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Learning-based Adaptive Control using Contraction Theory
Hiroyasu Tsukamoto∗, Soon-Jo Chung∗, and Jean-Jacques Slotine†

Abstract—Adaptive control is subject to stability and per-
formance issues when a learned model is used to enhance
its performance. This paper thus presents a deep learning-
based adaptive control framework for nonlinear systems with
multiplicatively-separable parametrization, called adaptive Neu-
ral Contraction Metric (aNCM). The aNCM approximates real-
time optimization for computing a differential Lyapunov function
and a corresponding stabilizing adaptive control law by using a
Deep Neural Network (DNN). The use of DNNs permits real-time
implementation of the control law and broad applicability to a
variety of nonlinear systems with parametric and nonparametric
uncertainties. We show using contraction theory that the aNCM
ensures exponential boundedness of the distance between the
target and controlled trajectories in the presence of parametric
uncertainties of the model, learning errors caused by aNCM
approximation, and external disturbances. Its superiority to the
existing robust and adaptive control methods is demonstrated
using a cart-pole balancing model.

I. INTRODUCTION

Future aerospace and robotic exploration missions require
that autonomous agents perform complex control tasks in
challenging unknown environments while ensuring stability
and optimality even for poorly-modeled dynamical systems.
Especially when the uncertainties are too large to be treated
robustly as external disturbances, real-time implementable
adaptive control schemes with provable stability certificates
would enhance the autonomous capabilities of these agents.

In this work, we derive a method of adaptive Neural Con-
traction Metric (aNCM), which establishes a deep learning-
based adaptive controller for nonlinear systems with paramet-
ric uncertainty. We consider multiplicatively-separable systems
in terms of its state x and unknown parameter θ , i.e., f (x,θ) =
Y (x)>Z(θ), which holds for many types of systems including
robotics systems [1], high-fidelity spacecraft dynamics [2],
and systems modeled by basis function approximation or
neural networks [3], [4]. The major advantage of aNCM
is its real-time implementability, equipped with contraction-
based [5] stability and robustness guarantees even under the
presence of such parametric uncertainty, external disturbances,
and aNCM learning errors. It also avoids the computation of
minimizing geodesics in constructing the adaptive control law,
as compared to [6], [7]. Our contributions of presenting the
aNCM framework (see Fig. 1) are summarized as follows.

This paper builds upon our prior work on Neural Contrac-
tion Metrics (NCMs) [8]–[10] for learning-based control and
estimation of nonlinear systems. The NCM approximates real-
time optimization by utilizing a Deep Neural Network (DNN)
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to model optimal contraction metrics, the existence of which
guarantees exponential boundedness of system trajectories
robustly against external disturbances, but without parametric
uncertainty. In this study, we newly derive its stability and
robustness guarantees explicitly considering the learning error
of the NCM, thereby synthesizing a stabilizing real-time
adaptive controller for systems with a matched uncertainty
condition. Its adaptation law exploits the generalized State-
Dependent Coefficient (SDC) parameterization (A(x,xd) s.t.
A(x,xd)(x− xd) = f (x)− f (xd)) [11], [12] to provide an ex-
ponential bound on the distance between a target trajectory xd
and closed-loop trajectories, while simplifying the differential
formulation proposed in [6], [7] that requires the computation
of minimizing geodesics. We further generalize this approach
to multiplicatively separable systems f (x,θ) = Y (x)>Z(θ)
with an unknown constant parameter vector θ , using aNCM to
model optimal parameter-dependent contraction metrics along
with a novel adaptation law inspired by [1] and extending [7].
This renders it applicable also to provably stable adaptive
control of systems modeled by neural networks and basis
function approximation [3], [4].

The optimality of aNCM follows from the CV-STEM
method [13] that minimizes a steady-state upper bound of the
tracking error perturbed by stochastic and deterministic distur-
bances by using convex optimization. The NCM method [8]–
[11] samples optimal contraction metrics from CV-STEM
to be modeled by a DNN, and is further improved in this
paper to incorporate the NCM learning error. In simulation
results of the cart-pole balancing task (Fig. 2), the proposed
frameworks are shown to outperform existing adaptive and
robust control techniques. Furthermore, the concept of implicit
regularization-based adaptation [14] can also be incorporated
to shape parameter distribution in low excitation or over-
parameterized contexts.

Related Work: There exist well-known adaptive stabiliza-
tion techniques for nonlinear systems equipped with some
special structures in their dynamics, e.g., [1], [15]–[17]. They
typically construct adaptive control schemes on top of a known
Lyapunov function often found based on physical intuition [1,
p. 392]. However, finding a Lyapunov function analytically
without any prior knowledge of the systems of interest is
challenging in general.

Developing numerical schemes for constructing a Lyapunov
function has thus been an active field of research [18]–[22].
Contraction theory [5] uses a quadratic Lyapunov function of
a differential state δx (i.e. V = δx>M(x)δx) to yield a global
and exponential stability result, and convex optimization can
be used to construct a contraction metric M(x) [6], [13], [23]–
[25]. In [7], the computed metric is used to estimate unknown
system parameters adaptively with rigorous asymptotic sta-
bility guarantees, but one drawback is that its problem size

© 2021 IEEE. Personal use of this material is permitted. Permission from IEEE must be obtained for all other uses, in any current or future media,
including reprinting/republishing this material for advertising or promotional purposes, creating new collective works, for resale or redistribution to servers

or lists, or reuse of any copyrighted component of this work in other works. Digital Object Identifier (DOI): TO BE ASSIGNED.

ar
X

iv
:2

10
3.

02
98

7v
3 

 [
cs

.L
G

] 
 2

 O
ct

 2
02

1

mailto:htsukamoto@caltech.edu
mailto:sjchung@caltech.edu
mailto:jjs@mit.edu
https://github.com/astrohiro/ancm


2 IEEE CONFERENCE ON DECISION AND CONTROL (CDC), PREPRINT VERSION. ACCEPTED JULY, 2021.

grows exponentially with the number of variables and basis
functions [26] while requiring the real-time computation of
minimizing geodesics [6].

We could also utilize over-parameterized mathematical
models to approximate the true model and control laws with
sampled data [8]–[11], [18], [19]. This includes [27], where a
spectrally-normalized DNN is used to model unknown residual
dynamics. When the modeling errors are sufficiently small,
these techniques yield promising control performance even
for general cases with no prior knowledge of the underlying
dynamical system. However, poorly-modeled systems with
insufficient training data result in conservative stability and
robustness certificates [27], [28], unlike the aforementioned
adaptive control techniques. Our proposed aNCM integrates
the provably stable adaptive control schemes via contraction
theory, with the emerging learning-based techniques for real-
time applicability [8]–[11].

Notation: For x ∈ Rn and A ∈ Rn×m, we let ‖x‖, δx, and
‖A‖ denote the Euclidean norm, infinitesimal variation of x,
and induced 2-norm, respectively. We use the notation A� 0,
A � 0, A ≺ 0, and A � 0 for positive definite, positive semi-
definite, negative definite, and negative semi-definite matrices,
respectively, and sym(A) = (A+A>)/2. Also, In ∈ Rn×n de-
notes the identity matrix.

II. NCM FOR TRAJECTORY TRACKING CONTROL

The Neural Contraction Metric (NCM) is a recently-
developed learning-based framework for provably stable and
robust feedback control of perturbed nonlinear systems [8]–
[10]. In this paper, we explicitly consider the modeling error
of the NCM, and present the modified version for tracking
control concerning a given target trajectory (xd ,ud), governed
by the following dynamical system with a controller u ∈ Rm:

ẋ = f (x)+B(x)u+d(x), ẋd = f (xd)+B(xd)ud(xd) (1)

where x,xd : R≥0 7→ Rn, ud : Rn 7→ Rn, d : Rn 7→ Rn with d =
supx ‖d(x)‖ < +∞ is the unknown bounded disturbance, and
f : Rn 7→Rn and B : Rn 7→Rn×m are known smooth functions.
Lemma 1 is useful for using (xd ,ud) in the NCM.

Lemma 1: For f and B defined in (1), ∃A(x,xd) s.t. f (x)+
B(x)ud(xd)− f (xd)− B(xd)ud(xd) = A(x,xd)(x− xd), ∀x,xd ,
and one such A is given as A(x,xd) =

∫ 1
0 f̄x(cx+(1−c)xd)dc,

where f̄ (q) = f (q)+B(q)ud(xd) and f̄x = ∂ f̄/∂x. We call A
an SDC matrix, and A is non-unique when n≥ 2.

Proof: See [11].
We consider the following control law in this section:

u = ud(xd)−R(x,xd)
−1B(x)>M (x,xd)(x− xd) (2)

where R(x,xd)� 0 is a weight matrix on the input u and M
is a Deep Neural Network (DNN), called an NCM, learned to
satisfy

‖M (x,xd)−M(x,xd)‖ ≤ ε`, ∀x,xd ∈S , ∃ε` ∈ [0,∞) (3)

for a compact set S ⊂ Rn and a contraction metric M to
be defined in (4). Let us emphasize that there are two major
benefits in using the NCM for robust and adaptive control of
nonlinear systems:

Fig. 1. Illustration of aNCM (M: aNCM; θ̂ : estimated parameter; Y : error
signal, see (19); x(t) and xd(t): actual and target state; u: control input.

1) Any approximation method could be used to model M
as in (3) for its real-time implementability, unlike [23].

2) u of (2) given with M guarantees stability and robust-
ness even without computing geodesics, unlike [6], [7].

Theorem 1 presents the modified version of the robust NCM
in [8]–[10], which explicitly considers its modeling error ε`

and target trajectory (xd ,ud).
Theorem 1: Suppose that the contraction metric of (3),

M(x,xd) = W (x,xd)
−1 � 0 is given by the following convex

optimization problem for a given value of α ∈ (0,∞):

J∗CV = min
ν>0,χ∈R,W̄�0

(dχ/αNCM) s.t. (5) and (6) (4)

with the convex constraints (5) and (6) given as

− ˙̄W +2sym(AW̄ )−2νBR−1B> �−2αW̄ , ∀x,xd (5)
In � W̄ � χIn, ∀x,xd (6)

where ω,ω ∈ (0,∞), χ = ω/ω , W̄ = νW , ν = 1/ω , and
αNCM = α − ρ̄ b̄2ε`

√
χ . The arguments for W̄ , A, B, and R

are omitted for notational simplicity, while B = B(x) and
A = A(x,xd) are SDCs of (1) given by Lemma 1. Suppose also
∃b̄, ρ̄ ∈ [0,∞) s.t. ‖B(x)‖ ≤ b̄ and ‖R−1(x,xd)‖ ≤ ρ̄, ∀x,xd .

If the NCM modeling error ε` of (3) is sufficiently small to
satisfy αNCM > 0, then the Euclidean distance between x and
xd is exponentially bounded as long as (1) is controlled by (2).
Furthermore, M minimizes its steady-state upper bound given
as dχ/αNCM.

Proof: The virtual system of (1) which has x and xd
as its particular solutions is given as q̇ = ẋd + (A(x,xd)−
B(x)R(x,xd)

−1B(x)>M (x,xd))(q−xd)+dq, where dq verifies
dq(x) = d(x) and dq(xd) = 0. Thus for a Lyapunov function
V =

∫ x
xd

δq>Mδq, we have using (3) and (5) that

V̇ ≤−2αV +2
∫ x

xd

δq>Mδdq +2δq>MR−1B>(M−M )δq

as in Theorem 2 of [11]. Since the third term is bounded
by 2ρ̄ b̄2ε`

√
χV , this gives Ṙ ≤ −αNCMR + d̄/

√
ω for R =∫ x

xd
‖Θδq‖ with M = Θ>Θ. The rest follows from the compar-

ison lemma [29, pp.102] as in the proof of Corollary 1 in [8],
as long as ε` is small enough to have αNCM > 0.

III. ADAPTIVE NEURAL CONTRACTION METRICS

This section elucidates the NCM-based framework for de-
signing real-time adaptive control with formal stability and
robustness guarantees of Theorem 1, as depicted in Fig. 1.



H. TSUKAMOTO et al.: LEARNING-BASED ADAPTIVE CONTROL USING CONTRACTION THEORY 3

A. Affine Parametric Uncertainty

We first consider the following dynamical systems:

ẋ = f (x)+B(x)u−∆(x)>θ +d(x) (7)

ẋd = f (xd)+B(xd)ud(xd)−∆(xd)
>

θ (8)

where θ ∈ Rp is the unknown parameter, ∆ : Rn 7→ Rp×n

is a known matrix function, and the other variables are as
defined in (1). For these systems with the matched uncertainty
condition [7], the NCM in Theorem 1 can be utilized to design
its adaptive counterpart.

Theorem 2: Suppose M(x,xd) of (4) is constructed with
an additional convex constraint ∂bi(x)W̄ +∂bi(xd)W̄ = 0, where
∂v(q)W̄ = ∑i(∂W̄/∂qi)vi and B(x) = [b1(x), · · · ,bm(x)] [6], [7],
for the nominal system (i.e. (7) and (8) with ∆(x,xd) =
0,∀x,xd), and let M (x,xd) be an NCM of (3) in Theorem 1
with such M. Suppose also that the matched uncertainty
condition [7] holds, i.e. (∆(x)−∆(xd))

>θ ∈ span(B(x)), and
that (7) is controlled by the following adaptive control law:

u =ud(xd)−R(x,xd)
−1B(x)>M (x− xd)+ϕ(x,xd)

>
θ̂ (9)

˙̂
θ =−Γ(ϕ(x,xd)B(x)>M (x− xd)+σθ̂) (10)

where (∆(x)−∆(xd))
>θ = B(x)ϕ(x,xd)

>θ , Γ� 0, σ ∈ [0,∞),
and the arguments of M are omitted for notational simplicity.
If ∃γ,γ, b̄, ρ̄, φ̄ , θ̄ ∈ (0,∞) s.t. γIp � Γ � γIp, ‖B(x,θ)‖ ≤ b̄,
‖R−1(x,xd)‖ ≤ ρ̄ , ‖ϕ(x,xd)‖ ≤ φ̄ ,∀x,xd ,θ , and ‖θ‖ ≤ θ̄ , and
if Γ and σ of (10) are selected to satisfy the following relation
for the learning error ε` of (3):[
−2αNCM/ω φ̄ b̄ε`

φ̄ b̄ε` −2σ

]
�−2αa

[
1/ω 0

0 1/γ

]
(11)

for ∃αa ∈ (0,∞), where αNCM, ω , and ω are given in Theo-
rem 1, we have the following bound:

‖e(t)‖ ≤
√

ω(
√

V (0)e−αat +α
−1
a d̄a(1− e−αat)) (12)

where e= x− xd , θ̃ = θ̂ −θ , V (t) = e>M(x,xd)e+ θ̃>Γ−1θ̃ ,
and d̄a = σ

√
γθ̄ + d̄/

√
ω for d̄ = supx ‖d(x)‖ in (7).

Proof: Let Acl =A(x,xd)−B(x)R(x,xd)
−1B(x)>M . Since

the dynamics of e with u of (9) is given as ė = Acle+
B(x)ϕ(x,xd)

>θ̃ + d(x) by the relation (∆(x)− ∆(xd))
>θ =

B(x)ϕ(x,xd)
>θ , the condition ∂bi(x)W̄ +∂bi(xd)W̄ = 0, or equiv-

alently, ∂bi(x)M+∂bi(xd)M = 0 [6] yields

V̇/2≤−αNCMe>Me+e>(M−M )Bϕ
>

θ̃ −σθ̃
>

θ̂ +e>Md

for V in (12) as in the proof of Theorem 1, where the adap-
tation law (10) is used for ˙̂

θ = ˙̃
θ . Applying (3) and (11) with

the inequalities ω
−1In �M � ω−1In and −σθ̃>θ̂ +e>Md ≤

−σ‖θ̃‖2 + d̄a
√

V for d̄a defined in (12), we get

V̇/2≤− (αNCM/ω)‖e‖2 + φ̄ b̄ε`‖e‖‖θ̃‖−σ‖θ̃‖2 + d̄a
√

V

≤−αa(‖e‖2/ω +‖θ̃‖2/γ)+ d̄a
√

V ≤−αaV + d̄a
√

V

which results in d
√

V/dt ≤ −αa
√

V + d̄a. The comparison
lemma [29, pp.102] with ‖e‖ ≤

√
ω
√

V gives (12).
Asymptotic stability using Barbalat’s lemma as in standard

adaptive control is also obtainable when ε` = 0.

Corollary 1: The NCM adaptive control (9) with the adap-
tation (10) guarantees limt→∞ ‖e(t)‖= 0 for e= x− xd when
ε` = 0, d(x) = 0, and σ = 0 in (3), (7), and (10).

Proof: For V in (12), we have V̇/2 ≤ −αe>Me +

e>MBϕ>θ̃ + θ̃>Γ−1 ˙̃
θ = −αe>Me by (10) with σ = 0. The

application of Barbalat’s lemma [29, pp. 323] as in the proof
of Theorem 2 in [7] gives limt→∞ ‖e(t)‖= 0.

Remark 1: The steady-state error of (12) could be used as
the objective function of (4), regarding Γ and σ as decision
variables, to get M optimal in a sense different from Theo-
rem 1. Smaller ε` would lead to a weaker condition on them
in (11). Also, the size of ‖θ‖ ≤ θ̄ in (12) can be adjusted
simply by rescaling it (e.g., θ → θ/θ̄ ).

B. NCM for Lagrangian-type Nonlinear Systems

We have thus far examined the case where f (x) is affine in
its parameter. This section considers the following dynamical
system with an uncertain parameter θ and a control input τ:

H(s)ṡ+h(s)+∆(s)θ = τ +d(s) (13)

where s ∈Rn, τ ∈Rn, H : Rn 7→Rn×n, h : Rn 7→Rn, ∆ : Rn 7→
Rn×p, d :Rn 7→Rn with d̄s = sups ‖d(s)‖<∞, and H(s) is non-
singular for all s. We often encounter the problem of designing
τ guaranteeing exponential boundedness of s, one example of
which is the tracking control of Lagrangian systems [1]. The
NCM is also applicable to such problems.

Theorem 3: Let M (s) be an NCM for the system ṡ =
−H(s)−1h(s)+H(s)−1τ +H(s)−1d given by Theorem 1 with
an additional convex constraint ∂bi(s)W̄ = 0 [6], [7] for B(s) =
H(s)−1 = [b1(s), · · · ,bn(s)]. Suppose τ is designed as

τ =−R−1H−>M s+∆θ̂ , ˙̂
θ =−Γ(∆>H−>M s+σs) (14)

where Γ � 0, σ ∈ [0,∞), R(s) � 0 is a given weight matrix
on τ , and the arguments are suppressed for notational conve-
nience. If ∃b̄, ρ̄, δ̄ ∈ (0,∞) s.t. ‖B(s)‖ ≤ b̄, ‖R−1(s)‖ ≤ ρ̄ , and
‖∆(s)‖ ≤ δ̄ ,∀s, and if σ and Γ of (10) are selected to satisfy
(11) with φ̄ = δ̄ , then we have the exponential bound (12)
with e= s, d̄ = b̄d̄s, and V = s>M(s)s+ θ̃>Γ−1θ̃ .

Proof: Using ∂bi(s)W̄ = 0 and (14), we get V̇/2 ≤
−αNCMs>Ms + s>(M −M )H−1∆θ̃ − σθ̃>θ̂ + s>MH−1d as
in Theorem 2. Thus, we have d

√
V/dt ≤ −αa

√
V + d̄a for

d̄a = σ
√

γθ̄ + b̄d̄s/
√

ω due to (11), resulting in (12).
Remark 2: When ε` = 0, d(x) = 0, and σ = 0, (14) reduces

to asymptotic stabilization of (13) as in Corollary 1.

C. Multiplicatively-Separable Parametric Uncertainty

Next, let us consider the following nonlinear system with
an uncertain parameter θ ∈ Rp in (1):

ẋ = f (x,θ)+B(x,θ)u+d(x) (15)
ẋd = f (xd ,θ)+B(xd ,θ)ud(xd). (16)

In this section, we assume the following.
Assumption 1: The dynamical systems (15) and (16) are

multiplicatively-separable in terms of x and θ , i.e., ∃ Yf :Rn 7→
Rn×qz , Ybi : Rn 7→ Rn×qz ,∀i, and Z : Rp 7→ Rqz s.t.

Yf (x)Z(θ) = f (x,θ), Ybi(x)Z(θ) = bi(x,θ), ∀x,θ (17)
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where B(x,θ) = [b1(x,θ), · · · ,bm(x,θ)].
Remark 3: When (17) holds, we could redefine θ as

[θ>,Z(θ)>]> to get Yf (q)θ = f (q,θ) and Ybi(q)θ = bi(q,θ).
Since such θ can be regularized as in [14] (see Sec. IV-B2),
we denote [θ>,Z(θ)>]> as θ in the subsequent discussion.

Under Assumption 1 with θ augmented as [θ>,Z(θ)>]>,
the dynamics for e= x− xd is expressed as follows:

ė=A(x,xd ; θ̂)e+B(x; θ̂)(u−ud(xd))− Ỹ (θ̂ −θ)+d(x) (18)
Ỹ =Y −Yd = (Yf (x)+Yb(x,u))− (Yf (xd)+Yb(xd ,ud)) (19)

where Yb(x,u) = ∑
m
i=1 Ybi(q)ui, ud = ud(xd), A is the SDC

matrix in Lemma 1, and θ̂ is the estimate of θ . We design the
adaptive control law for (15) as follows:

u =ud(xd)−R(x,xd)
−1B(x, θ̂)>M (x− xd) (20)

˙̂
θ =Γ((Y>dMx +Y>d dMxd + Ỹ>M )(x− xd)−σθ̂) (21)

where dMq = [(∂M /∂q1)e, · · · ,(∂M /∂qn)e]
>/2, Γ� 0, σ ∈

[0,∞), Y , Yd , and Ỹ are given in (19), R(x,xd)� 0 is a weight
matrix on u, and M = M (x,xd , θ̂) is a DNN, called an
adaptive NCM (aNCM), learned to satisfy

‖dMq(x,xd , θ̂)−dMq(x,xd , θ̂)‖ ≤ ε` (22)

‖M (x,xd , θ̂)−M(x,xd , θ̂)‖ ≤ ε`, ∀x,xd ∈S , θ̂ ∈Sθ (23)

both for q = x and xd , where S ⊂ Rn and S ⊂ Rn are some
compact sets and M is a contraction metric M to be defined
in (24). Theorem 4 derives a stability guarantee of (20).

Theorem 4: Suppose that Assumption 1 holds and let B =
B(x; θ̂) and A = A(x,xd ; θ̂) in (18) for notational simplicity.
Suppose also M(x,xd , θ̂) =W (x,xd , θ̂)

−1 � 0 of (23) is given
by the following convex optimization for given α ∈ (0,∞):

J∗aCV = min
ν>0,χ∈R,W̄�0

(dχ/αNCM) s.t. (25) and (26). (24)

with the convex constraints (25) and (26) given as

− (d/dt)|
θ̂

W̄ +2sym(AW̄ )−2νBR−1B> �−2αW̄ (25)

In � W̄ � χIn, ∀x,xd , θ̂ (26)

where ω , ω , χ , W̄ , and ν are given in (4), (d/dt)|
θ̂
W̄ is

the time derivative of W̄ computed along (15) and (16) with
θ = θ̂ , and αNCM = α − ρ̄ b̄2ε`

√
χ is constructed with ε` of

(23) and (22) to satisfy αNCM > 0. Note that the arguments
for W̄ and R are also omitted for simplicity. If ∃b̄, ρ̄, ȳ∈ (0,∞)
s.t. ‖B(x,θ)‖ ≤ b̄, ‖R−1(x,xd)‖ ≤ ρ̄ , ‖Y‖ ≤ ȳ, ‖Yd‖ ≤ ȳ, and
‖Ỹ‖ ≤ ȳ, ∀x,xd ,θ in (20) and (21), and if Γ and σ of (21) are
selected to satisfy the following for ε` of (23) and (22):[
−2αNCM/ω ȳε`

ȳε` −2σ

]
�−2αa

[
1/ω 0

0 1/γ

]
(27)

for ∃αa ∈ (0,∞), then we have the exponential bound (12) as
long as (15) is controlled by the aNCM control of (20).

Proof: Since we have ∑
n
i=1(∂M/∂qi)q̇ie = 2dMqq̇ for

q = x and q = xd , computing Ṁe along (15) and (16) yields

Ṁe=

(
∂M
∂ t

+
p

∑
i=1

∂M
∂ θ̂i

˙̂
θi

)
e+2 ∑

q=x,xd

dMqq̇(t;θ)

=((d/dt)|
θ̂

M)e−2 ∑
q=x,xd

dMq(q̇(t; θ̂)− q̇(t;θ))

where q̇(t;ϑ) is q̇ computed with θ = ϑ in (15) and (16),
and (d/dt)|

θ̂
M is the time derivative of M computed along

(15) and (16) with θ = θ̂ . Thus, (17) of Assumption 1
gives Ṁe = ((d/dt)|

θ̂
M)e− 2(dM>x Y + dM>xd

Yd)θ̃ , resulting
in V̇/2 ≤ −αNCMe>Me − e>(dM>x Y + dM>xd

Yd + MỸ )θ̃ +

θ̃>Γ
˙̃
θ + e>Md as in the proof of Theorem 2, due to the

relations (18), (20), and (25). The adaptation law (21) and
the conditions (23) and (22) applied to this relation yield

V̇/2≤−αNCMe>Me+ ȳε`‖e‖‖θ̃‖−σθ̃
>

θ̂ +e>Md

≤− (αNCM/ω)‖e‖2 + ȳε`‖e‖‖θ̃‖−σ‖θ̃‖2 + d̄a
√

V

for d̄a in (12), which implies d
√

V/dt ≤−αa
√

V + d̄a by (27).
The rest follows from Theorem 2.

The aNCM control of Theorem 4 also has the following
asymptotic stability property as in Corollary 1.

Corollary 2: The aNCM control (20) with the adaptation
(21) guarantees limt→∞ ‖e(t)‖= 0 for e= x−xd when ε` = 0,
d(x) = 0, and σ = 0 in (15), (21), (23), and (22).

Proof: We have V̇ ≤ −2αNCMe>Me in this case by the
proof of Theorem 4. The rest follows from Corollary 1.

Remark 4: As discussed in Remark 1, the steady-state error
of (12) can also be used in (24) for optimal disturbance
attenuation in an adaptive sense. The dependence on u and ˙̂

θ

in (d/dt)|
θ̂

M can be removed by using ∂bi(x)M+∂bi(xd)M = 0
and using adaptation rate scaling introduced in [30].

IV. PRACTICAL APPLICATION OF ANCM CONTROL

This section derives one way to use the aNCM control
with function approximators and proposes practical numerical
algorithms to construct it using Theorems 2–4.

A. Systems Modeled by Function Approximators

Utilization of function approximators, neural networks, in
particular, has gained great popularity in system identification
due to their high representational power, and provably-stable
techniques for using these approximators in closed-loop have
been derived in [4]. The aNCM adaptive control frameworks
are applicable also in this context.

Suppose f (q) and B(q) = [b1(q), · · · ,bm(q)] of (1) are
modeled with the basis functions φ(q) = [φ1(q), · · · ,φp(q)]>

and ϕi(q) = [ϕi,1(q), · · · ,ϕi,q(q)]>, i = 1, · · · ,m for q = x,xd :

q̇ = f (q)+B(q)u = Fφ(q)+
m

∑
i=1

Biϕi(q)ui +dM(q) (28)

where dM(q) with supx ‖dM(q)‖= d̄M/2 < ∞ is the modeling
error, F ∈ Rn×p, and Bi ∈ Rn×q. Note that F and Bi are the
ideal weights with small enough d̄M , but let us consider the
case where we only have access to their estimates, F̂ and B̂i
due to, e.g., insufficient amount of training data. Theorem 5
introduces the aNCM-based adaptation law to update F̂ and
B̂i for exponential boundedness of the system trajectories.

Theorem 5: Let M (x,xd , F̂, B̂) be the aNCM of Theorem 4,
where F̂ and B̂ are the estimates of F and B in (28). Also,
let W denote the weights F and Bi, and define ζ and ζd as
ζ = φ(x) and ζd = φ(xd) for W = F, and ζ = ϕi(x)ui and
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ζd = ϕi(xd)ud,i for W=Bi. Suppose that (28) is controlled by
u of (20) with the following adaptation law:

˙̂W = Γ
−1:(dMxeζ

>+dMxdeζ
>
d +M eζ̃

>−σŴ) (29)

where σ ∈ [0,∞), ζ̃ = ζ − ζd , : is defined as (A:B)i j =

∑k,` Ai jk`B`k, and Γ represents the fourth order tensor given
with γ‖S‖2

F � S:Γ:S� γ‖S‖2
F , ∀S∈Rp for γ,γ ∈ (0,∞) and the

Frobenius norm ‖S‖F = S:S≤‖S‖. If ∃ζ̄ ∈ (0,∞) s.t. ‖ζ‖≤ ζ̄ ,
‖ζd‖ ≤ ζ̄ , and ‖ζ̃‖ ≤ ζ̄ , ∀x,xd , and if Γ and σ are selected
to satisfy the following for ε` of (23) and (22):[
−2αNCM/ω ζ̄ ε`111>m+1

ζ̄ ε`111m+1 −2σ Im+1

]
�−2αa

[
1/ω 0

0 (1/γ)Im+1

]
(30)

where αa ∈ (0,∞) and 111k = [1, · · · ,1]> ∈ Rk, then e = x− xd
of (28) is exponentially bounded as in (12). When ε` = 0,
dM = 0, and σ = 0 in (23), (22), (28), and (29), the system
(28) controlled by (20) is asymptotically stable.

Proof: Let us define V as V =Ve+∑W=F,Bi W̃:Γ−1:W̃ for
M in Theorem 4, where Ve = e>Me and W̃ = Ŵ−W. Since
M is given by (25), we have as in the proof of Theorem 4 that
V̇e ≤ −2αNCMe>Me− 2e>∑W=F,Bi(dM>x W̃ζ + dM>xd

W̃ζd +

MW̃ζ̃ ). Using the relation a>Cb=C:(ab>) for a∈Rn, b∈Rp,
and C ∈ Rn×p, we get

V̇/2≤−αNCMVe+ ζ̄ ε`‖e‖ ∑
W=F,Bi

‖W̃‖−σW̃ : Ŵ+e>Md̃M

for d̃M = dM(x)− dM(xd) with ‖d̃M‖ ≤ d̄M . The rest follows
from the proof of Theorem 4 and Corollary 2 along with the
condition (30) and W̃:W̃= ‖W̃‖2

F ≥‖W̃‖2, where ‖·‖ denotes
the induced 2-norm.

Remark 5: For systems modeled by DNNs, we can utilize
the same technique in Theorem 5 to adaptively update the
weights of its last layer. Such over-parameterized systems
can always be implicitly regularized using the Bregman di-
vergence [14] (see Sec. IV-B2).

B. Additional Remarks in aNCM Implementation

We propose several useful implementation techniques for
the application of the provably stable and robust adaptive
control frameworks in Theorems 2–5.

1) Constraints as Loss Functions: Instead of solving (4)
and (24) for W̄ to sample training data {(x,xd ,M)}N

i=1, we
could directly solve them for the DNN weights, regarding
the constraints as loss functions for the network training as
described in [31]. This still gives the exponential bound of
(12), as long as we can get sufficiently small ε` of (3) which
satisfies the conditions of Theorems 2 and 4.

2) Implicit Regularization: Over-parametrized systems can
be implicitly regularized using the Bregman divergence as
mentioned in Remarks 3 and 5. In particular, it enables satis-
fying θ ∗ = argminϑ∈A ψ(ϑ), where θ ∗ = limt→∞ θ̂ , A is the
set containing only parameters that interpolate the dynamics
along the entire trajectory, and ψ can be any strictly convex
function [14]. For example, we could use ψ(ϑ) = ‖ϑ‖p,
leading to various regularization properties depending on the
choice of p (e.g. sparsity when p = 1).

u
p

2l
𝜃

Fig. 2. Cart-pole balancing task.

3) aNCMs for Control Lyapunov Functions: The aNCM
can also be utilized as a Control Lyapunov Function
(CLF) [32]. In particular, we consider a controller u= ud(xd)+
K∗(x,xd)e in (15), where K∗(x,xd) is given by

(K∗, p∗) = arg min
K∈Rm×n,p∈R

‖Ke‖2 + p2 (31)

s.t. (d/dt)|
θ̂
M +2sym(M A+M K)≤−2αM + pIn

which is convex when (x,xd) is given at time t.
Proposition 1: The convex optimization (31) is always

feasible due to the relaxation variable p. Theorem 4 still holds
if 2αM � p̄∗In for p̄∗ = supx,xd

p∗. Note that convex input
constraints can be incorporated in the same way.

Proof: See [32].
4) Pseudocode for aNCM Construction: We finally note

that the aNCM can be constructed with the pseudocodes
provided in [8], [11], using (4) and (24) of Theorems 1 and 4
as their sampling methodology in this case.

V. SIMULATION

We demonstrate the aNCM framework in the cart-pole
balancing problem [33] (https://github.com/astrohiro/ancm),
where CVXPY [34] is used to solve convex optimization.
The task is selected to drive the state x = [p,θ , ṗ, θ̇ ]> in
Fig. 2 to 0 controlling the under-actuated dynamics given as
(mc+m)p̈+ml cosθθ̈ =mlθ̇ 2 sinθ−µc ṗ+u, and ml cosθ p̈+
(4/3)ml2θ̈ = mlgsinθ − µpθ̇ , where g = 9.8, mc = 1.0, m =
0.1, µc = 0.5, µp = 0.002, and l = 0.5. Note that the systems
in this section are perturbed by the disturbance d(x) with
supx ‖d(x)‖= 0.15.

1) Neural Network Training: We use a DNN of M with 3
layers and 100 neurons. The DNN is trained using stochastic
gradient descent with training data sampled by (4) and (24)
of Theorems 1 and 4 (10000 training samples), and the loss
function is defined as in [8].

2) Cart-Pole Balancing with Unknown Drags: Let us first
consider the case where µc and µp are unknown, which satis-
fies Assumption 1 to apply the aNCM in Theorem 4. Although
the matching condition in Theorem 2 does not hold, (9) is
also implemented using the pseudo-inverse of B(x) in (7). The
adaptive robot trajectory control [1, pp. 403] is not applicable
as the dynamics is under-actuated, and thus we use it for
partial feedback linearization as in (68) of [13]. We compare
their performance with the iterative LQR (iLQR) [35] and
robust NCM in Theorem 1 without any adaptation. The initial
conditions are selected as x(0) = [0.83,−0.32,0.39,0.45]>,
µ̂c(0) = 4, and µ̂p(0) = 0.0016.

As can be seen from Fig. 3, the aNCM control law of
Theorems 2 and 4 achieve stabilization, while the other three
baselines in [1, pp. 403], [8], and [35] fail to balance the pole.
Also, the aNCM of Theorem 4 has a better transient behavior
than that of Theorem 2 as the matched uncertainty condition
does not hold in this case.

https://github.com/astrohiro/ancm
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Fig. 3. Simulation results for cart-pole balancing task with unknown drags
(LHS) and unknown dynamical system (RHS).

3) Cart-Pole Balancing with Unknown Dynamical System:
We next consider the case where the structure of the cart-pole
dynamics is unknown and modeled by a DNN with 3 layers
and 5 neurons, assuming we have 10000 training samples
generated by the true dynamics. Its modeling error is set to
a relatively large value, 0.5, so we can see how the proposed
adaptive control achieves stabilization even for such poorly
modeled dynamics. The performance of the aNCM control
in Theorem 5 is compared with that of the iLQR [35] and
baseline robust NCM control in Theorem 1 constructed for
the nominal DNN dynamical system model.

As shown in the right-hand side of Fig. 3, the proposed
aNCM control indeed achieves stabilization even though the
underlying dynamical system is unknown, while the trajecto-
ries of the iLQR and robust NCM computed for the nominal
DNN dynamical system diverge.

VI. CONCLUSION

This work presents the method of aNCM, which uses a
DNN-based differential Lyapunov function to provide formal
stability and robustness guarantees for nonlinear adaptive con-
trol, even in the presence of parametric uncertainties, external
disturbances, and aNCM learning errors. It is applicable to
a wide range of systems including those modeled by neural
networks and demonstrated to outperform existing robust and
adaptive control in Sec. V. Using it with [11], [32] would also
enable adaptive motion planning under stochastic perturbation.
By using a DNN, the aNCM framework presents a promising
direction for obtaining formal stability guarantees of adaptive
controllers without resorting to real-time numerical computa-
tion of a Lyapunov function.
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