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Abstract

The family of moiré materials, in particular the magic angle twisted bilayer graphene,
has emerged recently as a platform to study strongly interacting physics. This thesis
analyzes the impact of the ultranarrow Bloch bands and strong electron-electron inter-
actions on the dynamical polarization response of these systems. Strong interactions
alter the collective charge dynamics in a number of interesting ways, in particular
by stiffening the frequency-momentum dispersion of surface plasmons and making it
much stronger than that of the underlying narrow-band carriers. Strongly dispers-
ing plasmons pierce through the particle-hole continuum and extend in the forbidden
energy band above it. This behavior enables decoupling of plasmons from particle-
hole excitations. Such over-the-band plasmons are unable to decay into particle-hole
pairs and thus are not subject to Landau damping. As a result, plasmons acquire
longer lifetimes as well as an enhanced spatial optical coherence. The optical coher-
ence manifests itself in spatial interference patterns that provide telltale signatures of
over-the-band plasmons that are readily accessible in near-field imaging experiments.
We further show that the over-the-band plasmon dispersion remains robust in the
presence of ordering of the narrow-band carriers. The specific examples of a Wigner
crystal and a Mott-Hubbard order, worked out in detail, show that interaction-driven
gap opening has no impact on the over-the-band plasmon dispersion. Lastly, we
consider the implications of the mechanisms behind the over-the-band behavior for
achieving of unidirectional collective modes. We present a new mechanism for plas-
mon nonreciprocity the magnitude of which is controllable through the strength of
electron-electron interactions, which makes it particularly pronounced in the moiré
materials.

Thesis Supervisor: Leonid S. Levitov
Title: Professor of Physics
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Chapter 1

Introduction

1.1 Surface plasmons: collective modes with tunable

dispersion

Plasmons are collective excitations in solids in which many electrons move together

synchronized by long-range Coulomb interactions [1, 2, 3, 4, 5]. The wide interest in

plasmons stems from their hybrid charge-field character, a property that makes these

excitations central to the research at the frontier of electronics and photonics [6, 7, 8].

This is a vibrant and, presently, rapidly evolving field which spans a vast variety of

topics. This section provides a brief survey of different types of plasmon modes and

describes the recent developments triggered by the advent of graphene plasmonics, in

particular the broad-band tunability of plasmons in graphene-based nanostructures

[9, 10, 11, 12]. In subsequent sections we discuss the new opportunities that are

enabled by the recently discovered narrow electron bands in twisted bilayer graphene

[13, 14, 15] and related materials [16, 17, 18].

There are several reasons plasmons play a central role in science and technology.

One is that these excitations describe the response of charge and current dynamics in

conductors to external AC fields. They are therefore essential for our understanding of

the coupling between EM radiation and matter, and for designing and controlling it in

experiments. The dynamical response of materials described by plasmons explains a
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variety of electron-interaction-driven phenomena in condensed matter physics such as

the dynamical compressibility, reflectivity of metals, the correlated insulating behav-

ior, the Kohn anomalies, and many others [19, 4, 20]. On a practical side, plasmons

underpin a variety of optoelectronics applications including the ones of high current

interest [9] such as ultrasensitive optical biosensing [21, 22, 23], photonic metamateri-

als [24], light harvesting [8, 25], optical nanoantennas [26] and quantum information

processing [27, 28, 29, 30].

One aspect of plasmons that sets them apart from other collective modes in solids

is that their properties are widely tunable by various knobs [6, 7, 8]. Plasmonic

frequencies, which correspond to periodicity of charge and field oscillations in time,

span the range from the optical and UV down to the low infrared [19, 20]. Crucially,

the spatial wavelength of charge density oscillations comprising the plasmon is not

photon-like but is considerably shorter. This is so because the inertia of electron

movement in the plasmon excitation is greater than that of the electromagnetic field

of photons [31]. The relatively short wavelength values enable the behaviors of interest

[9, 10, 12] such as mode squeezing, high nonlinear couplings or anharmonicities. The

mode character, its frequency and dispersion 𝜔p(q) take on different forms for systems

of different dimensionality [19] and geometry [31]. This variety is illustrated in Fig.

1-1 and Fig. 1-2, and will be discussed in detail below.

To set the stage for this discussion, we start by reviewing plasmons in a 3D

electron gas. The 3D bulk plasmons in isotropic and homogeneous metals are purely

longitudinal charge-density waves [19]. The frequency value for these oscillations is

set by the plasma frequency

𝜔𝑝𝑙 = 𝜔p(0) =

√︂
4𝜋𝑛𝑒2

𝑚
, (1.1)

which is a measure of electrons’ inertia: the higher the effective mass 𝑚, the lower is

the oscillation frequency; the higher the carrier density 𝑛, the stronger is the effective

Coulomb energy driving the oscillations. For metallic densities [20] of 𝑛 ≈ 1020

𝑐𝑚−3 and for approximately bare electron mass 𝑚, Eq.(1.1) yields typical values of
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Figure 1-1: (a) Pattern of charge displacements (± signs) on the surface, defined by
skin depth 𝛿, of a 3D metal (upper picture) and on the surface of a 2D materials
(bottom picture). Gray and blue arrows correspond to the electric field and mag-
netic fields respectively. (b) Comparison of plasmon dispersions in different systems.
Dispersion of plasmons in a two-dimensional system shows a gentler dependence on
wavenumber as compared to plasmons at the interface of a 3D metal and a dielectric.
Figures in (a) and (b) are reproduced from Ref. [31].

around 𝜔𝑝𝑙 ≈ 4 eV. This puts bulk 3D metal plasmons in the UV part of the light

spectrum allowing for experimental detection of plasma excitations from energy-loss

measurements of monoenergetic electron beams, transmitted or reflected by a sample

[19].

In 2D materials the frequency of plasmon excitations is similarly set by the charge

density and the effective carrier mass. The characteristic plasmon frequency, at mo-

menta on the order of the Fermi wavevector 𝑘𝐹 ≈
√

2𝜋𝑛, is [32, 33, 34]

𝜔p(𝑞 = 𝑘𝐹 ) ≈
√︀

2𝜋𝑣𝐹𝑛𝑒2 , (1.2)

where 𝑣𝐹 ≈ 𝑘𝐹/𝑚 is the Fermi velocity and 𝑚, as before, is the carrier mass. However

unlike in the case of 3D materials, in 2D systems the charge density is, in general,

many orders of magnitude lower than that characteristic of metals (on the order of

1011 − 1012 𝑐𝑚−2) [35]. These low carrier densities together with relatively slow,

compared to the speed of light, Fermi velocities give rise to a characteristic frequency

14



for plasmon oscillations

𝜔p(𝑞 = 𝑘𝐹 ) ≈ 0.11

√︂
𝑛

1012 𝑐𝑚−2
𝑒𝑉 , (1.3)

which can be further reduced by a dielectric constant 𝜅 of the encapsulating materials.

In the above estimate we used the value 𝑣𝐹 = 106 m/s corresponding to monolayer

graphene [36]. In particular for graphene, these energy scales place its plasmons in a

regime relevant for studying light-matter coupling in the visible light frequencies or

realization of robust and cheap photodetectors of terahertz radiation [11, 37].

2D materials allow for even greater tunability of plasmon properties than the 3D

systems [35, 36, 38]. For example, charge density can be reversibly varied in the same

sample with an application of a gate potential [39] without a need for chemical dop-

ing as done in 3D. This allows to tune the characteristic plasmon frequency Eq.(1.3)

by few orders of magnitude. By stacking several 2D materials together or by intro-

ducing more gates, a previously metallic system can become an insulator [40] or a

system without spin-orbit coupling can develop one [41]. The nature of plasmons can

therefore be probed at different regimes: low and high temperatures (compared to

chemical potential); low and high frequencies (again compared to chemical potential);

insulating, metallic or semi-metallic fillings; and many more. This synergy between

tunability of plasmon properties and that of 2D electron systems therefore allows to

study the dynamical response of the same electronic system with both greater ease

and in greater detail.

While the characteristic frequency of plasmon oscillations is set by charge density,

the qualitative behavior of the plasmon dispersion is controlled by the different form

a Coulomb interaction takes in different system dimensionalities [19, 20]. Just like

the plasmons in 3D, plasmons at the surface of a 2D material are synchronized by

the long-range Coulomb interaction. This interaction however, unlike the motion of

charges, is not constrained to the plane of the material but rather permeates through

whole of the 3D space. This in turn translates into a plasmon mode being gapped

in 3D, but gapless in a 2D system, Fig. 1-2a. The corresponding long-wavelength
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Figure 1-2: (a) Plasmon dispersion in the 2D and 3D systems. A 2D plasmon mode
due to a 3D nature of the Coulomb interaction becomes gapless. The shaded region
corresponds to the p-h continuum where a plasmon can decay into an electron and a
hole (pair-production damping). Taken from Ref. [42]. (b) A plot of an experimen-
tally measured plasmon dispersion in sodium. The error bars correspond to the width
of the plasmonic resonance; the straight line indicates the edge of the p-h continuum.
Figure is reproduced from Ref. [43].

dispersions are [4, 19, 32, 33, 34]

𝜔3𝐷
𝑝 (𝑞) ≈ 𝜔𝑝𝑙

(︃
1 +

3

10

𝑣2𝐹 𝑞
2

𝜔2
𝑝𝑙

+ . . .

)︃
, (1.4)

𝜔2𝐷
𝑝 (𝑞) ≈ 𝜔0

√
𝑞 𝜔0 =

√︀
2𝑒2𝐸𝐹 , (1.5)

where, as before, 𝑣𝐹 is the Fermi velocity and 𝐸𝐹 = 𝑣𝐹𝑘𝐹 is the chemical potential.

A typical 2D surface plasmon’s dispersion, shown in Fig. 1-1b, exhibits a highly

dispersive behavior at a wide range of plasmon wavelengths. This is unlike the 3D

behavior, Fig. 1-2a, where the dispersion is relatively weak, ∆𝜔 ∼ 𝑣2𝐹 𝑞
2/𝜔pl, sup-

pressed by the large plasma frequency 𝜔𝑝𝑙, see Eq.(1.4). The strong dependence of

the plasmon frequency enables selective excitation of plasmon oscillations of different

wavelengths [9, 10, 11, 12].

The 2D materials are essential for high tunability of 2D surface plasmons. This is

best seen by comparison with metal surface plasmons [44] that also feature a gapless
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dispersion, Fig. 1-1b, characteristic of carriers constrained to a 2D plane. Here the

carrier motion is constrained because transverse alternating electric fields can only

exist within a thin skin depth of the metal making the system quasi-2D. The resulting

pattern of charge displacements, see Fig. 1-1a, for metal surface plasmons is therefore

significantly different from the one of 2D surface plasmons. The dispersion of metal

surface plasmon modes reflects these different patterns of carrier motion resulting

in the characteristic plasmon group velocity being set by the speed of light 𝑐. This

makes metal surface plasmons much more dispersive than the 2D plasmons where the

characteristic plasmon group velocity is set by the Fermi velocity 𝑣𝐹 . The range of

possible wavelengths, before the dispersion saturates at [19]

𝜔𝑠 =
𝜔𝑝𝑙√
1 + 𝜀𝑑

, (1.6)

is therefore much smaller than the dispersive range of the 2D material plasmons

as depicted in Fig. 1-1b. Here 𝜀𝑑 is the static dielectric constant of the dielectric

in contact with the metal. The suppression by the dielectric constant allows for

the frequency of these plasmons to be similarly reduced at will [8], with the help

of sufficiently insulating dielectrics, to bring them into the characteristic frequency

scales of the 2D surface plasmons from Eq. (1.3). Unlike the 2D surface plasmons

however, the carrier density can not be easily varied. This relative lack of tunability

for metal surface plasmons and their strongly dispersive character at small wavelength

range set these modes apart from plasmons in 2D materials.

1.2 Plasmon damping mechanisms

For plasmons to exist, oscillating carriers must be able to undergo multiple periods of

their motion undisturbed. More precisely, the frequency of electron oscillations 𝜔p(q)

has to be higher than the frequency of underlying scattering processes to make sure

that the electron motion is collisionless on the timescales of charge density oscillations

[19, 20]. Provided this condition is met then plasmons should be a well-defined
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quasiparticle excitation with a narrow resonance peak. Experimental measurements

[31] show that while indeed plasmons are sharply defined at long wavelengths, then

as plasmon momentum increases the width of the plasmon resonance broadens, see

Fig. 1-2b. This broadening of a quasi-particle resonance indicates a presence of a

plasmon damping mechanism.

The frequency-momentum region, shaded area in Fig. 1-2a, where plasmons are

rapidly damped is independent of system’s dimensionality and persists at zero tem-

peratures as well. These two observations point towards kinematic origins of the

damping mechanism. Indeed the damping occurs in the frequency-momentum region

where plasmon, which can be understood as a bound electron-hole pair, is permitted

to decay into the individual electron and a hole leading to damping via pair pro-

duction (familiar from particle physics) [2, 19]. The process behind the damping

mechanism can be also explained with a wave-surfer analogy wherein the surfer is an

electron gaining or losing energy to the plasmon wave depending on whether elec-

tron is moving faster or slower than the plasmon wave. With increasing temperature

the boundaries of the region where plasmons can become damped by pair-production

become broadened. This damping, outside of the otherwise kinematically permitted

region, is called the Landau damping (with the pair-production damping sometimes

refered to as Zero-T Landau damping) - a famous phenomenon originally predicted

[45] and measured [46] in the context of plasma physics.

The necessary frequency-momentum regime for plasmons to be a well-defined os-

cillation therefore has to avoid the boundaries of the pair-production region. Ex-

perimentally this constraint, while allowing for plasmons to be measured and used

in practical applications [47, 48, 49, 50], does not eliminate damping. Higher order

processes [51, 52, 53], involving scattering with a phonon or impurities, provide miss-

ing portion of momentum which brings plasmons into the pair-production damping

region. As such it is therefore the presence of the particle-hole (p-h) continuum,

in combination with the different scattering processes, which controls the plasmon

lifespan. In the following sections we will demonstrate how this limitation can be by-

passed in strongly interacting systems by decoupling the frequency scale of plasmon
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oscillations from that characteristic of p-h excitations.

1.3 Narrow electron bands in moiré graphene

The experimental discovery of graphene [39] followed by the realization that various

2D materials can be stacked to engineer a wide variety properties of electronic sys-

tems [35] made 2D van der Waals heterostructures physics central for theoretical and

experimental research. The most recent discovery in this area involves the family of

moiré materials (named so for their resemblance of the real-space pattern of atoms

and that of moiré patterns in textiles, see Fig. 1-3a), where by placing two (or more)

well understood 2D materials on top of each other at various angles, a regime of

strongly-interacting physics can be accessed [13, 14, 15]. In the remainder of this sec-

tion we review recent experimental observations in the field of moiré materials as well

as identify the key qualitative features of these electron systems. In the next section

we will then discuss how such strongly-interacting systems can be used to provide

a “twist” on the properties of the 2D surface plasmons introduced in the previous

sections.

The most studied example of the family of moiré materials is the twisted bilayer

graphene (TBG) which consists of two monolayer graphenes placed on top of one

another. When the two graphene monolayers are rotated to special small angles,

referred to as “magic”-angles, their resulting effective electron bandstructure features

extremely narrow electron bands [54, 55] (bands 1 and 1’ in the Fig. 1-3b). Such

a magic angle twisted bilayer graphene (MATBG) has recently emerged as an ideal

platform for exploring strongly interacting physics: same sample can display a record-

low density superconductivity [14, 15], a Mott insulating regime [13, 56] or even an

interaction-driven ferromagnetic behavior [57, 58]. This presence of the flat bands is a

unifying feature of the moiré materials, with other systems, such as trilayer graphene

[16, 17] or twisted bilayer-bilayer graphene [18, 59], that contain narrow-electron

bands similarly exhibiting signatures of strongly interacting physics.

An example phase diagram of magic angle twisted bilayer graphene is shown in
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Figure 1-3: (a) Real space pattern of carbon atoms, coming from two graphene sheets
rotated with respect to one another, forms an effective moiré lattice. Blue arrows
depict the spatial period of the superlattice called the moiré length, 𝐿𝑀 . The figure
is reproduced from Ref. [60]. (b) A low-energy effective electron bandstructure at
a magic angle 𝜃 = 1.05∘ of a twisted bilayer graphene. The bandstructure features
two extremely narrow electron bands (bands 1 and 1’) of bandwidth 𝑊 ≈ 3.75 meV
separated by a large gap ∆ ≈ 14 meV from the rest of the electronic spectrum. The
continuum model [60] used for the calculation is discussed in the Chapter 2.

Fig. 1-4. By varying charge density and filling the two flat bands, see Fig. 1-3b, both

a superconducting and an insulating regime can be realized in the same sample. The

superconducting state has a record-high critical temperature, for a system of these low

carrier densities [14, 61], and the estimated superconducting coupling constant, due

to the high density of states present in the flat bands, points towards a strongly cou-

pled superconductor. Twisted bilayer graphene also presents an insulating behavior

at fillings where band theory would predict it to be metallic [13]. Both of these ob-

servations parallel those made in high-𝑇𝐶 superconductors where the phase-diagram

exhibits the same qualitative features [62]. In addition to hosting these two strongly-

interacting phenomena, by aligning MATBG with the lattice of the encapsulating

material, the MATBG at odd-integer fillings can become also a ferromagnet [57, 58],

which origins are attributed to interaction-driven time-reversal symmetry breaking.

The simultaneous presence of these examples of a strongly-interacting physics in the

same system is behind the recent theoretical and experimental interest in the moiré
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Figure 1-4: A typical temperature-filling phase diagram of a MATBG showing a
coexistence of superconducting and correlated regimes in the same sample. Here CS,
SC, BI denote correlated state, superconducting state and a band insulator. The
figure is reproduced from Ref. [56].

materials.

In order to understand the origins of strong electron-electron interactions in twisted

bilayer graphene it is helpful to explain first the geometric origins of the flat electron

bands. The effect of twisting two monolayers with respect to one another introduces

a spatially slowly varying interlayer hopping [60] with a characteristic superlattice

period of 𝐿𝑀 = 𝑎/2 sin(𝜃/2) (𝑎 = 0.246 nm is the graphene’s lattice constant [36]),

blue arrows in Fig. 1-3a. For the magic value of 𝜃 = 1.05∘ the moiré real-space lattice

constant is 𝐿𝑀 ≈ 13.4 nm. In momentum space this real-space rotation translates

into two graphene Brillioun zones (BZ) rotated by angle 𝜃 relative to each other, see

Fig. 1-5a. Both BZs are centered at the same Γ point but the 𝐾 (and 𝐾 ′) points of

the two layers are separated by a small momentum 4𝜋/(3𝐿𝑀). The two 𝐾 (and 𝐾 ′

points) of the two layers give rise to a BZ folding and formation of a Mini-Brillouin

Zone (MBZ), depicted in Fig. 1-5a. As a result, the effective bandstructure originates

from states of momenta close to those of 𝐾 (and 𝐾 ′) points of the original graphene

layers. In vicinity of the 𝐾 points both graphene monolayers can be approximated

through their linear dispersion ∼𝑣𝐹𝑘, thus giving rise to a characteristic energy scale

for the MBZ bands of 𝑣𝐹/𝐿𝑀∼50𝑚𝑒𝑉 . A detailed calculation confirms this analysis

yielding a bandwidth of 𝑊 ≈ 3.75 meV, see Fig. 1-3. We focused here specifically on
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Figure 1-5: (a) Brillouin zone folding in TBG with 𝜃 = 3.89∘. Two large hexagons
represent the first Brillouin zones of graphene layer 1 and 2, and the small hexagon is
the mini moiré Brillouin zone of TBG. The Figure is taken from Ref. [60]. (b) Fermi
velocity of MATBG at different fillings computed with a realistic bandstructure model
discussed in Chapter 2. The Fermi velocity is around two orders of magnitude smaller
than the bare graphene velocity, 𝑣𝐹,0 = 106 m/s. Here 𝑣𝐹 does not vanish at the van
Hove singularity of the bandstructure, near filling 𝑛 ≈ 0.65, due to a finite mesh
resolution.

the case of twisted bilayer graphene, but similar reasoning applies to other moiré flat

band materials where the superlattice formation that yields MBZ stems from lattice

mismatch, as in the case of trilayer graphene [63, 64], or also small twist angle, as for

example in the case of twisted bilayer-bilayer [18].

To quantify the strength of electron-electron interactions in moiré materials it is

helpful to compare the characteristic kinetic energy of the carriers to the characteristic

Coulomb energy between them. One parameter which quantifies this ratio is the

effective fine structure constant

𝛼∼𝑒
2𝑘𝐹
𝐸𝐹

=
𝑒2

𝑣𝐹
, (1.7)

where we took the typical Coulomb energy as set by Fermi wavelength, 𝑒2𝑘𝐹 , and we
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approximated the typical kinetic energy with the Fermi energy 𝐸𝐹 . For parabolically

dispersing carriers, a more conventional choice would be the 𝑟𝑠 parameter [4] which

scales with density 𝑛 and Fermi velocity identically to parameter 𝛼 defined in Eq.(1.7).

The qualitative meaning of the parameter 𝛼 is clear: the lower is the Fermi energy,

which can be reduced either through 𝑣𝐹 or carrier density 𝑛, the greater the role the

Coulomb interaction plays in characterizing carriers behavior.

At the magic twist angle of 𝜃 ∼ 1∘ the effective fine structure constant of TBG

exceeds unity, 𝛼∼20− 30. The origins of this enhancement of interactions trace back

to the narrow bandstructure which at the magic angle is minimized [54, 55]. This

narrow bandwidth in turn translates to low Fermi velocities 𝑣𝐹 , 𝑣𝐹 ≈ 𝑣𝐹,graphene/100

as depicted in Fig. 1-5b. For comparison [36, 65], when encapsulated, monolayer

graphene has 𝛼∼0.2 − 0.8 making MATBG almost a two-orders of magnitudes more

strongly coupled system.

1.4 Plasmon modes in moiré graphene

The main claim of the thesis is that the presence of strong electron-electron interac-

tions in narrow-band materials leads to a separation of energy scales between plasmons

and p-h excitations. The presence of strong interactions, characterized by the large

values of 𝛼, pushes the 2D surface plasmon dispersion into the energy gap above the

p-h continuum, as demonstrated in Fig. 1-6. In this region plasmons decouple from

e-h pair excitations which quenches the damping mechanisms discussed in Sec. 1.2.

While the mechanisms behind the over-the-band plasmons are present in all narrow

electron bands, the analysis will focus on the MATBG introduced in the previous

section as there these over-the-band plasmons can be directly probed.

The new behavior is illustrated in Fig. 1-6, showing plasmon mode for a narrow-

band model that mimics the key features of the TBG band. Mode dispersion (red line)

is conventional at energies less than the bandwidth, 𝜔 . 𝑊 , c.f. Fig. 1-2. At lowest

energies, plasmon mode is positioned outside the p-h continuum; this suppresses the

pair-production damping introduced in Sec. 1.2, but does not protect the mode from
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Figure 1-6: Electron loss function Im (−1/𝜀(𝜔,q)) for a narrow-band toy model (the
hexagonal tight-binding model, introduced in Chapter 2). Parameter values are cho-
sen to mimic TBG bands (bandwidth 𝑊 = 3.75 meV, lattice periodicity 𝐿𝑀 = 13.4
nm, Fermi energy in the conduction band at 𝐸𝐹 ≈ 1.81 meV); log scale is used to
clarify the relation between different features. Arrows mark the interband p-h contin-
uum edges. Plasmon dispersion (red line) is fitted with 𝜔p(𝑞) =

√︀
𝛽𝑞𝑞, see Appendix

of Chapter 2, (dashed line).
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decaying into p-h excitations through disorder scattering or from the conventional

𝑇 > 0 Landau damping [10, 33, 34, 66, 67, 68, 69]. At higher energies, 𝜔 ∼ 2𝐸𝐹

(marked by arrow in Fig. 1-6), the mode plunges into p-h continuum and is Landau-

damped at 2𝐸𝐹 . 𝜔 . 2𝑊 even at 𝑇 = 0. However, a dramatic change occurs

once the mode rises above the p-h continuum. In the forbidden energy gap region,

𝜔 > 2𝑊 , it becomes damping-free, since at these energies there are no free e-h pairs

into which plasmon could decay.

As we will see in Chapter 2, mode dispersion has a square-root form characteristic

of two-dimensional plasmons [32, 70] from Eq.(1.5). This expression, however, is valid

not just at low energies 0 < 𝜔 . 𝑊 but also at higher energies, 𝜔 ≫ 𝑊 , where the

mode is undamped. While the dispersion is of the conventional 2D plasmon form,

we emphasize that here it takes on a new role, as it describes the plasmon mode at

frequencies much higher than the carrier bandwidth, extending to

𝜔p ∼
√
𝛼𝑊 ≫ 𝑊, 𝛼 ∼ 20 − 30, (1.8)

where the high 𝛼 values correspond to flat bands in magic-angle moiré graphene as

discussed in the previous section. Unlike the conventional plasmons, the square root

dispersion Eq.(1.5) is not limited to longest wavelengths. Indeed, as illustrated Fig.

1-6, it extends to wavenumbers which are on the order of the superlattice Brillouin

zone width.

We note parenthetically that a number of subtle features of plasmon dispersion

pictured in Fig. 1-6 appear to be at odds with the general principles of band theory.

For example, every high symmetry point of the Brillouin zone must be a extremum

point of band dispersion, namely a local maximum, a local minimum or a saddle

point. This would imply that the group velocity vg = ∇q𝜔p(q) vanishes at all high

symmetry points (with the exception of the Γ point where the dispersion 𝜔p(q) has

a square root singularity associated with the long-wavelength plasmon oscillations).

Somewhat disconcertingly, the group velocity for the dispersion shown in Fig. 1-

6 is small but nonzero at the points 𝑀 and 𝐾. This unphysical behavior is an
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artefact of the numerical procedure used in our simulation. To obtain the plasmon

dispersion that does not suffer from this problem, a method that accounts for the

Umklapp scattering processes can be used, similar to the approach in Refs. [71, 72,

73, 74]. The resulting dispersion relation obtained after these adjustments retains the

qualitative characteristics discussed above, such as the 𝜔p(q) ∝ √
𝑞 dispersion at long

wavelengths and the over-the-band character, and flattens out at the high symmetry

points as required by the band theory.

Here we briefly discuss the existing literature. Recent work [75] analyzed inter-

band plasmon excitations in TBG, which are dominated by polarization of the bands

above the flat band and are distinct from the flat-band plasmons analyzed here.

Previous experiments [76] reported observation of plasmons in TBG, however their

appeal for constructing undamped over-the-band collective modes remained unno-

ticed in graphene literature. Also, plasmons in narrow bands were analyzed in the

context of high-𝑇𝑐 superconductivity [77], finding that plasmon mode can rise above

the flat band. However, in cuprates, unlike moiré graphene, the narrow band is not

separated from higher bands by a forbidden energy gap, and thus the mode studied

in Ref. [77] will plunge into a higher band before acquiring an undamped character.

Our prediction of the undamped over-the-band plasmons in TBG and their potential

subsequent observation therefore constitute an uncharted territory.

In addition to predicting a large separation of energy scales for plasmons and

particle-hole excitations and the quenching of Landau damping, we explore the ro-

bustness of this behavior to the ordering in narrow bands. We approach the problem

of describing dynamical response of a narrow-band system from two extreme limits:

∙ Free fermions coupled by long-range Coulomb forces: diagrammatic perturba-

tion theory and the Random Phase Approximation.

∙ Strongly interacting regime: electrons form an ordered crystal state; collective

charge oscillations can be described as “phonon modes”.

The details of the diagrammatic perturbation theory approach are presented in Ch.2,

while the opposite limit is discussed in the Ch.3. The remaining sections of the intro-
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duction summarize results of both approaches and discuss experimental consequences.

1.4.1 The RPA approach

In order to determine properties of plasmons, such as damping or dispersion relation,

in a systematic way it is helpful to study the dynamical dielectric function 𝜀(𝜔,q).

An applied electric field inside a material becomes screened by the dielectric function

𝜀(𝜔,q) with different limits of 𝜔, q corresponding to different physical regimes [19, 20].

The limit of 𝜔 → 0 corresponds to static screening, also called the Thomas-Fermi

screening, where dielectric function is real, while the limit of 𝑞 → 0 describes the

optical absorption. If in the optical limit the dielectric function becomes imaginary,

that indicates that light can be absorbed to excite electron-hole pairs. The knowledge

of the dynamical dielectric function is therefore necessary to understand electronic

properties of solids as argued in Sec. 1.1.

Plasmons correspond to charge density oscillations which arise in response to a

driving external AC electric field. To establish a collective response inside a material

the Coulomb interaction needs to be long-range, i.e. not screened, as the motion

of charges has to be synchronized. This constrains the real part of the dielectric

function to vanish. As hinted above, imaginary part of the dielectric function is

related to energy loses and damping due to electron-hole pair production or other

decay mechanisms. For the density oscillations not to become damped it is also

necessary for the imaginary part of the dielectric function to vanish as well. Therefore

plasmon dispersion corresponds to the the nodes of the dielectric function [4, 19]

𝜀(𝜔p(q),q) = 0 , (1.9)

with the imaginary part of the dispersion, if exists, indicating damping.

The task of determining plasmon dispersion therefore reduces to finding the dy-

namical dielectric function. It is defined as [4]

𝜀(𝜔,q) = 1 − 𝑉qΠ(𝜔,q) , (1.10)
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where 𝑉q is electron-electron interaction and Π(𝜔,q) is an object called polarization

function (see below). Here the Coulomb interaction is given by 2D Fourier transform

of the 3D 1/𝑟 potential, which yields

𝑉q =
2𝜋𝑒2

𝜅𝑞
. (1.11)

The parameter 𝜅 quantifies the amount of static dielectric screening of the surrounding

material. Note that as compared to a 3D Fourier transform of a Coulomb interaction

which goes as ∝ 1/𝑞2 here the additional constrain of charges to a 2D plane results

in much slower decay of the interaction with momentum 𝑞. This different momentum

dependence of a Coulomb interaction in 3D and 2D was discussed in the Sec. 1.1 as

the explanation for the qualitatively different dispersion of plasmons in 3D and 2D.

The function Π(𝜔,q) is the polarization function of an electronic system, which

quantifies strength of electron density-density correlations. To compute it exactly it

is necessary to solve a fully interacting electron problem. Under the assumptions that

density-density correlations are small, i.e. electrons are free particles that are weakly

perturbed by the Coulomb interaction, the polarization function can estimated with

the Random Phase Approximation (RPA) [4]

Π(𝜔,q) =
∑︁
k,𝑠,𝑠′

(𝑓𝑠,k+q − 𝑓𝑠′,k)𝐹 𝑠𝑠′

k+q,k

𝐸𝑠,k+q − 𝐸𝑠′,k − 𝜔 − 𝑖0
. (1.12)

This form, which follows directly from the linear response theory for free electrons

[19], can be justified by a diagrammatic approach known as the “large-𝑁 ” expansion

[4]. Here the sum k ranges over the crystal momenta, 𝑠, 𝑠′ are band indices, 𝑓𝑠,k is

the Fermi-Dirac distribution for a dispersion 𝐸𝑠,k, and 𝐹 𝑠𝑠′

k+q,k is the overlap of Bloch

wavefunctions (see Chapter 2).

To determine the dispersion of over-the-band modes we focus on the frequency

regime 𝜔 ≫ 𝑊 of the polarization function Eq.(1.12). A detailed analysis of all

frequency limits of the above expression Eq.(1.12) is presented in the Chapter 2.

For now let us assume that there are no higher bands in the system and that the
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momentum 𝑞 is smaller than the Fermi wavelength 𝑘𝐹 . Under these assumptions

polarization function has to have an asymptotic form [51, 78]

Π(𝜔,q) ≈ 2

𝜋
𝑊
𝑞2

𝜔2
, (1.13)

where 𝑊 , the characteristic scale of p-h excitations, is set by the system’s bandwidth.

In contrast, in the frequency regime 𝜔 ≪ 𝐸𝐹 the characteristic scale of p-h excitation

would be set by the chemical potential 𝐸𝐹 and give

Π(𝜔,q) ≈ 𝑛

𝑚

𝑞2

𝜔2
≈ 2

𝜋
𝐸𝐹

𝑞2

𝜔2
, (1.14)

which is the well known classical “acceleration” result [4]. Returning to the limit of

𝜔 ≫ 𝑊 , we find that the corresponding plasmon dispersion is then

𝜔p(q) ≈
√︀

4𝛼𝑊𝑣𝐹 𝑞 for 𝑞 < 𝑘𝐹 , 𝜔 > 𝐸𝐹 . (1.15)

Note that as required this has the same form as the 2D surface plasmon dispersion

discussed in Sec. 1.1 in Eq.(1.5), but with a characteristic energy scale set by the

bandwidth𝑊 . By analizing the asymptotic large-𝑞 form of the Eq.(1.12), we can show

that for 𝑞 on the order of the reciprocal lattice spacing, the dispersion saturates at an

energy scale 𝜔p ≈
√
𝛼𝑊 . Since 𝛼 ≫ 1 this dictates a plasmon dispersion extending

far above the p-h continuum as shown in Fig. 1-6. This is the new behavior present

only in strongly interacting systems.

1.4.2 A realistic TBG model

Although the origins of the over-the-band plasmon behavior can be understood simply

through the kinematic arguments presented above, it is necessary to verify that the

same conclusions are reached using a realistic model of TBG’s bandstructure. We

extended therefore the polarization function analysis to a continuum model of TBG

[60], the bandstructure of which is shown in Fig. 1-3. We find that indeed plasmon

dispersion extends above the p-h continuum exhibiting the over-the-band behavior,
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see Fig. 1-7. The conventionally dispersing part of the plasmon, 𝜔 < 𝐸𝐹 , is too

small to be seen given the narrow-bandstructure and the low chemical potential (here

𝐸𝐹 = 0.289 meV for half-filling).

The form of the TBG plasmon dispersion (red bright feature) however does not

agree with the analysis of the previous section. Specifically the formula 𝜔p ≈
√
𝛼𝑊

overestimates the saturation frequency as indicated by the predicted dispersion from

Eq.(1.15) shown as a dashed line in Fig. 1-7. At high momenta, unlike the predicted

from of Eq.(1.15), the dispersion does not continue to rise but rather starts to decrease.

The origins of this behavior are explained if more bands are included in the calculation

as discussed in Chapter 2. The contribution of interband transitions to the non-flat

bands (bands 2, 2′, . . . from Fig. 1-3) pushes the dashed dispersion, which comes

from intraband transitions only, down in energy. The scale for the plasmon frequency,

provided that 𝛼 is large enough to ensure that modes go over-the-band continuum,

therefore turns out to be set by the geometric mean of the bandwidth 𝑊 and the

bandgap ∆, 𝜔p∼
√

∆𝑊 ≈ 7 meV, as these are the two energy scales that control the

interband transitions to higher bands.

1.4.3 Suppression of the Landau dissipation

From the knowledge of the dielectric function, in addition to the plasmon dispersion, it

is also possible to extract information about the lifetime of the collective excitation.

A quantity which naturally depicts both, the dispersion relation and the plasmon

spectral width, is the electron loss function

𝐸𝐸𝐿𝑆(𝜔,q) = Im

(︂
−1

𝜀(𝜔,q)

)︂
=

Im 𝜀(𝜔,q)

Re 2𝜀(𝜔,q) + Im 2𝜀(𝜔,q)
. (1.16)

In the vicinity of 𝜀(𝜔,q) = 0, EELS is a Lorentzian peaked at the plasmon frequency

𝜔p(q) of width Im 𝜀(𝜔,q). Away from the plasmon dispersion, EELS also gives infor-

mation about the optical absorption as in the p-h continuum imaginary part of the

dielectric function becomes non-zero.

To verify that damping for plasmons above the p-h continuum is indeed quenched,
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Figure 1-7: Electron loss function Im (−1/𝜀(𝜔,q)) for TBG bandstructure. The Fermi
energy value 𝐸𝐹 = 0.289meV corresponds to electron band half-filling; and set the
average background dielectric constant is 𝜅 = 3.03 (typical of an air/TBG/hBN het-
erostructure). Log scale is used to clarify the relation between different features.
Arrows mark the approximate interband p-h continuum edges, obtained for the ef-
fective bandwidth 𝑊̃ ≈ 2 meV (see text). Plasmon dispersion (red line) at small
𝑞 is fitted with 𝜔p(𝑞) =

√︀
𝛽𝑞𝑞 (dashed line), demonstrating a significant deviation

from the typical 2D plasmon dispersion at large 𝑞. In the calculation we used both
flat-bands and the next conduction/valence non-flat bands, and verified that higher
bands do not alter the quantitative and qualitative behavior.
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Figure 1-8: Plasmon resonance width as a function of temperature for the over-the-
band (right) and conventional (left) plasmons. We see that increasing temperature
broadens the resonance of conventional plasmons, but the resonance of the over-the-
band plasmons remains fixed at its intrinsic value. In the plot the temperature is
varied until 𝑇 = 𝐸𝐹 .

we consider how does the plasmonic resonance vary with increasing temperature. To

that end we evaluate the polarization function from Eq.(1.12) at various temperatures

and plot the corresponding loss function. We find that for plasmons above the contin-

uum the resonance does not broaden with temperature, (see Fig. 1-8), beyond what

is set by the intrinsic damping (the zero temperature broadening). For conventional

plasmons, their dispersion broadens with increasing temperature as expected by the

Landau damping mechanism. We note that this behavior persists up to tempera-

tures comparable with the plasma frequency. Until these high temperatures, the only

role rising temperature has on the over-the-band plasmons is to bring the plasmon

resonance down in frequency as visible in the right figure of Fig. 1-8.

1.4.4 Experimental signatures

Decoupling of the plasmon mode from the spectrum of p-h excitations gives rise

to a direct experimental signature: enhanced spatial coherence of plasmon waves.

When decoupled from the p-h continuum, a decay of plasmons through scattering

with impurities is inhibited as a p-h pair production is suppressed. This implies

that plasmon wave propagating through a narrow-band materials will maintain its
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Figure 1-9: (a) An experimental setup of a near-field optical microscopy measurement
taken from Ref. [49]. The green and blue arrows indicate the incoming and reflected
light. The red circles under the tip illustrate the launched plasmon waves. (b)-(e)
Measured SNOM signal amplitudes close to graphene edges (blue dashed lines) and
defects (green dashed lines and green dot), and at the boundary between single (G)
and bilayer (BG) graphene (white dashed line). See Ref. [49] for a detailed discussion
of all the features seen in the measurements.

coherence as it scatters off impurities since the number of plasmons remains the

same. In particular, this process will lead to speckle-patterns in near-field microscopy

measurements - a smoking gun signature which we now discuss.

A scanning near-field optical microscopy [49, 50] (SNOM) is a measurement in

which a plasmon is excited and detected by a metallic tip, see a schematic in Fig.

1-9a. In a SNOM experiment, electromagnetic wave propagates down the metallic tip

which resides just above sample’s surface. The EM wave in the tip excites a plasmon

which then propagates away until it encounters defects or boundaries, from which it

gets reflected and part of its wavefront travels back to the tip. The plasmon signal

is then picked up and interferes with the signal inside the tip either constructively

or destructively depending on the optical path travelled. Due to this strong optical

path sensitivity, moving the tip slightly therefore allows for the plasmon wavelength

to be accurately measured.

Unlike conventional plasmons which become rapidly damped away from reflecting

objects, Fig. 1-9b-e, the over-the-band modes maintain phase coherence in scattering

with impurities or other defects. The plasmon wave therefore maintains its phase, just

like a laser reflecting from grained surface, leading to a speckle pattern measurable by
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Figure 1-10: (a,b,c,d) Speckle patterns arising due to optical coherence of undamped
plasmons in scanning near-field microscopy signal 𝑆(r), introduced in Chapter 2,
at various ratios of the incoherent to coherent damping 𝛿/𝑞0. The insets show the
corresponding square of the speckle pattern’s Fourier transform amplitude |𝑆k|2. In all
panels, for clarity of comparison, we set the plasmon momentum as 𝑞0 = 𝑞𝑀/2 ≈ 0.14
nm−1 and vary only the ratio 𝛿/𝑞0. The disorder is taken as 40 randomly placed delta
functions.
a SNOM tip, Fig. 1-10a. In particular, the smoking-gun signature is present in the

Fourier transform of the signal which, if phase coherence is maintained, will show a

sharp resonance at double the plasmon wavelength (here the factor of two arises from

the forth and back optical path travelled by the plasmon). As amount of incoherent
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damping enters into the system, for example via phonons, the sharpness of the speckle

pattern and the resonance decreases Fig. 1-10b-d.

1.4.5 Plasmon modes in a Wigner crystal

The opposite limit to the RPA analysis is to start from the assumption that inter-

actions dominate and treat the kinetic motion of electrons as a perturbation. In the

absence of kinetic energy, electrons want to minimize their potential energy and thus

arrange themselves in a lattice. Such an electron crystal is called a Wigner solid

[79], due to its similarity with crystals, and is depicted in Fig. 1-11a. It has been

experimentally observed in several systems [80, 81, 82] and postulated [83] to exist in

MATBG as well.

To determine dispersion of plasmons in this strongly interacting regime, we need

to find the collective modes of electron lattice oscillations. The Wigner solid can

be modelled under the same assumptions under which properties of crystals are un-

derstood, i.e. the atoms comprising the lattice are rigidly fixed in their positions.

Collective oscillations of a crystal lattice are phonons, the dispersion of which can

be obtained from classical physics. We apply then the same reasoning to a Wigner

crystal and assume that electrons oscillate about their equilibrium positions. The

task of determining plasmons of this electron solid therefore reduces to finding the

dispersion of phonons of this electronic “crystal” [84, 85, 86, 87].

For a plasmon-like collective motion of “atoms” of the Wigner crystal to arise there

has to be a long-range interaction which synchronizes their motion [84]. Microscop-

ically this interaction would be a Coulomb potential, but the task of determining

its precise form starting from the 1/𝑟 form is complicated. We resort therefore to a

simple model, which captures the nature of the interaction. We model the Wigner

crystal as oscillators arranged in a 2D lattice with period 𝑎. Here the lengthscale

𝑎 ∼ 1/
√
𝑛 is set by the charge density 𝑛 (reminiscent of the Wigner-Seitz radius 𝑟𝑠).

At equilibrium, the potential energy of the system is minimized, thus the interac-

tion vanishes and the system is charge neutral. A displacement of an oscillator from

equilibrium corresponds to an electron-hole pair dipole forming in real space. Such
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Figure 1-11: (a) An electron density of a Wigner lattice obtained from Monte-
Carlo simulations. Source: Cambridge QMC group. (b) Schematic depiction of a
Wigner crystal where displacements of electrons from their equilibrium positions can
be thought of as giving rise to a dipole moment (green springs). These dipole mo-
ments interact (red lines) with one another through a long-range Coulomb interaction
driving a synchronization that gives rise to the collective modes. Figure taken from
[88].

a dipole can then interact with other dipoles, c.f. Fig. 1-11b, through a long range

dipole-dipole interaction. This interaction will drive then the synchronization that

gives rise to the collective motion.

With these simplifications in place, we can write the toy-model of the Wigner

crystal. The Hamiltonian of the problem is then simply given by

𝐻 =
∑︁
r

p2
r

2𝑚
+
𝑚𝜔2

0

2
q2
r +

1

2

∑︁
r,r′

𝑊𝑖𝑗(r− r′)𝑞r,𝑖𝑞r′,𝑗 , (1.17)

where the 𝑝r and qr are the momenta and the displacement positions of the oscillators.

Here 𝑊𝑖𝑗(r − r′) = 𝜕2

𝜕𝑟𝑖𝜕𝑟′𝑗

𝑒2

|r−r′| is the long-range dipole interaction. We note that we

assumed all oscillators to have the same mass 𝑚 and oscillation frequency 𝜔0. The

latter assumption, known in the context of solid state physics as the Einstein phonon

model, here is introduced for simplicity as we are seeking modes which dispersion will

extend above the single-particle oscillation frequency 𝜔0 as seen in the RPA analysis.

This Wigner crystal defined through Eq.(1.17) admits two collective modes: one

longitudinal, stiff, and one transverse, soft. The long-wavelength dispersion of these
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two modes is

𝜔1,k ≈ 𝜔0

√
1 + 𝛼̃𝑘𝑎, 𝜔2,k ≈ 𝜔0, 𝑘𝑎≪ 1 .

In the above equations we introduced a dimensionless coupling, a ratio of potential to

kinetic energy of the Hamiltonian Eq. (1.17), in analogy to the fine structure constant

in the RPA analysis:

𝛼̃ =
2𝜋𝑒2

𝑚𝜔2
0𝑎

3

Dispersions of both modes are shown in Fig. 1-12. We see that the longitudinal mode

corresponds to the over-the-band plasmon dispersion, similarly scaling like ∝
√
𝛼̃,

while the soft mode mimicks the p-h continuum. The Einstein approximation makes

both modes gapped and causes the soft-mode to be centered near the p-h excitation

frequency 𝜔0.

To gather further insight into the origins of the over-the-band behavior we con-

sider the pattern of the underlying oscillations that give rise to the two modes of

Fig. 1-12. The weakly dispersing mode forms a narrow band. Physically, it describes

transverse oscillations in which displacements of different oscillators are nearly per-

pendicular to the wavevector k (at 𝑘𝑎≪ 1). In this band, displacements of different

oscillators are weakly coupled by the long-range dipole forces, which thus explains

its weak dispersion with energy set only by the oscillation frequency of individual

harmonic oscillators. In contrast, the stiff band describes longitudinal oscillations

in which displacements of different oscillators are parallel to the wavevector k (at

𝑘𝑎 ≪ 1). This drives a strong coupling between the dipole moments leading to its

strong dispersive character.

The analogy between the effective Wigner crystal parameter 𝛼̃ and the effective

fine structure constant of TBG graphene 𝛼 can be made more concrete. We can

construct an effective Fermi velocity 𝑣𝐹 and through it define the “Fermi energy” for

this model:

𝑣𝐹 ≈ 𝜔0𝑎 , 𝐸𝐹 ≈ 1

2
𝑚𝑣2𝐹 . (1.18)
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Continuum

Figure 1-12: Wigner crystal exhibits two collective modes: a longitudinal one, stiff,
corresponding to the over-the-band modes (red); a transverse one, soft, mimicking
the p-h continuum (white). While the energy scale for the over-the-band mode in a
Wigner solid is set by the p-h excitation energy scale 𝜔0, as in the case of the RPA
analysis, strong interactions give rise to a parametric enhancement of their frequency
by a factor 𝛼̃ ≫ 1.
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Since the narrow-band system Fermi momentum 𝑘𝐹 is on the order of the reciprocal

lattice spacing 𝑘𝐹 ≈ 𝜋/𝑎, it shows that in fact 𝛼̃ and the effective fine structure

constant 𝛼 are the same two quantities.

Both the collective modes of the Wigner solid, Fig. 1-12c, and the plasmons of

the narrow-electron band system obtained through a free-particle approximation, Fig.

1-6, manifest the over-the-band behavior. This surprising conclusion that a method

targeted at a weakly interacting system agrees with results of, essentially, a non-

perturbative analysis of a strongly interacting model can be ultimately traced back

to the microscopic origins of the over-the-band behavior: strongly coupled electron-

hole pairs. In the context of the MATBG RPA analysis these can be identified as

interband transitions while in the Wigner solid case they correspond to longitudinal

oscillations of electrons that form an electric dipole. In both cases the system can be

described as a lattice of harmonic oscillators and, therefore, the RPA approximation,

that in its roots relies on a harmonic description of collective electron oscillations

[3, 89, 2], agrees with the harmonic analysis of a Wigner solid from Eq.(1.17) which

explains the robustness of the over-the-band behavior.

1.5 Some implications of over-the-band plasmons

The over-the-band modes in narrow-band materials exist only because of strong

electron-electron interactions. As discussed in the previous sections, these modes

pierce through the particle-hole continuum to emerge inside the energy gap between

electron bands and thus become decoupled from the spectrum of electronic excitations.

Such behavior is unlike that seen in conventional materials, Fig. 1-2a, where plasmon’s

dispersion at large momenta ultimately ends inside the continuum [32, 33, 34, 53].

The mechanisms behind the over-the-band plasmons were analyzed in the previous

sections with the smoking-gun signature being the speckle-patterns measurable in

SNOM measurements. In this section we discuss potential applications of the over-

the-band plasmons.
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1.5.1 Probing correlated states

In a correlated insulator at integer fillings interactions open a gap at the Fermi level.

TBG exhibits such correlated insulating behavior at integer fillings and so it is nec-

essary to address how will the gap opening affect the over-the-band modes. In the

Chapter 3, we find that over-the-band plasmons exist irrespective of the nature of the

correlated state. This is best exemplified by the Fig. 1-13 which shows a plasmon

mode (bright red feature) inside an insulating regime where the gap at the Fermi level

(see the inset) is opened by interactions.

The presence of the ordered state helps to elucidate the microscopic mechanisms

behind the over-the-band behavior. Specifically, in the correlated insulator regime the

only electronic transitions that contribute to the behavior seen in Fig. 1-13 originate

from interband terms. These interband transitions, schematically depicted as blue

arrows in the inset of Fig. 1-13, can be thought of as strongly-coupled particle-hole

excitations. The microscopic origins of the over-the-band modes are therefore the

same as the one behind the stiff mode of the Wigner solid from the previous section.

The large momentum behavior of the over-the-band modes turns out to be robust

with only the subtle details of the plasmon dispersion being sensitive to the underlying

properties of the low-energy electronic excitations. As discussed with help of the Eq.

(1.15) the energy scale for plasmons is set by the characteristic scale of interband

transitions. The size of the interaction induced energy gap, 𝛿𝑢, therefore affects the

characteristic energy scale of interband transitions, and softens plasmon dispersion:

𝜔p ≈

√︃
4𝛼𝑊

(︂
1 − 𝛿𝑢2

𝑊 2

)︂
𝑣𝐹 𝑞 for 𝜔p ≫ 𝑊 (1.19)

This behavior is to be expected as a gap between bands, here the 𝛿𝑢, reduces the Bloch

wavefunction overlap. A measurement of the plasmon stiffness at fillings just away

and at the integer insulating value, therefore should allow to quantify the correlated

energy gap, 𝛿𝑢, giving rise to a new experimental probe of a correlated state.
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Figure 1-13: Electron loss function Im (−1/𝜀(𝜔,q)) for a narrow-band toy model of
a correlated Mott-Hubbard insulator. Interactions lead to a gap opening (see inset)
at a Fermi level 𝜇. Parameter values are chosen to mimic TBG bands (bandwidth
𝑊 = 3.75 meV, lattice periodicity 𝐿𝑀 = 13.4 nm, Fermi energy is placed inside the
gap at 𝜇 = 0 meV); log scale is used to clarify the relation between different features.

1.5.2 Plasmonic nonreciprocity driven by band hybridization

in moiré materials

Time-reversal symmetry (TRS) breaking leads to the emergence of unidirectional

modes, such as the chiral edge states of the quantum Hall effect [90, 91, 92], the

quantum anomalous Hall effect [93, 94, 95, 96, 97], or the topological photonic crystals

[98, 99, 100, 101, 102]. However, such modes, while holding exceptional promise for

development of new devices, often require specific experimental conditions, such as

strong magnetic fields, significant magnetic doping or a large macroscopic size of a

device. This means that they are not easily susceptible to miniaturization necessary

for the technological applications, which usually benefit from the on-chip integration

on a nanoscale, or they cannot be easily coupled to electromagnetic radiation and

hence provide greater experimental utility.

For these reasons, one of the alternative platforms in which nonreciprocity is a
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highly sought-after property are the 2D surface plasmons [103, 104, 105, 106, 107,

108, 109, 110, 111, 112, 113, 114, 115]. An example of a plasmon dispersion relation

with a TRS preserved is presented in Fig. 1-14(a). While a nonreciprocity in the

plasmon dispersion, 𝜔p(q) ̸= 𝜔p(−q), can be induced using magnetic field [116, 117,

118, 119], the 2D plasmon platform allows for an appealing alternative based on

driving electric current through the devices - the so-called plasmonic Doppler effect

[111, 112, 113, 114, 115, 120]. The essence of this phenomenon boils down to a simple

Galilean transformation that distinguishes plasmons moving along and against the

electric current. Electron flow modifies the plasmon dispersion with a correction,

∆𝜔
(𝑐)
p ∼u · q, proportional to the drift velocity u and plasmon momentum q. This

current-induced nonreciprocity ∆𝜔
(𝑐)
p of the plasmon dispersion is the conventional

plasmonic Doppler effect.

Unfortunately, even in pristine 2D graphene samples, the drift velocity is a small

fraction of the Fermi velocity [121, 122] and hence the relative magnitude of the

Doppler effect [111]

∆𝜔
(𝑐)
p (q)

𝜔0
𝑝(q)

∼ 1

𝛼

𝑢

𝑣𝐹

𝜔0
𝑝(q)

|𝜇|
, 𝜔0

𝑝(q) =
√︀

4𝛼𝐸𝐹𝑣𝐹 𝑞 (1.20)

is a small correction on the order of ∼ 3% to the graphene plasmon dispersion in

the absence of electron drift, 𝜔0
𝑝(q) [9, 33, 34]. The presence of the parameter 𝛼 in

the drift-free part of the plasmon dispersion 𝜔0
p(q) leads to a property 𝜔0

p(q) < |𝜇|

in realistic 2D material scenarios with 𝛼 . 1, and thus is an additional limitation in

attempts to observe the conventional Doppler effect.

The narrow electron bands of moiré materials, in addition to being characterized

by 𝛼 ≫ 1, are also strongly hybridized with the rest of the electron bandstructure.

This strong band hybridization leads to another, fundamentally quantum in nature,

source of plasmonic nonreciprocity. This effect results in an asymmetry of the plas-

mon dispersion (as demonstrated in Fig. 1-14b), which is strongly enhanced by an
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conventional Doppler effect Quantum Doppler Effect

Figure 1-14: (a, b) Electron loss function of a unhybridized narrow-band toy-model
(a) without and (b) with applied electric current at zero temperature. The conven-
tional Doppler effect imposes only a small change on the plasmon dispersion. (c,
d) Electron loss function of a hybridized narrow-band toy-model (c) without and (d)
with applied electric current at zero temperature. Current flow leads to a TRS break-
ing and induces a nonreciprocity (asymmetry) in the plasmons’ dispersion between
positive and negative momenta. In (b,d) we set 𝛿k/𝑘𝐹 = 0.3. (e) A comparison of
relative asymmetry between positive and negative momenta at several electron flow
values (blue, orange, green). Here 𝛿k is an electric-field-driven momentum shift of the
Fermi surface. The dashed lines correspond to a conventional Doppler effect present
in any system, Eq.(1.20). When bands become narrow and hybridized, strong asym-
metry develops (the “Quantum Doppler effect”, solid line), which origin is purely a
consequence of a non-vanishing interband wavefunction overlap. The dielectric func-
tion plots (a-d) are obtained by numerically evaluating the polarization function from
Eq.(1.12) using a tight-binding model described in the Chapter 4.

additional factor of 𝛼:

∆𝜔(𝑞)
p (q)∼𝛼∆2

ℎ𝑣𝐹 𝑞

|𝜇|3
u · q , ∆𝜔

(𝑞)
p (q)

𝜔0
𝑝(q)

∼ 𝑢

𝑣𝐹

∆2
ℎ𝜔

0
𝑝(q)

|𝜇|3
𝑞

𝑘𝐹
. (1.21)

Here ∆ℎ is the strength of hybridization between the two bands that opens up a

gap between them. This linear dependence on 𝛼 gives rise to a relative frequency

shift that is amplified by the fine structure factor 𝛼 unlike the conventional Doppler

effect ∆𝜔
(𝑐)
p (q). The origin of this additional source of plasmonic nonreciprocity can
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be traced back to the electron bandstructure where individual bands are hybridized

with one another. This is in contrast to the conventional plasmon Doppler effect,

where the microscopic origins of the nonreciprocity can be ultimately understood

simply through a shift of the reference frame, largely independent of the material

parameters [120, 114]. A comparison of these two sources of nonreciprocity is shown

in Fig. 1-14(c) for a narrow-electron band system with 𝛼 ≫ 1 in the cases with

and without band hybridization. As soon as the plasmon frequencies reach above the

chemical potential 𝜔p(q) & |𝜇|, a plasmon regime guaranteed by the presence of strong

interactions 𝛼 ≫ 1 as discussed in the previous sections, the quantum correction to

the Doppler effect dominates over the conventional Doppler effect leading to a strong

enhancement of plasmonic nonreciprocity.

This new source of plasmonic non-reciprocity in over-the-band modes has im-

mediate consequences of both practical and fundamental importance. First of all,

as mentioned above, it opens a pathway to development of optoelectronic devices

with suppressed backscattering [98, 123, 124, 125, 126], for example plasmonic isola-

tors based on Mach-Zehnder interferometers [127, 128], making the quantum doppler

effect a valuable addition to the nanophotonics toolbox. Moreover, the drift-based

mechanism enables a highly tunable electrical control of nonreciprocity on a nanoscale

by simply controlling the current flow in the device. This on-chip compactness and

tunability are in contrast to the mechanisms that employ the magnetic-based ap-

proaches. Finally, introducing a nonreciprocity to the dispersion of plasmons with

quenched Landau damping is particularly appealing, as it paves a way towards a

practical realization of various theoretical predictions, such as the Dyakonov-Shur

instability [120], that were previously limited by the plasmonic lifespan.

1.6 Thesis outline

In this thesis, I discuss how strong electron-electron interactions present in narrow-

band materials can give rise to a new type of plasmon behavior. These new plasmons

pierce through the p-h continuum and extend in the forbidden energy band above it to
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decouple from p-h excitations. As a material realization of these narrow-band systems

we consider the moiré family of materials in particular the magic angle twisted bilayer

graphene. We predict enhanced optical coherence for the over-the-band plasmons,

which gives rise to a smoking gun signature in near field scanning optical microscopy

measurements.

In Chapter 2, the over-the-band plasmon modes are first derived and their ex-

perimental signatures, speckle patterns, are identified. We analyze the origins of

the over-the-band modes to demonstrate the strong dependence on the effective fine

structure constant 𝛼. Our analysis is first carried out with the help of a simple toy-

model of TBG’s bandstructure, which captures the necessary features of the realistic

MATBG bandstructure and allows us to identify the necessary ingredients for a sys-

tem to exhibit over-the-band modes. We then introduce a realistic TBG continuum

bandstructure model and use it to determine the dispersion of plasmons in MATBG

demonstrating the presence of over-the-band modes.

To verify the robustness of the RPA analysis, in Chapter 3 we study the collective

modes inside a correlated Mott-Hubbard insulator and a Wigner crystal. We find

that the over-the-band plasmon behavior is robust with only the subtle details of the

plasmon stiffness being dependent on the type of the low-energy order present in the

system. This sensitivity to the nature of the low-energy state allows the over-the-band

plasmons to be used as an experimental probe of the correlated state.

In Chapter 4 we consider the implications of the mechanisms behind the over-

the-band behavior for achieving of unidirectional collective modes. We present a new

mechanism for plasmon nonreciprocity the magnitude of which is controllable through

the strength of electron-electron interactions, which makes it particularly pronounced

in the moiré materials.

Finally, in Chapter 5, the main results of the thesis are summarized, and possi-

ble further extensions and applications of the over-the-band plasmon mechanism are

discussed.
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Chapter 2

Intrinsically undamped plasmon

modes in narrow electron bands

2.1 Introduction

Landau damping, a process by which collective mode decays into electron-hole pairs,

is often taken to be an integral attribute of graphene plasmon excitations[34, 33,

53, 50, 49]. In this chapter we predict extinction of this dissipation mechanism in

materials with narrow electron bands such as twisted bilayer graphene (TBG)[129,

130, 54, 55, 131]. Intrinsically undamped plasmons in narrow-band materials arise

due to large fine structure parameter values 𝛼 = 𝑒2/~𝜅𝑣𝐹 : strong interactions push

plasmon dispersion into the energy gap above the particle-hole (p-h) continuum, as

illustrated in Fig.2-1. As discussed below, in this region plasmons become decou-

pled from particle-hole pair excitations. Dissipation quenching, which is a surprising

manifestation of strong coupling physics, is a robust effect that persists up to room

temperature and is insensitive to disorder (see Figs.2-1,2-2). Collective charge modes

which are damping-free are of keen interest for Quantum Information Science as a

vehicle to realize dissipationless photon-matter coupling, high-Q resonators, single-

photon phase shifters and other missing components for photon-based Quantum In-

formation Processing toolbox[132]. While extinction of Landau damping is a general

effect present in all narrow electron bands, our analysis will focus on TBG flat bands,
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a system of high current interest[13, 14, 15, 75, 76] in which undamped plasmons can

be directly probed.

2.2 Novel over-the-band behavior

The new behavior is illustrated in Fig.2-1, showing plasmon mode for a narrow-band

model that mimics the key features of the TBG band. Mode dispersion (red line)

is conventional at energies less than the bandwidth, 𝜔 . 𝑊 . At lowest energies,

plasmon mode is positioned outside the p-h continuum; this suppresses the 𝑇 = 0

Landau damping, but does not protect the mode from decaying into p-h excitations

through disorder scattering or from the conventional 𝑇 > 0 Landau damping[33, 34,

66, 10, 67, 68, 69]. At higher energies, 𝜔 ∼ 2𝐸𝐹 (marked by arrow in Fig.2-1), the

mode plunges into p-h continuum and is Landau-damped at 2𝐸𝐹 . 𝜔 . 2𝑊 even

at 𝑇 = 0. However, a dramatic change occurs once the mode rises above the p-h

continuum. In the forbidden gap region, 𝜔 > 2𝑊 , it becomes damping-free, since

at these energies there are no free e-h pairs into which plasmon could decay. This

behavior is manifest in the 𝑇 dependence of the resonances, which are washed out

with increasing temperature at 𝜔 . 𝑊 but remain sharp at 𝜔 > 𝑊 even at 𝑇 ∼ 𝐸𝐹

(Fig.2-1 panels b and c).

As we will see, mode dispersion has a square-root form characteristic of two-

dimensional (2D) plasmons,[32, 70]

𝜔p(𝑞) =
√︀
𝛽𝑞𝑞, (2.1)

with a weak 𝑞 dependence in 𝛽𝑞, see (2.15). This expression, however, is valid not

just at low energies 0 < 𝜔 . 𝑊 but also at higher energies, 𝜔 ≫ 𝑊 , where the mode

is undamped. While the dispersion in (2.1) is of the conventional 2D plasmon form,

we emphasize that here it takes on a new role, as it describes the plasmon mode at

frequencies much higher than the carrier bandwidth, extending to

𝜔p ∼
√
𝛼𝑊 ≫ 𝑊, 𝛼 ∼ 20 − 30, (2.2)
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Figure 2-1: (a) Electron loss function Im (−1/𝜀(𝜔,q)) for a narrow-band toy model
(the hexagonal tight-binding model, (2.11)). Parameter values are chosen to mimic
TBG bands (bandwidth 𝑊 = 3.75 meV, lattice periodicity 𝐿𝑀 = 13.4 nm, Fermi
energy in the conduction band at 𝐸𝐹 ≈ 1.81 meV); log scale is used to clarify the
relation between different features. Arrows mark the interband p-h continuum edges.
Plasmon dispersion (red line) is fitted with 𝜔p(𝑞) =

√︀
𝛽𝑞𝑞, (2.1) (dashed line). The

difference between Landau-damped (b) and undamped behavior (c) is illustrated by
linecuts of plasmon resonances at the locations marked in panel (a), taken at tem-
peratures 𝑇/𝐸𝐹 = 0, 0.075, 0.1, 0.2, 0.3, 0.4. Resonances broaden with 𝑇 in (b) and
are 𝑇 -independent in (c) [the residual resonance width models extrinsic damping due
to phonons and disorder[52, 9, 48, 47]]. Resonances at the three lowest 𝑇 values
in (c) are slightly offset for clarity. (d) Speckle pattern in scanning near-field mi-
croscopy signal[49, 50] 𝑆(r), (2.3), due to undamped plasmons; optical coherence is
manifest in Fourier spectrum |𝑆k|2 (inset). Results shown are for plasmon momen-
tum 𝑞0 = 𝑞𝑀/2 ≈ 0.14 nm−1, where 𝑞𝑀 is the distance between points 𝑀 and Γ, and
disorder modeled as 40 randomly placed point defects.
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where the high 𝛼 values correspond to flat bands in magic-angle moiré graphene.

Unlike the conventional plasmons, the dispersion in (2.1) is not limited to longest

wavelengths. Indeed, as illustrated Fig.2-1a, it extends to wavenumbers which are on

the order of the superlattice Brillouin zone width.

Furthermore, the wavelength of the undamped plasmons is only 2-3 times greater

than the moiré superlattice period. Such short wavelengths are of great interest

for plasmonics and are within resolution of the state-of-the-art scanning near-field

microscopy techniques[49, 50] [currently as good as 10nm [133, 7]]. In addition to

measuring plasmon dispersion, these techniques can be used to directly visualize

the qualitative change in the damping character and strength. Enhanced optical

coherence will manifest itself in striking speckle-like interference, as illustrated in

Fig.2-1 panel d) and Fig.2-2.

Indeed, because of the absence of Landau damping at the energies of interest, 𝜔 >

𝑊 , and also because these energies are smaller than carbon optical phonon energies,

the dominant dissipation mechanism will be elastic scattering by disorder. At low

energies, where plasmon mode coexists with p-h continuum, disorder scattering merely

assists Landau damping, allowing plasmons to decay into p-h pairs by passing some

of their momentum to the lattice. However, at the energies above p-h continuum, 𝜔 >

𝑊 , since the decay into pairs is quenched, disorder will lead to predominantly elastic

scattering among plasmon excitations. Such scattering preserves optical coherence

and is expected to produce speckle patterns in spatial near-field images, as illustrated

in Fig.2-1d.

2.3 Experimental consequences

To model this behavior we consider the signal 𝑆(r), excited by the scanning tip and

measured at the same location. Monochromatic plasmon excitation at energy 𝐸 is

scattered by impurities or defects, and, upon returning to the tip, produces signal

𝑆(r) = 𝐽0

∫︁
𝑑2r′𝐺𝐸(r− r′)𝜂(r′)𝐺𝐸(r′ − r), (2.3)
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Figure 2-2: (a,b,c,d) Speckle patterns arising due to optical coherence of undamped
plasmons in scanning near-field microscopy signal 𝑆(r), (2.3), at various ratios of the
incoherent to coherent damping 𝛿/𝑞0. The insets show the corresponding square of
the speckle pattern’s Fourier transform amplitude |𝑆k|2. In all panels, for clarity of
comparison, we set the plasmon momentum as in Fig.2-1d 𝑞0 = 𝑞𝑀/2 ≈ 0.14 nm−1

and vary only the ratio 𝛿/𝑞0. The disorder is taken as 40 randomly placed delta
functions.
where 𝜂(r) is the disorder potential, 𝐽0 is excitation amplitude, and 𝐺𝐸(r) is the

Green’s function of the plasmon excitation (see the Appendix 2.10.1). The spatial

signal, Fig.2-1d, exhibits a characteristic speckle pattern familiar from laser physics.

In graphene plasmonics, speckle-like interference provides a direct manifestation of
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optical coherence enhancement in the absence of Landau damping. Accordingly, the

Fourier transform of the image, 𝑆k =
∫︀
𝑑2𝑟𝑆(r)𝑒−𝑖kr, yields power spectrum |𝑆k|2

that features a ring-like structure; the ring radius 𝑘 = 2𝑞0, where 𝑞0 is the plasmon

excitation wavenumber (see Fig.2-1d inset). Simple calculation, described in the

Appendix 2.10.1, predicts a sharp peak at the ring:

|𝑆k|2 ∼
|𝜂k|2

|𝑘2 − 4(𝑞0 − 𝑖𝛿)2|
, (2.4)

where 𝛿 is a parameter characterizing extrinsic damping due to phonon scattering

and other inelastic processes. In the fully coherent regime (𝛿 = 0) the quantity |𝑆k|2

exhibits a power law singularity at the ring, 𝑘 = 2𝑞0. As the amount of incoherent

scattering increases, the peak is gradually washed out. This behavior is illustrated in

Fig.2-2.

2.4 Relation to previous works

We note that recent work [75] analyzed interband plasmon excitations in TBG, which

are dominated by polarization of the bands above the flat band and are distinct from

the flat-band plasmons analyzed here. Recent experiment[76] reported observation

of plasmons in TBG, however their appeal for constructing intrinsically protected

collective modes remained unnoticed in graphene literature. Also, plasmons in narrow

bands were analyzed in the context of high-𝑇𝑐 superconductivity[77], finding that

plasmon mode can rise above the flat band. However, in cuprates, unlike moiré

graphene, the narrow band is not separated from higher bands by a forbidden energy

gap, and thus the mode studied in Ref.[77] will plunge into a higher band before

acquiring an undamped character. Our prediction of the intrinsically undamped

plasmons in TBG and their potential subsequent observation therefore constitute an

uncharted territory.
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2.5 Minimal model

Next, we present analysis of the hexagonal-lattice toy model that mimics the key fea-

tures of Landau-damped and intrinsically undamped modes in TBG. The hexagonal-

lattice tight binding model possesses the same symmetry and the same number of

sub-bands as the flat band in TBG. We match the energy and length scales by choos-

ing the width of a single band 𝑊 and the hexagonal lattice period 𝐿𝑀 identical to the

parameters in TBG: 𝑊 = 3.75 meV and 𝐿𝑀 = 𝑎/2 sin(𝜃/2) is the moiré superlattice

periodicity. For the magic angle value 𝜃 = 1.05∘, using carbon spacing 𝑎 = 0.246 nm,

this gives 𝐿𝑀 = 13.4 nm. To ensure that a unit cell of the toy model can accommo-

date 4 electrons just as the moiré cell does in TBG, we make the toy model fourfold

degenerate. Comparison to plasmons for the actual TBG model, presented below,

will help us to identify the features which are general, as well as those which are a

specific property of TBG.

Our nearest-neighbor tight-binding Hamiltonian is

𝐻toy =

⎛⎝ 0 ℎk

ℎ*k 0

⎞⎠ , ℎk =
𝑊

3

∑︁
e𝑗

𝑒𝑖k·e𝑗 , (2.5)

with the hopping matrix element 𝑊/3 to nearest neighbors at positions

e𝑖 = (cos(2𝜋𝑗/3), sin(2𝜋𝑗/3))𝐿𝑀/
√

3 , 𝑗 = 0, 1, 2 . (2.6)

Here 𝑊 is the bandwidth measured from Dirac point and the nearest neighbor dis-

tance 𝐿𝑀/
√

3 is chosen such that the lattice period of the hexagonal toy model

matches the moiré superlattice period. Corresponding energies 𝐸𝑠,k and eigenstates

Ψ𝑠,k are then

𝐸𝑠,k = 𝑠|ℎk|, Ψ𝑠,k =
1√
2

⎛⎝𝑠𝑒𝑖𝜙k

1

⎞⎠ , (2.7)

where 𝜙k = arg ℎk and the band index 𝑠 = ± labels the conduction and valence band.
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2.6 Dielectric function and the RPA approximation

Plasmons can be obtained from the nodes of the complex dielectric function, describ-

ing the dynamical response of a material to an outside electric perturbation,

𝜀(𝜔,q) = 1 − 𝑉qΠ(𝜔,q). (2.8)

Here 𝑉q = 2𝜋𝑒2/𝜅𝑞 is the Coulomb interaction in a medium with a background

dielectric constant 𝜅 and Π(𝜔,q) is the electron polarization function. The relation

in (2.8) is exact so long as the polarization function is defined as an exact microscopic

density-density pair correlator, given by a sum of all irreducible bubble diagrams. As

such, this relation can yield useful information about plasmon dispersion even when

electron interactions are strong.

Similar to the conventional analysis of plasmons in 2D systems, here a simplifica-

tion occurs in the small-𝑞 limit regardless of whether the random phase approximation

(RPA) is employed to evaluate Π(𝜔,q). Indeed, since the Coulomb potential diverges

at small 𝑞, zeros of 𝜀(𝜔,q) are found when the polarization function is small. However,

at small 𝑞, this quantity vanishes as 𝜆𝑞2/𝜔2, a behavior which is a consequence of the

general symmetry requirements (namely, gauge invariance demanding that spatially

uniform external potential does not perturb density)[4]. This immediately yields a

𝑞1/2 scaling for plasmon frequency at small enough 𝑞.

Below we use the RPA approach to estimate the prefactor 𝜆, and to demonstrate

that the mode 𝜔 ∼ 𝑞1/2 extends far above the TBG particle-hole continuum. To com-

pare with other systems, we recall the familiar “classical acceleration” behavior found

for particles with parabolic dispersion: Π(𝜔,q) = 𝑛q2/𝑚𝜔2, where 𝑛 is the charge

density and 𝑚 is the electron band mass[4]. For a more general band dispersion the

ratio 𝑛/𝑚 is replaced by the band Fermi energy, 𝜆 ∼ 𝐸𝐹/~2 [34, 33, 53]. Interactions

have no impact on the behavior of Π(𝜔,q) for the parabolic band case, however for

non-parabolic bands the band mass 𝑚 must change to an effective value 𝑚*, described

by Landau Fermi-liquid renormalization [134].

In our case, the scaling relation Π(𝜔,q) ≈ 𝜆𝑞2/𝜔2 features different values of 𝜆
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for low and high energies, 𝜔 . 𝐸𝐹 and 𝜔 > 2𝑊 . To see this, we start with the RPA

expression for polarization function

Π(𝜔,q) = 4
∑︁
k,𝑠,𝑠′

(𝑓𝑠,k+q − 𝑓𝑠′,k)𝐹 𝑠𝑠′

k+q,k

𝐸𝑠,k+q − 𝐸𝑠′,k − 𝜔 − 𝑖0
. (2.9)

Here summation
∑︀

k denotes integration over the Brillouin zone (BZ), the indices 𝑠, 𝑠′

run over the electron bands and the factor of 4 in front of the summation accounts

for the fourfold degeneracy of the toy model. Here 𝑓𝑠,k is the equilibrium distribution

1/(𝑒𝛽(𝐸𝑠,k−𝐸𝐹 ) + 1), and 𝐹 𝑠𝑠′

k+q,k describes band coherence factors. For our toy model

𝐹 𝑠𝑠′

k+q,k = |⟨Ψ𝑠,k+q|Ψ𝑠′,k⟩|2 =
1 + 𝑠𝑠′ cos(𝜙k+q − 𝜙k)

2
, (2.10)

where Ψ𝑠,k are pseudospinors given in (2.7).

2.6.1 Analytic results

As we now show, an analytic expression for plasmon dispersion can be obtained,

describing both the Landau-damped and the undamped cases in a unified way. We

first rewrite (2.9) by performing a standard replacement k + q → −k in the term

containing 𝑓𝑠,k+q followed by −k− q,−k → k + q,k justified by the k → −k time-

reversal symmetry. This gives

Π(𝜔,q) = 8
∑︁
k,𝑠,𝑠′

𝑓𝑠′,k
𝐹 𝑠𝑠′

k,k+q(𝐸𝑠′,k − 𝐸𝑠,k+q)

(𝐸𝑠,k+q − 𝐸𝑠′,k)2 − (𝜔 + 𝑖0)2
. (2.11)

The behavior of this expression at small q, which will be of interest for us, can be

found in a closed form. In the small-𝑞 limit the coherence factors behave as

𝐹 𝑠=𝑠′

k+q,k ≈ 1, 𝐹 𝑠=−𝑠′

k+q,k ≈ 1

4
(q · ∇k𝜙k)2 (2.12)

The values 𝑂(1) for intraband transitions and 𝑂(q2) for interband transitions might

suggest that the polarization function is dominated by the intraband transitions.
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However, as we now show, the interband and intraband contributions are of the same

order of magnitude.

2.6.2 Interband and intraband contributions to polarization

function

Indeed, the intraband contributions, 𝑠 = 𝑠′, can be rewritten by noting that upon

integration over k only the even-k part of series expansion 𝐸𝑠,k+q − 𝐸𝑠,k survives,

giving Π1(𝜔,q) ≈ 4
𝜔2

∑︀
k,𝑠 𝑓𝑠,k (𝐸𝑠,k+q + 𝐸𝑠,k−q − 2𝐸𝑠,k). Expanding in small q, we

have

Π1(𝜔,q) ≈ 4

𝜔2

∑︁
k,𝑠

𝑓𝑠,k(q · ∇k)2𝐸𝑠,k (2.13)

As a sanity check, for parabolic band 𝐸k = k2/2𝑚 we recover the familiar result

Π(𝜔,q) = 𝑛q2/𝑚𝜔2[4].

The interband contributions, 𝑠 = −𝑠′, can be simplified by noting that 𝐸𝑠,k+q ≈

−𝐸𝑠′,k, giving

Π2(𝜔,q) ≈ 4
∑︁
k,𝑠

𝑓𝑠,k
𝐸𝑠,k (q · ∇k𝜙k)2

4𝐸2
𝑠,k − (𝜔 + 𝑖0)2

. (2.14)

As a sanity check, at 𝑇 = 0 the imaginary part of Π2, describing interband transitions,

is nonzero only for 2𝐸𝐹 < 𝜔 < 2𝑊 , as expected. The real part of Π2 is negative at

small 𝜔 and positive at large 𝜔 because the valence band contribution dominates over

that of the conduction band.

2.7 Over-the-band plasmon dispersion

Plasmon dispersion 𝜔p is given by the solution of the equation 𝜀(𝜔,q) = 0 with

Π = Π1 + Π2. Comparing the 𝜔 dependence of Π1 and Π2, we see that at small

frequencies, 𝜔 < 2𝐸𝐹 , the intraband contribution Π1 dominates. This gives the
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dispersion in (2.1) with

𝛽𝑞 = 𝛽0 + 𝛽1𝑞 +𝑂(𝑞2) (2.15)

where the leading term 𝛽0 = 4𝛼𝑣𝐹𝐸𝐹/~ originates from Π1 (see the Appendix 2.10.2)

and the subleading 𝑞-dependent contribution is due to Π2. Negative sign of Π2 trans-

lates into 𝛽1 < 0, softening the dispersion at low frequencies. This behavior, which

holds the limit 𝜔 < 2𝐸𝐹 , agrees with Refs.[34, 33, 70].

In the same manner we can obtain the dispersion at high frequencies, 𝜔 > 2𝑊

(the intrinsically undamped regime). The analysis is again simplified by noting that,

since 𝛼 = 𝑒2/~𝜅𝑣𝐹 ≫ 1, the relevant values of q are small compared to the Brillouin

zone size, and thus the small-𝑞 limit considered above is sufficient to describe this new

behavior. Taking both the intraband and interband contributions in the asymptotic

form Π1 = 𝜆1q
2/𝜔2, Π2 = 𝜆2q

2/𝜔2 where 𝜆1 ≈ 2𝐸𝐹/~2𝜋, 𝜆2 ≈ 2(𝑊 − 𝐸𝐹 )/~2𝜋 (see

the Appendix 2.10.2), yields (2.1) with 𝛽 = 2𝜋𝑒2

𝜅
(𝜆1 + 𝜆2). The first term is identical

to 𝛽0 found at low frequencies, the second term is of a positive sign, 𝜆2 > 0, describing

hardening of the plasmon dispersion due to interband transitions.

In the undamped regime, plasmon frequency peaks at 𝑞 values on the order of

Brillouin zone scale. The peak value of 𝜔p, given in (2.2), can be found by estimating

the energy differences 𝐸𝑠,k+q − 𝐸𝑠′,k in (2.11) as 𝑊 and noting that the coherence

band factor for large 𝑞 is in general non-vanishing and of order 1. This gives for the

practically interesting case of 𝐸𝐹 ∼ 𝑊 the result 𝜔p ∼
√
𝛼𝑊 , which agrees with the

dispersion 𝜔p =
√
𝛽𝑞 = 2

√︀
𝛼𝑣𝐹𝑊𝑞/~ provided that ~𝑣𝐹 𝑞 saturates at 𝑊 . Indeed the

estimated values of 𝛽0, 𝛽 as compared to the fitted curve in Fig.2-1a (see the Appendix

2.10.2) indicate that 𝜔p =
√︀
𝛽𝑞𝑞 relation from (2.1) is a good approximation for the

plasmon dispersion at both small and large q.

The dielectric function of the two-band toy model faithfully reproduces all of the

qualitative features expected for the TBG bandstructure. However, we find that,

despite matching the bandwidth 𝑊 and lattice period to those of TBG, the resulting

plasmon dispersion extends to much higher energies then those that will be found

below for the actual TBG bandstructure. This is simply because the two-band model
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does not account for the effects of interband polarization of higher electron bands,

which renormalize the dielectric constant down and soften the plasmon dispersion.

We account for this in the toy model case by rescaling the effective fine structure

constant such that the resulting plasmon dispersion is comparable in magnitude to

the TBG result. Specifically in Fig. 2-1a we use an effective background dielectric

constant 𝜅 = 12.12, which is four times larger than the dielectric constant 𝜅 = 3.03

corresponding to an air/TBG/hBN heterostructure.

2.8 Plasmon modes in a realistic bandstructure model

Next, we turn to the analysis of plasmons in TBG flat bands at an experimentally

relevant magic angle value 𝜃 = 1.05∘[13, 14, 15]. To accurately describe the TBG

bandstructure and eigenstates we employ the effective continuum Hamiltonian 𝐻T𝐵𝐺

introduced in Ref.[60]. The full discussion of the bandstructure details can be found in

the Appendix 2.10.3; here we only discuss two relevant energy scales: flat-band band-

width 𝑊 , and the gap ∆ between the flat-bands and the rest of the bandstructure.

With regard to 𝑊 value we note that, technically, the bandwidth of the flat-bands, as

predicted by the continuum mode 𝐻T𝐵𝐺, is on the order of 𝑊 ≈ 3.75 meV. However,

the bandwidth scale relevant for the interband and intraband excitations is actually

closer to 𝑊̃ ≈ 2 meV, because most of the states in the band lie below 2meV. In

addition, since the states with energies outside −2 meV < 𝐸 < 2 meV are small-𝑘,

their contribution to polarization function, (2.14), (2.13), evaluated at small q, is

small. We also note that, while the bandgap as predicted by the continuum model is

∆ ≈ 11.75 meV, the actual gap size is still a subject of debate[135].

2.8.1 Dielectric function of TBG

The definition of the polarization function for the TBG continuum model is identical

to the one of the tight binding toy model, (2.9), with exception of requiring the

valley and spin degrees of freedom to be accounted for explicitly, a larger number of

electron bands and different coherence factors. The first two issues are resolved by
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Figure 2-3: Electron loss function Im (−1/𝜀(𝜔,q)) for TBG bandstructure. The Fermi
energy value 𝐸𝐹 = 0.289meV corresponds to electron band half-filling; and set the
average background dielectric constant is 𝜅 = 3.03 (typical of an air/TBG/hBN het-
erostructure). Log scale is used to clarify the relation between different features.
Arrows mark the approximate interband p-h continuum edges, obtained for the ef-
fective bandwidth 𝑊̃ ≈ 2 meV (see text). Plasmon dispersion (red line) at small 𝑞 is
fitted with 𝜔p(𝑞) =

√︀
𝛽𝑞𝑞, (2.1) (dashed line), demonstrating a significant deviation

from the typical 2D plasmon dispersion at large 𝑞. In the calculation we used both
flat-bands and the next conduction/valence non-flat bands, and verified that higher
bands do not alter the quantitative and qualitative behavior.
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promoting the band indices 𝑠, 𝑠′ in (2.9) to composite labels 𝑛,𝑚, which range over

all electron bands, spins 𝜎 and valleys 𝜉 making the additional factor of 4 in front

of (2.9) unnecessary. Instead of the toy model coherence factors we use the TBG

coherence band factors 𝐹 𝑛𝑚
k+q,k, which are given by

𝐹 𝑛𝑚
k+q,k =

⃒⃒⃒⃒∫︁
Ω

𝑑2𝑟Ψ†
𝑛,k+q(r)𝑒𝑖q·rΨ𝑚,k(r)

⃒⃒⃒⃒2
, (2.16)

where Ψ𝑛,k(r) are the Bloch wavefunctions for momentum k and band/valley/spin

composite label 𝑛, which diagonalize the continuum Hamiltonian (see the Appendix

2.10.3). The integral in (2.16) is carried over the moiré unit cell Ω.

2.8.2 TBG plasmons - numerical solution

Once the polarization function is evaluated, we can determine the dielectric function

and identify TBG’s collective modes from poles of 1/𝜀(𝜔,q), as above. An example of

a TBG’s dielectric function at approximately half-filling of the electron band, 𝐸𝐹 =

0.289 meV, is shown in Fig.2-3; fixed-𝑞 linecuts and zeros of 𝜀(𝜔,q) are illustrated

in supplementary section 4. In discussing the figure it is helpful to contrast it with

the calculation for the hexagonal-lattice toy model shown in Fig.2-1a. We again see a

well defined intrinsically undamped plasmon mode 𝜔p (red) positioned above the p-h

continuum; the mode resides inside the band gap 2𝑊 < 𝜔p < 𝑊 + ∆, which peaks at

~𝜔p ≈ 8.5 meV before decreasing and becoming almost flat ~𝜔p ≈ 6.5 meV at large

momenta. In agreement with the analytic considerations above, we see the interband

continuum extending from 2𝐸𝐹 to 2𝑊 , but since 𝐸𝐹 = 0.289 meV is extremely small

it makes the conventional (Landau-damped) part of plasmon dispersion 𝜔 < 2𝐸𝐹

invisible on the figure.

2.8.3 TBG plasmons - analytical considerations

There are several unique aspects of the TBG plasmon dispersion, as compared to the

behavior of generic narrow-band plasmons discussed above. To analyze the dispersion
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at 𝜔p > 2𝑊 , we proceed just as in the toy model case, rewriting the TBG polarization

function in a slightly different form of (2.11), where the indices 𝑛,𝑚 and the band

coherence factor are modified as described above.

However, unlike the two-band toy model case, to proceed further analytically we

need to split the summation over TBG bands in (2.11) into two general types of

terms: pairs of indices 𝑛,𝑚 such that (on average) we expect 𝜔2 > (𝐸𝑚,k+q − 𝐸𝑛,k)2

to hold, and pairs of indices 𝑛,𝑚 where the opposite 𝜔2 < (𝐸𝑚,k+q − 𝐸𝑛,k)2 is true.

To leading order in 𝜔 we can therefore rewrite the dielectric function as

𝜀(𝜔,q) ≈ 1 + 𝐴(q) − 𝐵(q)

𝜔2
, (2.17)

where we defined two auxiliary functions:

𝐴(q) =
8𝜋𝑒2

𝜅𝑞

∑︁′

k,𝑛,𝑚

𝑓𝑚,k

𝐹 𝑛𝑚
k+q,k

𝐸𝑛,k+q − 𝐸𝑚,k

(2.18)

and

𝐵(q) =
8𝜋𝑒2

𝜅𝑞

∑︁′′

k,𝑛,𝑚

𝑓𝑚,k𝐹
𝑛𝑚
k+q,k(𝐸𝑛,k+q − 𝐸𝑚,k). (2.19)

Here the band summations
∑︀′ and

∑︀′′ run over bands such that 𝜔2 > (𝐸𝑛,k+q−𝐸𝑚,k)2

and 𝜔2 < (𝐸𝑛,k+q − 𝐸𝑚,k)2, respectively. E.g. at large momenta, as seen in Fig.2-3,

the plasmon mode lies in the gap between the flat and non-flat bands and hence the

𝐵(q) summation extends only over the flat bands, whereas the summation in 𝐴(q)

includes all of the remaining combinations of band indices. This allows us to write a

closed form expression for the plasmon dispersion as

𝜔2
p ≈ 𝐵(q)

1 + 𝐴(q)
, (2.20)

which must hold for both small and large 𝑞. We consider these two limits separately.

At small 𝑞 the matrix element of the Bloch wavefunctions, just as in the toy

model case, favours the overlap between states from the same band. At the same

time there are fewer states in the 𝐴(q) satisfying the condition 𝜔2 > (𝐸𝑛,k+q−𝐸𝑛,k)2
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and hence 𝐴(q) vanishes for small q. This amounts to the plasmon dispersion 𝜔p from

(2.20) reducing to 𝜔2
p ≈ 𝐵(q) and, by comparison with (2.13), we similarly expect

a conventional 2D plasmon dispersion 𝜔p =
√︀
𝛽𝑞𝑞 with 𝛽𝑞 given by the series from

(2.15). As we see in Fig.2-3, the 𝜔p =
√︀
𝛽𝑞𝑞 dispersion is a valid description only

at very small 𝑞, as compared to Fig.2-1a, which can be traced back to higher bands

softening the plasmon dispersion through the 𝐴(q) term in (2.20).

To determine how high the plasmon mode rises above the p-h continuum, we

consider large 𝑞 values comparable to the reciprocal lattice vector. The arguments

similar to those in the toy model show that, since 𝛼 ≫ 1, we have 𝐴(q) ≫ 1. The

dependence on the 𝑒2/𝜅𝑞 ratio therefore cancels between the 𝐴(q) and 𝐵(q) functions

resulting in the value of the plasmon dispersion ~𝜔p ≈
√︀
𝐵(q)/𝐴(q) ∼

√
𝑊∆ ≈ 6.6

meV being dictated only by the continuum model’s bandstructure parameters. This

lack of explicit dependence on 𝛼 suggests that, once the doping is such that 𝛼 ≫ 1,

the large-𝑞 value of ~𝜔p ≈
√
𝑊∆ becomes insensitive to doping (and hence Fermi

velocity). This behavior is different than that in the toy model where 𝜔p ∼
√
𝛼𝑊

at large 𝑞. The relatively more week dependence on 𝛼 in the TBG case is due to

interband polarization involving higher bands, which significantly alters the effective

dielectric constant. The weak 𝑞 dependence at large 𝑞 is in agreement with the

properties of interband plasmons described in Ref.[75].

We also note that although plasmons above the particle-hole continuum are kine-

matically protected from particle-hole excitation, which makes them undamped at

the RPA level, there exist relaxation pathways through higher-order pair-production

in which several electron-hole pairs are emitted with total energy exceeding 𝑊̃ . How-

ever, analysis shows that such processes lead to imaginary corrections to the polar-

ization function that are suppressed by factors of 𝑞2/𝑘2𝐹 for each additional excited

electron-hole pair [51]. Thus in a narrow-bandwidth system the plasmon mode will

remain practically undamped for a wide range of momenta q before the multiparticle

pair-production becomes a relevant relaxation pathway.
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2.9 Outlook

Before closing, we note that suppressing damping has always been central to the quest

for tightly-confined low-loss surface plasmon excitations. An early approach utilized

surface EM modes traveling at the edge of an air/metal boundary[136], in which dis-

sipation is low because most of the EM field resides outside the metal, however the

field confinement scale is on the order of optical wavelength. Next came surface plas-

mons propagating in high-mobility 2D GaAs-based electron gases and graphene-hBN

heterostructures[47], which can provide deep-subwavelength confinement[53]. How-

ever, plasmons in these systems are prone to a variety of dissipation mechanisms, with

Landau damping usually regarded as the one that sets the fundamental limit on pos-

sible plasmon wavelengths and corresponding lifetimes. The possibility to overcome

this fundamental limitation in narrow band systems such as moiré graphene, discussed

above, opens a new line of investigation in graphene plasmonics. Damping-free plas-

mons can enable novel interference phenomena, dissipationless photon-matter cou-

pling, and other interesting behaviors. It is also widely expected that low-dissipation

plasmons can lead to unique applications for photon-based Quantum Information

Processing [132]. Furthermore, reduced damping has more immediate consequences,

as it translates into enhanced optical coherence that can be directly probed by scan-

ning near-field microscopy, as discussed above, providing a clear signature of the

intrinsically undamped collective modes.

2.10 Appendix

2.10.1 Spatial speckle patterns in near-field optical microscopy

Here we elaborate on the analysis connecting Eq.(2.3) and the speckle patterns shown

in Fig.2-1d and Fig.2-2a-d. For an in-depth discussion of the near-field optical mi-

croscopy measurement technique and quantitative modeling of the detected signal we

refer the reader to Refs.[50, 49, 47].

As argued in the main text, we can estimate the strength of the measured signal
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in the near-field opical microscopy by evaluating the equal-point correlation function

Eq. (2.3), which here we restate for convenience:

𝑆(r) = 𝐽0

∫︁
𝑑2r′𝐺𝐸(r− r′)𝜂(r′)𝐺𝐸(r′ − r). (2.21)

It describes an amplitude of plasmon excitation, which traveled from the tip at posi-

tion r to a disorder at position r′ and was then reflected back towards the tip at r.

Here the Green’s function 𝐺𝐸(𝑟) of the plasmon excitation of wavenumber 𝑞0 is taken

in the limit 𝑟𝑞0 ≫ 1 as

𝐺𝐸(r) ≈ 𝑒𝑖𝑞0|r|√︀
2𝜋|r|

𝑒−𝛿|r|, (2.22)

which describes radially propagating waves in 2D. The factor 𝑒−𝛿|r| describes damping

due to extrinsic effects such as phonons and other inelastic processes. Upon substi-

tution of the Green’s function into (2.21), the measured signal 𝑆(r) is given by

𝑆(r) = 𝐽0

∫︁
𝑑2r′𝜂(r′)

𝑒𝑖2𝑞0|r−r′|𝑒−2𝛿|r−r′|

2𝜋|r− r′|
. (2.23)

This expression, which is a convolution of two functions, will generate a product under

Fourier transform.

For purposes of Fig.2-1d and Fig.2-2a-d we evaluate the above convolution nu-

merically by using the convolution theorem, that is first performing a fast Fourier

transform of both terms individually, multiplying them and then carrying out an in-

verse Fourier transform. The inset of Fig.2-1d and Fig.2-2a-d is the intermediate step

of this process, but we can also determine it analytically by evaluating the Fourier

transform of the signal 𝑆(r)

𝑆k =

∫︁
𝑑2r𝑒−𝑖k·r𝑆(r). (2.24)

As expected by the convolution theorem the expression factorizes into a product of
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two separate factors

𝑆k =

∫︁
𝑑2r′𝜂(r′)𝑒−𝑖k·r′

∫︁
𝑑2r

𝑒−𝑖k·r+𝑖2𝑞0|r|𝑒−2𝛿|r|

2𝜋|r|
, (2.25)

where the first factor is nothing but the Fourier harmonic of 𝜂(x) and the second factor

is the 𝑟-𝑟′ influence function, simplified by performing a variable change r − r′ → r.

To evaluate the integral over 𝑑2r we first integrate over |r| and then carry out angular

integration using the identity

∫︁ 2𝜋

0

𝑑𝜃
1

𝑎+ 𝑏 cos 𝜃
=

2𝜋√
𝑎2 − 𝑏2

. (2.26)

After substituting 𝑎 = 𝑘, 𝑏 = 2𝑘0 + 2𝛿𝑖 this gives Eq. (2.4) of the main text.

2.10.2 Behavior of the intraband and interband polarization

functions

Here we discuss the behavior of the intraband and interband polarization functions

Π1(𝜔,q) and Π2(𝜔,q) of the toy model, defined in Eqs.(2.13),(2.14) of the main text.

In particular, we estimate the coefficients 𝜆1 and 𝜆2 describing the small-𝑞 behavior

of Π1 and Π2, defined in the paragraph beneath Eq.(2.15). We are mostly interested

in high frequency values 𝜔 > 2𝑊 describing the intrinsically undamped regime.

We start with the quantity 𝜆2 describing the contribution of intraband transitions.

At small 𝑞, the interband coherence factor from Eq. (2.12) is non-negligible only in

proximity of the points 𝐾 and 𝐾 ′. Near these points a linear dispersion 𝐸𝑠,k = 𝑠𝑣𝐹𝑘,

with 𝑠 = ±1, is a good approximation for the bandstructure. In that limit, the small-𝑞

interband coherence band factor from Eq. (2.14) becomes

𝐹 𝑠=−𝑠′

k+q,k ≈ 1

4
(q · ∇k𝜙k)2 ≈ 1

4

𝑞2

𝑘2
sin2 𝜃, (2.27)
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where 𝜃 is the angle between k and q. The quantity Π2(𝜔,q) is therefore given by:

Π2(𝜔,q) = −8𝑞2

𝜔2

∑︁
k,𝑠

𝑓𝑠,k𝑠𝑣𝐹𝑘
sin2 𝜃

𝑘2
. (2.28)

In the above we used the linear dispersion approximation 𝐸𝑠,k = 𝑠𝑣𝐹𝑘 for the whole

band and accounted for the 𝐾 and 𝐾 ′ points through an additional factor of 2. This

gives

Π2(𝜔,q) ≈ −2𝐸𝐹

𝜋

𝑞2

𝜔2
+

2𝑊

𝜋

𝑞2

𝜔2
=

2

𝜋
(𝑊 − 𝐸𝐹 )

𝑞2

𝜔2
, (2.29)

with the first and second terms originating from the conduction band and the valence

band respectively. This gives

𝜆2 = 2(𝑊 − 𝐸𝐹 )/𝜋, (2.30)

which takes positive values since −𝑊 < 𝐸𝐹 < 𝑊 .

Next, we proceed to estimate the 𝜆1. Without loss of generality, we place the

Fermi energy in the conduction band. In this case, the interband contribution to the

polarization function is non-vanishing only in the conduction band. This can be seen

by going back to the Eq. (2.11), which for 𝑠 = 𝑠′ = −1 and small 𝑞 vanishes:

Π1(𝜔,q) ≈ − 8

𝜔2

∑︁
k

𝑓−1,k(𝐸−1,k − 𝐸−1,k+q) (2.31)

= − 8

𝜔2

∑︁
k

(𝐸−1,k − 𝐸−1,k+q) = 0, (2.32)

since 𝑓−1,k = 1 for all k in the valence band. It is therefore sufficient to focus on

the contribution of the partially filled (conduction) band. To be consistent with the

𝜆2 analysis above we replace the dispersion energy as 𝐸1,k = 𝑣𝐹𝑘. The intraband

contribution to the polarization function Π1(𝜔,q) is then

Π1(𝜔,q) ≈ 8𝑞2

𝜔2

∑︁
k

𝑓1,k𝑣𝐹
sin2 𝜃

𝑘
=

2

𝜋
𝐸𝐹

𝑞2

𝜔2
, (2.33)
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giving

𝜆1 = 2𝐸𝐹/𝜋. (2.34)

As argued in the main text [see discussion below Eq. (2.15)], this result remains

unchanged for frequencies 𝜔 < 2𝐸𝐹 and, therefore,

𝛽0 = 4𝛼𝑣𝐹𝐸𝐹 . (2.35)

Going back to the 𝜔 > 2𝑊 regime, and using 𝜆1 and 𝜆2 derived above, gives the

square-root plasmon dispersion 𝜔p =
√
𝛽𝑞 with

𝛽 =
2𝜋𝑒2

𝜅
(𝜆1 + 𝜆2) = 4𝛼𝑣𝐹𝑊. (2.36)

Therefore, at small 𝜔 < 2𝐸𝐹 the dispersion behaves as 𝜔p = 2
√
𝛼𝑣𝐹𝐸𝐹 𝑞, becoming

enhanced at high energies 𝜔 > 2𝑊 , 𝜔p = 2
√
𝛼𝑣𝐹𝑊𝑞 by a factor

√︀
𝑊/𝐸𝐹 .

To complete the analysis of the polarization function behavior, now we focus on

frequencies in the region 2𝐸𝐹 < 𝜔 < 2𝑊 . Working again in the small-𝑞 limit we find

that, as pointed out earlier, only the interband contribution to the polarization func-

tion Π2(𝜔,q) develops an imaginary part, whereas the intraband polarization function

Π1(𝜔,q) is real-valued, given by the (2.33). To determine the form of Π2(𝜔,q) in the

interband p-h continuum energy range, we approximate the coherence factor as in

Eq.(2.27) to obtain

Π2(𝜔,q) ≈ 8
∑︁
k,𝑠

𝑓𝑠,k
𝑠𝑣𝐹𝑘

4𝑣2𝐹𝑘
2 − (𝜔 + 𝑖0)2

× 𝑞2

𝑘2
sin2 𝜃. (2.37)

Here we used the linear approximation to the energy dispersion 𝐸𝑠,k = 𝑠𝑣𝐹𝑘, account-

ing for the fact that, because of the behavior of the coherence factors, only the states

near the Dirac point contribute to Π2. As always, we account for the 𝐾 and 𝐾 ′ points

by an additional factor of 2. After carrying out integration over 𝑑2𝑘 we arrive at:

Π2(𝜔,q) ≈ −𝑖2𝑞
2

𝜔
Θ(𝜔 − 2𝐸𝐹 )Θ(𝜔 − 2𝑊 ). (2.38)
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Here Θ(𝑥) is the Heaviside function, which ensures that the imaginary part is non-zero

only in the particle-hole continuum region 2𝐸𝐹 < 𝜔 < 2𝑊 . The dielectric function

in this region is therefore

𝜀(𝜔,q) = 1 − 𝛽0
𝑞

𝜔2
+ 𝑖

𝛽0𝜋

𝐸𝐹

𝑞

𝜔
, (2.39)

which shows that the collective mode 𝜔p in the 2𝐸𝐹 < 𝜔p < 2𝑊 region has a damped

square-root dispersion

𝜔p ≈
√︀
𝛽0𝑞 − 𝑖

𝜋𝛽0
2𝐸𝐹

𝑞. (2.40)

The imaginary part, which scales linearly with 𝑞, describes damping due to particle-

hole pair production.

We finish the discussion of the collective modes by comparing the analytically

predicted dispersion with the numerical result in Fig.2-1a. While the simulated dis-

persion closely follows the square-root dependence 𝜔p ∝ √
𝑞, the agreement between

the simulation and 𝜔p =
√︀
𝛽𝑞𝑞 dispersion is drastically improved if the two first terms

𝛽0 and 𝛽1 from the series expansion in Eq. (2.15) are used for a fitting. Although the

terms 𝛽0 and 𝛽1 could in principle be computed by carrying out an expansion of the

polarization function in Eq. (2.11) in powers of 𝑞 and then evaluating the resulting

integrals numerically, we instead treat 𝛽0 and 𝛽1 as free parameters and fit them to

the simulated dispersion. This approach yields values

𝛽0 = 0.96 × 103 meV2 nm,

𝛽1 = −103 meV2 nm2. (2.41)

The best-fit 𝛽0 value is close to 𝛽0 = 4𝛼𝑣𝐹𝐸𝐹 ≈ 0.86 × 103 meV2 nm predicted

from (2.35). We also see that, since 𝛽1 is negative, the plasmon dispersion is indeed

softened by interband polarization, in agreement with the argument given in the main

text [see Eq. (14)].
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2.10.3 Twisted bilayer graphene - details of the model

Here we describe in detail the model for twisted bilayer graphene (TBG) bandstruc-

ture used in the main text. We use the effective continuum Hamiltonian introduced

in Ref.[60], adopting notations and numerical values used in Ref.[60].

The continuum approach is made possible by the small values of the twist angle

𝜃 by which the two graphene layers in TBG are rotated relative to one another. We

start by taking two AA-stacked graphene layers and rotating the layer 1 and the

layer 2 around the B-sites by −𝜃/2 and 𝜃/2 respectively. For the “magic” value of

𝜃 = 1.05∘, the moiré real-space lattice constant is 𝐿𝑀 = 𝑎/2 sin(𝜃/2) ≈ 13.4 nm. This

is two orders of magnitudes greater than the graphene’s lattice constant 𝑎 = 0.246

nm, justifying the use of the continuum approach.

In momentum space this real-space rotation translates into two graphene Brillioun

zones rotated by angle 𝜃 relative to each other. Both BZs are centered at the same Γ

point but the 𝐾 (and 𝐾 ′) points of the two layers are separated by a small momentum

4𝜋/(3𝐿𝑀). As the moiré periodicity 𝐿𝑀 is much greater than the lattice constant 𝑎,

we can ignore the intervalley mixing between the two valleys 𝐾 and 𝐾 ′ of the original

graphene layers - here labeled by 𝜉 = −1, 1. The total Hamiltonian of the system

becomes therefore block diagonal in the valley index. The blocks 𝐻(𝜉) describing each

of the two valleys take the form

𝐻(𝜉) =

⎛⎝𝐻1 𝑈 †

𝑈 𝐻2

⎞⎠ (2.42)

in the basis of (𝐴1, 𝐵1, 𝐴2, 𝐵2) sites. The matrices 𝐻𝑙 (𝑙 = 1, 2) correspond to the

intralayer Hamiltonians of the layers. The latter, due to the lengthscale separation

between 𝐿𝑀 and 𝑎, can be approximated by performing the standard 𝑘𝑝 expansion

around the points 𝐾 and 𝐾 ′.

This procedure gives 2 × 2 Dirac Hamiltonians centered at the K
(𝑙)
𝜉 points

𝐻𝑙 = −~𝑣
[︁
𝑅 (±𝜃/2) (k−K

(𝑙)
𝜉 )
]︁
· (𝜉𝜎𝑥, 𝜎𝑦) , (2.43)
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where k is a momentum in the BZ of the original graphene layers, and 𝑅 (𝜙) is the

2 × 2 rotation matrix

𝑅 (𝜙) =

⎛⎝cos𝜙 − sin𝜙

sin𝜙 cos𝜙

⎞⎠ (2.44)

that accounts for rotation of the BZ of the original graphene layers. The signs ± in

(2.43) correspond to the layers 𝑙 = 1 and 2, respectively.

The energy scale for the Hamiltonians 𝐻𝑙 is ~𝑣/𝑎 = 2.1354 eV. The vectors K
(𝑙)
1 ,

K
(𝑙)
−1, which denote the Dirac points 𝐾 and 𝐾 ′ of the layers, are given by

K
(1)
𝜉 = −𝜉 4𝜋

3𝑎
𝑅 (−𝜃/2)

⎛⎝1

0

⎞⎠ , K
(2)
𝜉 = −𝜉 4𝜋

3𝑎
𝑅 (𝜃/2)

⎛⎝1

0

⎞⎠ , (2.45)

respectively. We stress that, while k alone has length close to ∼ 4𝜋/3𝑎, the difference

k−K
(𝑙)
𝜉 is small, since k is always located near the vicinity of the K

(𝑙)
𝜉 points. This

makes the linear expansion from (2.43) a well defined approximation.

More quantitatively, the expressions in (2.43), found by Taylor expanding the

graphene tight-binding Hamiltonian, are valid for momenta close enough to the Dirac

points of the two layers, |k −K
(𝑙)
𝜉 |𝑎 ≪ 1. For 𝜃 ≪ 1 this condition is obeyed in the

entire mini Brillouin zones of the TBG superlattice.

In the analysis below the moiré superlattice BZ is defined as in the inset of Fig.2-3,

with the two reciprocal lattice vectors

G𝑀
1 = − 2𝜋√

3𝐿𝑀

⎛⎝ 1
√

3

⎞⎠ , G𝑀
2 =

4𝜋√
3𝐿𝑀

⎛⎝1

0

⎞⎠ . (2.46)

We denote the reciprocal lattice vector length as 𝐺𝑀 = |G𝑀
1 | = |G𝑀

2 | = 4𝜋/
√

3𝐿𝑀 .
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Matrix 𝑈 is the effective moiré interlayer coupling given by:

𝑈 =

⎛⎝𝑢 𝑢′

𝑢′ 𝑢

⎞⎠+

⎛⎝ 𝑢 𝑢′𝜈−𝜉

𝑢′𝜈𝜉 𝑢

⎞⎠ 𝑒𝑖𝜉G
𝑀
1 ·r+

+

⎛⎝ 𝑢 𝑢′𝜈𝜉

𝑢′𝜈−𝜉 𝑢

⎞⎠ 𝑒𝑖𝜉(G
𝑀
1 +G𝑀

2 )·r, (2.47)

where we introduced a notation for the phase factor 𝜈 = 𝑒𝑖2𝜋/3. The interlayer cou-

plings 𝑢 and 𝑢′ are taken as 𝑢 = 0.0797 eV and 𝑢′ = 0.0975 eV to match values in

Ref.[60].

To determine the energy bands and the eigenstates we take the Bloch wavefunction

ansatz for a valley 𝜉 as

Ψ𝑋
𝜉,𝑛,k(r) =

∑︁
G

𝐶𝑋
𝜉,𝑛,k(G)𝑒𝑖(k+G)·r (2.48)

with 𝑋 labeling the spinor components 𝑋 = 𝐴1, 𝐵1, 𝐴2, 𝐵2. The band index,

labeled by 𝑛 and k, is the Bloch wave vector in the BZ of the original graphene

layers. Here G runs over all possible integer combinations of the reciprocal lattice

vectors, G = 𝑚1G
𝑀
1 + 𝑚2G

𝑀
2 with integer 𝑚1 and 𝑚2. As discussed in Ref.[60],

the low-energy states are expected to be dominated by states near the original Dirac

points. We therefore take only not-too-large indices 𝑚1 and 𝑚2 that satisfy the

condition

|k + G−M𝜉| ≤ 𝑧𝐺𝑀 , (2.49)

where 𝑧 is a conveniently chosen number of order one [Ref.[60] uses 𝑧 = 4], and M𝜉

are the “mean” Dirac point locations

M𝜉 =
1

2

(︁
K

(1)
𝜉 + K

(2)
𝜉

)︁
= −4𝜋

3𝑎
𝜉 cos(𝜃/2)

⎛⎝1

0

⎞⎠ , (2.50)

given by the midpoint between the 𝐾 (or 𝐾 ′) points of the two layers.
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2.10.4 Electron loss function for the TBG bandstructure

Fig.2-4 details the behavior of the electron loss function for TBG, depicted in Fig.2-3

of the main text. Panels a and b show constant-momentum q linecuts of the real and

imaginary parts of the dielectric function 𝜀(𝜔,q). The finite width of the plasmon

resonance in the loss function in Fig.2-4c is due to the infinitesimal imaginary part

of 𝜔+ 𝑖0 in the polarization function in Eq. (8) replaced with 𝜔+ 𝑖𝛾, with a suitably

chosen small 𝛾 introduced for illustration purposes.

Strong electron-electron interactions in the narrow electron bands lead to large

dielectric function values, as can be seen in Fig.2-4. For energies ~𝜔 < 2𝑊 the dielec-

tric function imaginary and real parts take values a few orders of magnitude higher

than those of graphene monolayer. The origin of these large values can be traced

to the high effective fine structure constant (or, equivalently, low Fermi velocity) in

the flat electron bands, as discussed in the main text. To see this in more detail, we

recall the Thomas-Fermi expression for the long-wavelength static dielectric function

of graphene[33]

𝜀(𝜔 = 0,q → 0) = 1 + 𝑞𝑇𝐹/𝑞 (2.51)

with the Thomas-Fermi momentum 𝑞𝑇𝐹 = 𝑁𝛼𝑘𝐹 , where 𝑁 is the degeneracy factor

𝑁 = 8 (2 spins, 2 layers, 2 valleys). For illustration purposes, taking a fine structure

constant 𝛼 ∼ 30 and Fermi momentum 𝑘𝐹 ∼ 𝐾, for the momentum 𝑞 ∼ 𝐾/2 (red

line in the Fig.2-4) (2.51) predicts a dielectric function value 𝜀 ∼ 480, which is in

good agreement with the simulation results. Above ~𝜔 > 2𝑊 the dielectric function

rapidly decreases until ~𝜔 > 20 meV where the contributions of higher electron bands

start to dominate.

At these energies, plasmon dispersion is strongly affected by the presence of higher

electron bands. At small 𝑞 plasmon dispersion is predominantly due to intraband

transitions, and is thus insensitive to other electron bands. At large 𝑞 the situation

changes. In the absence of higher electron bands the zeros of the dielectric function

would occur at much larger energy scales ~𝜔p ∼ 40 meV. However, as argued in Eq.
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19 in the main text, higher electron bands push plasmon dispersion down with the

large-𝑞 zeros of the dielectric function on the order ~𝜔p ≈
√
𝑊∆ ≈ 6.6 meV. Here 𝑊

is the flat-band bandwidth and ∆ is the band gap as defined in the main text. The

independence of this value of 𝛼 is the behavior to be expected for large enough 𝛼,

such that plasmon dispersion extends above the p-h continuum. The independence

of 𝜔p of 𝛼 at 𝛼 ≫ 1 is a characteristic feature of interband plasmons.

Lastly, we note that our simulation is expected to be accurate only for q inside the

TBG Brillouin zone. When q approaches zone boundary it is necessary to consider

local field effects[71, 72]. Although these effects are often small, they require careful

examination and thus will be a subject of a future work.
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Figure 2-4: Imaginary (a) and real (b) parts of the TBG’s dielectric function 𝜀(𝜔,q)
for several momenta values marked by the colored lines in the inset of (a). The zoom-
in in panel (b) shows the positions of plasmon resonances found from 𝜀(𝜔,q) = 0. The
inset in (a) is a replica of the loss function shown in Fig. 2-3; higher-resolution linecuts
at the selected momenta are presented in (c). The curves in (a-c) were smoothed with
an equal-weighted moving filter.

73



Chapter 3

Robustness of the stiff dispersion in

the presence of ordering

3.1 Introduction

Twisted bilayer graphene (TBG), and in general the family of moiré materials, have

emerged as an ideal platform for exploring strongly interacting physics: same sam-

ple can display a record-low density superconductivity[14, 15], a Mott insulating

regime[13, 56] or even an interaction-driven ferromagnetic behavior[57, 58]. In this

Chapter we focus on the microscopic origins of the over-the-band modes introduced

in the previous section. These modes pierce through the particle-hole continuum to

emerge inside the energy gap between electron bands and become decoupled from

the spectrum of electronic excitations. Such behavior is much unlike that seen in

conventional materials, where plasmon’s dispersion at large momenta ultimately ends

inside the continuum[32, 34, 33, 53], which therefore raises multiple questions about

the robustness of these over-the-band plasmon modes.

To answer these questions, we consider collective modes inside a correlated Hub-

bard insulator[4] and a 2D Wigner solid[79]. We find that over-the-band plasmons

exist irrespective of the nature of the correlated state. This is best exemplified by the

Fig.3.1 which shows a plasmon mode (bright red feature) inside an insulating regime

where the gap at the Fermi level (see the inset) is opened by interactions which drive
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the system towards an ordered state. While the behavior of the over-the-band modes

at small momenta depends on the nature of the correlated state, for example whether

the system is metallic or insulating, the large momentum behavior turns out to be

robust with only the subtle details of the plasmon dispersion being sensitive to the

underlying properties of the low-energy electronic excitations.

Surprisingly, the presence of the ordered state in fact helps to elucidate the mi-

croscopic mechanisms behind the over-the-band behavior rather than to obfuscate

them. Specifically, in the correlated insulator regime the only electronic transitions

that contribute to the behavior seen in Fig.3.1 originate from interband terms. These

interband transitions, schematically depicted as blue arrows in the inset of Fig.3.1,

can be thought of as strongly-coupled particle-hole excitations. Indeed, this is the

same mechanism that is behind the over-the-band behavior of collective modes which

we will identify in the 2D Wigner solid. In there, the over-the-band collective exci-

tations correspond to longitudinal oscillations of electron-hole pairs strongly coupled

by long-range dipole forces. This turns out to be precisely the reason for the strong

dispersive character of the over-the-band modes.

3.2 Collective modes in a correlated Hubbard insu-

lator

3.2.1 Introduction of the toy-model

We begin by analysing collective modes in a correlated Hubbard insulator. We model

the TBG electron system as a narrow tight-binding band with an on-site Hubbard

interaction

𝐻 =
∑︁
⟨𝑖𝑖′⟩

∑︁
𝜎

𝑡𝑎†𝑖𝜎𝑎𝑖′𝜎 +
∑︁
𝑖

∑︁
𝜎 ̸=𝜎′

𝑈𝑛𝑖𝜎𝑛𝑖𝜎′ , (3.1)

with the interaction strength 𝑈 and hopping 𝑡 chosen to mimick the behavior of

electrons in TBG narrow bands as discussed below. In general, the spin variables
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Figure 3-1: Electron loss function Im (−1/𝜀(𝜔,q)) for a narrow-band toy model of a
correlated Hubbard insulator. Interactions lead to a gap opening (see inset) at a Fermi
level 𝜇. Parameter values are chosen to mimic TBG bands (bandwidth 𝑊 = 3.75
meV, lattice periodicity 𝐿𝑀 = 13.4 nm, Fermi energy is placed inside the gap at 𝜇 = 0
meV); log scale is used to clarify the relation between different features.

𝜎 should account for both spin and valley degrees of freedom. Here, for illustration

purposes, we suppress the valley degrees of freedom, taking spin variables to be 𝜎 =↑

, ↓. In which case the interaction term takes the usual Hubbard form
∑︀

𝑖 𝑈𝑛𝑖↑𝑛𝑖↓.

This suppression of valley degree of freedom will indirectly lead to a gap opening

at a charge neutrality point of the electronic system instead of the expected TBG

fillings[13, 56]. Here we use this model as a simple framework to describe order

in correlated Hubbard insulator. For simplicity, we will treat hopping as nearest

neighbor and take the lattice to be bipartite, with all lattice sites equivalent and, in

the absence of the order, having equal on-site energies. In this case, the ordered state

can be described by site occupancies that differ on the even and odd sublattices:

𝑛̄𝑖↑ =

⎧⎪⎨⎪⎩𝑛̄, even sites

𝑛̄′, odd sites

, 𝑛̄𝑖↓ =

⎧⎪⎨⎪⎩𝑛̄
′, even sites

𝑛̄, odd sites

(3.2)
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The difference in the energies between the even and odd sites for one spin polarization

represents an order parameter, arising spontaneously in the ordered state

∆ = 𝑢− 𝑢′, 𝑢 = 𝑈𝑛𝑖↑ = 𝑈𝑛𝑖′↓, 𝑢
′ = 𝑈𝑛𝑖′↑ = 𝑈𝑛𝑖↓ (3.3)

(here 𝑖 and 𝑖′ label the even and odd sublattice sites). The quantity ∆ also represents

the energy gap in the ordered state.

3.2.2 Mean-field description of a correlated insulator

To describe the ordered state and to estimate ∆, we develop a mean field approxima-

tion. This is done in a standard way by writing

𝑛𝑖𝜎 = 𝑛̄𝑖𝜎 + 𝛿𝑛𝑖𝜎. (3.4)

Plugging this expression in the Hubbard interaction we expand it in fluctuations

about the mean-field state:

∑︁
𝑖

𝑈𝑛𝑖↑𝑛𝑖↓ =
∑︁
𝑖

𝑈(𝑛̄𝑖↑ + 𝛿𝑛𝑖↑)(𝑛̄𝑖↓ + 𝛿𝑛𝑖↓)

=
∑︁
𝑖

𝑈𝑛̄𝑖↑𝑛̄𝑖↓ + 𝑈𝛿𝑛𝑖↑𝑛̄𝑖↓ + 𝑈𝑛̄𝑖↑𝛿𝑛𝑖↓ +𝑂(𝛿𝑛2)

≈
∑︁
𝑖

𝑈𝑛̄𝑖↓𝑎
†
𝑖↑𝑎𝑖↑ + 𝑈𝑛̄𝑖↑𝑎

†
𝑖↓𝑎𝑖↓ − 𝑈𝑛̄𝑖↑𝑛̄𝑖↓ (3.5)

where in the last line we used the relations

𝛿𝑛𝑖↑ = 𝑎†𝑖↑𝑎𝑖↑ − 𝑛̄𝑖↑, 𝛿𝑛𝑖↓ = 𝑎†𝑖↓𝑎𝑖↓ − 𝑛̄𝑖↓. (3.6)

Replacing the Hubbard interaction in Eq. (3.1) with the above expression yields a

quadratic Hamiltonian that can be diagonalized and used to construct mean-field

ordered states.

Namely, introducing local energies for the up and down spins, which take values

𝑢 and 𝑢′ on the two sublattices, as given in Eq.(3.3), we arrive at the Hamiltonians
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for the spin-up and spin-down Bloch states:

𝐻 =
∑︁
𝜎

⎛⎝∑︁
⟨𝑖𝑖′⟩

𝑡𝑎†𝑖𝜎𝑎𝑖′𝜎 +
∑︁
𝑖

𝑢𝑖𝑎
†
𝑖𝜎𝑎𝑖𝜎

⎞⎠ (3.7)

Single-particle energies and eigenstates can now be described by 2 × 2 Bloch Hamil-

tonians for the bipartite lattice

𝐻↑ =

⎛⎝ 𝑢 𝑓(𝑘)

𝑓(𝑘)* 𝑢′

⎞⎠ , 𝐻↓ =

⎛⎝ 𝑢′ 𝑓(𝑘)

𝑓(𝑘)* 𝑢

⎞⎠ , (3.8)

where we introduced notation 𝑓(𝑘) =
∑︀

𝑗 𝑡𝑒
𝑖ka𝑗 (here 𝑗 labels vectors pointing from a

given site to nearest-neighbor sites). We will use unprimed and primed variables to

label the quantities associated with each of the two sublattices. Diagonalizing these

matrices yields two Bloch bands:

𝜀𝜆(𝑘) =
𝑢+ 𝑢′

2
+ 𝜆
√︀
𝛿𝑢2 + |𝑓(𝑘)|2, 𝜆 = ±1, (3.9)

where 𝛿𝑢 = (𝑢 − 𝑢′)/2 and the plus/minus sign labels the conduction and valence

bands.

3.2.3 Dependence of the order parameter on chemical poten-

tial

The parameter 𝛿𝑢 controls the gap between the two bands, ∆ = 2𝛿𝑢, and although

it appears as a parameter in the toy-model Hamiltonian Eq.(3.8), its value has to be

determined self-consistently at every filling density 𝑛. The equation which defines 𝛿𝑢,

Eq.(3.3), using the eigenstates and eigenvalues of the hamiltonian 𝐻, takes the form

1

𝑈
=
∑︁
𝑘

𝑛+(𝑘) − 𝑛−(𝑘)√︀
𝛿𝑢2 + |𝑓(𝑘)|2

, (3.10)
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Figure 3-2: (a) Contour plots of the right-hand side of the Eq.(3.10) which constant
value lines equal to 1/𝑈 yield the dependence of 𝛿𝑢 on chemical potential. (b) Ex-
ample dependence of the order parameter 𝛿𝑢 on chemical potential 𝜇 that enters as
a parameter in the Hamiltonian Eq.(3.8).

where 𝑛±(𝑘) corresponds to an Fermi-Dirac distribution function evaluated with either

the conduction (+) or valence (−) band dispersion from Eq.(3.9). In what follows we
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solve this integral equation self-consistently, see Fig.3.2.2, to yield a dependence of 𝛿𝑢

as a function of filling 𝑛 (or chemical potential 𝜇) which is then used for the analysis

of collective modes. As expected from an order parameter, 𝛿𝑢 vanishes everywhere

away from the critical filling but at the critical filling it becomes non-zero.

3.2.4 Relation of the toy-model to TBG’s bandstructure

Next, we discuss the bandstructure details of the model used in the above analysis.

We use a hexagonal-lattice tight binding model which possesses the same symmetry

and the same number of subbands as the flat bands in TBG. We match the energy

and length scales by choosing the width of a single band 𝑊 and the hexagonal lattice

period 𝐿𝑀 identical to the parameters in TBG: 𝑊 = 3.75 meV and 𝐿𝑀 = 𝑎/2 sin(𝜃/2)

is the moiré superlattice periodicity. For the magic angle value 𝜃 = 1.05∘, using carbon

spacing 𝑎 = 0.246 nm, this gives 𝐿𝑀 = 13.4 nm. The hopping element 𝑡 and nearest

neighbours a𝑗 in the function 𝑓(𝑘) in the above Hamiltonian are therefore equal to

𝑡 = 𝑊/3 and a𝑗 = (cos(2𝜋𝑗/3), sin(2𝜋𝑗/3))𝐿𝑀/
√

3, 𝑗 = 0, 1, 2. The tight-binding

model used here is precisely the same one that was employed in the Chapter 2 when

discussing the kinematic origins of the over-the-band modes.

3.2.5 Determination of collective modes

We proceed now to find plasmon excitations of this electronic system. Dispersion of

collective excitations is given by the nodes of the dynamical dielectric function

𝜀(𝜔,q) = 1 − 𝑉 (q)Π(𝜔,q) . (3.11)

Here 𝑉q = 2𝜋𝑒2/𝜅𝑞 is the Coulomb interaction in a medium with a background di-

electric constant 𝜅 and Π(𝜔,q) is the electron polarization function. We approximate

the polarization function with the RPA expression[4]

Π(𝜔,q) = 2
∑︁
k,𝑠,𝑠′

(𝑓𝑠,k+q − 𝑓𝑠′,k)𝐹 𝑠𝑠′

k+q,k

𝜀𝑠,k+q − 𝜀𝑠′,k − 𝜔 − 𝑖0
. (3.12)
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Here summation
∑︀

k denotes integration over the Brillouin zone (BZ), the composite

indices 𝑠 = (𝜆, 𝜎), 𝑠′ = (𝜆′, 𝜎′) run over the electron bands 𝜆 = ± and spins 𝜎 =↑, ↓.

The additional factor of 2 in front of the summation accounts for the valley degeneracy

of the toy model. Here 𝑓𝑠,k is the Fermi-Dirac equilibrium distribution, and 𝐹 𝑠𝑠′

k+q,k

describes band overlap factors

𝐹 𝑠𝑠′

k+q,k = |⟨Ψ𝑠,k+q|Ψ𝑠′,k⟩|2. (3.13)

To proceed further analytically, we first rewrite (3.12) by performing a standard

replacement k + q → −k in the term containing 𝑓𝑠,k+q followed by −k − q,−k →

k + q,k justified by the k → −k time-reversal symmetry. This gives

Π(𝜔,q) = 4
∑︁
k,𝑠,𝑠′

𝑓𝑠′,k
𝐹 𝑠𝑠′

k,k+q(𝜀𝑠′,k − 𝜀𝑠,k+q)

(𝜀𝑠,k+q − 𝜀𝑠′,k)2 − (𝜔 + 𝑖0)2
. (3.14)

The behavior of this expression at small q, which will be of interest for us, can be

found in a closed form.

To understand the effect correlated state has on the plasmon dispersion, it is

necessary to evaluate the polarization function in both the metallic regime where 𝛿𝑢 =

0, and the correlated regime where 𝛿𝑢 ̸= 0 and the chemical potential is inside the

interaction-driven gap. The sum over the band indices 𝑠, 𝑠′ in the polarization function

from Eq. (3.14) consists of two types of terms: those corresponding to intraband

transitions 𝑠 = 𝑠′, labelled as Π1, and those corresponding to interband transitions

𝑠 = −𝑠′, labelled as Π2. When the system is in a correlated state and the chemical

potential is inside the gap, then the only contribution to the polarization function

comes from interband transitions. In a metallic regime both interband and intraband

transitions contribute to the polarization function with the interband contributions

becoming more relevant the closer chemical potential is to the edge of the other band.

We focus first on the insulating regime as it best demonstrates the physics driving

the behavior of over-the-band plasmons. When the system is correlated the chemical

potential 𝜇 lies inside the gap, c.f. the inset of Fig.3.1 and Fig.3.2.2b. This translates
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to a condition

𝑓(−,𝜎),k = 1 , 𝑓(+,𝜎),k = 0 (3.15)

on the Fermi-Dirac distribution functions which allows us to further simplify the

polarization function from Eq.(3.14). Therefore the polarization function contains

only interband terms which gives an expression

Π(𝜔,q) = 4
∑︁
k,𝜎

𝐹
(−,𝜎)(+,𝜎)
k,k+q (𝜀(−,𝜎),k − 𝜀(+,𝜎),k+q)

(𝜀+,𝜎),k+q − 𝜀(−,𝜎),k)2 − (𝜔 + 𝑖0)2
, (3.16)

where we used the additional simplification that the Bloch wavefunctions for different

spins are orthogonal to each other. The 𝜔 frequency regime relevant for the over-the-

band behavior is that of a plasmon mode extending above the typical energy scale of

electronic excitations. In the strongly interacting system such as the TBG, 𝛿𝑢, can

in principle be as large as the non-interacting system’s bandwidth 𝑊 . For simplicity

of the analysis we can assume however that 𝛿𝑢≪ 𝑊 and verify later on numerically

that the qualitative behavior is not altered outside of this regime. The characteristic

energy of interband transitions is therefore on the scale of the bandwidth 𝑊 . In this

limit the polarization function can therefore be expanded by treating 𝜔 as the largest

energy scale to yield

Π(𝜔,q) ≈ − 4

𝜔2

∑︁
k,𝜎

𝐹
(−,𝜎)(+,𝜎)
k,k+q (𝜀(−,𝜎),k − 𝜀(+,𝜎),k+q). (3.17)

In the narrow-band materials the Fermi momentum 𝑘𝐹 is on the order of the reciprocal

lattice vector and the over-the-band behavior is present at a range of momenta, see

Fig.3.1. We can therefore expand all expression in the long-wavelength limit of 𝑞 ≪

𝑘𝐹 . To leading order in momentum 𝑞 the band overlap factors therefore become

𝐹
(−,𝜎)(+,𝜎)
k,k+q ≈ 1

4
sin2 𝜃

𝑞2

𝑘2
+

1

4

𝛿𝑢2

𝑣2𝐹𝑘
2

cos 2𝜃
𝑞2

𝑘2
(3.18)

where we approximated the non-interacting tight binding |𝑓(𝑘)|2 = 𝑣2𝐹𝑘
2 as a Dirac

cone and introduced an angle 𝜃 between k and q. We see that in the limit of 𝛿𝑢→ 0
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it reduces to the massless graphene result. The energy difference to leading order in

𝑞 becomes

𝜀(−1,𝜎),k − 𝜀(1,𝜎),k+q ≈ −2
√︁
𝛿𝑢2 + 𝑣2𝐹𝑘

2 . (3.19)

which when compined with the expression for the band overlap factors gives a polar-

ization function

Π2(𝜔,q) ≈ 2

𝜋
𝑊
𝑞2

𝜔2
− 2

𝜋

𝛿𝑢2

𝑊

𝑞2

𝜔2
. (3.20)

The above polarisation function translates to a plasmon dispersion

𝜔𝑝 ≈

√︃
4𝛼𝑊

(︂
1 − 𝛿𝑢2

𝑊 2

)︂
𝑣𝐹 𝑞 for 𝜔𝑝 ≫ 𝑊 (3.21)

which shows that the contribution of the Mott gap 𝛿𝑢 is to soften the plasmon dis-

persion. This behavior is to be expected as a gap between bands, here the Mott

gap 𝛿𝑢, reduces the Bloch wavefunction overlap. Most crucially however, as we will

see later, presence of a correlated state also makes the dispersion independent of the

chemical potential. The latter observation is to be expected as the chemical potential

is inside the Mott gap and hence plasmons simply originate from transitions from a

fully filled to a fully empty band. These interband plasmons are precisely the source

of the over-the-band behavior seen in Fig.3.1.

We now focus on the other limit of 𝛿𝑢 = 0 which translates to a normal system

in the absence of the correlated state. The polarization function for such a system

consists now of two terms that account for interband and intraband transitions. The

polarization function due to intraband transitions has the simple form of[4]

Π1(𝜔,q) ≈ 𝑛

𝑚

𝑞2

𝜔2
≈ 2

𝜋
𝐸𝐹

𝑞2

𝜔2
, (3.22)

where 𝑛 is the charge density that gives rise to intraband plasmons and 𝑚 = 𝑘𝐹/𝑣𝐹

is the electron mass. The charge density 𝑛 denotes the concentration of the minority

carriers in a band, either electrons or holes, as a fully empty or a fully filled band
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does not give rise to longitudinal charge oscillations. We denote the chemical potential

corresponding to the van Hove critical point (for both positive and negative filling)

as 𝜇𝑉 𝐻 (see Fig.3-3a) to give

𝐸𝐹 =

⎧⎨⎩ |𝜇| for |𝜇| < |𝜇𝑉 𝐻 | ,

𝑊 − |𝜇| for |𝜇| > |𝜇𝑉 𝐻 | ,

for the parameter 𝐸𝐹 dependence.

As argued above the microscopic origins behind the over-the-band modes stem

from interband transitions. What controls the scale of these transitions is the Bloch

wavefunction overlap Eq.(3.13), which is suppressed far from the bandstructure edges.

As the chemical potential comes closer to the edge of the bandstructure near 𝜇 = 0,

the impact of the interband transitions on the polarization function becomes maximal.

An expression that captures this behavior can be derived as

Π2(𝜔,q) ≈ 2

𝜋
(𝑊 − |𝜇|) 𝑞

2

𝜔2
. (3.23)

Note how the Eq.(3.20) can be obtained from Eq.(3.23) by setting 𝛿𝑢 = 0 and placing

the chemical potential 𝜇 = 0 at the band crossing point.

Stiffness of the plasmon dispersion carriers information about the underlying elec-

tron transitions that give rise to the collective modes. Far from the other bandstruc-

ture edge, shaded blue region in the Fig.3-3a, for |𝜇| > |𝜇𝑉 𝐻 |, we expect the total

polarization function to be dependent on the chemical potential 𝜇. Near the band-

structure crossing, shaded yellow region in the Fig.3-3a, for |𝜇| < |𝜇𝑉 𝐻 | we expect

interband and intraband contributions to the polarization function to combine and,

due to the form of Eq.(3.22) and Eq.(3.23), to lead to a cancellation of the dependence

on the chemical potential. Plasmon dispersion 𝜔𝑝 therefore should follow, in a system

without a Mott gap,

𝜔𝑝(q) =

⎧⎨⎩
√︀

8𝛼(𝑊 − |𝜇|)𝑣𝐹 𝑞 for |𝜇| > |𝜇𝑉 𝐻 | ,
√

4𝛼𝑊𝑣𝐹 𝑞 for |𝜇| < |𝜇𝑉 𝐻 | .
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Figure 3-3: (a) Bandstructure of a normal system and its van-Hove singularity (𝜇𝑉 𝐻).
The color shaded regions correspondong to chemical dependent or independent stiff-
ness 𝛽, Eq.(3.2.5). (b) A bandstructure in a correlated state. A Mott gap opens
a gap in the bandstructure leading to a 𝜇 independent stiffness 𝛽. (c) Dependence
of stiffness 𝛽 on chemical potential in a normal system, with (red line) and without
(yellow line) interband transitions, and in a correlated regime (blue line). Interband
transitions are behind the saturating over-the-roof behavior of plasmons in TBG.
Both normal and correlated system’s plasmon stiffness has regions of 𝜇-independent
plasmon stiffness (see main text).

This independence of the plasmon stiffness 𝛽, defined as 𝜔𝑝 = 𝛽
√
𝑞, on the chemical

potential is a hallmark behavior of interband plasmons that are behind the over-the-

band modes. This contribution of interband transitions to the plasmon stiffness 𝛽 in

a normal system is shown in Fig.3-3c where we plot a stiffness due to both interband

and intraband transitions (red line) and due to only intraband transitions (yellow
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line). As expected from Eq.(3.22) plasmon stiffness vanishes near the bandstructure

edges.

Collective modes in a correlated Hubbard insulator similarly exhibit no depen-

dence on chemical potential in the plasmon stiffness. This is shown as a blue line in

Fig.3-3c. As argued in Eq.(3.21) in a correlated state plasmon dispersion has no de-

pendence on chemical potential just as the mode in the metallic state. Here however

this lack of dependence on chemical potential arises simply because plasmons origi-

nate only from interband transitions as the chemical potential lies inside the gap, the

green shaded region in Fig.3-3b. The effect of the ordered state is to soften plasmon

dispersion as visible on the Fig.3-3c and given by Eq.(3.21).

3.2.6 Local probe of a correlations

The chemical potential-independent plasmon stiffness in both normal and correlated

Hubbard insulator has two different underlying microscopic mechanisms. One occurs

due purely to inter- and intraband transition kinematics while the other is simply a

property of a gap opening. It is however precisely due to the difference in these two

mechanisms, and the fact that under experimental conditions the tunable parameter is

charge density rather than the chemical potential, that the experimental presentation

of this effect would manifest in two qualitatively different ways. In a metallic system

varying chemical potential or charge density is interchangeble. We thus expect the

same behavior, as that seen in Fig.3-3b (red curve), to also occur as a function of

charge density. In a correlated insulator the relation between chemical potential and

filling is more complicated. An interaction-driven insulating behavior which spans a

whole sample occurs only precisely at the integer filling, in this model corresponding

to 𝜇 = 0. Yet, according to the calculation shown in Fig.3.2.2b, a gap can open

far from the 𝜇 = 0 value. This is because as chemical potential is brought closer to

𝜇 = 0, then correlated domains of increasing spatial size are formed giving rise to a

gap opening in that correlated region. Collective modes are therefore sensitive to the

local Hamiltonian, i.e. whether it has a gap or not, provided that the wavelength of

the plasmon is smaller than the correlation length. In a near-field optical microscopy
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measurement[49, 50] a moving tip at various positions of a sample and global chemical

potential could therefore be used as a probe of whether a sample region possesses a

gap for an expected metallic filling - a hallmark behavior of a correlated insulator.

3.3 Collective modes in a Wigner solid

The analysis in the previous section approaches the problem of determining collective

modes from the perspective of nearly-free particles - specifically it approximates the

polarization function with the random phase approximation[4]. To demonstrate va-

lidity of the conclusions of this approach, and in the process gain further insight into

the over-the-band behavior of the two-dimensional plasmon modes, we consider here

the opposite regime: we assume interactions are so strong that the electronic system

becomes a Wigner solid. Plasmons of this system are then the vibrational modes it

admits [84, 85, 86, 87].

3.3.1 Introduction of a model

We model the dynamics of a Wigner solid as a harmonic problem posed for dis-

placements of charges relative to their equilibrium positions, see Fig.3-4a. Charges

displaced from equilibrium positions give rise to electric dipoles that couple to each

other. To that end, we consider harmonic oscillators arranged in a 2D square lattice

𝐿, see Fig.3-4b, with long-range couplings of the form

𝐻 =
∑︁
r

p2
r

2𝑚
+
𝑚𝜔2

0

2
q2
r +

1

2

∑︁
r,r′

𝑊𝑖𝑗(r− r′)𝑞r,𝑖𝑞r′,𝑗,

𝑊𝑖𝑗(x− x′) =
𝜕2

𝜕𝑥𝑖𝜕𝑥′𝑗

𝑒2

|x− x′|
, (3.24)

where r and r′ are lattice points in 𝐿; pr and qr are momenta and displacements

of the oscillators. The quantity 𝑊𝑖𝑗(r − r′) is the dipole interaction between the

oscillators. Since we are interested in the over-the-band behavior of collective modes

which defining feature is that collective mode’s dispersion is much larger than the
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Figure 3-4: (a) Electrons in a strongly-interacting system can form a rigid lattice -
the Wigner solid. Electron oscillations about the equilibrium positions give rise to
electric dipoles that become strongly coupled. Figure taken from Ref.[88]. (b) We
approximate the Wigner solid as a lattice of harmonic oscillators strongly coupled by
dipole-dipole interactions. (c) Dispersion of longitudinal (red) and transverse (white)
collective modes of the Hamiltonian from Eq.(3.26). The stiff mode corresponding to
longitudinal oscillations exhibits the over-the-band behavior see in Fig.3.1.

excitation energy of the underlying particles that comprise it we can assume here an

“Einstein” phonon model - we set all oscillator to have the same frequency 𝜔0. Fourier

transforming the Hamiltonian 𝐻 decouples the modes with different wavevectors,
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giving a sum of 2 × 2 Hamiltonians, one for each k value:

𝐻 =
∑︁
k

1

2𝑚
p−kpk +𝐷𝑖𝑗(k)𝑞−k,𝑖𝑞k,𝑗 (3.25)

𝐷𝑖𝑗(k) =
𝑚𝜔2

0

2
𝛿𝑖𝑗 +

1

𝑢

∑︁
g∈𝐿′

𝑊𝑖𝑗(k + g) −𝑊𝑖𝑗(g) . (3.26)

In the above k are Bloch vectors of the modes, g are vectors in the reciprocal lattice

𝐿′; 𝑢 is the 2D area of the unit cell in the lattice 𝐿 and it is equal to the inverse

density of the oscillators 𝑢 = 𝑎2 = 1/𝑛 with 𝑎 being the lattice 𝐿 periodicity.

3.3.2 Collective modes of the Wigner solid

Diagonalizing the Hamiltonian Eq.(3.26) yields two modes, one soft and one stiff.

These modes are gapped near zero momentum - a consequence of the Einstein model.

At long-wavelengths 𝑘𝑎≪ 1 the stiff mode disperses as

𝜔2 = 𝜔2
0 +

2𝜋𝑛𝑒2

𝑚
𝑘 (3.27)

whereas the soft mode is weakly dispersing, 𝜔(k) ∼ 𝜔0. Both modes are shown in

Fig.3-4c with the stiff mode, indicated as a red line, corresponding to the over-the-

band plasmon of Fig. 3.1 and the weakly dispersing mode, shown as a white region,

mimicking the particle-hole excitation continuum.

The weakly dispersing mode forms a narrow band. Physically, it describes trans-

verse oscillations in which displacements of different oscillators are nearly perpendicu-

lar to the wavevector k (at 𝑘𝑎≪ 1). In this band, displacements of different oscillators

are not coupled by the long-range dipole forces, which explains its weak dispersion

with energy set only by the oscillation frequency of individual harmonic oscillators.

We note that the transverse mode here shows no dependence on the wavevector k

as a consequence of the assumption 𝑘𝑎 ≪ 1 which allows to neglect contribution of

the states coupled by the reciprocal lattice vector g in Eq.(3.26). When this approx-

imation is relaxed, then the transverse mode has a linear, sound-like, dispersion that
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depends on the specifics of the crystalline order [84, 85, 86, 87].

The stiff band, on the other hand, describes longitudinal oscillations in which

displacements of different oscillators are parallel to the wavevector k (at 𝑘𝑎≪ 1). In

this band, unlike the weakly dispersing modes, displacements of different oscillators

are strongly coupled by the long-range dipole forces leading to its strong dispersive

character.

3.3.3 Relation to TBG parameters

To understand the separation of energy scales between the longitudinal and transverse

modes of the Wigner solid, it is necessary to quantify strength of interactions in this

system. A dimensionless quantity which accomplishes just that is a ratio of the dipole

potential energy to the kinetic energy of the dipoles

𝛼̃ =
2𝜋𝑒2

𝑚𝜔2
0𝑎

3
, (3.28)

which conceptually is precisely the same quantity as the effective fine structure con-

stant 𝛼 from the previous section. This analogy between 𝛼 and 𝛼̃ however runs

deeper. We can construct an effective Fermi velocity 𝑣𝐹 and through it define the

“Fermi energy” for this model:

𝑣𝐹 ≈ 𝜔0𝑎 , 𝐸𝐹 ≈ 1

2
𝑚𝑣2𝐹 (3.29)

Finally, as noted before, by realising that in a narrow-band system Fermi momentum

𝑘𝐹 is on the order of the reciprocal lattice spacing 𝑘𝐹 ≈ 𝜋/𝑎 shows that in fact 𝛼̃

and the effective fine structure constant 𝛼 are the same two quantities. This becomes

particularly evident when we rewrite the dispersion of the stiff mode as

𝜔2 = 𝜔2
0 +

2𝜋𝑒2

𝑚𝑎3
𝑘𝑎 = 𝜔2

0 + 𝛼̃𝜔2
0𝑘𝑎

≈ 𝛼̃𝜔0𝑣𝐹𝑘 , 𝛼̃ ≫ 1 (3.30)
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which is precisely of the form discussed in the previous section.

3.3.4 Why does RPA capture the strongly-interacting physics?

Both the collective modes of the Wigner solid, Fig.3-3c, and the plasmons of the

narrow-electron band system obtained through a free-particle approximation, Fig.3.1,

manifest the over-the-band behavior. This surprising conclusion that a method

targeted at a weakly interacting system agrees with results of, essentially, a non-

perturbative analysis of a strongly interacting model can be ultimately traced back

to the microscopic origins of the over-the-band behavior: strongly coupled electron-

hole pairs. In the context of the RPA analysis these can be identified as interband

transitions while in the Wigner solid case they correspond to longitudinal oscillations

of electrons that form an electric dipole. In both cases the system can be described

as a lattice of harmonic oscillators and, therefore, the RPA approximation, that in

its roots relies on a harmonic description of collective electron oscillations[89, 2, 3],

agrees with the harmonic analysis of a Wigner solid from Eq.(3.26).

3.4 Conclusion

Collective oscillations of narrow-band materials exhibit a striking over-the-band be-

havior which decouples them from the spectrum of underlying single-particle exci-

tation energies. The origins of this separation of energy scales can be traced back

to a strong Coulomb coupling of electron-hole pairs in these systems. By analysing

collective modes of an analytically solvable strongly interacting system - a Wigner

solid - we confirmed validity of the conclusions of a free-particle approximation. The

origins of this surprising agreement rely on the accuracy of the harmonic description

of collective excitations inherent in the RPA approach.

While the over-the-band behavior is a universal feature present in all narrow-band

materials, the subtle details of the dispersion of the collective modes are dependent

on the nature of the correlated state. Correlated behavior leading to an interaction-

driven band gap opening softens the dispersion of collective modes. This softening of
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the dispersion as a function of a filling number (or a local chemical potential) can be

used in near-field optical microscopy measurements as a local probe of a correlated

state.
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Chapter 4

Plasmonic nonreciprocity driven by

band hybridization in moiré materials

4.1 Introduction

Time-reversal symmetry (TRS) breaking leads to the emergence of unidirectional

modes, such as the chiral edge states of the quantum Hall effect [90, 91, 92], the

quantum anomalous Hall effect [93, 94, 95, 96, 97], or the topological photonic crystals

[98, 99, 100, 101, 102]. However, such modes, while holding exceptional promise for

development of new devices, often require specific experimental conditions, such as

strong magnetic fields, significant magnetic doping or a large macroscopic size of a

device. This means that they are not easily susceptible to miniaturization necessary

for the technological applications, which usually benefit from the on-chip integration

on a nanoscale or they cannot be easily coupled to electromagnetic radiation and

hence providing greater experimental utility.

For these reasons, one of the alternative platforms in which nonreciprocity is a

highly sought-after property are the 2D surface plasmons [103, 104, 105, 106, 107, 108,

109, 110, 111, 112, 113, 114, 115], collective modes of oscillating charge density, that

are of fundamental importance to controlling light-matter interactions [11, 6, 137].

These quasiparticles can be easily excited using electromagnetic radiation and are an

essential ingredient in developing optoelectronic devices. An example of a plasmon
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dispersion relation with a TRS preserved is presented in Fig.4-1(a). While a nonre-

ciprocity in the plasmon dispersion, 𝜔𝑝(q) ̸= 𝜔𝑝(−q), can be induced using magnetic

field [116, 117, 118, 119], the 2D plasmon platform allows for an appealing alterna-

tive based on driving electric current through the devices - the so-called plasmonic

Doppler effect [120, 111, 114, 115, 113, 112]. The essence of this phenomenon boils

down to a simple Galilean transformation that distinguishes plasmons moving along

and against the electric current. Electron flow modifies the plasmon dispersion with

a correction, ∆𝜔
(𝑐)
𝑝 ∼u · q, proportional to the drift velocity u and plasmon momen-

tum q. This current-induced nonreciprocity ∆𝜔
(𝑐)
𝑝 of the plasmon dispersion is the

conventional plasmonic Doppler effect.

Unfortunately, even in pristine 2D graphene samples, the drift velocity is a small

fraction of the Fermi velocity [121, 122] and hence the relative magnitude of the

Doppler effect [111]

∆𝜔
(𝑐)
p (q)

𝜔0
𝑝(q)

∼ 1

𝛼

𝑢

𝑣𝐹

𝜔0
𝑝(q)

|𝜇|
, 𝜔0

𝑝(q) =
√︀

4𝛼|𝜇|𝑣𝐹 𝑞 (4.1)

is a small correction on the order of ∼ 3% to the graphene plasmon dispersion in the

absence of electron drift, 𝜔0
𝑝(q) [33, 34, 9]. Here 𝑣𝐹 and |𝜇| are the Fermi velocity and

Fermi energy, respectively. The parameter 𝛼 = 𝑒2/~𝜅𝑣𝐹 characterizes the strength

of the electronic interactions in a dielectric medium with a relative permittivity 𝜅.

The presence of the parameter 𝛼 in the drift-free part of the plasmon dispersion 𝜔0
𝑝(q)

leads to a property 𝜔0
𝑝(q) < |𝜇| in realistic 2D material scenarios with 𝛼 . 1, and thus

is an additional limitation in attempts to observe the conventional Doppler effect.

Here we show that the materials with strongly hybridized, narrow electron bands

characterized by 𝛼 ≫ 1, can host another, fundamentally quantum in nature, source

of plasmonic nonreciprocity. This effect results in an asymmetry of the plasmon

dispersion (as demonstrated in Fig.4-1b), which is strongly enhanced by an additional

factor of 𝛼:

∆𝜔(𝑞)
p (q)∼𝛼∆2

ℎ𝑣𝐹 𝑞

|𝜇|3
u · q , ∆𝜔

(𝑞)
p (q)

𝜔0
𝑝(q)

∼ 𝑢

𝑣𝐹

∆2
ℎ𝜔

0
𝑝(q)

|𝜇|3
𝑞

𝑘𝐹
. (4.2)
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conventional Doppler effect Quantum Doppler Effect

Figure 4-1: a, b) Electron loss function of a unhybridized narrow-band toy-model (a)
without and (b) with applied electric current at zero temperature. The conventional
Doppler effect imposes only a small change on the plasmon dispersion. c, d) Electron
loss function of a hybridized narrow-band toy-model (c) without and (d) with applied
electric current at zero temperature. Current flow leads to a TRS breaking and
induces a nonreciprocity (asymmetry) in the plasmons’ dispersion between positive
and negative momenta. e) A comparison of relative asymmetry between positive
and negative momenta at several electron flow values (blue, orange, green). Here
𝛿k is an electric-field-driven momentum shift of the Fermi surface. The dashed lines
correspond to a conventional Doppler effect present in any system, Eq.(4.1). When
bands become narrow and hybridized, strong asymmetry develops (the “Quantum
Doppler effect”, solid line), which origin is purely a consequence of a non-vanishing
interband wavefunction overlap. The dielectric function plots (a-d) are obtained by
numerically evaluating the polarization function from Eq.(4.8) using a tight-binding
model described in the Methods section.

Here ∆ℎ is the strength of hybridization between the two bands that opens up a gap

between them (see Fig.4-2a). This linear dependence on 𝛼 gives rise to a relative

frequency shift that is amplified by the fine structure factor 𝛼 unlike the conventional

Doppler effect ∆𝜔
(𝑐)
p (q). The origin of this additional source of plasmonic nonre-

ciprocity can be traced back to the electron bandstructure where individual bands

are hybridized with one another. This is in stark contrast to the conventional plasmon

Doppler effect, as discussed previously, where the microscopic origins of the nonre-

ciprocity can be ultimately understood simply through a shift of the reference frame,
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largely independent of the material parameters [120, 114]. A comparison of these two

sources of nonreciprocity is shown in Fig.4-1(c) for a narrow-electron band system

with 𝛼 ≫ 1 in the cases with and without band hybridization. As soon as the plas-

mon frequencies reach above the chemical potential 𝜔𝑝(q) & |𝜇|, a plasmon regime

guaranteed by the presence of strong interactions 𝛼 ≫ 1 [138], the quantum correc-

tion to the Doppler effect dominates over the conventional Doppler effect leading to

a strong enhancement of plasmonic nonreciprocity.

While this additional source of bandstructure-driven nonreciprocity is a general

consequence of the band hybridization, a necessary ingredient which ensures a drastic

increase in the magnitude of the effect is the presence of strong electron-electron

interactions 𝛼 ≫ 1. A natural material realizations which possess these attributes

are the moiré materials, such as the twisted bilayer graphene (TBG) [13, 14, 15] and

the ABC stacked trilayer graphene (TLG) [17] where 𝛼∼10−30, in contrast to the

monolayer graphene where 𝛼∼1. This enhancment of electron-electron interaction

effects is due to the emergence of a superlattice with a long lattice constant that

is much larger than the atomic spacing of the original crystal. Such a long period

in real space results in a small Brillouin zone in the reciprocal space that gives rise

to a set of extremely narrow minibands with bandwidths on the order of tens of

millielectron volts [54, 139]. Due to this feature, materials such as TBG and TLG are

in many ways an ideal realization of a strongly correlated system: the same sample

can display a record-low density superconductivity [14, 15, 16], a correlated insulator

state [13, 17, 56], and perhaps even an interaction-driven ferromagnetic behavior

[58, 57]. These narrow bands also offer a key advantage in the context of plasmonics:

they allow for plasmonic dispersion to rise above the particle-hole continuum, entering

the regime where Landau damping, a fundamental limitation on the lifespan of the

plasmons, is quenched [138, 140]. These characteristics make moiré materials a perfect

platform to realize nonreciprocal plasmons with long lifespan.

In this work we focus specifically on the case of TLG as it best exemplifies the key

features of narrow moiré bandstructures, but lacks the additional complications stem-

ming from multiple electron-hole bands present in the TBG bandstructure. This is
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because the TLG bands can be gapped in a controllable manner using external electric

field [16, 17]. We employ a continuum model [17, 64, 63] to describe the bandstructure

in the mini Brillouin zone and perform a material-realistic calculation of the plasmon

dispersion with and without applied electric current. These simulations show a sig-

nificant magnitude of plasmon nonreciprocity, exceeding that predicted due to the

conventional plasmon Doppler effect, as shown in Fig.4-3.

Our results have immediate consequences of both practical and fundamental im-

portance. First of all, as mentioned above, they open a pathway to development of

optoelectronic devices with suppressed backscattering [98, 123, 124, 125, 126], for ex-

ample plasmonic isolators based on Mach-Zehnder interferometers [127, 128], making

them a valuable addition to the nanophotonics toolbox. Moreover, the drift-based

mechanism enables a highly tunable electrical control of nonreciprocity on a nanoscale

by simply controlling the current flow in the device. This on-chip compactness and

tunability are in striking contrast to the mechanisms that employ the magnetic-based

approaches. Finally, introducing a nonreciprocity to the dispersion of plasmons with

quenched Landau damping is particularly appealing, as it paves a way towards a

practical realization of various theoretical predictions, such as the Dyakonov-Shur

instability [120], that were previously limited by the plasmonic lifespan.

4.2 Minimal bandstructure model

In order to elucidate the microscopic origins of this additional source of nonreciprocity,

we develop a minimal model which captures all of the features of the complicated

moiré bandstructures that are relevant to plasmonic Doppler effect. Our toy-model

Hamiltonian

𝐻 = 𝐻0 +𝐻𝑑 +𝐻ℎ, (4.3)

consists of the terms

𝐻0 =
𝑘2

2𝑚
𝜎𝑧, 𝐻𝑑 = ∆𝑑𝜎𝑧, 𝐻ℎ = ∆ℎ𝜎𝑥 (4.4)
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that give rise to two touching parabolic bands with two possible types of gap-opening:

𝐻𝑑 and 𝐻ℎ. Here 𝑚 is the effective mass and 𝜎𝑥,𝑦,𝑧 are the Pauli matrices. These

parabolas can be thought of as coming from a two-band tight-binding model described

in the Appendix 4.9.1. Nevertheless, it is sufficient to consider them as a starting point

of the analysis with the stipulation that the effective mass 𝑚 is large enough such that

the plasmons can extend above the intraband particle-hole continuum of each band.

The two gap-opening mechanisms: 𝐻𝑑, a trivial displacement-field-like gap, and 𝐻ℎ,

a band hybridization term, are necessary to accurately describe the presence of an

energy gap separating the flat band (or bands) from the rest of the energy spectrum

in the moiré materials, see Fig.4-2a. They also serve a purpose in illustrating the

difference between the conventional and quantum corrections to plasmon dispersion.

We label the electron energies

𝐸𝑠,k = 𝑠
√︁

∆2
ℎ +𝐻2

k, 𝐻k ≡ 𝑘2/2𝑚+ ∆𝑑 (4.5)

and Bloch eigenstates 𝜓𝑠,k

𝜓𝑠,k =
1√︀

2𝐸𝑠,k (𝐸𝑠,k +𝐻k)

⎛⎝𝐻k + 𝐸𝑠,k

∆ℎ

⎞⎠ . (4.6)

with a momentum k and a band index 𝑠 = ± corresponding to the conduction (+)

and valence (−) bands of the toy-model. A schematic depiction of the bandstructure

is shown in Fig.4-2a. To reproduce the physics of narrow-band plasmons in moiré

materials, we place the Fermi energy 𝜇 inside the valence band. This assumes then

that the valence band of the toy-model qualitatively corresponds to either the flat

band of the TLG [17] or the electron band of the TBG [60].
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Figure 4-2: (a) Schematic depiction of intraband transitions (green) and interband
transitions (red). The contribution of the latter to the polarization function is sup-
pressed for 𝜔 smaller than the band gap ∆ = 2

√︀
∆2

𝑑 + ∆2
ℎ. (b) Shift of the plas-

mon dispersion due to the “Quantum Doppler effect” (solid line), ∆𝜔
(𝑞)
p (q), and the

conventional Doppler effect (dashed line), ∆𝜔
(𝑐)
p (q), for different strengths of band

hybridization 𝛾 as calculated numerically using the tight-binding model. Here the
gap parameters ∆ℎ and ∆𝑑 are chosen as ∆ℎ = 𝛾∆ and ∆𝑑 =

√︀
1 − 𝛾2∆, and hence

preserving the gap ∆ = 2
√︀

∆2
𝑑 + ∆2

ℎ between the two bands.

4.3 Plasmons in narrow-band materials

Collective charge modes correspond to the nodes of the dynamical dielectric function

𝜀(𝜔,q) defined as

𝜀(𝜔,q) = 1 − 𝑉qΠ(𝜔,q). (4.7)

Here 𝑉q = 2𝜋𝑒2/𝜅𝑞 is the Coulomb potential describing interaction between charge

carries constrained to a surface of a 2D material which field lines however extend also

into the surrounding medium with a relative permittivity 𝜅. We approximate the

electron polarization function Π(𝜔,q) with the random phase approximation [4]

Π(𝜔,q) = 4
∑︁
k,𝑠,𝑠′

(𝑓𝑠,k+q − 𝑓𝑠′,k)𝐹 𝑠𝑠′

k+q,k

𝐸𝑠,k+q − 𝐸𝑠′,k − 𝜔 − 𝑖0
, (4.8)

where summation
∑︀

k denotes integration over the Brillouin zone (BZ) and the indices

𝑠, 𝑠′ run over electron bands. The factor of 4 in front of the summation accounts for the
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four-fold spin/valley degeneracy of the toy-model included to mimic the degeneracy

of the TLG/TBG superlattices. Here 𝑓𝑠,k is the Fermi-Dirac distribution, and 𝐹 𝑠𝑠′

k+q,k

describes the overlap between the Bloch eigenstates

𝐹 𝑠𝑠′

k+q,k = |⟨𝜓𝑠,k+q|𝜓𝑠′,k⟩|2 = (4.9)

=
((𝐸𝑠,k+q +𝐻k+q)(𝐸𝑠′,k +𝐻k) + ∆2

ℎ)
2

4𝐸𝑠,k+q𝐸𝑠′,k(𝐸𝑠,k+q +𝐻k+q)(𝐸𝑠′,k +𝐻k)
,

which presence in the polarization function, as we will see, is crucial for the appearance

of the quantum contribution to the Doppler effect.

4.4 Drift induced modifications to polarization func-

tion

To account for the influence of the electric field on the electron system it is necessary

to modify the Fermi-Dirac distribution in the above definition of the polarization

function [111, 114]. To leading order in the strength of the field, an electric field E

induces a shift of the Fermi sea by a momentum 𝛿k = −𝑒E𝜏 , see the inset of Fig.4-1b.

Here 𝜏 is a characteristic momentum relaxation timescale which underlying micro-

scopic form may be highly nontrivial. We sidestep this difficulty by parametrising the

momentum shift instead as 𝛿k = −𝑚u with u being the experimentally determined

drift velocity. The effect of the electron drift onto the polarization function is then

simply given by a replacement

𝑓𝑠,k → 𝑓𝑠,k+𝛿k (4.10)

made in both distribution functions in Eq.(4.8).

4.5 Origins of plasmonic nonreciprocity

We now focus on explaining the behavior of the plasmon modes in this toy-model. To

that end we rewrite the polarization function from Eq.(4.8) by carrying a replacement
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k+ q → k and 𝑠→ 𝑠′ in the first fraction with the 𝑓𝑠,k+q distribution function. This

yields an expression

Π(𝜔,q) = 4
∑︁
k,𝑠,𝑠′

𝑓𝑠,k−𝑚u

(︃
𝐹 𝑠𝑠′

k,k−q

𝐸𝑠,k − 𝐸𝑠′,k−q − 𝜔 − 𝑖0
+

−
𝐹 𝑠𝑠′

k,k+q

𝐸𝑠′,k+q − 𝐸𝑠,k − 𝜔 − 𝑖0

)︃
, (4.11)

which we proceed to expand in the long wavelength limit. In the small-𝑞 limit the

energy associated with the intraband transitions will be always smaller than the

frequency 𝜔, while the energy of the interband transitions will be always larger than

𝜔, see Fig.4-2a. It is therefore sufficient to focus on the intraband contribution to

the polarization function only as the interband terms will be suppressed by the large

denominator on the order of the bandgap energy scale. We expand the intraband

terms in Eq.(4.11) in powers of 𝜔 and, keeping only first three terms in the series, we

obtain

Π(𝜔,q) ≈ 𝐴1(q)

𝜔
+
𝐴2(q)

𝜔2
+
𝐴3(q)

𝜔3
, (4.12)

where the coefficients in the above expansion are

𝐴𝑛(q) = 4
∑︁
k

𝑓k
(︀
𝐹−−
k,k+q∆𝐸𝑛−1

k+q,k − 𝐹−−
k,k−q∆𝐸𝑛−1

k,k−q

)︀
(4.13)

with ∆𝐸𝑛
k,k′ ≡ (𝐸−,k − 𝐸−,k′)𝑛 corresponding to the 𝑛th power of the energy difference

of the intraband transitions and, for clarity, we introduced a shorthand 𝑓k ≡ 𝑓−,k−𝑚u

for the drift-modified distribution function from Eq.(4.10). We reiterate that these

expressions rely on the Fermi energy 𝜇 being located in the valence band 𝑠 = − and

hence making the conduction band completely unoccupied at low temperatures.

In seeking a closed form of the coefficients 𝐴𝑛(q) we focus on the most insightful

limit of |𝜇| ≫ ∆𝑑,∆ℎ. The largest energy scale that controls the behavior of the

expansion coefficients 𝐴𝑛(q) is then the Fermi energy. As such, we can therefore

expand the band overlap factors and the energy differences in the small-𝑞 limit and

then subsequently focus only on the leading k behavior of the 𝐴𝑛(q) coefficients. In
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practice this translates to simply approximating the exact electron energies 𝐸𝑠,k as

parabollicaly dispersing carriers. This yields the following expression for the energy

difference

∆𝐸k+q,k ≈ −𝑞2

2𝑚
− 𝑘𝑞

𝑚
cos 𝜃 (4.14)

and the band overlap factors

𝐹−−
k+q,k ≈ 1 − 4∆2

ℎ𝑚
2𝑞2 cos 𝜃

𝑘6

(︁
cos 𝜃 +

𝑞

𝑘
(1 − 4 cos2 𝜃)

)︁
. (4.15)

In the above we introduced an angle 𝜃 between the vectors k and q. Note that in the

limit of ∆ℎ → 0 intraband overlap approaches 𝐹−−
k,k+q → 1. This is to be expected as

in the limit of ∆ℎ → 0 the two bands of the toy-model 𝐻 become unhybridized - the

matrix 𝐻 is diagonal. We pause here to note that the apparent divergence of the band

overlap factor, Eq.(4.15), as momentum 𝑘 → 0 is a consequence of the assumption

|𝜇| ≫ ∆𝑑,∆ℎ. This is a justified approximation as in practice, upon summation over

the BZ, the contribution of the band overlap factors to the polarization function will

be dominated by the momenta 𝑘 close to the Fermi momentum 𝑘𝐹 .

We begin with the 𝐴1(q) coefficient which turns out to be the one responsible for

the additional quantum source of nonreciprocity. The difference of the band overlap

factors in Eq.(4.13),

𝐹−−
k,k+q − 𝐹−−

k,k−q ≈ 8∆2
ℎ𝑚

2 cos 𝜃 (4 cos2 𝜃 − 1)

𝑘7
𝑞3 (4.16)

projects only odd k · q components. For the integration over the direction of k in

Eq.(4.13) not to vanish the Fermi-Dirac term 𝑓k has to similarly contribute an odd

harmonic of k. As required when u = 0, that is TRS is not broken, the Fermi surface

is an even harmonic of k and hence the 1/𝜔 term is absent [141]. With u ̸= 0 however

we expect the Fermi-Dirac distribution to develop odd harmonics linear in u that are

centered near the Fermi momentum 𝑘𝐹 . At zero temperature we can model such
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shifted Fermi-Dirac distribution 𝑓k as an 𝜃 angle dependent Heaviside function

𝑓k = −Θ (𝑘𝐹 +𝑚𝑢 cos(𝜃𝑢 − 𝜃) − 𝑘) . (4.17)

We choose a coordinate system such that 𝜃, 𝜃𝑢 are the angles between q and vectors

k, and q and u, respectively. Here the negative sign in front of the Heaviside function

stems from setting the charge neutrality point at 𝜇 = 0. This yields

𝐴1(q) ≈ − 2

𝜋

∆2
ℎ𝑢𝑞

3 cos(𝜃𝑢)

|𝜇|3
(4.18)

for the 𝐴1(q) term where we approximated Fermi energy as |𝜇| ≈ 𝑘2𝐹/2𝑚. We now

clearly see that if there is no hybridization between the bands, ∆ℎ = 0, then the 1/𝜔

contribution to the polarization vanishes.

Following the same approach, we now evaluate the next two coefficients 𝐴2(q) and

𝐴3(q), which give rise to the electric field independent part of the plasmon dispersion

𝜔0
𝑝(q) and the conventional Doppler effect, respectively. To the leading non-vanishing

order in q we can set the band overlap factors in Eq.(4.13) as unity. Using the

parabolic energy dispersion approximation we find

𝐴2(q) ≈ 2

𝜋
|𝜇|𝑞2, 𝐴3(q) ≈ − 4

𝜋
𝑢 cos 𝜃𝑢|𝜇|𝑞3 . (4.19)

The 𝑞2 form of the 𝐴2(q) is to be expected from the classical “acceleration" [4] result

just as the result that the contribution of the 𝐴3(q), and in fact also the 𝐴1(q) term,

enters the polarization function at the order of 𝑞3. This is because the lowest possible

contribution to the polarization function always is of the order 𝑞2 and thus the first

term which can be an odd function of the angle cos(𝜃𝑢) has to scale as 𝑞3.

With the 𝐴𝑛(q) coefficients known in a closed form, we are now in position to

obtain the plasmon dispersion 𝜔p analytically. To that end we seek zeros of the

dielectric function which in terms of the 𝐴𝑛(q) coefficients becomes now a cubic
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equation

0 = 𝜔3 − 2𝜋𝛼𝑣𝐹
𝑞

(︀
𝐴1(q)𝜔2 + 𝐴2(q)𝜔 + 𝐴3(q)

)︀
(4.20)

with 𝑣𝐹 = 𝑘𝐹/𝑚. Since 𝐴1(q) and 𝐴3(q) are both functions of the drift velocity

𝑢, they are a parametrically small correction to the dispersion as compared to the

𝐴2(q) term. We note in passing that the 𝐴1(q) coefficient enters as a prefactor of

larger power of 𝜔 than the term 𝐴2(q) which defines the unperturbed plasmon energy

scale 𝜔0
p(q). This is in contrast to the 𝐴3(q) term responsible for the conventional

Doppler effect, which enters as a lower power of 𝜔 and hence is suppressed by the

large 𝜔0
p(q) energy scale. Solving the equation Eq.(4.20) perturbatively in the powers

of the electron drift velocity 𝑢 we find the plasmon dispersion as

𝜔p(q) ≈
√︀

2𝜋𝛼𝑣𝐹𝐴2/𝑞 + 𝜋𝛼𝑣𝐹𝐴1/𝑞 +
𝐴3

2𝐴2

+ 𝒪(𝑢2) , (4.21)

where 𝐴1(q and 𝐴3(q) are both linear functions of the drift velocity. Using the 𝐴𝑛(q)

coefficients from Eq.(4.18) and Eq.(4.19) in the above solution gives the expression

𝜔p(q) ≈
√︀

4𝛼|𝜇|𝑣𝐹 𝑞 − 2𝛼
∆2

ℎ𝑣𝐹 𝑞

|𝜇|3
u · q− u · q , (4.22)

which is the central result of our work. It is the last two terms in the above expression

that are behind the plasmonic nonreciprocity in the presence of electron drift in a

solid-state system.

4.6 Quantum Doppler Effect

The second term in the Eq. (4.22) is the new source of plasmonic nonreciprocity

which dominates over the conventional Doppler effect in narrow-band materials. To

see this we discuss the dependence of the Doppler corrections in Eq.(4.22) on the

system parameters. The conventional Doppler shift contribution, last term, does not

depend on the system parameters beyond the drift velocity 𝑢 and thus its magnitude
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Figure 4-3: Electron loss function in an ABC stacked trilayer graphene (a) without
and (b) with an applied electric field. The plasmon dispersion (sharp red feature)
exhibits a nonreciprocity in its dispersion. Here the Fermi surface shift is 𝛿k = 0.2𝑞𝑀 .
(c) Relative nonreciprocity for several values of the Fermi surface shifts 𝛿k = 𝑐 𝑞𝑀 ,
with 𝑐 = 0.05, 0.1, 0.15, 0.2 and 𝑞𝑀 = 0.24 nm−1.

is weakly tunable. For 𝑞∼𝑘𝐹 it is a fraction of the chemical potential,

∆𝜔(𝑐)
𝑝 ≈ 𝑢𝑘𝐹 ≈ 𝑢

𝑣𝐹
|𝜇| , |𝜇| ≈ 𝑣𝐹𝑘𝐹 , (4.23)

as the drift velocity 𝑢 is always smaller than the Fermi velocity 𝑣𝐹 . This is in stark

contrast to the the quantum contribution, the penultimate term in the above expres-

sion, where the magnitude of the effect can be drastically changed with effective fine

structure constant 𝛼. At momenta 𝑞∼𝑘𝐹 the magnitude of the effect is

∆𝜔(𝑞)
𝑝 ≈ 2𝛼

𝑢

𝑣𝐹

∆2
ℎ𝑣

2
𝐹𝑘

2
𝐹

|𝜇|3
≈ 2𝛼

𝑢

𝑣𝐹

∆2
ℎ

|𝜇|
, (4.24)

again using |𝜇| ≈ 𝑣𝐹𝑘𝐹 , and thus a large 𝛼 offers a parametric increase of the effect

over the initial smallness of the drift to Fermi velocity ratio. This is exactly the

behavior seen in narrow-electron band systems where effective fine structure constant

satisfies 𝛼 ≫ 1.

We pause here to draw attention to the 𝑞 dependence of the analytic expressions

for both Doppler effect contributions: 𝜔(𝑐)
𝑝 from (4.1) and 𝜔

(𝑞)
𝑝 (4.2). The Quantum

Doppler effect enters at a higher power of momentum, 𝜔(𝑞)
𝑝 ∝ 𝑞2, making it at first

glance seem to be smaller than the conventional Doppler contribution, 𝜔(𝑐)
𝑝 ∝ 𝑞.

This difference in the powers of momentum 𝑞 in both terms can be traced back to
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the division by the 𝐴2(q) term, c.f. Eq.(4.21), as both 𝐴1(q), given by Eq.(4.18),

and 𝐴3(q), given by Eq.(4.19), enter as the same power of momentum 𝑞. This lack

of division in the 𝜔(𝑞)
𝑝 term by the factor 𝐴2(q), which sets the scale for the main

drift-free part of the plasmon dispersion 𝜔0
𝑝, is ultimately behind the parametric

enhancement of the Quantum Doppler effect contribution by the large effective fine

structure constant 𝛼. As we will see later, this large factor of 𝛼 overcomes the nominal

suppression stemming from the additional factor of 𝑞/𝑘𝐹 present in the Quantum

Doppler contribution term for plasmon frequencies larger than the chemical potential,

𝜔𝑝(q) & |𝜇|.

To further demonstrate this point, and avoid the approximations that were nec-

essary for the analytical derivation, we perform numerical calculations based on the

narrow-band tight-binding model described in Appendix 4.9.1. An example of the

plasmonic dispersion in the absence of electric current is shown in Fig.4-1(a, c) for

two parameter regimes of the model: one with strongly hybridized bands due to ∆ℎ

term, and the other with decoupled bands that are simply displaced by a finite energy

∆𝑑. In both scenarios the parameters are chosen to keep the same bandwidth and

bandgap of 10 meV. In this case, both regimes exhibit qualitatively similar behavior

- the energies of the plasmons settle between the intra- and inter-band particle-hole

continua as guaranteed by 𝛼 ≫ 1 [138]. However, when electric current is introduced,

the striking difference between them is immediately apparent. While in the unhy-

bridzed case the observed nonreciprocity is minute, Fig.4-1(c), in the system with

hybridized bands a strong asymmetry in plasmon dispersion arises, see Fig.4-1(d).

The magnitude of the nonreciprocity can be quantified by calculating the dispersion

asymmetry between the q and −q modes

𝜔𝑝(q) − 𝜔𝑝(−q)

𝜔0
𝑝(q)

, (4.25)

which we display in Fig.4-1(e) for both cases. While the plasmonic Doppler effect is

present in both cases, the calculation in a strongly hybridized system reveals a striking

enhancement by an order of magnitude over the unhybridized one in agreement with
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the analytical calculation. This comparison between the conventional and the Quan-

tum Doppler effect is further exemplified by the crossover from the strongly to weakly

hybridized system shown in Fig.4-2(b), again while keeping constant bandwidths and

bandgaps for all 3 values of parameter 𝛾 that controls the degree to which bands are

hybridized or just trivially displaced in energy (see the caption of Fig.4-2(b)). We

show there the ∆𝜔
(𝑐)
𝑝 = 𝐴3/2𝐴2 and ∆𝜔

(𝑞)
𝑝 = 𝜋𝛼𝑣𝐹𝐴1/𝑞 components separated, with

a clear domination of the latter over the former contribution evident when the bands

are strongly hybridized.

It is crucial to stress that the presence of the 𝐴1(q) term responsible for the

additional “quantum" contribution to the Doppler effect is not just a special feature

of our model, but is universal to any systems with hybridized bands. In fact, the

𝐴1(q) coefficient is also present in the graphene Doppler shift calculations [111, 114],

but because the relevant plasmon frequencies are smaller or comparable to the Fermi

energy 𝜔𝑝 . |𝜇|, the 𝐴1(q) term is suppressed by a small ratio of 𝑞2/𝑘2𝐹 . More

generally, the origins of the 𝐴1(q) coefficient lie solely in the non-vanishing of a

difference of the band overlap functions 𝐹 𝑠𝑠′

k,k+q. This overlap is a measure of the

extent to which wave functions’ spectral weight at different momenta come from the

same unhybridized bands and so it is strongly dependent on the band hybridization,

see Fig.4-2(b), reaching unity far from the band crossing points as chemical potential

|𝜇| becomes larger. Indeed it is the relation between the chemical potential and the

plasmon frequency which determines the crossover to the regime in which quantum

contribution starts to dominate,

∆𝜔(𝑞)
p (q) & ∆𝜔(𝑐)

p (q) ⇒ 𝜔0
𝑝(q) & |𝜇|, (4.26)

as indicated in the calculation in the Fig.4-1c.
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4.7 Doppler effect in moiré materials

We turn now to a particular material realization of this phenomenon. We consider

ABC stacked trilayer graphene (TLG), which has been recently shown to host narrow

bands due to moiré superlattice effects [16, 17]. In order to evaluate the polarization

function for a realistic bandstructure model [64, 63] it is necessary to slightly gen-

eralize the definition of the polarization function from Eq.(4.8). The only required

changes are: inclusion of multiple electron and hole bands in both 𝐾 and 𝐾 ′ valleys

of TLG and a change in the definition of the band overlap factors 𝐹 𝑛𝑚
k+q,k:

𝐹 𝑛𝑚
k+q,k =

⃒⃒⃒⃒∫︁
Ω

𝑑2𝑟Ψ†
𝑛,k+q(r)𝑒𝑖q·rΨ𝑚,k(r)

⃒⃒⃒⃒2
(4.27)

In the above expression, 𝑛,𝑚 run over all the bands in both valleys, Ψ𝑚,k(r) represents

the Bloch wave function for band 𝑚 and the integration is over moiré unit cell Ω. To

obtain electron Bloch wavefunctions and their energies we use the continuum model

introduced in Ref.[16, 17], which description we reproduce in the Appendix. This

model is spin-degenerate, which is taken into account by including a multiplying factor

of 2 in the polarization function. With such changes to the polarization function we

can numerically evaluate the the dielectric function and determine plasmon dispersion

from its nodes.

The results of such a realistic material calculations are shown in Fig. 4-3(a, b)

which demonstrate the plasmon dispersion in TLG without and with electric current,

respectively. As in the tight binding model, an asymmetry 𝜔p(q) ̸= 𝜔p(−q) develops

due to the flowing electric current. In analysing this figure it is insightful to compare

it with the Fig.4-1(c, d) which reproduces qualitative features of the TLG calculation.

Most crucially, we see a plasmon mode which rises above the particle-hole continuum

and only once the mode 𝜔p(q) is above the Fermi energy |𝜇| does a strong nonre-

ciprocity in its dispersion develop. This behavior is to be expected on the basis of

the analysis leading to Eq.(4.26) discussed in the previous section.

In Fig. 4-3(b) we see by evaluating the nonreciprocity measure of Eq.(4.25) that
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even for a quantitatively accurate bandstructure model and practical drift velocities

the induced nonreciprocity is a significant correction to the plasmon dispersion much

exceeding any, even optimistic, conventional Doppler effect predictions. We underline

however again that the enhancement of the Doppler effect from Eq.(4.2) is a general

feature of systems with narrow, strongly hybridized bands and thus not limited to

TLG - we expect it to be present, and perhaps even more pronounced, in any material

with these characteristics.

4.8 Outlook

A key feature shared by many moiré materials is their remarkable flat electron bands

with extremely low Fermi velocity and, therefore, exceptionally large effective fine

structure constant values 𝛼. In this work we showed how strong interactions lead to a

new, significant source of plasmon nonreciprocity, which enables development of opto-

electronic devices with unidirectional propagation, such as plasmonic isolators based

on Mach-Zehnder interferometers[127, 128]. Moreover, introducing a nonreciprocity

to the dispersion of intrinsically undamped plasmons[138] is particularly exciting as

it paves way towards a practical realization of various theoretical predictions, such

as the Dyakonov-Shur instability [120] that were previously limited by the plasmonic

lifespan. As the collective modes in the moiré materials are actively searched for

using near-field optical microscopy techniques [50, 49, 76, 142], this work can open

new prospects for both fundamental and practical applications of moiré plasmons.

4.9 Appendix

4.9.1 The tight-biding model

To compare and contrast the quantum and conventional plasmonic Doppler effect we

use a simple tight-binding model in which we try to retain some features of the true

TLG bands. The key properties of the bandstructure that control the behavior of

the collective modes are the electron band’s bandwidth (a natural bandstructure cut-
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off), momentum scale, and similar symmetry properties. For this purpose we we use a

nearest neighbor tight-binding model on a triangular lattice with two orbitals per site.

For clarity, we use hoppings of equal magnitude, but opposite sign (𝑡1 = −𝑡2 = 𝑡),

arriving at:

𝐻𝑇𝐵 = −2𝑡

(︃
cos(𝑘𝑥𝑎) + 2 cos

(︂
𝑘𝑥𝑎

2

)︂
cos

(︃
𝑘𝑦𝑎

√
3

2

)︃)︃
𝜎𝑧

+ ∆𝑑𝜎𝑧 + ∆ℎ𝜎𝑥 (4.28)

Here the lattice constant 𝑎 = 15nm and 𝜎𝑖 are the Pauli matrices. In Fig.4-1(a), (b)

the hopping magnitude is 𝑡 = 2.3 meV, while the gap parameters are ∆𝑑 = −3 meV

and ∆ℎ = 10 meV, and the calculation is performed for 𝜇 = −14.5 meV. For the

comparison of the magnitude of nonreciprocity between hybridized and unhybridized

cases of Fig.4-1(c) we also use 𝑡 = 1.1 meV, ∆𝑑 = 10 meV and ∆ℎ = 0 meV to obtain

the unhybridized bands of comparable bandwidth. In Fig.4-2(b), where we show the

quantum and conventional contributions to the plasmonic nonreciprocity we keep the

bandwidth 𝑊 and bandgap ∆ at 10 meV while we tune between two types of the gap

sources using parameter 𝛾:

∆ℎ = 𝛾∆, ∆𝑑 =
√︀

1 − 𝛾2∆ (4.29)

As indicated in the text we make the tight-binding simulation 4-fold degenerate to

mimic the valley/spin degeneracy present in an actual TLG system.

4.9.2 TLG - details of the model

For the description of the TLG bandstructure and eigenstates we employ the effective

continuum Hamiltonian [17, 64, 63], together with its associated notation and numer-

ical values of simulation parameters. It consists of two parts 𝐻TLG = 𝐻ABC + 𝑉𝑀(r),

the first one describing the ABC-stacked trilayer graphene and the second one being

due to moiré potential of hBN substrate. The trilayer graphene part is given by:
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𝐻ABC =
𝜈30
𝑡21

⎛⎝ 0 𝑘3+

𝑘3− 0

⎞⎠+

(︂
2𝜈0𝜈3𝑘

2

𝑡1
+ 𝑡2

)︂
𝜎𝑥

+

(︂
2𝜈0𝜈4𝑘

2

𝑡1
− ∆′

)︂
𝜎0 +

(︂
3𝜈20𝑘

2

𝑡21
+ 𝑡2

)︂
∆′′𝜎0 − ∆𝜎𝑧 (4.30)

where 𝑘± = 𝜉𝑘𝑥 ± 𝑖𝑘𝑦, 𝜉 = ±1 for 𝐾 and 𝐾 ′ valleys, 𝜈𝑛 =
√

3/2𝑎𝑡𝑛, 𝑎 = 0.246nm is

the carbon-carbon lattice spacing and 𝑡0 = 2.62eV, 𝑡1 = 0.358eV, 𝑡2 = −0.0083eV,

𝑡4 = 0.293eV, 𝑡5 = 0.144eV, ∆′ = 0.0122eV, ∆′′ = −0.0095eV. Finally, the gaps in

the bandstructure are opened and controlled by the applied electric field, which is

described by ∆ = 50 meV in our case to enlarge the range of energies between the

intra- and interband continua. The moiré potential is given by:

𝑉𝑀(r) = 2𝐶𝐴Re(𝑒𝑖𝜙𝐴𝑓(r))

⎛⎝1 0

0 0

⎞⎠ (4.31)

where 𝑓(r) =
∑︀6

𝑗=1 𝑒
𝑖q𝑗r(1 + (−1)𝑗)/2 and q𝑗 are the reciprocal lattice vectors of

the triangular moiré supperlattice. The parameters used in the calculation of this

potential are 𝐶𝐴 = −14.88meV and 𝜙𝐴 = 50.19∘. We obtain the energies and the

eigenstates of 𝐻TLG by numerical diagonalization using a momentum cutoff 𝑞𝐶 =

5|q𝑗|. In all the calculations we are summing the results over both valleys and we

take into account the 10 bands that lie the closest to the Fermi energy in order to

consider all the relevant interband transitions. The Bloch wavefunction for a valley

𝜉 is taken as

Ψ𝑋
𝜉,𝑛,k(r) =

∑︁
G

𝐶𝑋
𝜉,𝑛,k(G)𝑒𝑖(k+G)·r (4.32)

with 𝑋 corresponding to each of the spinor components 𝑋 = 𝐴,𝐵. The band index

is labeled by 𝑛 and k is the Bloch wave vector in the moiré superlattice Brillouin

zone. Here G runs over all possible integer combinations of the reciprocal lattice

vectors, G = 𝑚1G
𝑀
1 + 𝑚2G

𝑀
2 with integer 𝑚1 and 𝑚2 that satisfy the momentum

cutoff condition.
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Chapter 5

Conclusions

The family of moiré materials, in particular the magic angle twisted bilayer graphene,

is an excellent platform to study strongly interacting physics. In the thesis we ana-

lyzed the interplay of narrow electron bands and strong electron-electron interactions

on the dynamical dielectric properties of these electronic systems. More specifically,

we investigated properties of collective modes in these materials.

The main finding of the thesis is that strong electron-electron interactions give

rise to a new type of plasmon behavior. These new plasmons pierce through the p-h

continuum and extend in the forbidden energy band above it to decouple from p-h

excitations. The decoupling from the spectrum of p-h excitations quenches Landau

damping giving rise to long-lived plasmonic excitations.

In Chapter 2, the over-the-band plasmon modes were first derived and their smok-

ing gun experimental signatures, speckle patterns, were identified. We analyzed the

origins of the over-the-band modes to demonstrate the strong dependence on the

effective fine structure constant 𝛼 which quantifies the strength of electron-electron

interactions. The analysis was first carried out with a help of a simple toy-model

of TBG’s bandstructure that allowed to identify the necessary ingredients for a sys-

tem to exhibit over-the-band modes. We then introduced a realistic TBG continuum

bandstructure model and used it to determine the dispersion of plasmons in MATBG

demonstrating the presence of over-the-band modes.

To confirm robustness of the RPA analysis, in Chapter 3, we again studied the
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collective modes in a narrow band system by focusing on a solvable model of a Wigner

crystal. Strong interactions give rise to formation of an electron solid, the Wigner

crystal, which collective modes are simply the oscillations of the electron lattice:

phonons. With help of this model we identified the microscopic origins of the over-

the-band modes as coming from strong coupling between electron-hole pairs.

In Chapter 3, we considered also the collective modes inside a correlated insu-

lator. We found that the over-the-band plasmon behavior is robust with only the

subtle details of the plasmon stiffness being dependent on the type of the low-energy

order present in the system. It is this sensitivity, albeit subtle, to the nature of

the low-energy state that should allow the over-the-band plasmons to be used as an

experimental probe of the correlated state.

The final Chapter 4 of the thesis focuses on one application of the moiré over-

the-band plasmons. A new mechanism for plasmon nonreciprocity is presented which

exists in systems with strongly hybridized electron bands. The magnitude of the

effect is controlled by the strength of electron-electron interactions 𝛼, which makes it

particularly pronounced in the moiré materials.

This new scheme of constructing over-the-band plasmons introduced in the thesis

is very fundamental. It is therefore interesting to ask what other collective modes can

benefit from this dissipation-quenching mechanism. It is also very inviting to study

what ultimately controls the lifespan of such plasmons, that is to incorporate pro-

cesses beyond those that are accounted through the single pair-production damping

mechanisms of the RPA. Lastly, an exciting consequence of the thesis which is worth

exploring, is to apply the acquired understanding of the dynamical dielectric function

of a narrow-electron band system and its collective modes to study superconducting

properties of moiré materials.
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