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Abstract
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Chapter 1

Introduction

The term “Dynamic Programming” (DP) was coined by Richard Bellman in the 1940s. “Pro-
gramming” in the modern sense had not developed and the word was in its original sense of
"planning.” Dynamic Programming was therefore planning for a task where decisions need

to be made one after another, hence the adjective “dynamic.”

Today, this nearly century-old technique has remained one of the most popular and most
important technique in theoretical computer science, and is covered in nearly all fundamental
college-level algorithm classes. It has found applications in a wide range of problems, and new
variants and extensions of many of those applications, including the most well-known ones,
are still being discovered. Two of the most well-known applications are the Longest-Common-
Subsequence (LCS) problem and the Knapsack problem, to which DP-based solutions have
been known at least since the 70s. The new algorithms introduced in this thesis solve variants

of these two problems.

There are often no good alternative techniques to DP, and thus new algorithms for
problems with known DP-based solutions often still have to rely on a DP scheme, novel
or traditional. This DP scheme can often be combined with other techniques for better
efficiency. Firstly, the DP schemes themselves can sometimes be sped up using some advanced
sub-routines. Secondly, new techniques can often be built upon the DP scheme to prune

useless computation or to re-order different stages of computation for better efficiency. In
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this thesis, we will see combinatorial and number theoretical approaches built upon DP
schemes, and the DP schemes themselves are sped up using fast Matrix Multiplication and
Fast Fourier Transforms.

In this thesis, I will summarize my work showing improved fine-grained upper bounds for
many fundamental problems. I will show an improved exact algorithm the Unweighted Tree
Edit Distance problem in Chapter 2, and improved Fully-Polynomial-Time-Approximation-
Schemes (FPTASes) for the Partition problem and the Knapsack problem in Chapter 3.
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Chapter 2

Algorithms for Tree Edit Distance

(©) 2021 IEEE. This chapter is reprinted, with permission from IEEE, from my paper Breaking
the Cubic Barrier for (Unweighted) Tree Edit Distance, published in the proceedings of 2021
IEEE 62nd Annual Symposium on Foundations of Computer Science (FOCS).

2.1 Introduction and Preliminaries

2.1.1 Introduction

One of the most fundamental problems in computer science is the (string) edit distance
problem, studied since the 1960’s. Defined as the minimum number of deletions, insertions
or substitutions needed to change one string into another, it is a natural way to measure
the dissimilarity between data that can be represented as strings. As a measure for linearly
ordered data, edit distance is not as useful when the data is hierarchically organized. For
data that is in the form of ordered trees, tree edit distance serves as a natural generalization
of edit distance. First introduced by Selkow in 1977 [41], it has found applications in a
variety of areas such as computational biology [21, 42, 23, 44|, structured data analysis
[10, 13, 18], image processing (3, 33, 32, 40|, and compiler optimization [17]. One of the
most notable applications is the analysis of RNA molecules whose secondary structures are

typically represented as rooted trees [21, 22].
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For two rooted ordered trees whose nodes are labeled with symbols, their tree edit distance
is the minimum number of node deletions, insertions, and relabelings needed to change one
tree into the other. When a node is deleted, its children become children of its parent.
The resulting trees must be structurally identical, where the order of siblings matters, and
symbols on corresponding nodes must also match. A formal definition will be given in the
next sub-section.

The main result we will achieve in this chapter is the following:

Theorem 2.1.1. There is an O(nm**1%) time randomized algorithm and an O(nm!9%39)

time deterministic algorithm that computes the (unweighted) tree edit distance between two

trees of sizes n and m.

When m = O(n), this implies an O(n*%%) time randomized and an O(n?9%%) time
deterministic algorithm that solve the tree edit distance problem, which are the first ever
known truly sub-cubic algorithms for this problem.

The two exponents in our results are from applications of the work by Bringmann,
Grandoni, Saha, and Vassilevska Williams |7], which shows that the max-plus product of two

bounded-difference n X n matrices (i.e. bounded difference between adjacent entries, full def-

2.8244) 2.8603)

inition given in the original paper) can be computed in O(n randomized and O(n
deterministic time. These were the optimal algorithms for this problem at the time I wrote
the original FOCS paper. At the time the thesis is completed, better algorithms have been
found [15] and the running times in Theorem 2.1.1 can be improved trivially. We will stay
faithful to the original paper and use the old running times.

We will first look at a novel (nearly-)cubic algorithm for the tree edit distance problem.

Such running time had been achieved before the publication of my work [31, 17|, but our

algorithm stood out in that its ideas were extended to give a sub-cubic running time.

2.1.2 Tree edit distance related definitions

The tree edit distance problem involves ordered trees. For an ordered tree T'; each node of

T is labeled with a symbol from some given alphabet . In this paper, we consider the size
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of the alphabet to be O(n). For a node u € T, let par(u) denote the parent node of u. Let
root(T") be the root of the tree 7'

We treat a forest F' as ordered as well, meaning that the order between the trees in the
forests is important. Under this setting, we can treat a forest F' as a tree with a wvirtual root,
and let par(v) be the virtual root if v is the root of a tree in the forest. Let sub(u) be the
subtree of u. We let Lr denote the leftmost tree in F' and Ry denote the rightmost tree
in F. For a tree T' € F, let F — T be the forest we get by removing the tree 7" from F
while keeping the order of the remaining trees. Let |F'| be the number of nodes in F'. For a
sequence of forests Iy, Fy, - -+, Fy, let F} + Fy+- - -+ F}. be the concatenation of these forests
from left to right. For two forests F}, Fy of F, we say F; C F3 if all nodes in F} are in F5.
When Fy C Fy, we use F»\F to denote the set of nodes in F» that are not in F}. An empty
forest is denoted by 0.

For a node u in a forest F, let d(u) be the number of children of u. For 1 < k < d(u),
let child(u, k) be the k-th child of w from left to right. Let sub(u,z) = sub(child(u,z)) and
sub(u, [z,y]) = sub(u, ) + sub(u,x + 1) + - - - 4 sub(u, y). Specifically, for the virtual root r
of the forest F, let d(r) be the number of trees in F' and child(r, k) be the root of the k-th
tree from left to right, and define sub(r, z) and sub(r, [x,y]) similarly.

The node removal operation removes a node v from the forest F', and let the children of
v become children of par(v), with the same ordering. The result of the removal is denoted

by F —v.

Definition 2.1.2 ((Unweighted) Tree Edit Distance). For two forests F} and F», we consider

the following two types of operations:

e Relabeling: changing the label of a node to another symbol in .

e Deletion: using the node removal operation to remove a node.

The tree edit distance between I and Fy, denoted by ed(Fi, F3), is the minimum number

of operations we can perform on F} and F3 so that they become identical forests.
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Some literature distinguishes between forest edit distance and tree edit distance, but for
simplicity we will not make this distinction.

Figure 2-1 gives an example of tree edit distance between two trees 77 and T5.

h Delete Relabel Delete 12

LT

Figure 2-1: An optimal series of operations to make 77 and T, identical is shown, and
ed(Tl,Tg) = 3.

We now consider an equivalent maximization problem defined on similarity, which uniquely

determines the edit distance:

Definition 2.1.3 (Similarity). The similarity between two forests F; and Fy is defined as
sim(Fl,FQ) = ’F1’ + ’F2| — ed(Fl,Fz).

Since it is obvious that ed(Fy, Fy) < |Fy| 4 |Fy|, similarity is always non-negative.

Definition 2.1.4 (Bi-order traversal sequence). Consider the depth-first traversal of a forest
F starting from the virtual root, with subtrees recursively traversed from left to right. From
that we can generate an bi-order traversal sequence of length 2| F'|, where each node appears

twice, in the following way:
e Start from the empty sequence.

e Every time we enter or leave a node, we attach the node to the end of the sequence

(do not attach the virtual root).

We use F'(i) to denote the i-th node in such sequence.

18



Definition 2.1.5 (Subforest). For 1 <1 <r <2|F|+ 1, we use F[l,r) to denote the forest
obtained by removing from F' all nodes that appear at least once in F/(1), F'(2),---, F(l—1)
or F(r), F(r+1)---F(2|F|), and we call such forest a subforest of F' (as later illustrated in
Figure 2-2).

For a node u, I(u) equals the first index where u appears in the bi-order traversal sequence
and r(u) equals one plus the second index where u appears in the sequence. By these
definitions, we can see that F[l,r) contains a node w if and only if < |(u) and r(u) < r and
that F[l(u),r(u)) is equal to sub(u). Note that F[l,r) and F[l',r") might be the same forest

for distinct pairs (,r) and (', r').

We now introduce the definition of “synchronous subforests,” named in a similar spirit
to the term “synchronous decomposition” from the recent (1 + ¢)-approximation paper [5],
which decomposes the tree to disconnected components that become connected after adding

one more node and its incident edges.

Definition 2.1.6 (Synchronous subforest). For a forest F', a subforest F’ of F is a syn-
chronous subforest of F' if there exists a node u that is either a node in F' or the virtual root

of F,and 1 < x <y <d(u) such that F’' = sub(u, [z, y]).

We can see that the node u works as the virtual root of F’, and we denote u as vroot(F”).
Figure 2-2 shows the bi-order traversal sequence of tree T'. For node 4, we have 1(4) = 5 and
r(4) = 11. It also shows a synchronous subforest F' = T'[3,15) whose virtual root is node 3.
Note that node 2 and 3 are not in F(3,15) since one of their occurrences is not inside the
highlighted interval. We can see that this definition is not a one-on-one mapping, since for

example F'(5,15) would be identical to F'(3,15).
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vroot(F)

F =T[3,15)

[T: 122345566478379931 |

Figure 2-2: The bi-order traversal sequence and a synchronous subforest of tree T'

For two nodes u and v labeled with symbols, let §(u,v) be equal to 0 if v and v have the

same symbols and 1 if their symbols differ. Let n(u,v) =2 — (u,v).

For two nodes u and v such that neither is the ancestor of the other, we have either
r(u) < I(v) or r(v) < l(u), and we say u precedes v if r(u) < l(v). For example, node 5

precedes node 6 in the tree 7" in Figure 2-2.

Mapping The maximization of the similarity between F} and F, can be interpreted as
finding a mapping of maximum weight. The mapping we use is identical to the mapping

used in Section 2.2 of [46], except for the fact that we are considering similarity.

The mapping is between two sequences of distinct nodes {uy,ug, -+ ,ux} € V(Fl)k,

{v1,v9,- -+ U} € V(Fg)k, such that for all 1 <i < j <k,
e u; is an ancestor of w; in 7} if and only if v; is an ancestor of v; in 75,
e u; is an ancestor of u; in 77 if and only if v; is an ancestor of v; in 75, and

o If neither of u; and wu; is the ancestor of the other, u; precedes u; in 7} if and only if

v; precedes v; in Th.
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For each i we map u; to v;, and the weight of the mapping is

Z n(ui, v;).

1<i<k

A node u € Ty is mapped if u € {uy,ug, - ug}.

Figure 2-3 shows the mapping of maximum weight between the same 77 and 73 as in
Figure 2-1. Nodes with the same subscripts are mapped to each other. We have sim(7},T5) =
|T1| + |To| — ed(T1,T2) =6+ 6 —3 =9, and the mapping indeed has weight 9 since the first

pair contributes 1 to the weight and the remaining 4 pairs contribute 2 to the weight.

Figure 2-3: The mapping of maximum weight between 77 and 75

Definition 2.1.7 (Similarity matrix). For two forests Fy and Fj, let the similarity matriz

S(Fy, Fy) = s, j(F1) be a (2| F,| + 1) x (2|F3| + 1) matrix where

o (F) = sim([Fy, Fyli, j)) ifi<j |
—00 ifi>j

For two compatible matrices A and B, we use A x B to denote the maz-plus product of
A and B, which is a matrix C' = ¢;; where ¢;; = maxy, {a;; + by}

An n x m matrix A = a;; is called row-monotone if a; ; < a; j41 for all 4, j, and column-
monotone if a;1,; < a;; for all 7, j.

An n xn matrix A is called finite-upper-triangular if the entries below the main diagonal

are —oo and the entries elsewhere are finite, and is called W -bounded-upper-triangular if A
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is finite-upper-triangular and the non-(—oo) entries of A are integers between 0 and W.

2.1.3 A computation model for row-monotone, column-monotone

matrices

To speed up matrix manipulations, we store and modify our matrices in an implicit way. We
now define a computation model for the matrices involved in our algorithm.
We consider the following range operations for n x m row-monotone, column-monotone

matrices. Given an n X m matrix A = a;;, we can
e Produce a new n x m matrix B = [—00],,,, (i.e. entries of B are all —o0),
e Produce a new matrix B = A, or

e Given 7/, j and z € NU {—oo}, produce a new matrix B = b;; such that

) max(a;;,x) ifi<d and j' <}
ij =

g otherwise
and denote such matrix as B = rangemax(A, 7, j', x).

We also consider the following range queries on an n X m row-monotone, column-monotone

matrix A:
e Given 7, j, query A;;,

e Given 7, x, query mincol(A,¢,z) = min{j | A;; > x} or any index in [1,m] if such j

does not exist, or

e Given j,z, query maxrow(A, j,x) = max{i | A;; > x} or any index in [1,n] if such ¢

does not exist.
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There are well-known data structures (e.g. persistent 2D segment trees) that can perform
the mentioned range operations and range queries in 5(1)1 time assuming that all matrices

involved are created using our model.

2.2 Our algorithm

In this section we introduce our algorithm in detail. In Section 2.2.1 we introduce the
dynamic programming scheme we start with and a novel cubic algorithm based on this
scheme, and motivate the decomposition scheme that we will use to break the cubic barrier.
Section 2.2.2 introduces our main algorithm based on that decomposition scheme, which
involves two different types of transitions. Section 2.2.3 introduces how the type II transitions
between two synchronous subforests with small difference in sizes can be done. The type I
transitions which require more efficient computation of max-plus products can be done via
a reduction to max-plus product between bounded-difference matrices. The definitions and
other details are shown in the original paper and are omitted in this thesis since they are
irrelevant to dynamic programming.

We will assume that the input forests are two trees T} and T5. It is easy to extend
our algorithm to generic forests. We also assume that |T}| > |T3|. We will use the short-
hand S(F) = S(F,Ty) for any forest F since the second argument will always be 75 in our

algorithm.

2.2.1 A novel cubic algorithm
Our dynamic programming scheme

We use a dynamic programming scheme that can be shown to be closely related to the one
used in Chen’s 2001 algorithm [14], but is fundamentally different from the one used in
Zhang and Shasha’s algorithm [46] and its descendants [31, 17].

Given a forest F, we use the following dynamic programming scheme to compute S(F):

! Throughout this thesis, we use 6(f) to denote O(f - polylog(f)).
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e Basic case: S(0)) is a (2|T3| + 1) x (2|T3| + 1) finite-upper-triangular matrix whose

entries on or above the main diagonal are all zero.

e If F' contains one tree, let u = root(F') and we recurse with

SZ'J‘(F — U)
s; j(F) = max : (2.1)
max {s.,n(F — ) +n(u,0)}
v€ETL[4,5)
where (L, R) = (I(v) + 1,r(v) — 1).
e Otherwise, we recurse with

One can see that to compute S(77), our dynamic programming scheme recursively com-
putes exactly S(sub(u)) and S(sub(u,[1,k])) for all u € 71,2 < k < d(u), which gives us
O(|T}|) similarity matrices in total.

Since we need to compute max-plus products between (2|T5| + 1) x (2|T3| 4+ 1) matrices
O(|Ty|) times, the total running time is O(|T1||T3]*). To show that our new dynamic pro-
gramming approach is promising, we now show how to improve the running time to cubic

by exploiting the properties of the matrices using simple combinatorial methods.

Properties of similarity matrices

We note that for any forest F', S(F') is row-monotone and column-monotone: for i’ <
i < j <y, Tali,j) C Thli',j) and a mapping from F' to T3[i,j) is also a mapping from
To[i',j"). We also note that S(F') is 2min(|F|, |T3|)-bounded-upper-triangular: there are
at most min(|F|,|73|) mapped pairs in a mapping between F' and T» and each pair only
contributes at most 2 to the answer. The original paper defines the “bounded-difference”

property for matrices and shows that the similarity matrices admit such property.
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Optimization to cubic

We first prove the following theorem, where we are using the range operation/query model

from Section 2.1.3.
Theorem 2.2.1. For a forest F', S(F') can be computed in 5(|F\2|T2|) time.

Note the apparently nonsensical running time: if |[F| = o(|T3"") , then S(F) can be
computed in o(|T3|?) time, smaller than the number of entries in S(F). This is because we
are using the model in Section 2.1.3, and the running time here means that we can answer
all the defined range queries on S(F) after some o(|Ty|*) time pre-processing.

In order to prove Theorem 2.2.1, we will need to show the following:

Lemma 2.2.2. Let A, B be n X n row-monotone, column-monotone matrices. If A is m4-
bounded-upper-triangular and B is mp-bounded-upper-triangular, then C' = A x B can be

computed in O(mamgn) time.

Proof of Theorem 2.2.1 from Lemma 2.2.2. Consider applying Lemma 2.2.2 to our dynamic
programming scheme. Every time we multiply the similarity matrices of two subforests F}
and Fy, we contribute O(|Fy||F2||T3|) to the total running time. We know the sum of |F} || Fy|
across all multiplications is O(|F|*) from a classic argument: |Fy||Fy| is the number of pairs
of nodes (z,y) where z € F; and y € F, and each (z,y) pair will only be counted once.

Therefore the total running time is O(|F|*|T3). O

This proof also implies the following corollary, which will be used again in our main truly

sub-cubic algorithm:

Corollary 2.2.3. Let {Fy, Fy, -+, Fy} be a sequence of forests. For 1 <1 < k, let G =
Fy+ Fs+ - -+ F) be the [-th prefix sum. Then the sequence of similarity matrices of prefix
sums {S(G1), S(Ga) - -~ S(Gr)} can be computed in O(|Gy|*|T2|) time. The same result holds

for suffiz sums.

To prove Lemma 2.2.2, Algorithm 1 computes C' = A% B in 5(mAmBn) time. To show
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Algorithm 1 Computation of C'= A x B in Lemma 2.2.2

1: procedure MUL1(A, B)

2 C 4+ [—o%)nn

3 for j € [1,n] do

4 for = € [0,mp] do
5: for y € [0,m4] do
6

7

8

9

k <— maxrow(B, j, x)
i <— maxrow(A, k,y)
C < rangemax(C, 1,7, Aix + Br.;)

: end for
10: end for
11: end for

12: end procedure

its correctness, a triple (4, k, j) is useful if A; + By; > C;; and max(A; 11, + B j, Aigr1 +
Bit1;) < Cij. A triple (i, k, j) is covered by the algorithm if rangemax(C,1, j, A; x + By ;)
has been produced on line 8. It suffices to show that all useful triples are covered. We can

see that a triple (i, k, ) cannot be useful when
L] Ai,k = Ai-‘rl,lﬁ since if Az‘,k + Bk,j Z Ci,j7 then Ai-f—l,k + Bij = A@k + Bkﬂ‘ Z O@j, or

® By = Bii1, since if A + By > C;j, then A; 1 + Bry1j > Aip + Bryj =
A+ Bi; > Ci ;.

Therefore, A;; must be the last occurrence of its value on column £ of A and By ; must be
the last occurrence of its value on column j of B. We can now see that the algorithm indeed
covers all useful triples.

Note that in our dynamic programming scheme we also need to deal with the case
of BEquation 2.1. This can easily be done in O(|T3|) time by first initializing S(F) with
S(F — u) and then enumerating the O(|T3|) nodes v € T3[i,j) and replacing S(F) with
rangemax(S(F), [(v),7(v), $i(w)+1.rw) -1 (F = ) +n(u, v)).

Finally, it seems that the logarithmic factors in our cubic algorithm can be removed by
using some more time-efficient way to store the matrices (e.g. by maintaining two 2D tables
for a similarity matrix A storing the values of mincol(A, i, xz) and maxrow(A4, j,z)). We do

not give the full details here since we focus on polynomial improvements.
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2.2.2 Main algorithm

Overview

Our main algorithm is based on the following decomposition scheme: for a block size A,
we decompose the computation of S(77) into O(|T3|/A) transitions between synchronous

subforests (Definition 2.1.6) of the following two types:

e Type I: transition from two synchronous subforests F; and F; to Fy + Fy, where |+ F,

is also a synchronous subforest and both |Fj| and |F3| are no less than A.

e Type II: transition from synchronous forest F; to synchronous forest F, such that

F1 C F2 and |F2| - |F1| = O(A)

For the type I transitions, by using a reduction to bounded-difference matrix max-plus

products, the original paper shows that

Theorem 2.2.4. For any two subforests Fy and Fy, S(Fy) = S(Fy) can be computed in

MUL (min(|Fy|, |Fo, |T3)), |T3|) time, where MUL(m,n) = O(m®*%3¥n2) randomized time and

MUL(m,n) = O(m%9°°n?) deterministic time.
For the type II transitions, in Section 2.2.3 we will show the following:

Theorem 2.2.5. Let F' be a forest and let F' be a synchronous subforest of F. If S(F")
is known, then S(F) can be computed in OMUL(|F| — |F'|,|T3|) + |To|(|F| — |F'|)?) time,
where MUL(|F| — | F'|, |T»|) refers to the running time in Theorem 2.2.J.

In Section 2.2.2 we give our implementation of the decomposition scheme, and in Section

2.2.2 we analyze its running time using Theorem 2.2.4 and Theorem 2.2.5.

Implementation

Algorithm 2 implements the decomposition scheme. For a synchronous subforest F', if F’
contains more than one trees and both |Lr| and |Rp| are no less than A, we compute S(F)

using a type I transition from Lp and F' — Lp. Otherwise, we find a synchronous subforest
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F’ of F such that |F| — |F'| is O(A) and use a type II transition from F’ to F'. To do this,
if |F| < 3A we let F/ = (). Otherwise we let F’ = F', keep removing some part from F’ and

stop when the next removal will result in |F| — |F’| being greater than 2A.

Algorithm 2 Computation of S(F) by decomposition

1: procedure COMPUTE(F)

3 COMPUTE(LFg)

4 COMPUTE(F — Lr)

5: Compute S(F) = S(Lr) * S(F — Lg) using Theorem 2.2.4
6 else > Type II
7 if |F| < 3A then

8 F' <

9: else
10: F'«+ F
11: while TRUE do
12: FNExT F’
13: if F’ contains only one tree then
14: FnexT ¢ - root(F’)
15: else

16: if ’LF/| < |RF/| then

17: FNexT (—F/—LF/

18: else

19: FNexT F— Ry
20: end if
21: end if
22: if ‘F| — |FNEXT| > 2A then
23: break
24: end if
25: I« FnexT
26: end while
27: COMPUTE(F")
28: end if
29: Compute S(F) from S(F’) using Theorem 2.2.5

30: end if
31: end procedure

We now show that the total amount of transitions is indeed O(|T1|/A). Note that each
time we have a type I transition, we merge two subforests both of sizes no less than A, so

the total number of such transitions is O(|T}|/A). For the type II transitions, we further
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divide them into two cases:

e (The first case) F” contains less than two trees or one of |Lg/| and |Rp/| is less than A,

or

e (The second case) F’ contains at least two trees and both |Lg| and |Rp/| are no less

than A.

For the first case, we have |F| — |F'| > A since otherwise we would not have stopped the
removal process. Note that F'\F’ is disjoint across different type II transitions. Therefore
there are no more than |T1|/(A 4+ 1) = O(|T1|/A) type II transitions of the first case. For
the second case, we can see that the transition we will use to compute S(F”) in the next
recursive call will be type I . Therefore, the total number of type II transitions of the second

case is bounded by the total number of type I transitions, which as we have already shown

is O(|Th|/A).

Total running time

We analyze the total running time of our algorithm for the randomized case only since the
analysis for the deterministic case is nearly identical.

The total running time for the type II transitions is O((|Ti|/A)(MUL(A, |T3]) + | T3 A%)),
which equals

O(ITH||Tof* /A + |11 || T3] A%).

We relate the running time for the type I transitions to a value that is easier to analyze.
Let X be the total running time for the type I transitions, and let Y be what the to-
tal running time for the type I transitions would be if MUL(min(|Fy|, | F3|, |T3]), |T2]) equaled
O(min(|Fy|, | Fy|, |To])|T3|?) instead of O(min(|Fy|, | Fy|, |To])*238|T3|?). Since min(|Fy|, |Fyl, |T3]) >
A, X = O(Y/A009%2),

We now obtain a bound on Y. If both |Fi| and |F,| are greater than |T3|, the total number
of such transitions is O(|T1|/|T5]), so the total running time is O((|T1|/|T2|) x |T3|*) =

O(Th||To?). If min(|Fy|,|Fy|) < |Ta|, we adapt the classic argument on small to large
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merging: when we are multiplying the similarity matrices for two subforests, each node in
the smaller subforest contributes O(|T3|%) to the total running time. Since the size of the
smaller forest is no more than |T3|, the sum of the total number of nodes in the smaller
forests across all multiplications is O(|T1|log|T3|) = O(|T1]), and we have Y = O(|T1||T3[%).
Therefore X = O(|Ty||Ts|?/A%0952),

The total running time for the two types combined is

O(|T1||Tof* /A% + | T4 T2 | A%)

where the hidden sub-polynomial factors are not dependent on |T}|. By setting A ~ |T5|**""

we get the bound in Theorem 2.1.1.

2.2.3 Transition between synchronous subforests

To get the similarity matrix for forest F' given the similarity matrix for F’, we need to
consider mapping the nodes in F\F’ to T». As shown in Figure 2-4a, we consider the path

between vroot(F') and vroot(F”) in forest [F:
vroot(F') = ug — up — ug — - -+ — uy, = vroot(F")

where all nodes except ug is in F'. For 1 <1 < k, let [; be the subforest consisting of subtrees
of siblings of u; to the left of u; from left to right, and let r; be the subforest consisting of
subtrees of siblings to the right of w; from left to right. We also let ;1 be the subforest
consisting of subtrees of children of u; to the left of F’, and r;,1 be the subforest consisting
of subtrees of children of u; to the right of F’. For simplicity, in Figure 2-4a subforests are
drawn as if they were subtrees.

For j > i, let [;; be the subforest l; 4+ l;41 + --- 4+ [; and let r; ; be the subforest r; 4
rj—1 + -+ + r;. From Corollary 2.2.3 it is easy to see that S(l;;) and S(r;;) across all
1 <i<j<k+1 can be computed in O(|T|(|F| — |F’])*) time.

If none of wuy,us,--- ,u is mapped, then the contribution to S(F) will be S(ly 1) *
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S(F") x S(r1 +1), which can be computed in MUL(min(|F| — |F'|,|T%|), |T»|) time. For the
case where at least one of uy, uo, - - - , ug is mapped, we first define a restricted version of the
similarity matrix of a tree where the root must be mapped. For any tree T' with at least one

node, we let T be T — root(T).

Definition 2.2.6 (Restricted similarity matrix). For a tree T, the restricted similarity matriz

S(T) = 5i4(T) is a (2|Ts] 4+ 1) x (2|Ts| + 1) matrix where for all ¢ < j such that Ty[i, j) # 0

5:;(T) = max {sim(T', sub(v)) + n(root(T),v)},

UETQ [17.])
and the entries elsewhere are —oo.
The transition from S(F”’) to S(F') consists of three parts:

e (Bottom) For the largest y such that u, is mapped, the transition from S(F’) to

-~

S(SUb(uy>>>

e (Middle) For all (z,y) pairs where x < y, the transition from §(sub(uy)) to S(sub(uy)),

and

e (Top) For the smallest z such that u, is mapped, the transition from S(sub(ug)) to
S(F).
Final transitions from restricted similarity matrices (top)

We first show how to do the top transitions since they do not involve computation of the

restricted similarity matrices. We show:

Lemma 2.2.7. If S(sub(uy)) is known for all 1 < x < k, S(F) can be computed in

O(MUL(|F| = |F"|, | T3, | To]) + | To[ (| F| = [FV])°) time.
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Figure 2-4: Transition between synchronous subforests
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To compute S(F);; = sim(F,T»[i, 7)), we can enumerate the smallest = such that w,

maps to some node v € T3[i, j). Then as shown in Figure 2-4b, we have
e Nodes in Iy, map to nodes in 15[, l(v)), contributing s; i) (l1,2),
e Nodes in sub(u,) map to nodes in T5[I(v), r(v)), contributing i) () (sub(u,)), and
e Nodes in 7, map to nodes in T[r(v), j), contributing s,¢y ;(r1,2).

The total contribution will be s; 1v) (I1,2) +Si(w),r(v) (SUB(Uz ) ) +5r(),j (71,2). Note that 5i¢) e (sub(u,))
might actually correspond to a mapping where u, is mapped to some node other than v in
Ts[l(v),r(v)), but this still gives us a valid mapping overall and does not affect the correct-
ness of our algorithm. There are still O(|T3|*(|F| — |F'|)) quadruples (i, 7, z, v), but as shown
in Algorithm 3, we can cut the number of quadruples to O(|Ty|(|F| — |F'|)?) using an idea

similar to the one in Algorithm 1.

Algorithm 3 Computation of S(F) from S(sub(u,))
1 S(F) <= S(lyg+1) * S(F') % S(11 g41) > No u, mapped
2: for z € [1, k| do
3: for v € T5 do

4: for y € [0,2(|F| — |F'])] do

5: for z € [0,2(|F| — |F'|)] do

6: i <— maxrow(S(l1 2),1(v),y)

7 J < mincol(S(ry ), r(v), z)

8: S(F) « rangemax(S(F), 1,7, Siiw)(li,2) + Siw),r(w) (SUb(tz)) 4 Se(v,j(T1,2))
9: end for

10: end for

11: end for

12: end for

Computation of restricted similarity matrices (bottom/middle)

We now finish the proof of Theorem 2.2.5 by showing

Lemma 2.2.8. For any 1 <z <k, if §(sub(uy)) is known for all y > x, §(sub(ux)) can be
computed in O(|To|(|F| — |F'])2) time.
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This enables us to compute §(sub(u$)) for all 1 < x < k in decreasing order of x with
total time O(|Ty|(|F| — |F'|)?).

To compute S(sub(u,)) we need to consider two cases:
e The first case (bottom): no u,(y > x) is mapped.

e The second case (middle): there exists some y > x such that u, is mapped.

The first case (bottom) This is the simpler case. We can enumerate the triple (4, j, v)

such that,

u, maps to v, contributing n(u,, v),

Nodes in l;41,x+1 map to nodes in T5[I(v) + 1,4), contributing siw)+1,;(lat1,641),

Nodes in F” map to nodes in T5[i, j), contributing s; ;(F"), and

Nodes in 7441 44+1 map to nodes in T3[j, r(v) — 1), contributing s; rw)—1(Ta41,k+1)-

The total contribution is (g, v) + Siw)+1,i(les1,641) + Sij(F') + 8jrw)—1(Tz41,k+1), and the

contribution applies to 5, j/(sub(u,)) for all / < I(v) < r(v) < 5.

The second case (middle) Without loss of generality we suppose no = < 3’ < y exists

such that u, is mapped. We can enumerate the quadruple (i, j,y,v) such that,
e u, maps to v, contributing n(u,,v),
e Nodes in l41, map to nodes in T5[l(v) 4 1,¢), contributing si)+1,i(ls41,y);

e Nodes in sub(u,) map to nodes in T5[¢,j) and in particular u, is mapped to some

v" € Ty[i, j), contributing s; ;(sub(u,)), and

e Nodes in 7,41, map to nodes in 757, r(v) — 1), contributing s, r(y)—1(Tz+41,y)-
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The total contribution is 7(tg, V) + Siw)41,i(lo41y) + 5ij(sub(uy)) 4 8jrw)—1(Tat1,y), and the
contribution applies to Sy j/(sub(u,)) for all " <I(v) < r(v) < 4.

Using an idea similar to the one in Algorithm 1, the number of triples in the first case
can be reduced to O(|Ty|(|F| — |F’|)?), while the number of quadruples in the second case
can be reduced to O(|Ty|(|F| —|F’|)?), which is just an extra O(|F| — |F'|)) factor more than
the bound in Lemma 2.2.8. In fact, this extra O(|F| — |F’|)) overhead in quadruple count
will only change the |T3|(|F| — | F'|)? term in Theorem 2.2.5 to |T3|(|F| — | F'])*, and one can
still achieve a truly sub-cubic running time overall by setting the block size A = O(|T3[%) for
any 0 < ¢ < %

We note that on 75, v must be an ancestor of the node v’ that u, maps to. It can be
shown that by combining this fact with some application with a data structure that supports
path modifications on a tree (i.e. link/cut tree [43]), we can speed up the running time for

the second case to O(|To|(|F| — |F'|)2).
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Chapter 3

Faster Approximation Schemes for

Partition and Knapsack

3.1 Introduction

3.1.1 Background

Knapsack, Subset Sum, and Partition are three fundamental problems in computer science
and mathematical optimization, and are actively being studied in fields such as integer
programming and fine-grained complexity. In the Knapsack problem (sometimes also called
0-1 Knapsack), we are given a set I of n items where each item i € I has weight w; > 0
and profit p; > 0, as well as a knapsack capacity W, and we want to choose a subset
J C I satisfying the weight constraint ZjeJ w; < W such that the total profit Zjerj is
maximized. The Subset Sum problem is a special case of Knapsack, where the weight of an
item is always equal to their profit. The Partition problem is a special case of Subset Sum,
where the capacity equals half of the total weight of the items. In other words, in Partition
we want to partition the input items into two parts so that their sums is as close as possible.

These three problems are well-known to be hard: they appeared in Karp’s original list of
21 NP-hard problems [27]|. To cope with NP-hardness, a natural direction is to study their

approzimation algorithms. Given a parameter ¢ > 0, and an input instance with optimal
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value OPT, a (1—¢)-approximation algorithm is required to output a number SOL such that
(1 —¢)OPT < SOL < OPT. Fortunately, these three problems are well-known to have fully
polynomial-time approximation schemes (FPTASes), namely (1—e¢)-approximation algorithm

that runs in poly(n,1/¢) time, for any ¢ > 0.

There has been a long line of research since the 70’s on getting approximation schemes
for these problems with improved time complexities in terms of n and 1/e (24, 35, 20, 29,
28, 30, 38, 25, 11, 37, 26, 8|. On the other hand, recent advances in fine-grained complexity
have pointed out the limit of such improvements, under well-believed hardness assumptions

[16, 34, 1, 8]. Here, we briefly describe the most recent results along this line.

e Knapsack: The best known algorithm by Jin [26] runs in O(n + £2%) time, and
is based on the previous algorithm of Chan [11] in O(n 4 e~24) time. [16] and [34]
showed a conditional lower bound of (n + 1)>=°() based on the (min, +)-convolution

hypothesis.

e Subset Sum: The best known algorithm by Bringmann and Nakos [8] runs in O(n +
£72/28UV10s(1/2)y time (improving [28] by low-order factors). Bringmann and Nakos [8]

showed a matching lower bound based on the (min, 4)-convolution hypothesis.

e Partition: The first breakthrough by Mucha, Wegrzycki and Wtodarczyk [37]| gave a
randomized algorithm in O(n+1/%3) time. Later, Bringmann and Nakos [8] improved
it to deterministic O(n + 1/e73/2) time. Abboud, Bringmann, Hermelin, and Shabtay
[1] showed that Partition cannot be approximated in poly(n)/e'~° time for any 6 > 0,

under the Strong Exponential Time Hypothesis.

We can see that the complexity of Subset Sum is already settled, but for Knapsack and
Partition there still remain gaps between the best known algorithms and their conditional

lower bounds.
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3.1.2 Our results

In this chapter, we show two recent progresses on this direction, by giving improved approx-

imation schemes for Partition and Knapsack.

Theorem 3.1.1. There is a deterministic algorithm for (1—e)-approzimating Partition with

running time

O (n+e.

Theorem 3.1.2. There is a randomized algorithm for (1 — € )-approximating Knapsack with

running time
O (n e 11/5 o 10g(1/€)> ‘

3.2 Preliminaries

We write N = {0,1,2,...} and N* ={1,2,...}. For n € N we write [n] = {1,2,...,n}.

3.2.1 Problem Statements

In the Knapsack problem, the input is a list of n items (py, w1), ..., (pp, w,) € NxN together

with a knapsack capacity W € N, and the optimal value is

OPT := maX{ij ’ ij < W}
Te M e

In the easier Partition problem, the input is a list of n integers x4,...,z, € N, and the

optimal value is

1
OPT = %zﬁ{z% Za:j < 52302}

jeJ jeJ i€[n]

Given a Knapsack (or a Partition) instance and a parameter ¢ € (0,1), an (1 — ¢)-
approzimation algorithm is required to output a number SOL such that (1 — e)OPT <
SOL < OPT.
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In both problems, we can assume n = O(¢™*) and hence logn = O(loge™). For larger
n, Lawler’s algorithm [35] for Knapsack in O(nlog® + (2)*) time is already near-optimal.

We will sometimes describe algorithms with approximation ratio 1 — O(e) (or 1 — ¢ -
polylog(1/¢)), which can be made 1 — ¢ by scaling down e by a constant factor (or a

logarithmic factor) at the beginning.

3.2.2 Sumsets and Subset Sums

In a multiset A, an element a could appear multiple times (the number of times it appears
is the multiplicity of a in A). We use AW B to denote union without removing duplicates
(i.e., possibly resulting in a multiset).

For a multiset Y C N, let X(Y) = >_ .,y denote the sum of its elements (without
removing duplicates).

For a multiset X C N, let S(X) = {3(Y) : Y C X} be the set of its subset sums, and
let S(X;t) = S(X) N[0, be the set of its subset sums up to t.

For a number ¢ and a set X, define ¢- X = {cx : x € X}. For two sets X,Y, define
their sumset X +Y ={z+y: 2 € X,y € Y}. Given sets X C [n],Y C [n], the sumset
X +Y can be computed in O(nlogn) time using FFT. This simple fact has a straightforward

generalization to 2 dimension, which we state below.

Lemma 3.2.1 (2-dimensional FFT, e.g., [4, Chapter 12.8]). Given two sets Ay, As C [n] X

[m], one can compute
Ay + Ay = {(5‘71 + 29,1 + ) (v1,11) € A, (T2,32) € A2}

in O(nmlog(nm)) time deterministically.

3.2.3 Knapsack Problem and Profit functions

In the knapsack problem, assume 0 < w; < W and p; > 0 for every item 7. Then a trivial

lower bound of the maximum total profit is max; p;. At the beginning, we can discard all
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items 4 with p; < £ max; p;, reducing the total profit by at most € max; p;, which is only an
O(¢) fraction of the optimal total profit. So we can assume %757 <z
J )

For a set I of items, we use f; to denote its profit function, defined as

ff(x):max{Zpi:Zwigm, JQI}

icJ icJ

over x € [0,+00). Note that f; is a monotone nondecreasing step function. Adopting the
terminology of Chan [11], the complexity of a monotone step function refers to the number
of its steps.

Let I, 15 be two disjoint subsets of items, and I = [} W I. It is straightforward to
see that f; = f, @ fr,, where & denotes (max, +)-convolution, defined by (f & g)(x) =

maxo<a <o (f(2') + g(z — 7).

3.2.4 (1—-0,A) approximation up to ¢

Both our algorithms for Knapsack and Partition frequently use the notion of (1 — §, A)-

approzimation up to t. Their definitions are analogous, as stated below.

Definition 3.2.2 (Approximation for Profit Functions). For functions f, f and real numbers

t,A € Rxp,0 € [0,1), we say that fis a (1 —9,A) approximation of f up to t, if

f(w) < f(w)

holds for all w > 0, and

flw) = (1 =06)f(w) — A
holds whenever f(w) <t,w > 0.

The following notion of approximation will be useful in our Partition algorithm. Similar
notions have been termed as “weak approximation” in the literature [37, 8], in contrast
to “strong approximation” that would be required for approximating general Subset Sum

instances.
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Definition 3.2.3 (Approximation for Integer Sets). For integer sets A, B C N, and real
numbers t, A € Rx¢,6 € [0,1), we say that A is a (1 — 4§, A) approzimation of B up to t, if

1. for every b € BN [0, 1], there exists a € A such that (1 —§)b— A <a <b, and,
2. for every a € A, there exists b € B such that (1 —§)b — A <a <.
One can assume A C N N0, ¢] in this case without loss of generality.

For the case of t = +00, we simply omit the phrase “up to t¢”.

We also refer to (1, A) approximation as A-additive approzimation, and refer to (1—46,0)
approximation as (1 — 0)-multiplicative approximation, or simply (1 — &) approzimation.

We have the following simple facts regarding approximating merged sumsets and profit

functions.

Proposition 3.2.4. For i € {1,2}, suppose A; is a (1 —0,4;) approximation of S(X;) up
tot. Then, (Ay + A2) N[0,t] is a (1 — 3, Ay + Ay) approzimation of S(X1 W Xs) up to t.

Proof. For any b € S(X; W X5) N [0,t] where b = by + by for b; € S(X;) N [0,t] (v € {1,2}),
there exits a; € A; such that (1 —9§)b; — A; < a; < b;. Hence, a; +ay < by +by =b < t, and
ap+az > (1—=0)b — A1+ (1—=08)by — Ay = (1 —0)b— (A1 + Ayp).

The converse direction can be verified similarly. O]
The following fact can be proved similarly.

Proposition 3.2.5. Fori € {1,2}, suppose ]72 is a (1 — 0,4;) approzimation of the profit
function fi, up tot. Then, (f1 @ f2) is a (1 — 6, Ay + Ay) approzimation of fr,wr, up to t.

Following Chan [11]| and Jin [26], given a monotone step function f (we sometimes also
call it a profit function, although it might not be equal to the profit function f; of any
particular item set I) with range contained in {0} U[A, B], one can round f down to powers
of 1/(1—¢), and obtain another profit function f which has complexity only O(s ! log(B/A)),
and (1 — e)-approximates f. In our algorithm we will always have B/A < poly(n/e), so we

may always assume that the intermediate profit functions computed during our algorithm
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are monotone step functions with complexity O(¢71), by incurring (1 — €) approximation

factor each time.

3.2.5 Implicit Dynamic Progamming Schemes

In spirit of the theme of this thesis, we demonstrate the roles dynamic programming will
play in our algorithms. In the classic dynamic programming solution for Subset Sum with
the input set {A4;, Ay, -+, A, }, we store a Boolean table a; ; which is true if and only if the
sum j can be achieved with the first ¢ elements in the set. For a fixed i, the set of indices
J where a;; is true is the set S({A;, As,---, A;}). For the knapsack problem, the classic
dynamic programming stores the values v; ; which is the maximum value one can achieve
for a subset of the first i elements with weights summing to at most j. For a fixed ¢, this
corresponds to the profit function f;(x) = v;,. By performing operations on sumsets and
profit functions, we are in fact doing dynamic programming implicitly, and these implicit

dynamic programming schemes will play an important part at the core of our algorithms.

3.2.6 Additive Combinatorics

We need several results on dense subset sums developed by a series of works including
[39, 36, 19, 9]. The following structural lemma follows from Theorem 4.1 and Theorem 4.2
of Bringmann and Wellnitz [9].

Lemma 3.2.6. Let n distinct positive integers X = {x1,...,x,} C [(,2(] be given, where
¢ =o0(n*/logn).
Then, for a universal constant ¢ > 1, for every cf*/n < t < 3(X)/2, there exists

t' € S(X) such that 0 <t —t < 8(/n.

A proof of Lemma 3.2.6 is included in the full paper.

The following algorithmic lemma follows from the main theorem of [9].

Lemma 3.2.7 (Follows from [9]). Given n distinct positive integers X = {x1,...,x,} C

[0,20), there exists X\ = O((2/n) such that, if X < %(X)/2, then in O(n) time we can
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construct a deterministic data structure supporting the following query in O(1) time: given
L, R such that A\ < L < R < Y(X)/2, report whether there exists t € [L, R] such that
teSX).

Remark 3.2.8. We remark that the main theorem stated in [9] only supports querying
whether a given A <t < ¥(X)/2 is a subset sum. In our application, we require a version
supporting range queries. This is easy to achieve by building an additional prefix sum array

in the proof of |9, Theorem 4.6, which supports range sum queries.

3.3 Approximating Partition

In this section, we will solve the following problem.

Problem 1. Assume ¢ € (0,1/2) and 1/ € NT. Given a set X of n distinct integers in

the interval [1/e,2/¢), compute a set A C N that n-additively approzimates S(X).

By a tedious reduction that is heavily based on known techniques, one can show the

following.

Lemma 3.3.1. If for some ¢ > 1, Problem 1 can be solved in O(n + 1/£°) time, then

(1 — &)-approzimating Partition can also be solved in O(n + 1/°) time.

Now we proceed to describe our main algorithm for solving Problem 1.
In the following lemma, we merge the approximations of S(X;),S(X32) and obtain an
approximation of S(X; W X5). When X, X, come from a short interval [/, ¢ + d], we can use

densification via 2D FF'T to obtain a speed-up over the straightforward algorithm.

Lemma 3.3.2. Let § € (0,1/2), and ¢,d,t, A € NT such that d < ¢ < t.

Let X1,Xo C NT N[l €+ d] be two integer sets. Given Ay, Ay C N as input where for
i€ {1,2}, A; is an (1 — ) approximation of S(X;) up to t, one can compute a set A C N+t
of size |A| < Z that (1 — 8, A — 1)-approzimates S(X1 & Xs) up to t, in O(Z + |Ay| + | As|)

s=ofun{[<]. 1))
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Proof. Let A := [A/2]. We will run one of the following two algorithms that minimizes Z.

Algorithm 1 (1D FFT). Fori € {1,2}, by rounding the integers in A; down to multiples
of A, we obtain set A} € A - N that (A — 1)-additively approximates A;. Then, since
Al C [0,4], their sumset A} + A} can be computed by FFT in O([t/A]) < O([t/A]) time.

Note that A := A} + A} approximates A; + Ay with additive error at most 2(A—1) < A—1,
so Aisa (1 —4,A — 1)-approximation of S(X; W X5) up to ¢, due to Proposition 3.2.4.

Algorithm 2 (Densification with 2D FFT). For every a € A;, there exists s € S(X;;t)
such that 0 < s —a < sd. Note that s is the sum of at most ¢/¢ many integers from [¢, £+ d],
so s can be expressed as s = kf + V' for some k € NN [0,¢/¢] and 0 < V' < dt/¢. Hence,
a € A; can be expressed as a = kf + b for some k € NN [0,t/¢] and —sé < b < dt/l. Then,
by rounding b down to integer multiples of A, we obtain A; C N that (A — 1)-additively

approximates A;, such that every o’ € A} can be expressed as

a =kl +jA,

for some k € NN [0,¢/¢] and j € Z N [-1 — s§/A,dt/(¢A)]. Using this 2-dimensional
(k, 7) representation of A}, we can compute A} + A, using 2D FFT (Lemma 3.2.1): the first

dimension has size O(t/¢), and the second dimension has size at most

ﬁ/@A)+séﬂ&+¢)ﬂ)§<D([£%W),

where the inequality follows from s < t and an assumption
§ < O(d/1), (3.1)
which will be justified later. Hence, the running time of this 2D FFT is

o(:[4])
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Similarly to Algorithm 1, one also can show that in this case A := A|+ Al isa (1—0, A—1)-
approximation of S(X; W X5) up to ¢.

To justify assumption (3.1), observe that if 6 > d/(¢ + d) holds instead, or equivalently,
(1 —6)(£+d) < ¢, then one can round every integer in X7, Xy C [¢, ¢+ d] down to exactly
¢ while still ensuring (1 — ¢) approximation, and hence immediately obtain an A C ¢ - N of

size |A| < [t/{] that (1 — d)-approximates S(X; W X5) up to t. O

We then apply Lemma 3.3.2 with scaling, and obtain the following lemma that has purely

multiplicative approximation.

Lemma 3.3.3. Let 0,00 € (0,1/2), and £,d, T € N* such thatd < ¢ <T.

Let X1, Xo CINT N[, 0+d] be two integer sets. Given Ay, Ay C N as input where fori €
{1,2}, A; is an (1=0) approzimation of S(X;) up to T, one can compute a set A C NV of size
|A| < Z that (1—0—dg)-approzimates S(X1WXs) up to T, in 5(Z+ (| A1]+]As|) log(2T'/0))

reofom {220 [4])

Proof. Initialize set A = {0}. We iterate over all r being integer powers of 2 such that
¢/6 < r < T. For each r, apply Lemma 3.3.2 to A; and Ay with ¢ := 6r and A := [dor],

time, where

and obtain a set A, C NN [0,6r] that (1 — J, [6gr] — 1)-approximates S(X; W X5) up to
6r. We then insert all elements in A, N [r,6r] into A. We will show that eventually A is a
(1 — g — d)-approximation of S(X; W Xs) up to 7.

Observe that for every a € A, N [r, 6r], there exists s € S(X; W X5) such that a < s and

a>(1-0)s— ([dor] — 1)
(1 —20)s — dor

AVARRAVS

(1 —0— 60)8,

where the last step follows from s > a > r.

Conversely, for every positive s € S(X; W X;T) (which must satisfy £ < s <T'), let r be
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a power of two such that 3r < s < 6r. Then there exists a € A, such that a < s < 6r and

a>(1-20)s—([dor] — 1)

> (1—=19)s — dor
>s5/2—r1/2
2T,

so a € A, N [r,6r] and hence will be included in A, and similarly as before we have a >
(1—0¢—9)s. Hence, we have established that A is a (1 —dy— d)-approximation of S(X; W X5)
up to T

It remains to bound the total running time and the size of A. There are O(log(27'/L))
many iterations of r, where for each r € [¢/6,T] with ¢ := 6r and A := [dpr], Lemma 3.3.2

gives the upper bound

Hence, summing over all powers of two in the range [¢/6,T], we have

eTao(mEOT [

Lemma 3.3.3 implies the following immediate corollary by dropping the upper bound 7'

Corollary 3.3.4. Let 0,00 € (0,1/2), and {,d € NT such that d < /.

Let X1,Xy C Nt N[0, €+ d] be two integer sets of total size | X1| + |Xa| = n. Given
Ay, Ay C N as input where for i € {1,2}, A; is an (1 — 9) approzimation of S(X;), one
can compute a set A C Nt of size |A| < Z that (1 — 69 — §)-approzimates S(X; W X3), in
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O(Z + (|A1] + |Az]) logn) time, where

1 d
Z <0 (min{é—o, ;%0 +n} -1ogn) .
Proof. Immediately follows from Lemma 3.3.3 by setting 7' = n - (¢ + d), which is an upper
bound on the largest elment of S(X; W X5). O

Now, we apply Corollary 3.3.4 in a divide-and-conquer fashion, to approximate the subset

sums of X C N* N [¢,2/].

Lemma 3.3.5. Let § € (0,1/2) and { € N*.
Given an integer set X C Nt N[¢,20] of n integers, one can compute a set A C NT that
(1 — &)-approzimates S(X), in O(n + \/n/d) time.

Proof. Let X = {x1,x9,...,2,} where { <z < xg < --- <, <20 Set &y :=9/[logy,n].

We will use a divide-and-conquer approach to merge the items of X using Corollary 3.3.4.
Build a balanced binary tree with n leaf nodes representing the items x4, ..., x, from left to
right. At each internal node representing . ,j, we use Corollary 3.3.4 to merge the results
of the two child nodes (representing @y ) and x|, 1., respectively, where m = [ (I +1)/2]),
and obtain an approximation of S({x;, x;41,...,%,}). Finally we obtain an approximation
of §(X) at the root node.

The binary tree has [log, n| levels, where each level of applying Corollary 3.3.4 worsens
the approximation factor by dy. Hence, the overall approximation factor of S(X) is 1 — dg -
[logyn] =1 —§ as required.

It remains to bound the total running time of all invocations of Corollary 3.3.4. Note
that in each invocation, the (|A;| 4+ |A2|)logn summand in the stated time complexity is
always absorbed (up to logn factors) by the output sizes of the two child nodes, which are
in turn bounded by the running times of these two child invocations. So it suffices to bound
the sum of the Z quantity stated in Corollary 3.3.4.

We separately bound for each level of the binary tree. At the i-th level (0 <i < [logyn]),

there are at most m; = 2 invocations of Corollary 3.3.4, where each invocation involves at
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most n; = [n/2'] items in X. Note that n;m; < 2n. Suppose these m; invocations involve
T k1) Tl +1 ko) - - - s Lk, 1+1.7] respectively. Then the j-th invocation has d value (stated

in Corollary 3.3.4) at most d; < Ty; — xp,;_,- Hence, the sum of these d values is at most

Zdj < Z(wk7 — ) S xp —x <A (3.2)
j=1 J=1

Now we are ready to bound the sum of the Z quantity over the m; invocations at level ¢

(0 <i < [logyn]). We consider two cases.

e Case 1: n; < /n.

Then, by Corollary 3.3.4,

7j=1 7j=1
T Z;nzll d;
= ( 05, —i—m,nz) logn
n;
< (— + mznz) -logn (by (3.2))
0
<0 (ﬂ + )
do

e Case 2: n; > /n.

Then, m; < 2n/n; < 24/n. By Corollary 3.3.4,

ZZjSmi-d—O-logn

j=1

< O(v/n/dy).
Hence, in either case we have 37" 7Z; < O(n + /n/8). Hence, the total running time over
all levels 0 < i < [log,n] is also O(n + \/n/9). O
Finally, we solve Problem 1 by combining Lemma 3.3.5 with the additive combinatorics

49



results of [19, 9.

Lemma 3.3.6. We can solve Problem 1 in O (n+ min{e'n'/? '+ e72/n3/?}) time,

which, is at most O(n + 1/e5/4) .

Proof. Recall that in Problem 1, for ¢ > 0 where £ = 1/¢ is an integer, we are given a set
X CNTN[L,20) of n distinct integers, and need to compute a set A C N that n-additively
approximates S(X).

We will choose to run one of the following two algorithms depending on the parameters.

Algorithm 1. Directly apply Lemma 3.3.5 with 6 := ¢, in O(n + \/n/e) time.
When n < O(1/£'/2), the running time of Algorithm 1 is O(n + 1/e%/4).

Algorithm 2. Let 0 = 3(X), and let A be the threshold value from Theorem 3.2.7 satis-
fying \ = é(ﬁQ /n). The following algorithm applies when A < ¢/2, which holds in particular
when 1/ < n?

Initialize A = 0. We set § := n/(n+ )), and apply Lemma 3.3.5 in O(n + /n/d) time to
compute a set Ay that (1 — J)-approximates S(X). Observe that As N[0, \] is an n-additive
approximation of S(X) up to A. Hence, we insert all elements in A5 N [0, A] to A.

Then, using the data structure from Lemma 3.2.7, we compute an n-additive approx-
imation of S(X) N [\ ¢/2] and insert them into A. To do this, we start from the left
endpoint A of the interval [\, o/2], and each time use binary search (implementable using
range queries supported by Lemma 3.2.7) to find the next subset sum in the interval, and
then jump n steps to the right since we allow an additive error of n. The time complexity is
O([Z22] - log o) < O1(0).

Now we have constructed A that n-additively approximates S(X) up to o/2. Using the
simple fact that ¢t € ¥(X) if and only if 0 —¢ € (X)), we can symmetrically use A to obtain
an approximation of the remaining half. Specifically, letting A’ := {0 —a—n:a € A}, it is
straightforward to verify that AU A’ is an n-additive approximation of S(X) (up to o). So
we return AU A'.
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The overall time complexity of Algorithm 2 is

O(n+ 0+ +/n/s) <O

(n+1/€+
g

Vn(n + A))

<0

n3/2

n+1/€+1/€2>.

When n > 1/¢'/2, the running time is O(n + 1/£5/4). O

Combined with the reduction in Lemma 3.3.1, this proves our main Theorem 3.1.1.

3.4 Approximating Knapsack

3.4.1 Known lemmas

By known reductions (e.g., [11, 26]), we can focus on solving the following cleaner problem,

which already captures the main difficulty of knapsack.

Problem 2. Assumee € (0,1/2) and 1/e € N*. Given a list I of items (p1,w1), ..., (Pn, Wy)
with weights w; € N and profits p; being multiples of € in the interval [1,2), compute a profit
function that (1 — €)-approximates fr up to 2/e.

Lemma 3.4.1. If for some ¢ > 2, Problem 2 can be solved in O(n + 1/=°) time, then

(1 — &)-approzimating Knapsack can also be solved in O(n + 1/£°) time.

Based on Chan’s techniques [11], Jin [26] obtained the following lemmas for (1 — ¢)-

approximating knapsack up to a small B or when there are few distinct values p;.

Lemma 3.4.2 (Follows from Lemma 17 of [26]). Given a list I of items (py,w1), ..., (Pn, Wn)
with weights w; € N and profits p; being multiples of € in the interval [1,2), one can (1 —¢)-
approzimate the profit function fr up to B in O(n + e 2BY3 /29/18(/2)) time.

Lemma 3.4.3 (Follows from Lemma 18 of [26]). Given a list I of items (p1,w1), ..., (Dn, wn)
with weights w; € N and profits p; being multiples of € in the interval [1,2), if there are only
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have m distinct profit values p;, then one can (1 — €)-approzimate the profit function fr in

O(n + e=3/2m3/4 2%V18(/2)y ime.

The following useful lemma allows us to merge multiple profit functions, which was proved

by Chan using divide-and-conquer and improved algorithms (min, +)-convolution [6, 45, 12].

Lemma 3.4.4 (|11, Lemma 2(i)|). Let f1,..., fm be monotone step functions with total com-
plezity O(n) and ranges contained in {0} U [A, B]. Then we can compute a monotone step
function that has complexity 5(% log B/A) and (1 — O(g))-approzimates fi @ -+ @ fm, in
O(n) + O((L)2m /22 150/ 1o B/A) time.

3.4.2 Reduction Based on Greedy Exchange Argument

The goal of this section is to prove the following Lemma 3.4.5. Our algorithm is based on a
greedy exchange argument similar to [26, Lemma 20|, but we can obtain better bounds by

combining with number theoretic results on dense subset sums.

Lemma 3.4.5. Given a list I of n items with p; being multiples of € in interval [1,2), and
integer 1 < m < n with m = O(1/¢), one can compute in O(n + e~ 1/3 )22V181/) time g

profit function that (me)-additively approximates fr up to 2m.

The proof of Lemma 3.4.5 assumes the following ingredient, which will be proved in later

sections using random partitioning.

Lemma 3.4.6. Given a list I of n = O(1/e) items with p; being multiples of € in interval
[1,2), one can compute in O(n*/5e=7/5 /22 1eW/e) time a profit function that (ne)-additively

approximates fr.

Now we proceed to describe the algorithm for Lemma 3.4.5. Given items (pq, w1), .. ., (Pn, Wn),
where p; € [1,2) are multiples of &, we sort them by non-increasing order of efficiency,
p1/wy > po/wy > -+ > pu/w,. Then, we consider prefixes of this sequence of items, and

define the following measure of diversity:
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Definition 3.4.7 (D(i)). For 1 < i < n, let D(i) = min; C([7] \ J), where the minimization
is over all subsets J C [i| with |J| < 2m, and C([¢] \ /) denote the number of distinct values
in {p; :j € 1\ 7).

We have the following immediate observations about D(7).
Observation 3.4.8. 1. Forall2<i<n,0<D(i)—D(i—1) <1,

2. D(i) (and the minimizer J) can be computed in O(i) time by the following greedy
algorithm: Start with all values py,ps,...,p;. Repeat the following up to 2m times:

remove the value p; with the minimum multiplicity, and add j into J.

Now, we set parameter A = L5_10/13J. Define i € {1,2,...,n} be the maximum such
that D(i) < A, which can be found using Observation 3.4.8 with a binary search in O(n)
time.

The following lemma is the key component in our proof of Lemma 3.4.5.

Lemma 3.4.9 (Greedy Exchange Lemma). Let S C [n] be any item set with total profit
> sesPs < 2m. Let B :=9ce™ /A, where ¢ > 1 is the universal constant in Lemma 3.2.0.
Then, there exists an item set S C [n], such that the total profit p contributed by items
(n]\ [i] in S satisfies
p= Y, p<B, (3.3)

s€SN(n]\[{])

and

Zps > (1 - 5) Zps, (34)

s€S s€s

and

Z ws < Z W. (3.5)

seS s€s

Proof. 1f D(i) < A, then by the definition of i we have i = n, and we can simply let S=,

since p = 0 always holds. So in the following we assume D(i) = A.
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We define S C [n] as the maximizer of

S opet D (1-e)p.

seSn[i] seSN([n)\[i])

among all S satisfying YoeesWs < D cgws. We claim that S satisfies the properties (3.3),
(3.4), (3.5). Observe that (3.4), (3.5) immediately follow from the definition of S. The main
part is to verify (3.3).

Suppose for contradiction that (3.3) does not hold. Then, we can find a subset K C
S0 ([n] \ [i]) with total profit p* = Y ke Pk € (B, B + 2], which can be obtained by
removing items from S N ([n] \ [i]) (recall that each item has profit in [1,2)).

Define item set I’ := [i] \ S. Since |3| < Y osegPs/min gps < > aps < 2m, by the
definition of D(i), we know that {p; : ¢ € I'} contains at least D(i) = A distinct elements.

We apply Lemma 3.2.6 on the set of integers X = {p;/e : i € I'} C [1/e,2/¢) which
contains at least A distinct integers, where the premise 1/ = 0(A?/log A) in Lemma 3.2.6 is
satisified by our choice of A = |¢71%13]. Lemma 3.2.6 states that for every t € [ce™2/A,0.5A /¢],
there exists ¢ € S(X) such that 0 < ¢ —¢ < 8 '/A. Here we set

(1o =
R S
€ + A’

which satisfies t > p*(1 —¢)/e > (1 —¢)B/e > ce™?/A, and t < (B+2)/e + e /A =

9ce 2 /A +2/e +e /A < O(e719/13) < 0.5A/e. Then the conclusion of Lemma 3.2.6 says

that there is a subset R C I’ of items with total profit p := e - ¢, satisfying
I/A<p—p"(l—¢) <9/A. (3.6)
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Note that (3.6) implies

p'—p=e-p —9/A
>e-B—-9/A
=c-9cc7/A—-9/A

> 0.

Recall that R C I’ = [i]\ S and K C S ([n]\ [i]), which must both be non-empty.
Since the efficiency of items are sorted in non-increasing order, we have min,cr p,/w, >

maxyex Pr/wg. Now we define the set of items
S":=(S\K)UR.

Then, we have

D wn= ) we= D wp =)

seS ses’ keK reR

ZkeK Dk . ZreR DPr
T maxXpe (Pr/wy)  mingeg(pr/wr)

1
> — : Pk — ) Dr
mlanR(pr/wr) (kEZK TGZK )
1 *
B minreR(pr/wr) (p ﬁ)
> 0.
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Hence, > s ws < Y sw,. On the other hand, by (3.6), we know that

Yo+ Y, (A= |—| D+ D>, (1-ep

se8'Nli] seS'n([n]\[5]) seSn[i] seSn([n)\[i])
=Y =Y (-
reR keK
=p—(1—¢)p’

> 0,

contradicting the definition of S being a maximizer.

Hence, we have established that S satisfies (3.3). O
Now we are ready to prove Lemma 3.4.5.

Proof of Lemma 3.4.5. Recall that i € {1,2,...,n} is the maximum such that D(i) < A,
which can be found using Observation 3.4.8 with a binary search in 5(71) time. Let J C [i]
with |J]| < 2m be the minimizer for D(7).

Now, we approximately compute the profit functions f;, fi\ 7, fin\i for three item sets

J, i)\ J, [n] \ [¢] using different algorithms, described as follows:

1. Use Lemma 3.4.6 to compute f; that (2me)-additively approximates f;, in O(mse 35 /22V1e(1/9)y <
0(67%/29( log(1/€)) time.

2. By definition of ¢, items in [¢] \ J have no more than A distinct profit values. Hence we
can use Lemma 3.4.3 to compute f, that (1 —¢)-approximates fi s, in O(A3/4e=3/2) =

O(e27/13) time.

3. Use Lemma 3.4.2 to compute f3 that (1 — ¢)-approximates the fp\;; up to B =
O(c~!/A) (defined in Lemma 3.4.9), in O(BY3:~2) < O(¢~27/13) time.

Finally, merge the three parts f1, fo, f3 using Lemma 3.4.4 in 5(5_2) time, and return the

result.
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In the third part, the correctness of only computing up to B is justified by Lemma 3.4.9,
which shows that if we only consider approximating sets with total profit up to 2m, then we
can assume the items in [n] \ [i] only contributes profit at most B (3.3), at the cost of only
incurring an (1 — ¢) approximation factor (3.4).

To analyze the error, notice that in the first part we incur an additive error of (2me).
In the second and third part and the final merging step we incur (1 — O(e)) multiplicative
error, which turns into O(me) additive error since we only care about approximating up to
2m. Hence the overall additive error is O(me), which can be made me by lowering the value

of €. OJ

Now we show that Lemma 3.4.5 can be used to solve Problem 2, which is sufficient for

proving Theorem 3.1.2.

Proof of Theorem 3.1.2. To solve Problem 2, we divide [1,2¢7!) into O(log(1/¢)) many in-
tervals [m, 2m) where m are powers of 2, and use Lemma 3.4.5 to obtain profit functions
achieving me-additive approximation up to 2m. Then, taking their pointwise minimum

yields an (1 — O(e)) approximation. O

In the following sections, we will prove Lemma 3.4.6.

3.4.3 Approximation using A-multiples of small set A

We first introduce several additional tools borrowed from previous works that will be used
in our final proof of Lemma 3.4.6.

Following [11]’s terminology, we say a monotone step function is p-uniform if its function
values are 0, p, 2p, ..., Ip for some [. A p-uniform function is said to be pseudo-concave, if the
differences of consecutive z-breakpoints are nondecreasing from left to right. An example of
a p-uniform and pseudo-concave function is the profit function f; of a set I of items with
the same profit p; = p, which can be exactly computed by simple greedy: the function f;
takes values 0, p, 2p, ..., np, with x-breakpoints wq,w; + ws, ..., wy + -+ - + w,, where w;’s

are sorted in nondecreasing order.
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As in [11] and [26], we will use the method of approximation via A-multiples. For a set
A of numbers, we say that p is a A-multiple if it is a multiple of § for some § € A. Chan

[11] used the SMAWK algorithm [2] and suitable rounding to prove the following lemma:

Lemma 3.4.10 (|11, Lemma 5]). Let fi,..., f,n be monotone step functions with ranges
contained in [0, B]. Let A C [6,86]. If every f; is p;-uniform and pseudo-concave for some
pi € [1,2] which is a A-multiple, then we can compute a monotone step function that O(|A|))-
additively approximates min{f; @ --- @ f,, B} in 5(Bm/(5) time.

Chan [11] gave a construction of a small set A such that every real number in [1,2] can

be approximated by a A-multiples. Here, we present a more simplified construction.

Lemma 3.4.11. For parameters 0 < € < 6 < 1/2, let r = [log;,.(1 +20)] = O(d/¢), and
define a; = 6(1+¢)" for 0 <i <r-+1. Let A = {a;} be the set of a;. Then for anyt € [1,2],
there is a multiple of some a; in the range [t,t + 2¢]. Thus, every real number in [1,2] could
be approximated by a A multiple with O(e) additive error, where |A| =1+ 2 = 0(d/¢) and

all elements in A are within [0, 86].

Proof. Let ¢ be the largest integer such that (¢ + 2¢)/¢ > ag. Since c¢ is largest, ¢ + 1 >
(t+2¢)/ag >1/d,80 (c+1)/c<(1/8)/(1/6 —1)=1+5/(1 —=0) <1+26 < a,41/ap. Since
(t+2¢)/(c+1) < ap, we know (t 4 2¢)/c < a,+1. Let k be the largest integer in [0, 7] such
that ar < (t + 2¢)/c. Note a1 > (t+2¢)/c, so ar, = axs1/(1 +¢€) > t/c using the fact that
t < 2. As aresult, ar € [t/c, (t + 2¢)/c], thus cay € [t,t + 2¢]. O

3.4.4 Random Partitioning

Assume that n < 1/e. In the section, we will use random partitioning to prove Lemma 3.4.6,

restated below.

Lemma 3.4.6. Given a list I of n = O(1/e) items with p; being multiples of € in interval
[1,2), one can compute in O(n*/?e=7/5 /22W180/2)) time a profit function that (ne)-additively

approzimates fr.
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Proof. Set A1 = O(y/n) and Ay = O(n10e52°Ve(/9)) for some small constant ¢ > 0.
Assume that Ag is a power of 2 without loss of generality. Note that Ay = O(A;), which
follows from n = O(1/e).

Claim 3.4.12. We can partition elements of I into ©(A1) groups Gi1,Gs, ..., Gy, each of
size O(n/Ay), while all elements within group G; are multiples of p; for some p; = O(A¢).

Proof. In Lemma 3.4.11, plugging in § = eA, we obtain a set A of size O(A;) whose elements
are of order ©(A;¢), and each item in I can be (1 + ¢)-approximated by A-multiples.
We group the elements in I by their divisor in A. We then evenly split groups with size

more than n/A; into two until all groups have sizes of at most n/A;. O

From now on, assume that G, G, . .., G are groups satisfying conditions in Claim 3.4.12.
We now randomly partition {1,2,... &k} into Aq parts, I1,...,Ia,, by assigning each
1 <i <k into some [;(1 < j < Ay) independently and uniformly. Then, set X, = Uiefj G;

for every 1 < j < Ay. It is easy to see {X,} is a partition of I.
Claim 3.4.13. With probability > 3/4, |1;| = O(A1/Ay), and hence | X;| < O(n/Ay).
Proof. By Chernoff bound', for some large constant ¢ > 0, |;| > ck/Ag happens with

probability at most 1/(4A¢). Thus |I;| = O(A;/A) holds for all j with probability > 3/4
by union bound. By Claim 3.4.12, | X;| < |;|O(n/A;) = O(m/Ay). O

Now assume the event in Claim 3.4.13 happens.

Claim 3.4.14. We can approximate @mer [z with additive error O(ne/Ag) for all1 < j <
AO m
O(n2e71/(AgAy)) = O(n*/3e=7/5 /29 10s(/E)Y fime.

Proof. Fix a single j. By Claim 3.4.13, erGXj fz is the convolution of O(n/Ag) elements,
each being a multiple of order ©(A;¢). By applying Lemma 3.4.10 with parameters B =

'For independent random variables z1,...,z, € {0,1} and § > 0,0 < wy,...,w, < 1,let X = 37" wiz;
and g = E[z], then Prjz — p| > o] < 2e=#/3
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O(n/Ap),0 = O(Ae), |A]l = |I;| = O(A1/Ap), we can approximate @mer f» with additive
error O(A2e/Ag) = O(ne/Aq) within time O((n/Ag)2/(A€)).
We can do so forall 1 < j < A, with running time O(n%/(AgA£)) = O(n*/5e=7/5 /2% log(1/))y
[

Now we can replace @, . X, fz by the approximation obtained in Claim 3.4.14, since the
total additive error inflicted will be O(ne/Ag)Ay = O(ne).

We use divide and conquer to combine the answer of @, X, fz- The merge process
can be viewed as a complete binary tree with Aj leaves. For S C {1,2,...,Ap}, define
F(S) = @xeu<sgs>Xs fz. Claim 3.4.14 allows us to approximate F'(S) for all |[S| = 1. Now

we have the following claim regarding combining two subtrees S; and Ss.

Claim 3.4.15. Assume i < logy Ag and |S1| = |Ss| = 2¢, where Sy, Sy C {1,2,...,A¢} and
S1NSy = 0. Assume that Ay is an approzimation of F(Sy) with additive error erry, Ay is an
approzimation of F(Sy) with additive error erry. Then with probability > 1 — 1/(5A), we

can compute an approvimation of F(S1USy) with additive error erry + erry + O(2%%ne /Ay)

in time O(e72AQ° /(A95200V10e(1/2))),

Proof. Define §; = 2%%ne/A,. A naive way to approximate F'(S; U Sy) is to round each
value in A; and Ay to a multiple of §;, and then invoke the (min,+) convolution as in
Lemma 3.4.4. In the following we will show a better method exploiting the fact that {X;}
is a random partition.

Let the global optimal solution be to choose the subset T of items. Define H; =
Uies, Xis Hy = Uj;eg, Xi- Note that the groups Gy, ..., Gy are assigned into Xi,..., X,
uniformly randomly. Pick u = Cn\/m logn for a large constant C' > 0. By Cher-
noff bound, the probability that Pr(| >, crnm & = > sernm, €l = u) < 1/(5n)%.

*We apply Chernoff bound with w; = R;/(2n/A;) where R; = Zwengj 2. Now consider S7. We set
xj = 11if j € Upegs, I and x; = 0 otherwise. Since the partition {I;}1<;<a, is random, the expected value
of E?:l wjz; will be ©(A127/A¢). From Chernoff bound, this value will be u/(4n/A;) away from expected
value with probability < 2e©(=(u/(4n/A1))*/(A:27/80))) < 1/(10n). By union bound, both > rny, = and

> wernm, © Will be within difference u/2 from the expected value with probability > 1 —1/(5n), in which
case their difference will be bounded by w.
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Now assume that | rqy, T — D ,ernm, | < u, and we show how to approximate
F(S;US5) under the assumption. During the (min, +) convolution, we first round the values
of F(Sy), F(S2) to multiples of 6;. Then we only need to consider the pairs that differ in
value by at most u. We then divide the arrays into blocks with values within a difference
of u from each other, and do (min, +)-convolution between the pairs of blocks with indices
differing by at most 1. The block sizes are at most u/d; = O(e ' AISATO5 /2041 50 the run-
ning time for each (min, +)-convolution is O(e724A,/ (A120'8i29(\/m))) using Williams’s
O(n?/2%W1ell/e))_time algorithm for length-n (min, 4)-convolution [45]. Since the value
in the merged answer is bounded by O(2in/A,) by Claim 3.4.13, there are O(2'n/(Agu))
min-plus convolutions in total, with total complexity O(s~22in/ (A120'8i29(\/m)u)) =
O(e 2087/ (A)520W/ 1061/, m

Now we conclude the proof by applying Claim 3.4.15 to the divide and conquer process.
Assume all the < Ag many calls to Claim 3.4.15 yield correct approximations, which happens
with success probability > 3/4 by union bound.

To analyze the error term, note that there are O(Ay/2") merges of two subtrees with 2°
parts each, where Claim 3.4.15 inflicts additive error O(2%%ne/Aq) for each such a merge.

Thus the total additive error is bounded by Y g, (2°%ne/A0)(A0/2') = O(ne).

Now we analyze the time complexity. Note that the total complexity for the i-th layer is

O((AO/Zi) . E—2A8.5A1—0.5/29( 10g(1/5))
— O<6—2A(1).5A1—0.5/2§2(\/log(l/g))

= O(nse~3 [22VIoe1/2)),

As there are logarithmically many layers, the total complexity for the divide and conquer
part is O(ngs_%/QQ(\/m)).

Thus our total complexity is O(n3e~5/ 2%@))) and with a success probability of
> 1/2 (which can be amplified by repetition) by union bound.

A small detail is that when n is so small that n”/'* < ¢72/5 Ay < 1 and our reasoning
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falls apart. In such cases, one can simply set Ay = 1 and the running time still holds. O
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Chapter 4

Concluding Remarks

In this thesis, I have shown three fine-grained upper bounds based on the dynamic program-

ming technique. All three final algorithms have several things in common:

e One or several dynamic programming schemes lie at the core of the algorithm.

Some advanced approach (Matrix Multiplication or FFT) is used to speed up some

computation in the dynamic programming schemes.

Some approaches (combinatorial or number theoretical), often complicated, are used to

prune useless computation or to re-order different stages of computation for efficiency.

There (likely) do not to achieve the theoretical lower bound for the corresponding

problem.

At the end of this thesis, I want to put emphasis on what DP did not do, namely that it (is
likely to have) failed to achieve the theoretical lower bound for the corresponding problems:
it is highly unlikely that the best exact algorithm for unweighted TED runs in O(n?%")
time, the best FPTAS for Partition runs in O(n + ¢ time (it is in fact believed to be
O(n—+¢c71)), or the best FPTAS for Knapsack runs in O(n +e22) time (it is in fact believed
to be 5(71 +£72)). Moreover, even to achieve the running time we currently have, we have

to combine DP with many other advanced and complicated techniques. These suggest that
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perhaps DP is not the final answer — perhaps an alternative to DP still remains elusive.
Such technique, if it does exist, could yield simple and elegant solutions to many fundamental
problems and revolutionize the field. But does this alternative approach really exist, or do

we simply need to try harder on improving existing approaches? Only time will tell.
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