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I Introducéion

Various problems in theory of solids lead to the
consideration of interactions among dipoles. Typical examples
are the dielectric and thermal behavior of certain crystals
containing polar molecules and of most of thé substances
used in experiments on adiabatic demagnetization. The para-
magnetic substances which are suitable for these experiments
must contain magnetic moments whose freedom of orientation is
practically unhampered by interactions. This requirement is
satisfied by magnetic ions which contain an odd number of elecw
trons. In fact, there is a theorem, due to Kramers} which
states that magnetic ions, consisting of an odd number of elecw
trons, maintain a double degeneracy in any electrostatic field.
Therefore, in this case, the usually important Stark effect is
ineffective. Nernst's theorem requires, however, that some mechw
anism should exist which will split the degeneracy. This splitting
will actually take place by means of the direct magnetic (dipole-
dipole) forces between ions, or through exchange forces. The
latter, although electrostatic in origin, are not purely electro=
static in nature and it is not in conflict with Kramer's theorem
to have these forces removing the degeneracy. Of these two forces,
it is almost certain that the dipole coupling is more important
in the paramagnetic salts usually used. Moreover, in contrast
to most types of interaction, the dipole coupling contains no
unknown constants which refer to the atomic or crystalline struc-
ture of the substance. Thus, the calculation of the magnetic
interaction energies and of the partition is of added interest

because there is the possibility of it being carried completely



through.

At present, the theory of dipole interactions in
crystals is in a rather unsatisfactory state. The simplest
approach is that of the Lorentz local field but this method
leads to very serious difficulties? We will not enter into
a discussion of this field, or of its conseguences, but only
mention in passing thet it predicts a grest many substances
should behave ferroelectrically. In reality, such behavior
is never observed. Another eapproach to the problem has been
made by Onsager? The model is again a local field one (i.e.
the effect of each of the dipoles on a single dipole is re-
placed by an average field 2t the dipole) and although it re-
moves some of the difficulties of the Lorentz field, it is by
no means a satisfactory theory. While the Lorentz field pre-
dicts too many ﬁransition points, the Onsager field predicts
too few. (In fact, it will never produce a transition because
the local field is always tsken parallel to the dipole in ques-
tion end can, therefore, have no orienting effect upon it.)

For a criticel discussion of this method, we refer the resder
once more to the article of van Vleck?

The first rigorous trestment of the problem seems to
be due to Waller% This method was also independently developed
by Ven Vleck? The i1des here is to expand the partition function
in inverse powers of the temperature, the coefficients of the

first few terms being feirly simple to evaluate. The method is

a rigorous quantum mechanical one and is certainly valid at high
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temperatures (kT>®> dipole interaction energy.) However, the
region of principal interest is low temperatures and it is
precisely here thst the method fails utterly. This is due to
poor convergence of the series in question. That this is so

is seen most cleerly in a paper by Van Vleck on Cs-Ti alum?
where he shows that retaining the first few terms of the expan-
sion leads to completely absurd results, i.e. & negative speci-
fic heat. |

Other attempts6 heve been made to develop a theory
velid for sarbitrery temperature and field strength with no sat-
isfactory results. In genersl, one would expect any "nearest
neighbor" method to fail, not only becsuse of the long range of
the dipole forces, but also because of their peculier directive
nature., The latter would tend to meke averaging over direction
a poor approximation.

An entirely different sort of .calculstion has been
performed by Sauer? He computed the energies of certain intui-
tively selected dipole errays by direct summation of the dipole
interaction energies. 1t is clearly evident from his celcula-
tions thet the energy of sn arrey is not & function of its
megnetization only (as would be predicted by the Lorentz local
field) as he found thet different srrays of polarization may
heve widely different energies.

The purpose of the present paper is to develop & new
method of attacking the problem of dipole interaction in crys-
tals. In Section II, we shall develop a simple and rigorbus

"normal coordinate™ method of celculeting the energies of
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dipole esrrays. 'I'he fact thet the dipole moments of the individual
ions enter the formula for the interection energy quadratically
enables us to reduce the entire problem to the diagonalization
of a certein quedratic form, i.e. to an eigenvelue problen.
Here, group theory may be employed to advantage in determining
the eigenvectors of the cheracteristic metrix. We shall then
apply it to the determination of the minimum energy errays with
and without external megnetic field. This is mede possible by
superposition theorems for the errays which allow us to "add"
arrays es vectors in a vector spece, the energies elso being
additive. ''he method 1s demonstreted by the complete solution
for & very symmetrical class of simple cubic (S.C.) arreys and
the results sre then extended to the body centered (B.C.) cubiec
and fece centered (F.C,) cubic. Detciled numerical calculations
are also given for the above three cases.,

In Section III, we discuss the quantum mechanics of
the model given above. Here a general theorem is proven relst-
ing quéﬁtum mechanical expectations snd classical values. By
means of simple examples,the nature of the quantum mechanical
problem is investigeted.

In Section IV, we discuss the statisticel mechanics
of a dipole erray. Here, an approximste method is developed
for treating the problem., 1t is applicsble only in the region
where deviations from the completely ordered case are small.
'his does not necessarily mean low temperatures but implies
that the ratio of acting field, whether internal or external,
to temperature is lerge. This calculation is given classically

and "half" guentum mechenically, the gquantum procedure being
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thet given previously by Kremers and Heller for a problem in
ferromagnetism., The problem falls neturally into two perts;
first, when the exﬁefnal field is large compared to the inter-
actions eand second, when it is smell. ‘'hese problems are
treated separastely. All the cslculetions of this section
refer to simple cubic errays only.

Finally, in Section V, we discuss the possible appli-
cetion of our results to experiment. gln particular, we consider

the experiments of bDeHaess and Wiersma on the adiabatic demagne-

tization of Cs-Ti glum in the light of our theory.
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II ENERGY CONSIDERATIONS

1) The Energy of a General Dipole Array

Let us first consider S.C. dipole arrays obtained from
S.C. lattices by placing & dipole of definite moment and direc-
tion at every lattice point (l.p.). Dimensionless quantities
will be used throughout this peper. Dipole moments will be
measured in terms of an arbitrery dipole momenE/LL, length in
terms of the lattice constant a. All ﬁagnetic (or electric)
fields will be expressed in units of/‘/a5 end energies per unit
volume in terms of Ni/zz , where N 1is the number of dipoles
per unit VOlume. (In the S.C., B.C. and F.C, cases one has

- l/az, 2/a5, 4/a5’ respectively.) '

In terms of these units, the energy“%} of any array

e Wj:'ft:n' Ly A e ) -3 U f I )
‘2'Aﬁ4- Via «

(1)

/

where ;Zj means a summation over all integral values of
A0 , %

m = (ml, m,, mz) and n = (n1, ng, ng) such that m# n. ,Z is
the distsnce between the points m and n, i €. 1{-(m1-n1,
mp-ng, Wz-ng) = | (L1, Lz L) angs (/‘ m’/"m’,“—m is a

unit vector in the direction of the mth dipole,

We may write equetion (1) in the form

WX AR

c,4=(23
1 9 (2)

¢
where z Z 1 defines a matrix whose elements are given Dby:
mmn



s‘j )
= 0 for el1 m

A

7'1'{1. z ‘e‘—‘ﬁ'f - 34 4,
Anm 2.(;. for m#n (3)

From the definition (3), it immediately follows that
T R
, A m - ”m pn

¢ .
Now, if we regard the set of numbers /“m as forming a

(4)

column vedtor/..(’." , we have (by (2)) that the energy# is a
10
quadratic form in the components of /f_L . 1f we denote the

;
matrix W 7 by W, we may write (2) in the form

o o

~J
the indiceted multiplicetions being matrix multiplicetions and/u
representing the trenspose of/u. . To diegonelize this quadreadic

form, we make the following substitution

. (6)
1 . _\th : .
where P is the (j,n) eigenvector of the matrix W.
That we may expend an arbitrary vector/‘b.l- in the eigenvectors of
W follows from well known theorems since W 1is a real, symmet-

ric matrix. Substltutlon of (6) into (5) yields

#e (Z HE)W(Z 5 )

4‘,1

I i (Ww)

4
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but by definition of w’: , we heve

B S N
- 1
Further, we may always choose the "-l-’“ so that they are
orthogonal &nd mormelized, i.e. so that
L ) ¥
N
/‘//» L T J);' Jo;uu'
(8)
Substituting these in our expression for N we obtain

V-5 sl%l Jial W

i1f
Coyr Al
R

. (9)
v/

That is, if we consider our new variables ;,,. as the independ-

ent variaebles, we hare reduced the energy expression to a sum of

1 17
squares., Jlf now the )M and ’\l/p were known, we could cal-

culate the energy of any dipdle erray immediately from (9). The
1 .
EC would be given in the usual way, i.e, multiplying (6} by

¢
» Wwe get

Anue

vl

T G - S . T G . > G TS V. - —— - N G o . Gy W Y e T W G S - G A v — - ha . G W S e W G M S G M G WP - w— - — e

v
S
1]

The )’ are the eigenvelues of .
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end (9) becomes ‘
N - Z ,1 Y,
Yo
' (10)
(10) is an explicit formula for the energy of any dipole array
requiring only the knowledge of the eigenvectors and eigen-
values of & certein metrix .
To find these, let us consider the eigenvelue equa-

tion \J)/:X: A—X

—

Written out in components, this takes the form
01 7 } ¢
PR A SR R |
& (11)
X’ being the (j,n)th component of IX . DNow it follows
» -~ 12 rf
from group theory or simply from substitutiom that since W

P
2
is & function only of m-n the eigenvectors must have the
)

forn - ~ Wi(g.m)
A= plie)e
">
(12)
where ¥ = (61,0'2,0'5), G 1is the length of the sample

along any one of the crystelogrephic directions and 77 o) are
a set of numbers independent of m. FPeriodie boundary conditions
now require thet (¢} i 'is an integer. in order to obtain the
proper number of solutions, we restrict O j  to the velues
0£0; £ u-1.

Substitution of (12) into (11) now gives:
-HTL

‘—( 4 (0.
A pme® = L Ml e s ”

‘h|1



-10-
1_{G!wm0

AN o) = Z]/ 7lmes

or

’
XAOEPANE ® %" ) (15)

"l‘o‘
where

- (. ()

9] ‘4
QY- Z H e
Z .e‘yff _311‘..11, e' _6" .

ﬁ 245
M oy .
..3510m6
- Z Mt "{ '30!.'/)\1' e Gy
~ 24T (14)
MLo

if we neglect surface effects. Since (14) is independent of
m or n, we have reduced the problem of finding the eigen-
velue of W to that of finding the eigenvalues of Qij(c7
The latter is only a three by three matrix and therefore, the
problem is (in principle) solved. ‘he eigenvelues will be
given &s roots of the secular equation \ Qﬂ‘c‘ - S'Ci\zo
from which we mey determine the 1]’(6') . The N o) winn
fall into three sets 7),: (§) (k =1,2,3),which we choose
orthogonal and normalized so that the totesl eigenvector is
normelized to 1. Lf we label the eigenvector by (k,0 }, we

have for the (j,n)th component

* The three eigenvectors which correspond to a given® may
be thought of as corresponding to the three different polari-
zations of a sound wave in & solid. Since the forces in this
csse are anisotropic, one cannot simply breask these waves up
into transverse and longitudinal ones, but one must work with
superpositions as the proper modes.
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From these eigenvectors, it would be possible to
form a set which are real. ‘this 1s equivalent to the transi-
tion from the rourier series in complex form to the ordinary
rourier series in sine end cosine. However, for simpliéity's
sake, we leave the result in the form (15.)
Unfortunately, the general relationships just
given ere rather hard to deal with. Yo obtaiﬁ concrete results,
we shall have to specialize them. The:cases we shall study are
those earrays for which 6y >0 .E;!: . In the S,U. case, there
are 24 such arrays which we shall name r‘l- basic arrays (B.A.)
These arrays have the property of being left invariant by any
translation of the lattice by two lattice spacings.* Because
of the great simplicity of this special case, we shall develop
for it a special formalism rether than derive the properties

from the general equations given above.

S Y W S o W NS SN N D CED G R W G I T D G N WS GV i GNP N G R G S R = v S W G S v S N WD WD WSV N M G A -

There are good reesons to believe that the configurstions
of lowest (and highest) energy are of the class ' , 4ll pre-
viously calculated srrasys (for example, by Sauer) are of this
class. No rigorous proof of this statement seems to be possible
however before a thorough investigetion of the matrix elements

@R''(v) is made. A The series which represent them may be
trenstormed into ¥ -functions (this has been independently
noticed by H. Primakoff-privete communicetion to br. C. Kittel
in another connection) but as yet we have not been able to
utilize this transformation in esteblishing the result above,
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2) Vector Space Representations of f‘ 2 'Dipole Arrays

Let [ be the group of cubic translations
p i 2_1-*[55 (11,[2,[5 are integers, i, Jj, k are unit
vectors in the x,y,z directions respectively.)

The most completely symmetrical arrays are invariant
under the ssme group, i.e. all their dipoles are equal and
parallel, (This situation corresponds to‘O_.'—' 0= ;=0
in our former notetion.) These arrays are of importance in
building up others and will be celled o arrays. The dipole
interaction energy of sn S array is -1/2 (4-"—/5 -2,
where/( is the demagnetization coefficient. rfor a spherical
semple £ = ‘“T/B and the energy vaenishes. A more general
class of arrays is obtained if invariance is required only
under the subgroup “12 of r‘ consisting of the translations

of the form ﬂl (21) « 12(2_1)'-" 4 2k). These are the [ 2

z
arrays and will be the only ones considered in this paper. They

correspond as mentioned above to 0 ; 0 or -; .

To generate such arrays, we have to specify 8 dipoles
pv ( ¥v=1,2....8), where V 1is associated in some definite
manner with corners of the unit cube having the coordinates
ﬂl’ A£,, £;=0,1. The whole erray is constructed by the trans-.
lations r 2,

The resulting array may be considered as a superposi-
tion of eight arrays each of which consists of parallel dipoles. -
These 'e_rrays are geometrically similar to the S arrays previ-
ously introduced but have a lattice constant two (in units of a).

These shall also be called S earrays; in case of ambiguity, the
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lattice constant will be specified., This point of view will be
useful for the numericel calculetions of 3.)

It is seen that every array of class [‘2 can be spec-
ified by a sét of 24 numbers, e.g2.,the three rectangulser compon-
ents of the 8 dipole moments p§ , p; ,p; V-1,2,.....8. Also,
in a more concise notation pyi , i 1,2,...24.

In the cases of practicel interest, the dipoles placed
at the 8 cube corners will have moments of the same absolute
value which will be denoted by p. For such an array, the 24
numbers satisfy the 8 conditioné

(;/”xv/ i //qY/L “‘//0;)»"‘ v V=142 -4
(16)

It will,however, prove advantageous to temporarily
disregerd these conditions and admit arrays of unegual dipole
moments into the cleass r‘ 2. In this cese, every set of 24

real numbers defines a [' 2

array and there is a one to one
correspondence between these arrays snd the points of a 24-dimen-
sional vector space'z? « The arrays satisfying the conditions
(16) will be called arréys of constant(dipole) strength p. The
corresponding points form e 16-dimensional’hypersurface in ZQ .

This will be frequently used in what follows and will be briefly

called the"constant dipole surface,"”

The dipole strength of our array should be distinguished from
its resultant dipole moment., The latter is proportional to
the vector sum of the moments of the 8 cube corners.
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The operations of aeddition multiplication with a

scalar and taking the scalar product are defined in the usual

%k
manner,
4 =
(a) P+Q = {i)w* ot
- -
(b) ¢P - {0} (17)
8
-
(c) P:Q = D p¥. 3
vy

The square of the norm of an array P 1is defined as

8
- >, 2
P2 (3 (18)
Yy
is of constant strength p, its norm is

g rd)

If the arrey
i
8<p.

-
In order to compute the energy of an array P, it is

-
necessary to know the field generated by P at all the lattice

points. Obviously, the field will have the same symmetry (02)

as the array. Hence, the set of vectors representing the field

at the lattice points will again correspond to a vector in the

-3)
space Y , and will be denoted by F.

Y
The operation_leading from any array P to its field

-—d
F can be regarded as a mepping of the space W on itself, One
may write symbolically

-~ -

F=JP (19)
where ;7 is the "field operator." It is linear, as follows at

’ 4

once from the well-known expression for the field f of a dipole
2 . -
P at a point r:

Boldfaced small letters will denote ordinary 3-dimensional
vectors and boldfaced capital letters vectors in the 24-dimension-
al vector space.
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-2 -
£ = (3r(7-F) - Dryr° (20)
*
The dipole interaction energy per unit volume is

U- -1/16)P-F = -(116)-F F (21)
Equstion (21) is an inveriant reletion independent of the choice
of coordinste system. If, as asbove, we choose a coordinat®
system in which the array is represented by the rectangular
components of the 8 dipole moments then one may rewrite Eq.(21)

in matrix form:

¥y
A v
U"-LZZ jy 't 7’;
l6 fvry & (22)
The matrix J:,’ satisfies the symmetry relation
y

J[y j‘ll
- 2
my vy (23)
This is a direct consequence of the existence of a

potential energy for two dipoles; the energy can be considered
as scalar product of the first dipole moment with the field due

to the second or vice versa. (Cf. equation (19) above.)

It is sometimes convenient to write (22) end (23)
in a more concise form by replacing the index couple 5}9{} by

a single index 1 running from 1 to 24,

One has*fl+
U ";“ Z Z'f £ A7 (228)
Ir,/:l

The numericsl factor in this expression is explained as follows:
the energy per unit volume is in our units the energy of one dipole
while (6) involves 8 dipoles. The additional faector % corrects
in the usual manner the fact that the interaction of every pair &
gipoles is counted twice,

In case of vectors inthe space'z superscripts describe compon-
ents and subscripts distinguish between different vectors,
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The quadrstic form (22) can be transformed into a
sum of squares by means of an orthogonal transformstion of the
coordinate system in }2 which leaves (18) invariant (rotation).
The new coordinate system will be given by an orthogonal set of
vectors ZZJ i l, 2,.....24, which will be called basic arrays
(B.A.). These are closely analogous to the normal coordinates
introduced for the description of vibrating systems, The celcu-
lation of the energy of an arbitrary array can then be reduced
to finding the characteristic values of the operatoréy' This
problem is greatly facilitated by group theoretical methods,

based on the remerk that the 0perator-;7 is invariant under
* %

ry-=4Jr

This relation is intuitively evident, as it is immater-

the group r1 .

(24)

, -
ial whether a translation r1 is carried out on a field F, or on
)

a corresponding array P and the mapping leading to the field
is carried out afterwards.

It follows from (24) by standard methods used in case
of other linear operators (Schroedinger operator, vibrating sys-

tems) that the eigenvectors can be so chosen as to transform

according to irreducible reprementations of the group r1.

This represents but a small modification of the procedure
§iven in 1),

In fact, it is inveriant slso under the group including the
cubic rotetions. However, this will be of no importence in the
speciel case considered in the present paper.
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It may be remarked that so far no essential use has
been made of the fact that the arrays ‘i; are of the class r‘z.
If instead of f‘z another sub-group of [' had been chosen,
the only difference in the above considerations would be that
the number of dimensions of the space N would be larger than
24,

The actual solution of the eigenvelue problem is con-
siderably simpler, however, for the class F‘2 then for the
general classes.

A [ 2 array consisting of dipoles all pointing
in, say, the x direction gives rise to fields at the 1l.p.

pointing in the same direction, i.e.

XY
‘]pv = 0 unless X=75 (25)
This is caused by the fact that a r‘z array is
invariant under a mirroring y — -y, while the expression
of the y component of the field consists of terms proportional
to xy and thus changes sign.
In addition, because of the cubié rotational symmetry

xx “y rE '
:¥ N :7 v - j{“' (26)

AY Vat

Thus, the 24-dimensional matrix is reduced to three
identical 8x8 matrices,

It is- well known that the representations of the
group [1 are the roots of unity. In the case of [° 2 arrays
the relevant roots are the square roots +4+1 and -1, One is

thus led uniquely to a definition of the B.A. which will be
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given now., The fact that they are B,A., i.e. characteristic
vectors of the operatorE} can be easily verified without any
reference to group theory.

Corresponding to the reduction of the matrix ; into
3 identical 8 row matrices, the 24 B,A., fall into 3 groups
fZi,TQi;Zi, i=1,2,....8 consisting of dipoles pointing in
‘the x,y,z directions, respectively.

-ip .
The 8 non-vanishing components of the 4y arrays are

glven by Kl rpidas Vo ds

Z:=0)

where ;,8;,¥c= 0,1. It may be recalled that the superscripts

i=1,2,...8 (27)

are associated with the 8 cube corners 11,12,% = 0,1. One
has the following 8 possibilities:

P p v ol (3 r
- -
Zq 0 0 0 Zg 1l 1 0
- -3
4o 0 0 1 Zg 0 1l 1
- -3
I 1 0 0 Zq 1 0 1
—9 -P
Zy 0 1l 0 Zg 1 1 1
) -5
These arrays are explicitly given in Fig. 1. Xi
-» , -
end Y; are obtained from Zj  through cubic rotetiomns, so

that identical subscripts refer to identical geometric arrange-
-p -
ments., Being basic arrays the Zl""Za are orthogonal. They

obey the relations:

Zy ¢ z; = 8 8 (28)

- -~
and similerly the X; and Yi'

Equation (28) cen be verified either by means of

Fig. 1 or algebraically as follows:



1. 1. The cight basic arrays. Interchange the
labels Z; and Zs.
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- ro,
‘Z = Z 24‘ 2,

v

N

(itat i)t (prdpid &~ (To 75 )ty

=) )

Ah‘waqu

If 1 # j, then at least one of the inequalities holds:

-0

—
aiyéaj, ﬁi;é[ﬂj,)'i% 73.. Say ai;faj, then ai+aj=l and Z; Zj=0

because of the summation over il‘
e
Xi’Yi’Zi form a complete set of 24 orthogonal
vectors and are the only ones which have the correct trans-
formation properties. Hence, they solve the eigenvalue
problem:
-3 ~ - -~ - =
jxfzi. x(. J 7% - {c. 1'/" / 72"= {: z£
(29)
) o 4
Because of the completeness, every r‘ array P
can be represeynted as
b 4 — -~
B = D (acxi+bive+ Cc2¢)

(=

. 133 1= 15>
Wlth ai = 8 P.Xi, bi = 8 P.Yi, ci = 8 P'Zio The Square Of
the norm of ? is obtained in terms of the new cocrdinates

from (18) and (30) and the orthogonality relations:

L 4
5.3 - 4 Z {d;zf-é‘-"-(— C‘.")

(31)

The factor 8 arises because the B.A. are normalized to have

the dipole strength unity, and hence, have the norm 8°. The

Eouation (29) could be easily verified directly using the
explicit expressions to be given in 3).
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. - .
field corresponding to P 1is
4 -
4 - -
F = Z (4"f¢' X._' + b.'?‘.'yi -+ [(: fl- 2(.)
":' (32)
and the energy per unit volume

ESR A

€=y

]

4
X (a=L1+ ) Uy (33)

<=
where . U, =—fi/2.

It is seen that the computation of the energy of
any f‘2 array is reduced to the knowledge of the character-
istiec values fi. These have been computed by a method out-
lined in the next section and the values are to be found in
Table II.

From the point of view of practical application,
there is also a somewhat different problem to be considered:
given a S. C. crystal with dipoleé of constant moment (taken
as unity), but undetermined orientation, what is the r‘ 2
array of lowest energy? Or, in the terminology introduced
above: find the minimum value of the energy (33) for arrays
lying on a given constant dipole surface. These arrays satisfy
the 8 auxiliary conditions (16) which can be rewritten in terms
of B.A. as follows:

8 v [ 4 * 4 VAR %
(;"‘c‘x«'} + (X6 ¥") + (()_;c;Z‘-)=,

L,

V=t,2,..., & (74

4



TaBLE I. Values of the fields
are valid for spherical samples

should be added to every term
demagnetization coetticient. The numerical values of f;, ¢,
hi are to be found in Table 11.

. The valuves given for Z,
. Otherwise (dn/3)—1)Z,

in the first line. [ is the

Iield at Ifield at Iields at IF.C.

Array l.p. R.C. XY Face YZ IFace © 7 X IFace
Zl 0 0 —2h121 hlZl h;Z,
Z-_l fQZ2 () —_— 2/122-_- 0 0 .
Z3 f3Z3 0 0 /I 323 0
Z4 f4Zq 0 0 0 /1;_'24
Z, 1Z; 0 0 0 0
Z(; eru QY’[ 0 /13Y7 0
Z7 f‘;’Z7 ‘\’Xb 0 0O /I;qu;
Zu () 0 0 /I4Yg ' /I.;Xs
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The standard procedure of accounting for the auxillary condi-
tions by the method of Lagrange multipliers proves to be very
cumbersome. The following artifice yields the desired result
without any furthér calculétion, not only in the simple case
considered here, but also in some of the more complicated cases
discussed later: The condition of constant dipole strength
unity implies that the norm of the array is 8é, or using (31)

$
T (el bl CH) =0

(35)
The conditions (34%) imply (35), but not vice versa. Therefore,

they will be called briefly the strong and the weak conditions,
respéctively.

The procedure consists in minimizing the energy (33)
under the weak condition alone. This can be done at once by
means of the well known extremum pfoperty of the characteristic
values.10

The lowest value of the energy is -fm/2 where
£ is the greatest characteristic value of the operator .
The array 1s a linear combination of the B.A. corresponding
to fm. If some of these linear combinations satisfy the
strong conditions, then the original problem is solved.

It is seen from Table II that the lowest energy for
the S.C. lattice is —f5/2 = -2.676. The corresponding array
1s o XAbYotc 2 with ap24b 24e 2 = 1. It is easil

545 P5T 5t Csls 5 *P5 *5 y

seen that this array satisfies the strong condition and rep-

resents the correct solution of the problem.
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3) Calculation of the Fields
The object of this section is the computation of the
characteristic values fi defined in the preceding section.

According to its definition, f; is the value of the field

v
of the 1ith B.A.,say EZ, at a lattice point. It was pointed
out at the beginning of 2) that any [1° array (and thus
in particular 'EE) can be considered as a superposition of
eight S arrays of lattice constant two. Hence, the field at
any point of a B.A. will be known as sobn as the field of an S
array is known at every point. We shall denote the field of a =z
directed S array asﬁgg(;), T being the location of the point
in question.

| Using the expression (5) for the field of a dipole,

we arrive at the following equations for the x,y, and z com=-

ponents
» 3/’6 ’X)(J;-i-)
Sx[)l) = Z — Y a 754
tta, [U-X)% (4-9)*+Lls2)]
S‘,(;;_) - Z : 3/‘:"‘7)/1(3“%/
bty [U-)% (Lo-9) (6-2)"]%
(36)
.= X (L= — ()~ (G-Y)*
2 =

Acdody [/4_113.* 01,'y/1‘f %_zy&]r/\-

S(r) is a spatial vector point function of the points r within
the unit cell, and should not be confused with the 24 dimensional
vectors representing the field at the lattice points.
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Using the function S(r) (which we shall call the
-y
"characteristic function"), we may write the field Hy at

any point of Zi explicitly as

d:{.*ﬁ;l,‘?&‘s 'g'( .(‘-X l;"‘l "'s 2')

r
M. = %‘Z“ =)

29,

(37)

1
Ein

where ays Bi' 7’1 correspond to the B.A. Ea. The
the argument of the characteristic function and the % multie-
plying the entire expression arise from the fact that the
characteristic function is defined for an S array with lattice
constant unity, while the component S arrays of a B.A. have
lattice constant equal to two. Thus, the question of finding

the characteristic values is reduced to the knowledge of the
values of the function S at the points with coordinates having
half integral values.

It will be seen in the next section that the solution
of the characteristic value problem for the B.C. and F.C. lattices
necessitates the knowledge of the field in the body centers and
face centers. These may also be obtained provided a few more
values of the function 8(%) are computed.

In the actual computation of the fields full use is
made of symmetry considerations, which show that at many points
the field is zero, or is simply related to the field at other

points. As a typical example, we shall show that the field of
7, at a lattice point is minus one-half the field of 2’5 at a
lattice point. From the expression for the dipole interaction

(20) and the definition of the basic arrays, cne easily finds



) I

/ 2/;"-1:‘-/:' ,l*,\.
Hey o0 = 2 7 7
. (38)
y‘z /006) - Z‘ f24 -/'t_‘{‘\} ) are
{‘(rzml‘,/;zqr’/’v 5/a
(39)

noticing that A'l and /(2 enter into (38) in the same manner,

we get

’ A~ £+
/'/s-a = 2 Z k > (—'}
EAT A YA L

¥
Interchanging ll and 13 in (39) we get

H, = Bttt )0t
¢ (o 2082 )

- Z’ ’(1-'..'(3‘- y l+/n

= - -t .
(’(’t‘/‘l*'(;)f/_ 2 2

which is the required result.

Many other relationships exist, connecting the different

fields at the body centers with each other, connecting different

lattice point fields, different face-center fields, etc. By means

of these relationships, it is possible to calculate the fields
at the lattice points, body centers and face centers of a B.A.

by computing only six different values of the characteristic

- A . G S G S YR NE TR TS n YD B G T Gn Gm Gm Y5 WE GA WS AR Gn TS Wb e T W N R D WS ST G A R G5 an TN WD W WO AR WD Y T G W TS AE W SR WD ap R e W WS e @

Such procedures may be justified by transforming these series
to absolutely convergent ones by means of the Ewald method.
For detalils see J. Bouman, Archives Neerlandaises [3A] s 13,
1-28 (1931)
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function S(?). These are Sz(%, 0,0), SZ(O, %, %), Sy(%, %s %),

5,(0, %, %), 5,(0, %, %), sy(%, %, %). It is clear that others

could have been chosen, but these turn out to be convenient.
Tabel I gives all the fields expressed in terms of these fields.

The numerical values of the first three have heen taken from a

paper of McKeehan13

14

method. A check on our values may be obtained from

while the others have been calculated using
the Ewald
McKeehan since it is possible to evaluate S (O, E’ K)"S (2, E’E)
from his tables. The agreement is excellent. The values of

these fields are

s (2,0 0) = -15.040, sz(o,%, %) = 12.329
(0,2,1) = L.334, sy(o,%, %) = 31.521
sy(g,g,g) = 10.620, sy(%,%, %) = 2.599

Tables I and II give the resulting values of all the fields.

4) Body Centered and Face Centered Arrays

It is conveniént to consider the B.C. and F.C. arrays
as consisting of two and four S.C. arrays respectively, which
can be resolved into B.A. In this representation, the field
matrix contains diagonal elements corresponding to the energies
of the constitutent S.C. arrays and off-diagonal elements giving
the interaction of B.A. at different points. The interaction
terms are listed in Tables I and II, It is apparent that most
of the off-diagonal terms vanish and the energy of any B.C. or

F.C. array can be readily computed. As an example, we have
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considered a set of arrays previously computed by Sauer?
Table III compares the energies resulting from the decomposi-
tion into B.A. with the values obtained by Sauer through direct
summation.

This representation does not lead in any systematic
way to the minimum energy configuration of an array of given
dipole strength. The latter problem can be solved by complet=
ing the diagonalization of the field matrix and introducing
B.A. in the 48- and 96-dimensional vector spaces corresponding
to B.C. and F.C. arrays respectively. Since most of the off-
diagonal terms vanished in the above representation, this can
be easily carried out. The procedure will be explained in
detail for the B.C. case.

It 1s seen from Table II that if one of the B.A.
Q;,'§i,'2; (i #6,7) 1is placed at the lattice points, it gives
rise to no field at the body center. Similarly, one of these
arrays placed at the body centers will give rise to no field
at the lattice points, as the lattice points and the body
centers are interchangeéble. Thus, by placing -ii at the
lattice points and nothing at the body centers, we obtain
a B. A. and similarly placing E; at the body centers and
nothing at the lattice points will also give B.A. We now
introduce the notatiocn [5;-51 to denote a B.C. array with 3;
at the lattice polints and 6' at the body centers. The above
B.A. will then be written as [Xi’ 0] and [8, 3?1] , Tespec-
tively. Using the same process on §;,.§;, we obtain four

more B.A. D?l,-?)] ’ [5", ?i-] , [Z:L:é] , [5', 71] « These six



Tapre II1. Arrays calculated by Sauer. (Sauer’s symbols

are in the first column.)

Type
‘0 i' y
i
b

C
d

e

“/g"
(l
b
-

d

7

a
b
.
d
e

%3 1)!

‘l/g”

[cnergy constants

Present
Resolution into basic arrays Sauer paper

25 —2.7 —2.676
Ziatlp., —Z,atb.c. 0 0
Zs+ X1+ Y at Lp. and b.e/ —1.75 —1.770
Ziat Lp.and XY f.c.
—Ziat YZ and ZX f.c. 2.2 2.167
Zi+ Yiatlp.and VZ f.c. »
—Z =Y, at XVand XYZ (.. —1.1 —1.084
Zs —2.7 —2.676
Zyatlp., —Z5at b.c. —1.35 —1.338
Zs+ X7+ Veat Lp.and b.e. -1.75  —=1.770
Zyvat Lp.and YZ fc.
—Ziat XV and XZ f.c. —1.1 —1.084
Zsy+ Ysatlp, XVand YZ [.c. _

—1.808

—Zs—Ygat ZX [.c. —1.8

is S.C., dipole direction 001
is B.C., dipole direction 001
is B.C., dipole direction 111
is F.C., dipole direction 001
is F.C., dipole direction 011

is an array which has nearest neighbor strings of

antiparallel dipoles

is an array which has nearest neighbor strings of
antiparallel dipoles if the dipoles are contained
in a plane perpendicular to the dipole direction,

~and passing through the dipole.




TABLE V. Characteristic values and tvpical basic arravs
in the B.C. case. Valid for spherical sample, otherwise,

cf. Table I.

Typical B.A.

Characteristic value Degree of At lattice At body
of & degeneracy points centers
fi=fs= O 6 Z, z,
6 Zg . Zg
fo=— 9.687 6 Z. _ Z,
f3 =f4= 4844 12 ‘Z;; Z;;

5.351 6 Z; Z;

=
fefg=  7.944 6
foe—g=—13.296 6 A ~Y,
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B.A. all correspond to the same characteristic value fi of
the field operators 57', therefore any set of six orthogonal
linear combinations of these B.A. will also be B.A. 1In
view of the considerations at the end of 2), it is conven-
ient to choose B.A. having constant dipole strength. Such

- - -
a choice would be [Zi, Zi] and(fi, - Zi] and similarly for
- -
X9 ¥y

The number 6 and 7 arrays require special consider-
ation as they give rise to off-diagonal terms in the field
matrix. In other words, there is an interaction between, for
example, a 2% array at the lattice points and a 13; array
at the body centers. The diagonalization is easily com-
pleted by choosing [E%,.§7] and (Zgs ~-°7] as B. A. The
corresponding characteristic values are f5+g and fé-g.
Similar B.A. are constructed from the other 6 and 7 arrays.

These results are summed up in Table IV,

The F.C. case can be discussed in exactly the same
manner. The treatment i1s somewhat more complicated because
of the presence of many more interaction terms. Only the
results are given(Table V). 1In order to obtain the energy
values in units of Ng/“z, one has to multiply the character;
istic values of Br by (- %) in the B.C. case and (- %) in
the F.C. case.

Since all the B.A. are defined so as to have a
constant dipole strength, the minimum energy configurations
are simply obtained by choosing the highest characteristic

values from Tables IV and V. Hence, the minimum energy for
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the B.C. case 1s - f(g+f)N° A= 1.986N2/u.2 and for the F.C.
case - (h,/8) Nop® = - 1.808N4 2,

It may be noted that Sauer correctly guessed one
of the minimum energy arrays in the S.C. and F.C. case, but
not in the B.C. case.

Finally, the possibility of "ferromagnetism" for
these arrays should be discussed. Summing up our results,
we notice that in all cases the minimum energy configuration
has been non-polarized. This result, however, is true only
for spherical samples. Otherwise one has to add a term
- % (4r/3-L )N%/¢2 to the energy of the polarized number 1
arrays, for all three cubic types. In the extreme case of a
very long thin needle/l =0, and the energy constant becomes
-21/3 = = 2.09%, while the energy constants of the lowest
non-polarized arrays are for S.C. =2.675, for B.C. -1.986
and for F.C. - 1.808. Thus, the S.C. array is always non-
ferromagnetic, while the other cases should exhibit ferro-
magnetism for long thinvneedles. In the case of a F.C.
lattice cut in the form of a prolate spherold, the ferromagnetic
state is favored above an axis ratio of 6:1. This result has
been found befcore by Sauerz Whether this ferromagnetic state

has a physical reality is, however, subject to some doubt.

5) [ 2 Arrays in a Magnetic Field

The energy of a givenl" 2 array in a magnetic field

is easily calculated. Considering first the S.C. case, one has:



-29-

s
_'...z {4;‘44.-‘4&’;) "(41#4" 461”?*(,'#9)
2 (=t

- (32 s) (@42 0T/ (40)

since only the number 1 arrays have a resultant magnetic
moment. Let us introduce the notation 12+b12+012-q2, q
being the magnetization of the array in units of N/k. Denot-
ing the angle between magmetization and external field by

(40) becomes

U = --—‘2'{'[4 ‘4.1 C ) 7 lor ¥ - /b”:”4’?/g
(41)

This expression sﬁould be minimized under the strong condition
(34), which we again replace temporarily by the weak condition
(35). In our preseht notation (35) takes the form:
8
; (@7 b e €2) + §*=1 )
We how minimize the energy at fized q. From (41)

we see that cos" =l; i.e. the magnetization is parallel to
the magnetic field. The minimization of the first term is

exactly the problem solved at the end of 2) since £, = O.

The solution is

- - > - -
P;" °1X1+b1Y1+°121+“5X5+b5Y5+°525’ (43)
2 2 2 2

with a5 +b5 +c5 = 1=q”.

The energy becomes

U

- 3(1-9%)f o~qH-(br/3-£)a°/2 ()
Equation (44) may now be minimized with regpect to q:8U/3q=0

leads to
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H

§- T
4}”‘(23"fk)
Defining a criticsl field H, as

Ho= £c- (E-1)

(45)
and remembering thet q <€ 1, we have
g - | fn W= He (46)

In other words, there exists & magnetic field H,
above which the magnetization is constant (saturation} and
below which it drops to zero lineerly with the field. It is
recalled that the magnetization is given in units 6f N /u.

Whether or not (43} is the correct solution is still
dependent on whether it satisfies the strong conditions. This
is generally not the casefor en arbitrary direction of the mag-
netic field (ali 0, by# 0, ¢y # 0). 1If, however, the mag-
netic field is along one of the cubic axis or in one of cubic
planes, then the resulting array cen be chosen to have constant
dipole strength. For example, if the field is along the cubic
axis, say in the 2 diréction, then the array

— > g -

P=Q sX5 ¥ bs¥5 + c12y
satisfies 11 the requirements,

Since in the general case, the simple artifice of
first ignoring the strong conditions does not work, one has
to introduce (34) at the outset. This can be done by the method
of Lagrange multipliers, but the resulting equations are wery
complicated and have not been solved. The case of physical

interest is the F.C. array (paramagnetic alums), and here the
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simple method works onee more.

The sbove considerations may be repeated for the
F.C. cese. %quations (40) through (46) are meintained pro-
vided the cheracteristic vslues and B,A. defined for the 5.C.
case for the sPacelx are repleced by the corresponding quanti-
ties in the 96-dimensional spece. In particular, the energy
constant -fS/B should be repleced by -h4/8. The minimum energy
array under the week condition is & superposition of the polar-
ized B.,A. and those belonging to the characteristic wvalue h4.
Here, however, the formal identity ceases. Actually, the situa-
tion is more favorable than in the S.C, case as the strong condi-
tions may now be satisfied for an arbitrary magnetic field. The
array which satisfies the strong conditions is a superposition
of the polarized errays and those arrays belonging to the second

class of hg arrays given in Table V,

6) The Effect of Larmor Precession

We now discuss briefly the effect of Larmor preces-
sion on the results of ﬁhe previous sections., We shall show
two things:

(1) Under the influence of Larmor precession, an
array does not change its energy. This is clear from general
principles of energy conservation and is also a simple conse-
quence of the formalism given above,

(2) If an array initially satisfies the strong con-
ditions (34), then it will always satisfy them.

The combination of (1) and (2) implies that our mini-

mum energy considerations are in no weay effected by the Larmor



-32-
effect., We need only imagine that initielly the proper con-
figuration obteins, and it will then aslways be the case.
To prove (2), we meke use of the expression for the

torque on a dipole in & field, If the field at the _§ °°

. L . g 4 .
dipole is H” and its moment M~ , then the torque is
‘L Y . .
/y. X H , and the equations of motion are
. ~>
£ -
J 5= ut x At
. (47)
-D‘l -
where J is the angular momentum associated with /“.l .
| ~_ 4 ;s
But, in gemeral, J, = 3‘: where ¢  is a con-

stent depending on the gyromagnetic ratio. Therefore
~—P

2 T

o | -, =
Taking the dot product of (48) with /“ gives /4‘.,““:0

(48)

since the triple scelar product vanishes., This means that

- *
.2.".. (/( 1) =0 > L .
At or /(, = const (49)
(49) is true in the presence of an external es well as internal
-
field (since we made no assumptions about H ) and is just

the methemetical statement of (2) above.
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IIT QUANTUM MECEANICAL CONSIDERATIONS

1) General
In this section, we shall discuss the quantum mechan-
ics of the model given in Section II. The guantum mechanical
problem which we need to solve mey be formulated in a completely
general fashion, We ask, "What are the eigenvalues of the opera-
-

tor obteined when we replace each M, of equation (1) by a

corresponding Pauli spin matrix?" That is, what are the eigenval-

ues of the operstor

Yo L3 L) TN )
T A yal (50)

This problem seems at present insoluble. In aettempting
to obtein any informstion from (50), one immedistely runs into
the full difficulty of the quantum mechanicel meny body problem.
Indeed, it has not yet been found possible to obtein a single
exact eigenfunction or eigenvalue of (50). Even the usual sim-
plifications that enable reasoneble approximetions to be made
in the case of ferromagnetism, (i.e. nearest neighbor interactionm,
isotropy of interaction) breek down here., Further (50) does not
commute with the total angular momentum g 0.4...2 of the sys-
tem, and therefore does not represent & system which conserves
eangular momentum. ‘his means that it is impossible to specify
states with a definite totel spin and therefore; that simple
stateg such as those discussed in the previous section, can have
no exact qusntum analogue, ‘l'hey must exist in éome approximate

sense, however, for it is clear that for a mecroscopic sample,
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one must be eble to speak of a megnetization.
In one dimension, the situation is not so bed as in

three. Here 7L} takes the form

2 i [(t-4)> (o1)

Cr;t
This commutes with ;; An (as it clearly must from the

rotetional symmetry of the problem) and therefore states of
definite multiplicity do exist. One may solve the spin wave
problem for such an array (this is done in appendix 1.) for
example., The form of (51) is actuslly not too different from
thet corresponding Hamiltonien for the ferromegnetic linear
chein. (The °Z£ .Gfk being in exect correspondence, and the

Ol% o‘k% term adding nothing to the complexity as it is
already diagonalized in the representetion one would use.) One
would,therefore, expect that the method of Bethel5 (which gives
the complete solution of the eigenvalue problem in the one dimen-
sional ferromagnetic_case) might be appliceble here, The long
range of the dipole forces, however, sufficiently complicates

en already extremely complicated procedure, so as to render the
problem practically (if no longer in principle) insoluble.

We will therefore abendon the exact eigenvelue problem

and ettempt to get informetion by less direct means,

2) A Meean Value Theorem

We shell now show that the expectsation value of the

energy in any "Hartree approximation"™ will be exactly what was
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to be expected classicelly. By "Hartree approximetion'] we simply
mean one in which the wave function is theorem as a simple prod-
uct of singie spin wave functions. Now the most general spin

. . _ 16
function ( ¥ ) is given by

V- Grg) + (anp e %) f

[ 4 representing a spin function with the spin in the plus @ diree

(52)

tion, /S a spin function with the spin in the minus -2 direction.
''his function ¥ represents a spin quantized in the positive

6, ¢ direction. Let us take as our generasl Hartree function
/\//: 77 7,
‘)2 being determined by Qk‘and qpkﬁ the product being over
all the dipoles in the crystel, We consider the expectation
value of the energy, i.e.
L= (v, HNY¥)

(54)

If we write 4% + b and substitute (53) and (50), we
h & R ke Ph
find :
-1-! "./ = -;—z 7T %[a.qa[("“‘/‘(a."a*3’9“‘1)74,,/.‘3*/14‘7)(-(..,4,1,1,,0(‘)]

oo R ~ x .
R 449y, + ié[}/yw‘l}&("‘{/'ii’}ﬂp/‘ '32{"‘9}("/&‘ a/qn!,

(8 b5 4 4 )[ selv-cyn g+ 3UIYA Y ~ (158)(ufu Rfla) f

(55)
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L ,
where we have put {;', %,‘?{3 = (x,y,z). Taking the scsalar

product of (55) with Y , we find

‘;7 - («wl #Wa i’_z'j—;{&)a.ﬁaa,,«rﬁ.a_&.a. Grfln- V)

<3[5BS b, o lory + Y m 8 S 6, Fonlh Simi, +2" 28, G0 )

-3ty @Q.Qéago.f(e.ﬁ:q-) + Y2 ( DO M8, S+ (b, b, 9-@..}

F {2 (6r8 508 @Putrb, S B, 4,(&)}} |

A little algebraic manipulation now shows this to be exactly

the same as (1) if we meke the substitution
I _ g -
/am = sin 6 cos @
2- .
//‘m = sin Qm 81n(Pm

3

/a'm = cos Op

The theorem is actually more generally valid (no very specific
use of the dipole-dipole nature of the forces having been made)
but we shall only use it in the simple form given above,

We may view the above theorem in another light. By
the variational formulation of the fundemental problem of
gquantum mechanics, we know that Wg {‘\ﬁ, Z{‘W) is elways greater
then or equal to the lowest energy of the system. Since, if we
teke a product eigenfunction which represents a (say) -2?5 array,
we get (for the S.C.case) the lowest possibhle classical energy,
we know immedietely that the lowést quantum mechanical level is

at least as deep as the lowest classical one. We cannot, howeverg
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conclude that there is really a lower level quantum mechani-
cally. The results of this section, in connection with those

of the first, do seem to make this reasonable,

3) Special Bxemples

In attempting to get some information about the
nature of the exact solutions of the eigenveslue problem, we
have solved & number of simple examples. “1hese are: |

a} Two dipoles on a line.

b) Two dipoles in a magnetic field not directed
along the line joining them,

¢} Three dipoles along a line.

d) PFour dipoles along e line.
a) 1is quite simple and may be solved in a variety of ways.
The Hemiltonian is

‘y"- m 0. "36‘1%6‘:
(56)

where we have chosen the line of centers to be the 2z axis, and B
the dipole to be at & unit distence, Perhaps the most elegant
solution of the problem is to notice that (56) is invariant
to rotations about the 2z axis end to permutation of the two
particles. ‘1his uniquely determines the eigenfunctions to be
o, o<..' /3,,9,_, O(.li‘iﬁ\, d,_/ d'/s"}‘ o, . 'I'he corresponding eigen-
values are -2,-2, 4, 0. The classicsl energies corresponding
to this situstion would be a continuum stretching from -2 to 2.
It is seen that the lowest level is unaffected, but that the

higher ones are.
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| (b) Even this quite simple problem is difficult
elgebraically and contains some feetures of the general prob-
lem. The Hamiltonian is
‘y - — IZ/ (/a‘;-fa;"}a( v (O, caq, )~ /0-?.,0-*/)7)
+ 6,6+ 9,0,/-206,0,
(57)

(th,T } being the direction of H. We expand a general‘IL as
<

Y- 2z a: Y. where ¥, =o', Y, = A8, 1-/,= Kprp’, Ypy=xpipu!
‘t'he fg;ﬁ of the latter is chosen so that they are eigenfunc-

tions of the permutation operator of the two particles. Substi-
tuting into Z/1/=F’(L and equating coefficients, we find one
eigenvalue to be & =0 (belonging to 'LL4) and the other eigen-

values determined by

| 2(c-1) - E 0 2(a-iB) | = 0
0 -2(C+1)-E 2(A-1iB) .
(A+iB) (A-iB) 4-F

A= -H | B= -HP , C=~=-HYy .
Expansion of this equation yields
CL el cw3-A~8Y <520 )-pB%) =0
(58)
If the field were along the Z axis, A=B =0 snd k=4, -2(12C),
as might be expected. An exact solution of (58) may be given,
but the results sre very complicated and throw no particular
light on the main problem. FPerhaps the only conclusion one may
draw from the above example is thet as soon as there cesses to be
one preferred direction in the dipole problems, they become

enormously more complicated,
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‘‘'he problems c¢) and d) were investigaeted in an attempt
to get information about the chenging energy spectrum as one
increases the length of the chain of dipoles. It was also
hoped thet it might be possible to learn enough from the solu-
tion of these comparatively simple problems to develop a tech-
nique applicable to the general case, The latter did not develop
however., The formal solution of the above probiems mey be accom-
plished rather simply using permutetion and rotation operators
as constants of the motion, or by using the fact that the struc-

ture in question is invariant under the group Ilou- 17. ‘T'he

17 177
eigenvalues in the three dipole cases turn out to be -—7z,0,2%x"Z—

each of which is doubly degenerate, in the four dipole case, the
eigenvselues are rather complicated (though they mey be given ex-
plicitly) and will not be entered here. 'he pertinent conclusion
however, is that in all three cases, the lowest quantum level
coincides with the lowest classical level--a result which seems

generally valid for any one dimensional array.
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IV STATISTICAL CONSIDERATIONS

1) General

The considerations of the previous sections would
be applicable to the discussion of dipole arrays which were
completely ordered, i.e. those in which temperature effects
were not present or negligible. In this section, we shall
develop an approximative method which enables one to take
into account a very small quantity of disorder in the array.

One would at first imagine that the problem could
be dealt with by a suitable generalization 6f the usual Bloch-
Slater theory of ferromagnetism. Closer investigation, however,
shows this to be impossible, or at least impractical. There
are several reasons: the long range of the dipole-dipole forces
(in contrast to the short range of exchange forces), their
gtrong directionél dependence, and the fact that the dipole
sgtuation is, if anything, more analogous to anti-ferromagnetism
than to ferromagnetism. The latter is particularly serious
because, as far as the Writer knows, no.rigorous theory of

18 and Bitter19

anti-ferromagnetism has ever been given. Van Vleck
have given treatments analogous to the usual Weiss-Helisenberg
theory of ferromagnetism. - These methods, while satisfactory for
the problems they consider, do not seem to be generalizable to
the problem of dipole interaction.

On the other hand, there exists a method of treating
ferromagnetism due to Kramers and Hellerzo (which has been gen-
h

eralized to anti-ferromagnetism by Hulthen? This method (under
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certain sultable assumptions tb be given later) turns out to
be of use in our problem. This scheme permits us to take full
advantage of our information about the ordered states of the
system, and also permits a quantization of our results (in a
sense to be given in the subsequent discussion.) We have
applied this 'method to the case of strong and weak fields, i.e.
fields much greater than the internal field produced by the

dipoles and fields less than this internal field, respectively.

2) Dipole Arrays in a Strong Field

Let us consider the energy (ﬁ ) of an array of dipoles
yon a S.C. lattice in the presence of an external magnetic field H

\;n the z direction (taken to be one of the crystallographic axes):

)

. S Y ) -3 t) (n-t)
H- bl 2.t 72
-~ -~

/z'r'

(59)

2
/AA is the dipole moment of the dipoles in question, ) = /“‘/233,
a 1s the lattice spacing, //‘m = (xm, Yo zm) the direction

cosines of the mth

dipole. Other gquantities are defined as in
equation (1). Now, if the external field is very strong, most
of the dipoles will be pointed in the 2z direction. Or to
phrase it slightly differently, the average deviation of a

dipole from the 2z direction will be small. Therefore, X0V €€ Zpe

Since z, = b[l -xmz-ymzi, we may write approximately

zp = 1 - 3 (g, 54y,9) (60)
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If we substitute this into (59) we would obtain for‘74 a
constant (representing the energy 1f there were no thermal

agitation) plus a quadratiec form in x_, Y- We write

m
‘H = Uhy+ AMET (R#442)+y T {Ag (1349 #4, y.//—3/.‘)]
Heance®

W (61)

N Dbeing the number of dipoles present. This expression con-
tains several further assumptions. Firstly, we have assumed
that in this quadratic form we need only consider nearest neigh-
bor interactions. This is not as severe an approximation as
might be thought at first, because the whole term itself is
assumed small. Further, the effect of non-nearest neighbors
would only amount to about 20 % (dipole forces falling off
inversely as the cube of the distance) if it were completely
additive. This is not the case, however, since the deviations
x, and y, are chaotic (at least to a first approximation) and
it is well known that the dipole forces give zero interaction
for a chaotic arrangement of dipoles. The second assumption

is that the sample is sphericalwhich allows us to place the
term 2['zmzm (l-3,ﬂ 32)= zr(l-%(xm2+xn2+yn2+ym2)(l-}/p32)

_ 1 2 2 2 2 2y _

= -3 Z(xm X HY Y, )(1-313 ) = 0.

We now make a canonical change of variables in the
energy expression (61). We can consider as canonical variables
of a single spin the two independent coordinates necessary to

specify it. Call these Sm’ ©_, Where Sm measures the 2z com-

m
ponent of/bL m and o the angle the projection o#/‘km on the
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xy plane makes with the x axis. Sm will be proportional
to 2 but to give Smwm the dimensions of ‘ﬁ, we must multiply

nh

by a constant having the dimensions of h. We choose sz ==z,

where n 1s the number of spins belonging to the dipole moment .
The reason for this choice will hecome apparent when we '"quantize"
our model in the next section, for there we shall see that this
choice gives correct limiting values for the magnetization and
entropy. Now, if we consider small deviations from the =z

“axis, it is clear that X and Yy are approximately rectangular
‘coordinates for specifying /LL m? and therefore are approximately

canonical variables. Chocsing new variables Xm= = Xm,Ym = ¥p

 we may write (61) as

T g (LT,

("—;f&... + (- .L,.){/—:?I.‘)) T Y

4.,4; (62)
Y74

The summation 'g;; means we sum over each dipole and its
o

six nearest neighbors. Now any unitary transformation on the
Xm and Ym change cannonical variables into canonical variables.
In particular, if we choose linear transformations into new

variables and q, such that (62) will be a sum of squares

12
of and Uy 9 thece new variables will also be canonical.

10

Pa
It is well known that_if a quadratic form is transformed to

a sum of squares, then the new coefficients are the eigenvalues

of the matrix of the old coefficients. Call these new coefficients

a(m ) and b(%), respectively. Then we have
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7.1 = —amH + g /4/2’/(,_,_.':/,{7; /41'* (%) /7,:/
* (63)

and it only remains to find the eigenvalues a(2c), b(a),
Let us consider first a(®# ) (b( %) will be obtained
in exactly the same fashion.) The matrix of the coefficients

is given by

M= 42 s F b 54,9
if m,n represent
nearest neighbors

(64)
ﬁlu4. = 0 if m,n represent non nearest neighbors
If we take an arbitrary vector to be{ﬁ/nl}, the eigenvalues
will be given by
Z M = AL
»
- (65)

Since depends only on ,4? (or (m-n)), we immediately try

Yom

the substitution
((Het, ~o i, 4%y ;)

V.= ¢ (66)

Substituting (66) into (65) we find

)—_— M.,p 2?’(—2.67(1*5‘77(3"'5"?7‘(3}
2 ' (67)

Now the periodic boundary conditions (which we assume here)

assert that if we increase n in ’y&n.by G (G being the

]
size of the sample in any crystallographlic direction, G’=N) in

any direction we must get the same value. In order for this
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to be so, we must have ](‘. = Ql:‘.
G

In order to obtain all the eigenvalues, we must take all g

where J; 1is an integer.

in the range O£ O € G-1. We then have that

Q= ZE 4 27 (26594 G 36+ G ;)

and similarly bix) = /}I! 29[l 263t G my) (68)
The partition function Q will be given by
Q= [ e B 45, A
Horp
:[ [e 47 di,//y
(69)
Sub-

since the transformation from (X,Y) to (p,q) is canonical

stituting (63) in (69), one obtains
am) btw)

Q‘ __—e'a””/kr[ / 77 e ((‘"/ ‘r}/’//ﬂ e- rya ;ﬁ/?

e —

= @ /7— 7 T
YoV Am b)) 4T
A#”/k-r

€ (70)

TThThm
:( / 77-
ROx) br)

The free energy (A) will be given by

A= -4T Lg @
4 ’(/5767’}%AL;)‘/‘Z7- / | é{—4af¥£
by *  Vary brv

—u v H ~ 446‘7;4%;y¢/32£2151£5 + 2T 5 4y farmo b}
* ' x (71)

* In reality the limits should be small, but since the contribu-
tions from large p and q are small, we can extend them
to e 1in either direction.
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Now a(X) and b(M ) are practically continuous functions
of X and therefore we may replace the sum in (71) by an

integral accordlng to the rule

12,,((7() - (”) f!j 75-/71)0/1,6/71”{73

Using this, (71) becomes

A= WA = WhT Aoy TEZEE Tézds., VAT f /A,/vwmy/zdr,/,

;umu’

(72)
To obtain the magnetization (M) and the entropy (8) of our

sample, we make use of the well known results

M= -
5 = -
M= o4 - 4/zlr)z ./// [ @rx) 5”"] A, o v, o,

S:' ”k/@'héTTﬁ_ii_i[f/@/ffx)[(x)/hh/v,
: " ™ (73)

3(31 NN

We may now write the expression (73) for M as

A -
.._.} -2 2, *éﬂ,}-r-"] A, d«.ohf)

>
Here we have assumed that 3_?<< { so that we could make

- S TED MR G et G s G S D S M S WS G D G TR WO G TN WD MIR R S S e mm o e oy nm T e Mm e e B we e - T e O e . B e MY e o W

i.e. that the internal field is much less than the external
field.
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the expansion. The resulting integrals are very easy to

evaluate and we find

+ ¢
M= k[ 1~ £T (1~ 15 ) H(2D)5% )]

(74)
Similar expansions for the integral appearing in S yield
AnThT , 3 /¢7
sk 1+ [ + /' /'*
S=wkl M (75)

(8

When H 1is so large that we may completely neglect (4722”),

we obtain 4
-
M= M [o- ;:77]

'These formula are exactly the same (except for a trivial addi-
tive constant in the entropy) as the asymptotic form of the

usual Langevin expressions for completely free dipoles.

3) Quantization in a Strong Field

It is clear that in order for the above results to
have any use they must be "quantized" in some sense. For at
these low temperatures, the interaction of a dipole with an
external field must be treated as a guantum effect. If the
dipoles were completely free, we would obtain the Brillouin
function®? instead of the Langevin function (for the magne-
tizationd The difference is very striking if we consider the
fields and temperatures which occur in adiabatic demagnetiza-

tion experiments. For example, 1f the spin is %, the field
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30,000 G and themperature lOK, the Brillouin function gives
- 96 74 saturation, the Langevin funcfion 5L 75 . We therefore
look for some reasonable way of quantizing our results. Such
a process has already been given by Kramers and Hellerlg, who
justified it on the basis of the fact that it gave Bloch's

3/
7’2

law for ferromagnetics. We shall also use this process
and justify it on the grounds that it ylelds the asymptotic
form of the Brillouin function for negligible internal inter-
actions.

Let us go back to expression (63) for the energy

%[ /u//é" 2 (ﬂ/ﬁ/( / A5+ é/)///zz/

(63)

We may regard (63) as the energy of a set of harmonic oscilla-
tors (one for each A ). The quantization of the energy of
these oscillators is then the desired result. Now, the fre-
quency which corresponds to an oscillator whose Hamiltonian

2 2

is Ap™+ Bg is easily seen to be 2 /AB and therefore the

frequency associated with the 2 'th oscillator is

’ +
o, =2 /=5 = —
» ;//4;7:/; ar%) 4/x) Py y/ Alx)b/2) (76)

The energy assoclated with the system if the 7{th oscillator

in the n,fh state 1is *
E=—awh+> Ao, m, (77)
Y 4

* Here we have dropped the zero point energy % h;[:m
following Kramers and Heller. If one carriés it along, it
is 3mpossible to get an agreement with the correct asymptotic
form of the Brillouin function,
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The partition function 1s then given by

L/l ~Z By my [pr LS !
Q= e Z e > = e ;F 7{/ — e T
*1"'/"”

The free energy becomes
A=-ATlg @ = ~Hukl +47 2 /«7 (e %)

_-_-,_. 6{.{. ”éT

o f[/,&;//— B "r/&d,h,h,

- - Y7 Uk?‘ (79)
u b I z

Fy
/// ,4///- - ”;éﬂémdmh, (80)

Let us consider log (1 - e =T )

where

If we put
2‘7‘ "Z_GD ¥, ‘*477(1. A C'”(y

, AT= M -2+ 3
we may write for (2—;’;")

#“)F 244 2 ‘ [ 8 = ¢
hlnn 222 b2 Jir+53) § =2
- 2P (e £ N5
nkeT
since we have assumed / H >kT (neighborhood of saturation)
- A _ Ry, ~3 0+ 8, /342%))
Therefore @ ®% < < |  and ,&,?(,- kT ) = e
H
where § = :—‘%—7—, . Substitution of this and
i 80) yi
](.,c ,'l‘L: -&’7{(_(',7("‘_24)7(3 nto (80) yields
v j
_ -—7 s —T(zc‘:\?‘(,"cvaw,"c@ 7(2)
K = J. of fe olo, dxyoln,

(81)
4
where C = T/ka

._'{ 3 _ 2
K =<-e¢ @m) " IT,t2v) I, (T) (82)
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(t)
Io ‘
of zero th order. Substituting this into (79), we find

A= ~Muk - phkr € I,022) L ()

= Jo(it) where Jo(z) is the ordinary Bessel function

(83)

Differentiation will give M and S, i.e.
- 2. ~-¥ 2
M=tu (- Fe ,Z;(zz)I,,fT))
S = N£A ( .Z;ru)I‘ wlli+g) —21:'1;(1:)/1,' (UL, l2t)+ T, (t)_l: rzt))}e;;

Lit)= - T(T) . (84)

These are our final formulas for the magnetization
and entrop§ in the strong field case. We notice that when the
interaction is so weak that it can be neglected against
kT, T = o and -

M- Ml i-5e )

S= NRI1+F)eC 4
which are exactly the asymptotic expressions for the Brillouin
function.

When T 1is small but not zero (internal interactions
weak compared to kT) we can expand the expressions (84%) with
respect to €. It is then possible to show that the magnetiza-
tion decreases with decreasing field (as it should), but that
the effect is quite small. The relative change in magnetization
is of the order of 'L"'e'," . We omit the tedious expansions

which lead to this conclusion.
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L) Weak External Fields

If the external fleld 1s less than Hj (ef.5) Sec-
tion II) and the enfropy zero, then, we would expect a mixture
of number 5 basic arrays and S arrays. (Throughout this sec-
tion, we deal only with the S.C. case.) The presence of a
~small amount of disorder gives rise to small deviations from
“this "equilibrium" condition. The proceedure here shall be
just as in the previous two sections, i1.e. we shall perform
an expansion about the'equilibrium" condition, dropping terms
of higher than second order. The original Hamiltonian will ber

the same as (59) above

- - ‘ ‘“’a‘(a‘alt— f . ,,,-/
- wh 2, +;~%5/) 3 hu &) (M)

L g
: (59)
We assume the equilibrium state is given by
ZM?‘?
K= O™ ¢ )€
where q = “/Hc as before and & = l-q2. For small devia-
tions from equilibrium (85) will take the form
2.= g«‘?....
Xew = SO) ) 1-2> G, (86)

3Lh = Sl) tjjjfgz:F' St cfa,
h -
O §'m are small, and _gb g:h)mm are the canonlcal coordi

m
nates of the mth dipole.

We have

T
Vi-2r = ez ’56("%‘;‘3) (87)



-52-
as long as q 1is not too close toc 1. We shall make the same
nearest neighbor approximation as in section 2. Then, using

(87) and (86), we obtain for the Hamiltonian (to second order)
L h N
W’“ Mg -)’étlf/f,-“‘y)g /% ~ éz‘;ﬂ...)
+ 2’2 {(l—.?/;'j + 'Ei: Slan) Stae) //~3/;"};-{.3;

N,
AN
b ) {5'159-){/4)//-3/‘)V ¢j*
Pt ~ e (88)
y'/7 4
If we let %:.-,/a_ and (/ﬁé = % , then RM ,1/{" are

also canonical, (88) takes the form

Y= E+8 5 TR+ ) A [ €034+ prag) fsia)Sen) R R
Baad o, -~

V"7 4
+ &ﬁz_ {S/*)ffm) (/—-3/,_") } 1/,‘. 1},/..
ve (89)

E, = —uvH g~ Az
To write (89) as a sum of squares, we introduce a linear trans-
formation on (’Eé" R orn ,V,,.,/ . Calling the eigenvalues of
the matrix of the coefficients of the R. terms A(X ), and

m
those of the 1/‘ terms B(3), we obtain

X =g +7§ { Alx) (é,,,}, A+ Bﬁdi;}

e R s R VR AP W R WS G s GO T A TR D T G Gh wR R D Ep TR ws TH Ge S WS We W Gw TR D ww An T Gp R WS GP W A SR W G G we YR ND GD WS M e W WD W W e

The letters NN under the summation imply summation over
nearest neighbors only.
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The determination of A(X ) and B{(A ) goes just as before--
we only quote the result:
A ]
Ax)= [ 8« Aq
BIx) = [ &+ 2;’,] (90)
[ “~ + 2— > - ke -~
A, = 2 ((€725%) com+ (€= 7). (2617 o9, )
AL = 2(@u+26%,- G )
and . P T p
‘ - <’ < - é Y
7(1 - G

To obtain the classical partition function, we use
- A9

@= [ e T dp...ap
- ad
yielding (analogously to (70), (71) and (72))

f- Gevar g 2T P <4 [//,17/,9/»,:,.,);.,4« olx,

7T Am

(91)

It 1s possible to give an approximate treatment of
the integral appearing in (91) for different limiting cases
but as we are really only interested in the quantum mechanical

formula, we shall not enter into this discussion.

5) Quantization i

a Weak External Field

The process here is exactly analogous to that used
in Section 3), the only difference being that we have a differ-
ent formula for the characteristic frequencies. The free

energy will be given by _ pw
Lol

A= 6~ 22T f//’d’/”“ 7.";) A, Bty

° (2m)?
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with

Wy~ 2 ("A‘; /4(*}/3(7(/

gr
;_;- /¢ v (e™29%)G 3, + /é’.-g’}tc,z;—fz1-‘4,*}4,;,,)/!*497/, +2%57, - 6"3}

/ (n)

Substituting, we obtain

1}

.merlf/ )
_ + MRT - .
A= E, Z;E; ~[]7’.49:7(3' ) A, dr En

- MeT ]ET

1)

g= ff/fyff- W/}—)//mh;%

\

We can evaluate K in two limiting cases. These are:

1) .Z_,__ <</ . This is easily seen to
FY ¥4
reduce to the classical result (91) and will not be further
discussed.
2) ._ZZ- >>¢( . In this case, the chief con-

MeT
tribution to the integral comes from the region where g( ) = O.

We therefore expand g(# ) about this point (there is only

one such point.) We put

&77{, = =/+ (z%g_'- 7(/’:' 7%,

%2{13 -/ (”’,‘ 72’3 -
2

CoMy= (- (%" Uy = s

2



-55=-
resulting in

i/fu/- F(0en ) 1ef Y (-38)%  (r2gYr w120 %)
= 3‘9‘/1,”0.7(,"49(,"

neglecting fourth order terms in the 2¢ 's. This assumes,
however, that q2 is much greater than range of ¢ 's which

.*
contribute to the integral. Substitution gives for K
.K.__ ff - iﬂz(*'\_‘lx\*ws )"s /
K= Jlf togti-e =*7 TN e, s Ay
~00
?h7r2

i (e S
- % ,/3://-@‘?“3" wain
0o _ . f 713
=T/ A,r,-e )P a'f)/f%?}]
¢S mé.?’
fee Lspay > 7]

—
-

Therefore ke 3
- 7“ 7 M7
A= E, Y W)
or (93)
A= £,- )
f
yielding p ? '/- 4 .
M= 22 - g7 we ”'é] 7
20,/ iﬁ: zf‘r ‘j‘
S = - 2{‘ = 2T a2 (94)
___________ ?3::1_f§362-_-_-Jte:z_____t_--_--_-_-_----------_--

% We have extended the limits to infinity since we assume that

only the contributions from the neighborhood of the origin
are significant.
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We may eliminate T from equation (90) and obtain

4
M= bup- 655 (25 ) “r (5)/5
(95)

This gives us the magnetization as a function of field strength
for an adiabatic processe.

When q2 is actually extremely small (very weak
fields) we must resort to another method of evaluating the
integral K. Since X is a function of q2 only (g(»)

being a function of q2 only) we may expand, i.e.

E: = .E:o;+ E;4 ?i

(96)

where

As above, we may write g(# ) in the form
g ()= + (0w (ngrawtogeng - 3na )
Since throughout this discussion we are regarding

% K. U, small, we may neglect the term /91/37/,‘42361* 25")

relative to 12q2. This gives

7/)(/; ;/'/lz*ln"-fw,")/k‘f 2{,‘4 27,‘»/2;7

and therefore

-~ TYrx, %20, w2y )l S AT |
fffﬁj”‘ A ”;h,x«,ahrs
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A} )+ —
We ha Jfo put TKE © €, as before

Roe §f] Loy (106D el

~® ' ez ey 2~
e T
z -C/c % | WIS [ R (47)
N IREIIE HERERE—
- (]
e BT v e
(98)

In thece expressions, we have made the substitutions

L L L
¥=p%, W 2 U, Uy» oW - The integrals a and ¢

appearing in (97) and (98) are pure numbers. They may be eval-

uated numerically, and yleld

60.3

a

6.10

c

The free energy now becomes

ART e Q ¢+
/4’ Ea" Er_rj—s f.‘z".‘z/.* ZT;"';.)

[
L, BE (e Ft o}

m(2m)?
(99)
Differentiation of (99) with respect to H and T (or q and %)
gives the magnetization and entropy of the sample:
- - 24 /~ rFre . Lo
M= "S5 = Mmp (" S Gir T
(100)

?A yé o "3/1_ — /1
-~ = K0 ¢ T ™ 3a T s
(101)
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To get the adiabatic magnetization curve for very small q,
we eliminate ® from (100) and (10l1). To a first anproxima-

tion, we may put (using (101)
w32 = 2603 (_s__)
- 5¢C Nk
and therefore

~ N/“Z 1 2(2m)? (,a_!))

M/(Hc (7.1!} sec

or

M= N LA ;5; ( =
& e S ) tuk))

(102)

(102) shows that the initial slope of the magnetization curve
is less than it would be if the system were completely ordered
(i.e. 8=0.) This conclusion is consistent with the solution
for larger q, and permits us to draw a smooth curve for the
entire region of weak fields.

Formulas (84%), (95) and (102) form the main results
of this section. They give (except for certain regions into
which we may extrapolate) a description of the adiabatic mag-
netization of a paramagnetic substance throughout the entire

range of external field.
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V DISCUSSION OF RESULTS

In this section, we shall discuss the possible
application of our results to experiment. For this purpose,
one would have to find a substance which is magnetically
dilute (so as to minimize interaction and rule out exchange
effects) and in which the levels are unaffected by Stark
splitting. Such a "mégnetically ideal" substance is Cs-Ti
alum23--indeed, at present, it seems to be the only one.
Unfortunately, almost nothing 1s known about its magnetic
properties. For example, the saturation magnetization has
never been measured absolutely, and consequently the magneton
number of the substance 1s not known. On the other hand, the
crystal structure has been worked out by Lipson and Beevers%LF
who find the magnetic ions to be on a face centered cubic
structure, the number per c.c. being 2.08 x 1021. In the
‘following, we shall assume ﬁhis data of Lipson and Beevers,
and we shall also assume that the Ti 1ion carries one
Bohr magneton.

To investigate the validity of our formulas, one
would recommend a proceedure something like this: First,
measure the saturation moment of Cs-Ti alum so that/bb is
definitely known. Then perform adiabatic demagnetization
experiments from very high initial fields (about #xlOl+ g)
and low initial temperature (about 1°K.) 1In this case, the
entropy of the sample would be so small that the non-statis-

tical theory of section III could be applied with complete

confidence. Should there fall to be an agreement with
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experiment, we could attribute it definitely to quantum
mechanical effects. Indeed, these experiments should give
us infeormation about the lowest energy level of the system.
Then by lowering the initial field (or increasing the initial
temperature) one could see clearly the statistical effects.

Possibly the only relevant experiment on Cs-T1
alum which has been thus far performed is that of DeHaas

23

and Wiersma’ The salient feature of this experiment is that
the magnetization stayed constant from H = 24,000 gauss
(which is about 90;ﬁ saturation if one assumes a magnetic
moment of a Bohr magneton) to a field of about 100 gauss.
It then dropped to zero almost linearly with field. This
behavior is in general agreement with the results of section
III, where complete initial saturation was assumed. However,
the calculation of the critical field (using above data)
yields Hc= 69 g. This is of the correct order of magnitude,
but the deviation 1s serious. As mentioned above 1t could
easily be due to dquantum effects.

Since there ié actually a small amount of disorder
present, we should really use the results of section IV,
However, the formulas there are only derived for the S.C. case,
while the alum in question is F.C. Investigation of these
formulas dbés seem to indicate that the strong field part
of the curve would be practically unaffected, while the weak
field part (H € He or g <1l) would be slightly displaced.
The fact that our formulas do tend to keep the magnetization

near its initial value 1is in itself somewhat consoling as
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Van Vleck's theory5 indicates rapid dropping off of the mag-
netization with decreasing field strength. It is not surpris-
ing, however, that Van Vleck's results should not agree too
well with experiment as the expansion he uses converges
poorly (or not at all) in the critical region.

The magnetization could also be obtained on the basis
of a theory of Sauer and Temperlyé This leads to a critical
field below which the magnetization drops at once to zero.
Such a result is an immediate consequence of thelr assumption
that the spins are always parallel or antiparallel to the field.
Hence, in this model there is no possibility of a state with
vanishing entropy and having a magnetization intermediate
between zero and the saturation value. Thelr coupling scheme
corresponds to that used in the Paschen-Bach effect, while
actually one is in the region of anomalous Zeeman effect.

In the case of alums containing magnetic ions with
more than one electron the magnetization curve is very much
influenced by the crystalline field and the present theory may
not be used alone. The'dipole interaction, however, should
be the decisive factor for the state of the system at absolute
- zero if the number of electrons in the magnetic ions is odd.
The question of main interest is whether cr not the state
will be polarized (ferromagnetism or anti-ferromagnetism). 1In
ITT, it was shown that for spherical samples, the lowest state
was always non-polarized, but that in the important F.C. case
(to which the paramagnetic alums belong) a prolate spheroidal

sample of axis ratio larger than 6, the polarized state will
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have the lower energy. This is of interest in connection
with the "ferromagnetism" observed by Klérti, Laine, and Simon25
for iron ammonium alum at low temperatures. That a stable
ferromagnetic state really exists is still open to some
QUestién. In the first pléce, the numerical values of the
energy constants might be changed by the above mentioned
quantum mechanical effects. In addition, it should be empha-
sized that pure energy considerations cannot completely decide
questions of stability. The forces tending to polarize the
cfystal originate in distant parts of the sample, while the
depolarization forces are due to relatively near neighbors.
If the sample is cooled to a temperature below the Curie point
/ by contact with a heat bath, rather than by adiabatic demag-
netization, a ferromagnetic state would certainly not be estab-
lished. This is not to be confused with the situation in true
ferromagnetics, where the saturation moment is masked only by
the domain structure. The question needs further study, both
from the theoretical and the experimental point of view. It
may certainly be said, however, that dipole ferromagnetism-
if it exists~has a character essentially different from exchange

ferromagnetism.
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APPENDIX I

Spin Waves on a 1-dimensional Dipole Array

We assume a general familiarity with the Bloch
tfeatment of spin wave526 for ferromagnetism.

Let the Hamiltonian of the system be

! Oy Gy - 36, R .
;l YZ /‘k' z 7{%‘ zflé (1)

«, fa

We are interested in solutions of the eigenvalue problem for
(1) which have all spins parallel except for a single one.
Let ’LP/j be a wave function which has the spin of the

atom down, all others up. Then our solution may be written

in the form
Y= T 2; Y
7

Substituting in the eigenvalue problem

7/1/=E_1// | (3)

we obtain

Ed]’ = 7:eZ/¢ ’41‘ /’(/7’/ Z{ek 1/7/ o

(2)

(L)

The matrix element in (&) is easily evaluated by making use of

well known properties of the Pauli spin matrices. It is

(V,,Zﬁﬂé/ U- /«/’[ 21500 50) s+ b G

= r3 G- 2200 ] 4y ]




6l
Using this (4) becomes

3 ﬁ =7 Z Z d [z{(“‘ih)""su)‘n""dh {f‘l"fﬂ{# }_[,g/,-z{,’wz ;*")} Jﬂ']
ZEAh (5)

carrying out the summation%indicated in (5), and making use

“ B
of the abbreviations A= 2 —5 % l2e2 &= - 6§

s/
(£,=-%4vy » the energy at no excitation) we find
| _

(€ -/cre)a/= 4—7; A 4 I R-4 3

ﬁ#f (6)
To solve equations (6), we make the usual substitution
yielding ~‘nlg-4) ®
e p 78
é-/‘)’dzza‘r) 3 =f7z 2’-—;—
. k: ) /}—k | m= m
7 (7)
s Tn
or” € = l47a+ Py 2 &I
~=4 /"
A0S
Here M = -~ (6 1nteger by periodic boundary conditions,

0 a = N~/ . This gives us a band of levels centered
around E, =/6%a . For the spin wave investigation, one
is usually interested only in the lowest levels. These occur

in the neighborhood of X =m. We therefore investigate

Fra)- T am*

T M=y M s
in ‘the neighborhood of ¢ =w. Let us place w-X =p,then

if f(x) = g(P), we obtain

/0 &)™
gip)- -2 2
he/ /"

We now make use of a well known result in the theory of Fourier

serie527, . e.

§ =1 rPn - /&7 / Z_G,,_g/
Py M
| ,&71 c'a._é 'y O< P <
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T
for small P this becomes ,&9 2 +zt0'5 (1- ‘g_)

or [___)*fl /° _ _
Z ‘“ = = j" 2 "' (8)

/

integration of (8) with respect to P from O toP yields
°0

—(__,)«-n Aan P = ,&’ _ P;
2 floga -

mr

and another integration yields
~ )"’ 2
qi(f)= - 'i" o

= -9 +.35P" (9)

One could now use thils expression to obtain a low temperature
partition function for this system. The analysis, however, is
just as in the ferromagnetic case, and leads one to believe

there is no dipole ferromagnetism in one dimension.
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APPENDIX II

Some Results on the Statistical Mechanics of One Dimensional
Systems

a) We shall first show that any finite ranged force
in a one dimensional discrete system can never produce a phase
transition. We assume here famillarity with the matrix method28
of evaluating the partition function. 'Ihen it is clear, that
in the matrix formulation, the problem will be solved as soon
as we find the largest eigenvalue of a certain finite matrix.
However, all we need know is that if the force 1s of finite
range and the interacting elements only take on discrete states,
then all the matrix elements are positive. There exists a

29

theorem due to Frobenius$”’ which states that the largest eigen-
value of a finite matrix with positive elements is always non-
degenerate.“'t It is well known, however, that a phase transi-
tion can only occur if degeneracy is possible and therefore

the above result is proved.

b) In this article, we shall demonstrate an infinite
ranged force which does lead to a phase transition. We take as
a model a set of N dipoles along a line each of which inter-
acts with every other according to -J/a,-/u‘- , Where /(,-zi/
(generalized Ising model.) The energy of the whole system is

then

= //a,,/u,,--o,/(/) = "—;I Z_'/a,. ; (1)
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% 1t should be pointed out that if the forces have infinite
range, or if the system ig infinite in two directions, then
we obtain an infinite matrix and the above proof breaks down.
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and the partition function @ 1s given by
Q= ek Ak
{4t | | (2)
In (2) Z means a summation over all possible configurations

of the si}‘g’,cem and H = J/ZkT. We may write (2) as
03 z e”{{/‘h‘)‘- A ‘2/1}
{a:t
- H
= & Z
{ i}

Now, i1f we introduce Z'—'—ZA; and let W(K) represent the
¢

F(I &)
L #(T k)

number of configurations of the system which has 2'/(‘ equal

4

to a definite K, we may write Q as
- WA # Kt
= e 2 w(k)e
K

(3)
To find W(K), we proceed as follows: Let n be the number

of positive spins. Then the number of negative spins is N-n

and the total spin (K) is given by K=n-(N-n)=2n-N or n —K;N .

Therefore, a fixed K implies a fixed n. Now the number of

. N!
ways we can choose n spins up is /nt (N-n)! or

v :
wWi(g) = (Al-f,g")! (A__I;--_._g'/[ (%)

e =
v/ # B
e
e 3 <& (%)
(F)rre5)!

@=e?Z



as is usual in such summations, we replace the sum by its

maximum term. Call F(K) = 9"5'7( WE)) ((NEE)
fog £18) = B~ Jog (E)! ~ fog (22E))
using the Stirling approximation ,(u() ! = p Aoy —p  we find
Log H1B) = HE* - X (Jog M2 + fog ME)
- g [ 4og M2E NIE _ foq ¥ E)

The maximum is given by

P Aes H(E)
2K

4HE= Log ’:

=0

-or

|

or finally by

K= NTawh2v K (6)

Now it is very easy to see (simply drawing the graph will show
it) that one only has a K # 0 solution of (6) when 2H > %
or when NJ > kT. If we define Tc¢ by NJ=kTc, then for
T > Te K=o and there is no net magnetization. For T &« Tc,
we get a finite magnetization which is obtained by solving the
above equation. That is, Tc is a curie point for the systam.

It 1s not claimed that the above example is physically
significant. It is merely given to indicate that somewhere
between the extremes discussed in a) and b) lies a type of

force which will give a one dimensional phase transition.
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c¢) We conclude with a brief rigorous discussion
of the linear classical ferromagnef. It is assumed that we
have a set of spins arranged along a line, each pair of
neighbors interacting with the energy -J/a;vi;~ s where
is the dipole moment of the ith atom and b&:[ =1,
(Kramers8 model of ferromagnetism) J is a constant. Since
we have /Zt.: -/-Z,. = /470.-@4,'1‘5'44.-{’«’/ o (&) ( (Gi ,f'.’i)

th

being the polar angles of the 1" dipole) the partition func-

tion @ becomes
T H (% 8.Crb; ~Sim b, 5en 0 &2 (01--)

@[ e A, - AL,
1= ctl and dQ; = ten 8,46, A p;

Now, by the usual arguments of the matrix method, or simply

(7)

by noticing that thie can be written as an integral with an

iterated kernel, we find
N

Q: }M

where ) , is the largest eigenvalue of the integral

equation
o @V
[[ ¢ ’ "}/3/,(’7/4‘"-49'/9’/?’ = A ¢/‘4/"/
6 o

(8)
Cn 1/=’(o;9’4,79f/a..9’4‘..4 Cofp- &) If we regard the integral
in (8) as an integral cperator, then we may write 2?1/:1:1& .
But FV has rotatiocnal symmetry (since it only depends on the
relative angle between the (©,r) and (6',r') directions) and
therefore, we can choosgfu ﬁﬁg to form an irreducible repres-

entation of the rotatlion group. But all the irreducible rep-

resentations of the rotation group are given by the spherical
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harmonics ﬁﬁ?Y@,m) and therefore these are the required
_eigenfunctions of (8). To find the corresponding eigenvalues,
we make use of the following formula from the theory of rad-
30

lati .
ration {rA

L
k l m ] !

(k) Y (64) = — f e Yr(o,¢) ang'do'de’

- L IR (S
o ©
4‘.‘(2-) being the spherical Bessel function of order m.
Substitution of ikr = H yields just (8) above. Therefore,
corresponding to Wieq) = Yf IG,C() we have the elgenvalue
"~ V4
- i 4 ‘M) —= e '

)1 = 4mi 4, (-CH) = #T(-() jj/"/’l)
The largest of these (for all H) is easily seen to be that
for A=0, i.e.

‘2 = ‘¢ﬂP;a,/f/Z} = ¢7
MAy

Aenty H
H

and we have an exact evaluaticn of the partition function,

(?_'_ (4_”- v -40»,{‘;7’

~

L]

(9)
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