MIT
Libraries DSpace@MIT

MIT Open Access Articles

Robust Biharmonic Skinning Using Geometric Fields

The MIT Faculty has made this article openly available. Blease share

how this access benefits you. Your story matters.

Citation: Ana Dodik, Vincent Sitzmann, Justin Solomon, and Oded Stein. 2025. Robust
Biharmonic Skinning Using Geometric Fields. ACM Trans. Graph. Just Accepted (October
2025).

Published Version: http://dx.doi.org/10.1145/3771928
Publisher: ACM
Permanent Link: https://hdl.handle.net/1721.1/164206

Version: Final published version: final published article, as it appeared in a journal,

conference proceedings, or other formally published context

Terms of use: http://creativecommons.org/licenses/by-nc-sa/4.0/

I I I ]
I I Massachusetts Institute of Technology


https://libraries.mit.edu/forms/share-your-open-access-story

Robust Biharmonic Skinning Using Geometric Fields

ANA DODIK, CSAIL, Massachusetts Institute of Technology, Cambridge, United States
VINCENT SITZMANN, CSAIL, Massachusetts Institute of Technology, Cambridge, United States
JUSTIN SOLOMON, CSAIL, Massachusetts Institute of Technology, Cambridge, United States
ODED STEIN, University of Southern California, Los Angeles, United States

Fig. 1. Bounded biharmonic weights produced by our method can be used to extrapolate color (top row) or deformations
(bottom row) from control handles. Our method succeeds on meshes that are typically difficult to handle with standard tools.
As an extreme example, the ScorPiON (RANDOMIZED) triangle soup is missing 30% of its faces and has had the remaining ones
randomly perturbed. We can robustly compute weights for meshes created using off-the-shelf 3D scanning software even if
they are non-watertight and contain thin and self-intersecting triangles as does the BEAVER mesh. Similarly, our method can
be used to deform virtual reality ribbon drawings [Rosales et al. 2019], such as the PicGyBANK mesh.

Bounded bihramonic weights are a popular tool used to rig and deform characters for animation, to compute reduced-order
simulations, and to define feature descriptors for geometry processing. They necessitate tetrahedralizing the volume bounded
by the surface, introducing the possibility of meshing artifacts or tetrahedralization failure. We introduce a mesh-free and
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robust automatic skinning technique that generates weights comparable to the current state of the art, but works reliably
even on open surfaces, triangle soups, and point clouds where current methods fail. We achieve this through the use of a
specialized Lagrangian representation enabled by the advent of hardware ray-tracing, which circumvents the need for finite
elements while optimizing the biharmonic energy and enforcing boundary conditions. The flexibility of our formulation
allows us to integrate artistic control through weight painting during the optimization. We offer a thorough qualitative and
quantitative evaluation of our method.

CCS Concepts: « Computing methodologies — Mesh geometry models; Mesh models; Animation; Point-based
models; Modeling and simulation; Ray tracing; Visibility.

Additional Key Words and Phrases: skinning weights, bounded biharmonic weights, geometry processing, deformation, partial
differential equations, variational problems

1 Introduction

The dominant pipeline for computer animation relies on deformation skeletons composed of control handles
(typically points and bones), each of which has an associated region of influence on the shape. These regions
of influence, referred to as skinning weights, specify how deformations of the control handles are to be blended
and transferred to the shape. The skeleton interface requires users to specify the skinning weights, traditionally
through the slow and tedious process of manualweight painting .

To ease this burden, various automatic skinning weight computation methods have been developed. Despite
growing interest, data driven approaches remain class-specific, require an abundance of data, and struggle with
out-of-distribution examples. Instead, a popular alternative is to formulate skinning weights as minimizers of some
smoothness objective, side-stepping generalization issues of data-driven methods (§2.2). Such optimization-based
approaches have seen adoption in commercial software, notably, Pinnochio [Baran and Popovi¢ 2007] in Blender
and bounded biharmonic weights (BBW) [Jacobson et al. 2011] in Adobe Character Animator.

Despite this adoption, manual painting of skinning weights remains predominant. This is, in part, due to
robustness issues with automatic methods, as they rely on mesh-based discretizations using the finite-element
method (FEM). Famously, FEM-based approaches struggle with data common in the real world [Gillespie et al.
2021; Hu et al. 2019; Miller et al. 2023; Sawhney and Crane 2020; Sawhney et al. 2023, 2022; Sharp and Crane
2020a,b; Sharp et al. 2021]. For example, Blender’s implementation raises the error Bone Heat Weighting:
Failed to find solution... due to issues with FEM, resulting in a plethora of online discussions and tutorials
dedicated to cleaning up meshes to avoid this error.

Robustness issues are especially pronounced with methods that rely on tetrahedral meshes, as fast and robust
tetrahedralization remains a challenging open problem [Diazzi et al. 2023; Hu et al. 2020, 2018]. This is particularly
unfortunate, as the state-of-the-art smoothness-based formulation of skinning weights—bounded biharmonic
weights [Jacobson et al. 2011]—requires a tetrahedral mesh. Figure 3 demonstrates a common failure case of
state-of-the-art fast tetrahedralization software [Hu et al. 2020]. If we want to guarantee that our software
can compute a tetrahedral mesh, we either get a fast approximate solution that can lead to visible artifacts, or
the tetrahedralization software can take multiple hours only for the downstream FEM solver to fail due to the
tetrahedral mesh being too high-resolution.

In addition, manual weight painting remains prevalent because it offers complete artistic control over the
final look of the animation. Therefore, instead of trying to fully automate the entire skinning pipeline, automatic
skinning methods need to offer ways to integrate artistic edits.

Recent function representations popularized in machine learning and vision promise to replace FEM in
optimization pipelines for geometry processing tasks while introducing additional artistic control [Dodik et al.
2023]. However, representations like neural fields [Xie et al. 2022] or Gaussian splatting [Kerbl et al. 2023] are not
directly applicable to geometry processing due to hard constraints on the set of permissible solutions as dictated
by the geometry of the shape (Fig. 5, §4.1), boundary conditions (§4.3) or the problem formulation itself (Eq. 1).
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Fig. 2. An illustrative example on the low-poly SHIBA INU mesh, with the skeleton depicted in purple (a). The skinning weight
function of the ear bone determines the region of influence of that bone (b). Our method for skinning weight computation
produces smooth-looking deformations (c).

We take inspiration from Gaussian splatting but incorporate hard constraints directly into the architecture of the
differentiable field, dubbing our construction geometric fields.

In this article, we introduce a mesh-free, tailor-made representation for skinning weights that satisfies the
constraints of the problem by construction. Our representation not only accelerates weights computation, but
also respects the constraints imposed by the geometry of the shape, avoiding artifacts like bleeding (Fig. 5). With
our architecture, we can optimize for bounded biharmonic weights via stochastic gradient descent (SGD).

Our approach inherits other benefits of differentiable programming and gradient-based optimization. For
example, we can incorporate user-painted weights, offering additional control over the output. Instead of requiring
the user to paint the entire shape, our method enables weight painting on a subset of the boundary, which are then
included as Dirichlet boundary conditions in the optimization problem. Our system quickly produces an initial
solution that a user can paint over according to preference—and then resume the optimization to incorporate the
prescribed weights into the solution.

ACM Trans. Graph.
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Our weights are universally faster to compute than the original BBW implementation [Jacobson et al. 2011],
while fast quasi-harmonic weights (QHW) [Wang and Solomon 2021] are faster only on well-behaved meshes.
As soon as robust tetrahedralization is needed, our method is more robust and faster end-to-end than existing
alternatives. In many cases, tetrahedralization can entirely fail or produce unusable results (Figure 3); in cases
where it succeeds, QHW can crash or be slower than our method (Table 1, Figure 4).

In summary, our main contributions are:

e A robust automatic method for computing skinning weights.

e A Lagrangian representation and approach to solving the bounded biharmonic weights problem without finite
elements.

e The use of hardware-accelerated ray tracing for a geometry-aware function parameterization.

e Modifications that allow the method to work on non-watertight domains like triangle soups, ribbon drawings,
or point clouds.

e A way of incorporating weight painting into the optimization by introducing Dirichlet boundary conditions.

o A thorough qualitative and quantitative investigation of our method.

2 Related Work

In this section, we mention connections of our work to other methods in the geometry processing literature.

2.1 Robust Geometry Processing

A significant body of prior work has been dedicated to making FEM-based geometry processing robust. FEM-
based algorithms put the burden on the end-user to ensure that meshes are “well-behaved,” requiring the user
to e.g. remove self-intersections or to ensure mathematical properties such as manifoldness, watertightness,
or boundedness of interior angles. While FEM can be a natural fit for meshes, a mesh that is sufficient for
representing a shape is not necessarily also a good FEM mesh; moreover, FEM-based methods often require
meshing the interior of a volume bounded by a boundary representation, while the latter is sufficient for 3D
modeling.

Robust triangle meshing algorithms rely on complex data structures and often parallelize poorly [Gillespie
et al. 2021; Hu et al. 2019; Sharp and Crane 2020a,b; Sharp et al. 2021]. Existing tetrahedral meshing algorithms
either have strong requirements on the quality of the input (e.g., crashing in the presence of self-intersections)
[Diazzi et al. 2023; Tournois et al. 2024] or drastically change the appearance of the mesh [Hu et al. 2020, 2018] as
in Figure 3.
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(a) GEAR mesh and skeleton (b) Inside-outside segmentation

(c) Tet mesh weights (d) Ours
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Fig. 3. Our method for bounded biharmonic weights [Jacobson et al. 2011] works on poorly behaved geometry such as
the challenging GEAR mesh (a). We visualize quantities as colors on a planar slice through the volume. The mesh does
not self-intersect, as evidenced by the generalized winding number [Jacobson et al. 2013] (b). Solving for BBW using on a
tetrahedral mesh from FASTTETWILD [Hu et al. 2020] with default parameters results in weights bleeding over boundaries
and discretization artifacts (c). Modifying FASTTETWILD’s parameters to respect boundaries increases computation time to
1.78 hours. In comparison, our weights are smooth, respect boundaries, and can be computed without tetrahedralization in
32.2 seconds (d). ACM Trans. Graph.
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To sidestep the issues above, there is emerging interest in mesh-free approaches to geometry processing using
Monte Carlo methods [Miller et al. 2023; Sawhney and Crane 2020; Sawhney et al. 2023, 2022]. As of now, this
approach is not applicable to our setting, as it applies to linear PDEs rather than the inequality-constrained
variational problem needed for skinning. Similarly, the boundary element method (BEM) holds some promise
for alleviating dependence on tetrahedralization of a boundary representation, but typical BEM algorithms are
restricted to linear PDE in the interior of the domain.

A seminal construction in robust geometry processing, the generalized winding number gives a robust means
of deciding whether a point is inside or outside a given shape [Jacobson et al. 2013]. It degrades gracefully and
produces meaningful results even in the presence of heavily degenerate boundary geometry. Its main application
has been to approximate tetrahedral meshing methods, such as the one used to create Figure 3. We use the
generalized winding number to alleviate the need for tetrahedralization while evaluating our optimization
objective (see Section 5.2).

2.2 Automatic Skinning Weights

In an effort to alleviate the largely manual process of painting skinning weights, automatic skinning weights
algorithms use input geometry and/or example poses to infer the weight functions. This paper focuses on the
former setting—by far the most common, since obtaining an exemplary set of poses for a shape that suggest the
underlying skinning weights is itself a hard problem. See e.g. [James and Twigg 2005; Kavan et al. 2010; Le and
Deng 2012, 2014; Wampler 2016] for data-driven methods in the latter category; we also mention some neural
network architectures that predict skinning weights below.

PDE-based methods. Many classical methods for automatic skinning weights are built around the solution of a
partial differential equation (PDE) such as the Laplace equation Aw = 0 [Joshi et al. 2007], which can be efficiently
solved with Dirichlet boundary conditions and whose solutions automatically fulfill the constraints needed for
skinning. The related Pinocchio method [Baran and Popovi¢ 2007] is implemented in common modeling software
like Blender and Maya. Low-order PDEs like the Laplace equation can lead to artifacts near control handles. This
is alleviated by solving the higher-order biharmonic equation A?a = 0 [Botsch and Kobbelt 2004] or even the
triharmonic equation [Jacobson et al. 2010; Tosun 2008]. These methods, however, lose the maximum principle
that holds for the Laplace equation, leading to undesirable oscillatory skinning weights.

Variational methods. Variational methods add constraints on top of a PDE-derived energy, making the problem
nonlinear. The widest-known and state-of-the-art method of this class is bounded biharmonic weights (BBW)
[Jacobson et al. 2011], which uses a biharmonic energy with nonnegativity and partition of unity constraints—and
an implicit Neumann boundary condition [Stein et al. 2018]—leading to a convex quadratic program that can be
discretized on a triangle/tetrahedral mesh. BBW provides high-quality, smooth automatic skinning weights at
the cost of efficiency and mesh dependence. It has been extended to avoid local extrema [Jacobson et al. 2012a] or
to improve efficiency [Wang and Solomon 2021].

These methods, however, still rely on meshing the entire computational domain (a volume in 3D), even though
skinning weights are only needed at the outer surface; it is unclear how to extend them to domains that cannot
easily be meshed, e.g., because they are not watertight. Jacobson et al. [2013] briefly illustrate how generalized
winding numbers—used as a means of distinguishing inside from outside in non-watertight models—can possibly
bridge the gap (see their Figure 20). Our extension to non-watertight domains in Section 5.2 also makes use of
Jacobson et al. [2013]’s model.

Additional approaches. A zoo of methods propose models adjacent to automatic skinning weights computation.
For example, Thiery and Eisemann [2018] jointly optimize bone positions and skinning weights using models
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from elasticity. Delta mush methods [Le and Lewis 2019] bypass steps of skinning and weight computation by
applying a posteriori smoothing to linear-blend skinning deformations using binary binding weights. Bang and
Lee [2018] propose a spline-based interface to efficiently create and edit skinning weights.

Dionne and de Lasa [2013, 2014] consider the problem of computing robust skinning weights using a closed-
form formula in terms of distances; they use a variant of Dijkstra’s algorithm to compute distances on a voxel grid
of the interior of the domain. Their method is robust to non-watertight edges but requires a dense voxelixation in
the presence of thin features to avoid bleeding between disconnected parts of the shape; they also do not optimize
a smoothness energy, which can yield artifacts at points where shortest-path distance is not differentiable. Xian
et al. [2018] use a similar approach for 2D image deformation but compute interior distances along a graph of
mesh edges.

Neural representations. Dodik et al. [2023]’s method to compute generalized barycentric coordinates using a
neural representation is closely related to our approach; see their work for for past literature on generalized
barycentric coordinates. Although the idea of using machine learning-inspired function representations for
geometry processing also underlies our work, their method is not directly applicable to our problem. In particular,
building in hard constraints of the function class of barycentric coordinates requires a complicated purpose-built
architecture that is unnecessary in our formulation (see Section 4.1).

Other works use neural networks to predict skinning weights learned from data. These methods are not
comparable to ours, since they are data-driven and typically omit the necessary hard constraints, although
their architectures parameterize skinning weights functions in various ways, providing a point of high-level
comparison. Several axes can be used to compare methods for learning skinning weights. A key decision is the
architecture and its interaction with the shape representation; for example, many learned skinning weights
employ graph neural networks [Liu et al. 2019; Mosella-Montoro and Ruiz-Hidalgo 2022; Pan et al. 2021], while
others use convolutional neural networks [Ouyang and Feng 2020] or Gaussian splatting [Kocabas et al. 2023] to
represent and process shapes. Another axis is the training data. While many works rely on direct supervision,
some infer skinning weights from deformations or by jointly optimizing bone positions with skinning weights
[Chen et al. 2021; Li et al. 2021; Ma and Zhang 2023; Xu et al. 2020; Yang et al. 2021]; others incorporate modalities
like video [Liao et al. 2023]. Jeruzalski et al. [2020]; Kant et al. [2023] use neural representations to solve inverse
skinning problems. A few methods also introduced specialized architectures and loss terms, e.g., for handling
interactions between cloth and human bodies [Ma et al. 2022; Wu et al. 2020] or for supporting a pipeline to
learn articulated 3D animals [Wu et al. 2023]. Beyond using Laplacian regularization (see e.g. [Liao et al. 2023]),
these papers primarily infer skinning weights from data rather than using neural representations to optimize for
geometric skinning weights.

2.3 Physics Informed Neural Networks in Graphics

A recently popular approach for discretization-free PDE solutions on geometric domains employs physics-
informed neural networks (PINNs), such as the works of Raissi et al. [2019]. These are used, e.g., to solve PDEs for
physical simulation [Chen et al. 2023], find watertight surfaces from point clouds [Gropp et al. 2020; Sitzmann et al.
2020], and to solve general hyperbolic equations [Rodriguez-Torrado et al. 2021]. Similar to the way we enforce
boundary conditions, these networks can be enhanced with explicit boundary constraints [Chalapathi et al. 2024;
Chen et al. 2024; Lu et al. 2021; Sukumar and Srivastava 2022]. Other approaches for enforcing constraints on
PDEs include [Djeumou et al. 2022; Liu et al. 2022; Mohan et al. 2023; Zhong et al. 2024].

3 Robust Biharmonic Skinning

ACM Trans. Graph.
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Suppose we are given a shape P c R for d either 2 or 3, with boundary a% and a skeleton consisting of K
control handles {h; C : 1 < i < K}. Most commonly, control handles are either points (h; is a singleton set)
or bones (h; is a line-segment). Each handle has an associated skinning weight function, o; : £ — [0, 1], with
a(x) = [a1(x),...,ax(x)]" denoting the vector-valued skinning weights function.

Skinning weights functions satisfy a set of properties at each point x € P:

e NON-NEGATIVITY. A handle cannot have negative influence over a point: ¢;(x) > 0.

o PARTITION OF UNITY. The influence of all handles over any point must sum up to 100%: >;; a;(x) = 1.

e LAGRANGE PROPERTY. A handle must have 100% influence over itself: Vx € h;: a;(x) = 6;;, where J;; is the
Kronecker delta.

e BOUNDARY CcONDITIONS. Optionally, a model for skinning weights can include boundary conditions that
specify the behavior of the weights at 9P, e.g., prescribing the value of the normal derivative at the boundary
n;Va,-( p) = 0 via Neumann conditions. We introduce the ability to optionally prescribe the value of the
weights on a subset of the boundary, a;|rcop via Dirichlet conditions.

Many functions « satisfy these constraints, so algorithms for skinning weights computation typically seek

weights that extremize a functional like smoothness.

Although state-of-the-art algorithms that optimize (1) are fairly efficient, they necessitate tetrahedral meshing,
which forces a compromise between boundary approximation quality (Figure 3), runtime (Figure 4, Table 1),
and/or manual intervention to repair bad boundary elements. Once the tetrahedral mesh is generated, success is
still not guaranteed thanks to bad mesh elements and/or poorly-scaling optimization algorithms (Figure 4, red
Crosses).

To address this challenge, the key idea of this work is to define the space of geometric fields—smooth parametric
functions which incorporate into their definition the geometry of a given shape, as well as necessary hard
constraints and boundary conditions. Higher-order differentiability allows us to optimize for smoothness using
stochastic gradient descent and to easily incorporate artistic edits into the optimization (Figures 6, 17).

To make geometric fields conform to the interior of a shape, we design a geometry-aware point-based for-
mulation that exploits modern ray-tracing hardware (§4.1), making them robust to boundaries with bad or
non-manifold mesh elements and self-intersections. As a consequence, our method inherits the practically
sub-linear scaling of ray-tracing with respect to boundary resolution.

We showcase geometric fields by robustly solving the seminal bounded biharmonic weights skinning weights
problem [Jacobson et al. 2011]. Combining the constraints and objectives above into a single optimization problem,
Jacobson et al. [2011] solve:

K
min Z / |Aa; (x)|? AV (x), 1)
Xie[1,K] = JP
st. a;(x) >0, Vi,x € P, (non-negativity) (1.1)
diai(x) =1, Vx e P, (partition of unity) (1.2)
ai(x) = 6ij, Vi,x € h;, (Lagrange property) (1.3)

where §;; is the Kronecker delta, V is the volume form of .

Boundary Conditions. The constraints in Equations 1.1, 1.2, 1.3 can further be combined with boundary
conditions for the BBW variational problem. In addition to natural boundary conditions, our method can be
modified to support zero Neumann conditions or Dirichlet conditions defined on a subset of the boundary as a
way of incorporating user-defined brush strokes into the skinning weights computation. Formally, a user can

ACM Trans. Graph.
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Fig. 4. On well behaved meshes, our method is faster than BBW and somewhat slower than QHW (left). On meshes requiring
robust tetrahedralization, our method succeeds in all test cases, whereas existing alternatives either fail to produce a solution
or are up to orders of magnitude slower (right).

choose to enable either of the following boundary conditions,

n;Va’i(p) =0, Vi,peIl; CoP, (zero Neumann) (1.4a)

a(p) =g(p), Vp eI, CoP, (Dirichlet) (1.4b)

where Il and I; are non-overlapping subsets of the boundary, n, is the surface normal at the boundary point p,
and g represents user-drawn Dirichlet conditions. Note that, while the original BBW article [Jacobson et al. 2011]
does not explicitly employ zero Neumann constraints, Stein et al. [2018] show that their discretization induces
these conditions (see their §2.2.1). The choice of boundary conditions is subjective, and our system is flexible
enough to turn boundary conditions on or off as desired—even during optimization—allowing users to manually
prescribe weights at certain locations.

4 Geometric Fields

We begin by presenting the design of a flexible differentiable field architecture that respects the geometry of
the shape and satisfies the hard constraints and boundary conditions necessary for skinning. At a high level, our
model composes a smooth parametric geometry-aware function f : # — RK, which maps every point in the
domain to one value per control handle (§4.1), with different activation functions that ensure the output satisfies
constraints and boundary conditions (§4.2,4.3).

4.1 Function Representation

In this section, we formulate a geometry-aware parametric function representation, fy, which we will use to
represent skinning weights. It is tempting to use a neural field as a general-purpose function representation, yet
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these are typically unaware of a shape’s geometry. Instead, we propose a more interpretable and geometry-aware
representation inspired by classical computer graphics models as well as modern splat-based rendering methods.

RT

;) —]

g T TR a——
4 TF

ta |

Fig. 5. We demonstrate the effects of our visibility-aware kernel on the CRocobpILE mesh. On the left, skinning weights
optimized using k¢ exhibit undesirable bleeding artifacts. On the right, we can see that optimizing for skinning weights using
ker mitigates the issue.

Kernel-Based Parameterization. We parameterize fp using a collection of pairs X = {(x;, f;): 1 < i < N}, where
x; € P is a randomly sampled point in the domain and f; € RK is a parameter vector associated to that point.
The points x; are fixed during optimization; the optimization variables are the parameter vectors f; , which we
can think of as rows of § € RV*X_ Section 5.1 and Appendix A detail how the x;’s are sampled.

Evaluated at a point x € P, we take

Zz{\il k(x’ xi)ﬁ

ﬁ\il k(x, x;) ’

fo(x) = )

where k(x, x;) is an affinity kernel between x and x;.

This point-based form for fy is built on classical methods for kernel regression [Nadaraya 1964; Watson 1964]
and is a common tool in computer graphics [Alexa et al. 2004; Coifman and Lafon 2006; Gingold and Monaghan
1977; Lucy 1977; Pauly et al. 2003]. Unlike these formulations, which are oblivious to the boundary of P, relying
on modern machine learning techniques and advances in GPU hardware lets us design a kernel k that transforms
this into a viable representation for variational problems in geometry.

ACM Trans. Graph.
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Introducing a kernel-based formulation rather than a neural network is justified by several factors. Bounded
biharmonic weights are smooth, meaning they can be well-approximated by samples on a point cloud. Furthermore,
this form for fy localizes the degrees of freedom on the domain, making it possible to visualize and reason about
design parameters as shown in §6 and Appendix A. Most importantly, this formulation admits for a simple
modification to the kernel k that incorporates structural information and prevents bleeding over the boundaries
of the shape, shown in Figure 5. Avoiding bleeding artifacts would be non-trivial using a coordinate neural
network, since a coordinate network in its usual configuration is extrinsic by nature—information that is far
away intrinsically can be close together extrinsically (for example, the raised arm of the robot and its head in
Figure-14), and an extrinsic coordinate network will cause bleeding across narrow gaps.

Visibility-based Kernel. A standard choice for an affinity kernel is the exponential kernel [Coifman and Lafon
2006; Nadaraya 1964; Watson 1964]:

1
ki (x, x;) = exp{—ﬁnx - xi||2}, 3)

where o governs the spread of the kernel. However, as this kernel is based on the extrinsic distance between x
and x;, it can lead to bleeding artifacts demonstrated in Figure 5.

Previous work [Jacobson et al. 2011, 2012b; Wang and Solomon 2021] avoids bleeding by meshing the interior
of P and associating degrees of freedom and objective terms with elements of the mesh. Reliance on a conforming
mesh with sufficient quality to discretize and solve skinning weights problems hamstrings the efficiency and
reliability of automatic skinning weights computation, since design of fast and robust meshing algorithms remains
challenging [Diazzi et al. 2023; Hu et al. 2020, 2018]. Moreover, this limitation prevents computation of skinning
weights on triangle soups and other disconnected domains, as we consider in Section 5.2.

To address bleeding using GPU-friendly queries without a volume mesh, we modify the kernel k to only allow
for pairs of points if they are visible to each other:

ker (x, %) = V(x © x;) eXP{— [l — xi||2}- 4)

202
Here, V(x < x;) is a visibility indicator function between x and x;, defined as 0 if the line segment between x
and x; intersects the boundary and 1 otherwise. This construction is illustrated visually in Figure 9.

In practice, checking visibility distills down to a ray-mesh intersection query. Efficient, robust algorithms
support this query [Pharr et al. 2016, Chapter 6.8] on modern GPU hardware via the Optix library [Parker
et al. 2010]. As a point of reference, a similar approach has been proposed to interpolate irradiance caches in
real-time rendering [Halen and Hayward 2021; Majercik et al. 2019]. To enable fast GPU radius queries within the
hardware-accelerated ray tracing context, we truncate the kernel after a distance r = 30 and employ a hash-grid
data structure. In Section 5, we use a similar strategy to estimate smoothness energies while respecting the
interior structure of the domain.

REMARK (BARYCENTRIC COORDINATES). Dodik et al.’s work on barycentric coordinates [2023] provides a point of
contrast to our own. The barycentric coordinates problem is closely linked to our Equation 1, with one additional
“Reproduction” constraint. This additional constraint, however, motivates their function parameterization, which is
built by sampling simplices in the domain and combining their linear barycentric coordinate functions. Thanks to the
missing reproduction constraint, our parameterization is much simpler and does not scale cubically in the size of the
domain.

4.2 Non-negativity and Partition of Unity

We can incorporate the non-negativity and partition of unity constraints into the final activation layer of fy
using standard machine learning tools. We can satisfy Equations 1.1 and 1.2 by first applying an elementwise
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sof'tplus function [Dugas et al. 2000] to the outputs of fy—which maps them to the non-negative reals—and
then normalizing such that they sum to one. Appendix B contains the full definitions of less common functions

adopted in our work..

Discussion. A more common choice in machine learning would be the exponential function instead of a
softplus. We found sof'tplus to be preferable for several reasons. A normalized exponential, also known as a
soft maximum, amplifies the relative magnitude of the largest output. However, we desire the opposite behavior
as multiple control handles can exert influence over the same region. More practically, an exponential activation
has a larger span of possible gradient values, which yields instabilities during optimization.

a) after 2.855 b) brush strokes c) after 2.865 d) final result

Fig. 6. We combine the popular painting interface with our optimization method via Dirichlet boundary conditions. Our
method quickly generates an initial solution (a). The ears and eyes of the Goosemoose mesh are disconnected as there is no
path through the shape’s interior that reaches them from any of the control handles. After inspection, the user can paint on
skinning weights on a small subset of the boundary (b). The optimization then resumes, incorporating user-specified weights
as Dirichlet boundary conditions (c, d).
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4.3 Enforcing Boundary Conditions

It remains to enforce the Lagrange property (1.3), itself a kind of Dirichlet boundary condition (1.4b), and the

Neumann boundary condition (1.4a). In physics-informed neural networks (PINNs), boundary conditions are

commonly enforced weakly, with a loss term [Lu et al. 2021; Raissi et al. 2019]. In this framework, it remains unclear

how the interior and the boundary loss terms should be combined, leading to case-by-case parameter tuning and

a brittle optimization procedure. As a solution, recent work enforces such hard constraints by reparameterizing

the function [Lu et al. 2021; Sukumar and Srivastava 2022]. We opt for this strategy due to its robustness. Our

approach:

e does not require a specific shape representation such as a signed distance field or restrict the topology or
geometry of the boundary—we require only closest-point queries;

e only reparameterizes the function in an e-neighborhood of the boundary, meaning that the majority of the
computation remains unmodified; and

e only requires access to function values and not gradients, even when enforcing zero Neumann boundary
conditions, reducing the necessary computation and avoiding the need for fourth-order derivatives.

Lagrange property and Dirichlet boundary conditions. The Lagrange property (Equation 1.3) and Dirichlet
boundary conditions (Equation 1.4b) give hard constraints on the values of the skinning weights functions at
certain locations. The Lagrange property is automatically enforced at the bones, while the Dirichlet conditions
are optionally painted on. We describe how we implement the Lagrange property below; Dirichlet conditions are
implemented in a nearly identical fashion.

We begin by restating Equation 1.3 in terms of a control handle indicator function, e : # — {0, 1}X. We define
e such that, for all x that lay on handle h;, the i'" element of e(x) equals 1 and all other elements equal 0:

() = {1 if x € hy, )

0 otherwise.

It follows that the Lagrange condition can be satisfied via
K

a(x) =e(x) + (1 —Zei(x))fg(x). (6)
i=1
In general, this transformation makes fy discontinuous at the handles. Therefore, to enforce this boundary
condition, we construct a mollified version of e—denoted as e—that equals e on the control handles and quickly
falls off to zero as we moye away. As such, we are essentially interpolating between fy(x) and e(x) as x approaches
a control handle inside cylindrical e-neighborhoods of bones and spherical e-neighborhoods of point handles.
K
a(x) =e(x) + (1 —Za(x>)fe(x). (7)
i=1
We smooth out (6) by replacing the binary 0 or 1 decision inside of e; with a so-called smooth bump function,
w: [0,¢] — [0,1], ensuring w(0) = 1, w(e) = 0, and w’(0) = 0. The exact construction of ¢; and the choice of w
are described in Appendix B.

Zero Neumann boundary conditions. To match the implementation of Jacobson et al. [2011], we optionally
modify o near the boundary to enforce the zero Neumann boundary condition (Equation 1.4a). Its effects can be
seen in Figure 7.

To evaluate  with zero Neumann conditions at x € $, we first find the closest boundary point p € 9P. We
will refer to the distance between x and p as t and to the surface normal at p as n,. Our goal is to edit & to
enforce that, as t — 0, we have (a(x) — a(p))/t — 0.
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a) natural b) zero Neumann

Fig. 7. The user can optionally enable zero Neumann boundary conditions, making the level sets of the weights orthogonal
to the boundary. In this example, zero Neumann weights (top) make it so that the control handle symmetrically deforms its
region of influence (bottom).

ACM Trans. Graph.



Robust Biharmonic Skinning Using Geometric Fields « 15

As there are many ways to design this procedure, we opt to preserve as much of the original function as
possible, i.e., & should remain unmodified for all x outside an ¢ neighborhood of 9P. We begin by defining a
parametric line, y : [—¢, e]— P, that connects x and p, satisfying y(0) = p, y(t) =x,and y’ = n,. This allows us
to rewrite the boundary condition as

d
Say®)|_ =np-Vaip) =0 ®
Denoting the unmodified function as &, we can write
a(x) = a(x) +w(t)(&(p) - &(x)), ©)

where we use w: [0, ¢]— [0, 1] with w(0) = 1, w(e) = 0, w'(0) = 0, as defined previously and in Appendix B.
This formulation is illustrated in Fig. 8. By construction, « satisfies the following property:

PROPOSITION 4.1. « satisfies zero Neumann conditions for any smooth & on the interiors of the boundary facets

of P.
Proor. We need to check for n;, - Var(p) = 0. By the chain rule,

n, - Va(p) =n, (Va(p)+w (0) (&(p)-d&(p))-w(0) Vd(P))
=0 =1

=n,- (Vo?(p) - Vét(p)) -0

In the first equality, note that the term next to w(0) contains only a single derivative of &; the other term vanishes
since we are projecting onto the flat boundary facets of P. m]

The proposition above has to be stated carefully because polygonal choices of # necessarily have sharp corners,
where Neumann conditions are ill defined. Empirically, we find that behavior of our model near these corners is
still reasonable and converges to the proper global boundary conditions as the boundary is refined.

5 Optimization

With our representation of skinning weight functions in place, we proceed to describe our method for computing
and optimizing the biharmonic energy. Our approach uses a randomized estimator compatible with stochastic
gradient-based optimization techniques.

5.1 Estimation and Optimization of Biharmonic Energy

In each iteration of the optimization, we uniformly randomly sample M samples {y; };‘/’: , in the interior of the
domain P, used as quadrature points to compute our approximation of the biharmonic energy objective. If a mesh
of the interior is available, we use it for random sampling of the interior; this mesh is used only for sampling and
does not have to satisfy the quality conditions that are typically necessary for FEM. If a mesh is unavailable, we
randomly sample the ambient space and use the generalized winding number [Jacobson et al. 2013] to reject
samples below a threshold, as described below in Section 5.2. It is important to sample points in the interior of
the domain and not just on the boundary surface, since the integral in (1) is formulated on the volume.

Given our set of samples, we use a Monte Carlo estimate of the bilaplacian energy in Equation 1:

K K M
Y. [ nawl v~ 523 ) 1ty (10)
i=1

i=1 j=1
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Fig. 8. An illustration of our zero Neumann reparameterization within a e-neighborhood of the boundary.

where A is a visibility-aware finite-difference Laplacian estimator defined in Section 5.3.

We optimize this objective using the Adam optimizer [Kingma and Ba 2014]. A new set of samples y; is drawn
in each iteration of Adam. Note Wang and Solomon [2021] also find Adam to be an effective optimizer for skinning
weights problems. Please see Appendix A for more implementation details.

5.2 Generalized-Winding Numbers Bilaplacian Energy

We are able to apply our method to non-watertight geometries through an extension that relies on robust
methods popular in other parts of geometry processing.

In particular, we rely on generalized winding numbers [Barill et al. 2018; Jacobson et al. 2013] to perform robust
inside-outside segmentation. For a watertight shape, the generalized winding number is a function wn : R — R,
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which equals 1 for all points inside the shape and —1 for those outside of the shape. For an open shape, the
generalized winding number smoothly varies from 1 to —1 as the percentage of the shape’s faces surrounding a
point decreases.

We define two thresholds, wn; and wny,. Anything below wn; is considered completely outside the shape, and
anything above wny, is completely inside. Our implementation uses wn; = 0.1 and wny, = 0.25.

We use wn; to reject points both when sampling the point cloud {x;}, as well as the optimization samples {y; }.
For all remaining points, we clip their generalized winding numbers above wn;, compute a weighted biharmonic
energy:

K M
VIP) 5 S W) =0 (1)

wny, —wny

Kernel kgr(y, <) Finite-differences

Fig. 9. The figure on the left visualizes our ray-tracing kernel kg;. For an evaluation point y, we look up all points within
a radius r, and include into our estimate points which are visible from y. Here we visualize a visible point with a green
arrow pointing to it, and an occluded point with a red arrow. The figure on the right illustrates our visibility-aware finite-
difference scheme. Our construction ensures that the kernel estimate at y* can only include points which are in a star-shaped
neighborhood of y.

5.3 Finite Differences

Previous work highlights problems in relying on automatic differentiation to compute higher-order derivatives
of function representations like ours [Chetan et al. 2023; Li et al. 2023]; in particular, differential quantities
obtained through automatic differentiation tend to be noisy, and using them for optimization results in visible
artifacts [Chetan et al. 2023]. On the other hand, a naive finite-difference estimator can yield bleeding artifacts
similar to those in Figure 5. Here, we suggest a stochastic estimator of the Laplacian that reduces computation
time and avoids bleeding.
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A standard finite-difference estimator of the Laplacian, Ay can be defined as

d A — he;
mif(y) = 2E @ LU o) £y e )

where h is the finite-difference step size, and e; represents the it basis vector in R?. This well-known finite-
difference Laplacian requires a linear number 2d + 1 of computations in the dimensionality d of the ambient
space; this means a single term on the right-hand side of (11) would require 7 evaluations of @; in 3D (d = 3) and
5 evaluations in 2D (d = 2).

Instead, since our evaluation of the objective function is stochastic anyway, we use a modified stochastic
Laplacian estimator:

A —2f(y) + f(y + hv) + f(y — hv)
Ahf(Y) = h2 >
where v is uniformly drawn from the unit sphere $%~!; we draw a different v for each term in (11). The expectation
of this expression over v € S%~! converges to Af as h — 0. Our expression (13) simultaneously reduces the
number of function evaluations to a constant independent of dimension, and it removes the axis alignment bias
of the standard estimator (12).

(13)

REMARK (BIAS). There are two sources of minor bias in our estimate (11) relative to the true biharmonic energy on
the left-hand side. First, we use a positive step size h > 0 rather than limiting h — 0. Second, by Jensen’s inequality,
squaring (13) leads to a slight overestimate of the true objective on average; this bias is also present in the Dirichlet
energy of Dodik et al. [2023]. We do not find either source of bias to be significant and leave derivation of practical
fully-debiased estimates of the biharmonic energy to future work.

We now address bleeding in the evaluation of the smoothness objective. Take y* := y = hv to be a displaced
sample used in evaluation of (13). When evaluating fy (y*), we simply zero out the kernel k for those points x;
that are not visible from y. In other words, we ensure that all x; used for the evaluation of the Laplacian at y are
within a star-shaped neighborhood of y (see Fig. 9).

5.4 Multiscale Optimization

Using a gradient descent method for optimizing smoothness energies incurs a trade-off. If we use a finite-
difference step that is too small, we will have to wait longer for the boundary conditions to propagate inward.
Since our formulation is nonconvex; this issue also can lead to local minima.

In mesh-based pipelines, these difficulties are resolved via preconditioning, either by using Sobolev gradients
or through higher-order methods [Wang and Solomon 2021]. In our scenario, however, it is not clear how to
precondition the optimization of the biharmonic energy over a smooth geometric field that is nonconvex in
its parameters. Therefore, we introduce a simple yet effective alternative to preconditioning that results in
high-resolution solutions while reducing the number of iterations for convergence.

Inspired by multigrid methods and prior work on optimizing differential energies in neural fields [Li et al.
2023], we found that a multiscale approach offers an effective solution. Specifically, we initiate our method by
randomly sampling X. We let the method optimize for a number of iterations before doubling the number of
samples in X. To initialize the new point cloud, we use fj to interpolate existing values f; onto the new points.
Additionally, we also interpolate Adam’s gradient moment estimates [Kingma and Ba 2014] in a similar fashion.
As the radius of our kernel k and the finite-differences step size are related to the density of the point cloud (see
Figure 11), they shrink as we up-sample the point-cloud.

The upsampling generally increases the variance in the evaluation of the biharmonic energy as the interpolation
kernel and finite-difference estimator progressively do less and less smoothing (see Figures 12 and 13).
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To stabilize the optimization, we progressively decrease the learning rate every time we upsample the underlying
representation (see Appendix A for details). We demonstrate the practical effect of this strategy qualitatively in
Figure 12 and quantitively in Figure 13.
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Ours BBW QHW

Fig. 10. We compare the deformations produced by our skinning weights with previous volumetric skinning weights methods:
BBW [Jacobson et al. 2013] and QHW [Wang and Solomon 2021]. As expected, all methods produce similar results on simple
geometries such as the PENGUIN and HAND meshes. However, robust tetrahedralization software is not able to produce a

high-resolution solution for the more complicated ScorpiON mesh.
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Fig. 11. Results of our ablation study. On the top, we show the effect of varying the kernel parameter o, as well as the
finite-difference step size, h. Making o or h too small compared to the median spacing of points makes optimizing differential
quantities difficult and leads to wrong results. Doubling the size of o or h produces a similar result and would be viable
choices of parameters, but it does unnecessarily increase the kernel look-up time.

6 Results

We ran all of our experiments on a machine with an Intel i9-13900 CPU, 32 GB of memory, and an Nvidia
GeForce RTX 4090. See Appendix A for implementation details, including used libraries and hyper-parameter
choices. The comparison results for bounded biharmonic weights (BBW) [Jacobson et al. 2011] were generated in
Matlab using the gptoolbox library [Jacobson et al. 2021], and for quasi-harmonic weights (QHW) [Wang and
Solomon 2021] using the authors’ implementation. All of our deformations were produced using dual quaternion
skinning [Kavan et al. 2008]. We will release the code upon acceptance.

To the best of our knowledge, there are currently no large-scale datasets or benchmarks for robust skinning
weight computation. To evaluate our algorithm, we curated a sample of 3D meshes and manually created the
skeletons. Most of the meshes are based on diverse and realistic scenarios for animation; 5 are clean and well-
behaved, 3 are visually clean yet happen to break previous methods (Scorpion, GEAR, Cow), and 4 consist of
open and self-intersecting meshes with poor quality elements that a user might nonetheless plausibly wish to
animate (BEAVER, PIGGYBANK, BUNNY, GOOSEMOOSE). Lastly, SCORPION RAND., GEAR, and the meshes in Figure 18
represent extreme stress-test scenarios that are likewise handled well by our algorithm.

We first validate the properties of our method and ablate parts of our algorithm and our parameter choices
in Section 6.1. To provide evidence for robustness, Section 6.2 offers a qualitative and quantitative comparison
against previous work that solves for bounded biharmonic weights. We then examine the influence of different
boundary conditions in Section 6.3. Finally, we discuss limitations and future work in Section 6.4.

6.1 Validation and Ablation

We first validate that our weights look correct and ablate the algorithm’s hyperparameters. We attempt to
tetrahedralize all 3D meshes before comparing them with BBW [Jacobson et al. 2011] and QHW [Wang and
Solomon 2021] in Table 1 and Figures 4, 10, and 20.

Figure 20 compares our skinning weights with weights computed using bounded biharmonic weights (BBW) [Ja-
cobson et al. 2011], as well as those computed using quasi-harmonic weights (QHW) [Wang and Solomon 2021].
As expected, all methods produce qualitatively similar weights functions, but the setting is quite different: ours
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can work with a boundary mesh/polygon, while BBW/QHW require filling the domain with elements by tet-/tri-
meshing. Figure 10 compares the animations produced by our method to those produced by BBW and QHW.
Again, the results are nearly indistinguishable on simple meshes. The major difference is that our method does
not require tetrahedralization.

S[easINy

SOy MO

'3y YSIH

Fig. 12. Final results of our multiscale optimization strategy (top row) on BANANA (top left). When optimizing with a coarse
point cloud of 2!! samples, the optimization converges quickly, but the function is overly smooth near the control handles
(middle row). Naively increasing the resolution to 2!* points results in slow convergence and possible local minima (bottom

row).
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Ablation. Our method includes some parameters, the most important of which are the number of points in X,
the size of o, and the size of the finite-difference step h. To determine suitable values, we ran a series of ablation
studies.

Figure 11 demonstrates the effects of varying o and h. There is an inherent tension regarding the size of ¢. On
one hand, we want o to be as small as possible to accelerate radius queries. On the other, too small of a ¢ results
in what is effectively a 1-nearest-neighbor estimator, which makes estimating differential quantities difficult. As
a compromise, we found the following to be a useful heuristic: We set o to the median distance to the 9 nearest
neighbor. As shown in our ablation, this choice of ¢ makes it large enough to avoid any issues associated with a
degenerate kernel estimator; making it significantly larger produces correct, if slightly blurry, results but offers
no benefit while increasing the runtime.

8_x103 Cow x10* BaNANA 3 0_><102 Fisu

1.4 —— High Res.
;136- 2.5 - ——— Multiscale
g 1.21
B 2.0
g 4 1.0/ —
g 1.5
M 2 0.81

1.0
0 2000 4000 6000 0 2000 4000 6000 0 2000 4000 600(
Iteration Iteration Iteration

Fig. 13. Our multiscale optimization results in lower biharmonic energy compared to a fixed high-resolution sampling of X.

Multiscale optimization. The multiscale optimization strategy is an important component of our method; we
demonstrate its benefits by comparing it to fixed-size X.

We qualitatively compare different fixed sizes of of X to our strategy in Figure 12. Too small of a point cloud
results in an overly blurry representation near the handles, whereas too large of a point cloud results in a higher
loss, slower convergence, and possible local minima. In comparison, our multiscale optimization combines the
benefits of both.

For a quantitative evaluation, Figure 13 shows the energy during optimization for three different meshes,
comparing directly optimizing a high-resolution X to using the multiscale strategy. To make the plots comparable,
we make sure that the final stage of the multiscale optimization has the same number of points as the high-
resolution setup, and compute the energies using a finite difference estimator with h equal to the one used for the
high-resolution scenario. To decrease the visual noise, we use a standard axis-aligned finite-difference estimator
for computing the plots only.

As evidenced by this experiment, low-resolution solutions—i.e., the first stage of the the multiscale optimization—
are quick to converge, but can result in a higher energy than the high-resolution solutions such as for the BANaNA
mesh. Directly optimizing the high-resolution mesh results in slow convergence and overall higher error in all
three scenarios.

These plots are instructive in other ways; for example, it is likely that optimizing for longer would further
decrease the energy in all cases. Similarly, it is likely that upsampling sooner in the first two stages would have
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Meshing Meshing (s) Interior BBW QHW BBW QHW Ours Ours
type & points  Optim. (s) Optim. (s) Total (s) Total(s) Natural BC(s) Neumann BC (s)
Hanp tetgen 7.64 67341 250.07 29.29 257.7 36.92 59.79 82.37
PENGUIN tetgen 8.05 67440 212.57 25.19 220.62 33.24 58.67 85.54
Fisu tetgen 2.26 18875 71.17 7.86 73.43 10.13 56.86 80.68
MusHROOM tetgen 7.8 65738 270.5 28.1 278.29 35.9 59.95 82.45
SHIBAINU tetgen 7.79 65596 391.66 44.22 399.46 52.01 76 102.45
faul 26.1 4 4 1. 1. .22
SCORPION default 6.19 54963 535.47 31.03 561.66 57 46.31 81.91
accurate Failed  Failed Failed Failed Failed Failed
default Failed  Failed Failed Failed Failed Failed
SCORPION (RAND.) . ) ) ) ) ) 48.23 82.27
accurate Failed  Failed Failed Failed Failed Failed
GEAR default 27.53 43128 117.25 15.57 144.78 43.11 30.48 50.65
accurate 5974.59 63072 440.33 63.52  6414.92 6038.1
S default Failed  Failed Failed Failed Failed Failed & 08
accurate Failed  Failed Failed Failed  Failed Fai(e\}l\
default 54.12 65981 132.47 22.34 186.59 76.46
P1GGYBANK 45.99 69.91
accurate 269.73 66502 2214 40.61 491.13 310.34
BUNNY default 361.74 64382 737.58 73.28 1099.32\ 435.01 59.58 91.16
accurate Failed  Failed Failed Failed  Failed \\Eailed,)
> \ 4
Cow default 50.64 61500 364.03 39.03 414.67 89.67 40.00 84.54
accurate 1593.12 63894 2260.49 Failed |  3853.6 1592.12
default Failed Failed  Failed /ﬁ:%i " Failed " Failed
GOOSEMOOSE 31.55 67.86
accurate 1094.18 66738 468.43 48.78 1562.62 1142.97

Table 1. Run-time statistics. For previous work, we include the tetrahedral meshing algorithm, either tetgen, tetwild (default),
or tetwild (accurate), the number of interior quadrature points, BBW and QHW optimization time, total run-times for BBW
and QHW including tetrahedral meshing. Cells highlighted in red signify crashes, whereas cells highlighted in yellow are
cases where the FEM pipeline produced a result, but either the result was unusable (GEAR mesh) or tetgen was unable to get
within 10% of the 64k interior quadrature points. For our work, we include timings with and without Neumann boundary
conditions.

been possible with little impact to the quality. We found the current parameters to offer a good trade-off between
simplicity of implementation, speed, and quality, and leave further experimentation to future work.

6.2 Comparisons with Finite Elements

Experimental Setup. We first attempt to tetrahedralize the boundary mesh with tetgen [Si 2015], including
samples on the control handles. As QHW requires ellipsoidal handles, we first convert bones and points into
ellipsoids with width equal to the width of our Lagrange constraint mollifier ¢ from Equation 15. If tetgen fails, we
then attempt to tetrahedralize with FastTetWild [Hu et al. 2020]. As FastTetWild cannot incorporate prescribed
quadrature points into the mesh, we refine it with tetgen to make it usable for skinning.

Due to the many hyperparameters in tetrahedralization software, direct comparisons to our method are difficult.
The first important parameter is how well FastTetWild adheres to the boundary mesh. As demonstrated by
Figure 3, the default parameters forego mesh quality for speed, resulting in low-resolution and occasionally
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incorrect solutions. FastTetWild can increase boundary adherence, at the expense of longer runtimes. We include
timings for both parameter settings, default and accurate, in Table 1 and Figure 4.

Similarly, tetgen offers a parameter to control the quality—and therefore density—of the tetrahedral mesh.
The default parameter used by Jacobson et al. [2011] yields meshes of varying density, ranging from only 6244
internal vertices for F1sH to 150713 for Cow. Both differ from the total number of points used by our method in
3D, 64000. To facilitate a fair comparison, we ran our experiments twice, once with default tetgen parameters and
once attempting to match the number of internal vertices to our method. Since the number of vertices is not
exposed as a parameter in tetgen, we ran a binary search on the “quality” parameter and picked the result closest
to 64000. We were unable to match the internal mesh density in three cases (highlighted yellow in Table 1). We
include the results for the matched vertex count in Table 1 and Figure 4, and include the remaining results and
raw data in the supplemental material.
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Fig. 14. Our method is effective even on heavily degraded geometric data. This figure shows the results of our method on
two shapes with progressively fewer boundary edges whose vertices have been randomly perturbed by adding progressively

larger Gaussian noise.
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Findings. Five meshes, HAND, PENGUIN, F1sH, MusHROOM, and SHIBA INU, can be tetrahedralized with tetgen.
While our method is faster than BBW on these meshes, QHW is faster in comparison to our method. However,
once meshes have to be tetrahedralized with FastTetWild and refined with tetgen, robustness becomes a large
issue. Default FastTetWild parameters result in the BBW and QHW pipelines failing to produce results on three
meshes (SCORPION (RANDOMIZED), BEAVER, and GoosEMOOSE) and yield unusable weights on the GEAR mesh
(Figure 3) Accurate FastTetWild settings lead to tetrahedralization crashes on four meshes: SCORPION, SCORPION
(RANDOMIZED), BEAVER, and BUNNY. In addition, QHW (but not BBW) crashes on the Cow mesh on the accurate
FastTetWild setting. PIGGYBANK is the only FastTetWild mesh that succeeds under all experimental settings. In
the remaining cases, our method is either comparable to, or faster than previous work. Figures 1, 3, 10, 14, 15, and
18 demonstrate these key findings qualitatively.

Fig. 15. Our method allows us to animate non-watertight, self-intersecting shapes, such as these virtual reality ribbon
drawings created in SURFACEBRUSH [Rosales et al. 2019]. Despite the quality of the geometry, our method produces smooth-
looking weights and animations.

Our main contribution, i.e., effectiveness on imperfect data, is exemplified by the extreme example of triangle
soups in Figures 1 and 14, as well as others in Figure 18. Despite severe mesh deterioration, our method still
produces meaningful solutions resulting in smooth looking animations. Figure 14 demonstrates the graceful
degradation of our method inherited from the generalized winding number; even with 70% of the polygon edges
removed and the remaining ones randomly displaced, our method succeeds. In Figure 1, we use our weights
to animate ScorpION (RANDOMIZED), obtained by deteriorating Scorpion; FEM-based algorithms are unable to
produce a solution for such a degraded mesh.
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While triangle soups are an extreme example, algorithms relying on tetrahedral meshing fail in more common
scenarios. For example, they fail on at least one experimental setting on ScorpioN (Figure 10), GOOSEMOOSE
(Figure 6), and Cow (Figure 17) meshes, despite no obvious problems with the meshes. BBW and QHW results on
the GEAR mesh either contain artifacts that render the result unusable or require a 1.66 hour meshing time.

Two practically-relevant classes of shapes our method handles out-of-the box are 3D scans from computer
vision pipelines (Figure 1) and virtual reality ribbon drawings created by e.g. SURFACEBRUSH [Rosales et al. 2019]
(Figures 1 and 15). Both of these modalities produce non-watertight, self-intersecting meshes, which necessitate
slow and brittle tetrahedralization software. The 3D scan of the BEAVER mesh (Figure 1) fails to tetrahedralize,
regardless of settings, BUNNY (Figure 15) either fails to tetrahedralize or results in a 7.25 minute runtime for QHW
and a 18.32 minute runtime for BBW (in comparison to our method’s 71.74 seconds). While P1ceyBANK (Figure 1)
succeeds with all FEM-based methods, our method is nonetheless faster than the best QHW result on that mesh.

Similar to past work and most applications of BBW, we found that solving the full BBW quadratic program was
prohibitively slow on realistic examples and consequently dropped the partition-of-unity constraint, which was
enforced a posteriori by dividing the weights by their sum pointwise. This simplified problem was nonetheless
often orders of magnitude slower than our method.

6.3 Boundary Conditions

Next, we demonstrate our method’s flexibility to boundary conditions. Figures 7 and 8 visualize the difference
between natural boundary conditions and the optional Neumann conditions. Figure 7 provides a concrete example
where Neumann conditions might be desirable, as they make the weights symmetric through narrow passages.
We include all of the 3D results with and without Neumannn boundary conditions as supplemental material. The
differences between the boundary conditions are noticeable albeit subtle, but the natural boundary conditions
are significantly faster than the Neumann conditions (Table 1). We leave enabling or disabling the zero Neumann
conditions as an optional choice for the user.

More interesting are the Dirichlet conditions, which open new connections between bounded biharmonic
weights and weight painting, the predominant user interaction for skinning weight design. As demonstrated
in Figure 6, painted weights can allow users to connect disconnected components to a given handle. Figure 17
demonstrates how painting can also allow for artistic control. This boundary condition is a crucial missing puzzle
piece for optimization-based automatic skinning weight design.

6.4 Discussion

Our results show conclusively that geometric fields are useful for the computation of bounded biharmonic
weights. While QHW still produces results somewhat quicker than our approach, our method is more robust and
faster on meshes requiring robust tetrahedralization. Our formulation also introduces useful new controls to the
bounded biharmonic weights in the form of boundary conditions. Dirichlet conditions are especially important,
as they allow for manual user intervention to produce a specific result.

Hyperparameters. Our method includes some parameters, namely the resolution of the underlying represen-
tation, sizes of boundary condition mollifiers, and optimizer parameters. While these parameters are different
than the ones used by BBW and QHW (which require parameters to the tet meshing tool and optimization
software), we have a similar number of parameters to past work, and our default parameters are effective across
all examples.

Controlling the exact resolution of the tetrahedral meshes in our comparisons proved difficult in our experiments
and required a binary search over a “quality” parameter. As the different experimental settings demonstrate, we
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Natural Boundary Conditions Zero Neumann Boundary Conditions

Fig. 16. We demonstrate the effect of the optional zero Neumann boundary condition constraints; on the right, the isolines
of the level-sets are indeed orthogonal to the boundary of the shape.

were unable tofind a consistent setting of the meshing tools’ parameters that make previous methods produce
usable results on all meshes.

Limitations and Future Work. Our boundary condition mollifiers are small but finite, and they are not geometry
aware. This simple construction could result in unintuitive results if, for example, there were a bone placed
extremely close to the boundary the GEAR mesh, as this situation would cause bleeding. We did not observe this
situation in our examples, since the width of the boundary conditions decreases as the underlying resolution
increases (see Appendix A). This boundary case could be resolved by tracing rays to the closest point on the
bone to check visibility, automatically determining the size of the boundary conditions based on the boundary
geometry, or by adding a way to detect this case and informing the user.

Similarly, there can be situations where the distance between bones is so small that the Lagrange property is
broken if our mollifiers and ¢ are large-enough. Note, however, that even in the continuous formulation (1), it
is possible for the Lagrange property to be broken, if bones touch or intersect. Furthermore, when animating
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a) natural b) Dirichlet

Fig. 17. Optimizing bounded biharmonic weights with natural boundary conditions offers little control in the final look of
the animation (a). By pausing the optimization after 500 iterations and painting Dirichlet conditions onto a small region
(pictured in green), the user can, for example, attenuate a handle’s influence over said region (b).
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filigree-like features that are small compared to the rest of the mesh, it can happen o is too large to meaningfully
optimize the biharmonic energy in those regions. Compounding this effect, small filigree regions can be poorly
sampled at lower resolutions. Such a case is demonstrated in Figure 19; the individual bones of the human’s
fingers are too small and too close to each other compared to the rest of the human to be meaningfully represented
by the point cloud at the lowest resolutions. We anticipate that the solution to this will be importance sampling
such that larger percentages of X and of the optimization samples are focused on narrow regions.

Fig. 18. Our method succeeds in computing weights in extreme stress test scenarios including a flag, a partial point cloud of
a human from a smartphone depth sensor, and a skirt mesh with multiple disconnected patches.

Simplified
hands

Complex
hands

Fig. 19. The body of the person depicted in the HAZMAT mesh is large compared to their fingers; the undeformed mesh is
shown on the left. Despite disconnected and self-intersecting geometry, our method works as expected if we care to animate
the body alone (center). If we need to animate each finger separately using a high-resolution hand rig (right), our method
still produces a result in under 30 seconds, but the animations include visible artifacts. See discussion in Section 6.4.
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Even though our method is reasonably fast, it involves ray-tracing hardware that is not yet ubiquitous; the
majority of the runtime is spent tracing rays. While this limitation will become less of an issue as the availability
of ray-tracing hardware increases in 3D workstations, it is worth finding ways of amortizing this cost.

Even though our method is able to handle extreme scenarios, our random sampling relies on the generalized
winding number for inside-outside testing and therefore inherits the preconditions of the generalized winding
number, including a consistent orientation of normals. However, our method is mostly orthogonal to the specific
inside-outside testing algorithm—modifying it to work with a different robust inside-outside algorithm is likely
possible, albeit out of the scope of the present works.

While we found our multiscale optimization strategy to be effective, we believe that the runtime could be
further improved by finding a way to precondition geometric fields. Methods such as QHW [Wang and Solomon
2021], while using the Adam optimizer, rely on preconditioning for acceleration.

Lastly, our method is specifically tuned for bounded biharmonic weights, but one could imagine a general
framework for solving variational problems using geometric fields. Many problems in geometry processing can
be formulated in terms of a variational principle, including, e.g., mesh parameterization and deformation, various
formulations of developable surface approximation, geometric flows, etc. In the specific context of the Dirichlet
energy, future work might want to connect to the work of Sawhney and Crane [2020], where our representation
could be used as a direct replacement, or—when convergence guarantees are needed—as a control variate.

7 Conclusion

We propose a mesh-free approach to automatic computation of skinning weights. This is enabled by our geometric
field representation of skinning weights, through which we may optimize the biharmonic energy without the need
for finite elements or constraints. Our method enables skinning weights computation on previously challenging
or even impossible shapes, such as those with open surfaces or triangle soups, while achieving quality comparable
to prior state-of-the-art approaches requiring volumetric meshes.
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QHW

BBW

Ours

BBW

Ours

Fig. 20. Comparison of our results to quasi-harmonic weights QHW [Wang and Solomon 2021] and bounded biharmonic
weights (BBW) [Jacobson et al. 2011]. QHW and BBW rely on tetrahedralization in 3D or triangulation in 2D, while our
method requires only the boundary triangle mesh or polygon. All methods produce similar-looking weights as they are
solving the same problem. Some minor differences are possible due to differences in discretization and enforcement of
boundary conditions.
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A Implementation Details

Our algorithm is primarily implemented in PyTorch [Paszke et al. 2019], with the exception of closest-point
queries in Section 4.3 and geometry-aware radius queries in Section 4.1. For these, we provide our own low-level
CUDA implementations.

For the geometry-aware kernel queries, we first build an SPH hash-grid in CUDA, with hash-grid cell sizes
equal to the kernel radius. For each query point, we loop over all of the points in the the neighboring cells. If a
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point falls within the kernel radius, we trace a ray between it and the query point, as explained in Section 4.1.
For the ray-tracing itself, we rely on hardware-acceleration via the Optix [Parker et al. 2010] and OWL [Wald
2020] libraries. In practice, this means that the kernel queries are implemented as ray-generation shaders in
Optix parlance. The closest point-queries rely on the Warp library [Macklin 2022], which internally builds a
bounding-volume hierarchy over the boundary mesh.

We make the CUDA kernels interoperable with PyTorch by relying on nanobind [Jakob 2022]. We use the fast
generalized winding numbers implementation from 1ibigl [Barill et al. 2018; Jacobson and Panozzo 2017].

Before optimizing, we rescale meshes to fit into the [0, 1]¢ unit box. We generate X by uniformly sampling the
interior of the mesh, with an initial budget of 2!! points in 2D and 2! points in 3D. If a mesh of the interior is
unavailable, we rely on fast winding number and perform rejection sampling until the target budget is reached.
Our initial learning rate is set to 0.2. Each iteration, we sample M = 2!2 points in 2D. Since X is larger in 3D
compared to 2D, using the same number of optimization samples would become prohibitively slow. For this
reason, we use fewer samples in 3D, M = 211,

We train for a total of 6000 steps, and double the size of X a total of 3 times at regular intervals throughout the
optimization. Every time we upsample the representation, we lower the learning rate by a factor of %

We found it important to lower the f; parameter of Adam [Kingma and Ba 2014] to 0.8. A higher value of 5,
results in the optimizer slowing down if the gradient changes direction. This is useful in high-variance scenarios,
but when optimizing variational energies, this is the opposite of what we want; in our scenario, gradients change
directions often as boundary conditions propagate.

The sizes of the boundary condition parameters have been determined through our ablation study in Figure 11.
We set the value of the radii for the Neumann, Lagrange, and Dirichlet conditions equal to half the initial value of
0. We update the radius of the Lagrange and Dirichlet conditions as we upscale the point cloud.

Evaluation on the Boundary. When trying to evaluate the weights on the boundary of a shape, the imprecision
of the ray-tracing hardware can produce noisy results. Since it is highly unlikely that a random point will land
close enough to the boundary for this to matter, this does not impact the quality of the weights. This means that
our optimization remains unmodified. At evaluation time, we evaluate our weights on the boundary using a few
simple heuristics that work well in all of our tests.

To evaluate the kernel at a vertex y, we compute the kernel weights between y and x € X, but we trace rays
between y — 10"°n, and x. In other words, we nudge y slightly into the shape for the purposes of ray tracing
alone.

In some cases, a vertex can be classified as outside of the shape by the generalized winding number, and/or
completely occluded from any point x € X (e.g., a vertex slightly protrudes through a different triangle, common
in VR ribbon drawings or triangle soups). For all such vertices, we flood-fill their values from their neighbors
using an averaging operation. In the rare case that there are still any vertices with no weights, we run our kernel
with no ray tracing.

B Smoothing Function

Here we include definitions of the smoothing functions we rely on. As defined by Dugas et al. [2000], the
sof'tplus function is:

softplus(t) =log(1 + exp(t)). (14)

Lagrange Condition Mollifier. In using w to construct € we must ensure that the partition of unity property (1.2)
remains conserved, recognizing that the e-neighborhoods of handles often overlap, e.g., because two bones share
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a vertex. Denoting by d;(x) the distance of a sample x to the i" handle within the e-neighborhoods, we write:

N w(di(x))
ei(x) : jrzr%?.K{w(dJ(x))} 5{:1 @)
For a point x outside of all e-neighborhoods, we define ¢;(x) := 0 to avoid division by zero.
In the case where x is within a e-neighborhood of exactly one handle, (15) simplifies to e;(x) = w(d;(x)). If x
happens to be inside multiple overlapping e-neighborhoods, we use the bump function value of the closest handle
and distribute it among all neighboring handles in proportion to the value of their respective bump function at x.
As a concrete example, if a point is equidistant to two different handles such that both of their bump functions
equal 0.5, both ¢; will be assigned the value 0.25, ensuring (1.2) still holds.
There are many possible bump functions one could choose—for example, in all our experimets we use:

(15)

0 <0
_1
() otherwise, (16)

exp(—§)+exp(—1&7)
12
w(t)=1- w'(—z).
£

Here, w’ has the convenient property that all of its higher-order derivatives disappear at 0 and 1; that way, the
derivatives of w’ do not interfere with our energy computation when applying the chain rule.
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