf2+02Hg,ooHB>2kH%7
(B.105)

where we used the fact that for any A € R?*P v € RP, |Avla < ||AT||2.00]|v]]1. Using
(B.98), (B.100), (B.102), (B.104), (B.105) we obtain

~T ~
E[H [Zf2+02]L. - Zf2+0252H§] (B106)
< A0, o )R+ 2B BN Z o2 — Ziproelld (B.107)

Now L = /min(N,T)T, i.e. NT/L = NT. Using (B.87), and the bound in
(B.106); diving by 1/+/NT on both sides; and noting k < (RG)?*+ (R'G’), we obtain

1 ~T —~
m” Zs202);,. — Zipo 2 s3] (B.108)

G*+ & G*G'log? NT
< / / / * |2 )
>~ C(F17F27F37F17F2777 R7R) ( NT/L + ”6 ||2( L > > (B 109)

G?G' log? NT)

E|

(B.110)

< O(0y Do T T, R a1, | 3518) (0

Using (B.110) and (B.94), let C; and C, be constants that depend polynomially on
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[y, 0y, 05,1, T%, v, R, R', theb we have

ForErrVar(N,T,L =V NT) (B.111)

GlogNT) o <GQG’3log2NT)
— 2" " )+ 1,
) eI () )

G2G" log? NT> >
vVNT

< & (a1 (

< G max(1 3512 131 (B.112)

which completes the proof of Theorem 4.2.2.
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