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Abstract

Thompson Sampling provides an efficient technique to introduce prior knowledge in the
multi-armed bandit problem, along with providing remarkable empirical performance. In this
paper, we revisit the Thompson Sampling algorithm under rewards drawn from a-stable dis-
tributions, which are a class of heavy-tailed probability distributions utilized in finance and
economics, in problems such as modeling stock prices and human behavior. We present an
efficient framework for a-stable posterior inference, which leads to two algorithms for Thomp-
son Sampling in this setting. We prove finite-time regret bounds for both algorithms, and
demonstrate through a series of experiments the stronger performance of Thompson Sampling
in this setting. With our results, we provide an exposition of a-stable distributions in sequential
decision-making, and enable sequential Bayesian inference in applications from diverse fields in
finance and complex systems that operate on heavy-tailed features.

1 Introduction

The multi-armed bandit (MAB) problem is a fundamental model in understanding the exploration-
exploitation dilemma in sequential decision-making. The problem and several of its variants have
been studied extensively over the years, and a number of algorithms have been proposed that op-
timally solve the bandit problem when the reward distributions are well-behaved, i.e. have a finite
support, or are sub-exponential.

The most prominently studied class of algorithms are the Upper Confidence Bound (UCB) al-
gorithms, that employ an “optimism in the face of uncertainty” heuristic [ACBF02], which have
been shown to be optimal (in terms of regret) in several cases [CGM™13, BCBL13]. Over the past
few years, however, there has been a resurgence in interest in the Thompson Sampling (TS) algo-
rithm [Tho33], that approaches the problem from a Bayesian perspective.

Rigorous empirical evidence in favor of TS demonstrated by [CL11] sparked new interest in the
theoretical analysis of the algorithm, and the seminal work of [AG12, AG13,RVR14] demonstrated
the optimality of T'S when rewards are bounded in [0, 1] or are Gaussian. These results were extended
in the work of [KKM13] to more general, exponential family reward distributions. The empirical
studies, along with theoretical guarantees, have established TS as a powerful algorithm for the MAB
problem.

However, when designing decision-making algorithms for complex systems, we see that inter-
actions in such systems often lead to heavy-tailed and power law distributions, such as modeling
stock prices [BT03], preferential attachment in social networks [MCM™13], and online behavior on
websites [KT10].

Specifically, we consider a family of extremely heavy-tailed reward distributions known as a-
stable distributions. This family refers to a class of distributions parameterized by the exponent c,
that include the Gaussian (o = 2), Lévy (o = 1/2) and Cauchy (« = 1) distributions, all of which
are used extensively in economics [Fra], finance [CWO03] and signal processing [SN93].



The primary hurdle in creating machine learning algorithms that account for a-stable distribu-
tions, however, is their intractable probability density, which cannot be expressed analytically. This
prevents even a direct evaluation of the likelihood under this distribution. Their heavy-tailed nature,
additionally, often leads to standard algorithms (such as Thompson Sampling assuming Gaussian
rewards), concentrating on incorrect arms.

In this paper, we create two algorithms for Thompson Sampling under symmetric a-stable re-
wards with finite means. Our contributions can be summarized as follows:

1. Using auxiliary variables, we construct a framework for posterior inference in symmetric a-
stable bandits that leads to the first efficient algorithm for Thompson Sampling in this setting,
which we call o-TS.

2. To the best of our knowledge, we provide the first finite-time polynomial bound on the Bayesian
Regret of Thompson Sampling achieved by «-TS in this setting.

3. We improve on the regret by proposing a modified Thompson Sampling algorithm, called
Robust a-TS, that utilizes a truncated mean estimator, and obtain the first O(N #) Bayesian
Regret in the a-stable setting. Our bound matches the optimal bound for a € (1,2) (within
logarithmic factors).

4. Through a series of experiments, we demonstrate the proficiency of our two Thompson Sam-
pling algorithms for a-stable rewards, which consistently outperform all existing benchmarks.

Our paper is organized as follows: we first give a technical overview of the MAB problem, the
Thompson Sampling algorithm and a-stable distributions. Next, we provide the central algorithm
«-TS and its analysis, followed by the same for the Robust a-TS algorithm. We then provide
experimental results on multiple simulation benchmarks and finally, discuss the related work in this
area prior to closing remarks.

2 Preliminaries

2.1 Thompson Sampling

The K-Armed Bandit Problem: In any instance of the K-armed bandit problem, there exists an
agent with access to a set of K actions (or “arms”). The learning proceeds in rounds, indexed by
t € [1,T]. The total number of rounds, known as the time horizon T, is known in advance. The
problem is iterative, wherein for each round ¢ € [T7:

1. Agent picks arm a; € [K].

2. Agent observes reward rg, (t) from that arm.
For arm k € [K], rewards come from a distribution D) with mean uy = Ep,[r]!. The largest
expected reward is denoted by p* = maxye[k] pir, and the corresponding arm(s) is denoted as the
optimal arm(s) k*. In our analysis, we will focus exclusively on the i.i.d. setting, that is, for each
arm, rewards are independently and identically drawn from Dy, every time arm k is pulled.

To measure the performance of any (possibly randomized) algorithm we utilize a measure known
as Regret R(T'), which, at any round T, is the difference of the cumulative mean reward of the

algorithm against the expected reward of always playing an optimal arm.

R(T) = p'T = jta, (1)
t=0

La-stable distributions with a < 1 do not admit a finite first moment. To continue with existing measures of regret,
we only consider rewards with o > 1.



Thompson Sampling (TS): Thompson Sampling [Tho33] proceeds by maintaining a posterior dis-
tribution over the parameters of the bandit arms. If we assume that for each arm k, the reward
distribution Dy is parameterized by a (possibly vector) parameter 05 that come from a set ® with
a prior probability distribution p(fy) over the parameters, the Thompson Sampling algorithm pro-
ceeds by selecting arms based on the posterior probability of the reward under the arms. For each
round ¢ € [T, the agent:

1. Draws parameters 0y (t) for each arm k € [K] from the posterior distribution of parameters,
given the previous rewards ri(t — 1) = {r,il), r,(f), ...} till round ¢ — 1 (note that the posterior
distribution for each arm only depends on the rewards obtained using that arm). When ¢ = 1,
this is just the prior distribution over the parameters.

0r(t) ~ p(Ok|ri(t — 1)) o< p(ri(t — 1)[0k)p(0%) (2)

2. Given the drawn parameters ék(t) for each arm, chooses arm a; with the largest mean reward
over the posterior distribution. .
a; = argmax fu; (05, (t)) (3)
ke[K]

3. Obtains reward r; after taking action a; and updates the posterior distribution for arm a;.

In the Bayesian case, the measure for performance we will utilize in this paper is the Bayes Regret
(BR) [RVR14], which is the expected regret over the priors. Denoting the parameters over all arms
as 0 = {0y, ...,0;} and their corresponding product distribution as D = [L; Ds, for any policy 7, the
Bayes Regret is given by:

BayesRegret(T, m) = Eg. 5 [R(T)]. (4)

While the regret provides a stronger analysis, any bound on the Bayes Regret is essentially a bound
on the expected regret, since if an algorithm admits a Bayes Regret of O(g(T')), then its Expected
Regret is also stochastically bounded by g(-) [RVR14]. Formally, we have, for constants M, e:

E[R(T)\7) 6
IP( o0 2M>§ VT eN. (5)

2.2 «-Stable Distributions

a-Stable distributions, introduced by Lévy [Lév25] are a class of probability distributions defined
over R whose members are closed under linear transformations.

Definition 1 ( [BHWO05]). Let X7 and Xo be two independent instances of the random variable X .
X s stable if, for ap > 0 and as > 0, a1 X7 + a2 Xy follows the same distribution as ¢X + d for
some ¢ >0 and d € R.

A random variable X ~ S, (8, u, o) follows an a-stable distribution described by the parameters
a € (0,2] (characteristic exponent) and 8 € [—1,1] (skewness), which are responsible for the shape
and concentration of the distribution, and parameters p € R (shift) and ¢ € RT (scale) which
correspond to the location and scale respectively. While it is not possible to analytically express
the density function for generic a-stable distributions, they are known to admit the characteristic
function ¢(x; o, B, o, p):

d(z;a, B0, 1) = exp {izp — |ox|* (1 — ifsign(z) P (z))},
where @, () is given by

Po(z) = { tan(%) when a #1, —2log|z|, when v =1



Figure 1: Sample probability density for standard (@ = 0,0 = 1) symmetric a-stable distributions with
various values of o [Wik19].

For fixed values of «, 3,0 and p we can recover the density function from ¢(-) via the inverse
Fourier transform:
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Most of the attention in the analysis of a-stable distributions has been focused on the stability
parameter «, which is responsible for the tail “fatness”. It can be shown that asymptotically, the
tail behavior (z — £00) of X ~ S, (8, i, o) follows [BHWO5]:

fla) ~ ﬁ ("“(1 +sgu(z)0) sin (% F(a:l)>

where @ < 2 and T'(-) denotes the Gamma function. The power-law relationship admitted by the
density is responsible for the heaviness of said tails.

Fact 1 ( [BHWO05]). X ~ S, (B, p,0),a < 2 admits a moment of order A only when \ € (—oo, a).

From Fact 1 it follows that a-stable random variables only admit a finite mean for « > 1, and also
admit a finite variance only when o = 2, which corresponds to the family of Gaussian distributions.
To continue with existing measures of regret, we restrict our analysis hence to a-stable distributions
only with o > 1. Note that for all our discussions, 1 < a < 2, hence, all distributions examined are
heavy-tailed, with infinite variance. Additionally, we restrict ourselves to only symmetric (8 = 0)
distributions: asymmetric distributions do not allow a scaled mixture representation (which is the
basis of our framework, see Section 3.1).

2.2.1 Sampling from «a-Stable Densities

For general values of «, 3,0, u, it is not possible to analytically express the density of a-stable
distributions, and hence we resort to using auxiliary variables for sampling. The Chambers-Mallows-
Stuck [CMS76] algorithm is a straightforward method to generate samples from the density S, (8, 1,0)
(for o # 1) via a non-linear transformation of a uniform random variable V' and an exponential ran-
dom variable W, which can then be re-scaled to obtain samples from S, (8,0, ) (Algorithm 1).

2.2.2 Products of a-Stable Densities

A central property of a-stable densities that will be utilized in the following section is the behavior
of products of independent a-stable variables.



Algorithm 1 Chambers-Mallows-Stuck Generation
Input: V ~U(—7/2,7/2),W ~ E(1)
Output: X ~ S,(8,0, 1)
Set B, s = arctan(Btan(ma/2))a~!
Set Sy = (1 + B2 tan?(ra/2))"/
11—«

Set Y = S5 % sin(@(V+Ba.g) (cos(V—a(V+Ba,,3))T

cos(V)1/a w
return X = oY + pu.

Lemma 1 ( [BHWO05]). Let Z andY > 0 be independent random variables such that Z ~ S,(0, o1, pt1)
and Y ~ S5(1,09, ). Then ZYY/7 is stable with exponent 6.

We now begin with the algorithm description and analysis.

3 «a-Thompson Sampling

We consider the setting where, for an arm k, the corresponding reward distribution is given by
Dy = S,(0,0, ) where a € (1,2),0 € RT are known in advance, and py, is unknown?. Note that
E[rx] = px, and hence we set a prior distribution over the variable p; which is the expected reward
for arm k. We can see that since the only unknown parameter for the reward distributions is gy,
Dy, is parameterized by 0; = pg. Therefore, the steps for Thompson Sampling can be outlined as
follows. For each round ¢ € [T, the agent:

1. Draws parameters 04(t) = fi,(t) for each arm k € [K] from the posterior distribution of
parameters, given the previous rewards ry(t — 1) = {r,(cl), T}(€2)7 ...} till round ¢ — 1.

[k (t) ~ p(pk|ri(t — 1)) o p(re(t — 1)|pe)p(pk) (6)

2. Given the drawn parameters [iy(t) for each arm, chooses arm a; with the largest mean reward
over the posterior distribution.
a1 = arg max ji(t) (7)
ke[K]
3. Obtains reward r; after taking action a; and updates the posterior distribution for arm a;.

In this section, we will derive the form of the prior distribution, and outline an algorithm for
Bayesian inference.

3.1 Scale Mixtures of Normals

On setting v = 2 (Gaussian) and 8 = a/2 < 1 in Lemma 1, the product distribution X = ZY/? is
stable with exponent «. This property is an instance of the general framework of scale miztures of
normals (SMiN) [AMT74], which are described by the following:

px () = / " N (2]0, A0 pa(A)dA (®)

This framework contains a large class of heavy-tailed distributions which include the exponential
power law, Student’s-t and symmetric a-stable distributions [GK99]. The precise form of the variable

2Typically, more general settings have been explored for TS in the Gaussian case, where the variance is also
unknown. Our algorithm can also be extended to an unknown scale (o) using an inverse Gamma prior, similar
to [GK99].



X depends on the mizing distribution pa(\). For instance, when py is the inverted Gamma distri-
bution (the conjugate prior for a unknown variance Gaussian), the resulting px follows a Student’s-t
distribution.

Bayesian inference directly from S, (0, o, i) is difficult: the non-analytic density prevents a direct
evaluation of the likelihood function, and the non-Gaussianity introduces difficulty in its implemen-
tation. However, the SMiN representation enables us to draw samples directly from S, (0, o, ) using
the auxiliary variable A:

x ~ N(p, Ao?), A ~ S, /2(1,1,0) (9)

This sampling assists in inference since x is Gaussian conditioned on A: given samples of A, we can
generate x from the induced conditional distribution (which is Gaussian).

3.2 Posteriors for a-Stable Rewards

Let us examine approximate inference for a particular arm k € [K]. At any time ¢ € [T], assume
this arm has been pulled ng(t) times previously, and hence we have a vector of reward samples
ri(t) = {r,(cl), o r,(cn’“(t))} observed until time ¢. Additionally, assume we have n(t) samples of an
auxiliary variable A (t) = {/\,(61)7 - )\Z(-n"’(t))} where \x ~ S,/5(1,1,0).

Recall that ri ~ S4(0,0,ux) for an unknown (but fixed) p. From the SMiN representation,
we know that ry is conditionally Gaussian given the auxiliary variable Ag, that is p(rg|Ag, pg) ~
N (g, A\o?). We can then obtain the conditional likelihood as the following:

1 n () ( (4) )2

p(rr(®)|Ae(t), uk) x exp | —— ZM

: (10)
2 7
20 i=1 )‘l(c)

We can now assume a conjugate prior over puj, which is a normal distribution with mean ,ug and
variance 02. We then obtain the posterior density for yy as (full derivation in the Appendix):

2 SO Ty
o =1
Pk ek (t), A () o< N (fin (1), 6%(t)) where, 63(t) = ——————— (t) = —— 2.
i s+ S s 1

(11)
We know that &,%(t) > 0 since )\,(;) > 0 Vi as they are samples from a positive stable distribution
(8 =1). Given ry(t) and ug, we also know that the individual elements of A;(t) are independent,
which provides us with the following decomposition for the conditional density of Ag(t),

n (t)

PO ri(®), 1) = [T O 1), where, O Iri k) o Nl A, 0) fa e ().
i=1
(12)
Here, fq g(-) is the density of a random variable following S, (5,1,0). Our stepwise posterior sam-
pling routine is hence as follows. At any time ¢, after arm & is pulled and we receive reward ’I“Zk (t),

we set ri(t) = [rx(t — 1), rZ’“(t)]. Then for a fixed @ iterations, we repeat:
1. For i € [1,ng(t)], draw )\,(f) Np()\,(f)|7“,(:),uk(t)).
2. Draw pi(t) ~ p(urlre(t), Ax(t)) -

Sampling from the conditional posterior of uy is straightforward since it is Gaussian. To sample
from the complicated posterior of )\,(j), we utilize rejection sampling.



Algorithm 2 a-Thompson Sampling

1: Input: Arms k € [K], priors N'(u,0?) for each arm.
2: Set D =1, N, = 0 for each arm k.
3: for For each iteration t € [1,T] do

4:  Draw j(t) ~ N (dgka ) g—i) for each arm k.

5. Choose arm A; = arg max fix(t), and get reward r;.
6: for qe0,Q) do e

7 Calculate vf;t) =1 — fia,-

8 Draw )\g) following Section 3.3.

9 Set Dy = Dy, + 1/A N, = Ny, + 7 /A,

q

0
10: Draw jia, ~ N (%N", %i)
11:  end for
12: Set Dy = Dy + 1A Ny = Ny 7 /A0,
13: end for

3.3 Rejection Sampling for )\,(j)

Sampling directly from the posterior is intractable since it is not analytical. Therefore, to sample
)\,(CZ) we follow the pipeline described in [GK99]. We note that the likelihood of the mean-normalized

reward v,(j) = r,(f) — pi(t) forms a valid rejection function since it is bounded:

i i 1
p(v,(c)|0,)\,(c)a2> < mexp(—lﬁ) (13)
Y

Since ”1(:) ~ N(0; )\,(f)UQ). Thus, we get the procedure:
1. Draw )\,(j) ~ 84/2(1,1,0) (using Algorithm 1).
2. Draw u~U (0, (v,(:)\/%r)’l exp(—1/2)).

3. Ifu> p(vl(f)\o, )\,(:)02), reject )\g) and go to Step 1.

Combining all these steps, we can now outline our algorithm, a-Thompson Sampling (a-TS) as
described in Algorithm 2.

Tt is critical to note that in Algorithm 2, we do not draw from the full vector of Ag(t) at every
iteration, but only from the last obtained reward. This is done to accelerate the inference process,
and while it leads to a slower convergence of the posterior, we observe that it performs well in
practice. Alternatively, one can re-sample Ag(t) over a fixed window of the previous rewards, to
prevent the runtime from increasing linearly while enjoying faster convergence.

3.4 Regret Analysis

In this section, we derive an upper bound on the finite-time Bayesian Regret (BR) incurred by the
a-TS algorithm. We continue with the notation used in previous sections, and assume a K armed
bandit with 7" maximum trials. Each arm k follows an a-stable reward S, (0,0, ux), and without
loss of generality, let u* = max¢[x) pi denote the arm with maximum mean reward.



Algorithm 3 Robust a-Thompson Sampling

1: Input: Arms k € [K], priors N'(u,0?) for each arm.
2: Set D =1, N, = 0 for each arm k.
3: for For each iteration t € [1,T] do

Draw fig(t) ~ N (u(;gka ) g—i) for each arm k.

Choose arm A; = arg maxy, fig(t), and get reward ;.
for ¢ € [0,Q) do

Calculate vf:t) =71 — [La,.

>

Sample )\ff) following Section 3.3.

Set Dy = D + 1/AY) N, = Ny + /A0,

0
_ Hr+N, 2
10: Sample iy, NN( . q,—gq )

11:  end for

12: Set Dy = Dy + 1/ Ny, = Ny, + 1 /A.
13:  Recompute robust mean.

14: end for

Theorem 1 (Regret Bound). Let K > 1,a0 € (1,2),0 € RT, e € [— M, M]. For a K-armed
bandit with rewards for each arm k drawn from S (8,0, ux), we have, asymptotically, for € chosen
a priori such that € — (o — 1)~

BayesRegret(T, 77°) = O(K#e T )

Proof-sketch. We first utilize the characteristic function representation of the probability density
to obtain the centered (1 + €) moment of the reward distribution for each arm. We use this moment
to derive a concentration bound on the deviation of the empirical mean of a-stable densities. Next,
we proceed with the decomposition of the Bayesian Regret in terms of upper-confidence bounds, as
done in [RVR14]. Using our concentration result, we set an upper confidence bound at any time ¢
for any arm k, and then obtain the result via algebraic manipulation. The complete proof has been
omitted here for brevity, but is included in detail in the appendix.

We note the following: First, the only additional assumption we make on the reward distributions
is that the true means are bounded, which is a standard assumption [RVR14] and easily realizable
in most application cases. Next, given the established polynomial deviations of the empirical mean,
obtanining a polylogarithmic regret is not possible, and the selection of ¢ governs the finite-time
regret. As e — a — 1, we see that while the growth of Trise decreases, the constants in the finite-
time expression grow, and are not finite at ¢ = «— 1. This behavior arises from the non-compactness
of the set of finite moments for a-stable distributions (see Appendix for detailed analysis).

Compared to the problem-independent regret bound of O(y/KT logT) for Thompson Sampling
on the multi-armed Gaussian bandit problem demonstrated by [AG13], our bound differs in two
aspects: first, we admit a K T complexity on the number of arms, which contrasted with the
Gaussian bandit is identical when € — 1. Second, we have a superlinear dependence of order
Treee . Compared to the Gaussian case, we see that we obtain a polynomial regret instead of a
polylogarithmic regret, which can be attributed to the polynomial concentration of heavy-tailed
distributions.

In the next section, we address the issue of polynomial concentration by utilizing the more robust,
truncated mean estimator instead of the empirical mean, and obtain a modified, robust version of
o-TS.



3.5 Robust a-Thompson Sampling

Assume that for all arms k € [K], ur, < M. Note that this assumption is equivalent to the bound-
edness assumption in the analysis of a-TS, and is a reasonable assumption to make in any practical
scenario with some domain knowledge of the problem. Let § € (0,1),¢ € (0, — 1). Now, consider
the truncated mean estimator 7} (¢) given by:

1

n(t) .
1 L (i) (i) H(e,a,0) -1\ T+
A*t — 1 < ) Xy
k(0 ng(t) “ - "k {lrk = 2log(T)

1=

where, H(e,a,0) = (6 (M [(zc/a) + ool(1 631))) (14)

casin (Z£)T(1 —e)

77 (t) then describes a truncated mean estimator for an arm k (pulled ng(t) times), where a reward
7“,(;) at any trial ¢ of the arm is discarded if it is larger than the bound. Intuitively, we see that this
truncated mean will prevent outliers from affecting the posterior. We choose such a form of the
truncation since it allows us to obtain an exponential concentration for a-stable densities, which will
assist us in obtaining polylogarithmic regret.

As can be seen, the corresponding Robust a-T'S algorithm is identical to the basic a-TS algorithm,
except for this step of rejecting a reward (and replacing it with 0) and is outlined in Algorithm 3.
We now describe the regret incurred by this modified a-TS algorithm.

Theorem 2 (Regret Bound). Let K > 1,o0 € (1,2),0 € RT, pppei) € [— M, M]. For a K-armed
bandit with rewards for each arm k drawn from S, (5,0, ux), we have, for € chosen a priori such
that € — (o — 1)~ and truncated estimator given in Equation (30),

BayesRegret(T, nftT5) = 19, ((KT) ﬁe)

Proof-sketch. The truncated mean estimator can be used to obtain an exponential concentration
bound on the empirical mean. This can be understood intuitively as by rejecting values that are very
far away from the mean, our empirical mean is robust to outliers, and would require less samples to
concentrate around the true mean. Using the concentration result, we follow an analysis identical
to Theorem 1, with exponential concentration in the upper confidence bounds. The full proof is
deferred to the Appendix for brevity.

We see that this bound is tight: when o = 2 (Gaussian), € can be set to 1, and we see that
this matches the upper bound of O(v/KT logT) [RVR14] for the Gaussian case, which has also been
shown to be optimal [AG13]. Algorithm 3 is hence more robust, with performance improvements
increasing as « decreases: the likelihood of obtaining confounding outliers increases as a — 1, and
can perturb the posterior mean in the naive a-TS algorithm. In the next section, we discuss some
experimental results that cement the value of a-TS for a-stable bandits.

4 Experiments

We conduct simulations with the following benchmarks — (i) an e-greedy agent with linearly decreas-
ing ¢, (i) Regular TS with Gaussian priors and a Gaussian assumption on the data (Gaussian-TS),
(iii) Robust-UCB [BCBL13] for heavy-tailed distributions using a truncated mean estimator, and
(iv) @-TS and (v) Robust a-TS, both with Q(iterations for sampling) as 50.

Setting Priors for T'S: In all the Thompson Sampling benchmarks, setting the priors are crucial
to the algorithm’s performance. In the competitive benchmarking, we randomly set the priors for
each arm from the same range we use for setting the mean rewards.
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Figure 2: (A) Competitive benchmarking for o = 1.3, and (B) a = 1.8; (C) Ablation studies for varying «,
and (D) varying prior strength. Shaded areas denote variance scaled by 0.25 in (A) and (B), and scaled by
0.5 in (C) and (D). Figures are best viewed in color.

4.1 Performance against Competitive Benchmarks

We run 100 MAB experiments each for all 5 benchmarks for o = 1.8 and o = 1.3, and K = 50 arms,
and for each arm, the mean is drawn from [0,2000] randomly for each experiment, and o = 2500.
Each experiment is run for 7' = 5000 iterations, and we report the regret averaged over time, i.e.
R(t)/t at any time ¢.

In Figures 2A and 2B, we see the results of the regret averaged over all 100 experiments. We
observe that for a = 1.3, there are more substantial variations in the regret (low « implies heavy
outliers), yet both algorithms comfortably outperform the other baselines.

In the case of & = 1.8, the variations are not that substantial, the performance follows the
same trend. It is important to note that regular Thompson Sampling (Gaussian-TS) performs
competitively, although in our experiments, we observed that when K is large, the algorithm often
concentrates on the incorrect arm, and subsequently earns a larger regret.

Intuitively, we can see that whenever arms have mean rewards close to each other (compared to
the variance), e-greedy will often converge to the incorrect arm. Robust-UCB, however, makes very
weak assumptions on the data distributions, and hence has a much larger exploration phase, leading
to larger regret. Compared to a-TS, Robust o-TS is less affected by outlying rewards (as is more
evident in @ = 1.3 vs. a = 1.8) and hence converges faster.

4.2 Ablation Studies

We additionally run two types of ablation studies - first, we compare the performance of a-TS on the
identical set up as before (same K and reward distributions), but with varying values of « € (1, 2).
We report the expected time-normalized regret averaged over 100 trials in Figure 2C, and observe
that (i) as « increases, the asymptotic regret decreases faster, and (ii) as expected, for lower values
of a there is a substantial amount of variation in the regret.

Secondly, we compare the effect of the sharpness of the priors. In the previous experiments, the
priors are drawn randomly from the same range as the means, without any additional information.
However, by introducing more information about the means through the priors, we can expect
better performance. In this experiment, for each mean yuy, we randomly draw the prior mean u)
from [ug — d, . + 6], and observe the regret after T' = 15K trials for ¢ from 50 to 1000. The results
for this experiment are summarized in Figure 2D for K = 10 and ¢ = 25, and results are averaged
over 25 trials each. We see that with uninformative priors, a-TS performs competitively, and only
gets better as the priors get sharper.
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5 Related Work

A version of the UCB algorithm [ACBF02] has been proposed in [BCBL13] coupled with several
robust mean estimators to obtain Robust-UCB algorithms with optimal problem-dependent (i.e.
dependent on individual pgs) regret when rewards are heavy-tailed. However, the optimal version
of their algorithm has a few shortcomings that o-TS addresses: first, their algorithm requires the
median-of-means estimator, which has a space complexity of O(logé~—!) and time complexity of
O(loglog 6~ 1) per update, where § is the confidence factor. This makes the algorithm expensive as
the confidence is increased (for accurate prediction). Second, their regret bound has a dependence
of (u* — )/ (7= which can become arbitrarily large for a stable distribution with a close to 1.
Finally, there is no mechanism to incorporate prior information, which can be advantageous, as seen
even with weak priors. [VLZ13] introduce a deterministic exploration-exploitation algorithm, which
achieves same order regret as Robust-UCB for heavy-tailed rewards.

There has been work in analysing Thompson Sampling for specific Pareto and Weibull heavy-
tailed distributions in [KKM13], however, they do not provide an efficient posterior update rule and
rely on approximate inference under the Jeffrey’s prior. More importantly, the Weibull and Pareto
distributions typically have “lighter” tails owing to the existence of more higher order moments, and
hence cannot typically be used to model very heavy tailed signals.

In related problems, [YSLK] provide a purely exploratory algorithm for best-arm identification
under heavy-tailed rewards, using a finite (1+ ¢)*"* moment assumption. Similarly, [SYKL18,MY16]
explore heavy-tailed rewards in the linear bandit setting.

6 Conclusion

In this paper, we first designed a framework for efficient posterior inference for the a-stable family,
which has largely been ignored in the bandits literature owing to its intractable density function.
We formulated the first polynomial problem-independent regret bounds for Thompson Sampling
with a-stable densities, and subsequently improved the regret bound to achieve the optimal regret
identical to the sub-Gaussian case, providing an efficient framework for decision-making for these
distributions.

Additionally, our intermediary concentration results provide a starting point for other machine
learning problems that may be investigated in a-stable settings. There is ample evidence to support
the existence of a-stability in various modeling problems across economics [Fra], finance [BT03] and
behavioral studies [MCM™'13]. With tools such as ours, we hope to usher scientific conclusions in
problems that cannot make sub-Gaussian assumptions, and can lead to more robust empirical find-
ings. Future work may include viewing more involved decision-making processes, such as MDPs, in
the same light, leading to more (distributionally) robust algorithms.

Acknowledgements: The authors would like to sincerely thank Peter Krafft, Yan Leng, Dhaval
Adjodah, Ziv Epstein, Michiel Bakker, Ishaan Grover and Spandan Madan for their comments and
suggestions for this manuscript, and MIT Quest for Intelligence for their generous support with
computational resources. We also would like to acknowledge Tor Lattimore and Csaba Szepesvari’s
text on bandit algorithms [LS] for their excellent treatment of bandit algorithms.
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Appendix

Posterior Distribution of 1y

At any time t € [T], arm k € [K], assume this arm has been pulled ny(t) times previously, and

hence we have a vector of reward samples ry(t) = {r,(cl), ...,r,(cn’“(t))} observed until time t. Addi-

tionally, assume we have ny(t) samples of an auxiliary variable Ag(t) = {)\,(61), ...,/\En’“(t))} where

Ak ~ Sa/2(1,1,0). Recall that 7 ~ S4(0,0, ) for an unknown (but fixed) py. From the SMiN

K

yd
fé?@

Figure 3: Directed graphical model for arm k where ny(t) = 4.

representation, we know that rj is conditionally Gaussian given the auxiliary variable A, that is
p(ri| Mk, ) ~ N (g, Ako?). We can then obtain the conditional likelihood as

ni(t) (T(i)

— h)?
p(re(t)| Ak (), pr) o< exp 257 ; k)\T : (15)

We can now assume a conjugate prior over pj, which is a normal distribution with mean ,ug and
variance o2. By Bayes’ rule, we know that

Pk Ak (t), tx(t)) o p (vr(8)|one, Ak (8) )p( e | Ak (2)) (16)
S (s () 1k M () (1) (17)
1[0 2 (e — pR)?
X exp (—M ; T - exp (_M> (18)
nk(t) MOBERY
 exp (—2; ‘ (’“A()”’“) + (e — p)? (19)
=1 k
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1 r
P Ak (), Ti(t)) o exp | — pi > < T 2m . /\]fi) + (20)

1 2
ocexp | — = | #e — 20 " (21)
n ng(t
207 (Zi_’“it) /\é) + 1) (Ei—kl Aii) + 1)
L
(ZZ§1 )\zi) +#k>
Pk — 77— N\
<Z§L£1(t) A(ﬂ,) +1>
o exp b (22)

- -1
202 (Z;it) St 1>

Where (a) follows from the independence of )\,(f) and p. Comparing the above to a standard normal
distribution, we then obtain the posterior density for u; as

2 e S
o =1 A\
Plpklen(t), Au(t)) o< N (fx(t), 57(t)) where, 63(t) = <y i(t) = <7
Y S+ SRS CRD

(23)

Regret Analysis: a-Thompson Sampling

To derive a bound on the regret of a-Thompson Sampling, we first state a few elementary properties
of a-stable distributions.

Lemma 1 ( [BHWO5]). If X ~ S,(0,01,p1) and Y ~ S,(0,02,pu2), then X +Y ~ S,(0,0, 1),
where,

U:(U?+U§)1/Q7M=M1+M2

Lemma 2 ( [BHWO05]). If X ~ S,(0,0,u), then for a # 0,b € R,

aX + b~ S,(0,|alo,ap +b)

By composing these two results, we can obtain a representation for the empirical mean of a
sequence of i.i.d. samples from an a-stable distribution, as described next.

Lemma 3. Let Xy, Xs, ..., Xy, be an i.i.d. sequence of n random variables following S, (0,0, 1), and
X denote the empirical mean:

Then X ~ S (0,0%, u*), where,

13



Proof. Let Y = Y1 | X;. Then Y ~ S,(on'/® ), by Lemma 1. Then, X = Y/n, and the result
follows from Lemma 2. O

Next, we state an important result that allows us to obtain the moments of symmetric, zero-mean
a-stable distributions.

Lemma 4 (Theorem 4 of [SN93]). For X ~ S,(0,0,0),p € (0,a),

PHT(EE (—p/a)
VAL (-p/2)

E[|X|?] = C(p,@)o =« where, C(p,a) = ,and T'(x) = / t* e~ tdt.
0

The next two results allow us to obtain a concentration bound of the empirical of a fininte number
of samples of a symmetric a-stable distribution.

Lemma 5 (Lemma 3 of [BCBL13]). Let Xq,..., X, be an i.i.d. sequence of random variables with
finite mean p, finite (1+¢€) centered moments E[| X —u|*T¢] < v, and finite raw moments E[| X |*F¢] <
Ue, for e € (0,1]. Let i1 denote the empirical mean:

>x
i=1

Then, for any § € (0,1), we have, with probability at least 1 — 6,

. 3ve T
u§u+< >
one

S|

'EL:

Lemma 6. Let Xy,..., X, be an i.i.d. sequence of random variables following S, (0,0, 1) for a €
(1,2). Let j1 denote the empirical mean:

Then, for any § € (0,1) and € € (0, — 1), we have, with probability at least 1 — 6,

) (QC(IJre,a))lJlré

o1
li—pl <o DT

Proof. From Lemma 2, we know that if X ~ S,(0,0,u) then X — p ~ S,(0,0,0). Applying this
in Lemma 4, we get v. = C(1 + ¢, oz)a%. Note that the raw moments of order 1+ € < a are also
finite for a-stable densities, therefore u. < oo Ve € (0, — 1) and Lemma 5 can be applied. Thus,
an application of Lemma 5 for both tails with probability §/2 gets the desired result. O

A few remarks are in order. First, we note that this bound is tight, and while this introduces
polynomial deviations for the empirical mean, it is not an artefact of the proof method, but the
heaviness of the tails themselves [BCBL13].

Using this concentration result, we can now proceed to proving the regret bound. Our analysis
is inspired by the sub-Gaussian case analysed in [RVR14], and we prove a few important results
within the main proof.
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Theorem 1 (Regret Bound). Let K > 1,a0 € (1,2),0 € RT, p;5e(x) € [ — M, M]. For a K-armed
bandit with rewards for each arm drawn from S, (0,0, 1;), we have, for finite-time T':

BR(T,x™%) < _inf {QKMT +2(ge, )T KTRT T }
e<a—

Asymptotically, for € chosen a priori such that e — (. — 1),

BayesRegret(T, 7TTS) S O(K#e Tiise )

Proof. Consider a K-armed bandit with rewards for arm k drawn from S, (0, o, x). Let ng(t) denote
the number of times arm & has been pulled until time ¢. Then t — 1 = Zszl ng(t). Let us denote
the empirical average reward for arm k up to (and including) time ¢t — 1 as 7 (¢), and denote the
arm pulled at any time ¢ as a;, and the optimal arm as a;. We then set an upper confidence bound
for arm k at any time ¢ as

Uk (t) = Chp[—M,M]

P(t) + o <205(i:(t;a) > HE] (24)

for 0 <e<1,M > 0. Let E be the event when for all k € [K] arms, over all iterations ¢ € [T], we

have: 1

Lemma 7. For the setup described above, we have, for event E and § € (0,1),

P(E) < KT6.

Proof. From Lemma 6, for arm k € [K] at time ¢ € [T]:

P(Vk(t),uﬂ <ow <W>H> >1-46

The event E° holds whenever the bound is violated for at least one arm k at one instance ¢t. Therefore,

K, T ﬁ
P(E) <P U{mu_l)_MM; (W) }

k=1
t=1
K,T 1
(a) & 1 20(1 + € a) Tte
< Pl |re(t—1)— >go | ———~ 2
> (Tk( -l >t (P
=1
(®)
< KTé.
Where (a) is an application of the union bound, and (b) is obtained using Lemma 6. O

Using this lemma, we can now prove Theorem 1. We begin with the seminal result of [RVR14].
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Lemma 8 (Proposition 1 of [RVR14]). Let 775 be any policy followed by Thompson Sampling. For
any sequence of upper confidence bounds {U;|t € N}

BayesRegret(T, n7%) = |

T
Z (Uat (t) - :uat) +
t=1

E Z (ﬂat* - Ua;‘ (t))]
t=1

Let us begin from Lemma 8. By the tower rule, we can condition over event F

T

=E Z (Uat (t) - N“af,)

t=1

BayesRegret(T, 77°

+ (/“La;f - Uaf (t)) E

P(E)+

=3

t=

Since P(F) <1

—

= fta,) + (Ma; — Uz (t)) |EC P(E°)

BayesRegret(T,77°%) < E

E

(Uat (t) -

~
I
—

Mat) + (/f‘at* - Uaf (t)) E

_|_

E Y (Ua(t)

a(t) — Mat) + (Mat - Ua? (t))
t=1

E¢| P(E°)
When E€ holds, each term in the summation in the conditional expectation is bounded by 4M
(Equation 31). Therefore,

T
BayesRegret(T, 77°) <E Z (Ua, (t) = pray) + (pta; — Uaz (1)) |E| +4MT - P(E°)
t=1
@ [&
SE|Y (Ua,(t) = pta) + (Haz — Uaz () | E| + 4K MT?6
t=1
® [& e 20(1 + €, a)\
< 2E 1{A4; = i S AKMT?
2 2t ”( )| kM

—

im (1 )
t— €
k=1 t=1 0
K ny (T) =
E lz / 1) ds| + AKMT?5
_ s€
k=1s=0
201+ ¢,0)\ 7 [&E
=2(1+¢) (5) Elan

k=1
) . X
<4<2C(1+57Q)> K1+€ <an ) +4KMT26
5
k=1
(©) THe .
<4 (W) (KT)™ + 4K MT?5.

Here, (a) follows from Lemma 7, (b) follows from event E: whenever E holds, each term inside
the summation is bounded by Equation (25), (b) follows from the upper bound of a finite discrete

+AKMT?6

C 2(20(1—|—e @

1+e

+4KMT?$
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sum with a definite integral, (c) follows from Holder’s Inquality of order and (d) follows from

1+e
T=1+ Zszl ng(T), and that 14 € < 2. For a finite time analysis, we can now choose € and T
such that it minimizes the RHS. This concludes the proof. O

Regret Analysis: Robust a-Thompson Sampling

Bounding the concentration of the robust mean estimator first requires a bound on the raw moments
of symmetric a-stable densities, provided in the next two results.

Lemma 9 (Proposition 2.2 of [MP*16]). For any random variable X ~ S,(0,0,0),€ € (—oo,a — 1)

and v € R,
1+€ € UlJr v > —(1+€) ,—u® 3 rvu > a—e—2 —u® vu
E[|X—v|"7] = = - u e " sin ( ) du+ o u e " cos (—) du
sin (%) (1—¢) 0 o 0 o
(26)
Lemma 10. For any random variable X ~ S, (0,0, u),€ € (—oo,a —1),u < M,
ot (M -T + (1 — &t
(g < SO LTS Foall - 5) 27

casin (55)T(1—¢)

Proof. Let X ~ 5,(0,0,1). Then X — pu ~ S,(0,0,0). Applying Lemma 9 to X — p with v =
—, € € (—oo, ¢ — 1), we have

E[X["]=E[IX —u - (* )]

= €’ [ _(1+€)e_“u sin <—uu> du + a/ u® " 2e"" cos (%) du]
sin ( ) (1—¢) o 0 o
1+e€

(é) €0 H ,(1+€) /OO a—e—2, —u® [ Hu
sin (55 T(1L— o) a/ bm(a)du+a | U e cos(a)du]

W _ e [u [T ke du—l—a/oo u® = %e ™" du
T sin(9)T(1—e) Lo 0

. rlte [ee] e e} .
© <9 ﬂ/ ity +/ tlzetdt]
sin (Z) (1 —€) Lo Jy 0
(i) e o't (M -T(—¢/a) + oal'(1 — <t1))
n ) I'(1—c¢)

Here, (a) follows from sin(—x) = —sin(z), (b) follows from sin(x) < 1, cos(z) < 1 Vz, (c¢) follows by
the substitution ¢t = u®, and (d) follows from u < M. O

oo si (

Before stating the proof, we first describe the concentration results for the raw moments of the
truncated mean estimator.

Lemma 11 (Lemma 1 of [BCBL13]). Let § € (0,1),e € (0,1],u > 0. Consider the truncated

empirical mean i defined as,
1 & ut O\
= — 1 < | ——
- tEﬂ Xy {|Xt| < (log(§1)> } (28)
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IfE[|X|'T] < u, E[X] = u, then with probability 1 — 4,

1 1 —1 Tte
fr < p+ duTee <0g(5)> (29)

Lemma 12. For any 6 € (0,1), arm k € [K], time t > 0, mazimum possible mean M > 0, and
€ € (0, — 1), we have, with probability at least 1 — 4,

casin (55)T(1—¢) n

F70) — ] < Ao ( (MI(—¢/a) + 7071 ~ +>>> EE

Proof. For any arm k, we know that the rewards follow S, (0,0, pux). Applying Lemma 10 to the
e.al+€(M~I‘(—e/a)+o'aF(l—621 )
oca sin( "2‘5)1“(176)
for both tails of 7} (¢) in Lemma 11 with probability ¢/2, we obtain the result. O

rewards distribution for arm k, we obtain u = . Using this value of u

Using the above concentration result, we can now derive a regret bound on the robust a-
E(N[-F(e/a)JraaF(lT)))

oca sin( e )F(l—e)

Thompson Sampling algorithm. For convenience, let H(e,o,0) = (

First, let us state the form of the robust mean estimator.

Definition 1. Let § € (0,1),e € (0,0 — 1),k € [K] and time horizon be T. The truncated mean
estimator 7 (t) is given by:

N (t) . 1
Ak 1 (2) (2) H(é, a, U) AN
Tk (t) N (t) ;=1: Tk { ‘Tk | = 2 log(T) (30)

Theorem 2 (Robust Regret Bound). Let K > 1,a € (1,2),0 € RT, pppei) € [— M, M]. For a
K -armed bandit with rewards for each arm k drawn from S, (8,0, p), we have, for € chosen a priori
such that ¢ — (o — 1)~ and truncated estimator given in Equation (30),

BayesRegret(T, WRTS) =0 ((KT) T (log T) 1%)

Proof. Consider a K-armed bandit with rewards for arm k drawn from S, (0, o, 11;). Let ng(t) denote
the number of times arm k has been pulled until time ¢. Then t — 1 = Zi{:l nk(t). Let us denote
the empirical average reward for arm k up to (and including) time ¢ — 1 as 7 (¢), and denote the
arm pulled at any time ¢ as a, and the optimal arm as a;. We then set an upper confidence bound
for arm k at any time ¢ as

Un(t) = clipi_ygag | P4 () + 40 H (e, 00, 0) T <b5$t/)5)> HE] (31)

for 0 < e <1,M > 0. Let E be the event when for all k € [K] arms, over all iterations ¢ € [T], we
have:

|75 (t) — | < 40H(e, 0, 0) T+ (%) ITE . (32)
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Lemma 13. For the setup described above, we have, for event E and § € (0,1),

P(E°) < KT§.

Proof. The event E° holds whenever the bound is violated for at least one arm & at one instance t.
Therefore,

i log(2/6)\ 7+
P(E°) <P U |Fr(t — 1) — ug| > 40 H (e, o, 0) T+ ( & )
k=1 n(t)
t=1
K,T <
(a) & 1 10g(2/5)> TFe
< Pl |re(t—1) — > 40H (e,a,0)T+e | ————=
; < k(t = 1) — pul ( ) ( ()
t=1
®)
< KT6.
Where (a) is an application of the union bound, and (b) is obtained using Lemma 12. O

We now prove Theorem 2 in a similar manner as Theorem 1, via Lemma 8. By the tower rule,
we can condition over event E:

S Wi () = 1) + (ta; — Uaz (1) |E

t=1

BayesRegret(T, 7%7°) = E P(E)+

E iwat ()~ o) + (a — Us: () | E°| B(E®) (33)
Since P(E) < 1, _
BayesRegret (T, x7%) < E i (Uar () = 1a) + (e — Uat (1) | E| +
E gw% (1) ~ o) + (1o — U (1)) | B B(E®)  (34)

When FE€ holds, each term in the summation in the conditional expectation is bounded by 4M
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(Equation 31). Therefore,

Z :uat + (,uat - Uaf (t)) E

t=1

BayesRegret(T, 7%7°) < 4MT -P(E®) + E

(a)
S AKMT? +E |37 (Ua,(t) — pta,) + (1o — Uai (1) | E

] =

H
Il
—

(b)
< 4KMT?5 + 8E

hE

- )
o H(e o o) 10820\ T

=
Il

e
= AKMT?5 + 80 H(e, , 0) 7+ log(2/8) T E lZZl{At =k} ( ) ]
k=1 t=1

K

ng(T) 1 T
> ()
k=150 5

S (1)

k=1

©) ¢
< AKMT?5 + 80 H (e, v, o) T log(2/6) THE

— AKMT?5 +8(1 + )0 H(e, o, 0) T log(2/8) TH E

(@) ) 3 . L (& o
< AKMT?5 + 160 H e, o, 0) T+ log(2/8) TR | KT [ Y~ ny(T)

() g
< AKMT?5 + 160 H e, o, 0) T log(2/6) 5 (KT) ™

D AKM + 160 H(e, o, 0) ™ (log(2) 77 ) + 320 H (e, a, ) T log(T) 75 (KT) ™+ |

Here, (a) follows from Lemma 13, (b) follows from event E: whenever E holds, each term inside

the summation is bounded by Equation (32), (¢) follows from the upper bound of a finite discrete
sum with a definite integral, (d) follows from Holder’s Inquality of order ﬁ and (e) follows from
T= 1+Z£(:1 nk(T), and that 14+¢ < 2, and (f) is obtained by setting § = 1/72. Asymptotically,for

€ chosen a priori close to a — 1,

BayesRegret(T, 7%7%) = O((KT) THe (log T) T5¢). (35)

O

We see that this bound is tight: when o = 2, € can be set to 1, and we see that this matches
the upper bound of O(v/KT logT) [RVR14] for the Gaussian case, which has also been shown to be
optimal [AG13]. Hence, this alternative Thompson Sampling can be beneficial, with the performance
improvements increasing with a.

References

[ACBF02] Peter Auer, Nicolo Cesa-Bianchi, and Paul Fischer. Finite-time analysis of the multi-
armed bandit problem. Machine learning, 47(2-3):235-256, 2002.

[AG12] Shipra Agrawal and Navin Goyal. Analysis of thompson sampling for the multi-armed
bandit problem. In Conference on Learning Theory, pages 39-1, 2012.

[AG13] Shipra Agrawal and Navin Goyal. Further optimal regret bounds for thompson sampling.
In Artificial Intelligence and Statistics, pages 99-107, 2013.

20



[AMT74]
[BCBL13]
[BHWOS5]
[BT03]

[CGM*13]

[CL11]
[CMST6]
[CWO03]

[Fra]
[GK99]

[KKM13]

[MCM+13]

[MP+16]
[MY16]
[RVR14]

[SNO3]

David F Andrews and Colin L. Mallows. Scale mixtures of normal distributions. Journal
of the Royal Statistical Society: Series B (Methodological), 36(1):99-102, 1974.

Sébastien Bubeck, Nicolo Cesa-Bianchi, and Gabor Lugosi. Bandits with heavy tail.
IEEE Transactions on Information Theory, 59(11):7711-7717, 2013.

Szymon Borak, Wolfgang Hérdle, and Rafat Weron. Stable distributions. In Statistical
tools for finance and insurance, pages 21-44. Springer, 2005.

Brendan O Bradley and Murad S Taqqu. Financial risk and heavy tails. In Handbook
of heavy tailed distributions in finance, pages 35—-103. Elsevier, 2003.

Olivier Cappé, Aurélien Garivier, Odalric-Ambrym Maillard, Rémi Munos, Gilles Stoltz,
et al. Kullback—leibler upper confidence bounds for optimal sequential allocation. The
Annals of Statistics, 41(3):1516-1541, 2013.

Olivier Chapelle and Lihong Li. An empirical evaluation of thompson sampling. In
Advances in neural information processing systems, pages 2249-2257, 2011.

John M Chambers, Colin L. Mallows, and BW Stuck. A method for simulating stable
random variables. Journal of the american statistical association, 71(354):340-344, 1976.

Peter Carr and Liuren Wu. The finite moment log stable process and option pricing.
The journal of finance, 58(2):753-777, 2003.

John C Frain. Studies on the Application of the Alpha-stable Distribution in Economics.

Simon Godsill and Ercan E Kuruoglu. Bayesian inference for time series with heavy-
tailed symmetric a-stable noise processes. 1999.

Nathaniel Korda, Emilie Kaufmann, and Remi Munos. Thompson sampling for 1-
dimensional exponential family bandits. In Advances in Neural Information Processing
Systems, pages 1448-1456, 2013.

Ravi Kumar and Andrew Tomkins. A characterization of online browsing behavior.
In Proceedings of the 19th international conference on World wide web, pages 561-570.
ACM, 2010.

P Lévy. Calcul des probabilités, vol. 9. Gauthier-Villars Paris, 1925.
Tor Lattimore and Csaba Szepesvari. Bandit algorithms.

Aniket Mahanti, Niklas Carlsson, Anirban Mahanti, Martin Arlitt, and Carey
Williamson. A tale of the tails: Power-laws in internet measurements. IEEE Network,
27(1):59-64, 2013.

Muneya Matsui, Zbynék Pawlas, et al. Fractional absolute moments of heavy tailed
distributions. Brazilian Journal of Probability and Statistics, 30(2):272-298, 2016.

Andres Munoz Medina and Scott Yang. No-regret algorithms for heavy-tailed linear
bandits. In International Conference on Machine Learning, pages 1642-1650, 2016.

Daniel Russo and Benjamin Van Roy. Learning to optimize via posterior sampling.
Mathematics of Operations Research, 39(4):1221-1243, 2014.

Min Shao and Chrysostomos L Nikias. Signal processing with fractional lower order
moments: stable processes and their applications. Proceedings of the IEEE, 81(7):986—
1010, 1993.

21



[SYKL18]

[Tho33]

[VLZ13]

[Wik19)]

[YSLK]

Han Shao, Xiaotian Yu, Irwin King, and Michael R Lyu. Almost optimal algorithms for
linear stochastic bandits with heavy-tailed payoffs. In Advances in Neural Information
Processing Systems, pages 8430-8439, 2018.

William R Thompson. On the likelihood that one unknown probability exceeds another
in view of the evidence of two samples. Biometrika, 25(3/4):285-294, 1933.

Sattar Vakili, Keqin Liu, and Qing Zhao. Deterministic sequencing of exploration and
exploitation for multi-armed bandit problems. IEEE Journal of Selected Topics in Signal
Processing, 7(5):759-767, 2013.

Wikipedia. Stable distribution — Wikipedia, the free encyclopedia, 2019. [Online;
accessed 25-February-2019].

Xiaotian Yu, Han Shao, Michael R Lyu, and Irwin King. Pure exploration of multi-
armed bandits with heavy-tailed payoffs.

22



