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Abstract

In this thesis, I present experiments that study the thermodynamics and solitonic
excitations of a strongly-interacting Fermi gas, realized with 6Li atoms at a Feshbach
resonance where the scattering length is large. The strongly-interacting Fermi gas,
also called the unitary Fermi gas, exhibits a novel superfluidity that is a crossover
of the Bose-Einstein condensation of molecules and Bardeen-Cooper-Schrieffer su-
perfluid of long-ranged Cooper pairs, with a high critical temperature and a small
healing length. The unitary Fermi gas serves as a model for other strongly correlated
fermions, such dilute neutron matter in the crust of neutron stars.

The homogeneous equation of state of a unitary Fermi gas was measured with high
precision via a method that requires no theoretical input nor external thermometer.
The measurement provides an accurate value of the critical temperature and the
Bertsch parameter that characterizes the ground state energy. The equation of state
is then used to provide a prediction for the higher collective modes. I also describe
a method to obtain the equation of state of global thermodynamic quantitites of
harmonically trapped gases from their column density.

In another set of experiments, long-lived solitonic excitation was generated via
a one-sided phase imprinting. The excitation's slow oscillation within the trapped
superfluid indicates a large ratio of the inertial mass to the gravitational mass. To-
mographic imaging identifies the excitation to be a solitonic vortex. The precession
period in the BEC-BCS crossover was measured, and good agreement is found with
predictions from a hydrodynamic model. Prior to the formation of the vortex, the
evolution of the superfluid after the phase imprint was investigated. A dark planar
soliton was observed to emerge after the phase imprint, undergo snake instability,
subsequently decay into a ring defect, and eventually convert into a single vortex.
The growth rate of the transverse modes during the snake instability was measured.

Thesis Supervisor: Martin W. Zwierlein
Title: Silverman Career Development Professor of Physics
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Chapter 1

Introduction

A century ago, the study of atomic spectra helped to usher in the discovery of quantum

mechanics. Since then, quantum mechanics has become a necessary theory in the

description of many fields of modern physics. Although a century has passed since

its discovery, there seems to be no end to the vast world of quantum phenomena to

be investigated. While a quantum system in the absence of interactions is relatively

easy to understand, the challenge grows inanyfold as soon as interactions enter into

the picture. The problem is even more intractable if one considers a fermionic system

with strong interactions leading to strong correlations. The presence of fermionic

statistics often leads to the so-called sign problem which plagues computation. With

strong interactions, there is no small parameter in which one can expand the theory

describing the system, and one often has to resort to approximations without the

ability to systematically improve the accuracy of the theory. Nevertheless, many

important systems in nature belong to this class of interacting quantum matter:

high-Tc superconductors, nuclear matter, and superfluid helium, among others.

Within this quest to understand strongly correlated systems, one finds an intersec-

tion between atomic physics and many-body physics. A century after the discovery

of quantum mechanics, physicists have refined their understanding of and ability to

control neutral atoms and ions. These highly-controllable, well-understood quantum

systems have come to be recognized as "Lego@ pieces" to realize a Hamiltonian that

one wishes to study [24, 331. Where the Hamiltonian may be intractable to compute

19



theoretically, one can perform experiments to ask nature itself about properties of

the system described by this Hamiltonian - the program known as quantum simula-

tion [761.

In the case of neutral atoms1 , the quantum simulation program took off about

two decades ago with the realization of Bose-Einstein condensation (BEC) of atomic

gases [5, 52]. Since then, experimental techniques have been refined and developed

to enable a host of features in cold atom experiments: Feshbach resonances for the

control of interactions [48], optical lattices [86], single-site imaging [12, 205], spin-

orbit coupling [46, 138, 2331, and artificial gauge fields [137, 3], to name a few. Some

of the ongoing quantum simulation programs include the study of the Hubbard model

(for a review, see for example [81, 24]), large synthetic magnetic fields [3, 2, 153],

and low-dimensional systems [89, 211, 72].

One model system that has received widespread attention is the spin-1/2 Fermi gas

with short-range interactions and infinite scattering length [246]. This can be realized

with a spin-mixture of fermionic alkali atoms, such as 6Li and 40K, at a Feshbach

resonance where the scattering length diverges. The magnitude of the scattering

amplitude is then at the unitary limit, Jf(k)j = 1/k2 , the largest value allowed by

quantum mechanics. For this reason, the strongly-interacting Fermi gas is also called

the unitary Fermi gas. On the side of the Feshbach resonance where a > 0, fermions

of different spins pair up to form bosonic molecules, and the ground state of the

system is a Bose-Einstein condensate of molecules. On the other side of the Feshbach

resonance where a < 0, an isolated bound state of a spin-up and a spin-down fermions

does not form. However, in the presence of a Fermi sea, fermions with opposite spins

near the Fermi surface form long-range Cooper pairs as a consequence of many-body

effects. From the Bardeen-Cooper-Schrieffer (BCS) theory [14], we know that as long

as an attractive interaction is present, the ground state is a condensate of Cooper

pairs. On resonance, where the scattering length diverges, one encounters a novel

superfluid which is a crossover between the BEC of molecules and a BCS superfluid

'Ions have also proven to be a versatile platform as a quantum simulator [117, 15, 1061 for spin
models.
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of Cooper pairs.

The unitary Fermi superfluid has a number of intriguing properties. Because

of the absence of interaction-dependent length scales, the Fermi momentum kF =

(37r2n) 1 / 3, where n is the density, is the only length scale for the system at zero

temperature. Therefore, the critical temperature T, is expected to be on the order

of the Fermi temperature TF = EF/kB, where the Fermi energy is given by EF =

h2 kF/(2m). Indeed, BCS theory gives T, = 0.61TFe-,/( 2kFJI) , and naively taking

l/al = 0 gives T, = 0.61TF. While this clearly would not be accurate since the

BCS theory is a weakly-interacting theory, one expects this result to give the correct

order of magnitude. This is among the highest known critical temperatures (relative

to the Fermi temperature). In high-Tc superconductors, the critical temperatures

are ~ 100 K, while the typical Fermi temperature in a metal is - 104 K, leading

to Tc/TF ~ 0.01. The phase coherence length o, which is a generalization of the

healing length in a BEC and the BCS coherence length in BCS superfluidity [175], is

smallest (compared to 1/kF) near unitarity [147J, with o ~ 1/kF. This implies that

the critical velocity v, ~ 1/ O is largest (compared to the Fermi velocity VF) near

unitarity, indicating highly robust superfluidity.

The normal phase of the unitary Fermi gas also highly interesting open questions.

The limit of a single minority fermion in a sea of majority fermions - the Fermi po-

laron - has been shown to be well-described by Landau Fermi liquid theory [2001,

an effective description of the system in terms of weakly interacting quasiparticles.

Experiments with a spin-balanced gas reveal that the thermodynamics of the normal

phase contains signatures of a Fermi liquid [158, 129], though the results are not con-

clusive. Finding a Fermi liquid in the normal phase would be remarkable; it would

show that it is possible to treat the system as being composed of weakly-interacting

quasiparticles of renormalized mass and energy, despite the strong interaction. Close

to the phase transition, one expects to observe a window in the phase diagram where

preformed pairs exist that are not yet condensed. In the BCS limit, pairing coincides

with condensation, while in the BEC limit, there is a large window above the con-

densation temperature T, where molecules exist, up to a temperature T* above which
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the molecules are destroyed by thermal fluctuations. Because the unitary Fermi gas

is at the middle of the BEC-BCS crossover, it is expected to contain the regime of

preformed pairs, also known as the pseudogap [134] in analogy to the Nernst regime

in the phase diagram of high-Te superconductors. Finally, the normal phase is a

strongly collisional normal fluid which exhibits extremely low viscosity and elliptic

flow [162], analogous to the hydrodynamics of a quark-gluon plasma [120, 207]. It

has been suggested that the unitary Fermi gas may attain the quantum minimum of

viscosity, and experiment indeed shows that the unitary Fermi gas comes close to the

limit of minimum viscosity [501, and hence may be considered as a model of a "perfect

fluid ".

Interest in the unitary Fermi gas began even before the realization of degenerate

Fermi gases of atoms. Nuclear physicists recognized that to leading order, a spin-1/2

Fermi system with short-range, unitarity-limited interaction serves as a model for

dilute nuclear matter, such as that found in the crust of neutron stars. The neutron-

neutron scattering length is ~ -19 fm [83], while the interparticle spacing of neutrons

in the crust of a neutron star is ~ 1 fm [96], much smaller than the scattering length.

G. Bertsch in 1999 posed a famous problem regarding the unitary Fermi gas [23]. One

formulation of his problem is as follows: what is the ground state energy of the unitary

Fermi gas? The lack of an interaction-dependent length scale means that only the

density sets the scale, just like the non-interacting case, and hence the ground state

energy should be given by that of the non-interacting gas, NEF, up to a universal

factor - now famously known as the Bertsch parameter B.

The realization of degenerate Fermi gases of 40K [53, 1921 and 6Li [85, 90, 224, 201,

108] in 1999 and the early 2000s paved the way to experimentally study fermionic

many-body physics with cold atoms. The observation of Feshbach resonances [57,

141, 163, 109] in 2002 provided the necessary tool to create a Fermi gas with strong

interactions. By sweeping the magnetic field across the Feshbach resonance, one can

produce Feshbach molecules [1871. This led to the first realizations of condensates of

fermionic atoms - Bose-Einstein condensation of molecules in 2003 [108, 87, 250]. In

the following year, condensation in the BEC-BCS crossover was observed [186, 2511.

22



Finally, in 2005, the observation of a vortex lattice [249] provided an unambiguous

signature of the existence of superfluidity in the BEC-BCS crossover.

Since then, the properties of strongly-interacting Fermi gases have been stud-

ied extensively. The phase diagram of an imbalanced Fermi gas at unitarity was

probed [206], revealing the signature of a first-order phase transition when the tem-

perature is below a tricritical point. A first thermodynamic measurement was made

with trap-averaged energy and entropy [143, 144], obtaining T, ~ 0.2TF and B =

0.41(2) [144]. Radio-frequency experiments enabled the observation of Fermi po-

larons [200] and their identification as quasiparticles in a Landau Fermi liquid. The

superfluid pairing gap was also determined by radio-frequency measurement [199].

Non-equilibrium dynamics have also been investigated. Early studies of collective

modes have been conducted [118, 241, 190]. The speed of sound [110] and the critical

velocity [151] were measured in the BEC-BCS crossover.

The unitary Fermi gas has also received considerable theoretical attention because

of its interesting physics, its challenges, and its relevance to the study of other strongly

correlated fermionic systems. Numerous Monte Carlo calculations have investigated

the zero-temperature equation of state of the balanced and imbalanced gas [37, 10, 39].

Ab initio lattice calculations have provided a finite-temperature equation of state [27].

Bogoliubov de Gennes simulations have generated insights into defects such as vortices

and solitons [203, 7]. A new method of diagrammatic Monte Carlo calculation [179]

was developed and has demonstrated its promise through a successful application on

the Fermi polaron problem [180, 181].

This is a brief summary of our understanding of the strongly interacting Fermi

gas when I joined the Zwierlein group in 2009. By this time, the community had

developed a good qualitative understanding of the physics of the unitary Fermi gas,

and accurate quantitative knowledge was starting to accumulate. The next step was

to develop a more precise quantitative knowledge which would allow us to validate

strongly-interacting theories; this is the theme of the work reported in this thesis.

To provide a theoretical background, I present some elementary theory regarding

thermodyanmics and solitonic excitations of interacting fermions in Chapter 2. These
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are the two major topics explored in this thesis. In Chapter 3, I briefly describe the

experimental apparatus used for the Fermi gas experiments.

To improve the quantitative knowledge of the unitary Fermi gas, a natural starting

place is to obtain a detailed understanding of the thermodynamics. The thermody-

namic equation of state provides a suitable platform where one can benchmark many-

body theories. Thermodynamics is important even in the study of non-equilibrium

physics, because it is often needed as an input to dynamical theories, and it allows one

to obtain important quantities such as the temperature of the cloud. The two equation

of state measurements [158, 1011 were reported in 2010 underscore the importance of a

precise thermodynamic measurement. When I came to MIT, a collaboration between

the Zwierlein group and the theory group at Amherst had just been established to

perform a joint theoretical-experimental study of the thermodynamics of the unitary

Fermi gas. The theory group would employ diagrammatic Monte Carlo (DMC) cal-

culations to obtain the equation of state in the normal phase, while the experimental

group would perform precision measurements to validate the theory. Such a valida-

tion would establish the DMC as a trustworthy technique for the further study of

strongly correlated fermions. While I worked on the thermodynamic measurement, I

also participated in concurrent spin-transport experiments [209, 210] and dimensional

crossover experiments [211] led by my colleague Ariel Sommer.

The thermodynamic measurement turned out to be very fruitful, and is reported

in Chapter 4. The experimental measurement and theoretical calculation of the equa-

tion of state of the normal phase agree excellently. This work is reported in [226].
In order to obtain a measurement of the equation of state across the superfluid tran-

sition, we developed a novel method that does not require a fitting procedure nor

an external thermometer. The resulting measurement, reported in [129], clearly re-

veals the signature of the superfluid transition: a peak in the heat capacity, reminis-

cent of the A-transition of superfluid helium. We obtained the critical temperature

TC/TF = 0.167(13) and the Bertsch parameter B= 0.376(4).

In Chapter 5, I discuss two works that build upon this thermodynamic measure-

ment. We developed a technique to obtain global thermodynamic quantities of the
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entire trapped cloud from the column density [1261. This enables the measurement

of the equation of state and thermometry for an experimental setup whose cloud

has a large aspect ratio, and hence obtaining the local density from the inverse Abel

transform is impractical. In another work, we participated in a joint theoretical-

experimental collaboration to study the temperature dependence of the collective

modes [2221 with the Innsbruck group and the Trento group. The theory group at

Trento developed a theory from Landau's equations, which involves the equation of

state as an input. We participated in the calculation led by the Trento group to yield

a prediction for the temperature dependence of the collective modes. This theoretical

prediction has good agreement with the experimental measurement provided by the

Innsbruck group.

Knowledge of the thermodynamics provides important information for our under-

standing of the unitary Fermi gas. However, there is also much physics that is not

contained in the thermodynamic equations. For example, we do not yet know the

wave equation that governs the matter wave in the superfluid phase. An example

of such a wave equation exists in both limits of the BEC-BCS crossover: the Gross-

Pitaevskii equation (GPE) for the weakly-interacting BECs, and the Bogoliubov-de

Gennes (BdG) equation2 for the BCS limit. Theories for the strongly-interacting

Fermi superfluid exist, such as the time-dependent superfluid local density approxi-

mation (TSLDA) [31] and the time-dependent Ginzburg-Landau equation [198], but

they remain to be validated.

In order to probe the superfluid wave function, we turned our attention to soli-

tonic excitations, such as solitons and vortices. These objects are also called solitary

waves, analogous to the solitary waves that exist in classical physics, fiber optics,

and conducting polymers [95]. Solitonic excitations in a superfluid are defects in the

phase of the superfluid. They are localized quasiparticles with well-defined mass and

energy, and can be considered as particles emerging out of the background field of

matter waves. They therefore serve as excellent probes of the underlying medium.

2 In fact, the BdG equation can be extended along the crossover, though as a mean-field theory, it
does not accurately describe the strongly-interacting regime. It reduces to the GPE describing BECs
of molecules in the BEC limit, however with an incorrect molecule-molecule interaction strength.
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Furthermore, in the case of a fermionic superfluid, these defects are known to host lo-

calized fermionic bound states called Andreev bound states [40], which play a crucial

role in the physics of weak links in superconductors. Therefore, solitonic excitations

in a fermionic superfluid would serve as a resource for the study of Andreev states.

Solitons and vortices have been extensively studied experimentally [34, 54] and numer-

ically [26, 25, 122] in weakly interacting BECs. However, for Fermi gases, theoretical

work has begun only recently [7, 203, 204]. Prior to our experiments, only a vortex

lattice had been observed in a Fermi gas [249], and there had been no experimental

study of the dynamics and evolution of individual solitons and vortices.

In Chapter 6, I report on the first observation of a solitonic vortex in a fermionic

superfluid. The excitation was generated via phase imprinting. The resulting object,

which we at first interpreted as a planar soliton, was long-lived and had a long oscil-

lation period compared to the period of atoms in the trap, implying a large ratio of

its inertial to bare mass [243]. Both of these observations are counter-intuitive for a

planar soliton. This study attracted interest from theorists, and soon several theory

works suggested that the object we observed was a vortex ring [237, 30, 1881. To

clarify the identity of the object, we performed tomographic imaging by selectively

imaging slices of the cloud. Using this method, we identified the object to be not

a vortex ring but a solitonic vortex [127] - a crossover between a conventional vor-

tex and a planar soliton [25, 122]. We developed a hydrodynamic description of the

vortex period and found it to agree well with the measured period in the BEC-BCS

crossover.

The solitonic vortex is an object that emerges about half a second after phase

imprinting. It is highly likely that after the phase imprint but prior to developing

this steady-state object, the superfluid undergoes significant evolution. Such evolution

would reveal the microscopic, beyond-hydrodynamic physics that plays a part in the

dynamics of solitonic excitations. In Chapter 7, I report on an experiment studying

the cascade of solitary waves, from a planar soliton to a ring defect and finally, to a

single vortex line [1281. Using tomographic imaging, we confirmed the existence of

a planar soliton during the first 10 ms after the imprint. The soliton subsequently
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underwent snake instability - the undulation of the soliton plane - as a result of

a dynamical instability in an effectively 3D geometry. We were able to track the

nodal surface and observe its decay via a puncture of the initial soliton plane. In

the intermediate stages, we found evidence for more exotic structures resembling

<D-solitons [155]. We studied the growth rate of the transverse modes of the snake

instability and found a hierarchy in the growth rate.

During the course of the aforementioned studies, it became increasingly clear that

the density inhomogeneity arising from the non-uniform trapping potential was hin-

dering us from studying a wide range of physics - for example, the study of pseudogap

physics, the measurement of the phase-velocity relation of a planar soliton, and the

study of solitons in an imbalanced Fermi gas which may lead to the observation of

the Larkin-Ovchinnikov state, to name a few. It is natural to pursue the creation of

tailored potentials for Fermi gases as the next step. In the Conclusion, I summarize

the work contained in this thesis, and discuss the diverse, exciting physics that could

be studied with a Fermi gas in a tailored trapping potential.
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Chapter 2

Many-body physics of Fermions with

strong interactions

In this chapter, I present some elementary theory of interacting fermions to provide

a theoretical background of the studies presented in this thesis.

2.1 Quantum statistics

The difference in particle statistics is one aspect that distinguishes quantum mechanics

from classical physics. In classical mechanics, all particles are considered distinguish-

able. In quantum mechanics, particles of the same type are indistinguishable. Let

us consider an ensemble of N identical particles in states vi, with i = 1, ... , N being

the labels of the particles. Since the particles are indistinguishable, exchanging two

particles does not affect the probability amplitude,

I F(..., viI ..., Ivj, ... ) 12 = IT (..I j ..IV 7 12 , (2.1)

where T is the wave function of the system. Therefore, exchanging two identical

particles leads to the wave function acquiring a complex constant rj whose amplitude

is unity, 17j2 = 1:

I (.. viI ..., Ivi, ...) = 9 (..., vj, ...,I vi, ...) (2.2)
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Now, let us consider exchanging the ith and the jth particle once more. In 3D, this is

equivalent to doing nothing, so the wavefunction itself must be unaffected. Therefore,

1 
2 = , and the only two values possible for this exchange factor are '0 = +1. The

case ij = 1 is for particles following Bose-Einstein statistics (bosons), and 77 = -1 is

for particles following Fermi-Dirac statistics. The spin-statistics theorem {169 from

quantum field theory tells us that a particle's spin determines which statistics it

follows: particles with integer spins are bosons, and particles with half-integer spins

are fermions. Correspondingly, the occupation probability of state v of bosons and

fermions at finite temperatures T obeys the following distributions

(ny) = (2.3)
e,8(E,-p) T

where /3 = 1/(kBT), kB is the Boltzmann constant, E, is the energy of the state,

and / is the chemical potential. The upper (minus) sign gives the Bose-Einstein

disbrituion for bosons, and the lower (plus) sign gives the Fermi-Dirac distribution

for fermions. This is in contrast to the Maxwell-Boltzmann distribution for classical

particles, (n,) = ( , which the Bose-Einstein and Fermi-Dirac distributions

reduce to at high temperatures and in the low density limit.

In the case of fermions, an important consequence of the wave function being anti-

symmetric upon particle exchange is the Pauli exclusion principle, which states that

no two identical fermions can occupy the same quantum state. To demonstrate this,

let us assume one can place two identical fermions in the same quantum state i. Eq. 2.2

with 71 = -1 then implies TI(..., v, ... , v, ... ) = -(..., v, ... , v, ... ), and consequently

T = 0. The Pauli exclusion principle can also be seen in that the Fermi-Dirac

distribution is always less than or equal to unity.

2.2 Ideal Bose and Fermi gas

The ideal (non-interacting) Bose and Fermi gas provides an example of the conse-

quence of quantum statistics. In this section, we examine the ideal Bose and Fermi
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gas at equilibrium. For free particles, Ek = L, where k is the momentum and m is2m'

the particle mass. The density distribution for the non-condensed gas is then given by

n = I E(nk), where V is the volume of the system. In the absence of macroscopic

occupation, one can replace the sum with the integral f d times the volume. The

density of the non-condensed gas is then given by

I (27r)3 e(-_)

1
= --- Li3 / 2 ( eOP)

where A = is the thermal de Broglie wavelength, and Lin(z) is the nth-order

Polylogarithm defined asi

(2.5)Lin(Z) =.

j=1 j

In the high temperature 1 p -÷ -oc limit, we recover the Boltzmann gas

n = A-sepp. (2.6)

Gibbs-Duhem relation at constant temperature dP = ndi tells us that the density is

related to the pressure by n = (i), and hence

P = kBTA 3 ep

Therefore, we recover the ideal gas law

P = nkBT.

'The Polylogarithm function also has the integral definition Li, (z) = f d2nr

1 5 / qe ' n 1 7 -/ -
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2.2.1 Ideal Bose gas at low temperatures: Bose-Einstein con-

densation

The Bose-Einstein distribution diverges or becomes negative if Eo < , where E0 is

the energy of the lowest single-particle state. Therefore, for a non-condensed ideal

Bose gas, one necessarily has p < Eo. As the temperature is lowered, the chemical

potential rises but cannot exceed 6o. Therefore, the occupation probability of any

excited state is bounded from above by eo(Ev -O) If the total particle number in the

excited states is less than the total number of the system N, the rest of the particles

must be in the ground state. This phenomenon is the Bose-Einstein condensation.

In the thermodynamic limit, the particles in the ground state make a macroscopic

contribution to the density. Because of particle indistinguishability, the particles

condensed in the ground state behave as a single matter wave. In a homogeneous

system, the critical temperature at which condensation occurs is

27h2 ( n 2/3

= mkB ((3/2)

where ( is the Riemann Zeta function, with ((3/2) = 2.6124. The relation between

temperature and the condensate density no is given by

no (T )3/2 (2.10)

n Te

At T = 0, all the particles are condensed in the ground state.

2.2.2 Ideal Fermi gas at low temperatures: Fermi sea

The ground state of an ideal Fermi gas at zero temperature is very simple to under-

stand: due to Pauli exclusion, fermions fill all the available energy levels, and each

energy level is occupied by only one particle per species. The outermost occupied

energy level is the Fermi energy. One can see it from the Fermi-Dirac distribution at

T = 0, which is (nr,k) = E (At - Ek), where -= T, 4 is the spin, and E is the Heaviside-
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theta function. Here we consider a spin 1/2 system with equal population of both spin

states nt = n and total density n = n1 + n. The Fermi energy of an ideal Fermi gas

is then the same as the chemical potential, EF= p. For a homogeneous system, the
d3k E _ h2k2\ (2mEF )1/

2 Tee
density of each spin state is given by n, f (3 (EF -2 (2E3 There-

fore, we have EF = , where the Fermi wave vector is kF =(3 2 n) 1/3 . The Fermi
2m

temperature is the temperature scale associated with the Fermi energy, TF= EF/kB-

For a Fermi gas at finite temperatures or with interactions, the Fermi surface is

no longer sharp; however, one can still define the Fermi energy, Fermi temperature,

and Fermi wave vector simply using the density, as defined above.

2.3 Tuning interactions with a Feshbach resonance

What makes a quantum many-body system interesting - and challenging to investigate

- is interaction. In particular, interaction endows Bose-Einstein condesates with the

property of superfluidity 2 and facilitates pairing in a Fermi gas to enable condensation

of fermion pairs. In atomic gases, atomic interaction can be tuned via Feshbach

resonances. This is the versatile knob that enables the study of interacting fermions,

and in particular, fermions with strong interactions.

2.3.1 Quantum mechanical description of binary scattering of

atoms

At large distances, atoms experience a van der Waals interaction ~ -C/r6 . At short

ranges, atomic interaction is dominated by a repulsive core which arises from the

deformation of electronic orbitals. The exact description of the atomic interaction

is complicated. However, the gas in the experiment is dilute, with typical inter-

atomic distances of n-1/3 ~ 1 pm being much larger than the van der Waals length

b = (mC6 /h2)i/ 4 ~ 40 ao ~ 2nm. Hence the atoms do not explore the short-range

2The Landau criterion for superfluidity indicates that the critical velocity is v, = min )I

and for an ideal Bose gas it leads to v, = 0. In a weakly-interacting BEC, the critical velocity is
non-zero, vc = c = Vgn/m, where c is the speed of sound and g is the coupling constant.
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details of the interaction. In addition, the low temperature of the system ensures that

scattering is purely s-wave (see the discussion on the Wigner threshold law later in

this subsection). Therefore, scattering events in an atomic gas can be characterized

by one single quantity, the s-wave scattering length a.

We first consider general elastic scattering of two particles via a central potential

Vint(r), where r is the distance between the two particles. The interaction does not

affect the center-of-mass motion. Therefore, we can consider the scattering problem

in terms of the relative coordinate r in the center-of-mass frame. The Schroedinger

equation in the center-of-mass frame is

( V2 + Vint(r)) 1 k = Ek4 ', (2.11)
2m,

where mr = m/2 is the relative mass, and Ek = 2, with k being the relative

momentum of the two particles. Far away from the scattering potential, the wave

function will be given by the sum of the incident wave and the scattered wave,

'Ik(r) = eik-r + f(k, k') eikr (2.12)r

where f(k, k') is the scattering amplitude for scattering an incident plane wave with k

into the direction k'. Energy conservation requires k = k'. The scattering amplitude

gives the differential cross section,

d = If1 2  

(2.13)
dQ

the probability per unit time for the scattered particle to traverse the solid angle

dQ, normalized by incident flux. Since we are dealing with a central potential, the

resulting wave function must be axisymmetric with respect to the direction of k. We

can therefore set the z-axis to be along k and denote the azimuthal angle between

k and k' to be 0. We can then expand the wave function in the basis of spherical
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harmonics. In the large r limit, we have

100 17F

'k (r) -+ r c P (cos 0) sin (kr - + 6) (2.14)
1=0

where I is the angular momentum quantum number, cl are expansion coefficients, and

61 are the partial-wave phase shifts. In the absence of interaction, 61 = 0 solves the

radial wave equation, i.e. gives the expansion of the incident wave. This result shows

that the effect of the interaction is simply to add a phase shift 61 to each spherical

wave of angular momentum 1. The scattering amplitude is then given by

00

f(k,0) = ZPi(cos0)fi(k) (2.15)
1=0

21+1
f1(k) = .(cot6-i) (2.16)

The analysis so far assumes two distinguishable particles. For identical particles,

the scattering states also obey the same exchange statistics, namely XF(r) = r77(-r).

The consequence is f(k, 0) = 77f(k, ir - 0), which then sets the condition that fi = 0

when (-1)17 = -1. Therefore, identical bosons do not scatter with odd 1, and

identical fermions do not scatter with even 1. In the absence of a resonance, 8, - k2 1+1

for small k in a finite-range potential [131], and hence the scattering cross section for

each partial wave follows the Wigner threshold law - E1+l/ 2 . Therefore, at low

temperatures where the energy involved in scattering is low, identical fermions do

not interact. In order to have interacting fermions, one needs to have a mixture of

distinguishable fermions, so that they can undergo s-wave collisions. In this case, the

above analysis of distinguishable particles applies directly.

With a mixture of two species of fermions, in the low temperature (and hence

low energy) regime, we only consider the dominant 1 = 0 s-wave scattering. The

s-wave phase shift scales as 6~ k. We therefore define the s-wave scattering length

as follows:
1
- = - lim k cot[6o(k)] . (2.17)
a k--O
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The scattering length is the zero crossing of the asymptotic scattering wave function.

It therefore characterizes how much the interaction modifies the scattering wave func-

tion, and is thus a measure of the strength of the interaction

A typical expansion for k cot 60 beyond the zeroth order has the form

1 1
kcot60 = -- + -rek 2 + O(k 4 ), (2.18)

a 2

where re is the effective range. Therefore, the s-wave amplitude in the small k limit

is given by

Ao (2.19)- + -rek 2 +0(k 4)- ik

2.3.2 Feshbach resonance

A Feshbach resonance is a versatile tool to control atomic interactions. Here, I provide

a simple outline of the physical origin of a Feshbach resonance. Let us consider two

molecular potentials. A Feshbach resonance arises when a bound state in a closed

channel (closed means that the continuum states of this channel are not available as

final scattering states due to energy conservation) is resonantly coupled to the open

channel. In the case of 6Li atoms at a typical magnetic field above 500 G, the electronic

spin is essentially aligned in the same direction for the lowest three hyperfine states.

Two 6Li atoms in the lowest two hyperfine states 1) and 12), for example, would

collide with a triplet configuration. The open channel is then the triplet potential,

and the closed channel is the singlet potential. Due to hyperfine interaction, the two

channels are coupled, and the atoms can also explore the closed (singlet) potential.

The finite difference in the magnetic moment of the two channels means the energy

difference between the two potentials can be tuned by the magnetic field. Resonance

arises when the detuning is close to zero, and this leads to strong mixing between

the two channels. The scattering between the two atoms in the two hyperfine states

therefore depends on this detuning, and the scattering length is tunable by controlling

the background magnetic field B. Near such a Feshbach resonance, one can obtain
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Figure 2-1: (a) A basic two-channel model for a Feshbach resonance. The model con-

sists of a closed channel and an open channel. In the case of atoms, this corresponds

to the singlet potential Vs and the triplet potential VT respectively. Zero energy is

taken to be the asymptotic value of the open channel. The two atoms collide at energy

E in the open channel, and the closed channel supports a molecular bound state with

energy Ec. A Feshbach resonance occurs when the open channel is resonantly coupled

to the bound state. Since ultracold collisions take place at E -+ 0, resonant coupling

is realized by tuning E, near zero. If there is a difference in the magnetic moment

between the two channels, the tuning can be achieved by adjusting the magnetic field

B. This figure is taken from Ref. [481. (b) Scattering length (in units of the Bohr

radius ao) between the lowest two hyperfine states of 6 Li as a function of the magnetic

field. A wide Feshbach resonance exists near 830 G, with a width of ~ 300 G. The

values of the scattering lengths shown here are from the measurement of Ref. [245],
which obtained the location of the resonance to be BO = 832.18(8) G
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large scattering lengths. A comprehensive review for Feshbach resonances in atoms

can be found in [48]. Here, I will simply state the results relevant to the thesis. The

scattering length near a Feshbach resonance is well-modeled by the expression [161

a = abg ( + B) (1 + c(B - B0 )), (2.20)
B - Bo

where B0 is the location of the resonance, AB is the width, abg is the background

scatering length, and a is a correction parameter. There is a wide Feshbach resonance

for scattering between the lowest two hyperfine states of 6Li centered around - 830 G,

with a width of ~ 300 G. This makes 6Li a very versatile platform to study interacting

Fermi systems. This Feshbach resonance was first precisely determined in Ref. [16] to

be 834.15 1.5 G. This was the value used in the MIT thermodynamic measurement,

reported in Chapter 4. Given the precision of the thermodynamic measurement,

knowledge of the Feshbach resonance becomes the limiting factor in the quantitative

understanding of the strongly interacting Fermi gas. A subsequent new measurement

gives Bo = 832.18(8) G [245].

On the side of the Feshbach resonance with a > 0, a bound state between two

fermions of different species exists. In the vicinity of the resonance, the binding energy

is

Eb = 2 . (2.21)
ma

The resulting bosonic molecules interact with each other with molecular scattering

length abb = 0.6a [173].

2.4 Unitarity and scale invariance

At a Feshbach resonance, the scattering amplitude reaches the maximum value pos-

sible, Jf(k)j = 1/k2 , as allowed by quantum mechanics - the unitary limit. In this

section, I discuss the condition for a Fermi gas to reach the unitary limit and the

property of scale invariance.
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2.4.1 Unitarity

Obviously, the first criterion for having a unitary Fermi gas is for the system to be

a gas. A gas is a dilute system whose interparticle spacing is large compared to the

interaction range b of the potential, nb3 < 1. For atoms, the interaction range is

given by the Van der Waals range.

Since a gas is dilute, the probability that more than two particles come within

a volume b3 is negligible (assuming Efimov physics is absent, which is the case for

fermions when there is no mass imbalance). Therefore, the particles mainly interact

via binary scattering described in the previous section, Here, we derive the limit on the

scattering amplitude assuming only isotropic, low energy scattering. Let us consider

the scattering amplitude f(k) of two particles, where k is the relative momentum.

In the case of a fermionic mixture of a pseudo-spin 1/2 system at low temperatures,

higher-order partial waves are suppressed, the particles scatter via s-wave scattering,

and the scattering amplitude is isotropic, f(k). To see what is the limit quantum

mechanics places on the scattering amplitude, let us first consider the optical theorem,

Utot = 4
rIm [f(k)], where -tot is the total cross section. Since atot = 47rlf(k)1 2 , this

then implies If(k)12  Im[f(k)] Dividing both sides by If(k)1 2 and making use ofk

f*/1f12 = 1/f gives us Im(1/f) = -k. Therefore, quantum mechanics requires the

scattering amplitude to have the form

1
f (k) = ik + u(k) (2.22)

where u(k) is a real function. The upper bound is then If(k)I < k--1, and the unitary

limit is
1

funitary(k) = . (2.23)i k

For an ensemble to be at the unitary limit, we would like the above condition to hold

for all relevant k, which requires u(k)/k < 1. To see what is the range of validity

for this condition, we now adopt the usual expansion for u(k) in the case of s-wave
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scattering (by identifying u(k) = -k cot(6o) where 60 is the phase shift),

1 1
u(k) = - Irek2 + O(k4 ), (2.24)

a 2

where a is the s-wave scattering length, and re is the effective range. Let us for now

assume that the O(k4 ) terms are negligible if kb < 1. Then the condition u(k)/k < 1

for unitarity is the following limit for all k

kb, kireI < 1 < k~al. (2.25)

For a degenerate Fermi gas T/TF < 1, the typical momentum is k ,< kF n 1/3

Therefore, in order to meet the above condition for every particle in a Fermi gas, one

arrives at the following requirement for unitarity:

kFb, kF re < 1 < kFial. (2.26)

The analysis is so far general, and we had to make use of a plausible but unjustified

assumption that O(k 4) terms are negligible if kb < 1. In the case of cold atoms

interacting via an open channel and a closed channel potential, the conditions for

unitarity may be achieved at a Feshbach resonance, near which the scattering length

is modeled by Eq. 2.20. In this case, one can form a length scale R., which is related

to the background scattering length abg and the width of the resonance AB [172],

R* = , (2.27)
mzAB~abgAB,mo (

where AB,mol is the magnetic moment of the closed-channel molecule and is twice

the magnetic moment of an atom in the open channel. For 6Li near the resonance

B - 830 G, one finds PB,mol - 2 /LB, where PB is the Bohr magneton. Physically, R*

is related to the effective range re as follows near a Feshbach resonance [239]:

re = -2R 1 - + .2b (2.28)
a _V__ a *
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The sufficient condition for unitarity (see for example Ref. [42]) is then given by

b, R* , (JabgR* )1/ 2 < kF < Jal (2.29)

In the case of 6Li at the broad Feshbach resonance near 830 G, we have b = 2.1 nm,

abg = -74 nm, and R* = 0.027nm, leading to la-bg|R* = 1.4nm, all of which are

small compared to 1/kF r 1 m [16].

At higher temperatures TF < T, the typical momentum is on the order of the

thermal de Broglie wavelength A, and one replaces kF with A- 1 for the appropriate

condition for unitarity. The high-temperature regime admits a virial expansion in

terms of the fugacity e'3I', PA 3 /(kBT) = 2 (e',8 + b2 e2 ," -+ b3 e 30p + ...). The virial

expansion for the unitary Fermi gas is known up to the third order [140], which is ac-

curate up to T/TF ~ 1.5, as benchmarked by the experimentally measured equation of

state and the diagrammatic Monte Carlo calculation. This high-temperature regime

can therefore be considered as understood. The interesting regime for experiments is

therefore in the degeneracy T < TF.

2.4.2 Scale invariance

In the absence of interaction-related length scales, the only length scale that remains

(at T = 0) is the interparticle spacing n- 1/3 given by the density, just as in the case

of the non-interacting system. Therefore, any thermodynamic quantity is given by

the corresponding quantity for an ideal gas at the same density, up to a universal

factor. At finite temperatures, the thermal de Broglie wavelength A enters as another

length scale. The universal factor is replaced with a universal function that depends

on An1/ 3, or in other words, T/TF.

Formally, the scaling of thermodynamic quantities mentioned above is a conse-

quence of scale invariance, which I will briefly discuss here. For a detailed treatment,

one can refer to Ref. [421. To model the interaction in the unitary Fermi gas, there

are two approaches. One is to take a model with an interaction that has a finite range

b and a fixed scattering length a, and takes the b -+ 0 limit. The other approach is to
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use the zero-range model (see e.g. Ref. [41]). In this model, the interaction operator

acts on the wave function as

Vint4' = Z g(rij) lim (ri I) , (2.30)
ii rij-+O Ori

where rij is the distance between particles i and j and g = 47rh2 a/m is the coupling

constant. If particles i and j are in different spin states, the wave function then has

a 1/rij singularity. Therefore, the wave function satisfies the Wigner-Bethe-Peierls

contact boundary conditions:

4(r, ... , rN)= Aij(Rij; {rk; k # i,j})(r_1 - a-1 ) + O(rij), (2.31)

where Rij = (ri + rj)/2, and Aij is some function. This means that in the short-range

model, an interacting system can be described by the same Hamiltonian of the ideal

system, but with a different domain - one that is restricted to functions that satisfy

the contact boundary conditions.

Let us now consider a rescaling of coordinates ri -+ rri in a homogeneous system.

The corresponding rescaled wave function is

IF, (l, .. , rN) (r, /77, ... , rN /)(.2
r 3N/2

It is clear that for 1/a = 0, if a wave function T belongs to the domain of the Hamil-

tonian (i.e. satisfies the contact conditions), then the rescaled wave function also

belongs to the domain. This is the formal mathematical definition of scale invari-

ance. On the other hand, if a wave function IF obeys the contact conditions for a

finite a, 'J', does not obey the contact conditions. It is also trivial to see that the

invariance of the domain is satisfied for the non-interacting case.

How does the change of scale affect the Hamiltonian? Since we can now consider a

free Hamiltonian acting on a domain given by the contact conditions, we only need to

consider the kinetic energy term. The contribution from the kinetic energy h2V 2/(2m)

will be rescaled by 1/j 2 , and hence H -+ H/r 2 . Therefore, the eigenenergies E, scale
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as E, -+ E/T 2 .

Let us now consider an ensemble of N particles in volume V, with N, V -+ o

and N/V = n. Spatial rescaling changes the volume from V = L3 to q 3V, and hence

n -+ n/j 3 . To keep E,/(kBT) constant and hence occupation of eigenstates constant,

the temperature is to be scaled by T -+ T/r 2 . Let us now consider the Helmholtz

free energy density F = F/V, an intensive quantity and a function of density and

temperature only (see 4.2.1 and Eq. 4.17). Then, scale invariance means

F(n/q3 , T/r 2 ) = F(n, T)/q5 . (2.33)

At T = 0, F = E/V - TS/V reduces to the ground state energy density E0 /V

and depends on n only. The above scaling relation indicates3 F - n 5/3 ~ nEF at

T 0, just as in the case of the ideal Fermi gas whose T 0 free energy density is

F0 = E0 /V = niEF. Therefore, for F = FV, one has

3
F(n, T = 0) = BEO = B 3NEF, (2.34)

5

where B is a universal number. This number is known as the Bertsch parameter,

named after G. Bertsch who proposed the unitary Fermi gas as a model for the dilute

neutron matter and posed the challenge to understand the ground state properties of

this system [23]. Since = ()T,V and P = - (F)T,N' the same type of relation

holds for the chemical potential and pressure,

p(n, T = 0) = BO = 4BEF (2.35)
2

P(n, T = 0) = BPO = B 2nEF. (2-36)
5

At finite temperatures, a similar analysis using Eq. 2.33 implies that one can normalize

the temperature by a scale that depends on the density as n2/ 3 to obtain a universal

form. The natural choice is the Fermi temperature TF = EF/kB, and normalizing T

3 One way to show this rigorously is to use Euler's homogeneous function theorem, which states

f(7x) = 7f(x) - xf'(x) = yf(x)
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by TF gives the following functional form

F = ) -NEF - (2-37)
TF 5

Similarly, the chemical potential and pressure follow the form

M = A EF (2-38)
TF

P = P -2nEF -(2.39)
TF 5

In general, scale invariance means that one can compare one system with another

system at a vastly different scale, as long as they are both in the universal regime.

With the correct normalization, one obtains the same result in both systems. For

example, the dilute neutron matter in the crust of neutron star is a spin-1/2 system

whose scattering length a ~ -19 fm 1831 is large compared to the neutron-neutron

spacing ~ 1 fm [96]. Though the effective range is comparable to the interparticle

spacing, re ~~_3 fm [231], the system is close to the universal regime. Therefore, for

systems such as the dilute crust of neutron stars, which are conjectured to be modeled

well by the unitary Fermi gas [23, 11, 961, a strongly-interacting Fermi gas can provide

insights about these systems even though its density and temperature are orders of

magnitude lower. There are also similarities between the unitary Fermi gas and other

strongly-correlated fermionic systems, such as nuclei and quark gluon matter (see for

example Ref. [246]).

2.5 BEC-BCS crossover and the strongly interacting

Fermi gas

In the regime of positive a, the bosonic molecules formed by fermion pairs can con-

dense to form a Bose-Einstein condensate of molecules at low temperatures. As the

density increases, there comes a point where the Pauli pressure of the fermionic con-

stituents becomes important. This occurs when the the interparticle spacing - kF is
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much smaller than the size of the molecules, which is on the order of a. On the side

of a < 0, bound pairs between two isolated particles do not form, but any attractive

interaction induces an instability in the Fermi sea to many-body pairing, and at low

temperatures, one obtains a condensate of Cooper pairs, described by the Bardeen-

Cooper-Schrieffer (BCS) theory. On resonance, one has a novel superfluid of fermion

pairs that is a crossover of tightly-bound molecules and long-range pairs. Based on

the early works of Keldysh [1151, Popov [1781, and Eagles [65], Leggett realized that

the crossover from BCS to BEC superfluidity is smooth [135]. At T = 0, the ground

state advances from a condensate of molecules to a condensate of Cooper pairs as

one tunes the interaction, without any phase transition occuring in between. This is

because in the presence of the Fermi sea, one simply crosses over from a regime where

the pair size is much larger than the interparticle spacing to the regime where one

has tighly bound molecules.

The regime where the scattering length is large, a > kF1, for example as real-

ized by Fermi gases right at a Feshbach resonance, is of particular interest along the

crossover, as discussed previously. The absence of a small parameter and the sign

problem associated with fermionic many-body systems make the theoretical study of

strongly interacting fermions notoriously difficult. For this reason, the program called

quantum simulation was proposed by Feynman [76], in which one realizes the model

system in question with well-controlled constituents (in our case, atoms), and asks

nature itself for the answer regarding the properties of the model system. Neverthe-

less, a theoretical approach that has proven useful to provide insight is the mean-field

theory. A well-known formulation is based on Leggett's work [135], with extension

to finite temperatures by Nozieres and Schmitt-Rink [161]. A detailed description of

this approach can be found in reviews such as [116]. Here I will simply outline the

result to gain intuition.

The many-body Hamiltonian in the second quantization notation is

H = ekc Ck,o + - c - , Ck'+I, C-k'+-,T , (2.40)

k~u k,k',q
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where Ck,, is the annhilation operator of a particle at momentum k and spin o-,

Ek - h2 k2/(2m) is the kinetic energy, and g is the coupling constant. The interaction

term is a momentum-conserving contact interaction.

The key ingredient in the mean-field approach is to neglect interactions between

pairs at non-zero momenta. This leads to the following approximate Hamiltonian,

(2.41)HBCs = C ekCt,+Ck a +t kc ck',.
k=kV kCCk'C
k,oa k,k'

This is the famous BCS Hamiltonian. The coupling g is related to the observable

quantity a using the formal prescription

1 m
g 47rh2a

m d3 1- - -q
h2 (27r)3 q2

(2.42)

The exact solution to the BCS Hamiltonian of Eq. 2.41 is the celebrated BCS

wave function

(2.43)14BCS) = ]7(Uk + VkC 1 C-k,j 1O)
k

where Uk, Vk are scalar functions of k. Minimizing the free energy (H - pN) leads to

ZL = - 1-
k 2 Ek

2 1 + k

Uk - -p

E2 = ,

(2.44)

(2.45)

(2.46)

(2.47)

where the gap A is defined as

A :~;gZ(ck,tc-k), (2.48)

With the BCS wave function, the gap equation becomes A - -I kk = A Z .
V wk the t -k 2 k

It follow then that - 1/g =f d' To replace the coupling g with the scattering
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length a, one uses the prescription Eq. 2.42 and obtains

m [
4wth2 a = I

d(k

(2r)3

1

2
(2.49)

An additional constraint is given by the number equation

N
n

S2J (27)3 Vk (2.50)

The solutions are given by [164]

1
kFa

AE

EF

(2.51)

(2.52)

2 2 )1/3 p)
7 31() 2

2 )2/3

31211

where the functions Ii(z) and I2 (z) are defined as

I,(z)

12(z)

i( (x2 - z) 2 + 1

dxx 2 (iIo
X2

_ 2 - z).1

Z)z - )2 +1

(2.53)

(2.54)

2.5.1 Thermodynamics at zero temperature

In the BCS limit of weak attractive interaction kFa 0-, the chemical potential and

the gap are given by

y ~ EF

8 ~7-/(2kFjaj)

(2.55)

(2.56)

The gap is exponentially suppressed, indicating that Cooper pairing is fragile in the

weakly-interacting limit.

47
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In the BEC limit, we have

h2  7rh2 a

= ma2 + M (2.57)

16 EF (2.58)
37 kFa

The chemical potential is simply the binding energy per fermion, plus a mean field

contribution describing the repulsive interaction between molecules. The second term

is half of the chemical potential of a molecule pmol. For a weakly-interacting gas

of molecules, /mol = gbbnB, where nB =n/2 is the density of the molecules, and

gbb = 47rh2abb/mB is the boson-boson coupling constant, with mB = 2m the mass

of the molecule. This then gives a boson-boson scattering length of 2a. It should be

noted that the mean-field treatment neglects correlations between different pairs, or

between one fermion and a pair, and hence this is not the correct result. An exact

calculation for the interaction between four fermions shows that abb = 0.6a [1731.

For y > 0, the single-particle spectrum (Eq. 2.47) has a minimum of A at 6 k = p,

while for p < 0, which occurs for 0.553 < 1/(kFa), the minimum is Np2 + A 2 and

is located at k = 0. For p > 0, A is the gap in the excitation spectrum. As soon as

p < 0, there is no longer a gap at non-zero k. There, the quantity A itself does not

represent the binding energy of molecules nor the gap in their excitation spectrum.

So A itself does not play a role in the BEC regime. Rather, it is the ratio A 2/1p that

is important. From Eqs. 2.57 and 2.58, one sees that in the BEC limit,

A 2  47rh2

= na, (2.59)
2|p\ m

which is two times the molecular mean field.

The isentropic index, defined as

p On 
(2.60)

n Op

gives the scaling of the density with respect to the chemical potential, n oc p'. It
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Figure 2-2: Phase coherence length o and pair correlation length b in the BEC-BCS

crossover. (a) o (solid curve) and b (dashed curve) as a function of (kFa)-, normal-

ized by 1/kF. The pair correlation length monotonically decreases with increasing

(kFa)~V, indicating an increasingly small pair as one moves towards the BEC limit.

This figure is taken from Ref. [2461. (b) okF as a function of bkF. The two quantities

coincide in the BCS limit. This figure is taken from Ref. 1147].

takes on the bosonic value -y = 1 in the BEC limit and the fermionic value y = 3/2

on the BCS side. On resonance, universality demands also -y = 3/2.

An important quantity that characterizes the crossover is the two-particle corre-

lation length b, defined as = (011 2I(r)) , where 0 is the BCS wave function. In

BCS limit, one has

(a= BCS - hVF> 11kF -(2.61
7rA

Here, VF = hkF/m is the Fermi velocity. The quantity BCS is the BCS coherence

length. In the BEC limit, one has 4b - a, as one would expect from intuition. This

length scale should be distinguished from the phase coherence length o associated

with spatial fluctuations of the order parameter. The phase coherence length and the

pair correlation length coincide in the BCS limit (up to a trivial numerical factor)

and are given by BCS, but differ in the BEC limit, where the phase coherence length

is given by the healing length = /h 2 /(2nBgbb). Fig. 2-2 shows the dependence of

49



0.6 I I I I I ! I I I I I '

0.5\

0.4

0.3

0.2

0.1

0
-2 0 2 4 6 8 10

I/kFa

Figure 2-3: Critical velocity in the BEC-BCS crossover. The critical velocity v, (solid
curve) is plotted as a function of (kFa) 1 , normalized by the Fermi velocity VF. For
comparison, the sound velocity c (dashed curve), normalized by kF, is also shown.
The sound velocity reaches the limiting value of the Bogoliubov-Anderson mode of
the BCS regime C/VF 1 = 0.577 for large (kFa)~1 . This figure is taken from
Ref. [511.

b and o in the BEC-BCS crossover. The pair correlation length bkF monotonically

decreases with increasing (kFa) -1, indicating the trend of decreasing pair size as one

moves towards the BEC limit. Therefore, the quantity 6akF is also a useful measure

of where one is along the crossover, besides (kFa)-. On the other hand, the phase

coherence length okF reaches a minimum near unitarity. It is the length scale that

determines the size of defects in the superfluid such as solitons and vortex cores.

It can be thought of as the generalization of the healing length in the BEC-BCS

crossover. In this thesis, I will be using the term healing length (and the notation ()

interchangably with the phase coherence length.

A quantity related to the phase coherence length is the critical velocity. The

Landau criterion gives a critical velocity v, beyond which it becomes energetically
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favorable to transfer momentum from a moving superfluid to excitations:

Ek
vC = min (k) . (2.62)

On the BCS side, the single-particle excitation spectrum gives the critical velocity

of Vc,BCS = On the BEC side, the critical velocity is the speed of sound of the

Bogoliubov dispersion, c = Amol/mB = V kFa. The phase coherence (healing)

length is related to the critical velocity by oc 1/ve. The evolution is shown in Fig. 2-

3. The peak in the critical velocity around resonance reflects the narrow transition

from the regime where excitation of sound prohibits superfluid flow, to the regime

where pair breaking dominates. This peak indicates that the superfluid is most stable

near the Feshbach resonance.

2.5.2 Finite temperatures

At finite temperatures, thermal excitations of the quasiparticles modify the gap and

number equations. The Bogoliubov quasiparticle operators are

t .3
7 k,T UkCk,t - VkCkk, (2.63)

= UkCtkg + VkCk,I. (2.64)

These fermionic quasiparticles obey the Fermi-Dirac distribution (-Yk7,74,) eEk/(kBT)__

Therefore, at finite temperatures, the expectation value for the pairing field becomes

(ck,tck) = -UkVk (1 - = -Ukvk (1 - 2(1 + eEk/(kBT))-1). The gap

equation Eq. 2.49 then becomes

-M = d 3k (1 E
-(2) 3  tanh ( (2.65)

d 3 (2E 2kBT 2k

If one is interested in the temperature regime above the condensation temperature,

for example in the calculation of the pair-formation temperature T*, then one has a
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normal Fermi gas with A = 0, and the number equation becomes

n = 2 d k 1 (2.66)/ (2 7r)3 J+ efk/(kT*)

In the BEC regime, at low temperatures, the gas forms a condensate of molecules.

At temperatures above the critical temperature Tc, condensation ceases, but the

fermions remain paired as molecules. At even higher temperatures, thermal fluc-

tuations destroy the pairs. The temperature of pair formation is denoted as T*. In

the BEC regime, one has

1 IEbj
TBEC 3 -[( )1/3 2. 7)

7h2  n\ 2/3

Tc,BEC m 0.22EF (2-68)
m 2((3/2)

where W(x) is Lambert W-function. The critical temperature here is the same as the

critical temperature of a non-interacting BEC of boson with mass 2m and density n/2.

For stronger interactions, there is a small correction TC/T,BEC =1+ 1.3 in 1/3abb [1141.

On the BCS side, the pair formation and condensation coincides, as in BCS theory:

eOE 8 e'YE
Tc,BCS = 7C/ 2 2 k, (2.69)

7r e2  7r

where _YE is Euler's constant, and Ao is the gap at T 0.

In the BCS regime, the critical temperature is exponentially suppressed. Naively

taking the same expression to unitarity, one obtains T, = 0.61TF. If indeed the critical

temperature at unitarity is on the order of the Fermi temperature - the measurement

that I will report in Chapter 4 will confirm that this is the case - it is a large value for

fermionic superfluidity, considering that in metals the Fermi temperature is around

many ten thousands of Kelvins.

Another observation is that in the crossover, there are regions in the phase dia-

gram in which T, and T* are different. Between these two temperatures, we expect

pairs that are not yet condensed. In the deeply BEC limit, this is not surprising,
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but given the qualitative picture of the crossover, we also expect to find a region

where uncondensed pairs exist, both at unitarity and in the BCS side close to reso-

nance. These preformed pairs also occur in a part of the phase diagram of high-Tc

superconductors, the Nernst regime of the pseudogap [134]. Therefore, the regime of

preformed pairs is also commonly called the pseudogap. At the present time, there

is no conclusive experimental evidence of preformed pairs above Tc. Thermodynamic

signature of preformed pairs is not found in our thermodynamic measurement (see

Chapter 4). Momentum-resolved radio-frequency spectroscopy [217] suggests that the

single-particle excitation is gapped above Tc, but the result is not conclusive. Clear

evidence may be obtained through a local measurement of the spin susceptibility, ei-

ther with a Bragg scattering experiment [100] or with a thermodynamic measurement

of the spin-imbalanced Fermi gas.

Fig. 2-4 is the well-known phase diagram that qualitatively describes the phases

in the BEC-BCS crossover. The calculation of T, and T* is taken from Ref. [1941 and

not from the mean-field crossover theory presented previously.

2.5.3 Non-equlibrium dynamics of the pair condensate in the

crossover

Since the condensate behaves as a single matter wave, the study of non-equilibrium

dynamics simplifies dramatically when there exists a description of the single wave-

function in which the particles (and holes in the case of BCS superfluidity) partici-

pate, rather than an equation that involves all the particles individually. One such

example is the well-known Gross-Pitaevski equation (GPE) for the description of

weakly-interacting BECs. In a weakly-interacting BEC trapped in a potential V and

with interaction g, the GPE governs the evolution of the superfluid wave function V):

ih = - h + VV)+ gIV)1 20. (2.70)
Ot 2 mB

Here, mB is the mass of the boson that forms the condensate. In the case of bosonic

atoms, mB= m is simply the particle mass, while in the case of BEC of molecules
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Figure 2-4: Phase diagram of a spin-balanced Fermi gas in the BEC-BCS crossover.
In the BEC limit, fermions pair to form tightly bound bosonic molecules below the
pairing temperature T*. Above T*, the molecules are destroyed by thermal fluc-
tuations. In between T* and Tc, one has a thermal gas of molecular bosons. The
molecules condense below T, to form BEC. As one approaches the BCS side, the
window of pre-formed pairs - the pseudogap - becomes smaller, while both T* and
T, decrease as pairing becomes less and less robust. TC/TF reaches a maximum value
close to unitarity. In the deep BCS regime, the condensation and pairing occur at
the same temperature. The figure is taken from Ref. [184], which makes use of the
result in [194].
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formed by pairing of fermions, the particle mass is replaced by the molecular mass

mB = 2m. A stationary solution is obtained by substituting 0(t, r) = e-iIt/hr(r).

The time-independent GPE looks just like above, except that the left hand side

becomes p/.

In the BEC-BCS crossover, a unified description can be found in the Bogoliubov

de Gennes (BdG) equation [44]

Ho  A u,(r, t) . ( u,7(r, t)
= ih- (2.71)

A* -Ho J v(r, t) / v,(r, t)

where Ho = -h 2V 2/(2m) + V - p is the single-particle grand canonical Hamiltonian,

and u,7(r, t) and v1 (r, t) are the time-dependent amplitudes describing the particle

and hole character of quasiparticles with energy E. The order parameter and the

density are given by

X = -g u1 v* (2.72)

n = 2 ZV 1
2 . (2.73)

The above equations reduce to the stationary GP equation for the order parame-

ter V of a condensate of molecules in the BEC limit [1741, the interaction between

dimers however being given by the mean-field value 2a instead of the exact value 0.6a.

Although approximate, this mean-field theory is expected to give a qualitatively accu-

rate picture of the BEC-BCS crossover. In the following, I will give an introduction of

solitonic excitations, making use of the results from the BdG Hamiltonian to provide

insight into the crossover.

2.6 Solitonic excitations in atomic superfluids

Solitonic excitations - also known as solitary waves - are excitations that involve a

twist in the phase of the superfluid order parameter. These excitations are localized in
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one or two directions - typically within the healing length - due to a balance of dis-

persion and focusing arising from the non-linearity in the wave equation that governs

the medium. These excitations are similar to the solitary waves occuring in classical

mechanics and fiber optics. Having a well-defined energy E and mass4 , they can be

thought of as localized quasiparticles emerging out of the background of the conden-

sate's matter wave. These objects lend themselves as versatile probes of the medium

they reside in. For example, a soliton can be thought of as a Josephson junction, and

its current-phase relation provides insight into the superfluid wavefunction.

A variety of solitonic excitations exists in trapped atomic superfluid. In this sec-

tion, I give a review of the solitonic excitations in the context of an atomic superfluid.

2.6.1 Soliton

A soliton is a planar defect in the order parameter of the superfluid. I will first

consider a soliton in a weakly-interacting BEC to set the stage and then discuss a

soliton in a fermionic superfluid.

Soliton in a weakly-interacting BEC

In the absence of a trap, a dark soliton5 moving with velocity vs is the following

solution to the GPE6 :

V= Nrio vis + S - tanh (Z- sv/-o/c e-"h. (2.74)

Here, c is the speed of sound given by it = mBC2 , and the healing length is given

by y = h2 /(2mB 2 ). The background density is no = p/g. The coordinate is chosen

such that the soliton is at z = 0 at t = 0. For a derivation of Eq. 2.74, see for
4Soon we shall see that in fact, solitonic excitations have two kinds of masses - the inertial and

bare (gravitational) mass.
5In some works, the term "dark soliton" refers to a soliton with complete density depletion and

a soliton with reduced contrast is called a "gray soliton". This thesis adopts the convention that
uses the term "dark soliton" to refer to any soliton characterized by a density depletion, in contrast
to a "bright soliton" as observed in BECs with attractive interactions.

6Here we are either considering a soliton in 1D, or a soliton whose nodal plane is in the x - y
plane.
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Figure 2-5: Soliton in a weakly-interacting BEC. (a) Wave function 4' (red) and
density n (blue) of a stationary soliton. The two quantities are normalized by their
asymptotic values. Inset: anomolous mode due to quantum depletion in a BEC
with large interaction. (b) Density n (solid curves) and phase # (dashed curves) of
soliton for vs/c = 0 (black), 0.25 (red), 0.5 (green), and 0.75 (blue). Inset: the phase
difference AO as a function of the velocity vs/c is given by A#= -2 arccos(vs/c).

example Ref. [1711. Fig. 2-5 shows the wave function, density, and phase profile

of a soliton, while Fig. 2-9 (a) shows the profile of a planar soliton in a trapped

condensate. A stationary soliton in a weakly-interacting BEC is devoid of particles.

At finite velocities, the soliton is no longer fully depleted. As vs -+ c, the soliton

disappears.

The energy of the soliton scales as the number of missing particles times the

chemical potential, Es - n1D p, where n1D = Ano is the ID density and A is the

cross-sectional area of the system. Since M = gno and = h/ mBy, the energy per

area scales as Es/A ~ hp 3/2/(g mB). The exact expression for the energy per unit

area Es/A of a soliton moving at a velocity vs is 1171]

Es 4h 2 4 VS 3/2

A 3g mB MV - mg 3(.
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Soliton in BEC-BCS crossover

In fermionic superfluids, solitons are phase twists in the wavefunction of fermion

pairs [64, 71. For s-wave superfluids, the pair wavefunction is the pairing gap A(r).

In the BEC-limit, the system is a condensate of weakly-interacting molecules and is

well-described by the GPE. As one tunes the interaction towards unitarity, strong

interactions increase the importance of quantum fluctuations, leading to a depletion

of the condensate and the presence of uncondensed bosons even at zero temperature.

In order to minimize their repulsive interaction with the condensate, the uncondensed

bosons are expected to fill in the soliton notch [62, 63, 133, 148, 78]. This gives rise to

the so-called anomalous mode, which reduces the contrast of the soliton [62, 63, 1331.

The inset of Fig. 2-5 (a) shows the density profile of such an anomalous mode. Similar

soliton filling has been predicted for BECs in optical lattices, where the effect of

interactions and thus the role of quantum fluctuations is enhanced by reducing the

particles' kinetic energy [1521.

As one moves along the BEC-BCS crossover towards the BCS regime, the com-

posite nature of the pairs is revealed. Near unity, the fermion pair size becomes

comparable to the interparticle spacing, and much larger in the BCS limit. A unified

description for solitons in fermionic superfluids throughout the BEC-BCS crossover

has been found within mean-field theory via the Bogoliubov-de Gennes (BdG) equa-

tion for a spatially varying gap A(z) [7, 203, 213, 204], given in Eq. 2.71.

For p > 0, a gap exists in the single-particle spectrum at finite k. Near the soliton,

the gap opens and closes. It is known from the study of superconductivity that such a

structure houses fermionic bound states - the Andreev bound states. In the BCS limit

of weak attractive interactions, the size of the Andreev bound state becomes much

larger than the interparticle spacing, and its energy much smaller than the pairing

gap. In this limit, following Andreev [6], one may separate out the fast oscillations

at k, = VmI by writing u,(z) = uno(z)e ikAz, vn(z) - Vno(z)e ik~z ( for fermions

moving to the right or left). The envelope functions uno(z) and vno(z) is slowly-

varying compared to the fast oscillations. Then, the Bogoliubov-de Gennes equation
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simplifies to the Andreev equation [61, which for vanishing transverse momentum is

given by [182]:

FihvFJz - - Az)u )( = En (nO (2.76)
\z)(Vno / \Vno J

This is a Dirac equation - a relativistic wave equation - where the pair wavefunction

A(z) serves as a spatially varying mass coupling particles and holes [107]. We thus

see that there exists a direct connection between solitons in fermionic superfluids

to solitons studied in relativistic quantum field theory [107, 82]. The same equa-

tion describes solitons in conducting polymers, described by the Su-Schrieffer-Heeger

model [951. When A(z) changes sign (i.e. near where the gap closes), this equation

allows for one normalizable zero-energy mode for each of the Fermi points at k

localized at the zero crossing of the gap [107]. This limiting case of an Andreev bound

state, a superposition of half a particle and half a hole, carries half-integer particle

number [107] and gives rise to the conductivity of polymers [951. A self-consistent

solution for A(z) is known [95, 13] to be A(z) = Ao tanh(z/ Bcs), as in the BEC

limit. Therefore, a soliton in the BCS limit is again represented by Fig. 2-5 (a) but

with V/2 = BCS = hF the BCS coherence length, and Ao is the bulk pairing gap. In
7r0

this case, the density profile of the localized state also looks like the one shown in the

inset of Fig. 2-5 (a) (but with a different amplitude), except that here it represents

the fermionic Andreev bound state, as opposed to the density of uncondensed bosons

in the BEC regime. One can show that the following

uo, vo = const x sech(z/ BCS) (2-77)

is a solution to the Andreev equation with E = 0. Because the Andreev equa-

tion removes the fast oscillations, the actual bound state contains oscillations with

wavelength ~kW. Fig. 2-6 shows examples of bound states in dark solitons in the

BEC-BCS crossover. The short-wavelength (- kF1 ) oscillations correspond to Friedel

oscillations, and are removed in the derivation of the Andreev equation.

In a BCS superfluid, the Andreev bound state energy is never strictly zero owing
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to the non-vanishing kinetic energy cost h2/m&s ~ A/EF of forming the bound
h2k2state [40, 244], where EF = F2 is the Fermi energy. For a vortex in a BCS superfluid2m

described by BdG, this result was proved in Ref. (40], but the result is general and

can be derived when A(z) is a step function [244]. The energy of this bound state is

also called the minigap Amg in the context of superconductivity. In particular, there

are two such bound states in ID, Amg ~ A2/EF, i.e. the one with Amg < 0 is

occupied, and the other one is not. Other than these two bound states, the rest of

the eigenstates of the BdG equation are not bound but rather delocalized.

If one considers a system inside a box and takes the soliton to be oriented along the

z-direction, the x and y directions are quantized with k1 = 27r/Li(nx, ny). Bound

states may exist for more than one value of k1 . Therefore, in 3D, one can obtain

more than two bound states. The energy of the lowest bound state, the minigap, is

still expected to be on the order of A 2 /EF-

The Andreev states play an important role in the dynamics of the soliton (and by

extension, any kind of defect that can house the Andreev states). Their energetics

determine the critical velocity a moving soliton can attain (see Fig. 2-6 and Refs. [204,

661). Where soliton collisions in a GP condensate are elastic (energy conserving),

collisions of solitons in the crossover are not, as found by BdG simulations reported

in Ref. [204]. The authors found that in the event of a collision of two moving solitons,

the transition between the localized Andreev states and the states in the continuum

enable the transfer of particles between different eigenstates. These transitions are

associated with density and phase oscillations, and lead to emission of sound and loss

of energy from the soliton. The same collision is found to be elastic when a purely

bosonic density functional theory is used in simulations [236], which confirms the role

Andreev states play in the dynamics.

Solitons in the BCS regime are expected to be essentially completely filled in.

Indeed, in this limit of long-range Cooper pairs, only a minute fraction of particles

near the Fermi surface takes part in pairing, and the reduction of the pairing gap at

the soliton affects the density only very weakly. This is the main mechanism that

reduces the soliton contrast. The Andreev states also contribute to the filling, but
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Figure 2-6: Andreev bound states in solitons. (a) Density of the Andreev states,

Ivo1 2 (solid curves), of a dark (stationary) soliton for (kFa)1 - -1 (top), 0 (middle),
and +1 (bottom). Dashed curves in the top panel correspond to ansatz vo(z) ~

sin(kFz)ez/ BCS, where the BCS coherence length has value BCS = 10k' at (kFa) 1 =

-1. The panels are taken from Ref. [7]. (b) Profile of IA(z)I (top panel) and of

Andreev states Ivo(z) 2 (bottom panel) of moving solitons. Profiles shown are for

(kFa)~ 1 = -0.5 and v = 0 (solid blue curve), 0.2c (solid green curve with circles),

0.3c (dashed red curve), and 0.38c (dot-dashed black curve). The figure is taken from

Ref. [204]. Inset: the spectrum of energy levels in a homogeneous system containing a

soliton for (kFa>' -0.5. The solid line shows the gap . The shaded area represents

the continuum spectrum for the homogeneous system. The dashed line shows the

energy of the Andreev state. When the energy of the Andreev state coincides with

the continuum, the Andreev state is no longer bound, and the soliton disappears.
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to a smaller degree. As the interactions are tuned from the BCS to the BEC regime,

the BdG equations predict a decreasing filling in the density of the soliton [7]. At

unitarity, the gas density in the vicinity of the soliton is predicted to be suppressed by

80% of the bulk density, as opposed to 100% for solitons in Bose-Einstein condensates.

Here, a substantial part of the soliton filling is due to Andreev bound states.

The BdG equations have been shown to reduce to the Gross-Pitaevskii equation

for bosonic molecules in the BEC-limit [214], where stationary solitons are devoid

of particles. In the BEC limit, the solution should .approach that obtained from

solving the GP equation for a gas of bosons with mass mB = 2m with boson-

boson interaction gBB = 47h 2aBB/mB, where aBB is the boson-boson scattering

length. The density of the bosonic condensate, nB = n/2 = k3/(67r2 ), is once

again given by nB = nB,O tanh2 (z/(v'2BEC)), where the BEC healing length is

IBEC = h/ 2 mBgBBnB,o. Where p < 0, the single-particle spectrum no longer

exhibits a gap at finite k, and hence Andreev states are no longer present to fill the

soliton. However, if the interaction is still large, 1/(kFa) ~ 1, the uncondensed bosons

due to quantum depletion fill the soliton and lead to a decrease in the contrast, as

discussed previously.

In the theory of conducting polymers [95], A(z) describes the ion displacement and

is a real quantity. This leads to topologically protected solitons. In a superfluid, the

superfluid wave function or pairing gap can be complex. The state with a soliton can

thus be continuously deformed into the uniform state without a soliton; the soliton

is thus not topologically protected. In dimensions higher than ID, a dark soliton

is dynamically unstable, and the soliton can decay via the snake instability [156],

the undulation of the soliton plane. A quasi-1D geometry suppresses the dynamical

instability. In the absence of the dynamical instability, a soliton can decay via the

thermal instability: The scattering of thermal excitations from the soliton reduces its

energy, leading the soliton to accelerate towards the speed of sound, eventually losing

its contrast and disappearing.
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2.6.2 Solitonic vortex

A vortex exists in 2D or 3D, and has a phase winding < = arctan -"" , where

(xo, Yo) is the location of the vortex. The circulation is quantized,

v -dl =l h (2.78)
i mB

where l is an integer. Since the energy of a vortex with multiple quanta of circulation

scales as ~ 12, it is energetically favorable to have multiple singly-quantized vortices

than to have a single vortex containing multiple quanta.

Writing the condensate wave function as 7P = rn(p, z)eiO, where 6 is the polar

angle, the GPE leads to an equation for the normalized density f =_ n/no where

no is the asymptotic value for the density:

1 d d' )X- f + -+f3 -f=0, (2.79)
x dx dx x2

where x = p/s. This equation does not have an analytic solution, but it can be solved

numerically. An analytic approximation is given by x/v2+ x 2.

A vortex placed inside a cylindrically shaped superfluid is modified due to the

geometry. Such a vortex will align orthogonal to the long axis in order to minimize

its energy. In the case where the transverse Thomas-Fermi cloud radius Rf 1 is much

smaller than the axial radius Rz, a vortex deforms the superfluid phase only in a

restricted region of axial extent ~ R1 (see Fig. 2-9 (b)). The vortex together with

the surrounding flow field thus constitutes an effective particle localized to within

R1 < R. Its far-field phase profile resembles that of a dark soliton. Significant

density depletion exists across the radial direction in the vicinity of the vortex (see

Fig. 2-8), reminiscent of the planar depletion of a soliton. Such a vortex is called a

solitonic vortex, in reference to its soliton-like properties. In particular, the phase

difference across a stationary solitonic vortex in the axial direction is 7 (modulo

27r), the same as for a stationary dark soliton. A solitonic vortex moving in the

axial direction at a critical speed converts into a moving soliton [122]. In the tightly
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Figure 2-7: The profile of a vortex in a GP condensate. Solid curve: full solution.
Black dashed curve: the ansatz '_. Red dot-dashed curve: the ansatz tanh(x/vy').

confining limit where Rf 1 approaches , the vortex core size, a stationary solitonic

vortex becomes energetically degenerate with a dark soliton [25, 1221. In the limit of

an isotropic system where R - R2, one recovers a conventional vortex. A solitonic

vortex thus represents the link between a planar soliton in ID and a vortex in 3D.

For a moving solitonic vortex, the far-field phase differs by a value other than ir:

#(z -+ oc) - #(z -+ -oc) = 7r + A# where A # 0, just as for a moving soliton. Since

the phase necessarily changes by 27 along any contour around the vortex (here we

assume the vortex is aligned along the x-axis), the phase has to vary more quickly (or

more slowly) on the positive y side of the vortex compared to the negative y side. In

other words, the superfluid flow is larger on one side of the vortex. This asymmetry in

the flow field leads to an asymmetry in the density distribution, and the vortex itself

will be located off-center (see Fig. 2-8). For such a vortex in a trapped superfluid,

the vortex experiences a restoring force towards the center of the cloud due to the

trapping potential. At the same time, a moving vortex experiences the Magnus force

due to its gyroscopic nature. A stable orbit is realized when the Magnus force balances

the restoring force. Therefore, an off-center vortex will precess along an equipotential
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Figure 2-8: The density profile of a solitonic vortex in an infinite cylinder as computed
from GPE. Left: a stationary vortex. Right: a vortex moving in the positive z
direction. The figures are taken from Ref. [122].

contour [142, 75].

Similar to a soliton, a vortex is also expected to be filled as one moves from the

weakly-interacting BEC regime along the BEC-BCS crossover. The filling in the

BEC regime is due to uncondensed particles coming from quantum depletion, while

at unitarity and on the BCS side, the filling is mostly due to uncondensed fermions

and partially due to the Andreev bound states 140].

2.6.3 Vortex ring

Simply speaking, a vortex ring is a vortex line wrapped in a toroidal shape. It is

found prominently in turbulent flow of classical fluids [130, 195]. In the context of

quantum fluids, it has been observed in liquid Helium [185] and in BECs [4, 19]. If

one considers a vortex to be a line current whose magnetic field is analogous to the

flow field of the vortex, then a vortex ring can be compared to a magnetic dipole, and

its flow field is a dipole field. Therefore, unlike the soliton and the solitonic vortex, a

stationary vortex ring has no phase difference across it - the far-field superfluid flow

points in the same direction on either side of the vortex ring. Similar to a solitonic

vortex, the flow field of a vortex ring in an elongated superfluid has the variation of

its phase profile localized within a volume defined by R1 .
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Figure 2-9: Examples of solitary waves in 3D Bose-Einstein condensates. Shown are
simulated column density profiles in the (z - x) plane (upper row), the local density
of the cloud in a central layer in the (z - y) plane (middle row) and the phase (lower
row) for a soliton (left), a solitonic vortex (center) and a vortex ring (right). The
images correspond to pi/hwi =7.31, 7.14, and 10.66. This figure is taken from 1127].

2.6.4 Chladni solitons

Besides planar solitons, solitonic vortices, and vortex rings, excitations that are com-

posed of intersecting rings and lines are generally possible within an elongated super-

fluid, as found in Ref. [1551. These objects trace the nodal lines of unstable vibrational

modes of a planar soliton, in analogy to Chladni's figures of membrane vibrations.

2.7 Motion of solitonic excitations along a harmonic

trap

The form of Eq. 2.75 suggests that for a weakly-interacting BEC placed inside a

harmonic trap where the potential on individual bosons is given by V(z) = 2 2Bz

a soliton would undergo oscillations: if the potential varies slowly enough, the local

density approximation (LDA) allows one to replace y with P - ImBWz 2 , and one

obtains Es/A = 3Bg([ - imowS - mBvS)3/2. Since energy is conserved, the

quanity "mBWZS - mBUS is conserved. This means that the motion of a soliton is

the same as that of a particle of kinetic (or inertial) mass of 2 mB, experiencing a

trapping frequency of wz/v/-.

In general, the motion of a solitonic excitation will manifest in the difference

between its bare mass - the mass of the missing particles, also called the gravitational
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mass - and the inertial mass - the mass responsible for the kinetic energy, also called

the effective mass.

The force on a solitonic excitation is provided by the trapping force experienced

by the atoms missing in the defect, Nmw 2 z -= MW2z, where IN is the number of

missing atoms, and M = Nam < 0 the bare mass of the soliton. It is negative as the

soliton is a density depletion. Introducing the inertial mass of the soliton M*, this

force causes an acceleration M = -- z. One then obtains a direct relation [203]

between the relative effective mass M*/M and the ratio between the soliton period

T and the period of a bare particle Tz:

M * T 2
M = (T (2.80)
M TZ

Therefore, the measurement of a defect's oscillation period would allow one to ob-

tain the ratio between the inertial and the gravitational mass. The sign of the inertial

mass M* is expected to also be negative. This implies that a solitonic excitation is

an effective particle that decreases its kinetic energy as it speeds up.

The above analysis is valid for small-amplitude oscillations. In the case where

the oscillation explores significantlly different local chemical potentials, the varying

of M* and M means that the oscillation may be no longer harmonic. However, for

the most part, the change of M* and M with the local chemical potential cancels,

so M*/M is nearly constant throughout the superfluid. Indeed, in our experiment,

we do not to resolve an anharmonicity in the trajectory of the vortex precession, and

hence the change in the masses in an oscillation across the cloud is not relevant.
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Chapter 3

The ultracold Fermi gas apparatus

The experiments reported in this thesis were performed in a dual-species 2 3Na-6Li ap-

paratus. The experimental setup consists of a vacuum chamber in which the quantum

degenerate gases are created, the laser systems necessary for the trapping, cooling,

and control of the atoms, and the supporting electronics and computer control sys-

tem. A detailed description of this machine can be found in several previous theses.

The theses [215, 471 of D. M. Stamper-Kurn and A. Chikkatur provide a detailed

description on the 23Na BEC apparatus. The double-species oven is described in

detail in the thesis of C. Stan [216]. The coils are described in the diploma thesis

of C. Schunck [2021. The laser system for 6Li is described in M. Zwierlein's diploma

thesis [247]. The procedure of generating degenerate Fermi gases is described in the

theses of Z. Hadzibabic and M. Zwierlein [88, 248]. Here, I give a brief overview of

the production of ultracold Fermi gases of 6Li with tunable interactions in the current

experimental setup.

Fig. 3-1 shows a schematic of the vacuum system in which the quantum degen-

erate gas is created. Two pairs of coils (which can be in either a Helmholtz or an

anti-Helmholtz configuration) and one pair of cloverleaf coils oriented along the z-

axis provides the magnetic field necessary for the magneto-optical trap (MOT), the

magnetic confinement for a Ioffe-Pritchard trap, and the Feshbach field. The source

of atoms is a dual-species oven, not shown in the figure. The molten sodium and

lithium in the oven generate hot vapors that form the atomic beams which travel
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through the Zeeman slower. The atomic beam is slowed by laser light along the

Zeeman slower as it travels into the main chamber, which is held under ultra-high

vacuum (UHV). Both the sodium and lithium atoms are collected and cooled simulta-

neously in a two-species MOT for a few seconds. Then, the laser light for the MOT is

switched off, and the atoms are optically pumped into the stretched hyperfine states,

IF = , mF = ')for 6Li and IF = 2, mF = 2) for 23Na, which are low-field seeking

states and are thus magnetically trappable. A weak bias field is turned on during

this step to set the quantization axis for the optical pumping. Once the atoms are

in their respective stretched states, a loffe-Pritchard magnetic trap is turned on. A

spin-polarized Fermi gas is non-interacting and hence direct evaporation is not pos-

sible. Therefore, the lithium cloud is sympathetically cooled by a forced evaporation

of the sodium atoms using a microwave field to transfer the hot (and hence energetic)

sodium atoms to the untrapped IF = 1,MF = 1) state. Sympathetic cooling is what

enables the production of large and cold clouds of fermions. Without the lithium

atoms, we are able to generate a 23Na BEC of about 107 atoms. To generate a cloud

of degenerate fermions, we completely evaporate the sodium atoms, after which we

are left with a spin-polarized degenerate Fermi gas of about 20 million lithium atoms

in the magnetic trap.

The experiments reported in this thesis are performed with the lithium atoms

in the lowest two hyperfine states, which we label as 11) - IF = 1, mF = }) and

12) F= ,mF = -- ). Since these states are high-field seeking at 500 G < B

where interacting mixtures are prepared and studied, they cannot be trapped by a

magnetic field alone. Therefore, before converting the spin-polarized gas into a spin-

mixture, we turn on an optical dipole trap (ODT) which provides confinement in the

radial p-direction, and we simultaneously turn off the cloverleaf coil. At this point,

the gas is trapped in the z-direction by a residual magnetic curvature1 from the pair

of Helmholtz coils, and in the radial direction by the ODT.

A microwave sweep transfers the atoms from IF = , mF = () into the state 11).
At this point, the magnetic field profile is anti-trapping in the axial direction for state

'The magnetic field curvature is confining in the z-direction, but anti-confining in the p-direction.
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11), so the direction of the bias field (which points along the z direction) is quickly

reversed in order to give the axial curvature a negative sign, and hence allows high-

field seekers to be trapped again. This procedure also reverses the quantization axis

- a detail that is important for imaging and optical pumping along the side imaging

path (see Fig. 3-1) at high fields. The field is also brought close to the Feshbach

resonance near ~ 830 G. A radio-frequency sweep, with the help of decoherence

introduced by the inhomogeneous magnetic field, then generates a mixture of 11) and

12).

The preparatory procedure described here is standard for all the experiments

reported in this thesis. After a mixture is generated, we have a variety of tools to

tune, perturb, and perform measurements. A magnetic Feshbach resonance allows

oen to tune the interaction strength. The temperature and also the atom number

of the cloud can be controlled with a forced evaporation of the mixture by lowering

the trap depth of the ODT. The aspect ratio of the cloud can be tuned by adjusting

the strength of the magnetic curvature. Typically, a cloud with condensed fermions

contains between 500 thousands and a million pairs. The coldest temperature we can

reach is about 0.05TF.

3.1 Confinement of the quantum degenerate lithium

gas near a Feshbach resonance

As mentioned above, the lowest two hyperfine states used in an interacting Fermi gas

experiment cannot be trapped by the magnetic field alone. Therefore, after we have

created a spin mixture and have moved into the high-field regime of the experiment

(B > 600 G), we use a hybrid confinement for the Fermi gas.

Two separated pairs of coils in the Helmholtz configuration allow for the indepen-

dent tuning of both the bias field which tunes the interaction, and the field curvature

which controls the axial confinement. To leading order, the magnitude of the magnetic
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Figure 3-1: Schematics of the vacuum chamber used for the ultracold Fermi gas
experiments reported in this thesis.
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field has the form

B = Bo + B" z2 - P). (3.1)

In the adiabatic approxiation, the magnetic moment of the atoms adiabatically follows

the magnetic field, so the energy of the atom in the field is given by gJ/IBmJIBI,

where gj is the g-factor of the atomic level, PB is the Bohr magneton, and mj is

the projection of the electronic angular momentum. Therefore, the potential due to

the magnetic field is proportional to the magnitude of the field. Thus, the magnetic

coils alone provide confinement in the z-direction and an anti-confinement in the

radial direction. We use an ODT pointing along the z-direction to provide radial

confinement. The ODT is generated by an infrared Gaussian beam at 1064 nm focused

to a waist of W = 120 am. The potential of the ODT has the form

VODT =-pol P e 2p2 /W 2  (3.2)

where apoi = h x (0.00127 s2 /kg) is the polarizability of 6Li at 1064 nm, with h the

Planck constant, and P is the power of the beam. The depth of the ODT is given

by Uo = ap., 2. Due to the large Rayleigh range ~1mm, we can safely neglect

the 0.01% contribution to the axial trapping frequency from the variation of the laser

power along the z-direction. Therefore, the combined trapping potential has the form

V = 1mW z2 _ Imw p2 - Uoe-2p2 /W 2  (3.3)
2 z 4

Forced evaporation on the mixture is performed by lowering the trap depth of the

ODT, which allows the energetic atoms to spill out in the radial direction.

Near the center of the trap, one can expand the Gaussian to obtain the harmonic

approximation
1 22 1 2

V = -mW2z2 + -mW 2 , (3.4)
2 z 2 (

where w = - IW2. This is valid for small filling p < Uo.

To modify the aspect ratio, one can either vary the trap depth or the magnetic cur-
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vature (characterized by w,). The two pairs of Helmholtz coils allow for independent

tuning of the Feshbach field BO and the curvature wz.

3.2 Imaging paths

Information about the atomic gas is obtained by sending laser light through the gas

and recording a 2D image of the transmitted light intensity on a CCD camera. For

the experiments reported in this thesis, absorption imaging is used. The scattering

rate of an optical transition is given by

R= I/(arIsat)R = r M sa)(3.5)2 1 + (26/F) 2 + I/(ailsat)

The factor of a, accounts for how much light intensity an atom actually experiences.

In the case where the imaging light has the correct circular polarization for the a_

transition, a, = 1, whereas for linearly polarized light used to image on a a_ transition

along the vertical imaging path, a, = 2.

The absorption cross section is given by

hw uo 1
o= R = -(3-6)

I a, 1 + (26/F) 2 + I/(MrIsat) (

where ror = 67r(A/(27r)) 2 is the resonant absorption cross section, and w is the fre-

quency of the imaging light. For an imaging light propagating along the x-direction

through an atomic cloud with a density distribution n, the attenuation of the intensity

is given by the Beer-Lambert law,

dI =0 I
-=-In = -+/(I)n,. (3.7)dx a, 1 + (26/r)2 + I/(ajI)

The absorption profile I on resonance 6 = 0 is obtained by solving this differential

equation [189]:

- dn=-)In , (3.8)
we com d Isat ti

where f dx n is the once-integrated column density. The typical expression for the
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absorption profile in the low-intensity limit is given by

I = Ioe-O fdx. (3.9)

We measure I/I by taking three succsesive images: one frame which probes with

atoms (PWA), one frame which probes without atoms (PWOA) taken after the atoms

are released, and a frame of dark field (DF) taken with the camera shutter closed. A

normalized intensity profile I I/I = PW-DF is then generated from these three

frames. Resonant imaging light heats the atoms, so the imaging is destructive. Each

frame is separated by 1s due to the download time required by the camera. Since we

are interested in taking low-noise, high-quality images of the cloud for the experiments

reported in this thesis, and since imaging multiple spin-states simultaneously is not

necessary, we do not make use of the fast kinetic mode available on some cameras.

We choose the duration and the intensity of the pulse to obtain an optimal balance

between increasing the signal-to-noise ratio and reducing the non-linearity in the

image due to saturation. Reducing the intensity lowers the non-linearity but also

increases the photon-shot noise. This shot noise can be alleviated by increasing the

imaging pulse duration. However, during a prolonged imaging pulse, the atomic

resonance may change due to the Doppler-shift coming from the photon recoil (which

is especially pronounced for lithium atoms due to the small atomic mass). Therefore,

a compromise must be made. For the equation of state measurement reported in

Chapter 4, we use a fast, low-intensity imaging pulse with 1/I0 = 0.07 and 4 its pulse

time. In the same chapter, the effects of the Doppler-shift and the non-linearity are

discussed in details. For the other experiments, we use a 10 Ps pulse of I/Io ~~ 0.1 to

reduce the intensity noise.

Two imaging systems exist in our experimental setup: a side imaging system in

which the imaging light propagates along the z-direction, and a vertical (top) imaging

system in which the imaging light propagates along the y-direction. Each imaging

system consists of one or more lens pairs that form an image on the plane of the CCD

camera. The side imaging system has a resolution of ~ 10 Mm. The top imaging
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Figure 3-2: Energy levels of 'Li. (a)Energy levels of the ground state manifold at
low-fields. (b) Energy levels of the ground state manifold 2S 112 and 2P3/ 2 at high
fields, making use of the approximation that at high fields, the levels are dominated
by the electronic Zeeman energy PBgJmJB/h. For 2S1/2, gj = 2.0023, and for 2P3/2 ,
gj = 1.335. The a- cyclic transition for imaging is indicated with the green dashed
arrow. The a+ pumping transition at high fields, used for tomographic imaging, is
indicated by the black solid line (and the decay path to the ground state is indicated
by the black dashed arrow).

system has a resolution of 2 pm. Because of the higher resolution and the smaller

optical density (the in-situ atomic image as recorded from the side imaging system is

typically too dark to give useful information), the top imaging system is the preferred

imaging axis. The majority of the images taken for the experiments reported in this

theis are taken along this axis. Since at high fields, the atomic levels are dominated by

the electronic spin, both 1) and 12) act as if they were essentially in the mj = -1/2

electronic state. The appropriate transition for imaging is the o cylcing transition

to the 13 P3 /2, mJ = -3/2) level.

At low fields, the optical pumping makes uses of a+ light, and a A/4 waveplate

(the same one used for one arm of the MOT) sets the correct polarization. At high

fields, the quantization axis is flipped. Luckily, it means that on the side imaging,

the high-field imaging light (combined in the path with a polazring beam-splitter)
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automatically has a- polarization. For the vertical imaging, the imaging beam sent

into the chamber has a linear polarization oriented along the x-axis. The projection

along the quantization (z) axis effectively leads to half of the light having a- polar-

ization which can excite the cycling transition. By placing a A/2 waveplate before

the chamber, one can tune the detected atom number from zero (corresponding to

a complete linear polarization along the z) to the maximal number with a period of

90' on the waveplate, and hence 1800 in the polarization.

For the tomographic imaging technique introduced in Chapter 6, the optical pump-

ing at high fields requires o-+ polarization. As a result, a A/2 waveplate is brought

into the path of the pumping and side imaging beams via a mechanical flipper mount

during the imaging stage. As a result, the cyclic imaging along the z-direction is lost.

The pumping light itself provides some imaging capacity, albeit one with much lower

quality.
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Chapter 4

Thermodynamics of a strongly

interacting Fermi gas

4.1 Introduction

A central subject in the study of the strongly interacting Fermi gas is the knowledge

of its thermodynamics. A thermodynamic equation of state (EoS) is a relation be-

tween thermodynamic variables and encodes all the global information of a system

at equilibrium. The information of the phase diagram is contained in the EoS. An

experimentally measured EoS thus provides a platform where theories can be com-

pared. The knowledge of the EoS is also immensely useful for experiments because it

provides a way to perform thermometry.

Even before the experimental creation of the first degenerate Fermi gases of atoms,

the thermodynamics of strongly interacting Fermi gases have been of great interest

to nuclear theorists. They have used the unitary Fermi gas - spin-1/2 fermions with

short-range interaction characterized by infinite scattering length - as a model of the

crust of neutron stars. In this context, G. Bertsch presented the following ques-

tion [23]: What is the ground state energy of the unitary Fermi gas1 ? As discussed

in 2.4.2, scale invariance of the unitary Fermi gas implies that at T = 0, the energy

'The precise wording is: What are the ground state properties of the many-body system composed
of spin-1/2 fermions interacting via a zero-range, infinite scattering length contact interaction?
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is proportional to the non-interacting energy at the same density n, up to a universal

constant,
3

E = B-NEF- (4.1)
5

Here, EF = 2m is the Fermi energy, with the Fermi wave vector kF = (37 2 n)/ 3

The constant B has been referred to as the Bertsch paramaeter 2. The value of B

has been subject to extensive theoretical and experimental investigations.

At high temperatures, where kinetic energy dominates, the equation of state of any

gaseous system3 is described by the ideal gas law P = nkBT. As the temperature is

lowered, the strongly interacting Fermi gas is expected to undergo a phase transition

into the superfluid phase, whose existence is established by the observation of vortex

lattices [249]. Near the phase transition, many systems exhibit critical behaviors,

reflected by singularities in thermodynamic quantities. For examples, at a ferromag-

netic transition, the magnetic susceptibility diverges, and at the superconducting and

superfluid transitions, the specific heat exhibits a jump [2231 and a cusp [230] respec-

tively. The latter is experimentally observed in 4He as the famous A-peak [139]. In

the Bardeen-Cooper-Schrieffer (BCS) theory, TC/TF O.6le- /(2 aikF), and hence for

weak interactions, the critical temperature is suppressed. In a typical superconductor,

TC/TF ~ 10-. If one naively takes 1/(kF al) = 0, one gets TCTF = 0.61 according

to this model. The expectation is that due to strong interactions, the critical tem-

perature T, of the unitary Fermi gas is expected to be large, comparable to the Fermi

temperature.

Above the critical temperature, the strong interaction is expected to lead to in-

teresting physics in the normal phase. It is possible that even though the interaction

is strong, the normal phase can be modeled by the Landau liquid theory, in which

the particles, dressed by interactions, act as free particles with a renormalized energy

and effective mass. The signature of a Landau Fermi liquid may be observed in the

thermodynamics. However, the normal phase above the transition point is not highly

2At the time, the sign of (B was not even known. A question contained in Bertsch's challenge is
whether the system is stable (i.e. what is the sign of B). G.A. Baker won the $600 prize for his
work, establishing the stability of the system in Phys. Rev. C 60, 064901 (1999).

3Here I assume the system does not form a plasma.
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degenerate, and it is questionable whether one can even talk about a Fermi liquid at

such temperatures.

Another information of interest is the existence of pre-formed pairs in the normal

phase. In the BCS limit, pairing and condensation happens at the same point. In the

BEC limit, the spin up and spin down particles form bound molecules at a much higher

temperature compared to the condensation temperature. At the crossover, one still

expects that there is a window in the phase diagram in which one finds uncondensed

pairs. This regime is also called the pseudogap, in analogy to the pseudogap in high-Tc

superconductors which is conjectued to be related to uncondensed Cooper pairs. The

existence of the pseudogap in a strongly interacting Fermi gas may leave a detectable

signature in the thermodynamics.

In this chapter, I discuss the work at MIT to measure the equation of state of a

strongly interacting Fermi gas, as reported in Refs. 1226] and [129]. I will start with

a review of thermodynamics. Then I will describe the details of the experimental

measurement. In the subsequent sections, I will discuss the results.

4.2 Review of thermodynamics

4.2.1 General thermodynamics relations and the forms of the

EoS

In general, the EoS can be expressed in multiple forms, each describing a relation

between different combinations of thermodynamic variables. However, we can use

basic thermodynamics to get a sense of the form of the EoS that is easiest to mea-

sure experimentally. Our aim is to measure the EoS of a unitary Fermi gas in a

homogeneous system. Therefore, we will set V, N -+ oo, with n = N/V. We will

also consider the EoS in terms of intensive quantities. Therefore, extensive quantities

such as the energy will be scaled by either the particle number N or the volume V.
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Let us consider the grand potential

Q = E - TS - N, (4.2)

dQ = -SdT - PdV - Ndy . (4.3)

The natural variables for the grand potential are T, V, and P, and among them,

only V is extensive. The grand potential itself is extensive. Therefore, in a homoge-

neous system, if one scales the volume by V -+ qV, the grand potential is also scaled by

the same factor, Q -+ qQ. This gives the scaling relation Q(T, qV, p) = rQ(T, V, p).

Euler's homogeneous function theorem4 then leads to V )T = Q, and hence we

arrive at the following important result for the grand potential:

Q = -PV, (4.4)

and hence dQ = -PdV - VdP. We then have the Gibbs-Duhem relation

S
dP = -dT - ndy. (4.5)

V

Therefore, a natural form of the EoS is the pressure equation of state

P = P(p, T). (4.6)

Following Eq. 4.5, another natural form of the EoS is the density equation of state

n = aP (p, T) = n(p, T) . (4.7)

From 2.4.2, we know that the EoS of the unitary Fermi gas can be cast in terms of

universal functions of dimensionless quantities. To write the pressure and the density

equation of state in terms of dimensionless quantities, we normalize P, n, and pt by

4Euler's homogeneous function theorem states that f(71x) = r7?f(x) -+ xf'(x) = 'yf(x).
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the temperature to arrive at the following universal form,

A 3P = fp([), (4.8)

3 _ ~dfp (#p)
nA 3 f1MOP) - d(01 ) '(4.9)d(#p)

where A = F is the thermal de Broglie wavelength. We note the quantity nA3 is

the phase space density. At high temperatures, these two universal functions admit

the virial expansions in terms of the fugacity e":

fp(3p) = 2 (e'" + b2e2p" + b3e3'y...) , (4.10)

fn(#p) = 2 (e3' + 2b2 e2O3" + 3b3e 3 ,34...) (4.11)

At T = 0, Eq. 4.1 indicates that the chemical potential p =((2-) is given by

P = BEF. Therefore, fp and fn have the following limit as 3p -+ oc:

1 1'4wr3p 3/2
fn (OP) - 2 ,70/1 ) (4.12)

37r B

1 (470Lp)
5 / 2

fp 307r 2  3/ 2  (4.13)

We note that for the density equation of state Eq. 4.7, we can also normalize the chem-

ical potential and the temperature by the Fermi energy and the Fermi temperature

TF = EF/kB to obtain the temperature-dependence for the chemical potential,

-- = ( ) (4.14)
EF TF

where fL is a universal function that depends on T/TF.

Let us then consider the Helmholtz free energy

F = E-TS=Q+PN, (4.15)

dF = -SdT - PdV + tdN. (4.16)
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Since n = N/V, we have dN = Vdn while keeping V fixed, and dV = -(N/n 2 )dn =

-(V/n)dn while keeping N fixed. If we consider keeping N fixed (and hence V

controls the density), then we have d (!) = -fdT +f dn.

energy per volume F = F/V is a function of n and T,

Thus we see the free

F = T(n, T) . (4.17)

Since P = - (j)T,N = T we have another form of the pressure equation of

state

= P(n, T) . (4.18)

We normalize the free energy and the temperature by the density to obtain the

universal form

F - (4.19)
5VnEF TF

P
2nEF
51L/

(4.20)

Further differentiating with respect to the volume gives the compressibility as a func-

tion of the density and the temperature,

1 (P) -1
OV T

1
n

= K(n, T). (4.21)

Normalizing by the density gives the universal form

3 T
2nF TF

(4.22)

One can express the compresibility in terms of the density and the pressure to obtain

K = K(ni, P) , = R(f). (4.23)

This compressibility equation of state is the starting point for a method to obtain the
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equation of state without any fits, which I will discuss in 4.9.

An expression that is convenient for experimentally measuring the compressibility

can be obtained as follows: since one can write P = P(p, T) and n = n(p, T), we can

re-express OP/Qp in terms of derivatives with respect to p at fixed T,

1 OP/9p 1 (On
K = -- =alp - - -O . (4.24)

n an/Op T n2 OP T

Generally, the most common ways to parametrize the temperature dependence

is via one of the following two dimensionless quantities formed by normalizing T by

an intensive energy scale: T/TF or Op, where / = 1/(kBT). The latter is also the

natural logarithm of fugacity ef.

Here, I also derive an important relation for scale invariant systems. Recall from

Eq. 2.33 that scale invariance implies the following scaling relation for the free energy

density: F(n/73 , T/72) = F(n, T)/17'. Note that this scaling relation was considered

in the case of constant volume. Differentiating with respect to 'q and setting 7q = 1

gives 3n ()v + 2T (2fl = 5T and hence 31pN - 2TS = 5F. Making use of

F = E - TS = Q + PN and Q = -PV, we arrive at the following relation for scale

invariant systems:
3

E = -PV. (4.25)
2

4.2.2 Non-interacting Fermi gas

Recall from Section 2.2, the density of the ideal Fermi gas is given by the polyloga-

rithm function (see Eq. 2.4 and 2.5). The density and the pressure equation of state

of the ideal Fermi gas is then given by the universal functions

A3no(T, p)= -2Li 3/2 (-e4) = -2E (k e) (4.26)
k=1

and

fpO( Op) = 3 Po(T, p) = -2Li 5 / 2 (-e'4) - 2 k!/) (4.27)
k=1

85



There is an additional factor of two compared to Eqs. 2.4 and 2.5 because here we

are considering a two-component non-interacting gas. In the high temperature limit

Op -+ -oc, we recover the Boltzmann gas, whose equation of state is

n = 2-3eOA , (4.28)

P (OP) 2kBTA- 3 e~ p (4.29)

and the ideal gas law

P = nkBT. (4.30)

Since the non-interacting gas follows the same universal relation E = (PV, we also

obtain the familiar form of energy that is usually obtained by the equipartition the-

orem,

3
E = -NkBT, (4.31)

2
Cy O E 3- (DE- = -NkB. (4.32)
N T N

4.2.3 Virial expansion of the unitary Fermi gas

The degenerate unitary Fermi gas is theoretically challenging due to the absence of

small parameters. However, at high temperatures, there is one such small parameter:

the fugacity 0". Such high-temperature expansion was introduced by Kamerlingh

Onnes with the form

P = nkBT (1 + B2 (T) + + 2 +.... (4.33)

A similar expansion in the fugacity is:

A3 P = 2 (e'3" + b2 e2O" + b3e3 p" +...). (4.34)

For the non-interacting Fermi gas, the virial expansion can be read off from the

definition of the polylogarithm function Eq. 4.27. For the unitary Fermi gas, the
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second [971 and the third [140] virial coefficients have been determined to be

3v/L
b2 = , (4.35)

b3 = -0.29095295.... (4.36)

The fourth order virial expansion was also determined in [1831 to be b4 =

-0.016(4) after our measurement. This value, however, is contrary to what we obtain

(see 4.9).

4.3 Review of past theoretical and experimental stud-

ies on the thermodynamics of the unitary Fermi

gas

Considerable amount of effort has been put into the study of the thermodynamics of

the unitary Fermi gas. On the theoretical front, the difficulty arises from the lack of

small parameter. Quantum Monte Carlo (QMC) calculations are plagued by the sign

problem. Either one needs to make use of a trial wave function (such as the case of the

fixed-node Monte Carlo method), or perform calculations on a lattice, which requires

extrapolation. Recently, a diagrammatic Monte Carlo (DMC) method has emerged

as another tool for the theoretical study of strongly interacting quantum systems.

This approach is ab-initio in nature, same as the lattice calculations, but unlike

the lattice calculations which simulate a physical system (in discretized space), the

DMC approach "simulates" the mathematical solution coming from the summation

of Feynman diagrams.

On the experimental front, initial experimental studies of the thermodynamics of

strongly interacting Fermi gases have focused on trap averaged quantities [119, 218,

1431 and have obtained measurements of B- However, the trap averaged quantities

wash out critical features, making the superfluid transition difficult to observe.

The most recent experimental studies on the thermodynamics of the unitary Fermi
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Table 4.1: Experimental and theoretical
Fermi gas.

works on the thermodyanmics of the unitary

Year Work _ Tc/TF T-dependence]

BCS mean field 0.59 Yes
2004 Fixed-node QMC [371 0.44(l)
2004 T-Matrix [170] 0.456
2004 6 Li expansion (Innsbruck) [17] 0.27+"7
2005 Fixed-node QMC [10, 39] 0.42(l)
2005 6Li heat capacity (Duke) [119] 0.51(4)
2006 6Li imbalanced (Rice) [1681 0.46(5)
2006 Lattice QMC [35] 0.152(7)
2006 40K (JILA) [218] 0.46+0' 12 Yes
2006 Lattice [27] 0.23(2) Yes
2007 T-Matrix, first-order diagram [93] 0.36(1) 0.16 Yes
2007 E-expansion [91 0.367(9)
2007 6Li expansion -(ENS) 1221] 0.41(15)
2009 6Li (Duke) [144] 0.41(2) ~ 0.2 Yes
2010 (B upper bound [77] < 0.383(1)
2010 Lattice QMC [84] 0.429(9) 0.171(5)
2010 6Li (Tokyo) [101] 0.17(l) Yes
2010 6Li (ENS) [158] 0.415(10) 0.157(15) Yes
2011 Auxiliary-field QMC [38] 0.372(5)
2012 DMC [226] Yes
2012 6Li (MIT) [129] 0.376(4) 0.167(3) Yes
2012 Lattice [60] Yes
2012 Lattice 1671 0.366+0.016
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Figure 4-1: Historical results for the Bertsch parameter. The value obtained in the

MIT experiment corresponds to the last experimental point in the year of 2012. This

figure is taken from [67].
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gas were performed by the ENS [158] and the Tokyo [101] groups. Both of these

experiments extract the equation of state of a homogeneous gas, in particular, the

pressure P as a function of the temperature and the chemical potential. However,

since the superfluid phase transition in a spin-balanced Fermi gas is a second order

transition and accompanied by only a kink in the density 1116], quantities that involve

integration of the density over the local potential, such as the pressure P, are only

weakly sensitive to the phase transition. In addition, the calibration of the temper-

ature and the chemical potential in these two experiments require either an external

thermometer - the bosonic 7Li in the case of the ENS experiment- and/or inputs

from a prior theory or experiment - the virial expansion for the ENS experiment, and

the Duke entropy vs energy measurement [1441 for the Tokyo experiment. Therefore,

an experimental measurement that can clearly resolve the critical transition in the

thermodynamics and is independent of prior theory or experiment is highly desirable.

Table 4.1 is a non-exhaustive compilation of the experimental and theoretical

studies of the thermodynamics of the unitary Fermi gas. Fig. 4-1 shows historical

results of the Bertsch parameter as a function of time.

4.4 Outline of the experimental procedure

We prepare an ultracold two-component mixture of fermions described as in the pre-

vious chapter. After sympathetic cooling with "Na, a two-state mixture of the lowest

two hyperfine states of 6Li is created. A bias field of 834.15 1.5 G [16] brings the

mixture to unitarity. At the time of the experiment, this was the best value for the

position of the broad Feshbach resonance. The MIT thermodynamic measurement

had such a precision that it became clear that the limiting factor was the accuracy of

the position of the Feshbach resonance. An updated value of the Feshbach resonance

832.18(8) G [245] was obtained after our thermodynamic measurement and was used

in our subsequent experiments.

The trapping potential is harmonic in the z-direction, with frequency Wz = 27r x

22.85(5) Hz. The optical dipole trap (ODT) has a waist W = 120 pm and an initial
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depth UO - 100 kHz when the mixture is created. The mixture is futher cooled

through forced evaporation by lowering the trap depth. The final trap depth ranges

from Uo ~ 9 - 20 kHz, depending on the desired degeneracy of the cloud. A typical

cloud contains N/2 ~ 0.1 - 1 million particles per spin state and is at a temperature

T ~ 20 - 100 nK.

We obtain high resolution absorption images of a single state of 6Li with the

vertical imaging path (see 3.2). The imaging light has a large waist compared to the

cloud size. The intensity of the light is I = 0 .0 7 1 sat, where 'sat = 2.54mW/cm 2 is

the saturation intensity of the 6Li D 2 line. To image the atoms, the light is pulsed for

4 ps. The absorption profile contains the once-integrated column density n2D(X, z) =

f dy n(r). We then convert the column density to the local density n(r) via the inverse

Abel transform.

The key to generate the equation of state of a homogeneous system from images

of clouds trapped by an inhomogeneous potential is to make use of the local density

apprxoimation (LDA). In general, a Fermi gas in a trap is built up by filling the

energy levels of the trap. When the particle filling is large, one can consider the

neighborhood at each point r to be a locally homogeneous system, with the energy

landscape shifted by the local trapping potential5 V(r). Then, one can define the local

chemical potential p(r) = p - V(r), where it is the chemical potential at the point

where the trapping potential is at the minimum (assumed to be r = 0). Since a given

atomic cloud is in thermal equilibrium with a uniform T, the density distribution is

then given by

n(r) = n (V(r)) = n(T, p - V(r)). (4.37)

Therefore, the measurement of the density profile with respect to the trapping

potential contains the equation of state. If one has the knowledge of T and P, then

one can convert the local density measurement into an EoS of the form nmA = fn(op),

or as we shall discuss in 4.9, one can also generate the compressibility EoS.

5 This is analogous to the WKB approximation, in which one treats the wave function as a plane
wave in the vicinity of each neighborhood and assigns a "local momentum" p(x) = /2m(E - V(x)).
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4.5 Imaging characterization

The key to obtaining a precise measurement of the thermodynamics is to have an ac-

curate measurement of the local density and to be able to characterize the systematic

errors. Much of the challenge occurs at the stage of imaging. In this section, I will

describe the characterization of our imaging procedure.

4.5.1 Detuning due to recoils

For near-resonant light, the photon scattering rate is

F I/(arIsat)
2 1 + (26/)2 + I/(alsat)

The factor of a, = 2 accounts for using linearly polarized light for imaging on a o_

transition along the vertical imaging path. On resonance and with I/Isat = 0.07,

the rate is R = 0.60 photon/ps, or tscatter = 1.66 ps per scattering event. Therefore,

if we do not account for the Doppler shift due to each scattering event, an average

number of 3.02 photons are scattered. The recoil velocity of 6 Li at the D 2 transition

Aopt 671 nm is VR - h = 0.099 m/s. Therefore, the mean shift in the resonance

frequency corresponding to one recoil is Av = E = 0.15 MHz. After each scattering,

the scattering rate is modified since the atom is slightly off resonance. Taking this

into account, the average number of photons scattered is 3.01. The change is less than

0.5%. When there is an intensity attenuation, the effect will only be more negligible,

since there will be less scattering and hence less detuning that results. Therefore we

can neglect this effect.

4.5.2 Atom movements due to recoils

We want to ensure that movements due to photon recoils are small compared to the

spatial imaging resolution. For simplicity, we ignore the Doppler shift due to recoils.

We also ignore recoils due to spontaneous emissions, which average to zero. With

three photon recoils, an atom will move 1 pm during the imaging pulse, which is less
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than the imaging resolution of 2 pm.

4.5.3 Non-linearity in saturation

The absorption cross section is given by

hw _a 0  1
(T = hwReff = ao(4.39)

I a, 1 + (26/F) 2 + I/(xlsat) '

where ao = 6r(A0pt/(27)) 2 is the resonant absorption cross section, and a1 = 2 as

before. From the Beer-Lambert law, 4 = -aIn, the absorption on resonance is then

given by [1891

OD=- dxn=-In 1-+ 1-- 1. (4.40)
a1  I (o alsat\ 10)

We want to quantify the effect of saturation when we use the formula for the optical

density at the low-intensity limit, ODapparent = - ln(I/Io). In the limit where the

attenuation of the intensity is small, Eq. 4.39 indicates that one can simply apply

a calibration factor to obtain the correct OD. This is certainly not the case if the

attenuation is significant. Nevertheless, we can characterize the error that results

from applying a fixed calibration factor. In the experiment, we only use the region

with 0 < ODapparent K 1.8. The upper cutoff ensures that we do not use regions

of the image where the absorption is too dark and hence have large noises. In this

range of ODapparent, the ratio ODapparent/OD ranges from 0.966 (corresponding to

1/(1 + I/(aIlsat))) at ODapparent = 0 to 0.984 at ODapparent =1.8. Using the midpoint

0.975 as the calibration factor leads to an error of 1%.

4.6 Generating density profiles

Here, I describe the procedure to generate the density profiles n(V) from the absorp-

tion images.
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4.6.1 Image processing

We first apply a super-sampling procedure to each of the frame taken by the CCD

camera: the frame probed with atoms (PWA), the frame probed without atoms

(PWOA) taken after the atoms are released, and the frame of dark field (DF) taken

with the camera shutter closed. For a frame of the size L x L, where L is the number

of pixels in each dimension, we duplicate each pixel into four and generate a 2L x 2L

image. The frame is then passed through a nearest-neighbor average filter. This

procedure is beneficial to the inverse Abel transform because it reduces the problem

of pixelation in a numerical procedure (see 4.6.2) and filters out high spatial frequency

components above the imaging resolution that arise from the noise. A normalized

intensity profile I I/Io = PWA-DF is then generated from these three frames.

Next, we perform quadrant-averaging i4 Zij= I(ix, jz) on the intensity profile

to reduce the noise. The noise on the intensity profile leaves a systematic offset in

the background when taking the log: - ln(1 + AI) ~ AI + }(AI) 2 + 0(A1 3 ). The

linear term averages to zero but the quadratic term does not. This is detrimental for

generating the pressure from integrating the density. Therefore, quadrant averaging

on the intensity profile has the advantage of suppressing this systematic offset.

We then obtain the 2D column density

n2D(X, z) = -- In - (4.41)

4.6.2 Inverse Abel Transform to obtain local density

The 2D column density is the Abel transform of the local density distribution, n2D -

f dy n(r). With cylindrical symmetry, the local density n(p, z) can be obtained from

the column density6 via the inverse Abel transform:

n(p, z) = dx 1.n2D(X,Z) (4.42)
T P VX2_ p2 OX

6 We multiply the column density obtained from absorption images by a factor of two so the
extracted density correspond to the total density.
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Figure 4-2: Benchmarking the numerical inverse Abel transform with a simulated

cloud profile. To check the accuracy of the inverse Abel transform, we generate a

simulated profile n2D(X, z) using the non-interacting EoS at T = 50 nK and A =

350 nK. The parameters are chosen to match the typical peak density n ~ 0.5 Pm-3

and radial size - 30 Mm. The column density is then fed into the numerical inverse

Abel implementation to generate n(p, z), and compared to the true local density

coming from the non-interacdting EoS. (a) Radial-cut of n(p, z = 0) (upper set of

curves) and n(p, z = 70 pm) (lower set of curve). Blue solid curves: true local density.

Green dashed curves: local density from the inverse Abel transform without super-

sampling. Red connected circles: local density from the inverse Abel transform with

two times super-sampling. (b) Relative difference compared to the true density for

z = 0 (upper panel) and z = 70 pm (lower panel). The same convention is used as in

(a) to distinguish the result with and without fine-graining.
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In practice, one has to numerically implement this carefully due to the singularity at

x = p. The pixelation of n2D means that the integrand diverges near the singularity.

Therefore, we use the following form, which is obtained with a change of variable

T = Vx 2 _02:

n(p, z) = dr .2D (X, Z) (4.43)
Ir Jo T2 + p2  Dx X=2+p2

With this form, the integrand is well behaved except near p = 0. Our numerical

procedure accurately reproduces the density of a simulated profile to better than 1%

accuracy for p > 3Al = 7.2 ptm (see Fig. 4-2).

The accuracy drops off beyond p > 30 gm due to the decreasing signal available

for integration. Nevertheless, the absolute difference is small, and the uncertainty

will be dominated by shot noise, so the amount of relative deviation is not of concern

here.

4.6.3 Obtaining the trapping potential

The trapping potential (see 3.1) is given by

V(pz) = V(p) + V(z) =m2Wz2 -- 22 -- apol 2 e22/W2 (444)

where apoi is the polarizability, P is the power of the ODT, and W 120 ,um is

the waist of the ODT. The trap depth of the ODT is given by U0 = ap0 i . For
2

the thermodynamic experiment, the trapping frequency wz is measured to be wz -

27r x 22.83(5) Hz.

We do not rely on the waist and power measurement of the laser beam but in fact

measure the trapping potential directly using the atomic distribution. According to

the local density approximation, equi-density contours correspond to equipotential

contours. Since the potential is excellently known in the axial (z) direction, equi-

density contours then calibrate the potential everywhere. For this measurement, one

may average many independently measured 3D density profiles as long as they are
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taken under the same experimental condition, even if the atom number or temperature

vary from shot to shot. At any point (p, z), if the averaged density profile is navg(p, z),

the potential at that point V(p, z) is then given by V = V(0, zo), where zo is the equi-

density point on the z-axis, navg(p, z) = navg(0, zo). The resulting potential can be fit

to the model of Eq. 4.44, which yields a waist that agrees with the measured waist

to within 1%, and a power that agrees with the measured power to within 10% (a

typical error for standard power meters).

With this method, anharmonicities in the trapping potential have been incor-

porated into the analysis of the density profiles. The ENS and the Tokyo experi-

ments attempted to model anharmonic traps as harmonic potentials and measured

the trapping frequencies [101, 158]. However, anharmonicities cause such frequencies

to depend on the trap filling, rendering this method less reliable.

Note that the gravity does not enter into the potential. Gravity modifies the

saddle point potential lmw'(z 2 _ 1p 2 ) only by shifting the saddle point. Therefore,

by centering the ODT onto the saddle point - the "sweet spot" - the effect of gravity

is not felt.

4.6.4 Density profile n vs. V

Knowing the trapping potential, a single experimental density profile n(p, z) can now

be averaged over equipotential lines V(p, z), yielding a low-noise determination of the

density as a function of the local potential V.

Fig. 4-3 presents a sample image processed with the procedure described in this

section.

4.7 Calibrating the optical density

The accurate conversion of an image to a density profile is crucial for the measurement

of the EoS. Ideally, the optical density OD = - ln(I/Io) should correspond to the

column density times the absorption cross section. However, several imperfections in

imaging modify this relation: nonlinearity associated with saturation, imaging light
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Figure 4-3: Obtaining the density profile from an atomic image. (a) From left to right:
(i) Normalized intensity I = I/o from the CCD camera without super-sampling
nor quadrant-averaging, (ii) I with super-sampling, (iii) I with super-sampling and
quadrant-averaging, and (iv) n(p, z) obtained via the inverse Abel transform, with the
three pixels (indicated by the white space near p = 0) from the axial center removed.
(b) Density profile n(V) obtained from the same image. The black open circles (as
well as the gray band) indicate the points removed because they involve OD that is
above the cutoff value.
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being slightly off resonant, and imperfections in the polarization (which may be either

that the polarization is not fully linear, or that it does not fully align with the x-axis,

see 3.2). The latter two imperfections simply add a proportionality factor in the

conversion from the optical density to the column density. The effect of saturation is

nonlinear, but as disussed in 4.5.3, in the regime of intensity we operate at, we can

model the effect as a simple scaling factor and still be accurate within 1%.

We use the following method to obtain the overall scaling factor to convert the

OD to the column density. We prepare a highly imbalanced mixture at unitarity (see

Fig. 4-4). Following the local density approximation, the majority atoms in the region

where the minority atoms vanish is described by the non-interacting EoS. By fitting

the density profile of the majority atoms to a non-interacting EoS with a variable

oveall scaling factor, we can determine the calibration factor. The typical factor is

around ~ 0.6.

One might envision that one can accomplish calibration by realizing non-interacting

clouds near the zero-crossing of the scattering length7 B ~ 550 G and fitting the den-

sity profiles of such clouds to the non-interacting EoS. However, since the calibration

images are taken at a different field, there is a possibility that the actual calibration

factor is different. Furthermore, the cloud is much hotter, since the interaction is weak

and thermalization is inefficient. A highly imbalanced cloud at unitarity offers the ad-

vantage of taking calibration image at the same field, and also of a cold cloud. Having

a cold cloud is important for the following reason. In the high-temperature regime,

the density is predominantly given by the EoS of a Boltzmann gas, n - AC 3e 3(p-V).

The scaling factor can be absorbed into the chemical potential, and hence one is

not sensitive to the scaling factor. It is only in the low temperature regime, where

n oc (p - V) 3/ 2, that a fit to the (non-interacting) EoS can disentangle the scaling

factor from the chemical potential.

We take the imbalanced images for calibration after taking every couple images

of the balanced gas in order to identify systematic drifts, if any.

'One would actually not go to exactly the zero-crossing, but rather nearby where the scattering
length is small but finite to allow thermalization.
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Figure 4-4: Image calibration with a highly imbalanced gas at unitarity. (a) Image of
the majority cloud. (b) Image of the minority cloud. (c) Density profile n(V) for the
majority (red) and the minority (black) atoms. The vertical black dashed line signals
the boundary of the minority atoms, and the region where we fit the majority cloud.
The fit is shown in the blue curve.
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Figure 4-5: (a) Thermometry on a low-noise density profile, n = n(V), is performed
by fitting the experimental data (red) to the known portion of the EoS (solid blue

line), starting with the virial expansion for Op < -1.25 (green dashed line). In this

example, the EoS is known for p < -0.25, and the fit to the density profile yields

T = 113nK, and 3p = 1.63. (b) Given [ and T, the density profile can be rescaled
to produce the EoS nA 3 = fn(0p). The figure is taken from 226]

4.8 Measurement of the EoS in the normal phase

(with iterative fitting)

To convert the density profile n = n(V) into an EoS of the form Eq. 4.7, one needs

the input of the chemical potential [z and the temperature T. To obtain these two

quantities, one can fit the high-temperature wing of the density profile to a known

EoS. Once p and T are obtained, the density profile is rescaled to obtain nA 3 vs 0p,

and the data closer to the cloud center provides the measurement of the EoS to a

colder (namely larger Op) regime (Fig. 4-5). One can then use this updated EoS to

fit a colder cloud, and this procedure is iterated to access lower temperatures. The

EoS in the normal phase of the unitary Fermi gas was measured with this iterative

procedure in [2261. This was used to validate the diagrammatic Monte Carlo calcu-

lation described in the same work. A similar procedure was used in [158] to measure

the pressure EoS. The first iteration requires a known EoS in the high-temperature

regime, for which we use the virial expansion up to the third order. The third-order
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Figure 4-6: EoS measurement obtained with the iterative fit method. The figure is
taken from [226]. (a) Density and (b) pressure equation of state of a unitary Fermi
gas versus pu/(kBT), normalized by the EoS of a non-interacting Fermi gas at the
same p/(kBT). Solid squares: diagrammatic Monte Carlo (DMC). Solid circles: MIT
experiment, with solid margins giving the error from the uncertainty in the Feshbach
resonance position. Triangles and dashed line: MIT experiment and theory for the
ideal Fermi gas. Solid line: third order virial expansion. Open squares: first order
Feynman diagram [93]. Open circles: Auxiliary Field QMC [271. Star: Critical point
form determinental QMC [84]. Diamonds: ENS experimental pressure EoS [1581.
Open pentagons: pressure EoS from Tokyo experiment [101].

virial expansion agrees with the DMC to within 1% for Op < -0.85.

virial expansion as the known EoS for the regime Op < -1.25.

We use the

Looking at the form of the density EoS n = A- 3ffn(oy) and the virial expansion

n = 2A- 3 (e-(p-V) + 2b2e-2(p-V) +...), it is clear that the temperature is determined

mainly from the curvature of the density profile, while the chemical potential is de-

termined mainly from the height of the central points. Uncertainty in the EoS due

to the use of fitting procedure mainly comes from the uncertainty in the chemical

potential, while the temperature can be determined much more accurately.

Care was taken to contain and assess the errors of the EoS measurement. A typical

experimental run gives a hundred images with signal-to-noise ratio of 3-to-10. Each

image produces an EoS curve, and about 30-40 curves are averaged to construct a

low-noise EoS measurement. About 4 such independent measurements are averaged
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to produce the final EoS curve with an average statistical errors below 1% in nA3.

To truly assess the systematic errors, we applied our protocol to measure the EoS of

a non-interacting Fermi gas. The resulting EoS agrees with the theoretical EoS to

1% on average, which we assign as the systematic uncertainties of our measurement

at unitarity. The statistical error is < 0.5%. Therefore, we assess that the measured

unitary EoS is accurate to better than 1.5% in nA'. The error in nA3 that comes

from the uncertainty of the position of the Feshbach resonance is estimated to be 3%

(see 4.15).

Uncertainty in thermometry gives an error of 6 (p) = +0.04 in the Op axis. A

binning of the EoS in the Op direction to reduce noises acts as a filter and gives the

EoS a resolution of 0.1 in the 3p direction. Due to the noise in Op, the iterative

procedure is expected to wash out the sharp feature at the critical point and obscure

the signal of superfluid transition in the thermodynamics.

4.9 Compressibility EoS

To clearly observe the signature of the superfluid transition in the thermodynamics,

we developed a technique to obtain the EoS that requires no fitting, as described

in [129]. Starting with the density profile n(V), we note that it contains not just

the measurement of n, but also the measurement of the trapping potential V. In the

LDA, the variation of the chemical potential is given by the variation in the trapping

potential, dp = -dV. In a system with a uniform temperature, the Gibbs-Duhem

relation gives dP = ndj. Therefore, one can generate the local pressure

P(V) =] dV' n(V'). (4.45)IV

The other thermodynamic quanity one can generate is the compressibility via Eq. 4.24,

r - I(4.46)
n2 19P T n2dV
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Figure 4-7: Construction of the R(P) curve in the normal phase. (a) Normalized

compressibility vs normalized pressure for a single profile (red) in the normal phase,
compared to the final data (blue). (b) Shown in red is all the data points used from

all the profiles used to generate the data (blue).

The relation between these three variables form an EoS. The compressibility EoS

sr(n, P) can be obtained directly from the density profile without fitting or an external

thermometer. Furthermore, the compressibility, a quantity related to the second

derivative of the energy, is expected to display singular behavior at the critical point.

With r, n, and P, we form dimensionless quantities according to Eqs. 4.20 and 4.22.

We define the normalized compressibility R= ,'i/to and the normalized pressure

P/Po, where ro = 3(nEF)~ and Po = nEF. Due to scale invariance, any

measurement on an atomic cloud at any temperature, atom number, and trapping

potential must produce the same universal curve R(P). By averaging over many pro-

files, we obtain a low noise measurement of the compressibility equation of state R(P).

For each density profile n(V), we generate P(V) via Eq. 4.45, and obtain the

normalized pressure j3 P/PO. We obtain the normalized compressibility with the

following relation

R _ = d-- (4.47)
(9p1 T dV

In Fig. 4-7, we show R vs. P for (a) a single profile and (b) all the profiles used

to generate the experimental measurement. The normalized pressure can be thought
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of as a thermometer, with the higher P corresponding to larger T/TF. The points

are binned with respect to P to generate the data. The binning AP = 0.015 - 0.4 is

chosen such that the /p (see 4.10) has a spacing of around 0.1. Though the normalized

compressibility of a single profile is noisy, after averaging over many profiles, a low-

noise measurement can be obtained. This procedure is used to generate the EoS in

the normal phase up to up to 0.64 < P, in which the EoS contains no singularity and

is smooth. However, near the phase transition, averaging many R(P) is expected to

wash out the singular feature.

To clearly reveal the feature in the compressibility associated with the superfluid

transition, we adopt a different strategy to obtain the R(f) for P < 0.63. We first av-

erage a few n (V) (between 4 to 20 profiles, depending on the set), obtained under the

same experimental condition. This produces an averaged profile navg,1(V) for a given

set of profiles, which has much less noise. Fig. 4-8 (a) shows one such averaged profile,

and the kink in the density at the critical point is visible. From the averaged profile,

we then generate Ravg,i(Pavg,1) as described above (Fig. 4-8 (b)). We do the same for

the other sets of profiles, with each set taken at the same experimental condition,

to generate navg,2, ... navg,6 and the corresponding R avg,2(favg,2), -. , Ravg,6(pavg,6). Fi-

nally, with Ravg,i(Pavg,i) from six averaged profiles, we bin the points, weighted by the

number of profiles in each set, to obtain the measurement (Fig. 4-8 (c)). In Fig. 4-9,

we plot the measured R(P) from the superfluid phase to the high-temperature regime

where the virial expansion becomes valid.

A data point typically contains between 30 to 150 profiles. Error bars for the data

shown contain both the statistical error (the standard error) and the systematic error

from imaging calibration. The error in the absorption cross section is assessed to be

4% for a single calibration. The corresponding uncertainty for R and P is suppressed

by a factor of 2/3. Using several independently measured absorption cross sections for

a given data point R(P) provides an additional suppression of this error. The typical

error for R and fi from imaging calibration is thus about 2%.

The method described here has been tested on the non-interacting Fermi gas that

can be studied in two independent ways: In spin-balanced gases near the zero-crossing
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Figure 4-8: Obtaining the compressibility EoS in the regime near and below the
superfluid transition point. (a) A set of four n(V) taken under the same experimental
condition (red) is averaged to generate a low-noise profile (blue). The black points in
the gray region involve OD that is above the cutoff (OD < 1.8) and hence not used
for the data. Inset: the kink in the density associated with the second order phase
transition is visible in the averaged profile. (b) Red: R vs. P from six sets of averaged
profiles such as the one in (a). The size of the points are weighted by the number of
individual profiles in each set. Binning the points weighted by the number of profiles
in each set leads to the measurement in the low-temperature regime P < 0.63.

of the scattering length and in the wings of highly imbalanced clouds at unitarity.

Both determinations yield the same non-interacting compressibility EoS (Fig. 4-9).

This provides a check for the effective absorption cross section: If the cross section

had been determined too large by a factor of -y, R oc -y-2/3 would be too small, and

f xc i 2 / 3 too large.

In the high-temperature (P > 1) regime, our data shows good agreement with the

third order virial expansion. Fixing b2 and b3 , our measurement yields a prediction

for the fourth-order virial coefficient b4 = +0.065(10), in agreement with [158], but

contradicting a four-body calculation that gives a negative sign [183].

At degenerate temperatures (< , 1), the normalized compressibility rises beyond

that of a non-interacting Fermi gas, as expected for an attractively interacting gas.

At around P = 0.55, the compressibility rises suddenly and then decreases at lower

temperatures. This marks the superfluid transition. The expected singularity of the

compressibility at the transition is rounded off by the finite resolution of our imaging
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Figure 4-9: Normalized compressibility r/o versus normalized pressure P/Po of the
unitary Fermi gas (red solid circles). Each data point is the average of between 30
and 150 profiles. The error bars show one standard deviation, including systematic
errors from image calibration. Blue solid line: 3rd order virial expansion. Black open

squares (black open diamonds): data for a non-interacting Fermi gas obtained with a
highly spin-imbalanced mixture at the unitarity (spin-balanced gas near zero-crossing
of the scattering length). Black solid curve: the T = 0 limit of R = 1/p. The dotted

lines indicate = 1/P = 1 for the non-interacting gas, and A = 1/ = 1/B for

the unitary Fermi gas. Gray band: the uncertainty region for the T = 0 value of

R = 1/ and P = 'B. Blue dashed curve: model for the EoS of the unitary Fermi

gas (above Tc: interpolation from the Monte-Carlo calculation [226], below Tc: BCS
theory including phonon and pair-breaking excitations). Green solid curve: Effect of

2 pm optical resolution on the model EoS. This figure is taken from [1291
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system. Below the transition point, the decrease of the compressibility is consistent

with the expectation from the BCS theory where single-particle excitations freeze out

and pairs form (see the model in Fig. 4-9).

At zero temperature, it = BEF, and hence R = EF = 1/B, while P -

f nd( BEF) = BPO- As a result, R(P) terminates on the curve A = 1/ at T = 0.

We see that this constraint is satisfied by both the non-interacting EoS, which can be

thought to have a "&' of 1, and the unitary EoS. Extrapolation of the experimental

data for R(P) towards the T = 0 limit gives 0.37(1) for the Bertsch parameter, consis-

tent with the value that we extract from the normalized chemical potential, energy,

and free energy, which I will describe later.

4.10 Generating thermodynamic quantities from the

compressibility EoS

All the thermodynamic information is encoded in the EoS, regardless of the state

variables involved. Therefore, with the compressibility equation of state K(n, P),

one can obtain all the other thermodynamic quantities. To start, we look at the

temperature dependence of n, P, and r. For each of these quantities, we define the

following universal functions of X = ,p:

P = fp(X), (4.48)

n= fp(X) fn(X), (4.49)

=n2 = f"(X). (4.50)
A3 "

The phase space density nA - f" is related to TITF by

T 47r 1

TF (37 2 ) 2/ 3 2/3 (4.51)

In terms of the functions fp and fa, the normalized compressibility and the nor-
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malized pressure are given by the following

R = 2TFf, (4.52)
3 T fn
5 T fF

= .T f (4.53)
2TF fn

Differentiating P and T/TF with respect to X = /p then gives us the following

relations on how the different thermometers, P, X = Op and T/TF are related:

d13 5 TdX = - (1 - RA) (4.54)dX 2 TF

d(T/TF) _ ( T2
dX TF

=p 5T -1- (4.56 )d(T/TF) 2 (.6

Note that apart from a prefactor, the last equation is just the heat capacity per

particle (using E = !PV valid at unitarity):

CV 1 OE 3 dp 3 TF 1(457)
kBN kBN aTN,v 5 d (T/TF) 2T

Eq. 4.56 is also equivalent to d(/ = (P - -). This then gives

- ( )exp {-J dp 1  (4.58)
TF TF 5 Pt p - R

where R is known as a function of , and (T/TF)i is the reduced temperature at

the initial normalized pressure Pi. This "anchor" point can be taken to be in the

Boltzmann regime of the classical gas. Since the compressibility EoS has already

validated the third order virial expansion, we may take this initial point to be in the

virial regime, where the experimental data is less noisy.

Eq. 4.58 relates the reduced temperature T/TF to the reduced pressure P, and

at unitarity this relation is unique. Away from resonance, the relation would still

hold, provided one fixes all other parameters specifying the system, for example the

scattering length a or the imbalance 6n = nT - n .
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There are two ways to obtain Op vs T/TF. One can consider R as a function of

T/TF and obtain
'T /TF 1 (T

/p = P) d (T) T ' (4.59)
JT ITF R

or one can consider T/TF as a function of fi and obtain

2 TF 1op = TP)i + - df - . (4.60)
5 J45 T I - R)5

For the entropy per particle, we have

S/NkB TF (4.61)
T EF

Finally, since T/TF is known, we can obtain f, from Eq. 4.51 and fp from Eq. 4.53.

Note that the determination of T/TF from R(P) is insensitive to errors in the

absorption cross section. Even if the absorption cross section has been determined

by too large a factor of 7, all factors of y cancel in Eq. 4.58. This means that one

can determine T/TF of a cloud of unitary Fermi gas from the density profile without

requiring a calibration. This is in fact also true for the non-interacting Fermi gas.

4.11 Signature of the A-transition in the compress-

ibility and the heat capacity

Armed with the relations in 4.10, from R(P) we obtain T/TF via Eq. 4.58 and

Cv/(kBN) via Eq. 4.57. In Fig. 4-10, we plot k and Cv/(kBN) vs T/TF. At high

temperatures, the specific heat approaches that of a non-interacting Fermi gas and

eventually Cv = NkB, the value for a Boltzmann gas. As T/TF is lowered, a dra-

matic rise is observed for T/TF at around 0.16, followed by a steep drop. Jumps in the

specific heat are well-known from superconductors [223] and 3He [230]. In particular,

the A-shaped feature observed in the specific heat here is characteristic of second-

order phase transitions, as in the famous A-transition in 4He [139]. In experiments

on atomic gases, such jumps had only been inferred from derivatives to fit functions
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Figure 4-10: (a) Normalized compressibility R and (b) specific heat per particle
Cv/(NkB) of a unitary Fermi gas as a function of T/TF (solid red circles). Black
solid curve: theory for a non-interacting Fermi gas. Blue solid curve: 3rd order

virial expansion for the unitary gas. Black open squares: data for the normalized
compressibility as a function of T/TF of a non-interacting Fermi gas (combining data
from both highly imbalanced gases at unitarity and balanced gases near zero-crossing).
Blue dashed (green solid) curve: model from Fig. 4-9, excluding (including) the effect

of finite imaging resolution. (c) Global condensate fraction at unitarity as determined

from a rapid ramp to the molecular side of the Feshbach resonance, plotted as a func-

tion of local T/TF at the trap center. All error bars show one standard deviation.

This figure is taken from [129]
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that implied a jump [69, 144].

Near the phase transition, the specific heat scales as Cv oc 1 - T/T -- , where

a, is the critical exponent. The superfluid phase transition of the unitary Fermi gas

corresponds to the 3D XY universality class, and the critical exponent ac, is known

to be slightly negative, ac ~ -0.01 (see for example [1391). This corresponds to a

cusp, rather than a divergence, in the heatp capacity at the critical point. We do not

expect to resolve the critical behavior very close to T, due to the finite resolution of

the imaging system, (2 pm or about 5% of the cloud size in the radial direction). In

our trapped sample, the critical region is confined to a narrow shell. Based on the

estimate in [177], the thickness of the critical shell is 1% of the cloud size. The finite

optical resolution suffices to explain the rounding of the singularity expected from

criticality. The rounding also reduces the observed jump in the heat capacity at the

transition, giving us a lower bound on the jump to be AC/C, = (C,-C)/C, > 1.0-1-4,

where CS/N and C,/N is the specific heat per particle at the peak and at the onset

of the sudden rise respectively. This is close to the BCS value of 1.43 [223], which is

surprising given the strong interactions.

Below Tc, the specific heat is expected to decrease as - e-Ao/kBT due to the

pairing gap Ao. At low temperatures T < Tc, the heat capacity is dominated by

contributions from phonons oc T3 [931. Our data is consistent with the expected

temperature-dependence, but we do not resolve the phonon regime.

We obtained the critical temperature TC/TF = 0.167(13) from the jump in the

specific heat. This value is determined as the midpoint of the sudden rise, and

the error is assessed as the shift due to the uncertainty of the Feshbach resonance

(discussed in 4.15). To validate the the measurement from the specific heat, we have

employed the rapid ramp method to detect fermion pair condensation [186, 2511 (also

discussed in 6.2.3). We prepare a Fermi gas at various temperatures by tuning the

final trap depth U0 . For each U0 , we obtain both the in-situ images and the rapid-ramp

expansion images, which reveals the bimodal profile associated with the condensation

of fermion pairs. From the rapid-ramp images, we obtain the global condensate

fractions. From the in-situ images, we obtain T/TF by fitting the images to the
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EoS. The reproducibility of the experiment ensures that the temperature obtained

from the in-situ profile corresopnds to that of the rapid-ramp image taken under

the same experimental condition. The results (Fig. 4-10 (c)) show that the onset of

condensation and the sudden rise in the specific heat and the compressibility all occur

at the same critical temperature, within the error bars.

The measured critical temperature is in very good agreement with theoretical

determinations, such as the self-consistent T-matrix approach that gives a T/T of

0.16 [93], and Monte-Carlo calculations which give 0.171(5) [841 and 0.152(7) [351.

The existence of a pseudogap is expected to affect the the temperature dependence

of the specific heat. A pairing gap for single-particle excitations above the transition

should cause a downturn in the specific heat in the degenerate regime above Tc. We

do not observe such a downturn in our measurements. If the decrease in the specific

heat due to pairing above T, is small, or if the pseudogap occupies a narrow window

in the phase diagram, the signal will be obscured by the noise in the measurement as

well as the rounding due to the finite imaging resolution.

4.12 Temperature-dependence of the thermodynamic

poetntials

Eq. 4.59 or 4.60 enables us to obtain the reduced chemical potential PI/EF as a

function of the T/TF (Fig. 4-11). In the interval of 0.25 < T/TF < 1, the reduced

chemical potential is close to that of a non-interacting Fermi gas, shifted vertically by

an offset of (&, - 1), with (a = 0.45(2). If we model the normal state by the Landau

liquid theory, the chemical potential follows a quadratic behavior as a function of

T in the low temperature regime, with the curvature given by the effective mass

m*/m = 1.2(2) of the quasiparticle (see 4.16 for a discussion on the validity of the

Fermi liquid model).

Unlike a normal Fermi gas, the chemical potential attains a maximum of P/EF =

0.42(1) at T/TF= 0-171(10), and then decreases at lower temperatures. This decrease
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Figure 4-11: Chemical potential A, energy E and free energy F of the unitary Fermi

gas versus T/TF. M (red solid circles) is normalized by the Fermi energy EF, E

(black solid circle) and F (green solid circle) are normalized by Eo = NEF. At high
temperatures, all quantities approximately track those for a non-interacting Fermi gas,
shifted by (n - 1 (dashed curves). The peak in the chemical potential signals the onset

of superfluidity. In the deeply superfluid regime at low temperatures, [L/EF, E/EO

and F/FO all approach B. A few representative error bars are shown, representing

one standard deviation. This figure is taken from [129]

is expected for a superfluid of paired fermions [93]. In a superfluid, as the temperature

is increased from zero, the increase in the chemical potential is first due to phonons at

temperatures close to zero, and at larger temperatures, dominated by the contribution

from the breaking of fermion pairs. At Tc, the singular compressibility implies a sharp

change in slope for p/EF, in agreement with our observation and theory [93]. At the

critical point, we obtain kBT/pcL = 0.40(3), in excellent agreement with the most

accurate theoretical determination kBT/pc = 0.400(14) from [84] as well as the T-

matrix calculation kBT,Uc = 0.406 from [93].

At low temperatures, the reduced chemical potential p/EF saturates to B. Since

the energy E and the free energy F satisfy the inequality E > !N BEF > F for all
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Figure 4-12: Energy as a function of temperature in the high temperature limit.
(a) E/Eo vs T/TF up to T/TF= 2. Red points: experimental data. Blue curve:
third order virial expansion. Black dashed curve: ideal gas. We see that the third
order virial expansion is accurate (in the case of energy) up to T/TF z 1.2. (b)
(E/Eo)/(T/TF) vs T/TF. The same convention is used as in (a) for the labels. The
classical limit is 5/2. We see that the third order virial expansion starts to approach
the classical limit around T/TF = 30. This is where kinetic energy starts to dominate
and the effect of quantum mechanics starts to disappear.

T 142], the reduced quantities = 5 z2N = p andFk- 5 5NF F - 2p (Fig. 4-11)

provide upper and lower bounds for B Taking the coldest points of these three

curves and including the systematic error due to the effective interaction range, we

find B= 0.376(4). The uncertainty in the Feshbach resonance is expected to shift

(B by at most 2% (see 4.15).

The measured value of B is consistent with the upper bound B < 0.383(1)

from [77], is close to the value of 0.36(1) from a self-consistent T-matrix calcula-

tion [931, and agrees with the result of an E-expansion 0.367(9) [9]. Estimates from

fixed-node quantum Monte-Carlo give 0.44(2) 137] and 0.42(1) [101 that provide upper

bounds on B, and our measurement lies below these. The value of (B we obtained

agrees with several less accurate experimental determinations 1811, but disagrees with

the most recent experimental value 0.415(10) that was used to calibrate the pressure

in [158].
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Note that the EoS P(T/TF) gives the pressure equation of state P(n, T) = P(T/TF) Po

In the high-temperature limit, it reduces to the ideal gas relation P = [E/V = nkBT,

in other words, T/TF for large T/TF. In Fig. 4-12, I show , which in the2T/TF'wihite

classical limit should approach to 5/2. The system reaches the classical limit at

T/TF - 30.

In the absence of condensation, the normalized energy and free energy would

attain a value that is above B. Condensation lowers the energy and hence is the

preferred phase. From the BCS theory, we have at T = 0 [131]

3 A2
E - E8 -N 0 (4.62)

8 EF

where AO is the gap at zero temperature, and En is what the energy would be in the

absence of condensation. If we model the energy of the normal phase as that of the

non-interacting gas shifted vertically by n, then (E - En)/Eo = B - G. This gives

an estimate for the pairng gap AO/EF = 0.34. This value has fortuitous agreement

with the universal relation given by the BCS theory [2231 Ao = 1.764kBTc, which

with our measured T, gives AO/EF = 0.29, but deviates from the radio-frequency

measurement that gives A/EF = 0.44(3) 11991,

4.13 Entropy of the unitary Fermi gas

We can obtain the entropy per particle S/(NkB) with Eq. 4.61. In Fig. 4-13, I show

S/(NkB) as a function of T/TF. At high temperatures, S is close to the entropy

of an ideal Fermi gas at the same T/TF. Above Tc, the entropy per particle is not

small compared to kB. Also, the specific heat Cv is not linear in T in the normal

phase. Both of these observations show that the normal regime above T, cannot be

described in terms of a Landau Fermi liquid picture, although some thermodynamic

quantities agree well with the expectation for a Fermi liquid (see [158] and a discussion

on the validity of the Fermi liquid picture in 4.16). At the critical point we obtain

Sc = 0.73(13)NkB, in agreement with [93]. Below about T/TF = 0.17, the entropy
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Figure 4-13: Entropy per particle of the unitary Fermi gas. At high temperatures,

the entropy closely tracks that of a non-interacting Fermi gas (black solid curve). The

open squares are from the self-consistent T-matrix calculation [93]. A few represen-

tative error bars are shown, representing one standard deviation. This figure is taken

from [129]

quickly falls off compared to that of a non-interacting Fermi gas, which we again

interpret as the freezing out of single-particle excitations due to formation of fermion

pairs. At T ~ 0, phonons dominate. They only have a minute contribution to the

entropy [931, less than 0.02 kB at T/TF = 0.1, consistent with our measurements.

At the lowest temperature, we obtain entropies less than 0.04 NkB, far below critical

entropies required to reach magnetically ordered phases.

4.14 Realization of a Feynman quantum simulator

From P, p/EF, and T/TF, we can obtain the universal functions nA = f(13p) and

fp = #A 3P (see Eqs. 4.51 and 4.53).

Fig. 4-14 shows the density and pressure normalized by their non-interacting

counterparts at the same chemical potential and temperature, n(=,T) - (31t) andcountrpart TO_(T) -fno 0(//1)
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Figure 4-14: (a) Density and (b) pressure of a unitary Fermi gas versus /kBT,
normalized by the density and pressure of a non-interacting Fermi gas at the same
chemical potential p and temperature T. Red solid circles: experimental EoS. Blue
dashed curves: low-temperature behavior with = 0.364 (upper), 0.376 (middle), and
0.388 (lower). Black dashed curve: low-temperature behavior with at upper bound
of 0.383 from 177]. Green solid circles (black fine dashed line): MIT experimental data
(theory) for the ideal Fermi gas. Blue solid squares (blue curve): Diagrammatic Monte
Carlo [2261 for density (pressure, with blue dashed curves denoting the uncertainty
bands). Solid green line: 3rd order virial expansion. Open black squares: self-
consistent T-matrix calculation [93]. Open green circles: lattice calculation [271.
Orange star and blue triangle: critical point from the Monte Carlo calculations [841
and [35], respectively. Solid diamonds: ENS experiment [158]. Purple open diamonds:
Tokyo experiment [101].. This figure is taken from [129]
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o(") -fp(2) With the precision achieved here, we can compare the same quan-

tities obtained by many-body theories and benchmark the validity of the theories.

For the normal phase, the DMC calculation agrees excellently with the data,

as in [226]. Interestingly, the calculation of Ref. [93] which includes the first-order

Feynman diagram already has decent agreement with the experimental measurement.

Our data for pressure deviates from the ENS experiment [158] that was calibrated

with an independently measured value of B = 0.415(10) [1571, and disagrees with

the Tokyo experiment [101] that used a thermometry inconsistent with the virial

expansion [143]. Around the critical point the density shows a strong variation, while

the pressure, being the integral of the density over p at constant T, is naturally less

sensitive to the superfluid transition.

4.15 Systematic uncertainty due to non-universality

In a real experiment, we do not expect to completely satisfy the conditions for uni-

tarity (discussed in 2.4.1). Here, I discuss systematic errors in our experiment from

possible non-universal behavior. Recall that the s-wave scattering amplitude f(k) for

atom-atom collisions is

1
f(k) = (4.63)

-k + !rek 2 + 0(k4 ) - ik

where a is the scattering length, and re is the effective range. To be in the universal

regime at unitarity, where one can write nA 3 = ( 3 p), we require that the scattering

length has to be large compared to the interparticle spacing ~ 1/kF, while all

other interaction-dependent length scales need to be small: kFre, kFb ... < 1 < kFa.

Otherwise, the additional length scales a, re and b will feature in the more complex

equation of state that would be written as nA 3 = f(Op, A/a, A/re, A/b). We discuss

the possible influence of the various terms separately in the following.
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4.15.1 Effect of the uncertainty in the Feshbach resonance po-

sition

The position of the wide Feshbach resonance used in this experiment was measured

by Ref. [16] to be (834.15 1.5) G. The systematic error from the uncertainty of

6B = 1.5 G can be estimated using the contact [2201, which quantifies the change in

the energy of the system as the scattering length varies:

/aE - CV. (4.64)
Ba-1 S,N,V ' 47m

Here, C is the contact density. From this relation, the change in the pressure and

the density n = 2 jwith a can be estimated, provided the information of C is

available. Diagrammatic Monte-Carlo calculations yield the temperature dependence

of the contact [1041. We can therefore predict the true density profiles. We pick a

typical temperature T = 50 nK and typical chemical potential I = 225 nK, generate

the density profile with experimentally measured EoS, and then generate what the

true density would be if the actual Feshbach resonance is different from 834.15 G by

t1.5 G. The generated density profile can then be used to generate the compressibility

EoS R(fi) in the manner described previously. The result is shown as the triangles

pointing up and down in Fig. 4-15.

From these upper and lower bounds on the true compressibility EoS, we can

deduce the upper and lower bounds for the various thermodynamic quantities. All

errors grow as the temperature is lowered, as the contact increases. At the lowest

temperatures, the error in the density is 3%, in the pressure 1%, in the chemical

potential (and therefore B) 2%, in the normalized energy (free energy) 4% (1%).

As it turns out, the entropy per particle S/N is only very weakly sensitive to the

uncertainty in the resonance position, as the systematic error in the pressure and

density cancel to a high degree. At the lowest temperatures, the error has grown to

only 0.08kB. At higher temperatures, the systematic error in S/N from the error

in BO is much smaller than the statistical error bars. Note that 6B is much larger

than the variation of the magnetic field along the axial direction of the cloud of about
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Figure 4-15: The effect of the uncertainty in the Feshbach resonance position on R(P).

The experimental result at 834.15 G is shown in red solid circles. The estimated curve

is shown as triangles pointing up (down) if the true resonance position is at 832.65
G (835.65 G). Also shown are the third order virial expansion (blue solid curve), the

non-interacting EoS (black solid curve), and the curve = 1/P of the T = 0 limit.

15mG due to the magnetic confinement, which contributes only a 0.01% error in B.

After our thermodynamic measurement, the Heidelberg group obtained an up-

dated measurement that provides the position of the resonance with a better preci-

sion: B0 = 832.18(8) G [2451. The value of B corrected by this updated measurement

of the resonance position is B = 0.37(1), which is used in the subsequent experiments

reported in this thesis.

4.15.2 Effective range correction

Recall from 2.4.1, the effective range near a Feshbach resonance can be modeled

as [239]:
2  ( abg 2 + 4 b 2b2

re =-2R,1 - + ,(4.65)
a Xi a

where R* = 0.0269 inn and b = 2.1 ni for 6 Li [239]. Therefore, near resonance, the

main contribution to the effective range is b. At our typical densities, 1/kF ~ 400 nm

and thus kFre = 0.012. All thermodynamic potentials and thus also the ground state
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energy E = BNEF are expected to depend linearly on this parameter [2381. From

the Quantum Monte-Carlo values of B versus effective range given in [80, 38] one

can deduce a linear behavior of the upper bound on (B

B(kFre) =B(re = 0) + 0.12(3) ' kFe - -- (4.66)

With this dependence of (B on the effective range, the error on (B in our experiment is

at most +0.002 or +0.5%. This is small compared to the error due to the uncertainty

in the Feshbach resonance position.

4.16 Fermi liquid behavior

In Fig. 4-16 we plot the density and pressure, normalized by that of a non-interacting

Fermi gas at zero temperature, versus (kBT/p) 2. The superfluid transition leads to

a dramatic upturn at low T in the normalized density. Since we have already seen

the downturn in the chemical potential (Fig. 4-11), this behavior in the normalized

density is expected, as n(p,, T)/no(pu, 0) oc (p/EF) 3/ 2 . The minimum value of the

normalized density occurs at kBT/1u = 0.41(5), close to kBT/pC = 0.40(3). At low

temperatures, the normalized density reaches the zero-temperature value 1/j2. The

normalized pressure is monotonic and saturates to a limiting value. The smooth

behavior is expected for a second-order transition. The intercept of a straight line

at the T = 0 limit P(p, 0)/Po(A, 0) = 1/3/2 with the linear fit at high temperatures

underestimates kBT/pc by 22%. This method resulted in kBTl/, c 0.32(3) in [1581,

inconsistent with our determination.

In a Fermi liquid, one has [158]

P(p, T) = Po( ,0) (-3/2 + 57r 1/2 m (kBT . (4.67)
8 M P))

The linear behavior of the normalized density and pressure at high temperatures

therefore resembles the expectation of a Fermi liquid. If one attempts to model
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Figure '4-16: Modelling the thermodynamics in the normal phase as Landau Fermi

liquid. (a) Density n(p, T), normalized by the density no(p, 0) of the non-interacting

Fermi gas at zero temperature and same chemical potential p, versus (kBT/pu) 2. The

solid blue line denotes the zero-temperature limit, n(p, 0)/no(p, 0) = 1/g3/2. The

solid red line is a linear fit, resembling Fermi liquid behavior of the density above Tc.

(b) Pressure P(p, T), normalized by the pressure Po(p, 0) of the non-interacting Fermi

gas at zero temperature and same chemical potential p, versus (kBT/,) 2 . Red solid

circles are the experimental data from this work. Black open circles are from [1581.
The solid blue line denotes the zero-temperature limit, P(p, 0)/Po(p, 0) = 1g3/2 , the

red solid line is a linear fit, resembling Fermi liquid behavior for the pressure above

Tc. The black solid line shows the pressure of a non-interacting Fermi gas, the dashed

solid line the linear approximation, valid if T < TF.
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the data with the Fermi liquid behavior, a linear fit versus (kBT/) 2 gives the fit

parameters (, = 0.46(1), in agreement with the determination of the same parameter

from the chemical potential (see 4.12), and i 1.04(2). Note that at T ~ 0, the

non-interacting Fermi gas also has the limiting behavior given by Eq. 4.67, with = 1

and m* = m. In the same temperature regime where we perform a linear fit to the

normalized pressure, the same fit for a non-interacting Fermi gas (solid line in Fig. 4-

16) gives ' = 0.91, differing from the value of unity for a non-interacting Fermi gas.m

The reason for this discrepancy is that the pressure of the non-interacting Fermi gas

in the temperature range 0.2 < (kBT/p) 2 < 1 is not yet in the linear regime valid at

low temperatures (shown as the dashed line in Fig. 4-16). In the case of the unitary

Fermig gas, the regime expected of Fermi liquid (kBT/) 2 < 0.15 is already below

the critical point. Equivalently, the entropy per particle (see 4.13) above the critical

point is not much smaller than kB. In addition, the specific heat is not linear above

T, (see 4.11). In lieu of these observations, we conclude that the usual Landau Fermi

liquid picture, valid when the temperature is much smaller than the Fermi energy,

cannot properly describe all thermodynamic properties of the normal unitary Fermi

gas. Therefore, one does not expect to truly observe a Fermi liquid in the normal

phase.

Although the agreement with the Landau Fermi liquid is fortuitous, we may nev-

ertheless use it to model the data. The fit-parameter m* should not be taken literally

as the effective mass of particles in the normal state. However, the general observa-

tion that the thermodynamic properties of the normal phase at unitarity resembles

the expectation of a weakly renormalized normal state [158] remains true. Compared

to the non-interacting Fermi gas in the same regime of kBT/p, the unitary Fermi gas

has an apparent effective mass enhancement of only about 12%.

Note that our determination of fit parameters differs from the previous result [1581

= 1.13(3) and ( = 0.51(2), possibly due to the mentioned differences in calibra-

tion between the experiments.
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4.17 Conclusion

In conclusion, we have performed thermodynamic measurements of the unitary Fermi

gas across the superfluid phase transition at the level of uncertainty of a few percent,

without any fits or input from theory, enabling validation of theories for strongly

interacting matters. Similar unbiased methods can be applied to other systems, for

example, two-dimensional Bose and Fermi gases or fermions in optical lattices. In

particular, a fitless measurement of the 2D Bose gas based on the method described

here has been performed [56].

The measurement presented in this chapter represents a fruit of the quantum sim-

ulation program envisioned in the past two decades: realize a model system with cold

atoms in a well-controlled environment, and ask the nature itself with experiments to

obtain properties of the model. The answers to the questions of what is the ground

state energy and the critical temperature are now on a firm footing. The precise

quantitative knowledge of the thermodynamics enables the study of other topics of

the unitary Fermi gas. For example, the measured EoS enables the prediction of the

temperature dependence of collective modes [222] and provides an input necessary

for theories on dynamics [31]. The precision thermometry enabled by this study will

also be useful in the experimental studies on the unitary Fermi gas in general.
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Chapter 5

Thermodynamics of a trapped gas

and temperature dependence of

collective modes

5.1 Introduction

Precision measurement of the homogeneous equation of state (EoS) provides an im-

portant resource for the further study of the unitary Fermi gas. On one hand, knowl-

edge of the EoS enables a more precise characterization of the cloud, such as its

temperature. On the other hand, the EoS provides a necessary input for the theory

of non-equilibrium dynamics. In this chapter, I will describe two studies that take

advantage of the EoS measurement reported in the previous chapter.

Note that in this chapter, a number of thermodynamic quantities are defined in

terms of the global properties of a harmonically trapped gas. The Fermi energy is

defined by the atom number as EFtrap = h(3N) 1/3 , where cD = (wXWYWZ) 1/3 is the

geometric mean of the trapping frequencies. The Fermi temperature is defined by

this Fermi energy, kBTF,trap = EFtrap- Extensive quantities, such as energy E, grand

potential Q, free energy F, heat capacity Cv, and entropy S, are defined in terms

of the entire cloud. The chemical potential it refers to the chemical potential at the
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center of the cloud.

5.2 Thermodynamics and thermometry of trapped

gases from the column density

Perhaps the most obvious method to apply the homogeneous equation of state for

thermometry is to fit the density profile of the cloud to the EoS. In this approach,

one would take a cloud with cylindrical symmetry, apply the inverse Abel transform

to obtain the density distribution n(r), and fit the density distribution to the density

equation of state n = A)fn(/([t - V(r))), where A = /27rh2 /(mkBT) and 3 =

1/(kBT). However, this technique is not suitable for experiments with large aspect

ratios or small atom numbers, as the inverse Abel transform requires a large radial

size in order to generate a good signal. An alternative, in the case of harmonic

confinement, is to generate the twice-integrated column density n1D(z) f dxdy n,

which is proportional to the local pressure according to the relation P(T, p - V(z)) =

mww n1D(z) [98, 1581. The local pressure can then be fitted to the pressure equation

of state P = kBTV 3 fp(O(p - V)).

In this section, I describe a technique for obtaining the thermodynamics of har-

monically trapped gases from the column density. In this method, the entire EoS is

determined from the column density and its moments with respect to the trapping

potential. The EoS measured this way is a relation between global thermodynamic

quantities of the entire cloud, e.g. the total energy and atom number. Similarly to

the no-fit method for the homogeneous EoS described in the previous chapter, this

method does not require the input of thermodynamic quantities, such as the tempera-

ture T and the chemical potential 1L, whose determination requires the use of a fitting

procedure or an external thermometer. This procedure is suitable both for determing

the EoS and also for thermometry and calibration, if the EoS is already known. In

particular, since the inverse Abel transformation is not needed, this procedure is suit-

able for all experiments where a harmonic trapping potential can be safely assumed,
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regardless of the aspect ratio. This is of practical importance in many experimental

setups which have large aspect ratios. We demonstrate the procedure on Fermi gases

at unitarity, and present the EoS of trapped unitary Fermi gases. We also describe

the inverse procedure to obtain the homogeneous EoS from the EoS of a trapped gas.

This work is reported in Ref. [126].

In a given trapped gas, the total atom number N is determined by the temperature

T and the chemical potential [L. The relation N(T, jt) is a parametrization of the EoS.

In the local density approximation (LDA), the spatial density n at any given location r

is given by n(T, M, r) = n(T, p-V(r)), where n(T, /u) is the density of the homogeneous

system at temperature T and chemical potential it, and V(r) is the trapping potential.

We shall work with a harmonic trap V(r) = m(wox 2 + w2y 2 + wjz 2)/2, where w is

the trapping frequency in the ith direction. Imaging of the atomic cloud measures the

column density n2D(T, p, V(y, z)) 2 fo dx n(T, p - V(r)), where V(y, z) = V(x =

0, y, z). With integration by parts, one obtains the following relation

n2D(T, p, V(y, z))

= xn(T, p - V(y, z) - m / 2/2) =

+mw2f dx 2 -n(T, p - V(y, z) - mWox 2 /2). (5.1)
0 ap

For large x, n - e-Omwx /2 and therefore the first term vanishes. The integral of

the second term is equivalent to an integral over all volume f d3 r with a change of

variable r = x. Therefore, we have shown that the column density n2D(y, z) of a gas

with chemical potential p at temperature T is related to the rate of change of the

atom number with respect to the chemical potential at temperature T and chemical

potential p - V(y, z):

27r
N(T, p -V) = Tn2D(T, p,V). (5.2)

Then, the total atom number at temperature T and chemical potential p - V is
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Figure 5-1: a) Imaging of an atomic cloud measures the once-integrated column
density n2D(y, z). b) The column density can be equipotential-averaged. Shown is
the curve n2D vs. V. The column density at potential V, taken at temperature T and
with a chemical potential p, is directly proportional to the rate of change N at the
same temperature T and at the chemical potential p - V. Its integral with respect to
V leads to c) atom number of a trapped gas at the same T with chemical potential
p - V. Integrating once more with respect to V leads to d) the grand potential Q at
T and chemical potential y - V.

given by
2 2r

N(T,,u - V) = dV' n2D(T, p, V'). (5.3)

In the grand canonical ensemble, the atom number is related to the grand potential

Q = - f dV P by N = -gpTV. Therefore, one can construct one more quantity by

an additional integration

Q(T, p - V) = -- dV' N(T, p - V'). (5.4)

Since any three state variables determine the EoS, we can replace T and p in favor of

the directly measurable quantities. To relate ON/Op to a thermodynamic quantity, we

note that in the homogeneous case, the derivative On/p is related to compressibility

S= y- n. Therefore, in the trapped gas, we can define a generalized compressibility

= Hence, the column density and its integrals with respect to trapping

potential yields the EoS ,(N, Q).

We demonstrate this method for trapped Fermi gases at unitarity. In Fig. 5-1,
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Figure 5-2: Trap compressibility a 1 &N versus grand potential Q of the trapped
unitary Fermi gas. The compressibility and grand potential are normalized by their

respective values i'i = 3/(NEF,trap) and Q0 = NEF,trap/4 for a non-interacting
Fermi gas at the same density. The black solid curve shows the EoS of a trapped
unitary Fermi gas obtained from the EoS of a homogeneous gas. The blue dashed
curve is the third order virial expansion. Colored open circles are the universal curves
obtained from different atomic images, ranging from hot (red) to intermediate tem-

peratures (orange and green) and cold (light blue and blue). The atomic image from

Fig. 5-1 corresponds to light blue. The EoS of a non-interacting gas is shown as the
black dashed curve.

we show (a) the two-dimensional column density ri2D (y, z), (b) the equipotential-

averaged column density n2D vs. V (or, alternatively, one can plot n12D vs z where

ri2D(Z) is averaged over the contour z2 + (Wy/Wz) 2Y 2 =const.), (c) the atom number

N(T, p~ - V), where N(T, p - V) can be constructed either by Eq. (5.4) or by the

following:

2 0*

N(T, - w2z2) =2wr WZ dz' Z'n2D(T, ,u, z') (5.5)

and (d), the grand potential -Q(T, pi - V), which can be constructed by either
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Figure 5-3: a) Total energy (red solid curve), total free energy (green solid curve), and
chemical potential (blue solid curve) of a trapped Fermi gas as a function of temper-
ature, obtained from the homogeneous EoS. Energy and free energy are normalized
by the corresponding quantities for a non-interacting Fermi gas with the same atom
number at T = 0, 3NEF,trap/4. Chemical potential is normalized by the Fermi en-
ergy EF,trap. Temperature is normalized by TFtrap. The blue dashed line is the T = 0
limit N/B, where B= 0.376 [129]. b) Entropy per particle S/NkB as a function
of reduced temperature T/TFtrap. The red curve comes from the homogeneous EoS.
The blue dashed curve is from the third virial expansion. The black dashed curve is
for the non-interacting gas. c) Entropy vs. energy. The red curve comes from the
homogeneous EoS. Black solid circles are from the measurement of Ref. [144]. The
critical point is marked by an open blue circle in both b) and c).

Eq. (5.3) or one of the following:

Q(T, p - V) (5.6)
2w fS - dV' (V' - V)n2 D(T, p, V')

rwyWz iv

= _ wz dz' (z'2 - z 2)z'i 2D(T -uz)MWYWZ

We define the normalized compressibility R - /to, where Ko = 3/(NEF,trap) is the

compressibility of a zero-temperature non-interacting gas at the same atom number

N. Likewise, we define the normalized grand potential Q = Q/QO, where Q0 =

-NEF,trap/ 4 is the zero-temperature non-interacting energy at the same atom number

N. Due to universality, R vs. ( produced by any image of a trapped Fermi gas at

unitarity must lie on the same curve. In Fig. 5-2, we show the curve R(Q) from the

atomic image shown in Fig. 5-1 as well as from other atomic images. We compare this
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to the EoS of a trapped Fermi gas at unitarity obtained from the homogeneous EoS

measured in Ref. [129]. Homogeneous and trapped EoS are related to one another

through a class of universal function f2(#p), where i takes on integer or half-integer

values. We define f 3/2(x) as the universal function that gives the phase density,

n(p, T) = A 3f 3/2(3b). One can then generate various moments of the EoS with

operator M1 defined as follow:

fi+j = M([fp(Aj g)] (p f dx(3[ - x)-ifi (x), (5.7)

for j > 0. For fi(x - -oo) -+ ex, one can show that fi+j+k =Mi+j[fk =

Mi [M j[fk]]. In addition, since M1 [f(x)] = f_ dx' f(x'), one can define M 1 [f(x)]

df/dx. The various moments of the homogeneous EoS relate to the thermodynamic

quantities of a trapped gas as follows:

19NT 1 kBT 3

( kTT () = _) f2(OP) , (5.8)

N(T,,u) = _ f3 (#P) , (5.9)

Q(T, p) = -kBT (k 3)f4 (Of) (5.10)

We see that the trapped EoS for the unitary Fermi gas obtained with the prescribed

procedure agrees excellently with that obtained from the homogeneous EOS.

From R vs. ( one can obtain all other thermodynamic quantities. One can obtain

the reduced temperature (T/TF)trap by the following transformation

-T = - exp - dO ~ (5.11)TF trp TF i,trap 4

where (Qi, (T/TF)i,trap) is some initial point from which to integrate. We note that

this relation can be applied on a single profile regardless of whether the gas is at

unitarity, as long as one has a starting point (ni, (T/TF)i,trap) from which to perform

the integration. This relation, coupled with the prescribed technique to obtain ( vs.
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K, provides a powerful way to perform thermometry. One can simply obtain Q vs. R

from the various moments of the column density, perform the above integration, and

obtain the temperature of the cloud. The calibration curve -f vs. (T/TF)trap in the

special case of the unitary Fermi gas is Q/Q0 vs. (T/TF)trap, and is shown as the red

curve in Fig. 5-3 (a). For the atomic cloud in Fig. 5-1, we have T/TF = 0.175, with

absolute temperature T = 47 nK and Fermi energy EF = 266 nK.

The reduced chemical potential p/kBT can be obtained by

y yL_, 1 (TF
= j()taPd .- )2 (5.12)kBT kBT -- TF R

\TF/ i,trap

The entropy is then given by

= (T_. (5.13)
kBN TF trap kBT

We display normalized energy, chemical potential, free energy (Fig. 5-3 a)), and en-

tropy (Fig. 5-3 b)) as a function of reduced temperature (T/TF)trap. The critical

temperature in the trap is (Tc/TF)trap = 0.223(15). At unitarity, the energy of the

trapped Fermi gas is directly proportional to the grand potential, E = -3Q. The

trapped energy, chemical potential, free energy, and entropy are featureless and do

not display a clear thermodynamic signature for superfluid transition. In Fig. 5-3

c), we display the energy vs entropy curve obtained from the homogeneous EoS, and

compare with Ref. [1441. We see that the two results have good agreement.

The average heat capacity of a trapped unitary Fermi gas is given by

=12 -9 =4 - - .(5.14)
NkB f3( 3 4) f2(3p) T p

We display the average heat capacity as a function of reduced temperature in Fig. 5-4.

We see the thermodynamic signature of the superfluid transition in the average heat

capacity. The average heat capacity decreases steadily as temperature is lowered,

reaches a minimum and begins to increase sharply at the critical point, reaches a
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Figure 5-4: Average heat capacity Cv/NkB as a function of reduced temperature

(T/TF)trap. Red curve is obtained from homogeneous EoS. The blue solid curve is

obtained from a theoretical model that incorporates the Monte Carlo calculation of

Ref. [2261 in the normal phase, and Bardeen-Cooper-Schrieffer (BCS) theory with

phonons in the superfluid phase. The blue dashed curve is from the third virial

expansion. The black dashed curve is for the non-interacting gas. The critical point

(Tc/TF)trap = 0.223 is marked by the open blue circle.

maximum, and then decreases once again torwards zero. This is the expected behavior

of the heat capacity in a trapped gas, as the homogeneous heat capacity displays a

jump at the critical point.

In Fig. 5-5 we show the energy versus entropy for a harmonically trapped Fermi

gas at unitarity, obtained from our experimental determination of the homogeneous

density EoS and temperature. The data are compared with the earlier measurement

of the same quantities by the Duke group [1431 that have been corrected in [1441 to

take into account the finite interaction strength present in the entropy measurement.

The agreement is excellent. Note that the energy vs entropy curve is smooth and on

its own does not allow for a determination of the critical energy or entropy, in contrast

to earlier interpretations of the Duke data 1143, 1441. From the bulk thermometry,

we obtain Ec,trap = 0.698(23)NEF,tap and Sc,trap = 1.70(10)NkB. This result is in
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Figure 5-5: Energy vs entropy of a harmonically trapped gas at unitarity, deduced
from our measured bulk equation of state (red solid dots). The curve is smooth, as
required by thermodynamics. Blue diamonds: Duke experiment [143, 1441, for which
an interaction correction has been applied to the entropy.

reasonable agreement with the calculation of [941, which gives 0.656 < Ecta < 0.677
NEF,trap

and 1.56 < Sc,trap < 1.66.NkB

The trap-averaged quantities do not show a pronounced signature around the

phase transition which was claimed by the Duke measurement [144]. In the Duke ex-

periment, a fit was applied to Etrap(Strap) to parameterize the data, and the parametriza-

tion was then used to generate the other thermodynamic quanitites. The fit assumed

a model containing a sharp feature, which was taken to be either a discontinuity or a

cusp in the temperature dependence of the trap-averaged heat capacity. In Fig. 5-6,

we compare the trap-averaged quantities from the homogeneous EoS with the Duke

group's result. The temperature-dependence of the energy, entropy, and the heat

capacity from the Duke experiment all manifest a pronounced feature of the phase

transition, because the signature of the transition is built into the model used to fit

the heat capacity. In contrast, the trap-averaged energy and entropy obtained from

the homogeneous EoS are smooth. The trap-averaged heat capacity shows a more

pronounced signature. However, the feature is rather smooth, contrary to what was
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Figure 5-6: (a) Averaged energy (E/NEF)trap, (b) average entropy (S/NkB)trap, and

average heat capacity Cv/NkB as a function of reduced temperature T/TF. Red curve

is obtained from homogeneous EoS. The black (green) dashed curves correspond to

the Duke model that assumes discontinuity (cusp) in the heat capacity at the phase

transition, and the dashed vertical lines with the same color indicate the critical

point obtained by the corresponding model. The blue dashed curve is from third

virial expansion. The black dashed curve is for the non-interacting gas. The critical

point (Tc/TF)trap = 0.223 is marked by the black circle.

assumed in the Duke model.

Once one has obtained the EoS of the trapped gas, one can transform it back into

the EoS of the homogeneous gas, provided that one has enough precision and that

the local density approximation is valid. The procedure is analogous to applying an

inverse Abel transformation, and the problem is formally equivalent to the following:

given the function

f3(X) = - v/x - x'f(X', (5.15)

one wants to extract f(x) from f3 (x).

First, we show the following identity, assuming f(x) -+ ex as x -+ -oc:

dx f(o - x 2 /2) xf(xo - x 2 /2)0 - f dx x 2 f'(Xo - x2 /2)

= + d3r f'(Xo - r2 /2) (5.16)
47r

This is essentially the same statement as Eq. 5.1: column density coming from inte-

gration along one axis is proportional to derivative of the atom number with respect
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to the chemical potential. Now, the inverse Abel transformation says if

F(y) = 2 j dx f(/rx2 + y 2 ),

then

(5.18)
I aF dy

f(P)p =-ay Vy2 _ p2

Now, let us define g(p) = f(Xo - p2/2), and let G(y) = 2 fo dx g(/x 2 + y2) be its

forward Abel transform. Then, using Eq. 5.16, we obtain the followign expression for

G(y) = 2j dx f(xo - (x2 + y 2 )/2)

2 100 d 3r f'(xo - (y 2 + r 2)/2). (5.19)

Then, the inverse Abel transform gives us

f1 0 0 G dy
7 p Oy Vy2 _p2

1 0p dy I
7r j, /y2_p227r L

f"(Xo -- (y 2 _ Y2)/2)(-y)

or, in other words,

f(xo - p2 /2) = 2
jdy Y

V 2 2I Io 00
dr3 f1(XO _ (y 2 - r2)/2).

Setting p = 0, then we have

f (XO) 1 2 j
fz)=27 0o

ay 92

I
d3r f(Xo - (y 2 + r2)/2).
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We note that, with a change of variables x = x0 - r2 /2, the following identity holds:

d3r f(xo - r2 /2) = 47r dr r2 f(Xo - r2/2)

= 47rv j dx xof- xf(x) (5.23)

= (27r) 3/ 2 f3 (Xo). (5.24)

Therefore, with the reduced temperature (T/TF)trap (3f3 1/3 and reduced

chemical potential Op, the inverse transformation for f3(/3p) is given by

f3/2(OP) > dx (Olt - = f2 (0p)

- dx (op - x)112f =43/2 f ) -

(5.25)

We can test this procedure it out on f3/2(X) = ekx. The corresponding f3 is

f3(x) = e. Then, fg'(x) = v kekx, and Eq. 5.25 gives f_ dz (x - z)- 1 / 2 f,'(z) =

kxe

In conclusion, we have provided a procedure to obtain the equation of state of

a harmonically trapped gas from the once-integrated column density and its mo-

ments. This procedure allows for obtaining trap-averaged thermodynamic potentials,

entropy, and heat capacity requiring neither an inverse Abel transformation nor tak-

ing derivatives of data. We have demonstrated this procedure on the unitary Fermi

gas, and have found that it produces excellent agreement with the EoS of a trapped

gas obtained from that of homogeneous gas. We have also described the procedure

to obtain the EoS of a homogeneous gas from that of a trapped gas, and vice versa.

Our procedure provides a powerful tool for thermometry of trapped atomic gases and

for obtaining the EoS of a wide range of systems.
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5.3 Collective modes across the superfluid phase tran-

sition

The study of collective oscillations provides an important platform for probing quan-

tum many-body physics and for testing many-body theories. They can reveal different

dynamical regimes, such as the superfluid, collisional, or collisioness regimes. The sen-

sitivity of the modes to temperature variations can be used to probe the equation of

state. On the other hand, it also means that the equation of state is a necessary input

to understand the collective modes. For a unitary Fermi gas, the strong interactions

lead to a large window of a collisional hydrodynamic regime even in the normal phase,

in contrast to the common situation in weakly-interacting BECs. The temperature-

dependence of low frequency modes (for. example, radial breathing modes and scissor

modes) in the unitary Fermi gas have been studied in [118, 241, 1911. These modes

turn out to be insensitive to whether the gas is superfluid or normal, and their fre-

quencies do not demonstrate a visible temperature dependence in the degenerate

regime.

In Ref. [222], we participated in a joint experimental-theoretical study on the

higher-nodal collective modes. The experiment was conducted by the Innsbruck

group. We participated in the theoretical effort led by the Trento group to use the

homogeneous EoS of the unitary Fermi gas to yield a predicdtion for the temperature-

dependence of the mode frequencies. We also provided experimental consultation to

the Innsbruck team. In this section, I will outline the theoretical calculation.

The starting point of the description of the collective modes is the Landau two-

fluid hydrodynamic equations. The inputs for these equations are the equation of

state and the superfluid density. In the case of the collective oscillations of the

density (first sound), the search for the solutions can be simplified by requiring that

the velocity fields of the normal and the superfluid components are equal - as opposed

to oscillating with an opposite phase in the case of the second sound, in which the

superfluid density enters. Under this approximation, the equations of motion involve

only the EoS.
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In the case of a trapped cloud with inhomogeneous density, the solution of Lan-

dau's equations is highly nontrivial. However, for a very elongated trap, it was shown

that under certain conditions, one can derive simplified 1D hydrodynamic equations

starting from Landau's equations in 3D [221. In fact, such a geometry is also more

suitable to experimentally excite and observe the collective modes. It was not clear

that the experimental condition justified the required conditions, and the applicability

of the 1D hydrodynamic formulation was demonstrated a posteriori [2221.

The derivation of the ID hydrodynamic formulation and the variational solution

for predicting the modes is given systematically in Ref. [102]. Here, I give a summary

of the result. For the oscillations in time proportional to e-iwt, in the 1D hydro-

dynamic formulation, the equation for the velocity field v, = it characterizing the

density oscillations, with u being the displacement field that gives 6n1D = -Oz(nu),

can be obtained by the variational procedure 6w 2 /u = 0 and is given by

7 2 7I' 2
m(w 2 - )v2 - zZOz + 5n -9Z = 0. (5.26)

Here, P1 = f Pdxdy is the "D pressure" and n1D = f ndxdy is the twice-integrated

column density. The ID pressure can also be thought of as the integral of pressure

with respect to the chemical potential f Pdyu, up to factors of mass and trapping

frequencies.

Analytic solutions of the polynomial form u = akzk + ak- 2 zk- 2 exist for the zero-

temperature and classical regimes, where k is an integer value. At T = 0, the fre-

quency of the kth mode is given by

2 1
2kT0 = 1 (k + 1)(k + 5)w2, (5.27)

while in the classical limit, it is given by

2W2 (.8
WkT oo- =5 (7k + 5). (5.28)

One can see that these two frequencies are the same for k = 0 (center of mass
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oscillation) and k = 1 (lowest axial breathing mode) modes. One naturally expects

that the center of mass oscillation is temperature-independent. It turns out that

one can prove the frequency of the k = 1 mode does not depend on temperature

either [103] due to the exact scaling solutions exhibited by the two fluid hydrodynamic

equations at unitarity. Consequently, the higher modes k > 2 are the ones that will

display temperature dependence.

For the k = 2 and k = 3 modes, Hou and co-workers developed a variational

approach using the ansatzes u = a2z 2 + ao and u = a3 z + aiz respectively. These

ansatzes reproduce exactly the frequencies in both the T = 0 and classical limits.

The variation is done with respect to the parameters ao, a,, and a2 . One then finds

Wk2 129t2 - 25 2 (5.29)
45t2 - 25

2 440t3 - 252 2
Wk3 - 5(25t3 - 21) z

Here, t2 = MM4 /M2 and t3 = M 2M6 /M4, and the dimensionless moments M, are

given by

l~1 (1 + 3\
M( O) = dx(31 - x) 2 f,(x) = 1 2 )f+ 3 (' 0 (5.31)

related to the moments of the EoS fi introduced in Eq. 5.7.

We evaluate the temperature dependence of these moments using the homogeneous

EoS. In the high-temperature regime, for Op < -1.5, the virial expansion of the

EoS allows us to integrate from 3p = -oo to a finite value below -1.5. At low

temperatures corresponding to #p > 4, where there is no experimentally measured

EoS, we do know that the EoS is dominated by phonons, and the contribution is solely

determined by the Bertsch paramter B. Therefore, we can extend the calculation

into arbitrarily cold regimes. The error of the quantities t2 and t3 resulting from the

error in the density EoS is less than 1%.

The quantity (T/TF)trap = (3Mo/# 1/3 provides a convenient temperature

scale. The temperature of the experimental cloud is obtained in two ways: by ob-
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Figure 5-7: Comparison between experimental (circles) and theoretical frequencies

(solid curve) of the k = 2 mode. The temperature of the experimental data is obtained

in two different ways: either by generating (E/Eo)trap from the density profile and

converting it to (T/TF)trap (black filled circles), or by fitting the density profile to

the homogeneous EoS (red open circles). Dashed curve: the mode frequencies that

would result from the EoS of the ideal Fermi gas. Horizontal dashed lines: the T = 0

superfluid limit (w/wz = f21/5) and the classical hydrodynamic limit (w/wz =

19/5) according to Eqs. 5.29 and 5.30, respectively. Vertical line: the critical

temperature (Tc/TF)trap =0.223(15). This figure is taken from Ref. [2221.

taining the trap-averaged energy (E/Eo)trap and converting to (T/TF)trap as outlined

in 5.2, or by fitting to the homogeneous EoS.

Fig. 5-7 presents the comparison between the experimental measurement and the

theoretical prediction for the frequencies of the k = 2 mode. The frequencies are

normalized by w,. The k = 2 mode demonstrates a significant variation as a function

of (T/TF)trap. In comparison, the k = 2 mode of the unitary Fermi gas is markedly

different from what one would obtain if the EoS of the ideal Fermi gas is used. At the

lowest temperatures ((T/TF)trap ~ 0.1) the frequency lies close to the T = 0 superfluid

limit, but already a deviation of ~ 1% from this limit due to the finite temperature

is observed. At the highest temperatures ((T/TF)trap ~~ 0.45), the data go below the

high-temperature, classical limit. One thus expects that w/wz to turn upward again,

which is indeed demonstrated by the prediction. The nonmonotonic temperature

dependence can be understood based on looking at the first-order correction to the

EoS from the ideal gas law.
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In the subsequent experimental studies, the Innsbruck group observed the k -

3 mode [196] and second sound [208]. The k = 3 mode demonstrated moderate

agreement with the ID hydrodynamic result but the deviation is significant compared

to the k = 2 mode. In the k = 3 mode, severe damping is observed, indicating that

the applicability of the ID hydrodynamic model breaks down for this case. For second

sound, the superfluid density n, plays a role. Therefore, with the measurement of the

second sound and knowledge of the EoS, the superfluid density can be measured [2081.

5.4 Conclusion

In this chapter, I have described two works that build on the measurement of the

homogeneous equation of state of a strongly interacting Fermi gas. The method of

measuring the thermodynamics of trapped gases allows for convenient thermometry

without fitting and is widely applicable. A joint theoretical-experimental collabo-

ration led to a prediction of the k = 2 collective modes of the unitary Fermi gas,

obtained with the homogeneous EoS as an input. The prediction is in good agree-

ment with the experimental measurement. The successful prediction of the k = 2

mode from the EoS sets the stage for the Innsbruck-Trento collaboration to measure

the superfluid density. This is one example of how the knowledge of the equation of

state is crucial in enabling further quantitative understanding of the system.
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Chapter 6

Precession of a long-lived solitonic

vortex in a strongly-interacting

fermionic superfluid

6.1 Introduction

While the knowledge of the thermodynamics provides tremendous information on the

strongly-interacting Fermi gas, it is only the starting point of obtaining a comprehen-

sive understanding of the system. Below the critical temperature, the system enters

the superfluid phase in which all the particles behave as a coherent matter wave,

described by a macroscopic wave function, also known as the superfluid order param-

eter. In a weakly-interacting BEC, the order parameter is given by ' = V- eO, where

n is the density and # is the phase of the wave function. In a fermionic superfluid,

the wave function is also complex, A = AOeiO, where AO is the pairing gap. Unlike

the case of the weakly-interacting BECs, whose wave function is described by the

Gross-Pitaevskii equation (GPE), there is not yet a quantitative knowledge of the

wave function of the strongly-interacting fermionic superfluid.

The ground state of a corresponds to an uniform order parameter. Similar to

the normal phase, small perturbations from the ground state lead to elementary
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excitations, such as the Bogoliubov modes in a BEC. What is unique to the superfluid

phase is that the coherence of the mater wave supports excitations charactierzied by

phase-defect in the superfluid wave function which varies on the scale of the healing

length (in the case of a BEC) or the coherence length (in the case of a BCS superfluid)

- the length scale over which the superfluid wave function can vary while minimizing

the free energy. An example of such a phase excitation is a planar soliton, consisting

of a jump in the phase # of the superfluid wave function across a nodal plane. Another

example is the well known vortex in 2D or 3D, which consists of the phase q varying

between 0 and 27r along a closed contour around a nodal point or a nodal line of

density depletion. We will refer to these excitations in superfluids as solitary waves

or solitonic excitations.

Because of the short length scale in which the wave function varies, these exci-

tations are localized objects with defined energy and mass, and as such they can be

described as an effective single particle emerging from a medium of matter waves.

They are involved generally in the dynamics of the superfluid and observed in shock

waves [61, 111], rotating gases [1, 249], and evolution of microscopic defects [61].

In the case of a strongly-interacting superfluid, there have been various theoretical

formulations that have been developed to study its dynamics in the context of the evo-

lution of solitonic excitations. These theories include the time-dependent superfluid

local density approximation (TSLDA) [311 and the time-dependent Ginzburg-Landau

model [198]. The theoretical study of such dynamics is highly non-trivial, and experi-

mental studies are needed to serve as benchmarks or to provide inputs for theory. The

dynamics of these excitations and their interactions are central to the study of quan-

tum turbulence [229, 225, 165, 228, 227]. One particular scenario in which quantum

turbulence manifests is found in vortex recombination, considered to be responsible

for neutron star glitching [240]. Solitons have a structure similar to that of a Joseph-

son junction and allow for the study of coherence across a weak link. In particular,

the study of the phase-velocity relation of a soliton in a strongly-interacting fermionic

superfluid will provide insight into the descriptions of the superfluid dynamics. In

the presence of spin imbalance, a soliton represents a limiting case of the long-sought
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Fulde-Ferrell-Larkin-Ovchinnikov state of moving Cooper pairs [145, 244, 28, 182].

Therefore, solitonic excitations such as solitons and vortices serve as excellent dy-

namical probes of a fermionic superfluid.

In atomic superfluids, solitonic excitations have been generated and studied ex-

tensively in weakly-interacting BECs. Solitons in BECs have been studied both

theoretically and experimentally [78]. In a series of pioneering experiments, dark

solitons have been created via phase-imprinting [34, 54, 4, 20] or in the wake of

shock waves [61, 68, 235]. Collisions of two dark solitons [2351 and soliton oscilla-

tions [20, 235] have been observed. Solitons in 3D are known to be unstable, and in

BEC experiments, they have been observed to decay into vortex rings [4, 61]. The

latter further decay into a vortex-anti-vortex pair that eventually breaks up, leaving

behind a single remnant solitonic vortex, a process which was elucidated in a dis-

cussion of apparent soliton oscillations observed in weakly interacting BECs [20, 191.

Experiments with BECs have demonstrated the generation of a single vortex [150],

multiple vortices [99, 146], and even a lattice of - 100 vortices [1]. Planar solitons,

votex rings, solitonic vortices, and more exotic excitations whose structures resem-

ble the Chladni figures have been studied via the GPE [25, 122, 155]. In fermionic

superfluids, a vortex lattice was observed as the smoking gun of superfluidicty [2491.

However, prior to our work, there was no experimental study of the dynamics of a

single vortex or soliton in fermionic superfluids.

While they serve as a probe of the background superfluid in which they reside,

solitonic excitations are interesting in their own right and are ubiquitous in nature.

Therefore, atomic superfluids provide an excellent platform to study the physics of

these excitations. In fermionic systems, solitons and vortices may provide bound

states for fermions that often play a crucial role in the system's transport properties.

Famous examples are the Andreev bound states inside vortex cores [40], fraction-

ally charged solitons in relativistic quantum field theory [107, 82], and the spinless

charged solitons responsible for the high conductivity of polymers [951. However, the

free motion of such defects in electronic systems is hindered by pinning at impuri-

ties [95, 154]. Fermionic superfluids of ultracold atomic gases provide a platform that
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is free of impurities, where one can directly study the real-time dynamics of solitonic

excitations.

In this chapter, I discuss our work on the generation of a single solitonic vortex and

the study of its motion in a fermionic superfluid, reported in Refs. [243] and [127]. I

will begin with a description of the first observation of a long-lived solitonic excitation

with large inertial mass [2431. Then, I will describe our work to identify this object

with tomographic imaging [1271. We confirm that the excitation is a solitonic vortex,

and observe the vortex' precession motion. The period of the precession is measured

in the BEC-BCS crossover, and is found to agree well with a hydrodynamic model.

6.2 Generation and detection of a long-lived soli-

tonic excitation in a fermionic superfluid

The creation of solitonic excitations in a strongly interacting fermionic superfluid

poses several challenges. Solitonic excitations are not the ground state of the su-

perfluid, so the temperature of the gas has to be low enough for dissipation to be

negligible. Dissipation can happen via collisions of the excitation with sound waves,

leading to its acceleration. Acceleration can result in either the excitation leaving the

system, or it reaching its critical velocity, at which point it decays into phonons (for

BECs) or pair excitations (for fermionic superfluids) [71, 213, 204].

Being highly energetic excitations, care need to be taken to ensure that the soli-

tonic excitation generated is stable. Planar solitons can generally decay into vortices

via the so-called snake instability [156, 70, 4, 611 unless the healing length is on the

order of the transverse cloud size R1 (or alternatively, that the chemical potential [t

is comparable to a quantum of the radial confinement hw ). We do not expect to

reach this 1D regime with our experiments, but at the same time, it is not a priori

clear how strict this condition needs to be achieved in order to stabilize a planar

soliton. Regardless, reducing the transverse size is beneficial because it ensures that

the excitation - whether soliton, vortex, or vortex ring - cannot become too energetic,
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since the energy depends on the size of the nodal structure.

In this section, I discuss our initial experiment [243] to create and observe a long-

lived solitonic excitation - which we will later confirm to be a solitonic vortex - in a

strongly interacting fermionic superfluid of 6Li atoms near a Feshbach resonance. The

excitations are created via phase imprinting (see Fig. 1b), a technique successfully

employed to generate solitons in weakly-interacting BECs [34, 54, 20]. A rapid ramp

technique is used to image the solitonic excitation. We measured large inertial-to-bare

mass ratio in the BEC-BCS crossover, which does not correspond to the expectation

for a planar soliton.

6.2.1 Preparation

The atomic gas is composed of a balanced mixture of the two lowest hyperfine states

of 6Li initially prepared at 760 G. The superfluid containing typically ~ 2 x 105 atom

pairs is prepared in an elongated trap with a cylindrical symmetry and a tunable

aspect ratio a = w /w,. The axial periods are T, ~ 210 ms, 95 ms and 45 ms,

respectively (corresponding to w,/(27r) ~ 5Hz, 11 Hz, and 22 Hz), for the three

aspect ratios considered here. The radial trapping frequency is w1 ~ 70 Hz. The

axial trapping frequency is controlled by tuning the currents in two pairs of Helmholtz

coil, which allows for an independent adjustment of the magnetic field and the field

curvature. This is also the primary means to adjust the aspect ratio in our solitonic

excitations experiments, as we have to keep the trap depth of the ODT low in order

to avoid heating. After evaporation, the ODT trap depth is increased to tighten the

confinement in the radial direction. Gravity slightly weakens the trapping potential

along the vertical y-direction (except for the w,/(27r) ~ 23 Hz configuration), causing

a residual anharmonicity and an anisotropy wy/w, - 1 ~ -5% (see Appendix A).

Because the profile of the magnetic saddle potential of the w2/(27r) ~ 11 Hz con-

figuration is not well mode-matched to the low-field magnetic trap, a large sloshing

along the z-direction occurs once the atoms are transferred to the high-field. We turn

on a separate ODT pointing along the vertical direction to damp out the sloshing

motion. In the mean while, the trap depth of the primary ODT is lowered to further
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Figure 6-1: Schematic of the phase imprint setup. An blue-detuned laser beam
(532 nm) twists the phase of one half of the trapped superfluid by approximately 7.

The knife edge, whose image is projected onto the atom cloud, masks half of the
superfluid from the imprinting light. The knife edge is on a translational stage and
can be moved in three dimensions.

evaporate the atoms. After this damping-evaporation stage, one can either proceed

to imprint, or further enlarge the aspect ratio by slowly turning the axial frequency

to wZ/(27r) 5 Hz.

6.2.2 Imprinting a phase defect

A green laser beam (wavelength 532 nm, power ~200 mW) far detuned from the

atomic resonance is masked to shine on one-half of the superfluid. We use a knife edge

as the mask. A 2 pm resolution imaging system projects the intensity distribution at

the mask location onto the atoms. The light is pulsed on for a time At, during when

the applied potential U, as experienced by a single fermion pair, advances the phase

of the superfluid order parameter in the exposed region by AO5 = 2Ut/h relative to

the unexposed region. The time t ~ 35 ps is experimentally adjusted in order to

create one high-contrast defect in the long-time regime 500 ms < t.

The setup is shown in details in Fig. 6-1. The green beam from the laser source

has a diameter of about 1.0(5) mm. It goes through a telescope which magnifies the
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beam size to about 2.0(5) mm. The beam goes through a knife edge, is combined

with the vertical imaging path by a dichroic, and travels through a telescope with a

magnification (a de-magnification in the case of the green beam) of 3.3, which forms

part of the top imaging system. Via this telescope, the knife edge is imaged onto the

atoms. The measured beam diameter on the atoms is 380 pm. Shown in Fig. 6-2 is

the green beam (with knife edge) on a 832 G cloud, compared to a typical cloud at

760 G where the imprinting is done. The size of the 760 G cloud is about 210 fum in

radius. With wz/(27r) = 10.4 Hz, the cloud has p = 1400 Hz, and hence h/p = 730 is.

An optimized imprint requires that the width of the edge of the phase-step to be

on the order of the healing length . We perform the imprinting in the BEC side

at B = 760 - 780 G, where the healing length = h/ 2 mBp ~ pm is relatively

large. Near unitarity, the healing length is on the scale of the interparticle spacing,

l ~ /kF = h//2mp and therefore has the same scaling with the chemical potential,

but with a larger /p. In the BCS side, BCS - 1/kF7r/(2kF lal) and can be large; however,

the reduced density means a larger T/TF and the cloud is not as cold. In addition,

the chemical potential At is smaller in the BEC side, and hence the time scale h/p,

which determines whether the density of the cloud is perturbed by the imprinting

potential U, is not as stringent 1. The cloud in the BEC regime is also smaller, and

hence its size is better matched to the size of the beam. As I will discuss later, the

necessary sharpness may actually come from sub-resolution fringes rather than from

the phase step provided by the knife edge.

The imprinting light enters the experiment via the top imaging path. For the

initial alignment, the knife edge is not in the path of the imprinting light, and the

imprinting light is first overlapped with the imaging light. Then, we use the image

of the atoms to align the imprinting light. We first prepare an atomic cloud, and

then gradually ramp up the imprinting light (about 1.5 s to avoid causing dynamics

in the cloud) until the atomic cloud is visibly deformed by the potential due to the

green light. One can move the green light until it is centered on the atom cloud, as

'The system will still experience a perturbation as long as the mode of the phase imprint is not
matched to the solitonic excitation generated. At any rate, such dynamics will occur in the time
scale larger than h/p
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Figure 6-2: Aligning the green light and the knife edge. (a) Top to bottom: a cloud
at 832 G without the green light, with the green light off-center, with the green light
centered, with the knife edge in the beam path, and a cloud at 760 G. (b) A cut along
the z-axis of the optical density. Red: a cloud at 832 G with the green light and the
knife edge aligned. Black: a cloud at 760 G without the green light. Blue: a fit to
the BEC profile for the cloud at 760 G.

judged by the image of the atoms. If the green light is well aligned, only a small

power (~ 10 mW) suffices to cause the deformation. Then, the knife edge is finally

brought in to the beam path to cover one side of the superfluid. The position of the

knife edge along the axis of the optical path is tuned to optimize the generation of a

long-lived excitation 2

Since we imprint only a phase step but not a density depletion, sound waves must

be generated in addition to the defect [34, 54]. The sound waves are found to die out in

a quarter axial trapping period when they have reached the edge of the atom cloud.

Besides the sound waves, we also observe that the cloud is filled with excitations

immediately after the imprint. I will discuss the study on the time-evolution of the

superfluid after imprint in Chapter 7. The study of a single long-lived defect is done

by imaging the superfluid tyipcally at least 300 ms after the imprint. For the data

above 760 G the solitonic excitation is created at 760 G, and after typically 50 ms wait
2As I will discuss in Chapter 7, the best position to generate a long-lived excitation (which turns

out to be a solitonic vortex) is not at where the knife edge is focused on the cloud, but rather away
from the focus.
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Figure 6-3: Imaging solitonic excitations. (a) Optical density, (b) integrated 1D
profiles and (c) corresponding residuals of a fermionic superfluid, prepared at 832 G,
after expansion and rapid ramp to various final magnetic fields Bmin. Without any
ramp, the superfluid at 832 G, observed after 9 ms time of flight, does not show a
clear signature of the defect. For Bmin < 700 G the defect is clearly revealed. (d)
Sequence of a typical magnetic field ramp used in our experiment, indicating time
of flight (TOF), the low-field Bmin and the imaging field Bimg, at which the image is
taken. The initial field during the time evolution depends on the experiment. The
actual ramp may differ slighly in terms of the speed, the value of Bmin, and the value
of Bimg. (e) The maximum depletion detected in the optical density, in units of the
standard deviation o found outside the defect. The detection threshold of 2.5 o- is
indicated.

time for the extra energy to dissipate, the magnetic field is subsequently ramped (in

about 200 ms ~ 2Tz) to the final magnetic field where the defect's motion is studied.

For final magnetic fields below 760 G, the defect is created at that field, and the

motion of the defect is studied starting at around 250 ms after the imprint. We found

that the solitonic excitation can be created directly at the Feshbach resonance as well.

6.2.3 Imaging the solitonic excitation

Excitations such as vortices and solitons are known to gradually fill in as the inter-

action strength is tuned from the BEC-regime to the BCS-regime of the crossover.
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Indeed, in the BCS regime only a minute fraction AO/EF of the gas is Cooper paired,

and only this fraction is missing at the center of the defect. The contrast in the parti-

cle density thus vanishes in the BCS limit. Indeed, absorption images of atom clouds

at the Feshbach resonance, whether in-situ or after an expansion (Fig. 6-3 (a)), do

not show any observable (> 3%) contrast. In addition, the size of the defect in-situ

is on the order of ~ 1/kF r< 1 pm, below the imaging resolution ~ 2 pm.

While the defect is not visible in situ, the amplitude of the pair wavefunction can

be imaged by a rapid ramp technique similar to what was used for the observation

of vortex lattices in the BEC-BCS crossover [249, 116]. A magnetic field ramp to

the weakly-interacting BEC-regime Bmin~ 580 G turns the large fermion pairs into

molecules. Weak interaction serves to empty the defect from fillings. In addition, the

ramp reduces the interaction strength and thus increases the healing length Oc 1/V/na

of the superfluid to an observable value, ~ 20 ym. The ODT is released to allow

for free expansion of the molecular cloud in the radial direction, which is needed to

get rid of the uncondensed filling and serves to enlarge the cloud. Therefore, a rapid

ramp accompanied by a time of flight expansion can serve as a magnifying glass that

enhances the contrast. Since the molecule cannot be directly imaged, the magnetic

field is ramped back to a field near the resonance, where the absorption cross section

of the atoms is maximal. An absorption image is taken, which corresponds to an

image of the molecules and thus qualitatively reflects the magnitude of the fermion

pair wavefunction before the ramp.

We have found the rapid ramp technique necessary to reveal the defect in the

strongly interacting regime. To show the importance of the rapid ramp, we have

varied the final field of the rapid ramp Bmin between 500 and 832 G. The depth of the

maximum depletion, normalized by the standard deviation - outside of the defect, is

shown in Fig 6-3. For ramp fields Bmin < 650 G, the defect is clearly revealed as a

stripe of depletion in the optical density.
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Figure 6-4: (a) Optical density and (b) residuals of atom clouds at 815 G, imaged via

the rapid ramp method [249], showing a defect at various hold times after creation.

One period of defect's oscillation is shown. The in-trap aspect ratio was a = 6.5(1).

(c) Radially integrated residuals as a function of time revealing long-lived defect

oscillations. The defect's period is T = 12(2) Tz, much longer than the trapping period

of T, = 93.76(5) ms, revealing an extreme enhancement of the solitonic excitation's

relative effective mass M*/M.

6.3 Observation of long-lived solitonic excitation with

large inertial mass

Fig. 6-4 (a)-(c) reports the observation of a single solitonic excitation in a fermionic

superfluid prepared at 815 G, close to the 832 G Feshbach resonance, for various hold

times following the phase imprint. Here, the interaction parameter at the cloud

center is 1/kFa = 0.30(2). The defect can be identified easily in the absorption

images by eye. However, to automize defect detection, we implemented the following
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method. For each absorption image, we first generate a residual profile by subtracting

a smoothened version of the optical density profile from the actual optical density

profile. We determine the standard deviation of fluctuations -and identify a depletion

in the residual profile as a a defect if its depth is greater than 2.5 -.

Fig. 6-4 (a) shows the optical density in absorption images taken after time of

flight and the rapid ramp to ~ 580 G, while Fig. 6-4 (b) displays residuals obtained

by subtracting a smoothened copy of the same absorption image. The optical density

contrast is about 10%. A sequence of radially integrated residuals as a function of

time (the time label shown in the figure starts at about 250 ms after the imprint)

is displayed in Fig. 6-4 (c), demonstrating the defect to be stable for more than 4

s or 100 000 times the microscopic time scale hIEF. This establishes that we have

generated a solitonic excitation in fermionic superfluids that can exist as a stable and

long-lived excitation.

The defect is observed to undergo oscillations in the harmonically trapped super-

fluid, demonstrating its emergent particle nature. The motion is to a high degree

deterministic, as the defect positions for different realizations of the experiment at

varying wait times lie on the same classical sinusoidal trajectory. The observed pe-

riod of oscillation T is about one order of magnitude longer than the trapping period

T, for single atoms. This directly indicates an extreme enhancement of the relative

effective mass.

In Fig. 6-5 (a), we find that the period of the defect, and hence the relative effective

mass M*/M = (T/T,)2, increases dramatically as the interactions are tuned from the

BEC limit (Fig. 6-5 (a.i)) towards the BCS limit. At 700 G, where 1/kFa = 2.6(2),

the system represents a strongly interacting Bose gas of molecules [116]. The defect

period is T = 4.4(5)T,, already three times longer than the expectation of a planar

soliton in a weakly-interacting BEC, which is T, = V/2T. At the Feshbach resonance

(Fig. 6-5 (d)), we measure a period of T = 14(2) T2, corresponding to a relative

effective mass of M*/M = 200(50).

Note that the superfluid is fully three-dimensional: on resonance, the chemical

potential is p : 35hw_. One expects that the geometry can affect the dynamics of
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Figure 6-5: Measurement of the oscillations of the long-lived solitonic excitation

in the BEC-BCS crossover. (a) Shown are oscillatory motion of the defect in a

trapped fermionic superfluid for various magnetic fields B and the interaction pa-

rameter 1/(kFa) at the cloud center: (i) 700 G, 2.6(2) (ii) 760 G, 1.4(1) (iii) 815 0,

0.30(2) and (iv) 832 G, 0. The aspect ratio is a = 6.2(7). Note that at B = 700 G,

the superfluid is short lived due to enhanced three-body loss. (b) The period and

effective mass of the defect versus interaction strength 1/(kFa) (in the cloud center).

The data are taken for three different aspect ratios: a = 15(1) (black circles), 6.2(7)

(red diamonds) and 3.3(1) (orange squares). The error bars correspond to the typical

spread over five measurements and the solid lines are guides to the eye. Dashed line

is for the result of a planar soliton in a weakly-interacting BEC, T,/T = - . The

star marks the mean-field prediction [203] M*/M = (Ts/Tz) 2 = 3 for a planar soliton

at unitarity.
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the solitonic excitation in question. This prompted us to study the dependence of the

defect's period on the aspect ratio of our trap.

Fig. 6-5 (b) summarizes our measurements for the defect period and the relative

effective mass as a function of the interaction parameter 1/(kFa) throughout the BEC-

BCS crossover, for aspect ratios a = 3.3, 6.2 and 15. The strong increase of M*/M

towards the BCS regime is observed for all trap geometries. At each 1/(kFa), the

normalized period T/T appears to converge to a limiting value for the most elongated

trap: the normalized period changes by only 15% as the aspect ratio is increased by

more than a factor of two from 6.2 to 15. However, as we shall discuss later, it is not

an indication that one has reached the quasi-iD limit; rather, the object in question is

a solitonic vortex, whose motion can be well-described by a hydrodynamic formalism.

6.3.1 Discussion

The first experiment on the generation and observation of a solitonic excitation in a

fermionic superfluid brought up several questions regarding the identity of this object.

Given the profile of the imprinted phase, one naturally expects a soliton to arise from

the phase-imprint. This, plus the excellent contrast in the profile, led us to interpret

the object as a planar soliton in the first experiment. However, because we record the

once-integrated column density n2D(X, z) = f dy n(r), we are not able to decisively

distinguish a soliton, a vortex ring, a vortex, or even other Chladni solitons from each

other, so long as the object is aligned transverse to the long-axis. The findings in this

study are surprising for a planar soliton, but cannot provide conclusive evidence for

the identity of this object.

The energy of a solitonic excitation is concentrated in its nodal region. As a result,

solitonic excitations follow an energy hierarchy given by their nodal structures [122].

For example, the nodal plane of a soliton is energetically more costly than the nodal

line of a vortex. If there is a path for decay, the system will thus tend to reduce

the size of the nodal regions. Such a pathway for planar solitons to decay into lower

energy excitations is the so-called snake instability, the undulation of the soliton

plane [156, 70, 4, 61]. In the case of weakly-interacting BECs in elongated traps,
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stability requires the chemical potential p of the condensate to be not much larger

than the transverse confinement energy [156]. For a Fermi gas, this would require

a quasi-1D geometry where the transverse cloud width is one interparticle spacing.

For strongly interacting superfluids, it is a priori not obvious that solitons are stable

against quantum fluctuations [62, 63, 133, 152, 148, 78, 232]. We have found the

defect to live up to - 7s, an exceedingly long lifetime. This observation here is

therefore not expected if the defect is a planar soliton.

For weakly-interacting BECs, a soliton has been observed to decay into a vortex

rings [41, which further decay into a vortex-anti-vortex pair that eventually breaks

up, leaving behind a single remnant vortex [191. In the case of strongly interact-

ing fermionic superfluids, the understanding of such non-trivial dynamics presents a

challenging non-equilibrium many-body problem. The interest in understanding such

dynamical process has led to several theoretical works following our first solitonic exci-

tation experiment, suggesting that these solitary waves are vortex rings [30, 188, 237].

The large inertial mass of the defect is also a surprise given the interpretation

of the object as a soliton. In general, the difference between the effective mass M*

and the bare mass M of a solitonic excitation arises from the phase slip AO across

the excitation, which implies a superfluid counterflow [2031. For the defect to move,

an entire sheet of atoms thus has to flow past it. The inertial mass thus is related

to the volume occupied by the superfluid flow. In contrast, the soliton's bare mass

M is only due to the mass deficit associated with the number of the missing atoms

number IN8 . For a planar soliton, the volume in which the phase varies is RI, and

hence M* ~ m R2in. In the absence of filling (e.g. in a weakly-interacting BEC),

this is the same volume in which the density depletes, and hence M also follows

the same scaling, and as a result, M*/M - 1 is on the order of unity. For weakly-

interacting BECs, M*/M = 2, and hence T = V 2TZ [36, 123], as has been observed

in experiments [20, 2351. In the BCS limit, where only a minute fraction Ao/EF of

the gas contributes to Cooper pairing, IN, I oc Ao/EF 0 e 2k Ial and thus the soliton's

relative effective mass can be expected to become exponentially large. On the other

hand, in the case of a solitonic vortex or a vortex ring, the region in which the phase
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varies is ~ RI, and hence M* ~ mnRI, while M ~ mn 2R1 (here I am neglecting a

logarithmic factor). Therefore, for these two objects, M*/M ~ RI/ 2 , and if we take

( 1 pm and Rft ~ 30pm, M*/M can easily be large.

Note that on resonance, the fastest defects we have observed move at the exceed-

ingly slow speed of 0.50 mm/s or 5% of the (independently measured) speed of sound

on resonance. Their observed sudden disappearance (e.g. in Fig. 6-11 (c)) can thus

not be related to a motion close to the Landau critical speed, an upper bound on

the velocity of a soliton [136, 204]. If the defects were vortices, then it is reasonable

that an accelerating vortex eventually acquires enough energy to eject itself from the

system.

6.4 Tomographic imaging of the solitonic vortex

In order to lift the ambiguity on the nature of the observed excitation, we employ a

tomographic technique whereby only a chosen slice of the full atom cloud is imaged

after time of flight. This method gives direct access to the local density of the 3D

cloud. Tomography is realized by optically pumping within 10 ps all atoms outside

the desired slice into hyperfine states that are off-resonant with the imaging transition

for state 1), predominantly state 16). In this section, I will discuss the details of the

tomographic imaging method, and report our finding that establishes the identity of

the long-lived excitation to be a solitonic vortex.

At high fields ~ 670 - 850 G, the atomic levels are dominated by the electronic

Zeeman energy, and 11) and 12) are almost IS, mj = -1). We pump atoms in

1) to 16) S mJ = j) by a a+ transition to JP3, mj = 1) (see Fig. 6-6 (a)).

To estimate the detuning from the zero-field transition, we approximate the energy

change from the zero-field value with A E ~ pBgJmJB, where PB =1.4 MHz/G is the

Bohr magneton, and the g-factors are gj = 2 for |S, mj) and gj = 1.335 for |P1 , mj).
2 2

The detuning from the zero-field transition is then given by 6 ~~ 1.6675 B, which

yields 1.94 GHz for 832 G, and 1.63 GHz for 700 G. The pumping laser is provided by

a single Toptica DL Pro diode laser. With this large detuning, one cannot directly
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Figure 6-6: (a) Energy levels of the states of interest for optical pumping at high
fields. The target state for the cyclic (o-) transition for imaging is 1P , MJ = -.

22

The pumping (o+) transition excites the atoms to IP3, m j). (b) Schematic of

the setup for the tomographic imaging.

lock the laser to the atomic transition. Instead, the beat between the pumping and

the master laser is stabilized via a phase lock.

The slice is selected by masking part of the optical pumping light with a thin

string, and projecting the string's shadow onto the atom cloud. The schematics of

the setup is shown in Fig. 6-6 (b). The high-field pumping beam shares the same path

as the low-field pumping beam that is used immediately after the magneto-optical

trap (MOT) stage. The string is imaged onto the atom cloud by a single f=250 mm

lens. A f=1000 mm lens forms a telescope with the aforementioned lens to shrink the

beam. Since the distance of the string to the f=1000 mm lens is much less compared

to the focal length, the f=1000 mm lens can be essentially ignored in terms of forming

an image of the string. The de-magnification of the string is ~ 1300/300 = 4.3. The

size of the string is 90 pm, and when projected onto the cloud is ~ 21 Am. The

aperture of the system is limited by a 2-inch polarizing beam splitter cube located at

about 300 mm prior to the imaging lens. This leads to a resolution of about 15 pm

and an estimated thickness of the slice to be ~~ 24 ptm on the atoms, in agreement with

the measurement from the vertical-slicing of the atom cloud (see Fig. 6-7). An iris
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Figure 6-7: Vertical slicing of an expanded superfluid. (a) An (unnormalized) image
of the superfluid with the string oriented vertically in the background, as seen from
the side imaging camera. (b) Top: the superfluid as seen from the top. Bottom: a
slice of the same superfluid with the string orientied vertically. (c) Twice-integrate
optical density ODlD (X) = m f dydz n(r) of (b). Black: unsliced superfluid. Red:
sliced superfluid. Blue: a Gaussian fit to the slice yields a thickness of 23(1) pm. This
is about 1/5 to 1/6 of the radial size of the superfluid.

on a motorized flipper mount is placed close to the string. It restricts the pumping

light to reduce undesired fringes that could imprint features on the atoms, and is

removed from the optical path during the preparation of the degenerate Fermi gas in

order to not block the optical pumping light. The quantization axis is +2 prior to

the preparation of an interacting mixture, and -2 afterward. Since the MOT beam,

the low-field pumping beam, and the high-field pumping beam all operate at a -+

transition, a A/2 wave plate on a motorized flipper mount is placed into the optical

path to reverse the circular polarization for the high-field pumping light. As a result,

when the tomographic imaging is being used, the side-imaging beam, which normally

excites atoms via the cyclic transition, will also have a -+ polarization and will not

be scattered by the atoms. Nevertheless, absorption of the high-field pumping light

can serve to image the atoms, though the quality is much worse because it is not a

cyclic transition.

The string is on a rotatable mount and a translational stage. By rotating the

string so it is vertical, we can create a vertical slice of the atom cloud, which we can

image through the high-resolution vertical imaging path and use that to characterize
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the slicing. Shown in Fig. 6-7 (c) is the optical density (OD) of a vertical slice of an

atom cloud, and a cut across the central part of the cloud is shown in Fig. 6-7 (d).

The vertical slicing position is also useful for putting the string to the right focus. The

translational stage can be moved in all three dimensions, allowing for both focusing

and adjusting the position of the slice along the x - y plane (as seen from the atoms).

With the vertical slicing, a Gaussian fit of the twice-integrated optical density

OD1D = c-o f dydz n(r) to the ansatz Ae- 2 /1 2 gives the width of the slice to be

2w = 23(1) pm. The thickness is comparable to the width of the observed solitary

wave after time of flight, and about one fifth to one sixth of the transverse cloud

diameter after expansion. Since the imaging procedure is destructive, each run of the

experiment provides a single slice at a given time of the defect's motion. Thanks to

the high degree of stability of our experiment, reliable tomography can be built up

from many repetitions of the experiment.

Representative tomographic images for the unitary fermionic superfluid are shown

in Fig. 6-8, taken 1.6 s after the phase imprint. A line of depletion with about 40%

contrast cuts across the entire cloud in one particular slice. This immediately demon-

strates that the solitary wave is not a vortex ring. On average, only a specific one

of the six slices imaged features the depletion. Therefore, the strong depletion is not

a planar soliton either, as we interpreted in our previous paper [2431 . Instead, our

observation confirms the defect has the structure of a nodal line, consistent with the

structure of a single quantized vortex line. As discussed in 2.6.2, a vortex in an elon-

gated superfluid, such as the one in our experiments, has properties similar to those of

a planar soliton, and hence is called a solitonic vortex. For the present experimental

conditions we observe the vortex to be horizontal in every single repetition of the ex-

periment. Due to the slight anisotropy of the trap, the vortex can minimize its energy

by aligning along the short axis, while orientation along the longer, intermediate axis

is unstable [219, 19]. Slight tilts of the vortex into the vertical direction cause partial

vortex lines to be detected in a given slice, as seen for slice position y = -39 pm in

Fig. 6-8 (c).
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Figure 6-8: Tomography of superfluid revealing the presence of a solitonic vortex. (a)
The string is oriented such that the slice it produces is normal to the vertical imaging
beam, allowing for accessing the local density. (b) Examples of (unnormalized) images
of the superfluid with the string oriented horizontally, as seen from the side imaging
camera. Shown is the string in a few different positions. When the high-field pumping
light is applied, this allows for accessing the local density n(x, yo, z) in different y = yo
slices. (c) Tomography of a unitary fermionic superfluid of 6Li atoms containing a
solitary wave. Shown are density distributions of horizontal slices selected at different
y positions. Tomography reveals a single solitonic vortex. The image is taken at
t = 1.6 s after the phase imprint. The imprint is performed at 760 G. The superfluid
is brought to unitarity over 600 ms, and then evolves for another Is.
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6.5 Vortex precession in a unitary Fermi superfluid

In a 3D geometry where the radial cloud size R1 is much larger than the vortex

core size , an off-center transverse vortex will undergo precessional motion along an

equipotential contour [142, 751. An observation of the precession will confirm the

gyroscopic nature of the vortex. Tomographic imaging enables a measurement of the

vortex position in the z-y plane as a function of time (see Fig. 6-8 (b) and (c)). The

vortex' z coordinate is readily obtained from the images. The y coordinate is given

by the position of the slice that contains the vortex (e.g: in Fig. 6-8 (c), the vortex is

observed at y = -13 pm). In order to refine the determination of the y position of the

vortex, a histogram of occurrence as a function of the slice position is built up from

several (~7 runs per slice position) repetitions of the experiment at each given time

of the vortex' motion. Representative images and density profiles of slices containing

the vortex are shown in Fig. 6-9, along with histograms of the occurrence of vortex

observations in each slice. The z-y coordinates of the vortex are found to lie on an

ellipse with the same aspect ratio (after expansion) as the atom cloud, as expected

for vortex precession along equipotential lines.

The period of the vortex motion can be estimated from superfluid hydrodynamics

and the equation of state in the BEC-BCS crossover [1591. We have developed a

Hamiltonian approach analogous to that used to describe the motion of vortex rings

in [1761, which I will describe here. Let us consider a vortex aligned in the transverse

x-direction, and located at ro = (yo, zo) in the y-z plane. The energy EV of the

vortex is dominated by the kinetic energy of its flow field v = hVq/mB, where

# = arctan 1 is the phase profile near the vortex, and mB = 2m the boson mass.

One finds EV ~ f d3 r mnv 2 = n 2D(yO, zo) n(R / ) in the limit of ln(Ri/ ) > 1.2 MB

Here, n2D is the column density along the vortex line, and is the characteristic size

of the vortex core. In the crossover, we may take = h/mBc, with c the speed of

sound. This definition recovers the healing length in the BEC-regime. At unitarity,

this gives ~ 1/kF, which is a reasonable estimate 132].

The canonical momentum of the vortex along the axial z-direction is given by
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Figure 6-9: Observation of vortex precession in a unitary fermionic superfluid via

tomographic imaging. (a) Representative horizontal slices showing the oscillation of

the vortex along the z-axis. Time t = 0 s marks 600 ms after the phase imprint. The

y position of each slice can be inferred from c). (b) Density profiles normalized by
the peak density, showing a depletion of typically 30% contrast. The solid line is a
sine fit to the vortex positions (black dots). (c) Average occurrence of the vortex at a

given y position of the slice as function of time, showing the vortex oscillation along
the y-axis. Red dots: Average y position of the vortex from gaussian fit at the given

time; solid red line: sine fit. (d) Reconstructed precessional motion in the z-y plane.
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P, f d 3r mnv, = f d3r hnz#. Since we consider a geometry where R1 < Rz,

the phase gradient is concentrated in the neighborhood of the vortex in a range of size

R1 along the z-direction. This allows us to set n(x, y, z) ~ n(x, y, zo). The integral

of o82# over the z-direction thus equals 7r or -7r, depending on whether the path runs

along y < yo or y > yo. One thus has P m h~r(f" dy - R dy) n2D(y, z) =

YOh fO dy n 2D(y, zo). Assuming harmonic trapping and the local density approxi-

mation, we obtain the axial velocity of the vortex from Hamilton's equation

. v (9y Ev/oyo W-Lzo = = /y - -Q yo, (6.1)
aPz 0Pz/0y o  Wz

and similarly Po = z Q zo, with the angular frequency

Q = 2-y+I ln ( .i) (6.2)
WZ 8 P

Here, 'y = is the polytropic index determined by the T = 0 equation of state in

the BEC-BCS crossover, and y is evaluated at the vortex position. -y = 1 in the BEC

regime, while -y = 3/2 at unitarity and in the BCS regime. Eqs. 6.1 and 6.2 describe

the precessional motion of the vortex with angular frequency Q along an equipotential

contour of the trap where [ = const. i.e. yo/RI + z/RZ = const. The result can also

be obtained by equating the Magnus force [8] hn2DZi X r4 to the force -VEV acting

on the vortex. This model generalizes the known result for the vortex motion in the

weakly-interactingBECs [142, 75] to superfluids with arbitrary equation of state. The

inertial mass of the vortex [2031 is

aPZ aPz/ayo 47 n2DR 2
- = -- = =Z'~ -m, (6.3)

0ao - aio/&yo 2 -y + 1 ln(Ri/ ) '

which is proportional to the total mass of atoms contained in the volume R , while

the bare mass

M - mEv f=l -r 2 -y +I2D 21 Rj (6.4)
ioy o o 4o a

is only proportional to the mass of "missing" atoms contained in the vortex core.
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Figure 6-10: Normalized period of the solitonic vortex Tv/T, as a function of the
normalized chemical potential p/hwi. Experimental data are for magnetic fields
B = 850 G (BCS side, square), 832 G (unitarity, circle), and for the BEC-side at 800 G
(triangle), 760 G (diamond), 740 G (inverted triangle), and 700 G (hexagon). wz/27r
was 23 Hz (solid symbols), 10 Hz (framed), 5 Hz (dotted). Predictions in the BEC
regime: Solid blue line from [142], dashed black line from [751. Red solid curve: hy-
drodynamic prediction on resonance, assuming ( = 1/kF. The error band is bounded
by the choice = 1/2kF (lower bound) and = 2/kF (upper bound). Inset: Tv/Tz
as a function of the interaction parameter 1/kFa, data from [2431. Square, diamond,
and circle are for wz/27r = 23, 10, and 5 Hz, respectively. Atom numbers range from
N/2 = 1 x 105 per spin state in the BEC regime to 3 x 105 around resonance. Solid
curves: hydrodynamic prediction fixing N/2 = 3 x 105, and w,/2-r = 23 Hz (gold),
10 Hz (red), and 5 Hz (black).

This is in agreement with the physical picture given in 6.3.1. Here we have used

/ = ymc 2 = yh 2 /2m 2 . The ratio M*/M o R2 2/(ln(Ri/ )) 2 thus depends on the

transverse size of the system and can become large.

The inset in Fig. 6-10 shows the data from [2431 along with the theoretical predic-

tion for a fixed, characteristic atom number of N/2 = 3 x 105 per spin state, using the

known equation of state in the BEC-BCS crossover [159]. Using the experimental pa-

rameters of p/hwi 25 - 35 [243], the hydrodynamical model yields Tv/T, ~ 11-15

and M*/M = 130 - 220, in close agreement with the measured values in [243].

We have taken data for the vortex period in the BEC-BCS crossover exploring

a wide range of chemical potentials. Fig. 6-10 shows the normalized period Tv/Tz
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versus p/hwi including data for several aspect ratios, interaction strengths and atom

numbers. Chemical potentials were extracted from the measured axial Thomas-Fermi

radius of the cloud. For a molecular BEC, the prediction from the GP equation

is 1142, 751
Q- = -L In RL+ -) (6.5)

LJz 8 p ( ( ) 4

and is shown in Fig. 6-10 to agree well with the data in the BEC regime. On resonance,

we do not know the precise value of , but we do know that it is on the order of 1/kF-

Therefore, we take = 0.5/kF, 1/kF, and 2/kF to construct an error band with

the hydrodnamic model. The data on resonance and in the BCS regime is in good

agreement with the hydrodynamic theory within this error band.

Corrections to this model beyond logarithmic accuracy could be important as

ln(Ri/ ) is only 3 - 5, but they are not known in the crossover beyond the weakly

interacting BEC regime, and are subject of debate [212]. The superfluid backflow

will contribute to the vortex' inertial mass, known as the Baym-Chandler mass [18].

For a strongly-interacting Bose gas, quantum depletions localized inside vortex cores

will modify the inertial and bare mass [73, 74]. In the BCS regime, one expects

a contribution due to fermions trapped in Andreev bound states inside the vortex

core [401, the Kopnin mass [124].

6.6 Temperature-dependence of the solitonic excita-

tion

In Ref. [243], we investigated the motion of the solitonic vortex as a function of

temperatures for the unitary Fermi gas (see Fig. 6-11). Thermometry from fits of the

density profiles to the equation of state measured in [129] yielded an upper limit of

T = 0.05TF = 10 nK ~ 3hw 1 for our lowest temperatures. At such low temperatures,

thermometry via fitting is less sensitive to small changes in temperature [116]. We

therefore use the thermal fraction of molecules after a rapid ramp to the BEC-side of

the Feshbach resonance as a robust thermometer [116]. To control the temperature
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Figure 6-11: Effects of finite temperature. (a-c) are trajectories of the defect
for increasing temperature, with thermal fractions (a) 7(2)%, (b) 9(2)%, and (c)
15(3)%. The error bars indicate the standard deviation of typically five repeti-
tions and the solid lines are fits to the data to the anti-damped sinusoidal function
f(t) oc exp(t/Tr) sin(27rt/T + #). While the period is found to be independent of tem-
perature within our uncertainty, the anti-damping time decreases from TS/Ts = 5(2)
for the coldest clouds (a) to TS/T = 1.3(5) for the hottest ones (c). (d-f) are repre-
sentative optical densities and residuals of the superfluid after the rapid ramp. While
at low temperatures, the defect generated by phase imprint is the only significant
density variation, at higher temperatures transverse stripes appear that we tenta-
tively interpret as thermal defects. (g) The defect period is found to be insensitive
to temperature. (h) The 1/e anti-damping time and (i) the defect lifetime are found
to be strongly dependent on the thermal fraction. The lifetime is defined as the time
when the probability of observing a defect decreased to 50%. Solid lines are guides
to the eye. The horizontal error bars indicate the standard deviation of the thermal
fraction within a data set. The vertical error bars in (g) represent the typical spread
over five measurements, those in (h) result from the contribution of the fitting error
on rs and the error on Ts, and those in (i) reflect the time difference between having
90% and 10% survival probability.
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without changing the evaporation (in order to maintain the same atom number), we

make use of the residual heating coming from the noise of the ODT. Therefore, the

temperature can be controlled by adjusting the final trap depth of the ODT.

The vortex period is found to be insensitive to changes in the temperature within

uncertainty (Fig. 6-11 (g)). The stability of the vortex is however strongly affected. At

low temperatures, the vortex oscillates essentially without energy loss, demonstrating

dissipationless flow (Fig. 6-11 (a)). For increasing temperatures, we observe anti-

damping of oscillations (Fig. 6-11 (b)). This is characteristic for a particle with

negative mass that can lower its energy by acceleration. To our knowledge, such

anti-damping of a solitonic excitation - whether a soliton or a vortex - had not been

directly observed previously in a quantum gas experiment. The energy loss is likely

due to collisions with thermally induced phonons [781, and we indeed observe a strong

decrease in the anti-damping time constant (Fig. 6-11 (h)). As the temperature

rises, the vortex's position becomes less reproducible (Fig. 6-11 (c)) and its lifetime

is strongly reduced (Fig. 6-11 (i)). At higher temperatures, we observe increased

fluctuations in the form of stripes (see insets in Fig. 6-11 (d-f)), some of which appear

to have comparable contrast to the imprinted vortex. These additional stripes might

be "thermal defects", such as "thermal solitons" predicted to occur even in equilibrium

in weakly-interacting BECs [113], or thermal vortices as in a 2D BEC [49]. These

soliton-anti-soliton or vortex-anti-vortex pairs can be expected to spontaneously break

and proliferate, similarly to the vortex-anti-vortex pairs in a 2D gas [21, 125, 49]. Since

the production of these defects are not deterministic, it is not possible to perform

tomographic imaging to ascertain their identity as solitons/domain walls or vortices.

However, the expectation is that it is less likely to generate spontaneous domain wall

in the order parameter than to have thermally activated circulating current, so the

thermal defects observed here are probably thermal vortcies.
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6.7 Conclusion

To conclude this chapter, we have generated a long-lived solitonic vortex and have

studied its motion in a fermionic superfluid. Such solitonic excitations have not

been studied experimentally prior to our works. In the initial study, we created

the excitation using the well-established phase imprint technique [34, 54, 20]. The

resulting excitation is long-lived and has large inertial-to-bare-mass. As the standard

integrated imaging does not provide enough information to definitively identify the

object, we followed up with a second study in which we implemented a tomographic

imaging technique that allows us to probe the 3D structure of the defect. Tomography

of the defect conclusively demonstrates that the long-lived solitary wave observed in

our fermionic superfluid is a solitonic vortex. The vortex is topologically protected,

explaining its long lifetime, and its theoretical inertial to bare mass ratio agrees with

that found experimentally. Solitonic vortices can be expected to occur as persistent

defects created via a Kibble-Zurek mechanism [234, 581, via phase-imprinting [20, 191

or even via thermal excitations, as hinted at by the observation of thermally induced

defects in [243]. They also correspond to the "N"-shaped vortices created via rotation

in [1931, in the limit of zero rotation frequency (called "S"-shaped in [1211). With

the ability to create a solitonic vortex on demand, there are a number of interesting

physics that can be studied with this topological excitation: a study of the interaction

of multiple solitonic vortices in fermionic superfluids, a measurement of the current-

phase relation of a solitonic vortex [122], the investigation of its contribution to the

flow resistance of the superfluid [921, and the observation of the Andreev states bound

to vortex cores [40], to name a few.
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Chapter 7

Cascade of solitonic excitations

7.1 Introduction

The study of the dynamics of a single vortex [243, 1271 in a strongly interactin

fermionic superfluid, reported in the previous chapter, opens a new arena of experi-

mental investigation. As discussed in the last chapter, the large ratio of the inertial

mass to the gravitational mass of the vortex can, to a large degree, be quantitatively

explained by a hydrodynamic formalism, which describes the dynamics over the length

scale larger than the healing length . In this description, the mass ratio of the vortex

is controlled by the compressibility of the medium in which the vortex resides. It is al-

ready interesting to know that the vortex mass is mostly explained by hydrodynamics,

compared to other contributions, such as the superfluid backflow and fillings due to

quantum depletions or Andreev states. However, the hydrodynamic formalism lacks

the description of the dynamics at the length scale of - the length scale over which

the defects are localized. A microscopic description is required to completely capture

the behaviors of phase defects. While weakly-interacting Bose-Einstein condensates

(BECs) are well understood in terms of the Gross-Pitaevskii equation (GPE), there is

no miscroscopic wave equation available for the strongly-interacting Fermi superfluid,

where the dynamics occuring at the core of these phase-defects is highly nontriv-

ial [29]. At the mean-field level, a unified description is found in the Bogoliubov-de

Gennes (BdG) formalism [7, 236, 203, 66]. It provides a crossover theory that con-
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nects the regime of weakly-interacting BECs of molecules and superfluidity of Cooper

pairs described by the Bardeen-Cooper-Schrieffer (BCS) theory. However, as a mean-

field theory, the BdG approach is not expected to accurately capture the behavior of

solitonic excitations in the strongly-interacting regime. Formalisms that are beyond

the BdG theory have been developed to study the dynamics of phase defects in the

unitary Fermi gas, such as the time-dependent superfluid local density approxima-

tion (TSLDA) [311 and the time-dependent Ginzburg-Landau (TDGL) theory [198].

Experiments with the unitary Fermi gases provide the necessary input for such dy-

namical theories.

An experiment which studies the microscopic dynamics of solitonic excitations re-

quires creating these excitations in a controlled way and setting the conditions for the

core dynamics to be revealed and analyzed. One way in which microscopic dynamics

can be observed is through the interaction of these phase-defects, for instance in vor-

tex recombination where two initially separated vortices come close to each other and

combine their cores [311. Another approach is to observe the relaxation of a highly

energetic defect [61, 30, 188, 198, 240]. Solitonic excitations follow a well-defined

hierarchy in terms of stability and energy cost in 3D. The planar soliton, with a large

nodal volume, is the most energetic [25] and is dynamically unstable towards decay.

It can decay via the snake-instability [156], the undulation of the soliton plane, to-

wards the formation of other solitary waves of lower energies. Recently, a family of

these solitary waves has been identified as solutions of the GPE [155]. These objects

resemble the Chladni figures and trace the nodal lines of the unstable vibration modes

of a planar soliton. They include the vortex ring and the vortex line, as well as more

exotic excitations whose nodal structures are composed of intersecting rings and lines.

In weakly-interacting BECs, solitons have been observed to decay into a vortex

ring [41 that subsequently break into a vortex-antivortex pair before leaving a single

vortex line [19]. In the case of strongly interacting fermionic superfluids, similar

scenarios have been predicted numerically by the BdG approach [240, 188, 1981, but

an experimental investigation on such microscopic dynamics is still lacking.

In this chapter, I describe the study of a cascade of solitonic excitations in a
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Figure 7-1: Time-evolution of the central slice (y = -13 pm) for 0 ms < t < 19.5 ms,
with 0.5 ms time-steps.

unitary Fermi superfluid [128]. The cascade is initiated by a one-sided phase imprint.

Via tomographic imaging, we observe a planar dark soliton as the initial product of

the imprint and trace its subsequent evolution. We are able to follow the the nodal

plane's surface dynamics which occurs at the level of interparticle spacing, as the

soliton snakes, punctures, and breaks. The decay of the soliton leads to a ring defect,

which continuously disintegrates, finally leaving behind a single, remnant vortex line.

In intermediate stages we find evidence for more exotic structures resembling D-

solitons. We also measure the growth rate of the modes in the snaking dynamics.

The observed evolution of the nodal surface represents dynamics beyond superfluid

hydrodynamics, and provides a benchmark in the quest for an adequate wave equation

describing the unitary fermionic superfluid far out-of-equilibirum.

7.2 Dynamics of a unitary Fermi gas after a phase

imprint

Similar to the experiments on solitonic vortex, we create a strongly interacting fermionic

superfluid using a balanced mixture of the two lowest hyperfine states of 'Li, 11) and

12) at a Feshbach resonance 832 G. The atomic clouds contain ~ 7 x 105 atoms per

spin state. The trapping frequencies for the axial and the radial (in the harmonic

approximation) directions are wz/27r = 10.87(1) Hz and wi1/27r = 69(6) Hz, respec-

tively. Gravity slightly weakens and distorts the trapping potential along the vertical
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Figure 7-2: Magnified view of the central slice. (a) Central slice at 4 ms after the
imprint, showing the structure of the generated objects. Square box: a cut of the
density distribution (red) is compared to the corresponding Thomas-Fermi profile
(black) without density perturbation. Both sound waves display a valley-hill struc-
ture, with a markedly higher amplitude for the hill of wavefront on the negative-z
side. (b) Magnified images of the density at t = 5, 7, 9, and 11 ms showing the
bending of the defect resulting from the snake instability.

y-direction (see Appendix A). The axial and radial Thomas-Fermi radii of the cloud

are R, = 326(2) pm and R1 = 54(2) gm, and correspond to a chemical potential at

the center of the cloud of p= h x 3.7(1) kHz. The techniques for phase imprinting,

rapid-ramp expansion for revealing the superfluid order parameter, and tomographic

imaging are the same as used in the works reported in the previous chapter and

described in details in 6.2.2, 6.2.3, and 6.4 respectively.

In Fig. 7-1, we show the time sequence of images recorded in the first 20 ms

(with 0.5 ms time step) following the phase imprint, which corresponds to the density

distribution at the central slice of our superfluid samples. Immediately after the

imprint, we observe a strong disturbance near the central axial position (z = 0) of the

cloud, as expected from the symmetry of our imprinting setup, where the imprinting

laser light is exposed on one half (z > 0) of the cloud. The initial perturbation then

decomposes into: (i) two wavefronts quickly propagating in opposite directions to the

edge of the cloud, and (ii) a sharp density defect, with a very small velocity, that

remains straight for about 5 ms and then undergoes a complex dynamics. This object

we shall identify as a planar dark soliton via tomographic imaging. The velocities

of the upper and lower wavefronts are found to be 13.1(4) mm/s and 13.1(8) mm/s

respectively, which coincide with the speed of sound of 12.9(1) mm/s estimated from

the peak density using the relation c, = /B/3UF, where B = 0.37 is the Bertsch
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Figure 7-3: Time-series of the central slice up to t 100 ins, focusing on the region

around z = 0.

parameter [1291 and VF the Fermi velocity' (see 7.2.1 for more details). Therefore, we

identify these two wavefronts as sound waves. Note that the apparent large amplitudes

of these sound waves is a consequence of the rapid-ramp, which will be discussed

shortly in 7.2.3.

In contrast to the fast sound wave, the slow defect displays a much richer dynamics,

which is shown in greater detail in Fig. 7-3. We first observe that the defect core

undergoes an undulation during the interval 5 ms < t < 15 ins, after which it breaks

into a pair of dots located at opposite edges of the cloud, which suggests a ring

structure. This structure survives up to t = 80 ins, after which the return of a stripe

of depletion indicates the presence of a horizontal vortex line.

Before discussing further this complex dynamics, I will first describe in more detail

the speed of sound measurement, the dynamics during the rapid-ramp expansion, and

effects of the rapid-ramp on the sound wavefronts. In 7.3, I will return the focus

to the dynamics of the defect and discuss its evolution as observed via tomographic

imaging.

7.2.1 Sound measurement

The two wavefronts that rapidly propagate towards the edges of the cloud feature a

valley-hill combination characteristic of sound waves 1110]. We focus on the central

part of these wavefronts (i.e. around x = 0) and extract, for each wavefront, the

'The observations made here are reminiscent of the first phase-imprinting experiment realized

in Bose-Einstein condensates [20], where two waves rapidly propagating in opposite directions were

created, one of which has been interpreted as a fast dark soliton. Here however, we observe that

both wavefronts propagate at the speed of sound.
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Figure 7-4: a) Schematics of the rapid ramp. The solid line shows the ramp of the

Feshbach field. At wait time t after the imprint, the field is ramped from 832 G to

760 G in 1 ms, and then ramped down to 576 G over 1.5 ms. The field is held at that

value for 4 ms, and then ramped back to 780 G over 1 ms. The field is held at 780 G

for 1.5 ms before the spatially selective optical pumping light is applied and the cloud

is imaged. The dashed line shows the corresponding ao/a, where a is the scattering

length and ao is the Bohr radius: 0 at 832 G, 4300-1 at 760 G, 225-1 at 576 G, and
6500-1 at 780 G. b) Extraction of the effective time delay after the rapid ramp, from

the extrapolation of the sound wave trajectories. Solid black circles: upper and lower

sound wave positions as function of time t. The linear fit (solid gray lines) yields an

effective lag of At ~ 1.7 ms.

position of both the valley and the hill as a function of time. For the upper wavefront,

we find that the valley (density minimum) propagates at 12.1(2) mm/s and the hill

(density maximum) at 14.2(8) mm/s, which gives an average speed of the wavefront

of 13.1(8) mm/s. For the lower wavefront, we find that the valley propagates at

13.1(3) mm/s and the hill at 13.1(1) mm/s, giving an average velocity of 13.1(4) mm/s.

These measurements can be directly compared to the prediction of the speed of sound

in a unitary Fermi gas, which only depends on the density and the Bertsch parameter

B = 0.37 through the relation c, = V/ B/hkF/m, where kF = (3 2 n) 2 /3 is the Fermi

wave vector. With the chemical potential at the center p(0) = h x 3.7(1) kHz, we

obtain the peak value of the Fermi wave vector kF = 3.47(2) pm- 1 . The local speed

of sound at the center of the cloud is therefore found to be 12.9(1) mm/s, in very good

agreement with the measured local speed of the two wavefronts, which we therefore

identify as sound waves.
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Figure 7-5: Comparison of images with and withou at rapid ramp of the Feshbach
field. Top: images after 9 ms expansion with rapid ramp described previously. Bot-
tom: images after 4 ms expansion without changing the Feshbach field. The expansion
time is chosen so the radial size of the cloud roughly matches those obtained with
rapid ramp. In each case we show (a) the integrated density (no slicing) and (b) the
density of the central layer. Without rapid ramp, the amplitude of the initial wave
fronts is strongly reduced.

7.2.2 Dynamics during the rapid ramp

The detection procedure requires a 9 ms interval between the time t of the dynamics

that we want to observe and the time when the image is actually taken. During this

stage, the cloud spends - 2 ms in the strongly-interacting regime (kFa) - < 1 where

the expansion is hydrodynamic. For the rest of the rapid ramp, the cloud is so weakly-

interacting that the expansion can be essentially considered ballistic. Therefore, we

estimate that the 9 ms of the combined rapid ramp and expansion can be accounted

for as an effective lag of 2 ms in the dynamics of the observed images. One can

notice this lag in Fig. 7-4 (b), where we show the early stage of the sound trajectories.

By extrapolating the sound trajectories, we find an effective lag of 1.7ms, consistent

with our estimate.

7.2.3 Rapid-ramp versus time-of-flight imaging

The images obtained after rapid-ramp show strong modulations of the density distri-

bution. Based on these images, one may conclude that the phase-imprinting leads to

an intense disturbance in the density accompanied by shock waves. This is however
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not the case. In order to clarify this point, we repeated the time sequence of the dy-

namics following the imprint by probing the density distribution after a time-of-flight

expansion of 4 ms (chosen so the radial size matches that of the rapid-ramp profiles),

without any change in the scattering length. The corresponding images are shown in

Fig. 7-5 (a), where we observe weak perturbations in the density profile. In partic-

ular, we observe two density wavefronts of small amplitudes propagating in opposite

direction to the edges of the cloud, which we identify as the previously observed fast

wavefronts in the rapid-ramp images. We also show the same time-sequence recorded

after time-of-flight combined with the slicing stage (Fig. 7-5 b)). The images with-

out rapid-ramp obviously suffer from a lower signal-to-noise, and the fast wavefronts

are barely visible. This comparison shows that the phase-imprint performed in our

experiment is indeed a gentle process, which affects predominantly the phase of the

superfluid order parameter rather than the density. This also demonstrates another

powerful aspect of the rapid-ramp, which not only magnifies the short-ranged varia-

tions of the order parameter A(r), but also seems to enhance the contrast of simple

and perturbative density variations.

7.3 Evolution of the solitonic excitations revealed by

tomographic imaging

In order to understand further the dynamics of the central defect, we employ tomo-

graphic imaging. In Fig. 7-6, we show a set of representative tomographic images at

various times of the dynamics. From these images, we are able to reconstruct the

shape of the defects and follow their formation within the superfluid. The right panel

of Fig. 7-6 shows the reconstructed nodal structure as seen from the long axis (the

z-axis) of the cloud. At t = 3 ms, the tomography indicates a density depletion across

the whole atom cloud, demonstrating that the initial defect is a planar dark soliton.

This is supported by its extremely slow velocity, relative to the speed of sound, and

also by the undulation dynamics seen after - 5 ms. The condition for dynamic stabil-
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ity in an axisymmetric cloud is R1 ,< , where is the size of the defect. At unitarity,

~ 1/kF [311. In the present experiment we have R 1 - 50/kF, so the system is well

in the 3D regime. The snaking of the nodal plane is clearly observed at t = 7 ms.

There, the depleted area of the soliton features high-order snaking modes, and in fact

has already developed a small puncture, as seen in the slice located at y = +65 Am

and reflected in the reconstructed nodal structure.

Remarkably, the subsequent dynamics is not a random tearing of the soliton plane.

For the next - 10 ms, the hole in the punctured soliton plane observed at 7 ms

continuously grows in size in the upper half of the plane. This transforms the planar

soliton into an asymmetric vortex ring, combining the bottom part of the soliton plane

and a vortex line in the form of a semicircle on the upper part. This unconventional

structure is observed at 16 ms and also at 20 ms where the area of planar depletion

seems to be further reduced. We thus see that the soliton tears in its upper half

and subsequently undergoes successive transformations into well-defined structures

of smaller and smaller nodal volumes.

At this stage, one might anticipate that this structure will seed the formation of a

vortex ring, with the hole in the nodal plane continuously increasing in size until the

nodal volume is constricted to a loop with a core of size . However, the tomographic

images obtained at later times suggest a more complicated scenario 2, where a second

puncture occurs in the lower nodal plane, resulting in the formation of a nodal struc-

ture consisting of a line intersecting a ring. This structure is seen in the tomographic

images at t = 85 ms and resembles the 1D-soliton recently proposed in Ref. [1551. Fur-

ther in time, the ring part of this exotic defect continuously disintegrates (as seen at

t = 95 ms and 400 ms), and leaves behind a single vortex (t = 1 s), which precesses in

the superfluid, as reported in the previous chapter.

The full collection of tomographic images is included in Appendix B.

2 This may be inferred from the statistical analysis of multiple images of each slice taken at each
t. The collection of these images between 50 ms and 100ms is shown in Fig. B-2 of Appendix B.
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Figure 7-6: Tomography of the cascade. Main panel (left): representative tomo-
graphic images at different stages of the cascade. Right column: shows the structure
of the depletion due to the defect, as seen along the z-axis, reconstructed with the
tomographic images. t = 3 ms: sharp density depletion across the whole cloud signal-
ing a planar dark soliton. t = 7 ms: snaking of the soliton plane and first signature of
a puncture. t = 9, 16 and 20 ms: the puncture in the upper half of the soliton plane
grows and yields the formation of an asymmetric vortex ring, combining half of the
soliton plane and vortex line in semicircle. t = 85 ms: the lower plane is punctured
and a vortex line forms across a ring. t = 95 ms and t = 400 ms: the ring part of the
defect progressively disintegrates. t = 1000 ms: a solitonic vortex has been formed
and precesses in the superfluid.
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7.4 Snaking dynamics of the soliton

I will now discuss the analysis of the soliton's snaking, which is responsible for initi-

ating the cascade. Qualitatively, the snake instability observed here is not surprising

given the 3D character of our superfluid [156] where Rft - 50/kF, far from the condi-

tion for the dynamic stability of a soliton in an axisymmetric cloud R < ( ~ 1/kF-

However, at the quantitative level, little is known of the soliton's snaking dynamics at

unitarity [43, 2371 where the available microscopic descriptions rely on the mean-field

BdG formalism and extensions of it [811.

For perturbations on the soliton surface z,(x) in the form of zs cx cos(qx - wqt),

instability is associated with imaginary component in the mode Wq, which corresponds

to the rate of growth. At long wavelengths (corresponding to small wave numbers q),

a hydrodynamic argument shows that the mode is purely imaginary, and the growth

rate has a linear dispersion [112],

Wq = tiq , (7.1)

where M* is the inertial mass of the soliton, and E, is the energy of the soliton. This

growth rate of the snake instability therefore provides information on the microscopic

properties of the soliton. BdG simulations have confirmed this linear dispersion in the

BEC-BCS crossover [43]. In addition, in the same work, the growth rate is observed

to have a downturn at shorter wavelengths (larger q).

In order to quantify the undulation dynamics, we perform a Fourier analysis on the

soliton's shape z5(x) in terms of the transverse modes A, = 2R 1 /n, with n = 1, 2,...

being the mode number. More precisely, we search for an expansion of the form

zS(x) ~ Ao + EN-axAn cos 27rn - + On , where the Fourier amplitudes An (and

phases On) are determined numerically. In Fig. 7-7 (a), we display snapshots of the

superfluid containing the soliton for 2 ms < t < 11 ms and, in Fig. 7-7 (b), the

corresponding soliton shapes z,(x) that we extracted by tracking the density minima.

For each of these snaking curves, the result of the Fourier expansion up to the 5th order
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Figure 7-7: Extraction of the soliton shape for Fourier analysis. Top: snapshots of
the superfluid containing the soliton. Bottom: extracted soliton profiles zs(x) (black
dots) along with the corresponding profiles of the Fourier expansions to the 5th order

(solid gold line).

(gold solid line) is superimposed and shows a good overlap, demonstrating that the

soliton's undulation observed here is well characterized in terms of transverse mode

excitations. We computed the Fourier spectra of the soliton's undulation between

t = 2 ms and 11 ms (see Fig. 7-8 (a)), and obtained the evolution of the Fourier

amplitudes A, shown in Fig. 7-8 (b). Here we see that the fundamental mode A, =

2R1 dominates the undulation dynamics, with a consistently large weight and a

significantlly higher growth rate A1 compared to the higher harmonics. We observe

that the rates An monotonically decrease as the mode number n increases (see Fig. 7-8

(e)). The contribution of the modes n > 5 was found to be within the noise.

The trend observed in Fig. 7-8 for the growth rates An stands in contrast3 to the

expectation of a linear growth at small mode numbers. Physically, the large contri-

bution of the fundamental mode and its large growth rate found observed here are

not surprising given the inhomogeneity of our superfluids. The velocity of the soliton

3 Note that the growth rate that we report here is in the units of a speed, and not a frequency
as considered in [112, 43], because the data for An # A, does not allow for an exponential fit. The
trend comparison is however still relevant.
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Figure 7-8: Spectral analysis of the snaking dynamics. (a) Fourier spectra at t 3
and I1 Ims. (b) Fourier amplitudes An as a function of time, for n = 1 (circle), 2
(square), 3 (triangle) and 4 (diamond) and their fits to a line (solid lines). The error
bars indicate the statistical spread due to a 3-points binning of the data. (c) Growth
rates An for n 1 to 5, obtained from the linear fits in (b), with the error bars being
the fit error.

is given by the phase-velocity relation v/v = f((A#), where AO is the phase differ-

ence across the soliton and v, is the superfluid critical velocity. While the functional

form of f is not known for the unitary Fermi gas, it is believed to be monotonic at

small relative velocities 1204]. Therefore, in an inhomogeneous cloud as ours, v, oc kF

depends on the x coordinate, and is the largest at the center of the cloud. As a

result, the velocity of the soliton is the highest at the center (x = 0) and gradu-

ally decreases towards the edges (x -+ RI?). Consequently, a travelling soliton (in

the z-direction) develops to a drum-like profile that continuously stretches along the

propagation direction. This explains (at least partially) the growth of A1 . In order to

have a quantitative understanding of our measurements, it would require the use of

the correct current-phase relation of a dark soliton in a unitary Fermi gas. Alterna-

tively, one may perform the same experiment in a homogeneous potential (discussed

in Chapter 8), which would allow for obtaining the dispersion of the snaking rate in

a homogeneous system that can be compared to available theories.
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Figure 7-9: Summary of dynamics following the phase imprint. (a) Representative

images of the central slice at t =4, 50, and 95 ms showing a planar soliton (S), vortex

ring (R), and vortex line (V). The vertical lines mark the region of interest used to

generate the residuals in (b). (b) Upper panel: Residuals of the central slice along

the central axial cut x = 0. Lower panel: Residuals in the central slice along the

outer axial cut. Bright (dark) shading indicates density excess (depletion).

7.5 Evolution of solitonic excitations towards a sin-

gle vortex

In Fig. 7-9, we summarize the time evolution following the phase imprint by tracking

the motion of the waves generated in the superfluid. The upper panel of Fig. 7-9

shows the residuals in the central slice along the central axial cut at x = 0, while

the lower panel shows the residuals along its outer edge. The two panels therefore

allow us to distinguish between a depleted stripe across the cloud, a short depleted

segment, and a pair of nodal points. In Fig. 7-10, we record the position of the density

minima detected in each residual plot as a function of time. In these two diagrams, we

recognize the initially created sound waves which follow two linear trajectories with

opposite slopes, while the central defect slowly moves towards the z > 0 direction.

We also notice shallower sound waves emitted at~ 5 ms. These sound waves form a

pattern of hydrodynamic wakes.
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Figure 7-10: Displacement as a function of time for sound waves and defects. In the
left panels are: initial sound waves (black solid circles), the second set of sound waves
(gray solid circles and band), the defect in the central axial cut (red circles), and the
defect in the outer axial cuts (blue squares). Right: precession motion (projected on
the z-axis) of the solitonic vortex resulting from the cascade.

The insight of the tomographic images (discussed in 7.3) allow us to identify the

course of evolution shown in Figs. 7-9 and 7-10. The presence of depletions along

both the central and the outer axial cuts up to t - 15 ms is associated with the

initially created planar soliton. Between about 15 ms and 80 ms, the disappearance

of the depletions in the central axial cut indicates that we have an object with at

least a partial ring structure. The return of a line of depletion at t ~ 80 ms marks

the eventual transition of the object into its final form. We note that all along the

decay cascade, from the puncture of the soliton plane to the return of a horizontal

vortex line, we do not observe any significant displacement of the defects along the z

direction. This fact is probably an important factor in favor of the repeatability of the

vortex trajectory which is shown in Fig. 7-10. Here we plot the oscillation along the z

direction, which is the projection of the precessional motion of the vortex on the long

axis. It is remarkable that the observed cascade, despite involving multiple (a priori)

stochastic decays, leads to the formation of a solitonic vortex with a reproducible

trajectory.

7.5.1 Comparison to simulations

In recent simulations, several cascade scenarios, starting from a phase imprinted pla-

nar soliton, have been proposed in the context of the unitary Fermi gas. In some

of these works, it has been found that in a cylindrically symmetric potential with
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negligible dissipation, a planar soliton decays into a long-lived vortex ring which then

undergoes oscillatory motion along the z-axis [30, 237, 188]. Later works introduced

dissipations and observed the consistent formation of a single vortex with a preces-

sional motion [198, 240]. Closely related to our case is the recent work of [2401,
based on the TSLDA, in which the authors take into account the trap distortion due

to gravity. Among the various scenarios considered in [240], none is in our regime

of parameters (see Appendix A), hence a direct comparison is not possible. For the

simulations that include intermediate anisotropy and anharmonicity, it is observed

that the soliton's decay is followed by the formation of a vortex ring which propa-

gates over a significant distance before breaking into a vortex-antivortex pair [240].

Eventually, one vortex is ejected while the other precesses in the superfluid. This sce-

nario is therefore qualitatively distinct from our observation, which calls for further

simulations with the use of our experimental parameters.

In Appendix C, I discuss what we have found to be ingredients in generating a

long-lived vortex as a remnant of the imprint.

7.6 Conclusion

In conclusion, we have observed a cascade of solitonic excitations in a strongly-

interacting fermionic superfluid. Using tomographic imaging, we observe the decay

pathway of a planar soliton into a single long-lived vortex. We also analyzed the

snaking dynamics of the soliton and characterized it in terms of transverse mode ex-

citations. Our work investigates the dynamics of the unitary Fermi gas which occurs

at the length scale of the interparticle spacing and provides a novel experimental

input for microscopic theories of strongly interacting fermions.

The ability to create a planar soliton on demand in the unitary Fermi gas opens the

door to study a number of rich physical phenomena not yet explored experimentally.

One may envision to stabilize a soliton in the tightly-confining regime and study

the soliton's current-phase relation. Due to its large nodal region (compared to, for

example, a vortex), solitons serve as a resource for the observation and manipulation
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of Andreev states. In particular, solitons in the presence of spin imbalance provide a

possible venue for the detection of the Fulde-Ferrell-Larkin-Ovchinnikov phase.
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Chapter 8

Conclusion

When I came to MIT in 2009, I was inspired by the potential of experiments with

ultracold atoms to address long-standing questions in many-body physics. I believe

I can say with confidence that during my time at MIT, the field has lived up to its

potential and continues to show great promise, especially in the program of quantum

simulation. For example, experiments with 2D Bose gases have demonstrated scale

invariance 11051, obtained the equation of state [242], and measured the superfluid

critical velocity [55]. Advances in quantum gas microscopy for Bose gases [12, 205j

and Fermi gases [91, 45, 167] create the opportunity to directly probe the Hubbard

model and to study quantum magnetism with single lattice site resolution. The

realization of the Harper Hamiltonian [2, 1531 enables the study of systems with high

magnetic fields. The creation of ground-state dipolar molecules makes it possible to

study many-body systems with dipolar interactions [160, 166].

My colleagues and I have had the privilege to contribute to the growing knowledge

of the unitary Fermi gas. The precision measurement of its thermodynamics serves

as a benchmark for theories, and our measurement of the Bertsch parameter and

the critical temperature have become a standard reference for other theoretical and

experimental studies. Additionally, our experiments on solitonic excitations have

observed for the first time the dynamics of solitary waves such as planar solitons and

vortices in the unitary Fermi superfluid. The realization of these objects has paved

the way for the study of the phase-velocity relation, Andreev states, and vortex
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interactions in the strongly interacting Fermi superfluid.

Throughout these investigations, it has become increasingly clear that the inho-

mogeneous trapping potential, which has served cold atom experiments fantastically

over the past two decades, is now a limiting factor that hinders us from obtaining fur-

ther insights into the unitary Fermi gas. Take, for example, the experiment reported

in the last chapter. In the spectral analysis of the snake instability, it was found that

the fundamental transverse mode had the highest growth rate. As I have argued pre-

viously, this phenomenon is very likely due to the transverse density inhomogeneity

of our atomic samples. While our measurments bring in the velocity-phase relation of

the soliton as a new interesting ingredient in its snaking dynamics, with respect to the

uniform case, they also raise even higher the challenge of a theoretical understanding.

In particular, they cannot be directly compared to the available calculations, such

as in Ref. [43] where a homogenous system is considered, and already constitute a

tour-de-force.

This is just one demonstration of the need for tailored trapping potentials in cold

atom experiments. While inhomogeneous trapping potentials can offer advantages in

specific cases, such as for scanning through the phase diagram in the measurement of

the equation of state (in fact, it is necessary if one is to make use of the no-fit procedure

described in Chapter 4), in most other instances, it hinders one's ability to obtain a

measurement that can be conveniently compared to a theory. This is especially true

for transport measurements, such as the spin-transport experiments [209, 210] that I

participated in my early days at MIT.

Confining Fermi gases with tailored potentials offers crucial advantages in many

areas of investigation, including the precision measurement of the thermodynamics,

the observation of phases confined to narrow parameter regimes, the study of critical

phenomena, and the accurate determination of transport coefficients. This is the

route that my team is currently taking. In a nutshell, we are implementing a tailored

potential that is homogeneous along the x and y directions, while along the z direction

the potential may be either uniform or harmonic. To construct such a potential, we

forego the traditional red-detuned optical dipole trap. Instead, we let the atoms sit in
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Figure 8-1: Tailored potentials for Fermi gas experiments. The Fermi gas is confined
by walls of light formed from blue-detuned lasers at 532 nm. The potential is uniform
in the x-y directions. This may be realized in one of the following ways: two pairs of
orthogonal sheets for a rectangular potential (as shown in this figure), or a circular
sheet for a cylindrical potential. Along the z-direction, the potential may be uniform
(shown in (a)), with the system sealed off by two end caps formed by sheets of green
light, or harmonic (shown in (b)) with the use of a magnetic curvature.

the dark and make use of blue-detuned light to construct repulsive walls through the

use of opaque intensity masks whose shapes can be custom designed. The masks are

illuminated by green (532 nm) laser beams and imaged onto the atoms. Specifically,

we form a sharp wall of either rectangular or circular shape in the x-y plane (see

Fig. 8-1). The confinement in the z-direction can be accomplished with either a pair

of end caps formed by two sheets of light (in the case of a uniform potential) or with a

harmonic potential provided by a magnetic curvature. To make effective use of laser

power, the green beams will be shaped appropriately. For example, for the circular

wall in the x-y plane, a single green beam is shaped into a ring with the use of an

axicon combined with a microscope objective, while for the rectangular walls, the

beam is shaped into two separate pairs of orthogonal sheets using a set of prisms.

Naturally, our first scientific goal using such tailored potentials is to directly ob-

serve the Fermi surface of a non-interacting Fermi gas. Surprisingly, this paradigmatic

phenomenon has not been observed experimentally: electrons in condensed-matter

systems always have interactions, while in cold atom experiments, density inhomo-

geneity hinders the detection of a sharp Fermi surface with a large signal-to-noise

ratio. For example, in Ref. [591, a measurement of the Fermi surface is accomplished

in an inhomogeneous gas by probing only the central region of the gas. This leads to

a smaller available signal, and the residual inhomogeneity in the probed region can
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still blur out the sharpness of the fermi surface. With a uniform potential, one can

circumvent these issues, as the entire gas contributes to the measurement. Following

a successful observation of the Fermi surface, it is natural to ask how interactions

modify the Fermi surface. In particular, the limiting case of a single fermionic impu-

rity interacting with a Fermi sea of majority fermions - the Fermi polaron - offers a

platform to study the Landau Fermi liquid theory. With a homogeneous Fermi gas,

one should be able to observe a relatively sharp Fermi surface with a Fermi polaron,

and measure the quasiparticle weight.

A tailored potential which is homogenous in the x - y directions and harmonic

in the z direction is highly advantageous for precision measurement of the thermody-

namics. In the case of a box potential of size L x L in the x - y directions, the column

density (measured using an imaging beam along either the x or y direction) is directly

related to the local density, n(x, z) = Ln(x, y, z). Therefore, one does not need to per-

form the inverse Abel transform to obtain the local density. The inhomogeneity along

the z direction provides a scan through the phase diagram. One can then apply the

same procedure as in the equation of state measurement for a balanced unitary Fermi

gas to perform thermodynamic measurements of Fermi gases with spin-imbalance

or away from unitarity (or both). Such measurements will address two important

outstanding questions. First, is there a pseudogap phase of preformed Cooper pairs

above Tc? Second, is there a magnetic superfluid phase, in which superfulidity occurs

with a spin imbalance? A measurement of the phase diagram of the spin-balanced

gas in the BEC-BCS crossover and of the unitary Fermi gas with spin imbalance

will address the first and the second questions respectively. With a tailored trapping

potential, one will be able to perform such measurement with high precision.

Lastly, with a homogeneous potential, one may finally be able to observe the

elusive Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) state. There has been a long debate

about the ground state of spin-imbalanced fermionic superfluids. Fulde and Ferrell

(FF) [79], and independently Larkin and Ovchinnikov (LO) [132] proposed that the

Cooper pairs condense into one (FF) or two (LO) opposing non-zero momentum

states. For smaller imbalance, it can be proven in ID [149, 244] that the LO phase is
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a soliton train with the excess fermions occupying the Andreev bound states located at

the nodes of the order parameter. Therefore, in a finite system, a single soliton in the

presence of spin imbalance realizes one limit of the long-sought LO phase [244, 145]. In

the BCS limit, the existence of the LO phase is guaranteed by the fact that the energy

cost for having a single excess fermion localized in a soliton, Esoliton = AO= 0.64Ao

is smaller than the Clogston limit hciogston = o = 0.71A0 , which provides the

difference in chemical potentials h = yt - pu needed to break the Cooper pairs.

With an inhomogeneous potential, only a small shell of the cloud has the correct

local chemical potential bt(r) and local order parameter A(r) within the parameter

regime (e.g. 0.64 < h(r)/A(r) < 0.71 in the BCS limit), and hence the signal of the

LO phase will be greatly reduced. For Fermi gases in a homogeneous box potential,

however, the density imbalance, and hence the chemical potential imbalance, can be

set globally. Therefore, one can realize a bulk Fermi gas in the region of the phase

diagram occupied by the LO phase, which will significantly improve the available

signal. With a homogeneous Fermi gas, one can thus study whether or not a soliton

can be stabilized by being filled with excess fermions, which is suggested by the LO

scenario. This can be realized by creating a soliton train and studing the stability of

the system as a function of spin imbalance.

With the study of degenerate Fermi gases continuing for over a decade and a half,

we are now beginning to be able to address open questions in strongly interacting

fermionic systems and provide insight into new phenomena in many-body physics.

Despite the progress made so far, I can safely say that the works presented in this

thesis are just a starting point for a bright future of fruitful research, with no lack of

intriguing new discoveries to come.
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Appendix A

Characterization of the trapping

potential used in the solitonic

excitations experiments

Because the geometry affects the outcome of the dynamics, if an experiment studying

solitonic excitations is to be compared to simulation, it is necessary for the two to be in

the similar parameter regime. In particular, simulations have found that the outcome

of the dynamics is sensitive to deviation from a cylindrically symmetric harmonic trap.

Therefore, it is important to provide a characterization of the trapping potential in

our experiment. To characterize our trap, we will make use of the anisotropy factor

6 and anharmonicity factor C as defined in [2401. First, we start with a complete

model of our trapping potential

1 [Z X 1)+( 2
V(x, yz) = Im2 Z2 (X - Xmc)2 + -Ymc)2

2 z 2 ~ 2]

+VO I - e "' +mgy. (A.1)

The first term is a saddle point potential that comes from the magnetic curvature

of the Feshbach field. The second term describes the potential resulting from the

optical dipole trap (ODT), with a trap depth V and a gaussian waist W. The ODT
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counters the anti-confinement in the radial x and y directions due to the magnetic

saddle point. The effective confinement in the x and y directions, in the absence

of gravity, can then be modeled with a single parameter wo, the radial trapping

frequency, which can be experimentally measured. The offset betweeen the center

of the two potentials is (Xmc, Ymc). In principle, it is possible to fully compensate

the effect of gravity by setting ymc = 2g/w2 and hence the minimum of the saddle

potential plus gravity coincides with the one of the ODT. However, the experimental

parameters of the present work are set up such that Xmc = 0 and ymc has a nonzero

value. The atom cloud therefore experiences a potential with a displaced saddle point

along the vertical direction, due to an effective vertical gradient. We shall denote the

acceleration due to this gradient as a. By releasing the cloud for variable amount of

time and measuring its displacement, we have obtained a = 1.9(3) m/s2 . Then, we

can model our potential by neglecting the anti-confining term of the saddle potential,

and incorporating w, and a:

1 2- M,,22 Y
V(x, y, z) = -mWz2 + Vo [1 - e 2VO + may. (A.2)

This is the same model potential as in Ref. [240].

To find the location of the potential minimum yo, we expand the potential for

small x and y:

1 22 1
V(x, y, z) ~ -mW2z2 + -mw2(X2 + y 2 )2 2

m2 4

- X(X 4 +y 4)+may. (A.3)
8V0

To the leading order, the value of yo corresponds to the minimum of the parabola

2mwly2 + may. This then gives yo = a/w . In our experiment, yo = 16 pm, and is

small compared to the other length scales such as the waist W and radial Thomas-

Fermi radius R1 = 54(2) pm. By making the shift of coordinate y + yo -+ y, we
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Figure A-1: ]
Trapping potential in the x-y plane. The dashed curve is the potential in the

x-direction. The thinly dashed curve is the potential in the y-direction, given by

Eq. A.5, taking into account only the quadratic correction. The solid curve includes

the cubic correction. The horizontal line indicates the chemical potential p.

obtain

V(x, y, z)
1 22 1S-mW z2 + -mW2x 2 + O(x 4)
2 2
1 2 2 3a2 m2 2 am2 3

+ -mx y2 _ 2 + y2 4VoY 2Vo

+ 0(ye3) + O(y4 ) + const. (A.4)

We note that the O(y3) term is -"--'- y, which corresponds to less than 1 Pm cor-

rection to the potential minimum, confirming that yo is primarily set by the quadratic

and the gradient term, and that yo is a suitable small expansion parameter.

Combining the like terms, we get

1 MW 2 2

2
+ ImWx2 +

Imw2Y2 + Cy3

+ o(y6) + O(x4) + O(y4 ),

where wy w WX ( I
3 3ma'\anC
2 w an 2Vo

We can rewrite these quantities in terms wo, which we can extract from the image
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of the atomic cloud directly:

3ma2

64w V 0 ' (A.6)

and

2ma
3a (A.7)

C is to be compared to Co = 1 [240]. With our parameter, we have 6 = 0.03(1)

and C/Co = 0.16(6).

A plot of the potential of Eq. A.5 is in Fig. A-1
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Appendix B

Collection of tomographic images

Fig. B-1 contains the representative tomographic images recorded at several instances

of the dynamics from t = 3.5 ms to t = 1000 ms, taken for the experimental study of

the cascade of solitonic excitations.

Fig. B-2 contains all the tomographic images taken between 50 ms and 100 ms.

The images in each row are not sorted in any particular order. At each slice, there is

at least one image for each wait time.
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Figure B-1: Tomographic images at various times t after the

right column shows the structure of the solitary waves as seen

constructed with the residuals of the tomographic images.

phase-imprint. The
along the z-axis, re-
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Figure B-2: Full set of tomographic images between 50 ms and 100 ms. The images

in each row are not sorted in any particular order. At each slice, there is at least one

image for each wait time. The rows from top to bottom correspond y =-91, -65, -39,
-13, +13, +39, +65, and +91 pm.
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Appendix C

Deterministic generation of a

long-lived solitonic vortex

In the experiment reported in Chapter 6 and 7, the phase imprint leads to a long-lived

solitonic vortex following a deterministic (instead of erratic) trajectory. However, this

needs not to be the case. Experimentally, we have observed a long-lived (lifetime on

the order of seconds) vortex only in certain parameter regime. As long as the vortex

makes it past 1 s, it will remain persist until it speeds up due spontaneous heating of

the cloud and eventually exits the system.

Simulations [237, 197, 2401 have shown that in many cases, the evolution of the de-

fect is highly sensitive to the parameters of the system. If an experiment is performed

in the neighborhood of such a parameter regime, then even a small deviation of ex-

perimental conditions from shot to shot can lead to very different dynamics in each

experimental run, and hence the evolution of the defect will appear to be stochastic.

In this section, I describe the measurement we have performed to delineate the

factors that contribute to the formation of a long-lived solitonic vortex.

C.1 Out-of-focus phase-imprinting

In addition to the phase difference A# applied between the two sides of the superfluid,

an important parameter of the phase-imprinting procedure is the sharpness of the
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phase-step. In our setup, the length scale over which the phase changes from k1 on

one side of the superfluid to 02 = 0 1 + AO on the other side is tied to the optical

resolution with which we produce the image of the mask onto the atomic plane.

For an optical wavelength of 532 nm, our optical resolution defined by the Rayleigh

criterion is 6, ~ 2.5 jtm, which is much larger than the interparticle spacing - 0. 1pm.

Therefore, even an imprinted phase difference AO = 7r, which we can control via the

laser intensity and the pulse duration, does not guarantee the creation of a stationary

dark soliton, as the phase profile is not "mode-matched" to an ideal 0- r phase step.

In fact, we have found that for a phase difference ranging from AO ~ 7r to A# ~ 27

we were never able to produce a single stand still dark soliton. Instead, the system

healed into deterministic combinations of one (or several) dark soliton(s) accompanied

by sound waves.

In order to create the almost stationary solitons presented in this work, we have

utilized an artifact of the "out-of-focus" projection of the mask onto the atoms. When

the mask is moved away from its focus position, i.e the position of the object plane

which is the optical conjugate of the atom cloud, the intensity profile of imprinting

light projected onto the atoms displays fringes as expected from diffraction. In Fig. C-

1, we show a few examples of intensity profiles as a function of the mask position (,

where ( = 0 stands for the best focus position. For ( = +1 mm and ( = -1 mm,

a sharp dark fringe appears as a prominent feature in the out-of-focus images. As a

result of diffraction, the intensity variation at the fringe is sharper than the one at

the actual edge and allows us to imprint a single slow soliton. Furthermore, we notice

that the observed fringe bends with a positive or negative curvature depending on

the sign of (. We found that this bending shapes the soliton with the same curvature,

as we can see from Fig. C-1, and controls its direction of propagation. Therefore, by

tuning the focus, we can adjust the velocity and the direction of the soliton, while

the focus position ( = 0 leads to a rather fast soliton propagating towards the z > 0

direction.
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Figure C-1: Controlling the curvature and direction of the soliton. Shown are images

with knife position a) ( = +1 mm, b) ( = 0 mm, and ( = -1 mm, respectively. The

top row shows the soliton produced at t = 4 ms. The middle row shows the intensity

profile of the imprinting beam on the atom. The bottom row shows a cut of the

intensity profile. The edge of the masked is not sharp. Rather, the sharp feature is

the first small-wavelength fringe, as indicated by arrows. At ( = +1 mm, the fringe

is straight, and the soliton is observed to move to the -z-direction, as expected from

phase imprinting with the indicated fringe. At ( = 0 mm, the fringe is no longer sharp,

and the generated soliton is faint and fast. At = -1 mm, the fringe becomes sharp

again, even more so compared to ( = +1 mm. This allows for a more deterministic

generation of soliton and long-lived vortex (see Fig. C-2). The fringe is curved to the

right, and it forces the soliton to moves in the +z-direction.
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Figure C-2: Generation probability of long-lived vortex at t = 1s. The dashed curve
is a guide to the eye.

C.2 Slow-soliton decaying into long-lived vortex

From a momentum conservation argument, one would expect that the soliton veloc-

ity directly controls the velocity of its decay products. This assumption is however

difficult to test as it requires long-lived excitations. In this work, we have seen that

the soliton decays before any motion is observed and the only long-lived excitation,

from which we can infer a velocity, is the vortex. However, we only observe a long-

lived vortex in the specific situation where the initially imprinted planar soliton is

slow. For fast solitons, which appear as shallow and strongly bent in the first mil-

liseconds following the imprint, the decay products survive less than 0.5 s on average.

In Fig. C-2 we show the survival probability of the vortex as a function of the focus

position, which controls the velocity and the direction of the soliton. We notice a bi-

modal distribution with two peaks at ( = -1 mm and ( = + 1 mm, which correspond

to the configurations producing slow dark solitons, propagating towards z < 0 and

z > 0 respectively. This observation is consistent with the fact that the velocity of

the vortex increases with the soliton's velocity.

A single long-lived vortex with a well-defined trajectory is produced for the two

optimal focus positions ( ~_ +1mm. In Fig. C-3 (a), we show the trajectory z(t) of

the vortex generated at each of the optimal focus positions. The two trajectories z(t)

are out of phase by roughly 180', which is reasonable given that the initial solitons
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Figure C-3: (a) Trajectory of the vortex generated at the focus position ( = -1 mm

(red circle) and C = +1 mm (blue square). (b) Tomographic images taken at t =
700 ms for the vortex generated at the knife position ( = +I mm, showing the vortex
at y > 0. (c) Tomographic images taken at t = 1700 ms for the vortex generated at
the knife position C = -1mm, showing the vortex at y > 0. Inset: the orientation of
the vortex precession in both cases.
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move in the opposite directions. However, we note that the charge of the vortex - the

orientation of the quantized flow around the vortex line - is the same in both cases.

The charge of the vortex can be established by observing the orientation of the vortex

precession in the superfluid. In Fig. C-3 (b) and (c), we show the tomographic images

at the instance when the vortex is crossing z = 0 towards the negative z-direction.

For the vortex generated at ( = +1mm (-1mm), this corresponds to t = 700 ms

(1700 ms). The fact that the vortex is found at 0 < y in both cases demonstrates

that the orientation of the vortex precession is the same, and hence the charge of the

vortex is the same.
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Appendix D

Revealing the Superfluid Lambda

Transition in the

UniversalThermodynamics of a

Unitary Fermi Gas

This appendix contains a reprint of Ref. [129]: Mark J.H. Ku, Ariel T. Sommer,

Lawrence W. Cheuk, and Martin W. Zwierlein, Revealing the superfluid lambda tran-

sition in the universal thermodynamics of a unitary Fermi gas, Science, 335, 563-567,

(2012).
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REPORTS

will slow down their spin mtes with time after the
RLDP. However, they cannot explain the apparent
difference in spin distributions between AXMSPs
and radio MSPs, because radio MSPs, which
have weak swface magnetic field strengths, could
not spin down by the required amount even in a
Hubble time. The true age of a pulsar (23) is given
by I = P/((n- I)P)[l - (Po/P)" ]. Assum-
ing an evolution with a braking index n = 3
and B = 1.0 x 10' G, the time scale t is larger
than 10 Gy, wing Po = (P)AXYp = 3.3 ms and
P(t) = (P) ,P = 5.5 ms. To make things worse,
one has to add the main-sequence lifetime of the
LMXB donor star, which is typically 3 to 12 Gy,
thereby reaching unrealistic large total ages. Al-
though the statistics of AXMSPs still has its basis
in small numbers and care must be taken for both
detection biases (such as eclipsing effects of radio
MSPs) and comparison between various sub-
populations (8), it is evident from both observa-
tions and theoretical work that the RLDP effect
presented here plays an important role for the
spin distribution of MSPs.

The RLDP effect may also help explain a few
other puzzles, for example, why characteristic (or
spin-down) ages of radio MSPs often largely ex-
ceed cooling age determinations of their white
dwarf companions (24). It has been suggested
dat standard cooling models of white dwarfs may
not be corect (25-27), particularly for low-mass
helium white dwarfs. These white dwarfs avoid
hydrogen shell flashes at early stages and retain
thick hydrogen envelopes, at the bottom of which
residual hydrogen burning can continue for sev-
eal billion years after their fornation, keeping the
white dwarfs relatively hot (-104 K) and thereby
appearing much younger than they actually are.
However, it is well known that the characteristic
age is not a trustworthy measure of true age (28),
and the RLDP effect exacerbates this discrepancy
even fiurthe. In the model calculation presented
in Fig. 1, it was assumed that B = 1.0 x 10 8G
andW= 1.0.However,Poandrodependstrong-
ly on bothBand(p. This is shown in Fig. 2, where
I hiave calculated the RLDP effect for different
choices of B and W by using the same stellar
donor model [i.e., same t() profile] as before.
The use of other LMXB donor star masses, met-
allicities, and initial orbital periods would lead
to otherAot) profiles (16,17) and hence different
evolutionary tracks. The conclusion is that recycled
MSPs can basically be bom with any characteristic
age. Thus, we are left with the cooling age of the
whie dwarfcompanion as the sole reliable, although
still not accurate, measure as an age indicator.

A final puzzle is why no sub-millisecond pul-
sars have been found among the 216 radio MSPs
detected in total so far. Although modem obser-
vational techniques are sensitive enough to pick
up sub-millisecond radio pulsations, the fastest
spinning known radio MSP, JI 748-2446ad (29),
has a spin frequency of only 716 Hz, correspond-
ing to a spin period of 1.4 ms. This spin rate is
far from the expected minimum equilibrium spin
period (8) and the physical mass shedding limit

of about 1500 Hz. It has been suggested that grav-
itational wave radiation during the accretion phase
halts the spin period above a certain level (30,31).
The RLDP effect presented here is a promising
candidate for an altemative mechanism, in case a
sub-millisecond AXMSP is detected (8).
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Revealing the Superfluid Lambda
Transition in the Universal
Thermodynamics of a Unitary Fermi Gas
Mark J. H. Ku, Ariel T. Sommer, Lawrence W. Cheuk, Martin W. Zwiedein*

Fermi gases, collections of fermions such as neutrons and electrons, are found throughout natme, from
solids to neutron stars. Interacting Fermi gases can form a superfluid or, for charged femions, a
superconductor. We have observed the superfluid phase transition in a strongly interacting Fermi gas by
high-precision measurements of the local compressibility, density, and pressure. Our data comietely
determine the universal thermodynamics of these gases without any fit or extemral thermometer. The
onset of superfluidity is observed in the compressibility, the chemical potential, the entropy, and the heat
capacity, which displays a characteristic lambda-like feature at the critical temperature T/ffF= 0.167(13).
The ground-state energy is I N EF with 4 = 0.376(4). Our measurements provide a benchmark for
many-body theories of strongly interacting fermions.

hase transitions are ubiquitous in nature: transitions, many systems exhibit critical bdhav-
Water freezes into ice, electron spins sud- ior, reflected by singularities in thimodynamic
denly align as materials turn into magnets quantities: The magnetic susceptibility diverges

and metals become superconducting. Near the at a ferromagnetic transition,, and the specific heat
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shms a jmpW at supecondung and supduid
nansinem (1, 2) resolved as the firmous lambda
pak in 4te (3) A novel form of supedfluidity has
been realizd in trappe ultracold atomic gases of
srongly iwracting Iifmions, particles with half-

bemfr spn (4-74 Thanks to an exquisite control
overre'nmt systen parameters, these gases have
recenty emepged as a versatile system well suited
to solve open pioblems in many-body physics (7).

Initial measurements on the thermodynamics
of strongly interacting Fermi gases have focused
on trap-averaged quantities (8-10) in which the
superfluid transition is inherently difficult to ob-
serTh ~1e emergence of the condensate of firmion
pairs in a spin-balanced Fermi gas is accompa-
nied by only minute changes in the gas density
(5) Quantities that involve integration of the den-
sity over the local potential, such as the energy
E (11) and the pressure P(12), are only weakly
sensitive to the sudden variations in the thermo-
dynamics ofthe gas expected near the superfluid
phase tranrsition (13).

For a neutral gas, thermodynamic quantities
involving the second derivative of the pressure P
are expected to become singular at the second-
order phase transition into the superfluid state.
An example is the isothermal compressibility

-=F , the relative change of the gas density
a due to a change in the pressure P Because the
change in pressure is related to the change in
chemical potential p of the gas via dP = n dp at
constant temperature, = - ' IT is a second de-
rivative of the pressure. and thus should reveal
a clear signature of the transition.

The general strategy to determine the ther-
modynamic properties of a given substance is to
measure an equation of state (EoS), such as the
pressure PIpT) as a function of the chemical po-
tential p and the temperature T Equivalently, re-
placing the pressure by the density n = P, one
can determine the density EoS n(pT). We directly
measure the local Ms density n( V) as a function of
die local potential V from in situ absorption
images of a trapped, strongly interacting Fermi
gas of OLi atoms at a Feshbach resonance (5).
The trapping potential is cylindrically symmetric,
with harmonic confinement along the axial direc-
tion; this symmetry allows us to find the three-
dimensional (3D) density through the inverse
Abel trwnsfkum of the measured column density
(4, IS) The local potential is directly determined
frimn the atomic density distribution and the ac-
curately known harmonic potential along the axial
direction.

The compressibility K follows as the change
of the density n with respect to the local potential
Vexperienced by the trapped gas. The change in
the local chemical potential is given by the neg-
ative change in the local potential, dp = -dV and

DatMewntof Pihysims Massachusetts institute of Technology
WM, ft Hiwvacd Center for Ultracold Atoms. and Research
uwAyo Eetronics, MT,, Cambridge, MA 02139, USA
*'To wham wfespondWnce should be addressed. E-mail:
mw* nen*'edu

hence the local compressibility is K =
We can then replace the unknown chemical po-
tential p in the density EoS n(p,T) by the known
variation of n with p in the atom trap, given by K.

Instead of the a priori unknown temperature T,
we determine the pressure P(V)= f dp'n(p') =

Jl d V'n(V') given by the integral of the density
over the potential (16). The resulting equation of
state n(KP) contains only quantities that can be
directly obtained from the density distribution.
This represents a crucial advance over previous
methods that require the input of additional ther-
modynamic quantities, such as the temperature T
and the chemical potential p, whose determina-
tion requires the use of a fitting procedure or an
extemal thermometer, as in (11, 12).

We normalize the compressibility and the pres-
sure by the respective quantities at the same
local density for a noninteracting Fermi gas at
T = 0, Ko = ; , and Po = jnEF, where

EF = h("3f is the local Fermi energy and m is
the particle mass, yielding iR K/K(o andp P/P0.
For dilute gases at the Feshbach resonance, the
scattering length diverges and is no longer a rele-
vant length scale. In the absence of an interaction-
dependent length scale, the thermodynamics of
such resonant gases are universal (17), and iR is a
universal function of p only. Every experimental
profile n(V), irespective of the trapping potential,
the total number of atoms, or the temperature, must
produce the same universal curve i versus P. By
averaging many profiles, one obtains a low-noise
determination of iR (fi).

4.

3.

12

0

+ #

~ ~

-*1

Our method has been tested on the nonin-
teracting Fermi gas that can be studied in two in-
dependent ways: in spin-balanced gases near the
zero-crossing of the scattering length and in the
wings of highly imbalanced clouds at unitarity,
where only one spin state is present locally. Both
determinations yield the same noninteracting com-
pressibility EoS (Fig. 1),

Figure I also shows the compressibility equa-
tion of state R(P) for the unitary Fermi gas. In the
high-temperature (P >> 1) regime, the pressure,
and hence all other thermodynamic quantities, al-
low for a Virial expansion in terms ofthe fugacity
e* (18): P PX' = 21j b, e'1', with the nth-order
Virial coefficients b,,. It is known that b, = 1, k =
3v/2/8, and b3 = -0.29095295(18); our data show
good agreement with the third-order Virial expan-
sion. Fixing b2 and b3, our measurement yields a
prediction for /74= +0.065(10), in agreement with
(12), but contradicting a recent four-body calcu-
lation that gives a negative sign (19).

At degenerate temperatures (P : I), the nor-
malized compressibility rises beyond that of a
noninteracting Fermi gas, as expected for an at-
tratively interacting gas. A sudden rise ofthe com-
pressibility at around jp = 0.55, followed by a
decrease at lower temperatures marks the super-
fluid transition. The expected singularity of the
compressibility at the transition is rounded off by
the finite resolution of our imaging system. Be-
low the transition point, the decrease of the com-
pressibility is consistent with the expectation frn
Bardeen-Cooper-Schrieffer (BCS) theory. in which

2
P/Po

Fig. 1. Normalized compressibility K/Ko versus normalized pressure P/Po of the unitary Fermi gas (red
solid circles). Each data point is the average of between 30 and 150 profiles. The error bars show mean
SD, including systematic errors from image calibration (13). Blue solid line: third-order Virial expansion.
Black open squares (black open diamonds): data for a noninteracting Fermi gas obtained with a hkly spin-
imbalanced mixture at the Feshbach resonance (spin-balanced gas near zero-crossing of the scattering
length). Black solid curve: theory for a noninteracting Fermi gas. Black dashed curve: the relation k= 1/P
that must be obeyed at zero temperature both for the noninteracting gas (= 1/p= 1) and the unitary gas
(= 1/= 1/) (dotted lines). Gray band: the uncertainty region for the T= 0 value of = 1/, andp= f,
Blue dashed curve: model for the EoS of the unitary Fermi gas [above T,: interpolation from the Monte
Carlo calculation (34); below Tc: BCS theory, including phonon and pair-breaking excitationsi. Green solid
curve: effect of 2 pm optical resolution on the model EoS.
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tide excitations freeze out and pairs form Thanks to the relation E = 1PV valid at Based on the estimate in (22), the thickness ofthe
el in Fig. 1), unitarity (17), we can also directly obtain the heat critical shell is 1% of the cloud sime. The finite
-+ 0, the Fermi energy Er is the only capacity per particle at constant volume V (13), resolution of our imaging system (2 im or about
energy scale, so the chemical potential 5% of the cloud size in the radial direction) suf-
LatedtoE byauniversalnumber l OE 3 dp fices to explain the rounding of the singularity

4 is known as the Bertsch parameter k N kBNTNV =5 d(T/T,) expected from criticality The rounding also re
allows that at T= 0. k= I/P = 1/4 (13). 3Tp / - I\ duces the observed jump in the heat capacity at
polation of the low-temperature exper- 2 - 7 (2) the transition. We obtain a lower bound AC//C,
ita for k (f0) toward the curve i = I/p (C, - C,YC,, > 1.0-4. where C,/N (C XN) is the
).37(1), a value that we find consistently Figure 2 shows the normalized compressibility specific heat per particle at the peak (the onset of
mnalized chemical potential, energy, and and the specific heat as a function of T/TF At the sudden rise). Considering the strung inter-
y at our lowest temperatures. high temperatures, the specific heat approaches actions, this is surprisingly close to the BCS
the universal function k (P), we obtain that of a noninteracting Fermi gas and eventually value of 1.43 (1). Below T, the specific heat is
hermodynamic quantities of the unitary C1 = I N k9, the value for a Boltzmann gas. A expected to decrease as - exp(-Ao//kj T) due to
to find the normalized temperature T/TF dramatic rise is observed for T/Tr at around 0.16, the pairing gap 4r. At low temperatures, T << T
TF= Ep), note that the change in pres- followed by a steep drop at lower temperatures. the phonon contribution c T' dominates (23
T/Tp at constant temperature is re- Such a %-shaped feature in the specific heat is This behavior is consistent with our data, but the

e compressibility. One finds /> characteristic of second-order phase transitions, phonon regime is not resolved.
so by integration (13) as in the famous X transition in He (3). Jumps in To validate our in situ measurnents of the

the specific heat are well known from supercon- superfluid phase transition, we have employed

T)e 2 '.[d I ductors (1) and 3He (2). In experiments on atomic the rapid ramp method to detect fermion pair con-
exp - (1) gases, such jumps had only been inferred from densation (24, 25). The results (Fig. 2C) show

S 5 -derivatives to fit functions that implied a jump that the onset of condensation and the sudden rise
(20, 21). We do not expect to resolve the critical in specific heat and compressibility all occur at

TrF), is the normalized temperature at an behavior very close to T,.. Because of the spatially the same critical temperature, within the error 1s.
malized pressure Pi that can be chosen varying chemical potential in our trapped sample, Unlike previous experimental deterninations of
e Virial regime validated above. the critical region is confined to a narrow shell. T,.T, for the homogeneous unitary Fermi gas

(11, 12 we deternine TJTdirectly fiomn the den-
sity profiles, finding a sudden rise in the specific

4 heat and the onset of condensation at TT =

0.167(13). This value is determined as the mid-
point of the sudden rise and the error is assessed
as the shift due to the uncertainty of the FeshbAch

2 resonance (13). This is in very good agreement
with theoretical determinations, sIuch as the self-
consistent T-matrix approach that gives Te1Ty =
0.16 (23). and Monte Carlo calculations that give

0 7__ITF = 0.171(5) (26)and 0.152(7) (27) There is

'02 0.4 0.6 0.8 1.0 1.2 a current debate on the possibility of a pseudo-
gap phase of preformed pairs above T (12, 2)
A pairing gap for single-particle excitations above
the transition should be signaled by a downturn

.5 of the specific heat above T, which is not ob-
served in our measurements.

.0 From the definition of the compressibility

.5b= we can obtain the reduced chemical
potential p/E as a function ofthe 7T(Fig. 3A)

.0 (13). This function is here obtained from measimed
0.2 0.4 0.6 0.8 1.0 1.2 quantities, rather than from numerical derivatives

of data that involved uncontrollD themmEny (11).

In the interval of T/TF from around 025 to 1,
.2 the chemical potential is close to that of a non-

interacting Fermi ga, shifted by ( I, - I)E# be-
0 .cause of interactions present in the normal state,
02 0.4 0.6 0.8 1.0 1.2 with ,. z 0.45. Unlike a normal Fermi gas, the

T/TF chemical potential attains a maximum of p//E- =

) Normalized compressibility R = [2/31K n EF and (B) specific heat per particle Cv/Nka of a 0.42(l) at TTr=0.171(l0) andthendecreasesat
7i gas as a function of reduced temperature T/TF (solid red circles). Black solid curve: theory for lower temperatures, as expected for a superfluid
acting Fermi gas. Blue solid curve: third-order Virial expansion for the unitary gas. Black open of paired fermions (23). As the taverature is in-

ata for the normalized compressibility as a function of T/fF of a noninteracting Fermi gas creased from zero in a superfluid, first the emer-
g data from both highly imbalanced gases at unitarity and balanced gases near zero-crossing). gence of phonons (sound excitations) and then
ed (green solid) curve: model from Fig. 1, excluding (including) the effect of finite imaging the breaking of fermion pairs contribute to in-
(C Global condensate fraction at unitarity as determined from a rapid ramp to the molecular creasing the chemical potential. At T&, the sin-
Feshbach resonance, plotted as a function of local TITF at the trap center. The onset of con- gular compressibility implies a sharp change in

coincides with the sudden rise of the specific heat. Error bars, mean t SD. slope for p/E, in agreement with our obsm-
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tion and theory (23), At low temperatures. the
reduced chemical potential p/Er saturates to the
universal value Z. As the internal energy E and
the free energy Fsatisfy E(T)>E(0)= 3NE=

F(0) > F(T) for all T. the reduced quantities
= and F = (Fig.

3A)provide upper and lower bounds for -(29).
Takig the cokks pouts of these three curves and
including the systematic enor due to the effective
interaction range, we find "= 0.376(4). The un-
certainty in the Feshbach resonance is expected
to shifl by at most 2% (13). This value is con-
sistent with a recent upper bound <0.383(1) from
(3() is close to = 0,36() from a self-consistent
T-matrix calculation (23), and agrees with =

0367(9) horn an epsilon expansion (31). It lies
below earlier estimates = 0.44(2) (32) and =

042(1)(33) from fixed-node quantum Monte Carlo
cakulitim that provides upper bounds on . Our
measurement agrees with several less accurate ex-
perunental determinations (6) but disagrees with
the nost recent experimental value 0.415(10) that
was used to calibrate the pressure in (12).

From the energy. pressure, and chemical po-
tential. we can obtain the entropy S= +(E + PV -
wl and hence the entropy per particle S/NkA =8

. (p-P)as a function of TT,- (Fig, 31). At

high temperatures,, S is close to the entropy of
an ideal Fermi gas at the same T/Tb Above T..
the entropy per particle is nowhere small com-
pared with 45 Also, the specific heat Cr is not
linear in Tin the normal phase. This shows that
the normal regime above T cannot be described in
terms ofa Landau Fermi Liquid picture, although
some thermodynamic quantities agree surpris-
ingly well with the expectation for a Fermi liquid
[see (12) and (13)]. Below about T/TF. = 0. 17. the
entapy sarts to srongy fall off compared with that
of a noniaeracting Fermi gas, which we again
interpret as the freezing out of single-particle excita-
tions as a result of the tormation of fermion pairs.
Far below T phonons dominate. They only have a
minute contribution to the entropy (23), less than
0.02 k4 at TIT= 0.1. consistent with our measure-
nients. At the critical point, we obtain S,. = 0.73(13)
A in agreement with theory (23). It is encourag-

ing tIr fldure expenments with fermions in optical
lhtices that we obtain entropies less than 0.04 N
1k fir below critical entropies required to reach
mgnetically ordered phases.

From the chemical potential p/EF and TI TF
" we finally obtain the density EoS

n(ji,T) =f.(pp) with the de Broglie wave-

length O Z The pressure EoS follows

as fPtT) =4 f(0p), withf = p j
Figure 4 shows the density and pressure nor-
rnrlied by their noninteracting counterparts at
the same chemical potential and temperature. For
the normal state, a concurrent theoretical calcu-
lation employing a new Monte Carlo method
agrees excellently with our data (34). Our data

deviate from a previous experimental determi-
nation of the pressure EoS (12) that was cal-
ibrated with an independently measured value of'

A 0.7-

0.6'

0

' 0.5'

u~04W r

0.3

0.2

4= 0.415(10) (35) and disagree with the energy
measurement in (//) that used a thernometry in-
consistent with the Virial expansion (1I). Around

B 2,5-

2.0-

1.5-

1.0.
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0.0 0.1 0.2

T/TF
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/
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0.4 0.5 0.0 0.2 0.4
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016

Fig. 3. (A) Chemical potential p, energy E, and free energy F of the unitary Fermi gas versus Tff. p (red
solid circles) is normalized by the Fermi energy EF, and E (black solid circle) and F (green solid cirde) are
normalized by E0 = [N E,. At high temperatures, all quantities approximately track those for a now
interacting Fermi gas, shifted by T, - 1 (dashed curves). The peak in the chemical potential signals the
onset of superfluidity. In the deeply superfluid regime at low temperatures, WEF, EIEO, and F/FO all approach

(blue dashed line). (B) Entropy per particle. At high temperatures, the entropy closely tracks that of a
noninteracting Fermi gas (black solid curve). The open squares are from the self-consistent T-matrix
calculation (23). A few representative error bars are shown, representing mean SD.
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Fig. 4. (A) Density and (B) pressure of a unitary Fermi gas versus p/kB T, normalized by the density and
pressure of a noninteracting Fermi gas at the same chemical potential p and temperature T. Red solid
circles: experimental EoS. Blue dashed curves: low-temperature behavior with 4 = 0.364 (upper), 0376
(middle), and 0.388 (lower). Black dashed curve: low-temperature behavior with ' at upper bound of 0383
from (30). Green solid circles (black fine dashed line): MIT experimental data (theory) for the ideal Femni
gas. Blue solid squares (blue curve): diagrammatic Monte Carlo calculation (34) for density (pressure, with
blue dashed curves denoting the uncertainty bands). Solid green line: third-order Virial expansion. Open
black squares: self-consistent T-matrix calculation (23). Open green circles: lattice calculation (36). Orange
star and blue triangle: critical point from the Monte Carlo calculations (26) and (27), respectively. Solid
diamonds: Ecole Normale Sup6rieure experiment (12). Purple open diamonds: Tokyo experiment (11).
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the critical point, the density shows a strong var-
intion, whereas the pressure, the integral of the
density over p at constant T, is naturally less sen-
%itive to the superfluid transition.

In conclusion, we have performed thermody-
namic measurements of the unitary Fermi gas
across the superfluid phase transition at the level
of uncertainty of a few percent, without any fits
or input from theory, enabling validation of the-
ories for strongly interacting matter. Similar un-
biased methods can be applied to other systems,
for example, two-dimensional Bose and Fermi
gases or fermions in optical lattices
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Iron Catalysts for Selective
Anti-Markovnikov Alkene
Hydrosilylation Using Tertiary Silanes
Aaron M. Tondreau,2 Crisita Carmen Hojilla Atienza,' Keith J. Weller, Susan A. Nye,2
Kenrick M. Lewis,3 Johannes G. P. Delis,4 Paul J. Chirik'*

Alkene hydrosilylation, the addition of a silicon hydride (Si-H) across a carbon-carbon double bond,
is one of the largest-scale industrial applications of homogeneous catalysis and is used in the
commercial production of numerous consumer goods. For decades, precious metals, principally
compounds of platinum and rhodium, have been used as catalysts for this reaction class. Despite
their widespread application, limitations such as high and volatile catalyst costs and competing
side reactions have persisted, Here, we report that well-characterized molecular iron coordination
compounds promote the selective anti-Markovnikov addition of sterically hindered, tertiary silanes
to alkenes under mild conditions, These Earth-abundant base-metal catalysts, coordinated by
optimized bis(imino)pyridine ligands, show promise for industrial application.

Metal-catalyzed olefin hydrosilylation, which
lirms alkylsilanes by cleaving a silicon-
hydrogen bond and adding the fiag-

menIs across a carbon-carbon double bond (1, 2),
finds widespread application in the commercial
manufacture of silicone-based surfactants. fluids,
molding products. release coatings, and pressure-
sensitive adhesives (3, 4). Consequently, hydro-
silylation has emerged as one of the largest-scale
applications of homogeneous catalysis (5-9).

For more than three decades, precious metal com-
pounds with Pt, Pd, Ru, and Rh have been used
almost exclusively as catalysts. Platinum com-
pounds such as Karstedt's and Speier's cata-
lysts, Pt2{[(CH2=CH)SiMe2] 2O} 3 (Me, methyl) and
H2PtCI6-6H20/'PrOH('Pr, isopropyl), respective-
ly, are the most widely used industrial catalysts
(1, 10-12), though they suffer from chemical lim-
itations such as intolerance to amino-substituted
olefins and a tendency to catalyze competing isom-

erization of the tenminal Akenies to internal isonxa&
Undesired isoinerization often necessitates sub-
sequent purification steps that are both enerW
and cost intensive. Furthennor decomposifimn
of the catalyst to colloidal platinum contributes to
unwanted side reactions and also causes -
coloration of the final products,

It has been estimated that the wrkdwidle sil
icone industry consumed -180,000 tray ounces
(5.6 metric tons) ofplatinum in2007 nd mgsisniA
recovered (13). The high coo, coupled with the in-
creasing demands on precious metals due to fel-cell
and other emerging tecmologes, has incesd die
volatility of the platinum market (14 The comk-
nation of chemical, economic, and political chal-
lenges inspires the exploration of inexpensive and
Earth-abundant catalysts using ironmgn
and cobalt (IS). At the re of this challenge is up-
pressing tendencies of first-row transition metals
toward one-electron redox processes in fvor ofthe
two-electron chemistry associated with the henvier
metals that probably make up the fundcanrlal
steps in a catalytic cycle for alkene hydosi
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*To whom correspondence should be addresed. E-rsut
pchirik@princetonedu

www.sciencemag.org SCIENCE VOL 335 3 FEBRUARY 2012 567



Appendix E

Feynman diagrams versus Fermi-gas

Feynman emulator

This appendix contains a reprint of Ref. [226]: K. Van Houcke, F. Werner, E. Kozik,

N. Prokof'ev, B. Svistunov, M.J.H. Ku, A.T. Sommer, L.W. Cheuk, A. Schirotzek,

and M.W. Zwierlein, Feynman Diagrams versus Fermi-gas Feynman Emulator, Nat.

Phys., 8, 366-370, (2012).
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Feynman diagrams versus Fermi-gas
Feynman emulator
K. Van Houcke, 2 *, F. Werner, 3, E. Kozik4'5 , N. Prokof'ev"'', B. Svistunov"', M. J. H. Ku',
A. T. Sommer7, L. W. Cheuk7, A. Schirotzek8 and M. W. Zwierlein'

Precise understanding of strongly interacting fermions, from
electrons in modern materials to nuclear matter, presents
a major goal in modern physics. However, the theoretical
description of interacting Fermi systems is usually plagued
by the intricate quantum statistics at play. Here we present
a cross-validation between a new theoretical approach, bold
diagrammatic Monte Carlo", and precision experiments on
ultracold atoms. Specifically, we compute and measure, with
unprecedented precision, the normal-state equation of state of
the unitary gas, a prototypical example of a strongly correlated
fermionic system"-. Excellent agreement demonstrates that a
series of Feynman diagrams can be controllably resummed in a
non-perturbative regime using bold diagrammatic Monte Carlo.

In his semigal 1981 lecture', Richard Feynman argued that
an arbitrary quantum system cannot be efficiently simulated
with a classical universal computer, because generally, quantum
statistics can only be imitated with a classical theory if probabilities
are replaced with negative (or complex) weighting factors. For
the majority of many-particle models this indeed leads to the
so-called sign problem, which has remained an insurmountable
obstacle. According to Feynman, the only way out is to employ
computers made out of quantum-mechanical elements7 .The recent
experimental breakthroughs in cooling, probing and controlling
strongly interacting quantum gases prompted a challenging
effort to use this new form of quantum matter to realize
Feynman's emulators of fundamental microscopic models',.
Somewhat ironically, Feynman's arguments, which led him to the
idea of emulators, may be defied by a theoretical method that
he himself devised, namely Feynman diagrams. This technique
organizes the calculation of a given physical quantity as a series of
diagrams representing all the possible ways particles can propagate
and interact (for example, ref. 9). For the many-body problem, this
diagrammatic expansion is commonly used either in perturbative
regimes or within uncontrolled approximations. However, the
introduction of diagrammatic Monte Carlo recently allowed one to
go well beyond the first few diagrams, and even reach convergence
of the series in a moderately correlated regime', 0.

In this Letter we show that for a strongly correlated system and
down to a phase transition, the diagrammatic series can still be
given a mathematical meaning and leads to controllable results
within bold diagrammatic Monte Carlo (BDMC). This approach,
proposed in refs 1-3, is first implemented here for the many-body
problem. We focus on the unitary gas, that is, spin-1/2 fermions

with zero-range interactions at infinite scattering length"-. This
system offers the unique possibility to stringently test our theory
against a quantum emulator realized here with trapped ultracold
6Li atoms at a broad Feshbach resonance". This experimental
validation is indispensable for our theory, based on resummation of
a possibly divergent series: although the physical answer is shown to
be independent of the applied resummation technique-suggesting
that the procedure is adequate-its mathematical validity remains
to be proven. In essence, nature provides the 'proof. This presents
the first-although long-anticipated-compelling example of how
ultracold atoms can guide new microscopic theories for strongly
interacting quantum matter.

At unitarity, the disappearance of an interaction-imposed length
scale leads to scale invariance. This property renders the model
relevant for other physical systems such as neutron matter. It
also makes the balanced (that is, spin-unpolarized) unitary gas
ideally suited for the experimental high-precision determination
of the equation of state (EOS) described below. Finally, it
implies the absence of a small parameter, making the problem
notoriously difficult to solve.

In traditional Monte Carlo approaches, which simulate a
finite piece of matter, the sign problem causes an exponential
increase of the computing time with system size and inverse
temperature. In contrast, BDMC simulates a mathematical answer
in the thermodynamic limit. This radically changes the role of the
fermionic sign. Diagrammatic contributions are sign-alternating
with order, topology and values of internal variables. Because
the number of graphs grows factorially with diagram order, a
near-cancellation between these contributions is actually necessary
for the series to be resummable by techniques requiring a
finite radius of convergence. We find that this 'sign blessing'
indeed takes place.

In essence, BDMC solves the full quantum many-body problem
by stochastically summing all the skeleton diagrams for irreducible
single-particle self-energy Z and pair self-energy H, expressed
in terms of bold (that is, fully dressed) single-particle and pair
propagators G and r which are determined self-consistently
(Fig. 1). The density EOS (that is, the relation between total density
n, chemical potential g and temperature T) is given by G at
zero distance and imaginary time, n(y, T) = 2 G(r = 0, r = 0-).
The thermodynamic limit can be taken analytically. The sum of
ladder diagrams built on the bare single-particle propagator defines
a partially dressed pair propagator P0 . As P is well defined

'Department of Physics, University of Massachusetts, Amherst, Massachusetts 01003, USA, 2Department of Physics and Astronomy, Ghent University,
Proeftuinstraat 86, B-9000 Ghent, Belgium, 3Laboratoire Kastler Brossel, Ecole Normale Sup6rieure, UPMC-Paris 6, CNRS, 24 rue Lhomond, 75005 Paris,
France, 4Theoretische Physik, ETH Zurich, CH-8093, Zurich, 5Centre de Physique Theorique, Ecole Polytechnique, 91128 Palaiseau Cedex, France, 6Russian
Research Center "Kurchatov Institute", 123182 Moscow, Russia, 7Department of Physics, MIT-Harvard Center for Ultracold Atoms, and Research
Laboratory of Electronics, MIT, Cambridge, Massachusetts 02139, USA, 8Advanced Light Source, Lawrence Berkeley National Laboratory, Berkeley,
California 94720, USA. *e-mail: kris.vanhoucke@ugent.be.
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Figure 11 Bold diagrammatic Monte Carlo The skeleton diagrammatic
series for the self-energy Z and the pair self-energy H is evaluated
stochastically (lower box). The diagrams are built on dressed one-body
propagators G and pair propagators F, which themselves are the solution
of the Dyson and Bethe-Salpeter equations (upper box). This cycle is
repeated until convergence is reached. GO is the non-interacting propagator
and FO is the partially dressed pair propagator obtained by summing the
bare ladder diagrams.

for the zero-range continuous-space interaction, the zero-range
limit can also be taken analytically. This is in sharp contrast with

other numerical methods' -1", where taking the thermodynamic
and zero-range limits is computationally very expensive. BDMC
performs a random walk in the space of irreducible diagrams using
local updates. The simulation is run in a self-consistent cycle (along
the lines of ref. 2) until convergence is reached. Full details will

be presented elsewhere. In essence, our approach upgrades the

standard many-body theories based on one lowest-order diagram

(for example, refs 14,15) to millions of graphs.
In the quantum degenerate regime, we do not observe

convergence of the diagrammatic series for Z and H evaluated
up to order 9. Here, order N means E-diagrams with N vertices
(that is, N F-lines) and fl-diagrams with N - 1 vertices. To
extract the infinite-order result, we apply the following Abelian
resummation methods'". The contribution of all diagrams of order

N is multiplied by e-N, where A, depends on the resummation
method: (1) A, = n logn (with o =0) for Lindel6f', (2) An = (n- 1)
log(n - 1) (with A0 = A, = 0) for 'shifted Lindeldf', or (3) A, = n2 for

Gaussian". A full simulation is performed for each e, and the final

result is obtained by extrapolating toe = 0 (Fig. 2).
This protocol relies on the following crucial mathematical

assumptions: (1) the Nth order contribution of the diagrammatic

expansion for Z (for fixed external variables) is the Nth coefficient
of the Taylor series at z =0 of a function g (z) which has a non-zero
convergence radius, (2) the analytic continuation g(1), performed
by the above resummation methods'6 ' 7 , is the physically correct

value of Z. The same assumptions should hold for H.
Proving these assumptions is an open mathematical challenge.

Note that Dyson's collapse argument" is not applicable to immedi-

ately disprove the assumption (1) of a non-zero convergence radius:
indeed, unlike QED, our skeleton series is not an expansion in

powers of a coupling constant whose sign change would lead to
an instability. The first important evidence for the validity of our

mathematical assumptions is that the three different resummation

methods yield consistent results. For an independent test, we
turn to experiments.

The present experiment furnishes high-precision data for the

density n as a function of the local value V of the trapping potential

(Fig. 3 and Methods). We start the process by obtaining the EOS at
high temperatures in the non-degenerate wings of the atom cloud,
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Figure 2 1 Cross-validation between resummation procedure and
experiment at PIL = +1. Bold diagrammatic Monte Carlo data for the
dimensionless density nA3 , as a function of the parameter E controlling the
resummation procedure, for three different resummation methods: Lindel6f
(blue circles), shifted Lindel6f (black diamonds), and Gauss (open green
squares). The solid lines are linear fits to the Monte Carlo data, their E -* 0
extrapolation agrees within error bars with the experimental data point
(filled red square). (In the opposite limit E -- oo, the Lindel6f (resp. shifted
Lindel6f) curves will asymptote to the first 5

,
21 (resp. third) order results,

shown by the dashed (resp. dash-dotted) line.) Error bars for each E
represent the statistical error, together with the estimated systematic error
coming from not sampling diagrams of order >9.

where the virial expansion is applicable. Once the temperature
and the chemical potential have been determined from fits to the
wings of the cloud, the data closer to the cloud centre provides
a new prediction of the EOS. The process is iterated to access
lower temperatures.

Scale invariance allows one to write the density EOS as
n(It, T)A3 =f (3p), with A = /27rh 2/(mk 0 T) the thermal de Broglie
wavelength, / = I/(kB T) the inverse temperature and f a universal
function. A convenient normalization of the data is provided
by the EOS of a non-interacting Fermi gas, nA 3 

= fo(#p ). In
Fig. 4a, we thus report the ratio n(y, T)/no(s, T) =f (Pyt)/fo(f#i),
bringing out the difference between the ideal and the strongly
interacting Fermi gas. The Gibbs-Duhem relation allows us to also

calculate the pressure at a given chemical potential, P(to, T) =
f" d n(g, T) =/(#iA3)F(#gto), where F(x) fX dxf(x'). We
normalize it by the pressure of the ideal Fermi gas and show
F(fi )/Fo(#gt) (Fig. 4b). The agreement between BDMC and
experiment is excellent. The comparison is sufficiently sensitive to

validate the procedure of resumming and extrapolating (Fig. 2).

The result was checked to be independent of the maximal sampled
diagram order Nm.. E {7; 8; 9} within the error bars shown in

Fig. 2 for each e. The BDMC final error bar in Fig. 4 is the
sum of the conservatively estimated systematic errors from the

uncertainty of the E -- 0 extrapolation and from the dependence

on numerical grids and cutoffs, the latter being reduced by
analytically treating high-momentum short-time singular parts.

The systematic error in the experiment is determined to be

about 1% by the independent determination of the EOS of

the non-interacting Fermi gas. The experimental error bars of

Fig. 4 also include the statistical error, which is <0.5%, thanks

to the scale invariance of the balanced unitary gas: irrespective

of shot-to-shot fluctuations of atom number and temperature,
all experimental profiles contribute to the same scaled EOS-
function f. The dominant uncertainty on the experimental EOS
stems from the uncertainty in the position of the 6Li Feshbach

resonance, known to be at 834.15 1.5 G from spectroscopic

measurements 9 . The change in energy, pressure and density with

respect to the interaction strength is controlled by the so-called

contact2 0 that is obtained from F in the BDMC calculation.
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pressure EOS (ref. 23).
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This allows us to define the uncertainty margins above and below
the experimental data (Fig. 4) that give the prediction for the unitary
EOS if the true Feshbach resonance lies 1.5 G below or above
834.15 G, respectively.

Our results clearly differ from previous theoretical and ex-
perimental results. Deviations from the theory based on the
first-order Feynman diagrams" are expected, and rather re-
markably moderate. Differences with lattice Monte Carlo data"'" 3

may seem more surprising, as in the particular case of the bal-
anced system these algorithms are free of the sign problem, al-
lowing one in principle to approach the balanced unitary gas
model in an unbiased way. However, eliminating systematic er-
rors from lattice-discretization and finite volume requires extrap-
olations which are either not done" or difficult to control- 3

The ENS experimental pressure EOS (ref. 22) lies systemati-
cally below ours, slightly outside the reported error bar. The
experimental results from Tokyo23 do not agree with the virial
expansion at high temperature. The BDMC results agree well
with the present experimental data all the way down to the
critical temperature for superfluidity (Fig. 4). On approaching

(ps)c, we observe the growth of the correlation length in the
BDMC pair correlation function I. A protocol for extracting
the critical temperature itself from the BDMC simulation will
be presented elsewhere.

We are not aware of any system of strongly correlated fermions
in nature where experimental and unbiased theoretical results
were compared at the same level of accuracy. Even for bosons,
the only analogue is liquid 4He. This promotes the unitary gas
to the major testing ground for unbiased theoretical treatments.
The present BDMC implementation should remain applicable at
finite polarization and/or finite scattering length, opening the
way to rich physics which was already addressed by cold atoms
experiments 6

,
24-

27
. We also plan to extend BDMC to superfluid

phases by introducing anomalous propagators. Moreover, as
the method is generic, we expect numerous other important
applications to long-standing problems across many fields.

Note added in proof After a preprint of this work became available,
new auxiliary-field quantum Monte Carlo data were presented28,
with undetermined systematic errors whose evaluation in future
work is called for by the authors of ref. 28.

Methods
The experimental set-up has been described previously". In short, ultracold

fermionic 
6

Li is brought to degeneracy by sympathetic cooling with "Na. A

two-state mixture of the two lowest hyperfine states of 'Li is further cooled in a

hybrid magnetic and optical trap at the broad Feshbach resonance at 834 G. We

employ high-resolution in situ absorption imaging to obtain the column density of

the gas, that is converted into the full 3D density using the inverse Abel transform
29.

Equidensity lines provide equipotential lines that are precisely calibrated using

the known axial, harmonic potential (axial frequency v2 = 22.83 0.05 Hz).

Equipotential averaging yields low-noise profiles of density n versus potential V.

Density is absolutely calibrated by imaging a highly degenerate, highly imbalanced

Fermi mixture, and fitting the majority density profile to the ideal Fermi gas EOS

(ref. 24). In contrast to previous studies', our analysis does not rely on the

assumption of harmonic trapping.
Thermometry is performed by fitting the density profile to the EOS

constructed thus far, restricting the fit to the portion of the density profile

where the EOS is valid. In the high-temperature regime, the EOS is given by

the virial expansion

n)
3 

= eP" + 2b2e 
2

" + 3b3e
3 " +- (1)

where the virial coefficients are b2 = 3,/2/8 (ref. 30), and by = -0.29095295
(ref. 31). Fitting a high-temperature cloud to the virial expansion gives the

temperature T and the chemical potential yj of the cloud, and the EOS nA
3 
=f(lj)

can be constructed. We have used equation (1) for fl/ < (#g).= -1.25 and we

checked that our EOS did not change within statistical noise if we instead used

(/pg)m= -0.85. Once a new patch of EOS has been produced, it can then in turn

be used to fit colder clouds. Iteration of this method allows us to construct the EOS

to arbitrarily low temperature. A total of ~1,000 profiles were used, with 10-100
profiles (50 on average) contributing at any given #t.
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We provide a joint theoretical and experimental investigation of the temperature dependence of the
collective oscillations of first sound nature exhibited by a highly elongated harmonically trapped Fermi
gas at unitarity, including the region below the critical temperature for superfluidity. Differently from
the lowest axial breathing mode, the hydrodynamic frequencies of the higher-nodal excitations show a
temperature dependence, which is calculated starting from Landau two-fluid theory and using the
available experimental knowledge of the equation of state. The experimental results agree with high
accuracy with the predictions of theory and provide the first evidence for the temperature dependence of
the collective frequencies near the superfluid phase transition.

DOI: 10.1103/PhysRevLett.110.055303

Collective oscillations provide powerful tools to under-
stand the physical behavior of quantum many-body sys-
tems from different points of view and to test fundamental
theories. On one hand, collective modes can be used to
explore different dynamical regimes of the system, such
as superfluid, collisional, or collisionless regimes, for both
Bose and Fermi statistics [1-4]. On the other hand, the
mode frequencies allow us to probe the equation of state
(EOS) of the system, including its temperature depen-
dence. Major benefits result from the high accuracies
attainable in the measurements of collective frequencies,
which often enable refined investigations of subtle interac-
tion effects.

The many-body physics of unitary Fermi gases, i.e., two-
component Fermi gases with infinite scattering length, has
attracted tremendous interest over the past decade [2-4].
The unitary Fermi gas is characterized by strong interaction
effects in the EOS [5-8] and reveals a unique universal
thermodynamic behavior [9]. Furthermore, at finite tem-
perature, the strong interactions favor the collisional hydro-
dynamic regime, differently from the common situation in
weakly interacting Bose gases. The low-frequency modes of
a harmonically trapped Fermi gas have been the subject of
intensive experimental [10-12] and theoretical (see Ref. [3]
and references therein) efforts. The temperature dependence
has been studied in Refs. [13-15]. Remarkably, at unitarity
all modes observed so far turned out to be insensitive to the
different nature of a superfluid and a classical gas, with their
frequencies remaining independent of temperature through-
out the hydrodynamic regime. Previous experiments have

PACS numbers: 67.85.Lm, 03.75.Ss, 05.30.Fk

demonstrated the crossover from hydrodynamic to collision-
less behavior, which typically occurs for temperatures
approaching the Fermi temperature, without giving any fur-
ther information on the regime of lower temperatures where
the gas is deeply hydrodynamic and the superfluid phase
transition occurs.

In this Letter, we report a joint effort of theory and
experiment on higher-nodal collective modes in the unitary
Fermi gas. We present a ID hydrodynamic approach to
describe axial modes in a trapped "cigar-shaped" cloud.
Our experimental results confirm the predicted intrinsic
sensitivity of higher-nodal modes to the EOS in the
low-temperature regime, above and even well below the
superfluid phase transition.

The macroscopic dynamic behavior of a superfluid is
governed by the Landau two-fluid hydrodynamic equa-
tions [16] holding in the deep collisional regime wr < 1
where r is a typical collisional time and w is the fre-
quency of the relevant sound mode in the trap. Landau's
equations consist of the equation of continuity for the
total density, the equation for the velocity of the super-
fluid component, the equation for the entropy density,
and the equation for the current density. The physical
ingredients entering these equations are the equation of
state and the superfluid density. At zero temperature
they reduce to the irrotational hydrodynamic equations
of superfluids, above the critical point to the usual hydro-
dynamic equations of normal fluids. Below T, these
equations describe the propagation of first and second
sound, the former being basically a density wave, with
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the normal and superfluid components moving in phase,
the latter being a temperature or entropy wave. For weakly
compressible fluids the coupling between first and second
sound is small [16]. This is the case of superfluid helium
and also of the unitary Fermi gas [17]. Since in the present
work we investigate the collective oscillations of density
(first sound), we simplify the search for the solutions of
Landau's equation by requiring that the velocity fields of
the normal and superfluid components are equal. Under
this approximation the equations of motion involve
only the EOS, the superfluid density playing a role only in
the propagation of second sound.

In the presence of a trapping potential, the solution of
Landau's equations is highly nontrivial, due to the inho-
mogeneity of the density profile, and thus far has been
calculated only for the simplest case of isotropic trapping
[17,18]. Since the experimental excitation and obser-
vation of these modes are more easily accessible with
very elongated traps, in the following we focus on such
configurations. In [19] it was shown that under suitable
conditions of radial trapping one can derive simplified
ID hydrodynamic equations starting from the more gen-
eral 3D Landau's equations. The basic point for such a
derivation is the assumption that both the velocity field
vz along the long axis and the temperature fluctuations
during the propagation of sound do not depend on the
radial coordinates. This ID-like hydrodynamic formula-
tion is justified under the condition that the viscosity and
the thermal conductivity are sufficiently large to ensure,
respectively, the absence of radial gradients in the veloc-
ity v, and the temperature. The condition for the viscosity
can be recast in the form 7 >> p,, 1&, where pni is the
normal ID mass density, obtained by radial integration
of the 3D normal density. An analogous condition holds
for the thermal conductivity. These conditions are better
satisfied in the presence of tight radial confinement and
for the lowest frequency oscillations. One can estimate
the values of shear viscosity 77 using the experimental
data of [20]. For the actual conditions of our experiments,
both sides of the inequality are of the same order of
magnitude and consequently the full applicability of the
1D hydrodynamic formulation can be justified only
a posteriori. Violation of the ID condition would result
in a damping of the collective oscillations so that, to the
extent that the observed damping is small, we expect that
the assumption of velocity field and temperature being
independent of the radial coordinate is a reasonable
ansatz for our variational approach.

Under the above assumptions and focusing on the uni-
tary Fermi gas, the equation for the velocity field, charac-
terizing the density oscillations of the gas in a highly
elongated harmonic trap, takes the form (see Ref. [21]
for a complete and systematic derivation)

m(0J2 __ & Z mozazVZ + 5 n = 0, (1)

where we have considered oscillations in time proportional
to ei't. Here, wo represents the trap frequency along the
axial direction z and m is the atom's mass. Equation (1)
explicitly points out the crucial role played by the equation
of state PI(nl, T), where P1 = f Pdxdy is the "ID
pressure" (having units of force) and ni = f ndxdy is
the atom number per unit length. In order to derive
Eq. (1) we have explicitly used the adiabatic result
ni(aPi/ani)N, = 7/5P1 holding at unitarity at all tem-

peratures, where si = (1/ni) f sdxdy is the entropy per
atom with s the entropy density and we have assumed the
validity of the local density approximation along both
the axial and radial directions.

At zero temperature and in the classical limit of high
temperature, the hydrodynamic equation (1) admits ana-
lytic solutions of polynomial form vz = akZk +

ak-2Z-2 + , with integer values of k. At T = 0, where
P1(n1)/n1 =(2/7)[o -(l1/2)mwiz

2 ], with pio the chemi-
cal potential at the center of the trap, the frequency of the
kth mode is given by

2 12
62 = 5 (k + 1)(k + 5)wl.5

(2)

In the classical limit, where P1 /n, = kBT, one finds the
different k dependence

&J2  5 -(7k + 5) 2. 5
(3)

It is worth noting that Eqs. (2) and (3) coincide for k = 0
(center of mass oscillation) and k = 1 (lowest axial breath-
ing mode), while they predict different values for the
higher nodal solutions. One can actually prove that not
only the frequency of the center of mass but, at unitarity,
also the frequency of the lowest axial breathing mode are
independent of temperature, corresponding to an exact
scaling solution of the two fluid hydrodynamic equations
[21]. It then follows that only the k > 2 modes exhibit a
temperature dependence.

In order to provide a simple quantitative prediction for
the temperature dependence of the mode frequencies, we
have developed a variational approach to the solution of the
hydrodynamic equation (1) with the ansatz vz = a 2z 2 +

ao for the k = 2 mode. This ansatz reproduces exactly the
frequency of the k = 2 mode in the limits of T = 0 and
high T. For intermediate temperatures we obtain [21]

2_ 129t 2 - 25 2
k=2 5(9t2 - 5) z'

(4)

where t2 = MOM4 /M2. We have introduced the dimen-

sionless moments

Me = dx(io -)AT (5)

of the 3D number density n(x), where x is the local
chemical potential times 8 = 1 /kB T and AT is the thermal
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de Broglie wavelength. The temperature dependence of the
moments Me can be evaluated using the experimentally
determined EOS [8]. Approaching the classical regime, for

/3 p 5 -1.5, the virial expansion of the EOS [22] holds [8]
and allows us to extend the integral to 8p - -oo. At low
temperatures, corresponding to /3jp > 4, the EOS is gov-
erned by phonons and is solely determined by the Bertsch
paramter 6. The error of the quantity t2 above resulting
from the error in the density EOS is less than 1%. We have
checked that our variational predictions are practically
indistinguishable from the exact numerical solution of
Eq. (1). Starting from the equation of continuity one can
also calculate the shape of the density oscillations of each
mode, proportional to az(nI vz).

Experimentally, we prepare an ultracold, resonantly
interacting Fermi gas by evaporating a two-component
spin mixture of fermionic 6Li in an optical dipole trap
[23]. The atomic cloud contains typically N/2 =
1.5 X 105 atoms per spin state, and the magnetic field is
set to 834 G, right on top of the well-known broad
Feshbach resonance [24]. For the lowest temperatures,
the trapping beam (wavelength 1075 nm) has a waist of
31 Am, the trap depth is about 2 pK, and the axial and
radial trap frequencies are w, = 27r X 22.52(2) Hz and
Or = 21r X 473(2) Hz, respectively. For experiments at
higher temperatures, the beam waist is increased to
38 pm, and deeper traps are used (up to 16 puK depth)
with trap frequencies of up to w, = 21r X 23.31(3) Hz
and Or = 21r X 1226(6) Hz. The corresponding Fermi
temperatures TF = h(3Nw2& z)"/3/kB vary between about
0.8 and 1.5 pK. We point out that essentially perfect
harmonic confinement along the long trap axis (z axis) is
ensured by the magnetic trapping that results from the
curvature of the magnetic field used for Feshbach tuning
[23]. Also, anharmonicities in the radial confinement
remain negligibly small. To probe the ultracold gas we
record one-dimensional axial density profiles n1 (z) by
near in situ absorption imaging [25].

The temperature T of the gas is set by controlled heating,
always starting from a deeply cooled cloud (T/TF 0.1).
In the low-temperature range (T 5 0. 2 TF), we simply
introduce a variable hold time of up to 4 s in which residual
trap heating slowly increases T. Higher temperatures are
reached by parametric heating, modulating the trap power
at about 2wr and introducing a sufficient hold time to reach
thermal equilibrium between the different degrees of
freedom. We characterize the resulting temperature in a
model-independent way that does not require any a priori
knowledge of the EOS. Based on the virial theorem [26] we
introduce the dimensionless parameter E/EO, which rep-
resents the total energy E = 3mw f dzz 2n (z) normal-
ized to the energy of a noninteracting, zero-temperature
Fermi gas, EO = 1 NkB TF. For a given EOS, the energy
scale (E/EO) can be converted to a temperature scale
(T/TF). Alternatively, we obtain the cloud's temperature

by fitting the experimental profiles n1 (z) [7,27] with
T-dependent profiles for a given EOS. For both methods,
we use the EOS from Ref. [8]. We note that the tempera-
tures obtained by both methods in general show satisfying
agreement with each other. At very low temperatures the
latter method shows a trend to give slightly lower values of
T (up to ~10%), which indicates small systematic uncer-
tainties of our measurements.

We selectively excite axial modes of order k by using a
resonant excitation scheme. As illustrated in Fig. 1(a), a
repulsive 532-nm laser beam perpendicularly intersects the
trapping beam, with its position and size chosen in a way
to provide best mode matching. Typically, the excitation
pulse contains 8 cycles of sinusoidal modulation with a
half-cycle sine envelope, and the maximum potential
height of the excitation beam is kept to about O.OlkBTF.

The power, length, and shape of the excitation pulse are
optimized in order to resonantly drive the desired small-
amplitude oscillation. The amplitude of the corresponding
density modulation stays well below 3% of the central
density of the cloud.

We record axial density profiles n I(z, t) of the excited
cloud for various time delays t after the excitation pulse.

(a)

0C

-1

1.0

0 0.5

0.0

-2

U

-1 0 2

FIG. 1 (color online). Probing a higher-order first sound
longitudinal mode at the example of k = 2. In (a), we illustrate
the basic geometry of exciting the optically trapped cloud with
a weak, power-modulated repulsive laser beam, which perpen-
dicularly intersects the trapping beam. In (b), the experimental
mode profiles (data points) are compared to theoretical curves
based on the experimental EOS from Ref. [8] (solid lines) for
two different temperatures. The corresponding cloud profiles
in (c) are analyzed to extract the temperatures (see text).
The solid lines show the density profiles obtained from the
EOS [8] with T/TF = 0.10 and 0.45. The parameter Zm =

61/4w)1- ,2kBTF/m represents the Thomas-Fermi radius of the
zero-T interacting gas.
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We then perform a Fourier transform. The resulting func-
tion fi(z, w) reveals the collective mode spectrum with
eigenfrequencies Wk and the corresponding spatial mode
profiles i(Z). We extract the precise frequency of a par-
ticular mode k by projecting n I(z, t) onto the spatial profile

flk(z) and analyzing the resulting oscillation in the time
domain [25]. The high signal-to-noise ratio results in very
low statistical uncertainties in the permille range.

In this way, we study the longitudinal modes with k = 0,
1, 2. The measured frequency wo of the sloshing mode
(k = 0) is an accurate measure of the axial trap frequency

(Wk=O = oz), and is therefore used for normalization
purposes. The axial compression mode (k = 1) has been
studied in previous work [11,28]. Here, in the full tem-
perature range explored (0.1 T/TF 0.5), we observe

its frequency very close to Wk=1 = 12w/5z. Deviations
from this value remain below 0.3% and no significant
temperature dependence is observed. This confirms that
this mode is insensitive to the temperature as long as the
gas stays hydrodynamic. For the higher-nodal mode with
k = 2, we observe the expected T-dependent frequency
variations. Damping increases as compared to the k = 1
mode, but remains sufficiently small to observe many
oscillations and thus to accurately determine the mode
frequency. Typical observed damping times [25] are 2 s
at 0.5Te, 0.2 s at Te, and 0.12 s at 2T,. We note that the
k = 3 mode [25] shows very similar behavior, with larger
frequency variations but faster damping.

In Figs. 1(b) and 1(c), we show examples for the spatial
profiles of the k = 2 mode for two different temperatures
T/TF = 0.10 and 0.45 along with the corresponding
unperturbed density profiles of the cloud. The comparison
of the experimental data (data points) with the theoretical
results based on the experimental EOS in Ref. [8] (solid
lines) shows excellent agreement.

Figure 2 presents the comparison between the experi-
mental and theoretical frequencies for the k = 2 mode. In
Fig. 2(a) the normalized mode frequencies Wk=2/Wz are
plotted versus the energy parameter E/EO, while Fig. 2(b)
displays the same data on a temperature scale T/TF. The
experimental data confirm the pronounced temperature
dependence of the mode frequencies as predicted by our
theory based on the EOS of Ref. [8] (solid line). In com-
parison, the disagreement with the dependence that would
result from the EOS of the ideal Fermi gas (dashed line)
highlights the important role of the EOS. At the lowest
temperatures (T/TF ~ 0.1) the frequency lies close to the
T = 0 superfluid limit, but already shows a significant
down-shift amounting to almost 1%. At the highest tem-
peratures (T/TF ~ 0.45) our data show a clear trend to
go below the asymptotic high-temperature value, i.e., the
classical hydrodynamic limit. The corresponding nonmo-
notonic temperature dependence can be understood based
on the first-order correction to the EOS resulting from the
virial expansion at high temperatures.

3N

2.05.

2.00-

1.95

0

2.05

1.95

.0 0.5 1.0 1.5 2.0 2.
E/E0

5

0.0 0.1 0.2 0.3 0.4 0.5 0.6
T/TF

FIG. 2 (color online). Comparison between experimental and
theoretical first sound frequencies of the k = 2 mode. In (a) the
experimental data are plotted versus the energy parameter E/EO,
while in (b) we use a temperature scale T/TF. The theoretical
curves (solid lines) are based on the EOS of Ref. [8]. This EOS is
also used to extract T/TF from the measured profile in two
different ways: The filled symbols in (b) result from a direct
conversion of E/EO to T/TF, while the open symbols result from
fitting the cloud profiles (see text). For comparison, we also show
the mode frequencies (dashed curves) that would result from the
EOS of the ideal Fermi gas. The thin horizontal dashed lines
mark the zero-T superfluid limit (w/w, = ./21~5) and the

classical hydrodynamic limit (w/wz = /T9/5) according to
Eqs. (2) and (3), respectively. In (a) the dashed vertical line
indicates the T = 0 ground state with E/EO = v = 0.613(3),
while the dash-dotted vertical lines in (a) and (b) indicate the
critical energy E,/Eo = 0.934(39) and temperature TC/TF
0.223(15).

In conclusion, our combined theoretical and experimental
work on higher-nodal axial collective modes of a unitary
Fermi gas reveals a pronounced temperature dependence

below and near the superfluid phase transition. The

observed temperature dependence is a unique feature of

higher-nodal modes, not present for any other collective

mode studied in Fermi gases so far. Our theoretical

approach is based on a 1 D two-fluid hydrodynamic model
describing the frequently used elongated cigar-shaped trap
geometry. The excellent agreement with the experimental

results provides a stringent test for the validity of this ID
approach and highlights its potential power to accurately
describe second sound modes. Moreover, our measure-

ments provide an independent confirmation of the recently

measured EOS of a unitary Fermi gas.
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Heavy solitons in a fermionic superfluid
Tarik Yefsah', Ariel T. Sommer', Mark J. H. Kul, Lawrence W. Cheukl, Wenjie Jil, Waseem S. Bakr' & Martin W. Zwierlein'

Solitons-solitary waves that maintain their shape as they propagate-occur as water waves in narrow canals, as lght
pulses in optical fibres and as quantum mechanical matter waves in superfluid and superconductors. Their highly
noInear and localized nature makes them very sensitive probes of the medium in which they propagate. Here we
create long-lived solitons in a strongly interacting superfluid of fermionic atoms and directly observe their modedar As
the interactions are tuned from the regime of Bose-Enstein condensation of tightly bound nxiiecuks towards the
Bardeen-Cooper-Schrieffer limit of long-range Cooper pairs, the solitons' effective mass increases narkedly, t move
than 200 times their bare mass, signalling strong quantum fluctuations. This ma enhannunt is more t ha s 50 ses
lasr than the theoretically predicted value. Our w srk provie benchmark for theories of nn-arunhriu y
of strngly interacting fermions.

Solitonic excitations are found throughout nature, in proteins and DNA,
in crystals as dislocations, and generally in the wake of symmetry-
breaking phase transitions'. In fermionic systems, solitonic defects may
provide bound states for fermions that often play a crucial role in the
system's transport properties. Famous examples are Andreev bound
states inside vortex cores2 , fractionally charged solitons in relativistic
quantum field theory", and the spinless charged solitons responsible
for the high conductivity of polymers'. However, the free motion of
such defects in electronic systems is hindered by pinning at impurities".
Fermionic superfluids of ultracold atomic gases provide a paradig-
matic form of quantum matter 9 that is free of impurities, where-
as we show here-real-time dynamics of solitonic excitations can be
directly observed.

Superfiuids are described by a complex macroscopic wavefunction
that is rigid against twists of its phase. The ground state of the super-
fluid thus has uniform phase, and small perturbations propagate as
sound waves. A nonlinear excitation-the dark soliton-occurs when
the phase is twisted substantially over a short range. In the extreme
case of a phase jump by 180', the wavefunction changes sign and cro-
sses zero at the location of the jump, creating a stationary black soliton.
In weakly interacting Bose-Einstein condensates (BECs) all bosons
reside in the condensate, so the particle density vanishes at a black
soliton, and is reduced for a moving dark soliton. Solitons in BECs
have been studied extensively both theoretically and experimentally".
In a series of pioneering experiments, dark solitons have been created
via phase-imprinting" " or in the wake of shock waves '". Collisions
of two dark solitons" and soliton oscillations"" were observed. Soli-
tons in weakly interacting BECs are well described as solutions to the
Gross-Pitaevskii equation, known in other contexts as the cubic non-
linear Schrbdinger equation.

In fermionic superfluids'-', solitons are phase twists in the wave-
function of fermion pairs'.". For s-wave superfluids, the pair wave-
function is also known as the pairing gap J(r), which in general can
depend on the spatial location r. By tuning the interactions between
fermions, one can access the crossover from Bose-Einstein condensa-
tion of molecules to the Bardeen-Cooper-Schrieffer (BCS) state of
long-range Cooper pairs. In the limit of tight molecular pairing, inter-
actions between molecules are weak and the molecular condensate is
still described by the Gross-Pitaevskii equation. Stationary solitons
are thus again devoid of particles, In this limit, the wavefunction for a
stationary soliton, shown in Fig. la, depends on position along the z

axis as (z) = Aotanh(z/k), where AO is the magnitude of the wave-
function in the bulk, far away from the soliton, and the soliton width 4
is equal to the healing length of the condensate. The repulsive inter-
actions between the molecular bosons can be increased by means of a
Feshbach resonance, allowing the study of strongly interacting Bose
gases7. Strong interactions increase the importance of quantum fluc-
tuations that are present even at zero temperature, leading to a deple-
tion of the condensate. The uncondensed bosons are expected to fill in
the soliton notch, the void at the soliton's position, in order to mini-
mize their repulsive interaction with the condensate'"''. Figure la
shows the density profile of the bosons localized at the soliton,, the so-
called anomalous mode that is predicted to be the main contribution
to the density inside the soliton notch"'. Similar soliton filling has
been predicted for BECs in optical lattices, where the effect of inter-
actions and thus the role of quantum fluctuations is enhanced by
reducing the particles' kinetic energy'.

Description of solitons in the BEC-BCS crossover
When the interaction strength in the pair condensate becomes of the
order of the Fermi energy (E), the composite nature of the molecules
is revealed. The fermion pair size is now of the order of the interpar-
ticle spacing, and the system is a crossover superfluid in between the
BEC and BCS limits of superfiuidity-. A unified description for soli-
tons in fermionic superfluids throughout the BEC-BCS crossover has
been found within mean-field theory via the Bogoliubow-de Gennes
(BdG) equation for a spatially varying gap A(z) (refs 19, 26-28):

h2V2
- -pa+ A(Z)a. " =E,( (1

where h is Planck's constant h divided by 2r, m is the atomic massp is
the chemical potential, ,y are Pauli matrices, and u.(z) and v.(z) are
the amplitudes describing the particle and hole character of Bogo-
liubov quasi-particles of energy E. (we omit spin indices). The order
parameter J(z) is related to the quasi-particle amplitudes by the self-
consistency relation A(z) = -g F ,,u,(z)v*(z), where g is the coup-
ling strength, tunable via the scattering length a between fermions
and * denotes complex conjugation. The BdG equations have been
shown to reduce to the Gross-Pitaevskii equation for bosonic mole-
cules in the BEC limit", where stationary solitons are devoid of part-
icles. As the interactions are tuned from the BEC to the BCS regime.
the BdG equations predict an increasing filling of the soliton"'. At the
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Hguue 1 1 Creation and obsermation of solitons in a fermionic superfluid.
a. Supeluid pairing gap A(z) for a stationary soliton, normalized by the bulk
pauing gap 4A, and density n(z) of the localized bosonic (fermionic) state versus
position z, in the BEC (BCS) regime of the crossover, in units of the BEC healing
length (BCS coherence length) .b, Diagram of the experiment A phase-
unprintiog laser beam twists the phase of one-half of the trapped superfluid by
appdoimately x. The soliton generally moves at non-zero velocity v~ion.
cOptical density and d, residuals (optical density minus a smoothed copy of the
same image) of atom clouds at 815G, imaged via the rapid ramp method',
sbming solitons at various hold times after creation. One period of soliton
oscilation is shown. The in-trap aspect ratio was ; = 6.5(1). e, Radially integrated
residuals as a function of time revealing long-lived soliton oscillations. The soliton
periodis T,= 12(2)T, much longer than the trapping period of T. = 93.76(5) ms,
remualing an extreme enhancement of the soliton's relative effective mass, M*/M.

Feshbach resonance, in the unitarity limit where the scattering length
diverges, a substantial part of this filling is due to so-called Andreev
bound states, localized fermionic states bound to the soliton, also
known to reside inside vortex cores . Here, the gas density in the vici-
nity of the soliton is predicted to be suppressed by 80% of the bulk
density, as opposed to 100% for solitons in BECs.

In the BCS limit of weak attractive interactions, the BdG equations
reduce to the Andreev equation, a Dirac equation where the pairing
gap A(z) plays the role of a spatially varying mass coupling particles
and holes (see Supplementary Information). The same equation des-
cribes solitons in conducting polymers'. The solution for the pairing
gap is known' to be J(z) = Jo tanh(z/Bcs), as in the BEC limit, that
is. it is again represented by Fig. la but with = BCS, the BCS cohe-
rence length The density profile of the localized state in Fig. la here
represents the fermionic Andreev bound state, as opposed to the den-

sity of uncondensed bosons in the BEC regime. Solitons in the BCS
regimeareexpectedtobeessentiallycompletelyfilled in. Indeed, in this
limit of long-range overlapping Cooper pairs, only a minute fraction
ofparticles near the Fermi surface takes part in pairing, and the reduc-
tion ofthe pairing gap at the soliton affects the density only very weakly.

Creating solitons in a fermionic superfluid
The creation of solitons in a strongly interacting fermionic superfluid
poses several challenges. First, a superfluid with a soliton is not in its

a b
1

0_

-5 0 56 T

ground state, so the temperature of the gas has to be low enough for
the soliton not to decay rapidly into thermal excitations. Such dissipa-
tion can proceed through collisions of the soliton with sound waves,
leading to its acceleration. When the soliton reaches a critical velocity,
it is expected to decay into phonons or, in the case of fermionic super-
fluids, pair excitations,'"'. Second, solitons can generally decay into
vortices via the so-called snake instability"" . In the case of weakly
interacting BECs in elongated traps, stability requires the chemical
potential y of the condensate to be not much larger than the transverse
confinement energy3 . For a Fermi gas, this would require a quasi-one-
dimensional geometry where the transverse cloud width is one inter-
particle spacing. As we show below, this is not necessary. Last, for strongly
interacting superfluids, it is a priori not obvious that solitons are stable
against quantum fluctuations'"""

Here we create and observe long-lived solitons in a strongly inter-
acting fermionic superfluid of 6 Li atoms near a Feshbach resonance.
Solitons are created via phase imprinting (see Fig. Ib), a technique
successfully employed for weakly interacting Bose condensates" "
The superfluid containing typically -2 X 10 atom pairs is prepared
in an elongated trap with cylindrical symmetry (axial and radial trap-
ping period respectively T, = 45-210 ms and T4. = 14ms) and tun-
able aspect ratio A = T./Ti (ref. 7). A green laser beam far detuned
from the atomic resonance is masked to shine on one half of the
superfluid. In a time t, the applied potential U, as experienced by a
single fermion, advances the phase of the superfluid order parameter
in the exposed region by A4 = 2 Ut/h relative to the unexposed region.
The time t - 35 pis is experimentally adjusted in order to create one
high-contrast soliton.

In the strongly interacting regime, the soliton does not cause a den-
sity depletion within our resolution, However, it is tied to a phase twist
in the pair wavefunction. As in the case of vortices", the pair wave-
function can be directly observed via a rapid ramp to the BEC side of
the Feshbach resonance. The ramp converts large fermion pairs into
tightly bound molecules, empties out the soliton cores and increases
the soliton width to the final healing length -c 1/4niai, where af is
the scattering length at the final magnetic field and nM the density of
molecules. The rapid ramp followed by time-of-flight expansion thus
enhances the soliton contrast and acts as a magnifying glass(for details,
see Supplementary Information).

Figure Ic and d report the observation of solitons in a fermionic
superfluid prepared at 815 G (close to the 832 G Feshbach resonance)
for various hold times following the phase imprint. Here, the inter-
action parameter at the cloud centre is 1/kpa = 0.30(2), where a is the
scattering length and kF = (3n2 n)113 is the Fermi wavevector, related
to the total central fermion density n and the Fermi energy E=
h2ki/2m. Figure 1c shows the optical density in absorption images
taken after time of flight and the rapid ramp to -580 G, while Fig. Id
displays residuals obtained by subtracting a smoothed copy of the
same absorption image. The optical density contrast of solitons is
about 10% (see Supplementary Information). A sequence of radially
integrated residuals as a function of time is displayed in Fig. le, dem-
onstrating the soliton to be stable for more than 4s or 100,000 times
the microscopic timescale h/EF, the Fermi time. This establishes that
solitons in fermionic superfluids can exist as stable and long-lived
excitations that do not decay despite strong quantum fluctuations.

Soliton oscillations
The solitons are observed to undergo oscillations in the harmonically
trapped superfluid, demonstrating their emergent particle nature. The
motion is to a high degree deterministic, as soliton positions for different
realizations of the experiment at varying wait times lie on the same
classical sinusoidal trajectory. The force on the soliton is provided by
the trapping force experienced by the atoms missing in the soliton,
N 2mojz Mo_)z, where waz = 2n/Te, IN.I is the number of missing
atoms, and M = Nam < 0 the bare mass of the soliton. M is negative
as the soliton is a density depletion. Introducing the effective, or
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inertial mass of the soliton M*, this force causes an acceleration
MZ - 06dz. Because we observe oscillations, M* must be negative

Z

as well, implying that the soliton is an effective particle that decreases
its kinetic energy as it speeds up. One obtains a direct relation"
between the relative effective mass M*/M and the normalized soliton
period T/T:

M* /T\2
M *T) (2)

The observed soliton period of oscillation T, is about one order of
magnitude longer than the trapping period T, for single atoms. This
directly indicates an extreme enhancement of the relative effective
mass. In general, the difference between the effective mass M* and
the bare mass M of the soliton arises from the phase slip A0 across the
soliton, which implies a superfluid counterflow". For the soliton to
move, an entire sheet of atoms thus has to flow past it. The difference
M - M* is the mass of that sheet, given by the mass density multiplied
by the entire soliton volume. In contrast, the soliton's bare mass M is
only due to the mass deficit of IN41 atoms and can become much
smaller in magnitude than M* when the soliton is filled. For weakly
interacting BECs, where solitons are devoid of particles, the effective
mass is still of the same order of the bare mass, (M*/M)aac = 2. This
leads to an oscillation period that is only v2_ times longer than T.
(refs20,35), as has been observed in experiments"-". In the BCS limit,
where only a minute fraction Jo/E of the gas contributes to Cooper
pairing, IN, I Jo/EF x exp[- n/(2kla) and thus the soliton's rela-
tive effective mass can be expected to become exponentially large.

Indeed,as shown in Fig. 2, we find that the soliton period, and hence
the relative effective mass, increases dramatically as the interactions
are tuned from the limit of Bose-Einstein condensation (Fig. 2a)
towards the BCS limit. At 700 G, where 1/kFa = 2.6(2), the system repre-
sents a strongly interacting Bose gas of molecules 7.The soliton period
is T. = 4.4(5)Tz, already three times longer than in the case of a weakly
interacting BEC. At the Feshbach resonance (Fig. 2d), we measure a
soliton period of T, = 14(2)Tz, corresponding to a relative effective
mass of M*/M= 200(50). This is more than 50 times larger than the

o 1 2
Time (s)

Figure 2 Soliton oscillations in the BEC-BCS crossover. Shown are soliton
oscillations in a trapped fermionic superfluid for various magnetic fields B
around the Feshbach resonance. a-d, The soliton period is observed to
markedly increase as the system is tuned from the BEC regime (a) to the
Feshbach resonance (d). The measured period (T,/Tz), magnetic field (B in G)
and interaction parameter at the cloud centre 1/kFa were respectively: a, 4.4(5),
700,2.6(2); b, 7.5(9), 760, 1.4(1); c, 12(2), 815, 0.30(2); d, 14(2), 832, 0. The
initial atom number per spin state (NO), its decay rate (r in s) and Thomas-
Fermi radius after time of flight (R-rF in gm) range respectively from: 1.1 X 105,
12(2), 135 at B= 700 G to 2.3 X 105, 12(1) and 200 on resonance. The aspect
ratio is . = 6.2(7). Note that at B = 700 G, the superfluid is short lived due to
enhanced three-body loss. At 760 G (b), the soliton survived for more than 6 s,
comparable to the lifetime of the superfluid at that field.

result of mean-field BdG theory in three dimensions' that predicts
M*/M= 3. Note that the superfluid is fully three-dimensional: on
resonance, the chemical potential p - 35ho , where to is the radial
trapping frequency. Still, for veryelongatedtraps, one expects to reach a
universal quasi-one-dimensional regime where the tight radial confine-
ment is irrelevant for propagation along the long axis". This prompted
us to study the dependence of the soliton period on the aspect ratio of
our trap.

Figure 3 summarizes our measurements for the soliton period and
the relative effective mass as a function of the interaction parameter
1/kFa throughout the BEC-BCS crossover, for aspect ratios . = 3.3,
6.2 and 15. The strong increase of M*IM towards the BCS regime is
observed for all trap geometries. The normalized soliton period TJT.
appears to converge to alimiting value for the most elongated trap: the
normalized period changes by only 15%as the aspect ratiois increased
by more than a factor of two from 6.2 to 15. This indicates that the
soliton dynamics approach a universal quasi-one-dimensional limit.
Even in a much less elongated trap with i = 3.3(1), the soliton period
is only slightly increased by about 30% compared to = 6.2, accom-
panied by an increased susceptibilityofthesolitontowardsbendingor
'snaking"0 3

3,
3 (for examples, see Supplementary Information).

We attribute the large relative effective mass M*IMin the strongly
interacting regime to the filling of the soliton with uncondensed fer-
mion pairs resulting from strong quantum fluctuations. Similar filling
with uncondensed particles has been predicted for solitons in strongly
interacting Bose condensates'-"". A substantial filling of the soil-
ton will reduce the number INI of atoms missing inside the soliton,,
therefore considerably weaken the restoring harmonic force from the
trap and strongly increase M*/M. At the Feshbach resonance, our in
situ density profiles provide a lower bound on the soliton filling of
90%, compared to the expected 20% from mean-field theory (see
Supplementary Information). Mean-field theory for the BEC-BCS
crossover heavily underestimates the role of quantum fluctuations
already on the BEC side, where it predicts a fraction ofuncondensed
bosons that scales as na3 instead of the correct vfa scaling. Our
experiment thus directly reveals the importance of beyond mean-field
effects for the dynamics of strongly interacting fermionic superfiuid&
Significant soliton filling was found theoretically in a strongly inter-
acting relativistic superfluid using methods from string theory".
For the resonantly interacting Fermi gas. a theoretical study based on a
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Figure 31 Soliton period and effective mass versus interaction strength in
the BEC-BCS crossover. The normalized soliton period TJT is shown as a
function of the interaction parameter 1/kra in the cloud centre, for three
different trap aspect ratios: i = 15(1) (black circes), 6.2(7) (red diamonds) and
3.3(1) (orange squares). The error bars correspond to the typical spread over
five measurements, and the solid lines are guides to the eye The soliton period
strongly increases from the BEC regime towards the Feshbach resonance
(vertical dotted line), where TJT.. = 12(2) for i.= 15(1), and to the MCM side.
This directly reflects an extreme enhancement of the relative effective mass
M*/M = T/T, which we attribute to strong quantum fluctuations andHim
of Andreev bound states. The result for a weakly interacting BEC T,/T,= V72,
is shown as the dashed line. The star marks the mean-field prediction" at
unitarity M*/M = Ts2/Tt =3.

42 NAT UE VOL, 499 i 25 JULY 2013

7

I RISEAHCH



A RTCEER~

density functional approach found solitons with dear filling in the wake
ofshock waves". The strong increase ofthe soliton period is reminiscent
of the situation for dark-bright solitons in weakly interacting BECs,
where a distinguishable atomic species or another spin state resides
inside the soliton notch -'. For krmions, mean-field theory in the
strongly interacting regime attributes a substantial part of the soliton

fiRng to Andreev bound states',. These are also predicted to carry
the dominant fraction of the superfluid flow across the soliton, which
can be regrded, in its rest frame as a Josephson junction of vanishing
barrier height'. It will be an interesting topic for future experiments to
determine the contribution of Andreev states to the soliton filling.

Temperature dependence
To demonstrate that the slow soliton oscillations are a truly quantum
effect and not due to the finite temperature of our gas, we investigated
the soliton motion as a function of temperature for the unitary Fermi
gas at the Feshbach resonance (Figs 4 and 5). A measure of tempera-
ture is provided by the thermal fraction, the number of uncondensed
molecules observed after the rapid ramp. The soliton period is found
to be insensitive to changes in temperature within the measurement
uncertainty (Fig. Sa).

The stability of solitons is, however, strongly affected by thermal
effects. At low temperatures, the soliton oscillation occurs essentially
without energy loss, demonstrating dissipationless flow (Fig. 4a). For
increasing temperature, we observe anti-damping of soliton oscilla-
tions (Fig. 4b). This is characteristic of a particle with negative mass
that can lower its energy by accelerating. To our knowledge, such anti-
damping of solitons has not been directly observed previously in a
quantum gas experiment. The energy loss is likely to be due to colli-
sions with thermally induced phonons'", and we indeed observe a
strong decrease in the anti-damping time constant as the temperature
is raised (Fig. 5b). At even higher temperatures, the soliton's position
becomes less reproducible (Fig. 4c) and its lifetime is strongly reduced
(Fig. 5c). Concurrently, we observe increased axial fluctuations in the
superfluid (see Fig. 4d-0, some of which appear to have comparable
contrast to the imprinted soliton. These additional solitons might be
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Figue 41 aSoton motion in the unitary Fermi gas at various temperatures.
a-c, Soaitn trajectories for increasing temperature, with thermal fractions
a,7/Q2),b,9(2)%and c, 15(3)%. The errorbars indicate the standard deviation of
typically five mpetitions and the solid lines are fits to the data to the anti-damped
sinwidal functionft) x exp(t/rd sin(2ntiT, + 0). Whereas the period is found
to beindependent oftemperature within our uncertainty, the anti-damping time
dvexaes fium rAT= 5(2) for the coldest clouds (a) to r/T,= 1.3(5) for the
hotte ones(c),d-fRepresentatie optical densities (left) and residuals (right) of
the superfluid afer the rapid ramp. Whereas at low temperatures, the soliton is
the only signifcant density variation, at higher temperatures transverse stripes
appear "Iag we tentatively interpret as thermal sofitons.

'thermal solitons', predicted to occur even in equilibrium in weakly
interacting Bose condensates". Similar to vortex-anti-vortex pairs in
two dimensions, soliton-anti-soliton pairs can be expected to spon-
taneously break in one dimension and proliferate.

We note that on resonance, the fastest solitons we observe move
at the exceedingly slow speed of 0.50 mm s~' or 5% of the (indepen-
dently measured) speed of sound on resonance. Their sudden dis-
appearance, observed for example in Fig. 4c, can thus not be related to
motion close to the Landau critical speed. Instead, their decay might
be tied to inelastic collisions with thermal solitons, as soliton collisions
have been found to become increasingly inelastic towards the BCS
side in theoretical simulations". Another possibility for their decay at
such low speeds is that the soliton's energy dispersion has a minimum
at an unexpectedly small fraction of the critical velocity', One might
expect fermion pairs to break at finite temperatures and fill in the soli-
ton, in addition to quantum fluctuations. However, even for the highest
thermal fraction where solitons have been observed, the actual tem-
perature is determined to be below T = 0.10Ep/kB (kB is the Boltzmann
constant), while the bulk pairing gap is about do = 0.4Ev (ref 45). Pair
breaking should thus still be exponentially suppressed, explaining the
insensitivity of the soliton period to the thermal fraction.

Conclusion and outlook
We have created and observed long-lived solitons in a strongly inter-
acting fermionic superfluid. Their period of oscillation and thus their
relative effective mass increases markedly as the interactions are tuned
from the BEC limit of tightly bound molecules towards the BCS limit
of long-range Cooper pairs. This signals strong, beyond mean-field,
effects, which are likely to be due to uncondensed fermion pairs filling
the soliton, in addition to purely fermionic Andreev bound states. Our
study provides an important quantitative benchmark for theories
of non-equilibrium dynamics of strongly interacting Fermi gases.
An exciting prospect is to directly detect the Andreev bound states
spectroscopically,". Although they are not topologically protected,
their lifetime should equal that of the soliton-many seconds or 100,000
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Figure 5 Effect of finite temperature on soliton motion, a, The soliton
period is found to be insensitive to temperature. b, The I/e anti-damping time
and c, the soliton lifetime, are found to be strongly dependent on the thermal
fraction. The soliton lifetime is defined as the time when the probability of
observing a soliton decreased to 50%. The dashed lines are guides to the eye.
The horizontal error bars indicate the standard deviation of the thermal
fraction within a data set, The vertical error bars in a represent the typical
spread over five measurements, those in b result from the contribution ofthe
fitting error on r, and the error on T,, and those in c reflect the time difference
between having 90% and 10% survival probability.
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Fermi times-so that they might become a useful quantum resource.
In the presence ofspin imbalance, the soliton represents a limiting case
of the long-sought Fulde-Ferrell-Larkin-Ovchinnikov state of mov-
ing Cooper paire". Indeed, it is energetically favourable for an excess
frrmion to reside inside a soliton rather than inside the bulk super-
fluid. Although it is difficult to realize the Fulde-Ferrell-Larkin-
Ovchinnikov state in equilibrium, direct engineering of soliton trains
might produce a long-lived metastable analogue.

METHODS SUMMARY
Pswparation. The atomic gas is composed of a balanced mixture of the two lowest
hyperfine states of 'Li initially prepared at 760 G (ref. 7). The trapping potential
results from the combination of a magnetic field curvature providing harmonic
confinement in the axial direction and an optical dipole trap (wavelength 1,064 nm)
providing tighter radial confinement. The axial periods are T, = 210 ms, 95 ms
and 45 ms, respectively, for the three aspect ratios considered here.
Phaseimprinting A step-like intensity profile is imprinted on a laser beam (wave-
length 532 nm, power -200 mW) by means of an opaque mask. A 3-pm-resolution
imaging system projects the intensity distribution at the mask location onto the
atoms (the beam waist at the atoms is 60 pm). A phase twist of n corresponds to a
pulse time of about 30 ps, much shorter than the timescale h/p associated with a
typical chemical potential, of the order of few 100 ps. The pulse duration is finely
adjusted to yield exactly one soliton with high contrast observed after the rapid
ramp. Because we imprint only a phase step but not a density depletion, sound
waves must be generated in addition to the soliton" .... The sound waves are found
to die out in a quarter axial trapping penod when they have reached the edge of the
atom cloud (see Supplementary Information). For the data above 760 G, the soli-
ton is created at 760 G and the magnetic field is subsequently ramped (in about
2T,) to the final magnetic field where the soliton motion is studied. For final
magnetic fields below 760G, the soliton is created at that field. We found that
solitons can be created directly at the Feshbach resonance as well.
Thermameby. Thermometry from fits of density profiles at the Feshbach res-
onance to the known equation of state" yielded an upper limit of T = 0.05E/kB
= 10 nK - 3huo, for our lowest temperatures, where w = 27t/T1 . At such low
temperatures, far below the critical temperature for superfluidity, thermometry
via fitting is less sensitive to small changes in temperature. We therefore use the
thermal fraction of molecules observed after a rapid ramp to the BEC side of the
Feshbach resonance as a robust thermometer.
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We observe a long-lived solitary wave in a superfluid Fermi gas of 6Li atoms after phase imprinting.
Tomographic imaging reveals the excitation to be a solitonic vortex, oriented transverse to the long axis of
the cigar-shaped atom cloud. The precessional motion of the vortex is directly observed, and its period is
measured as a function of the chemical potential in the BEC-BCS crossover. The long period and the
correspondingly large ratio of the inertial to the bare mass of the vortex are in good agreement with
estimates based on superfluid hydrodynamics that we derive here using the known equation of state in the
BEC-BCS crossover.

DOI: 10.1 103/PhysRevLett. 113.065301

Solitary waves that do not spread as they propagate are
ubiquitous in nonlinear systems, from classical fluids and
fiber optics to superfluids and superconductors. These
waves are localized objects with defined energy and mass,
and as such they can be described as an effective single
particle emerging from a many-body environment. This
distinguishes them from larger-scale collective excitations
such as shape oscillations of a superfluid, or from pertur-
bative linear excitations such as phonons. Paradigmatic
examples of solitary waves in superfluids are planar
solitons that separate regions of differing phase, as well
as vortex rings or single vortex lines [see Fig. 1(a)]. The
direct creation of such localized and highly nonlinear
objects ""on demand" in ultracold quantum gases allows
for an excellent dynamical probe of novel superfluids, such
as strongly interacting Fermi gases [1] or spin-orbit coupled
Bose-Einstein condensates [2,3].

In a recent experiment on fermionic superfluids at MIT
[I], long-lived solitary waves were produced that featured a
large ratio of inertial to bare (missing) mass of over 200,
evidenced by an oscillation period over 15 times longer
than the period for a single atom. The observed absorption
images suggested the interpretation of the waves as planar
solitons, but the longevity as well as the large effective
mass ratio were unexpected for this type of defect [4-7].
Indeed, the nodal plane of a soliton is energetically more
costly than the nodal line of a vortex, and planar solitons
can decay into lower energy excitations via the snake
instability, the undulation of the soliton plane [4]. Several
recent works therefore suggested that these solitary waves
are vortex rings [8-10]. For weakly interacting Bose-
Einstein condensates, solitons have been created [11,12]
and observed to decay into vortex rings [13,14]. The latter
further decay into a vortex-antivortex pair that eventually
breaks up. leaving behind a single remnant vortex [15-17].
The exact process was recently elucidated in a discussion of

PACS numbers: 67.85.-d. 03.75.Kk. 03.75.Lm. 03.75.Ss

apparent soliton oscillations observed in weakly interacting
BECs [18,19]. In the case of strongly interacting fermionic
superfluids, the understanding of such nontrivial dynamics
presents a challenging nonequilibrium many-body prob-
lem [8,20].

In this Letter, we investigate the nature of the long-lived
solitary wave observed in Ref. [1] via tomographic imaging
and identify the wave to be a solitonic vortex [15-17]. The
term describes a vortex placed in an elongated geometry
such as the cigar-shaped superfluid of the present experi-
ment, where the transverse Thomas-Fermi cloud radius RL
is much smaller than the axial radius R. In this case, a
vortex deforms the superfluid phase only in a restricted
region of axial extent ~RR1 . The vortex together with the
surrounding flow field thus constitutes an effective particle
localized to within R1 < R. Its far-field phase profile
resembles that of a dark soliton. In particular. the phase
difference across a stationary solitonic vortex in the axial
direction is it, the same as for a stationary dark soliton.
A vortex moving in the axial direction at a critical speed
converts into a gray, moving soliton [17]. In the tightly
confining limit where R1 approaches , the vortex core
size, a stationary solitonic vortex becomes energetically
degenerate with a dark soliton [16,17]. In the limit of an
isotropic system where R ~ R_. one recovers a conven-
tional vortex. A solitonic vortex thus represents the link
between the topologically protected excitations in one and
three dimensions. The precessional motion of the vortex,
projected onto the long axis of the cigar-shaped atom cloud.
appears as the oscillation of a particle of inertial mass M*
and bare mass M. As we show below, the bare mass scales
as the missing mass inside the vortex core. M oc mnR1 C.,
while the inertial mass M* oc mnR3/C is proportional to
the volume R3 in which flow is perturbed by the vortex.
Here, n is the gas density and L = In(R,/ ) is a loga-
rithmic correction that is on the order of 3 to 5 in our
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FIG. I (color online). (a) Examples of solitary waves in 3D
Bose-Einstein condensates. Shown are simulated column density
profiles in the (z-x) plane (upper row), the local density of the
cloud in a central layer in the (z-v) plane (middle row), and
the phase (lower row) for a soliton (left), a solitonic vortex
(center), and a vortex ring (right). The images correspond to

p/hp ii= 7.31, 7.14, and 10.66. (b) Schematic of the exper-
imental tomographic imaging technique. A partially masked
optical pumping beam propagating along Z (not shown) selects
a 23 pm thick slice within the expanded atom cloud for
absorption imaging along the vertical y direction. (c) Tomography
of a unitary fermionic superfluid of 6Li atoms containing a
solitary wave. Shown are density distributions of horizontal slices
selected at different y positions. Tomography reveals a single
solitonic vortex.

experiment. Thus. M*/M oc R / 2 /&, which can easily
approach 200 for our experimental parameters, thus
explaining the experimental findings in Ref. [1].

We create fermionic superfluids using a balanced mix-
ture of the two lowest hyperfine states of 6Li, 11) and 12).
A Feshbach resonance allows us to tune the interparticle

interactions from the limit of Bose-Einstein condensation
of tightly bound molecules towards the regime of BCS
superfluidity [1,21]. The atom cloud contains 1 10 x 105

atoms per spin state and is cigar shaped due to a tight radial
confinement from an optical dipole trapping beam propa-
gating along the (horizontal) Z direction, in combination
with a weaker, harmonic confinement along Z provided
by a magnetic field curvature. The radial and axial
trapping frequencies are varied in the range of (j)/ 21r -
55-75 Hz and o/2x = 5-23 Hz. Gravity slightly weak-
ens the trapping potential along the vertical y direction,
causing a residual anharmonicity and an anisotropy
(/,I" - I ; -5%.

The solitary wave is created as in Refs. [1,11,12,18] via
phase imprinting, whereby one half of the superfluid is
exposed to a blue-detuned laser beam for a duration that

causes a phase shift of the order parameter close to ir.
To observe the magnitude of the superfluid wave function,
we employ a rapid ramp to the BEC side of the Feshbach
resonance during time of flight [1,21,22]. In addition to
emptying out defects such as vortex cores [22], the ramp
effectively increases the healing length of the superfluid
to observable values (typically -20 pm). The observed
width of the defect after the rapid ramp and time of flight
thus does not reflect the in-trap width, which is expected to
be on the order of one interparticle spacing ~1 pm [23].
Absorption images are taken along the vertical direction
[see Fig. 1(b)].

In order to lift the ambiguity on the nature of the
observed excitation, we employ a tomographic technique
whereby only a chosen slice of the full atom cloud is
imaged after time of flight [see Fig. 1(b)]. This method
gives direct access to the local density of the 3D cloud.
Tomography is achieved by optically pumping within 10 ps
all atoms outside the desired slice into hyperfine states that
are off resonant with the imaging transition for state 1I),
predominantly state 16). The slice is selected by masking
part of the optical pumping light with a thin wire, and
projecting the wire's shadow onto the atom cloud. The slice
thickness is measured to be 23(1) pm (= 2a- of a Gaussian
fit), comparable to the width of the observed solitary wave
after time of flight, and about one sixth of the transverse
cloud diameter after expansion. Since the imaging pro-
cedure is destructive, each run of the experiment provides a
single slice at a given time of the defect's motion. Thanks
to the high degree of stability of our experiment, reliable
tomography can be built up from many repetitions of the
experiment.

Representative tomographic images for the unitary
fermionic superfluid are shown in Fig. 1(c), taken 1.6 s
after the phase imprint. A line of depletion with about 40%
contrast cuts across the entire cloud in one particular slice.
This immediately demonstrates that the solitary wave is not
a vortex ring. On average, only a specific one of the six
slices imaged features the depletion. The strong depletion is
thus not a planar soliton, as we interpreted in our previous
paper [1] . Instead, our observation is consistent with a
single, solitonic vortex. For the present experimental
conditions we observe the vortex to be horizontal in every
single repetition of the experiment. Due to the slight
anisotropy of the trap, the vortex can minimize its energy
by aligning along the short axis, while orientation along the
longer, intermediate axis is unstable [19,24,25]. Slight tilts
of the vortex into the vertical direction cause partial vortex
lines to be detected in a given slice, as seen for slice
position y = -39 pm in Fig. 1(c).

In a fully 3D setting where the radial cloud size R, is
much larger than the vortex core size , an off-center
transverse vortex will undergo precessional motion along
equipotential lines [26,27]. Tomographic imaging enables a
measurement of the vortex position in the --y plane [see
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Figs. 1(b) and I(c)]. The vortex's z coordinate is readily
obtained from the images. The y coordinate is given by
the position of the slice that contains the vortex (e.g., in
Fig. 1(c), the vortex is observed at y = -13 pm). In order
to refine the determination of the y position of the vortex, a
histogram of occurrence as a function of the slice position is
built up from several (-7 runs per slice position) repetitions
of the experiment, and for each time of the vortex's motion.
Representative images and density profiles of slices con-
taining the vortex are shown in Fig. 2, along with histo-
grams of the occurrence of vortex observations in each
slice. The z-v coordinates of the vortex lie on an ellipse with
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FIG. 2 (color online). Observation of vortex precession in a
unitary fermionic superfluid via tomographic imaging. (a) Repre-
sentative horizontal slices showing the oscillation of the vortex
along the z axis. Time r = 0 s marks 600 ms after the phase imprint.
The y position of each slice can be inferred from (c). (b) Density
profiles normalized by the peak density, showing a depletion of
typically 30% contrast. The solid line is a sine fit to the vortex
positions (black dots). (c) Average occurrence of the vortex at a
given y position of the slice as function of time, showing the vortex
oscillation along the y axis. Red dots: average Y position of the
vortex from Gaussian fit at the given time. Solid red line: sine fit.
(d) Reconstructed precessional motion in the z-Y plane.

the same aspect ratio (after expansion) as the atom cloud, as
expected for vortex precession along equipotential lines,

The period of the vortex motion can be estimated from
superfluid hydrodynamics and the equation of state in the
BEC-BCS crossover [28]. Our Hamiltonian approach is
analogous to that used to describe the motion of vortex
rings in Ref. [29]. We take the vortex to be aligned in the
transverse x direction, and located at r( = (yo, zo) in the v-z
plane. The free energy Ev of the vortex is dominated by
the kinetic energy of its flow field i hV#/rm. where
# = arctan((y - yo)/(z - zo)) is the phase profile near the
vortex, and my = 2m the boson mass. One finds E --
f mnv 2d3r = (Zh 2 m/mi)n2D(yo, z) ln(R_/L) to loga-
rithmic accuracy, i.e., in the limit ln(R/ ) >> 1. Here. n
is the gas density, n2D is the column density along the
vortex line, R1 is the transverse Thomas-Fermi radius,
much smaller than the axial radius R., and is the
characteristic size of the vortex core. In the crossover we
may take = -1 h/mgc, with c the speed of sound, a
definition that recovers the healing length in the BEC
regime. At unitarity, this yields t 1/k where kF
(3,r2 n)'/ 3 is the Fermi wave vector, a reasonable estimate
[23], especially within logarithmic accuracy.

The canonical momentum of the vortex along the
axial z direction is given by Pz = f mn d3r = (m/m)
fhnOzq d3 r. Since R1 < R-, the phase gradient is con-
centrated in the neighborhood of the vortex in a range
of size -R 1 along the z direction, allowing us to set
n(x, y, z) ~ n(x, y, zo). The integral of O,, over the Z
direction thus simply equals x or -jr, depending on whether
the path runs along y < yo or y > yo. One thus has P- ~
(mnB)hK(fii dy - f'- dy)n'D(y- ZO) (M/MB)hX

f dyn 2D(y, zo). Assuming harmonic trapping and the
local density approximation, we deduce the axial velocity
of the vortex from Hamilton's equation

. Ev Ey/iyo _to

OP: 0P/ Yo (O)

and similarly o = (wawa )QzD, with the angular
frequency

0 _ 
2 y + I hwin R

(Ow 8 y \{

Here, y = (p/n)(on/Op) is a polytropic index determined
by the equation of state, and p is evaluated at the vortex
position. y = I in the BEC regime, while y = 3/2 at
unitarity and in the BCS regime. The equations describe
the precessional motion of the vortex with angular fre-
quency 0 along an equipotential line of the trap with
p = const, i.e., v/R2 + z/R2 = const. The result is
identical to what one finds by equating the Magnus force
[30] h112D^x Xi to the force -VEv acting on the vortex,
and it generalizes the known result for vortex motion in
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trapped, weakly interacting Bose-Einstein condensates
[26,27] to superfluids with arbitrary equation of state.
We find the inertial mass of the vortex [5]

OP. OPJ/vy 4x n2DR
- in.

004 0!0 /0yo 2y + I ln(R 1/4)

which is proportional to the total mass of atoms contained
in the volume R-1. while the bare mass

dEv _ 2y+ I 1 iRM = n - --in -m -K 11in
Op4y

is only proportional to the mass of "missing" atoms
contained in the vortex core. Here we have used
y=rymc = rh'/2me. The ratio M*/MocR./ 2 /
{In(RJ/ )12 thus depends on the transverse size of the
system and can become large. In contrast, the bare and
inertial mass of a planar soliton are both on the order of the

mass of "missing" atoms in the soliton plane, oc n R2, and
their ratio is bound to be on the order of unity in the
crossover regime close to resonance. Using the experimen-
tal parameters of p/Mio 25-35 [1], the hydrodynamical
model yields a normalized vortex period Tv /T.: l1-15
and effective mass ratio M*/M = 130-220, in close
agreement with the measured values.

We have taken extensive data for the vortex period in the
BEC-BCS crossover exploring a wide range of chemical
potentials, Figure 3 shows the normalized period Tv/T:

versus p/hwai including data for several aspect ratios,
interaction strengths, and atom numbers. Chemical poten-
tials were extracted from the measured axial Thomas-Fermi
radius of the cloud and the known axial trapping frequency.
The inset in Fig. 3 shows the data from Ref. [1] along with
the theoretical prediction for a fixed, characteristic atom
number of N/2 = 3 x I0P per spin state, using the known

equation of state in the BEC-BCS crossover [28]. The data
are in good agreement with the approximate theory, from
the BEC regime towards resonance and into the BCS
regime. Corrections beyond logarithmic accuracy could
be important as ln(R / ) is only 3-5, but they are not
known in the crossover beyond the weakly interacting BEC
regime, and are the subject of debate [31]. Generally, there

will be a contribution to the vortex's inertial mass from

superfluid backflow, the Baym-Chandler mass [32]. For a
strongly interacting Bose gas, quantum depletion localized

inside vortex cores will modify the inertial and bare mass

[33,34]. In the BCS regime, one expects a contribution due
to fermions trapped in Andreev bound states inside the
vortex core [35]. the Kopnin mass [36]. For a molecular
BEC, the prediction from the Gross-Pitaevskii equation is
[26,27] 2 - (hollp)[ln (R_/k) + 1] and is shown in
Fig. 3 to agree well with the data.

An interesting future investigation concerns the early
times a few milliseconds after the phase imprinting. Is the
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FIG. 3 (color online). Normalized period of the solitonic vortex
Tv/T2, as a function of the normalized chemical potential
jp/hw . Experimental data are for magnetic fields B = 850 G
(BCS side, square) and 832 G (unitarity. circle), and for the BEC
side at 800 G (triangle), 760 G (diamond), 740 G (inverted
triangle), and 700 G (hexagon). ox,/2z was 23 Hz (solid
symbols), 10 Hz (framed), 5 Hz (dotted). Predictions in the
BEC regime: solid blue line from Ref. [26]. dashed black line
from Ref. [27]. Red solid curve: hydrodynamic prediction on
resonance, assuming = I /kF. The error band is bounded by the
choice = 1/2k, (lower bound) and = 2 /kr (upper bound.
Inset: Tv/T. as a function of the interaction parameter 1/ka,
data from Ref. [1]. Square, diamond, and circle are for
9./2;r = 23. 10, and 5 Hz, respectively. Atom numbers range

from N/2 = I x l0 per spin state in the BEC regime to 3 x 1W
around resonance. Solid curves: hydrodynamic prediction fixing
N/2 = 3 x 10', and a,/2r = 23 Hz (gold), 10 Hz (red), and
5 Hz (black).

single observed vortex a result of multiple decay processes.
in which an initial planar soliton decays into a vortex ring.
that further decays into vortex-antivortex pairs, followed by
a "sling-shot" event [19] by which one of the vortices is
ejected? Or does the phase imprint rather directly create
vortices of a given circulation? For example, solitons that
are slightly tilted with respect to the transverse direction
can efficiently convert into solitonic vortices of one type of
charge, removing the required angular momentum from a
collective mode of the gas cloud [37].

In conclusion, we have implemented a tomographic
imaging technique that allowed us to conclusively dem-
onstrate that a long-lived solitary wave observed in our
fermionic superfluid is a solitonic vortex. The vortex is
topologically protected, explaining the long lifetime of the
wave, and its theoretical inertial to bare mass ratio agrees
with that found experimentally. Solitonic vortices can be
expected to occur as persistent defects created via a Kibble-
Zurek mechanism [38,39], via phase imprinting [18,19] or
even via thermal excitations, as hinted at by the observation
of thermally induced defects in Ref. [1]. They also
correspond to the "N"-shaped vortices created via rotation
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in Ref. [40], in the limit of zero rotation frequency (called
"'S" shaped in Ref. [41]). Further studies on this topological
excitation created "on demand" concern the interaction
of multiple solitonic vortices in fermionic superfluids, a
measurement of the current-phase relation of solitonic
vortices [17], their contribution to flow resistance of the
superfluid [42], and the observation of Andreev states
bound to vortex cores [35].
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